
SYSINT (SYSINTM) � êîìïëåêñ ïðîãðàìì äëÿ ðåøåíèÿ
çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ñèñòåìû èíòåãðàëüíûõ

óðàâíåíèé
Ïðîãðàììíûé êîìïëåêñ SYSINT (SYSINTM) ïðåäíàçíà÷åí äëÿ ðåøåíèÿ çàäà÷è

íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé Ðåàëèçîâàíà
ìîäèôèöèðîâàííàÿ èòåðàöèîííàÿ ñõåìà ðåàëèçîâàíà íà îñíîâå íåïðåðûâíîãî
àíàëîãà ìåòîäà Íüþòîíà (ÍÀÌÍ). Ïðèâîäèòñÿ îïèñàíèå àëãîðèòìîâ è ïàðàìåòðîâ
ïðîãðàìì êîìïëåêñà, ðàññìàòðèâàåòñÿ ÷èñëåííûé ïðèìåð. Áîëåå ïîäðîáíîå îïèñàíèå
ïðîãðàììíîãî ïàêåòà äàíî â [1].

SYSINT(SYSINTM) � program complex for numerical solution
of the eigenvalue problem for the system of integral equations
Program complex SYSINT(SYSINTM) was developed for the numerical solution of

the eigenvalue problem for the system of integral equations. The iteration scheme is con-
structed on the basis of the modi�ed continuous analog of the Newton method. Algorithms,
parameters of the program, and examples are presented. Detailed description is given in
[1].

1 Íàçíà÷åíèå è îáùàÿ õàðàêòåðèñòèêà ïàêåòà
Ïðîãðàììíûé êîìïëåêñ SYSINT(SYSINTM) [1] ïðåäíàçíà÷åí äëÿ ÷èñëåííîãî

ðåøåíèÿ ñèñòåìû L èíòåãðàëüíûõ óðàâíåíèé ñëåäóþùåãî âèäà:

~Φ(z) = Q̂(x)~φ(x)− λR̂(x)~φ(x) +

R∫

0

K̂(x, x′)~φ(x′)dx′ = 0, (1)

z = (λ, ~φ(x)), ~φ = {φ1(x), φ2(x), ..., φL(x)}
ñ óñëîâèåì íîðìèðîâêè

Γ(z) =

R∫

0

dx

L∑

l=1

φ2
l (x)−G = 0, (2)

ãäå

Q̂(x) =




Q11(x) ... Q1L(x)
... ... ...

QL1(x) ... QLL(x)


 , R̂(x) =




R11(x) ... R1L(x)
... ... ...

RL1(x) ... RLL(x)


 ,

K̂(x, x′) =




K11(x, x′) ... K1L(x, x′)
... ... ...

KL1(x, x′) ... KLL(x, x′)


 ,
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Qlm(x), Rlm(x), Klm(x, x′) � çàäàííûå ôóíêöèè, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå
íåòðèâèàëüíûõ ðåøåíèé z? = (λ?, ~φ?(x)).

Èòåðàöèîííûå ñõåìû ðàçðàáîòàíû íà îñíîâå îáîáùåííîãî íåïðåðûâíîãî àíàëîãà
ìåòîäà Íüþòîíà [2]. Â ïðîãðàììå SYSINTM ðåàëèçîâàíà ìîäèôèêàöèÿ ñ
îäíîâðåìåííûì îáðàùåíèåì îïåðàòîðà ïðîèçâîäíîé Ôðåøå, ïðåäëîæåííàÿ â [3] è
îáåñïå÷èâàþùàÿ ñóùåñòâåííûé âûèãðûø âî âðåìåíè ïðè ðàc÷åòàõ íà âåêòîðíûõ
âû÷èñëèòåëüíûõ ñèñòåìàõ [3, 1].

Ïðîãðàììû áûëè ïðîâåðåíû íà ðÿäå òåñòîâûõ çàäà÷. Êîìïëåêñ øèðîêî
èñïîëüçîâàëñÿ äëÿ ÷èñëåííîãî èññëåäîâàíèÿ ñèñòåìû Áåòå�Ñîëïèòåðà è
ðåëÿòèâèñòñêîãî îáîáùåíèÿ óðàâíåíèÿ Øðåäèíãåðà â ìîäåëÿõ êâàðêîíèÿ (ñì.
îáçîð [2] è öèòèðóåìóþ ëèòåðàòóðó).

Íèæå äàåòñÿ îïèñàíèå àëãîðèòìîâ è ïàðàìåòðîâ êîìïëåêñà, ðàññìàòðèâàþòñÿ
îñîáåííîñòè ïðîãðàììíîé ðåàëèçàöèè è ïðèâîäÿòñÿ ÷èñëåííûå ïðèìåðû,
èëëþñòðèðóþùèå åãî ðàáîòó.

