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A�BDCFE BDGIH�H�G�J�K!L!M�N L O L!P7N LQBDR GIS.TVU WVR X+YDTDZ S.R [D[DCIR]\DBDC ^.C SD_�R [DTDR]\DC`\DGFBDGIH�R XFBVW\DBDTDHaR [DTVXFR S.bI[DC�c�Z S.R ^DWDd�e5R f	Z TDZ XFR HaR�^.gIWFh�[DR S.TD[DR fD[Di�h�WDBDGIgF[DR [DTDfkj

{
Φ1 ≡ u

′′

1(x) + F11(u1, u2, x, ~α)u
′

1(x) + F12(u1, u2, x, ~α)u
′
2(x) +G1(u1, u2, x, ~α) = 0,

Φ2 ≡ u
′′

2(x) + F21(u1, u2, x, ~α)u
′

1(x) + F22(u1, u2, x, ~α)u
′
2(x) +G2(u1, u2, x, ~α) = 0,

l mIn

E ^.R
a ≤ x ≤ b o ~α p gFR cVXFCFB�\DGFBDGIH�R XFBDCFg o Fij

T
Gi

l
i, j = 1, 2

n p�q WV[DcDrDTDT o CFsIR Z \DR YDTDgFGId e5TDRZ WVe5R Z XFgFCIgFGI[DTDR�BDR t5R [DTVu l CI[DTvU GI^.GId XFZ u]\DC S.bIU CFgIGIXFR S.R H n o \DBDC ^.CISD_5R [DTDRwgFR ^.R XFZ u]\DCC ^.[DCIHaWxTVU>y S.R H�R [VXFCFg�gIR cVXFCIBDG
~α
l [DTV_�R2CF[xCIsFC U [DG YDGIR XFZ u

α∗
n o cDBDGFR gFi�R2WFZ S.CFgITVu-[DG

q WV[DcDrDTDT u1
T
u2
TDH�R d X�gITV^7j
Diu

′

i(a) +Qiui(a) = 0, D̃iu
′

i(b) + Q̃iui(b) = 0.
l zFn

{ ^.R Z b
i = 1, 2 o D2

i +Q2
i > 0 o D̃2

i + Q̃2
i > 0.|}\DBDCIE BDGIH�HaRxBDR GIS.TVU CFgIGF[DGvCI\DTDZ GI[D[DGIu`g]~ z � Z hFR HaG�YDTDZ S.R [D[DCIE Cv\DBDC ^.CISD_�R [DTVu`ZgICIU H�C _�[DCIZ XFbId�\DBDC ^.CISD_�R [DTVuw\DC2\DGIBDGFHaR XFBVWwYDR BDR U	XFCFYDcDTw\DCIgICFBDC XIGD����SDu@YDTDZ S.R [D[DCFE CBDR t5R [DTVu�Z TDZ XFR H�i l mIn O l zFn [DG�cVG _�^.CFH>t5GFE R5\DBDC ^.CISD_�R [DTVu�TDZ \DC S.bIU WVR XFZ u�[DbId XFCI[DCFgIZ cFGIuTVXFR BDGFrDTDCI[D[DGIu�Z hFR HaG�~ m � �-��XFC X�\DGIcVR X�WFZ \DR t5[DC�TDZ \DCIS.b U CIgFG S.Z u�^DSDu�YDTDZ S.R [D[DCFE CTDZ Z S.R ^.CFgIGF[DTVu�Z C S.TVXFCF[D[Di�h�BDR t5R [DTDf5[DR S.TD[DR fD[DCIE C WVBDGIgF[DR [DTVu5�vBDR ^.TD[DE R BDG!g BDGIU S.TDYD[Di�h\DCIZ X GF[DCIgFcVG h�~ � � �

��� ���	��������+�������	�a�	��%!���	��������7�5��
����
� CFE S.GIZ [DC}~ m � [DG+cVG _�^.CFH

s
O H�t5GFE R1YDTDZ S.R [D[DCIE C#\DBDC ^.CISD_5R [DTVu}[DbId XFCI[DCFgIZ cFGIuTVXFR BDGFrDTDCI[D[DGIu5Z hFR H�G ^DSDu5YDTDZ S.R [D[DCFE C�TD[VXFR E BDTDBDCFgIGF[DTVu�U G ^.G YDT l mIn O l zFn TDHaR R X�Z S.R ^DWDd�e5T.fgITV^7j
u

