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‚ µ¡§µ·¥ · ¸¸³µÉ·¥´Ò ±·¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¶·µ¸É¥°Ï¨Ì (2+1)-³¥·´ÒÌ ³µ¤¥²¥° É¥µ·¨¨
¶µ²Ö ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¶·¨ ´ ²¨Î¨¨ É¥³¶¥· ÉÊ·Ò, Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨-
 ²  ¨ ¢´¥Ï´¨Ì ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°. �µ± § ´µ, ÎÉµ ¢´¥Ï´¥¥ ³ £´¨É´µ¥ ¶µ²¥ Ö¢²Ö¥É¸Ö ± É -
²¨§ Éµ·µ³ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨. •·µ³µ³ £´¨É´Ò° £²Õµ´´Ò° ±µ´¤¥´¸ É ¢ Š•„3

É ±¦¥ µ¡² ¤ ¥É ¸¶µ¸µ¡´µ¸ÉÓÕ ¸¶µ´É ´´Ò³ µ¡· §µ³ ´ ·ÊÏ ÉÓ ±¨· ²Ó´ÊÕ ¸¨³³¥É·¨Õ. ‚ · ¡µÉ¥
¤¥É ²Ó´µ ¨§ÊÎ¥´  É¥·³µ¤¨´ ³¨±  ÔÉ¨Ì ÔËË¥±Éµ¢. �µ²ÊÎ¥´Ò Ê¸²µ¢¨Ö, ¶·¨ ±µÉµ·ÒÌ ¢ É·¥Ì³¥·´ÒÌ
³µ¤¥²ÖÌ É¨¶  ƒ·µ¸¸  Ä �¥¢Ó¥ ¢µ§³µ¦´Ò ¸¢¥·Ì¶·µ¢µ¤ÖÐ¨¥ Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò,   É ±¦¥ ¤¨´ ³¨Î¥-
¸± Ö £¥´¥· Í¨Ö Î²¥´  —¥·´  Ä ‘ °³µ´¸ .

The critical behaviour of some of the (2+1) - dimensional models with four fermionic inter-
actions at nonzero temperature, chemical potential and external gauge ˇelds is investigated in this
review. It is shown that external magnetic ˇeld is a good catalyst for the spontaneous breaking of
symmetry. Chromomagnetic gluonic condensate in QCD also promotes the spontaneous breaking
of chiral symmetry. The catalysis effect has been studied in detail in the presence of temperature
and chemical potential. The existence of superconductive phase transitions in some three dimensional
Gross Ä Neveu type models is proved. Sufˇcient conditions for the dynamical generation of the Chern
Ä Simons term are derived.

‚‚…„…�ˆ…

•µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ¢ µ¸´µ¢¥ ³´µ£¨Ì Ö¢²¥´¨° ¶·¨·µ¤Ò ²¥¦ É Ë §µ-
¢Ò¥ ¶·¥¢· Ð¥´¨Ö. �µÔÉµ³Ê § ¤ Î  ¶µ ¨¸¸²¥¤µ¢ ´¨Õ ¢ ±ÊÊ³  ¥Ð¥ ¤µ²£µ ¡Ê-
¤¥É µ¶·¥¤¥²ÖÕÐ¥° ¶·¨ ¢Ò¡µ·¥ ¢ ¦´¥°Ï¨Ì ´ ¶· ¢²¥´¨° · §¢¨É¨Ö ¸µ¢·¥³¥´-
´µ° Ë¨§¨±¨, ¢±²ÕÎ Ö Ë¨§¨±Ê Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í (”�—). ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ,
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ÎÉµ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ”�— ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥³Ò¸²¨³µ ¡¥§ Ë¥´µ³¥´  ¸¶µ´-
É ´´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨, ¶·¨ ±µÉµ·µ³ É ±¦¥ ¶·µ¨¸Ìµ¤¨É ¶¥·¥¸É·µ°± 
µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö.

�·µ£·¥¸¸ ¢ ¸µ¢·¥³¥´´µ° ”�— ¢ §´ Î¨É¥²Ó´µ° ³¥·¥ µ¸´µ¢ ´ ´  µ¸µ§´ -
´¨¨ ¶·¨´Í¨¶µ¢ ¸¨³³¥É·¨¨ ¨, ¶µ¦ ²Ê°, ¢ ¥Ð¥ ¡µ²ÓÏ¥° ¸É¥¶¥´¨ ´  ³¥Ì -
´¨§³ Ì ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨ ¢ ³µ¤¥²ÖÌ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. �¤´¨³ ¨§
¢ ¦´ÒÌ ÔÉ ¶µ¢ ¶µ¸É·µ¥´¨Ö ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨ ¶µ²Ö Ö¢¨²µ¸Ó ¶µ´¨³ ´¨¥
·µ²¨ ³¥Ì ´¨§³  •¨££¸  Ä ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨, ¸µ¶·µ¢µ¦¤ ¥-
³µ£µ ¢µ§´¨±´µ¢¥´¨¥³ ³ ¸¸Ò Ê ± ²¨¡·µ¢µÎ´ÒÌ ¡µ§µ´µ¢. �ÉµÉ ÔËË¥±É ¶µ²µ-
¦¥´ ¢ µ¸´µ¢Ê ¥¤¨´µ° É¥µ·¨¨ Ô²¥±É·µ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ³µ¤¥²¥° ‚¥²¨-
±µ£µ µ¡Ñ¥¤¨´¥´¨Ö ¨ É.¤. ‚³¥¸É¥ ¸ É¥³ µ¤´µ£µ ÔÉµ£µ ³¥Ì ´¨§³  ´ ·ÊÏ¥´¨Ö
¸¨³³¥É·¨¨, ±µÉµ·Ò° ¢²¥Î¥É §  ¸µ¡µ° ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¢¢¥¤¥´¨Ö ¢ É¥µ·¨Õ ËÊ´-
¤ ³¥´É ²Ó´ÒÌ ¸± ²Ö·´ÒÌ ¶µ²¥°, Ö¢´µ ´¥¤µ¸É ÉµÎ´µ ¤²Ö ¶µ¸É·µ¥´¨Ö ¶µ¸²¥-
¤µ¢ É¥²Ó´µ° É¥µ·¨¨. ‘ÊÐ¥¸É¢Ê¥É ¥Ð¥ µ¤¨´, ¤¨´ ³¨Î¥¸±¨°, ¸¶µ¸µ¡ ´ ·ÊÏ¨ÉÓ
¸¨³³¥É·¨Õ ¸¶µ´É ´´Ò³ µ¡· §µ³, ¢¶¥·¢Ò¥ · ¸¸³µÉ·¥´´Ò° ¢ · ¡µÉ Ì [1]. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¢ ± Î¥¸É¢¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢Ò¸ÉÊ¶ ÕÉ ¸¶¨´µ·´Ò¥ ¶µ²Ö, ¸¢Ö§ ´-
´Ò¥ ¸µ¸ÉµÖ´¨Ö ±µÉµ·ÒÌ µ¡· §ÊÕÉ ¡µ§µ´Ò. „¨´ ³¨Î¥¸±¨° ¸¶µ¸µ¡ ´ ·ÊÏ¥´¨Ö
¸¨³³¥É·¨¨ ·¥ ²¨§Ê¥É¸Ö, ± ± ¶· ¢¨²µ, ¢ ³µ¤¥²ÖÌ ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨-
³µ¤¥°¸É¢¨¥³, µ¤´µ° ¨§ µ¸µ¡¥´´µ¸É¥° ±µÉµ·ÒÌ Ö¢²Ö¥É¸Ö ´¥¶¥·¥´µ·³¨·Ê¥³µ¸ÉÓ
¢ (3+1)-³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨. (‘¶· ¢¥¤²¨¢µ¸É¨ · ¤¨ ´Ê¦´µ µÉ³¥É¨ÉÓ,
ÎÉµ ¤²Ö ÔÉ¨Ì ³µ¤¥²¥° ¸ÊÐ¥¸É¢ÊÕÉ ¶µ¶ÒÉ±¨ ¶·µ¢¥¸É¨ µ¸³Ò¸²¥´´Ò¥ ¢ÒÎ¨¸²¥-
´¨Ö ¤¨´ ³¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¢´¥ · ³µ± µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ´¥¸³µÉ·Ö
´  ¨Ì ´¥¶¥·¥´µ·³¨·Ê¥³µ¸ÉÓ [2].) ‚ ¸¨²Ê ÔÉµ£µ ¨Ì Ê¤µ¡´µ ¶·¨¢²¥± ÉÓ ¤²Ö
¶µ¸É·µ¥´¨Ö ÔËË¥±É¨¢´ÒÌ ³µ¤¥²¥°  ¤·µ´µ¢ [3]. Š·µ³¥ Éµ£µ, ¤¨´ ³¨Î¥¸±µ¥
´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸É¨ ¸ ¶µ³µÐÓÕ Î¥ÉÒ·¥ÌË¥·³¨µ´´ÒÌ ² -
£· ´¦¨ ´µ¢ ²¥¦¨É ¢ µ¸´µ¢¥ µ¶¨¸ ´¨Ö ¸¶¨´µ¢ÒÌ ÔËË¥±Éµ¢ ¢ Ë¨§¨±¥ ¸¨²Ó´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨° [4] ¨ É.¤.

�¸µ¡µ ¢Ò¤¥²¨³ Í¨±² · ¡µÉ (¸³. µ¡§µ· [5]) ¶µ ¨§ÊÎ¥´¨Õ ± ²¨¡·µ¢µÎ´ÒÌ
É¥µ·¨° ¶µ²Ö ¶·¨ ´ ²¨Î¨¨ ¢´¥Ï´¨Ì ¸¢¥·Ì±·¨É¨Î¥¸±¨Ì ±Ê²µ´µ¶µ¤µ¡´ÒÌ ¸¨².
’ ± Ö ¸¨ÉÊ Í¨Ö ³µ¦¥É ¢µ§´¨±´ÊÉÓ ¶·¨ ¸Éµ²±´µ¢¥´¨¨ ÉÖ¦¥²ÒÌ ·¥²ÖÉ¨¢¨¸É-
¸±¨Ì ¨µ´µ¢. �± §Ò¢ ¥É¸Ö, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ É ±¦¥ ¶·µ¨¸Ìµ¤¨É ¤¨´ ³¨Î¥¸±µ¥
´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨, ¨ Ë¥·³¨µ´Ò ¶·¨µ¡·¥É ÕÉ ³ ¸¸Ê.

‘ ÉµÎ±¨ §·¥´¨Ö ¶µ¸É·µ¥´¨Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ° Š’� ¡µ²¥¥ ¨´É¥·¥¸´Ò³¨
¶µ ¸· ¢´¥´¨Õ ¸ Î¥ÉÒ·¥Ì³¥·´Ò³¨ Ö¢²ÖÕÉ¸Ö (1+1) - ¨ (2+1)-³¥·´Ò¥ ¢ ·¨ ´ÉÒ
Î¥ÉÒ·¥ÌË¥·³¨µ´´ÒÌ ³µ¤¥²¥°. ‹ £· ´¦¨ ´ µ¤´µ° ¨§ ´¨Ì, ´ §Ò¢ ¥³µ° ³µ¤¥-
²ÓÕ ƒ·µ¸¸  Ä �¥¢Ó¥ (ƒ�), ¨³¥¥É ¢¨¤ [6]:

Lψ =

N∑
k=1

ψ̄ki∂̂ψk +
g0

2N
(

N∑
k=1

ψ̄kψk)2. (1)

‚ ¤¢Ê³¥·¨¨ ³µ¤¥²Ó (1) ¶¥·¥´µ·³¨·Ê¥³ , µÎ¥¢¨¤´µ, ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,
µ¤´ ±µ ¶¥·¥´µ·³¨·Ê¥³µ¸ÉÓ ¥¥ ¢ (2+1)-³¥·´µ³ (É·¥Ì³¥·´µ³) ¶·µ¸É· ´¸É¢¥-
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¢·¥³¥´¨ ¡Ò²  ¤µ± § ´  ¸· ¢´¨É¥²Ó´µ ´¥¤ ¢´µ [7] ¢ · ³± Ì ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ
³¥Éµ¤  1/N -· §²µ¦¥´¨Ö. „¢Ê³¥·´ÊÕ ³µ¤¥²Ó ƒ� ¢ ¸¨²Ê ¥¥ ¶·µ¸ÉµÉÒ ³µ¦´µ
¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¨²²Õ¸É· Í¨¨  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò, ¸¶µ´É ´´µ£µ ´ ·Ê-
Ï¥´¨Ö ±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸É¨ ¨ ¤·Ê£¨Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸¢µ°¸É¢ ±¢ ´-
Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨. �¤´ ±µ ¨´É¥·¥¸ ± ÔÉµ° ³µ¤¥²¨ µ¡Ê¸²µ¢²¥´ ´¥ Éµ²Ó±µ
³¥Éµ¤¨Î¥¸±¨³¨, ´µ ¨ ¶· ±É¨Î¥¸±¨³¨ ¸µµ¡· ¦¥´¨Ö³¨, ¶µ¸±µ²Ó±Ê ¥¥ ³µ¦´µ
¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¶¨¸ ´¨Ö ±¢ §¨µ¤´µ³¥·´ÒÌ ¶·µ¢µ¤ÖÐ¨Ì ¸µ¥¤¨´¥´¨°, ¶µ²Ê-
Î¨¢Ï¨Ì ´ §¢ ´¨¥ ¶ °¥·²¸µ¢¸±¨Ì ¤¨Ô²¥±É·¨±µ¢ [8]. ‘¢µ°¸É¢  ¢ ±ÊÊ³  (1+1)-
³¥·´µ° ³µ¤¥²¨ ƒ� Ê¦¥ ¨¸¸²¥¤µ¢ ²¨¸Ó ¶·¨ ´¥´Ê²¥¢ÒÌ §´ Î¥´¨ÖÌ É¥³¶¥· ÉÊ·Ò
¨ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  [9Ä11], ¢µ ¢´¥Ï´¨Ì Ô²¥±É·¨Î¥¸±µ³ ¨ £· ¢¨É Í¨-
µ´´µ³ ¶µ²ÖÌ [12]. �¥¤ ¢´µ ¢ Í¥²µ³ ·Ö¤¥ · ¡µÉ [13] Ë §µ¢Ò¥ ¶·¥¢· Ð¥´¨Ö
¢ ÔÉµ° É¥µ·¨¨ ¶µ²Ö ¡Ò²¨ · ¸¸³µÉ·¥´Ò ¢ ¤¢Ê³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸
Éµ¶µ²µ£¨¥° R1 × S1.

’·¥Ì³¥·´ Ö ³µ¤¥²Ó ƒ� ¸É ²  µ¡Ñ¥±Éµ³ ¨§ÊÎ¥´¨Ö ¸· ¢´¨É¥²Ó´µ ´¥¤ ¢´µ ¢
¸¢Ö§¨ ¸ µÉ±·ÒÉ¨¥³ Ö¢²¥´¨Ö ¢Ò¸µ±µÉ¥³¶¥· ÉÊ·´µ° ¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨ (‚’‘�)
(¸³. µ¡§µ· [14]),   É ±¦¥ ´¥µ¡Ìµ¤¨³µ¸ÉÓÕ µ¡ÑÖ¸´¥´¨Ö ±¢ ´Éµ¢µ£µ ÔËË¥±É 
•µ²²  [15]. �ËË¥±É •µ²²  ´ ¡²Õ¤ ¥É¸Ö ¢ ¶²µ¸±¨Ì µ¡· §Í Ì, ¶µ³¥Ð¥´´ÒÌ
¢ ¸¨²Ó´µ¥ ³ £´¨É´µ¥ ¶µ²¥,   ‚’‘� ¶·µ¨¸Ìµ¤¨É ¢ ³ É¥·¨ ² Ì É¨¶  La2CuO4,
¢ ±µÉµ·ÒÌ Ô²¥±É·µ´Ò ¶·µ¢µ¤¨³µ¸É¨ ¸±µ´Í¥´É·¨·µ¢ ´Ò ¢ ¶²µ¸±µ¸ÉÖÌ, µ¡· -
§µ¢ ´´ÒÌ  Éµ³ ³¨ Cu ¨ O. ‚µÉ ¶µÎ¥³Ê ¢ ¶µ¸²¥¤´¥¥ ¤¥¸ÖÉ¨²¥É¨¥ ³´µ£¨¥
Ë¨§¨±¨-É¥µ·¥É¨±¨ ¨´É¥´¸¨¢´µ ¨¸¸²¥¤ÊÕÉ (2+1)-³¥·´Ò¥ É¥µ·¨¨ ¶µ²Ö, É¥³ ¸ -
³Ò³ ¨¸¶µ²Ó§ÊÖ ³¥Éµ¤Ò ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¢ Ë¨§¨±¥ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ
¸µ¸ÉµÖ´¨°. Š ´ ¨¡µ²¥¥ ³µ¤´Ò³ ¸¥°Î ¸ ³µ¤¥²Ö³ ³µ¦´µ µÉ´¥¸É¨ É·¥Ì³¥·´ÊÕ
±¢ ´Éµ¢ÊÕ Ô²¥±É·µ¤¨´ ³¨±Ê, ´¥²¨´¥°´ÊÕ σ-³µ¤¥²Ó ¨ µ¸µ¡¥´´µ (2+1)-³¥·´ÊÕ
³µ¤¥²Ó ƒ� (1).

„¥²µ ¢ Éµ³, ÎÉµ ¢ É·¥Ì³¥·´ÒÌ É¥µ·¨ÖÌ ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°-
¸É¢¨¥³ ¤µ¢µ²Ó´µ ´ ¤¥¦´µ Ê¸É ´µ¢²¥´Ò Ë ±ÉÒ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³-
³¥É·¨¨ [7],   É ±¦¥ ¤¨´ ³¨Î¥¸±µ° £¥´¥· Í¨¨ ³ ¸¸ ¶µ²¥°, ¶µÔÉµ³Ê ´  µ¸´µ¢¥
³µ¤¥²¥° ÔÉµ£µ É¨¶  Ê¦¥ ¤¥² ²¨¸Ó ¶µ¶ÒÉ±¨ µ¡ÑÖ¸´¨ÉÓ Ö¢²¥´¨¥ ‚’‘� [16].
Š·µ³¥ Éµ£µ, ¨Ì ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¶¨¸ ´¨Ö ¸¢µ°¸É¢ ¶² ´ ·´ÒÌ  ´É¨-
Ë¥··µ³ £´¥É¨±µ¢, É.±. ´¥±µÉµ·Ò¥ ·¥Ï¥ÉµÎ´Ò¥ É¢¥·¤µÉ¥²Ó´Ò¥ ³µ¤¥²¨ ÔÉ¨Ì ¢¥-
Ð¥¸É¢ ¢ ´¥¶·¥·Ò¢´µ³ ¶·¥¤¥²¥ ¨³¥ÕÉ ² £· ´¦¨ ´Ò ¢¨¤  (1) [17]. Š ± ¨ ²Õ¡Ò¥
¤·Ê£¨¥ É·¥Ì³¥·´Ò¥ É¥µ·¨¨, ³µ¤¥²¨ É¨¶  ƒ� ³µ£ÊÉ ¸²Ê¦¨ÉÓ Ìµ·µÏ¥° µ¸´µ¢µ°
¤²Ö µ¡ÑÖ¸´¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢, ¶·µ¨¸Ìµ¤ÖÐ¨Ì ¢ Éµ´±¨Ì ¶²¥´± Ì. � -
±µ´¥Í, É¥µ·¨Ö ¶µ²Ö (1) Ö¢²Ö¥É¸Ö µÉ²¨Î´µ° ² ¡µ· Éµ·¨¥°, ¶µ§¢µ²ÖÕÐ¥° ¶·¥¤-
¸± §Ò¢ ÉÓ ´µ¢Ò¥ ÔËË¥±ÉÒ Î¥ÉÒ·¥Ì³¥·´µ£µ ³¨· .

�·¥¤² £ ¥³Ò° µ¡§µ· ¶µ¸¢ÖÐ¥´ ¸¨¸É¥³ É¨Î¥¸±µ³Ê ¨§²µ¦¥´¨Õ ¸¢µ°¸É¢ ¢ -
±ÊÊ³  ´¥±µÉµ·ÒÌ (2+1)-³¥·´ÒÌ É¥µ·¨° ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°-
¸É¢¨¥³ ¢ § ¢¨¸¨³µ¸É¨ µÉ T, µ ¨ ¢´¥Ï´¨Ì ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°,   É ±¦¥
¸¢Ö§ ´´Ò³ ¸ ÔÉ¨³ ´µ¢Ò³ ¤¨´ ³¨Î¥¸±¨³ ÔËË¥±É ³.

Š²ÕÎ¥¢Ò³ ³µ³¥´Éµ³, µ¡Ñ¥¤¨´ÖÕÐ¨³ · ¸¸³ É·¨¢ ¥³Ò¥ §¤¥¸Ó ³µ¤¥²¨, Ö¢²Ö-
¥É¸Ö ¨Ì µ¡Ð¥¥ ¸¢µ°¸É¢µ, ±µÉµ·µ¥ ³µ¦´µ ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ´  ¸²¥¤ÊÕ-
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Ð¥³ ¶·µ¸Éµ³ ¶·¨³¥·¥. � ¸¸³µÉ·¨³ ¸¨¸É¥³Ê ¸¢µ¡µ¤´ÒÌ Ë¥·³¨µ´µ¢ ¢ R2+1

¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨, ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¸ ¢´¥Ï´¨³ µ¤´µ·µ¤´Ò³ ³ £´¨É-
´Ò³ ¶µ²¥³. …¥ ² £· ´¦¨ ´ ¨³¥¥É ¢¨¤

L = ψ̄(i∂̂ − eÂ−m)ψ.

‚ ¡¥§³ ¸¸µ¢µ³ ¶·¥¤¥²¥ ¤²Ö ±µ´¤¥´¸ É  < ψ̄ψ > ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

lim
m→0

< ψ̄ψ >= −eH/π.

(�ÉµÉ ¦¥ ·¥§Ê²ÓÉ É ¶µ²ÊÎ ¥É¸Ö ¨§ ³¥Éµ¤  ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¨ ¸¢Ö§¨
¥£µ  ¡¸µ²ÕÉ´µ£µ ³¨´¨³Ê³  ¸ ±¢ §¨¸·¥¤´¨³¨ �µ£µ²Õ¡µ¢  [18], É.±. ¢¢¥¤¥´´Ò°
¢ · ¸¸³ É·¨¢ ¥³Ò° ² £· ´¦¨ ´ ³ ¸¸µ¢Ò° Î²¥´ Ë¥·³¨µ´µ¢ Ö¢´µ ´ ·ÊÏ ¥É ±¨-
· ²Ó´ÊÕ ¸¨³³¥É·¨Õ,   ±µ´¤¥´¸ É Ö¢²Ö¥É¸Ö ±¢ §¨¸·¥¤´¥°, ±µÉµ· Ö ¢ ´ Ï¥³
¸²ÊÎ ¥ ´¥ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ m → 0.) �É¸Õ¤  ¢¨¤´µ, ÎÉµ ¢ ¶·¨¸ÊÉ-
¸É¢¨¨ ¢´¥Ï´¥£µ µ¤´µ·µ¤´µ£µ ³ £´¨É´µ£µ ¶µ²Ö µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ ±¢ ´Éµ¢µ-
¶µ²¥¢µ° ¸¨¸É¥³Ò ¡¥§³ ¸¸µ¢ÒÌ Ë¥·³¨µ´µ¢ ¢ R2+1 ¢Ò·µ¦¤¥´µ,   ±¨· ²Ó´ Ö
¸¨³³¥É·¨Ö ¸¶µ´É ´´µ ´ ·ÊÏ¥´ . (�·¨Î¨´Ò ÔÉµ£µ Ö¢²¥´¨Ö ³Ò µ¡¸Ê¤¨³ ´¨¦¥.)

‚ · §¤.1 ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ³¥Éµ¤µ³ 1/N -· §²µ¦¥´¨Ö ¤¥É ²Ó´µ ¨¸¸²¥¤Ê-
ÕÉ¸Ö ±·¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  É·¥Ì³¥·´µ° É¥µ·¨¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¶·¨ ´ ²¨-
Î¨¨ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö, É¥³¶¥· ÉÊ·Ò T ¨ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ² 
µ. ‡¤¥¸Ó µ¶¨¸ ´µ ´¥¨§¢¥¸É´µ¥ · ´¥¥ Ö¢²¥´¨¥ ¤¨´ ³¨Î¥¸±µ£µ ´ ·ÊÏ¥´¨Ö ±¨-
· ²Ó´µ° ¨ ¸¨³³¥É·¨¨ ¶µ  ·µ³ É ³ ¸±µ²Ó Ê£µ¤´µ ³ ²Ò³ ¢´¥Ï´¨³ ³ £´¨É´Ò³
¶µ²¥³ H . �µ¸É·µ¥´Ò Ë §µ¢Ò¥ ¶µ·É·¥ÉÒ ³µ¤¥²¨ ¢ ¶¥·¥³¥´´ÒÌ (T, µ), (H,T )
¨ (H,µ),   É ±¦¥ ´ °¤¥´Ò ±·¨É¨Î¥¸±¨¥ §´ Î¥´¨Ö ¶ · ³¥É·µ¢, ¶·¨ ±µÉµ·ÒÌ
¶·µ¨¸Ìµ¤¨É ¢µ¸¸É ´µ¢²¥´¨¥ ¨¸Ìµ¤´µ° ¸¨³³¥É·¨¨. Š·µ³¥ Éµ£µ, ¶µ± § ´µ, ÎÉµ
¢ ¶²µ¸±µ¸É¨ (T, µ) ¸ÊÐ¥¸É¢Ê¥É É·¨±·¨É¨Î¥¸± Ö ÉµÎ± , £¤¥ ±·¨¢ Ö Ë §µ¢ÒÌ
¶¥·¥Ìµ¤µ¢ ¶¥·¢µ£µ ·µ¤  ¶·¥¢· Ð ¥É¸Ö ¢ ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ ¢Éµ·µ£µ ·µ¤ .

‚ · §¤.2 ¤µ± § ´µ, ÎÉµ ³µ¤¥²Ó ƒ� ¸ SU(3) Ë¥·³¨µ´´Ò³¨ ¶µ²Ö³¨ ÉµÎ´µ
·¥Ï ¥³  ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö ¢µ ¢´¥Ï´¥³ Ì·µ³µ³ £´¨É´µ³
¶µ²¥. „ ´´ÊÕ ³µ¤¥²Ó ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± É·¥Ì³¥·´Ò°  ´ ²µ£ É¥µ·¨¨,
ÔËË¥±É¨¢´µ µ¶¨¸Ò¢ ÕÐ¥° ´¨§±µÔ´¥·£¥É¨Î¥¸±ÊÕ µ¡² ¸ÉÓ ±¢ ´Éµ¢µ° Ì·µ³µ-
¤¨´ ³¨±¨. ‚´¥Ï´¥¥ ´¥ ¡¥²¥¢µ ¶µ²¥ §¤¥¸Ó ¢Ò¸ÉÊ¶ ¥É ¢ ± Î¥¸É¢¥ ¶µ²Ö £²Õµ´-
´µ£µ ±µ´¤¥´¸ É , ´  Ëµ´¥ ±µÉµ·µ£µ ¨¤ÊÉ ¶·µÍ¥¸¸Ò ¸ ÊÎ ¸É¨¥³ ±¢ ·±µ¢. ŒÒ
¶µ± § ²¨, ÎÉµ ¢´¥Ï´¨¥ ¶µ¸ÉµÖ´´Ò¥ Ì·µ³µ³ £´¨É´Ò¥ ± ±  ¡¥²¥¢µ¶µ¤µ¡´Ò¥,
É ± ¨ ´¥ ¡¥²¥¢Ò ¶µ²Ö ¸²Ê¦ É ± É ²¨§ Éµ·µ³ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó-
´µ° ¨´¢ ·¨ ´É´µ¸É¨. (‡ ³¥É¨³, ÎÉµ ¢Ò¡µ· ¶µ²¥°, ³µ¤¥²¨·ÊÕÐ¨Ì µ¸´µ¢´µ¥
¸µ¸ÉµÖ´¨¥ Š•„, ´¥ ¨¸Î¥·¶Ò¢ ¥É¸Ö · ¸¸³µÉ·¥´´Ò³¨ ´ ³¨ ±µ´Ë¨£Ê· Í¨Ö³¨,
ÎÉµ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ ¢ Í¨±²¥ · ¡µÉ [19,20], ¢ ±µÉµ·ÒÌ ¤¥É ²Ó´µ µ¡¸Ê¦¤ -
ÕÉ¸Ö ( ´É¨-)¸ ³µ¤Ê ²Ó´Ò¥ ¶µ²Ö,   É ±¦¥ ¤·Ê£¨¥ ¢µ§³µ¦´Ò¥ ±µ´Ë¨£Ê· Í¨¨ ¶µ-
²¥° [21], Ö¢²ÖÕÐ¨Ì¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° Ÿ´£  Ä Œ¨²²¸ .) ‘²¥¤µ¢ É¥²Ó´µ,
¢ Š•„ ´¥´Ê²¥¢µ° Ì·µ³µ³ £´¨É´Ò° £²Õµ´´Ò° ±µ´¤¥´¸ É Ö¢²Ö¥É¸Ö µ¤´µ° ¨§
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¶·¨Î¨´ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨. � °¤¥´µ É ±¦¥ ±·¨É¨Î¥¸±µ¥ §´ -
Î¥´¨¥ É¥³¶¥· ÉÊ·Ò, ¶·¨ ±µÉµ·µ° ¶·µ¨¸Ìµ¤¨É ¢µ¸¸É ´µ¢²¥´¨¥ ±¨· ²Ó´µ° ¸¨³-
³¥É·¨¨.

‚ · §¤.3 ¤¥É ²Ó´µ ¨¸¸²¥¤ÊÕÉ¸Ö ¤¢¥ É·¥Ì³¥·´Ò¥ ³µ¤¥²¨ ¸ ¡µ²¥¥ ¸²µ¦-
´µ° ¸É·Ê±ÉÊ·µ° ¢§ ¨³µ¤¥°¸É¢¨Ö Ë¥·³¨µ´µ¢. �µ± § ´µ, ÎÉµ ¢ ´¨Ì ¢µ§³µ¦´Ò
± ± ±¨· ²Ó´Ò¥ Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò, É ± ¨ ¶¥·¥Ìµ¤Ò ¸¢¥·Ì¶·µ¢µ¤ÖÐ¥£µ É¨¶ 
¸µ ¸¶µ´É ´´Ò³ ´ ·ÊÏ¥´¨¥³ U(1)-£·Ê¶¶Ò. Š·µ³¥ Éµ£µ, ¢ ÔÉµ³ · §¤¥²¥ Ê¤¥²Ö-
¥É¸Ö µ¸µ¡µ¥ ¢´¨³ ´¨¥ ¢µ§³µ¦´µ¸É¨ ¤¨´ ³¨Î¥¸±µ° £¥´¥· Í¨¨ Î²¥´  —¥·´  Ä
‘ °³µ´¸  (Éµ¶µ²µ£¨Î¥¸±µ° ³ ¸¸Ò ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö), ¡² £µ¤ ·Ö ±µÉµ·µ³Ê
Ê Î ¸É¨Í ¶µÖ¢²ÖÕÉ¸Ö ¤·µ¡´Ò¥ ¸¶¨´ ¨ ¸É É¨¸É¨± . �  ¶·¨³¥·¥ ÔÉ¨Ì ³µ¤¥-
²¥° ¶µ± § ´µ, ÎÉµ ´ ·ÊÏ¥´¨¥ P -Î¥É´µ¸É¨ ¥¸ÉÓ Éµ²Ó±µ ´¥µ¡Ìµ¤¨³µ¥, ´µ ´¥
¤µ¸É ÉµÎ´µ¥ Ê¸²µ¢¨¥ ¸¶µ´É ´´µ° £¥´¥· Í¨¨ Î²¥´  —¥·´  Ä ‘ °³µ´¸ . �¡-
´ ·Ê¦¥´ É ±¦¥ ÔËË¥±É, ±µ£¤  ¶ · ³¥É·µ³ ¶µ·Ö¤±  É¥µ·¨¨ (É.¥. ¢¥²¨Î¨´µ°,
´ Ìµ¤ÖÐ¥°¸Ö ¢µ ¢§ ¨³´µ µ¤´µ§´ Î´µ³ ¸µµÉ¢¥É¸É¢¨¨ ¸µ ¸É·Ê±ÉÊ·µ° ¢ ±ÊÊ³ )
Ö¢²Ö¥É¸Ö Éµ¶µ²µ£¨Î¥¸± Ö ³ ¸¸  ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö.

1. Š�ˆ’ˆ—…‘Šˆ… ‘‚�‰‘’‚� ’�…•Œ…���‰ Œ�„…‹ˆ ƒ�
��ˆ T, µ,H 6= 0

‚ ¶·¥¤² £ ¥³µ³ · §¤¥²¥ ¡Ê¤¥É ¨¸¸²¥¤µ¢ ÉÓ¸Ö Ë §µ¢ Ö ¸É·Ê±ÉÊ·  É·¥Ì³¥·-
´µ° ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¶·¨ µ, T,H 6= 0. ‹ £· ´¦¨ ´ ³µ¤¥²¨ ¨³¥¥É ¢¨¤
(1), ¶·¨Î¥³ ∂̂ = ∂µΓµ, £¤¥ Γµ Ä 4 × 4 ³ É·¨ÍÒ,  ²£¥¡·  ±µÉµ·ÒÌ µ¶¨¸ ´ 
¢ ¶·¨²µ¦¥´¨¨ A,   ± ¦¤µ¥ ¨§ N Ë¥·³¨µ´´ÒÌ ¶µ²¥° ¥¸ÉÓ 4-±µ³¶µ´¥´É´Ò°
¸¶¨´µ· „¨· ± :

ψk =

(
ψ1k

ψ2k

)
. (2)

‡¤¥¸Ó k = 1, ..., N,   ψik (i = 1, 2) Ä µ¡ÒÎ´Ò¥ ¤¢ÊÌ±µ³¶µ´¥´É´Ò¥ ¸¶¨´µ·Ò
„¨· ± . ‚ ÔÉµ³ ¸²ÊÎ ¥ ² £· ´¦¨ ´ (1) ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ ¤¢ÊÌ ¤¨¸-
±·¥É´ÒÌ ¶·¥µ¡· §µ¢ ´¨°. �¥·¢µ¥ ¨§ ´¨Ì ¥¸ÉÓ

ψk → Γ3ψk; k = 1, ..., N (3)

(£¤¥ ³ É·¨Í  Γ3 ¤ ´  ¢ ¶·¨²µ¦¥´¨¨ (A.8)) ¨ ¶¥·¥¸É ¢²Ö¥É ³¥¸É ³¨ ¶µ±µ²¥´¨Ö
¸¶¨´µ·µ¢ ψ1k ¨ ψ2k ¨§ (2). (‘¨³³¥É·¨Õ µÉ´µ¸¨É¥²Ó´µ (3) ´ §Ò¢ ÕÉ ¥Ð¥
 ·µ³ Éµ¸¨³³¥É·¨¥°.) ‚Éµ·µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¨³¥¥É ¢¨¤

ψk → Γ5ψk; k = 1, ..., N, (4)

  Γ5 ¤ ´  ¢ Ëµ·³Ê²¥ (A.9). ‘¨³³¥É·¨Õ µÉ´µ¸¨É¥²Ó´µ (4) ¡Ê¤¥³ ´ §Ò¢ ÉÓ
¤¨¸±·¥É´µ° ±¨· ²Ó´µ° ¸¨³³¥É·¨¥°, É.±. Γ5 ∼ Γ0Γ1Γ2Γ3 ¨ ¶µ ¢¨¤Ê Ëµ·³ ²Ó´µ
¸µ¢¶ ¤ ¥É ¸ £¥´¥· Éµ·µ³ ±¨· ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¤²Ö ¸¶¨´µ·´ÒÌ ¶µ²¥° ¢
Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨.
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‹ £· ´¦¨ ´ (1) ¨´¢ ·¨ ´É¥´ É ±¦¥ µÉ´µ¸¨É¥²Ó´µ ´¥¶·¥·Ò¢´ÒÌ ¶·¥µ¡· -
§µ¢ ´¨° ¢¨¤ 

ψk → exp (iα)ψk; k = 1, ..., N. (5)

” §µ¢Ò¥ ¸¢µ°¸É¢  ÔÉµ° ³µ¤¥²¨ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¢ · ³± Ì ²¨¤¨·ÊÕ-
Ð¥£µ ¶µ·Ö¤±  1/N -· §²µ¦¥´¨Ö.

1.1. ‘²ÊÎ ° T, µ 6= 0. �·¨ ´Ê²¥¢ÒÌ §´ Î¥´¨ÖÌ T, µ ² £· ´¦¨ ´ (1) Ô±¢¨-
¢ ²¥´É¥´ ´  Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö ¤²Ö ¶µ²Ö σ ¸²¥¤ÊÕÐ¥³Ê ¢¸¶µ³µ£ É¥²Ó´µ³Ê
² £· ´¦¨ ´Ê:

Lσ =

N∑
k=1

[
ψ̄ki∂̂ψk + σψ̄kψk

]
−
Nσ2

2go
. (6)

‚ É¥·³¨´ Ì ÔÉµ£µ ² £· ´¦¨ ´  ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨ (3)Ä(4) ¶·¥µ¡· §ÊÕÉ¸Ö
± ¢¨¤Ê

ψk → Γψk, σ → −σ; k = 1, ..., N, (7)

£¤¥ Γ Ä µ¤´  ¨§ ³ É·¨Í Γ3 ¨²¨ Γ5. �¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ¢ £² ¢´µ³ ¶µ·Ö¤±¥
1/N -· §²µ¦¥´¨Ö ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¢ Ô±¢¨¢ ²¥´É´µ° ¢¸¶µ³µ£ É¥²Ó´µ°
³µ¤¥²¨ (6) ¨³¥¥É ¢¨¤ [7,22]:

1

N
V0(σ) =

σ2

2g0
− 2

∫
d3p

(2π)3
ln (p2 + σ2). (8)

‡¤¥¸Ó ¨´É¥£·¨·µ¢ ´¨¥ ¶·µ¢µ¤¨É¸Ö ¶µ É·¥Ì³¥·´µ³Ê ¥¢±²¨¤µ¢Ê ¶·µ¸É· ´¸É¢Ê.
‚Ò· ¦¥´¨¥ (8) ¸µ¤¥·¦¨É Ê²ÓÉ· Ë¨µ²¥Éµ¢Ò¥ (“”) · ¸Ìµ¤¨³µ¸É¨, ±µÉµ·Ò¥ Ê¸-
É· ´ÖÕÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¶·µ¢¥¤¥´¨Ö ¶¥·¥´µ·³¨·µ¢µÎ´µ° ¶·µÍ¥¤Ê·Ò. „²Ö ÔÉµ£µ
¶·¥¤¶µ²µ¦¨³, ÎÉµ ¢ (8) |p| < Λ, Éµ£¤  ´¥É·Ê¤´µ ¸µ¸Î¨É ÉÓ

1

N
V0(σ) =

σ2

2

(
1

g0
−

2Λ

π2

)
+
|σ|3

3π
. (9)

�É¸Õ¤  ¸ ¶µ³µÐÓÕ ´µ·³¨·µ¢µÎ´µ£µ Ê¸²µ¢¨Ö

d2Veff

dσ2 σ = m
=

N

g(m)

³µ¦´µ ¶µ± § ÉÓ, ÎÉµ

1

g0
−

2Λ

π2
=

1

g(m)
−

2m

π
≡

1

g
(10)

(m Ä ÉµÎ±  ´µ·³¨·µ¢±¨, g(m) Ä ¶¥·¥´µ·³¨·µ¢ ´´ Ö ±µ´¸É ´É  ¸¢Ö§¨), £¤¥
¢¢¥¤¥´ ´µ¢Ò° ¶ · ³¥É· g, ±µÉµ·Ò° ´¥ § ¢¨¸¨É ´¨ µÉ ÉµÎ±¨ ´µ·³¨·µ¢±¨ m
(É.±. g0 ´¥ § ¢¨¸¨É µÉ m), ´¨ µÉ ¶ · ³¥É·  “”-µ¡·¥§ ´¨Ö Λ (É.±. g(m) ´¥
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§ ¢¨¸¨É µÉ Λ). �µ¤¸É ¢²ÖÖ (10) ¢ (9), ¶µ²ÊÎ ¥³ ±µ´¥Î´µ¥ ·¥´µ·³¨´¢ ·¨ ´É´µ¥
¢Ò· ¦¥´¨¥ ¤²Ö V0(σ):

1

N
V0(σ) =

σ2

2g
+
|σ|3

3π
. (11)

�¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¶·¨ g > 0  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ËÊ´±Í¨¨ (11) ´ Ìµ-
¤¨É¸Ö ¢ ´Ê²¥, ¶µÔÉµ³Ê ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨ (3)Ä(4) ³µ¤¥²¨ ´¥ ´ ·ÊÏ¥´Ò.
…¸²¨ g < 0, Éµ ÉµÎ±  £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¶µÉ¥´Í¨ ²  ¥¸ÉÓ

σ0 ≡< σ >= −π/g ≡M, (12)

¢ ÔÉµ³ ¸²ÊÎ ¥ ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨ ³µ¤¥²¨ ¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò,   Ë¥·³¨-
µ´Ò ¤¨´ ³¨Î¥¸±¨ ¶·¨µ¡·¥É ÕÉ ³ ¸¸Ê, · ¢´ÊÕ M (12).