2 Àëãîðèòì ïðîãðàììû SYSINT
Ñîãëàñíî ïîäõîäó, îïðåäåëÿåìîìó îáîáùåííûì ÍÀÌÍ, íåëèíåéíîå

ôóíêöèîíàëüíîå óðàâíåíèå â B � ïðîñòðàíñòâå

ϕ(z) ≡
(

~Φ(z)
Γ(z)

)
= 0, (3)

ïðåäñòàâëÿþùåå èññëåäóåìóþ çàäà÷ó, çàìåíÿåòñÿ ýâîëþöèîííûì óðàâíåíèåì ïî
íåïðåðûâíîìó ïàðàìåòðó t

d

dt
ϕ(t, z(t)) = −ϕ(t, z(t)), 0 ≤ t < ∞

ñ íà÷àëüíûì óñëîâèåì z(0) = z0. Îáîçíà÷èâ Â(t) = ~Φ
′
~φ
(t, z(t)), z(t) = (λ(t), ~φ(x)),

ïîëó÷èì äëÿ óðàâíåíèÿ (1):

Â(t)
d~φ(x, t)

dt
= λ′t(t)R̂(x)~φ(x, t)− ~Φ(t, z(t)). (4)

Ââîäÿ äèñêðåòíóþ ñåòêó ïî íåïðåðûâíîìó ïàðàìåòðó t : {0 = t0 < t1 < ... <

tk < ...} è îáîçíà÷àÿ zk = z(tk), λk = λ(tk), ~φk(x) = ~φ(x, tk), Âk = Â(tk), ~Φk =
~Φ(tk, z(tk)), ~vk(x) = ~φ′t(x, tk), µk = λ′t(tk), ïîñëå àïïðîêñèìàöèè çàäà÷è (4) ïî ñõåìå
Ýéëåðà ïîëó÷àåì ôîðìóëû, îïðåäåëÿþùèå èòåðàöèîííûé ïðîöåññ:

~φk+1(x) = ~φk(x) + τk~vk(x),

λk+1 = λk + τkµk, (5)

ãäå
~vk(x) = −~v

(1)
k (x) + µk~v

(2)
k (x), (6)
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B̂k = Â−1
k , (7)

~v
(1)
k (x) = B̂k

~Φk, (8)
~v

(2)
k (x) = B̂kR̂(x)~φk(x), (9)

µk âû÷èñëÿåòñÿ èç óñëîâèÿ íîðìèðîâêè (2):

µk =

G−
R∫

0

dx
∑L

l=1(φl)
2
k(x) + 2

R∫

0

dx
∑L

l=1(v
(1)
l )k(x)(φl)k(x)

2

R∫

0

dx
∑L

l=1(v
(2)
l )k(x)(φl)k(x)

. (10)

Âû÷èñëÿÿ äëÿ êàæäîãî çíà÷åíèÿ tk èòåðàöèîííûå ïîïðàâêè ~vk(x), µk è øàã τk (ñì.
ðàçä.5), ïîëó÷àåì íîâîå ïðèáëèæåíèå zk+1 ê ðåøåíèþ z∗.

Èòåðàöèîííûé ïðîöåññ äîëæåí ïðîäîëæàòüñÿ äî òåõ ïîð, ïîêà íå áóäåò âûïîëíåíî
ñîîòíîøåíèå

δk =‖ ~Φk ‖≤ ε, (11)
ãäå ε > 0 � çàðàíåå çàäàííîå ìàëîå ÷èñëî, à íåâÿçêà δk âû÷èñëÿåòñÿ ïî ôîðìóëå:

δk = max
l=1,L

max
x
|(Φl)k| (12)

3 Àëãîðèòì ïðîãðàììû SYSINTM
Ïåðåéäåì ê îïèñàíèþ ìîäèôèöèðîâàííîãî àëãîðèòìà. Âìåñòî óðàâíåíèÿ (3)

ðàññìàòðèâàåòñÿ ñèñòåìà ñëåäóþùåãî âèäà:

ϕ(z) = 0,

BA− I = 0, (13)

ãäå A = ϕ′z(z),B = A−1, I � åäèíè÷íûé îïåðàòîð.
Ââîäÿ íåïðåðûâíûé ïàðàìåòð t(0 ≤ t < ∞) è ïåðåõîäÿ ê ñèñòåìå ýâîëþöèîííûõ

