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‘¢¥É²µ° ¶ ³ÖÉ¨
ˆµ¸¨Ë  �µ· °·µ¢¨Î  ‘¨¸ ±Ö´  Å
§ ³¥Î É¥²Ó´µ£µ ÊÎ¥´µ£µ-Ë¨§¨± 
¨ ¢¥·´µ£µ ¤·Ê£ 

�·¥¤¸É ¢²¥´ µ¡§µ· ¶µ²ÊÎ¥´´ÒÌ ¢ ¶µ¸²¥¤´¨¥ £µ¤Ò ·¥§Ê²ÓÉ Éµ¢ ¶µ ¶·¨³¥´¥´¨Õ ´¥¶¥·ÉÊ·¡ -
É¨¢´ÒÌ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. ˆ§²µ¦¥´¨¥ ´ Î¨´ ¥É¸Ö ¸ ¶·¨-
³¥·µ¢, ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶µ´ÖÉÓ ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨
¶µ²Ö ¨ ¸¶µ¸µ¡Ò Ê¶· ¢²¥´¨Ö ¸¢µ°¸É¢ ³¨ ¨Ì ¸Ìµ¤¨³µ¸É¨ ¸ ¶µ³µÐÓÕ ¸¶¥Í¨ ²Ó´ÒÌ ¶ · ³¥É·µ¢.
‡ É¥³ Ëµ·³Ê²¨·Ê¥É¸Ö ¢ ·¨ Í¨µ´´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¤²Ö ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨, ¸É·µ-
¨É¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ ¶µ ´µ¢µ³Ê ³ ²µ³Ê ¶ · ³¥É·Ê ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö · §²¨Î´Ò¥
Ë¥´µ³¥´µ²µ£¨Î¥¸±¨¥ ¶·¨²µ¦¥´¨Ö ÔÉµ£µ ¶µ¤Ìµ¤ .

A review of results obtained in the last years on using variational expansions in quantum
chromodynamics is presented. We begin our explanation from elementary examples, which will allow
to fall into the course of deal, understand, what is a variational series, and as possible to control of
characteristics of their convergence. Then variational perturbation theory is formulated in quantum
chromodynamics, a nonperturbative expansion is constructed by using a new small parameter and
various phenomenological applications are discussed.

1. ‚‚…„…�ˆ…

’¥µ·¥É¨Î¥¸±¨³ ËÊ´¤ ³¥´Éµ³ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö, ¶µ§¢µ²ÖÕÐ¨³ ¶·µ-
¨§¢µ¤¨ÉÓ · ¸Î¥ÉÒ, ¨¸¶µ²Ó§ÊÖ ²¨ÏÓ ¶ · ³¥É·Ò ² £· ´¦¨ ´ , Ö¢²Ö¥É¸Ö É¥µ·¨Ö
¢µ§³ÊÐ¥´¨°. ‚³¥¸É¥ ¸ ¶·µÍ¥¤Ê·µ° ¶¥·¥´µ·³¨·µ¢±¨ ¥¥ ¶·¨³¥´¥´¨¥ ¶µ§¢µ-
²¨²µ ¤µ¸É¨ÎÓ §´ Î¨É¥²Ó´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¢ ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¥, ¢ É¥µ-
·¨¨ Ô²¥±É·µ¸² ¡ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ ¶·¨ µ¶¨¸ ´¨¨ ¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨
±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨. �¤´ ±µ ¸¶¥Í¨Ë¨±  ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö É ±µ¢ ,
ÎÉµ · ¸¸Î¨ÉÒ¢ ÉÓ ´  ¤µ¸É ÉµÎ´µ ¶µ²´µ¥ ¨§ÊÎ¥´¨¥ ¸É·Ê±ÉÊ·Ò ±¢ ´Éµ¢µ-¶µ²¥¢µ°
³µ¤¥²¨, µ£· ´¨Î¨¢ Ö¸Ó ²¨ÏÓ · ³± ³¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ´¥ ¸²¥¤Ê¥É ¤ ¦¥ ¢
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É¥µ·¨ÖÌ ¸ ³ ²Ò³ §´ Î¥´¨¥³ ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ µ¸µ¡¥´´µ¸É¨ ÔÉµ µÉ´µ¸¨É¸Ö
± ¸µ¢·¥³¥´´µ° É¥µ·¨¨ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° Ä ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥
(Š•„). ‚ ÔÉµ³ ¸²ÊÎ ¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¨£· ÕÉ ·¥Ï ÕÐÊÕ ·µ²Ó
± ± ¢ ¶² ´¥ µÉ¢¥É  ´  ¶·¨´Í¨¶¨ ²Ó´Ò¥ ¢µ¶·µ¸Ò, ´ ¶·¨³¥·, µ¡ÑÖ¸´¥´¨¥ ±µ´-
Ë °´³¥´É  ±¢ ·±µ¢ ¨ £²Õµ´µ¢, É ± ¨ ¤²Ö µ¶¨¸ ´¨Ö Ë¥´µ³¥´µ²µ£¨¨  ¤·µ´µ¢ ¨
¸µµÉ´¥¸¥´¨Ö É¥µ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éµ¢ ¸ µ¶ÒÉ´Ò³¨ ¤ ´´Ò³¨.

� §· ¡µÉ±¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ³¥Éµ¤µ¢ ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö Ê¤¥²Ö-
¥É¸Ö ¡µ²ÓÏµ¥ ¢´¨³ ´¨¥. ‘¶¥±É· É ±¨Ì ¶µ¶ÒÉµ± ¢¥¸Ó³  Ï¨·µ±, ¨ ¢ ²¨É¥· ÉÊ·¥
³µ¦´µ ¢¸É·¥É¨ÉÓ ¸ ³Ò¥ · §´µµ¡· §´Ò¥ ¶µ¤Ìµ¤Ò ± ¶·µ¡²¥³¥ ¢ÒÌµ¤  §  · ³±¨
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. –¥²Ó ¤ ´´µ° · ¡µÉÒ ¸µ¸Éµ¨É ¢ µ¡§µ·¥ ¶µ²ÊÎ¥´´ÒÌ ¢ ¶µ-
¸²¥¤´¨¥ £µ¤Ò ·¥§Ê²ÓÉ Éµ¢, ¸¢Ö§ ´´ÒÌ ¸ ¶·¨³¥´¥´¨¥³ É ± ´ §Ò¢ ¥³ÒÌ ¢ ·¨ Í¨-
µ´´ÒÌ ¨²¨ ©¶² ¢ ÕÐ¨Ìª · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. �¸´µ¢´ Ö
¨¤¥Ö, ¶·¨¢µ¤ÖÐ Ö ± ¢µ§´¨±´µ¢¥´¨Õ ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢, ¤µ¸É ÉµÎ´  ¶·µ¸É .
„²Ö Éµ£µ ÎÉµ¡Ò ¥¥ ¶µÖ¸´¨ÉÓ, ´ ¶µ³´¨³ ¢´ Î ²¥, ± ±¨³ µ¡· §µ³ ¸É·µ¨É¸Ö ¶¥·-
ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥.

‚ µ¡ÒÎ´µ³ ¢ ·¨ ´É¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨¸¶µ²Ó§Ê¥É¸Ö · §¡¨¥´¨¥ ¶µ²-
´µ£µ ¤¥°¸É¢¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥±µÉµ·µ° Ë¨§¨Î¥¸±µ° ¸¨¸É¥³¥, ´  ¸¢µ¡µ¤-
´ÊÕ Î ¸ÉÓ ¨ Î ¸ÉÓ, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É ¢§ ¨³µ¤¥°¸É¢¨¥. �µ¸²¥¤´ÖÖ · ¸¸³ -
É·¨¢ ¥É¸Ö ± ± ¢µ§³ÊÐ¥´¨¥,   ¢Ìµ¤ÖÐ Ö ¢ ´¥¥ ±µ´¸É ´É  ¸¢Ö§¨ Å ± ± ³ ²Ò°
¶ · ³¥É· · §²µ¦¥´¨Ö. ’ ±µ¥ · ¸¸³µÉ·¥´¨¥, ± ± ¶· ¢¨²µ, ¶·¨¢µ¤¨É ±  ¸¨³¶-
ÉµÉ¨Î¥¸±¨³ ·Ö¤ ³, ±µÉµ·Ò¥, ÌµÉÖ ¨ ´¥ µÉ´µ¸ÖÉ¸Ö ± Î¨¸²Ê ©Ìµ·µÏ¨Ìª ·Ö¤µ¢,
É¥³ ´¥ ³¥´¥¥ Ï¨·µ±µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ Ë¨§¨±¥ ¨ ¶µ§¢µ²ÖÕÉ ¨§¢²¥± ÉÓ ¶µ²¥§-
´ÊÕ ¨´Ëµ·³ Í¨Õ µ¡ ¨§ÊÎ ¥³µ° ¸¨¸É¥³¥ ¢ µ¡² ¸É¨ ¸² ¡µ° ¸¢Ö§¨. ‘ ·µ¸Éµ³
±µ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö · §²µ¦¥´¨¥ ¢ ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¸É ´µ¢¨É¸Ö
¢¸¥ ³¥´¥¥ ¨ ³¥´¥¥ ¶·¨³¥´¨³Ò³. �·¨Î¨´  ÔÉµ£µ ¶µ´ÖÉ´  ¨ ¸µ¸Éµ¨É ¢ Éµ³,
ÎÉµ É¥¶¥·Ó · ¸¸³µÉ·¥´¨¥ ¤¥°¸É¢¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ± Î¥¸É¢¥ ¢µ§³ÊÐ¥´¨Ö
¸¢µ¡µ¤´µ° ¸¨¸É¥³Ò ´¥ Ö¢²Ö¥É¸Ö ¡µ²¥¥  ¤¥±¢ É´Ò³, É ± ± ± · ¸¸³ É·¨¢ ¥³ Ö
Ë¨§¨Î¥¸± Ö ¸¨¸É¥³  ¤ ²¥±  ¶µ ¸¢µ¨³ ¸¢µ°¸É¢ ³ µÉ ¸¢µ¡µ¤´µ°. ‚ ÔÉµ³ ¸²ÊÎ ¥
¸²¥¤Ê¥É ¶·µ¢¥¸É¨ ¨´µ¥ · §¡¨¥´¨¥ ¶µ²´µ£µ ¤¥°¸É¢¨Ö É ±, ÎÉµ¡Ò ´µ¢µ¥ ©¤¥°-
¸É¢¨¥ ¢§ ¨³µ¤¥°¸É¢¨Öª ¤µ¶Ê¸± ²µ É· ±Éµ¢±Ê ± ± ¢µ§³ÊÐ¥´¨Ö ´¥ Éµ²Ó±µ ¶·¨
³ ²ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨, ´µ ¨ ¤²Ö ¡µ²¥¥ Ï¨·µ±µ£µ ¥¥ ¤¨ ¶ §µ´ . �·¨
ÔÉµ³, ±µ´¥Î´µ, ¸²¥¤Ê¥É É ±¦¥ ¶µ§ ¡µÉ¨ÉÓ¸Ö µ Éµ³, ÎÉµ¡Ò É ± Ö ¶·µÍ¥¤Ê· , ¶µ-
¤µ¡´µ µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, µ¡¥¸¶¥Î¨¢ ²  ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö
¶µ¶· ¢µ±.

Š ±¨³ ¦¥ µ¡· §µ³ ³µ¦´µ µÉÒ¸± ÉÓ É ±µ° ËÊ´±Í¨µ´ ², ±µÉµ·Ò° ¸ ¡�µ²Ó-
Ï¨³ µ¸´µ¢ ´¨¥³, Î¥³ µ¡ÒÎ´µ¥ ¤¥°¸É¢¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö, ³µ¦´µ ¡Ò²µ ¡Ò
¨¸¶µ²Ó§µ¢ ÉÓ ± ± ¢µ§³ÊÐ¥´¨¥? �¤´  ¨§ ¢µ§³µ¦´µ¸É¥°, ±µÉµ· Ö ·¥ ²¨§Ê¥É¸Ö
¢ ³¥Éµ¤¥ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (‚’‚), ¸µ¸Éµ¨É ¢ ©§µ´¤¨·µ¢ -
´¨¨ ¸¨¸É¥³Òª ¸ ¶µ³µÐÓÕ ËÊ´±Í¨µ´ ²  ¢ ·¨ Í¨µ´´µ£µ É¨¶ , ¶·¨ ¨§ÊÎ¥´¨¨
¥¥ µÉ±²¨±  ´  ¨§³¥´¥´¨¥ ¶ · ³¥É·µ¢ ©§µ´¤ ª. �·¨ ÔÉµ³ µ± §Ò¢ ¥É¸Ö, ÎÉµ
Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³ ²¨§³ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö, ±µÉµ·Ò°
¢ É¥µ·¨¨ ¶µ²Ö Ï¨·µ±µ ¶·¨³¥´Ö¥É¸Ö ± ± ¶·¨ · ¸¸³µÉ·¥´¨¨ µ¡Ð¨Ì ¢µ¶·µ-
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¸µ¢ [1, 2], É ± ¨ ¤²Ö ´ Ìµ¦¤¥´¨Ö · §²¨Î´ÒÌ  ¶¶·µ±¸¨³ Í¨° [3Ä6]. �¥¸³µ-
É·Ö ´  Ë¨£Ê·¨·ÊÕÐ¥¥ ¢ ´ §¢ ´¨¨ ¶µ¤Ìµ¤  ¸²µ¢µ ©¢µ§³ÊÐ¥´¨¥ª, ³¥Éµ¤ ‚’‚
Ö¢²Ö¥É¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò³, É ± ± ±, ¶µ ¸ÊÐ¥¸É¢Ê, ´¥ µ¶¨· ¥É¸Ö ´  ¨¸¶µ²Ó-
§µ¢ ´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢ ± Î¥¸É¢¥ ³ ²µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö. ‚ ³¥Éµ¤¥
‚’‚ ¤²Ö  ¶¶·µ±¸¨³ Í¨¨ · ¸¸³ É·¨¢ ¥³µ° ¢¥²¨Î¨´Ò Ê¤ ¥É¸Ö ¶µ¸É·µ¨ÉÓ µÉ-
²¨Î´Ò¥ µÉ µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° · §²µ¦¥´¨Ö, ¶µ§¢µ²ÖÕÐ¨¥ ¨§ÊÎ ÉÓ
±¢ ´Éµ¢Ò¥ ¸¨¸É¥³Ò ´¥ Éµ²Ó±µ ¢ µ¡² ¸É¨ ¸² ¡µ° ¸¢Ö§¨, ´µ ¨ ¤ ²¥±µ §  ¥¥
¶·¥¤¥² ³¨ (¸³. ¶µ¸¢ÖÐ¥´´Ò¥ ÔÉµ³Ê ¢µ¶·µ¸Ê µ¡§µ·Ò [7,8], ¢ ±µÉµ·ÒÌ ¢ µ¸´µ¢-
´µ³ · ¸¸³ É·¨¢ ²¨¸Ó ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±¨¥ ¸¨¸É¥³Ò ¨ ¸± ²Ö·´Ò¥ ³µ¤¥²¨
É¥µ·¨¨ ¶µ²Ö). ‚µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö µÉ²¨Î´ÒÌ µÉ ¶¥·ÉÊ·¡ É¨¢´ÒÌ · §²µ-
¦¥´¨° ¸ ¨´Ò³¨ ¸¢µ°¸É¢ ³¨ ¸Ìµ¤¨³µ¸É¥° ¡Ò²  µÉ³¥Î¥´  ¢ · ¡µÉ¥ [9]. ‘²Ê-
Î ° ±¢ ´Éµ¢µ-³¥Ì ´¨Î¥¸±µ£µ  ´£ ·³µ´¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ·  · ¸¸³ É·¨¢ ²¸Ö
¢ · ¡µÉ Ì [10, 11]. ˆ¸¶µ²Ó§µ¢ ÉÓ ³¥Éµ¤ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö
¤²Ö µ¶¨¸ ´¨Ö ±¢ ´Éµ¢ÒÌ ¸¨¸É¥³ ´  µ¸´µ¢¥ · §²µ¦¥´¨° ¶µ¤µ¡´µ£µ É¨¶  ¡Ò²µ
¶·¥¤²µ¦¥´µ ¢ [12Ä14]. Œ¥Éµ¤ ¢ ·¨ Í¨µ´´µ£µ §µ´¤¨·µ¢ ´¨Ö ¸¨¸É¥³Ò, ±µÉµ-
·Ò° µ¸´µ¢Ò¢ ¥É¸Ö ´  Ëµ·³ ²¨§³¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ¨ ¤µ¶Ê¸± ¥É
¥¸É¥¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö, ¡Ò² ¶·¥¤²µ¦¥´
¢ [15]. � §· ¡µÉ±  ÔÉµ£µ ¶µ¤Ìµ¤ , ¢Ò¶µ²´¥´´ Ö ¢ · ¡µÉ Ì [16, 17],   É ±¦¥
¢ ¶µ¸²¥¤ÊÕÐ¥³ ¢ [18Ä21] ¨ ¢ [22Ä26], ¶·µ¤¥³µ´¸É·¨·µ¢ ²  ÔËË¥±É¨¢´µ¸ÉÓ
³¥Éµ¤  ‚’‚ ¤²Ö ¨§ÊÎ¥´¨Ö ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²¥°.

‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¸ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ ¢ ·¨ Í¨µ´´ÒÌ ³¥-
Éµ¤µ¢ (¸³., ´ ¶·¨³¥·, · ´´¨¥ · ¡µÉÒ [27, 28],   É ±¦¥ [29Ä32]), ¶µ§¢µ²ÖÕ-
Ð¨¥ ¢Ò¶µ²´ÖÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¢ÒÎ¨¸²¥´¨Ö. Š ¨Ì Î¨¸²Ê ³µ¦´µ µÉ´¥¸É¨
¨ ³¥Éµ¤ £ Ê¸¸µ¢¸±µ£µ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ²  [33Ä36], ±µÉµ·Ò° ¶µ§¢µ²Ö¥É
µÍ¥´¨ÉÓ ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² Ä ¢ ¦´ÊÕ Ô´¥·£¥É¨Î¥¸±ÊÕ Ì · ±É¥·¨¸É¨±Ê
É¥µ·¥É¨±µ-¶µ²¥¢µ° ³µ¤¥²¨ [37] Å ¢´¥ · ³µ± µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥³µ£µ ¶¥É²¥-
¢µ£µ · §²µ¦¥´¨Ö. �·¨³¥´¥´¨¥ ³¥Éµ¤  ‚’‚ ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ £ Ê¸¸µ¢¸±¨°
ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² Ê¦¥ ¢ ¶¥·¢µ³ ´¥É·¨¢¨ ²Ó´µ³ ¶µ·Ö¤±¥ ¢ ·¨ Í¨µ´´µ£µ
· §²µ¦¥´¨Ö ¤²Ö · §²¨Î´ÒÌ ¸¶µ¸µ¡µ¢ ¢Ò¡µ·  ¶·µ¡´µ£µ ËÊ´±Í¨µ´ ²  [21]. ‚µ§-
³µ¦´µ¸ÉÓ ¢Ò¶µ²´¥´¨Ö ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ · ¸Î¥É  ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨ ² 
¶µ§¢µ²Ö¥É ¨§ÊÎ ÉÓ É ±¨¥ ¢µ¶·µ¸Ò, ± ±, ´ ¶·¨³¥·, ´ ²¨Î¨¥ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢
¢ É¥µ·¨¨ [38Ä40], ¶·µ¡²¥³  ¶¥·¥´µ·³¨·µ¢±¨ ¢´¥ · ³µ± É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°
¨ É·¨¢¨ ²Ó´µ¸ÉÓ ϕ4-³µ¤¥²¨ ¢ Î¥ÉÒ·¥Ì³¥·¨¨ [41Ä44].

�¤´  ¨§ ¸¥·Ó¥§´ÒÌ ¶·µ¡²¥³ ³´µ£¨Ì ¢ ·¨ Í¨µ´´ÒÌ ³¥Éµ¤µ¢ ¸¢Ö§ ´  ¸ É·Ê¤-
´µ¸ÉÓÕ µÍ¥´±¨ ÉµÎ´µ¸É¨ ¨ Ê¸Éµ°Î¨¢µ¸É¨ ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ ¥³ÒÌ ¸ ¶µ³µÐÓÕ
¢ ·¨ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò. �·¨Î¨´  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¤ ²¥±µ ´¥ ¢¸¥£¤  Ëµ·-
³Ê²¨·µ¢±  ³¥Éµ¤  ¸µ¤¥·¦¨É ¢ ¸¥¡¥  ²£µ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö
ÔÉµ£µ ¶µ¶· ¢µ±. ‚ ·¥§Ê²ÓÉ É¥ § É·Ê¤´¥´ µÉ¢¥É ´  ¢µ¶·µ¸, ¢ ± ±µ° ³¥·¥ É ±
´ §Ò¢ ¥³Ò° ©µ¸´µ¢´µ° ¢±² ¤ª, ´ °¤¥´´Ò° ¢ ·¨ Í¨µ´´Ò³ ¶ÊÉ¥³,  ¤¥±¢ É¥´
¨§ÊÎ ¥³µ³Ê µ¡Ñ¥±ÉÊ, ¢ µ¸µ¡¥´´µ¸É¨, ¥¸²¨ É ±µ° µ¡Ñ¥±É ´¥ ¸¢Ö§ ´ ´¥¶µ¸·¥¤-
¸É¢¥´´µ ¸ ´¥±µ° Ô´¥·£¥É¨Î¥¸±µ° Ì · ±É¥·¨¸É¨±µ°, ¨ ± ±µ¢  µ¡² ¸ÉÓ ¶·¨³¥-
´¨³µ¸É¨ ¶µ²ÊÎ¥´´ÒÌ ¢Ò· ¦¥´¨°. ‚ ÔÉµ³ µÉ´µÏ¥´¨¨ ¢ ³¥Éµ¤¥ ‚’‚ ¸ ¸ ³µ£µ
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´ Î ²  µ¶·¥¤¥²¥´  ²£µ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¶µ¶· ¢µ±, ÎÉµ ¶µ§¢µ²Ö¥É ¨¸¸²¥¤µ¢ ÉÓ
¢²¨Ö´¨¥ ¶µ¶· ¢µ± ± µ¸´µ¢´µ³Ê ¢±² ¤Ê. �µ²¥¥ Éµ£µ, ·Ö¤ ‚’‚ ´¥ Ö¢²Ö¥É¸Ö
¦¥¸É±µ°, · § ¨ ´ ¢¸¥£¤  § ¤ ´´µ° ±µ´¸É·Ê±Í¨¥°. ‘¶¥Í¨ ²Ó´Ò¥ ¶ · ³¥É·Ò, Ì -
· ±É¥·¨§ÊÕÐ¨¥ ¢ ·¨ Í¨µ´´Ò° ©§µ´¤ª, ¶µ§¢µ²ÖÕÉ Ê¶· ¢²ÖÉÓ ¸¢µ°¸É¢ ³¨ ¸Ìµ-
¤¨³µ¸É¨ ‚’‚-· §²µ¦¥´¨Ö. „²Ö ·Ö¤µ¢ É ±µ£µ É¨¶ , ´  ¸¢µ°¸É¢  ¸Ìµ¤¨³µ¸É¨
±µÉµ·ÒÌ ³µ¦´µ ¢²¨ÖÉÓ ¸ ¶µ³µÐÓÕ ¢ ·Ó¨·µ¢ ´¨Ö ¸¶¥Í¨ ²Ó´ÒÌ ¶ · ³¥É·µ¢,
¨¸¶µ²Ó§Ê¥É¸Ö É¥·³¨´ ©¢ ·¨ Í¨µ´´Ò° ¨²¨ ¶² ¢ ÕÐ¨° ·Ö¤ª. ‚ µÉ²¨Î¨¥ µÉ Ì -
· ±É¥·´ÒÌ ¤²Ö É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° ‚’‚-¶µ¤Ìµ¤
¶µ§¢µ²Ö¥É ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ ¶µ¸É·µ¨ÉÓ  ¶¶·µ±¸¨³¨·ÊÕÐ¨¥ ·Ö¤Ò, ¨³¥ÕÐ¨¥ ±µ-
´¥Î´ÊÕ µ¡² ¸ÉÓ ¸Ìµ¤¨³µ¸É¨ [16,17,19,22]. ‘ÊÐ¥¸É¢Ê¥É É ±¦¥ É ± Ö ¨´É¥·¥¸-
´ Ö ¢µ§³µ¦´µ¸ÉÓ, ± ± ¶µ¸É·µ¥´¨¥ ·Ö¤µ¢ ‹¥°¡´¨Í , ±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶·µ¨§-
¢µ¤¨ÉÓ ¤¢Ê¸Éµ·µ´´¨¥ µÍ¥´±¨ · ¸¸³ É·¨¢ ¥³µ° ¢¥²¨Î¨´Ò, ¨¸¶µ²Ó§ÊÖ Ê¦¥ ¶¥·-
¢Ò¥ Î²¥´Ò ·Ö¤ . �·¨ ÔÉµ³ Ê¶· ¢²ÖÕÐ¨¥ ¶ · ³¥É·Ò ¶µ§¢µ²ÖÕÉ É ±¨¥ µÍ¥´±¨
µ¶É¨³¨§¨·µ¢ ÉÓ [7].

Œµ¤¥·´¨§ Í¨¨ µ·¤¨´ ·´µ£µ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö, ±µ£¤  ¢ ± Î¥-
¸É¢¥ ¢µ§³ÊÐ¥´¨Ö ¶·¨´¨³ ¥É¸Ö ¨¸Ìµ¤´Ò° ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö, Ê¤¥²Ö-
²µ¸Ó ¡µ²ÓÏµ¥ ¢´¨³ ´¨¥. ’ ±, ´ ¶·¨³¥·, ¶·¨ · ¸¸³µÉ·¥´¨¨ ¸¨¸É¥³ ¸ ¸¨´-
£Ê²Ö·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ µ¡ÒÎ´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° µ± §Ò¢ ¥É¸Ö ¶²µÌµ
¶·¨¸¶µ¸µ¡²¥´´µ° ¤²Ö  ¤¥±¢ É´µ£µ ¥¥ µ¶¨¸ ´¨Ö [45]. �Éµ ¸¢Ö§ ´µ ¸ É¥³,
ÎÉµ  ¸¨³¶ÉµÉ¨±  ¸¢µ¡µ¤´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ µÉ-
²¨Î ¥É¸Ö µÉ  ¸¨³¶ÉµÉ¨±¨ ÉµÎ´ÒÌ ·¥Ï¥´¨°. ‘¨ÉÊ Í¨Ö ³µ¦¥É ¡ÒÉÓ Ê²ÊÎÏ¥´ ,
¥¸²¨ ÉµÎ´µ ÊÎ¥¸ÉÓ ¸¨´£Ê²Ö·´ÊÕ Î ¸ÉÓ ¶µÉ¥´Í¨ ²  ¨ ¸É·µ¨ÉÓ ¶¥·ÉÊ·¡ É¨¢´µ¥
· §²µ¦¥´¨¥ ¶µ ¥£µ ·¥£Ê²Ö·´µ° Î ¸É¨ [45]. ‚ Î¨¸²¥ ¶µ¤Ìµ¤µ¢, ¶µ§¢µ²ÖÕ-
Ð¨Ì ¢ÒÌµ¤¨ÉÓ §  ¶¥·ÉÊ·¡ É¨¢´Ò¥ · ³±¨, µÉ³¥É¨³ É ±¦¥ ³¥Éµ¤ ²¨´¥°´µ£µ
δ-· §²µ¦¥´¨Ö [35, 46, 47], ³¥Éµ¤ ¸ ³µ¶µ¤µ¡´ÒÌ  ¶¶·µ±¸¨³ Í¨° [48] ¨ ´¥¶¥·-
ÉÊ·¡ É¨¢´Ò° ¶µ¤Ìµ¤, · ¸¸³ É·¨¢ ¥³Ò° ¢ · ¡µÉ Ì [49]. ‚ ¦´µ° Î¥·Éµ° µ¡¸Ê¦-
¤ ¥³µ£µ §¤¥¸Ó ³¥Éµ¤  ‚’‚ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ µ´ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³
¸µÎ¥É ¥É ¶·µÍ¥¤Ê·Ê µ¶É¨³¨§ Í¨¨ ¨ ·¥£Ê²Ö·´Ò° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö ¶µ¶· ¢µ±.

‚ ¤ ´´µ³ µ¡§µ·¥ · ¸¸³ É·¨¢ ¥É¸Ö ³¥Éµ¤ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¨ ¥£µ
¶·¨³¥´¥´¨¥ ± § ¤ Î ³ Š•„. ‚ ÔÉµ³ ¸²ÊÎ ¥, µ¸´µ¢Ò¢ Ö¸Ó ´  ¨¤¥¥ ³¥Éµ¤  ‚’‚,
Ê¤ ¥É¸Ö ¸±µ´¸É·Ê¨·µ¢ ÉÓ É ±µ° ¶ · ³¥É· · §²µ¦¥´¨Ö, ±µÉµ·Ò° µ± §Ò¢ ¥É¸Ö
³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ [50]. ‚´ -
Î ²¥ ¶µÖ¸´¨³ ¸¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö É ±µ£µ ³ ²µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö, ¨¸-
¶µ²Ó§ÊÖ ¶·µ¸ÉÊÕ ³µ¤¥²Ó, ±µÉµ· Ö ¶µ§¢µ²¨É ´ ³ ´ ¨¡µ²¥¥ ¤µ¸ÉÊ¶´µ ¨§²µ¦¨ÉÓ
¨¤¥Õ ³¥Éµ¤ . �µ± ¦¥³, ÎÉµ ´µ¢µ¥ · §²µ¦¥´¨¥ ´¥ Éµ²Ó±µ ¶µ§¢µ²Ö¥É ¸ÊÐ¥-
¸É¢¥´´µ ©¶·µ¤²¨ÉÓ ¦¨§´Óª É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ ¶·µ¤¢¨´ÊÉÓ¸Ö ¶·¨ ¸µÌ· ´¥-
´¨¨ Ìµ·µÏ¥£µ Ê·µ¢´Ö  ¶¶·µ±¸¨³ Í¨¨ ¢ ¸Éµ·µ´Ê ¡µ²ÓÏ¨Ì §´ Î¥´¨° ±µ´¸É ´ÉÒ
¸¢Ö§¨, ´µ ¨ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ  ´ ²¨§¨·µ¢ ÉÓ ¶·¥¤¥² ¸¨²Ó´µ° ¸¢Ö§¨. ‚ ¸²ÊÎ ¥
Š•„ ÔÉµÉ ³¥Éµ¤ ¶µ§¢µ²Ö¥É ¸ ¥¤¨´ÒÌ ¶µ§¨Í¨° · ¸¸³ É·¨¢ ÉÓ ± ± É· ¤¨Í¨µ´´µ
¶¥·ÉÊ·¡ É¨¢´ÊÕ µ¡² ¸ÉÓ, É ± ¨ ¢ÒÌµ¤¨ÉÓ ¤ ²¥±µ §  ¥¥ ¶·¥¤¥²Ò [51,52].

�·¨ ·¥´µ·³£·Ê¶¶µ¢µ³ ·¥¸Ê³³¨·µ¢ ´¨¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö ¢µ§-
´¨± ¥É ¨´¢ ·¨ ´É´Ò° § ·Ö¤, ±µÉµ·Ò° µ¡² ¤ ¥É ´¥Ë¨§¨Î¥¸±¨³¨ µ¸µ¡¥´´µ-
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¸ÉÖ³¨ É¨¶  ¶·¨§· Î´µ£µ ¶µ²Õ¸  ¢ µ¤´µ¶¥É²¥¢µ³ ¶·¨¡²¨¦¥´¨¨. �µ¸²¥¤ÊÕÐ¨¥
¶µ¶· ¢±¨ ÔÉµ° É·Ê¤´µ¸É¨ ´¥ ¸´¨³ ÕÉ,   ¶·¨¢µ¤ÖÉ ²¨ÏÓ ± ¤µ¶µ²´¨É¥²Ó´Ò³ ´¥-
Ë¨§¨Î¥¸±¨³ · §·¥§ ³ ¢ ±µ³¶²¥±¸´µ° Q2-¶²µ¸±µ¸É¨. ‚µ§³µ¦´µ¥ ·¥Ï¥´¨¥ ÔÉµ°
¶·µ¡²¥³Ò ¢ · ³± Ì ¶¥·ÉÊ·¡ É¨¢´µ£µ ¶µ¤Ìµ¤ , ¸µ¸ÉµÖÐ¥¥ ¢ ¤µ¶µ²´¨É¥²Ó´µ³
´ ²µ¦¥´¨¨ ¢ÒÉ¥± ÕÐ¥£µ ¨§ ¶·¥¤¸É ¢²¥´¨Ö —¥²²¥´  Å ‹¥³ ´  É·¥¡µ¢ ´¨Ö
 ´ ²¨É¨Î´µ¸É¨, ¡Ò²µ ¶·¥¤²µ¦¥´µ ¢ [53],   ¢ ±µ´É¥±¸É¥ ³¥Éµ¤  ·¥´µ·³ ²¨§ -
Í¨µ´´µ° £·Ê¶¶Ò Å ¢ · ¡µÉ¥ [54]. „²Ö Š•„  ´ ²¨É¨Î¥¸±¨° ¶µ¤Ìµ¤ · §¢¨¢ ²¸Ö
¢ · ¡µÉ Ì [55, 56], ¢ ±µÉµ·ÒÌ ¡Ò²¨ ´ °¤¥´Ò ´µ¢Ò¥ ¨´É¥·¥¸´Ò¥ µ¸µ¡¥´´µ¸É¨
É ±µ£µ · ¸¸³µÉ·¥´¨Ö.

‚ ¦´µ° Î¥·Éµ° ¶µ¤Ìµ¤  ‚’‚ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ¢ ¥£µ · ³± Ì Ê¤ -
¥É¸Ö µ¡¥¸¶¥Î¨ÉÓ ¶· ¢¨²Ó´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¡¥£ÊÐ¥£µ ¶ · ³¥É·  · §-
²µ¦¥´¨Ö, ±µÉµ·Ò¥ µÉ· ¦ ÕÉ µ¡Ð¨¥ ¶·¨´Í¨¶Ò ²µ± ²Ó´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨
¶µ²Ö [1, 57, 58]. ‘µÌ· ´¥´¨¥ É ±¨Ì  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¶µ§¢µ²Ö¥É, ¢ Î ¸É-
´µ¸É¨, µ¶·¥¤¥²¨ÉÓ ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· §µ³ ¡¥£ÊÐ¨° ¶ · ³¥É· ¢µ ¢·¥³¥-
´¨¶µ¤µ¡´µ° µ¡² ¸É¨ [59] ¨ ¤ ÉÓ ´¥¶·µÉ¨¢µ·¥Î¨¢µ¥ µ¶¨¸ ´¨¥ ¨´±²Õ§¨¢´µ£µ
· ¸¶ ¤  τ -²¥¶Éµ´  [60] (¸³. É ±¦¥ [61Ä64]). � ²¨Î¨¥ ¨´Ë· ±· ¸´µ° Ë¨±¸¨-
·µ¢ ´´µ° ÉµÎ±¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ‚’‚-¶ · ³¥É·Ê · §²µ¦¥´¨Ö, Ìµ·µÏµ ¸µ-
£² ¸Ê¥É¸Ö ¸ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨³¨, É ± ´ §Ò¢ ¥³Ò³¨ ©¸³¨·¨´£ª Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò [65], ±µÉµ·Ò¥
³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¶·¨ ¶·¨³¥´¥´¨¨ ¸¶¥Í¨ ²Ó´µ° ¶·µÍ¥¤Ê·Ò ©¸£² ¦¨¢ -
´¨Öª ·¥§µ´ ´¸µ¢. �¡µ¡Ð¥´¨¥ ´  ³ ¸¸¨¢´Ò° ¸²ÊÎ ° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸Ì¥³Ò
¶¥·¥´µ·³¨·µ¢±¨ ¸ ¢ÒÎ¨É ´¨¥³ ¢ ´¥±µÉµ·µ° ¥¢±²¨¤µ¢µ° ÉµÎ±¥ · ¸¸³µÉ·¥´µ ¢
· ¡µÉ Ì [66Ä68]. �µ³¨³µ µÉ³¥Î¥´´ÒÌ ¢µ¶·µ¸µ¢ ¡Ê¤¥É ¤ ´ É ±¦¥ µ¡§µ· ¤·Ê£¨Ì
¶·¨²µ¦¥´¨° ³¥Éµ¤ . ŒÒ · ¸¸³µÉ·¨³, ¢ Î ¸É´µ¸É¨, ¢µ§³µ¦´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö
·¥´µ·³ ²µ´´µ£µ ¢±² ¤  ¨ ¥£µ ·µ²Ó ¶·¨ µ¶¨¸ ´¨¨ ¶µ²Ê²¥¶Éµ´´µ£µ ¨´±²Õ§¨¢-
´µ£µ τ -· ¸¶ ¤  [69] (¸³. É ±¦¥ [70,71]) ¨ ¶·¨³¥´¥´¨¥ ¢ ·¨ Í¨µ´´µ£µ ¶µ¤Ìµ¤ 
¤²Ö µ¶¨¸ ´¨Ö ¸¶¥±É·  ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·±µ´¨¥¢ ´  µ¸´µ¢¥ ³¥Éµ¤  ¶· ¢¨²
¸Ê³³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ [72].