�·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ ´ Ï  ¸¨¸É¥³ , µ¶¨¸Ò¢ ¥³ Ö ² £· ´¦¨ ´µ³ (1)
(¨²¨, ÎÉµ Éµ ¦¥ ¸ ³µ¥, ² £· ´¦¨ ´µ³ (6)), ¶µ³¥Ð¥´  ¢ É¥·³µ¸É É. ‚ ÔÉµ³
¸²ÊÎ ¥ ´¥µ¡Ìµ¤¨³µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ³¥Éµ¤ ³¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¶·¨
±µ´¥Î´µ° É¥³¶¥· ÉÊ·¥, · §¢¨ÉÒ³¨ ¢ · ¡µÉ Ì [23]. ‘¢µ°¸É¢  ¸¨¸É¥³Ò ¢ ¸µ-
¸ÉµÖ´¨¨ É¥·³µ¤¨´ ³¨Î¥¸±µ£µ · ¢´µ¢¥¸¨Ö µ¶·¥¤¥²ÖÕÉ¸Ö É¥·³µ¤¨´ ³¨Î¥¸±¨³
¶µÉ¥´Í¨ ²µ³ Ω(T, µ):

βV Ω(T, µ) = −ln Tr exp−β(Ĥ−µN̂), (13)

£¤¥ β = 1/T, V Ä ¤¢Ê³¥·´Ò° µ¡Ñ¥³ ¸¨¸É¥³Ò, Ĥ Ä ¥¥ £ ³¨²ÓÉµ´¨ ´, N̂ Ä
£¥´¥· Éµ· £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° (5):

N̂ ∼

∫
d2x ψ̄(~x, t)Γ0ψ(~x, t),

Ω(T, µ) Ä §´ Î¥´¨¥ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  VTµ(σ) ¢ ÉµÎ±¥ £²µ¡ ²Ó´µ£µ
³¨´¨³Ê³ . „²Ö ´ Ìµ¦¤¥´¨Ö VTµ(σ) ¤µ¸É ÉµÎ´µ ³¥·Ê ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Ô´¥·-
£¥É¨Î¥¸±µ° ¥¢±²¨¤µ¢µ° ¶¥·¥³¥´´µ° ¢ (8) ¶·¥µ¡· §µ¢ ÉÓ ¶µ ¶· ¢¨²Ê [24]:∫

dp0

2π
f(p0)→ T

∞∑
n=−∞

f(p0n); p0n = (2n+ 1)πT − iµ. (14)

’¥¶¥·Ó ¨³¥¥³

1

N
VTµ(σ) =

σ2

2g0
− 2T

∞∑
n=−∞

∫
d2p

(2π)2
ln [p2

1 + p2
2 + σ2 + π2T 2(2n+ 1)2−

−µ2 − 2iµπT (2n+ 1)]. (15)

�·µ¸Ê³³¨·µ¢ ¢ ¢ ÔÉµ³ ¢Ò· ¦¥´¨¨ ¶µ n, ¶µ²ÊÎ ¥³

VTµ(σ) = V0(σ)−
NT

2π

∫ ∞
0

dxln [ (1 + exp [−β
√
x+ σ2 − βµ])(1+
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+ exp [−β
√
x+ σ2 + βµ]) ], (16)

£¤¥ V0(σ) Ä ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¶·¨ ´Ê²¥¢ÒÌ §´ Î¥´¨ÖÌ T, µ (8) ¨²¨ (11).
�¥ É¥·ÖÖ µ¡Ð´µ¸É¨ · ¸¸³µÉ·¥´¨Ö, ³Ò ¡Ê¤¥³ ¤ ²¥¥ ¨¸¸²¥¤µ¢ ÉÓ ÔÉÊ ËÊ´±-

Í¨Õ Éµ²Ó±µ ¶·¨ ¶µ²µ¦¨É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ σ. “· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ¤²Ö
(16) ¢Ò£²Ö¤¨É É ±:

∂VTµ(σ)/∂σ = NσfTµ(σ) = 0, (17)

£¤¥

fTµ(σ) =
1

g
+
σ

π
+
T

π
ln [(1 + e−βσ−βµ)(1 + e−βσ+βµ)]. (18)

�Ê¸ÉÓ T 6= 0. ”Ê´±Í¨Ö fTµ(σ) ³µ´µÉµ´´µ ¢µ§· ¸É ¥É ´  ¨´É¥·¢ ²¥ (0,∞),
¶·¨Î¥³ fTµ(∞) =∞. Š·µ³¥ Éµ£µ,

fTµ(0) =
1

g
+
T

π
ln [(1 + e−βµ)(1 + eβµ)]. (19)

ˆ§ (19) Ö¸´µ, ÎÉµ ¶·¨ g > 0 fTµ(0) > 0, ¶µÔÉµ³Ê ¨ fTµ(σ) > 0. ‚ ÔÉµ³ ¸²Ê-
Î ¥ ¥¤¨´¸É¢¥´´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨ (17) Ö¢²Ö¥É¸Ö ÉµÎ± 
σ = 0, ±µÉµ· Ö ¥¸ÉÓ ¸É É¨¸É¨Î¥¸±µ¥ ¸·¥¤´¥¥ ¶µ²Ö σ. �É  ÉµÎ±  ¨´¢ ·¨-
 ´É´  µÉ´µ¸¨É¥²Ó´µ ¤¨¸±·¥É´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (7), ¶µÔÉµ³Ê ¨ ¢ ±ÊÊ³ ³µ-
¤¥²¨ (§¤¥¸Ó ¨ ¤ ²¥¥ ¶µ¤ ¢ ±ÊÊ³µ³ ¶·¨ T, µ 6= 0 ³Ò ¶µ¤· §Ê³¥¢ ¥³ ¸µ¸ÉµÖ´¨¥
É¥·³µ¤¨´ ³¨Î¥¸±µ£µ · ¢´µ¢¥¸¨Ö ¸¨¸É¥³Ò) É ±¦¥ ¸¨³³¥É·¨Î¥´ µÉ´µ¸¨É¥²Ó´µ
ÔÉ¨Ì ¶·¥µ¡· §µ¢ ´¨° ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ µ, T .

�¨¸. 1. ” §µ¢Ò° ¶µ·É·¥É ³µ¤¥²¨
ƒ·µ¸¸  Ä �¥¢Ó¥ ¶·¨ g < 0 ¢ ¶¥-
·¥³¥´´ÒÌ µ, T

�Ê¸ÉÓ É¥¶¥·Ó g < 0 ¨, ±·µ³¥ Éµ£µ, T ¨ µ
¶·¨´¨³ ÕÉ É ±¨¥ §´ Î¥´¨Ö, ÎÉµ fTµ(0) < 0.
‚ ÔÉµ³ ¸²ÊÎ ¥ ¨§Ä§  Éµ£µ, ÎÉµ fTµ(σ) ³µ-
´µÉµ´´µ ¢µ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö, µ¡Ö§ É¥²Ó´µ
¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ´¥´Ê²¥¢ Ö ÉµÎ±  σ0,
§ ¢¨¸ÖÐ Ö µÉ T, µ, É ± Ö, ÎÉµ fTµ(σ0) = 0.
Š·µ³¥ Éµ£µ, fTµ(σ) ≤ 0 ¶·¨ σ ≤ σ0. �µÔÉµ³Ê
¨§ (17) ¸²¥¤Ê¥É, ÎÉµ ¶¥·¢ Ö ¶·µ¨§¢µ¤´ Ö ¶µ σ
ËÊ´±Í¨¨ VTµ(σ) µÉ·¨Í É¥²Ó´  ´  ¨´É¥·¢ ²¥
(0, σ0), É.¥. VTµ(σ) Ê¡Ò¢ ¥É ´  ÔÉµ³ ¨´É¥·¢ ²¥
¨, §´ Î¨É, VTµ(0) > VTµ(σ0). ’ ±¨³ µ¡· §µ³,
³Ò ¶µ± § ²¨, ÎÉµ ¶·¨ g < 0 ¨ fTµ(0) < 0
ÉµÎ±  σ0 6= 0 Ö¢²Ö¥É¸Ö £²µ¡ ²Ó´Ò³ ³¨´¨³Ê³µ³
¶µÉ¥´Í¨ ²  (16),   ¸¨³³¥É·¨Ö (7) ³µ¤¥²¨ ¸¶µ´-
É ´´µ ´ ·ÊÏ¥´ . ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ σ0 → 0 ¶·¨

fTµ(0) → 0. �Î¥¢¨¤´µ, ÎÉµ ¶·¨ g < 0 ¨ fTµ(0) > 0 Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·-
´µ¸É¨ (17) ¡Ê¤¥É ¨³¥ÉÓ Éµ²Ó±µ µ¤¨´ ±µ·¥´Ó σ = 0. �Éµ µ§´ Î ¥É, ÎÉµ ¶·¨
É ±¨Ì §´ Î¥´¨ÖÌ T, µ, ±µ£¤  fTµ(0) ¸É ´µ¢¨É¸Ö ¶µ²µ¦¨É¥²Ó´µ° ¢¥²¨Î¨´µ°,
¸¨³³¥É·¨Ö ³µ¤¥²¨ µÉ´µ¸¨É¥²Ó´µ (7) ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö. ‡ ³¥É¨³, ÎÉµ ¸¨¸É¥-
³ É¨Î¥¸±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢ Ë¨§¨±¥ ±µ´¤¥´¸¨·µ¢ ´´µ£µ
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¸µ¸ÉµÖ´¨Ö,   É ±¦¥ ¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨ ±µ¸³µ²µ£¨¨ ¡Ò²µ ¶·µ-
¢¥¤¥´µ ¢ · ¡µÉ Ì [25].

�¥§Ê²ÓÉ ÉÒ ¢¸¥£µ ¸± § ´´µ£µ ³µ¦´µ ¨§µ¡· §¨ÉÓ ¢ ¢¨¤¥ Ë §µ¢µ£µ ¶µ·É·¥É 
³µ¤¥²¨ ¢ ¶²µ¸±µ¸É¨ ¶¥·¥³¥´´ÒÌ T, µ. �  ·¨¸.1 ¨§µ¡· ¦¥´  ±·¨É¨Î¥¸± Ö
±·¨¢ Ö, ±µÉµ· Ö § ¤ ¥É¸Ö Ê· ¢´¥´¨¥³ fTµ(0) = 0. �´  µÉ¤¥²Ö¥É ³´µ¦¥¸É¢µ
ÉµÎ¥± (T, µ), ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ë §¥ ¸ ³ ¸¸¨¢´Ò³¨ Ë¥·³¨µ´ ³¨ ¨ ¸¶µ´É ´´Ò³
´ ·ÊÏ¥´¨¥³ ¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨°, µÉ ³´µ¦¥¸É¢ , ±µÉµ·µ³Ê ¸µµÉ¢¥É¸É¢Ê¥É
¡¥§³ ¸¸µ¢ Ö ¸¨³³¥É·¨Î´ Ö Ë §  É¥µ·¨¨. �  ±·¨É¨Î¥¸±µ° ±·¨¢µ° É¥³¶¥· ÉÊ· 
¨ Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ° ¸µµÉ´µÏ¥´¨¥³

µ(T ) = T ln K(T ), (20)

£¤¥

K(T ) = −1 +
1

2
exp (βM) +

√[
−1 +

1

2
exp (βM)

]2

− 1 ,

  M Ä ³ ¸¸  Ë¥·³¨µ´µ¢ ¶·¨ T, µ = 0. ”Ê´±Í¨Ö (20) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢
ÉµÎ±¥ Tc = M/(2ln 2). Š·µ³¥ Éµ£µ, µ(0) = M, µ′(Tc) = −∞, µ′(0) = 0.
�É³¥É¨³, ÎÉµ ¶·¨ ¶¥·¥¸¥Î¥´¨¨ ±·¨É¨Î¥¸±µ° ±·¨¢µ° ¢ É¥µ·¨¨ ¶·µ¨¸Ìµ¤¨É Ë -
§µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤ , É.±. ¶ · ³¥É· ¶µ·Ö¤±  Ä ÉµÎ±  £²µ¡ ²Ó´µ£µ ³¨´¨-
³Ê³  ¶µÉ¥´Í¨ ²  Ä ´  ÔÉµ° ±·¨¢µ° Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´µ° ËÊ´±Í¨¥° ¢´¥Ï´¨Ì
¶ · ³¥É·µ¢ T, µ.

„µ ¸¨Ì ¶µ· ³Ò ¶·¥¤¶µ² £ ²¨, ÎÉµ T 6= 0. �·¨ T = 0 ± ·É¨´  ± Î¥¸É¢¥´´µ
¨´ Ö. ‡¤¥¸Ó ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ (16) ¶·¨ T → 0:

Vµ(σ) = V0(σ)−
N

6π
Θ(µ− σ)(µ − σ)2(µ+ 2σ), (21)

£¤¥ Θ(x) Ä ¸ÉÊ¶¥´Î É Ö ËÊ´±Í¨Ö •Ô¢¨¸ °¤ ,   Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨
¨³¥¥É ¢¨¤

σ

[
1

g
+
σ

π
+

1

π
Θ(µ− σ)(µ− σ)

]
= 0.

ˆ¸¸²¥¤µ¢ ´¨¥ ¶µÉ¥´Í¨ ²  (21) ¶µ± §Ò¢ ¥É, ÎÉµ ¶·¨ g > 0 ´¨ ¶·¨ ± ±¨Ì §´ -
Î¥´¨ÖÌ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  ¸¨³³¥É·¨¨ (7) ´¥ ´ ·ÊÏ ÕÉ¸Ö. �¤´ ±µ ¥¸²¨
g < 0, Éµ ¸ÊÐ¥¸É¢Ê¥É ±·¨É¨Î¥¸±µ¥ §´ Î¥´¨¥ Ì¨³¶µÉ¥´Í¨ ²  µc = M , ´¨¦¥
±µÉµ·µ£µ ÉµÎ±µ° £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ËÊ´±Í¨¨ Vµ(σ) Ö¢²Ö¥É¸Ö σ0 = M ,  
¶·¨ µ > µc  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ´ Ìµ¤¨É¸Ö ¢ ´Ê²¥. �µ¸±µ²Ó±Ê ¢ ÉµÎ±¥ µc
¶ · ³¥É· ¶µ·Ö¤±  ¸± Î±µ³ ³¥´Ö¥É ¸¢µ¥ §´ Î¥´¨¥, Éµ §¤¥¸Ó ³Ò ¨³¥¥³ Ë §µ-
¢Ò° ¶¥·¥Ìµ¤ ¶¥·¢µ£µ ·µ¤ . ‘µµÉ¢¥É¸É¢¥´´µ ´  Ë §µ¢µ° ¤¨ £· ³³¥ p¨¸.1 ÉµÎ± 
(0,M) Ö¢²Ö¥É¸Ö É·¨±·¨É¨Î¥¸±µ° ÉµÎ±µ° [26], ¶µ¸±µ²Ó±Ê ¢ ´¥° ±·¨¢ Ö Ë §µ¢ÒÌ
¶¥·¥Ìµ¤µ¢ ³¥´Ö¥É ¸¢µ° Ì · ±É¥· ¸ ²¨´¨¨ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¶¥·¢µ£µ ·µ¤  ´ 
±·¨¢ÊÕ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢Éµ·µ£µ ·µ¤  ¨ ´ µ¡µ·µÉ.
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1.2. ‘²ÊÎ °H 6= 0. �ËË¥±É ± É ²¨§ Í¨¨. ˆ¸¸²¥¤Ê¥³ É¥¶¥·Ó ±·¨É¨Î¥¸±¨¥
¸¢µ°¸É¢  É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ� ¢µ ¢´¥Ï´¥³ ¶µ¸ÉµÖ´´µ³ ³ £´¨É´µ³ ¶µ²¥ H
¶·¨ T, µ = 0. ‹ £· ´¦¨ ´ ³µ¤¥²¨ ¢ É¥·³¨´ Ì ¢¸¶µ³µ£ É¥²Ó´µ£µ ¸± ²Ö·´µ£µ
¶µ²Ö σ(x) ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

Lσ =

N∑
k=1

[
ψ̄k(i∂̂ − eÂ)ψk + σψ̄kψk

]
−
Nσ2

2go
, (22)

£¤¥ Â ≡ AµΓµ, e Ä § ·Ö¤ Ë¥·³¨-Î ¸É¨Í,   ¢¥±Éµ·´Ò° ¶µÉ¥´Í¨ ², ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨° ¶µ¸ÉµÖ´´µ³Ê ¢´¥Ï´¥³Ê ³ £´¨É´µ³Ê ¶µ²Õ H , ¨³¥¥É ¢¨¤ A0,1 =0, A2 =
x1H. � ¶¨Ï¥³ ¶·µ¨§¢µ¤ÖÐ¨° ËÊ´±Í¨µ´ ² ¤²Ö ËÊ´±Í¨° ƒ·¨´  ¸± ²Ö·´µ£µ
¶µ²Ö σ:

exp {iW (J)} =

∫
Dψ̄DψDσ exp {i

∫
d3x[ Lσ + J(x)σ(x) ]}.

�·µ¨´É¥£·¨·µ¢ ¢ §¤¥¸Ó ¶µ ¸¶¨´µ·´Ò³ ¶µ²Ö³, ¶µ²ÊÎ ¥³

exp {iW (J)} =

∫
Dσ exp {i

∫
d3x[ Leff(σ) + J(x)σ(x) ]},

£¤¥ ∫
d3x Leff(σ) =

∫
d3x(−Nσ2/(2g0))− iNTr ln ∆. (23)

‚ ÔÉµ³ ¢Ò· ¦¥´¨¨ ∆ = i∂̂−eÂ+σ. �·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ ¶µ²¥ σ ´¥ § ¢¨-
¸¨É µÉ ÉµÎ¥± ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. ’µ£¤  ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö
ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ³µ¤¥²¨ ¢µ ¢´¥Ï´¥³ ³ £´¨É´µ³ ¶µ²¥ ¨³¥¥É ¢¨¤

Veff ≡ VH(σ) = −Leff(σ),

Éµ ¥¸ÉÓ

VH(σ) =
Nσ2

2g0
+
iN

v
Tr ln ∆, (24)

£¤¥ v =
∫
d3x. ‚ · ¡µÉ¥ [27] ¶µ± § ´µ, ÎÉµ ËÊ´±Í¨Ö (24) ¸¨³³¥É·¨Î´  µÉ-

´µ¸¨É¥²Ó´µ ¶·¥µ¡· §µ¢ ´¨Ö σ → −σ, ¶µÔÉµ³Ê ¤µ¸É ÉµÎ´µ · ¸¸³µÉ·¥ÉÓ ¥£µ
¸¢µ°¸É¢  ¶·¨ σ ≥ 0.

�¡· É¨³¸Ö ¸´ Î ²  ± ¶·¨Î¨´´µ° ËÊ´±Í¨¨ ƒ·¨´  µ¶¥· Éµ·  ∆, ±µÉµ·ÊÕ
³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ [29]:

∆−1
αβ(x, t;x′, t′) = −iΘ(t− t′)

∑
{n}

ψ
(+)
{n}α(x, t) ψ̄

(+)
{n}β(x′, t′)+

+iΘ(t′ − t)
∑
{n}

ψ
(−)
{n}α(x, t) ψ̄

(−)
{n}β(x′, t′). (25)
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‡¤¥¸Ó {n} = (i, n, k), £¤¥ i = 1, 2; n = 0, 1, 2, ...; k Ä ¢¥Ð¥¸É¢¥´´µ¥ Î¨¸²µ:

−∞ < k < ∞. Š·µ³¥ Éµ£µ, ψ(±)
{n} Ä ÔÉµ ¶µ²µ¦¨É¥²Ó´µ- ¨ µÉ·¨Í É¥²Ó´µ-

Î ¸ÉµÉ´Ò¥ µ·Éµ´µ·³¨·µ¢ ´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö „¨· ±  ∆ψ = 0, ±µÉµ·Ò¥
¨³¥ÕÉ ¢¨¤ (T Ä ¸¨³¢µ² É· ´¸¶µ´¨·µ¢ ´¨Ö):

ψ
(±)T
1nk (x, t) =

= exp (∓iεnt+ ikx2)

(√
εn ∓ σ

4πεn
hn,k(x1),±

√
εn ± σ

4πεn
hn−1,k(x1), 0, 0

)
,

ψ
(±)T
2nk (x, t) = (26)

= exp (∓iεnt+ ikx2)

(
0, 0,

√
εn ± σ

4πεn
hn,k(x1),±

√
εn ∓ σ

4πεn
hn−1,k(x1)

)
,

£¤¥

hn,k(x1) =
(eH)1/4

(2nn!
√
π)1/2

exp (−ξ2/2)Hn(ξ), (27)

Hn(ξ) Ä ¶µ²¨´µ³Ò �·³¨É , εn =
√
σ2 + 2eHn, ξ =

√
eH(x1 − k/(eH)).

”Ê´±Í¨¨ (27) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³∫
dx1 h

2
n,k(x1) =

1

eH

∫
dk h2

n,k(x1) = 1. (28)

Š·µ³¥ Éµ£µ, ¢ Ëµ·³Ê² Ì (26) ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ h−1,k(x1) ≡ 0.
’¥¶¥·Ó ³Ò ¨³¥¥³ ³ É¥·¨ ², ´¥µ¡Ìµ¤¨³Ò° ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¥²¨Î¨´Ò

∂

∂σ
VH(σ) =

Nσ

g0
+
iN

v
Tr (∆−1). (29)

„²Ö ÔÉµ£µ ¸´ Î ²  ´Ê¦´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ Θ-ËÊ´±Í¨° ¢ (25) ¶µ ¶· ¢¨²Ê

∓Θ(±t) exp (∓iεnt)f(εn) =

∫
dω

2πi

f(±ω) exp (−iωt)

ω ∓ (εn − io)
. (30)

�µ¤¸É ¢²ÖÖ § É¥³ ¶µ²ÊÎ¥´´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  ¢ (29), ¨³¥¥³

∂

∂σ
VH(σ) =

Nσ

g0
−
iNσ

2π2v

∫
d3x

∫
dω

∫
dk

∞∑
n=0

h2
n−1,k(x1) + h2

n,k(x1)

ω2 − ε2
n + io

.

‡¤¥¸Ó ³µ¦´µ ¶·µ¨´É¥£·¨·µ¢ ÉÓ ¶µ ¶¥·¥³¥´´µ° k (¸³. (28)):

∂

∂σ
VH(σ) =

Nσ

g0
−
iNσeH

2π2

∫
dω

∞∑
n=0

sn

ω2 − ε2
n + io

, (31)
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£¤¥ sn = 2 − δ0n. �¥·¥°¤¥³ ¢ ¢Ò· ¦¥´¨¨ (31) ± e¢±²¨¤µ¢µ° ³¥É·¨±¥, É.¥.
¸¤¥² ¥³ § ³¥´Ê ω → iω ¨ ¢µ¸¶µ²Ó§Ê¥³¸Ö α-¶·¥¤¸É ¢²¥´¨¥³ [28]. �µ¸²¥ ¨´É¥-
£·¨·µ¢ ´¨Ö ¶µ α ¨ ¸Ê³³¨·µ¢ ´¨Ö ¶µ n ¶µ²ÊÎ¨³:

∂

∂σ
VH(σ) =

Nσ

g0
−
NσeH

2π3/2

∫ ∞
0

dα
√
α

exp (−ασ2) cth (eHα). (32)

ˆ´É¥£·¨·ÊÖ µ¡¥ Î ¸É¨ ÔÉµ£µ · ¢¥´¸É¢  ¶µ σ ¢ ¶·¥¤¥² Ì µÉ σ ¤µ ∞ ¨ µ¶Ê¸± Ö
´¥¸ÊÐ¥¸É¢¥´´Ò¥, ´¥ § ¢¨¸ÖÐ¨¥ µÉ σ ±µ´¸É ´ÉÒ, ´ °¤¥³

VH(σ) =
Nσ2

2g0
+
NeH

4π3/2

∫ ∞
0

dα

α3/2
exp (−ασ2) cth (eHα). (33)

‚ ÔÉµ³ ¢Ò· ¦¥´¨¨ ¨´É¥£· ² · ¸Ìµ¤¨É¸Ö ´  ´¨¦´¥³ ¶·¥¤¥²¥. ‘¤¥² ¢ Éµ¦¤¥-
¸É¢¥´´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¢ (33), ³µ¦´µ ²µ± ²¨§µ¢ ÉÓ ÔÉÊ · ¸Ìµ¤¨³µ¸ÉÓ ¢
ÔËË¥±É¨¢´µ³ ¶µÉ¥´Í¨ ²¥ ¶·¨ H = 0:

VH(σ) = V0(σ) +
NeH

4π3/2

∫ ∞
0

dα

α3/2
exp (−ασ2)

[
cth (eHα)−

1

eHα

]
. (34)

‡¤¥¸Ó

V0(σ) ≡
Nσ2

2g0
+

N

4π3/2

∫ ∞
0

dα

α5/2
exp (−ασ2) =

σ2

2g
+
σ3

3π
. (35)

�É³¥É¨³, ÎÉµ Ëµ·³Ê²Ê (34) ¤²Ö VH(σ) ³µ¦´µ ¢Ò¢¥¸É¨, ¨¸¶µ²Ó§ÊÖ ³¥Éµ¤ ¸µ¡-
¸É¢¥´´µ£µ ¢·¥³¥´¨ ˜¢¨´£¥·  [30].

�ËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² (34) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¨ ¢ ¡µ²¥¥ ±µ³¶ ±É´µ³
¢¨¤¥ [32]:

VH(σ) =
Nσ2

2g
+
NeHσ

2π
−
N(2eH)3/2

2π
ζ

(
−

1

2
,
σ2

2eH

)
, (36)

£¤¥ ζ(s, v) Ä µ¡µ¡Ð¥´´ Ö ζ-ËÊ´±Í¨Ö �¨³ ´  [33],   Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨
¤²Ö ´¥£µ ¥¸ÉÓ:

∂VH(σ)

∂σ
=
Nσ

g
+
NeH

2π
−
Nσ
√

2eH

2π
ζ

(
1

2
,
σ2

2eH

)
= 0. (37)

�·¨ σ → 0 ¤²Ö ζ-ËÊ´±Í¨¨ ¨§¢¥¸É´µ ¸²¥¤ÊÕÐ¥¥ · §²µ¦¥´¨¥ [34]:

ζ

(
1

2
,
σ2

2eH

)
=

√
2eH

σ
+ const + o(σ/

√
2eH). (38)

�µ¤¸É ¢²ÖÖ ¥£µ ¢ (37), ²¥£±µ ¢¨¤¥ÉÓ, ÎÉµ Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ´¥ ¨³¥¥É
·¥Ï¥´¨Ö σ = 0 ¶·¨ H 6= 0. ’ ±¨³ µ¡· §µ³, ¢µ ¢´¥Ï´¥³ ³ £´¨É´µ³ ¶µ²¥
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µ¡Ö§ É¥²Ó´µ ¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò ± ±  ·µ³ Éµ¸¨³³¥É·¨Ö (3), É ± ¨ ±¨· ²Ó-
´ Ö (4) ¸¨³³¥É·¨Ö É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ·µ¸¸ Ä�¥¢Ó¥ ´¥§ ¢¨¸¨³µ µÉ §´ ± 
±µ´¸É ´ÉÒ ¸¢Ö§¨ g, ¶·¨ ¸±µ²Ó Ê£µ¤´µ ³ ²µ³ §´ Î¥´¨¨ H . �Éµ Ö¢²¥´¨¥ ´ -
§Ò¢ ¥É¸Ö ÔËË¥±Éµ³ ± É ²¨§ Í¨¨ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨ ¢´¥Ï´¨³
³ £´¨É´Ò³ ¶µ²¥³.

‚ · ¡µÉ Ì [22,27] ¶µ± § ´µ, ÎÉµ (37) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ σ0(H),
¸¢µ°¸É¢  ±µÉµ·µ£µ ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ § ¢¨¸ÖÉ µÉ H, g. �·¥¤¶µ²µ¦¨³, ÎÉµ
g > 0,   ¢´¥Ï´¥¥ ¶µ²¥ ¸² ¡µ¥, É.¥. eHg2 << 1. �µ¤¸É ¢²ÖÖ (38) ¢ (37), ¢ ÔÉµ³
¸²ÊÎ ¥ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

σ0(H) = egH/(2π) + .... (39)

(�µ²¥¥ ¶µ¤·µ¡´µ¥ µ¡µ¸´µ¢ ´¨¥ ÔÉµ°  ¸¨³¶ÉµÉ¨±¨ Ë¥·³¨µ´´µ° ³ ¸¸Ò ¨§²µ-
¦¥´µ ¢ [27].)

…¸²¨ g < 0, Éµ σ0(H)→ M ¶·¨ H → 0, ¶µÔÉµ³Ê §¤¥¸Ó ´Ê¦´µ ¨¸¶µ²Ó§µ-
¢ ÉÓ ¸²¥¤ÊÕÐ¥¥ · §²µ¦¥´¨¥ [33] (x ≡ 2eH/(σ2)):

ζ

(
1

2
,

1

x

)
= −2x−1/2+

1

2
x1/2+

1
√
π

m∑
n=1

B2n
Γ(2n− 1/2)

(2n)!
x2n−1/2+O(x2m+3/2).

(40)
‡¤¥¸Ó B2n Å Î¨¸²  �¥·´Ê²²¨: B2 = 1/6, ... ‘ ¶µ³µÐÓÕ (40) ¨§ (37) ¢ ÔÉµ³
¸²ÊÎ ¥ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

σ0(H) = M{1 + (eH)2/(12M4) + o((eH)2/M4)}. (41)

� ¸¸³µÉ·¨³ É¥¶¥·Ó µ¡² ¸ÉÓ ¡µ²ÓÏ¨Ì §´ Î¥´¨° ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö.
�¸´µ¢Ò¢ Ö¸Ó ´  · ¡µÉ Ì [27,35], ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥

σ0(H) ≈ 0, 45
√
eH. (42)

1.3. ‘²ÊÎ °H,T 6= 0. ˆ¸¸²¥¤Ê¥³ É¥¶¥·Ó ¸µ¢³¥¸É´µ¥ ¢²¨Ö´¨¥ É¥³¶¥· ÉÊ·Ò
¨ ¢´¥Ï´¥£µ ¶µ¸ÉµÖ´´µ£µ ³ £´¨É´µ£µ ¶µ²Ö ´  Ë §µ¢ÊÕ ¸É·Ê±ÉÊ·Ê É·¥Ì³¥·´µ°
³µ¤¥²¨ ƒ�. „²Ö ¶µ²ÊÎ¥´¨Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¢ ÔÉµ³ ¸²ÊÎ ¥ ¤µ¸É -
ÉµÎ´µ ¢ Ëµ·³Ê²¥ (31) ¸¤¥² ÉÓ e¢±²¨¤µ¢ · §¢µ·µÉ ω → ip0,   ¶µÉµ³ ¶·¨³¥´¨ÉÓ
µ¶¥· Í¨Õ (14). �µ¸²¥ ´¥¸²µ¦´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê
¢Ò· ¦¥´¨Õ ¤²Ö VHT (σ):

VHT (σ) =
Nσ2

2g0
+
NeHT

2π

∑
n

∫ ∞
0

dα

α
exp (−ασ2−α(2n+1)2π2T 2) cth (eHα).

(43)
� §µ¡Ó¥³ (43) ´  ¤¢  ¸² £ ¥³ÒÌ:

VHT (σ) ≡ VT (σ) + ṼTH(σ), (44)
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£¤¥

VT (σ) =
Nσ2

2g0
+
NT

2π

∑
n

∫ ∞
0

dα

α2
exp (−ασ2 − α(2n+ 1)2π2T 2),

ṼHT (σ) =
NT

2π

∑
n

∫ ∞
0

dα

α2
exp (−ασ2−α(2n+1)2π2T 2) [eHα cth (eHα)−1].

(45)
ˆ¸¸²¥¤Ê¥³ É¥¶¥·Ó ËÊ´±Í¨Õ (44) ´   ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³. “· ¢´¥´¨¥ ¸É -

Í¨µ´ ·´µ¸É¨ ¤²Ö ´¥¥ ¨³¥¥É ¢¨¤

∂VTH(σ)/∂σ = Nσ[fT (σ)− F (σ)] = 0, (46)

£¤¥ fT (σ) ¸µ¢¶ ¤ ¥É ¸ fTµ(σ) (18) ¶·¨ µ = 0,   NF (σ) = ∂ṼHT (σ)/∂σ:

F (σ) =
T

π

∑
n

∫ ∞
0

dα

α
exp (−ασ2 − α(2n+ 1)2π2T 2) [eHα cth (eHα)− 1].

(47)
ˆ§ Ëµ·³Ê²Ò (47) µÎ¥¢¨¤´µ, ÎÉµ F (σ) > 0 ¶·¨ σ ≥ 0. Š·µ³¥ Éµ£µ, F ′(σ) < 0,
É.¥. F (σ) Ä ³µ´µÉµ´´µ Ê¡Ò¢ ÕÐ Ö ËÊ´±Í¨Ö ´  ¶µ²Êµ¸¨ σ ≥ 0. ‚ ¶·¨²µ¦¥´¨¨
B ¶µ± § ´µ, ÎÉµ F (0) = const < ∞. ’ ³ ¦¥ ¶µ²ÊÎ¥´Ò ¢¥·Ì´ÖÖ ¨ ´¨¦´ÖÖ
µÍ¥´±¨ ´  ¢¥²¨Î¨´Ê F (0), µÉ±Ê¤  Ö¸´µ, ÎÉµ F (0)→∞ ¶·¨ T → 0 ¨ F (0)→ 0
¶·¨ T →∞. ˆ§ (46) ¢¨¤´µ, ÎÉµ ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° É¥³¶¥· ÉÊ·Ò, ´¥ · ¢´µ°
´Ê²Õ, ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ·¥Ï¥´¨¥ σ = 0 ÔÉµ£µ Ê· ¢´¥´¨Ö. ‚ § ¢¨¸¨³µ¸É¨ µÉ
¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê fT (0) ¨ F (0) Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ³µ¦¥É ¨³¥ÉÓ ¨²¨
´¥ ¨³¥ÉÓ ´¥´Ê²¥¢ÒÌ ·¥Ï¥´¨°, ±µÉµ·Ò¥, µÎ¥¢¨¤´µ, Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ

fT (σ) = F (σ). (48)

’ ±, ¶·¨ ¤µ¸É ÉµÎ´µ ³ ²ÒÌ T , ±µ£¤  fT (0) < F (0), Ê· ¢´¥´¨¥ (48) ¨³¥¥É
¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ σ0 6= 0 (¥¤¨´¸É¢¥´´µ¸ÉÓ ¸²¥¤Ê¥É ¨§ Éµ£µ, ÎÉµ fT (σ)
Ä ³µ´µÉµ´´µ ¢µ§· ¸É ÕÐ Ö,   F (σ) Ä ³µ´µÉµ´´µ Ê¡Ò¢ ÕÐ Ö ËÊ´±Í¨¨). �·¨
ÔÉµ³ µÎ¥¢¨¤´µ, ÎÉµ fT (σ) < F (σ), ¥¸²¨ 0 < σ < σ0. �µÔÉµ³Ê ¨§ (46)
¸²¥¤Ê¥É, ÎÉµ V ′HT < 0 ¶·¨ 0 < σ < σ0. ’ ±¨³ µ¡· §µ³, ´  ¨´É¥·¢ ²¥ (0, σ0)
¶µÉ¥´Í¨ ² VHT (σ) Ö¢²Ö¥É¸Ö ³µ´µÉµ´´µ Ê¡Ò¢ ÕÐ¥° ËÊ´±Í¨¥°, É.¥. VHT (0) >
VHT (σ0), ¨ ¥£µ £²µ¡ ²Ó´Ò° ³¨´¨³Ê³ ´ Ìµ¤¨É¸Ö ¢ ÉµÎ±¥ σ0. ‘²¥¤µ¢ É¥²Ó´µ,
¢ ÔÉµ³ ¸²ÊÎ ¥ ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨ (3)Ä(4) ³µ¤¥²¨ ¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò,  
Ë¥·³¨µ´Ò ¶·¨µ¡·¥É ÕÉ ´¥´Ê²¥¢ÊÕ ³ ¸¸Ê σ0.

�·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì T , ±µ£¤  fT (0) > F (0), Ê· ¢´¥´¨¥ (48) ´¥ ¨³¥¥É
·¥Ï¥´¨°, µ¶ÖÉÓ ¦¥ ¨§-§  Éµ£µ, ÎÉµ fT (σ) Ä ³µ´µÉµ´´µ ¢µ§· ¸É ÕÐ Ö,   F (σ) Ä
³µ´µÉµ´´µ Ê¡Ò¢ ÕÐ Ö ËÊ´±Í¨¨. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢ ±ÊÊ³ ³µ¤¥²¨ ¸¨³³¥É·¨Î¥´,
  Ë¥·³¨µ´Ò ¡¥§³ ¸¸µ¢Ò. ’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ ¢ ¶²µ¸±µ¸É¨ (T,H)
· ¢¥´¸É¢µ

fT (0) = F (0) (49)
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µ¶·¥¤¥²Ö¥É ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ lc. �´  µÉ¤¥²Ö¥É µ¡² ¸ÉÓ ¶ · ³¥É·µ¢ (T,H),
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¨³³¥É·¨Î´µ³Ê ¢ ±ÊÊ³Ê, µÉ µ¡² ¸É¨, £¤¥ ¤¨¸±·¥É´Ò¥ ¸¨³³¥-
É·¨¨ (3)Ä(4) ¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò. …¸²¨ ¶·¨ ¨§³¥´¥´¨¨ T ¨ H ³Ò ¶¥·¥¸¥± ¥³
±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ, Éµ ¢ ³µ¤¥²¨ ¶·µ¨¸Ìµ¤¨É Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤ .
�Éµ ²¥£±µ ¶µ´ÖÉÓ, ¥¸²¨ ÊÎ¥¸ÉÓ, ÎÉµ ¶·¨ fT (0)→ F (0) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¸É -
Í¨µ´ ·´µ¸É¨ σ0 ¸É·¥³¨É¸Ö ± ´Ê²Õ. ‡´ Î¨É, ÔËË¥±É¨¢´ Ö ³ ¸¸  Ë¥·³¨µ´  ´ 
lc Ä ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö ¶ · ³¥É·µ¢ T,H , ÎÉµ Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³ ¨
¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¢Éµ·µ£µ ·µ¤ .

ˆ¸¸²¥¤Ê¥³ ¡µ²¥¥ ¶µ¤·µ¡´µ ¸¢µ°¸É¢  ±·¨É¨Î¥¸±µ° ±·¨¢µ°. � ¢¥´¸É¢µ (49)
µ¶·¥¤¥²Ö¥É É¥³¶¥· ÉÊ·Ê ± ± ´¥±µÉµ·ÊÕ ËÊ´±Í¨Õ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö.
’ ±¨³ µ¡· §µ³, ¢ ¶²µ¸±µ¸É¨ (T,H) ±·¨É¨Î¥¸± Ö ±·¨¢ Ö ³µ¦¥É ¡ÒÉÓ § ¤ ´  ¢
¢¨¤¥

lc = {(H,T ) : T = Tc(H)}. (50)

”Ê´±Í¨Õ Tc(H) ´ §µ¢¥³ ±·¨É¨Î¥¸±µ° É¥³¶¥· ÉÊ·µ°. �Í¥´¨³ ¥¥ ¶µ¢¥¤¥´¨¥
¶·¨ ¡µ²ÓÏ¨Ì ¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ H .

