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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ ïðîñòåéøàÿ ïîñëå ìîäåëåé Ìàëüòóñà è Ôåðõ-
þëüñòà 3-state ìîäåëü, îáîçíà÷àåìàÿ â ëèòåðàòóðå àááðåâèàòóðîé
SIR (S � âîñïðèèì÷èâûå, I � ñ êëèíè÷åñêèìè ïðîâëåíèÿìè èíôåê-
öèîííîé áîëåçíè, R � âûçäîðîâåâøèå), ñ êîýôôèöèåíòàìè, çàâè-
ñÿùèìè îò âðåìåíè. Ìîäåëü ñîïîñòàâëÿåòñÿ òåêóùèì ñòàòèñòè÷å-
ñêèì äàííûì, íàõîäÿùèìñÿ â ñâîáîäíîì äîñòóïå. Íåèçâåñòíûå ïà-
ðàìåòðû ìîäåëè óäàåòñÿ íàéòè ïóòåì ìèíèìèçàöèè íåâÿçêè ìåæäó
ïðåäñêàçàíèåì è äîñòóïíîé ñòàòèñòèêîé.

1 Ìîäåëè Ìàëüòóñà è Ôåðõþëüñòà

Áóäåì ðàññìàòðèâàòü ïðîèñõîäÿùåå êàê ïîòîê ñëó÷àéíûõ ñîáû-
òèé. Ýòî ñàìûé ïðîñòîé ïîäõîä. Ïðèíèìàÿ âî âíèìàíèå âíèìàíèå
òîëüêî âåðîÿòíîñòü ε(t) çàðàæåíèÿ (çà äåíü) ïèøåòñÿ óðàâíåíèå
Ìàëüòóñà

dN(t)

dt
= ε(t)N(t) (1)

ñ ðåøåíèåì

N(t) = N0 e

t∫
0

ε(t)dt
(2)
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Äèíàìèêà çàðàæåíèÿ
â ìîäåëè Ìàëüòóñà

Äèíàìèêà çàðàæåíèÿ
â ìîäåëè Ôåðõþëüñòà

Óðàâíåíèå Ôåðõþëüñòà óæå ó÷èòûâàåò îãðàíè÷åííîñòü îáùåé
÷èñëåííîñòè

dN(t)

dt
= ε(t)N(t)

(
1− N(t)

K

)
, (3)

â êîòîðîì âåðîÿòíîñòü äîáàâëåíèÿ çàðàçèâøåãîñÿ óìåíüøàåòñÿ ïî
ìåðå ðîñòà ÷èñëà çàðàæåííûõ (è ïåðåáîëåâøèõ), ñ ðåøåíèåì

N(t) =
KN0

N0 + (K −N0) e
−

t∫
0

ε(t)dt

(4)

2 3-state (SIR) ìîäåëü

Â ïðîñòîé ìîäåëè [1, 2] ìîæíî îïðåäåëèòü òðè ñîñòîÿíèÿ:A: íåèí-
ôèöèðîâàííûå (¾íîâè÷êè¿), B: áîëüíûå, C: ïåðåáîëåâøèå ñ ÷èñ-
ëåííîñòÿìè ñîîòâåòñòâåííî A(t), B(t), C(t). È, ñîîòâåòñòâåííî, âå-
ðîÿòíîñòè ïåðåõîäà (çà äåíü): P12:âåðîÿòíîñòü çàáîëåòü è P23 âå-
ðîÿòíîñòü âûëå÷èòüñÿ. Ýòî ïåðåõîäû ìåæäó ñîñòîÿíèÿìè. Ìîæíî
äîáàâèòü âåðîÿòíîñòè P01 ðîæäåíèÿ èç ¾íèîòêóäà¿ â íåèíôèöè-
ðîâàííûå è ñìåðòè P10 èç íåèíôèöèðîâàííûõ â ¾íèêóäà¿, P20 èç
èíôèöèðîâàííûõ â ¾íèêóäà¿ è P30 èç ïåðåáîëåâøèõ â ¾íèêóäà¿.

Ýòè æå ïåðåõîäû è óðàâíåíèÿ ìîãóò áûòü çàïèñàíû íà ÿçûêå
ôîðìàëüíîé õèìè÷åñêîé êèíåòèêè

A+B
P12→ 2B çàðàæåíèå, (5)

B
P23→ C âûçäîðîâëåíèå, (6)
P01→ A ðîæäåíèå, (7)

A
P10→ , B

P20→ , C
P30→ ñìåðòü. (8)
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Ðèñ. 1: Äèàãðàììà ñîñòîÿíèé 3-state ìîäåëè

Èì ñîîòâåòñòâóþò äèôôåðåíöèàëüíûå óðàâíåíèÿ

dA(t)

dt
= P01 − P12A(t)B(t)− P10A(t), (9)

dB(t)

dt
= P12A(t)B(t)− P23B(t)− P20B(t), (10)

dC(t)

dt
= P23B(t)− P30C(t). (11)

