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In part one of this paper we introduce a suitable formulation of the hydrodynamical description
of compact stars in a curved space-time manifold using the tetrad formalism. In the second part of
the paper we review new developments concerning the possibility of quark deconˇnement in neutron
stars. Contrary to earlier claims, it is shown that ©neutronª stars may very well contain quark matter
in their cores, which may register itself in an observable signal Ä an anomaly in the braking index of
pulsars.

‚ ¶¥·¢µ° Î ¸É¨ µ¡§µ·  ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ëµ·³ ²¨§³  É¥É· ¤ ¶·¥¤²µ¦¥´  Ê¤µ¡´ Ö Ëµ·-
³Ê²¨·µ¢±  £¨¤·µ¤¨´ ³¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ±µ³¶ ±É´ÒÌ §¢¥§¤ ¢ ¨¸±·¨¢²¥´´µ³ ¶·µ¸É· ´¸É¢¥´´µ-
¢·¥³¥´´µ³ ³´µ¦¥¸É¢¥. ‚µ ¢Éµ·µ° Î ¸É¨ ¶·¥¤¸É ¢²¥´ µ¡§µ· ¸µ¢·¥³¥´´µ£µ · §¢¨É¨Ö ¶·¥¤¸É ¢²¥´¨°
µ ¢µ§³µ¦´µ¸É¨ ±¢ ·±µ¢µ£µ ¤¥±µ´Ë °´³¥´É  ¢ ´¥°É·µ´´ÒÌ §¢¥§¤ Ì. ‚µ¶·¥±¨ · ´´¨³ ÊÉ¢¥·¦¤¥-
´¨Ö³ ¶µ± § ´µ, ÎÉµ ª´¥°É·µ´´ Öª §¢¥§¤  ³µ¦¥É ¸ ¡µ²ÓÏµ° ¢¥·µÖÉ´µ¸ÉÓÕ ¸µ¤¥·¦ ÉÓ ¢ ¸¢µ¥° ¸¥·¤-
Í¥¢¨´¥ ±¢ ·±µ¢ÊÕ ³ É¥·¨Õ, ¶·¨¸ÊÉ¸É¢¨¥ ±µÉµ·µ° ¶·µÖ¢²Ö¥É ¸¥¡Ö ¢ ¤µ¸ÉÊ¶´µ³ ¤²Ö ´ ¡²Õ¤¥´¨Ö
Ö¢²¥´¨¨ Å ¢  ´µ³ ²¨¨ ¨´¤¥±¸  Éµ·³µ¦¥´¨Ö ¶Ê²Ó¸ · .

1. INTRODUCTION

Shortly after the discovery of the neutron in 1932, the hypothesis that compact
superdense stars made up of neutron matter might exist as remnants of star
collapse within a supernova explosion scenario has been given for the ˇrst time
by Baade and Zwicky [1]. However, the veriˇcation of the exciting neutron
star hypothesis by observations seemed to be hopeless until 1967, when the ˇrst
pulsar had been detected and the interpretation as a rotating neutron star has been
invoked. The body of evidence for the scenario of superdense star formation was
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complete when in the center of the Crab nebula which is a remnant of the 1034
supernova explosion a pulsar was found.

Tolman [2], Oppenheimer and Volkoff [3] were the ˇrst to solve the prob-
lem of hydrostatic equilibrium for neutron stars within the framework of general
relativity. Meanwhile it has become mandatory to investigate the evolution of
supermassive as well as superdense stellar bodies in the framework of general rel-
ativistic hydrodynamics (hydrostatics) [4,5] and an introduction to this theoretical
basis will therefore constitute the ˇrst part of the present review.

Supernova matter is known to be made up of relativistic neutrons, protons,
electrons, and degenerate neutrinos [6]. Relativistic neutrons, protons, electrons,
and a certain fraction of muons form the fundamental constituents of the supernova
remnants Ä that is, neutron stars Ä too. The occurrence of other particles, like
hyperons, and a K−-meson condensate, appears to be likely [7]. Moreover,
some of the latest investigations on the composition of superdense neutron star
matter make a strong case in favor of the presence of deconˇned quark matter,
too [8Ä10]. This topic will be reviewed in the second part of this paper.

Neutron stars are described by the (general relativistic) equations of hydro-
static equilibrium, which are relatively easy to deal with. This is not so for the
evolution of such stars, starting from the initial stages of stellar collapse to the
ˇnal state that results in either a stable neutron star or, alternatively, in a black
hole. In the early investigations on this issue, the attempt was made to solve the
dynamical problem of the dust matter in the comoving frame. In this case, the so-
lution to the problem can be found analytically. This is however hampered by the
fact that the comoving frame of the observer is very inappropriate for numerical
calculations, because the gravitational ˇeld is time dependent in this frame. To-
day, we have a long list of investigations dealing with numerical studies of stellar
evolution, as well as structure and stability calculations [11Ä15], most of which
being devoted to different numerical solution of Einstein's equations [16,17].

All algorithms use the gravitational ˇeld equations, besides the equation of
state (EOS) of matter, as the basic dynamic equations, assuming that hydro-
dynamics is a consequence of general relativity theory. The formulation of the
dynamics of stellar evolution, independently of the gravitational ˇeld equations,
provides the opportunity to compare the formulation and the result of the problem
in different alternative theories of gravitation [18].

Of course the description of gravity as an effect of curvature of a space-
time manifold remains the most useful generalization of the gravitational ˇeld
in the case of general relativity. This description implies that the gravitational
ˇeld has to be described in terms of a metric space-time tensor. The next
approximation, which is also useful in case of quasi-stationary slow processes,
consists in assuming that the ux of matter is adiabatic and has negligibly small
viscosity. We try to represent the dynamics of the self-consistent ux of the matter
in the form of wave-propagation equations. This method is a generalization of the
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well-known method of the characteristics. This approach solves two problems:
1. It includes the possible shock wave propagation (the so-called weak so-

lutions), which cannot be investigated within the method of ˇnite differences or
methods using spline or series representations.