�² ´ ¨§²µ¦¥´¨Ö É ±µ¢. ‚ · §¤. 2 · ¸¸³ É·¨¢ ÕÉ¸Ö µ¸´µ¢´Ò¥ ¨¤¥¨, ²¥-
¦ Ð¨¥ ¢ µ¸´µ¢¥ ³¥Éµ¤  ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. �  ¶·µ¸Éµ³ ¶·¨-
³¥·¥ ¶µ± § ´µ, ± ±¨³ µ¡· §µ³ ¸É·µ¨É¸Ö ´µ¢Ò° ³ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö
¨ ± ± ÔÉµ · §²µ¦¥´¨¥ · ¡µÉ ¥É ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‡ É¥³ ³¥Éµ¤ a-· §²µ¦¥´¨Ö Ëµ·³Ê²¨·Ê¥É¸Ö ¤²Ö Š•„,
· ¸¸³ É·¨¢ ¥É¸Ö ¢µ¶·µ¸ ¥£µ ¸µµÉ¢¥É¸É¢¨Ö ¸ ¶·¥¤¸É ¢²¥´¨Ö³¨, ¢µ§´¨± ÕÐ¨³¨
¢ ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²¨ ±¢ ·±µ¢µ£µ ±µ´Ë °´³¥´É , ¨ ¨¸¸²¥¤Ê¥É¸Ö ¶·µ¡²¥³ 
¸É ¡¨²Ó´µ¸É¨ ¶µ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éµ¢. �Ö¤ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨°
³¥Éµ¤ , É ±¨Ì, ± ± ¶·µÍ¥¸¸ e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò ¶·¨ ´¨§±¨Ì Ô´¥·-
£¨ÖÌ, ¨´±²Õ§¨¢´Ò° · ¸¶ ¤ τ -²¥¶Éµ´  ¨ ¢µ¶·µ¸ µ¶¨¸ ´¨Ö ¸¶¥±É·  ³ ¸¸ ÉÖ-
¦¥²ÒÌ ±¢ ·±µ´¨¥¢, · ¸¸³ É·¨¢ ¥É¸Ö ¢ · §¤¥² Ì 3Ä6. �µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ
µ¡¸Ê¦¤ ÕÉ¸Ö ¢ § ±²ÕÎ¥´¨¨,   ¢ ¶·¨²µ¦¥´¨Ö ¢Ò´¥¸¥´ ¶µÖ¸´ÖÕÐ¨° ³ É¥·¨ ².
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2. ‚��ˆ�–ˆ���›… �Ÿ„›: �‘��‚�›… ˆ„…ˆ

„²Ö ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö Ê¤µ¡-
´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³ ²¨§³ ±µ´É¨´Ê ²Ó´µ£µ (ËÊ´±Í¨µ´ ²Ó´µ£µ) ¨´É¥£·¨·µ¢ -
´¨Ö. �ÉµÉ  ¶¶ · É ¢µ§´¨± ¢ ·¥§Ê²ÓÉ É¥ µ¡µ¡Ð¥´¨Ö ¶·¥¤²µ¦¥´´µ° ¢ 1948 £.
�. ”¥°´³ ´µ³ ¢ · ¡µÉ¥ [73] Ëµ·³Ê²¨·µ¢±¨ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ ´  Ö§Ò±¥
¨´É¥£· ²µ¢ ¶µ É· ¥±Éµ·¨Ö³∗. � §¢¨É¨¥ ËÊ´±Í¨µ´ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ´ Î ²µ¸Ó ¸ · ¡µÉ �.�. �µ£µ²Õ¡µ¢  [76], �.’. ŒÔÉÓÕ¸  ¨
�. ‘ ² ³  [77], ˆ.Œ. ƒ¥²ÓË ´¤  ¨ �.�. Œ¨´²µ¸  [78], ˆ.Œ. • ² É´¨±µ¢  [79]
¨ ….‘. ”· ¤±¨´  [80]. ‘¥£µ¤´Ö  ¶¶ · É ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö
Ö¢²Ö¥É¸Ö µ¤´¨³ ¨§  ±É¨¢´µ ¨¸¶µ²Ó§Ê¥³ÒÌ ³¥Éµ¤µ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö.
�´ µ± § ²¸Ö ÔËË¥±É¨¢´Ò³ ´¥ Éµ²Ó±µ ¶·¨ ·¥Ï¥´¨¨ É ±¨Ì ¶·µ¡²¥³, ± ± ±¢ ´-
Éµ¢ ´¨¥ ± ²¨¡·µ¢µÎ´ÒÌ É¥µ·¨° [81], ´µ É ±¦¥ ¨ ¶·¨ · §· ¡µÉ±¥ · §²¨Î´ÒÌ
¶·¨¡²¨¦¥´´ÒÌ ³¥Éµ¤µ¢, ¶µ§¢µ²ÖÕÐ¨Ì ¢Ò¶µ²´ÖÉÓ ¢ Éµ³ Î¨¸²¥ ´¥¶¥·ÉÊ·¡ É¨¢-
´Ò°  ´ ²¨§ ³µ¤¥²¥° É¥µ·¨¨ ¶µ²Ö. ’ ±, ´  ¥£µ µ¸´µ¢¥ ³µ£ÊÉ ¡ÒÉÓ ¨¸¸²¥¤µ-
¢ ´Ò · §²¨Î´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ·¥¦¨³Ò ¢ ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ ³µ¤¥²ÖÌ, ´ -
¶·¨³¥·, ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨° ƒ·¨´  ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ [3], · §¢¨É ³¥Éµ¤
Ô°±µ´ ²Ó´µ£µ ¶·¨¡²¨¦¥´¨Ö [5, 6, 82] ¨ £ Ê¸¸µ¢¸±µ£µ ÔËË¥±É¨¢´µ£µ ¶µÉ¥´Í¨-
 ²  [33,34,36].

‚ Ëµ·³ ²¨§³¥ ±µ´É¨´Ê ²Ó´µ£µ ¨´É¥£· ²  ¶·µ¢¥¤¥´¨¥ ¢ÒÎ¨¸²¥´¨° ¢ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö µ¸´µ¢Ò¢ ¥É¸Ö ´  £ Ê¸¸µ¢¸±¨Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ ±¢ ¤· ÉÊ· Ì
¢¨¤  ∫

Dϕ exp

{
−
[

1

2
< ϕK̂ϕ > + < ϕJ >

]}
= (2.1)

=

[
det

K̂

−∂2 +m2

]−1/2

exp

[
1

2
< JK̂−1J >

]
.

’ ±¨¥ £ Ê¸¸µ¢¸±¨¥ ¨´É¥£· ²Ò ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶·¨ ¶µ¸É·µ¥´¨¨ ·Ö¤µ¢ É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨°, ¢ ±¢ §¨±² ¸¸¨Î¥¸±µ³  ´ ²¨§¥ ¨ ¶·¨ µÍ¥´± Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥-
£· ²µ¢ ¸ ¶µ³µÐÓÕ ³¥Éµ¤  ¶¥·¥¢ ² . ƒ Ê¸¸µ¢¸± Ö ±¢ ¤· ÉÊ·  (2.1) ³µ¦¥É ¡ÒÉÓ
¶µ²µ¦¥´  ¢ µ¸´µ¢Ê Ëµ·³ ²¨§³  ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¢ ±¢ ´Éµ-
¢µ° É¥µ·¨¨ ¶µ²Ö. Œ¥Éµ¤ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° É ±¦¥ ¡ §¨·Ê¥É¸Ö
´  £ Ê¸¸µ¢¸±¨Ì ËÊ´±Í¨µ´ ²Ó´ÒÌ ±¢ ¤· ÉÊ· Ì É¨¶  (2.1).

�µ¸É·µ¥´¨¥ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨°. � ¸¸³µÉ·¨³ ¤²Ö ±µ´±·¥É´µ¸É¨
ϕ4-³µ¤¥²Ó ¢ ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥. �µ¸É·µ¨³ ·Ö¤ ‚’‚ ¤²Ö 2ν-ÉµÎ¥Î´µ°
ËÊ´±Í¨¨ ƒ·¨´ 

G2ν =

∫
Dϕ {ϕ2ν} exp (−S[ϕ]) , (2.2)

∗�µ¤·µ¡´µ¥ ¨§²µ¦¥´¨¥ ³¥Éµ¤  ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¶ÊÉÖ³ ³µ¦´µ ´ °É¨ ¢ [74, 75].
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£¤¥

{ϕ2ν} = ϕ(x1) · · ·ϕ(x2ν ) ,

  ËÊ´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¨³¥¥É ¢¨¤

S[ϕ] = S0[ϕ] +
m2

2
S2[ϕ] + λS4[ϕ] ,

S0[ϕ] =
1

2

∫
dx (∂ϕ)2 , Sp[ϕ] =

∫
dxϕp . (2.3)

Œ¥·  ¨´É¥£·¨·µ¢ ´¨Ö ¢ (2.2) ´µ·³¨·µ¢ ´  É ±, ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö∫
Dϕ exp

(
−S0[ϕ]− m2

2
S2[ϕ]

)
= 1 . (2.4)

‡ ¶¨Ï¥³ ‚’‚-· §²µ¦¥´¨¥ ËÊ´±Í¨¨ ƒ·¨´  (2.2), ¢¢µ¤Ö ¢ ·¨ Í¨µ´´Ò°
ËÊ´±Í¨µ´ ² S̃[ϕ], ¢ ¢¨¤¥

G2ν =

∞∑
n=0

G2ν,n , (2.5)

£¤¥ Ô²¥³¥´ÉÒ ‚’‚-·Ö¤  (2.5) ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ² 

G2ν,n =
(−1)n

n!

∫
Dϕ {ϕ2ν}

(
λS4[ϕ]− S̃[ϕ]

)n
×

× exp

(
−S0[ϕ]− m2

2
S2[ϕ]− S̃[ϕ]

)
. (2.6)

ˆ¸Ìµ¤´ Ö ËÊ´±Í¨Ö ƒ·¨´  (2.2) ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¶µ²´ Ö ¸Ê³³  ·Ö¤  (2.5)
´¥ § ¢¨¸ÖÉ µÉ ¢¨¤  ¢ ·¨ Í¨µ´´µ£µ ©§µ´¤ ª S̃[ϕ]. �ÉµÉ ËÊ´±Í¨µ´ ² ³µ¦¥É
¡ÒÉÓ ¢ ¤µ¸É ÉµÎ´µ° ³¥·¥ ¶·µ¨§¢µ²Ó´Ò³, ¨ ¥£µ ¢¨¤ µ£· ´¨Î¥´ ²¨ÏÓ É·¥¡µ-
¢ ´¨¥³ ¶µ²µ¦¨É¥²Ó´µ° µ¶·¥¤¥²¥´´µ¸É¨ ÔËË¥±É¨¢´µ£µ ¤¥°¸É¢¨Ö ¢ ¶µ± § É¥²¥
Ô±¸¶µ´¥´ÉÒ ¢ (2.6). �¤´ ±µ ©¶·¨´Í¨¶ ¢ÒÎ¨¸²Ö¥³µ¸É¨ª ¸ÊÐ¥¸É¢¥´´µ ¸Ê¦¨-
¢ ¥É ¶·µ¨§¢µ² ¢ ¢Ò¡µ·¥ ¢ ·¨ Í¨µ´´µ° ¤µ¡ ¢±¨ S̃[ϕ]. ” ±É¨Î¥¸±¨ ³Ò ¤µ²¦´Ò
¶µÉ·¥¡µ¢ ÉÓ, ÎÉµ¡Ò ËÊ´±Í¨µ´ ²Ó´Ò° ¨´É¥£· ² (2.6) ¡Ò² £ Ê¸¸µ¢¸±¨³ ¨²¨ ¦¥
¸¢µ¤¨²¸Ö ± ´¥³Ê ¸ ¶µ³µÐÓÕ ´¥±µÉµ·µ£µ ¶·¥µ¡· §µ¢ ´¨Ö É ±, ÎÉµ¡Ò ¢ ±µ-
´¥Î´µ³ ¨Éµ£¥ ¡Ò²µ ¢µ§³µ¦´µ ¶·¨³¥´¥´¨¥ µ¶·¥¤¥²¥´¨Ö (2.1). ’ ±¨³ µ¡· -
§µ³, ¢µ§³µ¦´Ò ´¥ Éµ²Ó±µ ¢ ·¨ Í¨µ´´Ò¥ ¤µ¡ ¢±¨ ¸ ±¢ ¤· É¨Î´Ò³¨ ¶µ ¶µ²Ö³
ËÊ´±Í¨µ´ ² ³¨, ´µ ¨, ´ ¶·¨³¥·, ËÊ´±Í¨µ´ ²Ò, ¤µ¶Ê¸± ÕÐ¨¥ ¶·¨³¥´¥´¨¥
£ Ê¸¸µ¢¸±µ° ±¢ ¤· ÉÊ·Ò ¶µ¸²¥ ËÊ·Ó¥-¶·¥µ¡· §µ¢ ´¨Ö
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F (A[ϕ]) =

∞∫
−∞

dx

∞∫
−∞

dp

2π
F (p) exp [±i (A[ϕ]− p) x ] , (2.7)

£¤¥ A[ϕ] Å ±¢ ¤· É¨Î´Ò° ¶µ ¶µ²Ö³ ËÊ´±Í¨µ´ ².
‚Ò¡¥·¥³ ‚’‚-ËÊ´±Í¨µ´ ² S̃[ϕ] ¢ ¢¨¤¥ ¸Ê³³Ò £ ·³µ´¨Î¥¸±µ£µ, ±¢ ¤· -

É¨Î´µ£µ ¶µ ¶µ²Ö³ ¸² £ ¥³µ£µ ¨ ËÊ´±Í¨µ´ ²   ´£ ·³µ´¨Î¥¸±µ£µ É¨¶ , ¤µ¶Ê¸-
± ÕÐ¥£µ ¶µ´¨¦¥´¨¥ ¸É¥¶¥´¨ ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö (2.7):

S̃[ϕ] =
M2

2
S2[ϕ] + θ2 S2

2 [ϕ] . (2.8)

‚ ·¨ Í¨µ´´Ò¥ ¶ · ³¥É·Ò M ¨ θ ¢ (2.8) Ë¨±¸¨·ÊÕÉ¸Ö ¢ ¶µ¸²¥¤ÊÕÐ¥³ ´ 
µ¸´µ¢ ´¨¨ Éµ° ¨²¨ ¨´µ° µ¶É¨³¨§ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò. �¥·¥Ìµ¤ ± £ Ê¸¸µ¢¸±µ°
±¢ ¤· ÉÊ·¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶ÊÉ¥³ ¶·¥µ¡· §µ¢ ´¨Ö

exp
(
−θ2S2

2 [ϕ]
)

=

∞∫
−∞

du

2
√
π

exp

{
−u

2

4
± i u θ S2[ϕ]

}
. (2.9)

‚ ·¥§Ê²ÓÉ É¥ ‚’‚-·Ö¤ ¤²Ö · ¸¸³ É·¨¢ ¥³µ° ËÊ´±Í¨¨ ƒ·¨´  (2.6) § ¶¨-
Ï¥É¸Ö ¢ ¢¨¤¥

G2ν,n =

n∑
k=0

n−k∑
l=0

1

l! k! (n− k − l)! ×

×
∫
Dϕ{ϕ2ν} (−λS4[ϕ])k θ2l (M2 −m2)n−k−l

(
S2[ϕ]

2

)n+l−k
×

× exp

{
−
(
S0[ϕ] +

m2

2
S2[ϕ] + θ2S2

2 [ϕ]

)}
. (2.10)

“¤µ¡´µ ¶·¥¤¸É ¢¨ÉÓ ¢Ò· ¦¥´¨¥ (S2[ϕ] / 2 )n+l−k ¢ ¢¨¤¥ µ¶¥· Í¨¨ ¤¨Ë-
Ë¥·¥´Í¨·µ¢ ´¨Ö ¶µ ¶ · ³¥É·Ê M2, § ³¥´¨¢(

S2[ϕ]

2

)n+l−k
−→

(
− ∂

∂ M2

)n+l−k
. (2.11)

’µ£¤  ¢ ¶·¥¤Ô±¸¶µ´¥´É¥ ¢ (2.10) ¶µ³¨³µ {ϕ2ν} µ¸É ´¥É¸Ö µ¡ÒÎ´Ò° Ë ±Éµ·
(−λS4[ϕ] )k , ¢µ§´¨± ÕÐ¨° ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨ £¥´¥·¨·ÊÕÐ¨° ¢ ¤¨ £· ³-
³ Ì µ¡ÒÎ´Ò¥ ¢¥·Ï¨´Ò. �·µ¶ £ Éµ·, ¢¢¨¤Ê ¨§³¥´¥´¨Ö ±¢ ¤· É¨Î´µ° Ëµ·³Ò ¢
Ô±¸¶µ´¥´É¥, ¸¢µ¤ÖÐ¨°¸Ö ± ¨§³¥´¥´¨Õ ³ ¸¸µ¢µ£µ ¶ · ³¥É·  ´  χ2 = M2 +iuθ,
³µ¤¨Ë¨Í¨·Ê¥É¸Ö, ¨ ¢Ò· ¦¥´¨¥ (2.10) ¶·¨´¨³ ¥É ¢¨¤
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G2ν,n =

n∑
k=0

n−k∑
l=0

1

l! (n− k − l)!

∞∫
−∞

du

2
√
π

exp

(
−u

2

4

)
×

× θ2l
(
M2 −m2

)n−k−l (− ∂

∂M2

)n+l−k
g̃

(k)
2ν (χ2) , (2.12)

£¤¥

g̃
(k)
2ν,n(χ2) =

1

k!

∫
Dϕ{ϕ2ν} (−λS4[ϕ] )

k ×

× exp

{
−
[
S0[ϕ] +

χ2

2
S2[ϕ]

]}
. (2.13)

ˆ¸¶µ²Ó§ÊÖ (2.1), ¢Ò· ¦¥´¨¥ (2.13) ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

g̃
(k)
2ν,n(χ2) = det

[
−∂2 + χ2

−∂2 +m2

]−1/2

g
(k)
2ν,n(χ2) , (2.14)

£¤¥ g
(k)
2ν,n(χ2) ¶·¥¤¸É ¢²Ö¥É¸Ö ± ± ´ ¡µ· ¤¨ £· ³³ k-£µ ¶µ·Ö¤±  ¸ ³µ¤¨Ë¨Í¨-

·µ¢ ´´Ò³ ¶·µ¶ £ Éµ·µ³

∆(p, χ2) =
1

p2 + χ2
. (2.15)

’ ±¨³ µ¡· §µ³, ¤²Ö ¶µ¸É·µ¥´¨Ö N -£µ ¶µ·Ö¤±  ‚’‚-· §²µ¦¥´¨Ö ³µ£ÊÉ
¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¤¨ £· ³³Ò É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤µ N -£µ ¶µ·Ö¤±  ¢±²ÕÎ¨-
É¥²Ó´µ ¸ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³¨ ¶·µ¶ £ Éµ· ³¨,   ¢ ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥ Å ¨
¸ ¢¥·Ï¨´ ³¨. �·¨ ÔÉµ³ ¸É·Ê±ÉÊ·  ·Ö¤  ‚’‚ ¸ÊÐ¥¸É¢¥´´o ¨´ Ö, Î¥³ ¢ ¸²ÊÎ ¥
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ‚µ§³µ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö ¸É ´¤ ·É´µ° ¤¨ £· ³³´µ° É¥Ì-
´¨±¨, µ¡Ê¸²µ¢²¥´´ Ö ¸¶µ¸µ¡µ³ ¶µ¸É·µ¥´¨Ö ‚’‚-· §²µ¦¥´¨°, ¢ ¦´  ¸ É¥Ì´¨-
Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö, É ± ± ± ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥
¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.

�¥¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ ¶µ ³ ²µ³Ê ¶ · ³¥É·Ê. „²Ö Éµ£µ ÎÉµ¡Ò
¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ±²ÕÎ¥¢Ò¥ ³µ³¥´ÉÒ ¢¢¥¤¥´¨Ö ³ ²µ£µ ´¥¶¥·ÉÊ·¡ É¨¢´µ£µ
¶ · ³¥É·  · §²µ¦¥´¨Ö, · ¸¸³µÉ·¨³ ¶·µ¸Éµ° ¶·¨³¥·. �¶·¥¤¥²¨³ ©¢ ±ÊÊ³´Ò°
ËÊ´±Í¨µ´ ²ª ∗ ´Ê²Ó³¥·´µ° ϕ4-É¥µ·¨¨

W (g) =

∞∫
−∞

dx exp (−S[x] ) (2.16)

∗� ¸¸³ É·¨¢ Ö ÔÉµÉ ¶·µ¸Éµ° ¶·¨³¥·, ³Ò ¶µ¸ÉµÖ´´µ ¨³¥¥³ ¢ ¢¨¤Ê ¶µ²¥¢ÊÕ ³µ¤¥²Ó ¨ ¶µÔÉµ³Ê
¸Î¨É ¥³ Ê¤µ¡´Ò³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ É¥·³¨´µ²µ£¨Õ.
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¸ ©ËÊ´±Í¨µ´ ²µ³ ¤¥°¸É¢¨Öª S[x], § ¶¨¸ ´´Ò³ ¢ ¢¨¤¥ ¸Ê³³Ò ¸¢µ¡µ¤´µ£µ ¤¥°-
¸É¢¨Ö S0[x] ¨ ¤¥°¸É¢¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö SI [x]:

S[x] = S0[x] + SI [x] = x2 + g x4 . (2.17)

’ ± ¦¥, ± ± ¨ · ´¥¥, ¡Ê¤¥³ µ·¨¥´É¨·µ¢ ÉÓ¸Ö ´  £ Ê¸¸µ¢¸±¨¥ ±¢ ¤· ÉÊ·Ò
¢¨¤  ∫

dxP (x) exp (− a x2 ) , (2.18)

£¤¥ P (x) Å ´¥±µÉµ·Ò° ¶µ²¨´µ³.
‘É ´¤ ·É´Ò° ¸¶µ¸µ¡ ¸µ¸Éµ¨É ¢ · §²µ¦¥´¨¨ exp(−S[x]) ¶µ ¸É¥¶¥´Ö³ ±µ´-

¸É ´ÉÒ ¸¢Ö§¨ g. �·¨ ÔÉµ³, ¥¸É¥¸É¢¥´´µ, ¨¸¶µ²Ó§ÊÕÉ¸Ö £ Ê¸¸µ¢¸±¨¥ ¨´É¥£· ²Ò
(2.18) ¨ ¢µ§´¨± ¥É µ¡ÒÎ´Ò° ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°

W (g) =

∞∑
k=0

ωk (2.19)

¸ ±µÔËË¨Í¨¥´É ³¨

ωk =
1

k!

∞∫
−∞

dx (−g x4 )
k

exp (−S0[x] ) . (2.20)

�¸¨³¶ÉµÉ¨Î¥¸±¨° Ì · ±É¥· · §²µ¦¥´¨Ö (2.19) ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ËÊ´±-
Í¨Ö W (g) ´¥ ³µ¦¥É ¡ÒÉÓ µ¤´µ§´ Î´µ ¢µ¸¸É ´µ¢²¥´  ¶µ ·Ö¤Ê (2.19), ¥¸²¨ ¨³¥ÉÓ
¤¥²µ Éµ²Ó±µ ²¨ÏÓ ¸ ·Ö¤µ³ (2.19) ¨ ´¥ ¶·¨´¨³ ÉÓ ¢ · ¸Î¥É ± ±ÊÕ-²¨¡µ ¤µ-
¶µ²´¨É¥²Ó´ÊÕ ¨´Ëµ·³ Í¨Õ µ ËÊ´±Í¨¨ W (g). ’ ±, ´ ¶·¨³¥·, ÉµÉ ¦¥ ·Ö¤
(2.19) ¡Ê¤¥É ¨³¥ÉÓ ¨ ËÊ´±Í¨Ö W (g) + exp(−1/g), µ¡² ¤ ÕÐ Ö ¸µ¢¥·Ï¥´´µ
¨´Ò³ ¶µ¢¥¤¥´¨¥³ ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨. Šµ´¥Î´µ, ¢ · ¸¸³ É·¨¢ ¥³µ³
¶·µ¸É¥°Ï¥³ ¶·¨³¥·¥ ´¥É·Ê¤´µ, ¨¸¶µ²Ó§ÊÖ ¨´É¥£· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ (2.16),
µÉÒ¸± ÉÓ ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö, ¶µ§¢µ²ÖÕÐ¨¥ ±µ··¥±É´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ
§ ¤ ÎÊ ¸Ê³³¨·µ¢ ´¨Ö ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö. � ¶µ³´¨³, µ¤´ ±µ, ÎÉµ
¢ ¸²ÊÎ ¥ É¥µ·¨¨ ¶µ²Ö ´  É ±µ³ ¶ÊÉ¨ ¢¸É·¥Î ÕÉ¸Ö ¸¥·Ó¥§´Ò¥ É·Ê¤´µ¸É¨, ±µ£¤ 
¤µ¶µ²´¨É¥²Ó´ Ö ¨´Ëµ·³ Í¨Ö, ´¥µ¡Ìµ¤¨³ Ö ¤²Ö µ¤´µ§´ Î´µ£µ ¸Ê³³¨·µ¢ ´¨Ö
·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ³µ¦¥É ¡ÒÉÓ ´ °¤¥´  ²¨ÏÓ ¤²Ö ´¥±µÉµ·ÒÌ ¶·µ¸ÉÒÌ
µ¤´µ³¥·´ÒÌ ¨ ¤¢Ê³¥·´ÒÌ ³µ¤¥²¥°. ‚ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥ § ¤ Î  ¶µ²ÊÎ¥´¨Ö
É ±µ° ¨´Ëµ·³ Í¨¨ ¢µ ³´µ£¨Ì µÉ´µÏ¥´¨ÖÌ Ô±¢¨¢ ²¥´É´  ·¥Ï¥´¨Õ ¶·µ¡²¥³Ò
¸¨²Ó´µ° ¸¢Ö§¨. ‚³¥¸É¥ ¸ É¥³ ¨¸¶µ²Ó§µ¢ ´¨¥ £ Ê¸¸µ¢¸±¨Ì ¨´É¥£· ²µ¢ (2.18) ¶·¥-
¤µ¸É ¢²Ö¥É ¸ÊÐ¥¸É¢¥´´µ ¡µ²ÓÏ¥ ¢µ§³µ¦´µ¸É¥°, Î¥³ ¶·µ¸Éµ ¶µ²ÊÎ¥´¨¥ ·Ö¤ 
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. �µ± ¦¥³, ± ±¨³ µ¡· §µ³ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ´¥¶¥·ÉÊ·-
¡ É¨¢´Ò° ³ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö, µ¶¨· Ö¸Ó ¶·¨ ÔÉµ³, ± ± ¨ ¢ ¸²ÊÎ ¥
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ´  £ Ê¸¸µ¢¸±¨¥ ±¢ ¤· ÉÊ·Ò.
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�¥·¥¶¨Ï¥³ ¨¸Ìµ¤´µ¥ ¤¥°¸É¢¨¥ (2.17) ¢ ¢¨¤¥

S[x] = S′0[x] + S′I [x] , (2.21)

£¤¥
S′0[x] = ζ−1 x2 (2.22)

¨
S′I [x] = g x4 − ( ζ−1 − 1 )x2 . (2.23)

�µ²´µ¥ ¤¥°¸É¢¨¥ ¨ ¨¸Ìµ¤´ Ö ¢¥²¨Î¨´  W (g) ´¥ § ¢¨¸ÖÉ µÉ ¢¢¥¤¥´-
´µ£µ ¶ · ³¥É·  ζ, ´µ ¶·¨  ¶¶·µ±¸¨³ Í¨¨ W (g) ±µ´¥Î´Ò³ Î¨¸²µ³ ¸² £ ¥³ÒÌ
‚’‚-·Ö¤  § ¢¨¸¨³µ¸ÉÓ ¶µÖ¢²Ö¥É¸Ö. Œµ¦´µ, µ¤´ ±µ, ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¸¢µ¡µ-
¤µ° ¢ ¢Ò¡µ·¥ ζ ¤²Ö ¶µ¸É·µ¥´¨Ö ´µ¢µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö. ŒÒ É ±¦¥
¨¸¸²¥¤Ê¥³ ¢µ¶·µ¸, ¢ ± ±µ° ³¥·¥ ´µ¢µ¥ · §²µ¦¥´¨¥ ¶µ§¢µ²Ö¥É ¶·µ¤¢¨´ÊÉÓ¸Ö ¢
´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ µ¡² ¸ÉÓ.

‘ ¸ ³µ£µ ´ Î ²  Ö¸´µ, ÎÉµ ¥¸²¨ µ¶É¨³ ²Ó´Ò° ¶ · ³¥É· ζ ³¥´ÓÏ¥ ¥¤¨-
´¨ÍÒ, Éµ ¶·¨ ¶·¥¤¸É ¢²¥´¨¨ ¤¥°¸É¢¨Ö ¢ ¢¨¤¥ (2.21) ¸ ¸µ¸É ¢²ÖÕÐ¨³¨ (2.22)
¨ (2.23), ¶µ ±· °´¥° ³¥·¥, ¨³¥¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ Ê²ÊÎÏ¨ÉÓ ¶¥·ÉÊ·¡ É¨¢´µ¥
· §²µ¦¥´¨¥, É ± ± ± ´µ¢µ¥ ¤¥°¸É¢¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö (2.23) ³µ¦¥É ¡ÒÉÓ · ¸-
¸³µÉ·¥´µ ± ± ¢µ§³ÊÐ¥´¨¥ ¤²Ö ¡µ²¥¥ Ï¨·µ±µ£µ ´ ¡µ·  ±µ´Ë¨£Ê· Í¨° ¶µ²¥°.
‚³¥¸É¥ ¸ É¥³ ¶µ´ÖÉ´µ, ÎÉµ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ¢ ·¨ Í¨µ´´µ³ ¶ · ³¥É·¥
‚’‚-·Ö¤ ¶µ-¶·¥¦´¥³Ê µ¸É ´¥É¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨³, ÌµÉÖ ¶µ ¸· ¢´¥´¨Õ ¸ É¥-
µ·¨¥° ¢µ§³ÊÐ¥´¨° ¨ ¶µ§¢µ²¨É  ¶¶·µ±¸¨³¨·µ¢ ÉÓ W (g) ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨. ŒÒ Ê¦¥ Ê¶µ³¨´ ²¨, ÎÉµ §¤¥¸Ó ¢ ¦´ÊÕ ·µ²Ó ¨£· ¥É
¶·¨´Í¨¶ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨, ¶µ§¢µ²ÖÕÐ¨° ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³
· ¸Ï¨·¨ÉÓ ¨´É¥·¢ ² ¢µ§³µ¦´ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨.

� §²µ¦¥´¨¥ ¶µ ¤¥°¸É¢¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö (2.23) ¶·¨¢µ¤¨É ± ·Ö¤Ê ‚’‚ ¤²Ö
¨¸Ìµ¤´µ° ¢¥²¨Î¨´Ò (2.16):

W (g) =

∞∑
n=0

Wn , (2.24)

£¤¥

Wn =
1

n!

∫
dx (−S′I [x] )

N
exp (−S′0[x]) = (2.25)

=

n∑
k=0

1

(n− k)! k!

∫
dx(−g x4)

k[
(ζ−1 − 1)x2

]n−k
exp (−S′0[x]) .

Š ± ¨ · ´¥¥, Ê¤µ¡´µ ¢¢¥¸É¨ ¢¸¶µ³µ£ É¥²Ó´Ò° ¶ · ³¥É· κ, § ¶¨¸ ¢ ¸¢µ-
¡µ¤´µ¥ ¤¥°¸É¢¨¥ ± ±

S′0[x] = ζ−1 x2 ⇒
[

1 + κ ( ζ−1 − 1 )
]
x2 (2.26)
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�¨¸. 1. „¨ £· ³³Ò ´¨§Ï¨Ì ¶µ·Ö¤±µ¢, ¨²²Õ¸É·¨·ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨¥ (2.31) ³¥¦¤Ê
Î¨¸²µ³ ¢´ÊÉ·¥´´¨Ì ²¨´¨° ¨ ¢¥·Ï¨´

¨ ¶µ²µ¦¨¢ κ = 1 ¢ ±µ´Í¥ ¢¸¥Ì ¢ÒÎ¨¸²¥´¨°. ‚ ÔÉµ³ ¸²ÊÎ ¥ ²Õ¡ Ö ¸É¥¶¥´Ó
¢Ò· ¦¥´¨Ö [(ζ−1 − 1)x2] ¢ (2.25) ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´  ¶·¨ ¶µ³µÐ¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥£µ Î¨¸²  ¤¨ËË¥·¥´Í¨·µ¢ ´¨° ¶µ ¶ · ³¥É·Ê κ. �µ¸²¥ Î¥£µ µ¸É ¢-

Ï¥¥¸Ö ¢ ¶·¥¤Ô±¸¶µ´¥´É¥ (2.25) ¢Ò· ¦¥´¨¥ (−g x4)
k

¶·¨¢µ¤¨É ± ¸É ´¤ ·É´Ò³
¤¨ £· ³³ ³, ´µ ¸ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ ¶·µ¶ £ Éµ·µ³

∆ =
1

1 + κ ( ζ−1 − 1 )
. (2.27)

�·¨ κ = 1 ¶·µ¶ £ Éµ· ∆ = ζ.
‚ ·¥§Ê²ÓÉ É¥ Î²¥´Ò ‚’‚-·Ö¤  ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥

Wn =
n∑
k=0

1

(n− k)!

(
− ∂

∂κ

)n−k
ωk , (2.28)

£¤¥

ωk =
1

k!

∫
dx (−g x4 )

k
exp

(
− x∆−1 x

)
(2.29)

¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¶µ³µÐÓÕ µ¡ÒÎ´µ° ¤¨ £· ³³´µ° É¥Ì´¨±¨ ¸ ¶·µ¶ £ Éµ·µ³ (2.27).

� ¸¸³µÉ·¨³ ¸É·Ê±ÉÊ·Ê ¢Ò· ¦¥´¨Ö (2.28). �·¥¦¤¥ ¢¸¥£µ µÉ³¥É¨³, ÎÉµ
¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¶ · ³¥É·Ê κ ¶·¨¢µ¤¨É ± ¶µÖ¢²¥´¨Õ ¤µ¶µ²´¨É¥²Ó´µ£µ
Ë ±Éµ·  ( 1 − ζ ). ‚ ¸ ³µ³ ¤¥²¥, ¨§ (2.27) ¸²¥¤Ê¥É, ÎÉµ

1

m!

(
− ∂

∂κ

)m
∆(κ = 1) = ( 1 − ζ )m ∆(κ = 1) . (2.30)

’ ±¦¥ § ³¥É¨³, ÎÉµ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¸²ÊÎ ¥ ¤²Ö ²Õ¡µ° ¤¨ £· ³³Ò ¸ Î¨¸²µ³
¢´ÊÉ·¥´´¨Ì ²¨´¨° I ¨ Î¨¸²µ³ ¢¥·Ï¨´ V ¢Ò¶µ²´Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥ ∗

I = 2V . (2.31)

‚ ´¨§Ï¨Ì ¶µ·Ö¤± Ì ¸µµÉ´µÏ¥´¨¥ (2.31) ¨²²Õ¸É·¨·Ê¥É¸Ö ·¨¸. 1.