óðàâíåíèé, ïîëó÷àåì:
d

dt
ϕ(t, z(t)) = −ϕ(t, z(t)),

d

dt
[B(t)A(t)− I] = I − B(t)A(t). (14)

Â ñîîòâåòñòâèè ñ (14) äëÿ óðàâíåíèÿ (1) èìååì:

Â
d~φ(x, t)

dt
= −λ′t(t)R̂(x)~φ(x, t)− ~Φ(t, z(t)),

d

dt
[B̂(t)Â(t)− Î] = Î − B̂(t)Â(t). (15)
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Ïîñëå äèñêðåòèçàöèè íåïðåðûâíîãî ïàðàìåòðà t ïîëó÷àåì íà îñíîâå ñõåìû Ýéëåðà
ñëåäóþùóþ èòåðàöèîííóþ ñõåìó:

~φk+1(x) = ~φk(x) + τk~vk(x),

λk+1 = λk + τkµk,

B̂k+1 = B̂k + τkŴk, (16)

ãäå ~vk(x) âû÷èñëÿåòñÿ ñ ïîìîùüþ ôîðìóë (6),(8),(9), à µk îïðåäåëÿåòñÿ ïî ôîðìóëå
(10).

Ôîðìóëà äëÿ èòåðàöèîííîé ïîïðàâêè Ŵk èìååò âèä:

Ŵk = [Î − B̂k(Âk + Â′
kt)]B̂k. (17)

Ŵk ìîæåò òàêæå âû÷èñëÿòüñÿ ïî áîëåå ïðîñòîé ôîðìóëå, ïîëó÷åííîé íà îñíîâå
ðàáîòû [4]:

Ŵk = [Î − B̂kÂk]B̂k. (18)
Îäíàêî ïðè ýòîì, êàê ïîêàçàëè âû÷èñëåíèÿ, ñóæàåòñÿ îáëàñòü ñõîäèìîñòè
èòåðàöèîííîé ñõåìû.

Òàêèì îáðàçîì, èìåÿ íà÷àëüíîå ïðèáëèæåíèå z0 è B̂0, ìîæíî ïîñëåäîâàòåëüíî
íàéòè âñå ïðèáëèæåíèÿ z è B̂k. Èòåðàöèîííûé ïðîöåññ ïðîäîëæàåòñÿ äî âûïîëíåíèÿ
íåðàâåíñòâà (11).

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿB̂0 èñïîëüçóåòñÿ B̂0 = Â−1(z0).

4 Ïðîãðàììíàÿ ðåàëèçàöèÿ
Ïðîãðàììû íàïèñàíû íà ÿçûêå FORTRAN.
Äëÿ âû÷èñëåíèÿ B̂k = Â−1

k â íàñòîÿùåé âåðñèè èñïîëüçóþòñÿ ñòàíäàðòíûå
ïîäïðîãðàììû èç áèáëèîòåêè LINPACK.

Àïïðîêñèìàöèÿ ñèñòåìû (1) íà äèñêðåòíîé ñåòêå ïî àðãóìåíòó x, (0 = x1, x2, ,
..., xN = R) ñ øàãîì hi = xi+1 − xi èìååò â òî÷êå xi (i = 1, ..., N) ñëåäóþùèé âèä:

Φl(λ, ~φ(xi))̂ =
L∑

m=1

(Qlm(xi)− λRlm(xi))φm(xi)+

+
L∑

m=1

N∑
j=1

Klm(xi, xj)φm(xj)ξj = 0, l = 1, ..., L. (19)

Êîýôôèöèåíòû ξj çàâèñÿò îò ñïîñîáà ÷èñëåííîãî èíòåãðèðîâàíèÿ. Ïðè ýòîì ïîðÿäîê
ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ zk ê òî÷íîìó ðåøåíèþ z∗ ñîîòâåòñòâóåò ïîðÿäêó
òî÷íîñòè âûáðàííîé êâàäðàòóðíîé ôîðìóëû, ÷òî ïîäòâåðæäàåòñÿ ðàñ÷åòàìè íà
ïîñëåäîâàòåëüíîñòè ñãóùàþùèõñÿ ñåòîê [3, 1].
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5 Àëãîðèòìû âû÷èñëåíèÿ ïàðàìåòðà τk.
Äëÿ âû÷èñëåíèÿ èòåðàöèîííîãî ïàðàìåòðà τk â ïðîãðàììå ðåàëèçîâàíû

ñëåäóþùèå àëãîðèòìû .