2. It automatically controls the physical and mathematical instabilities.
The Oppenheimer-Volkoff equations have been generalized in case of time

evolution.
The problem of the dynamics of rotating conˇgurations has been discussed,

e.g., in Refs.19,20. In the present work we consider the dynamics of the pulsars
as quasi-stationary processes with variable rotation frequency.

2. BASIC EQUATIONS OF HYDRODYNAMICS

The algorithm is essentially a chain of calculations starting with a given initial
matter density and ux velocity distributions at the initial time, and evolves the
physical quantities stepwise towards the time direction in 4-dimensional space.

In our case, during the determination of the stellar conˇguration, the spherical
symmetry does not change and the dynamics of the star can be considered in two
dimensions (r and t).

Formulating the equations in the invariant form, makes the calculations ap-
plicable for all observation frames. The hydrodynamic equations have the fol-
lowing form

∇ ·T = 0, (1)

where we neglect all the external and internal sources of energy, in particular
the viscosity of the matter is ignored. So, the energy-momentum tensor can be
written in the form

T =(ε+ P ) u⊗ u−P g, (2)

where u is the 4-velocity, g is the metric tensor of space-time, P is the pressure;
and ε, the density of the matter in the comoving frame. The quantity ∇ is the
covariant 4-gradient, and we are using units for which c = G = 1.

The system (1) can be rewritten as

u[ε] + (ε+ P )∇ · u = 0 , (3)

n[P ]− (ε + P ) < n,∇uu > = 0 .

Here we use the notations n[P ] = ∇nP , which is the gradient of a scalar towards
a vector n, and <> is a projection operator. The vector n is orthogonal to u. The
4-velocity has the normalization n · n = −1 (space-like), while the normalization
of u · u = 1.
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In the coordinate frame which is connected with objects at inˇnity (t, r, θ, φ),
one has

u = ut(
∂

∂t
+ v

∂

∂r
) , (4)

n = ut(v
∂

∂t
+

∂

∂r
) , (5)

where v = dr
dt

is coordinate velocity, and ut is the Lorentz factor.
The gravitational metric tensor (invariant interval) in the most common type

for the spherically symmetry can be written as

ds2 = e2Φdt2 − e2Ψ(dr + βdt)2 − r2e2χ(dθ2 + sin2 θdφ2) . (6)

We use the tetrad basis

ω0 = eΦdt , (7)

ω1 = eΨ(dr + βdt) ,

ω2 = reγdθ ,

ω3 = r sin θeχdφ . (8)

In the conjugate basis (eµ), the 4-vector u has a simple form

u = γ(e0 + we1) , (9)

n = γ(we0 + e1) ,

γ = 1/
√

1− w2 ,

w = (v − β)eΦ−Ψ .

The quantity w is the actual velocity of the matter on the sphere for an
observer at inˇnity, while β is the velocity of the local inertial frames (frame
dragging).

Using the Cartan equations for the structure, it is easy to ˇnd the set of the
1-forms of connection,

ω = Γααβ ω
γ Eβα ,

where Eβα is the basis of the 4× 4 matrix algebra;

ω = α (E0
1+E1

0)

+ a {ω2 (E0
2+E2

0) + ω3 (E0
3+E3

0)}
+ b {ω2 (E1

2−E2
1) + ω3 (E1

3−E3
1)}+ c ω3 (E2

3−E3
2) , (10)

with α =f ω2+h ω1 a l-form determining the inuence of gravity (gravitational
forces corresponding to Newtonian limit), f = e1[Φ] and h = e0[Ψ] − eΨ−Φe1[β].
a = e0[χ], b = e1[χ+ ln(r)] and c = e2[ln(sin θ)] are scalar functions.
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Using Eq. (10) and the notation of the angular velocity ζ = atanh(w), we
obtain

∇ · u = n[ζ] + α(n) + 2u[χ+ ln(r)] , (11)

< n,∇uu >= −u[ζ]− α(u) ,

where α(u) and α(n) are the values of the 1-form α on the vector ˇelds u and
n. One can now rewrite Eq. (3) in the following form

u[σ] + c n[ζ] + α(c n) + 2c u[χ+ ln(r)] = 0 , (12)

c n[σ] + u[ζ] + α(u) = 0 ,

or in the more compact form

D±[J±] + α(D±)± 2c u[χ+ ln(r)] = 0 , (13)

J± = ζ ± σ ,
D± = u ± c n . (14)

Here we have used the notations for the speed of sound, c, in the medium and
the wave enthalpy, σ,

σ =

∫
dP

c(ε+ P )
, (15)

c =

(
∂P

∂ε

)
S

.

From the representation of D± in the coordinate basis one can ˇnd the
expression for the sound propagation velocity,

V ±s = c
1− w2

1± wce
Φ−Ψ . (16)

The + sign in all equations shows the direction outwards from the center of the
star; while the − sign, towards the center. The propagation of the waves can be
determined by Eq. (13) which is the generalization of the Riemann equations in
case of relativity including the self-consistent account of the gravitational effects.

Eq. (16) shows that besides the Doppler effect (which results in an anisotropy
of the wave propagation), the effect of change of the speed in the gravitation ˇeld
is valid for the sound like the red shift effect for the light.
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3. EQUATION OF THE GRAVITATIONAL FIELD

Up to now we did not ˇx neither the gravitational ˇeld equations nor the
observer's coordinate frame in order to describe the hydrodynamics independently
of the gravitational ˇeld theory.

It is necessary to have conditions that determine the gravitational force at
each moment, since we have the distribution of the matter and its ux. We have
to write equations for the functions f , h and Φ− Ψ. Let us choose the general
theory of relativity in the framework of which most of the stellar models are
generally considered. The invariant form of the Einstein equations for the metric
(6) and energy-momentum tensor T, in Eq. (2), is given by

G = 8πT , (17)

where G denotes the Einstein tensor:

G = (E + 2D)ω0 ⊗ ω0 + (2B − E)ω1 ⊗ ω1 + 2C(ω0 ⊗ ω1 + ω1 ⊗ ω0)

+(A+B −D)(ω2 ⊗ ω2 + ω3 ⊗ ω3) . (18)

The coefˇcients A, B, C and D can be obtained from the set of the following
equations

A = e1[f ]− e2[h] + f2 − h2, (19)

Bω0 + Cω1 = −da+ bα− a2ω0 − abω1,

Cω0 +Dω1 = −db+ aα− b2ω1 − abω0,

E = e2χ/r2 + a2 − b2.