∗ŒÒ · ¸¸³ É·¨¢ ¥³ ¢ ±ÊÊ³´Ò° ËÊ´±Í¨µ´ ², ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¤¨ -
£· ³³Ò Ö¢²ÖÕÉ¸Ö ¢ ±ÊÊ³´Ò³¨.
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‚´ÊÉ·¥´´ÖÖ ²¨´¨Ö ¤¨ £· ³³Ò ¸µµÉ¢¥É¸É¢Ê¥É ¶·µ¶ £ Éµ·Ê ¨, ¸²¥¤µ¢ É¥²Ó´µ,
¶·¨¢µ¤¨É ± Ë ±Éµ·Ê ζ, ¢¥·Ï¨´  ¤ ¥É Ë ±Éµ· g,   µ¤´µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥
¶µ κ Å ³´µ¦¨É¥²Ó (1− ζ). ’ ±¨³ µ¡· §µ³, ¸Ì¥³ É¨Î¥¸±¨ ³µ¦¥³ § ¶¨¸ ÉÓ

Wn ∼ (g ζ2)
n

+ (1−ζ) (g ζ2)
n−1

+· · ·+ (1− ζ)n−1
(g ζ2) + (1− ζ)n . (2.32)

ˆ§ ¢Ò· ¦¥´¨Ö (2.32) ¢¨¤´µ, ÎÉµ ¥¸²¨ ¢Ò¡· ÉÓ (1− ζ) ¶·µ¶µ·Í¨µ´ ²Ó´Ò³
(g ζ2), Éµ ¢Ò· ¦¥´¨¥ Wn ¡Ê¤¥É ¸µ¤¥·¦ ÉÓ µ¡Ð¨° Ë ±Éµ· an ≡ (1 − ζ)n, ¨
a ≡ (1− ζ) ¡Ê¤¥É ¸²Ê¦¨ÉÓ ¶ · ³¥É·µ³ · §²µ¦¥´¨Ö ¢ ·Ö¤ ¢ ·¨ Í¨µ´´µ° É¥µ-
·¨¨ ¢µ§³ÊÐ¥´¨°. ˆÉ ±, É·¥¡µ¢ ´¨¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¥¤¨´µ£µ ¶ · ³¥É·  · §²µ-
¦¥´¨Ö ¤¨±ÉÊ¥É ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¤²Ö ζ:

1 − ζ = C g ζ2 (2.33)

¸ ´¥±µÉµ·µ° ¶µ²µ¦¨É¥²Ó´µ° ±µ´¸É ´Éµ° C. �É±Ê¤  ¤²Ö ¶ · ³¥É·  ‚’‚-· §²µ-
¦¥´¨Ö a ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ ¥£µ ¸ ¨¸Ìµ¤´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨:

g =
1

C

a

(1− a)2
. (2.34)

�¥É·Ê¤´µ ¢¨¤¥ÉÓ ¨§ Ê· ¢´¥´¨Ö (2.34), ÎÉµ ¤²Ö ²Õ¡ÒÌ ¶µ²µ¦¨É¥²Ó´ÒÌ §´ -
Î¥´¨° ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g ´µ¢Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö a Ê¤µ¢²¥É¢µ-
·Ö¥É Ê¸²µ¢¨Õ

0 ≤ a < 1 . (2.35)

�¸É ¢Ï¨°¸Ö ¶·µ¨§¢µ² ¸µ¸·¥¤µÉµÎ¥´ ¢ ¶ · ³¥É·¥ C, ±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ
µ¶·¥¤¥²¥´ ´  µ¸´µ¢¥ Éµ° ¨²¨ ¨´µ° ¶·µÍ¥¤Ê·Ò µ¶É¨³¨§ Í¨¨, ±µÉµ·Ò¥ µ¶¨-
¸ ´Ò ¢ [7].

� ¸¸³µÉ·¨³ §¤¥¸Ó ¥Ð¥ µ¤¨´ ¸¶µ¸µ¡ µ¶É¨³¨§ Í¨¨, ¢ ±µÉµ·µ³ ¶·¥¤¶µ² £ -
¥É¸Ö, ÎÉµ ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´  ´¥±µÉµ· Ö ¨´Ëµ·³ Í¨Ö ©Ô±¸¶¥·¨³¥´É ²Ó-
´µ£µª Ì · ±É¥· . ˆ³¥´´µ É ±µ° ¸¶µ¸µ¡ Ê¤µ¡¥´ ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥,
¢ ±µÉµ·µ° ³µ¦´µ ¶·¨³¥´¨ÉÓ ©´µ·³¨·µ¢±Êª, ¨¸¶µ²Ó§ÊÖ Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ
¨´Ëµ·³ Í¨Õ. �·¥¤¶µ²µ¦¨³, ÎÉµ ³Ò §´ ¥³ ©Ô±¸¶¥·¨³¥´É ²Ó´µ¥ª §´ Î¥´¨¥
ËÊ´±Í¨¨ W (g) ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨ g0:

W (g0) = Wexp . (2.36)

“· ¢´¥´¨¥ (2.36), ¨²¨ ¢ ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥ ³¨´¨³¨§ Í¨Ö ³µ¤Ê²Ö ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥° · §´µ¸É¨, ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· ¨ ¢ÒÎ¨-
¸²¨ÉÓ ¢¥²¨Î¨´Ê W (g) ¤²Ö ¢¸¥Ì ¤·Ê£¨Ì §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g. �± §Ò¢ -
¥É¸Ö, ÎÉµ ¶µ£·¥Ï´µ¸ÉÓ É ±µ°  ¶¶·µ±¸¨³ Í¨¨ ´¥ ÌÊ¦¥ ´¥¸±µ²Ó±¨Ì ¶·µÍ¥´Éµ¢
¤²Ö ¢¸¥£µ ¨´É¥·¢ ²  ¨§³¥´¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨ g Ê¦¥ ¤²Ö ´¨§Ï¨Ì ¶µ·Ö¤-
±µ¢ a-· §²µ¦¥´¨Ö. �  ·¨¸.2 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ µÉ´µ¸¨É¥²Ó´µ° ¶µ£·¥Ï´µ¸É¨
¶µ²ÊÎ ¥³µ£µ ¶·¨¡²¨¦¥´¨Ö

D(g) =

∣∣∣∣W (N)(g) − Wexact(g)

Wexact(g)

∣∣∣∣
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�¨¸. 2. �É´µ¸¨É¥²Ó´ Ö ¶µ£·¥Ï´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ ¢¥²¨Î¨´Ò (2.16) ¢ ´¨§Ï¨Ì ¶µ·Ö¤-
± Ì ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°

¤²Ö ³ ²ÒÌ §´ Î¥´¨° ¶µ·Ö¤±   ¶¶·µ±¸¨³ Í¨¨ N = 0 ¨ N = 2. ‚ ± Î¥¸É¢¥
©Ô±¸¶¥·¨³¥´É ²Ó´µ£µª ¢Ò¡· ´µ §´ Î¥´¨¥ W (g) ¢ ÉµÎ±¥ g0 = 1.

�µ¤Î¥·±´¥³, ÎÉµ ¶·¥¤²µ¦¥´´Ò° ³¥Éµ¤ ´¥ Éµ²Ó±µ ¶µ§¢µ²¨² · ¸Ï¨·¨ÉÓ
µ±·¥¸É´µ¸ÉÓ ³ ²ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨, ¢ ±µÉµ·µ°  ¶¶·µ±¸¨³ Í¨¨
¤ ÕÉ · §Ê³´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨ É¥³ ¸ ³Ò³ Ê²ÊÎÏ¨ÉÓ É¥µ·¨Õ ¢µ§³ÊÐ¥´¨°, ´µ
¨ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ µ¡² ¸ÉÓ ·¥¦¨³  ¸¨²Ó´µ°
¸¢Ö§¨, ±µ£¤  g → ∞. �·¨Î¨´  ÔÉµ£µ ¢ ¦´µ£µ µ¡¸ÉµÖÉ¥²Ó¸É¢  ¸¢Ö§ ´  ¸ ¨´-
¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸ÉÓÕ ·Ö¤ . ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢ ·¨ Í¨µ´´Ò¥ ¶ · ³¥É·Ò
¶µ¤¸É· ¨¢ ÕÉ¸Ö µÉ ¶µ·Ö¤±  ± ¶µ·Ö¤±Ê ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ´¥±µÉµ·Ò³ ¢ ·¨ Í¨-
µ´´Ò³ ¶·¨´Í¨¶µ³, ÎÉµ, ´¥¸³µÉ·Ö ´  ¶·¨³¥´Ö¥³ÊÕ £ ·³µ´¨Î¥¸±ÊÕ ¢ ·¨ Í¨µ´-
´ÊÕ ¶·µÍ¥¤Ê·Ê, µ¡¥¸¶¥Î¨¢ ¥É ¸Ìµ¤¨³µ¸ÉÓ ·Ö¤ . ‚ É ¡². 1 ¶·µ¤¥³µ´¸É·¨·µ¢ ´
Ë ±É ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ ·Ö¤  ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö
· ¸¸³µÉ·¥´´µ£µ ¢ÒÏ¥ ¸²ÊÎ Ö. ‚¶¥·¢Ò¥ É ± Ö Ô³¶¨·¨Î¥¸± Ö ¸Ìµ¤¨³µ¸ÉÓ ¡Ò² 
µÉ³¥Î¥´  ¢ · ¡µÉ Ì [83,84]. �µ¸²¥¤µ¢ É¥²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¨
¤µ¶µ²´¨É¥²Ó´Ò¥ ¸¸Ò²±¨ ³µ¦´µ ´ °É¨ ¢ [85]. „²Ö ¸²ÊÎ Ö  ´£ ·³µ´¨Î¥¸±µ£µ
µ¸Í¨²²ÖÉµ·  É ±¦¥ Ê¤ ¥É¸Ö ¶·µ¢¥¸É¨ ¸É·µ£µ¥ ¤µ± § É¥²Ó¸É¢µ ¨´¤ÊÍ¨·µ¢ ´´µ°
¸Ìµ¤¨³µ¸É¨ ¢ ·¨ Í¨µ´´µ£µ · §²µ¦¥´¨Ö [86,87].

‚ É ¡². 1 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ µÉ´µ¸¨É¥²Ó´µ° ¶µ£·¥Ï´µ¸É¨
 ¶¶·µ±¸¨³ Í¨¨

D(g) =

∣∣∣∣Wtheor(g)

Wexp(g)
− 1

∣∣∣∣
¤²Ö §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g = 10 ¨ 1000, ¶µ²ÊÎ¥´´Ò¥ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
©Ô±¸¶¥·¨³¥´É ²Ó´µ°ª ¨´Ëµ·³ Í¨¨ ¶·¨ g0 = 1. � · ³¥É· C(N) ¤²Ö ´¥Î¥É´ÒÌ
N ´ Ìµ¤¨²¸Ö ¨§ Ê¸²µ¢¨Ö ³¨´¨³Ê³  min |W (N)(g0) − Wexp| . „²Ö Î¥É´ÒÌ N
¸ÊÐ¥¸É¢Ê¥É ±µ·¥´Ó Ê· ¢´¥´¨Ö W (N)(g0) = Wexp.
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’ ¡²¨Í  1. ˆ²²Õ¸É· Í¨Ö ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ ·Ö¤  ‚’‚. �·¨¢¥¤¥´  µÉ´µ-
¸¨É¥²Ó´ Ö ¶µ£·¥Ï´µ¸ÉÓ ‚’‚- ¶¶·µ±¸¨³ Í¨¨ D(g) ¤²Ö · §²¨Î´ÒÌ ¶µ·Ö¤±µ¢ N ¶·¨
§´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ g = 10 ¨ 1000

N C D, %
g = 10 g = 1000

0 1,14 2,76 5,01
1 2,64 4,83 6,52
2 3,56 0,26 0,56
3 5,46 0,73 1,13
4 6,12 0,038 0,089
6 8,71 0,006 0,017
8 11,33 0,0012 0,0033

�¥·¥¤ É¥³ ± ± ´¥¶µ¸·¥¤¸É¢¥´´µ ¶¥·¥°É¨ ± Ì·µ³µ¤¨´ ³¨±¥, µÉ³¥É¨³, ÎÉµ
¨¤¥¨ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ³µ£ÊÉ ¶·¨³¥´ÖÉÓ¸Ö ´¥ Éµ²Ó±µ ¢ µ¶¨-
¸ ´´µ³ ¢ÒÏ¥ ±µ´É¥±¸É¥ Å  ¶¶·µ±¸¨³ Í¨¨ ¢¥²¨Î¨´, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¢¨¤¥
ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥£· ²µ¢, ´µ ¨ ¤²Ö ¤·Ê£¨Ì Í¥²¥°, ´ ¶·¨³¥·, ¤²Ö µ¶É¨-
³¨§ Í¨¨  ¶¶·µ±¸¨³ Í¨°, ¶µ²ÊÎ ¥³ÒÌ ¶·¨ ¨É¥· Í¨µ´´µ³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨°
(¸³. ¶·¨²µ¦¥´¨¥ A).

3. ‚��ˆ�–ˆ����… ��‡‹�†…�ˆ… ‚ Š‚��’�‚�‰
•��Œ�„ˆ��ŒˆŠ…

Œ´µ¦¥¸É¢µ § ¤ Î Š•„ ´Ê¦¤ ¥É¸Ö ¢ ¶·¨³¥´¥´¨¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ³¥-
Éµ¤µ¢. „ ´´Ò° · §¤¥² ¶µ¸¢ÖÐ¥´ ¶·¨³¥´¥´¨Õ ³¥Éµ¤  ‚’‚ ¤²Ö ¶µ¸É·µ¥´¨Ö
¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥ ¨ ¶·µ¢¥¤¥´¨Õ ´  ¨Ì
µ¸´µ¢¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ÒÎ¨¸²¥´¨°. ‚’‚-· §²µ¦¥´¨¥ ¢ Š•„, ¶·¨¢µ¤ÖÐ¥¥
± ´µ¢µ³Ê ³ ²µ³Ê ¶ · ³¥É·Ê, ¡Ò²µ ¶·¥¤²µ¦¥´µ ¢ [50]. �ÉµÉ ¶ · ³¥É· µ± §Ò-
¢ ¥É¸Ö ¢¸¥£¤  ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨. �·¨ É -
±µ³ ¶µ¤Ìµ¤¥ Ê¤ ¥É¸Ö ´¥ Éµ²Ó±µ · ¸Ï¨·¨ÉÓ µ¡² ¸ÉÓ ¶·¨³¥´¨³µ¸É¨ ¢ ·¨ Í¨µ´-
´µ£µ · §²µ¦¥´¨Ö ¶µ ¸· ¢´¥´¨Õ ¸ É¥µ·¨¥° ¢µ§³ÊÐ¥´¨°, ¸É ¡¨²¨§¨·ÊÖ ¥¥ ¸¢µ°-
¸É¢  ¶·¨ ³ ¸ÏÉ ¡ Ì ¶µ·Ö¤±  ´¥¸±µ²Ó±¨Ì ƒÔ‚, ´µ ¨ · ¸¸³µÉ·¥ÉÓ ¸ÊÐ¥¸É¢¥´´µ
´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ. ‡¤¥¸Ó ³Ò µ¡¸Ê¤¨³ ¢µ§³µ¦´µ¸ÉÓ ¢§ ¨³µ¸¢Ö§¨ ¶µ-
²ÊÎ ¥³ÒÌ ¢ · ³± Ì ‚’‚-¶µ¤Ìµ¤  ·¥§Ê²ÓÉ Éµ¢ ¸ ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²ÓÕ ±¢ ·-
±µ¢µ£µ ±µ´Ë °´³¥´É  [51, 52]. „ ²¥¥, ¸²¥¤ÊÖ · ¡µÉ¥ [65], · ¸¸³µÉ·¨³ ¶·µ-
¡²¥³Ê µ¶¨¸ ´¨Ö ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. ‚ ¤ ´´µ³
µ¡§µ·¥ ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¡¥§³ ¸¸µ¢Ò¥, ¶·¨´ ¤²¥¦ Ð¨¥ ±² ¸¸Ê ³¨´¨-
³ ²Ó´ÒÌ ¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢±¨. �·¨³¥´¥´¨Õ É ± ´ §Ò¢ ¥³µ° MOM-¸Ì¥³Ò
¶¥·¥´µ·³¨·µ¢±¨, ¢ ±µÉµ·µ° ¢ÒÎ¨É ´¨¥ ¶·µ¨§¢µ¤¨É¸Ö ¢ ´¥±µÉµ·µ° ¥¢±²¨¤µ¢µ°
ÉµÎ±¥, ¶µ¸¢ÖÐ¥´Ò · ¡µÉÒ [66Ä68].
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�µ¸É·µ¥´¨¥ ¢ ·¨ Í¨µ´´µ£µ ·Ö¤ . � ¸¸³µÉ·¨³ ¶µ¸É·µ¥´¨¥ ·Ö¤  ‚’‚ ¤²Ö
Š•„ ´  µ¸´µ¢¥ ¢ ·¨ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò £ ·³µ´¨Î¥¸±µ£µ É¨¶ . ”Ê´±Í¨µ´ ²
¤¥°¸É¢¨Ö ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ § ¶¨Ï¥³ ¢ ¢¨¤¥

S(A, q, ϕ) = S2(A) + S2(q) + S2(ϕ) + g S3(A, q, ϕ) + g2 S4(A) , (3.1)

£¤¥ S2(A), S2(q) ¨ S2(ϕ) Å ¸¢µ¡µ¤´Ò¥ ËÊ´±Í¨µ´ ²Ò ¤¥°¸É¢¨° £²Õµ´´µ£µ,
±¢ ·±µ£µ ¨ ¤ÊÌµ¢µ£µ ¶µ²¥° ¸µµÉ¢¥É¸É¢¥´´µ. S2(A) ¢±²ÕÎ ¥É ¢ ¸¥¡Ö É ±¦¥
¸² £ ¥³µ¥, Ë¨±¸¨·ÊÕÐ¥¥ ± ²¨¡·µ¢±Ê, ¢ ± Î¥¸É¢¥ ±µÉµ·µ£µ ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó-
§µ¢ ÉÓ ¢Ò· ¦¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥ ±µ¢ ·¨ ´É´ÊÕ αG-± ²¨¡·µ¢±Ê. ”Ê´±Í¨µ´ ²
S3(A, q, ϕ) ¢ (3.1) § ¤ ¥É Õ± ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ £²Õµ´µ¢, £²Õµ´µ¢ ¸ ±¢ ·-
± ³¨ ¨ £²Õµ´µ¢ ¸ ¤ÊÌ ³¨

S3(A, q, ϕ) = S3(A) + S3(A, q) + S3(A,ϕ) . (3.2)

”Ê´±Í¨µ´ ²Ò S3(A), S3(A, q) ¨ S3(A,ϕ) £¥´¥·¨·ÊÕÉ, ¸µµÉ¢¥É¸É¢¥´´µ, É·¥Ì-
£²Õµ´´Ò¥ ¢¥·Ï¨´Ò É¨¶  (AAA) , (q̄Aq) ¨ (ϕAϕ). ‘² £ ¥³µ¥ S4(A) £¥´¥·¨-
·Ê¥É Î¥ÉÒ·¥Ì£²Õµ´´Ò¥ ¢¥·Ï¨´Ò (AAAA). �·¥µ¡· §Ê¥³ ÔÉµ ¸² £ ¥³µ¥, ¢¢µ¤Ö
¢¸¶µ³µ£ É¥²Ó´Ò¥ ¶µ²Ö χaµν , ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

exp [ig2 S4(A)] =

∫
Dχ exp

{
i

2

∫
dxdy ×

× χaµν(x) [∆−1(x, y)]abµν;µ1ν1
χbµ1ν1

(y) +

+ i
g√
2

∫
dxχaµν(x) fabcAbµ(x)Acν (x)

}
, (3.3)

£¤¥ ∆(x, y) Å £²Õµ´´Ò° ¶·µ¶ £ Éµ· ¢ χ-¶µ²¥

[∆(x, y)]abµν;µ1ν1
= δ(x− y) δab δµµ1 δνν1 . (3.4)

�µ¸²¥ χ-¶·¥µ¡· §µ¢ ´¨Ö ¤¨ £· ³³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨° ƒ·¨´  ¡Ê-
¤¥É ¸µ¤¥·¦ ÉÓ Éµ²Ó±µ ¤¨ £· ³³Ò Õ± ¢¸±µ£µ É¨¶ . �µ³¨³µ µ¡ÒÎ´ÒÌ É·¥ÌÉµ-
Î¥Î´ÒÌ ¢¥·Ï¨´ ¶µÖ¢ÖÉ¸Ö ¢¥·Ï¨´Ò ¢¨¤  AχA. ’ ±¨³ µ¡· §µ³, ´¥±µÉµ·ÊÕ
ËÊ´±Í¨Õ ƒ·¨´  Š•„ ¢ Ëµ·³¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ³µ¦´µ § ¶¨¸ ÉÓ ¢
¢¨¤¥

G(· · ·) =

∫
DχDQCD (· · ·)× (3.5)

× exp {i [S(A,χ) + S2(q) + S2(ϕ) + S2(χ) + gS3(A, q, ϕ)]} ,

£¤¥

S(A,χ) =
1

2

∫
dxdy Aaµ(x)

[
D−1(x, y|χ)

]ab
µν

Abν(y) (3.6)
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¸ £²Õµ´´Ò³ ¶·µ¶ £ Éµ·µ³ D(x, y|χ) ¢ χ-¶µ²¥[
D−1(x, y|χ)

]ab
µν

=
[

(− gµν∂2 + ∂µ∂ν)δab×

+ g
√

2fabcχcµν + gauge terms
]
δ(x − y) , (3.7)

£¤¥ ªgauge termsª µ§´ Î ¥É ¸² £ ¥³Ò¥, ¸¢Ö§ ´´Ò¥ ¸ Ë¨±¸ Í¨¥° ± ²¨¡·µ¢±¨.
Œ¥·  ¨´É¥£·¨·µ¢ ´¨Ö DQCD ¢ (3.5) § ¤ ¥É ¸É ´¤ ·É´Ò¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ
£²Õµ´´Ò³ ±¢ ·±µ¢Ò³ ¨ ¤ÊÌµ¢Ò³ ¶µ²Ö³.

�µ¤ §´ ±µ³ χ-Ê¸·¥¤´¥´¨Ö ¢¸¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Ö¢²ÖÕÉ¸Ö ¢§ ¨³µ¤¥°¸É¢¨-
Ö³¨ Õ± ¢¸±µ£µ É¨¶ . —¥ÉÒ·¥Ì£²Õµ´´Ò¥ ¢¥·Ï¨´Ò ¶µÖ¢²ÖÕÉ¸Ö ¶·¨ · ¸±·ÒÉ¨¨
ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  ¶µ ¶µ²Õ χ. �·µ¨²²Õ¸É·¨·Ê¥³ ÔÉÊ ¸¨ÉÊ Í¨Õ ´ 
¶·¨³¥·¥ ¶µ²´µ£µ ¶·µ¶ £ Éµ·  ¢¥±Éµ·´µ£µ ¶µ²Ö ¢ ¸²ÊÎ ¥ £²Õµ¤¨´ ³¨±¨. „²Ö
¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ ƒ·¨´  ³µ¦¥³ § ¶¨¸ ÉÓ

G(· · ·) = 〈GYuk(· · · |χ) 〉 , (3.8)

£¤¥ < · · · > µ§´ Î ¥É χ-ËÊ´±Í¨µ´ ²Ó´µ¥ Ê¸·¥¤´¥´¨¥

〈· · ·〉 =

∫
Dχ [· · ·] exp [ i S0(χ) ] , (3.9)

  ËÊ´±Í¨Ö ƒ·¨´  ¢ χ-¶µ²¥

GYuk(· · · |χ) =

∫
DA [· · ·] exp

{
i
[
S(A,χ) + SYuk

YM (A)
] }

(3.10)

µ¶·¥¤¥²Ö¥É¸Ö Éµ²Ó±µ ²¨ÏÓ ¤¨ £· ³³ ³¨ Õ± ¢¸±µ£µ É¨¶  ¸ £²Õµ´´Ò³ ¶·µ¶ -
£ Éµ·µ³ D(x, y|χ).

�  ·¨¸. 3,a ¶µ± § ´ ¶µ²´Ò° £²Õµ´´Ò° ¶·µ¶ £ Éµ· 〈Dfull(x, y|χ)〉. „¨ -
£· ³³Ò ¸ Î¥ÉÒ·¥Ì£²Õµ´´Ò³¨ ¢¥·Ï¨´ ³¨ ¢µ§´¨± ÕÉ ¶·¨ · §²µ¦¥´¨¨D(x, y|χ)
¢ ·Ö¤ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (·¨¸. 3,¡). �´¨ ¤µ¡ ¢²ÖÕÉ¸Ö ± Õ± ¢¸±¨³ ¤¨ -
£· ³³ ³ ¨ ¢µ§´¨± ¥É ¸É ´¤ ·É´µ¥ ¤¨ £· ³³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ·Ö¤  É¥µ·¨¨
¢µ§³ÊÐ¥´¨° (·¨¸. 3,¢).

�¥·¥°¤¥³ É¥¶¥·Ó ± ¶µ¸É·µ¥´¨Õ ‚’‚-· §²µ¦¥´¨Ö ¨ ¢¢¥¤¥³ ¢¸¶µ³µ£ É¥²Ó-
´Ò¥ ¶ · ³¥É·Ò ζ ¨ ξ, ¶¥·¥¶¨¸ ¢ ËÊ´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¢ ¢Ò· ¦¥´¨¨ (3.5) ¢
¢¨¤¥

S(A, q, ϕ, χ) = S′0(A, q, ϕ, χ) + S′I(A, q, ϕ, χ) , (3.11)

£¤¥

S′0(A, q, ϕ, χ) = ζ−1 [S(A,χ) + S2(q) + S2(ϕ)] + ξ−1 S2(χ) (3.12)

¨

S′I(A, q, ϕ, χ) = g S3(A, q, ϕ)− (ζ−1 − 1) [S(A,χ) +

+ S2(q) + S2(ϕ)]− (ξ−1 − 1)S2(χ) . (3.13)
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�¨¸. 3. „¨ £· ³³´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶µ²´µ£µ £²Õµ´´µ£µ ¶·µ¶ £ Éµ·  ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨° ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ χ-¶·¥µ¡· §µ¢ ´¨Ö. ‘¶²µÏ´ Ö ²¨´¨Ö ¸µµÉ¢¥É¸É¢Ê¥É £²Õµ´´µ³Ê
¶·µ¶ £ Éµ·Ê, ¶Ê´±É¨·´ Ö Å ¶·µ¶ £ Éµ·Ê ¤ÊÌµ¢µ£µ ¶µ²Ö,   ËÊ´±Í¨¨ D(χ) ¸µµÉ¢¥É-
¸É¢Ê¥É ²¨´¨Ö ¸ ÉµÎ±µ°

’µÎ´µ¥ §´ Î¥´¨¥ · ¸¸³ É·¨¢ ¥³µ° ¢¥²¨Î¨´Ò, ¤²Ö ±µÉµ·µ° ¶·¨³¥´Ö¥É¸Ö
‚’‚-· §²µ¦¥´¨¥, ´ ¶·¨³¥· ´¥±µÉµ·µ° ËÊ´±Í¨¨ ƒ·¨´ , ´¥ § ¢¨¸¨É, ±µ´¥Î´µ,
µÉ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ¶ · ³¥É·µ¢ ζ ¨ ξ. �¤´ ±µ  ¶¶·µ±¸¨³ Í¨Ö Éµ° ¦¥ ¢¥²¨-
Î¨´Ò ±µ´¥Î´Ò³ Î¨¸²µ³ ¸² £ ¥³ÒÌ ·Ö¤  ‚’‚, ¶µ²ÊÎ ÕÐ¥£µ¸Ö ¶·¨ · §²µ¦¥´¨¨
¶µ ¸É¥¶¥´Ö³ ¤¥°¸É¢¨Ö S′1(A, q, ϕ, χ), µÉ ÔÉ¨Ì ¶ · ³¥É·µ¢ ¡Ê¤¥É § ¢¨¸¥ÉÓ. ŒÒ
³µ¦¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸¢µ¡µ¤Ê ¢ ¢Ò¡µ·¥ ¶ · ³¥É·µ¢ ζ ¨ ξ ¤²Ö ´ Ï¥° Í¥²¨ Å
¶µ¸É·µ¥´¨Ö ´µ¢µ£µ ³ ²µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö.

‚ É¥Ì´¨Î¥¸±µ³ ¶² ´¥ Ê¤µ¡´µ ¶¥·¥¶¨¸ ÉÓ S′0(A, q, ϕ, χ), § ³¥´¨¢ ¢ (3.12)
ζ−1 ´  [1+κ(ζ−1−1)] ¨ ξ−1 ´  [1+κ(ξ−1−1)] ¨ ¶µ²µ¦¨¢ ¢ ±µ´Í¥ ¢¸¥Ì ¢ÒÎ¨-
¸²¥´¨° κ = 1. ‚ ÔÉµ³ ¸²ÊÎ ¥ ²Õ¡ÊÕ ¸É¥¶¥´Ó ¢Ò· ¦¥´¨Ö (ζ−1 − 1)[S(A,χ) +
S2(q) + S2(ϕ)] + (ξ−1 − 1)S2(χ), ¶µÖ¢²ÖÕÐÊÕ¸Ö ¢ ¶·¥¤Ô±¸¶µ´¥´É¥ ¶µ¸²¥
· §²µ¦¥´¨Ö ¶µ ¸É¥¶¥´Ö³ (3.13), ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ¢ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥¥ Î¨¸²µ · § ¶µ ¶ · ³¥É·Ê κ. �µ¸²¥ ÔÉµ£µ ¢ ¶·¥¤Ô±¸¶µ´¥´É¥
¶µ¤ §´ ±µ³ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  µ¸É ÕÉ¸Ö ²¨ÏÓ ¸É¥¶¥´¨ ¤¥°¸É¢¨Ö
g S3(A, q, ϕ), ±µÉµ·Ò¥ £¥´¥·¨·ÊÕÉ Õ± ¢¸±¨¥ ¤¨ £· ³³Ò Š•„ ¸ ³µ¤¨Ë¨Í¨-
·µ¢ ´´Ò³¨ ¶·µ¶ £ Éµ· ³¨, µ¶·¥¤¥²Ö¥³Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ±¢ ¤· É¨Î´Ò³¨
Ëµ·³ ³¨ ¢ ´µ¢µ³ ©¸¢µ¡µ¤´µ³ª ¤¥°¸É¢¨¨ S′0. �Ö¤ ‚’‚ ¤²Ö ËÊ´±Í¨° ƒ·¨´ 
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§ ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

G(· · ·) =
∑
n

n∑
k=0

1

(n− k) !

(
− ∂

∂κ

)n−k
ik

k!
× (3.14)

×
∫
DχDQCD(· · ·) [g S3(A, q, ϕ)]

k
exp [ i S′0(A, q, ϕ, χ) ] ,

£¤¥ ¢ S′0(A, q, ϕ, χ) ¢Ò¶µ²´¥´  µ¶¨¸ ´´ Ö ¢ÒÏ¥ § ³¥´ . „ ²¥¥ Ê¤µ¡´µ ¶·µ¨§-
¢¥¸É¨ ·¥¸±¥°²¨´£ ¶µ²¥°

(A, q, ϕ) ⇒ (A, q, ϕ)√
1 + κ (ζ−1 − 1)

,

χ ⇒ χ√
1 + κ (ξ−1 − 1)

, (3.15)

¢ ·¥§Ê²ÓÉ É¥ Î¥£µ ¶·µ¶ £ Éµ·Ò ¶·¨µ¡·¥É ÕÉ ¸É ´¤ ·É´Ò° ¢¨¤,   ³µ¤¨Ë¨Í¨·Ê-
ÕÉ¸Ö Éµ²Ó±µ ¢¥·Ï¨´Ò ¤¨ £· ³³. ˆ´É¥£·¨·ÊÖ § É¥³ ¶µ ¶µ²Õ χ, ¤²Ö ËÊ´±Í¨¨
ƒ·¨´  ν ¶µ²¥° ´ Ìµ¤¨³

G(· · ·) =
∑
n

n∑
k=0

1

(n − k) !

(
− ∂

∂ κ

)n− k
1

[1 + κ (ζ−1 − 1)]
ν/2
×

× ik

k!

∫
DQCD (· · ·) [g3 S3(A, q, ϕ)]

k (3.16)

× exp
{
i
[
S0(A, q, ϕ) + g2

4 S4(A)
] }

.

‡¤¥¸Ó S0(A, q, ϕ) ´¥ ¸µ¤¥·¦¨É Ê¦¥ Î²¥´ , µÉ¢¥Î ÕÐ¥£µ ¶µ²Õ χ, ¨ ¶·¥¤-
¸É ¢²Ö¥É ¸µ¡µ° µ¡ÒÎ´Ò° ËÊ´±Í¨µ´ ² ¸¢µ¡µ¤´µ£µ ¤¥°¸É¢¨Ö Š•„,   g3 ¨ g4,
Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ Õ± ¢¸±¨Ì ¨ Î¥ÉÒ·¥Ì£²Õµ´´ÒÌ ¢¥·Ï¨´ Ì, µ¶·¥¤¥²¥´Ò ¸²¥-
¤ÊÕÐ¨³ µ¡· §µ³:

g3 =
g

[ 1 + κ (ζ−1 − 1 ) ]
3/2

, g4 =
g

[ 1 + κ (ξ−1 − 1)]
1/2

. (3.17)

�´ ²¨§ ¸É·Ê±ÉÊ·Ò ¢µ§´¨± ÕÐ¥£µ ‚’‚-· §²µ¦¥´¨Ö ¢Ò¶µ²´¥´ ¢ · ¡µÉ Ì [50,
51], ¢ ±µÉµ·ÒÌ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ ¸¶¥Í¨ ²Ó´µ³ ¸µµÉ´µÏ¥´¨¨ ³¥¦¤Ê
¢ ·¨ Í¨µ´´Ò³¨ ¶ · ³¥É· ³¨ ¨ ±µ´¸É ´Éµ° ¸¢Ö§¨ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ´µ¢Ò°
´¥¶¥·ÉÊ·¡ É¨¢´Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö. ’ ±µ° ¶ · ³¥É· µ± §Ò¢ ¥É¸Ö ¢¸¥-
£¤  ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‡¤¥¸Ó
³Ò ¶µ± ¦¥³, ± ± ¢µ§´¨± ¥É ´¥¶¥·ÉÊ·¡ É¨¢´Ò° ³ ²Ò° ¶ · ³¥É· ´  ¶·¨³¥·¥
£²Õµ¤¨´ ³¨±¨.
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Œ ²Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥. ’ ± ¦¥, ± ±
¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¶·¨³¥·¥, µ¶¥· Í¨Ö ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ ¶ · ³¥-
É·Ê κ ¶·¨¢µ¤¨É ± ´¥±µÉµ·Ò³ ¤µ¶µ²´¨É¥²Ó´Ò³ Ë ±Éµ· ³. � ¸¸³µÉ·¨³, ± ±¨¥
¢µ§´¨± ÕÉ ³´µ¦¨É¥²¨, ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¶¥·¢µ´ Î ²Ó´ÊÕ Ëµ·³Ê²¨·µ¢±Ê ¤µ
¶·¨³¥´¥´¨Ö ¶·µÍ¥¤Ê·Ò ·¥¸±¥°²¨´£  ¶µ²¥° (3.15). ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¶¥· Éµ·
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö (−∂/∂ κ)

l ¶·¨¢µ¤¨É ± Ë ±Éµ·Ê (1 − ζ)l, ±µ£¤  ¤¥°¸É¢Ê¥É
´  ¶·µ¶ £ Éµ· £²Õµ´ , ¨ ± ³´µ¦¨É¥²Õ (1 − ξ)l ¶·¨ ¤¥°¸É¢¨¨ ´  ¶·µ¶ £ Éµ·
¶µ²Ö χ. �¶·¥¤¥²ÖÖ ¤²Ö Ê¤µ¡¸É¢  ¶ · ³¥É· η, ¸É¥¶¥´Ó ±µÉµ·µ£µ § ¤ ¥É ¶µ·Ö¤µ±
· §²µ¦¥´¨Ö, ¸¨³¢µ²¨Î¥¸±¨ ³µ¦´µ § ¶¨¸ ÉÓ ¸É·Ê±ÉÊ·Ê ‚’‚-·Ö¤  ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

1 + η(1− ζ) + η2
[
(1− ζ)2

+ g2ζ3 + g2ξ
]

+ (3.18)

+ η3
[

(1 − ζ)3 + g2ζ3(1− ζ) + g2ξ(1− ζ) + g2ξ(1 − ξ)
]

+ · · · .

„²Ö ¨²²Õ¸É· Í¨¨ ´  ·¨¸. 4 ¨§µ¡· ¦¥´Ò ¤¨ £· ³³Ò ¤²Ö ¶µ²´µ£µ ¶·µ¶ -
£ Éµ·  £²Õµ´ , ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ´µ¢µ³Ê · §²µ¦¥´¨Õ. �¥·¥Î¥·±´ÊÉ Ö ²¨´¨Ö
µ¡µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¶ · ³¥É·Ê κ ¨ ¸µ¤¥·¦¨É Ë ±Éµ· (1 − ζ)
¤²Ö £²Õµ´´µ° ²¨´¨¨ ¨ ³´µ¦¨É¥²Ó (1− ξ) ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  £²Õµ´´ Ö ²¨´¨Ö
¢µ§´¨±²  Î¥·¥§ χ-¶µ²¥.