�·¥¤¶µ²µ¦¨³, ÎÉµ g > 0. �² £µ¤ ·Ö µÍ¥´± ³ ´  ¢¥²¨Î¨´Ê F (0), ¶µ-
²ÊÎ¥´´Ò³ ¢ ¶·¨²µ¦¥´¨¨ B, ±·¨É¨Î¥¸± Ö É¥³¶¥· ÉÊ·  ¤µ²¦´  Ê¤µ¢²¥É¢µ·ÖÉÓ
¸²¥¤ÊÕÐ¨³ ´¥· ¢¥´¸É¢ ³:

Φ1(Tc(H), H) > fT (0) = F (0) > Φ2(Tc(H), H), (51)

£¤¥ Φ1 ¨ Φ2 Ö¢²ÖÕÉ¸Ö ¢¥·Ì´¥° (B.3) ¨ ´¨¦´¥° (B.5) µÍ¥´± ³¨ ¢¥²¨Î¨´Ò F (0)
¸µµÉ¢¥É¸É¢¥´´µ. �µ¤¸É ¢²ÖÖ ¸Õ¤  ¢³¥¸Éµ fT (0) ¢Ò· ¦¥´¨¥ (18) ¶·¨ µ = 0 ¨
·¥Ï Ö ¶µ²ÊÎ¥´´µ¥ ´¥· ¢¥´¸É¢µ ¶·¨ H →∞, ´ Ìµ¤¨³

C1

√
eH < Tc(H) < C2

√
eH, (52)

£¤¥ C1,2 Ä ´¥±µÉµ·Ò¥ ¨§¢¥¸É´Ò¥ ±µ´¸É ´ÉÒ (ÎÉµ¡Ò ´¥ § £·µ³µ¦¤ ÉÓ É¥±¸É
´¥¸ÊÐ¥¸É¢¥´´Ò³¨ ¤µ¶µ²´¨É¥²Ó´Ò³¨ Ëµ·³Ê² ³¨, ³Ò ´¥ ¶·¨¢µ¤¨³ §¤¥¸Ó C1,2

¢ Ö¢´µ³ ¢¨¤¥). ˆ§ (52) ¸²¥¤Ê¥É, ÎÉµ ¶·¨ H →∞

Tc(H) ∼ C3

√
eH, (53)

  C3 ¤²Ö ´ ¸ Ê¦¥ ´¥¨§¢¥¸É´ Ö ±µ´¸É ´É . �¥Ï Ö (51) ¢ µ¡² ¸É¨ ³ ²ÒÌ §´ Î¥´¨°
H , ³µ¦´µ ¶µ²ÊÎ¨ÉÓ

C4geH < Tc(H) < C5geH. (54)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¶·¨ H → 0

Tc(H) ∼ C6geH. (55)

‚ ¶µ¸²¥¤´¨Ì Ëµ·³Ê² Ì C4,5 Ä ¨§¢¥¸É´Ò¥,   C6 Ä ´¥¨§¢¥¸É´ Ö ±µ´¸É ´ÉÒ.
” §µ¢Ò° ¶µ·É·¥É ³µ¤¥²¨ ¶·¨ g > 0 ¨§µ¡· ¦¥´ ´  ·¨¸.2.
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�¨¸. 2. ” §µ¢Ò° ¶µ·É·¥É ³µ-
¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¶·¨ g > 0
¢ ¶¥·¥³¥´´ÒÌ T,H

ˆ¸¸²¥¤Ê¥³ É¥¶¥·Ó ±·¨É¨Î¥¸±ÊÕ É¥³¶¥· -
ÉÊ·Ê ¶·¨ µÉ·¨Í É¥²Ó´ÒÌ g. ‡¤¥¸Ó ¶·¨ H → ∞
Tc(H) ¶·µ¶µ·Í¨µ´ ²Ó´ 

√
eH ¸ ´¥¨§¢¥¸É´Ò³

±µÔËË¨Í¨¥´Éµ³ ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨ (· ¸¸³µ-
É·¥´¨¥  ´ ²µ£¨Î´µ ¸²ÊÎ Õ g > 0). ‚ µ¡² ¸É¨
H → 0 ¶µ²ÊÎ¨³  ¸¨³¶ÉµÉ¨±Ê ËÊ´±Í¨¨ F (σ)
[22]:

F (σ) = −
(eH)2

12πσ

∂

∂σ

[
1

σ
th

σ

2T

]
+ o((eH)2).

(56)
�É¸Õ¤  ´ °¤¥³ ¢¥²¨Î¨´Ê F (0) ¨ ¶µ¤¸É ¢¨³ ¥¥
¢ Ê· ¢´¥´¨¥ (49), ·¥Ï¥´¨¥ ±µÉµ·µ£µ ¶·¨ ³ ²µ³
¶ · ³¥É·¥ eH ¨³¥¥É ¢¨¤

Tc(H) = Tc + (eH)2/ [T 3
c 288 ln 2] + o(eH)2), (57)

£¤¥ Tc = M/(2 ln 2) Ä ±·¨É¨Î¥¸± Ö É¥³¶¥· ÉÊ·  ¶·¨ H = 0 (¸³. ¶.1.1).
�¥§Ê²ÓÉ ÉÒ ¶·µ¢¥¤¥´´µ£µ  ´ ²¨§  ¤ ´Ò ´  ·¨¸.3, £¤¥ ¶·¥¤¸É ¢²¥´ Ë §µ¢Ò°
¶µ·É·¥É É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ� ¶·¨ g < 0.

�¨¸. 3. ” §µ¢Ò° ¶µ·É·¥É ³µ¤¥²¨
ƒ·µ¸¸  Ä �¥¢Ó¥ ¶·¨ g < 0 ¢ ¶¥-
·¥³¥´´ÒÌ T,H

1.4. ‘²ÊÎ ° H,µ 6= 0. Š ± ¨ ¢ ¶·¥¤Ò¤Ê-
Ð¨Ì ¸²ÊÎ ÖÌ, Ë §µ¢ Ö ¸É·Ê±ÉÊ·  ³µ¤¥²¨ ƒ·µ¸¸ 
Ä �¥¢Ó¥ ¢µ ¢´¥Ï´¥³ ¶µ¸ÉµÖ´´µ³ ³ £´¨É´µ³
¶µ²¥ ¨ ¸ ´¥´Ê²¥¢Ò³ Ì¨³¨Î¥¸±¨³ ¶µÉ¥´Í¨ ²µ³
µ¶·¥¤¥²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´-
Í¨ ² . —Éµ¡Ò ¥£µ ¶µ²ÊÎ¨ÉÓ, ³µ¦´µ ¸É ·Éµ¢ ÉÓ
¨§ ¢Ò· ¦¥´¨Ö (31). �·¥¤¶µ² £ Ö ´  ¢·¥³Ö, ÎÉµ
¢³¥¸É¥ ¸ H,µ µÉ²¨Î´  µÉ ´Ê²Ö ¨ É¥³¶¥· ÉÊ· ,
´¥µ¡Ìµ¤¨³µ É ³ ¸¤¥² ÉÓ e¢±²¨¤µ¢ · §¢µ·µÉ ¨
¨´É¥£·¨·µ¢ ´¨¥ ¶µ ω § ³¥´¨ÉÓ ´  ¸Ê³³¨·µ-
¢ ´¨¥ ¶µ ³ ÍÊ¡ ·µ¢¸±¨³ Î ¸ÉµÉ ³ (¸³. (14)).
„ ²¥¥ ³Ò ´¥³´µ£µ ¨§³¥´¨³ É ±É¨±Ê ¨, ¢³¥-
¸Éµ Éµ£µ, ÎÉµ¡Ò ¸Ê³³¨·µ¢ ÉÓ ¶µ ¸µ¡¸É¢¥´´Ò³
§´ Î¥´¨Ö³ µ¶¥· Éµ·  „¨· ±  (¨¤Ö É ±¨³ ¶Ê-
É¥³, ³Ò ¶µ¸Î¨É ²¨ ÔËË¥±É¨¢´Ò¥ ¶µÉ¥´Í¨ ²Ò

¢ ¤¢ÊÌ ¶·¥¤Ò¤ÊÐ¨Ì ¸²ÊÎ ÖÌ), ¶·µ¸Ê³³¨·Ê¥³ ¢ ¶µ²ÊÎ¥´´µ³ ¢Ò· ¦¥´¨¨ ¶µ ³ -
ÍÊ¡ ·µ¢¸±¨³ Î ¸ÉµÉ ³:

∂

N∂σ
VHµT (σ) =

{
σ

g0
−
eHσ

2π

∑
n

sn

εn

}
+

+
eHσ

2π

∑
n

sn

εn

[[
1 + e−β(εn+µ)

]−1

+
[
1 + e−β(εn−µ)

]−1
]
. (58)
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‡¤¥¸Ó εn =
√
σ2 + 2eHn, sn = 2 − δ0n. �¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¢Ò· ¦¥´¨¥

¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì ¢ (58) ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³´µ¦¨É¥²Ö N ¥¸ÉÓ ´¥ ÎÉµ ¨´µ¥,
± ± ¶· ¢ Ö Î ¸ÉÓ ¢ (31). ‘²¥¤µ¢ É¥²Ó´µ, ¶µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö µ¡¥¨Ì Î ¸É¥°
· ¢¥´¸É¢  (58) ¢ ¶·¥¤¥² Ì µÉ σ ¤µ ∞ ¶µ²ÊÎ ¥³ ¸¶¥±É· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥
¤²Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¶·¨ H,T, µ 6= 0:

VHµT (σ)=VH(σ)−
NTeH

2π

∞∑
n=0

snln
{[

1 + e−β(εn+µ)
][

1 + e−β(εn−µ)
]}

,

(59)
£¤¥ ËÊ´±Í¨Ö VH(σ) ¤ ´  ¢ (34) ¨²¨ (36). � ±µ´¥Í, ¶µ¸²¥ ¶¥·¥Ìµ¤  ¢ (59) ±
¶·¥¤¥²Ê β →∞, ¶µ²ÊÎ ¥³ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¶·¨ H,µ 6= 0, T = 0:

VHµ(σ) = VH(σ)−
eHN

2π

∞∑
n=0

snΘ(µ− εn)(µ− εn), (60)

Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ¤²Ö ±µÉµ·µ£µ ¨³¥¥É ¢¨¤

0 =
σ

g
+
eH

2π
−
σ
√

2eH

2π
ζ

(
1

2
,
σ2

2eH

)
+
eH

2π

∞∑
n=0

snΘ(µ− εn)
σ

εn
. (61)

ˆ¸¸²¥¤Ê¥³ ¸´ Î ²  ´   ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ËÊ´±Í¨Õ (60) ¶·¨ g > 0.
‚ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¶µ± ¦¥³, ÎÉµ ¶·¨ µ > σ0(H), £¤¥ σ0(H) Ä ¥¤¨´¸É¢¥´´µ¥
·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨ (37) ¢ ¸²ÊÎ ¥ µ = 0, H 6= 0, ¢ É¥µ·¨¨
·¥ ²¨§Ê¥É¸Ö ¸¨³³¥É·¨Î´ Ö Ë § . „²Ö ÔÉµ£µ · §µ¡Ó¥³ ¶²µ¸±µ¸ÉÓ ¶ · ³¥É·µ¢
(µ,H) (¶·¨ µ,H ≥ 0) ´  µ¡² ¸É¨ Ωn:

(µ,H) =

∞⋃
n=0

Ωn; Ωn = {(µ,H) : 2eHn ≤ µ2 ≤ 2eH(n+ 1)}. (62)

�Î¥¢¨¤´µ, ÎÉµ ¢ µ¡² ¸É¨ Ω0 ¢±² ¤ ¢ Ê· ¢´¥´¨¥ (61) ¡Ê¤¥É ¤ ¢ ÉÓ Éµ²Ó±µ ¶¥·¢µ¥
¸² £ ¥³µ¥ ¶µ¤ §´ ±µ³ ¸ÉµÖÐ¥° É ³ ¸Ê³³Ò, ¢ Ω1 Ä µÉ²¨Î´Ò µÉ ´Ê²Ö ¶¥·¢µ¥ ¨
¢Éµ·µ¥ ¸² £ ¥³Ò¥ ¶µ¤ §´ ±µ³ ¸Ê³³Ò ¨ É.¤. ‚ ¤ ²Ó´¥°Ï¥³ ´ ³ ¶µ´ ¤µ¡¨É¸Ö
µÎ¥´Ó ¢ ¦´µ¥ · §²µ¦¥´¨¥ ζ-ËÊ´±Í¨¨ �¨³ ´  [34] (ϑ = σ2/(eH)):

ζ(
1

2
, ϑ) =

k∑
i=0

(ϑ+ i)−1/2 − 2
√
k + ϑ−

∞∑
i=k

fi(ϑ), (63)

£¤¥

fi(ϑ) =
1

2

∫ i+1

i

(u− i)du

(u+ ϑ)3/2
> 0. (64)

�·¥¤¶µ²µ¦¨³, ÎÉµ (µ,H) ∈ Ω0. ‘ ÊÎ¥Éµ³  ¸¨³¶ÉµÉ¨± (39) ¨ (42) µÎ¥¢¨¤´µ,
ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ³ ²ÒÌ ¨ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ H ±·¨¢ Ö µ = σ0(H) ¶·µÌµ-
¤¨É Î¥·¥§ µ¡² ¸ÉÓ Ω0. ‘²¥¤µ¢ É¥²Ó´µ, ¢´ÊÉ·¨ Ω0 ¥¸ÉÓ ÉµÎ±¨, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥



1276 ‚˜ˆ‚–…‚ �.‘., Œ�ƒ�ˆ–Šˆ‰ �.‚., †“Š�‚‘Šˆ‰ ‚.—. ˆ „�.

Ê¸²µ¢¨Õ µ > σ0(H). ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ (61) ¸ ¶µ³µ-
ÐÓÕ Ëµ·³Ê²Ò (63), ¢ ±µÉµ·ÊÕ ´Ê¦´µ ¶µ¤¸É ¢¨ÉÓ k = 0, ³µ¦´µ ¶·¨¢¥¸É¨ ±
¢¨¤Ê

σ

f
+
σ2

π
+
σ
√

2eH

2π

∞∑
i=0

fi

(
σ2

2eH

)
−
eH

2π

[
1−Θ(µ− σ)

]
= 0. (65)

�Éµ Ê· ¢´¥´¨¥ ¤²Ö µ > σ ¨³¥¥É Éµ²Ó±µ µ¤´µ ·¥Ï¥´¨¥ σ1 = 0. …¸²¨ µ ≤ σ, Éµ
(65) Ëµ·³ ²Ó´µ ¸µ¢¶ ¤ ¥É ¸ (37), ÎÉµ ´¥É·Ê¤´µ ¢¨¤¥ÉÓ ¸ ¶µ³µÐÓÕ · §²µ¦¥´¨Ö
(63), ¨ ¡Ê¤¥É ¨³¥ÉÓ ·¥Ï¥´¨¥ σ0(H) Éµ²Ó±µ ¶·¨ µ < σ0(H). …¸²¨ ¦¥, ± ± ³Ò
¤µ£µ¢µ·¨²¨¸Ó ¢´ Î ²¥, µ > σ0(H), Éµ Ê· ¢´¥´¨¥ (65) ´¥ ¡Ê¤¥É ¨³¥ÉÓ ·¥Ï¥´¨°,
´ Ìµ¤ÖÐ¨Ì¸Ö ¢ µ¡² ¸É¨ µ ≤ σ. ’ ±¨³ µ¡· §µ³, ¤²Ö ÉµÎ¥± ¨§ Ω0 ¶·¨ Ê¸²µ¢¨¨
µ > σ0(H) ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² (60) ¨³¥¥É ¥¤¨´¸É¢¥´-
´ÊÕ ¸É Í¨µ´ ·´ÊÕ ÉµÎ±Ê σ1 = 0. �´ ²µ£¨Î´Ò¥ ¢Ò±² ¤±¨ ³µ¦´µ ¶·µ¢¥¸É¨
¤²Ö ²Õ¡µ° µ¡² ¸É¨ Ωn, ¶µÔÉµ³Ê ¸¶· ¢¥¤²¨¢µ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥. ’µÎ± ³
¶²µ¸±µ¸É¨ (µ,H), ²¥¦ Ð¨³ ¢ÒÏ¥ ±·¨¢µ° µ = σ0(H), µÉ¢¥Î ¥É ÔËË¥±É¨¢´Ò°
¶µÉ¥´Í¨ ², Ê ±µÉµ·µ£µ ¢ σ1 = 0 · ¸¶µ² £ ¥É¸Ö £²µ¡ ²Ó´Ò° ³¨´¨³Ê³, É.¥. ¶·¨
µ > σ0(H) ´ Ìµ¤¨É¸Ö ¡¥§³ ¸¸µ¢ Ö, ¸¨³³¥É·¨Î´ Ö µÉ´µ¸¨É¥²Ó´µ ¤¨¸±·¥É´ÒÌ
¶·¥µ¡· §µ¢ ´¨° (3)Ä(4) Ë §  É¥µ·¨¨.

…¸²¨ µ < σ0(H), Éµ ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ Ê ¶µÉ¥´Í¨ ²  ¶µÖ¢²Ö¥É¸Ö
¥Ð¥ µ¤´  ¸É Í¨µ´ ·´ Ö ÉµÎ±  σ2 = σ0(H), ¢ ±µÉµ·µ°, ¢µµ¡Ð¥ £µ¢µ·Ö, ´ Ìµ-
¤¨É¸Ö ²µ± ²Ó´Ò° ³¨´¨³Ê³. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¥³Ê µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ ³¥É -
¸É ¡¨²Ó´µ ¤µ É¥Ì ¶µ·, ¶µ±  ³Ò ´¥ ¶¥·¥¸¥Î¥³ ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ µ = µc(H),
±µÉµ· Ö ´ Ìµ¤¨É¸Ö ¨§ Ê¸²µ¢¨Ö

VHµ(0) = VHµ(σ0(H)). (66)

�¨¦¥ ÔÉµ° ±·¨¢µ° £²µ¡ ²Ó´Ò° ³¨´¨³Ê³ ¶¥·¥Ìµ¤¨É ¢ ÉµÎ±Ê σ2 = σ0(H) 6=
6= 0, ¶µÔÉµ³Ê §¤¥¸Ó ¸É ¡¨²Ó´  Ë §  ¸ ³ ¸¸¨¢´Ò³¨ Ë¥·³¨µ´ ³¨ ¨ ¸¶µ´É ´´µ
´ ·ÊÏ¥´´µ° ¸¨³³¥É·¨¥° (3)Ä(4),   ¡¥§³ ¸¸µ¢ Ö Ä ³¥É ¸É ¡¨²Ó´ . ‚ ¸¨²Ê Éµ£µ,
ÎÉµ ¶ · ³¥É· ¶µ·Ö¤±  ¶·¨ ¶¥·¥¸¥Î¥´¨¨ ±·¨É¨Î¥¸±µ° ±·¨¢µ° ¸± Î±µ³ ³¥´Ö¥É
¸¢µ¥ §´ Î¥´¨¥, ¢ ³µ¤¥²¨ ¶·µ¨¸Ìµ¤¨É Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¶¥·¢µ£µ ·µ¤ . �µ²¥¥
¤¥É ²Ó´Ò° ¢¨¤ Ê· ¢´¥´¨Ö ¤²Ö ±·¨É¨Î¥¸±µ° ±·¨¢µ° µ = µc(H) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ
¨§ (66) ¸ ÊÎ¥Éµ³ (60):

VH(σ0(H)) = VH(0)−
eHN

2π

∞∑
n=0

snΘ(µ−
√

2eHn)(µ−
√

2eHn). (67)

ˆ§ ¢ÒÏ¥¶·¨¢¥¤¥´´ÒÌ · ¸¸Ê¦¤¥´¨° Ö¸´µ, ÎÉµ µc(H) ¤µ²¦´  ²¥¦ ÉÓ ¶µ¤ ±·¨-
¢µ° µ = σ0(H). ŒÒ, µ¤´ ±µ, Ê¦¥ µÉ³¥Î ²¨, ÎÉµ ± ± ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì,
É ± ¨ ¶·¨ ¤µ¸É ÉµÎ´µ ³ ²ÒÌ §´ Î¥´¨ÖÌ H ²¨´¨Ö µ = σ0(H) ´ Ìµ¤¨É¸Ö ¢ µ¡² -
¸É¨ Ω0. ‡´ Î¨É, ¶·¨ ÔÉ¨Ì §´ Î¥´¨ÖÌ H ¨ ±·¨É¨Î¥¸± Ö ±·¨¢ Ö ´ Ìµ¤¨É¸Ö ¢ Ω0
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¨, ¸²¥¤µ¢ É¥²Ó´µ, ¢ Ê· ¢´¥´¨¨ (67) ¶µ¤ §´ ±µ³ ¸Ê³³Ò ´¥µ¡Ìµ¤¨³µ µ¸É ¢¨ÉÓ
Éµ²Ó±µ ¶¥·¢µ¥ ¸² £ ¥³µ¥. ‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶µ²ÊÎ ¥³ ¢¨¤ ±·¨¢µ° µ = µc(H)
¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì ¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ H :

µc(H) =
2π

eHN
[ VH(0)− VH(σ0(H)) ]. (68)

�·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ H , ±µ£¤  σ0(H) ³ ²µ, ¨§ (68) ¸²¥¤Ê¥É

µc(H) ∼=
2π

eHN

dVH(0)

dσ
σ0(H) = σ0(H). (69)

�·¨ H →∞ ¨§ (42) ¨ (68) ¨³¥¥³

µc(H) ∼
√
eH. (70)

�·¨ µÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ g ¸¨ÉÊ Í¨Ö ¡µ²¥¥ ´¥µ¶·¥-
¤¥²¥´´ Ö. „¥²µ ¢ Éµ³, ÎÉµ §¤¥¸Ó Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨ ¨³¥ÕÉ ´¥±µÉµ·Ò¥
µ¸µ¡¥´´µ¸É¨, ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶µ²ÊÎ¨ÉÓ ¸É·µ£¨¥ ·¥§Ê²ÓÉ ÉÒ ²¨ÏÓ ¶·¨ ¤µ-
¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ³ £´¨É´µ£µ ¶µ²Ö.

�·¥¤¶µ²µ¦¨³, ÎÉµ (µ,H) ∈ Ω0 ¨ g < 0. � ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ (65).
’µ£¤  ¶·¨ µ < σ µ´µ ³µ¦¥É ¨³¥ÉÓ ·¥Ï¥´¨¥ σ0(H) (¶·¨ µ < σ0(H)) ¨²¨ ´¥
¨³¥ÉÓ ·¥Ï¥´¨° ¢µ¢¸¥ (¶·¨ µ > σ0(H)). ‚ µ¡² ¸É¨ µ > σ Ê· ¢´¥´¨¥ (65), µÎ¥-
¢¨¤´µ, ¨³¥¥É É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ σ = 0. Š·µ³¥ Éµ£µ, ¨§-§  µÉ·¨Í É¥²Ó´µ£µ
§´ Î¥´¨Ö g Ê· ¢´¥´¨¥ (65) ³µ¦¥É ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ¨³¥ÉÓ ¢ ÔÉµ° µ¡² ¸É¨ ¤·Ê£¨¥
´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, µÉ²¨Î´Ò¥ µÉ σ0(H). ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ¶·µÍ¥¸¸
´ Ìµ¦¤¥´¨Ö Éµ° ¸É Í¨µ´ ·´µ° ÉµÎ±¨, ¢ ±µÉµ·µ° ¶µÉ¥´Í¨ ² ¨³¥¥É £²µ¡ ²Ó´Ò°
³¨´¨³Ê³, §´ Î¨É¥²Ó´µ Ê¸²µ¦´Ö¥É¸Ö. —Éµ¡Ò ÔÉµ£µ ¨§¡¥¦ ÉÓ, ³Ò ¢Ò¤¥²¨³ §´ -
Î¥´¨Ö H , ¶·¨ ±µÉµ·ÒÌ Ê· ¢´¥´¨¥ (65) ³µ¦¥É ¨³¥ÉÓ ´¥ ¡µ²¥¥ ¤¢ÊÌ ·¥Ï¥´¨°
σ1 = 0 ¨ σ2 = σ0(H).

‘ ÔÉµ° Í¥²ÓÕ ¢ÒÎ¨¸²¨³ ¨´É¥£· ² f0(ϑ) (64) ¨ ¶·¥¤¸É ¢¨³ (65) ¢ ¢¨¤¥

σ

π

{
−M +

σ2 + eH
√
σ2 + 2eH

}
+
σ
√

2eH

2π

∞∑
i=1

fi

(
σ2

2eH

)
−
eH

2π

[
1−Θ(µ−σ)

]
= 0,

(71)
£¤¥ M = −π/g. ‚Ò· ¦¥´¨¥ ¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì ¢ (71) ¶µ²µ¦¨É¥²Ó´µ ¤²Ö
¢¸¥Ì σ ≥ 0, ¥¸²¨

2M2 < eH. (72)

’¥¶¥·Ó, ´ ²µ¦¨¢ ´  ³ £´¨É´µ¥ ¶µ²¥ µ£· ´¨Î¥´¨¥ (72), ³Ò ³µ¦¥³ ¸¤¥² ÉÓ É¥
¦¥ ¢Ò¢µ¤Ò µ Ë §µ¢µ° ¸É·Ê±ÉÊ·¥ ³µ¤¥²¨ ¢ µ¡² ¸É¨ Ω0, ÎÉµ ¡Ò²¨ ¸¤¥² ´Ò ¤²Ö
¸²ÊÎ Ö g > 0. Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨ ¶µÉ¥´Í¨ ² 
VHµ(σ) ¤²Ö (µ,H) ∈ Ωn (n > 0) É ±¦¥ ¨³¥ÕÉ ´¥ ¡µ²¥¥ ¤¢ÊÌ ·¥Ï¥´¨° σ =
= 0 ¨ σ0(H) ¶·¨ µ£· ´¨Î¥´¨¨ (72). ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ,
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ÎÉµ ¶·¨ g < 0, eH > 2M2 ¢ ¶²µ¸±µ¸É¨ (µ,H) ¸ÊÐ¥¸É¢Ê¥É ±·¨É¨Î¥¸± Ö
±·¨¢ Ö µ = µc(H), ±µÉµ· Ö § ¤ ¥É¸Ö Ê· ¢´¥´¨¥³ (67). ‚ µ¡² ¸É¨ Ω0 µ´ 
¨³¥¥É, µÎ¥¢¨¤´µ, ¢¨¤ (68), ¨ ¶µÔÉµ³Ê µc(H) ∼

√
eH ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì

H . �É¨ ¢Ò¢µ¤Ò ¶µ²ÊÎ ÕÉ¸Ö  ´ ²µ£¨Î´µ ¸²ÊÎ Õ g > 0. Š ¸µ¦ ²¥´¨Õ, µ
¶µ¢¥¤¥´¨¨ ±·¨É¨Î¥¸±µ° ±·¨¢µ° ¢ µ¡² ¸É¨ ³ ²ÒÌ H ¶·¨ g < 0 ³Ò ´¨Î¥£µ ´¥
³µ¦¥³ ¸± § ÉÓ, ±·µ³¥ Éµ£µ, ÎÉµ µc(0) = M (¸³. ¶.1.1).

1.5. �¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éµ¢. ‡¤¥¸Ó ´  µ¸´µ¢¥ · ¡µÉ [22, 27, 37, 41] · ¸-
¸³µÉ·¥´  Ë §µ¢ Ö ¸É·Ê±ÉÊ·  É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ� ¶·¨ ´ ²¨Î¨¨ É¥³¶¥· -
ÉÊ·Ò, Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  ¨ ¢´¥Ï´¥£µ ¶µ¸ÉµÖ´´µ£µ ³ £´¨É´µ£µ ¶µ²Ö.

� ³¨ ¶µ²ÊÎ¥´µ ÉµÎ´µ¥ ¢Ò· ¦¥´¨¥ (20) ¤²Ö ±·¨É¨Î¥¸±µ° ±·¨¢µ° ÔÉµ° ³µ-
¤¥²¨ ¶·¨ T, µ 6= 0 ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö,   É ±¦¥ ¶µ± § ´µ,
ÎÉµ ´  ÔÉµ° Ë §µ¢µ° ¤¨ £· ³³¥ ¸ÊÐ¥¸É¢Ê¥É É·¨±·¨É¨Î¥¸± Ö ÉµÎ± . �É¨ ·¥-
§Ê²ÓÉ ÉÒ ¢¶¥·¢Ò¥ µ¶Ê¡²¨±µ¢ ´Ò ¢ [37] ¨ ¢¶µ¸²¥¤¸É¢¨¨ ¶¥·¥µÉ±·ÒÉÒ ¤·Ê£¨³¨
 ¢Éµ· ³¨ [10,38]. ‚ [10], ±·µ³¥ Éµ£µ, ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢ D-³¥·´ÒÌ ³µ¤¥-
²ÖÌ ƒ� ¸ 2 < D < 3 É·¨±·¨É¨Î¥¸± Ö ÉµÎ±  Ê¦¥ ´¥ § ´¨³ ¥É ¶µ²µ¦¥´¨¥ ´ 
£· ´¨Í¥,   ¸³¥Ð ¥É¸Ö ¢´ÊÉ·Ó µ¡² ¸É¨ T, µ ≥ 0. �´ ²µ£¨Î´Ò° ·¥§Ê²ÓÉ É ¤²Ö
¤¢Ê³¥·´µ° ³µ¤¥²¨ ƒ� ¶µ²ÊÎ¥´ ¢ [11].

‚ · ¸¸³ É·¨¢ ¥³µ³ · §¤¥²¥ ¡Ò²µ ¶·¥¤¸É ¢²¥´µ ´µ¢µ¥ ¸¢µ°¸É¢µ ¢´¥Ï´¥£µ
³ £´¨É´µ£µ ¶µ²Ö ¸¶µ¸µ¡¸É¢µ¢ ÉÓ ¸¶µ´É ´´µ³Ê ´ ·ÊÏ¥´¨Õ · §²¨Î´ÒÌ ¸¨³³¥-
É·¨° [22, 27]. (‚ ¸µ¢·¥³¥´´µ° ²¨É¥· ÉÊ·¥ ÔÉµ Ö¢²¥´¨¥ ´µ¸¨É ´ §¢ ´¨¥ ÔË-
Ë¥±É  ± É ²¨§ Í¨¨.) ‚ É¥·³¨´ Ì ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ÔÉµ µ§´ Î ¥É, ÎÉµ
¶·¨ g > 0 ±¨· ²Ó´ Ö ¨  ·µ³ Éµ¸¨³³¥É·¨Ö (3)Ä(4) ¸¶µ´É ´´µ ´ ·ÊÏ ÕÉ¸Ö ²Õ-
¡Ò³, ¸±µ²Ó Ê£µ¤´µ ³ ²Ò³ §´ Î¥´¨¥³ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö H . Š·µ³¥
Éµ£µ, µ´µ ¸²Ê¦¨É Ë ±Éµ·µ³, ¸É ¡¨²¨§¨·ÊÕÐ¨³ Ë §Ê ¸ ´ ·ÊÏ¥´´Ò³¨ ¸¨³³¥-
É·¨Ö³¨. ’ ±, ¶·¨ g < 0 É·¥Ì³¥·´ Ö ³µ¤¥²Ó (1) ´ Ìµ¤¨É¸Ö ¢ ´¥¸¨³³¥É·¨Î-
´µ° Ë §¥ ¸ ³ ¸¸¨¢´Ò³¨ Ë¥·³¨µ´ ³¨,   ¢´¥Ï´¥¥ ¶µ²¥ H Éµ²Ó±µ Ê¢¥²¨Î¨¢ ¥É
³ ¸¸Ê Ë¥·³¨-Î ¸É¨Í. (‚²¨Ö´¨¥ ¢´¥Ï´¥£µ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ´  ³ ¸¸¨¢´ÊÕ
Ë §Ê ³µ¤¥²¨ µ¡· É´µ¥ [36], É ± ± ± µ´µ Ê³¥´ÓÏ ¥É ³ ¸¸Ê Ë¥·³¨µ´µ¢ ¤µ É¥Ì
¶µ·, ¶µ±  ¶·¨ ´¥±µÉµ·µ³ §´ Î¥´¨¨ Ec ¸¨¸É¥³  ´¥ ¶¥·¥°¤¥É ¢ ¡¥§³ ¸¸µ¢ÊÕ
Ë §Ê.) …¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ÔÉµ ± Î¥¸É¢µ ³ £´¨É´µ£µ ¶µ²Ö ¸µÌ· ´Ö¥É¸Ö ¨
¢ Î¥ÉÒ·¥Ì³¥·´µ³ ³¨·¥, Éµ ¸É ´µ¢¨É¸Ö ¶µ´ÖÉ´µ° µ¤´  ¨§ ¶·¨Î¨´ ¸¶µ´É ´´µ£µ
´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¨ ¤·Ê£¨Ì ¸¨³³¥É·¨° ¢ Ë¨§¨±¥ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í.

‚²¨Ö´¨¥ ³ £´¨É´µ£µ ¶µ²Ö ´  É·¥Ì³¥·´ÊÕ ³µ¤¥²Ó ƒ·µ¸¸  Ä �¥¢Ó¥ ¡Ò²µ
É ±¦¥ · ¸¸³µÉ·¥´µ ¢ · ¡µÉ Ì [35, 39], ¢ ±µÉµ·ÒÌ µ¡¸Ê¦¤ ² ¸Ó ¸¢Ö§Ó ± É -
²¨§¨·ÊÕÐ¥° ·µ²¨ ³ £´¨É´µ£µ ¶µ²Ö ¸ ´Ê²¥¢Ò³¨ ³µ¤ ³¨ µ¶¥· Éµ·  „¨· ±  ¨
³µ¤¨Ë¨± Í¨¥° ¨´Ë· ±· ¸´µ£µ ·¥¦¨³ . �ÉµÉ ÔËË¥±É · ¸¸³ É·¨¢ ²¸Ö É ±¦¥
¢ [39] ¨ ¶µ²ÊÎ¨² ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ¢ ·Ö¤¥ · ¡µÉ [40], £¤¥ ¡Ò²µ ¶µ± -
§ ´µ, ÎÉµ ÔËË¥±É ± É ²¨§ Í¨¨ ´ ¡²Õ¤ ¥É¸Ö ¨ ¢ ¤·Ê£¨Ì ³µ¤¥²ÖÌ É¥µ·¨¨ ¶µ²Ö:
¢ É·¥Ì³¥·´µ° ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¥, ¢ ³µ¤¥²¨ � ³¡Ê Ä ˆµ´ -‹ §¨´¨µ
¨ ¤·. ‚ ÔÉ¨Ì ¦¥ · ¡µÉ Ì ¡Ò²µ ¶·¥¤²µ¦¥´µ µ¡ÑÖ¸´¥´¨¥ ÔËË¥±É  ± É ²¨§ -
Í¨¨, ±µÉµ·Ò° ¢ R2+1 µ¡Ê¸²µ¢²¥´ Éµ²Ó±µ ´ ²¨Î¨¥³ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö
(¸ ±µÉµ·Ò³ ¢§ ¨³µ¤¥°¸É¢Ê¥É ¸¶¨´ Ë¥·³¨µ´µ¢, ¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ·¥Ï ÕÐ¨³
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µ¡· §µ³ ³¥´Ö¥É¸Ö ¨´Ë· ±· ¸´Ò° ·¥¦¨³ ¢ ¸¨¸É¥³¥) ¨ ´¥ ¸¢Ö§ ´ ¸ ´ ²¨Î¨¥³
Î¥ÉÒ·¥ÌË¥·³¨µ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¨¸Ìµ¤´µ³ ² £· ´¦¨ ´¥.

‘²¥¤Ê¥É É ±¦¥ § ³¥É¨ÉÓ, ÎÉµ ¢ ¶·¥¤² £ ¥³µ³ µ¡§µ·¥ Ê± § ´Ò ¤ ²¥±µ ´¥
¢¸¥ ¢´¥Ï´¨¥ Ë ±Éµ·Ò, µÉ ±µÉµ·ÒÌ ³µ¦¥É § ¢¨¸¥ÉÓ ¸É·Ê±ÉÊ·  ¢ ±ÊÊ³  ³µ¤¥²¨
(1). ŒÒ ´¥ · ¸¸³ É·¨¢ ²¨ ¢²¨Ö´¨Ö ´¥É·¨¢¨ ²Ó´µ° Éµ¶µ²µ£¨¨ ¨ ±·¨¢¨§´Ò
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨,   É ±¦¥ ÔËË¥±Éµ¢, ¸¢Ö§ ´´ÒÌ ¸ ±µ´¥Î´Ò³ µ¡Ñ¥³µ³,
´  Ë §µ¢ÊÕ ¸É·Ê±ÉÊ·Ê É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ�. †¥² ÕÐ¨Ì µ§´ ±µ³¨ÉÓ¸Ö ¸
ÔÉ¨³ ´ ¶· ¢²¥´¨¥³ ¨¸¸²¥¤µ¢ ´¨° ³Ò µÉ¸Ò² ¥³ ± · ¡µÉ ³ [42].

2. ƒ‹����›‰ Š��„…�‘�’
ˆ ’�…•Œ…���Ÿ (ψ̄ψ)2-’…��ˆŸ ��‹Ÿ

‚ ¶·¥¤² £ ¥³µ³ · §¤¥²¥ ³Ò ¶·µ¤µ²¦¨³ ¨¸¸²¥¤µ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢
É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¸ ÊÎ¥Éµ³ ¢²¨Ö´¨Ö ¢´¥Ï´¨Ì ´¥ ¡¥²¥¢ÒÌ ± -
²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°, ¸É·Ê±ÉÊ·  ±µÉµ·ÒÌ µ¡¸Ê¦¤ ² ¸Ó ¢ · ¡µÉ Ì [46Ä49]. �·¨
ÔÉµ³ ² £· ´¦¨ ´ ³µ¤¥²¨ ¨³¥¥É ¢¨¤

Lψ = ψ̄Γµ(i∂µ + eAaµλa/2)ψ +
g0

2N
[ψ̄ψ]2, (73)

£¤¥ ¶µ²¥ ψ Ä Î¥ÉÒ·¥Ì±µ³¶µ´¥´É´Ò° ¸¶¨´µ· „¨· ± , ±µÉµ·µ¥ ³µ¦´µ ¶µ¸É -
¢¨ÉÓ ¢ ¸µµÉ¢¥É¸É¢¨¥ ±¢ ·± ³. ‚ ÔÉµ³ ¸²ÊÎ ¥ e Ä ±µ´¸É ´É  ¢§ ¨³µ¤¥°¸É¢¨Ö
±¢ ·±µ¢ ¸ £²Õµ´ ³¨, Γµ Ä 4 × 4-³ É·¨ÍÒ,  ²£¥¡·Ê ±µÉµ·ÒÌ ³µ¦´µ ´ °É¨
¢ ¶·¨²µ¦¥´¨¨ �. Š·µ³¥ Éµ£µ, ¸¶¨´µ· ψ ¶·¥µ¡· §Ê¥É¸Ö ¶µ ËÊ´¤ ³¥´É ²Ó-
´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ Í¢¥É´µ° £·Ê¶¶Ò SU(3) ¨ £·Ê¶¶Ò SU(N), ±µÉµ· Ö ´µ¸¨É
¢¸¶µ³µ£ É¥²Ó´Ò° Ì · ±É¥· ¨ ¢¢¥¤¥´  ´ ³¨ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¢ ³µ¤¥²¨ ¶µÖ¢¨²¸Ö
³ ²Ò° ¶ · ³¥É· 1/N ¶·¨ N → ∞. (� ¤¨ ¶·µ¸ÉµÉÒ Ê ¸¶¨´µ·µ¢ ¢ (73) ´¥
Ê± § ´Ò ¢ Ö¢´µ³ ¢¨¤¥ £·Ê¶¶µ¢Ò¥ ¨´¤¥±¸Ò, ¶µ ±µÉµ·Ò³ É ³ ¶µ¤· §Ê³¥¢ ¥É¸Ö
¸Ê³³¨·µ¢ ´¨¥.) λa Ä £¥´¥· Éµ·Ò SU(3)-£·Ê¶¶Ò (a = 1, ..., 8), Aaµ Ä ¢´¥Ï´¥¥
´¥ ¡¥²¥¢µ (Í¢¥É´µ¥) ± ²¨¡·µ¢µÎ´µ¥ ¶µ²¥. „²Ö ¶·µ¸ÉµÉÒ ³Ò · ¸¸³ É·¨¢ ¥³
³µ¤¥²Ó, ¨´¢ ·¨ ´É´ÊÕ µÉ´µ¸¨É¥²Ó´µ ¤¨¸±·¥É´µ£µ ±¨· ²Ó´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö
(4), ÌµÉÖ ³µ¦´µ ¡¥§ É·Ê¤  ¨¸¸²¥¤µ¢ ÉÓ ¨ ³µ¤¥²Ó É¨¶  (73) ¸ ´¥¶·¥·Ò¢´µ°
±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ.