(k+1)
i = u

(k)
i + τkv

(k)
i ,

l � n
E ^.R

i = 1, 2 � k = 0, 1, 2, .. p [DCIH�R B�[DbId XFCI[DCFgIZ cFCFf�TVXFR BDGFrDTDT o τ p TVXFR BDGFrDTDCI[D[Di�f5\DGFBDGIH�R XFB o
v

(k)
i (x) p TVXFR BDGIrDTDCF[D[DG uw\DCI\DBDGFgIcVG o cVC XFCFBDG u@gFi�YDTDZ SDu.R XFZ uw\VWVXFR HvYDTDZ S.R [D[DCIE C�BDR t5R [DTVuE BDGF[DTDYD[DCIf�U G ^.G YDT

{
v

(k)′′

1 + F
(k)
11 v

(k)′

1 + F12v
(k)′

2 + P
(k)
11 v

(k)
1 + P

(k)
12 v

(k)
2 = −Φ

(k)
1

v
(k)′′

2 + F
(k)
21 v

(k)′

1 + F22v
(k)′

2 + P
(k)
21 v

(k)
1 + P

(k)
22 v

(k)
2 = −Φ

(k)
2 ,

l �Vn
Z�cDBDGIR gIi�H�T�WVZ S.CFgITVu.HaT

{
D1v

(k)′

1 (a) +Q1v1(k)(a) = −[D1u
(k)′

1 (a) +Q1u1(k)
′(a)]

D2v
(k)′

1 (b) +Q2v1(k)(b) = −[D2u
(k)′

1 (b) +Q2u
(k)′

1 (b)]
,

l �Fn

m



{
D̃1v

(k)′

2 (a) + Q̃1v2(k)(a) = −[D̃1u
(k)′

2 (a) + Q̃1u2(k)
′(a)]

D̃2v
(k)′

2 (b) + Q̃2v2(k)(b) = −[D̃2u
(k)′

2 (b) + Q̃2u
(k)′

2 (b)]

l �Vn
��WD[DcDrDTDT

P
(k)
ij (x, u1, u2, ~α)

CI\DBDR ^.R SDu.d�XFZ u�cVGIc
P

(k)
11 = [dF11/du1 · u

′
1 + dF12/du1 · u

′
2 + dG1/du1]

(k),

P
(k)
12 = [dF11/du2 · u

′
1 + dF12/du2 · u

′
2 + dG1/du2]

(k),

P
(k)
21 = [dF21/du1 · u

′
1 + dF22/du1 · u

′
2 + dG2/du1]

(k),

P
(k)
22 = [dF21/du2 · u

′
1 + dF22/du2 · u

′
2 + dG2/du2]

(k),
��TDZ S.R [D[DCIR�BDR t5R [DTDRvU GI^.G YDT l � O �Fn CIZ WFe5R Z XVg SDu.R XVZ u#Zv\DCIH�C e5bFd�\DC ^.\DBDCIE BDGIH�Hai

��� K���� z
	 ��� ~ �I� o g cVC XFCFBDCIf BDR G S.TVU CIgFGI[DG XFBDR hFXFCFYDR Y.[DG u cVCF[DR YD[DC O BDG U [DCIZ XF[DG uGI\D\DBDCFcFZ TDHaGFrDTVu YDR XFgIR BVXFCIE C \DCFBIuD^.cVG Z CIE S.GFZ [DC CFsICFs e5R [DTDd HaR XFC ^.G�!WVH�R BDCFgIGD�l � Z \DCIS.b U WFR XFZ u�BDGIgF[DCIH�R BD[DGIu�^.TDZ cDBDR XF[DGIu�Z R XFcVG Z`t5GFE CFH
h
� n�� Z hFC ^.[DGIu}Z TDZ XFR HaGl m n O l zIn GI\D\DBDCFcFZ TDHaTDBVWFR XFZ u��1\DCIH�C e5bFd \VuDXFTVXFCIYDR YD[Di�h�cFCF[DR YD[DCIO BDGIU [DCFZ XF[Di�h}Z hFR H oXIGIcV_�R�TDHaR d�e5TVh	\DCIBFuV^.CFc