�¨¸. 4. „¨ £· ³³Ò, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ‚’‚-· §²µ¦¥´¨Õ ¶µ²´µ£µ £²Õµ´´µ£µ ¶·µ¶ £ -
Éµ· 

ˆ§ (3.18) ¢¨¤´µ, ÎÉµ, ¶µ² £ Ö ξ = ζ3 ¨ (1 − ζ)2 ∼ g2ζ3, ¶µ²ÊÎ ¥³, ÎÉµ n-°
Î²¥´ ·Ö¤  ‚’‚ ¸µ¤¥·¦¨É µ¡Ð¨° ³´µ¦¨É¥²Ó (1− ζ)n, ¶·¨Î¥³ ¢Éµ·µ¥ Ê¸²µ¢¨¥
£ · ´É¨·Ê¥É ¢Ò¶µ²´¥´¨¥ ´¥· ¢¥´¸É¢  (1 − ζ) < 1 ¤²Ö ¢¸¥Ì ¶µ²µ¦¨É¥²Ó´ÒÌ
§´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨.

�´ ²µ£¨Î´Ò° ·¥§Ê²ÓÉ É ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨ ¢ ¡µ²¥¥ µ¡Ð¥³ ¸²ÊÎ ¥, ¢±²ÕÎ -
ÕÐ¥³ Ë¥·³¨µ´Ò. ‡¤¥¸Ó ¡µ²¥¥ Ê¤µ¡´µ° µ± §Ò¢ ¥É¸Ö Ëµ·³Ê²¨·µ¢±  ¸ ·¥¸±¥°-
²¨´£µ³ ¶µ²¥° (3.15). �É³¥É¨³, ÎÉµ ¢ ±µ´É¥±¸É¥ ± ²¨¡·µ¢µÎ´µ° ¨´¢ ·¨ ´É-
´µ¸É¨ ¢Ò¡µ· ξ = ζ3 ¸²Ê¦¨É É ±¦¥ ¤²Ö ¸µ£² ¸µ¢ ´¨Ö ±µ´¸É ´É ¢µ ¢§ ¨³µ¤¥°-
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¸É¢¨ÖÌ Õ± ¢¸±µ£µ É¨¶  ¨ Î¥ÉÒ·¥Ì£²Õµ´´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ’ ±µ° ¢Ò¡µ·
µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶µ²´¥´¨¥ ¤²Ö ¶µ²ÊÎ ¥³ÒÌ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¶µ¤Ìµ¤¥ ±µ´-
¸É ´É ¶¥·¥´µ·³¨·µ¢±¨ Éµ¦¤¥¸É¢ ‘² ¢´µ¢  Å ’¥°²µ· .

’ ±¨³ µ¡· §µ³, ¢µ§´¨± ¥É ´µ¢Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö a = 1− ζ, ¸¢Ö§ ´-
´Ò° ¸ ±µ´¸É ´Éµ° ¸¢Ö§¨ g ¶µ¸·¥¤¸É¢µ³ Ê· ¢´¥´¨Ö

λ =
g2

(4π)
2 =

1

C

a2

(1− a)
3 , a = 1− ζ , (3.19)

£¤¥ C Å ´¥±µÉµ· Ö ¶µ²µ¦¨É¥²Ó´ Ö ±µ´¸É ´É . Š ± ¸²¥¤Ê¥É ¨§ (3.19), ¶·¨
²Õ¡ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ g ´µ¢Ò° ¶ · ³¥É· · §²µ¦¥´¨Ö a Ê¤µ¢²¥-
É¢µ·Ö¥É ´¥· ¢¥´¸É¢Ê 0 ≤ a < 1.

�·¨¢¥¤¥³ ·¥§Ê²ÓÉ É ‚’‚-· §²µ¦¥´¨Ö ¤²Ö ËÊ´±Í¨° ƒ·¨´  ¸ ÉµÎ´µ¸ÉÓÕ
O(a7), ±µÉµ· Ö µ¡¥¸¶¥Î¨¢ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶·µ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ´  ¤¢ÊÌ-
¶¥É²¥¢µ³ Ê·µ¢´¥ ¢ ¤ ´´µ³ ¶µ¤Ìµ¤¥. ‡ ¶¨Ï¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨° ƒ·¨´ 
¢ ¢¨¤¥

G(· · ·) =

∫
DQCD (· · ·) V (A, q, ϕ) exp (i S0) , (3.20)

Éµ£¤ , ¨¸¶µ²Ó§ÊÖ (3.16)Å(3.19), ´ Ìµ¤¨³

V = 1 + aA3 + a2

[
1

2
A3

2 +
3

2
A3

]
+ (3.21)

+ a3

[
1

6
A3

3 +
3

2
A3

2 + A3A4 + 3A4 +
15

8
A3

]
+

+ a4

[
1

24
A3

4 +
1

2
A4

2 +
1

2
A3

2A4 +
3

4
A3

3 +

+
9

2
A3A4 + 3A3

2 + 6A4 +
35

16
A3

]
+

+ a5

[
1

120
A3

5 +
1

6
A3

3A4 +
1

2
A3A4

2 +
1

4
A3

4 + 3A3
2A4 +

+ 3A4
2 +

33

16
A3

3 +
99

8
A3A4 + 5A3

2 + 10A4 +
315

128
A3

]
+

+ a6

[
1

720
A3

6 +
1

24
A3

4A4 +
1

4
A3

2A4
2 +

1

6
A4

3 +
1

16
A3

5 +

+
5

4
A3

3 A4 +
15

4
A3A4

2 +
7

8
A4

4 +
21

2
A3

2A4 +
21

2
A4

2 +

+
143

32
A3

3 +
129

16
A3A4

15

2
A3

3 + 15A4 +
693

256
A3

]
+ O(a7) ,

£¤¥ A3 = 4π (i S3)/
√
C , A4 = (4π)2 (i S4)/C .
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�¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ N -° ¶µ·Ö¤µ± ‚’‚-·Ö¤  ¸µ¢¶ ¤ ¥É ¸ N -³ ¶µ·Ö¤±µ³
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¸ ÉµÎ´µ¸ÉÓÕ O( gN+1 ):

G
(N)
V PT =

N∑
n=0

Gn = G
(N)
PT + O( gN+1 ) . (3.22)

�µÔÉµ³Ê ¶·¨ ³ ²ÒÌ ±µ´¸É ´É Ì ¸¢Ö§¨ ‚’‚-· §²µ¦¥´¨¥ ¶·¨¢¥¤¥É ± É¥³ ¦¥
·¥§Ê²ÓÉ É ³, ÎÉµ ¨ ¸É ´¤ ·É´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨°. �¤´ ±µ, ± ± ³Ò Ê¢¨¤¨³ ¢
¤ ²Ó´¥°Ï¥³, ¢ ´¥¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨, ±µ£¤  ±µ´¸É ´É  ¸¢Ö§¨ ¸É ´µ¢¨É¸Ö
¡µ²ÓÏµ° ¨ ¶·Ö³µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° µ± §Ò¢ ¥É¸Ö ´¥¢µ§³µ¦-
´Ò³, ¶µ¸É·µ¥´´µ¥ a-· §²µ¦¥´¨¥, É ± ¦¥, ± ± ¨ ¢ · ¸¸³µÉ·¥´´µ³ · ´¥¥ ¶·µ-
¸Éµ³ ¶·¨³¥·¥, µ¸É ¥É¸Ö Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³ ¨ ¶µ§¢µ²Ö¥É ´¥¶·µÉ¨¢µ·¥Î¨¢Ò³
µ¡· §µ³ ¶·µ¢µ¤¨ÉÓ ¨¸¸²¥¤µ¢ ´¨Ö ¢´¥ · ³µ± ¸² ¡µ° ¸¢Ö§¨.

�¥·¥´µ·³¨·µ¢± . �·¨³¥´ÖÖ · §³¥·´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ ¸ d = 4 − 2ε,
¤²Ö ±µ´¸É ´É ¶¥·¥´µ·³¨·µ¢±¨ Z1 ¨ Z3 ¢ ¢¥¤ÊÐ¥³ ¶µ·Ö¤±¥ ‚’‚-· §²µ¦¥´¨Ö
´ Ìµ¤¨³

Z1 = 1 + λ ζ3

[
N

(
17

6
− 3

2
αG

)
− 4

3
Nf

]
1

2 ε
,

Z3 = 1 + λ ζ3

[
N

(
13

3
− αG

)
− 4

3
Nf

]
1

2 ε
. (3.23)

� ¶µ³´¨³, ÎÉµ ±µ´¸É ´É  ¸¢Ö§¨ λ ≡ αs/4π ¨ ¶ · ³¥É· ζ ¸¢Ö§ ´Ò ¤·Ê£ ¸
¤·Ê£µ³ ¸µµÉ´µÏ¥´¨¥³ (1− ζ)2 = Cλζ3.

ˆ§ (3.23) ¶µ²ÊÎ ¥³

λ0 = µ2 ε Z2
1 Z
−3
3 λ = λµ2 ε

[
1 − λζ3 β0

ε

]
, (3.24)

£¤¥ β0 = 11− 2/3Nf . �É±Ê¤  ¤²Ö β-ËÊ´±Í¨¨ ´ Ìµ¤¨³ ¢Ò· ¦¥´¨¥

β(λ) = lim
ε→0

µ2 ∂ λ

∂ µ2
=

= −β0

(
λ
∂

∂ λ
− 1

)
(λ2 ζ3 ) = − 2 β0 λ

2 ζ4

3 − ζ
. (3.25)

�¥Ï Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥´µ·³£·Ê¶¶µ¢µ¥ Ê· ¢´¥´¨¥, ¶µ²ÊÎ ¥³

ln
Q2

Λ2
=

C

2 β0
f(ζ) , (3.26)

£¤¥ ËÊ´±Í¨Ö f(ζ) ¨³¥¥É ¢¨¤

f(ζ) =
2

(1 − ζ)
2 +

12

1 − ζ
+ 21 ln

ζ

1 − ζ
− 9

ζ
. (3.27)



‚��ˆ�–ˆ���›… ��‡‹�†…�ˆŸ 1079

�¥É·Ê¤´µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ¶¥·ÉÊ·¡ É¨¢´µ° µ¡² ¸É¨, ±µ£¤  Q2 >> Λ2 (ζ ∼ 1),
¨§ ¶·¨¢¥¤¥´´ÒÌ ¢Ò· ¦¥´¨° ²¥£±µ ¶µ²ÊÎ ¥É¸Ö Ìµ·µÏµ ¨§¢¥¸É´Ò° µ¤´µ¶¥É²¥-
¢µ° ·¥§Ê²ÓÉ É:

λ(Q2) =
1

β0 ln(Q2/Λ2)
.

�·¨ Ê³¥´ÓÏ¥´¨¨ Q2 ¨, ¸µµÉ¢¥É¸É¢¥´´µ, Ê¢¥²¨Î¥´¨¨ §´ Î¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨
¥¥ ²µ£ ·¨Ë³¨Î¥¸±¨° ·µ¸É, ± ± ¡Ê¤¥É ¶µ± § ´µ ¤ ²¥¥, ¸³¥´Ö¥É¸Ö ¸É¥¶¥´´Ò³:
λ(Q2) ∼ 1/Q2. ‚ ¶µÉ¥´Í¨ ²Ó´µ° ±¢ ·±µ¢µ° ³µ¤¥²¨ É ±µ¥ ¶µ¢¥¤¥´¨¥ ¢ ¨´-
Ë· ±· ¸´µ° µ¡² ¸É¨ ¸µ£² ¸Ê¥É¸Ö ¸ Ë¥´µ³¥´µ²µ£¨¥° ³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨.

‘¢Ö§Ó ¸ ¶µÉ¥´Í¨ ²Ó´µ° ±¢ ·±µ¢µ° ³µ¤¥²ÓÕ. „²Ö Éµ£µ ÎÉµ¡Ò Ë¨±¸¨-
·µ¢ ÉÓ ¶ · ³¥É·Ò ¶µ²ÊÎ¥´´µ£µ · §²µ¦¥´¨Ö, ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ´¥¶¥·ÉÊ·¡ -
É¨¢´ÊÕ ¨´Ëµ·³ Í¨Õ, ¸¢Ö§ ´´ÊÕ ¸ Ë¨§¨±µ° ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨°, ¢ÒÉ¥± Õ-
ÐÊÕ ¨§ Ë¥´µ³¥´µ²µ£¨¨ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢. �Éµ ¶µ§¢µ²¨É ¶µ²´µ¸ÉÓÕ
µ¶·¥¤¥²¨ÉÓ § ±µ´ Ô¢µ²ÕÍ¨¨ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ αs(Q

2) ¡¥§ ¶·¨¢²¥Î¥-
´¨Ö ± ±¨Ì-²¨¡µ ¢Ò¸µ±µÔ´¥·£¥É¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ±µÉµ·Ò¥
µ¡ÒÎ´µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ³ ¸ÏÉ ¡´µ£µ ¶ · ³¥É·  Λ ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¨. „·Ê£¨³¨ ¸²µ¢ ³¨, ³Ò ´ °¤¥³ ¸¢Ö§Ó ³¥¦¤Ê Ê´¨¢¥·¸ ²Ó´µ°
´ ¶·Ö¦¥´´µ¸ÉÓÕ σ ¢ ²¨´¥°´µ° Î ¸É¨ ¸É É¨Î¥¸±µ£µ ±¢ ·±- ´É¨±¢ ·±µ¢µ£µ ¶µ-
É¥´Í¨ ² 

Vlin(r) = σ r , (3.28)

±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´ ¨§ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢ (¸³., ´ ¶·¨³¥·,
[88, 89] ¨ µ¡§µ· [90]), ¨ ¶µ¢¥¤¥´¨¥³ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢ ¶¥·ÉÊ·¡ É¨¢´µ°
Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨.

…¸²¨ ¶·¨´ÖÉÓ, ÎÉµ qq̄-¶µÉ¥´Í¨ ² ¢ ¨³¶Ê²Ó¸´µ³ ¶·µ¸É· ´¸É¢¥ ³µ¦¥É ¡ÒÉÓ
§ ¶¨¸ ´ ¢ ¢¨¤¥

V (q2) = − 16π

3

ᾱs(q
2)

q2
, (3.29)

£¤¥ ᾱs(q2) µ¶¨¸Ò¢ ¥É µ¡² ¸ÉÓ ± ± ¡µ²ÓÏ¨Ì, É ± ¨ ³ ²ÒÌ q2, ¨ ¨³¥¥É ¸¨´£Ê²Ö·-
´µ¥ ¨´Ë· ±· ¸´µ¥ ¶µ¢¥¤¥´¨¥ ᾱs(q2) ∼ q−2, ³Ò ¶µ²ÊÎ ¥³ ²¨´¥°´µ · ¸ÉÊÐ¨°
´  ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ¶µÉ¥´Í¨ ² (3.28). ‘¨´£Ê²Ö·´µ¥ ¶µ¢¥¤¥´¨¥ ¨´¢ -
·¨ ´É´µ£µ § ·Ö¤  ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¸µµÉ¢¥É¸É¢Ê¥É  ¸¨³¶ÉµÉ¨Î¥¸±µ³Ê
¶µ¢¥¤¥´¨Õ β-ËÊ´±Í¨¨

β(λ) ' −λ (3.30)

¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨.
�¶¨¸ ´´µ¥ ¢ÒÏ¥ ¶·¥¤¸É ¢²¥´¨¥ µ ±µ´Ë °´³¥´É¥ ¨¸¶µ²Ó§µ¢ ´µ ¢ ·Ö¤¥

¶µ¤Ìµ¤µ¢. �¤´  ¨§ ¶¥·¢ÒÌ ¶µ¶ÒÉµ± µ¡Ñ¥¤¨´¨ÉÓ µ¶¨¸ ´¨¥ ³ ²ÒÌ ¨ ¡µ²ÓÏ¨Ì
· ¸¸ÉµÖ´¨°, ¨¸¶µ²Ó§ÊÖ ¥¤¨´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ , ¶·¥¤-
¶·¨´ÖÉ  ¢ · ¡µÉ¥ [91], £¤¥ ¡Ò²µ ¶·¥¤²µ¦¥´µ ¶·µ¸Éµ¥ ¶·¥¤¶¨¸ ´¨¥, ¸µ£² ¸´µ
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±µÉµ·µ³Ê ¨¸Ìµ¤´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¸¢µ¡µ¤´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¡¥£ÊÐ¥° ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ³µ¤¨Ë¨Í¨·Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

ᾱs(Q
2) =

4π

β0

1

ln(Q2/Λ2)
⇒ 4π

β0

1

ln(1 + Q2/Λ2)
. (3.31)

„²Ö É ±µ° ³µ¤¥²¨ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¸¢µ¡µ¤´µ¥ ¶µ¢¥¤¥-
´¨¥ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸µÌ· ´Ö¥É¸Ö,   ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ Ê ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ¶µÖ¢²Ö¥É¸Ö É·¥¡Ê¥³ Ö ¤²Ö ¶µ²ÊÎ¥´¨Ö ²¨´¥°´µ£µ ¶µÉ¥´Í¨ ²  ¸¨´-
£Ê²Ö·´µ¸ÉÓ. ’ ±¨³ µ¡· §µ³, ¢ [91] Ë¥´µ³¥´µ²µ£¨Î¥¸±¨° ±¢ ·±- ´É¨±¢ ·±µ¢Ò°
¶µÉ¥´Í¨ ² ¶µ²ÊÎ¥´ ´  µ¸´µ¢¥ £² ¤±µ° ³µ¤¥²Ó´µ° ¸Ï¨¢±¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ
¶µ¢¥¤¥´¨Ö ¶·¨ ¡µ²ÓÏ¨Ì ¨³¶Ê²Ó¸ Ì ¨ ¶·¥¤¶µ² £ ¥³µ° ¨´Ë· ±· ¸´µ°  ¸¨³¶-
ÉµÉ¨±¨. Šµ´¥Î´µ, É ±µ° ¶µ¤Ìµ¤ ´µ¸¨É ¨¸±²ÕÎ¨É¥²Ó´µ ³µ¤¥²Ó´Ò° Ì · ±É¥·.
�µ²¥¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¤ ´µ ¢ · ¡µÉ Ì [92Ä94],
£¤¥ ¢Ò¶µ²´¥´  ´ ²¨§ ´  µ¸´µ¢¥ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ˜¢¨´-
£¥· Å„ °¸µ´  ¸ Ö¢´Ò³ ÊÎ¥Éµ³ Éµ¦¤¥¸É¢ ‘² ¢´µ¢ Å’¥°²µ· . �ÉµÉ ¢µ¶·µ¸
¨§ÊÎ ²¸Ö É ±¦¥ ¨ ¢ ·¥Ï¥ÉµÎ´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ (¸³., ´ ¶·¨³¥·, µ¡§µ· [95]).

‘É É¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢, ¶µ²ÊÎ¥´´Ò° ¢ ¶¥·¢µ³
¶µ·Ö¤±¥ ‚’‚-· §²µ¦¥´¨Ö, ¡Ò² ´ °¤¥´ ¢ · ¡µÉ¥ [50], µ´ ¨§µ¡· ¦¥´ ´  ·¨¸. 5
¸¶²µÏ´µ° ²¨´¨¥°. „²Ö ¸· ¢´¥´¨Ö ÉµÎ¥Î´µ° ²¨´¨¥° µÉ³¥Î¥´ Ë¥´µ³¥´µ²µ£¨-
Î¥¸±¨° ¶µÉ¥´Í¨ ², ¢§ÖÉÒ° ¨§ [89], Ìµ·µÏµ ¸µ£² ¸ÊÕÐ¨°¸Ö ¸ ¤ ´´Ò³¨ ¶µ
³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨ ¨ ¡²¨§±¨° ± ‚’‚-¶µÉ¥´Í¨ ²Ê.

�¨¸. 5. ‘É É¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢. ‘¶²µÏ´ Ö ²¨´¨Ö ¸µµÉ¢¥É-
¸É¢Ê¥É ‚’‚-¶µÉ¥´Í¨ ²Ê, ÉµÎ¥Î´ Ö Å Ë¥´µ³¥´µ²µ£¨Î¥¸±µ³Ê ¶µÉ¥´Í¨ ²Ê [89], ±µÉµ·Ò°
Ìµ·µÏµ ¢µ¸¶·µ¨§¢µ¤¨É ¤ ´´Ò¥ ³¥§µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨

’ ±¨³ µ¡· §µ³, ¢ · ³± Ì ‚’‚-¶µ¤Ìµ¤  ¢µ§³µ¦´µ Ê¸É ´µ¢¨ÉÓ ¶µ¢¥¤¥´¨¥
¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨, ¨¸¶µ²Ó§ÊÖ ¤²Ö ÔÉµ£µ ¨´-
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Ëµ·³ Í¨Õ, ¢ÒÉ¥± ÕÐÊÕ ¨§ Ë¨§¨±¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨°. �·¥¦¤¥ Î¥³ ´¥¶µ-
¸·¥¤¸É¢¥´´µ ¶¥·¥°É¨ ± ÔÉµ³Ê ¢µ¶·µ¸Ê, ¢ ¦´µ · ¸¸³µÉ·¥ÉÓ ¶·µ¡²¥³Ê ¸É ¡¨²Ó-
´µ¸É¨ ¶µ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éµ¢.

�µ¶· ¢±¨ ¨ ¸É ¡¨²Ó´µ¸ÉÓ. �·µ¨§¢µ²Ó´ Ö ËÊ´±Í¨Ö ƒ·¨´  G(· · ·), µÉ¢¥Î -
ÕÐ Ö Î¥É´µ³Ê Î¨¸²Ê ¶µ²¥°, ¸ ÉµÎ´µ¸ÉÓÕ O(a5) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

G(· · ·) = g0(· · ·) +
a2

C
g2(· · ·) + 3

a3

C
g2(· · ·) +

+
a4

C2
[ 6C g2(· · ·) + g4(· · ·) ] +

+
a5

C2
[ 10C g2(· · ·) + 6 g4(· · ·) ] , (3.32)

£¤¥ (· · ·) µ¡µ§´ Î ¥É ´ ¡µ·  ·£Ê³¥´Éµ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ²¥°,   gk(· · ·) Ö¢²Ö-
ÕÉ¸Ö ±µÔËË¨Í¨¥´É ³¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö ¸ ¶ · ³¥É·µ³ λ, ±µÉµ·Ò¥
¢ Ëµ·³¥ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  § ¶¨¸Ò¢ ÕÉ¸Ö ± ±

g0(· · ·) =

∫
DA (· · ·) exp [ i S0 ] ,

g2(· · ·) =

∫
DA (· · ·)

[
(iS3)2

2!
+

(iS4)

1!

]
exp [ i S0 ] , (3.33)

g4(· · ·) =

∫
DA (· · ·)

[
(iS3)

4

4!
+

(iS4)
2

2!
+

(iS3)
2

2!

(iS4)

1!

]
exp [ i S0 ] .

�´ ²µ£¨Î´µ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ‚’‚-· §²µ¦¥´¨¥ ËÊ´±Í¨° ƒ·¨´  ¸ ´¥Î¥É-
´Ò³ Î¨¸²µ³ ¶µ²¥°.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Ì ´¨§³µ³ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ [83,84,86,96,
97] ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· C ¶µ¤¸É· ¨¢ ¥É¸Ö ¢ ± ¦¤µ³ ¶µ·Ö¤±¥  ¶¶·µ±¸¨-
³ Í¨¨, ¨¸Ìµ¤Ö ¨§ Éµ£µ ¨²¨ ¨´µ£µ ¶·¨´Í¨¶  µ¶É¨³¨§ Í¨¨. ‡¤¥¸Ó ³Ò ¢Ò¶µ²´¨³
¢ÒÎ¨¸²¥´¨Ö ´  Î¥ÉÒ·¥Ì Ê·µ¢´ÖÌ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ·Ö¤± ³  ¶¶·µ±¸¨³ Í¨¨
O(a2), O(a3), O(a4) ¨ O(a5), ¨ ¸· ¢´¨³ ¶µ²ÊÎ¥´´Ò¥ β-ËÊ´±Í¨¨.

�·¨³¥´ÖÖ · §³¥·´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ, ¨¸¶µ²Ó§ÊÖ ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ [98]
(¸³. É ±¦¥ µ¡§µ· [99]) ¨ ¶·µ¢µ¤Ö ¢ÒÎ¨¸²¥´¨Ö ¢ ±µ¢ ·¨ ´É´µ° ± ²¨¡·µ¢±¥ ¸
¶·µ¨§¢µ²Ó´Ò³ ± ²¨¡·µ¢µÎ´Ò³ ¶ · ³¥É·µ³ αG, ´ Ìµ¤¨³ ±µ´¸É ´ÉÊ ¶¥·¥´µ·-
³¨·µ¢±¨ § ·Ö¤  Zλ (λ0 = µ2εZλλ) [51]:

Z−1
λ =

Z3 Z̃
2
3

Z̃2
1

= 1 +
1

ε

[
a2

3C
(11N − 2Nf) +

a3

C
(11N − 2Nf ) + (3.34)

+
a4

6NC2

(
34N3 − 13N2Nf + 3Nf + 132CN2 − 24CNNf

)
+
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+
a5

3NC2

(
102N3 − 39N2Nf + 9Nf + 110CN2 − 20CNNf

) ]
,

£¤¥ Z3 ¨ Z̃3 Å ±µ´¸É ´ÉÒ ¶¥·¥´µ·³¨·µ¢±¨ £²Õµ´´ÒÌ ¨ ¤ÊÌµ¢ÒÌ ¶µ²¥°,  
Z̃1 Å ±µ´¸É ´É  ¶¥·¥´µ·³¨·µ¢±¨ ¢¥·Ï¨´Ò ¤ÊÌ-£²Õµ´-¤ÊÌ. �¥¶µ¸·¥¤¸É¢¥´-
´µ° ¶·µ¢¥·±µ° Ê¡¥¦¤ ¥³¸Ö, ÎÉµ, ± ± ¨ µ¦¨¤ ²µ¸Ó, ±µ´¸É ´É  ¶¥·¥´µ·³¨·µ¢±¨
§ ·Ö¤  Zλ ´¥ § ¢¨¸¨É µÉ ± ²¨¡·µ¢µÎ´µ£µ ¶ · ³¥É·  αG, ÎÉµ ¸²Ê¦¨É ¤µ¶µ²´¨-
É¥²Ó´Ò³ É¥¸Éµ³ ±µ··¥±É´µ¸É¨ ¢ÒÎ¨¸²¥´¨°.

‡´ Ö ±µ´¸É ´ÉÊ ¶¥·¥´µ·³¨·µ¢±¨ § ·Ö¤  Zλ, ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¸µµÉ¢¥É-
¸É¢ÊÕÐÊÕ (3.34) β-ËÊ´±Í¨Õ:

β(λ) = − 1

C2

a2

(2 + a)(1 − a)
2 × (3.35)

×
[
2β0a

2 + 9β0a
3 + 4

(
6β0 +

β1

2C

)
a4 + 5

(
10β0 + 6

β1

2C

)
a5

]
,

£¤¥ β0 ¨ β1 = 102− 38Nf/3 Å ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±µÔËË¨Í¨¥´ÉÒ β-ËÊ´±Í¨¨.

�¨¸. 6. �µ¢¥¤¥´¨¥ ËÊ´±Í¨¨ −β(k)(λ)/λ ¤²Ö k = 2, 3, 4, 5

�£· ´¨Î¨¢ Ö¸Ó ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ±µ´¸É ´ÉÒ ¶¥·¥´µ·³¨·µ¢±¨ (3.34) ¸² £ -
¥³Ò³¨ ¶µ·Ö¤±  O(a2), O(a3), O(a4) ¨ O(a5), ¶µ²ÊÎ¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉ¨³
¶·¨¡²¨¦¥´¨Ö³ Î¥ÉÒ·¥ β-ËÊ´±Í¨¨: β(2), β(3), β(4) ¨ β(5). �  ·¨¸. 6 ¶µ± § ´Ò
ËÊ´±Í¨¨ −β(k)(λ)/λ ¤²Ö ¶ · ³¥É·µ¢ C2 = 0, 977, C3 = 4, 1, C4 = 10, 4 ¨
C5 = 21, 5. ‚ÒÌµ¤ µÉ´µÏ¥´¨Ö −β(k)(λ)/λ ´  ¥¤¨´¨ÍÊ ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸µµÉ¢¥É¸É¢Ê¥É ¨´Ë· ±· ¸´µ° ¸¨´£Ê²Ö·´µ¸É¨ ¡¥£ÊÐ¥£µ
§ ·Ö¤  ᾱs(Q2) ∼ Q−2 ¶·¨ ³ ²ÒÌ Q2. ‚µ§· ¸É ´¨¥ ¢¥²¨Î¨´Ò ¢ ·¨ Í¨µ´´µ£µ
¶ · ³¥É·  Ck ¸ ·µ¸Éµ³ ¶µ·Ö¤±   ¶¶·µ±¸¨³ Í¨¨ ¢Ò§¢ ´µ É¥³¨ ¦¥ ¶·¨Î¨´ ³¨,
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ÎÉµ ¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¶·µ¸Éµ³ ¶·¨³¥·¥ ³¥Ì ´¨§³  ¨´¤ÊÍ¨·µ¢ ´´µ°
¸Ìµ¤¨³µ¸É¨.

„²Ö ¶µ²´µ£µ µ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¶ · ³¥É·µ¢ ¨§ Ë¨§¨±¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ-
´¨° · ¸¸³µÉ·¨³ ¶ · ³¥É· σ ¢ ²¨´¥°´µ° Î ¸É¨ ±¢ ·±µ¢µ£µ ¶µÉ¥´Í¨ ²  Vlin(r) =
σr. …£µ Ë¥´µ³¥´µ²µ£¨Î¥¸±µ¥ §´ Î¥´¨¥ ¸µ¸É ¢²Ö¥É σ ' 0, 15 ÷ 0, 20 ƒÔ‚2

[88Ä91]. ˆ´¢ ·¨ ´É´Ò° § ·Ö¤ ᾱs(Q2) ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¢¥¤¥É ¸¥¡Ö ± ±

ᾱs(Q
2) ' 3

2

σ

Q2
. (3.36)

„²Ö ´µ·³¨·µ¢±¨ ¶·¨ ´¥±µÉµ·µ³ Q0 ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ §´ Î¥´¨¥ ¨§ · -
¡µÉÒ [89] 3/2σ = 0, 2652 ƒÔ‚2 (σ = 0, 1768 ƒÔ‚2).

�¥´µ·³£·Ê¶¶µ¢ Ö Ô¢µ²ÕÍ¨Ö ¶ · ³¥É·  · §²µ¦¥´¨Ö a µ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥-
´¨¥³

Q = Q0 exp
[
φ(a,Nf ) − φ(a0, N

0
f )
]
, (3.37)

£¤¥

φ(a,Nf ) =
1

2

λ∫
dλ

β(λ)
, (3.38)

¨ β-ËÊ´±Í¨Ö µ¶·¥¤¥²¥´  ¸µ£² ¸´µ (3.35).

�¨¸. 7. � · ³¥É· σ(Q2) ± ± ËÊ´±Í¨Ö µ¡· É´µ£µ ¨³¶Ê²Ó¸  Q−1 ¤²Ö ÉµÎ¥± ´µ·³¨·µ¢±¨:
Q0 = 50 ŒÔ‚ (¸¶²µÏ´ Ö ±·¨¢ Ö) ¨ Q0 = 150 ŒÔ‚ (¶Ê´±É¨·´ Ö ±·¨¢ Ö). ƒµ·¨§µ´É ²Ó-
´Ò³¨ ¶·Ö³Ò³¨ µ¡µ§´ Î¥´ ¨´É¥·¢ ² §´ Î¥´¨° σ, ±µÉµ·Ò¥ ¸µ¢³¥¸É¨³Ò ¸ ¨³¥ÕÐ¨³¨¸Ö
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨

�µ¢¥¤¥´¨¥ σ(Q2) = 2/3Q2αs(Q
2) ± ± ËÊ´±Í¨¨ µ¡· É´µ£µ ¨³¶Ê²Ó¸  Q−1

(ÎÉµ¡Ò ¨³¥ÉÓ ´¥±µÉµ·ÊÕ  ´ ²µ£¨Õ ¸ · ¸¸ÉµÖ´¨¥³) ¶µ± § ´µ ´  ·¨¸. 7 ¤²Ö
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¤¢ÊÌ ÉµÎ¥± ´µ·³¨·µ¢±¨: Q0 = 50 ŒÔ‚ (¸¶²µÏ´ Ö ±·¨¢ Ö) ¨ Q0 = 150 ŒÔ‚
(¶Ê´±É¨·´ Ö ±·¨¢ Ö). �¥§Ê²ÓÉ É ¢ µ¡² ¸É¨ ³ ²ÒÌ ¨³¶Ê²Ó¸µ¢ Ê±² ¤Ò¢ ¥É¸Ö ¢
¨´É¥·¢ ² Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì µÍ¥´µ± σ ' 0, 15 ÷ 0, 20 ƒÔ‚2 (´  ·¨¸. 7 ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¨° ±µ·¨¤µ· µ¡µ§´ Î¥´ ¤¢Ê³Ö £µ·¨§µ´É ²Ó´Ò³¨ ¶·Ö³Ò³¨), ¨, ± ±
³µ¦´µ ¡Ò²µ ¡Ò µ¦¨¤ ÉÓ, ¸² ¡µ § ¢¨¸¨É µÉ ¢¥²¨Î¨´Ò Q0 ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ
Î¨¸²   ±É¨¢´ÒÌ ±¢ ·±µ¢ N0

f . ŒÒ ¶·µ¢¥²¨ · ¸Î¥É ¤²Ö N0
f = 3, ÎÉµ ¢Ò£²Ö¤¨É

· §Ê³´Ò³ ¤²Ö ´ Ï¨Ì Í¥²¥°, É ± ± ± §´ Î¨É¥²Ó´ Ö ¤µ²Ö ¨´Ëµ·³ Í¨¨ µ ´¥-
·¥²ÖÉ¨¢¨¸É¸±µ³ ¶µÉ¥´Í¨ ²¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ±¢ ·±µ¢ ¸±² ¤Ò¢ ¥É¸Ö ´  µ¸´µ¢¥
¤ ´´ÒÌ µ ¸¥³¥°¸É¢¥ Î ·³µ´¨Ö. �É³¥É¨³, É¥³ ´¥ ³¥´¥¥, ÎÉµ ¸¨²Ó´µ° ÎÊ¢¸É¢¨-
É¥²Ó´µ¸É¨ ± Î¨¸²Ê  ±É¨¢´ÒÌ ±¢ ·±µ¢ N0

f §¤¥¸Ó ´¥É, ¨, ´ ¶·¨³¥·, ¤²Ö N0
f = 2

¢µ§´¨± ÕÉ ¡²¨§±¨¥ ·¥§Ê²ÓÉ ÉÒ.
’ ±¨³ µ¡· §µ³, ¢¸¥ ¶ · ³¥É·Ò ´ °¤¥´Ò ´  µ¸´µ¢¥ ¨´Ëµ·³ Í¨¨ ´¥¶¥·-

ÉÊ·¡ É¨¢´µ£µ Ì · ±É¥· , ¢ÒÉ¥± ÕÐ¥° ¨§ ¸¶¥±É·µ¸±µ¶¨¨ ³¥§µ´µ¢. ‡ ±µ´ Ô¢µ-
²ÕÍ¨¨ ¶ · ³¥É·  · §²µ¦¥´¨Ö a = a(Q2), µ¶·¥¤¥²Ö¥³Ò° Ê· ¢´¥´¨¥³ (3.37),
¶µ§¢µ²Ö¥É ´ °É¨ ¨´¢ ·¨ ´É´Ò° § ·Ö¤ ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨. ’ ±, ¶·¨
´ °¤¥´´ÒÌ ¢ÒÏ¥ ¶ · ³¥É· Ì ´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò Z-¡µ§µ´  ¶µ²ÊÎ ¥³ ᾱs(MZ =
91, 2 ƒÔ‚) = 0, 126. “Î¨ÉÒ¢ Ö, ÎÉµ ¢¸¥ ¶ · ³¥É·Ò ¡Ò²¨ Ë¨±¸¨·µ¢ ´Ò ´ 
µ¸´µ¢¥ ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´µ° ¨´Ëµ·³ Í¨¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¨´Ë· -
±· ¸´µ° µ¡² ¸É¨, ´ °¤¥´´µ¥ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ°
µ¡² ¸É¨ ¢Ò£²Ö¤¨É ¢¶µ²´¥ · §Ê³´Ò³. ’ ±¨³ µ¡· §µ³, ¤¨ ¶ §µ´ ¶·¨³¥´¨³µ-
¸É¨ ‚’‚-³¥Éµ¤  §´ Î¨É¥²Ó´µ Ï¨·¥, Î¥³ ¢ ¸²ÊÎ ¥ µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥-
´¨°. ‚ · ³± Ì ÔÉµ£µ ¶µ¤Ìµ¤  Ê¤ ¥É¸Ö ¸ ¥¤¨´ÒÌ ¶µ§¨Í¨° · ¸¸³ É·¨¢ ÉÓ ´¥
Éµ²Ó±µ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÊÕ µ¡² ¸ÉÓ ³ ²ÒÌ §´ Î¥´¨° ±µ´¸É ´ÉÒ ¸¢Ö§¨, ´µ ¨ ¸Ê-
Ð¥¸É¢¥´´µ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ ¨´Ë· ±· ¸´ÊÕ µ¡² ¸ÉÓ.