To simplify the problem we choose the Schwarzschild coordinates, where χ = 0
and β = 0, that enables us to ˇnd analytic time-independent external solution for
the gravitational ˇeld equations (Birkoff's theorem). Finally from Eq. (17) we
have

E + 2D = 8πε , (20)

2B − E = 8πΠ ,

C = −4π(ε+ P )γ2w ,

where ε and Π are the energy density and pressure of the matter in the frame
connected with the center of the star (the rest frame of the observer). One has

ε = γ2(ε+ P w2) , (21)

Π = γ2(ε w2 + P ) .
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Fig. 1. Time evolution of the process of the neutron matter explosion

Fig. 2. Time dependence of the velocity distribution of a homogeneous compressed neutron
gas at T = 0
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Since Eq. (1) is a consequence of the ˇeld equations (Bianchi identity) and
since in case of spherical symmetry there is no gravity-wave radiation, we can
consider only that part of the system, i.e., Eq. (17), which does not contain time
derivatives. It is sufˇcient to have a complete system of equations adding the
wave equation (13) and the equation of state. The formal solution of Eq. (21) is
given by

Ψ(r, t) = −1

2
ln
(
1− 2m(r, t)

r

)
, (22)

Φ(r, t) = Ψ(r, t) +

∫ r

0

2m(r′, t) + 4π(P (r′, t)− ε(r′, t))(r′)3

r′(r′ − 2m(r′, t))
dr′ + Φ0(t) ,

where Φ0(t) is the gravitational potential in the center and m(r, t) is the accumu-
lated mass at a distance r from the center,

m(r, t) = 4π

∫ r

0

ε(r′, t)(r′)2dr′ . (23)

These equations are the boundary conditions for the dynamical equations of waves.
A model calculation of the time evolution of a conˇguration of the ideal gas

of neutrons at zero temperature is shown in Figs. 1 and 2. Figure 1 illustrates the
process of the explosion of the matter with arbitrarily chosen distribution in case
of weak self-gravity. In Fig. 2 one can see the changes of the matter velocity for
the hydrodynamically not stable homogeneous neutron matter conˇguration.

4. SHOCK WAVE CONDITIONS

During the evolution of the matter of the star conˇguration it is possible to
have a situation when the continuity of the matter distribution will be broken. The
system of Eq. (13) is not valid on the point of the discontinuity of the functions
J±. Such jumps are of various physical nature, they could be shock waves (SW),
the edges of the different phases of the matter, the conˇguration surface (matterÄ
vacuum boundary) or others. To include the propagation of such points we need
to fulˇll the conditions of energy, momentum and baryon number conservations
(let us call them SW conditions) on the surface of the discontinuity.

The presence of the gravitation ˇeld does not play a role, because the SW
conditions are local properties of the matter ux through the SW front and one can
formulate them in the frame of the local observer. Moreover, due to the continuity
of the gravitational ˇeld we don't need the equations (1) of hydrodynamics written
in curved space. One can simply use the following equations

∂kT
k
i = 0 , (24)

∂i(su
i) = 0 , (25)

∂i(nu
i) = 0 , (26)
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where T ki is the energy-momentum tensor

Tµν = wuµuν − P gµν , (27)

w = ε+ P is the enthalpy density, s is the entropy density and n is the baryon
number density. In the case of spherical symmetry the SW conditions have the
form

[nur] = 0 (28)

for the conservations of the particle number,

c[T tr] = 0 (29)

for the continuity of the energy ux, and

[T rr] = 0 (30)

for the continuity of the ow of momentum in front and behind the shock wave.
Let us choose the coordinate frame connected with the shock wave and

suppose that the motion of the matter ux is towards the r coordinate, then the
equations (28) - (30) can be written as

nurb = nurf , (31)

w(urb)
2 + pb = wur2f + pf , (32)

wurbu
t
f = wutbu

r
f . (33)

From the last two equations one can ˇnd the velocities vb and vf of the
matter on both sides of the SW

vb

c
=

√
(pf − pb)(εf + pb)

(εf − εb)(εb + pf )
, (34)

vf

c
=

√
(pf − pb)(εb + pf)

(εf − εb)(εf + pb)
, (35)

and the equation of the Taub adiabate has the form

(
wb

nb
)2 − (

wf

nf
)2 + (pb − pf )

[
wb

n2
b

− wf

n2
f

+ (pb − pf)

]
= 0. (36)

Using the equations (32) and (33) with the Gibbs fundamental equation in
the form

d
w

n
= Td

s

n
+

1

n
dp , (37)
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Fig. 3. Matter velocity before and behind the shock front during the explosion of an ideal
neutron gas conˇguration as a function of the compression

one can deˇne the condition of the isentropic ow of the matter

uk
∂

∂xk
s

n
=

d

dτ

s

n
. (38)

This condition is valid if the ow of the matter is adiabatic during the motion
along the ªworld lineª. It is important also for the static conˇgurations if we
consider hot stars [10], when the thermal energy dissipation is negligible.

SW could be considered as a process of the hadron-quark phase transition
during the explosion of the matter, when the SW propagates through the hadronic
crust of the star. Passing the SW front, the neutron gas can be compressed up to
the critical densities of the phase transition. In Fig. 3 we show the dependence of
the velocity of the compressed matter before the SW as a function of the density
of the hadronic crust (we took the critical density of the phase transition n = 4n0,
where n0 is the nuclear density).