3 Çàìå÷àíèÿ î ïåðåìåííûõ êîýôôè-

öèåíòàõ

Ìîæíî ñôîðìóëèðîâàòü ðÿä óòâåðæäåíèé. Ñîãëàñíî óðàâíåíèÿì
(9,10), åñëè A(t0) > 0 è B(t0) > 0, òî è â äàëüíåéøåì ïðè t > t0
A(t) > 0, B(t) > 0. Ïóñòü äëÿ ïðîñòîòû P01 = P10 = P30 = 0. Òîãäà

1. Äëÿ ëþáûõ çàäàííûõ ãëàäêèõ ôóíêöèé B(t) è C(t) ñóùå-
ñòâóåò åäèíñòâåííàÿ ôóíêöèÿ P23(t),ïðè êîòîðîé âûïîëíÿ-
åòñÿ (10).

P23(t) =
dC(t)
dt

B(t)
; (12)

2. Äëÿ ëþáûõ çàäàííûõ ãëàäêèõ ôóíêöèé A(t) è B(t) ñóùå-
ñòâóåò åäèíñòâåííàÿ ôóíêöèÿ P12(t),ïðè êîòîðîé âûïîëíÿ-
åòñÿ (9).

P12(t) =
dA(t)
dt + P23B(t)

A(t)B(t)
. (13)

Ïîýòîìó, êàê íè ñòðàííî, çàäà÷à ïîäãîíêè ïîä ýêñïåðèìåíòàëü-
íûå äàííûå (ñòàòèñòèêó) íå â òîì, ÷òîáû ðåøèòü óðàâíåíèÿ (9-11),
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à â òîì, ÷òîáû íàéòè P12(t) è P23(t). Íî â ðåàëüíîñòè ôóíêöèè A(t),
B(t), è C(t) íå çàäàíû ãëàäêèìè, à èçâåñòíû òîëüêî â íåêîòîðûõ
òî÷êàõ è òî � ñ èçâåñòíîé íåîïðåäåëåííîñòüþ. Ìîæíî, êîíå÷íî,
ãëàäêî àïïðîêñèìèðîâàòü èõ, íî ýêñòðàïîëÿöèÿ çà ïðåäåëû âðå-
ìåííîãî äèàïàçîíà ñòàòèñòèêè ñòàíîâèòñÿ ñîâñåì íåîïðåäåëåííîé.

Ìîæíî óæåñòî÷èòü çàäà÷ó, ïîòðåáîâàâ, ÷òîáû ôóíêöèè P12(t)
è P23(t) áûëè èç çàäàííîãî êëàññà è, ïîëüçóÿñü çàëîæåííîé â ñòà-
òèñòèêå íåîïðåäåëåííîñòüþ, äîáèòüñÿ íàèáîëåå ïðàâäîïîäîáíîãî
âûáîðà ñîãëàñíî êðèòåðèþ (14). Íàïðèìåð, ìîæíî ïîòðåáîâàòü,
÷òîáû ôóíêöèè áûëè êóñî÷íî-ïîëèíîìèàëüíûå, ñ çàäàííûìè òî÷-
êàìè âðåìåíè � ãðàíèöàìè êóñêîâ, ïðè ýòîì ýòèõ òî÷åê âðåìåíè
äîëæíî áûòü íåìíîãî.

4 Ñðàâíåíèå ñî ñòàòèñòèêîé

Ïàðàìåòðû ìîäåëè îïðåäåëÿþòñÿ â ðåçóëüòàòå ñðàâíåíèÿ ñî ñòà-
òèñòè÷åñêèìè äàííûìè [9]. Áûëè ïðèíÿòû ñëåäóþùèå äîïóùåíèÿ:
â ñèëó êðàòêîñòè ïåðèîäà âëèÿíèå íåêîòîðûõ ôàêòîðîâ ñ÷èòàåòñÿ
íåçíà÷èòåëüíûì, ïàðàìåòðû ïðèðàâíåíû íóëþ: P01 = 0, P10 = 0,
P30 = 0. Îñòàëüíûå ïàðàìåòðû íàõîäÿòñÿ âàðèàöèåé äî äîñòèæå-
íèÿ ìèíèìóìà êðèòåðèÿ áëèçîñòè. Îïðåäåëÿþòñÿ òàêèå êîíñòàí-
òû: âåëè÷èíà ïîïóëÿöèè A(0), âåðîÿòíîñòè P23, P20. Âåðîÿòíîñòü
çàðàæåíèÿ P12 = α(t)/K ñóùåñòâåííî çàâèñèò îò âðåìåíè, ïî-
ñêîëüêó ïðîâîäÿòñÿ èçâåñòíûå îðãàíèçàöîííûå ìåðîïðèÿòèÿ, íî
îíà èùåòñÿ â âèäå êóñî÷íî-ãëàäêîãî èíòåðïîëèðóþùåãî ïîëèíîìà
(3-ãî ïîðÿäêà), çàäàííîãî çíà÷åíèÿìè â îïðåäåëåííûõ óçëàõ, ýòè
çíà÷åíèÿ è âàðüèðóþòñÿ. Âåðîÿòíîñòü âûçäîðîâëåíèÿ P23 = β(t)
çàâèñèò îò ìåòîäèêè ëå÷åíèÿ è åå èçìåíåíèÿ.