4. e+e−-���ˆƒˆ‹Ÿ–ˆŸ ‚ �„���› ‚ ��‹�‘’ˆ �ˆ‡Šˆ•
��…�ƒˆ‰

�·¨  ¶¶·µ±¸¨³ Í¨¨ ´¥±µÉµ·µ° Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò, ´ ¶·¨³¥·, ¨§¢¥¸É-
´µ£µ R(s)-µÉ´µÏ¥´¨Ö ¤²Ö ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò, ´¥±µÉµ·µ°
Î ¸É¨Î´µ° ¸Ê³³µ° ·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¸ ¸¨²Ê µ¡·Ò¢  ÔÉµ£µ ·Ö¤  ¢µ§-
´¨± ¥É ¢ ¦´ Ö ¶·µ¡²¥³  § ¢¨¸¨³µ¸É¨ ·¥§Ê²ÓÉ Éµ¢ µÉ ¶·¨³¥´Ö¥³µ° ·¥´µ·-
³ ²¨§ Í¨µ´´µ° ¸Ì¥³Ò. ‚ µ¸µ¡¥´´µ¸É¨ É ± Ö § ¢¨¸¨³µ¸ÉÓ ¶·µÖ¢²Ö¥É¸Ö ¢´¥
 ¸¨³¶ÉµÉ¨Î¥¸±µ° Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸É¨. ‘ µ¤´µ° ¸Éµ·µ´Ò, ¢µ§´¨± Õ-
Ð Ö § ¢¨¸¨³µ¸ÉÓ Ë¨§¨Î¥¸±µ° ¢¥²¨Î¨´Ò µÉ ·¥´µ·³ ²¨§ Í¨µ´´µ° ¸Ì¥³Ò ³µ¦¥É
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¤µ¸ ¤´Ò° Ë ±É. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶µÖ¢²Ö¥É¸Ö ¤µ¶µ²´¨-
É¥²Ó´ Ö ¸É¥¶¥´Ó ¸¢µ¡µ¤Ò, ±µÉµ·ÊÕ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¶µ¸É·µ¥´¨Ö µ¶É¨-
³ ²Ó´µ£µ · §²µ¦¥´¨Ö, µ¡² ¤ ÕÐ¥£µ ¶µ ¸· ¢´¥´¨Õ ¸ µ¡ÒÎ´µ° É¥µ·¨¥° ¢µ§³Ê-
Ð¥´¨° ¡µ²¥¥ Ï¨·µ±µ° µ¡² ¸ÉÓÕ ¶·¨³¥´¨³µ¸É¨. ‚ Î ¸É´µ¸É¨, ± ± ¶µ± § ´µ ¢
· ¡µÉ Ì [100Ä102], ´  ÔÉµ³ ¶ÊÉ¨ Ê¤ ¥É¸Ö · ¸Ï¨·¨ÉÓ µ¡² ¸ÉÓ, Ì · ±É¥·´ÊÕ ¤²Ö
µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¨ ¶·µ¤¢¨´ÊÉÓ¸Ö ¢ µ¡² ¸ÉÓ ´¨§±¨Ì Ô´¥·£¨°. �µ-
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²ÊÎ¥´´Ò° ¢ ÔÉ¨Ì · ¡µÉ Ì ·¥§Ê²ÓÉ É µ¸´µ¢ ´ ´  µ¶É¨³¨§ Í¨¨ ¸Ì¥³´µ° § ¢¨¸¨-
³µ¸É¨, ¢µ§´¨± ÕÐ¥° ¢ É·¥ÉÓ¥³ ¶µ·Ö¤±¥ ¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¨. �·¨
ÔÉµ³ ¨¸¶µ²Ó§µ¢ ²¨¸Ó ÊÉµÎ´¥´´Ò¥ ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±µÔËË¨Í¨¥´ÉÒ [103, 104],
  ¤²Ö µ¶É¨³¨§ Í¨¨ ¸Ì¥³´µ° § ¢¨¸¨³µ¸É¨ ¢ · ¡µÉ Ì [101, 102] ¡Ò² ¢Ò¡· ´
¶·¨´Í¨¶ ³¨´¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨ [96,97]. ‚ · ¡µÉ¥ [100] ¤²Ö  ´ ²¨§ 
· ¸¸³ É·¨¢ ¥³µ£µ §¤¥¸Ó ¶·µÍ¥¸¸  e+e−-  ´´¨£¨²ÖÍ¨¨ ¶·¨³¥´Ö²¸Ö É ±¦¥ ¨´µ°
¸¶µ¸µ¡ µ¶É¨³¨§ Í¨¨ ¸Ì¥³´µ° § ¢¨¸¨³µ¸É¨, ¨¸¶µ²Ó§ÊÕÐ¨° ³¥Éµ¤ ÔËË¥±É¨¢-
´ÒÌ § ·Ö¤µ¢ [105]. �É³¥É¨³ §¤¥¸Ó, ÎÉµ § ¢¨¸¨³µ¸ÉÓ µÉ ¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢µ±
³µ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ Ê³¥´ÓÏ¥´  ¢  ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨° [106].

�·¨³¥´¨³ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö µ¶¨¸ ´¨Ö R(s)-µÉ´µÏ¥´¨Ö ¢ ¶·µ-
Í¥¸¸¥ e+e−- ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò. „²Ö Ê¤µ¡¸É¢  ¸· ¢´¥´¨Ö, É ± ¦¥, ± ± ¨
¢ [102], ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¨´É¥·¢ ² Q =

√
s µÉ 0 ¤µ 6 ƒÔ‚. ˆ¸¶µ²Ó§µ-

¢ ´¨¥ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ´¥¶µ¸·¥¤¸É¢¥´´µ£µ µ¶¨¸ ´¨Ö Ô±¸¶¥·¨-
³¥´É ²Ó´µ ´ ¡²Õ¤ ¥³µ° ¢¥²¨Î¨´Ò R(s) ¶·¨ ³ ²ÒÌ s ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§-
³µ¦´Ò³ ¢¢¨¤Ê ´ ²¨Î¨Ö ¶µ·µ£µ¢ÒÌ ¸¨´£Ê²Ö·´µ¸É¥° ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ · §²µ¦¥-
´¨¨ ¢¨¤  (αs/v)n. ‚ · ¡µÉ¥ [107] ¡Ò² ¶·¥¤²µ¦¥´ É ± ´ §Ò¢ ¥³Ò° ©¸³¨·¨´£ª-
³¥Éµ¤, ¶µ§¢µ²ÖÕÐ¨° ¶·µ¢¥¸É¨ ¸· ¢´¥´¨¥ ¸ µ¶ÒÉµ³. ‘µ£² ¸´µ [107] ¶·µ¡²¥³ 
·¥§µ´ ´¸µ¢ ¨ ¶µ·µ£µ¢ÒÌ ¸¨´£Ê²Ö·´µ¸É¥° ·¥Ï ¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‚³¥-
¸Éµ ¨¸Ìµ¤´µ° ¢¥²¨Î¨´Ò R(s), ±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¸± Îµ± ±µ··¥²ÖÍ¨-
µ´´µ° ËÊ´±Í¨¨ Π(s) ´  · §·¥§¥

R(s) =
1

2i
[ Π(s+ iε)−Π(s− iε) ] , (4.1)

¶·¥¤² £ ¥É¸Ö ¢¢¥¸É¨ ©¸³¨·¨´£ª-¢¥²¨Î¨´Ê

R∆(s) =
1

2i
[ Π(s+ i∆)−Π(s− i∆) ] (4.2)

¸ ´¥±µÉµ·Ò³ ±µ´¥Î´Ò³ §´ Î¥´¨¥³ ∆. „²Ö §´ Î¥´¨° s ¢¡²¨§¨ ¶µ·µ£  ¢¥-
²¨Î¨´  (4.1) µ± §Ò¢ ¥É¸Ö µÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´µ° ± ¶µ·µ£µ¢Ò³ ¸¨´£Ê²Ö·´µ-
¸ÉÖ³, ¶·¨ ¶µ¤Ìµ¤¥ ± ±µÉµ·Ò³ ¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ ¶¥·¥¸É ¥É · ¡µ-
É ÉÓ. �É¸ÉÊ¶¨¢ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ q2 µÉ ¢¥Ð¥¸É¢¥´´µ° µ¸¨ ´  ±µ´¥Î-
´ÊÕ ¢¥²¨Î¨´Ê ∆, ± ± ¢ ¢Ò· ¦¥´¨¨ (4.2), ³µ¦´µ · ¸¸Î¨ÉÒ¢ ÉÓ ´  Éµ, ÎÉµ ¶·¨
¨¸¶µ²Ó§µ¢ ´¨¨ ±µ··¥±É´µ° ¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¨ ³µ¦´µ µ¶¨¸ ÉÓ
R∆(s) (4.2). �Í¥´±  ¶ · ³¥É·  ∆, ±µÉµ·ÊÕ ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ÔË-
Ë¥±É¨¢´µ£µ ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, ¤ ´  ¢ · ¡µÉ¥ [107]
¨ ¨³¥¥É ¶µ·Ö¤µ± 1÷ 3 ƒÔ‚2.

©�±¸¶¥·¨³¥´É ²Ó´ Öª ±·¨¢ Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö (4.2), ¢µ§´¨± ¥É, ¥¸²¨,
¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¤¨¸¶¥·¸¨µ´´Ò³ ¸µµÉ´µÏ¥´¨¥³

Π(q2) = const +
1

π

∫ ∞
0

ds
R(s)

s− q2 − i ε , (4.3)
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¶¥·¥¶¨¸ ÉÓ ¢Ò· ¦¥´¨¥ (4.2) ¢ ¢¨¤¥

R∆(s) =
∆

π

∫ ∞
0

ds′
R(s′)

(s− s′)2 + ∆2
. (4.4)

�µ¤¸É ¢¨¢ ¸Õ¤  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Ë¨É Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ e+e−-
 ´´¨£¨²ÖÍ¨¨ Rexp(s), ³µ¦´µ ´ °É¨ Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ ±·¨¢ÊÕ, µÉ¢¥Î ÕÐÊÕ
ËÊ´±Í¨¨ (4.2). „²Ö ´¥±µÉµ·ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ∆, µÍ¥´±¨ ±µÉµ·µ£µ ¤ ´Ò
¢ [107], É ±¨¥ ±·¨¢Ò¥ ¡Ò²¨ ´ °¤¥´Ò ¢ [101,102]. �Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¨Ì ¤²Ö
¸· ¢´¥´¨Ö ¸ ¶µ²ÊÎ¥´´Ò³¨ ´  µ¸´µ¢¥ · ¸¸³ É·¨¢ ¥³µ£µ ¶µ¤Ìµ¤  ·¥§Ê²ÓÉ É ³¨.

�·¨ · ¸¸³µÉ·¥´¨¨ ©¸³¨·¨´£ª-¢¥²¨Î¨´ É·Ê¤´µ¸É¨ ¸ ³ ²Ò³¨ v ´¥ ¢µ§´¨-
± ¥É. ’¥³ ´¥ ³¥´¥¥ ¶·Ö³µ¥ ¶·¨³¥´¥´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö µ¶¨¸ ´¨Ö
R∆(s) ¢¸¥ ¥Ð¥ ´¥¢µ§³µ¦´µ. „¥°¸É¢¨É¥²Ó´µ, R-µÉ´µÏ¥´¨¥ ¢ ¢Ò· ¦¥´¨¨ (4.4),
¶ · ³¥É·¨§µ¢ ´´µ¥ ¸ ¶µ³µÐÓÕ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¸ ´¥Ë¨§¨Î¥¸±¨³¨ ¸¨´£Ê-
²Ö·´µ¸ÉÖ³¨, ¶·¨¢µ¤¨É ± · ¸Ìµ¤¨³µ¸É¨ ¨´É¥£· ²  ¢ (4.4). ’ ±¨³ µ¡· §µ³, ´¥-
¸³µÉ·Ö ´  Éµ, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥ ©¸³¨·¨´£ª-¢¥²¨Î¨´Ò (4.2) ¶µ§¢µ²Ö¥É µ¡µ°É¨
§ É·Ê¤´¥´¨¥ ¸ ¶µ·µ£µ¢Ò³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨, ¢µ§´¨± ¥É ¶·µ¡²¥³ , ¸¢Ö§ ´´ Ö ¸
¶µ¢¥¤¥´¨¥³ ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨. �·¨³¥´¥´¨¥ ³¥Éµ¤ 
‚’‚ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¨§¡¥¦ ÉÓ ÔÉµ° É·Ê¤´µ¸É¨.

�£· ´¨Î¨³¸Ö ¶¥·¢Ò³ ´¥É·¨¢¨ ²Ó´Ò³ ¶µ·Ö¤±µ³, µ¶·¥¤¥²Ö¥³Ò³ ‚’‚-· §-
²µ¦¥´¨¥³ (3.21). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²ÊÎ ¥³

R(s) = 3
∑
f

Q2
f T (vf) θ(s− 4m2

f )

[
1 + g(vf )

αeff(Q)

π

]
. (4.5)

”Ê´±Í¨¨ vf (s), T (v) ¨ g(v) µ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ∗:

vf =
√

1− 4m2
f/s ,

T (v) =
v(3− v2)

2
, (4.6)

g(v) =
4π

3

[
π

2v
− 3 + v

4

(
π

2
− 3

4π

)]
.

„²Ö αeff(Q)/π · ¸¸³µÉ·¨³ ¤¢  ¢Ò· ¦¥´¨Ö, ±µÉµ·Ò¥ µÉ¢¥Î ÕÉ · §²¨Î´Ò³ Ê·µ¢-
´Ö³  ¶¶·µ±¸¨³ Í¨¨, ¸µµÉ¢¥É¸É¢¥´´µ, O(a2) ¨ O(a3):

α
(2)
eff

π
=

4

C2
a2 ,

α
(3)
eff

π
=

4

C3
a2(1 + 3 a) . (4.7)

∗”Ê´±Í¨Ö g(v) ¢ (4.6) µÉ¢¥Î ¥É ¨´É¥·¶µ²ÖÍ¨µ´´µ° Ëµ·³Ê²¥ ˜¢¨´£¥·  [108]. ’µÎ´Ò¥ ¢Ò· -
¦¥´¨Ö ¤²Ö ¤¢ÊÌ¶¥É²¥¢ÒÌ ³ ¸¸¨¢´ÒÌ ±µ··¥²ÖÉµ·µ¢, ±µÉµ·Ò¥ ¡Ê¤ÊÉ ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¢ ¤ ²Ó´¥°Ï¥³
¶·¨ · ¸¸³µÉ·¥´¨¨ ¶· ¢¨² ¸Ê³³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨, ¶·¨¢¥¤¥´Ò ¢ ¶·¨²µ¦¥´¨¨ B.
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‡´ Î¥´¨Ö ¶ · ³¥É·µ¢ C2 ¨ C3 ´¥ ¸¢Ö§ ´Ò ¸ Ë¨É¨·µ¢ ´¨¥³ e+e−-Ô±¸¶¥·¨-
³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ,   ¡Ò²¨ ´ °¤¥´Ò ´ ³¨ · ´¥¥ ¨§ Ê¸²µ¢¨Ö, ÎÉµ ·¥´µ·³£·Ê¶-
¶µ¢ Ö β-ËÊ´±Í¨Ö ¢¥¤¥É ¸¥¡Ö ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ
¸¢Ö§¨ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: β(λ) ' −λ. ’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¸µµÉ¢¥É¸É¢Ê¥É ¸¨´-
£Ê²Ö·´µ³Ê ¨´Ë· ±· ¸´µ³Ê ¶µ¢¥¤¥´¨Õ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  αs(Q2) ∼ Q−2 ¨
µ¡¥¸¶¥Î¨¢ ¥É ²¨´¥°´Ò° ·µ¸É ¸É É¨Î¥¸±µ£µ ±¢ ·±- ´É¨±¢ ·±µ£µ ¶µÉ¥´Í¨ ²  ´ 
¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ. ’ ±¨³ µ¡· §µ³, ³Ò Ë¨±¸¨·Ê¥³ ¶ · ³¥É·Ò Ci, Ë¨£Ê·¨-
·ÊÕÐ¨¥ ¢ (4.7), µ¸´µ¢Ò¢ Ö¸Ó ´  ¤ ´´ÒÌ ¶µ  ¤·µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨. �Éµ, ± ±
¡Ò²µ µÉ³¥Î¥´µ ¢ÒÏ¥, ¤ ¥É: C2 = 0, 977 ¨ C3 = 4, 1. „²Ö ³ ¸¸ ±¢ ·±µ¢, É ± ¦¥
± ± ¨ ¢ [102], ¢µ§Ó³¥³ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö: mu = 5, 6 ŒÔ‚, md = 9, 9 ŒÔ‚,
ms = 199 ŒÔ‚, mc = 1, 350 ƒÔ‚ ¨ mb = 4, 75 ƒÔ‚.

�¥£ÊÐ¨° ¶ · ³¥É· · §²µ¦¥´¨Ö ± ± ËÊ´±Í¨Ö ¨³¶Ê²Ó¸  Q µ¶·¥¤¥²Ö¥É¸Ö ¨§
Ê· ¢´¥´¨Ö

Q = Q0 exp

{
Ci

4 β0
[ fi(a) − fi(a0) ]

}
, (4.8)

£¤¥

f2(a) =
2

a2
+

12

a
+ 21 ln

1− a
a
− 9

1− a ,

f3(a) =
2

a2
− 6

a
− 48 lna− 18

11

1

1− a +
624

121
ln (1− a) + (4.9)

+
5184

121
ln (1 +

9

2
a) .

�¨¸. 8. �µ¢¥¤¥´¨¥ ËÊ´±Í¨° α(2)
eff /π (Éµ-

Î¥Î´ Ö ±·¨¢ Ö), α(3)
eff /π (¸¶²µÏ´ Ö) ¢

‚’‚-¶µ¤Ìµ¤¥ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° µ¤-
´µ¶¥É²¥¢µ° ¶¥·ÉÊ·¡ É¨¢´µ° ±µ´¸É ´ÉÒ
¸¢Ö§¨ αs (¶Ê´±É¨·)

„²Ö µ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¶ · ³¥É·µ¢
¢µ¸¶µ²Ó§Ê¥³¸Ö ´µ·³¨·µ¢±µ° αeff(Q0) =
α0,   ¢ ± Î¥¸É¢¥ Q0 ¢Ò¡¥·¥³ §´ Î¥´¨¥
³ ¸¸Ò Z-¡µ§µ´  Q0 = MZ = 91, 2 ƒÔ‚
¨ α0 = 0, 12, ¶µ¸²¥ Î¥£µ ¸¢µ¡µ¤´ÒÌ ¶ -
· ³¥É·µ¢ ´¥ µ¸É ¥É¸Ö. �É³¥É¨³, ÎÉµ ¶·¨
ÔÉµ³ ± ± Ö-²¨¡µ ¨´Ëµ·³ Í¨Ö, ¢ÒÉ¥± Õ-
Ð Ö ¨§ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¤ ´´ÒÌ ¶µ
e+e−- ´´¨£¨²ÖÍ¨¨, ´¥ ¨¸¶µ²Ó§Ê¥É¸Ö.

�  ·¨¸. 8 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±-

Í¨° α
(2)
eff /π ¨ α

(3)
eff /π, µ¶·¥¤¥²¥´´ÒÌ ¸µ-

£² ¸´µ (4.7), ±µÉµ·Ò¥ ¶· ±É¨Î¥¸±¨ ¸µ-
¢¶ ¤ ÕÉ ¤·Ê£ ¸ ¤·Ê£µ³. „²Ö ¸· ¢´¥´¨Ö
³Ò É ±¦¥ ¶·¨¢µ¤¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥
¶¥·ÉÊ·¡ É¨¢´µ³Ê ¸²ÊÎ Õ ¶µ¢¥¤¥´¨¥ µ¤-
´µ¶¥É²¥¢µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. �²¨§µ¸ÉÓ
‚’‚-±·¨¢ÒÌ, ¶·¥¤¸É ¢²¥´´ÒÌ ´  ·¨¸. 8, ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ¡ Ê¸Éµ°Î¨¢µ¸É¨
·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ ¥³ÒÌ ¢ · §²¨Î´ÒÌ ¶µ·Ö¤± Ì ‚’‚- ¶¶·µ±¸¨³ Í¨¨. Š ±
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³Ò ¢¨¤¥²¨ ¢ÒÏ¥,  ´ ²µ£¨Î´ Ö ± ·É¨´  ¢ Ï¨·µ±µ° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ ´ ¡²Õ¤ ¥É¸Ö ¨ ¤²Ö β-ËÊ´±Í¨°, µÉ¢¥Î ÕÐ¨Ì · §²¨Î´Ò³ Ê·µ¢-
´Ö³ ¶·¨¡²¨¦¥´¨°. ’ ± Ö ¦¥ Ê¸Éµ°Î¨¢µ¸ÉÓ ¶µ µÉ´µÏ¥´¨Õ ± ÊÎ¥ÉÊ ¸²¥¤Ê-
ÕÐ¨Ì ¶¥É²¥¢ÒÌ ¶µ¶· ¢µ± ¨³¥¥É ³¥¸Éµ ¨ ¤²Ö ©¸³¨·¨´£ª-¢¥²¨Î¨´Ò (4.4).

�¨¸. 9. ƒ· Ë¨± ©¸³¨·¨´£ª-¢¥²¨Î¨´Ò
R∆ ¤²Ö ∆ = 3 ƒÔ‚2. ‘¶²µÏ´ Ö ±·¨¢ Ö
¸µµÉ¢¥É¸É¢Ê¥É ‚’‚-·¥§Ê²ÓÉ ÉÊ. �±¸¶¥-
·¨³¥´É ²Ó´ Ö ©¸³¨·¨´£ª-±·¨¢ Ö, µ¡µ-
§´ Î¥´´ Ö ¤²¨´´Ò³ ¶Ê´±É¨·µ³, ¢§ÖÉ 
¨§ [102]. �¥§Ê²ÓÉ É µ¶É¨³¨§ Í¨¨ É·¥-
ÉÓ¥£µ ¶µ·Ö¤±  ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ-
¦¥´¨Ö, ¢Ò¶µ²´¥´´Ò° ¢ [102] ´  µ¸´µ¢¥
¶·¨´Í¨¶  ³¨´¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó-
´µ¸É¨, µ¡µ§´ Î¥´ ¶Ê´±É¨·´µ° ²¨´¨¥°

�µ¢¥¤¥´¨¥ ´ °¤¥´´µ° ËÊ´±Í¨¨ R∆

¤²Ö ∆ = 3 ƒÔ‚2 ¤¥³µ´¸É·¨·Ê¥É¸Ö ´ 
·¨¸. 9 (¤¢¥ ±·¨¢Ò¥, µÉ¢¥Î ÕÐ¨¥ ËÊ´±-
Í¨Ö³ (4.7), ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ, ¨
³Ò ¶·¨¢µ¤¨³ ²¨ÏÓ £· Ë¨±, ¸µµÉ¢¥É-

¸É¢ÊÕÐ¨° α
(3)
eff ). �±¸¶¥·¨³¥´É ²Ó´ Ö

©¸³¨·¨´£ª-±·¨¢ Ö ¢§ÖÉ  ¨§ [102]. ŒÒ
¶·¨¢¥²¨ É ±¦¥ É¥µ·¥É¨Î¥¸±¨° · ¸Î¥É ¨§
ÔÉµ° · ¡µÉÒ, ¶µ²ÊÎ¥´´Ò° ¶·¨ µ¶É¨³¨-
§ Í¨¨ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¶¥·ÉÊ·¡ É¨¢´µ£µ
· §²µ¦¥´¨Ö ´  µ¸´µ¢¥ ¶·¨´Í¨¶  ³¨´¨-
³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨. ’ ±¨³ µ¡· -
§µ³, ·¥§Ê²ÓÉ É, ´ °¤¥´´Ò° Ê¦¥ ¢ ¶¥·-
¢µ³ ¶µ·Ö¤±¥ ‚’‚, ¤µ¸É ÉµÎ´µ Ìµ·µÏµ
¢µ¸¶·µ¨§¢µ¤¨É Ô±¸¶¥·¨³¥´É ²Ó´ÊÕ ±·¨-
¢ÊÕ ¨ ¡²¨§µ± ± ·¥§Ê²ÓÉ ÉÊ, ¶µ²ÊÎ¥´-
´µ³Ê ´  µ¸´µ¢¥ µ¶É¨³¨§ Í¨¨ É·¥ÉÓ¥£µ
¶µ·Ö¤±  µ¡ÒÎ´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.
ˆ´É¥·¥¸´µ, ÎÉµ  ´ ²µ£¨Î´ Ö ¸¨ÉÊ Í¨Ö
¨³¥¥É ³¥¸Éµ ¨ ¢  ´ ²¨É¨Î¥¸±µ° É¥-
µ·¨¨ ¢µ§³ÊÐ¥´¨° [106], ¢ ±µÉµ·µ°,
É ± ¦¥, ± ± ¢ ‚’‚-¶µ¤Ìµ¤¥, ¸ÊÐ¥¸É¢Ê¥É
¨´Ë· ±· ¸´µ-¸É ¡¨²Ó´ Ö ÉµÎ± .

‚ ¶µ¸²¥¤´¥¥ ¢·¥³Ö Ï¨·µ±µ µ¡¸Ê¦¤ ¥É¸Ö ¢µ¶·µ¸ µ ©§ ³µ·µ§±¥ª ±µ´¸É ´ÉÒ
¸¢Ö§¨ Š•„ ¶·¨ ³ ²ÒÌ Ô´¥·£¨ÖÌ. ‚ ´¥µ¡Ìµ¤¨³µ¸É¨ É ±µ° ©§ ³µ·µ§±¨ª ´Ê¦¤ -
ÕÉ¸Ö ³´µ£¨¥ µ¸´µ¢ ´´Ò¥ ´  Š•„ ³µ¤¥²Ó´Ò¥ ¶µ¤Ìµ¤Ò (¸³. ¶µ¤·µ¡´µ¥ µ¡¸Ê-
¦¤¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸  ¢ [102] ¨ Í¨É¨·Ê¥³ÊÕ É ³ ²¨É¥· ÉÊ·Ê). Š ¸µ¦ ²¥´¨Õ,
¶·Ö³µ° Ô±¸¶¥·¨³¥´É ²Ó´µ° ¨´Ëµ·³ Í¨¨ µ ¶µ¢¥¤¥´¨¨ Š•„ ±µ´¸É ´ÉÒ ¸¢Ö§¨
¢ £²Ê¡µ±µ¨´Ë· ±· ¸´µ° µ¡² ¸É¨ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥ ¨³¥¥É¸Ö. ‘ÊÐ¥¸É¢ÊÕÉ
²¨ÏÓ ´¥±µÉµ·Ò¥ ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ É ±µ£µ ¶µ¢¥¤¥´¨Ö. �¤´  ¨§
´¨Ì, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ©¸³¨·¨´£ª-¢¥²¨Î¨´¥ R∆, ¡Ò²  · ¸¸³µÉ·¥´  ¢ÒÏ¥. ‚
± Î¥¸É¢¥ ¤·Ê£µ° Ê¤µ¡´µ° ¤²Ö ¸· ¢´¥´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ° ¢¥²¨Î¨´Ò ¡Ê¤¥³
¨¸¶µ²Ó§µ¢ ÉÓ §¤¥¸Ó ´¥ § ¢¨¸ÖÐ¨° µÉ Ë¨É¨·µ¢ ´¨Ö ¤ ´´ÒÌ ¨´É¥£· ² [109]:

I =

∫ 1ƒÔ‚

0

dQ
αeff
s (Q)

π
' 0, 2 ƒÔ‚ , (4.10)

¢¥²¨Î¨´Ê ±µÉµ·µ£µ ÊÌ¨É·ÖÕÉ¸Ö ¨§¢²¥± ÉÓ ¨§ Ë¨§¨±¨ ¸É·Ê°. ‚ ´ Ï¥³ ¸²ÊÎ ¥
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¤²Ö α(2)
eff §´ Î¥´¨¥ ÔÉµ£µ ¨´É¥£· ²  · ¢´µ 0,239 ƒÔ‚,   ¤²Ö α(3)

eff ¨´É¥£· ² · ¢¥´
0,237 ƒÔ‚.

‚ÒÏ¥ ³Ò · ¸¸³µÉ·¥²¨ ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢ ¢ ±¢ ´Éµ-
¢µ° Ì·µ³µ¤¨´ ³¨±¥, ¨¸¶µ²Ó§ÊÖ ·¥´µ·³ ²¨§ Í¨µ´´Ò¥ ¶·¥¤¶¨¸ ´¨Ö ¨§ ±² ¸¸ 
MS-¸Ì¥³. �¡µ¡Ð¥´¨Õ ´  ¸²ÊÎ ° MOM-¸Ì¥³Ò ¶¥·¥´µ·³¨·µ¢µ± ¶µ¸¢ÖÐ¥´Ò
· ¡µÉÒ [64,66Ä68]. �·¨ ÔÉµ³ µ± § ²µ¸Ó, ÎÉµ ¤²Ö ËÊ´±Í¨¨ R∆(s) ¶µ²ÊÎ ¥É¸Ö
·¥§Ê²ÓÉ É, ±µÉµ·Ò° ¢¥¸Ó³  ¡²¨§µ± ± · ¸¸³µÉ·¥´´µ³Ê ¢ÒÏ¥ MS-¸²ÊÎ Õ. �ÉµÉ
Ë ±É ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ¸Ì¥³´µ° ¸É ¡¨²Ó´µ¸É¨ ‚’‚-¶µ¤Ìµ¤ .

5. ˆ�Š‹�‡ˆ‚�›‰ ��‘��„ τ -‹…�’���

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ³¥Éµ¤µ³ ·¥´µ·³ ²¨§ Í¨µ´´µ° £·Ê¶¶Ò [1] ¨´¢ ·¨ ´É´Ò°
§ ·Ö¤ µ¶·¥¤¥²Ö¥É¸Ö ¢ ¶·µ¸É· ´¸É¢¥´´µ-¶µ¤µ¡´µ° ¥¢±²¨¤µ¢µ° µ¡² ¸É¨. „²Ö ¶ -
· ³¥É·¨§ Í¨¨ ¢ · ³± Ì ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ ¶·µÍ¥¸¸µ¢, ¤²Ö ±µÉµ·ÒÌ
Ì · ±É¥·´Ò³¨ Ö¢²ÖÕÉ¸Ö ¢·¥³¥´¨¶µ¤µ¡´Ò¥ ¨³¶Ê²Ó¸Ò, ± ±, ¸± ¦¥³, ¢ ¶·µ-
Í¥¸¸¥ e+e−- ´´¨£¨²ÖÍ¨¨, É·¥¡Ê¥É¸Ö ¸¶¥Í¨ ²Ó´ Ö ¶·µÍ¥¤Ê·  © ´ ²¨É¨Î¥¸±µ£µ
¶·µ¤µ²¦¥´¨Öª. ‚ · ³± Ì ¶¥·ÉÊ·¡ É¨¢´µ£µ ¶µ¤Ìµ¤  ÔÉµÉ ¢µ¶·µ¸ · ¸¸³ É·¨-
¢ ²¸Ö ¢ · ¡µÉ Ì [103, 110Ä113]. Š ± ¸É ´¥É ¶µ´ÖÉ´µ ¨§ ¤ ²Ó´¥°Ï¥£µ, ¤²Ö
¸ ³µ¸µ£² ¸µ¢ ´´µ£µ ¢Ò¶µ²´¥´¨Ö ¶·µÍ¥¤Ê·Ò © ´ ²¨É¨Î¥¸±µ£µ ¶·µ¤µ²¦¥´¨Öª
¶·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³¨ µ± §Ò¢ ÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¡¥£ÊÐ¥° ±µ´-
¸É ´ÉÒ ¸¢Ö§¨, ¸µ£² ¸ÊÕÐ¨¥¸Ö ¸ ¶·¥¤¸É ¢²¥´¨¥³ —¥²²¥´  Å ‹¥³ ´ , ±µÉµ·Ò¥,
µÎ¥¢¨¤´µ, · §·ÊÏ ÕÉ¸Ö ¶¥·ÉÊ·¡ É¨¢´Ò³ ¶·¨¡²¨¦¥´¨¥³, ¶·¨¢µ¤ÖÐ¨³ ± ´¥Ë¨-
§¨Î¥¸±¨³ µ¸µ¡¥´´µ¸ÉÖ³ É¨¶  ¶·¨§· Î´µ£µ ¶µ²Õ¸ . ‚ ÔÉµ³ · §¤¥²¥ · ¸¸³µÉ·¨³
¢µ¶·µ¸ µ¶·¥¤¥²¥´¨Ö ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨, ¸²¥-
¤ÊÖ · ¡µÉ¥ [59],   É ±¦¥ µ¡¸Ê¤¨³ ¶·¨³¥´¥´¨¥ ³¥Éµ¤  ¤²Ö µ¶¨¸ ´¨Ö ¨´±²Õ§¨¢-
´µ£µ · ¸¶ ¤  τ -²¥¶Éµ´  [60, 61, 64]∗, ¨§ÊÎ¨³ ¢²¨Ö´¨¥ ·¥´µ·³ ²µ´´µ£µ ¢±² ¤ 
´  ¨§¢²¥± ¥³µ¥ ¨§ τ -· ¸¶ ¤  §´ Î¥´¨e ±µ´¸É ´ÉÒ ¸¢Ö§¨ [69,71].

ˆ´¢ ·¨ ´É´Ò° § ·Ö¤ ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨. � ¸¸³µÉ·¨³
D-ËÊ´±Í¨Õ [119], ¸¢Ö§ ´´ÊÕ ¸ ±µ··¥²ÖÉµ·µ³ ¢¥±Éµ·´ÒÌ Éµ±µ¢ Π(q2), µ¶·¥-
¤¥²¥´´Ò³ ¸µµÉ´µÏ¥´¨¥³

i

∫
d4x exp (iq · x) 〈0|T {Jµ(x)Jν (0)}|0〉 ∝ (qµqν − gµνq2)Π(q2) , (5.1)

∗‚ · ³± Ì Ê¦¥ Ê¶µ³Ö´ÊÉµ° ¢ÒÏ¥  ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢µ¶·µ¸ µ¶·¥¤¥²¥´¨Ö
¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨ ¨§ÊÎ ²¸Ö ¢ [114,115],   ¶µ²Ê²¥¶Éµ´´Ò°
τ -· ¸¶ ¤ · ¸¸³ É·¨¢ ²¸Ö ¢ [116Ä118].
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¸²¥¤ÊÕÐ¨³ µ¡· §µ³∗:

D(q2) = q2

(
− d

dq2

)
Π(q2) . (5.2)

‘¢Ö§Ó D-ËÊ´±Í¨¨ ¸ R(s)-µÉ´µÏ¥´¨¥³ µ¶·¥¤¥²Ö¥É¸Ö ¤¨¸¶¥·¸¨µ´´Ò³ ¨´-
É¥£· ²µ³

D(q2) = −q2

∫ ∞
0

ds

(s− q2)
2 R(s) . (5.3)

’ ±¨³ µ¡· §µ³, D-ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±µ° ¢ ±µ³¶²¥±¸´µ° q2-¶²µ¸-
±µ¸É¨, · §·¥§ ´´µ° ¢¤µ²Ó ¶µ²µ¦¨É¥²Ó´µ° Î ¸É¨ ¢¥Ð¥¸É¢¥´´µ° µ¸¨. Œµ¦´µ
· §·¥Ï¨ÉÓ ¢Ò· ¦¥´¨¥ (5.3) µÉ´µ¸¨É¥²Ó´µ R(s) ¨ § ¶¨¸ ÉÓ µ¡· É´µ¥ ¸µµÉ´µ-
Ï¥´¨¥ ¢ ¢¨¤¥

R(s) = − 1

2πi

∫ s+i ε

s−i ε

dz

z
D(z) . (5.4)

Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö ¢ (5.4), ¸µ¥¤¨´ÖÕÐ¨° ÉµÎ±¨ s− iε ¨ s+ iε, ¨§µ¡· ¦¥´
´  ·¨¸. 10.