2.1. �ËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ². ‘É·Ê±ÉÊ·  ¢´¥Ï´¨Ì ¶µ²¥°. ” §µ¢Ò°  ´ -
²¨§ ³µ¤¥²¨ (73) Ê¤µ¡´µ ¶·µ¢µ¤¨ÉÓ ¢ É¥·³¨´ Ì ¢¸¶µ³µ£ É¥²Ó´µ£µ ¸± ²Ö·´µ£µ
¶µ²Ö σ(x). „²Ö ÔÉµ£µ ´Ê¦´µ ¢¢¥¸É¨ ¢¸¶µ³µ£ É¥²Ó´Ò° ² £· ´¦¨ ´

Lσ = ψ̄(i∂̂ +
1

2
eλaÂa)ψ −

Nσ2

2g0
+ σψ̄ψ, (74)

±µÉµ·Ò° ´  Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö Ô±¢¨¢ ²¥´É¥´ Lψ (73). ’¥¶¥·Ó ¶µ  ´ ²µ£¨¨
¸ ¶·¥¤Ò¤ÊÐ¨³ · §¤¥²µ³ (¸³. ¢Ò¢µ¤ Ëµ·³Ê²Ò (24)) ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¢
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£² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ³µ¤¥²¨ (73) ¢µ
¢´¥Ï´¥³ ´¥ ¡¥²¥¢µ³ ¶µ²¥ ¨³¥¥É ¢¨¤

V (σ) =
Nσ2

2g0
+
iN

v
Tr ln (Π̂ + σ), (75)

£¤¥ Π̂ = Γµ(i∂µ+eAaµλa/2), v =
∫
d3x. ‘ ÊÎ¥Éµ³ Éµ¦¤¥¸É¢  (³ É·¨Í  Γ5 ¤ ´ 

¢ ¶·¨²µ¦¥´¨¨ �)

Π̂ + σ = Γ5Γ5(Π̂ + σ) = Γ5(−Π̂ + σ)Γ5

ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² (75) ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ´¥¸ÊÐ¥¸É¢¥´´µ°, ´¥ § ¢¨¸ÖÐ¥°
µÉ σ ±µ´¸É ´ÉÒ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

V (σ) =
Nσ2

2g0
+
iN

2v
Tr ln D, (76)

£¤¥

D = (Π̂ + σ)(−Π̂ + σ) = σ2 −ΠµΠµ −
ie

4
ΓµΓνλaF aµν ,

F aµν = ∂µA
a
ν − ∂νA

a
µ + efabcAbµA

c
ν , Πµ = i∂µ +

1

2
eλaAaµ. (77)

‚ Ëµ·³Ê² Ì (75)Ä(77) ¶µ²¥ σ Ê¦¥ ´¥ § ¢¨¸¨É µÉ ÉµÎ¥± ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨,
fabc Ä ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ £·Ê¶¶Ò SU(3). ŒÒ ÌµÉ¨³ ¨¸¸²¥¤µ¢ ÉÓ É·¥Ì-
³¥·´ÊÕ ³µ¤¥²Ó (73)Ä(74) ¢µ ¢´¥Ï´¨Ì ¶µ¸ÉµÖ´´ÒÌ: i) Ì·µ³µ³ £´¨É´µ³, ii) Ì·µ-
³µÔ²¥±É·¨Î¥¸±µ³ ¶µ²ÖÌ. ‚ ¸²ÊÎ ¥ (i) ¶Ê¸ÉÓ, ´ ¶·¨³¥·, F 3

12 = −F 3
21 = H 6= 0,

  µ¸É ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ É¥´§µ·  F aµν · ¢´Ò ´Ê²Õ. �·¨ ÔÉµ³ ¢µ§³µ¦´Ò ¤¢ 
´¥§ ¢¨¸¨³ÒÌ ¢Ò¡µ·  ¢¥±Éµ·´µ£µ ¶µ²Ö Aaµ. ‚ ¶¥·¢µ³ ¸²ÊÎ ¥ Aaµ ¥¸ÉÓ  ¡¥²¥¢µ-
¶µ¤µ¡´Ò° ¢¥±Éµ·-¶µÉ¥´Í¨ ², ¸ ¶µ³µÐÓÕ ±µÉµ·µ£µ ³µ¤¥²¨·µ¢ ²¸Ö ¢ ±ÊÊ³´Ò°
£²Õµ´´Ò° ±µ´¤¥´¸ É ¢ · ¡µÉ Ì [44,45]:

Aaµ = Hδµ2x1δ
a3. (78)

‡¤¥¸Ó, µ¤´ ±µ, ³Ò ´¥ ¡Ê¤¥³ µ¸É ´ ¢²¨¢ ÉÓ¸Ö ´  ¢Ò· ¦¥´¨¨ (78), É ± ± ± ¶·¨
ÔÉµ³ ²¥£±µ ¶µ²ÊÎ¨ÉÓ É¥ ¦¥ ·¥§Ê²ÓÉ ÉÒ, ÎÉµ ¨ ¤²Ö ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¢µ
¢´¥Ï´¥³ ³ £´¨É´µ³ ¶µ²¥ (¸³. ¶·¥¤Ò¤ÊÐ¨° · §¤¥²). ‚µ ¢Éµ·µ³ ¸²ÊÎ ¥ ¢¥±Éµ·-
¶µÉ¥´Í¨ ² Ê¦¥ ´¥ § ¢¨¸¨É µÉ ÉµÎ¥± ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨:

Aaµ = δaµ
√
H/e (a = 1, ..., 8;µ = 0, 1, 2). (79)

�ÉµÉ ¸²ÊÎ ° ± Î¥¸É¢¥´´µ µÉ²¨Î¥´ µÉ (78) ¶µÉµ³Ê, ÎÉµ §¤¥¸Ó ¢ Ö¢´µ³ ¢¨¤¥
¢Ò¸ÉÊ¶ ¥É ´¥ ¡¥²¥¢  ¶·¨·µ¤  ¶µ²¥° Ÿ´£  Ä Œ¨²²¸ . ˆ³¥´´µ ¤²Ö ± ²¨¡·µ-
¢µÎ´µ£µ ¶µ²Ö (79) ´¨¦¥ ¡Ê¤¥É ´ °¤¥´ ¨ ¨¸¸²¥¤µ¢ ´ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ²
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(75)Ä(76) ¨¸Ìµ¤´µ° ³µ¤¥²¨. �¸µ¡µ ¶µ¤Î¥·±´¥³, ÎÉµ ¸µ¢·¥³¥´´Ò¥ É¥µ·¥É¨Î¥-
¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö Ê± §Ò¢ ÕÉ ´  Éµ, ÎÉµ ¢ Š•„ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì
É¥³¶¥· ÉÊ· Ì ¸É ¡¨²Ó´Ò³ Ö¢²Ö¥É¸Ö ¢ ±ÊÊ³, ¢ ±µÉµ·µ³ £²Õµ´´Ò° ±µ´¤¥´¸ É,
¢¥·µÖÉ´¥¥ ¢¸¥£µ, ¨³¥¥É ¢¨¤ (78). �¤´ ±µ ¶·¨ ¤µ¸É ÉµÎ´µ ´¨§±¨Ì É¥³¶¥· ÉÊ· Ì
Ëµ´µ¢µ¥ £²Õµ´´µ¥ ¶µ²¥ ¤µ²¦´µ ¨³¥ÉÓ ´¥ ¡¥²¥¢Ò ±µ³¶µ´¥´ÉÒ [47]. ‘²¥¤µ-
¢ É¥²Ó´µ, ¢¥±Éµ·-¶µÉ¥´Í¨ ² (79) Ö¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³ ¶·¥É¥´¤¥´Éµ³ ´  ·µ²Ó
£²Õµ´´µ£µ ±µ´¤¥´¸ É  ¢ ¨¸É¨´´µ³ ¢ ±ÊÊ³¥ Š•„ ¶·¨ T = 0. �É³¥É¨³, ÎÉµ ¶µ-
¤µ¡´ Ö ¸É·Ê±ÉÊ·  ¢´¥Ï´¥£µ ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö ¨ ¢²¨Ö´¨¥ ¥£µ ´  · §²¨Î´Ò¥
Ë¨§¨Î¥¸±¨¥ ¶·µÍ¥¸¸Ò Ê¦¥ · ¸¸³ É·¨¢ ² ¸Ó [46].

‚ ¸²ÊÎ ¥ (ii) ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¥¤¨´¸É¢¥´´Ò³¨ µÉ²¨Î´Ò³¨ µÉ ´Ê²Ö ±µ³-
¶µ´¥´É ³¨ É¥´§µ·  Fµν Ö¢²ÖÕÉ¸Ö F 3

01 = −F 3
10 = E. ‡¤¥¸Ó É ±¦¥ ³Ò ¡Ê¤¥³

· ¡µÉ ÉÓ Éµ²Ó±µ ¸ ¸ÊÐ¥¸É¢¥´´µ ´¥ ¡¥²¥¢Ò³ ¢¥±Éµ·-¶µÉ¥´Í¨ ²µ³, ±µÉµ·Ò° ¶µ
 ´ ²µ£¨¨ ¸ (79) ¨³¥¥É ¢¨¤

A1
µ = (

√
E/e, 0, 0), A2

µ = (0,
√
E/e, 0); Aaµ = 0; a = 3, ..., 8. (80)

„¥²µ ¢ Éµ³, ÎÉµ ¸²ÊÎ ° ¸  ¡¥²¥¢µ¶µ¤µ¡´Ò³ ± ²¨¡·µ¢µÎ´Ò³ ¶µ²¥³

Aaµ = −Eδµ0x1δ
a3

· ¸¸³ É·¨¢ ¥É¸Ö  ´ ²µ£¨Î´µ ¸²ÊÎ Õ É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¢µ
¢´¥Ï´¥³ Ô²¥±É·¨Î¥¸±µ³ ¶µ²¥ [36].

’¥¶¥·Ó, ¶¥·¥Ìµ¤Ö ¢ (76) ± ¨³¶Ê²Ó¸´µ³Ê ¶·µ¸É· ´¸É¢Ê, ¡¥§ É·Ê¤  ¶µ²ÊÎ ¥³

1

N
V (σ) =

σ2

2g0
+

i

2(2π)3
Tr

∫
d3pln D̃(p), (81)

£¤¥ Tr µ§´ Î ¥É ¸²¥¤ ± ± ¶µ ¸¶¨´µ·´Ò³, É ± ¨ ¶µ ¨´¤¥±¸ ³ SU(3)-£·Ê¶¶Ò;
D̃(p) Ä ËÊ·Ó¥-µ¡· § µ¶¥· Éµ·  D ¨§ (77). �Î¥¢¨¤´µ, ÎÉµ D̃(p) Ö¢²Ö¥É¸Ö ³ É·¨-
Í¥° ¢ ¸¶¨´µ·´µ³ ¨ Í¢¥Éµ¢µ³ ¶·µ¸É· ´¸É¢ Ì, ±µÉµ· Ö ¨³¥¥É É·¨ Î¥ÉÒ·¥Ì±· É´µ
¢Ò·µ¦¤¥´´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨Ö [50,51]:

di(p) = E2
i (p̄)− p2

0; i = 1, 2, 3, (82)

£¤¥ Ei(p̄) ´¥ § ¢¨¸ÖÉ µÉ p0. (‚ ± ¦¤µ³ ¨§ ¸²ÊÎ ¥¢ (i) ¨²¨ (ii) ¢¥²¨Î¨´Ò (82)
¡Ê¤ÊÉ ¶·¥¤¸É ¢²¥´Ò ´¨¦¥.) �µ¤¸É ¢²ÖÖ (82) ¢ (81) ¨ ¨´É¥£·¨·ÊÖ ¶µ ¶¥·¥³¥´´µ°
p0, ¶µ²ÊÎ ¥³

1

N
V (σ) =

σ2

2g0
− 2

∫
d2p

(2π)2

3∑
i=1

Ei(p̄). (83)
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2.2. ‚´¥Ï´¥¥ Ì·µ³µ³ £´¨É´µ¥ ¶µ²¥. �·¥¤¶µ²µ¦¨³, ÎÉµ ¢ ±ÊÊ³´Ò° £²Õ-
µ´´Ò° ±µ´¤¥´¸ É § ¤ ¥É¸Ö ¢¥±Éµ·-¶µÉ¥´Í¨ ²µ³ ¢¨¤  (79). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢¥-
²¨Î¨´Ò Ei(p̄) ¨§ (82) ²¥£±µ ¢ÒÎ¨¸²ÖÕÉ¸Ö [50,52]:

E2
1(p̄) = p̄2 + σ2; p̄2 = p2

1 + p2
2;

E2
2,3(p̄) = p̄2 + σ2 +

eH

2
±

1

2

√
(eH)2 + 4eHp̄2. (84)

�µ¤¸É ¢²ÖÖ (84) ¢ (83), ¨³¥¥³ (V ≡ VH):

1

N
VH(σ) =

1

N
V0(σ)−

|σ|3

3π
+

(σ2 + eH)3/2

3π
−
eH

4π
(σ2 + eH)1/2 −

−
σ2
√
eH

4π
ln [ (

√
eH +

√
σ2 + eH)/|σ| ], (85)

£¤¥
1

N
V0(σ) =

σ2

2g0
−

3σ2Λ

2π
+
|σ|3

π
(86)

Ä ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ³µ¤¥²¨ ¶·¨ H = 0, Λ Ä ¶ · ³¥É· Ê²ÓÉ· Ë¨µ²¥-
Éµ¢µ£µ µ¡·¥§ ´¨Ö µ¡² ¸É¨ ¨´É¥£·¨·µ¢ ´¨Ö ¢ (83). ‚ ¸¨²Ê ¸¨³³¥É·¨Î´µ¸É¨
ËÊ´±Í¨¨ (85) µÉ´µ¸¨É¥²Ó´µ µÉ· ¦¥´¨Ö σ → −σ, ³Ò ¡Ê¤¥³ ¢ ¤ ²Ó´¥°Ï¥³ · ¸-
¸³ É·¨¢ ÉÓ Éµ²Ó±µ µ¡² ¸ÉÓ σ ≥ 0. Š ± ¨ ¢ · §¤.1, ËÊ´±Í¨Ö (86) ³µ¦¥É ¡ÒÉÓ
¶¥·¥´µ·³¨·µ¢ ´  ¨ ¶·¨¢¥¤¥´  ± ·¥´µ·³ ²¨§ Í¨µ´´µ-¨´¢ ·¨ ´É´µ³Ê ¢¨¤Ê

1

N
V0(σ) =

σ2

2g
+
σ3

π
, (87)

£¤¥ ±µ´¥Î´ Ö ±µ´¸É ´É  ¸¢Ö§¨ g ´¥ § ¢¨¸¨É ´¨ µÉ ÉµÎ±¨ ´µ·³¨·µ¢±¨, ´¨ µÉ Λ:

1

g
=

1

g0
−

3Λ

π
.

�¥§´ Î¨É¥²Ó´µ¥ µÉ²¨Î¨¥ ¶µÉ¥´Í¨ ²  (87) µÉ  ´ ²µ£¨Î´µ° ¢¥²¨Î¨´Ò (11) µ¡Ñ-
Ö¸´Ö¥É¸Ö ´ ²¨Î¨¥³ Ê Ë¥·³¨µ´µ¢ (±¢ ·±µ¢) ¢ ³µ¤¥²¨ (73) ¤µ¶µ²´¨É¥²Ó´ÒÌ Í¢¥-
Éµ¢ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò. �µÔÉµ³Ê ¢ ¸²ÊÎ ¥ H = 0 ¨§ (87) ¸²¥¤Ê¥É, ÎÉµ ¶·¨
g > 0  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ËÊ´±Í¨¨ V0(σ) ´ Ìµ¤¨É¸Ö ¢ ´Ê²¥,   ¸¨³³¥É·¨Ö
(4) ´¥ ´ ·ÊÏ¥´ . �·¨ g < 0 ÉµÎ±  £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¨³¥¥É ¢¨¤

σ0 = −π/3g ≡M. (88)

‚ ÔÉµ³ ¸²ÊÎ ¥ ±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ (4) ¸¶µ´É ´´µ ´ ·ÊÏ¥´ ,   ±¢ ·±¨
¶·¨µ¡·¥É ÕÉ ³ ¸¸Ê M .

�Ê¸ÉÓH 6= 0. ‘²¥¤µ¢ É¥²Ó´µ, ´Ê¦´µ ¨¸¸²¥¤µ¢ ÉÓ ´  £²µ¡ ²Ó´Ò° ³¨´¨³Ê³
ËÊ´±Í¨Õ (85), ¸É Í¨µ´ ·´Ò¥ ÉµÎ±¨ ±µÉµ·µ° Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ

σ{A(H) + 4x−GH(x)} = 0, (89)
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£¤¥

A(H) =
2π

f
√
eH

, x =
σ
√
eH

,

GH(x) = ln [ (1 +
√

1 + x2)/x ]− 2
√

1 + x2. (90)

�¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ´  ¨´É¥·¢ ²¥ (0,∞) ËÊ´±Í¨Ö GH(x) ³µ´µÉµ´´µ Ê¡Ò-
¢ ¥É µÉ +∞ ¤µ −∞. ‘²¥¤µ¢ É¥²Ó´µ, ¢ (89) ¢Ò· ¦¥´¨¥ ¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì
µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ ¥¤¨´¸É¢¥´´µ° ÉµÎ±¥ x0(H) 6= 0,   Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·-
´µ¸É¨ (89) ¨³¥¥É ¤¢  ·¥Ï¥´¨Ö, µ¤´µ ¨§ ±µÉµ·ÒÌ ¥¸ÉÓ σ = 0,   ¤·Ê£µ¥ · ¢´µ
σ0(H) =

√
eHx0(H). (…¸²¨ ¡Ò ¢´¥Ï´¥¥ ¶µ²¥ ¡Ò²µ  ¡¥²¥¢µ¶µ¤µ¡´Ò³, Éµ, ± ±

¶µ± § ´µ ¢ · §¤.1, Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ´¥ ¨³¥²µ ¡Ò ·¥Ï¥´¨Ö σ = 0.)
‘ ¶µ³µÐÓÕ (89) ´¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ´  ¨´É¥·¢ ²¥ σ ∈ (0, σ0(H)) ¶·µ¨§¢µ¤-
´ Ö ∂VH(σ)/∂σ µÉ·¨Í É¥²Ó´ . ‚ ¸¨²Ê ÔÉµ£µ  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ËÊ´±Í¨¨
VH(σ) ²¥¦¨É ¢ ÉµÎ±¥ σ0(H) 6= 0,   ¸¨³³¥É·¨Ö (4) ¸¶µ´É ´´µ ´ ·ÊÏ¥´  ± ±
¶·¨ g < 0, É ± ¨ ¶·¨ g > 0 ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° ¢´¥Ï´¥£µ Ì·µ³µ³ £´¨É´µ£µ
¶µ²Ö H 6= 0. ’ ±¨³ µ¡· §µ³, ¢´¥Ï´¥¥ Ì·µ³µ³ £´¨É´µ¥ ¶µ²¥, ± ±  ¡¥²¥¢µ¶µ-
¤µ¡´µ¥, É ± ¨ ´¥ ¡¥²¥¢µ, Ö¢²Ö¥É¸Ö Ë ±Éµ·µ³, ¸¶µ¸µ¡¸É¢ÊÕÐ¨³ ¸¶µ´É ´´µ³Ê
´ ·ÊÏ¥´¨Õ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨ (4),   Ê Ë¥·³¨µ´µ¢ ¶·¨ ÔÉµ³ ¶µÖ¢²Ö¥É¸Ö
´¥´Ê²¥¢ Ö ³ ¸¸  σ0(H).

�Í¥´¨³ É¥¶¥·Ó ¶µ¢¥¤¥´¨¥ ¤¨´ ³¨Î¥¸±¨ ¢µ§´¨±Ï¥° ³ ¸¸Ò Ë¥·³¨µ´µ¢
(≡ σ0(H)) ¶·¨ ¡µ²ÓÏ¨Ì ¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ H . �Ê¸ÉÓ k Ö¢²Ö¥É¸Ö ·¥Ï¥-
´¨¥³ Ê· ¢´¥´¨Ö 4k = GH(k). ’µ£¤  ¶·¨ H → ∞ ¢¨¤´µ, ÎÉµ A(H) → 0, É.¥.
x0(H)→ k. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ H →∞

σ0(H) ≡
√
eHx0(H)→ k

√
eH. (91)

�¸¨³¶ÉµÉ¨±  (91) ´¥ § ¢¨¸¨É µÉ §´ ±  ±µ´¸É ´ÉÒ g. „²Ö ¸· ¢´¥´¨Ö µÉ³¥-
É¨³, ÎÉµ ¢ ¸²ÊÎ ¥ ¸ ¢´¥Ï´¨³ ³ £´¨É´Ò³ ¶µ²¥³ (¸³. ¶.1.2) ³ ¸¸  Ë¥·³¨µ´µ¢
± Î¥¸É¢¥´´µ ¨³¥¥É É ±µ¥ ¦¥ ¶µ¢¥¤¥´¨¥ ¶·¨ H →∞.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ³ ²Ò¥ §´ Î¥´¨Ö H . ‡¤¥¸Ó ´¥µ¡Ìµ¤¨³µ ¢Ò¤¥²¨ÉÓ ¤¢ 
¸²ÊÎ Ö. �Ê¸ÉÓ g > 0. �µ´ÖÉ´µ, ÎÉµ Ê· ¢´¥´¨¥, ±µÉµ·µ³Ê Ê¤µ¢²¥É¢µ·Ö¥É x0(H),
¶·¨ H → 0 ¨³¥¥É ¢¨¤

A(H) = −ln x0(H).

�É¸Õ¤  ´¥É·Ê¤´µ ´ °É¨ x0(H) ¨ σ0(H) ¶·¨ H → 0 :

σ0(H) ∼
√
eH exp (−2π/(g

√
eH)), (92)

É.¥. ¸ Ê¡Ò¢ ´¨¥³ H ³ ¸¸  Ë¥·³¨µ´µ¢ Ô±¸¶µ´¥´Í¨ ²Ó´µ ¶ ¤ ¥É. ˆ´É¥·¥¸´µ
µÉ³¥É¨ÉÓ, ÎÉµ ¢µ ¢´¥Ï´¥³ ³ £´¨É´µ³ ¶µ²¥ ³ ¸¸  Ë¥·³¨µ´µ¢ Ê¡Ò¢ ¥É ²¨´¥°´µ,
É.¥. ¡µ²¥¥ ³¥¤²¥´´µ, ¶·¨ H → 0 (¸³. ¶.1.2).

�Ê¸ÉÓ g < 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨ ³ ²ÒÌ H ¶ · ³¥É· A(H) ¨§ (90)
¸É·¥³¨É¸Ö ± −∞, ¸²¥¤µ¢ É¥²Ó´µ, ·¥Ï¥´¨¥ x0(H) Ê· ¢´¥´¨Ö (89) ¸É·¥³¨É¸Ö ±
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+∞. ˆ¸¶µ²Ó§ÊÖ ¢ (89)  ¸¨³¶ÉµÉ¨±Ê ËÊ´±Í¨¨ GH(x) ¶·¨ ¡µ²ÓÏ¨Ì x, ´¥É·Ê¤´µ
¶µ± § ÉÓ, ÎÉµ ¶·¨ H → 0

σ0(H) = M{1 + (eH)2/(72M4) + o((eH)2/M4)}, (93)

£¤¥ M Ä ³ ¸¸  Ë¥·³¨µ´µ¢ ¶·¨ H = 0 (¸³. (88)).
’ ±¨³ µ¡· §µ³, ¢´¥Ï´¨¥ ± ± ³ £´¨É´µ¥, É ± ¨ Ì·µ³µ³ £´¨É´Ò¥, É¨¶ 

(78)Ä(79), ¶µ²Ö ¢Ò§Ò¢ ÕÉ ¢ Î¥ÉÒ·¥ÌË¥·³¨µ´´ÒÌ ³µ¤¥²ÖÌ ¸¶µ´É ´´µ¥ ´ ·Ê-
Ï¥´¨¥ ±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸É¨.

2.3. ‚´¥Ï´¥¥ Ì·µ³µÔ²¥±É·¨Î¥¸±µ¥ ¶µ²¥. �µ³¥¸É¨³ É¥¶¥·Ó ¨¸Ìµ¤´ÊÕ ³µ-
¤¥²Ó ¢µ ¢´¥Ï´¥¥ ¶µ¸ÉµÖ´´µ¥ Ì·µ³µÔ²¥±É·¨Î¥¸±µ¥ ¶µ²¥, ¢¥±Éµ·-¶µÉ¥´Í¨ ² ±µ-
Éµ·µ£µ ¨³¥¥É ¸ÊÐ¥¸É¢¥´´µ ´¥ ¡¥²¥¢Ê Ëµ·³Ê (80). ’¥¶¥·Ó ¢¥²¨Î¨´Ò E2,3(p̄)
¨§ (82) ¨³¥ÕÉ ¢¨¤ [51]:

E2
2,3(p̄) = σ2 + p̄2 + eE/2±

√
eE(σ2 + p̄2 + p2

1), (94)

  E1(p̄) ¨ p̄2 µ¶·¥¤¥²¥´Ò ¢ (84). ‘ ÊÎ¥Éµ³ ÔÉµ£µ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² (83)
³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥ (V ≡ VE):

1

N
VE(σ) =

1

N
V0(σ) +

1

3π
(D3

+ +D3
− − 2|σ|3)−

−
B

4π
(D+ −D−)−

3eE

16π
(D+ +D−)−

−
1

4π2

2π∫
0

dϕ
4(CA−B2)− C2

8
√
C

ln

[ √
C +D+ +D−

−
√
C +D+ +D−

]
. (95)

‡¤¥¸Ó ¶µÉ¥´Í¨ ² V0(σ) µ¶·¥¤¥²¥´ ¢ (86)Ä(87) ¨

D± =
√

(A±B), A = σ2 + eE/2,

B =
√
σ2eE, C = eE(1 + cos2 ϕ). (96)

�·¨ ¢Ò¢µ¤¥ (95) ³Ò ¨¸¶µ²Ó§µ¢ ²¨ ¶µ²Ö·´ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É.
ˆ¸¸²¥¤Ê¥³ É¥¶¥·Ó ËÊ´±Í¨Õ (95) ´   ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ´  ¶µ²Êµ¸¨

σ ≥ 0. �¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ

1

N

∂VE

∂σ
= σ{H(σ)−GE(σ)}, (97)

£¤¥

H(σ) =
1

g
+

1

π
(σ +D+ +D−),
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GE(σ) =
1

4π2

2π∫
0

dϕ
C − eE
√
C

ln

[
D+ +D− +

√
C

D+ +D− −
√
C

]
. (98)

�Î¥¢¨¤´µ, ÎÉµ H(σ) ³µ´µÉµ´´µ ¢µ§· ¸É ¥É,   GE(σ) ³µ´µÉµ´´µ Ê¡Ò¢ ¥É ¶·¨
σ ≥ 0. ‘²¥¤µ¢ É¥²Ó´µ, ¢ ¸²ÊÎ ¥ H(0) > GE(0) Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨
∂VE/∂σ = 0 ¡Ê¤¥É ¨³¥ÉÓ ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ σ = 0, ¢ ±µÉµ·µ³ ¶µÉ¥´Í¨ ²
VE(σ) ¤µ¸É¨£ ¥É ¸¢µ¥£µ ´ ¨³¥´ÓÏ¥£µ §´ Î¥´¨Ö. …¸²¨ ¦¥ H(0) < GE(0), Éµ
¶µÖ¢¨É¸Ö ¥Ð¥ µ¤´  ÉµÎ±  ¸É Í¨µ´ ·´µ¸É¨ σ0(E) 6= 0, ¢ ±µÉµ·µ° Ê ËÊ´±Í¨¨
VE(σ) ¡Ê¤¥É £²µ¡ ²Ó´Ò° ³¨´¨³Ê³. �Í¥´¨¢ Î¨¸²¥´´µ ¢¥²¨Î¨´Ê GE(0), ³Ò
¶µ²ÊÎ¨³

H(0)−GE(0) ∼=
1

g
+
√
eE · 0, 2923... (99)

�É¸Õ¤  ¢¨¤´µ, ÎÉµ ¶·¨ ¶µ²µ¦¨É¥²Ó´ÒÌ g ´¥· ¢¥´¸É¢µ H(0) > GE(0) ¢Ò¶µ²-
´Ö¥É¸Ö ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¢´¥Ï´¥£µ Ì·µ³µÔ²¥±É·¨Î¥¸±µ£µ ¶µ²Ö E. ‚ ÔÉµ³
¸²ÊÎ ¥ ±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ ³µ¤¥²¨ µ¸É ¥É¸Ö ´¥´ ·ÊÏ¥´´µ°,   ±¢ ·±¨
Ä ¡¥§³ ¸¸µ¢Ò³¨. (� ¶µ³´¨³, ÎÉµ ¶·¨ g > 0, ¢ µÉ²¨Î¨¥ µÉ Ì·µ³µÔ²¥±É·¨Î¥-
¸±µ£µ, ¸±µ²Ó Ê£µ¤´µ ³ ²Ò¥ §´ Î¥´¨Ö ¢´¥Ï´¥£µ Ì·µ³µ³ £´¨É´µ£µ ¶µ²Ö ¢Ò§Ò-
¢ ÕÉ ¸¶µ´É ´´µ¥ ´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸É¨.)

� ¸¸³µÉ·¨³ ¡µ²¥¥ ¶µ¤·µ¡´µ ¸²ÊÎ ° g < 0. ˆ§ (99) ¸²¥¤Ê¥É, ÎÉµ ¶·¨ ¤µ-
¸É ÉµÎ´µ ³ ²ÒÌ §´ Î¥´¨ÖÌ E H(0) < GE(0), É.¥. ³µ¤¥²Ó ´ Ìµ¤¨É¸Ö ¢ Ë §¥
¸µ ¸¶µ´É ´´Ò³ ´ ·ÊÏ¥´¨¥³ ±¨· ²Ó´µ° ¸¨³³¥É·¨¨. �¤´ ±µ ¶·¨ ¤µ¸É ÉµÎ´µ
¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ E ³Ò ¡Ê¤¥³ ¨³¥ÉÓ Ë §Ê ¸ ´¥´ ·ÊÏ¥´´µ° ±¨· ²Ó´µ° ¨´-
¢ ·¨ ´É´µ¸ÉÓÕ. �¥·¥Ìµ¤ ¨§ µ¤´µ° Ë §Ò ¢ ¤·Ê£ÊÕ ¶·µ¨¸Ìµ¤¨É ¶·¨ E = Ec:

eEc = (g · 0, 2923...)−2 ∼= M2 · 10, 6730... (100)

(Š·¨É¨Î¥¸± Ö ´ ¶·Ö¦¥´´µ¸ÉÓ Ì·µ³µÔ²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ´ Ìµ¤¨É¸Ö ¨§ Ê¸²µ-
¢¨Ö, ÎÉµ ¶· ¢ Ö Î ¸ÉÓ (99) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.) ‚ ±·¨É¨Î¥¸±µ° ÉµÎ±¥ ³Ò
¨³¥¥³ Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤ .

�Í¥´¨³ É¥¶¥·Ó ³ ¸¸Ê Ë¥·³¨µ´µ¢ ¶·¨ 0 < E ≤ Ec. �Éµ ³µ¦´µ ¸¤¥² ÉÓ,
¨¸Ìµ¤Ö ¨§ Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨. ‚ ¸ ³µ³ ¤¥²¥, ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ
¶·¨ E → 0

σ0(E) = M(1− (eE)2/(72M4) + ...) (101)

�¤´ ±µ ¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ (E → Ec):

σ0(E) ∼=
e(Ec − E)
√
eEc

· 0, 4591... (102)

� ±µ´¥Í, µÉ³¥É¨³, ÎÉµ Ê ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  (95) ´¥É ³´¨³µ° Î -
¸É¨. ‘²¥¤µ¢ É¥²Ó´µ, ¢ ±ÊÊ³ ³µ¤¥²¨ ¢µ ¢´¥Ï´¥³ Ì·µ³µÔ²¥±É·¨Î¥¸±µ³ ¶µ²¥ (8)
Ö¢²Ö¥É¸Ö ¸É ¡¨²Ó´Ò³ ¸µ¸ÉµÖ´¨¥³. ‚ µÉ²¨Î¨¥ µÉ ÔÉµ£µ ¢µ ¢´¥Ï´¥³ Ô²¥±É·¨Î¥-
¸±µ³ ¶µ²¥ ¢ ±ÊÊ³ É¥µ·¨¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ´¥¸É ¡¨²¥´ [36].
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2.4. ‘²ÊÎ ° H,T 6= 0. �·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ ¸¨¸É¥³ , µ¶¨¸Ò¢ ¥³ Ö
² £· ´¦¨ ´µ³ (73), ¶µ³¥Ð¥´  ¢ É¥·³µ¸É É. �·¥¦¤¥ Î¥³ ¶·¥¤¸É ¢¨ÉÓ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨° ÔÉµ³Ê ¸²ÊÎ Õ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ², ¶·¨¢¥¤¥³ ¶µÉ¥´Í¨ ² (81) ¸
ÊÎ¥Éµ³ (82) ± ¡µ²¥¥ Ê¤µ¡´µ³Ê ¢¨¤Ê

1

N
V (σ) =

σ2

2g0
+

2i

(2π)3

3∑
k=1

∫
d3pln dk(p). (103)

�·µ¢µ¤Ö ¤ ²¥¥ ¢ÒÎ¨¸²¥´¨Ö,  ´ ²µ£¨Î´Ò¥ ¶·¥¤¸É ¢²¥´´Ò³ ¢ ¶.1.1 ¶·¨ T, µ 6= 0,
¶µ²ÊÎ¨³

1

N
V (σ) =

σ2

2g0
− 2

3∑
k=1

∫
d2p

(2π)2
{ Ek+

+T ln [ 1 + exp [−β(Ek + µ)] ] + T ln [ 1 + exp [−β(Ek − µ)] ] }, (104)

£¤¥ ¸¢Ö§Ó ³¥¦¤Ê Ek ¨ dk(p) ¤ ´  ¸µµÉ´µÏ¥´¨¥³ (82). �·¥¤¶µ² £ Ö É¥¶¥·Ó,
ÎÉµ µ = 0 ¨ ¶µ²¥³ £²Õµ´´µ£µ ±µ´¤¥´¸ É  Ö¢²Ö¥É¸Ö ´¥ ¡¥²¥¢µ Ì·µ³µ³ £´¨É-
´µ¥ ¶µ²¥, ±µ£¤  ¢¥²¨Î¨´Ò Ek(p̄) ¨³¥ÕÉ ¢¨¤ (84), ¨§ (104) ¶µ²ÊÎ ¥³ ¶µ¸²¥
É·¨¢¨ ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¢Ò· ¦¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¶·¨
H,T 6= 0 (V (σ) ≡ VHT (σ)):

1

N
VHT (σ) =

1

N
VH(σ)−

3∑
i=1

Fi(σ), (105)

£¤¥

Fi(σ) =
T

π

∫ ∞
0

dxln [ 1 + exp [−βEi(x)] ], (106)

x = p̄2, ËÊ´±Í¨Ö VH(σ) µ¶·¥¤¥²¥´  ¢ (85). ’ ± ± ± ¢¸Ö § ¢¨¸¨³µ¸ÉÓ µÉ
±µ³¶µ´¥´É ¨³¶Ê²Ó¸µ¢ ¢¥²¨Î¨´Ò Ek(p̄) ¸¢µ¤¨É¸Ö ± ¥¥ § ¢¨¸¨³µ¸É¨ µÉ ±µ³¡¨-
´ Í¨¨ p̄2 (¸³. (84)), Éµ ¢ (106) ³Ò ¶·¨´Ö²¨ µ¡µ§´ Î¥´¨¥ Ek(x) ≡ Ek(p̄) |p̄2=x.
“· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ¤²Ö ËÊ´±Í¨¨ (105) ¨³¥¥É ¢¨¤

σ{ ω(σ)− ϕ(σ) } = 0, (107)

£¤¥

ω(σ) =
1

g
+

2σ

π
+

1

π

√
σ2 + eH+

+
2T

π
{ 2ln ( 1 + exp [−βσ] ) + ln ( 1 + exp [−β

√
σ2 + eH ] ) }, (108)

ϕ(σ) =

√
eH

2π

∫ √σ2+eH

σ

dE
√
E2 − σ2

th

(
E

2T

)
. (109)
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�Î¥¢¨¤´µ, ÎÉµ σ = 0 Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (107). �¥±µÉµ·Ò¥ ¸¢µ°-
¸É¢  ËÊ´±Í¨° ω(σ) ¨ ϕ(σ) ¶·¨¢¥¤¥´Ò ¢ ¶·¨²µ¦¥´¨¨ C, £¤¥ ¶µ± § ´µ, ÎÉµ ´ 
¨´É¥·¢ ²¥ (0,∞) ω′(σ) > ϕ′(σ). ’ ³ ¦¥ ¶µ± § ´µ, ÎÉµ ¶·¨ σ →∞ ω(σ) ∼
4σ/π, ϕ(σ)→ 0. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ, ¥¸²¨ ω(0) < ϕ(0), Éµ ¢ (108) ¢Ò· ¦¥-
´¨¥ ¢ Ë¨£Ê·´ÒÌ ¸±µ¡± Ì µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ ¥¤¨´¸É¢¥´´µ° ÉµÎ±¥ σ0 6= 0, £¤¥
ËÊ´±Í¨Ö VHT (σ) ¨³¥¥É £²µ¡ ²Ó´Ò° ³¨´¨³Ê³. ‘²¥¤µ¢ É¥²Ó´µ, ¢ ÔÉµ³ ¸²ÊÎ ¥
±¨· ²Ó´ Ö ¸¨³³¥É·¨Ö ³µ¤¥²¨ ¸¶µ´É ´´µ ´ ·ÊÏ¥´ ,   Ë¥·³¨µ´Ò ¤¨´ ³¨Î¥-
¸±¨³ µ¡· §µ³ ¶·¨µ¡·¥É ÕÉ ³ ¸¸Ê σ0. …¸²¨ ¦¥ ω(0) > ϕ(0), Éµ Ë¥·³¨µ´Ò
¡¥§³ ¸¸µ¢Ò.

’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ ¢ ¶²µ¸±µ¸É¨ ¶ · ³¥É·µ¢ (T,H) · ¢¥´¸É¢µ

ω(0) = ϕ(0) (110)

µ¶·¥¤¥²Ö¥É ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ lc, ±µÉµ· Ö µÉ¤¥²Ö¥É ³´µ¦¥¸É¢µ ¶ · ³¥É·µ¢
(T,H), ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¨³³¥É·¨Î´µ³Ê µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ´¨Õ, µÉ µ¡² ¸É¨,
£¤¥ ¸¨³³¥É·¨Ö (4) ¸¶µ´É ´´µ ´ ·ÊÏ¥´ . �Î¥¢¨¤´µ, ÎÉµ ¶·¨ ¶¥·¥¸¥Î¥´¨¨ ±·¨-
É¨Î¥¸±µ° ±·¨¢µ° ¢ ³µ¤¥²¨ ¶·µ¨¸Ìµ¤¨É Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤  (¸¨ÉÊ -
Í¨Ö,  ´ ²µ£¨Î´ Ö ¸²ÊÎ Õ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö (¸³. ¶.1.3)). Š·¨É¨Î¥¸± Ö
±·¨¢ Ö ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

lc = { (T,H) : T = Tc(H) ; T,H ≥ 0 },

£¤¥ ËÊ´±Í¨Õ Tc(H) ´ §µ¢¥³ ±·¨É¨Î¥¸±µ° É¥³¶¥· ÉÊ·µ°.
—Éµ¡Ò ¨¸¸²¥¤µ¢ ÉÓ ÔÉÊ ËÊ´±Í¨Õ, Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¶¥·¥³¥´´Ò¥

t =

√
eH

2T
, h =

2π

g
√
eH

, (111)

¢ É¥·³¨´ Ì ±µÉµ·ÒÌ Ê· ¢´¥´¨¥ (110) ¨³¥¥É ¢¨¤

h ≡ h(t) =

∫ t

0

dτ
th τ

τ
− 2−

2

t
[ 2ln 2 + ln (1 + exp (−2t)) ]. (112)

�·¥¨³ÊÐ¥¸É¢µ ¶ · ³¥É·µ¢ (t, h) § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ (112) ¤ ¥É ¢ Ö¢´µ³
¢¨¤¥ ËÊ´±Í¨µ´ ²Ó´ÊÕ § ¢¨¸¨³µ¸ÉÓ ³¥¦¤Ê ´¨³¨. ˆ§ (112) ¢¨¤´µ, ÎÉµ h(t) Ö¢²Ö-
¥É¸Ö ³µ´µÉµ´´µ ¢µ§· ¸É ÕÐ¥° µÉ −∞ ¤µ +∞ ËÊ´±Í¨¥°, ±µ£¤  t ¨§³¥´Ö¥É¸Ö
µÉ ´Ê²Ö ¤µ +∞. ‘²¥¤µ¢ É¥²Ó´µ, ¸ÊÐ¥¸É¢Ê¥É t0 > 0, £¤¥ h(t) µ¡· Ð ¥É¸Ö ¢
´Ê²Ó. �Î¥¢¨¤´µ, ÎÉµ ¶·¥µ¡· §µ¢ ´¨¥ (111) ¶¥·¥¢µ¤¨É ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ lc
¢µ ³´µ¦¥¸É¢µ ÉµÎ¥±

L+ = { (t, h) : h = h(t) , t > t0 },

¥¸²¨ g > 0, ¨ ¢µ ³´µ¦¥¸É¢µ ÉµÎ¥±

L− = { (t, h) : h = h(t) , 0 < t < t0 },
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¥¸²¨ g < 0. �·¨ ÔÉµ³ §´ Î¥´¨Ö t ∼ t0 ´  ±·¨¢ÒÌ L± ¸µµÉ¢¥É¸É¢ÊÕÉ ¡µ²ÓÏ¨³
§´ Î¥´¨Ö³ Ì·µ³µ³ £´¨É´µ£µ ¶µ²Ö. �·¥¤¥²Ò t → ∞ ´  ±·¨¢µ° L+(g > 0)
¨ t → 0 ´  ±·¨¢µ° L−(g < 0) ¸µµÉ¢¥É¸É¢ÊÕÉ ³ ²Ò³ §´ Î¥´¨Ö³ ¢´¥Ï´¥£µ
¶µ²Ö H . ‡´ Ö ¸¢µ°¸É¢  ËÊ´±Í¨¨ h(t), É¥¶¥·Ó ´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ ¶µ¢¥¤¥´¨¥
±·¨É¨Î¥¸±µ° É¥³¶¥· ÉÊ·Ò Tc(H) ¶·¨ ¡µ²ÓÏ¨Ì ¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ H .

‚ ¸ ³µ³ ¤¥²¥, ¶·¥¤¥² t→ t0, ±µ£¤  h(t)→ 0, ¤ ¥É ´ ³ (¸³. (111)) H →∞
¨

Tc(H) ∼
√
eH (113)

± ± ¤²Ö ¶µ²µ¦¨É¥²Ó´ÒÌ, É ± ¨ ¤²Ö µÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g.
�Ê¸ÉÓ g > 0 ¨ t → ∞. �É  Î ¸ÉÓ ±·¨¢µ° L+ ¸µµÉ¢¥É¸É¢Ê¥É ³ ²Ò³

§´ Î¥´¨Ö³ H . �¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ¶·¨ t → ∞ h(t) ∼ ln t. ‚Ò· ¦ Ö ¢
ÔÉµ³ ¸µµÉ´µÏ¥´¨¨ h ¨ t Î¥·¥§ T ¨ H (¸³. (111)), ¨³¥¥³ ¶·¨ H → 0

Tc(H) ∼
√
eH exp (−2π/ (g

√
eH) ). (114)

” §µ¢Ò° ¶µ·É·¥É ³µ¤¥²¨ ¢ ¸²ÊÎ ¥ g > 0 ¶·¥¤¸É ¢²¥´ ´  ·¨¸.4.