5. QUARKÄHADRON PHASE TRANSITION IN NEUTRON STARS

At present one does not know from experiment at what density the expected
phase transition to quark matter occurs, and one has no conclusive guide yet
from lattice QCD simulations. From simple geometrical considerations it follows
that nuclei begin to touch each other at densities of ∼ (4πr3

N/3)−1, which, for
a characteristic nucleon radius of rN ∼ 1 fm, indicates this to happen at just
a few times nuclear matter density [8]. Above this density, it appears plausible
that the nuclear boundaries of particles like p, n, Σ−, Λ, K− will dissolve and
the formerly conˇned quarks populate free states outside the baryons. The high-
pressure environment that exists in the cores of neutron stars, with densities up
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to an order of magnitude higher than that of nuclear matter, constitutes ideal sites
where hadrons may transform into quark matter, forming a permanent component
of such matter inside neutron stars.

The possibility of quark deconˇnement in the cores of neutron stars has
already been suggested in the 1970's by several authors (see, for instance, [21]).
However until recently no observational signal has ever been proposed. This is
so because whether or not the quarkÄhadron phase transition occurs in such stars,
makes only little difference to their static properties, such as the range of possible
masses, radii, or even their limiting rotational periods. This however turns out
to be strikingly different for the timing structure of pulsars that develop quark
matter cores in the course of spin-down (spin-up), as we shall see in the following
sections.

6. CONSERVED CHARGES

The reason why the likely occurrence of the quark-hadron phase transition
in neutron stars has been overlooked in all earlier works prior to Glendenning's
[8, 22] is that a degree of freedom was frozen out which yielded a description of
the quark-hadron phase transition as a constant pressure one. Since pressure in a
neutron star is monotonically decreasing Ä an inevitable consequence that follows
from hydrostatic equilibrium Ä this had the explicit consequence of excluding

Fig. 4. Phase transition in a body (i.e., neutron star) with two conserved entities, that is,
electric charge and baryon charge. In contrast to the phase transition in a body with only
one conserved charge, here pressure in the mixed phase varies with density. Therefore
the mixed phase is not excluded from the star, as would be the case if the pressure were
incorrectly taken to be constant
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the coexistence phase of hadrons and quarks from neutron stars. The degree
of freedom that was frozen out is the possibility of reaching the lowest possible
energy state by rearranging electric charge between the regions of hadronic matter
and quark matter in phase equilibrium. Because of this freedom the pressure in the
mixed phase varies as the proportions of the phases, and therefore the coexistence
phase is not excluded from the star, as pointed out ˇrst by Glendenning [8, 22]
(see also Hermann [23]).

The physical reason behind this is the conservation of baryon charge and
electric charge in neutron star matter. Correspondingly, there are two chemical
potentials Ä one associated with baryon charge and the other associated with
electric charge Ä and therefore the transition of baryon matter to quark matter is
to be determined in three-space spanned by pressure and the chemical potentials
of the electrons and neutrons (rather than two-space). A schematic illustration is
given in Fig. 4. Again, this circumstance has not been realized in the numerous
investigations published on this topic prior to Glendenning's paper [22].

7. CHEMICAL THERMODYNAMICS

Let us explore now how the qualitative arguments given just above can be
put into a proper mathematical description of the quark-hadron phase transition in
neutron stars (or, more generally, complex bodies that are characterized by more
than one conserved charge). In the trivial case of a star made from pure neutron
matter, electric charge neutrality is automatically satisˇed and so its matter is
characterized by a single chemical potential, that for the neutrons, µn. According
to chemical thermodynamics, the Gibbs condition for phase equilibrium between
neutron matter and quark matter at a given temperature would then read

PH(µn, {φ}, T ) = PQ(µn, T ) , (39)

where the subscripts `H' and `Q' denote the conˇned hadronic and quark phase,
respectively, and {φ} denotes the ˇeld variables and Fermi momenta that char-
acterize a solution to the equations of conˇned hadronic matter exclusive of the
chemical potential [22]. The Lagrangian of pure neutron matter is obtained from

L(x) =
∑

B=p,n,Σ±,0,Λ,Ξ0,−,∆++,+,0,−

L0
B(x)

+
∑

M=σ,ω,π,ρ,η,δ,φ

{
L0
M (x) +

∑
B=p,n,...,∆++,+,0,−

LBM (x)

}
+ L(σ4)(x) +

∑
L=e−,µ−

LL(x) (40)
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Table 1. Masses, electric charges (qBel ) and quantum numbers (spin, JB; isospin, IB;
strangeness, SB; hypercharge, YB; third component of isospin, I3B) of those baryons
whose thresholds may be reached in the cores of neutron stars

Baryon (B) mB (MeV) JB IB SB YB I3B qB
n 939.6 1/2 1/2 0 1 −1/2 0
p 938.3 1/2 1/2 0 1 1/2 1
Σ+ 1189 1/2 1 −1 0 1 1
Σ0 1193 1/2 1 −1 0 0 0
Σ− 1197 1/2 1 −1 0 −1 −1
Λ 1116 1/2 0 −1 0 0 0
Ξ0 1315 1/2 1/2 −2 −1 1/2 0
Ξ− 1321 1/2 1/2 −2 −1 −1/2 −1
∆++ 1232 3/2 3/2 0 1 3/2 2
∆+ 1232 3/2 3/2 0 1 1/2 1
∆0 1232 3/2 3/2 0 1 −1/2 0
∆− 1232 3/2 3/2 0 1 −3/2 −1

by setting B = n. We stress that, in general, all baryon states B whose thresholds
will be reached in the dense interiors of neutron stars (see [7] for details) are to
be summed self-consistently. The interaction between the baryons is described by
the exchange of mesons with masses up to about 1 GeV, depending on the many-
body approximation. At the level of the simplest approximation Ä the relativistic
mean-ˇeld (or Hartree) approximation Ä these are the σ, ω and ρ mesons only.