�¨¸. 10. Šµ´ÉÊ· ¨´É¥£·¨·µ¢ ´¨Ö ¢ Ëµ·³Ê²¥ µ¡· Ð¥´¨Ö (5.4)

�·¥¤¸É ¢¨³ D(q2) ¨ R(s) ¢ ¢¨¤¥

D(q2) ∝
∑
f

Q2
f

[
1 + d0 λ(q2) + d1 λ

2(q2) + · · ·
]
≡

≡
∑
f

Q2
f

[
1 + d0 λ

eff(q2)
]
, (5.5)

∗ŒÒ ¶µ²Ó§Ê¥³¸Ö µ¡Ð¥¶·¨´ÖÉÒ³ ¸µ£² Ï¥´¨¥³ Q2 = −q2, É ± ÎÉµ ¥¢±²¨¤µ¢µ° µ¡² ¸É¨
¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²µ¦¨É¥²Ó´Ò¥ Q2.
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R(s) ∝
∑
f

Q2
f

[
1 + r0 λs(s) + r1 λ

(2)
s (s) + · · ·

]
≡

≡
∑
f

Q2
f

[
1 + r0 λ

eff
s (s)

]
. (5.6)

‡¤¥¸Ó ±µÔËË¨Í¨¥´ÉÒ dk, rk ¨ ËÊ´±Í¨¨ λ § ¢¨¸ÖÉ µÉ Î¨¸²  Ë¥·³¨µ´µ¢ f ,
  ¨´¤¥±¸ s Ê ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢ (5.6) µ§´ Î ¥É s-± ´ ². ’ ±¨³ µ¡· §µ³, ¤²Ö
´ ¡²Õ¤ ¥³µ° R(s), µ¶·¥¤¥²¥´´µ° ¤²Ö ¢·¥³¥´¨¶µ¤µ¡´ÒÌ §´ Î¥´¨°  ·£Ê³¥´É ,
³µ¦´µ ´ ¶¨¸ ÉÓ ¶·¥¤¸É ¢²¥´¨¥,  ´ ²µ£¨Î´µ¥ ¶·¥¤¸É ¢²¥´¨Õ ¤²Ö ¥¢±²¨¤µ¢µ°
(t-± ´ ²Ó´µ°) ¢¥²¨Î¨´Ò (5.5)∗. �µÔÉµ³Ê ¥¸É¥¸É¢¥´´µ ¶·¨´ÖÉÓ ËÊ´±Í¨Õ λeff

s (s)
¢ ¢Ò· ¦¥´¨¨ (5.6) §  µ¶·¥¤¥²¥´¨¥ ÔËË¥±É¨¢´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¢µ ¢·¥³¥´¨-
¶µ¤µ¡´µ° µ¡² ¸É¨.

�·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥, ÎÉµ ±µÔËË¨Í¨¥´ÉÒ d0 ¨ r0 ¢ (5.5) ¨ (5.6) ¸µ¢¶ -
¤ ÕÉ, ¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐÊÕ ¢§ ¨³µ¸¢Ö§Ó ³¥¦¤Ê t- ¨ s-± ´ ²Ó´Ò³¨ ±µ´¸É ´É ³¨:

λeff(q2) = − q2

∫ ∞
0

ds

(s− q2)2 λ
eff
s (s) , (5.7)

λeff
s (s) = − 1

2πi

∫ s+i ε

s−i ε

dz

z
λeff(z) . (5.8)

„²Ö ´ Ìµ¦¤¥´¨Ö s-± ´ ²Ó´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ³µ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö ¢µ¸-
¶µ²Ó§µ¢ ÉÓ¸Ö ¸µµÉ´µÏ¥´¨¥³ (5.8) ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¶·¨ ÔÉµ³ § ±·Ò¢
£² §  ´  ´ ·ÊÏ¥´¨¥ ¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¥° ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö ¸µ-
£² ¸µ¢ ´¨Ö (5.7) ¨ (5.8)  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢. ’ ±µ¥ · ¸¸³µÉ·¥´¨¥ ¢¥¤¥É ±
¨§¢¥¸É´Ò³ π2-¢±² ¤ ³ ¢ ¶¥·ÉÊ·¡ É¨¢´Ò¥ s-± ´ ²Ó´Ò¥ ±µÔËË¨Í¨¥´ÉÒ. �ÉµÉ
¢±² ¤ µ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  ¸ÊÐ¥¸É¢¥´´Ò³ ¸ ÉµÎ±¨ §·¥´¨Ö Ë¥´µ³¥´µ²µ£¨¨. ’ ±,
´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò τ -²¥¶Éµ´ , £¤¥ ᾱs(M

2
τ ) ' 0, 35, · §´¨Í  ³¥¦¤Ê t- ¨ s-

± ´ ²Ó´Ò³¨ ±µ´¸É ´É ³¨, µ¡Ê¸²µ¢²¥´´ Ö π2-¢±² ¤ ³¨, ¤µ¸É¨£ ¥É 20 %. �¤-
´ ±µ ´ ·ÊÏ¥´¨¥ ¶·¨ ¶¥·ÉÊ·¡ É¨¢´µ³ · ¸¸³µÉ·¥´¨¨ ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ  ´ ²¨-
É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ´ °¤¥´´Ò° É ±¨³ µ¡· §µ³ s-± ´ ²Ó´Ò°
§ ·Ö¤ ¶·¨ ¶µ¤¸É ´µ¢±¥ ¢ ¢Ò· ¦¥´¨¥ (5.7) ´¥ ¢µ¸¶·µ¨§¢¥¤¥É ¨¸Ìµ¤´ÊÕ ËÊ´±-
Í¨Õ. �Éµ £µ¢µ·¨É µ Éµ³, ÎÉµ ¶·¨ µ¡ÒÎ´µ³ ¶¥·ÉÊ·¡ É¨¢´µ³ · ¸¸³µÉ·¥´¨¨ ´¥
Ê¤ ¥É¸Ö ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· §µ³ µ¶·¥¤¥²¨ÉÓ ±µ´¸É ´ÉÊ ¸¢Ö§¨ ¢µ ¢·¥³¥´¨-
¶µ¤µ¡´µ° µ¡² ¸É¨.

∗�É³¥É¨³, ÎÉµ λ
(2)
s ¢ ¢Ò· ¦¥´¨¨ (5.6) ´¥ ¸µ¢¶ ¤ ¥É ¸ ±¢ ¤· Éµ³ λs, ¨ · §²µ¦¥´¨¥ ¢ (5.6) ´¥

Ö¢²Ö¥É¸Ö ¸É¥¶¥´´Ò³. �´ ²µ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¨ ¢  ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.
‘µµÉ¢¥É¸É¢ÊÕÐ¨¥  ´ ²¨É¨Î¥¸±µ³Ê ¶µ¤Ìµ¤Ê ´¥¸É¥¶¥´´Ò¥ · §²µ¦¥´¨Ö ¨§ÊÎ ²¨¸Ó ¢ [120].
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‚ ‚’‚-¶µ¤Ìµ¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° (5.8) s-± ´ ²Ó´Ò° § ·Ö¤ ´ Ìµ¤¨É¸Ö ¸²¥-
¤ÊÕÐ¨³ µ¡· §µ³ [59]:

λ(i)
s (s) =

1

2πi

1

2 β0

[
φ(i)(a+) − φ(i)(a−)

]
, (5.9)

£¤¥ a± ¶µ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Õ

f(a±) = f(a0) +
2 β0

C

[
ln

s

Q2
0

± i π

]
, (5.10)

¢ ±µÉµ·µ³ ¢ ´¨§Ï¨Ì ¶µ·Ö¤± Ì ËÊ´±Í¨¨ f(a) µ¶·¥¤¥²¥´Ò ¸µ£² ¸´µ (4.9),  
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ËÊ´±Í¨¨ φ(a) ¨³¥ÕÉ ¢¨¤

φ(2)(a) =
1

1− a [2− 11a− 4(1− a) ln a+ 3(1− a) ln(1− a)] , (5.11)

φ(3)(a) = −4 lna− 72

11

1

1− a +
318

121
ln (1− a) +

256

363
ln

(
1 +

9

2
a

)
. (5.12)

Šµ´¸É ´ÉÒ ¸¢Ö§¨ λ(q2) ¨ λs(s), µÎ¥¢¨¤´µ, ¨³¥ÕÉ µ¤¨´ ±µ¢Ò¥, µ¶·¥¤¥²Ö¥-
³Ò¥ ¸¢µ°¸É¢µ³  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò Ê²ÓÉ· Ë¨µ²¥Éµ¢Ò¥ ©Ì¢µ¸ÉÒª ¨ µ¤´¨
¨ É¥ ¦¥ ¨´Ë· ±· ¸´Ò¥ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö. �¤´ ±µ ¶·¨ ±µ´¥Î´ÒÌ §´ Î¥´¨ÖÌ
 ·£Ê³¥´Éµ¢ ÔÉ¨ ËÊ´±Í¨¨ µÉ²¨Î ÕÉ¸Ö ¤·Ê£ µÉ ¤·Ê£ . ’ ±, ´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò
τ -²¥¶Éµ´  ÔÉµ · §²¨Î¨¥ ¸µ¸É ¢²Ö¥É ¶µ·Ö¤±  7%, ÎÉµ § ³¥É´µ ³¥´ÓÏ¥, Î¥³ ¶·¨
¶¥·ÉÊ·¡ É¨¢´µ³ · ¸¸³µÉ·¥´¨¨, ¨ ¶µÔÉµ³Ê ¢ ¦´µ ¸ ÉµÎ±¨ §·¥´¨Ö Ë¥´µ³¥´µ-
²µ£¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢. �É³¥É¨³, ÎÉµ ¶µ¤µ¡´ Ö ¸¨ÉÊ Í¨Ö ¸ t-
¨ s-±µ´¸É ´É ³¨ ¸¢Ö§¨ ¨³¥¥É ³¥¸Éµ ¨ ¢  ´ ²¨É¨Î¥¸±µ³ ¶µ¤Ìµ¤¥ ¢ ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¥ [114,115].

τ -· ¸¶ ¤. …¤¨´¸É¢¥´´Ò³ ¨§¢¥¸É´Ò³ ´  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ²¥¶Éµ´µ³, ±µ-
Éµ·Ò° ¤µ¶Ê¸± ¥É  ¤·µ´´ÊÕ ³µ¤Ê · ¸¶ ¤ , Ö¢²Ö¥É¸Ö τ -²¥¶Éµ´. ˆ´±²Õ§¨¢´Ò°
τ -· ¸¶ ¤ (¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¤¨ £· ³³  ¨§µ¡· ¦¥´  ´  ·¨¸. 11) ¶·¥¤µ¸É ¢²Ö¥É
Ê´¨± ²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ É¥¸É¨·µ¢ ´¨Ö ±¢ ´Éµ¢µ°
Ì·µ³µ¤¨´ ³¨±¨. Œ ¸¸  τ -²¥¶Éµ´  Mτ = 1777, 05 +0,29

−0,26 ŒÔ‚ [121], ¸ µ¤´µ°
¸Éµ·µ´Ò, ¤µ¸É ÉµÎ´µ ¢¥²¨± , ÎÉµ¡Ò ¡Ò²¨ ¢µ§³µ¦´Ò  ¤·µ´´Ò¥ ³µ¤Ò · ¸¶ ¤ ,
  ¸ ¤·Ê£µ° Å ¢ Ï± ²¥ Ì·µ³µ¤¨´ ³¨Î¥¸±¨Ì ³ ¸ÏÉ ¡µ¢ ¥¥ §´ Î¥´¨¥ ³ ²µ ¨
´ Ìµ¤¨É¸Ö ¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° µ¡² ¸É¨.

ˆ³¥´´µ ¨´±²Õ§¨¢´Ò° · ¸¶ ¤ τ -²¥¶Éµ´  Ö¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ¨´É¥·¥¸´Ò³,
É ± ± ± ¥£µ µ¶¨¸ ´¨¥ ¢ ¶·¨´Í¨¶¥ ¢µ§³µ¦´µ ¡¥§ ¸ÊÐ¥¸É¢¥´´ÒÌ ³µ¤¥²Ó´ÒÌ
¤µ¶ÊÐ¥´¨° [122Ä125] ¨ ¶µ§¢µ²Ö¥É ¸ ¤µ¢µ²Ó´µ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ ´ Ìµ¤¨ÉÓ
§´ Î¥´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ᾱs(M

2
τ ). “¤µ¡´µ° ¢¥²¨Î¨´µ° ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö

Ö¢²Ö¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·Ö¥³ Ö ¢¥²¨Î¨´  Rτ , ±µÉµ· Ö µ¶·¥¤¥²Ö¥É¸Ö
µÉ´µÏ¥´¨¥³  ¤·µ´´µ° ¨ ²¥¶Éµ´´µ° Ï¨·¨´ · ¸¶ ¤ :

Rτ =
Γ[ τ− → ντ hadrons(γ) ]

Γ[ τ− → ντ e− νe (γ) ]
. (5.13)
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�¨¸. 11. „¨ £· ³³  ¨´±²Õ§¨¢´µ£µ · ¸-
¶ ¤  τ -²¥¶Éµ´ 

�¨¸. 12. �¥·¥Ìµ¤ ± ±µ´ÉÊ·´µ³Ê ¶·¥¤¸É ¢-
²¥´¨Õ ¤²Ö Rτ

ˆ¸Ìµ¤´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö É¥µ·¥É¨Î¥¸±µ£µ  ´ ²¨§  ¸²Ê¦¨É ¸²¥¤ÊÕÐ Ö
Ëµ·³Ê² :

Rτ = 2

∫ M2
τ

0

ds

M2
τ

(
1− s

M2
τ

)2 (
1 +

2s

M2
τ

)
R̃(s) , (5.14)

£¤¥

R̃(s) =
N

2πi
[ Π(s+ iε) − Π(s− iε) ] ,

Π(s) =
∑
q=d,s

|Vuq|2 ( Πuq,V (s) + Πuq,A(s) ) . (5.15)

‡¤¥¸Ó Vuq Å Ô²¥³¥´ÉÒ ³ É·¨ÍÒ Šµ¡ ÖÏ¨ Å Œ ¸± ¢ ,   ´µ·³¨·µ¢µÎ´Ò° Ë ±-
Éµ· N µ¶·¥¤¥²Ö¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ´  ¶ ·Éµ´´µ³ Ê·µ¢´¥ ¢Ò¶µ²´Ö²µ¸Ó

R̃
(0)
parton = 3. ‚ · ¸¸³ É·¨¢ ¥³µ³ ´¨¦¥ ¸²ÊÎ ¥ ¡¥§³ ¸¸µ¢ÒÌ ±¢ ·±µ¢ ¢¥±Éµ·-

´Ò° ¨  ±¸¨ ²Ó´µ-¢¥±Éµ·´Ò°  ¤·µ´´Ò¥ ±µ··¥²ÖÉµ·Ò ¢ (5.15), Πuq,V ¨ Πuq,A,
¸µ¢¶ ¤ ÕÉ.

�·¨ ¶¥·ÉÊ·¡ É¨¢´µ³  ´ ²¨§¥ ¶µ²Ê²¥¶Éµ´´µ£µ τ -· ¸¶ ¤  ¸· §Ê ¦¥ ¢¸É·¥-
Î ¥³¸Ö ¸ É·Ê¤´µ¸ÉÓÕ ¶·¨³¥´¥´¨Ö ¨¸Ìµ¤´µ° Ëµ·³Ê²Ò (5.14). „¥°¸É¢¨É¥²Ó´µ,
¶ · ³¥É·¨§ Í¨Ö ËÊ´±Í¨¨ R̃(s), ±µÉµ· Ö ¢ · ¸¸³ É·¨¢ ¥³µ³ §¤¥¸Ó ¸²ÊÎ ¥ ¡¥§-
³ ¸¸µ¢ÒÌ ±¢ ·±µ¢ ¶·µ¸Éµ ¸µ¢¶ ¤ ¥É ¸ µÉ´µÏ¥´¨¥³ R(s) ¤²Ö ¶·µÍ¥¸¸  e+e−-
 ´´¨£¨²ÖÍ¨¨ ¢  ¤·µ´Ò, ¸ ¶µ³µÐÓÕ ¶¥·ÉÊ·¡ É¨¢´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨, µ¡² ¤ -
ÕÐ¥° ´¥Ë¨§¨Î¥¸±¨³¨ µ¸µ¡¥´´µ¸ÉÖ³¨, ¶·¨¢µ¤¨É ± ¸¨´£Ê²Ö·´µ¸ÉÖ³ ¶µ¤Ò´É¥-
£· ²Ó´µ£µ ¢Ò· ¦¥´¨Ö ¢ (5.14). ‚ [122] ¡Ò² ¶·¥¤²µ¦¥´ ¸²¥¤ÊÕÐ¨° ¢ÒÌµ¤ ¨§
ÔÉµ£µ § É·Ê¤´¥´¨Ö. ˆ´É¥£· ² (5.14) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ± ± ±µ³¡¨´ Í¨Õ ¨´-
É¥£· ²µ¢ ¶µ ¡¥·¥£ ³ · §·¥§  ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ s (¸³. ·¨¸. 12). ‡ É¥³
¶µ É¥µ·¥³¥ ŠµÏ¨ ÔÉµÉ ¨´É¥£· ² ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ ± ¨´É¥£· ²Ê ¶µ ±µ´ÉÊ·Ê
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|s| = M2
τ . ‚ ¨Éµ£¥, ¶µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Î ¸ÉÖ³, ¶·¨Ìµ¤¨³ ± ±µ´ÉÊ·´µ³Ê

¶·¥¤¸É ¢²¥´¨Õ ¤²Ö Rτ Î¥·¥§ D-ËÊ´±Í¨Õ (5.2):

Rτ =
1

2πi

∮
|z|=1

dz

z
(1 − z)

3
(1 + z)D(M2

τ z) . (5.16)

‡ ¶¨Ï¥³ D-ËÊ´±Í¨Õ ¢ ¢¨¤¥

D(M2
τ z) = d0

[
1 + d1 λ

eff(M2
τ z)

]
(5.17)

¨ ¢Ò¤¥²¨³ ¨§ Rτ ¢±² ¤ ¸¨²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ∆τ :

Rτ = R(0)
τ ( 1 + ∆τ ) , (5.18)

£¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¶ ·Éµ´´µ³Ê Ê·µ¢´Õ ¢¥²¨Î¨´  R(0)
τ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤Ê-

ÕÐ¨³ µ¡· §µ³:
R(0)
τ = 3 ( |Vud|2 + |Vus|2 )SEW . (5.19)

‡¤¥¸Ó SEW = 1, 0194 Å ¨§¢¥¸É´Ò° Ô²¥±É·µ¸² ¡Ò° Ë ±Éµ·, ¨ ³ É·¨Î´Ò¥ Ô²¥-
³¥´ÉÒ Šµ¡ ÖÏ¨ Å Œ ¸± ¢  ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö |Vud| = 0, 9753 ¨
|Vus| = 0, 221 [121,123].

„²Ö ∆τ ´ Ìµ¤¨³ ¢Ò· ¦¥´¨¥

∆τ =
1

2πi
d1

∮
|z|=1

dz

z
(1− z)

3
(1 + z)λeff (M2

τ z) , (5.20)

±µÉµ·µ¥ ¶µ¸²¥ ¶µ¤¸É ´µ¢±¨ z = −M2
τ exp (iθ) ¨ ÊÎ¥É  Éµ£µ, ÎÉµ ±µÔËË¨Í¨¥´É

d1 = 4, ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ Ê¤µ¡´µ³ ¤²Ö Î¨¸²¥´´ÒÌ · ¸Î¥Éµ¢ ¢¨¤¥

∆τ =
2

π

∫ π

−π
dθ
(
1 + 2eiθ − 2e3iθ − e4iθ

)
λeff

(
M2
τ e
iθ
)
. (5.21)

„²Ö ¡¥§³ ¸¸µ¢ÒÌ ¸Ì¥³ ¶¥·¥´µ·³¨·µ¢±¨ µ¸µ¡µ ¸²¥¤Ê¥É · ¸¸³µÉ·¥ÉÓ ¢µ¶·µ¸
µ Î¨¸²¥  ±É¨¢´ÒÌ ±¢ ·±µ¢. �É³¥É¨³, ÎÉµ ¢ ¢µ¸Ìµ¤ÖÐ¥³ ± �.�. �µ£µ²Õ¡µ¢Ê
³ ¸¸µ¢µ§ ¢¨¸¨³µ³ ·¥´µ·³£·Ê¶¶µ¢µ³ Ëµ·³ ²¨§³¥, · §¢¨Éµ³ „.‚. ˜¨·±µ¢Ò³
¢ · ¡µÉ Ì [128, 129], ÔÉµ° ¶·µ¡²¥³Ò ´¥ ¢µ§´¨± ¥É. ’ ±µ°  ²£µ·¨É³ £² ¤-
±µ° ©¸Ï¨¢±¨ª ¡Ò² ¨¸¶µ²Ó§µ¢ ´ ¢ [130] ¤²Ö  ´ ²¨§  ¶µ¢¥¤¥´¨Ö ¨´¢ ·¨ ´É´µ£µ
§ ·Ö¤  ¢ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ ¶¥·¥¤ ´´ÒÌ ¨³¶Ê²Ó¸µ¢. �¤´ ±µ ¢ ¸Ì¥³ Ì É¨¶ 
MS ´¥µ¡Ìµ¤¨³ ¤µ¶µ²´¨É¥²Ó´Ò°  ´§ Í, ¶µ§¢µ²ÖÕÐ¨° ¸µ£² ¸µ¢ ´´µ · ¸¸³ -
É·¨¢ ÉÓ · §²¨Î´µ¥ Î¨¸²µ ±¢ ·±µ¢. �¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö ©¸Ï¨¢± ª ¡¥£ÊÐ¥°
±µ´¸É ´ÉÒ ¸¢Ö§¨, µÉ¢¥Î ÕÐ¥° · §²¨Î´µ³Ê Î¨¸²Ê Ë¥·³¨µ´µ¢, ¢ ¥¢±²¨¤µ¢µ°
µ¡² ¸É¨ ¶·¨ Q = ξ mq ¸ ´¥±µÉµ·Ò³ ¶ · ³¥É·µ³ ¸Ï¨¢±¨ 1 ≤ ξ ≤ 2 [126]
(¸³. É ±¦¥ [127]). �Î¥¢¨¤´µ, ÎÉµ É ± Ö ¶·µÍ¥¤Ê·  ¶·¨¢µ¤¨É ± · §·Ò¢Ê ¶·µ¨§-
¢µ¤´µ° ¨ ´ ·ÊÏ ¥É Ê¶µ³Ö´ÊÉÒ¥ ¢ÒÏ¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¨´¢ ·¨ ´É´µ£µ
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§ ·Ö¤ . ‚ ‚’‚-¶µ¤Ìµ¤¥ ÔÉµ° É·Ê¤´µ¸É¨ ³µ¦´µ ¨§¡¥¦ ÉÓ, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó
¢µ§³µ¦´µ¸ÉÓÕ ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ µ¶·¥¤¥²¥´¨Ö ÔËË¥±É¨¢´µ£µ § ·Ö¤  ¢µ ¢·¥-
³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨, ¢ ±µÉµ·µ° Î¨¸²µ  ±É¨¢´ÒÌ ±¢ ·±µ¢ ´¥¶µ¸·¥¤¸É¢¥´´µ
¸¢Ö§ ´µ ¸ Ô´¥·£¨¥° ·µ¦¤¥´¨Ö ±¢ ·±µ¢µ° ¶ ·Ò. �·¨ ÔÉµ³ ¶¥·¥Ìµ¤ ³¥¦¤Ê
µ¡² ¸ÉÖ³¨ ¸ · §²¨Î´Ò³ Î¨¸²µ³ Ë¥·³¨µ´µ¢ µ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¥° ¸¨¸É¥-
³µ° Ê· ¢´¥´¨°∗:

1

β0(f − 1)
Imφ(a

(f−1)
+ ) =

1

β0(f)
Imφ(a

(f)
+ ), (5.22)

1

C(f−1)
Im

[(
a

(f−1)
+

)2 (
1 + 3a

(f−1)
+

)]
=

1

C(f)
Im

[ (
a

(f)
+

)2 (
1 + 3a

(f)
+

)]
,

±µÉµ· Ö ¶µ§¢µ²Ö¥É Ê¸É ´µ¢¨ÉÓ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê ¶ · ³¥É· ³¨ C(f) ¨ a
(f)
0 ,

µÉ¢¥Î ÕÐ¨³¨ µ¡² ¸ÉÖ³ ¸ · §²¨Î´Ò³ Î¨¸²µ³  ±É¨¢´ÒÌ ±¢ ·±µ¢. ‚ ·¥§Ê²ÓÉ É¥
É ±µ° ¶·µÍ¥¤Ê·Ò ³Ò ¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥° ¶·¨¢²¥± É¥²Ó´µ° ¸ Ë¨§¨Î¥¸±µ°
ÉµÎ±¨ §·¥´¨Ö ± ·É¨´¥. �¥£ÊÐ¨° ¶ · ³¥É· · §²µ¦¥´¨Ö ¢ ¥¢±²¨¤µ¢µ° µ¡² -
¸É¨, ¢µ¸¸É ´µ¢²¥´´Ò° ¸ ¶µ³µÐÓÕ ¤¨¸¶¥·¸¨µ´´µ£µ ¨´É¥£· ²  (5.7), ± ± ¨ ¢
³ ¸¸µ¢µ§ ¢¨¸¨³ÒÌ ¸Ì¥³ Ì, ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ± ±µ³Ê-Éµ µ¶·¥¤¥²¥´´µ³Ê Î¨¸²Ê
Ë¥·³¨µ´µ¢, µ´ ¡Ê¤¥É ©§´ ÉÓª µ¡µ ¢¸¥Ì ¶µ·µ£ Ì ¢ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨.

�¡· ¡µÉ±  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ ¨´±²Õ§¨¢´µ³Ê · ¸¶ ¤Ê τ -²¥¶-
Éµ´ , ¢Ò¶µ²´¥´´ Ö [60] ¢ ¶µ·Ö¤±¥ O(a3), ¶·¨¢¥²  ± ¸²¥¤ÊÕÐ¨³ §´ Î¥´¨Ö³
s- ¨ t-± ´ ²Ó´ÒÌ ±µ´¸É ´É ¸¢Ö§¨: αs(M2

τ ) = 0, 37 ¨ α(M2
τ ) = 0, 40. ’ ±¨³

µ¡· §µ³, §´ Î¥´¨¥ t-± ´ ²Ó´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ´¥¸±µ²Ó±µ ¡µ²ÓÏ¥ ¢¥²¨Î¨´Ò
¨´¢ ·¨ ´É´µ£µ § ·Ö¤ , µ¶·¥¤¥²¥´´µ£µ ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨. �É³¥É¨³,
ÎÉµ  ´ ²µ£¨Î´Ò° Ë ±É ¨³¥¥É ³¥¸Éµ ¨ ¶·¨ ¶·µ¢¥¤¥´´µ³ ¢ [116, 117]  ´ ²¨§¥,
µ¸´µ¢ ´´µ³ ´   ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ‚Ò¶µ²´¥´´Ò° ¢ [61] · ¸-
Î¥É ¸ ÉµÎ´µ¸ÉÓÕ O(a5) ¶·¨¢µ¤¨É ± ´¥¸±µ²Ó±µ ³¥´ÓÏ¥³Ê §´ Î¥´¨Õ ¨§¢²¥± -
¥³ÒÌ ±µ´¸É ´É ¸¢Ö§¨. ‡ ³¥É´µ¥ ¢²¨Ö´¨¥ ´  ¢¥²¨Î¨´Ê ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ ,
´ °¤¥´´µ£µ ¨§ É¥Ì ¦¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, µ± §Ò¢ ¥É ·¥´µ·³ ²µ´´Ò°
¢±² ¤. �É¨ ¢µ¶·µ¸Ò µ¡¸Ê¤¨³ ´¨¦¥.

�¥´µ·³ ²µ´´Ò° ¢±² ¤. � ¸¸³µÉ·¨³ É¥¶¥·Ó ¸¶µ¸µ¡ ÔËË¥±É¨¢´µ£µ ÊÎ¥É 
¢±² ¤  ·¥´µ·³ ²µ´´ÒÌ Í¥¶µÎ¥± [69]. ‚ ´¨§Ï¥³ ¶µ·Ö¤±¥ ¶¥·ÉÊ·¡ É¨¢´ Ö  ¶-
¶·µ±¸¨³ Í¨Ö D-ËÊ´±Í¨¨ ¨³¥¥É ¢¨¤ D(t, λ) = 1 + 4λ(µ2), £¤¥ t = Q2/µ2.
‘É ´¤ ·É´µ¥ ·¥´µ·³£·Ê¶¶µ¢µ¥ ¸Ê³³¨·µ¢ ´¨¥ ¢¥¤ÊÐ¨Ì ²µ£ ·¨Ë³µ¢ ¶·¨¢µ¤¨É
± ¶µ¤¸É ´µ¢±¥ λ(µ2)→ λ(t, λ). �¤´ ±µ ¨§-§  ¶·¨§· Î´µ£µ ¶µ²Õ¸  Ê ¡¥£ÊÐ¥°
±µ´¸É ´ÉÒ ¸¢Ö§¨ ¶·¨ Q2 = Λ2

QCD É ± Ö ¶µ¤¸É ´µ¢±  ¶·¨¢µ¤¨É ± ´ ·ÊÏ¥´¨Õ

∗‡¤¥¸Ó ³Ò ¶·¨¢µ¤¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (5.22), µ¶·¥¤¥²ÖÕÐÊÕ ¶·µÍ¥¤Ê·Ê ¸Ï¨¢±¨, ¢ ¶µ-
·Ö¤±¥ O(a3). ”Ê´±Í¨Ö φ(a) ¢ ´¥° µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ (5.12),   a+ Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥-
´¨Õ (5.10).
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 ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢D-ËÊ´±Í¨¨ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ q2 = −Q2, ¢ ±µ-
Éµ·µ° D-ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±µ° ¸ · §·¥§µ³ ¢¤µ²Ó ¶µ²µ¦¨É¥²Ó´µ°
Î ¸É¨ ¢¥Ð¥¸É¢¥´´µ° µ¸¨. �É  ¸¨ÉÊ Í¨Ö ³µ¦¥É ¡ÒÉÓ ¨¸¶· ¢²¥´ , ¥¸²¨ § ³¥-
É¨ÉÓ, ÎÉµ ¨¸¶µ²Ó§Ê¥³µ¥ ·¥Ï¥´¨¥ ·¥´µ·³£·Ê¶¶µ¢µ£µ Ê· ¢´¥´¨Ö, Ô±¢¨¢ ²¥´É´µ¥
¶µ¤¸É ´µ¢±¥ λ(µ2) → λ(t, λ), ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³. �¡Ð¨³ ·¥Ï¥´¨¥³
Ö¢²Ö¥É¸Ö ´¥±µÉµ· Ö ËÊ´±Í¨Ö ¡¥£ÊÐ¥° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸  ¸¨³¶ÉµÉ¨Î¥¸±¨³
¶µ¢¥¤¥´¨¥³ 1 + 4λ ¢ µ¡² ¸É¨ ³ ²ÒÌ λ. —Éµ¡Ò ¸µÌ· ´¨ÉÓ  ´ ²¨É¨Î¥¸±¨¥
¸¢µ°¸É¢  D-ËÊ´±Í¨¨, § ¶¨Ï¥³ ¥¥ ± ± ¤¨¸¶¥·¸¨µ´´Ò° ¨´É¥£· ² µÉ ËÊ´±Í¨¨
R(s) = (1/π) Im Π(s + iε). …¸²¨ É¥¶¥·Ó ¤²Ö R(s) ¶·¨³¥´¨ÉÓ ³¥Éµ¤ ·¥´µ·³-
£·Ê¶¶Ò, Éµ ¶µ²ÊÎ¨³ D(t, λ) = 1 + 4λeff(t, λ) ¸µ ¸²¥¤ÊÕÐ¨³ ¶·¥¤¸É ¢²¥´¨¥³
�µ·¥²Ö ¤²Ö ÔËË¥±É¨¢´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨

λeff(t, λ) =

∫ ∞
0

db exp

[
− b

λ(t, λ)

]
B(b) , (5.23)

£¤¥ B(b) = Γ(1 + bβ0) Γ(1 − bβ0).
’ ±¨³ µ¡· §µ³, ¢ ¡µ·¥²¥¢¸±µ° b-¶²µ¸±µ¸É¨ ¨³¥ÕÉ¸Ö ¸¨´£Ê²Ö·´µ¸É¨ ¢ ÉµÎ-

± Ì bβ0 = −1,−2, ... ¨ bβ0 = 1, 2, ..., ±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ Ê²ÓÉ· Ë¨µ²¥-
Éµ¢Ò³ ¨ ¨´Ë· ±· ¸´Ò³ ·¥´µ·³ ²µ´ ³. �¥·¢ Ö ¨´Ë· ±· ¸´ Ö ·¥´µ·³ ²µ´´ Ö
¸¨´£Ê²Ö·´µ¸ÉÓ ¶·¨ bβ0 = 1 µÉ¢¥Î ¥É ¸É¥¶¥´´Ò³ ¶µ¶· ¢± ³ 1/Q2, ±µÉµ·Ò¥,
± ± ¨§¢¥¸É´µ, µÉ¸ÊÉ¸É¢ÊÕÉ ¢ µ¶¥· Éµ·´µ³ · §²µ¦¥´¨¨. •µÉÖ µÉ¸ÊÉ¸É¢¨¥ ¸¨´£Ê-
²Ö·´µ¸É¨ ¶·¨ b = 1/β0 ´¥ Ö¢²Ö¥É¸Ö ¸É·µ£µ ¤µ± § ´´Ò³ Ë ±Éµ³ (¸³., ´ ¶·¨³¥·,
¤¨¸±Ê¸¸¨Õ ¢ [125]), · §Ê³´µ ¤²Ö ¸µ£² ¸µ¢ ´¨Ö ¸µ ¸É·Ê±ÉÊ·µ° µ¶¥· Éµ·´µ£µ
· §²µ¦¥´¨Ö ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¨´Ë· ±· ¸´Ò¥ ·¥´µ·³ ²µ´´Ò¥ ¸¨´£Ê²Ö·´µ¸É¨
´ Î¨´ ÕÉ¸Ö ¸ b = 2/β0. �ÉµÉ Ë ±É ¶·¨¢µ¤¨É ± ¤µ¶µ²´¨É¥²Ó´µ³Ê µ£· ´¨Î¥´¨Õ
´  ¢Ò¡µ· ·¥´µ·³£·Ê¶¶µ¢µ£µ ·¥Ï¥´¨Ö. ˆ´É¥£·¨·ÊÖ ¢ ¨¸Ìµ¤´µ³ ¤¨¸¶¥·¸¨µ´-
´µ³ ¶·¥¤¸É ¢²¥´¨¨ D-ËÊ´±Í¨¨ ¶µ Î ¸ÉÖ³ ¨ ¢Ò¡¨· Ö § É¥³ R(s) ¢ ¸É ´¤ ·É-
´µ³ ·¥´µ·³£·Ê¶¶µ¢µ³ ¢¨¤¥, ´ Ìµ¤¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ÔËË¥±É¨¢´µ°
±µ´¸É ´ÉÒ:

λeff(t, λ) =

∫ ∞
0

d τ ω(τ)
λ(kt, λ)

1 + λ(kt, λ)β0 ln τ
. (5.24)

‡¤¥¸Ó Ë ±Éµ· k § ¢¨¸¨É µÉ ¢Ò¡µ·  ·¥´µ·³ ²¨§ Í¨µ´´µ£µ ¶·¥¤¶¨¸ ´¨Ö. �µ²Ê-
Î¥´´ Ö É ±¨³ µ¡· §µ³ ËÊ´±Í¨Ö

ω(τ) =
2τ

( 1 + τ )3 (5.25)

µ¶¨¸Ò¢ ¥É · ¸¶·¥¤¥²¥´¨¥ ¢¨·ÉÊ ²Ó´µ¸É¥° ¢ ±¢ ·±µ¢µ° ¶¥É²¥. �É  ËÊ´±Í¨Ö
¸µ¢¶ ¤ ¥É ¸ ¨¸¶µ²Ó§Ê¥³µ° ¢ · ¡µÉ¥ [131] ¨ ´ °¤¥´´µ° ´  µ¸´µ¢¥ ¤·Ê£¨Ì ¸µ-
µ¡· ¦¥´¨° ¨, ± ± ¶µ± § ´µ ´  ·¨¸. 13, ¡²¨§±  ± ÉµÎ´µ° [132].