O(h4)
~ �I� �

�bFd�XFCI[DCFgIZ cDTDf TVXFR BDGIrDTDCF[D[Di�f \DBDCFrDR Z Z CIZ XIGI[DGFg S.TDgFGIR XFZ u \DBDT gFi�\DC S.[DR [DTDTZ CFC XF[DCIt5R [DTVu
δk = max

i=1,2
‖ Φ

(k)
i ‖ < ε,

l �Fn
E ^.R

ε p U GI^.GI[D[DCFR�H�G S.CFR�\DC S.C _�TVXFR S.bI[DCFR�YDTDZ S.C o ‖ · ‖ p [DR gIuVU cFG o gFi�YDTDZ SDu.R H�G u�g!Z R XFCIYD[DCFf[DCIBDH�R ���SDu�gFi�YDTDZ S.R [DTVu]TVXFR BDGIrDTDCF[D[DCIE C-\DGIBDGFHaR XFBDG
τk

gx\DBDCFE BDGFHaH�R�BDR GIS.TVU CFgIGF[Di XFBDTG S.E CIBDTVXFH�GVj
1. τk ≡ τ0; 0 < τ0 ≤ 1.

l �Vn

2. τk =

{
min(1, 2τk−1),

R Z S.T
δk < δk−1,

max(τ0, τk−1/2),
R Z S.T

δk ≥ δk−1,

l �Vn

3. τk =





min(1, τk−1
δk−1

δk
),

R Z S.T
δk < δk−1,

max(τ0, τk−1
δk−1

δk
),

R Z S.T
δk ≥ δk−1

l m �Vn

A�BDT WVZ XFCFfDYDTDgICFf Z hFC ^.TDH�CIZ XFT TVXFR BDGIrDTDf gIC gIBDR H u YDTDZ S.R [D[DCIE C \DBDC ^.CISD_�R [DTVuy q�q R cVXFTDgI[Di�H]u.g SDu.R XFZ u�gFi�sICFB
τ ∼ 1

���G@[DG YDG S.bF[Di�h�y XIGI\DGIh�gFi�YDTDZ S.R [DTDfxZ S.R ^DWFR XgIi�sFTDBDG XFb�G S.E CIBDTVXFH l m �Fn Z�H�G S.i�H�U [DG YDR [DTDR H
τ0 o CIsFR Z \DR YDTDgFGId e5TDf5BDGFZ t5TDBDR [DTDR�CFs S.GFZ XFTZ hFC ^.TDH�CIZ XFT	[DbFd�XFCF[DCIgFZ cDTVh	TVXFR BDGFrDTDf2~ � � �

�G YDGIS.bI[DCFR!\DBDTDs S.TV_�R [DTDR
u

(0)
i

^DSDu�cVG _�^.CFE C
(s+ 1)

O E C�[DGIsFCIBDG5\DGFBDGIH�R XFBDCFg�Z XFBDCFTVXFZ u\DC�Z hFR HaR���fVS.R BDG�Z�TDZ \DC S.bIU CFgIGF[DTDR H�BDR U W S.b XIG XVCIg o \DC SDWDYDR [D[Di�h�[DG (s − 1)O H s
O H@t5GFE G hYDTDZ S.R [D[DCIE C�\DBDC ^.C SD_�R [DTVu7��vGIE�^.gFTV_5R [DTVux\DCw\DGIBDGFHaR XFBVW

∆α∗s = α∗s − α∗s−1

H�C _5R XwsFi�XFbw\DCFZ XFC u.[D[Di�H`TVS.TgIi�YDTDZ SDuDR XFZ u�\DC q CIBDHaW S.R
∆α∗s+1 = ∆α