Now, such a treatment, which incorrectly describes neutron star matter as
being composed of only neutrons, is to be contrasted with the phase transition
between conˇned hadronic matter and quark matter both in full β-equilibrium, in
which case all the baryons listed in Table 1 are summed self-consistently. In this
case one has two conserved laws, one which conserves baryon charge and the
other which conserves electric charge. The Gibbs condition for phase equilibrium
then is that the two chemical potentials µn and µe, corresponding to baryon and
electric charge conservation, and the pressure in the two phases be equal,

PH(µn, µe, {φ}, T ) = PQ(µn, µe, T ) . (41)

The pressure PQ of quark matter is obtainable from the bag model,

P +B =
∑

i=u,d,c,s;e−,µ−

Pi , (42)

ε =
∑

i=u,d,c,s;e−,µ−

εi +B , (43)

where P , ε and B refer to the external pressure, total energy density, and the bag
constant, respectively, and Pi and εi are the contributions of individual quarks
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and leptons contained in the bag [9]. The quark chemical potentials are related
to the baryon and charge chemical potentials as

µu = µc =
1

3
µn − 2

3
µe , µd = µs =

1

3
µn +

1

3
µe . (44)

Equation (41) is to be supplemented with the two relations for conservation of
baryon charge and electric charge. In general the conservation laws in chemical
thermodynamics are global, instead of being local, which constitutes a weaker
condition on the system than the assumption of the local conservation does.
Global conservation of baryon charge within an unknown volume V containing
A baryons is expressed as

ρ ≡ A

V
= (1− χ) ρH(µn, µe, T ) + χρQ(µn, µe, T ) , (45)

where χ ≡ VQ/V denotes the volume proportion of quark matter, VQ, in the
unknown volume V . The global neutrality of electric charge within the volume
V means that the integral over the charge density, Q ≡ 4π

∫
V
dr r2 q(r), must

vanish rather than q(r) itself ∗. One thus has

0 =
Q

V
= (1 − χ) qH(µn, µe, T ) + χ qQ(µn, µe, T ) + qL , (46)

where qL denotes the electric charge density of leptons.
For a given temperature, Eqs. (41) through (46) serve to determine the two

independent chemical potentials and the volume V for a speciˇed volume fraction
χ of the quark phase in equilibrium with the hadronic phase. This being done
VQ is obtained as VQ = χV . In these equations the chemical potentials obviously
depend on the proportion χ of the phases in equilibrium, and hence so also all
properties that depend on them: the energy densities, baryon and charge densities
of each phase, and the common pressure. For the mixed phase, the volume
proportion of quark matter varies from 0 ≤ χ ≤ 1, and the energy density is the
linear combination of contributions coming from the two phases,

ε = (1− χ) εH(µn, µe, {φ}, T ) + χ εQ(µn, µe, T ) . (47)

Solving the models of conˇned and deconˇned phases, in both pure phases
and in the mixed phase, we can compute the baryon, lepton and quark populations

∗Since the substances are uniform in any small locally inertial region V of the star, the integral
over the charge densities that expresses global neutrality takes the simple form

Q ≡ 4π

∫
V

dr r2 q(r) = (V − VQ) qH(µb, µq) + VQ qQ(µb, µq) ,

where qH and qQ denote the net electric charges carried by hadronic and quark matter [8].
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Fig. 5. Composition of chemically equilibrated, stellar quarkÄhadron (hybrid star) matter
as a function of baryon density. Hadronic matter is described by a relativistic Hartree
Lagrangian (HV of [7, 27], the bag constant is B = 250 MeV/fm3)

in charge-neutral β-stable neutron star matter from Eqs. (41) through (46). The
outcome is shown in ˇgure 5 for different, representative bag constants as well
as different many-body approximations employed to model conˇned hadronic
matter. (For more details, see [7].)

Three features emerge immediately from this population. Firstly, one sees
that the transition from pure hadronic matter to the mixed phase occurs at rather
low density of about 3 ρ0 or less [23]. Depending on parameters like the bag
constant as well as the underlying nuclear many-body approximation, threshold
values even as small as about 2 ρ0 were found, as pointed out ˇrst by Glendenning
[22,24] and conˇrmed later, on the basis of different many-body approximations,
by Hermann [23]. Secondly, we emphasize the saturation of the leptons as
soon as quark matter appears. At this stage, charge neutrality is achieved more
economically among the baryon-charge carrying particles themselves. Thirdly,
the presence of quark matter enables the hadronic regions of the mixed phase to
arrange to be more isospin symmetric (i.e., closer equality in proton and neutron
number) than in the pure phase by transferring charge to the quark phase in
equilibrium with it. Symmetry energy will be lowered thereby at only a small
cost in rearranging the quark Fermi surfaces. Electrons play only a minor role
when neutrality can be realized among the baryon-charge carrying particles. Thus
the mixed phase region of the star will have positively charged regions of nuclear
matter and negatively charged regions of quark matter.
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8. MODELS FOR THE EQUATION OF STATE

To explore the implications of the mixed phase for the structure of neutron
stars, we shall employ a collection of different models for the equation of state
derived for three different assumptions about the composition of `neutron' star
matter. In the most primitive conception, a neutron star is constituted from
neutrons. At a slightly more accurate representation, a beta stable compact star
will contain neutrons and a small number of protons whose charge is balanced
by leptons. We represent the interactions among baryons in the relativistic mean
ˇeld theory. Details can be found elsewhere [25Ä27]. The coupling constants
in the theory are chosen so that for symmetric nuclear matter, the ˇve important
bulk properties (energy per baryon, incompressibility, effective nucleon mass,
asymmetry energy, saturation density) are reproduced [28,29].

At the densities in the interior of neutron stars, the neutron chemical potential
will exceed the mass (modiˇed by interactions) of various members of the baryon
octet [30]. So, in addition to neutrons, protons and electrons, neutron stars
are expected to have populations of hyperons which together with nucleons and
leptons are in a charge neutral equilibrium state. Interactions among the baryons
are incorporated, and coupling constants chosen, as above [25Ä28]. Hyperon
coupling constants are chosen: (1) to reproduce the binding of the lambda in the

Fig. 6. Three models for the equation of state. Solid curve: equation of state of hybrid star
(GK240

B180 ), dashed curve: hyperon star (GK240
M78 ), dash-dotted curve: neutron star (GK240

M78 ),
protons and neutrons only. For details about these equations of state, see Ref.29
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nuclear matter, (2) to be compatible with hypernuclei, and (3) to support at a
minimum a neutron star of at least 1.5M� [22].