�¨¸. 4. ” §µ¢ Ö ¸É·Ê±ÉÊ·  ³µ-
¤¥²¨ (73) ¶·¨ g > 0 ¢µ ¢´¥Ï-
´¥³ ´¥ ¡¥²¥¢µ³ Ì·µ³µ³ £´¨É-
´µ³ ¶µ²¥

�Ê¸ÉÓ É¥¶¥·Ó g < 0 ¨ t→ 0. ‚ ÔÉµ³ ¸²ÊÎ ¥
³Ò É ±¦¥ ¶µ²ÊÎ ¥³ ÉÊ Î ¸ÉÓ ±·¨¢µ° L−, ±µÉµ-
· Ö ¸µµÉ¢¥É¸É¢Ê¥É ³ ²Ò³ §´ Î¥´¨Ö³ H . � §-
² £ Ö ËÊ´±Í¨Õ (112) ¢ ·Ö¤ ¶µ ³ ²µ³Ê ¶ · -
³¥É·Ê t ¨ ¨¸¶µ²Ó§ÊÖ § É¥³ ¸µµÉ´µÏ¥´¨Ö (111),
´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ ¶·¨ H → 0

Tc(H) = Tc + (eH)2/[T 3
c 1728ln 2] + o((eH)2),

(115)
£¤¥ Tc Ä ±·¨É¨Î¥¸± Ö É¥³¶¥· ÉÊ·  ¶·¨ H = 0:

Tc = −π/[6gln 2].

�·¨ g < 0 Tc(H) § ¢¨¸¨³µ¸ÉÓ ± Î¥¸É¢¥´´µ
¨³¥¥É ÉµÉ ¦¥ ¢¨¤, ÎÉµ ¨ ±·¨¢ Ö, ¨§µ¡· ¦¥´´ Ö
´  ·¨¸.3.

2.5. ‘²ÊÎ ° H,µ 6= 0. ‚ ¶·¥¤² £ ¥³µ³ · §¤¥²¥ ³Ò ¨¸¸²¥¤Ê¥³ Ë §µ¢ÊÕ
¸É·Ê±ÉÊ·Ê É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ ¸ ÊÎ¥Éµ³ ¢´¥Ï´¥£µ Ì·µ³µ³ £-
´¨É´µ£µ ¶µ²Ö ¨ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  µ, ´µ ¶·¨ T = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥
¨§ (104) ´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ³µ¤¥²¨
(V (σ) ≡ VHµ(σ)):

VHµ(σ) = VH(σ) −
NΘ(µ− σ)

12π
B1(σ)−

NΘ(µ2 − eH − σ2)

12π
B2(σ). (116)

‡¤¥¸Ó Θ(x) Ä ¸ÉÊ¶¥´Î É Ö ËÊ´±Í¨Ö •Ô¢¨¸ °¤  ¨

B1(σ) = 4µ3 + 8σ3 − 12σ2µ+ 3µ
√
eH(µ2 − σ2)−
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−3σ2
√
eHln [ (µ+

√
µ2 − σ2 )/σ ],

B2(σ) = 2µ3 − 6µσ2 + 4(σ2 + eH)3/2 − 3µ
√
eH(µ2 − σ2)−

−3eH
√
σ2 + eH + 3σ2

√
eHln

[
µ+

√
µ2 − σ2

√
eH +

√
σ2 + eH

]
. (117)

”Ê´±Í¨¨ Bi(σ) µ¡² ¤ ÕÉ ¸¢µ°¸É¢µ³ (¶·¨ µ2 ≥ eH):

B1(µ) = B2(
√
µ2 − eH) = 0. (118)

’¥¶¥·Ó ¨§ (116) ²¥£±µ ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨:

∂VHµ(σ)

∂σ
= 0 =

∂VH(σ)

∂σ
−
NΘ(µ− σ)

12π
b1(σ)−

NΘ(µ2 − eH − σ2)

12π
b2(σ),

(119)
£¤¥ bi(σ) = ∂Bi(σ)/∂σ. �É³¥É¨³, ÎÉµ ¶·¨ ¢Ò¢µ¤¥ (119) ³Ò ´¥ ÊÎ¨ÉÒ¢ ²¨
Î²¥´Ò, ¶·µ¶µ·Í¨µ´ ²Ó´Ò¥ δ(µ − σ) ¨ δ(µ2 − σ2 − eH). �Î¥¢¨¤´µ, ÎÉµ µ´¨
¤µ²¦´Ò µ¡· É¨ÉÓ¸Ö ¢ ´Ê²Ó ¨§Ä§  ¸µµÉ´µÏ¥´¨Ö (118).

�Ê¸ÉÓ H 6= 0. ‚ ¶.2.2 ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ µ = 0 ÔËË¥±É¨¢´Ò° ¶µ-
É¥´Í¨ ² VH(σ) µ¡Ö§ É¥²Ó´µ ¨³¥¥É £²µ¡ ²Ó´Ò° ³¨´¨³Ê³ ¢ ÉµÎ±¥ σ0(H) 6= 0,
É.¥. ±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ ³µ¤¥²¨ ¸¶µ´É ´´µ ´ ·ÊÏ ¥É¸Ö ¶µ¤ ¤¥°¸É¢¨¥³
¢´¥Ï´¨Ì Ì·µ³µ³ £´¨É´ÒÌ ¶µ²¥°. �Ê¸ÉÓ 0 < µ << σ0(H). ‘ ¶µ³µÐÓÕ (116)
´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ VHµ = VH+∆V, £¤¥ ∆V = O(µ2). ‘²¥-
¤µ¢ É¥²Ó´µ, ¶·¨ ¤µ¸É ÉµÎ´µ ³ ²ÒÌ §´ Î¥´¨ÖÌ µ £²µ¡ ²Ó´Ò° ³¨´¨³Ê³ ÔËË¥±-
É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¶µ-¶·¥¦´¥³Ê ¡Ê¤¥É ´ Ìµ¤¨ÉÓ¸Ö ¢ ÉµÎ±¥ σ0(H). �µ± ¦¥³,
ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ µ ±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ ³µ¤¥²¨
¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö. ˆÉ ±, ¶Ê¸ÉÓ µ >>

√
eH, |g|. � §µ¡Ó¥³ ¶µ²Êµ¸Ó σ ≥ 0, £¤¥

´¥µ¡Ìµ¤¨³µ ·¥Ï¨ÉÓ Ê· ¢´¥´¨¥ (119), ´  É·¨ ³´µ¦¥¸É¢ .
1) �Ê¸ÉÓ σ ≥ µ. ‚ ÔÉµ³ ¸²ÊÎ ¥ (119) ¨³¥¥É ¢¨¤ (89), É.¥. ∂VH/∂σ = 0.

�¤´ ±µ ²¥£±µ ¶µ± § ÉÓ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì µ ÉµÎ±¨ σ = 0 ¨ σ0(H),
±µÉµ·Ò¥ Ëµ·³ ²Ó´µ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö (89), ´¥ Ê¤µ¢²¥É¢µ·ÖÕÉ
Ê¸²µ¢¨Õ (1) ¨ ¶µÔÉµ³Ê ´¥ Ö¢²ÖÕÉ¸Ö ±µ·´Ö³¨ Ê· ¢´¥´¨Ö (119).

2) �Ê¸ÉÓ
√
µ2 − eH ≤ σ ≤ µ. ‡¤¥¸Ó Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨ ¶µÉ¥´Í¨-

 ²  VHµ ¨³¥¥É ¢¨¤

σ

{
2π

g
+ 4µ+

√
eH ln

[
µ+

√
µ2 − σ2

√
eH +

√
σ2 + eH

]}
= 0.

�¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ µ ÔÉµ Ê· ¢´¥´¨¥
´¥ ¨³¥¥É ·¥Ï¥´¨°, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Ö³ (2).

3) �Ê¸ÉÓ 0 ≤ σ ≤
√
µ2 − eH. ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ ¸É Í¨µ´ ·´µ¸É¨

(119) ¢Ò£²Ö¤¨É É ±:
σ{3µ+ π/g} = 0.
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�¥Ï¥´¨¥³ ¥£µ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ µ ¡Ê¤¥É ¥¤¨´¸É¢¥´´ Ö ÉµÎ± 
σ = 0, ±µÉµ· Ö Ê¤µ¢²¥É¢µ·Ö¥É µ£· ´¨Î¥´¨Ö³ (3).

’ ±¨³ µ¡· §µ³, ³Ò ¶µ± § ²¨, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì µ ¨§ ¢¸¥£µ
³´µ¦¥¸É¢  σ ≥ 0 Éµ²Ó±µ µ¤´  ÉµÎ±  σ = 0 Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö
(119), ¢ ´¥° Ê ¶µÉ¥´Í¨ ²  (116) ¡Ê¤¥É ´ Ìµ¤¨ÉÓ¸Ö  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³. �Éµ
µ§´ Î ¥É, ÎÉµ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨ÖÌ H ±¨· ²Ó´ Ö ¸¨³³¥É·¨Ö (4)
³µ¤¥²¨, ¸¶µ´É ´´µ ´ ·ÊÏ¥´´ Ö ¶·¨ ³ ²ÒÌ µ, µ¡Ö§ É¥²Ó´µ ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö
¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ Ì¨³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ² .

2.6. �¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éµ¢. Š ± ¶µ± § ´µ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¢  ¡¥-
²¥¢µ° É¥µ·¨¨ ÔËË¥±É ± É ²¨§ Í¨¨ µ¡Ê¸²µ¢²¥´ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¸¶¨´  Ë¥·³¨-
µ´µ¢ ¸ ³ £´¨É´Ò³ ¶µ²¥³. ‚ ´¥ ¡¥²¥¢µ° É¥µ·¨¨ ¸¨ÉÊ Í¨Ö ¡µ²¥¥ ¸²µ¦´ Ö ¢¢¨¤Ê
´ ²¨Î¨Ö ¨§µ¸¶¨´µ¢µ° ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò Ê Î ¸É¨Í. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö  ¡¥²¥¢µ¶µ-
¤µ¡´µ° ±µ´Ë¨£Ê· Í¨¨ ³ £´¨É´µ£µ ¶µ²Ö ³Ò ÔËË¥±É¨¢´µ ¶·¨Ìµ¤¨³ ± ¸²ÊÎ Õ,
· ¸¸³µÉ·¥´´µ³Ê ¢ÒÏ¥ (¸³. · §¤. 1), ¶µ¸±µ²Ó±Ê ´  ±² ¸¸¨Î¥¸±µ³ Ö§Ò±¥ ¤¢¨¦¥-
´¨Ö ¢ ¨§µ¸¶¨´µ¢µ³ ¨ µ¡ÒÎ´µ³ ¶·µ¸É· ´¸É¢ Ì · §¤¥²ÖÕÉ¸Ö. „²Ö ´¥ ¡¥²¥¢ÒÌ
±µ´Ë¨£Ê· Í¨° ¶µ²¥° · §¤¥²¥´¨Ö ¤¢¨¦¥´¨° ´¥ ¶·µ¨¸Ìµ¤¨É, ¨ ´  ¸¶¥±É· Î ¸É¨Í
µ± §Ò¢ ÕÉ ¢²¨Ö´¨¥ ± ± ¸¶¨´, É ± ¨ ¨§µ¸¶¨´ Î ¸É¨Í,   É ±¦¥ ¨Ì µÉ´µ¸¨É¥²Ó-
´ Ö µ·¨¥´É Í¨Ö. ˆ³¥´´µ ÔÉ  ¸¨ÉÊ Í¨Ö ¨ µ¡¸Ê¦¤ ² ¸Ó ¢ ¶·¥¤² £ ¥³µ³ · §¤¥²¥,
´ ¶¨¸ ´´µ³ ´  µ¸´µ¢¥ [50Å52].

C ÊÎ¥Éµ³ ¸± § ´´µ£µ, ´ ³¨ · ¸¸³µÉ·¥´µ ¢²¨Ö´¨¥ ¢ ±ÊÊ³´µ£µ £²Õµ´´µ£µ
±µ´¤¥´¸ É  ´  Ë §µ¢ÊÕ ¸É·Ê±ÉÊ·Ê É·¥Ì³¥·´µ° ³µ¤¥²¨ ƒ� (¢ Î¥ÉÒ·¥Ì³¥·¨¨
³µ¤¥²¨ ÔÉµ£µ É¨¶  ÔËË¥±É¨¢´µ µ¶¨¸Ò¢ ÕÉ ¤¨´ ³¨±Ê ±¢ ·±µ¢ ¶·¨ ´¨§±¨Ì
Ô´¥·£¨ÖÌ). ‚ · ³± Ì Î¥ÉÒ·¥ÌË¥·³¨µ´´ÒÌ ³µ¤¥²¥° £²Õµ´´Ò° ±µ´¤¥´¸ É ´¥
Ö¢²Ö¥É¸Ö ¤¨´ ³¨Î¥¸±µ° ¢¥²¨Î¨´µ°,  , ¸±µ·¥¥, ¢Ò¸ÉÊ¶ ¥É ± ± ¢´¥Ï´¨° ¶ · -
³¥É·, ±µÉµ·Ò° µ¡ÒÎ´µ µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ ¢´¥Ï´¨³ Í¢¥Éµ¢Ò³ ¶µ²¥³, ´ ¶·¨-
³¥·, ¢¨¤  (78)Ä(80), ¢µ§¤¥°¸É¢ÊÕÐ¨³ ´  ¸¨¸É¥³Ê. ‚²¨Ö´¨¥  ¡¥²¥¢µ¶µ¤µ¡´ÒÌ
Í¢¥Éµ¢ÒÌ ¶µ²¥° É¨¶  (78) ´  Î¥ÉÒ·¥ÌË¥·³¨µ´´ÊÕ ³µ¤¥²Ó (73) ¶·¨¢µ¤¨É ± É¥³
¦¥ ·¥§Ê²ÓÉ É ³, ÎÉµ ¨ ¢µ§¤¥°¸É¢¨¥ ¢´¥Ï´¥£µ ³ £´¨É´µ£µ ¶µ²Ö, · ¸¸³µÉ·¥´´µ¥
¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ´  µ¡ÒÎ´ÊÕ ³µ¤¥²Ó ƒ�, ¢ ±µÉµ·µ° Ê Ë¥·³¨µ´µ¢ ´¥É
Í¢¥Éµ¢ÒÌ ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò. �µÔÉµ³Ê §¤¥¸Ó ÔÉµÉ ¸²ÊÎ ° µÉ¸ÊÉ¸É¢Ê¥É, ¨ µ¸´µ¢-
´µ¥ ¢´¨³ ´¨¥ ³Ò § É· É¨²¨ ´  ¨¸¸²¥¤µ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ É¥µ·¨¨ (73)
´  Ëµ´¥ ¢´¥Ï´¨Ì ´¥ ¡¥²¥¢ÒÌ ¶µ²¥° É¨¶  (79), (80). „¥²µ ¢ Éµ³, ÎÉµ ¢ ¨¸-
É¨´´µ³ ¢ ±ÊÊ³¥ Š•„ £²Õµ´´Ò° ±µ´¤¥´¸ É ¶·¨ ´¨§±¨Ì É¥³¶¥· ÉÊ· Ì ¤µ²¦¥´
¨³¥ÉÓ ¸ÊÐ¥¸É¢¥´´µ ´¥ ¡¥²¥¢Ê Ëµ·³Ê [47],   ¶µ²¥ (79) (¨²¨ (80)) Ö¢²Ö¥É¸Ö Ìµ-
·µÏ¨³ ± ´¤¨¤ Éµ³ ´  ÔÉÊ ·µ²Ó [49]. �¥§Ê²ÓÉ ÉÒ ´ Ï¥£µ  ´ ²¨§  ¸²¥¤ÊÕÐ¨¥.

�Ê¸ÉÓ ´  ¨¸Ìµ¤´ÊÕ É¥µ·¨Õ (73) ¢µ§¤¥°¸É¢Ê¥É ¢´¥Ï´¥¥ Ì·µ³µ³ £´¨É´µ¥
¶µ²¥ (79). ‚ ÔÉµ³ ¸²ÊÎ ¥ ³µ¤¥²Ó ÉµÎ´µ ·¥Ï ¥³  ¶·¨ N →∞. �Éµ µ§´ Î ¥É,
ÎÉµ ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² Ö¢²Ö¥É¸Ö ¸Ê-
¶¥·¶µ§¨Í¨¥° Ô²¥³¥´É ·´ÒÌ ËÊ´±Í¨°. �Éµ ¥¤¨´¸É¢¥´´Ò° ¶·¨³¥· É¥µ·¥É¨±µ-
¶µ²¥¢µ° ³µ¤¥²¨, ¢ ±µÉµ·µ° ¢µ§¤¥°¸É¢¨¥ ¢´¥Ï´¥£µ ¶µ²Ö ³µ¦¥É ¡ÒÉÓ ÊÎÉ¥´µ
ÉµÎ´µ (µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¶µ ¢´¥Ï´¥³Ê ¶µ²Õ, É.¥. ¶·µ-
Í¥¤Ê· , ±µÉµ· Ö ´ ±² ¤Ò¢ ¥É µ£· ´¨Î¥´¨Ö ´  µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨ ·¥§Ê²Ó-
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É Éµ¢ ¢ÒÎ¨¸²¥´¨°), ¨ µÉ±²¨± ¸¨¸É¥³Ò ´  Ì·µ³µ³ £´¨É´µ¥ ¢µ§¤¥°¸É¢¨¥ ³µ¦¥É
¡ÒÉÓ ¨§ÊÎ¥´ ¢ Ï¨·µ±µ³ ¤¨ ¶ §µ´¥ ¥£µ §´ Î¥´¨°.

ŒÒ ¶µ± § ²¨, ÎÉµ ´¥ ¡¥²¥¢µ (  É ±¦¥  ¡¥²¥¢µ¶µ¤µ¡´µ¥) Ì·µ³µ³ £´¨É´µ¥
¶µ²¥ ¶·¨ g > 0 ¢Ò§Ò¢ ¥É ¸¶µ´É ´´µ¥ ´ ·ÊÏ¥´¨¥ ±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸É¨
(4),   ¶·¨ g < 0 µ´µ ¥Ð¥ ¡µ²ÓÏ¥ ¸É ¡¨²¨§¨·Ê¥É ´¥¸¨³³¥É·¨Î´Ò° ¢ ±ÊÊ³.
’ ±¨³ µ¡· §µ³, Î¨¸Éµ Ì·µ³µ³ £´¨É´Ò° £²Õµ´´Ò° ±µ´¤¥´¸ É ¢¨¤  (78), (79)
³µ¦¥É ¸²Ê¦¨ÉÓ ± É ²¨§ Éµ·µ³ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¸¨³³¥É·¨¨
¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. ‚ ¶.2.2 µ¶·¥¤¥²¥´µ ¶µ¢¥¤¥´¨¥ ³ ¸¸Ò Ë¥·³¨µ´µ¢
¶·¨ H → ∞ (¸³. (91)),   É ±¦¥ ¢ µ¡² ¸É¨ ³ ²ÒÌ §´ Î¥´¨° H (¸³. (92) ¶·¨
g > 0 ¨ (93) ¶·¨ g < 0 ).

�·¨ ¢µ§¤¥°¸É¢¨¨ ´  ³µ¤¥²Ó ¢´¥Ï´¥£µ Ì·µ³µÔ²¥±É·¨Î¥¸±µ£µ ¶µ²Ö E ¢¨¤ 
(80) ±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ µ¸É ¥É¸Ö ´¥´ ·ÊÏ¥´´µ° ¶·¨ g > 0. �Ê¸ÉÓ
±µ´¸É ´É  ¸¢Ö§¨ g < 0. ’µ£¤  ±¨· ²Ó´ Ö ¸¨³³¥É·¨Ö, ¸¶µ´É ´´µ ´ ·ÊÏ¥´-
´ Ö ¢ µ¡² ¸É¨ ³ ²ÒÌ E, ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ E. ŒÒ ´ Ï²¨ ±·¨É¨Î¥¸±µ¥ §´ Î¥´¨¥ Ì·µ³µÔ²¥±É·¨Î¥¸±µ£µ ¶µ²Ö Ec
(100), ¶·¨ ±µÉµ·µ³ ¶·µ¨¸Ìµ¤¨É Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤  ¨§ Ê¶µ·Ö¤µ-
Î¥´´µ° Ë §Ò ¢ ´¥Ê¶µ·Ö¤µÎ¥´´ÊÕ. Š·µ³¥ Éµ£µ, ´ °¤¥´µ ¶µ¢¥¤¥´¨¥ ³ ¸¸Ò
±¢ ·±µ¢ ¶·¨ E → 0,   É ±¦¥ ¢ µ±·¥¸É´µ¸É¨ ±·¨É¨Î¥¸±µ£µ §´ Î¥´¨Ö ¢´¥Ï´¥£µ
¶µ²Ö (¸³. ¶.2.3). ‚ ¦´µ ¶µ¤Î¥·±´ÊÉÓ ¸²¥¤ÊÕÐÊÕ µ¸µ¡¥´´µ¸ÉÓ ´¥ ¡¥²¥¢µ£µ
Ì·µ³µÔ²¥±É·¨Î¥¸±µ£µ ±µ´¤¥´¸ É . ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ É¥µ·¨¨
ƒ·µ¸¸  Ä �¥¢Ó¥ Ö¢²Ö¥É¸Ö ¸É ¡¨²Ó´Ò³ ¸µ¸ÉµÖ´¨¥³ (¢µ ¢´¥Ï´¥³  ¡¥²¥¢µ¶µ¤µ¡-
´µ³ Ì·µ³µÔ²¥±É·¨Î¥¸±µ³ ¶µ²¥ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ³µ¤¥²¨ ¨³¥¥É ³´¨-
³ÊÕ Î ¸ÉÓ [36], ÎÉµ £µ¢µ·¨É µ ´¥¸É ¡¨²Ó´µ³ ¢ ±ÊÊ³¥). �ÉµÉ Ë ±É, ´  ´ Ï
¢§£²Ö¤, ³µ¦´µ É· ±Éµ¢ ÉÓ ± ± ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö µÉ²¨Î´ÒÌ µÉ ´Ê²Ö
Ì·µ³µÔ²¥±É·¨Î¥¸±¨Ì ±µ³¶µ´¥´É £²Õµ´´µ£µ ±µ´¤¥´¸ É  ¢ Š•„.

�Ê¸ÉÓ ´ ·Ö¤Ê ¸ ¢´¥Ï´¨³ ´¥ ¡¥²¥¢Ò³ Ì·µ³µ³ £´¨É´Ò³ ¶µ²¥³ µÉ²¨Î´  µÉ
´Ê²Ö ¨ É¥³¶¥· ÉÊ· . ’µ£¤ , ± ± ¶µ± § ´µ ¢ ¶.2.4, ¸ÊÐ¥¸É¢Ê¥É ±·¨É¨Î¥¸± Ö
É¥³¶¥· ÉÊ·  Tc(H), ¶·¨ ±µÉµ·µ° ¢ ³µ¤¥²¨ ¶·µ¨¸Ìµ¤¨É Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ-
·µ£µ ·µ¤  ¨§ ±¨· ²Ó´µ-´¥¨´¢ ·¨ ´É´µ£µ ¢ ±¨· ²Ó´µ-¨´¢ ·¨ ´É´µ¥ ¸µ¸ÉµÖ´¨¥
É¥·³µ¤¨´ ³¨Î¥¸±µ£µ · ¢´µ¢¥¸¨Ö. Š·¨É¨Î¥¸± Ö É¥³¶¥· ÉÊ·  ¶·¨ H →∞ ¶·µ-
¶µ·Í¨µ´ ²Ó´ 

√
eH,   ¶·¨ H → 0 ¶µ¢¥¤¥´¨¥ Tc(H) ¶·¨¢¥¤¥´µ ¢ Ëµ·³Ê² Ì

(114) (¶·¨ g > 0) ¨ (115) (¶·¨ g < 0).
� ±µ´¥Í, ¡Ò² · ¸¸³µÉ·¥´ ¸²ÊÎ °, ±µ£¤  µÉ²¨Î´Ò µÉ ´Ê²Ö H ¨ Ì¨³¨Î¥¸±¨°

¶µÉ¥´Í¨ ² µ. ‡¤¥¸Ó ´ ³ Ê¤ ²µ¸Ó ¤µ± § ÉÓ, ÎÉµ ±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ (4)
³µ¤¥²¨, ¸¶µ´É ´´µ ´ ·ÊÏ¥´´ Ö ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ µ, µ¡Ö§ É¥²Ó´µ ¢µ¸¸É -
´ ¢²¨¢ ¥É¸Ö ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì µ.

‚ ·¥ ²Ó´µ³ Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¢µ§¤¥°¸É¢¨¥ ¢´¥Ï´¨Ì
± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° ´  Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò¥ ³µ¤¥²¨ É ±¦¥ ¨§ÊÎ ²µ¸Ó [53,
54]. ‚ · ¡µÉ Ì [53]  ¢Éµ·Ò µ£· ´¨Î¨²¨¸Ó Éµ²Ó±µ  ¡¥²¥¢µ¶µ¤µ¡´Ò³¨ ¢¥±Éµ·-
´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ É¨¶  (78),   ±µ²¨Î¥¸É¢µ ¶µ²ÊÎ¥´´ÒÌ ¨³¨ ·¥§Ê²ÓÉ Éµ¢,
±µ´¥Î´µ, §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥ ¶µ ¸· ¢´¥´¨Õ ¸ É·¥Ì³¥·´Ò³ ¸²ÊÎ ¥³. ‚ [54]
¶µ± § ´µ, ÎÉµ · §²¨Î´Ò¥ É¨¶Ò ¢´¥Ï´¨Ì Ì·µ³µ³ £´¨É´ÒÌ ¶µ²¥° ¢ ³µ¤¥²¨
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� ³¡Ê Ä ˆµ´ -‹ §¨´¨µ É ±¦¥ ¶·¨¢µ¤ÖÉ ± ¸¶µ´É ´´µ³Ê ´ ·ÊÏ¥´¨Õ ±¨· ²Ó-
´µ° ¸¨³³¥É·¨¨.

3. „ˆ��Œˆ—…‘Š�Ÿ ƒ…�…��–ˆŸ —‹…�� —…��� Ä ‘�‰Œ��‘�
‚ ����™…��›• —…’›�…•”…�Œˆ���›• Œ�„…‹Ÿ•

‚ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì Ê¦¥ ¡Ò²  µÉ³¥Î¥´  ¢ ¦´µ¸ÉÓ ¨¸¸²¥¤µ¢ ´¨Ö É·¥Ì-
³¥·´ÒÌ ³µ¤¥²¥° ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¢ ¸¢Ö§¨ ¸ ¨Ì ¢µ§³µ¦-
´Ò³ ´¥¶µ¸·¥¤¸É¢¥´´Ò³ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶·¨ µ¶¨¸ ´¨¨ ¢Ò¸µ±µÉ¥³¶¥· ÉÊ·´µ°
¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨ (‚’‘�). ‘ÊÐ¥¸É¢Ê¥É, µ¤´ ±µ, ¥Ð¥ µ¤¨´ ¶µ¤Ìµ¤ ± ¶µ¸É·µ-
¥´¨Õ É¥µ·¨¨ ‚’‘�, ¢ ±µÉµ·µ³ ¤²Ö µ¡ÑÖ¸´¥´¨Ö ÔÉµ£µ Ö¢²¥´¨Ö ¶·¨¢²¥± ÕÉ¸Ö
Î ¸É¨ÍÒ ¸ ¤·µ¡´Ò³¨ ¸¶¨´µ³ ¨ ¸É É¨¸É¨±µ°, É.±. ¤ ¦¥ ¨¤¥ ²Ó´Ò° £ § É ±¨Ì Î -
¸É¨Í µ¡² ¤ ¥É ¸¢¥·Ì¶·µ¢µ¤ÖÐ¨³¨ ¸¢µ°¸É¢ ³¨ [55]. ‚ ¸¢µÕ µÎ¥·¥¤Ó, ¨§¢¥¸É´µ,
ÎÉµ ¤·µ¡´ Ö ¸É É¨¸É¨±  ¶·¨¸ÊÐ  Éµ²Ó±µ É¥³ É·¥Ì³¥·´Ò³ ¶µ²Ö³, ¤¨´ ³¨± 
±µÉµ·ÒÌ µ¶·¥¤¥²Ö¥É¸Ö ² £· ´¦¨ ´ ³¨, ¸µ¤¥·¦ Ð¨³¨ É ± ´ §Ò¢ ¥³Ò° Î²¥´
—¥·´  Ä ‘ °³µ´¸  (—‘):

LCS = G εµνλ∂µAνAλ, (120)

£¤¥ Aµ Ä ¢¥±Éµ·´µ¥ ¶µ²¥ (¸³., ´ ¶·¨³¥·, µ¡§µ· [56]). ‘²¥¤µ¢ É¥²Ó´µ, ¢ ¦´µ
¶µ´¨³ ÉÓ ³¥Ì ´¨§³Ò ¢µ§´¨±´µ¢¥´¨Ö Î²¥´µ¢ —‘ ¢ É¥µ·¨¨. Œµ¦´µ, ±µ´¥Î´µ,
¶·µ¸Éµ ¤µ¡ ¢¨ÉÓ LCS ¢ ¨¸Ìµ¤´Ò° ² £· ´¦¨ ´ É¥µ·¨¨, µ¤´ ±µ Ë¨§¨±µ¢ ¢¸¥-
£¤  ¨´É¥·¥¸µ¢ ²  ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ ÉÊ ¨²¨ ¨´ÊÕ ¢¥²¨Î¨´Ê ¤¨´ ³¨Î¥¸±¨³
¶ÊÉ¥³, É.¥. §  ¸Î¥É · ¤¨ Í¨µ´´ÒÌ ¶µ¶· ¢µ±, É.±. ¢ ÔÉµ³ ¸²ÊÎ ¥ Ë¨§¨Î¥¸±¨¥
Ö¢²¥´¨Ö ³µ¦´µ µ¶¨¸Ò¢ ÉÓ ³¥´ÓÏ¨³ ±µ²¨Î¥¸É¢µ³ ¶ · ³¥É·µ¢. �É³¥É¨³, ÎÉµ,
¤ ¦¥ ¥¸²¨ ¢ § É· ¢µÎ´µ³ ² £· ´¦¨ ´¥ ³µ¤¥²¨ Î²¥´ —‘ µÉ¸ÊÉ¸É¢Ê¥É, ¢ É¥µ-
·¨¨ ¸ ´ ·ÊÏ¥´´µ° P - ¨ T -Î¥É´µ¸ÉÓÕ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ³ ¸¸¨¢´ÒÌ Ë¥·³¨µ´µ¢
µ´ £¥´¥·¨·Ê¥É¸Ö §  ¸Î¥É ±¢ ´Éµ¢ÒÌ ¶µ¶· ¢µ±. �·¨ ÔÉµ³ ¥£µ ¢¥²¨Î¨´  ³µ-
¦¥É ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¥ÉÓ ± ± µÉ ±µ´¥Î´ÒÌ É¥³¶¥· ÉÊ·Ò ¨ ¶²µÉ´µ¸É¨, É ± ¨
µÉ ¢´¥Ï´¥£µ ¶µ²Ö. ‚ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ¢ ÔÉµ³ ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö,
¢ÒÎ¨¸²ÖÖ ¶µ²Ö·¨§ Í¨µ´´Ò° µ¶¥· Éµ· (��) [57].

‚ ¸¨²Ê Éµ£µ, ÎÉµ ² £· ´¦¨ ´ (120) ´¥ ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ ¶·¥-
µ¡· §µ¢ ´¨Ö P -Î¥É´µ¸É¨ (t, x, y)→ (t,−x, y), µ¤¨´ ¨§ ¶ÊÉ¥° ¶µ²ÊÎ¥´¨Ö Î²¥´ 
—‘ Ä ¤¨´ ³¨Î¥¸±µ¥ ´ ·ÊÏ¥´¨¥ P -¨´¢ ·¨ ´É´µ¸É¨. Š ± ¡Ò²µ µÉ³¥Î¥´µ ¢ [58],
¢ · ³± Ì ¡¥§³ ¸¸µ¢µ° É·¥Ì³¥·´µ° ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¨ ´¥ É ± ²¥£±µ
´ ·ÊÏ¨ÉÓ P -Î¥É´µ¸ÉÓ. �µÔÉµ³Ê ¡µ²ÓÏµ¥ ¢´¨³ ´¨¥ ¡Ò²µ Ê¤¥²¥´µ ¨¸¸²¥¤µ¢ -
´¨Õ  ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° ¸µ ¸± ²Ö·´Ò³¨ ¶µ²Ö³¨ [59], £¤¥ ¡Ò²µ
¶µ± § ´µ, ÎÉµ Î²¥´ —‘ ³µ¦¥É ¢µ§´¨±´ÊÉÓ ¸¶µ´É ´´Ò³ µ¡· §µ³. Š·µ³¥ Éµ£µ,
 ¢Éµ·Ò ·Ö¤  · ¡µÉ [16,60] ¶·¨Ï²¨ ± ¢Ò¢µ¤Ê, ÎÉµ ¢ ¶·µ¸É¥°Ï¨Ì É·¥Ì³¥·´ÒÌ
³µ¤¥²ÖÌ ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ É ±¦¥ ¢µ§³µ¦´µ ¤¨´ ³¨-
Î¥¸±µ¥ ´ ·ÊÏ¥´¨¥ P -Î¥É´µ¸É¨, ¶·¨¢µ¤ÖÐ¥¥ ¢ ±µ´¥Î´µ³ ¸Î¥É¥ ± £¥´¥· Í¨¨
Î²¥´  —‘.
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‚ ¶·¥¤² £ ¥³µ³ · §¤¥²¥ ¶·µ¤µ²¦ ¥É¸Ö ¨¸¸²¥¤µ¢ ´¨¥ É·¥Ì³¥·´ÒÌ É¥µ·¨°
¶µ²Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ³¥Éµ¤µ³ 1/N -· §²µ¦¥´¨Ö. �  ÔÉµÉ · § ³Ò · ¸-
¸³µÉ·¨³ ¤¢¥ ³µ¤¥²¨ ¸ µ¡µ¡Ð¥´´Ò³ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³,
µ¡· Ð Ö µ¸µ¡µ¥ ¢´¨³ ´¨¥ ´  ¤µ¸É ÉµÎ´Ò¥ Ê¸²µ¢¨Ö ¤¨´ ³¨Î¥¸±µ° £¥´¥· Í¨¨
Î²¥´  —‘.

3.1. �¡µ¡Ð¥´¨¥ ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥. � ¸¸³µÉ·¨³ ¸²¥¤ÊÕÐ¨° ² £· ´-
¦¨ ´:

L = ψ̄1i∂̂ψ1 + ψ̄2i∂̂ψ2 +
G̃1

2N
[ (ψ̄1ψ1)2 + (ψ̄2ψ2)2 ] +

G̃2

N
ψ̄1ψ1ψ̄2ψ2+

+
H̃1

2N
[ (ψ̄1ψ2)2 + (ψ̄2ψ1)2 ] +

H̃2

N
ψ̄1ψ2ψ̄2ψ1. (121)

‡¤¥¸Ó ψ1,2 Ä ¤¢  ËÊ´¤ ³¥´É ²Ó´ÒÌ ³Ê²ÓÉ¨¶²¥É  U(N)-£·Ê¶¶Ò, ± ¦¤ Ö ±µ³¶µ-
´¥´É  ±µÉµ·ÒÌ Ä ¤¢ÊÌ±µ³¶µ´¥´É´Ò° ¸¶¨´µ· „¨· ± . � ¤¨ ¶·µ¸ÉµÉÒ ¢ (121)
³Ò µ¶Ê¸É¨²¨ ¸¨³¢µ² ¸Ê³³¨·µ¢ ´¨Ö ¶µ ¨´¤¥±¸ ³ U(N)-£·Ê¶¶Ò, ¶µÔÉµ³Ê ¢Ò-
· ¦¥´¨Ö É¨¶  ψ̄iψj É ³ ¸²¥¤Ê¥É ¶µ´¨³ ÉÓ É ±:

ψ̄iψj =

N∑
k=1

ψ̄ikψjk.

‚ Ëµ·³Ê²¥ (121) ¨¸¶µ²Ó§ÊÕÉ¸Ö 2×2 γ-³ É·¨ÍÒ ¨§ ¶·¨²µ¦¥´¨Ö A. �¥µ¡Ìµ¤¨³µ
µÉ³¥É¨ÉÓ ¨´¢ ·¨ ´É´µ¸ÉÓ ÔÉµ£µ ² £· ´¦¨ ´  µÉ´µ¸¨É¥²Ó´µ ´¥¶·¥·Ò¢´µ° U(1)
± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨°

U(1) : ψ1 → eiαψ1; ψ2 → eiαψ2, (122)

  É ±¦¥ ¶·¥µ¡· §µ¢ ´¨Ö Î¥É´µ¸É¨ P ¨ ¤¢ÊÌ ¤¨¸±·¥É´ÒÌ ¶·¥µ¡· §µ¢ ´¨° Γ3 ¨
Γ5:

P : ψ1k(t, x, y)←→ γ1ψ2k(t,−x, y),

Γ3 : ψ1k(t, x, y)←→ ψ2k(t, x, y),

Γ5 : ψ1k(t, x, y)←→ iψ2k(t, x, y). (123)

�·¨ ¨§ÊÎ¥´¨¨ É¥µ·¨¨ ¶µ²Ö (121) Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤·Ê£¨¥ µ¡µ§´ Î¥´¨Ö.
�µ¸É·µ¨³ ¨§ ψ1 ¨ ψ2 ¥Ð¥ µ¤¨´ ËÊ´¤ ³¥´É ²Ó´Ò° ³Ê²ÓÉ¨¶²¥É ψ U(N)-
£·Ê¶¶Ò, ¢ ±µÉµ·µ³ ± ¦¤ Ö ±µ³¶µ´¥´É  ψk ¡Ê¤¥É Ê¦¥ Î¥ÉÒ·¥Ì±µ³¶µ´¥´É´Ò³

¸¶¨´µ·µ³ „¨· ±  (¸³. · §¤.1): ψk =

(
ψ1k

ψ2k

)
, k = 1, ..., N . ‚ É¥·³¨´ Ì ψ

² £· ´¦¨ ´ (121) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

L = ψ̄i∂̂ψ +
G1

2N
(ψ̄ψ)2 +

G2

2N
(ψ̄τψ)2 +

H1

2N
(iψ̄Γ5ψ)2 +

H2

2N
(iψ̄Γ3ψ)2. (124)
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‚ ¢Ò· ¦¥´¨¨ (124) µ¶ÊÐ¥´ ¸¨³¢µ² ¸Ê³³¨·µ¢ ´¨Ö ¶µ ¨´¤¥±¸ ³ U(N)-£·Ê¶¶Ò.
�¤´ ±µ §¤¥¸Ó ¨ ´¨¦¥ ÔÉµ ¸Ê³³¨·µ¢ ´¨¥ ¶µ¤· §Ê³¥¢ ¥É¸Ö. ‚ µÉ²¨Î¨¥ µÉ (121)
² £· ´¦¨ ´ (124) ¸µ¤¥·¦¨É 4× 4-³ É·¨ÍÒ Γµ,Γ3,Γ5, ±µÉµ·Ò¥ ¶·¥¤¸É ¢²¥´Ò

¢ ¶·¨²µ¦¥´¨¨ A,   4× 4-³ É·¨Í  τ ¨³¥¥É ¢¨¤ τ =

(
1 0
0− 1

)
. Š·µ³¥ Éµ£µ,

G̃1 = G1 +G2; G̃2 = G2 −G1; H̃1 = H1 −H2; H̃2 = H1 + H2.

„¨¸±·¥É´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö (123) ´¥É·Ê¤´µ ¶¥·¥¶¨¸ ÉÓ, ¨¸¶µ²Ó§ÊÖ Î¥ÉÒ·¥Ì-
±µ³¶µ´¥´É´Ò¥ ¸¶¨´µ·Ò

P : ψ(t, x, y)→ iΓ1Γ5ψ(t,−x, y); Γ5 : ψ → Γ5ψ; Γ3 : ψ → Γ3ψ.