∗
s−1 · [∆E]s−1/[∆E]s,

l mImIn
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E ^.R
[∆E]s = E(α∗s) − E(αs−1) o E p cFGFcVG uDO S.TDsFC	Z cVGISDuDBD[DGIu2hFGIBDGFcVXFR BDTDZ XFTDcVG�BDR t5R [DTVu oU GI^.GIgFGIR HaGIu�\DCIS.b U CIgFG XFR S.R H l � sFT q WVBDcVGIrDTDCF[D[DG u	H�R BDG � n ��G�cFGI_�^.CIH>t5GIE R�\DBDC ^.C SD_�R [DTVu�\DBDCFgIR BIu.R XFZ u	gFi�\DC S.[DR [DTDR�Z CICIXF[DC t5R [DTVu

∆αs/[∆E]s < ε,
l m zFn

l E ^.R
ε > 0 p U G ^.GF[D[DCIR�HaGIS.CIR�YDTDZ S.C n o cVC XFCFBDCIR�u.g SDu.R XFZ uw\DBDTVU [DGIcVCFHxXFCIYDcDT@\DCIgFCIBDCIX GD�A�BDT2gIi�\DCIS.[DR [DTDT>y XFCFE C�Z CFC XF[DCIt5R [DTVu2t5GFE5^.gFTV_�R [DTVu2\DC	\DGFBDGIH�R XFBVW>HaR [VuDR X	U [DGIc o X � R �^.gITV_�R [DTDR�\DC2\DGIBDGFHaR XFBVWwHaR [VuDR X>[DGF\DBDGIgIS.R [DTDR�Z	gIi�hVC ^.CIHv[DG>[DCIg WDd�gFR XFcVWwBDR t5R [DTDfk�A�BDT � Z cVG XFi�gFGI[DTDT � [DG5gIR XFcVW�Z�WV_�R TVU gIR Z XF[Di�H�T�BDR t5R [DTVuDH�T�Z S.R ^DWFR X�\DCIgIXFCIBDTVXFb5BDGFZ YDR XZ!WVH�R [DbIt5R [D[Di H>U [DG YDR [DTDR H

ε
�

� ���������	��
�
�	�!$���� � �	��� ������$
A�BDCFE BDGIH�H�G�[DGF\DTDZ GF[DGx[DG�uVU i�cVR��	��
 � 
 ��k�5|�hFC ^.[Di�Rw\DGFBDGIH�R XFBDi�Z YDTVXFi�gIGFd�XVZ u]TVU

q GIfVS.G�Z�TDHaR [DR H ���,�����1g5Z gICFsIC ^.[DCFH q CIBDH�G XFRI�A�R BDgIG u�Z XFBDCFcFG�gIhFC ^.[DCFE C q GIfVS.G�Z C ^.R BI_�TVXDj7L����,� p YDTDZ S.C�\DGFBDGIH�R XFBDCFg�gFR cVXFCFBDG ~α ol � P � 	 � l � n o � ��m o L,����� n p U [DG YDR [DTVu	gFZ R h	y XFTVh	\DGFBDGIH�R XFBDCFg�T	[DCIH�R B	\DGIBDGFHaR XFBDG�L�J o \DCcVC XFCIBDCFH W	gIR ^.R XFZ u�\DBDC ^.CISD_5R [DTDR �|�C}g XFCFBDCIf�Z XFBDCFcFR�Z C ^.R BF_5GIXFZ u�\DGIBDGFHaR XFBDi Z hFR Hai \DBDC ^.CISD_5R [DTVukj �VM���� 	 p[DG YDG S.bF[Di�f5t5GIE�YDTDZ S.R [D[DCFE C�\DBDC ^.C SD_�R [DTVu � L��VM���� p \DGIBDGFHaR XFB�G S.E CIBDTVXFH�G�gIi�YDTDZ S.R [DTVut5GIE G l \DBDT1L��VM���� ��� t5GIEv\DCIZ XFC u.[D[Di�f o \DBDT1C X S.TDYD[DCIH�C X`[VW SDu1U [DG YDR [DTDT1y XFCIE C\DGIBDGFHaR XFBDG�t5GIE gIi�YDTDZ SDuDR XFZ u�\DC q CFBDH W S.R l mImIn n � ��� �	��� p U [DG YDR [DTDR ε TVU q CFBDH W S.i l mIzIn �L�������� p YDTDZ S.C5t5GIE CIg�YDTDZ S.R [D[DCFE C�\DBDC ^.C SD_�R [DTVu7�A�BDT�\DCFgICFBDC XFR�Z YDR XFYDTDc	t5GIE CIg�CFsI[VW SDuDR XFZ u7�
� BDR XFbIu-Z XFBDCIcVG�Z C ^.R BF_�TVXx\DGIBDGFHaR XFBDi [DbId XFCI[DCFgIZ cFCFf-Z hFR H�i!j�M���� � p [DGIYDG S.bF[DCIRU [DG YDR [DTDR�\DGFBDGIH�R XFBDG