How to handle the phase equilibrium in the dense neutron star matter having
two conserved charges, baryon and electric, is described in detail in the Glen-
denning paper [22]. As we have seen qualitatively in Section 1, the properties
of a phase transition in a multi-component system are very different from the
familiar ones of a single-component system formerly (and incorrectly) used to
describe the deconˇnement phase transition in neutron stars [8, 22]. Models for
the equation of state of neutron, hyperon, and hybrid star matter are shown in
Fig. 6. One sees that the transition of conˇned baryonic matter to quark matter
sets in at about twice the nuclear matter density ε0 (= 140 MeV/fm

3
), which

leads to an additional softening of the equation of state. Pure quark matter is
obtained for densities >∼7ε0.

9. SEQUENCES OF ROTATING STARS
WITH CONSTANT BARYON NUMBER

Having models for the equation of state at hand which account for the possible
quarkÄhadron phase transition in dense neutron-star matter, we now proceed to
the question of how this transition may register itself in an observational stellar
signal.

Neutron stars are objects of highly compressed matter so that the geometry of
space-time is changed considerably from at space-time. Thus for the construction
of realistic models of rapidly rotating pulsars one has to resort to Einstein's theory
of general relativity. In the case of a star rotating at its absolute limiting rotational
period, that is, with the Kepler (or mass-shedding) frequency, Einstein's ˇeld
equations,

Gκλ ≡ Rκλ − 1

2
gκλR = 8 π T κλ(ε, P (ε)) , (48)

are to be solved self-consistently in combination with the general relativistic
expression which describes the onset of mass-shedding at the equator [27,31,32]:

ΩK = β +
β′

2ψ′
+ eΦ−ψ

√
Φ′

ψ′
+
( β′

2ψ′
eψ−Φ

)2

. (49)

The metric for a rotating star, suitable for both the interior and exterior, reads
[32,33]

ds2 = e2Ψdt2 − e2λdr2 − e2µdθ2 − e2ψ(dφ− β dt)2 . (50)

Because of the underlying symmetries, the metric functions Ψ, λ , µ, and ψ
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Fig. 7. Frequency dependence of quark structure in rotating hybrid stars. The radial direc-
tion is along the star's equator (solid curves) and pole (dashed curves). The nonrotating
star mass is ∼ 1.42M�. The rotational frequency ranges from zero to Kepler frequency

are independent of t and φ but depend on r, θ, and Ω. The quantity β denotes
the angular velocity of the local inertial frames (frame dragging frequency) and
depends on the same variables as the metric. The frequency β̄ ≡ Ω− β(r, θ,Ω),
is the star's rotational frequency relative to the frequency of the local inertial
frames, and is the one the centrifugal force acting on the mass elements of the
rotating star's uid depends on [34]. The quantities Rκλ, gκλ, and R denote
respectively the Ricci tensor, metric tensor, and Ricci scalar (scalar curvature).
The dependence of the energy-momentum tensor T κλ on pressure and energy
density, P and ε, respectively, is indicated in Eq. (48). The primes in (49) denote
derivatives with respect to Schwarzschild radial coordinate, and all functions on
the right are evaluated at the star's equator. All the quantities in the right-hand
side of Eq.(49) depend also on ΩK, so that it is not an equation for ΩK, but a
transcendental relationship which the solution of the equations of stellar structure,
resulting from Eq. (48), must satisfy if the star is rotating at its Kepler frequency.
(Details can be found in [27].)

The outcome of two self-consistent calculations, one for a hybrid and the other
for a conventional hyperon star, is compared in Figs. 7 and 8. The stars' baryon
number is kept constant during spin-down from the Kepler frequency to zero
rotation, as it should be. The frequency Ω is assumed to be constant throughout
the star's uid since uniform rotation is the conˇguration that minimizes the



398 GRIGORIAN H., HERMANN B., WEBER F.

Fig. 8. Same as Fig. 7, but for a conventional hyperon star (M ∼ 1.40M�), that is,

transition to quark matter is suppressed. The Σ− is absent for Ω
>∼ 4700 s−1 because the

central density falls below the threshold density of the Σ− particle

mass-energy at speciˇed baryon number and angular momentum [35].

According to the mass of a hybrid star, it may consist of an inner sphere
of purely quark matter (lower-left portion of Fig. 7 for which Ω<∼1250 s−1 and
r<∼4.5 km), surrounded by a few kilometers thick shell of mixed phase of hadronic
and quark matter arranged in a lattice structure, and this surrounded by a thin shell
of hadronic liquid, itself with a thin crust of heavy ions [8]. The Coulomb lattice
structure of varying geometry introduced to the interior of neutron stars [8], which
may have dramatic effects on pulsar observables including transport properties
and the theory of glitches, is a consequence of the competition of the Coulomb
and surface energies of the hadronic and quark matter phase. This competition
establishes the shapes, sizes and spacings of the rarer phase in the background of
the other (that is, for decreasing density: hadronic drops, hadronic rods, hadronic
plates immersed in quark matter followed by quark plates, quark rods and quark
drops immersed in hadronic matter) so as to minimize the lattice energy. For an
investigation of the structure of the mixed phase of baryons and quarks predicted
by Glendenning, we refer to [36].

When the frequency of rotation of the hybrid star diminishes, it becomes less
deformed and the central density rises. For some pulsars the mass and initial
rotational frequency Ω may be such that the central density rises from below the
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critical density for dissolution of baryons into their quark constituents. This is
accompanied by a sudden shrinkage of the hybrid star, which dramatically effects
its moment of inertia and hence the braking index of a pulsar, as we shall see in
the next sections.