1. τk ≡ τ0; 0 < τ0 ≤ 1. (20)

2. τk =

{
min(1, 2τk−1), åñëè δk < δk−1,

max(τ0, τk−1/2), åñëè δk ≥ δk−1,
(21)

Âåëè÷èíà δk âåçäå âû÷èñëÿåòñÿ ïî ôîðìóëå (12)

3. τk =





min(1, τk−1
δk−1

δk

), åñëè δk < δk−1,

max(τ0, τk−1
δk−1

δk

), åñëè δk ≥ δk−1

(22)

4. τk =
δ2
k−1

δ2
k−1 + δk(1)2

, (23)

ãäå δk(1) � íåâÿçêà íà k -òîé èòåðàöèè äëÿ τk = 1.
5. Íà ðàâíîìåðíîé ñåòêå ωτ îòðåçêà [0, 1] ñ øàãîì 4τ âû÷èñëÿåòñÿ ïîñëåäîâà-

òåëüíîñòü íåâÿçîê δi ïî ôîðìóëå (12) è âûáèðàåòñÿ òàêîå çíà÷åíèå τk, êîòîðîìó
ñîîòâåòñòâóåò ìèíèìàëüíàÿ íåâÿçêà.

6 Ïîäïðãðàììû ïîëüçîâàòåëÿ
Ïîäïðîãðàììà SUBROUTINE KSI(N,X,TKSI), ïðåäíàçíà÷åííàÿ äëÿ âû÷èñëåíèÿ

êîýôôèöèåíòîâ ξj, äîëæíà áûòü ñîñòàâëåíà ïîëüçîâàòåëåì. Çäåñü N è X �
ñîîòâåòñòâåííî ÷èñëî òî÷åê è ìàññèâ óçëîâ äèñêðåòíîé ñåòêè ïî àðãóìåíòó x, TKSI
� ìàññèâ êîýôôèöèåíòîâ ξj. Ìàññèâû X è TKSI èìåþò ðàçìåðíîñòü N.

Ïîëüçîâàòåëü äîëæåí òàêæå ñîñòàâèòü è âêëþ÷èòü â êîìïëåêñ ñëåäóþùèå
ïîäïðîãðàììû - ôóíêöèè:

QQ(L,M,XI) äëÿ âû÷èñëåíèÿ Qlm(xi),
RR(L,M,XI) äëÿ âû÷èñëåíèÿ Rlm(xi),
YK(L,M,XI,XJ) äëÿ âû÷èñëåíèÿ Klm(xi, xj).

7 Îïèñàíèå ïàðàìåòðîâ ïðîãðàììû
Îáðàùåíèå ê êîìïëåêñàì SYSINT è SYSINTM îñóùåñòâëÿåòñÿ îïåðàòîðàìè
CALL SYSINT (N, LM, LMN, X, EV, FI, TAU0, NTAU, HT5, GNORM, EPS,

NMAX, F, V, V1, R1, R2, R3, TKSI, B),
CALL SYSINTM (N, LM, LMN, X, EV, FI, TAU0, NTAU, GNORM, EPS, NMAX,

F, V, V1, R1, R2, R3, TKSI, B, A, DAT, NMOD).
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N � ÷èñëî óçëîâ ñåòêè ïî àðãóìåíòó x.
LM � ÷èñëî óðàâíåíèé ñèñòåìû (1).
LMN � ðàçìåðíîñòü ðàáî÷èõ ìàññèâîâ, LMN=N·LM.
X � ìàññèâ óçëîâ ñåòêè ïî x ðàçìåðíîñòè N.
EV � ñîáñòâåííîå çíà÷åíèå λ. Ïðè îáðàùåíèè ê ïðîãðàììå ýòîìó ïàðàìåòðó

ïðèñâàèâàåòñÿ íà÷àëüíîå ïðèáëèæåíèå äëÿ ñîáñòâåííîãî çíà÷åíèÿ λ0, ïîñëå
îêîí÷àíèÿ ðàáîòû ïðîãðàììû çäåñü íàõîäèòñÿ k-e ïðèáëèæåíèå λk.

FI � äâóìåðíûé ìàññèâ ðàçìåðíîñòè LM×N. Ïðè îáðàùåíèè ê ïðîãðàììå â íåì
çàäàåòñÿ íà÷àëüíîå ïðèáëèæåíèå (φl)0(xi), (l = 1, ..., L, i = 1, ..., N), íà âûõîäå çäåñü
íàõîäèòñÿ ïîëó÷åííîå ðåøåíèå (φl)k(xi).