τ
TVU l � n � L!M���� p [DCFHaR BwGIS.E CIBDTVXFH�G>gFi�sICFBDG τ l \DBDTwL!M���� ��m oz o �xTDZ \DC S.bIU WDd�XFZ u]Z CFC XFgFR XFZ XFgIR [D[DC q CFBDH W S.i l �Fn o l �Vn o m �Vn n � ��� � p U [DG YDR [DTDR ε

TVU
q CIBDHaW S.i l �In � ��� �	������� p H�GIcVZ TDHaGIS.bI[DCFRvU [DG YDR [DTDR][DR gIuVU cDT o \DBDT#\DBDR gFi�t5R [DT.TcVC XFCIBDCFE C!\DBDCIE BDGIH�HaG \DBDR cDBDG e5GFR X�BDGIsFC XIW � L������ p H�GIcVZ TDHaGIS.bI[DCIR�YDTDZ S.C [DbFd�XFCF[DCIgFZ cDTVhTVXFR BDGFrDTDf	[DG�cFGI_�^.CIH>t5GIE R�\DBDC ^.CISD_5R [DTVuk�|+YDR XFgFR BVXVCIfvZ XFBDCFcFR>U GI^.GId XFZ uv\DGIBDGFHaR XFBDi+^.TDZ cDBDR XF[DCFf-Z R XFcDTkj�L p YDTDZ S.CwWVU S.CFgBDGIgF[DCIH�R BD[DCFf�^.TDZ cDBDR XF[DCFf5Z R XFcDT �! T5| p E BDGI[DTDrDi@TD[VXFR BDgFG S.GD�F�-GFE�Z R XFcDT5CF\DBDR ^.R SDuDR XFZ ucVGIc 	��5l |�O  n "Vl L O mIn ��|�y XFCIf+_5RvZ XFBDCIcVRvU G ^.GFR XFZ u#\DGFBDGIH�R XFB#N L!N o CF\DBDR ^.R SDuDd e5TDfZ \DCFZ CFs�U GI^.GI[DTVu�[DG YDG S.bF[DCIE C�\DBDTDs S.TV_�R [DTVu�[DG�\DR BDgFCIH@t5GFE R5YDTDZ S.R [D[DCIE C�\DBDC ^.C SD_�R [DTVuk�A�BDT�N L!N ��� [DG YDG S.bF[DCIR}\DBDTDs S.TV_�R [DTDR}gFi�YDTDZ SDu.R XFZ u Z�\DCFHaCIe5bId \DC ^.\DBDCIE BDGIH�Hai
�#� N L!N M o cVC XFCFBDG uw^.CISD_�[DG2sIi�XFb>Z CIZ XIGIgIS.R [DG>\DCIS.b U CIgFG XFR S.R H���A�BDTwCIX S.TDYD[DCFH�CIX>[VW SDuU [DG YDR [DTDT�\DGIBDGFHaR XFBDG>N L N�[DG YDGIS.bI[DCFR�\DBDTDs S.TV_�R [DTDR�Z YDTVXFi�gFGIR XFZ u�TVU q GIfVS.G>Z�TDH�R [DR HN L!N M�������� � �.� ��XFCIX q GFfVS@^.CISD_�R [wTDHaR XFb2XFBDTwcFCIS.CI[DcDT@^DS.TD[DCFfwL o g XFCFBDG uwT@XFBDR XFb uTVU�cVC XFCFBDi�h�Z C ^.R BF_5GIX+U [DG YDR [DTVu q WD[DcDrDTDT u1