Êðèòåðèé áëèçîñòè

χ2 =
∑
i

(A(i)−Ai)2

A(i)
+
∑
i

(B(i)−Bi)2

B(i)
+
∑
i

(C(i)− Ci)2

C(i)
. (14)

Çäåñü i � íîìåð äíÿ, A(i), B(i), C(i) � ðàñ÷åòíûå âåëè÷èíû, Ai, Bi,
Ci � äàííûå ñòàòèñòèêè. Íà÷àëüíûå çíà÷åíèÿ äëÿ ñèñòåìû óðàâ-
íåíèé: A(t0) = K, B(t0) = 1, C(t0) = 0. Âåëè÷èíû K è t0 òàêæå
âõîäÿò â ÷èñëî âàðüèðóåìûõ ïàðàìåòðîâ.

Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïðåäñòàâëåíû íà ãðàôèêàõ (Ðèñ. 2
- Ðèñ. 6). Ëèíèÿìè èçîáðàæåíû ãðàôèêè ôóíêöèé, íà íèõ íàëî-
æåíû òî÷êè çíà÷åíèé èç ñòàòèñòèêè (íà 19 ìàÿ 2020 ã). Îòêëîíå-
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íèÿ ðåàëüíîé ñòàòèñòèêè îò ðàñ÷åòíîé, îòíåñåííûå ê ðàñ÷åòíîìó
ñðåäíåêâàäðàòè÷íîìó îòêëîíåíèþ (ðàâíîìó êîðíþ êâàäðàòíîìó
èç ðàñ÷åòíîãî çíà÷åíèÿ) ïðåäñòàâëåíû íà ãðàôèêàõ (Ðèñ. 7 - Ðèñ.
11).

Ñëåäóåò çàìåòèòü, ÷òî íàéäåííûé ðàçìåð íîïóëÿöèè íå ñîâïà-
äàåò ñ ÷èñëåííîñòüþ íàñåëåíèÿ â ðåãèîíå. Ïî-âèäèìîìó, ýòî ýô-
ôåêòèâíûé ðàçìåð, ñ ó÷åòîì ñðåäíåé äàëüíîñòè âëèÿíèÿ îòäåëü-
íûõ ëþäåé â äàííîé ñðåäå. Îïûò íàáëþäåíèÿ â òå÷åíèè ìíîãèõ
äíåé îáñ÷åòà ïîêàçûâàåò, ÷òî ýòîò ïàðàìåòð ñî âðåìåíåì ðàñòåò.

5 Îáñóæäåíèå ðåçóëüòàòîâ

Ãðàôèêè ïîêàçûâàþò, ÷òî â ðàññìîòðåííûõ ðåãèîíàõ ìàêñèìóì
ñêîðîñòè ðîñòà ÷èñëà áîëüíûõ óæå äàâíî ïðîéäåí � à ýòî íàãðóçêà
íà ñêîðóþ ïîìîùü è ïðèåìíûé ïîêîé.

Ïî÷òè âåçäå êîëè÷åñòâî áîëüíûõ óæå íàõàäèòñÿ íà ìàêñèìóìå
èëè îêîëî íåãî. Ýòî îçíà÷àåò, ÷òî íàãðóçêà íà ñòàöèîíàðû òîæå
äîñòèãàåò ìàêñèìóìà è äàëüøå áóäåò ñíèæàòüñÿ çà ñ÷åò âûïèñêè
âûçäîðîâåâøèõ.
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The simplest epidemic process model

We consider the simplest 3-state model after the Malthus and
Verhulst models, denoted in the literature by the abbreviation SIR (S

- susceptible, I - with clinical tests of an infectious disease, R -
recovered), with time-dependent coe�cients. The model is mapped to
current statistics that are in the public domain. Unknown model

parameters can be found by minimizing the discrepancy between the
prediction and available statistics.
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Ðèñ. 2: Ðîññèÿ

Ðèñ. 3: Ìîñêâà
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Ðèñ. 4: Ìîñêîâñêàÿ îáëàñòü

Ðèñ. 5: Ñàíêò-Ïåòåðáóðã
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Ðèñ. 6: Ðåñïóáëèêà Òàòàðñòàí

Ðèñ. 7: Äåâèàöèÿ. Ðîññèÿ
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Ðèñ. 8: Äåâèàöèÿ. Ìîñêâà

Ðèñ. 9: Äåâèàöèÿ. Ìîñêîâñêàÿ îáëàñòü

Ðèñ. 10: Äåâèàöèÿ. Ñàíêò-Ïåòåðáóðã
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Ðèñ. 11: Äåâèàöèÿ. Ðåñïóáëèêà Òàòàðñòàí
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