TAU0 � íà÷àëüíîå çíà÷åíèå øàãà τ0.
NTAU � íîìåð àëãîðèòìà âû÷èñëåíèÿ τk (ðàçä. 5)

Ïðè NTAU=1 èñïîëüçóåòñÿ ôîðìóëà (20)
Ïðè NTAU=2 èñïîëüçóåòñÿ ôîðìóëà (21)
Ïðè NTAU=3 èñïîëüçóåòñÿ ôîðìóëà (22)
Ïðè NTAU=4 èñïîëüçóåòñÿ ôîðìóëà (23)
Ïðè NTAU=5 èñïîëüçóåòñÿ àëãîðèòì 5 ðàçä.5.
HT5 � øàã ñåòêè ωτ èç àëãîðèòìà 5. Äëÿ NTAU 6=5 ýòîò ïàðàìåòð íå èñïîëüçóåòñÿ.

GNORM � çíà÷åíèå G èç óñëîâèÿ íîðìèðîâêè (2).
EPS � çàäàííîå ìàëîå ÷èñëî ε > 0 èç ñîîòíîøåíèÿ (11).
NMAX � ìàêñèìàëüíî äîïóñòèìîå ÷èñëî èòåðàöèé k. Ïðè åãî ïðåâûøåíèè

ïðîèñõîäèò âûõîä èç ïðîãðàììû.
F, V, V1, R1, R2, R3, B, TKSI � ðàáî÷èå ìàññèâû. Ìàññèâû F, V, V1, R1, R2, R3

èìåþò ðàçìåðíîñòü LMN. Ìàññèâ TKSI èìååò ðàçìåðíîñòü N. Äâóìåðíûé ìàññèâ B
èìååò ðàçìåðíîñòü LMN×LMN.

A, DAT � äîïîëíèòåëüíûå äâóìåðíûå ðàáî÷èå ìàññèâû ïðîãðàììû SYSINTM,
òàêæå èìåþùèå ðàçìåðíîñòü LMN×LMN.

NMOD � ïàðàìåòð ìîäèôèöèðîâàííîãî àëãîðèòìà. Ïðè NMOD=0 èòåðàöèîííàÿ
ïîïðàâêà Ŵk âû÷èñëÿåòñÿ ïî ôîðìóëå (17). Åñëè NMOD 6=0, òî Ŵk âû÷èñëÿåòñÿ ïî
ôîðìóëå (18).

8 ×èñëåííûé ïðèìåð
Òåñòîâàÿ çàäà÷à äëÿ ñèñòåìû (1) ïðè L = 2 èìååò ñëåäóþùèé âèä :

Q̂(x) =

(
1 0
0 1

)
, R̂(x) =

(
1 0

0 1 + x− 1

x

)
, K̂(x, x′) =




x′ −1
x3

x′
−x

x′2


 . (24)

Óñëîâèå íîðìèðîâêè
R∫

0

dx(φ2
1(x) + φ2

2(x))−G = 0, G = 1/3 + 1/5, R = 1.

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è (24) λ? = 1, φ?
1(x) = x, φ?

2(x) = x2. Âû÷èñëåíèÿ
ïðîâîäèëèñü íà ðàâíîìåðíîé ñåòêå ïî x ñ øàãîì h = 0.05. Êîýôôèöèåíòû {ξj}
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âû÷èñëÿëèñü â ñîîòâåòñòâèè ñ ôîðìóëîé Ñèìïñîíà. Ðåçóëüòàòû ñ÷åòà ïðè íà÷àëüíîì
ïðèáëèæåíèè λ0 = .9, φ10(x) = x1.1, φ20(x) = x2.1, NTAU=3, TAU0=0.1, EPS=0.00001
ïðèâåäåíû â òàáëèöå 1. Íà÷àëüíîå çíà÷åíèå íåâÿçêè δ0 ' 0.103.

ÒÀÁËÈÖÀ 1

PROGRAM k λk δk

SYSINT 11 0.999999987 3.8 · 10−6

SYSINTM 13 0.999999983 3.3 · 10−6

Ñðàâíèòåëüíûå ðàñ÷åòû íà âåêòîðíîé ÝÂÌ CONVEX C120 [3, 1] ïîêàçûâàþò,
÷òî ïî âðåìåííûì õàðàêòåðèñòèêàì ìîäèôèöèðîâàííûé àëãîðèòì, ðåàëèçîâàííûé â
ïðîãðàììå SYSINÒM, ÿâëÿåòñÿ áîëåå ýôôåêòèâíûì äëÿ âåêòîðíîé âû÷èñëèòåëüíîé
ñèñòåìû. Ïðè ðàñ÷åòàõ íà ïîñëåäîâàòåëüíûõ âû÷èñëèòåëüíûõ ñèñòåìàõ áîëåå áîëåå
áûñòðîäåéñòâóþùåé ÿâëÿåòñÿ ïðîãðàììà SYSINT.
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