10. MOMENT OF INERTIA

Elsewhere we have obtained an expression for the moment of inertia of a
relativistic star that accounts for the centrifugal attening of the star [31, 37]. It
is given by

I(Ω) = 4π

∫ π/2

0

dθ

∫ R(θ)

0

dr
eλ+µ+ν+ψ [ε+ p]

e2(ν−ψ) − ω̄2

Ω− ω
Ω

. (51)

The radial distribution of the energy density and pressure, ε(r) and p(r), are
found from the solution of the equations for rotating relativistic stars. For slow
rotation this expression reduces to the well-known, and frequency independent
result [37].

Fig. 9. Moment of inertia as a function of rotational frequency (in units of Kepler) for
three neutron stars (solid curve: hybrid star, dashed curve: hyperon star, dash-dotted curve:
neutron star made up of only protons and neutrons) with different constitutions as described
in Sect. 8. The baryon number is constant along each curve. The development of a quark
matter core for decreasing frequency (increasing density) causes a sudden reduction of I .
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We show how the moment of inertia changes with frequency in Fig. 9 for stars
having the same baryon number but different constitutions, as described in Sect. 8.
The two curves without a drop at low frequencies are for conventional neutron
(dot-dashed line) and hyperon (dashed) stars of non-rotating mass M ∼ 1.45M�.
The solid line is for a hybrid star of roughly the same mass and baryon number.
The shrinkage of the hybrid star due to the development of a quark matter core at
low frequencies, known from Fig. 7, manifests itself in a sudden reduction of I ,
which is the more pronounced the bigger the quark matter core (i.e., the smaller
Ω) in the centre of the star.

11. SIGNAL OF QUARK-DECONFINEMENT IN THE BRAKING
INDICES OF PULSARS

Pulsars are identiˇed by their periodic signal believed to be due to a strong
magnetic ˇeld ˇxed in the star and oriented at an angle from the rotation axis.
The period of the signal is therefore that of the rotation of the star. The angular
velocity of rotation decreases slowly but measurably over time, and usually the
ˇrst and occasionally the second time derivative can also be measured. Various
energy loss mechanisms could be at play such as the dipole radiation, part of
which is detected on each revolution, as well as other losses such as ejection of
charged particles [38]. The measured frequency and its time derivative have been
used to estimate the spin-down time or age of pulsars. The age is very useful for
classifying and understanding pulsar phenomena such as glitch activity.

Let us assume, as usual, that the pulsar slow-down is governed by a single
mechanism or several mechanisms having the same power law. Let us write the
energy balance equation as

dE

dt
=

d

dt

{1

2
I Ω2

}
= −C Ωn+1 , (52)

where, for magnetic dipole radiation, C = 2
3m

2 sin2 α, n = 3 , m is the magnetic
dipole moment and α is the angle of inclination between magnetic moment and
rotation axis. If, as is customary, the angular velocity Ω is regarded as the only
time-dependent quantity, one obtains the usual formula for the rate of change of
pulsar frequency,

Ω̇ = −K Ωn , (53)

with K a constant and n the braking index. From the braking law (53) one
usually deˇnes from its solution, the spin-down age of the pulsar

τ = − 1

n− 1

Ω

Ω̇
. (54)
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Fig. 10. Braking index as a function of rotational frequency for a hybrid star. The dip at
frequencies Ω ∼ 1370 s−1 originates from quark deconˇnement. The overall reduction of
n below 3 is due to the frequency dependence of I and, thus, is independent of whether
or not quark deconˇnement takes place in pulsars

However the moment of inertia is not constant in time but responds to changes
in rotational frequency, as can be seen in Fig. 9, more or less according to the
softness or stiffness of the equation of state (that is, the star's internal constitution)
and depending on whether the stellar mass is small or large. This response changes
the value of the braking index in a frequency-dependent manner, even if the sole
energy-loss mechanism were pure dipole as in Eq. (52). Thus during any epoch
of observation, the braking index will be measured to be different from n = 3 by
a certain amount. How large will this amount depend, for any given pulsar, on
its rotational frequency and for different pulsars of the same frequency, on their
mass and on their internal constitution?

When the frequency response of the moment of inertia is taken into account,
Eq. (53) is replaced by

Ω̇ = − 2IK
Ωn

2I + I ′Ω
= −K Ωn

{
1− I ′

2I
Ω +

( I ′
2I

Ω
)2

− · · ·
}
, (55)

where I ′ ≡ dI/dΩ and K = C/I . This explicitly shows that the frequency
dependence of Ω̇ corresponding to any mechanism that absorbs (or deposits)
rotational energy such as Eq. (52) cannot be a power law, as in Eq. (53) with
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K a constant. It must depend on the mass and internal constitution of the star
through the response of the moment of inertia to rotation as in Eq. (55).

Equation (55) can be represented in the form of Eq. (53) (but now with a
frequency dependent prefactor) by evaluating

n(Ω) =
Ω Ω̈

Ω̇2
= n− 3 I ′Ω + I ′′Ω2

2 I + I ′ Ω
. (56)

Therefore the effective braking index depends explicitly and implicitly on Ω.
The right side reduces to a constant n only if I is independent of frequency. But
this cannot be, not even for slow pulsars if they contain a quark matter core. The
centrifugal force ensures the response of I to Ω. As an example, we show in
Fig. 10 the variation of the braking index with frequency for the rotating hybrid
star of Fig. 7. For illustration we assume dipole radiation. As before, the baryon
number of the star is kept constant. Because of the structure in the moment of
inertia, driven by the phase transition into the deconˇned quark matter phase, the
braking index deviates dramatically from 3 at small rotation frequencies. Such
an anomaly in n(Ω) is not obtained for conventional neutron or hyperon stars
because their moments of inertia increase smoothly with Ω (cf. Fig. 9). The
observation of such an anomaly in the timing structure of pulsars may thus be
interpreted as a signal for the development of quark-matter cores in the centers
of pulsars.