„²Ö ¨¸¸²¥¤µ¢ ´¨Ö Ë §µ¢µ° ¸É·Ê±ÉÊ·Ò ³µ¤¥²¨ (121)Ä(124) ¢¢¥¤¥³ ¢¸¶µ³µ-
£ É¥²Ó´Ò° ² £· ´¦¨ ´

L̃ = ψ̄i∂̂ψ+σ1(ψ̄ψ)+σ2(ψ̄τψ)+φ1(iψ̄Γ5ψ)+φ2(iψ̄Γ3ψ)−
N

2

2∑
k=1

(
σ2
k

Gk
+
φ2
k

Hk

)
,

(125)
£¤¥ σi, φk Ä ¢¸¶µ³µ£ É¥²Ó´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥, ¸µµÉ¢¥É¸É¢¥´´µ, ¸± ²Ö·´Ò¥ ¨
¶¸¥¢¤µ¸± ²Ö·´Ò¥ ¶µ²Ö. ’¥µ·¨¨ ¶µ²Ö (124) ¨ (125) Ô±¢¨¢ ²¥´É´Ò ³¥¦¤Ê ¸µ¡µ°
¶µÉµ³Ê, ÎÉµ c ¶µ³µÐÓÕ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³µ¦´µ ¨¸±²ÕÎ¨ÉÓ ¶µ²Ö σi, φk
¨§ (125) ¨ ¶µ²ÊÎ¨ÉÓ ² £· ´¦¨ ´ (124). �¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ µÉ´µ¸¨É¥²Ó´µ
¤¨¸±·¥É´ÒÌ ¸¨³³¥É·¨° (123) ¢¸¶µ³µ£ É¥²Ó´Ò¥ ¶µ²Ö ¶·¥µ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕ-
Ð¨³ µ¡· §µ³:

P : σ1 → σ1; σ2 → −σ2; φ1 → −φ1; φ2 → φ2;

Γ5 : σ1 → −σ1; σ2 → σ2; φ1 → −φ1; φ2 → φ2;

Γ3 : σ1 → −σ1; σ2 → σ2; φ1 → φ1; φ2 → −φ2. (126)

ˆ¸Ìµ¤Ö ¨§ ¢Ò· ¦¥´¨Ö (125), ³µ¦´µ ´ °É¨ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ É¥µ·¨¨,
±µÉµ·µ¥ ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ (≡ ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö
¢ ³µ¤¥²¨ (124)) ¨³¥¥É ¢¨¤

Seff(σ, φ) = −N
2∑

k=1

(
σ2
k

2Gk
+

φ2
k

2Hk

)
− iTr ln ∆̂, (127)

£¤¥
∆̂ = i∂̂ + σ1 + σ2τ + iφ1Γ5 + iφ2Γ3.

‡¤¥¸Ó ¶µ²Ö σi, φk § ¢¨¸ÖÉ µÉ ÉµÎ¥± ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. —Éµ¡Ò ¶µ²ÊÎ¨ÉÓ
ÔËË¥±É¨¢´Ò° ¶µÉ¥Í¨ ² ³µ¤¥²¨, ´Ê¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö µ¶·¥¤¥²¥´¨¥³

V (σ, φ) = −Seff(σ, φ) |σ,φ=const, (128)
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¢ ±µÉµ·µ³ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¡µ§µ´´Ò¥ ¶µ²Ö Ê¦¥ ´¥ § ¢¨¸ÖÉ µÉ ±µµ·¤¨´ É. ‘
¶µ³µÐÓÕ (127)Ä(128) ³µ¦´µ ´ °É¨ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ£µ
¶µÉ¥´Í¨ ²  ³µ¤¥²¨ (124) ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö:

V (σ, φ) = N

2∑
k=1

(
σ2
k

2Gk
+

φ2
k

2Hk
−

∫
d3p

(2π)3
ln (p2 +M2

k )

)
, (129)

£¤¥

M1,2 = | σ2 ±
√
σ2

1 + φ2
1 + φ2

2 |. (130)

”µ·³Ê²  (129) ¢Ò¢µ¤¨É¸Ö  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ¡Ò² ¶µ²ÊÎ¥´ ÔËË¥±É¨¢´Ò°
¶µÉ¥´Í¨ ² ¢ · ¡µÉ¥ [61]. �·µ¨´É¥£·¨·Ê¥³ ¢ (129) ¶µ µ¡² ¸É¨ 0 ≤ p2 ≤ Λ2:

V (σ, φ) = N

2∑
k=1

[
σ2
k

2

(
1

Gk
−

2Λ

π2

)
+
φ2
k

2

(
1

Hk
−

2Λ

π2

)
+
M3
k

6π

]
. (131)

’¥¶¥·Ó, ÎÉµ¡Ò ¨¸±²ÕÎ¨ÉÓ ¨§ (131) ¶ · ³¥É· µ¡·¥§ ´¨Ö Λ, ¢¢¥¤¥³ ¶¥·¥´µ·³¨-
·µ¢ ´´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸ ¶µ³µÐÓÕ ´µ·³¨·µ¢µÎ´ÒÌ Ê¸²µ¢¨° (i = 1, 2):

1

N

∂2V

(∂σi)2 σi = m
=

1

Gi
−

2Λ

π2
+

2m

π
≡

1

gi(m)
,

1

N

∂2V

(∂φi)2 φi = m
=

1

Hi
−

2Λ

π2
+

2m

π
≡

1

hi(m)
. (132)

‡¤¥¸Ó ´¥µ¡Ìµ¤¨³µ ¶µÖ¸´¨ÉÓ, ÎÉµ ¢ ¶¥·¢µ³ ¨§ · ¢¥´¸É¢ (132) ¡¥·¥É¸Ö §´ Î¥´¨¥
ËÊ´±Í¨¨ ∂2V/(∂σi)

2 ¢ ÉµÎ±¥ φ1,2 = 0, σi = m, σj = 0 (i 6= j). ‚µ ¢Éµ·µ³
· ¢¥´¸É¢¥ Ê ÉµÎ±¨ ´µ·³¨·µ¢±¨ ËÊ´±Í¨¨ ∂2V/(∂φi)

2 µÉ²¨Î´  µÉ ´Ê²Ö ²¨ÏÓ
±µ³¶µ´¥´É  φi = m. ‘µµÉ´µÏ¥´¨Ö (132) ¤ ÕÉ ´ ³ ¢µ§³µ¦´µ¸ÉÓ ¶¥·¥¶¨¸ ÉÓ
ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¢ É¥·³¨´ Ì Ê²ÓÉ· Ë¨µ²¥Éµ¢µ-±µ´¥Î´ÒÌ ¢¥²¨Î¨´:

V (σ, φ) = N

2∑
k=1

[
gk

2
σ2
k +

hk

2
φ2
k +

M3
k

6π

]
, (133)

£¤¥

gi =
1

gi(m)
−

2m

π
, hj =

1

hj(m)
−

2m

π
. (134)

� ¶µ³´¨³, ÎÉµ £µ²Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ Gi, Hj ´¥ § ¢¨¸ÖÉ µÉ ´µ·³¨·µ¢µÎ´µ°
³ ¸¸Ò m. ‚ ¸¨²Ê ÔÉµ£µ ¨§ (132)Ä(134) ¸²¥¤Ê¥É, ÎÉµ ±µ´¸É ´ÉÒ gi, hj É ±¦¥ ´¥
§ ¢¨¸ÖÉ µÉm, É.¥. ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² (133) Ö¢²Ö¥É¸Ö ·¥´µ·³ ²¨§ Í¨µ´´µ-
¨´¢ ·¨ ´É´µ° ¢¥²¨Î¨´µ°.

’ ±¨³ µ¡· §µ³, ³Ò Ë ±É¨Î¥¸±¨ ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨, ÎÉµ ¢ £² ¢´µ³ ¶µ-
·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö ³µ¤¥²Ó (121) ¶¥·¥´µ·³¨·Ê¥³ . �µ²´µ¥ ¤µ± § É¥²Ó¸É¢µ
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Éµ£µ, ÎÉµ É¥µ·¨Ö ¶µ²Ö (121) ¶¥·¥´µ·³¨·Ê¥³ , ´¥ Ö¢²Ö¥É¸Ö ¶·¥¤³¥Éµ³ ´ -
Ï¥£µ · ¸¸³µÉ·¥´¨Ö. �¤´ ±µ ³Ò ¤Ê³ ¥³, ÎÉµ ÔÉµ É ± ¨ ¥¸ÉÓ, µ¶¨· Ö¸Ó ´ 
· ¡µÉÒ [7,62], ¢ ±µÉµ·ÒÌ ¡Ò²µ ¤µ± § ´µ, ÎÉµ ¶·µ¸É¥°Ï¨¥ É·¥Ì³¥·´Ò¥ ³µ¤¥²¨
¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¶¥·¥´µ·³¨·Ê¥³Ò ¢ · ³± Ì ´¥¶¥·ÉÊ·-
¡ É¨¢´µ£µ ³¥Éµ¤  1/N -· §²µ¦¥´¨Ö.

3.2. ” §µ¢ Ö ¸É·Ê±ÉÊ·  ³µ¤¥²¨. ‡¤¥¸Ó ¡Ê¤¥É · ¸¸³µÉ·¥´  § ¢¨¸¨³µ¸ÉÓ Ë -
§µ¢µ° ¸É·Ê±ÉÊ·Ò ³µ¤¥²¨ µÉ ·¥´µ·³¨´¢ ·¨ ´É´ÒÌ ±µ´¸É ´É gi, hj (134). „²Ö
ÔÉµ£µ ´¥µ¡Ìµ¤¨³µ ´ °É¨ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶µ²¥°, ±µÉµ·Ò¥,
± ± ¨§¢¥¸É´µ, µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ÉµÎ±¨ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ÔËË¥±É¨¢´µ£µ
¶µÉ¥´Í¨ ² . ‘ ÔÉµ° Í¥²ÓÕ ´ ¶¨Ï¥³ Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨ ¤²Ö ËÊ´±Í¨¨
(133):

∂V

∂σ1
= Nσ1

[
g1 +

M1 +M2

2π
+

2σ2
2

π(M1 +M2)

]
= 0,

∂V

∂σ2
= Nσ2

[
g2 +

M1 +M2

2π
+

2(σ2
1 + φ2

1 + φ2
2)

π(M1 +M2)

]
= 0,

∂V

∂φi
= Nφi

[
hi +

M1 +M2

2π
+

2σ2
2

π(M1 +M2)

]
= 0. (135)

‚ ¶µ¸²¥¤´¥³ Ê· ¢´¥´¨¨ i = 1, 2. „ ²¥¥ ´¥µ¡Ìµ¤¨³µ ´ °É¨ ¢¸¥ ·¥Ï¥´¨Ö ¸¨-
¸É¥³Ò Ê· ¢´¥´¨° (135) ¨ ¢§ÖÉÓ Éµ ¨§ ´¨Ì, ´  ±µÉµ·µ³ ¶µÉ¥´Í¨ ² ¶·¨´¨-
³ ¥É ´ ¨³¥´ÓÏ¥¥ §´ Î¥´¨¥. ’¥³ ¸ ³Ò³ ¡Ê¤ÊÉ ´ °¤¥´Ò ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥
< σi >,< φj >. —Éµ¡Ò ´¥ § £·µ³µ¦¤ ÉÓ É¥±¸É ÊÉµ³¨É¥²Ó´Ò³¨ · ¸Î¥É ³¨,
³Ò ´¥ ¡Ê¤¥³ ¶·¨¢µ¤¨ÉÓ §¤¥¸Ó ¶µ¤·µ¡´µ¥ ·¥Ï¥´¨¥ ÔÉµ° ¸¨¸É¥³Ò, É.±. ¶µÌµ¦¨¥
Ê· ¢´¥´¨Ö ¨¸¸²¥¤µ¢ ²¨¸Ó ¢ ´ Ï¥° · ¡µÉ¥ [61]. �µÔÉµ³Ê ¸· §Ê ¶·¥¤¸É ¢¨³
ÉµÎ±Ê £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¶µÉ¥´Í¨ ² , ¥¥ ¸¢µ°¸É¢  ¸¨³³¥É·¨¨,   É ±¦¥ ¥¥
§ ¢¨¸¨³µ¸ÉÓ µÉ ±µ´¸É ´É gi, hj .

� §µ¡Ó¥³ ¶²µ¸±µ¸ÉÓ ±µ´¸É ´É ¸¢Ö§¨ (h1, h2) ´  É·¨ µ¡² ¸É¨:

I1 = {h1, h2 > 0} , I2 = {h1 > h2, h2 < 0} , I3 = {h1 < h2, h1 < 0}, (136)

¨ ¡Ê¤¥³ ¢ ¤ ²Ó´¥°Ï¥³ ¨¸¶µ²Ó§µ¢ ÉÓ µ¡µ§´ Î¥´¨Ö < σi >≡ σi, < φj >≡ φj .
�Ê¸ÉÓ (h1, h2) ∈ I1. ‚ ÔÉµ³ ¸²ÊÎ ¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ (g1, g2) ³µ£ÊÉ ´ Ìµ-

¤¨É¸Ö ¢ µ¤´µ° ¨§ É·¥Ì µ¡² ¸É¥°:

a1 = {g1, g2 > 0} , b1 = {g2 < 0, g2 < g1} , c1 = {g1 < 0, g2 > g1}, (137)

£¤¥ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¨³¥ÕÉ ¢¨¤

(h1, h2) ∈ I1 , (g1, g2) ∈ a1 : σ1 = σ2 = φ1 = φ2 = 0,

(h1, h2) ∈ I1 , (g1, g2) ∈ b1 : σ1 = φ1,2 = 0, σ2 = −πg2,

(h1, h2) ∈ I1 , (g1, g2) ∈ c1 : σ2 = φ1,2 = 0, σ1 = −πg1.
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�Ê¸ÉÓ (h1, h2) ∈ I2. �²µ¸±µ¸ÉÓ ¶ · ³¥É·µ¢ (g1, g2) · §¡¨¢ ¥É¸Ö ´  É·¨
µ¡² ¸É¨:

a2 = {g1, g2 > h2} , b2 = {g2 < h2, g2 < g1} , c2 = {g1 < h2, g2 > g1},
(138)

¢ ±µÉµ·ÒÌ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶µ²¥° ¨³¥ÕÉ ¢¨¤

(h1, h2) ∈ I2 , (g1, g2) ∈ a2 : σ1 = σ2 = φ1 = 0, φ2 = −πh2, (139)

(h1, h2) ∈ I2 , (g1, g2) ∈ b2 : σ1 = φ1 = φ2 = 0, σ2 = −πg2,

(h1, h2) ∈ I2 , (g1, g2) ∈ c2 : σ2 = φ1 = φ2 = 0, σ1 = −πg1.

�Ê¸ÉÓ (h1, h2) ∈ I3. ‚ ÔÉµ³ ¸²ÊÎ ¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ (g1, g2) µ¡Ö§ ´Ò ´ Ìµ-
¤¨É¸Ö ¢ µ¤´µ° ¨§ É·¥Ì µ¡² ¸É¥°:

a3 = {g1, g2 > h1} , b3 = {g2 < h1, g2 < g1} , c3 = {g1 < h1, g2 > g1},
(140)

¢ ±µÉµ·ÒÌ ÉµÎ±   ¡¸µ²ÕÉ´µ£µ ³¨´¨³Ê³  ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¨³¥¥É ¢¨¤

(h1, h2) ∈ I3 , (g1, g2) ∈ a3 : σ1 = σ2 = φ2 = 0, φ1 = −πh1, (141)

(h1, h2) ∈ I3 , (g1, g2) ∈ b3 : σ1 = φ1 = φ2 = 0, σ2 = −πg2, (142)

(h1, h2) ∈ I3 , (g1, g2) ∈ c3 : σ2 = φ1 = φ2 = 0, σ1 = −πg1. (143)

’ ±¨³ µ¡· §µ³, ¤²Ö ²Õ¡ÒÌ Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨° ±µ´¸É ´É ¸¢Ö§¨ g1,2

¨ h1,2 ³Ò ³µ¦¥³ Ê± § ÉÓ ÉµÎ±Ê £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ÔËË¥±É¨¢´µ£µ ¶µÉ¥´-
Í¨ ² ,   É ±¦¥ ¸¢µ°¸É¢  ¸¨³³¥É·¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¨¸Ìµ¤´µ° É¥µ·¨¨.
„²Ö ÔÉµ£µ ´¥µ¡Ìµ¤¨³µ ´ °É¨ É¥ ¨§ ¶·¥µ¡· §µ¢ ´¨° (122)Ä(123), µÉ´µ¸¨É¥²Ó´µ
±µÉµ·ÒÌ ÔÉ  ÉµÎ±  ¨´¢ ·¨ ´É´ .

‚¢¥¤¥³ É¥¶¥·Ó ´µ¢Ò¥ µ¡µ§´ Î¥´¨Ö. �Ê¸ÉÓ Ai Ä ³´µ¦¥¸É¢µ (i = 1, 2, 3)
§´ Î¥´¨° ±µ´¸É ´É ¸¢Ö§¨ gk, hl É ±µ¥, ÎÉµ (g1, g2) ∈ ai ¨ (h1, h2) ∈ Ii. ‡¤¥¸Ó
Ii µ¶·¥¤¥²¥´Ò ¢ (136),   ³´µ¦¥¸É¢  ai ´¥É·Ê¤´µ ´ °É¨ ¢ Ëµ·³Ê² Ì (137), (138)
¨ (140), É.¥.

Ai = { g1, g2, h1, h2 : (g1, g2) ∈ ai , (h1, h2) ∈ Ii}. (144)

�´ ²µ£¨Î´µ µ¶·¥¤¥²¨³ ¸²¥¤ÊÕÐ¨¥ ³´µ¦¥¸É¢  ¶ · ³¥É·µ¢ (i = 1, 2, 3):

Bi = { g1, g2, h1, h2 : (g1, g2) ∈ bi , (h1, h2) ∈ Ii}, (145)

Ci = { g1, g2, h1, h2 : (g1, g2) ∈ ci , (h1, h2) ∈ Ii}. (146)

‚¢¥¤¥³, ´ ±µ´¥Í, ¥Ð¥ ¤¢  ³´µ¦¥¸É¢ :

B =
3⋃
i=1

Bi , C =
3⋃
i=1

Ci. (147)
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ˆ§ ¢ÒÏ¥¸± § ´´µ£µ ¸²¥¤Ê¥É, ÎÉµ µ¡µ¡Ð¥´´ Ö Î¥ÉÒ·¥ÌË¥·³¨µ´´ Ö É¥µ·¨Ö
¶µ²Ö (121) µ¶¨¸Ò¢ ¥É ¸¨¸É¥³Ê, ±µÉµ· Ö ³µ¦¥É ´ Ìµ¤¨ÉÓ¸Ö ¢ ¶ÖÉ¨ · §²¨Î´ÒÌ
Ë §µ¢ÒÌ ¸µ¸ÉµÖ´¨ÖÌ, ¶·¨Î¥³ ´¨ ¢ µ¤´µ° ¨§ ´¨Ì ´¥¶·¥·Ò¢´ Ö ± ²¨¡·µ¢µÎ´ Ö
¸¨³³¥É·¨Ö (122) ´¥ ´ ·ÊÏ ¥É¸Ö.

1) …¸²¨ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´ Ìµ¤ÖÉ¸Ö ¢ µ¡² ¸É¨ A1, Éµ ¨¸Ìµ¤´ Ö ¸¨³³¥É·¨Ö
´¥ ´ ·ÊÏ¥´ , ¨ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶µ²¥° · ¢´Ò ´Ê²Õ.

2) ‚ µ¡² ¸É¨ ±µ´¸É ´É ¸¢Ö§¨ B ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¨³¥ÕÉ ¢¨¤ (142).
‘ ¶µ³µÐÓÕ (126) ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ §¤¥¸Ó ³Ò ¨³¥¥³ Ë §Ê Éµ²Ó±µ ¸
´ ·ÊÏ¥´¨¥³ P -Î¥É´µ¸É¨.

3) �Ê¸ÉÓ ³Ò ´ Ìµ¤¨³¸Ö ¢ µ¡² ¸É¨ C (147). ‡¤¥¸Ó ¢ ±ÊÊ³ P Î¥É¥´, ´µ
¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò Γ5- ¨ Γ3-¸¨³³¥É·¨¨. ‚ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¶µ²¥° ¨³¥ÕÉ
¢¨¤ (143).

4) �·¥¤¶µ²µ¦¨³, ÎÉµ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¶·¨´ ¤²¥¦ É ³´µ¦¥¸É¢Ê A2. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¢¸¶µ³µ£ É¥²Ó´Ò¥ ¶µ²Ö ¨³¥ÕÉ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¢¨¤  (139),  
µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ É¥µ·¨¨ P - ¨ Γ5-¨´¢ ·¨ ´É´µ. �·¨ ÔÉµ³, µ¤´ ±µ, ¸¶µ´-
É ´´µ ´ ·ÊÏ¥´  Γ3-¸¨³³¥É·¨Ö.

5) �¸É ´µ¢¨³¸Ö, ´ ±µ´¥Í, ´  ¸¨ÉÊ Í¨¨, ±µ£¤  ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´ Ìµ¤ÖÉ¸Ö
¢ µ¡² ¸É¨ A3. ‡¤¥¸Ó ³Ò ¨³¥¥³ Ë §Ê, ¢ ±µÉµ·µ° ¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò ± ± P -
Î¥É´µ¸ÉÓ, É ± ¨ ±¨· ²Ó´ Ö ¸¨³³¥É·¨Ö Γ5,   ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¶µ²¥° ¤ ´Ò ¢
(141). �Éµ µ¤¨´ ¨§ ´ ¨¡µ²¥¥ ¨´É¥·¥¸´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¶·¥¤² £ ¥³µ£µ · §¤¥² ,
É.±. ¢µ ¢¸¥Ì ¶·µ¸É¥°Ï¨Ì Î¥ÉÒ·¥ÌË¥·³¨µ´´ÒÌ ³µ¤¥²ÖÌ [7, 16, 60] É ± Ö Ë § 
µÉ¸ÊÉ¸É¢Ê¥É.

3.3. ‘¶¥±É· ³ ¸¸ ³µ¤¥²¨. ‚ ¸¨²Ê Éµ£µ, ÎÉµ ¢ ³µ¤¥²¨ ¶·µ¨¸Ìµ¤¨É ¸¶µ´É ´-
´µ¥ ´ ·ÊÏ¥´¨¥ ´¥±µÉµ·ÒÌ ¸¨³³¥É·¨°, ¨ Î ¸ÉÓ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶µ²¥° ¶·¨-
µ¡·¥É ÕÉ ´¥´Ê²¥¢Ò¥ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥, Ë¥·³¨µ´Ò ¸É ´µ¢ÖÉ¸Ö ³ ¸¸¨¢´Ò³¨.
‹¥£Î¥ ¢¸¥£µ ÔÉµ § ³¥É¨ÉÓ, ¥¸²¨ ¢ (125) ¸¤¥² ÉÓ ¸¤¢¨¦±Ê: σi → σi+ < σi >,
φj → φj+ < φj >, É.±. ¶·¨ ÔÉµ³ ¢ ² £· ´¦¨ ´¥ ¶µÖ¢¨É¸Ö Ë¥·³¨µ´´Ò° ³ ¸¸µ-
¢Ò° Î²¥´. ‚ § ¢¨¸¨³µ¸É¨ µÉ Éµ£µ, ¢ ± ±µ° ¨§ Ë § ´ Ìµ¤¨É¸Ö É¥µ·¨Ö, ³ ¸¸µ¢Ò°
Î²¥´ Ë¥·³¨µ´µ¢ ¨³¥¥É ¢¨¤

A2 : − πh2(iψ̄Γ3ψ) = −iπh2(ψ̄1ψ2 − ψ̄2ψ1),

A3 : − πh1(iψ̄Γ5ψ) = πh1(ψ̄1ψ2 + ψ̄2ψ1),

B : − πg2(ψ̄τψ) = −πg2(ψ̄1ψ1 + ψ̄2ψ2),

C : − πg1(ψ̄ψ) = −πg1(ψ̄1ψ1 − ψ̄2ψ2), (148)

  ¢ Ë §¥ A1, µÎ¥¢¨¤´µ, Ë¥·³¨µ´Ò ¡¥§³ ¸¸µ¢Ò. ‡´ Î¥´¨¥ ³ ¸¸Ò Ë¥·³¨-¶µ²¥°
¢ ± ¦¤µ° ¨§ ¢ÒÏ¥¶¥·¥Î¨¸²¥´´ÒÌ Ë § ´¥É·Ê¤´µ ´ °É¨ ¸ ¶µ³µÐÓÕ (148).

—Éµ¡Ò ´ °É¨ ¸¶¥±É· ³ ¸¸ ¡µ§µ´µ¢ ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö,
µ¡· É¨³¸Ö ± ÔËË¥±É¨¢´µ³Ê ¤¥°¸É¢¨Õ (127). ˆ§¢¥¸É´µ, ÎÉµ µ´µ Ö¢²Ö¥É¸Ö
¶·µ¨§¢µ¤ÖÐ¨³ ËÊ´±Í¨µ´ ²µ³ µ¤´µÎ ¸É¨Î´µ-´¥¶·¨¢µ¤¨³ÒÌ (1—�) ËÊ´±Í¨°
ƒ·¨´  ¡µ§µ´´ÒÌ ¶µ²¥°. ‘²¥¤µ¢ É¥²Ó´µ, ¤²Ö Éµ£µ, ÎÉµ¡Ò ´ °É¨ 1—� ËÊ´±Í¨Õ
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ƒ·¨´ , ´ ¶·¨³¥·, ¤¢ÊÌ σ1 ¶µ²¥°, ´¥µ¡Ìµ¤¨³µ ¤¢ ¦¤Ò ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ÉÓ
Seff ¶µ ¶µ²Õ σ1 ¨ ¢ ¶µ²ÊÎ¥´´µ³ ¢Ò· ¦¥´¨¨ ¶·¨· ¢´ÖÉÓ ¢¸¥ ¶µ²Ö ¨Ì ¢ ±ÊÊ³-
´Ò³ ¸·¥¤´¨³.

� ¸¸³µÉ·¨³ Ë §Ê C, ¢ ±µÉµ·µ° < σ1 > 6= 0,   ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ µ¸É ²Ó-
´ÒÌ ¶µ²¥° · ¢´Ò ´Ê²Õ (ÎÉµ¡Ò ¨§¡¥¦ ÉÓ ¢¢¥¤¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ³ É¥³ É¨-
Î¥¸±¨Ì ¸¨³¢µ²µ¢, ³Ò ¡Ê¤¥³ ± ¦¤ÊÕ Ë §Ê µ¡µ§´ Î ÉÓ É ± ¦¥, ± ± ¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐÊÕ ¥° µ¡² ¸ÉÓ ±µ´¸É ´É ¸¢Ö§¨). ‚ ÔÉµ³ ¸²ÊÎ ¥

Γσ1σ1(x, y) ≡
δ2Seff(σ, φ)

Nδσ1(x)δσ1(y)
= −i Tr

[
∆̂−1
xy ∆̂−1

yx

]
+
δ(x− y)

G1
, (149)

£¤¥ (
∆̂−1

)αβ
xy

=

∫
d3p

(2π)3

[
p̂+ < σ1 >

< σ1 >2 −p2

]αβ
exp (ip(x− y)) . (150)

‘¨³¢µ² Tr µ§´ Î ¥É ¸²¥¤ ¶µ ¸¶¨´µ·´Ò³ ¨´¤¥±¸ ³. Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ
ËÊ·Ó¥-µ¡· § ËÊ´±Í¨¨ (149) ¨³¥¥É ¢¨¤

Γσ1σ1(p) =
4 < σ1 >

2 −p2

2π
√
−p2

Γ(p) , Γ(p) = arctg

[ √
−p2

2 < σ1 >

]
. (151)

‡¤¥¸Ó, ± ± ¨ ¢ (150), ¨³¶Ê²Ó¸´µ¥ ¶·µ¸É· ´¸É¢µ ¨³¥¥É ³¥É·¨±Ê Œ¨´±µ¢¸±µ£µ.
�´ ²µ£¨Î´µ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¢ ÔÉµ° Ë §¥

Γσ2σ2(x, y) =
δ(x − y)

G2
− i Tr

[
τ∆̂−1

xy τ∆̂−1
yx

]
,

Γφ2φ2(x, y) =
δ(x − y)

H2
+ i Tr

[
Γ3∆̂−1

xy Γ3∆̂−1
yx

]
,

Γφ1φ1(x, y) =
δ(x − y)

H1
+ i Tr

[
Γ5∆̂−1

xy Γ5∆̂−1
yx

]
,

ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¸²¥¤ÊÕÐ¥³Ê ¨³¶Ê²Ó¸´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ ÔÉ¨Ì ËÊ´±Í¨°
(k=1,2):

Γσ2σ2(p) = g2 − g1 +
4 < σ1 >

2 −p2

2π
√
−p2

Γ(p) , (152)

Γφkφk(p) = hk − g1 +

√
−p2

2π
Γ(p) . (153)

�É³¥É¨³, ÎÉµ ¢ ÔÉµ°,   É ±¦¥ ¤·Ê£¨Ì Ë § Ì ¨¸Ìµ¤´µ° ³µ¤¥²¨, ¸³¥Ï ´´Ò¥
1—� ËÊ´±Í¨¨ ƒ·¨´  ¤¢ÊÌ ¶µ²¥° (Γσ1σ2 ,Γσ1φ1 ¨ É.¤.) · ¢´Ò ´Ê²Õ. ”Ê´±Í¨¨,
µ¡· É´Ò¥ ± ¢¥²¨Î¨´ ³ (151)Ä(153), Ö¢²ÖÕÉ¸Ö ¶·µ¶ £ Éµ· ³¨ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨Ì ¡µ§µ´´ÒÌ ¶µ²¥°. •µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ¸¨´£Ê²Ö·´µ¸É¨ ¶·µ¶ £ Éµ·µ¢ ¶µ
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¶¥·¥³¥´´µ° p2 µ¶·¥¤¥²ÖÕÉ ¸¶¥±É· ³ ¸¸ ¡µ§µ´µ¢. �´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢ 
ËÊ´±Í¨°, ¶µÌµ¦¨Ì ´  (151)Ä(153), ¨¸¸²¥¤µ¢ ²¨¸Ó ¢ [7], µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ
¤²Ö ±µ´¸É ´É ¸¢Ö§¨ ¨§ µ¡² ¸É¨

C̃ = { h1 ≥ g1 , h2 ≥ g1 , g2 ≥ g1 }

ÔÉ¨ ËÊ´±Í¨¨ ´¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¶·¨ p2 < 0. ’ ± ± ± C̃ ⊃ C (¸³. (147)), Éµ
µÎ¥¢¨¤´µ, ÎÉµ ¢ Ë §¥ C Ê ¶·µ¶ £ Éµ·µ¢ µÉ¸ÊÉ¸É¢Ê¥É É Ì¨µ´´ Ö ¸¨´£Ê²Ö·´µ¸ÉÓ.
’ ±¦¥ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ ¸± ²Ö·´µ¥ ¶µ²¥ σ1 ¸µµÉ¢¥É¸É¢Ê¥É ¸É ¡¨²Ó´µ° Î -
¸É¨Í¥ ¸ Ê¤¢µ¥´´µ° ³ ¸¸µ° Ë¥·³¨µ´ , ±µÉµ· Ö ¥¸ÉÓ < σ1 >. — ¸É¨Í  σ2

Ö¢²Ö¥É¸Ö ¶¸¥¢¤µ¸± ²Ö·´Ò³ ·¥§µ´ ´¸µ³, ±µÉµ·µ³Ê ¸µµÉ¢¥É¸É¢Ê¥É ¶µ²Õ¸ ¶·µ¶ -
£ Éµ·  ´  ¢Éµ·µ³ ²¨¸É¥ ¥£µ µ¡² ¸É¨  ´ ²¨É¨Î´µ¸É¨. �µ²Ö³ φ1,2 ¸µµÉ¢¥É¸É¢ÊÕÉ
¤¢  ¸É ¡¨²Ó´ÒÌ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨Ö Ë¥·³¨µ´µ¢ ¸ ´¥´Ê²¥¢µ° Ô´¥·£¨¥° ¸¢Ö§¨.
�¤´  ¨§ ÔÉ¨Ì Î ¸É¨Í Ä ¸± ²Ö· (φ1), ¤·Ê£ Ö Ä ¶¸¥¢¤µ¸± ²Ö· (φ2).

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ 1—� ¤¢ÊÌÉµÎ¥Î´Ò¥ ËÊ´±Í¨¨ ƒ·¨´  ¢ Ë §¥ B, £¤¥ Éµ²Ó±µ
< σ2 > 6= 0, ´Ê¦´µ ¢ Ëµ·³Ê² Ì (151)Ä(153) ¸¤¥² ÉÓ § ³¥´Ê σ1 ↔ σ2, g1 ↔ g2.

…¸²¨ ¦¥ ³Ò ´ Ìµ¤¨³¸Ö ¢ µ¤´µ° ¨§ Ë § A2,3, £¤¥ < φi > 6= 0,   ¢ ±ÊÊ³´Ò¥
¸·¥¤´¨¥ ¶µ²¥° φj , σ1,2 · ¢´Ò ´Ê²Õ (i 6= j), Éµ ¸²¥¤ÊÕÐ Ö § ³¥´  µ¡µ§´ Î¥´¨°
¢ Ëµ·³Ê² Ì (151)Ä(153) σ1 ↔ φi, σ2 ↔ φj , g1 ↔ hi, g2 ↔ hj ¤ ¸É ´ ³
¤¢ÊÌÉµÎ¥Î´Ò¥ 1—� ËÊ´±Í¨¨ ƒ·¨´  ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° Ë §¥ É¥µ·¨¨. ‘¶¥±É·
³ ¸¸ ¡µ§µ´µ¢ ¢ Ë § Ì B, A2, A3 ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´ É ± ¦¥, ± ± ¨ ¢ Ë §¥ C.
Š·µ³¥ Éµ£µ, ¢ ´¨Ì µÉ¸ÊÉ¸É¢ÊÕÉ É Ì¨µ´Ò.

� ±µ´¥Í, µÉ³¥É¨³, ÎÉµ ¢ Ë §¥ A1, £¤¥ Ë¥·³¨µ´Ò ¡¥§³ ¸¸µ¢Ò, ¶·µ¶ £ -
Éµ·Ò ¡µ§µ´´ÒÌ ¶µ²¥° ¨³¥ÕÉ ¸¨´£Ê²Ö·´µ¸ÉÓ É¨¶ 

√
−p2, ÎÉµ Ê± §Ò¢ ¥É ´ 

¶·¨¸ÊÉ¸É¢¨¥ ¡¥§³ ¸¸µ¢ÒÌ ¡µ§µ´µ¢ ¢ ¸¶¥±É·¥ ³ ¸¸ É¥µ·¨¨.
3.4. �¥±µÉµ·Ò¥ Î ¸É´Ò¥ ¸²ÊÎ ¨. ‚ ÔÉµ³ · §¤¥²¥ ³Ò · ¸¸³µÉ·¨³ Ê¸²µ-

¢¨Ö, ¶·¨ ±µÉµ·ÒÌ ¨¸Ìµ¤´ Ö ³µ¤¥²Ó (121)Ä(124) ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ ´¥-
¶·¥·Ò¢´ÒÌ ¸¨³³¥É·¨°. �·¥¦¤¥ ¢¸¥£µ, µÉ³¥É¨³, ÎÉµ ¡¥§ ¢¸Ö±¨Ì µ£· ´¨Î¥´¨°
É¥µ·¨Ö ¸¨³³¥É·¨Î´  µÉ´µ¸¨É¥²Ó´µ ¸²¥¤ÊÕÐ¥° ± ²¨¡·µ¢µÎ´µ° £·Ê¶¶Ò:

U(1) : ψ → eiαψ . (154)

�É  ¸¨³³¥É·¨Ö µ¸É ¥É¸Ö ´¥´ ·ÊÏ¥´´µ° ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´É ¸¢Ö§¨.
…¸²¨ ´ ²µ¦¨ÉÓ ´  ¶ · ³¥É·Ò ³µ¤¥²¨ µ£· ´¨Î¥´¨Ö, Éµ ¢ É¥µ·¨¨ ¶µÖ¢ÖÉ¸Ö ¤µ-
¶µ²´¨É¥²Ó´Ò¥ ´¥¶·¥·Ò¢´Ò¥ ¸¨³³¥É·¨¨. � ¸¸³µÉ·¨³ ´¥¸±µ²Ó±µ ¸²ÊÎ ¥¢.

a) �·¥¤¶µ²µ¦¨³, ÎÉµ £µ²Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ G2, H2 ¶·µ¨§¢µ²Ó´Ò,  

G1 = H1 (155)

(¸²¥¤µ¢ É¥²Ó´µ, g1 = h1 ≡ g). ’µ£¤ , ±·µ³¥ U(1) (154), É¥µ·¨Ö ¡Ê¤¥É ¨´¢ ·¨-
 ´É´  µÉ´µ¸¨É¥²Ó´µ ±¨· ²Ó´µ° £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨°:

U5(1) : ψ → exp (iαΓ5)ψ ≡

(
cosα ψ1 + sinα ψ2

cosα ψ2 − sinα ψ1

)
. (156)
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ˆ§ ¶.3.2 ¸²¥¤Ê¥É, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¢ ³µ¤¥²¨ ¡Ê¤ÊÉ ·¥ ²¨§µ¢ ´Ò Éµ²Ó±µ Ë §Ò
A1, A2, B ¨ C (Ë §  A3 ±¨· ²Ó´µ-Ô±¢¨¢ ²¥´É´  Ë §¥ C, É.¥. ¢ ±ÊÊ³´Ò¥ ¸·¥¤-
´¨¥ ¢¨¤  (141) ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö ¨§ £·Ê¶¶Ò (156) ³µ¦´µ ¶·¨¢¥¸É¨ ±
¢¨¤Ê (143)). ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉ¨³ Ë § ³ µ¡² ¸É¨ ±µ´¸É ´É ¸¢Ö§¨ (g, g2, h2)
µ¡µ§´ Î¨³ ± ± A15, A25, B5, C5, £¤¥

A15 = {g, h2, g2 > 0}, A25 = {g, g2 > h2;h2 < 0}, C5 = {h2, g2 > g; g < 0},
(157)

  µ¡² ¸ÉÓ B5 µ¡· §ÊeÉ É¥ §´ Î¥´¨Ö ±µ´¸É ´É ¸¢Ö§¨, ±µÉµ·Ò¥ ´¥ ¶·¨´ ¤²¥¦ É
³´µ¦¥¸É¢ ³ (157). �¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ Éµ²Ó±µ C5 ´ Ìµ¤¨É¸Ö ´  £· ´¨Í¥
µ¡² ¸É¨ C (147),   ³´µ¦¥¸É¢  A15, A25, B5 ²¥¦ É ¢´ÊÉ·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì
µ¡² ¸É¥° A1, A2, B (144)Ä(147).

’¥¶¥·Ó µÎ¥¢¨¤´µ, ÎÉµ ¢ ¨¸Ìµ¤´µ° ³µ¤¥²¨ ¸µ ¸¢Ö§ÓÕ (155) ´¥¶·¥·Ò¢´ Ö
±¨· ²Ó´ Ö ¨´¢ ·¨ ´É´µ¸ÉÓ (156) ¸¶µ´É ´´µ ´ ·ÊÏ¥´  Éµ²Ó±µ ¢ Ë §¥ C, ¶·¨
ÔÉµ³, ± ± ¸²¥¤Ê¥É ¨§ ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥² , ¶·µ¶ £ Éµ· ¶µ²Ö φ1 ¸¨´£Ê²Ö·¥´ ¢
ÉµÎ±¥ p2 = 0 (¸³. (153) ¶·¨ g1 = h1), É.¥. ¢ É¥µ·¨¨ ¶µÖ¢²Ö¥É¸Ö £µ²¤¸ÉµÊ´µ¢¸± Ö
Î ¸É¨Í  ³ ¸¸Ò ´Ê²Ó.

¡) …¸²¨ G1 = H2,   G2, H1 Ä ¶·µ¨§¢µ²Ó´Ò, Éµ ¢ ³µ¤¥²¨ ¤µ¶µ²´¨É¥²Ó´µ ±
U(1) (154) ¢µ§´¨±´¥É ¥Ð¥ µ¤´  ´¥¶·¥·Ò¢´ Ö ¸¨³³¥É·¨Ö:

U3(1) : ψ → exp (iαΓ3)ψ. (158)

�ÉµÉ ¸²ÊÎ ° ³µ¦´µ µ¶¨¸ ÉÓ  ´ ²µ£¨Î´µ (a), ¶µÔÉµ³Ê ³Ò ´¥ ¡Ê¤¥³ ´  ´¥³
¶µ¤·µ¡´µ µ¸É ´ ¢²¨¢ ÉÓ¸Ö.