”Ê´±Í¨Ö B(b), ¢µ§´¨± ÕÐ Ö ¢ ¡µ·¥²¥¢¸±µ³ ¶·¥µ¡· §µ¢ ´¨¨ ÔËË¥±É¨¢-
´µ° ±µ´¸É ´ÉÒ (5.24), ¨³¥¥É ¢¨¤

B(b) = Γ(1 + bβ0) Γ(2 − bβ0) . (5.26)
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�¨¸. 13. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¢¨·-
ÉÊ ²Ó´µ¸É¥° τ ω(τ ) ¢ ±¢ ·±µ¢µ° ¶¥É-
²¥. ‘¶²µÏ´ Ö ±·¨¢ Ö ¸µµÉ¢¥É¸É¢Ê¥É
³µ¤¥²Ó´µ° ËÊ´±Í¨¨ (5.25), ¶Ê´±É¨·-
´ Ö Å ÉµÎ´µ³Ê · ¸Î¥ÉÊ [132]

’ ±¨³ µ¡· §µ³, µ¶¨¸ ´´ Ö ¢ÒÏ¥ ¶·µ-
Í¥¤Ê·  ¶·¨¢¥²  ± Éµ³Ê, ÎÉµ ¶µ²µ¦¥-
´¨¥ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÒÌ ¸¨´£Ê²Ö·´µ¸É¥°
´¥ ¨§³¥´¨²µ¸Ó, ¢ Éµ ¢·¥³Ö ± ± ¨´Ë· -
±· ¸´Ò¥ ¸¨´£Ê²Ö·´µ¸É¨ ´ Î¨´ ÕÉ¸Ö É¥-
¶¥·Ó ¸ b = 2/β0. ‚ µÉ²¨Î¨¥ µÉ ¶¥·ÉÊ·-
¡ É¨¢´µ£µ ¶µ¤Ìµ¤ , ¶·¨¢µ¤ÖÐ¥£µ ± ¸¨´-
£Ê²Ö·´µ¸ÉÖ³ ¶µ¤Ò´É¥£· ²Ó´µ£µ ¢Ò· ¦¥-
´¨Ö ¢ (5.24), ¢ ³¥Éµ¤¥ a-· §²µ¦¥´¨Ö ¨´-
É¥£· ² (5.24) µ± §Ò¢ ¥É¸Ö Ìµ·µÏµ µ¶·¥-
¤¥²¥´´Ò³.

‚¥·´¥³¸Ö µ¶ÖÉÓ ± · ¸¸³µÉ·¥´¨Õ ¨´-
±²Õ§¨¢´µ£µ · ¸¶ ¤  τ -²¥¶Éµ´  ¨ µÍ¥-
´¨³, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¢ÒÏ¥¨§²µ¦¥´-
´Ò³ ¶·¨¥³µ³, ¢²¨Ö´¨¥ ·¥´µ·³ ²µ´´µ£µ
¢±² ¤  ´  ¢¥²¨Î¨´Ê ¨§¢²¥± ¥³µ° ¨§
τ -· ¸¶ ¤  ±µ´¸É ´ÉÒ ¸¢Ö§¨.

�·¥¤¸É ¢¨³, ± ± ¨ · ´¥¥, Rτ ¢ ¢¨¤¥ Rτ = R0
τ (1 + ∆τ ), £¤¥ ¢±² ¤ ¸¨²Ó-

´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

∆τ = 12 d1

∫ M2
τ

0

ds

M2
τ

(
s

M2
τ

)2(
1− s

M2
τ

)
λ̃(ks) . (5.27)

‚ MS-¸Ì¥³¥ k = exp (−5/3) [133],   ÔËË¥±É¨¢´ Ö ±µ´¸É ´É  λ̃ ¸¢Ö§ ´  ¸
¶ · ³¥É·µ³ · §²µ¦¥´¨Ö:

λ̃(σ) =
a2

C
+ 3

a3

C
+
a4

C

(
6 +

1

C

d2

d1

)
+
a5

C

(
10 +

6

C

d2

d1

)
, (5.28)

£¤¥ d1 ¨ d2 Å ±µÔËË¨Í¨¥´ÉÒ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö D-ËÊ´±Í¨¨ [134]:

d1 = 4 , d2 =
2

3
[365− 22Nf − 8ζ(3) (33− 2Nf)] . (5.29)

‡¤¥¸Ó ζ(n) Ä ζ-ËÊ´±Í¨Ö �¨³ ´  ¨ ζ(3) ' 1, 202.
‡ ¢¨¸¨³µ¸ÉÓ ¡¥£ÊÐ¥£µ ¶ · ³¥É·  a µÉ ¨³¶Ê²Ó¸´µ° ¶¥·¥³¥´´µ° σ µ¶·¥¤¥-

²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ ³¥Éµ¤  ·¥´µ·³ ²¨§ Í¨µ´´µ° £·Ê¶¶Ò ¨ ³µ¦¥É ¡ÒÉÓ ´ °¤¥´ 
± ± ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¥£µ Ê· ¢´¥´¨Ö:

ln
σ

σ0
=

C

2 β0

[
f̃(a) − f̃(a0)

]
, (5.30)
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£¤¥ σ0 Å ´¥±µÉµ· Ö ÉµÎ±  ´µ·³¨·µ¢±¨, a0 Å ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¥° §´ Î¥´¨¥
¶ · ³¥É·  a. ”Ê´±Í¨Ö f̃ ¨³¥¥É ¢¨¤

f̃(a) =
1

5 (5 + 3B)
[x1 J(a, a1) + x2 J(a, a2) + x3 J(a, a3) ] , (5.31)

£¤¥

J(a, b) = − 2

a2b
− 4

ab2
− 12

ab
− 9

(1− a)(1 − b) +
4 + 12b+ 21b2

b3
ln a+

+
30 − 21b

(1 − b)2 ln (1− a) − (2 + b)
2

b3 (1− b)2 ln (a− b) . (5.32)

‚ ¢Ò· ¦¥´¨¨ (5.31) ¶ · ³¥É·Ò ai Ö¢²ÖÕÉ¸Ö ±µ·´Ö³¨ ¶µ²¨´µ³ 

φ(a) = 1 +
9

2
a + 2(6 + a)a2 + 5

(
5 + 3

β1

2Cβ0

)
a3 (5.33)

¨

xi =
1

(ai − aj)(ai − ak)
, (5.34)

£¤¥ ¨´¤¥±¸Ò {i, j, k} ¶¥·¥¸É ¢²ÖÕÉ¸Ö Í¨±²¨Î¥¸±¨³ µ¡· §µ³. �¥Ï¥´¨¥ Ê· ¢´¥-
´¨Ö (5.30), µ¶·¥¤¥²ÖÕÐ¥¥ ¡¥£ÊÐ¨° ¶ · ³¥É· a = a(σ), ¢ ¸¨²Ê ³µ´µÉµ´´µ¸É¨
ËÊ´±Í¨¨ f̃(a) Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³.

„²Ö Ô±¸¶¥·¨³¥´É ²Ó´µ£µ §´ Î¥´¨Ö Rexp
τ = 3, 56 ± 0, 03 [135, 136] ∗ ¢

¸²ÊÎ ¥ É·¥Ì  ±É¨¢´ÒÌ ±¢ ·±µ¢ ´ Ìµ¤¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ ¸¨²Ó´µ°
±µ´¸É ´ÉÒ ¸¢Ö§¨ ´  ³ ¸ÏÉ ¡¥ ³ ¸¸Ò τ -²¥¶Éµ´  αs(M2

τ ) = 0, 326±0, 015. �Éµ
§´ Î¥´¨¥ ³µ¦´µ ¸· ¢´¨ÉÓ ¸ αs(M2

τ ) = 0, 40, ´ °¤¥´´Ò³ ¢ [60] ¶·¨ · ¸Î¥É Ì ¸
ÉµÎ´µ¸ÉÓÕ O(a3) ¨ ¡¥§ ÊÎ¥É  ·¥´µ·³ ²µ´´µ£µ ¢±² ¤ . ’ ±¨³ µ¡· §µ³, ¢±² ¤
·¥´µ·³ ²µ´´ÒÌ Í¥¶µÎ¥±,   É ±¦¥ ¸²¥¤ÊÕÐ¨Ì Î²¥´µ¢ a-· §²µ¦¥´¨Ö, µ± §Ò¢ -
¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨ ¨§¢²¥Î¥´¨¨ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¸¨²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö
¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ ¨´±²Õ§¨¢´µ³Ê · ¸¶ ¤Ê τ -²¥¶Éµ´ . „²Ö Ô¢µ-
²ÕÍ¨¨ ´ °¤¥´´µ£µ §´ Î¥´¨Ö αs(M2

τ ) ´  ³ ¸ÏÉ ¡ Z-¡µ§µ´  ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ ¶µ-
·µ£¨, µ¡Ê¸²µ¢²¥´´Ò¥ ÉÖ¦¥²Ò³¨ c- ¨ b- ±¢ ·± ³¨. Š ± ¡Ò²µ µÉ³¥Î¥´µ ¢ÒÏ¥,
¢ ¤ ´´µ³ ¶µ¤Ìµ¤¥ ¢µ§³µ¦´  É ± Ö ¶·µÍ¥¤Ê·  ¸Ï¨¢±¨, ¶·¨ ±µÉµ·µ° ±µ´¸É ´É 
¸¢Ö§¨, µ¶·¥¤¥²¥´´ Ö ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨, ¨ ¥¥ ¶·µ¨§¢µ¤´ Ö µ¸É ÕÉ¸Ö
´¥¶·¥·Ò¢´Ò³¨ ´  ¶µ·µ£¥∗∗ s = 4m2

q. ˆ¸¶µ²Ó§ÊÖ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ³ ¸¸

∗�´ ²¨§ ¤·Ê£µ£µ Ô±¸¶¥·¨³¥´É ²Ó´µ£µ §´ Î¥´¨Ö Rτ , µÉ¢¥Î ÕÐ¥£µ ³¨·µ¢µ³Ê ¸·¥¤´¥³Ê, ¶·¨-
¢¥¤¥´´µ³Ê ¢ [137], ¡Ò² ¢Ò¶µ²´¥´ ¢ [69].

∗∗� ´¥¥ ³Ò ¶·¨¢¥²¨ ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸²ÊÎ Õ O(a3) ¸¨¸É¥³Ê Ê· ¢´¥´¨° (5.22). „²Ö · ¸-
¸³ É·¨¢ ¥³µ£µ §¤¥¸Ó ¸²ÊÎ Ö O(a5) µ¶·¥¤¥²ÖÕÐ Ö ¶·µÍ¥¤Ê·Ê ¸Ï¨¢±¨ ¸¨¸É¥³  Ê· ¢´¥´¨°,   É ±¦¥
´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¶µ¤·µ¡´µ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¢ [138].
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ÉÖ¦¥²ÒÌ ±¢ ·±µ¢: mc = 1, 6 ƒÔ‚ ¨ mb = 4, 5 ƒÔ‚, ¤²Ö RZ -µÉ´µÏ¥´¨Ö ¶µ²Ê-
Î ¥³ §´ Î¥´¨¥ RZ = 20, 85± 0, 03, ±µÉµ·µ¥ ´ Ìµ¤¨É¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸
¨³¥ÕÐ¨³¨¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ [121].

6. ���‚ˆ‹� ‘“ŒŒ Š•„ ˆ a-��‡‹�†…�ˆ…

� ¸¸³µÉ·¨³ ¶·µ¡²¥³Ê µ¶¨¸ ´¨Ö qq-¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ´  µ¸´µ¢¥ ³¥-
Éµ¤  ¶· ¢¨² ¸Ê³³ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ [139] (¸³. É ±¦¥ µ¡§µ·´ÊÕ ¸É -
ÉÓÕ [140]), ¶·¨³¥´ÖÖ ¶·¨ ÔÉµ³ ‚’‚-¶µ¤Ìµ¤ ¤²Ö µ¶¨¸ ´¨Ö ´¥ Éµ²Ó±µ ¶¥·ÉÊ·-
¡ É¨¢´ÒÌ, ´µ ¨, ¸²¥¤ÊÖ ´¥¤ ¢´¥° · ¡µÉ¥ [72], ¸ÊÐ¥¸É¢¥´´µ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ
¢±² ¤µ¢. ‡¤¥¸Ó ¸²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ‚’‚-³¥Éµ¤ ¤ ¥É ¥¤¨´µ¥ µ¶¨¸ ´¨¥ ¸¨-
¸É¥³Ò, ¨ Ö¢´µ¥ · §¤¥²¥´¨¥ (¸ ÉµÎ±¨ §·¥´¨Ö µ¡ÒÎ´µ£µ · ¸¸³µÉ·¥´¨Ö, µ¸´µ¢ ´-
´µ£µ ´  µ¶¥· Éµ·´µ³ · §²µ¦¥´¨¨) ´  ¶¥·ÉÊ·¡ É¨¢´ÊÕ, ¸µ¤¥·¦ ÐÊÕ ²µ£ ·¨Ë-
³¨Î¥¸±ÊÕ § ¢¨¸¨³µ¸ÉÓ, ¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ Î ¸ÉÓ, µ¶·¥¤¥²Ö¥³ÊÕ ¸É¥¶¥´´Ò³¨
¶µ¶· ¢± ³¨, ´¥ ¢¸¥£¤  ¥¸É¥¸É¢¥´´µ ¨ ¢µ§³µ¦´µ ²¨ÏÓ ¢ ¶·µ¸É¥°Ï¨Ì ¸²ÊÎ ÖÌ,
± ±, ´ ¶·¨³¥·, ¢ ¶·¨¢¥¤¥´´µ³ ¢ [72] ¶·¨³¥·¥.

� Î´¥³  ´ ²¨§ ¸ · ¸¸³µÉ·¥´¨Ö  ¤·µ´´µ£µ ±µ··¥²ÖÉµ· , µÉ¢¥Î ÕÐ¥£µ ´¥-
±µÉµ·µ³Ê Éµ±Ê ¸ ³ É·¨Î´µ° ¸É·Ê±ÉÊ·µ° Γ, ³´¨³ÊÕ Î ¸ÉÓ ±µÉµ·µ£µ ´  ¤¢ÊÌ¶¥-
É²¥¢µ³ Ê·µ¢´¥ § ¶¨Ï¥³ ¢ ¢¨¤¥

ImΠΓ(s) =
1

4π

[
Π

(0)
Γ (s) + 4λΠ

(1)
Γ (s)

]
. (6.1)

‘¢µ¤±  ´¥µ¡Ìµ¤¨³ÒÌ ¤²Ö ¤ ²Ó´¥°Ï¥£µ Ëµ·³Ê² ¤²Ö ±µ³¶µ´¥´É Π(0) ¨ Π(1)

¶·¨¢¥¤¥´  ¢ ¶·¨²µ¦¥´¨¨ B.
� ¸¸³µÉ·¨³ ¶¥·¢Ò°, ¸¢Ö§ ´´Ò° ¸ D-ËÊ´±Í¨¥° ³µ³¥´É

M
(Γ)
1+NΓ

(Q2) ≡ −dΠΓ(Q2)

dQ2
=

1

π

∫ ∞
4m2

ds

(s+Q2)2
ImΠΓ(s) . (6.2)

�¶·¥¤¥²ÖÖ ¶¥·¥³¥´´ÊÕ σ = s − 4m2, ±µÉµ· Ö ¸¢Ö§Ò¢ ¥É¸Ö ¸ ¢¨·ÉÊ ²Ó´µ¸ÉÓÕ
¢ ·¥´µ·³ ²µ´´µ³ ¶·¥¤¸É ¢²¥´¨¨, ¨ u2 = σ/(σ + 4m2), ¶µ²ÊÎ ¥³

M
(Γ)
1+NΓ

(Q2) =
1

4π2

∫ ∞
0

dσ
(σ + 4m2)NΓ

(Q2 + σ + 4m2)2+NΓ
× (6.3)

×
[
Π

(0)
Γ (u) + 4λΠ

(1)
Γ (u)

]
.

„µ¶µ²´¨É¥²Ó´ Ö ¶·µ¡²¥³ , ±µÉµ·ÊÕ ¸²¥¤Ê¥É µ¡¸Ê¤¨ÉÓ µ¸µ¡µ, ¸¢Ö§ ´  ¸
É ± ´ §Ò¢ ¥³Ò³¨ ±Ê²µ´µ¢¸±¨³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨. �¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥-
´¨¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ ¸É¥¶¥´Ö³ ÔËË¥±É¨¢´µ£µ ¶ · ³¥É·  λ/u. ‚ ¶¥·ÉÊ·¡ -
É¨¢´µ³ · ¸¸³µÉ·¥´¨¨ ³µ³¥´Éµ¢ ¢Ò¸Ï¥£µ ¶µ·Ö¤±  ¤µ³¨´¨·ÊÕÐ¥° µ± §Ò¢ ¥É¸Ö
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µ¡² ¸ÉÓ ³ ²ÒÌ u, ¨ ¶¥·ÉÊ·¡ É¨¢´ Ö  ¶¶·µ±¸¨³ Í¨Ö ¸É ´µ¢¨É¸Ö ´¥¶·¨³¥´¨-
³µ° [142] (¸³. É ±¦¥ [143, 144]). ’ ±¨³ µ¡· §µ³, ¤²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ£µ
· ¸¸³µÉ·¥´¨Ö ³µ³¥´Éµ¢ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ´¥µ¡Ìµ¤¨³µ ¶·µ¢¥¸É¨ ´¥±µÉµ·µ¥
¸Ê³³¨·µ¢ ´¨¥ ±Ê²µ´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥°. �¥·¥Ìµ¤ ± · ¸¸³µÉ·¥´´µ³Ê ¢ÒÏ¥
·¥´µ·³ ²µ´´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ ¶µ§¢µ²Ö¥É ¢Ò¶µ²´¨ÉÓ ´¥µ¡Ìµ¤¨³µ¥ ¸Ê³³¨·µ-
¢ ´¨¥ [72]. �Éµ ³µ¦¥É ¡ÒÉÓ ¶·µ¤¥³µ´¸É·¨·µ¢ ´µ ´  ¶·µ¸Éµ³ ¶·¨³¥·¥, ÎÉµ
³Ò ¨ ¤¥² ¥³ ¢ ¶·¨²µ¦¥´¨¨ C, £¤¥ É ±¦¥ · ¸¸³ É·¨¢ ¥É¸Ö ¸¢Ö§Ó ¸ ¨§¢¥¸É´Ò³
Ë ±Éµ·µ³ ‡µ³³¥·Ë¥²Ó¤  Å ‘ Ì ·µ¢  [145,146].

�¥·¥¶¨Ï¥³ (6.3) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

M
(Γ)
1+NΓ

(Q2) =
1

4π2

∫ ∞
0

dσ
(σ + 4m2)NΓΠ

(0)
Γ (u)

(Q2 +W (σ))2+NΓ
, (6.4)

£¤¥

W (σ) = (σ + 4m2)

[
1− 4λ

ψΓ(u)

Π
(0)
Γ (u)

]
, (6.5)

ψΓ(u) = (1− u2)1+NΓ

∫ u

0

du
2u

(1− u2)2+NΓ
Π

(1)
Γ (u). (6.6)

�·¨³¥´¥´¨¥ ³¥Éµ¤  ·¥´µ·³£·Ê¶¶Ò ± ¶µ¤Ò´É¥£· ²Ó´µ³Ê ¢Ò· ¦¥´¨Õ ¢
(6.4), ±µ£¤  Éµ± ¨³¥¥É ´Ê²¥¢ÊÕ  ´µ³ ²Ó´ÊÕ · §³¥·´µ¸ÉÓ, ¶·¨¢µ¤¨É ± § ³¥´¥
±µ´¸É ´ÉÒ ¸¢Ö§¨ λ ¨ ³ ¸¸Ò m ´  ¡¥£ÊÐ¨¥ ¶ · ³¥É·Ò λ(σ) ¨ m(σ), £¤¥ ¢ · ¸-
¸³ É·¨¢ ¥³µ° MS-¸Ì¥³¥  ·£Ê³¥´É σ ¤µ²¦¥´ ¡ÒÉÓ ³ ¸ÏÉ ¡¨·µ¢ ´ Ë ±Éµ·µ³
kMS = exp(−5/3) [133]. ‚ Éµ³ ¸²ÊÎ ¥, ±µ£¤   ´µ³ ²Ó´ Ö · §³¥·´µ¸ÉÓ Éµ± 
´¥´Ê²¥¢ Ö, ¶µÖ¢²Ö¥É¸Ö ¸¢Ö§ ´´Ò° ¸ ´¥° ¤µ¶µ²´¨É¥²Ó´Ò° µ¡Ð¨° Ë ±Éµ·, ±µÉµ-
·Ò°, µ¤´ ±µ, ± ± ¡Ê¤¥É ¶µ´ÖÉ´µ ¨§ ¤ ²Ó´¥°Ï¥£µ, µ± §Ò¢ ¥É¸Ö ´¥¸ÊÐ¥¸É¢¥´´Ò³
¤²Ö ¢Ò¢µ¤µ¢, µ¸´µ¢ ´´ÒÌ ´   ´ ²¨§¥ ³µ³¥´Éµ¢ ¸ ¡µ²ÓÏ¨³¨ ´µ³¥· ³¨ n, É ±
ÎÉµ ¢ ·¥§Ê²ÓÉ É¥ ÔÉµÉ Ë ±Éµ· ´¥ ¨£· ¥É ·µ²¨ ¶·¨ É ±µ³ · ¸¸³µÉ·¥´¨¨.

�Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ‚’‚ ¡¥£ÊÐ¨¥ ¶ · ³¥É·Ò, ÎÉµ ´¥ ¶·¨¢µ¤¨É, ± ± ¡Ò²µ
µÉ³¥Î¥´µ ¢ÒÏ¥, ± ± ±¨³-²¨¡µ É·Ê¤´µ¸ÉÖ³, ¸¢Ö§ ´´Ò³ ¸ µ¶·¥¤¥²¥´¨¥³ ¨´-
É¥£· ² , ±µ£¤  ÔÉ¨ ¶ · ³¥É·Ò ¢Ìµ¤ÖÉ ¢ ¶µ¤Ò´É¥£· ²Ó´µ¥ ¢Ò· ¦¥´¨¥. ’ ±¨³
µ¡· §µ³, ¢Ò· ¦¥´¨¥ ¤²Ö ³µ³¥´É  n-£µ ¶µ·Ö¤±  ¨³¥¥É ¢¨¤

M (Γ)
n (Q2) =

1

4π2

∫ ∞
0

dσ
[σ + 4m2(kσ)]NΓ

[Q2 +W (σ)]1+n
Π

(0)
Γ (u) . (6.7)

‡¤¥¸Ó

W (σ) =
[
σ + 4m2(kσ)

] [
1− 4λeff(kσ)

ψΓ(u)

Π
(0)
Γ (u)

]
, (6.8)
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¨ É¥¶¥·Ó u2 = σ/[σ + 4m2(kσ)]. ‚ ³¥Éµ¤¥ ¶· ¢¨² ¸Ê³³ ³ ¸¸  ¶¥·¢µ£µ ·¥§µ-
´ ´¸  ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´  Î¥·¥§ µÉ´µÏ¥´¨¥ ³µ³¥´Éµ¢

RΓ
n =

MΓ
n−1

MΓ
n

(6.9)

¶·¨ ¡µ²ÓÏ¨Ì ´µ³¥· Ì n.
� ¸¸³µÉ·¨³ ¸¶¥±É· ³ ¸¸ ¸¥³¥°¸É¢ Î ·³µ´¨Ö ¨ ¡µÉÉµ´¨Ö (cc̄- ¨ bb̄-¸¢Ö§ ´-

´Ò¥ ¸µ¸ÉµÖ´¨Ö). ‚ µ¡¸Ê¦¤ ¥³µ³ ¶µ¤Ìµ¤¥ ¶ · ³¥É· ³¨ Ö¢²ÖÕÉ¸Ö: §´ Î¥´¨¥ ±µ´-
¸É ´ÉÒ ¸¢Ö§¨ α0 ¢ ´¥±µÉµ·µ° ÉµÎ±¥ ´µ·³¨·µ¢±¨, ¢ ± Î¥¸É¢¥ ±µÉµ·µ° ³Ò ¡Ê¤¥³
¡· ÉÓ ³ ¸ÏÉ ¡ ³ ¸¸Ò τ -²¥¶Éµ´ ,   É ±¦¥ §´ Î¥´¨¥ ³ ¸¸Ò ÉÖ¦¥²µ£µ ±¢ ·±  (¢
¤ ´´µ³ ¸²ÊÎ ¥ mc ¨²¨ mb), § ¤ ´´µ£µ ´  ´¥±µÉµ·µ³ ³ ¸ÏÉ ¡¥ (¡Ê¤¥³ ¨¸¶µ²Ó-
§µ¢ ÉÓ ¤²Ö ÔÉµ£µ 1 ƒÔ‚). �·¨ ÔÉµ³, ±µ´¥Î´µ, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ²ÊÎÏ¥³Ê Ë¨ÉÊ
§´ Î¥´¨Ö ¤µ²¦´Ò ¸µ£² ¸µ¢Ò¢ ÉÓ¸Ö ¸ ¤·Ê£¨³¨ ¤ ´´Ò³¨. —Éµ ± ¸ ¥É¸Ö ¶ · ³¥-
É·  C, Éµ ³Ò ´¥ ¡Ê¤¥³ ¥£µ ¢ ·Ó¨·µ¢ ÉÓ,   ¶·¨³¥³ ¤²Ö ´¥£µ ´ °¤¥´´µ¥ · ´¥¥
§´ Î¥´¨¥ C = 4, 1, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ Ê·µ¢´Õ O(a3)  ¶¶·µ±¸¨³ Í¨¨ ±µ´¸É ´É
¶¥·¥´µ·³¨·µ¢±¨ [51]. ‚ · ¡µÉ¥ [72] ¡Ò²µ ´ °¤¥´µ §´ Î¥´¨¥ ±µ´¸É ´ÉÒ ¸¢Ö§¨
α0(M2

τ ) = 0, 379. „²Ö ³ ¸¸ c- ¨ b-±¢ ·±µ¢ ¶µ²ÊÎ¥´Ò §´ Î¥´¨Ö mc = 1, 51 ƒÔ‚
¨ mb = 4, 72 ƒÔ‚, ±µÉµ·Ò¥ Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸ ¤·Ê£¨³¨ ·¥§Ê²ÓÉ É ³¨ [121].

�·¨ ¡µ²ÓÏ¨Ì n µ¸´µ¢´µ° ¢±² ¤ ¢ ³µ³¥´ÉÒ µ¶·¥¤¥²Ö¥É¸Ö µ±·¥¸É´µ¸ÉÓÕ
ÉµÎ±¨ ³¨´¨³Ê³  ËÊ´±Í¨¨ W (σ): σ = σ̃. ‚Ò¶µ²´¥´´Ò° ¢ · ¡µÉ¥ [72]  ´ ²¨§
· §²¨Î´ÒÌ ± ´ ²µ¢ ¶µ± § ², ÎÉµ ¤²Ö cc-¸¨¸É¥³ É ±µ° ³¨´¨³Ê³ ¤µ¸É¨£ ¥É¸Ö
¶·¨ σ̃ ∼ 4 ÷ 6 ƒÔ‚2,   ¤²Ö bb-¸µ¸ÉµÖ´¨° ¶·¨ σ̃ ∼ 20 ÷ 30 ƒÔ‚2. �¸´µ¢´µ°
¢±² ¤ ¢ ³µ³¥´ÉÒ (6.7) ¶·¨ ¡µ²ÓÏ¨Ì n µ¶·¥¤¥²Ö¥É¸Ö ¸É Í¨µ´ ·´µ° ÉµÎ±µ°, ¨,
µÎ¥¢¨¤´µ, ¤²Ö µÉ´µÏ¥´¨Ö ³µ³¥´Éµ¢ ³µ¦¥³ § ¶¨¸ ÉÓ

Rn(Q2)
n→∞−→ Q2 +W (σ̃) . (6.10)

�ÉÊ ¢¥²¨Î¨´Ê ¸²¥¤Ê¥É ¸· ¢´¨ÉÓ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³  ¤·µ´´Ò³ µÉ´µÏ¥´¨¥³
Rhad
n (Q2), ¤²Ö ±µÉµ·µ£µ ¢ ¶·¨¡²¨¦¥´¨¨ Ê§±¨Ì ·¥§µ´ ´¸µ¢ ²¥£±µ ´ Ìµ¤¨³

Rhad
n (Q2)

n→∞−→ Q2 +M2
R . (6.11)

’ ±¨³ µ¡· §µ³, ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ Q ¤²Ö ³ ¸¸Ò ·¥§µ´ ´¸  ¶µ²ÊÎ ¥³

MR =
√
W (σ̃) . (6.12)

�É³¥É¨³, ÎÉµ Ë ±É ¢Ò¶ ¤¥´¨Ö § ¢¨¸¨³µ¸É¨ µÉ Q ´¥ Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´Ò³.
’ ± Ö § ¢¨¸¨³µ¸ÉÓ ¶·¨¸ÊÉ¸É¢Ê¥É ¶·¨ µ¡ÒÎ´µ³ · ¸¸³µÉ·¥´¨¨ ¨ É·¥¡Ê¥É ¸¶¥Í¨-
 ²Ó´µ£µ  ´ ²¨§  (¸³. µ¡¸Ê¦¤¥´¨¥ ¢ [140]).

�  ·¨¸. 14 ¨ 15 ¶·¨¢¥¤¥´Ò ËÊ´±Í¨¨
√
Rn ¨

√
W (σ) ¤²Ö cc- ¨ bb-¸¨¸É¥³

¸µµÉ¢¥É¸É¢¥´´µ. �¥§Ê²ÓÉ ÉÒ ¤²Ö cc-¸¨¸É¥³ ¸ ³ ¸¸µ° c-±¢ ·±  mc = 1, 51 ƒÔ‚
¸Ê³³¨·µ¢ ´Ò ¢ É ¡².2,   ¤²Ö bb-¸¨¸É¥³ ¸ ³ ¸¸µ° b-±¢ ·±  mb = 4, 72 ƒÔ‚ Å
¢ É ¡².3. ˆ¸¶µ²Ó§Ê¥³Ò¥ §¤¥¸Ó ³ ¸¸Ò c- ¨ b-±¢ ·±µ¢ Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸
µÍ¥´± ³¨, ¤ ¢ ¥³Ò³¨ ¤·Ê£¨³¨ ¶µ¤Ìµ¤ ³¨ [121].
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�¨¸. 14. �µ¢¥¤¥´¨¥ ËÊ´±Í¨°
√
Rn ¢ § ¢¨¸¨³µ¸É¨ µÉ ´µ³¥·  n ¨

√
W (σ) ± ± ËÊ´±Í¨¨

σ ¤²Ö ¸¢Ö§ ´´ÒÌ cc-¸µ¸ÉµÖ´¨°. ‘¶²µÏ´ Ö ²¨´¨Ö ¸µµÉ¢¥É¸É¢Ê¥É ¢¥±Éµ·´µ³Ê Éµ±Ê, ¶Ê´±-
É¨· µÉ¢¥Î ¥É  ±¸¨ ²Ó´µ-¢¥±Éµ·´µ³Ê Éµ±Ê,   ÏÉ·¨Ì¶Ê´±É¨·´ Ö ±·¨¢ Ö Å A′-³¥§µ´Ê.
ƒµ·¨§µ´É ²Ó´Ò¥ ¶·Ö³Ò¥ µÉ¢¥Î ÕÉ ³ ¸¸ ³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ³¥§µ´µ¢, §´ Î¥´¨Ö ±µÉµ-
·ÒÌ ¢§ÖÉÒ ¨§ [137]

�¨¸. 15. ’µ ¦¥, ÎÉµ ¨ ´  p¨¸. 14, ´µ ¤²Ö bb-¸¨¸É¥³

�µ¤¢µ¤Ö ±· É±¨° ¨Éµ£ ¶·¨¢¥¤¥´´µ£µ ¢ ÔÉµ³ · §¤¥²¥  ´ ²¨§ , µÉ³¥É¨³, ÎÉµ
¶·¨ É ±µ³ ¶µ¤Ìµ¤¥ µ¡² ¸ÉÓ ¸É ¡¨²Ó´µ¸É¨ ³µ³¥´Éµ¢ ¶µ ¶¥·¥³¥´´µ° n §´ Î¨-
É¥²Ó´µ · ¸Ï¨·¨² ¸Ó ¶µ ¸· ¢´¥´¨Õ ¸ µ¡ÒÎ´Ò³ · ¸¸³µÉ·¥´¨¥³, ¶·¨ ±µÉµ·µ³
¨´É¥·¢ ² ¸É ¡¨²Ó´µ¸É¨ ´ Ìµ¤¨É¸Ö, ± ± ¶· ¢¨²µ, ¢ · °µ´¥ n = 6 ÷ 8. �µ-
²µ¦¨É¥²Ó´µ° Î¥·Éµ° É ±¦¥ Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ¶·¨ ¡µ²ÓÏ¨Ì § Î¥´¨ÖÌ n
Q2-§ ¢¨¸¨³µ¸ÉÓ ¤²Ö µÉ´µÏ¥´¨Ö ¢ÒÎ¨¸²Ö¥³ÒÌ É ±¨³ µ¡· §µ³ ³µ³¥´Éµ¢ ÉµÎ´µ
É ± Ö ¦¥, ± ± ¨ ¢  ¤·µ´´µ³ ¸¥±Éµ·¥. � ¸Ð¥¶²¥´¨¥ ³¥¦¤Ê ¢¥±Éµ·´Ò³,  ±-
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¸¨ ²Ó´µ-¢¥±Éµ·´Ò³ ¨ A′-¸µ¸ÉµÖ´¨Ö³¨ ¢µ¸¶·µ¨§¢µ¤¨É¸Ö ¸ Ìµ·µÏ¥° ÉµÎ´µ¸ÉÓÕ.
�É³¥É¨³, µ¤´ ±µ, ÎÉµ ¨§²µ¦¥´´Ò° ¢ ÔÉµ³ · §¤¥²¥ ¶µ¤Ìµ¤ ± µ¶¨¸ ´¨Õ ¸¶¥±-
É·µ¸±µ¶¨¨ ±¢ ·±µ´¨¥¢ ´ Ìµ¤¨É¸Ö ²¨ÏÓ ¢ ¸ ³µ³ ´ Î ²¥ ¸¢µ¥£µ · §¢¨É¨Ö. �Ö¤
¢µ¶·µ¸µ¢ ´Ê¦¤ ¥É¸Ö ¢ ÊÉµÎ´¥´¨¨ ¨ ¤ ²Ó´¥°Ï¥° · §· ¡µÉ±¥. � ¶·¨³¥·, ¡µ-
²¥¥ ¤¥É ²Ó´µ£µ ¨§ÊÎ¥´¨Ö É·¥¡Ê¥É ¢µ¶·µ¸, ¸¢Ö§ ´´Ò° ¸ µ¶¨¸ ´¨¥³ ¸± ²Ö·´ÒÌ ¨
¶¸¥¢¤µ¸± ²Ö·´ÒÌ ¸µ¸ÉµÖ´¨°, ¤²Ö ±µÉµ·ÒÌ, ¶µ-¢¨¤¨³µ³Ê, ¸²¥¤Ê¥É ¶·¨´¨³ ÉÓ ¢
· ¸Î¥É ´¥±µÉµ·Ò¥ ¤·Ê£¨¥ ¤µ¶µ²´¨É¥²Ó´Ò¥ ÔËË¥±ÉÒ [72].

’ ¡²¨Í  2. ‘¶¥±É· ³ ¸¸ cc-¸¨¸É¥³

’µ± Mexp, ƒÔ‚ Mtheor =
√
W (σ̃), ƒÔ‚ σ̃, ƒÔ‚2

jV 3,10 3,06 4,6
jA 3,51 3,52 4,8
jA′ 3,53 3,56 4,8
jS 3,42 3,27 6,0
jP 2,98 3,19 3,9

’ ¡²¨Í  3. ‘¶¥±É· ³ ¸¸ bb-¸¨¸É¥³

’µ± Mexp, ƒÔ‚ Mtheor =
√
W (σ̃), ƒÔ‚ σ̃, ƒÔ‚2

jV 9,46 9,43 27
jA 9,89 10,02 26
jA′ Ä 10,07 26
jS 9,86 9,80 30
jP Ä 9,56 24

7. ‡�Š‹�—…�ˆ…

Š ± ¨§¢¥¸É´µ, ¶·¨ ¶µ¸É·µ¥´¨¨ ¶¥·ÉÊ·¡ É¨¢´µ£µ · §²µ¦¥´¨Ö ¢ ± Î¥¸É¢¥
¢µ§³ÊÐ¥´¨Ö µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö Î ¸ÉÓ ¶µ²´µ£µ ² £· ´¦¨ ´ , ´ §Ò¢ ¥³ Ö ² -
£· ´¦¨ ´µ³ ¢§ ¨³µ¤¥°¸É¢¨Ö, ±µÉµ· Ö ¸µ¤¥·¦¨É ¢Ò¸Ï¨¥ ¸É¥¶¥´¨ ¶µ²¥°. ‘¢µ-
¡µ¤´ Ö ¸¨¸É¥³  ¶·¨ ÔÉµ³ µ¶¨¸Ò¢ ¥É¸Ö £ ·³µ´¨Î¥¸±µ°, ±¢ ¤· É¨Î´µ° ¶µ ¶µ²Ö³
Î ¸ÉÓÕ. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ³µ¤¥²¥° ¸ µ¤´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨ ¢µ§´¨± ¥É ¸É¥-
¶¥´´µ¥ · §²µ¦¥´¨¥, ±µÉµ·µ¥ ¤²Ö ¡µ²ÓÏ¨´¸É¢  ¨´É¥·¥¸´ÒÌ ¸²ÊÎ ¥¢ Ö¢²Ö¥É¸Ö
 ¸¨³¶ÉµÉ¨Î¥¸±¨³. �·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ ·Ö¤ É¥µ·¨¨ ¢µ§³Ê-
Ð¥´¨°, ´¥¸³µÉ·Ö ´   ¸¨³¶ÉµÉ¨Î¥¸±¨° Ì · ±É¥·, ¶µ§¢µ²Ö¥É  ´ ²¨§¨·µ¢ ÉÓ ¤µ-
¢µ²Ó´µ Ï¨·µ±¨° ±·Ê£ ¶· ±É¨Î¥¸±¨ ¢ ¦´ÒÌ § ¤ Î. ’¥³ ´¥ ³¥´¥¥ ¤²Ö ·¥Ï¥´¨Ö
³´µ£¨Ì ¢µ¶·µ¸µ¢ ´¥µ¡Ìµ¤¨³µ ¢Ò°É¨ §  · ³±¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°.