As a very important subject on this issue, we estimate the duration over
which the braking index is anomalous. It can be estimated from

∆T ' − ∆Ω

Ω̇
=

∆P

Ṗ
, (57)

where ∆Ω is the frequency interval of the anomaly. The range over which
n is smaller than zero and larger than six (Fig. 10) is ∆Ω ≈ − 100 s−1, or
∆P ≈ −2π∆Ω/Ω2 ≈ 3× 10−4 s at Ω = 1370 s−1. So, for a millisecond pulsar
whose period derivative is typically Ṗ ' 10−19, we ˇnd ∆T ' 108 years (see
Fig. 11). The dipole age of such pulsars is about 109 years. So as a rough estimate
we may expect about 10% of the millisecond pulsars ∗ to be in the transition epoch
and so could be signaling the ongoing process of quark deconˇnement in their
cores! To avoid confusion, we point out that the spin-up has nothing to do with
the minuscule spin-up known as a pulsar glitch. In the latter case the relative
change of the moment of inertia is very small, ∆I/I ' −∆Ω/Ω ' 10−6 or
smaller, and approximates closely a continuous response of the star to changing
frequency on any time scale that is large compared to the glitch and recovery
interval.

∗Presently about 25 solitary millisecond pulsars are known.
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Fig. 11. Braking index as a function of time. The epoch over which n is anomalous
(i.e., −∞ < n < +∞) because of quark deconˇnement, ∼ 108 years, is indicated by the
shaded area (after Glendenning [39]).

REFERENCES

1. Baade W., Zwicky F. Å Phys. Rev., 1934, v.45, p.138.

2. Tolman R. Å Relativity, Thermodynamics and Cosmology, Clarendon Press, Oxford, 1934.

3. Oppenheimer J.R., Volkoff G.M. Å Phys. Rev., 1939, v.55, p.374.

4. Zeldovich Ya.B., Podurets M.A. Å Sov. Phys. Ä Doclady, 1969, v.9 p.3.

5. Podurets M.A. Å Sov. Ap. J., 1964, v.XLI, p.28.

6. Pines D., Tamagaki R., Tsuruta S. (Eds.) Å The Structure and Evolution of Neutron Stars,
Addison-Wesley, New York, 1992.

7. Weber F. Å Pulsars as Astrophysical Laboratories for Nuclear and Particle Physics, to be
published by IOP Publishing Co., Bristol, Great Britain.

8. Glendenning N.K. Å Compact Stars, Springer, New York, 1997.

9. Kettner Ch., Weber F., Weigel M.K., Glendenning N.K. Å Phys. Rev., 1995, v.D51, p.1440.

10. Blaschke D., Grigorian H., Schmidt S., Poghosyan G., Roberts C.D. Å E-print archive nucl-
th/9801060.

11. Fackerell E.D., Ipser J.R., Thorne K.S. Å Comments Ap. Space Phys., 1969, v.1, p.134.

12. Ipser J.R., Thorne K.S. Å Ap. J., 1968, v.154, p.251.



404 GRIGORIAN H., HERMANN B., WEBER F.

13. Katz J., Horvitz G. Å Ap. J., 1974, v.194, p.439.

14. Shapiro S.L., Teukolsky S.A. Å Black Holes, White Dwarfs, and Neutron Stars: The Physics
of Compact Objects, Wiley & Sons, New York, 1983.

15. Shapiro S.L., Teukolsky S.A. Å Ap. J., 1985, v.298, p.58.

16. Gourgoulhon E. Å Astron. Astrophys., 1991, v.252, p.651.

17. Grigorian H.A., Sadoyan A.H. Å Proc. of 13th Int. Grav. Conf., 1992.

18. Grigorian H.A., Sadoyan A.H. Å Astroˇzika, 1994, v.37, p.671.

19. Friedman J.L. Å Black Holes and Relativistic Stars, Univ. Chicago Press, 1997.

20. Grigorian H.A., Sadoyan A.H. Å Proc. of 15th Int. Grav. Conf., 1997 p.92.

21. Glendenning N.K., Pei S., Weber F. Å Phys. Rev. Lett., 1997, v.79, p.1603.

22. Glendenning N.K. Å Phys. Rev., 1992, v.D46, p.1274.

23. Hermann B. Å Master Thesis, University of Munich, 1996 (unpublished).

24. Glendenning N.K., Pei S. Å APH N.S., Heavy Ion Physics, 1995, v.1, p.323.

25. Glendenning N.K. Å Astrophys. J., 1985, v.293, p.470.

26. Weber F., Weigel M.K. Å Nucl. Phys., 1989, v.A505, p.779.

27. Weber F., Glendenning N.K. Å Hadronic Matter and Rotating Relativistic Neutron Stars, Pro-
ceedings of the Nankai Summer School, ªAstrophysics and Neutrino Physicsª, ed. by D. H. Feng,
G. Z. He, and X. Q. Li, World Scientiˇc, Singapore, 1993, p. 64Ä183.

28. Glendenning N.K. Å Phys. Rev. Lett., 1982, v.57, p.1120.

29. Schaab Ch., Weber F.M., Weigel K., Glendenning N.K. Å Nucl. Phys., 1996, v.A605, p.531.

30. Glendenning N.K. Å Phys. Lett., 1982, v.114B, p.392.

31. Glendenning N.K., Weber F. Å Phys. Rev., 1994, v.D50, p.3836.

32. Friedman J.L., Ipser J.R., Parker L. Å Astrophys. J., 1986, v.304, p.115.

33. Butterworth E.M., Ipser J.R. Å Astrophys. J., 1976, v.204, p.200.

34. Hartle J.B. Å Astrophys. J., 1967, v.150, p.1005.

35. Hartle J.B., Sharp D.H. Å Astrophys. J., 1967, v.147, p.317.

36. Glendenning N.K., Pei S. Å Phys. Rev., 1995, v.C52, p.2250.

37. Glendenning N.K., Weber F. Å Astrophys. J., 1992, v.400, p.647.

38. Ruderman M.A. Å In: High Energy Phenomena around Collapsed Stars, ed. by F. Pacini,
D.Reidel Publishing Company, Dodrecht, 1987.

39. Glendenning N.K. Å Pulsar Signal of Deconˇnement, Proc. of Quark Matter 1997, to be
published by Nucl. Phys. A (astro-ph/9803067).