T
u2

g1WFU S.G h ^.TDZ cDBDR XF[DCIf}Z R XFcDTl � l N n �  �$ 	�%Vl N O mIn o � ��m o L n �DA�R BDgFG u	cVC S.CF[DcFG�[DR�TDZ \DC S.bIU WFR XFZ u7�|@\VuVXFCFf�T5t5R Z XFCFf�Z XFBDCFcFGIh5U G ^.GFd�XFZ u�E BDGI[DTDYD[Di�R WFZ S.CFgITVu�[DG�cFCF[DrDG h�TD[VXFR BDgIGIS.G l � H��
gIi�BDGI_5R [DTVu l zIn n �.|�\VuVXFCFf�Z XFBDCIcVR j

D1 � Q1 � D̃1 � Q̃1
�.|wt5R Z XFCFf	Z XFBDCFcFRIj

D2 � Q2 � D̃2 � Q̃2
�A�CIS.b U CFgIGIXFR S.b ^.CISD_�R [�Z CIZ X GFgITVXFb�T�gFcVS.d YDTVXFb�g \DGFcFR X�BFuV^5\DC ^.\DBDCIE BDGFHaH�T q WV[DcDrDTDfk�A�BDT2[DR CIs hFC ^.TDH�CIZ XFT>CI[DT2^.C SD_�[DivZ C ^.R BF_�G XFb�CFs e5TDf2sIS.CIc@J�K��&��K!L " ��������� " �!PkO
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ψ

+

ψ
−

��TDZI� m ����BDTDgFG u
E(h)

^DSDu	Z SDWDYDG u
V = 0 o γ = 0.565 � ��TDZ S.R [D[DCIR�\DBDC ^.C SD_�R [DTDR�BDR t5R [DTVu
ψ+

TVU�XFCIYDcDT
h = 0.6

������
 ���!� � ��� �#� N L N M l L o � m o � z o � n p \DC ^.\DBDCFE BDGFHaH�G�^DSDu1gIi�YDTDZ S.R [DTVu+[DG YDGIS.bI[DCFE C\DBDTDs S.TV_�R [DTVu7� { ^.R Z b	T�^.GIS.R R � o � m o � z p H�GIZ Z TDgFi-BDGIU H�R BD[DCFZ XFT>L�� | �]Z C ^.R BI_�GIXFZ uU [DG YDR [DTVu�WVU S.CFg�^.TDZ cDBDR XF[DCIf2Z R XFcDT2\DC	\DBDCFZ XFBDGF[DZ XFgFR [D[.CIf2\DR BDR H�R [D[DCFf
x
� | � m T � z pU [DG YDR [DTVu q WD[DcDrDTDf u1 o u2

g5y XFTVh�WVU S.GIh.�
������
 ���!� � ���	��N �#��� l L o � m o � z o � o � m o � n p \DC ^.\DBDCFE BDGFHaH�G ^DSDu gIi�YDTDZ S.R [DTVusIT q WDBDcFGFrDTDCI[D[DCFf	HaR BDi ��� � m p gIZ \DCIH�CIE GIXFR S.bF[Di�f	HaGFZ Z TDg�BDG U HaR BD[DCIZ XFT	L��������
 ���!� � ������� � l L o � m o � z o � o 
 n p \DC ^.\DBDCFE BDGFHaH�G�^DSDu�gFi�YDTDZ S.R [DTVu q WD[DcDrDTDT Gi (i =

1, 2)
TVU l m n � 
xp H�GIZ Z TDg�BDGIU H�R BD[DCFZ XFT l z o L n Z C�U [DG YDR [DTVu.H�T Gi

l � l N n n �
������
 ���!� � ��� � � � l L o � m o � z o � o � n p \DC ^.\DBDCIE BDGIH�HaG�^DSDu�gIi�YDTDZ S.R [DTVu q WV[DcDrDTDT Fij (i, j =

1, 2)
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