¢) …¸²¨ ³Ò ÌµÉ¨³, ÎÉµ¡Ò ³µ¤¥²Ó ¡Ò²  ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ ¶·¥-
µ¡· §µ¢ ´¨° ¨§ £·Ê¶¶Ò U(1)× Uτ (1), £¤¥

Uτ (1) : ψ → exp (iατ)ψ, (159)

Éµ ´¥µ¡Ìµ¤¨³µ ´ ²µ¦¨ÉÓ ¸¢Ö§Ó H1 = H2 ≡ H. �·¨ ÔÉµ³, µÎ¥¢¨¤´µ, ¤¢ÊÌ-
±µ³¶µ´¥´É´Ò¥ ¸¶¨´µ·Ò ¨ ¢¸¶µ³µ£ É¥²Ó´Ò¥ ¶µ²Ö ¶·¥µ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

Uτ (1) : ψ1 → eiαψ1; ψ2 → e−iαψ2; (φ1 − iφ2)→ exp (−2iα)(φ1 − iφ2)
(160)

(¶µ²Ö σi ¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ ¶·¥µ¡· §µ¢ ´¨Ö (159)). Ÿ¸´µ, ÎÉµ ¢ ÔÉµ³
¸²ÊÎ ¥ ³µ¤¥²Ó É ±¦¥ ÉµÎ´µ ·¥Ï ¥³  ¢ ²¨¤¨·ÊÕÐ¥³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö,
¨ ± ¦¤Ò° ¡¥§ É·Ê¤  ³µ¦¥É (¨¸¶µ²Ó§ÊÖ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥²µ¢) ¶·¥¤-
¸É ¢¨ÉÓ ¥¥ Ë §µ¢Ò° ¶µ·É·¥É, ±µÉµ·Ò° ¸µ¸Éµ¨É ¨§ Î¥ÉÒ·¥Ì Ë § A1, A2, B, C.
(‚ ±ÊÊ³´µ¥ ¸·¥¤´¥¥ < φ1 > 6= 0 Ë §Ò A3 ³µ¦¥É ¡ÒÉÓ ¶·¥µ¡· §µ¢ ´µ ¸ ¶µ-
³µÐÓÕ (160) ¢ < φ2 > 6= 0, É.¥. ¢ ¢ ±ÊÊ³´µ¥ ¸·¥¤´¥¥ ¡µ§µ´´ÒÌ ¶µ²¥° Ë §Ò
A2. ‘²¥¤µ¢ É¥²Ó´µ, ÔÉ¨ Ë §Ò Ê´¨É ·´µ Ô±¢¨¢ ²¥´É´Ò ¤·Ê£ ¤·Ê£Ê µÉ´µ¸¨É¥²Ó´µ
¶·¥µ¡· §µ¢ ´¨° (159), ¶µÔÉµ³Ê A3 ³Ò ´¥ ¢±²ÕÎ ¥³ ¢ Ë §µ¢Ò° ¶µ·É·¥É ³µ-
¤¥²¨ ¶·¨ Ê± § ´´µ³ ¢ÒÏ¥ µ£· ´¨Î¥´¨¨ ´  ±µ´¸É ´ÉÒ ¸¢Ö§¨.) ‘ ¶µ³µÐÓÕ (160)
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´¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¢ Ë §¥ A2 ¸¨³³¥É·¨Ö Uτ (1) c¶µ´É ´´µ ´ ·ÊÏ¥´ . �·¨
H = 0 ¶µ²ÊÎ ¥É¸Ö É¥µ·¨Ö, ±µÉµ· Ö Ê¦¥ ¨¸¸²¥¤µ¢ ² ¸Ó ¢ ¸¢Ö§¨ ¸ Ö¢²¥´¨¥³ ¢Ò¸µ-
±µÉ¥³¶¥· ÉÊ·´µ° ¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨ [16,60], µ¤´ ±µ ¢ ´¥° Uτ (1)-¸¨³³¥É·¨Ö
´¨±µ¨³ µ¡· §µ³ ´¥ ´ ·ÊÏ ¥É¸Ö.

£) …¸ÉÓ ¥Ð¥ µ¤¨´ ±² ¸¸ ³µ¤¥²¥° ¢¨¤ 

LV P = ψ̄i∂̂ψ + V (ψ̄Γµψ)2 + P (ψ̄Γντψ)2, (161)

¨´¢ ·¨ ´É´ÒÌ µÉ´µ¸¨É¥²Ó´µ Uτ (1). �ÉµÉ ² £· ´¦¨ ´ É ±¦¥ Ö¢²Ö¥É¸Ö Î ¸É-
´Ò³ ¸²ÊÎ ¥³ µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ (121)Ä(124) ¶·¨ N = 1, É.¥. ±µ£¤  ¸¶¨-
´µ·Ò ψ, ψ1, ψ2 ´¥ ¨³¥¥ÕÉ ¨´¤¥±¸µ¢ U(N)-£·Ê¶¶Ò. ‚ ¸ ³µ³ ¤¥²¥, ¨¸¶µ²Ó§ÊÖ
¶·¥µ¡· §µ¢ ´¨Ö ”¨·Í  (A.6) ¤²Ö ¤¢ÊÌ±µ³¶µ´¥´É´ÒÌ ¸¶¨´µ·µ¢ „¨· ±  (¸³.
¶·¨²µ¦¥´¨¥ A), ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ

LV P = ψ̄1i∂̂ψ1 + ψ̄2i∂̂ψ2 − 3(V + P )[ (ψ̄1ψ1)2 + (ψ̄2ψ2)2 ]+

+(P − V )[ 4ψ̄1ψ2ψ̄2ψ1 + 2ψ̄1ψ1ψ̄2ψ2 ]. (162)

‚¢µ¤Ö É¥¶¥·Ó £µ²Ò¥ ±µ´¸É ´ÉÒ Gi, Hj (¸³. (124)), ¨³¥¥³ ¤²Ö ² £· ´¦¨ ´ 
(162) H2 = H1, G2 = H1 + G1. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ µ¶¨¸ ´¨¨ Ë §µ¢µ°
¸É·Ê±ÉÊ·Ò ³µ¤¥²¨ ¤µ¸É ÉµÎ´µ §´ ÉÓ ¢¥²¨Î¨´Ò ¶ · ³¥É·µ¢ h1 ¨ g1. ’µ£¤ 
¶·¨ h1 > 0, g1 > 0 ¡Ê¤¥É Ë §  A1, ¶·¨ h1 > 0, g1 < 0 Ä Ë §  C, ¶·¨
h1 < 0, g1 < 0 Ä Ë §  B, ¨ ¶·¨ h1 < 0, g1 > 0 ³Ò ¶µ²ÊÎ ¥³ Ë §Ê A2 ¸µ
¸¶µ´É ´´Ò³ ´ ·ÊÏ¥´¨¥³ Uτ (1)-¨´¢ ·¨ ´É´µ¸É¨.

¤) � ±µ´¥Í, ¢µ§³µ¦´  ¸¨ÉÊ Í¨Ö, ±µ£¤  É¥µ·¨Ö ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ
¶·¥µ¡· §µ¢ ´¨° ¨§ £·Ê¶¶Ò U(2):

U(2) : ψ ≡

(
ψ1

ψ2

)
→ U

(
ψ1

ψ2

)
. (163)

(‚ (163) U ¥¸ÉÓ 2 × 2 Ê´¨É ·´Ò¥ ³ É·¨ÍÒ.) �¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ÔÉµ³
¸²ÊÎ ¥ G1 = H1 = H2 ≡ H , É.¥., ± ± ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨° (132)Ä(134),
g1 = h1 = h2 ≡ h. ’ ±¨³ µ¡· §µ³, §¤¥¸Ó ³Ò ¨³¥¥³ ¢¸¥£µ ¤¢¥ ´¥§ ¢¨¸¨³Ò¥
±µ´¸É ´ÉÒ ¸¢Ö§¨, ¶µÔÉµ³Ê Ë §µ¢Ò° ¶µ·É·¥É ³µ¤¥²¨ ¢Ò£²Ö¤¨É µ¸µ¡¥´´µ ¶·µ-
¸Éµ. ’ ±, ¡¥§³ ¸¸µ¢ Ö Ë §  ·¥ ²¨§Ê¥É¸Ö ¶·¨ g2, h > 0. Œµ¤¥²Ó ´ Ìµ¤¨É¸Ö ¢
Ë §¥ B, ±µ£¤  ±µ´¸É ´ÉÒ ¸¢Ö§¨ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸µµÉ´µÏ¥´¨Ö³ g2 < 0, h > g2.
�·¨ ÔÉµ³ U(2)-¸¨³³¥É·¨Ö µ¸É ¥É¸Ö ´¥´ ·ÊÏ¥´´µ°. …¸²¨ h < 0 ¨ g2 > h,
Éµ ³Ò ¨³¥¥³ Ë §Ê C, ¢ ±µÉµ·µ° U(2)-¸¨³³¥É·¨Ö ¸¶µ´É ´´µ ´ ·ÊÏ ¥É¸Ö ¤µ
U(1)×Uτ(1),   ¢ ¸¶¥±É·¥ ³ ¸¸ É¥µ·¨¨ ¶·¨¸ÊÉ¸É¢ÊÕÉ £µ²¤¸ÉµÊ´µ¢¸±¨¥ ¡µ§µ´Ò.
�¸É ²Ó´Ò¥ ¸¢µ°¸É¢  ³µ¤¥²¨, ´ Ìµ¤ÖÐ¥°¸Ö ¢ µ¤´µ° ¨§ Ë § B ¨²¨ C, µ¸É ÕÉ¸Ö
´¥¨§³¥´´Ò³¨ ¨ ¶·¨¢¥¤¥´Ò ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì.

…¸²¨ ¢ ² £· ´¦¨ ´¥ (161) ¶µ²µ¦¨ÉÓ P = 0 , Éµ ¶µ²ÊÎ¨É¸Ö É¥µ·¨Ö ¸
¢¥±Éµ·-¢¥±Éµ·´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ Ë¥·³¨µ´µ¢. �·¨ N = 1 µ´  Ö¢²Ö¥É¸Ö
Î ¸É´Ò³ ¸²ÊÎ ¥³ µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ ƒ·µ¸¸  Ä �¥¢Ó¥ (121)Ä(124), ¢ ±µÉµ·µ°



„ˆ��Œˆ—…‘Šˆ… �””…Š’› ‚ (2+1)-Œ…��›• ’…��ˆŸ• 1303

G1 = H1 = H2 ≡ H ,G2 = 2H , É.¥. ¨³¥¥É¸Ö U(2)-¨´¢ ·¨ ´É´µ¸ÉÓ. �Î¥-
¢¨¤´µ, ÎÉµ §¤¥¸Ó, ±·µ³¥ A1, ¢µ§³µ¦´  Éµ²Ó±µ Ë §  B ¡¥§ ´ ·ÊÏ¥´¨Ö U(2)-
¨´¢ ·¨ ´É´µ¸É¨.

3.5. „¨´ ³¨Î¥¸± Ö £¥´¥· Í¨Ö Î²¥´  —‘. �·µ¤µ²¦¨³ ¨¸¸²¥¤µ¢ ´¨¥ µ¡µ¡-
Ð¥´´µ° ³µ¤¥²¨ (121) ¨ · ¸¸³µÉ·¨³ Ê¸²µ¢¨Ö, ¶·¨ ±µÉµ·ÒÌ ¢ ´¥° ¢µ§³µ¦´ 
¸¶µ´É ´´ Ö £¥´¥· Í¨Ö Î²¥´  —¥·´  Ä ‘ °³µ´¸  (120). „²Ö ÔÉµ£µ ¸¤¥² ¥³ £²µ-
¡ ²Ó´ÊÕ ´¥¶·¥·Ò¢´ÊÕ ± ²¨¡·µ¢µÎ´ÊÕ ¸¨³³¥É·¨Õ (122) ²µ± ²Ó´µ°, É.¥. ¢¢¥-
¤¥³ ¢ É¥µ·¨Õ ¢¥±Éµ·´µ¥ ± ²¨¡·µ¢µÎ´µ¥ ¶µ²¥ Aµ, ² £· ´¦¨ ´ ¢§ ¨³µ¤¥°¸É¢¨Ö
±µÉµ·µ£µ ¸ Ë¥·³¨µ´ ³¨ ¨³¥¥É ¢¨¤

Lint ∼ ψ̄ΓµψAµ ≡ (ψ̄1γ
µψ1 + ψ̄2γ

µψ2)Aµ.

ŒÒ ¡Ê¤¥³ ¶·¥¤¶µ² £ ÉÓ, ÎÉµ ¶µ²´Ò° ² £· ´¦¨ ´ ¸¨¸É¥³Ò ´¥ ¸µ¤¥·¦¨É ±¨´¥-
É¨Î¥¸±µ£µ Î²¥´  Œ ±¸¢¥²²  ¤²Ö ± ²¨¡·µ¢µÎ´µ£µ ¶µ²Ö, É.¥.

Ltot = L+ Lint, (164)

£¤¥ L ¤ ´ ¢ (121). �·¥¤¶µ²µ¦¨³ ¤ ²¥¥, ÎÉµ ±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö ´ Ìµ-
¤ÖÉ¸Ö ¢ µ¡² ¸ÉÖÌ B ¨²¨ C (147), £¤¥ Éµ²Ó±µ ¶µ²Ö σi ³µ£ÊÉ ¨³¥ÉÓ ´¥´Ê²¥¢Ò¥
¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥. ‘¤¥² ¢ ¢ (164) ¸¤¢¨¦±Ê σi → σi+ < σi >, ³Ò ¶µ²ÊÎ ¥³
¢ Ltot ³ ¸¸µ¢Ò° Ë¥·³¨µ´´Ò° Î²¥´ ¤¨ £µ´ ²Ó´µ£µ ¢¨¤ 

Ltot =

2∑
k=1

ψ̄k(i∂̂ +mk)ψk + ... (165)

‡¤¥¸Ó mk µ¡µ§´ Î ¥É ³ ¸¸Ê k-£µ ¸¶¨´µ·´µ£µ ³Ê²ÓÉ¨¶²¥É . �¶¨· Ö¸Ó ´  ÔÉµÉ
² £· ´¦¨ ´, ±µÉµ·µ³Ê ¡Ê¤ÊÉ ¸µµÉ¢¥É¸É¢µ¢ ÉÓ ¶· ¢¨²  ”¥°´³ ´  ¸ ³ ¸¸¨¢-
´Ò³¨ Ë¥·³¨µ´´Ò³¨ ¶·µ¶ £ Éµ· ³¨, ³µ¦´µ ´ °É¨ · ¤¨ Í¨µ´´Ò¥ ¶µ¶· ¢±¨ ±
ÔËË¥±É¨¢´µ³Ê ¤¥°¸É¢¨Õ, ¨³¥ÕÐ¨¥ ¸² £ ¥³µ¥, ¶·µ¶µ·Í¨µ´ ²Ó´µ¥ A2

µ:

Seff =

∫
d3pÃµ(−p)πµνÃν(p) + ..., (166)

£¤¥ Ãµ(p) Ä ËÊ·Ó¥-µ¡· § ¶µ²Ö Aµ(x), πµν Ä ¶µ²Ö·¨§ Í¨µ´´Ò° µ¶¥· Éµ· ± -
²¨¡·µ¢µÎ´µ£µ ¶µ²Ö, ±µÉµ·Ò° ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨ ¶·¨ ³ ²ÒÌ §´ Î¥-
´¨ÖÌ ¨³¶Ê²Ó¸µ¢ ¨³¥¥É ¢¨¤

πµν ∼ εµναpα

2∑
k=1

sign mk. (167)

�µ¤¸É ¢²ÖÖ (167) ¢ (166) ¨ ¶¥·¥Ìµ¤Ö ¢ ±µµ·¤¨´ É´µ¥ ¶·¥¤¸É ¢²¥´¨¥, ¶µ²Ê-
Î ¥³ Î²¥´ —‘, ±µÉµ·Ò° £¥´¥·¨·Ê¥É¸Ö ¤¨´ ³¨Î¥¸±¨³ µ¡· §µ³, É.¥. ¸ ¶µ³µÐÓÕ
· ¤¨ Í¨µ´´ÒÌ ¶µ¶· ¢µ±:

SCS ∼ (sign m1 + sign m2)

∫
d3xεµναAµ∂νAα. (168)
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�É¸Õ¤  ¢¨¤´µ, ÎÉµ ¢ Ë §¥ B ³µ¤¥²¨, £¤¥ m1 = m2 (¸³.(148)) ¨ P -Î¥É´µ¸ÉÓ
¸¶µ´É ´´µ ´ ·ÊÏ¥´ , Î²¥´ —‘ ´¥ · ¢¥´ ´Ê²Õ, µ¤´ ±µ ¢ Ë §¥ C, £¤¥ ³ ¸¸Ò
Ë¥·³¨µ´µ¢ ¶·µÉ¨¢µ¶µ²µ¦´Ò ¶µ §´ ±Ê, SCS = 0.

�¡· É¨³¸Ö É¥¶¥·Ó ± ¸²ÊÎ Õ, ±µ£¤  ±µ´¸É ´ÉÒ ¸¢Ö§¨ ²¥¦ É ¢ µ¡² ¸ÉÖÌ
A2,3 (144). ‡¤¥¸Ó ¸¶µ´É ´´µ ¢µ§´¨± ¥É Ë¥·³¨µ´´Ò° ³ ¸¸µ¢Ò° Î²¥´ ´¥¤¨ £µ-
´ ²Ó´µ£µ ¢¨¤  (¸³.(148)), ¶µÔÉµ³Ê Ëµ·³Ê²  (168) ´¥¶·¨³¥´¨³ . ‚ ÔÉµ³ ¸²ÊÎ ¥
³µ¦´µ ¸¤¥² ÉÓ Ê´¨É ·´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ Ë¥·³¨µ´´ÒÌ ¶µ²¥°:(

ψ1

ψ2

)
= U

(
f1

f2

)
,

±µÉµ·µ¥, ´ ¶·¨³¥·, ¤²Ö µ¡² ¸É¨ A3 ¨³¥¥É ¢¨¤ U = 1√
2

(
1 1
−1 1

)
. ‚ É¥·³¨-

´ Ì ¸¶¨´µ·µ¢ fi ³ ¸¸µ¢Ò¥ Î²¥´Ò ³µ¤¥²¨ ¢ Ë § Ì A2,3 ¡Ê¤ÊÉ Ê¦¥ ¤¨ £µ´ ²Ó´Ò,
´µ ¸ ¶·µÉ¨¢µ¶µ²µ¦´Ò³¨ §´ ± ³¨ ³ ¸¸. �µÔÉµ³Ê Î²¥´ —‘ ´¥ ¢µ§´¨± ¥É ¤¨´ -
³¨Î¥¸±¨³ µ¡· §µ³ ´¨ ¢ A2-, ´¨ ¢ A3-Ë §¥ ¸µ£² ¸´µ Ëµ·³Ê²¥ (168).

‘²¥¤µ¢ É¥²Ó´µ, ³Ò ¨³¥¥³ ¶·¨³¥· Ö¢²¥´¨Ö, ±µ£¤  P -Î¥É´µ¸ÉÓ ¸¶µ´É ´´µ
´ ·ÊÏ¥´  (¢ Ë §¥ A3), ´µ Î²¥´ —‘ ´¥ £¥´¥·¨·Ê¥É¸Ö.

3.6. ‘É·Ê±ÉÊ·  ¢ ±ÊÊ³  ¢ (ψ̄λaψ)2-É¥µ·¨¨. ‚ ¶·¥¤² £ ¥³µ³ ¶µ¤· §¤¥²¥
¡Ê¤¥É ¨¸¸²¥¤µ¢ ´  ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö Ë §µ¢ Ö ¸É·Ê±ÉÊ· 
É·¥Ì³¥·´µ° Î¥ÉÒ·¥ÌË¥·³¨µ´´µ° É¥µ·¨¨ ¶µ²Ö ¢¨¤ 

Lψ = iψ̄∂̂ψ +mψ̄ψ + g(ψ̄λaψ)2/(2N), (169)

£¤¥
ψ̄ψ =

∑
i,α

ψ̄iαψiα, ψ̄λ
aψ =

∑
i,α

ψ̄iαλ
a
αβψiβ . (170)

‡¤¥¸Ó ¸Ê³³¨·µ¢ ´¨¥ ¶µ i ¨¤¥É µÉ 1 ¤µ N ,   ¶µ α, β Å µÉ 1 ¤µ K , ¶·¨Î¥³
¤²Ö ¢¸¥Ì Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨° i ¨ α ψiα Ä ¤¢ÊÌ±µ³¶µ´¥´É´Ò° ¸¶¨´µ·
„¨· ± , λa Ä £¥´¥· Éµ·Ò SU(K)-£·Ê¶¶Ò (a = 1, ...,K2 − 1). ’ ±¨³ µ¡· §µ³,
ψ ¶·¥µ¡· §Ê¥É¸Ö ¶µ ËÊ´¤ ³¥´É ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ U(N)- ¨ U(K)-£·Ê¶¶,
  É¥µ·¨Ö (169), ´¥ Ö¢²ÖÕÐ Ö¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ (121),
¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ U(N) × U(K). ‚¸¥ ¢ÒÎ¨¸²¥´¨Ö ³Ò ¡Ê¤¥³ ¶·µ-
¢µ¤¨ÉÓ ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö. �·¨ ÔÉµ³ ¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ
· ´£ U(N)-£·Ê¶¶Ò Ä µÎ¥´Ó ¡µ²ÓÏ Ö ¢¥²¨Î¨´  (É.¥. 1/N Ä ³ ²Ò° ¶ · ³¥É·).
‘É·Ê±ÉÊ·  ² £· ´¦¨ ´  (169) É ±µ¢ , ÎÉµ U(N)-¨´¢ ·¨ ´É´µ¸ÉÓ É¥µ·¨¨ ´¥
´ ·ÊÏ ¥É¸Ö ´¨ ¶·¨ ± ±¨Ì §´ Î¥´¨ÖÌ m ¨ g. �µÔÉµ³Ê, ±µ£¤  ³Ò ¡Ê¤¥³ £µ¢µ-
·¨ÉÓ µ¡ µ¸É ÉµÎ´µ° ¸¨³³¥É·¨¨ ¢ ±ÊÊ³ , ¢¸¥£¤  ¡Ê¤¥³ ¶µ¤· §Ê³¥¢ ÉÓ ¥Ð¥ ¥£µ
¨´¢ ·¨ ´É´µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ U(N).

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¨¸Ìµ¤´µ° ³µ¤¥²¨, Ê¤µ¡´µ ¢µ¸-
¶µ²Ó§µ¢ ÉÓ¸Ö Ô±¢¨¢ ²¥´É´µ° É¥µ·¨¥° ¸µ ¢¸¶µ³µ£ É¥²Ó´Ò³¨ ¸± ²Ö·´Ò³¨ ¶µ-
²Ö³¨

Lσ = iψ̄∂̂ψ +mψ̄ψ + σa(ψ̄λaψ)−N(σa)2/(2g) =
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= iψ̄∂̂ψ +mψ̄ψ + ψ̄ϕψ −NTr (ϕ2)/(4g), (171)

£¤¥ ϕ = σaλa, Tr ϕ = 0. (‘ ¶µ³µÐÓÕ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ²¥£±µ ¨¸±²ÕÎ¨ÉÓ
σa ¨§ (171) ¨ ¶µ²ÊÎ¨ÉÓ ¢ ·¥§Ê²ÓÉ É¥ Lψ (169).) Œµ¦´µ ¶µ± § ÉÓ (¸³. [63]), ÎÉµ
¢ É¥µ·¨¨ (171) ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö
¨³¥¥É ¢¨¤

2π

N
V (ϕ) =

K∑
i=1

{
a

2
ϕ2
i +

1

3
|ϕi +m|3}, (172)

£¤¥ a = π/g,   ¶¥·¥³¥´´Ò¥ ϕi Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ

ϕ1 + ...ϕK = 0. (173)

�·¨ ¢Ò¢µ¤¥ (172) ³Ò ¨¸¶µ²Ó§µ¢ ²¨ · §³¥·´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ, ¤µ¸Éµ¨´¸É¢µ
±µÉµ·µ° ¢ É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ·¥£Ê²Ö·¨-
§µ¢ ´´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¢ ²¨¤¨·ÊÕÐ¥³ ¶µ·Ö¤±¥
1/N -· §²µ¦¥´¨Ö ´¥ ¸µ¤¥·¦¨É Ê²ÓÉ· Ë¨µ²¥Éµ¢ÒÌ · ¸Ìµ¤¨³µ¸É¥°. ‚ ¸¨²Ê ÔÉµ£µ
£µ²Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ g ¨ ³ ¸¸  m Ö¢²ÖÕÉ¸Ö ±µ´¥Î´Ò³¨ ¢¥²¨Î¨´ ³¨.

‘ ÊÎ¥Éµ³ ·¥§Ê²ÓÉ Éµ¢ · ¡µÉÒ [63],   É ±¦¥ Î¨¸²¥´´ÒÌ · ¸Î¥Éµ¢, ¶·µ-
¤¥² ´´ÒÌ ´ ³¨ ¤²Ö §´ Î¥´¨° N ≤ 1000, ³µ¦´µ ¸± § ÉÓ, ÎÉµ ¢ ¡¥§³ ¸¸µ¢µ³
¸²ÊÎ ¥ (m = 0) £²µ¡ ²Ó´Ò° ³¨´¨³Ê³ ¶µÉ¥´Í¨ ²  (172) µ¡² ¤ ¥É U(n)×U(n)-
¸¨³³¥É·¨¥° ¤²Ö K = 2n ¨²¨ U(n + 1) × U(n) ¤²Ö K = 2n + 1, ¥¸²¨ g < 0.
…¸²¨ g > 0, Éµ ¨¸Ìµ¤´ Ö U(K)-¨´¢ ·¨ ´É´µ¸ÉÓ ³µ¤¥²¨ ´¥ ´ ·ÊÏ ¥É¸Ö.

’¥¶¥·Ó µ¡¸Ê¤¨³ ¸¢µ°¸É¢  ¶µÉ¥´Í¨ ²  (172) ¢ ³ ¸¸¨¢´µ³ ¸²ÊÎ ¥. ‘ ÔÉµ°
Í¥²ÓÕ ¢¢¥¤¥³ ¡¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò, ¶µ¤¥²¨¢ µ¡¥ Î ¸É¨ ¢Ò· ¦¥´¨Ö (172) ´ 
m3:

2π

m3N
V (w) =

K∑
i=1

{
b

2
(wi − 1)2 +

1

3
|wi|

3}, (174)

£¤¥ b = a/m, wi = 1 + ϕi/m. �µ¢Ò¥ ¶¥·¥³¥´´Ò¥, µÎ¥¢¨¤´µ, Ê¤µ¢²¥É¢µ·ÖÕÉ
¸µµÉ´µÏ¥´¨Õ

w1 + ...+ wK = K. (175)

ˆ§ (174) ¸²¥¤ÊÕÉ Ê· ¢´¥´¨Ö ¸É Í¨µ´ ·´µ¸É¨ ¤²Ö V (w) (i = 1, ...,K − 1):

bwi − bwK + |wi|wi − |wK |wK = 0. (176)

�·¨ ¢Ò¢µ¤¥ (176) ¢ ± Î¥¸É¢¥ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¶¥·¢Ò¥
(K − 1) ±µ³¶µ´¥´É wi,   wK µ¶·¥¤¥²¥´  Ê¸²µ¢¨¥³ (175).

�Ê¸ÉÓ b > 0 (É.¥. g > 0). �¥Ï Ö Ê· ¢´¥´¨Ö (175)Ä(176), ²¥£±µ ¶µ± § ÉÓ,
ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö V (w) ¨³¥¥É Éµ²Ó±µ µ¤´Ê ¸É Í¨µ´ ·´ÊÕ ÉµÎ±Ê
ΩK = (1, ..., 1), ¢ ±µÉµ·µ° Ê ´¥¥ ´ Ìµ¤¨É¸Ö £²µ¡ ²Ó´Ò° ³¨´¨³Ê³. �Î¥¢¨¤´µ,
ÎÉµ ΩK ¸µµÉ¢¥É¸É¢Ê¥É U(K)-¸¨³³¥É·¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö É¥µ·¨¨ (169).



1306 ‚˜ˆ‚–…‚ �.‘., Œ�ƒ�ˆ–Šˆ‰ �.‚., †“Š�‚‘Šˆ‰ ‚.—. ˆ „�.

’¥¶¥·Ó · ¸¸³µÉ·¨³ ¸²ÊÎ ° b < 0 (É.¥. g < 0). �µ± ¦¥³ ¶·¥¦¤¥ ¢¸¥£µ, ÎÉµ
¶·µ¨§¢µ²Ó´ Ö ÉµÎ±  Ω = (w1, ..., wK), £¤¥ ¢¸¥ wi Ê¤µ¢²¥É¢µ·ÖÕÉ (175)Ä(176),
¨³¥¥É ´¥ ¡µ²¥¥ É·¥Ì · §²¨Î´ÒÌ ±µ³¶µ´¥´É.

�ÉµÉ Ë ±É ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ Ê· ¢´¥´¨° (176), ·¥Ï Ö ±µÉµ·Ò¥,
³µ¦´µ Ê¸É ´µ¢¨ÉÓ, ÎÉµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ Ë¨±¸¨·µ¢ ´´µ£µ i < K ¸µµÉ¢¥É-
¸É¢ÊÕÐ Ö ±µ³¶µ´¥´É  wi ¸É Í¨µ´ ·´µ° ÉµÎ±¨ Ω ³µ¦¥É ¶·¨´¨³ ÉÓ µ¤´µ ¨§
É·¥Ì §´ Î¥´¨° (¶·¨ ÔÉµ³, ´¥ É¥·ÖÖ µ¡Ð´µ¸É¨, ³Ò ¶·¥¤¶µ² £ ¥³, ÎÉµ wK > 0):

w̃1 = wK , w̃2 = −b− wK , w̃3 =
b

2
−

√
b2

4
− bwK − w2

K (177)

¶·¨ 0 < wK < −b, ¨²¨

w̃1, w̃3, w̃4 =
b

2
+

√
b2

4
− bwK − w2

K (178)

¶·¨ −b < wK < −b(1 +
√

2)/2. �·¨ ¤·Ê£¨Ì ¶µ²µ¦¨É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ wK
¢¸¥ ±µ³¶µ´¥´ÉÒ wi · ¢´Ò wK . „²Ö µ¶·¥¤¥²¥´¨Ö ±µ³¶µ´¥´ÉÒ wK ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥° ÉµÎ±¨ ¸É Í¨µ´ ·´µ¸É¨ ´Ê¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ê¸²µ¢¨¥ (175).

„²Ö ´ Ìµ¦¤¥´¨Ö ÉµÎ±¨ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¶µÉ¥´Í¨ ²  ³Ò ¶·¨³¥´¨³
¸²¥¤ÊÕÐÊÕ ¶·µÍ¥¤Ê·Ê. ‘´ Î ²  ¸ ¶µ³µÐÓÕ (177), (178) ´¥µ¡Ìµ¤¨³µ ¶µ¸É·µ-
¨ÉÓ ¢¸¥¢µ§³µ¦´Ò¥ ÉµÎ±¨ ¸É Í¨µ´ ·´µ¸É¨ ¸ ¤¢Ê³Ö,   É ±¦¥ ¸ É·¥³Ö · §²¨Î-
´Ò³¨ ±µ³¶µ´¥´É ³¨, ± ¦¤Ò° · § µ¶·¥¤¥²ÖÖ wK ¨§ Ê¸²µ¢¨Ö (175). �µÉµ³
´ °É¨ §´ Î¥´¨Ö ËÊ´±Í¨¨ V (w) ´  ± ¦¤µ° ¨§ ÔÉ¨Ì ÉµÎ¥± ¨ µ¶·¥¤¥²¨ÉÓ ÉÊ
¨§ ´¨Ì, ¢ ±µÉµ·µ° V ¶·¨´¨³ ¥É ´ ¨³¥´ÓÏ¥¥ §´ Î¥´¨¥. …¸É¥¸É¢¥´´µ, ÎÉµ ¸
·µ¸Éµ³ K ±µ²¨Î¥¸É¢µ ÉµÎ¥± ¸É Í¨µ´ ·´µ¸É¨ ¶µÉ¥´Í¨ ²  V (w) §´ Î¨É¥²Ó´µ
¢µ§· ¸É ¥É. �µÔÉµ³Ê ³Ò µ£· ´¨Î¨²¨¸Ó ´¥¸±µ²Ó±¨³¨ §´ Î¥´¨Ö³¨ K . �¶Ê¸± Ö
¤¥É ²¨ ¢ÒÎ¨¸²¥´¨°, ¶·¨¢¥¤¥³ ²¨ÏÓ ±µ´¥Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

a) �Ê¸ÉÓ K = 2. ˆ§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (175), (176) ¸²¥¤Ê¥É, ÎÉµ £²µ¡ ²Ó-
´Ò° ³¨´¨³Ê³ ËÊ´±Í¨¨ (174) ´ Ìµ¤¨É¸Ö ¢ ÉµÎ±¥

Ω11 =

(
1 +

b

2
−

1

2

√
b2 − 4, 1−

b

2
+

1

2

√
b2 − 4

)
,

¥¸²¨ b < −2. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨¸Ìµ¤´ Ö U(2)-¸¨³³¥É·¨Ö ¸¶µ´É ´´µ ´ ·ÊÏ ¥É¸Ö
¤µ U(1)× U(1). …¸²¨ ¦¥ b > −2, Éµ ¸¨³³¥É·¨Ö µ¸É ¥É¸Ö ´¥´ ·ÊÏ¥´´µ°.

¡) �Ê¸ÉÓ K = 3. —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ (¢ ÔÉµ³ ¨ ¶µ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ)
¶µ± §Ò¢ ÕÉ, ÎÉµ ¶·¨ b < b∗3 = −1, 5388... ÉµÎ±  £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¥¸ÉÓ
Ω21 = (x1, x1, y1), £¤¥ y1 = 3− 2x1 ¨

x1 = −[3(b− 4)−
√

9b2 − 12b− 36]/10.

�Î¥¢¨¤´µ, ÎÉµ Ω21,   §´ Î¨É ¨ ¢ ±ÊÊ³ ³µ¤¥²¨, µ¡² ¤ ¥É U(2)×U(1)-¸¨³³¥É·¨¥°.
�·¨ b > b∗3 É¥µ·¨Ö U(3) ¨´¢ ·¨ ´É´ .
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¢) �Ê¸ÉÓ K = 4. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨ b < b∗4 = −4, 0694... £²µ¡ ²Ó´Ò°
³¨´¨³Ê³ ¶µÉ¥´Í¨ ²  ¤µ¸É¨£ ¥É¸Ö ¢ ÉµÎ±¥ Ω22 = (x2, x2, y2, y2), £¤¥ y2 = 2−x2

¨

x2 = 1−
b

2
+

1

2

√
b2 − 4.

Ÿ¸´µ, ÎÉµ ¢ ÔÉµ° µ¡² ¸É¨ §´ Î¥´¨° ¶ · ³¥É·  b ¸¨³³¥É·¨Ö ³µ¤¥²¨ ¸¶µ´É ´´µ
´ ·ÊÏ¥´  ¤µ U(2)× U(2).

�·¨ b∗4 < b < b∗∗4 = −1, 3572...  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ËÊ´±Í¨¨ (174)
· ¸¶µ² £ ¥É¸Ö ¢ ÉµÎ±¥ Ω31 = (x3, x3, x3, y3), £¤¥ y3 = 4− 3x3

x3 =
6− b

5
+

1

5

√
b2 − 2b− 4.

�Î¥¢¨¤´µ, ÎÉµ Ω31 ¨´¢ ·¨ ´É´  µÉ´µ¸¨É¥²Ó´µ U(3)× U(1)-£·Ê¶¶Ò. �·¨ b >
b∗∗4 ¨¸Ìµ¤´ Ö U(4)-¸¨³³¥É·¨Ö ´¥ ´ ·ÊÏ ¥É¸Ö.

£) � ±µ´¥Í, ¤²Ö K = 5 ³µ¤¥²Ó ´ Ìµ¤¨É¸Ö ¢ U(3) × U(2) ¸¨³³¥É·¨Î´µ°
Ë §¥, ¥¸²¨ b < b∗5 = −2, 5300.... �·¨ §´ Î¥´¨ÖÌ b∗5 < b < b∗∗5 = −1, 2654...
¢ ±ÊÊ³´µ¥ ¸µ¸ÉµÖ´¨¥ µ¡² ¤ ¥É ¨´¢ ·¨ ´É´µ¸ÉÓÕ µÉ´µ¸¨É¥²Ó´µ £·Ê¶¶Ò U(4)×
U(1). ‚ Éµ ¦¥ ¢·¥³Ö ¨¸Ìµ¤´ Ö U(5)-¸¨³³¥É·¨Ö ´¥ ´ ·ÊÏ ¥É¸Ö ¶·¨ b > b∗∗5 .
‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉ¨³ Ë § ³ ÉµÎ±¨ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ÔËË¥±É¨¢´µ£µ
¶µÉ¥´Í¨ ²  ¨³¥ÕÉ ¢¨¤

U(3)× U(2) : Ω32 = (x4, x4, x4, y4, y4); y4 = (5− 3x4)/2,

x4 = [15− 5b+
√

25b2 − 20b− 100]/13,

U(4)× U(1) : Ω41 = (x5, x5, x5, x5, y5); y5 = 5− 4x5,

x5 = [40− 5b+
√

25b2 − 60b− 100]/34,

U(5) : Ω5 = (1, 1, 1, 1, 1).

�µ¤¢µ¤Ö ¨Éµ£, ³µ¦´µ ¸± § ÉÓ, ÎÉµ ¶·¨ K > 3 Ë §µ¢ Ö ¸É·Ê±ÉÊ·  ¢ ³ ¸-
¸¨¢´µ° ³µ¤¥²¨ (169) £µ· §¤µ ¡µ£ Î¥, Î¥³ ¢ ¡¥§³ ¸¸µ¢µ³ ¸²ÊÎ ¥.

3.7. „¨´ ³¨Î¥¸± Ö £¥´¥· Í¨Ö Î²¥´  —‘. ‡¤¥¸Ó ³Ò · ¸¸³µÉ·¨³ ¢µ§³µ¦-
´µ¸ÉÓ ¨¸¶µ²Ó§µ¢ ´¨Ö ³µ¤¥²¨ (169) ¤²Ö ¤¨´ ³¨Î¥¸±µ° £¥´¥· Í¨¨ Éµ¶µ²µ£¨Î¥-
¸±µ° ³ ¸¸Ò ¢¥±Éµ·´µ£µ ¶µ²Ö, ±µÉµ·µ° ¢ ² £· ´¦¨ ´¥ ¸µµÉ¢¥É¸É¢Ê¥É Î²¥´ —‘
¢¨¤  (120). ‘ ÔÉµ° Í¥²ÓÕ ¢¢¥¤¥³ ³¨´¨³ ²Ó´Ò³ µ¡· §µ³ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸É É¨-
¸É¨Î¥¸±µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö Aµ ¸µ ¸¶¨´µ·´Ò³¨ ¶µ²Ö³¨. Œµ¤¨Ë¨Í¨·µ¢ ´´Ò°
² £· ´¦¨ ´ (171) ¶·¨³¥É ¢¨¤:

Lσ → L̃σ = ψ̄i(∂̂ + ieÂ)ψ +mψ̄ψ + ψ̄ϕψ −NTr (ϕ2)/(4g), (179)

Œµ¤¥²Ó (179) ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö µ¡² ¤ ¥É É ±¨³ ¦¥ ÔË-
Ë¥±É¨¢´Ò³ ¶µÉ¥´Í¨ ²µ³, ÎÉµ ¨ ³µ¤¥²Ó (169)Ä(171). ‘²¥¤µ¢ É¥²Ó´µ, ·¥§Ê²Ó-
É ÉÒ ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥²  ¶·¨³¥´¨³Ò ± É¥µ·¨¨ (179), ¨ ³µ¦´µ ÊÉ¢¥·¦¤ ÉÓ,
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ÎÉµ ¢ ±ÊÊ³´Ò¥ ¸·¥¤´¨¥ ¸± ²Ö·´ÒÌ ¶µ²¥° < ϕαβ > ¨§ L̃σ ¢ µ¡Ð¥³ ¸²ÊÎ ¥
µÉ²¨Î´Ò µÉ ´Ê²Ö, É.¥. µ´¨ ¸µ¢¶ ¤ ÕÉ ¸ ±µµ·¤¨´ É ³¨ ÉµÎ±¨ £²µ¡ ²Ó´µ£µ
³¨´¨³Ê³  ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² . ‘¤¥² ¥³ ¢ (179) § ³¥´Ê ¶¥·¥³¥´´ÒÌ
ϕαβ → ϕαβ+ < ϕαβ >. ‘ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ < ϕαβ >= diag (ϕ1, ..., ϕK),
³ ¸¸µ¢Ò° Î²¥´ Ë¥·³¨µ´µ¢ ¶·¨³¥É ¢¨¤

L̃σ = (...) +
K∑
i=1

(m+ ϕi)ψ̄iψi, (180)

£¤¥ Ê± § ´µ ¢ Ö¢´µ³ ¢¨¤¥ Éµ²Ó±µ ¸Ê³³¨·µ¢ ´¨¥ ¶µ ¨´¤¥±¸ ³ U(K)-£·Ê¶¶Ò,
  ¸Ê³³¨·µ¢ ´¨¥ ¶µ ¨´¤¥±¸ ³ U(N)-£·Ê¶¶Ò ¶µ¤· §Ê³¥¢ ¥É¸Ö. �É¸Õ¤  ¢¨¤´µ,
ÎÉµ ¢ £² ¢´µ³ ¶µ·Ö¤±¥ 1/N -· §²µ¦¥´¨Ö i-° ³Ê²ÓÉ¨¶²¥É ¸¶¨´µ·´ÒÌ ¶µ²¥°
¨³¥¥É ³ ¸¸Ê Mi = m + ϕi, ±µÉµ· Ö, ¢µµ¡Ð¥ £µ¢µ·Ö, µÉ²¨Î´  µÉ § É· ¢µÎ´µ°
³ ¸¸Ò m ¨¸Ìµ¤´µ£µ ² £· ´¦¨ ´ . �Î¥¢¨¤´µ, ÎÉµ §´ Î¥´¨Ö Mi ¸ÊÐ¥¸É¢¥´´Ò³
µ¡· §µ³ § ¢¨¸ÖÉ µÉ ¸¢µ°¸É¢ ¢ ±ÊÊ³  É¥µ·¨¨, É.¥. µÉ Éµ£µ, ¢ ± ±µ° Ë §¥ µ´ 
´ Ìµ¤¨É¸Ö.

ˆ¸Ìµ¤Ö ¨§ ² £· ´¦¨ ´  (180), ³µ¦´µ ¶µ± § ÉÓ (¸³. ¶.3.5), ÎÉµ ¢ £² ¢´µ³
¶µ·Ö¤±¥ ¶µ N ¢ É¥µ·¨¨ ¶µ²Ö (179), (180) ¤¨´ ³¨Î¥¸±¨³ µ¡· §µ³ ¢µ§´¨± ¥É
Î²¥´ —‘ ¢¨¤  (120), £¤¥

G = e2
K∑
i=1

sign (m+ ϕi) ≡ e
2G̃. (181)

� · ³¥É· G̃ ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´ ± ± ¸ Éµ¶µ²µ£¨Î¥¸±µ° ³ ¸¸µ° ¢¥±Éµ·´µ£µ
¶µ²Ö, É ± ¨ ¸µ §´ Î¥´¨Ö³¨ ¤·µ¡´ÒÌ ¸¶¨´  ¨ ¸É É¨¸É¨±¨ ¶µ²¥° ³ É¥·¨¨.

�·¥¤¶µ²µ¦¨³ ¸´ Î ² , ÎÉµ m = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨ K = 2n Î²¥´
—‘ ´¥ ¡Ê¤¥É £¥´¥·¨·µ¢ ÉÓ¸Ö ¢µ¢¸¥. �ÉµÉ Ë ±É ²¥£±µ ¶µ´ÖÉÓ, ¥¸²¨ ¶·¨´ÖÉÓ ¢µ
¢´¨³ ´¨¥ ¢¨¤ ÉµÎ±¨ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¶µÉ¥´Í¨ ² , ±µÉµ· Ö ¨³¥¥É µ¤¨-
´ ±µ¢µ¥ ±µ²¨Î¥¸É¢µ µÉ·¨Í É¥²Ó´ÒÌ ¨ ¶µ²µ¦¨É¥²Ó´ÒÌ ±µ³¶µ´¥´É [63]. …¸²¨
K = 2n+ 1, Éµ ¢ U(n+ 1)×U(n) ¸¨³³¥É·¨Î´µ° Ë §¥ É¥µ·¨¨ Î²¥´ —‘ µ¡Ö§ -
É¥²Ó´µ ¢µ§´¨± ¥É ¤¨´ ³¨Î¥¸±¨³ µ¡· §µ³, ´¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¢ ¡¥§³ ¸¸µ¢µ°
Ë §¥ µ´ µÉ¸ÊÉ¸É¢Ê¥É.

�µ²¥¥ ¨´É¥·¥¸´  ¸¨ÉÊ Í¨Ö ¢ ³ ¸¸¨¢´µ³ ¸²ÊÎ ¥ (m 6= 0). ‡¤¥¸Ó ¶ · ³¥É·
¸É É¨¸É¨±¨ G̃, ± ± ¸²¥¤Ê¥É ¨§ (181) ¨ ·¥§Ê²ÓÉ Éµ¢ ¶.3.6, ¶·¨´¨³ ¥É ¢ § ¢¨¸¨-
³µ¸É¨ µÉ Ë §Ò É¥µ·¨¨ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö: K,K − 2, ...,K − 2n (n = K/2
¤²Ö Î¥É´ÒÌ ¨ n = (K − 1)/2 ¤²Ö ´¥Î¥É´ÒÌ K). �·¨Î¥³ G̃ = K ¢ Ë §¥ ¸
³ ±¸¨³ ²Ó´µ° ¸¨³³¥É·¨¥° U(K) ¨ G̃ Ä ³¨´¨³ ²Ó´µ (É.¥. ´Ê²Ó ¨²¨ ¥¤¨´¨Í )
¢ Ë §¥ ¸ ³¨´¨³ ²Ó´µ° ¸¨³³¥É·¨¥° (¤²Ö Î¥É´ÒÌ K = 2n : U(n) × U(n) ¨²¨
U(n+ 1)×U(n) ¤²Ö ´¥Î¥É´ÒÌ K = 2n+ 1). ‚ ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ §´ Î¥´¨Ö G̃
¨ ¢µ§³µ¦´Ò¥ £·Ê¶¶Ò ¸¨³³¥É·¨¨ ¢ ±ÊÊ³  É¥µ·¨¨ ´ Ìµ¤ÖÉ¸Ö ¢µ ¢§ ¨³´µ µ¤´µ-
§´ Î´µ³ ¸µµÉ¢¥É¸É¢¨¨. ‡´ Ö ¸É É¨¸É¨±Ê Î ¸É¨Í (¨²¨ ¨Ì ¸¶¨´), ³µ¦´µ ´ §¢ ÉÓ
£·Ê¶¶Ê ¨´¢ ·¨ ´É´µ¸É¨ ¢ ±ÊÊ³  ¨ ´ µ¡µ·µÉ.
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’ ±¨³ µ¡· §µ³, ¸¤¥² ¥³ ¸²¥¤ÊÕÐ¨¥ ¢Ò¢µ¤Ò.
1) ‚³¥¸Éµ ´ ¡µ·  ¢ ±ÊÊ³´ÒÌ ¸·¥¤´¨Ì ¸± ²Ö·´ÒÌ ¶µ²¥° < ϕαβ > ¢ É¥µ·¨¨

¤µ¸É ÉµÎ´µ ¨³¥ÉÓ ²¨ÏÓ µ¤¨´ ¶ · ³¥É· ¶µ·Ö¤± , ±µÉµ·Ò° ¢µ§´¨± ¥É ¤¨´ ³¨-
Î¥¸±¨³ µ¡· §µ³, Å ÔÉµ ¶ · ³¥É· ¸É É¨¸É¨±¨ G̃ (181).

2) �¥·¥Ìµ¤ µÉ µ¤´µ° Ë §Ò É¥µ·¨¨ ± ¤·Ê£µ° ¸µ¶·µ¢µ¦¤ ¥É¸Ö ¸± Î±µµ¡· §-
´Ò³ ¨§³¥´¥´¨¥³ (É· ´¸³ÊÉ Í¨¥°) ¸É É¨¸É¨±¨ ¨ ¸¶¨´  ¶µ²¥° ³ É¥·¨¨.

‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉµ ¢¸¥ ¢ÒÏ¥¶¥·¥Î¨¸²¥´´µ¥ µÉ´µ¸¨É¸Ö ± ³ ¸¸¨¢´µ°
É¥µ·¨¨ ¶µ²Ö (169)Ä(171), ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ¢¥±Éµ·´Ò³ ¶µ²¥³ ¨, ¸É·µ£µ
£µ¢µ·Ö, ¤²Ö ¸²ÊÎ ¥¢K ≤ 5. �¤´ ±µ, ¢ ¸¨²Ê ¸¢µ¥° µÎ¥¢¨¤´µ¸É¨, ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ,
¶µ-¢¨¤¨³µ³Ê, ¸¶· ¢¥¤²¨¢Ò ¨ ¤²Ö §´ Î¥´¨° K > 5.

3.8. �¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éµ¢. ‚ ¶·¥¤² £ ¥³µ³ · §¤¥²¥ ´  µ¸´µ¢¥ · -
¡µÉ [61, 63, 66] ¨¸¸²¥¤µ¢ ²¨¸Ó ¤¢¥ É·¥Ì³¥·´Ò¥ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò¥ ³µ¤¥²¨
´¥¸É ´¤ ·É´µ£µ ¢¨¤ . �¥·¢ÊÕ ³µ¤¥²Ó (121)Ä(124) ³Ò ´ §¢ ²¨ µ¡µ¡Ð¥´´µ°
³µ¤¥²ÓÕ ƒ� ¢ ¸¨²Ê Éµ£µ, ÎÉµ ¶·¨ G1 6= 0; G2, H1, H2 = 0 µ´  ¸µ¢¶ ¤ ¥É ¸
µ¡ÒÎ´µ° É¥µ·¨¥° ƒ·µ¸¸  Ä �¥¢Ó¥ ¨§ · §¤.1. ‹ £· ´¦¨ ´ (121) ¸¨³³¥É·¨Î¥´
µÉ´µ¸¨É¥²Ó´µ ¤¨¸±·¥É´ÒÌ P,Γ3,Γ5-¶·¥µ¡· §µ¢ ´¨° (123). ‡¤¥¸Ó ¶µ± § ´µ,
ÎÉµ µ¡µ¡Ð¥´´ Ö É¥µ·¨Ö ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ¢ ¶ÖÉ¨ · §´ÒÌ Ë § Ì, ¸·¥¤¨ ±µ-
Éµ·ÒÌ ¤¢¥ Ä A2 ¨ A3 Ä ´¥ ¡Ò²¨ · ´¥¥ § ³¥Î¥´Ò ¢ ¶·µ¸É¥°Ï¨Ì ³µ¤¥²ÖÌ É¨¶ 
ƒ·µ¸¸  Ä �¥¢Ó¥. ‚ Ë §¥ A2 ¸¶µ´É ´´µ ´ ·ÊÏ¥´  Éµ²Ó±µ Γ3-¸¨³³¥É·¨Ö,   ¢
Ë §¥ A3 ´ ·ÊÏ¥´Ò P ¨ Γ5 µ¤´µ¢·¥³¥´´µ. �¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ ¶µ¸²¥¤´¥°
Ë §Ò ¸¢µ¨³¨ ¸¢µ°¸É¢ ³¨ ´ ¶µ³¨´ ¥É ¢ ±ÊÊ³ Š•„, £¤¥ ¸¶µ´É ´´µ ´ ·ÊÏ¥´Ò
± ± ±¨· ²Ó´ Ö, É ± ¨ CP -¨´¢ ·¨ ´É´µ¸É¨.

‘¶¥±É· ³ ¸¸ ¡µ§µ´µ¢ É¥µ·¨¨ (121), ¢ µÉ²¨Î¨¥ µÉ ¶·µ¸É¥°Ï¨Ì ³µ¤¥²¥°
ƒ�, ¸µ¤¥·¦¨É ¸É ¡¨²Ó´Ò¥ Î ¸É¨ÍÒ ¸ ´¥É·¨¢¨ ²Ó´µ° Ô´¥·£¨¥° ¸¢Ö§¨,   É ±¦¥
·¥§µ´ ´¸Ò ¸ ±µ´¥Î´Ò³ ¢·¥³¥´¥³ ¦¨§´¨.

� ³¨ ¡Ò²¨ · ¸¸³µÉ·¥´Ò ´¥±µÉµ·Ò¥ Î ¸É´Ò¥ ¸²ÊÎ ¨, ¸·¥¤¨ ±µÉµ·ÒÌ É¥µ-
·¨Ö ¸ ¢¥±Éµ·-¢¥±Éµ·´µ° ¸¢Ö§ÓÕ Ë¥·³¨-¶µ²¥°,   É ±¦¥ ³µ¤¥²Ó (¶·¨ H1 = H2)
¸ ´¥¶·¥·Ò¢´µ° £²µ¡ ²Ó´µ° Uτ (1)-¸¨³³¥É·¨¥° (160), ±µÉµ· Ö ¸¶µ´É ´´µ ´ ·Ê-
Ï ¥É¸Ö ¢ Ë §¥ A2.

�·¥¤¶µ²µ¦¨³, ÎÉµ ¶µ²Ö ψ1 ¨ ψ2 µ¶¨¸Ò¢ ÕÉ Î ¸É¨ÍÒ ¸ ¶·µÉ¨¢µ¶µ²µ¦-
´Ò³ Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤µ³. ’µ£¤  £¥´¥· Éµ· Uτ (1)-£·Ê¶¶Ò ¶µ Ë¨§¨Î¥¸±µ³Ê
¸³Ò¸²Ê Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  É¥µ·¨¨. �·¨ ÔÉµ³ ³µ¦´µ
¸± § ÉÓ, ÎÉµ ¢ · ³± Ì µ¡µ¡Ð¥´´µ° ³µ¤¥²¨ (121) ¸ÊÐ¥¸É¢ÊÕÉ ± ± ±¨· ²Ó´Ò¥
Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò (±µ£¤  ´ ·ÊÏ ¥É¸Ö Γ5-¨´¢ ·¨ ´É´µ¸ÉÓ), É ± ¨ Ë §µ¢Ò¥ ¶¥-
·¥Ìµ¤Ò ¸¢¥·Ì¶·µ¢µ¤ÖÐ¥£µ É¨¶ . ‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ± ²¨¡·µ¢µÎ´ Ö £·Ê¶¶ 
Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  UE(1) ≡ Uτ (1) ¸¶µ´É ´´µ ´ ·ÊÏ ¥É¸Ö (Ë §  A2 ³µ-
¤¥²¨ (121)Ä(124) ¶·¨ H1 = H2 (¸³. ¶.3.4)), ¨ ¢ É¥µ·¨¨ ¶µÖ¢²ÖÕÉ¸Ö ¸± ²Ö·´Ò¥
§ ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ φ ∼ ψ̄1ψ2 ( ´ ²µ£ ±Ê¶¥·µ¢¸±¨Ì ¶ · ¢ µ¡ÒÎ´µ° É¥µ·¨¨
¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨).

ŒÒ É ±¦¥ ¶µ± § ²¨, ÎÉµ ¢ ³µ¤¥²¨ (121) Î²¥´ —‘ ¢µ§´¨± ¥É ¤¨´ ³¨Î¥¸±¨³
µ¡· §µ³ Éµ²Ó±µ ¢ Ë §¥ B, ±µ£¤  ¸¶µ´É ´´µ ´ ·ÊÏ¥´  P -Î¥É´µ¸ÉÓ. Š·µ³¥
Éµ£µ, ¢ ¶.3.5 ¤µ± § ´µ, ÎÉµ ´ ·ÊÏ¥´¨¥ P -Î¥É´µ¸É¨ ´¥ Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´Ò³
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Ê¸²µ¢¨¥³ £¥´¥· Í¨¨ Î²¥´  —‘ (¢ Ë §¥ A3 P -Î¥É´µ¸ÉÓ ´ ·ÊÏ¥´ , µ¤´ ±µ Î²¥´
—‘ ¢ É¥µ·¨¨ µÉ¸ÊÉ¸É¢Ê¥É).

‚µ ¢Éµ·µ° ³µ¤¥²¨, ¨¸¸²¥¤µ¢ ´´µ° §¤¥¸Ó ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ³¥Éµ¤µ³ 1/N -
· §²µ¦¥´¨Ö, ¸¶¨´µ·´Ò¥ ¶µ²Ö ¨³¥ÕÉ ¢´ÊÉ·¥´´¨¥ ¸É¥¶¥´¨ ¸¢µ¡µ¤Ò, ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨¥ U(K)-¸¨³³¥É·¨¨ (U(N)-£·Ê¶¶Ê ¶·¨ N → ∞ ³Ò ¢ · ¸Î¥É ´¥ ¶·¨-
´¨³ ¥³, É.±. µ´  ´µ¸¨É ¢¸¶µ³µ£ É¥²Ó´Ò° Ì · ±É¥·). Œµ¤¥²Ó ¨³¥¥É É¥ ¦¥
Ë¨§¨Î¥¸±¨¥ µ¸´µ¢ ´¨Ö ¤²Ö ¥¥ · ¸¸³µÉ·¥´¨Ö, ÎÉµ ¨ ¤·Ê£¨¥ É·¥Ì³¥·´Ò¥ É¥µ·¨¨.
�¤´ ±µ ¥¸ÉÓ ¨ ¤µ¶µ²´¨É¥²Ó´Ò¥ ³µÉ¨¢Ò.

�¥¤ ¢´µ ¢ · ¡µÉ¥ [64] ¡Ò²µ ¢Ò¸± § ´µ ¶·¥¤¶µ²µ¦¥´¨¥, ÎÉµ Ô²¥±É·¨Î¥¸±¨°
§ ·Ö¤ ¨³¥¥É Éµ¶µ²µ£¨Î¥¸±ÊÕ ¶·¨·µ¤Ê. �É  ¨¤¥Ö ¶·µ¢¥·Ö² ¸Ó, ¢ Î ¸É´µ¸É¨, ¢
· ³± Ì ± ²¨¡·µ¢µÎ´µ° É¥µ·¨¨, µ¸´µ¢ ´´µ° ´  ² £· ´¦¨ ´¥ (169). �·¨ ÔÉµ³
¤²Ö  ¢Éµ·µ¢ ¡Ò²  µÎ¥´Ó ¸ÊÐ¥¸É¢¥´´µ° ¢µ§³µ¦´µ¸ÉÓ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö
¨¸Ìµ¤´µ° U(K)-¸¨³³¥É·¨¨ ¤µ U(K−1)×U(1). �µ¸²¥¤´¨° Ë ±É Ê ´¨Ì Ö¢²Ö-
¥É¸Ö ·¥§Ê²ÓÉ Éµ³  ´ ²¨§  Ê· ¢´¥´¨° „ °¸µ´  Ä ˜¢¨´£¥· , ±µÉµ·Ò³ ¤µ²¦´Ò
Ê¤µ¢²¥É¢µ·ÖÉÓ ³ ¸¸Ò Ë¥·³¨-Î ¸É¨Í ³µ¤¥²¨ (169) [65]. �µ ´ Ï¥³Ê ³´¥´¨Õ,
³¥Éµ¤ Ê· ¢´¥´¨° „ °¸µ´  Ä ˜¢¨´£¥·  ´¥ Ö¢²Ö¥É¸Ö ´ ¤¥¦´µ° µ¸´µ¢µ° ¤²Ö Ë -
§µ¢µ£µ  ´ ²¨§  É¥µ·¨¨ ¶µ²Ö ¸ ¤µ¸É ÉµÎ´µ £·µ³µ§¤±µ° ¸É·Ê±ÉÊ·µ° ² £· ´¦¨ ´ 
¢§ ¨³µ¤¥°¸É¢¨Ö. „¥²µ ¢ Éµ³, ÎÉµ ³ ¸¸µ¢Ò¥ Ê· ¢´¥´¨Ö §¤¥¸Ó ¨³¥ÕÉ, ± ± ¶· -
¢¨²µ, ´¥¸±µ²Ó±µ ·¥Ï¥´¨°, ¨§ ±µÉµ·ÒÌ µÎ¥´Ó É·Ê¤´µ ¢Ò¡· ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥
µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ´¨Õ É¥µ·¨¨. ŒÒ ¨¸¸²¥¤µ¢ ²¨ ¢ ±ÊÊ³´Ò¥ ¸¢µ°¸É¢  ³µ¤¥²¨
(169) ¡µ²¥¥  ¤¥±¢ É´Ò³ ³¥Éµ¤µ³ Ä ³¥Éµ¤µ³ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  ¨ ¶µ-
± § ²¨, ÎÉµ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ ³µ¦¥É ¡ÒÉÓ U(K − 1)× U(1) ¨´¢ ·¨ ´É´Ò³
Éµ²Ó±µ ¢ ³ ¸¸¨¢´µ° É¥µ·¨¨ (169).

‚ ±µ´Í¥ · §¤¥²  ¢ ³µ¤¥²¨ (169) ³¨´¨³ ²Ó´Ò³ µ¡· §µ³ ÊÎÉ¥´µ ¢§ ¨³µ-
¤¥°¸É¢¨¥ ¶µ²¥° ³ É¥·¨¨ ψ ¸ ¢¥±Éµ·´Ò³ ¸É É¨¸É¨Î¥¸±¨³ ¶µ²¥³ Aµ ¨ · ¸¸³µ-
É·¥´  ¢µ§³µ¦´µ¸ÉÓ ¤¨´ ³¨Î¥¸±µ° £¥´¥· Í¨¨ Î²¥´  —‘, ¡² £µ¤ ·Ö ±µÉµ·µ³Ê
¸É É¨cÉ¨±  ¶µ²¥° ψ ¸· §Ê ¸É ´µ¢¨É¸Ö ¤·µ¡´µ°. ‡¤¥¸Ó ¶µ± § ´µ, ÎÉµ ¢ ³ ¸¸¨¢-
´µ³ ¸²ÊÎ ¥ (m 6= 0) ¢³¥¸Éµ ³´µ£µ±µ³¶µ´¥´É´µ° ÉµÎ±¨ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³ 
¶µÉ¥´Í¨ ²  ¢ ± Î¥¸É¢¥ ¶ · ³¥É·  ¶µ·Ö¤±  ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ Éµ²Ó±µ µ¤¨´
¶ · ³¥É· Å Éµ¶µ²µ£¨Î¥¸±ÊÕ ³ ¸¸Ê ¢¥±Éµ·´µ£µ ¶µ²Ö (±µÔËË¨Í¨¥´É ¶¥·¥¤ Î²¥-
´µ³ —‘). �·¨ ¶¥·¥Ìµ¤¥ ¨§ µ¤´µ° Ë §Ò ¢ ¤·Ê£ÊÕ ¸É É¨¸É¨±  Î ¸É¨Í ¸± Î±µ³
³¥´Ö¥É ¸¢µ¥ §´ Î¥´¨¥.

‡�Š‹�—…�ˆ…

‚ ¶·¥¤² £ ¥³µ³ µ¡§µ·¥ ¤¥É ²Ó´µ ¨§ÊÎ¥´Ò ±·¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ´¥±µ-
Éµ·ÒÌ É·¥Ì³¥·´ÒÌ ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ³µ¤¥²¥° É¥µ·¨¨
¶µ²Ö ¸ ÊÎ¥Éµ³ ¢´¥Ï´¨Ì ¢µ§¤¥°¸É¢¨° (É¥³¶¥· ÉÊ·Ò, ³ £´¨É´ÒÌ ¶µ²¥° ¨ É.¤.),
¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ ¢²¨ÖÕÐ¨Ì ´  ¸É·Ê±ÉÊ·Ê ¢ ±ÊÊ³ .

‚ ·¥§Ê²ÓÉ É¥ É ±µ£µ · ¸¸³µÉ·¥´¨Ö ¢ ´ Ï¥° · ¡µÉ¥ µ¡´ ·Ê¦¥´Ò ´¥¨§¢¥¸É-
´Ò¥ · ´¥¥ ¤¨´ ³¨Î¥¸±¨¥ ÔËË¥±ÉÒ. ’ ±, ³Ò ¶µ± § ²¨, ÎÉµ ¢´¥Ï´¥¥ ³ £´¨É-
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´µ¥ ¶µ²¥ µ¡² ¤ ¥É ¸¶µ¸µ¡´µ¸ÉÓÕ ¸¶µ´É ´´Ò³ µ¡· §µ³ ´ ·ÊÏ ÉÓ ¸¨³³¥É·¨Õ
[22,27,41] (¸¥°Î ¸ ÔÉµÉ ÔËË¥±É ´µ¸¨É ´ §¢ ´¨¥ ÔËË¥±É  ± É ²¨§ Í¨¨ ¸¶µ´É ´-
´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨ ¢µ ¢´¥Ï´¥³ ³ £´¨É´µ³ ¶µ²¥). Š·µ³¥ Éµ£µ, §¤¥¸Ó
¤µ± § ´µ, ÎÉµ ¨ Ì·µ³µ³ £´¨É´Ò° £²Õµ´´Ò° ±µ´¤¥´¸ É ¢ Š•„ É ±¦¥ Ö¢²Ö¥É¸Ö
± É ²¨§ Éµ·µ³ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ±¨· ²Ó´µ° ¨´¢ ·¨ ´É´µ¸É¨ [50Ä52].
�É³¥É¨³, ÎÉµ ÔËË¥±É ± É ²¨§ Í¨¨ ¸¶µ´É ´´µ£µ ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨ ¢´¥Ï-
´¨³¨ ± ²¨¡·µ¢µÎ´Ò³¨ ¶µ²Ö³¨ ¸Éµ¨É ¢ µ¡Ð¥³ ·Ö¤Ê ¸ Ìµ·µÏµ ¨¸¸²¥¤µ¢ ´´Ò³¨
ÔËË¥±É ³¨, ¶·µ¨§¢µ¤¨³Ò³¨ ( ´É¨-)¸ ³µ¤Ê ²Ó´Ò³¨ ¶µ²Ö³¨ [20]. ˆ¸ÉµÎ´¨± Ê
¢¸¥Ì ÔÉ¨Ì Ö¢²¥´¨° µ¡Ð¨° Ä ³µ¤¨Ë¨± Í¨Ö ¨´Ë· ±· ¸´µ£µ ·¥¦¨³  ¨§-§  ¢§ ¨-
³µ¤¥°¸É¢¨Ö ¸¶¨´  Ë¥·³¨µ´  ¸ ¢´¥Ï´¨³ ± ²¨¡·µ¢µÎ´Ò³ ¶µ²¥³.

�  µ¸´µ¢¥ ¨¸¸²¥¤µ¢ ´¨Ö · ¤¨ Í¨µ´´ÒÌ ¶µ¶· ¢µ± ± ÔËË¥±É¨¢´µ³Ê ¤¥°-
¸É¢¨Õ ¢ · ¡µÉ¥ ¶µ²ÊÎ¥´Ò ¤µ¸É ÉµÎ´Ò¥ Ê¸²µ¢¨Ö ¤¨´ ³¨Î¥¸±µ£µ ¢µ§´¨±´µ¢¥´¨Ö
Î²¥´  —¥·´  Ä ‘ °³µ´¸  [63, 66], ¨£· ÕÐ¥£µ ¢ ¦´ÊÕ ·µ²Ó ¢  ´¨µ´´µ° É¥µ-
·¨¨ ¢Ò¸µ±µÉ¥³¶¥· ÉÊ·´µ° ¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨. � ±µ´¥Í, ¶·µ¤¥³µ´¸É·¨·µ¢ ´ 
¶·¨´Í¨¶¨ ²Ó´ Ö ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¢ É·¥Ì³¥·´ÒÌ Î¥ÉÒ·¥ÌË¥·³¨µ´-
´ÒÌ ³µ¤¥²ÖÌ, ±·µ³¥ ±¨· ²Ó´ÒÌ, ¥Ð¥ ¨ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¸¢¥·Ì¶·µ¢µ¤ÖÐ¥£µ
É¨¶  [61]. (‚ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ´ ·ÊÏ ¥É¸Ö ± ²¨¡·µ¢µÎ´ Ö U(1)-¸¨³³¥É·¨Ö.)

�¢Éµ·Ò ¶·¨§´ É¥²Ó´Ò �.”. Š²¨³¥´±µ §  ¶µ¤£µÉµ¢±Ê ·Ê±µ¶¨¸¨ ¸É ÉÓ¨,
  É ±¦¥ �µ¸¸¨°¸±µ³Ê Ëµ´¤Ê ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤µ¢ ´¨° §  Ë¨´ ´¸µ¢ÊÕ
¶µ¤¤¥·¦±Ê ¶µ ¶·µ¥±ÉÊ 98-02-16690.

��ˆ‹�†…�ˆŸ

A. �²£¥¡·  γ-³ É·¨Í ¢ É·¥Ì³¥·¨¨. „¢ÊÌ±µ³¶µ´¥´É´Ò¥ ¸¶¨´µ·Ò „¨· ±  ¢
É·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ ·¥ ²¨§ÊÕÉ ´¥¶·¨¢µ¤¨³µ¥ ¤¢Ê³¥·´µ¥ ¶·¥¤-
¸É ¢²¥´¨¥ £·Ê¶¶Ò ‹µ·¥´Í . ‚ ÔÉµ³ ¸²ÊÎ ¥ 2× 2-³ É·¨ÍÒ γ ¨³¥ÕÉ ¢¨¤

γ0 = σ3 =

(
1 0
0 −1

)
, γ1 = iσ1 =

(
0 i
i 0

)
, γ2 = iσ2 =

(
0 1
−1 0

)
.

(A.1)
�É¨ ³ É·¨ÍÒ µ¡² ¤ ÕÉ ¸¢µ°¸É¢ ³¨

Tr (γµγν) = 2gµν ; [γµ, γν] = −2iεµναγα; γµγν = −iεµναγα + gµν , (A.2)

£¤¥ gµν = gµν = diag (1,−1,−1), γα = gαβγ
β , ε012 = 1. Š·µ³¥ Éµ£µ,

Tr (γµγνγα) = −2iεµνα. (A.3)

Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ γ-³ É·¨Í Ê¤µ¢²¥É¢µ·ÖÕÉ Éµ¦¤¥¸É¢ ³ ”¨·Í :

(γµ)mn(γµ)ṁṅ =
3

2
(1)mṅ(1)ṁn −

1

2
(γν)mṅ(γν)ṁn, (A.4)
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£¤¥ m,n, ṁ, ṅ = 1, 2, ¨ ¸Ê³³¨·µ¢ ´¨¥ ¢ Ëµ·³Ê²¥ (A.4) ¶µ ¨´¤¥±¸ ³ µ, ν µÉ 0
¤µ 2 ¶µ¤· §Ê³¥¢ ¥É¸Ö. ˆ§ (A.4) ¸²¥¤Ê¥É

ψ̄1γ
µψ2ψ̄3γµψ4 = −

3

2
ψ̄1ψ4ψ̄3ψ2 +

1

2
ψ̄1γ

νψ4ψ̄3γνψ2, (A.5)

£¤¥ ψk (k = 1, 2, 3, 4) Ä ¶·µ¨§¢µ²Ó´Ò¥  ´É¨±µ³³ÊÉ¨·ÊÕÐ¨¥ ¤¢ÊÌ±µ³¶µ´¥´É-
´Ò¥ ¸¶¨´µ·Ò. …¸²¨ ¢ ¶· ¢µ° Î ¸É¨ (A.5) ¥Ð¥ · § ¨¸¶µ²Ó§µ¢ ÉÓ Éµ¦¤¥¸É¢µ
”¨·Í  (A.4), Éµ ¶µ²ÊÎ¨É¸Ö

ψ̄1γ
µψ2ψ̄3γµψ4 = −2ψ̄1ψ4ψ̄3ψ2 − ψ̄1ψ2ψ̄3ψ4. (A.6)

‘ ¶µ³µÐÓÕ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ¢¥±Éµ·-¢¥±Éµ·´ Ö ¸¢Ö§Ó ³¥¦¤Ê ¸¶¨´µ· ³¨
²¥£±µ ¶·¥µ¡· §Ê¥É¸Ö ¢ ¸± ²Ö·-¸± ²Ö·´ÊÕ ¸¢Ö§Ó.

‚ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¤²Ö ¸¶¨´µ·´ÒÌ ¶µ²¥° µÎ¥´Ó Î ¸Éµ ¨¸¶µ²Ó§ÊÕÉ ¶·¨¢µ-
¤¨³µ¥ Î¥ÉÒ·¥Ì³¥·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò ‹µ·¥´Í . ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê
£ ³³ -³ É·¨ÍÒ ¨³¥ÕÉ ¢¨¤ Γµ = diag (γµ,−γµ), £¤¥ γµ ¤ ´Ò ¢ (A.1). �¥-
É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ (µ, ν = 0, 1, 2):

Tr (ΓµΓν) = 4gµν; ΓµΓν = σµν + gµν ;

σµν =
1

2
[Γµ,Γν ] = diag (−iεµναγα,−iεµναγα). (A.7)

� §³¥·´µ¸ÉÓ  ²£¥¡·Ò ³ É·¨Í, ¤¥°¸É¢ÊÕÐ¨Ì ¢ Î¥ÉÒ·¥Ì³¥·´µ³ ¸¶¨´µ·´µ³ ¶·µ-
¸É· ´¸É¢¥, · ¢´  16, ¨ µ¡· §ÊÕÐ¨³¨ ÔÉµ°  ²£¥¡·Ò ¢Ò¸ÉÊ¶ ÕÉ Γµ (µ = 0, 1, 2)
¨  ´É¨±µ³³ÊÉ¨·ÊÕÐ Ö ¸ ´¨³¨ ³ É·¨Í  Γ3:

Γ3 =

(
0 I
I 0

)
, (A.8)

£¤¥ I Ä ¥¤¨´¨Î´ Ö 2 × 2-³ É·¨Í . ‘ÊÐ¥¸É¢Ê¥É ¥Ð¥ µ¤´  ³ É·¨Í , ±µÉµ· Ö
 ´É¨±µ³³ÊÉ¨·Ê¥É ¸µ ¢¸¥³¨ Γµ ¨ ¸ Γ3. �´  ¨³¥¥É ¢¨¤

Γ5 = i

(
0 −I
I 0

)
. (A.9)

B. �Í¥´±¨ ´  ¢¥²¨Î¨´Ê F (0) ¨§ ¶.1.3. ‘¤¥² ¥³ ¢ Ëµ·³Ê²¥ (47) § ³¥´Ê
¶¥·¥³¥´´ÒÌ: eHα = τ, σ2 = eHσ̃2, T 2 = eHT̃ 2. ’µ£¤ 

F (σ) =
T

π

∑
n

∫ ∞
0

dτ exp (−τσ̃2 − τ(2n+ 1)2π2T̃ 2) [cth τ − 1/τ ]. (B.1)

�Ê¸ÉÓ ϕ(τ) = [cth τ − 1/τ ]. �Î¥¢¨¤´µ, ÎÉµ ϕ′(τ) > 0, ¸²¥¤µ¢ É¥²Ó´µ, ϕ(τ)
Ä ³µ´µÉµ´´µ ¢µ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö. ’¥¶¥·Ó, Ê¸É·¥³²ÖÖ τ ± ¡¥¸±µ´¥Î´µ¸É¨,
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¨³¥¥³ ϕ(τ) < 1 ´  ¢¸¥° ¶µ²Êµ¸¨ 0 ≤ τ < ∞. ‘ ÊÎ¥Éµ³ ÔÉµ£µ ¨§ (B.1)
¶µ²ÊÎ ¥³

F (σ) <
T

π

∑
n

∫ ∞
0

dτ exp (−τσ̃2 − τ(2n+ 1)2π2T̃ 2) =

=
T

π

∑
n

(σ̃2 + (2n+ 1)2π2T̃ 2)−1 =
eH

2πσ
th (σ/2T ), (B.2)

£¤¥ ¶·¨ ¢Ò¢µ¤¥ ¶µ¸²¥¤´¥£µ · ¢¥´¸É¢  ¢ (B.2) ³Ò ¨¸¶µ²Ó§µ¢ ²¨ Ëµ·³Ê²Ê ¸Ê³-
³¨·µ¢ ´¨Ö [32]: ∑

n≥0

[(2n+ 1)2 + a2]−1 =
π

4a
th (πa/2).

ˆ§ (B.2) ¢¨¤´µ, ÎÉµ ¶·¨ σ → 0

F (0) <
eH

4πT
≡ Φ1(T,H). (B.3)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¶·¨ T 6= 0 F (0) = const < ∞; ¶·¨ T → ∞ F (0) → 0
(H Ë¨±¸¨·µ¢ ´µ).

’¥¶¥·Ó µÍ¥´¨³ ¸´¨§Ê ¢¥²¨Î¨´Ê F (0). ˆ§ (B.1) ¢¨¤´µ, ÎÉµ ¢¸¥ Î²¥´Ò ÔÉµ£µ
·Ö¤  Ä ¶µ²µ¦¨É¥²Ó´Ò¥ ¢¥²¨Î¨´Ò. ‚ ¸¨²Ê ÔÉµ£µ, µÉ¡· ¸Ò¢ Ö ¢¸¥ ¸² £ ¥³Ò¥,
±·µ³¥ Éµ£µ, ±µÉµ·Ò° ¸µµÉ¢¥É¸É¢Ê¥É n = 0, ¨³¥¥³

F (0) >
T

π

∫ ∞
0

dτ exp (−τπ2T̃ 2) [cth τ − 1/τ ] >

>
T

π

∫ ∞
1

dτ exp (−τπ2T̃ 2) ϕ(τ) >
CT

π

∫ ∞
1

dτ exp(−τπ2T̃ 2), (B.4)

£¤¥ C = ϕ(1). ‚ÒÎ¨¸²ÖÖ ¶µ¸²¥¤´¨° ¨´É¥£· ² ¢ (B.4), ¨³¥¥³

F (0) >
CeH

Tπ3
exp

(
−
π2T 2

eH

)
≡ Φ2(T,H). (B.5)

�É¸Õ¤  ¢¨¤´µ, ÎÉµ F (0) → ∞ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ §´ Î¥´¨¨ ¢´¥Ï´¥£µ ³ £-
´¨É´µ£µ ¶µ²Ö ¨ T → 0.

C. ‘¢µ°¸É¢  ËÊ´±Í¨° ω(σ) ¨ ϕ(σ) ¨§ ¶.2.4. � ¸¸³µÉ·¨³ ´¥±µÉµ·Ò¥
¸¢µ°¸É¢  ËÊ´±Í¨° ω(σ) ¨ ϕ(σ), µ¶·¥¤¥²¥´´ÒÌ ¢ Ëµ·³Ê² Ì (108) ¨ (109) ¸µ-
µÉ¢¥É¸É¢¥´´µ. �µ± ¦¥³ ¸´ Î ² , ÎÉµ ω′(σ) ≥ ϕ′(σ) ´  ¨´É¥·¢ ²¥ (0,∞). ˆ§
(108) µÎ¥¢¨¤´µ, ÎÉµ (β = 1/T ):

ω′(σ) =
2

π
th (βσ/2) +

σ

πσ̃
th (βσ̃/2), (C.1)
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£¤¥ σ̃ =
√
σ2 + eH. �·¥¤¸É ¢¨³ ËÊ´±Í¨Õ (109) ¢ ¢¨¤¥

2π
√
eH

ϕ(σ) =

=

∫ σ̃

σ

dE
√
E2 − σ2

[ th (βE/2)− th (βσ/2) ]+ th (βσ/2)

∫ σ̃

σ

dE
√
E2 − σ2

. (C.2)

�Éµ ¢Ò· ¦¥´¨¥ ¡µ²¥¥ Ê¤µ¡´µ ¤²Ö ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ σ, Î¥³ (109):

ϕ′(σ) =
σ
√
eH

2π

∫ σ̃

σ

dE

(E2 − σ2)3/2
[ th (βE/2)− th (βσ/2) ]+

+
σ

2πσ̃
th (βσ̃/2)−

σ̃

2πσ
th (βσ/2). (C.3)

�¥·¢µ¥ ¸² £ ¥³µ¥ ¢ ¶· ¢µ° Î ¸É¨ (C.3) ³µ¦´µ µÍ¥´¨ÉÓ, ¨¸¶µ²Ó§ÊÖ ´¥· ¢¥´¸É¢µ
(x > x0):

th x− th x0 < [ th x0]′(x − x0). (C.4)

‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³

ϕ′(σ) < ϕ̃′(σ) ≡
β(σ̃ − σ)

4π ch2(βσ/2)
+

σ

2πσ̃
th (βσ̃/2)−

σ̃

2πσ
th (βσ/2). (C.5)

‚¢¥¤¥³ ¤¢¥ ´µ¢Ò¥ ËÊ´±Í¨¨:

A(σ) ≡ ω′(σ)−
σ

2πσ̃
th (βσ̃/2) =

σ

2πσ̃
th (βσ̃/2) +

2

π
th (βσ/2), (C.6)

Ã(σ) ≡ ϕ̃′(σ)−
σ

2πσ̃
th (βσ̃/2) = −

βσ

4π ch2(βσ/2)
−
σ̃[ sh (βσ) − βσ]

8πσ ch2(βσ/2)
. (C.7)

�Î¥¢¨¤´µ, ÎÉµ A(σ) ≥ 0, Ã(σ) ≤ 0 (¢ ¸¨²Ê Éµ£µ, ÎÉµ ¢Ò· ¦¥´¨¥ ¢ ±¢ ¤· É´ÒÌ
¸±µ¡± Ì ¢ (C.7) ¶µ²µ¦¨É¥²Ó´µ) ¤²Ö ¢¸¥Ì σ ¨§ ¨´É¥·¢ ²  (0,∞), É.¥. A(σ) ≥
Ã(σ). ’µ£¤  ¨§ µ¶·¥¤¥²¥´¨° (C.6)Ä(C.7) ¨ ´¥· ¢¥´¸É¢  (C.5) ¸²¥¤Ê¥É, ÎÉµ

ω′(σ) ≥ ϕ̃′(σ) > ϕ′(σ) (C.8)

¤²Ö ¢¸¥Ì σ ∈ (0,∞).
’¥¶¥·Ó · ¸¸³µÉ·¨³ ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨° ω(σ) ¨ ϕ(σ) ¶·¨ σ → ∞. ˆ§

(108) ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ¶·¨ σ →∞

ω(σ) ∼ 4σ/π. (C.9)
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„²Ö ËÊ´±Í¨¨ ϕ(σ) µ¶ÖÉÓ Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥ (C.2), µÉ±Ê¤ , ¸
ÊÎ¥Éµ³ ´¥· ¢¥´¸É¢  (C.4), ¨³¥¥³

ϕ(σ) <
β
√
eH

4π ch2(βσ/2)

∫ σ̃

σ

dE(E − σ)
√
E2 − σ2

+

√
eH

2π
th

(
βσ

2

)
ln

[√
eH + σ̃

σ

]
.

(C.10)
’ ± ± ± ϕ(σ) > 0, Éµ ¨§ (C.10) ¸²¥¤Ê¥É, ÎÉµ ¶·¨ σ → ∞ ϕ(σ) → 0. ‘µ-
µÉ´µÏ¥´¨Ö (C.8)Ä(C.10) ¶µ§¢µ²ÖÕÉ ´ ³ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¢ ¦´µ¥ ÊÉ¢¥·¦¤¥´¨¥:
¥¸²¨ ω(0) < ϕ(0), Éµ Ê· ¢´¥´¨¥ ω(σ) = ϕ(σ) ¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥
σ0(H) 6= 0. ‚ ¸ ³µ³ ¤¥²¥, ¶Ê¸ÉÓ α(σ) ≡ ω(σ) − ϕ(σ). ’µ£¤  ¨§ (C.8)Ä(C.10)
¢¨¤´µ, ÎÉµ α(σ) ³µ´µÉµ´´µ ¢µ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö ´  ¨´É¥·¢ ²¥ (0,∞), ¶·¨-
Î¥³ α(∞) =∞. …¸²¨ α(0) < 0, Éµ, µÎ¥¢¨¤´µ, ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ÉµÎ± 
´  µ¸¨ σ, ¢ ±µÉµ·µ° α(σ) µ¡· É¨É¸Ö ¢ ´Ê²Ó.
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