1104 ‘ˆ‘�ŠŸ� �.�., ‘�‹�‚–�‚ ˆ.‹.

‚ ¤ ´´µ° · ¡µÉ¥ ¶·¥¤¸É ¢²¥´ µ¡§µ· ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ´  µ¸´µ¢¥
´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨° ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. ˆ¤¥Ö
É ±µ£µ ¶µ¤Ìµ¤  ¤µ¸É ÉµÎ´µ ¶·µ¸É . �¡ÒÎ´µ¥ · §¡¨¥´¨¥ ¶µ²´µ£µ ËÊ´±Í¨µ´ ² 
¤¥°¸É¢¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ´¥±µÉµ·µ° ±¢ ´Éµ¢µ° ¸¨¸É¥³¥, ´  ¸¢µ¡µ¤´ÊÕ, ±¢ -
¤· É¨Î´ÊÕ ¶µ ¶µ²Ö³ Î ¸ÉÓ ¨ Î ¸ÉÓ, µ¶¨¸Ò¢ ÕÐÊÕ ¢§ ¨³µ¤¥°¸É¢¨¥ ¨ ¸µ¤¥·¦ -
ÐÊÕ ¢Ò¸Ï¨¥ ¸É¥¶¥´¨ ¶µ²¥°, ¢ ¨§¢¥¸É´µ° ¸É¥¶¥´¨ Ê¸²µ¢´µ. ‘¨¸É¥³  µ¶¨¸Ò-
¢ ¥É¸Ö ¶µ²´Ò³ ² £· ´¦¨ ´µ³, ¨ É· ¤¨Í¨µ´´µ¥ · §¡¨¥´¨¥ ¥£µ ´  ¸¢µ¡µ¤´ÊÕ
Î ¸ÉÓ ¨ Î ¸ÉÓ, ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¢§ ¨³µ¤¥°¸É¢¨Õ, ¢µ ³´µ£µ³ ¶·µ¤¨±Éµ¢ ´µ ´¥-
µ¡Ìµ¤¨³µ¸ÉÓÕ ´ Ìµ¦¤¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,
±µ£¤  ¶·µÍ¥¤Ê·  ÉµÎ´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ´¥¨§¢¥¸É´ . ‚ Ëµ·³ ²¨§³¥ ±µ´É¨-
´Ê ²Ó´µ£µ ¨´É¥£· ²  ¢µ§³µ¦´µ¸ÉÓ ¶·µ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¸¢Ö§ ´  ¸ £ Ê¸¸µ-
¢Ò³¨ ËÊ´±Í¨µ´ ²Ó´Ò³¨ ±¢ ¤· ÉÊ· ³¨. ˆÌ µÎ¥¢¨¤´µ¥ ¶·¨³¥´¥´¨¥, ±µ£¤  ¶µ¤
§´ ±µ³ ËÊ´±Í¨µ´ ²Ó´µ£µ ¨´É¥£· ²  · §²µ¦¥´¨¥ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ ¸É¥¶¥´Ö³
¨¸Ìµ¤´µ£µ ¤¥°¸É¢¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö, ¶·¨¢µ¤¨É ± É· ¤¨Í¨µ´´µ° É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨°. �¤´ ±µ, ± ± ³Ò ¶µ± § ²¨, É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° Å ´¥ ¥¤¨´¸É¢¥´´µ
¢µ§³µ¦´µ¥ ¸²¥¤¸É¢¨¥ £ Ê¸¸µ¢¸±µ£µ ¨´É¥£·¨·µ¢ ´¨Ö. ‘ÊÐ¥¸É¢Ê¥É ¨´µ° ¸¶µ-
¸µ¡  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥£· ²µ¢ ¨ ¶·µ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¢
±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. �ÉµÉ ³¥Éµ¤ µ¶¨· ¥É¸Ö ´  ©§µ´¤¨·µ¢ ´¨¥ª ¸¨¸É¥³Ò ¸
¶µ³µÐÓÕ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨µ´ ²µ¢, ¸µ¤¥·¦ Ð¨Ì ¶·µ¡´Ò¥ ¶ · ³¥É·Ò ¢ -
·¨ Í¨µ´´µ£µ É¨¶ . ˆ§ÊÎ Ö µÉ±²¨± ¸¨¸É¥³Ò ´  ¨§³¥´¥´¨¥ É ±¨Ì ¶ · ³¥É·µ¢
¢ ·¨ Í¨µ´´µ£µ ©§µ´¤ ª, ³µ¦´µ ¢Ò¡· ÉÓ ¨Ì µ¶É¨³ ²Ó´Ò³ µ¡· §µ³, É ±, ÎÉµ¡Ò
¢ ·¨ Í¨µ´´ Ö  ¶¶·µ±¸¨³ Í¨Ö ¡Ò²   ¤¥±¢ É´  · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³¥ ´¥
Éµ²Ó±µ ¢ µ¡² ¸É¨ ¸² ¡µ° ¸¢Ö§¨.

� ¸¸³µÉ·¥´´Ò° ¶µ¤Ìµ¤, ´ §¢ ´´Ò° ´ ³¨ ¢ ·¨ Í¨µ´´µ° É¥µ·¨¥° ¢µ§³Ê-
Ð¥´¨Ö, µ¡Ñ¥¤¨´Ö¥É ¢ ¸¥¡¥ ´¥±µÉµ·Ò° ¢ ·¨ Í¨µ´´Ò° ¶·¨´Í¨¶ ¨ ·¥£Ê²Ö·´Ò°
³¥Éµ¤ ¢ÒÎ¨¸²¥´¨Ö ¶µ¶· ¢µ±. ˆ¸Ìµ¤´Ò° ËÊ´±Í¨µ´ ² ¤¥°¸É¢¨Ö ¢ ‚’‚-¶µ¤Ìµ¤¥
¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¸ ¶µ³µÐÓÕ ´¥±µÉµ·µ° ¤µ¡ ¢±¨ ¢ ·¨ Í¨µ´´µ£µ É¨¶ , ¨ ¶·¨-
³¥´Ö¥É¸Ö · §²µ¦¥´¨¥ ¶µ ÔËË¥±É¨¢´µ³Ê ¤¥°¸É¢¨Õ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‘¶¥Í¨ ²Ó-
´Ò¥ ¶ · ³¥É·Ò, ¢Ìµ¤ÖÐ¨¥ ¢ ¢ ·¨ Í¨µ´´Ò° ËÊ´±Í¨µ´ ², ¶µ§¢µ²ÖÕÉ Ê¶· ¢²ÖÉÓ
¸¢µ°¸É¢ ³¨ ¢µ§´¨± ÕÐ¥£µ ¶² ¢ ÕÐ¥£µ ·Ö¤ . ’ ±¨³ µ¡· §µ³, Ê¦¥ ¸ ¸ ³µ£µ
´ Î ² , ¢ µÉ²¨Î¨¥ µÉ ³´µ£¨Ì ¨´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ¶µ¤Ìµ¤µ¢, ¢ ‚’‚ · ¸-
¸³ É·¨¢ ¥³ Ö ¢¥²¨Î¨´  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ´¥±µÉµ·µ£µ ·Ö¤ , ÎÉµ ¶µ§¢µ²Ö¥É
¢ÒÎ¨¸²¨ÉÓ ´¥µ¡Ìµ¤¨³Ò¥ ¶µ¶· ¢±¨ ¨ ¨§ÊÎ¨ÉÓ ¢µ¶·µ¸ Ê¸Éµ°Î¨¢µ¸É¨ ¶µ²ÊÎ¥´´ÒÌ
·¥§Ê²ÓÉ Éµ¢. ˆ´Ò³¨ ¸²µ¢ ³¨, · ¸¸³µÉ·¥´´Ò° §¤¥¸Ó ³¥Éµ¤ ¢ ·¨ Í¨µ´´ÒÌ · §-
²µ¦¥´¨° ¶·¥¤µ¸É ¢²Ö¥É ¢µ§³µ¦´µ¸ÉÓ µÉ¢¥É  ´  ¢µ¶·µ¸, ¢ ± ±µ° ³¥·¥ µ¸´µ¢´µ°
¢±² ¤, µ¶·¥¤¥²Ö¥³Ò° ¢ ·¨ Í¨µ´´Ò³ ¶ÊÉ¥³ ´  µ¸´µ¢¥ Éµ£µ ¨²¨ ¨´µ£µ ¶·¨´Í¨¶ 
µ¶É¨³¨§ Í¨¨,  ¤¥±¢ É¥´ · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³¥ ¨ ± ±µ¢  µ¡² ¸ÉÓ ¶·¨³¥´¨-
³µ¸É¨ ´ °¤¥´´ÒÌ ¢Ò· ¦¥´¨°. ’ ± ¦¥, ± ± ¢ ¸É ´¤ ·É´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°,
¤²Ö ¶µ¸É·µ¥´¨Ö ‚’‚ ¨¸¶µ²Ó§ÊÕÉ¸Ö ²¨ÏÓ £ Ê¸¸µ¢¸±¨¥ ËÊ´±Í¨µ´ ²Ó´Ò¥ ±¢ -
¤· ÉÊ·Ò. �·¨ ÔÉµ³, ±µ´¥Î´µ, ¢µ§´¨± ÕÐ¨° ·Ö¤ µ¡² ¤ ¥É ¨´µ° ¸É·Ê±ÉÊ·µ° ¨,
±·µ³¥ Éµ£µ, ³µ¤¨Ë¨Í¨·ÊÕÉ¸Ö ´¥±µÉµ·Ò¥ Ë¥°´³ ´µ¢¸±¨¥ ¶· ¢¨²  ´  Ê·µ¢´¥
¶·µ¶ £ Éµ·µ¢ ¨ ¢¥·Ï¨´.
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‚ ¸²ÊÎ ¥ Š•„ ¶·¨³¥´¥´¨¥ ¨¤¥¨ ¶µ¸É·µ¥´¨Ö ¢ ·¨ Í¨µ´´ÒÌ ·Ö¤µ¢ ¶·¨-
¢µ¤¨É ± ´µ¢µ³Ê ³ ²µ³Ê ¶ · ³¥É·Ê · §²µ¦¥´¨Ö. �ÉµÉ ¶ · ³¥É· ¶µ¤Î¨´Ö¥É¸Ö
Ê· ¢´¥´¨Õ, ·¥Ï¥´¨Ö ±µÉµ·µ£µ µ± §Ò¢ ÕÉ¸Ö ¢¸¥£¤  ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ ¶·¨ ²Õ-
¡µ° ¢¥²¨Î¨´¥ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. �µ ¸· ¢´¥´¨Õ ¸ É¥µ·¨¥° ¢µ§³Ê-
Ð¥´¨°, µ¸É ¢ Ö¸Ó ¢ · ³± Ì ¶·¨³¥´¨³µ¸É¨ É ±µ£µ · §²µ¦¥´¨Ö, ³µ¦´µ ¶·µ-
¤¢¨´ÊÉÓ¸Ö ¢ µ¡² ¸ÉÓ ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¨Ì Ô´¥·£¨°. „²Ö ¶·¨³¥´Ö¥³µ£µ §¤¥¸Ó
³¥Éµ¤  ³µ¦´µ · ¸¸Î¨ÉÒ¢ ÉÓ ´  ¨´¤ÊÍ¨·µ¢ ´´ÊÕ ¸Ìµ¤¨³µ¸ÉÓ ‚’‚-·Ö¤ . � 
¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ¤µ± § É¥²Ó¸É¢µ É ±µ£µ ·µ¤  ¸Ìµ¤¨³µ¸É¨ ¨³¥¥É¸Ö ²¨ÏÓ ¤²Ö
¶·µ¸ÉÒÌ ³µ¤¥²¥°. ‚ ¸²ÊÎ ¥ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¨ ¶·¥¤²µ¦¨ÉÓ ¸É·µ£µ¥
¤µ± § É¥²Ó¸É¢µ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ · ¸¸³µÉ·¥´´µ£µ §¤¥¸Ó ¢ ·¨ Í¨-
µ´´µ£µ · §²µ¦¥´¨Ö ¶µ±  ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³. �¤´ ±µ ¶·µ¢¥¤¥´´Ò°
§¤¥¸Ó  ´ ²¨§ ¶·¨¢µ¤¨É ± ´¥±µÉµ·Ò³  ·£Ê³¥´É ³ Ô³¶¨·¨Î¥¸±µ£µ Ì · ±É¥·  ¢
¶µ²Ó§Ê ¢µ§³µ¦´µ£µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸Ìµ¤¨³µ¸É¨ É ±µ£µ É¨¶ . � ¶·¨³¥·, ¶µ-
¢¥¤¥´¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´µ° β-ËÊ´±Í¨¨, ´ °¤¥´´µ° ³¥Éµ¤µ³ a-· §²µ¦¥´¨Ö ¢
· §²¨Î´ÒÌ ¶µ·Ö¤± Ì ‚’‚- ¶¶·µ±¸¨³ Í¨¨, µ± § ²µ¸Ó Ê¤¨¢¨É¥²Ó´µ Ê¸Éµ°Î¨-
¢Ò³ ± ¢²¨Ö´¨Õ ¶µ¶· ¢µ± ¢ ¸³Ò¸²¥ ¨´¤ÊÍ¨·µ¢ ´´µ° ¸Ìµ¤¨³µ¸É¨ ¢ Ï¨·µ±µ³
¨´É¥·¢ ²¥ ¨§³¥´¥´¨Ö ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ ¦´µ° µ¸µ¡¥´´µ¸ÉÓÕ ‚’‚-¶µ¤Ìµ¤ 
Ö¢²Ö¥É¸Ö ÉµÉ Ë ±É, ÎÉµ ¤²Ö ¤µ¸É ÉµÎ´µ ³ ²ÒÌ ᾱs ¢ ·¨ Í¨µ´´µ¥ · §²µ¦¥´¨¥
¢µ¸¶·µ¨§¢µ¤¨É ¸É ´¤ ·É´ÊÕ É¥µ·¨Õ ¢µ§³ÊÐ¥´¨°, ¨ ¶¥·ÉÊ·¡ É¨¢´ Ö ¢Ò¸µ±µ-
Ô´¥·£¥É¨Î¥¸± Ö Ë¨§¨±  ¸µÌ· ´Ö¥É¸Ö. �·¨ ¶·µ¤¢¨¦¥´¨¨ ¢ µ¡² ¸ÉÓ ´¨§±¨Ì
Ô´¥·£¨°, ±µ£¤  µ¡ÒÎ´ Ö É¥µ·¨Ö ¢µ§³ÊÐ¥´¨° ¶¥·¥¸É ¥É · ¡µÉ ÉÓ (ᾱs(Q2) ∼ 1),
¶ · ³¥É· ‚’‚-· §²µ¦¥´¨Ö µ¸É ¥É¸Ö ¢¸¥ ¥Ð¥ ³ ²Ò³, ¨ ³Ò ´¥ ¢ÒÌµ¤¨³ §  · ³±¨
¶·¨³¥´¨³µ¸É¨ ³¥Éµ¤ .

‚ µ¡§µ·¥ · ¸¸³µÉ·¥´ ·Ö¤ Ë¥´µ³¥´µ²µ£¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨° ‚’‚-³¥Éµ¤ .
�¤´¨³ ¨§ ¥£µ ¶·¨³¥´¥´¨° Ö¢²Ö¥É¸Ö µ¶¨¸ ´¨¥ ¶·µÍ¥¸¸  e+e−- ´´¨£¨²ÖÍ¨¨
¢  ¤·µ´Ò ¢ µ¡² ¸É¨ ´¨§±¨Ì (¤²Ö ³ ¸ÏÉ ¡µ¢ Š•„) Ô´¥·£¨°. „²Ö ¢µ§³µ¦´µ-
¸É¨ ¸· ¢´¥´¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¶·¨³¥´¥´ ¸¶¥Í¨ ²Ó´Ò° ³¥Éµ¤
¸£² ¦¨¢ ´¨Ö ·¥§µ´ ´¸µ¢, É ± ´ §Ò¢ ¥³ Ö ©¸³¨·¨´£ª-¶·µÍ¥¤Ê· . ˆ¸¶µ²Ó§µ¢ -
´¨¥ ©¸³¨·¨´£ª-³¥Éµ¤  ¶µ§¢µ²Ö¥É ¨§¡¥¦ ÉÓ É·Ê¤´µ¸É¥°, ¸¢Ö§ ´´ÒÌ ¸ ¶µ·µ£µ-
¢Ò³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨ ¢ ¶¥·ÉÊ·¡ É¨¢´µ³ · §²µ¦¥´¨¨. �¤´ ±µ ¶·Ö³µ¥ ¶·¨³¥-
´¥´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¤²Ö µ¶¨¸ ´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¤ ´´ÒÌ ¢¸¥ ¥Ð¥ µ¸É ¥É¸Ö ´¥¢µ§³µ¦´Ò³. �·¨Î¨´  ÔÉµ£µ ¸¢Ö§ ´  ¸ ´¥Ë¨§¨Î¥-
¸±¨³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨, ±µÉµ·Ò¥ ¨³¥ÕÉ¸Ö Ê ¶¥·ÉÊ·¡ É¨¢´µ£µ ¨´¢ ·¨ ´É´µ£µ
§ ·Ö¤  ¢ ¨´Ë· ±· ¸´µ° µ¡² ¸É¨. ‚ ³¥Éµ¤¥ a-· §²µ¦¥´¨Ö É ±¨¥ ¸¨´£Ê²Ö·´µ-
¸É¨ µÉ¸ÊÉ¸É¢ÊÕÉ, ©¸³¨·¨´£ª-¨´É¥£· ²Ò µ± §Ò¢ ÕÉ¸Ö Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³¨,
¨ Ê¦¥ ¢ ¶¥·¢µ³ ¶µ·Ö¤±¥ ‚’‚-· §²µ¦¥´¨Ö Ê¤ ¥É¸Ö ¤µ¡¨ÉÓ¸Ö Ìµ·µÏ¥£µ ¸µ£² ¸¨Ö
¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

�·¨³¥´¥´¨¥ µ¡ÒÎ´µ£µ ·¥´µ·³£·Ê¶¶µ¢µ£µ ·¥¸Ê³³¨·µ¢ ´¨Ö ¢ É¥µ·¨¨ ¢µ§-
³ÊÐ¥´¨° ¶·¨¢µ¤¨É ± ´¥Ë¨§¨Î¥¸±¨³ µ¸µ¡¥´´µ¸ÉÖ³ É¨¶  ¶·¨§· Î´µ£µ ¶µ²Õ¸ 
¢ ¶µ¢¥¤¥´¨¨ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ . � ²¨Î¨¥ É ±¨Ì µ¸µ¡¥´´µ¸É¥° ¢¥¤¥É ± ±µ´-
Ë²¨±ÉÊ ¸ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¶·¨´Í¨¶ ³¨ É¥µ·¨¨. ‚ ¦´µ° Î¥·Éµ° ‚’‚-¶µ¤-
Ìµ¤  Ö¢²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¸µÌ· ´¥´¨Ö ¶·µ¤¨±Éµ¢ ´´ÒÌ µ¡Ð¨³¨ ¶·¨´Í¨¶ ³¨
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±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ÔËË¥±É¨¢´µ° ±µ´¸É ´ÉÒ · §-
²µ¦¥´¨Ö. ˆ³¥´´µ ÔÉµÉ Ë ±É ¶µ§¢µ²Ö¥É ¸ ³µ¸µ£² ¸µ¢ ´´Ò³ µ¡· §µ³ ¢¢¥¸É¨
µ¶·¥¤¥²¥´¨¥ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢µ ¢·¥³¥´¨¶µ¤µ¡´µ° µ¡² ¸É¨. �Éµ ¶µ´Ö-
É¨¥ µ± §Ò¢ ¥É¸Ö Ê¤µ¡´Ò³ ¤²Ö ¶µ¸É·µ¥´¨Ö ¶·µÍ¥¤Ê·Ò ¸Ï¨¢±¨ ¢µ ¢·¥³¥´¨¶µ-
¤µ¡´µ° µ¡² ¸É¨, ¸µ£² ¸´µ ±µÉµ·µ° Î¨¸²µ  ±É¨¢´ÒÌ ±¢ ·±µ¢ ´¥¶µ¸·¥¤¸É¢¥´´µ
¸¢Ö§ ´µ ¸ ¶µ·µ£ ³¨ ·µ¦¤¥´¨Ö ±¢ ·±- ´É¨±¢ ·±µ¢µ° ¶ ·Ò. ’ ± Ö ¶·µÍ¥¤Ê·  ¢
µÉ²¨Î¨¥ µÉ Î ¸Éµ ¨¸¶µ²Ó§Ê¥³µ° ¸Ï¨¢±¨ ¢ ¥¢±²¨¤µ¢µ° µ¡² ¸É¨ ´¥ · §·ÊÏ ¥É
 ´ ²¨É¨Î´µ¸É¨. �É¸ÊÉ¸É¢¨¥ ´¥Ë¨§¨Î¥¸±¨Ì µ¸µ¡¥´´µ¸É¥° ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
‚’‚-³¥Éµ¤  ¨£· ¥É ±²ÕÎ¥¢ÊÕ ·µ²Ó ¶·¨ ¶µ²ÊÎ¥´¨¨ ·¥´µ·³ ²µ´´µ£µ ¶·¥¤¸É -
¢²¥´¨Ö. ‚’‚-¶µ¤Ìµ¤, ¡Ê¤ÊÎ¨ ¢ ¸¢µ¥° µ¸´µ¢¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ ¶µ¤Ìµ¤µ³,
¶µ§¢µ²Ö¥É ¶µ-´µ¢µ³Ê ¢§£²Ö´ÊÉÓ ´  ¨¸¶µ²Ó§µ¢ ´¨¥ ³¥Éµ¤  ¶· ¢¨² ¸Ê³³ Š•„,
¢ Î ¸É´µ¸É¨, ´  ¥£µ ¶·¨³¥´¥´¨¥ ± µ¶¨¸ ´¨Õ ¸¶¥±É·  ³ ¸¸ ³¥§µ´µ¢. Šµ·-
·¥±É´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  µ± §Ò¢ ÕÉ¸Ö ¶·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³¨ ¤²Ö
µ¶¨¸ ´¨Ö ¨´±²Õ§¨¢´µ£µ · ¸¶ ¤  τ -²¥¶Éµ´ . �ÉµÉ ¶·µÍ¥¸¸ ¶·¥¤µ¸É ¢²Ö¥É Ê´¨-
± ²Ó´ÊÕ ¢µ§³µ¦´µ¸ÉÓ ¤²Ö ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ É¥¸É¨·µ¢ ´¨Ö Š•„. ‡¤¥¸Ó
ÉµÎ´µ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ § ³¥É´µ ¢ÒÏ¥, Î¥³ ¤²Ö ³´µ£¨Ì ¤·Ê£¨Ì
´¨§±µÔ´¥·£¥É¨Î¥¸±¨Ì ¶·µÍ¥¸¸µ¢,   ³¥Éµ¤ É¥µ·¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¶µ§¢µ²Ö¥É
¢ ¶·¨´Í¨¶¥ ¨§¡¥¦ ÉÓ ¤µ¶ÊÐ¥´¨° ³µ¤¥²Ó´µ£µ Ì · ±É¥· . �¤´ ±µ ¨¸¶µ²Ó§µ¢ -
´¨¥ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢¥¤¥É ± ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒ³ ´¥Ë¨§¨Î¥¸±¨³ µ¸µ¡¥´´µ-
¸ÉÖ³, ¨ ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ£µ µ¶¨¸ ´¨Ö ¸¢µ°¸É¢   ´ ²¨É¨Î´µ-
¸É¨ · §·ÊÏ ÕÉ¸Ö. ‚ · ¸¸³µÉ·¥´´µ³ §¤¥¸Ó ³¥Éµ¤¥ a-· §²µ¦¥´¨Ö ´¥Ë¨§¨Î¥¸±¨Ì
¸¨´£Ê²Ö·´µ¸É¥° ³µ¦´µ ¨§¡¥¦ ÉÓ. ‚ ÔÉµ³ µÉ´µÏ¥´¨¨ ‚’‚-¶µ¤Ìµ¤ ¡²¨§µ± ±
 ´ ²¨É¨Î¥¸±µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¢ ±µÉµ·µ° ·¥´µ·³£·Ê¶¶µ¢µ¥ ·¥¸Ê³³¨·µ-
¢ ´¨¥ ¢Ò¶µ²´Ö¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ´¥ ¢Ìµ¤¨ÉÓ ¢ ±µ´Ë²¨±É ¸ µ¡Ð¨³¨
¶·¨´Í¨¶ ³¨ É¥µ·¨¨. �Éµ ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ±µ··¥±É´Ò¥  ´ ²¨É¨Î¥¸±¨¥
¸¢µ°¸É¢  ¢µ¸¸É ´ ¢²¨¢ ÕÉ¸Ö §  ¸Î¥É ¶µÖ¢²ÖÕÐ¨Ì¸Ö  ¢Éµ³ É¨Î¥¸±¨ ´¥¶¥·ÉÊ·-
¡ É¨¢´ÒÌ ¢±² ¤µ¢. �¥¸³µÉ·Ö ´  · §²¨Î¨¥ ÔÉ¨Ì ¤¢ÊÌ ³¥Éµ¤µ¢, µ¤¨´ ¨§ ±µÉµ·ÒÌ
µ¸´µ¢Ò¢ ¥É¸Ö ´  ¢ ·¨ Í¨µ´´µ³ · §²µ¦¥´¨¨,   ¤·Ê£µ° ¸É ¢¨É ¢µ £² ¢Ê Ê£² 
·¥´µ·³£·Ê¶¶µ¢µ¥ ¸Ê³³¨·µ¢ ´¨¥ ¸ ´ ²µ¦¥´¨¥³ Ê¸²µ¢¨Ö  ´ ²¨É¨Î´µ¸É¨, µ´¨
¨³¥ÕÉ ´¥³ ²µ µ¡Ð¨Ì Î¥·É ¨ § Î ¸ÉÊÕ ¶·¨¢µ¤ÖÉ ± ¡²¨§±¨³ ¤·Ê£ ± ¤·Ê£Ê ¸²¥¤-
¸É¢¨Ö³.

�¢Éµ·Ò ¢Ò· ¦ ÕÉ £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ •.”. „¦µÊ´¸Ê, �. �¨ÉÍÊ ¨
�.�. ‘µ²µ¢Íµ¢µ°, ¢ ¸µ ¢Éµ·¸É¢¥ ¸ ±µÉµ·Ò³¨ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ³´µ£¨¥ ¨§ ¨§²µ-
¦¥´´ÒÌ §¤¥¸Ó ·¥§Ê²ÓÉ Éµ¢,   É ±¦¥ ¶·¨§´ É¥²Ó´µ¸ÉÓ �.�. �·¡Ê§µ¢Ê, �.Œ. � ²-

¤¨´Ê, ‚.ƒ. Š ¤ÒÏ¥¢¸±µ³Ê, ‚.�. Œ É¢¥¥¢Ê, Š.�. Œ¨²Éµ´Ê, Œ.‚. ‘ ¢¥²Ó¥¢Ê ,

�.�. ’ ¢Ì¥²¨¤§¥, �.’. ”¨²¨¶¶µ¢Ê, „.‚. ˜¨·±µ¢Ê ¨ �.Œ. ˜Ê³¥°±µ §  ¨´É¥·¥¸
± · ¡µÉ¥ ¨ ¶µ²¥§´Ò¥ µ¡¸Ê¦¤¥´¨Ö § É·µ´ÊÉÒÌ §¤¥¸Ó ¢µ¶·µ¸µ¢.

� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �µ¸¸¨°¸±µ£µ Ëµ´¤  ËÊ´¤ ³¥´É ²Ó´ÒÌ
¨¸¸²¥¤µ¢ ´¨° (£· ´É 99-02-17727).
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A. �¥Ï¥´¨¥ Ê· ¢´¥´¨° ³¥Éµ¤µ³ ¢ ·¨ Í¨µ´´ÒÌ ¨É¥· Í¨°. � ¸¸³µÉ·¨³
±· É±µ ¥Ð¥ µ¤´Ê ¢µ§³µ¦´µ¸ÉÓ, ±µÉµ·ÊÕ ¶·¥¤µ¸É ¢²Ö¥É ¢ ·¨ Í¨µ´´ Ö É¥µ·¨Ö
¢µ§³ÊÐ¥´¨°. �¥ÎÓ ¨¤¥É µ ´ Ìµ¦¤¥´¨¨ ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°, ¶·¨
¨¸¶µ²Ó§µ¢ ´¨¨ ³¥Éµ¤  ¢ ·¨ Í¨µ´´ÒÌ ¨É¥· Í¨°. ’ ±µ° ¶·¨¥³, ± ± ¨ ¢ ¸²ÊÎ ¥
ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´É¥£· ²µ¢, ¶·¨¢µ¤¨É ± ©¶² ¢ ÕÐ¨³ª · §²µ¦¥´¨Ö³, ¸¢µ°-
¸É¢  ¸Ìµ¤¨³µ¸É¨ ±µÉµ·ÒÌ ³µ¦´µ ±µ´É·µ²¨·µ¢ ÉÓ ¸ ¶µ³µÐÓÕ ¸¶¥Í¨ ²Ó´ÒÌ
¢ ·¨ Í¨µ´´ÒÌ ¶ · ³¥É·µ¢. ‚ ´ Ï¥ ´ ³¥·¥´¨¥ §¤¥¸Ó ´¥ ¢Ìµ¤¨É ¸±µ²Ó-´¨¡Ê¤Ó
¤¥É ²Ó´µ¥ µ¡¸Ê¦¤¥´¨¥ ÔÉµ£µ ¢µ¶·µ¸ . �·¨¢¥¤¥³ ²¨ÏÓ ´¥±µÉµ·ÊÕ ¨²²Õ¸É· -
Í¨Õ ¢µ§³µ¦´µ¸É¥° ¶·¨³¥´¥´¨Ö ¨¤¥¨ ‚’‚ ¤²Ö ´ Ìµ¦¤¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥-
´¨°.

� ¸¸³µÉ·¨³ ¤²Ö ±µ´±·¥É´µ¸É¨ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ Ê· ¢´¥´¨¥ ‹¨¶¶³ ´  Å
˜¢¨´£¥·  ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  G(E; p,q):(

E − p2

2m

)
G(E; p,q)− (A.1)

−
∫

dk

(2π)3
V (p,q)G(E; p,q) = (2π)3 δ(p− k) .

ˆÉ¥·¨·ÊÖ Ê· ¢´¥´¨¥ (A.1), ¶µ²ÊÎ ¥³ Ìµ·µÏµ ¨§¢¥¸É´Ò° ·Ö¤ ¸É ´¤ ·É´µ°
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ±µÉµ·Ò° ³µ¦¥É ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´ ± ± ¸¥·¨Ö ¶¥·¥-
· ¸¸¥Ö´¨° ¸¢µ¡µ¤´µ° Î ¸É¨ÍÒ ¸ ¶·µ¶ £ Éµ·µ³

G0(E; p,q) =
(2π)3 δ(p− k)

E − p2/2m
(A.2)

´  ¶µÉ¥´Í¨ ²¥ V (p,q). ’ ±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢µ§³µ¦´µ ¢ ¶·¥¤¥²¥ ¸² ¡µ°
¸¢Ö§¨, ¢ ¸²ÊÎ ¥ ¦¥ ¸¨²Ó´µ° ¸¢Ö§¨ É·¥¡Ê¥É¸Ö ¨´µ° ¶µ¤Ìµ¤.

� ¸¸³µÉ·¨³ ¶·¨³¥´¥´¨¥ ³¥Éµ¤  ¢ ·¨ Í¨µ´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ± ÔÉµ°
§ ¤ Î¥. ‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ ‹¨¶¶³ ´  Å ˜¢¨´£¥·  (A.1) ¢ ¸¨³¢µ²¨Î¥¸±µ³
¢¨¤¥

G − G0 V G = G0 . (A.3)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ‚’‚ ¨§³¥´¨³ ´Ê²¥¢µ¥ ¶·¨¡²¨¦¥´¨¥, § ¶¨¸ ¢ (A.3) ¢ Ô±¢¨-
¢ ²¥´É´µ° Ëµ·³¥

G − G̃0 Ṽ G = G̃0 , (A.4)

Ṽ = V +
[
G̃−1

0 −G−1
0

]
. (A.5)

’ ±¨³ µ¡· §µ³, ¨É¥· Í¨¨ ÔÉµ£µ Ê· ¢´¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¨´É¥·¶·¥É¨·µ¢ ´Ò ± ±
¸¥·¨Ö ¶¥·¥· ¸¸¥Ö´¨° ÔËË¥±É¨¢´µ° Î ¸É¨ÍÒ ¸ ¶·µ¶ £ Éµ·µ³ G̃0 ´  ´µ¢µ³ ÔË-
Ë¥±É¨¢´µ³ ¶µÉ¥´Í¨ ²¥ Ṽ (¸³. ·¨¸. 16).
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�¨¸. 16. „¨ £· ³³´ Ö ¨´É¥·¶·¥É Í¨Ö ¨É¥· Í¨µ´´µ£µ ·¥Ï¥´¨Ö ¢ ³¥Éµ¤¥ ¢ ·¨ Í¨µ´´µ°
É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°

Š ± ¨ ¢ ¸²ÊÎ ¥ £ ·³µ´¨Î¥¸±µ° ¢ ·¨ Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò, ¢Ò¡¥·¥³

G̃0 = ζ G0 . (A.6)

‚ ·¥§Ê²ÓÉ É¥ ·Ö¤ ‚’‚ § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

G =

∞∑
n=0

Gn , (A.7)

Gn =

n∑
k=0

1

(n − k)!

(
− ∂

∂κ

)n−k
gk .

”Ê´±Í¨¨ gk ¢ (A.7) ³µ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò µ¡ÒÎ´Ò³ ´ ¡µ·µ³ ¤¨ £· ³³ ¸
³µ¤¨Ë¨Í¨·µ¢ ´´Ò³ ¶·µ¶ £ Éµ·µ³

G̃′0 =
1

1 + κ(ζ−1 − 1)
G0 , (A.8)

£¤¥ ³Ò µ¶ÖÉÓ ¤²Ö Ê¤µ¡¸É¢  ¢¢¥²¨ ¶ · ³¥É· κ, ±µÉµ·Ò° ¶µ²µ¦¨³ · ¢´Ò³ ¥¤¨-
´¨Í¥ ¢ ±µ´Í¥ ¢¸¥Ì ¢ÒÎ¨¸²¥´¨°.

�´ ²¨§ ¸É·Ê±ÉÊ·Ò ‚’‚-· §²µ¦¥´¨Ö ¶µ± §Ò¢ ¥É, ÎÉµ Ô²¥³¥´ÉÒ ‚’‚-·Ö¤ 
¡Ê¤ÊÉ ¶·µ¶µ·Í¨µ´ ²Ó´Ò ´µ¢µ³Ê ¶ · ³¥É·Ê · §²µ¦¥´¨Ö a ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤ 
¨¸Ìµ¤´ Ö ±µ´¸É ´É  g ¨ a ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³ ∗

g =
1

C

a

1− a . (A.9)

‡¤¥¸Ó C Å ¶ · ³¥É· ¢ ·¨ Í¨µ´´µ£µ É¨¶ , ±µÉµ·Ò° ¤µ²¦¥´ ¡ÒÉÓ µ¶·¥¤¥²¥´
´  µ¸´µ¢¥ Éµ° ¨²¨ ¨´µ° ¶·µÍ¥¤Ê·Ò µ¶É¨³¨§ Í¨¨.

∗� ¸¸³ É·¨¢ ¥³ Ö § ¤ Î  µ ¤¢¨¦¥´¨¨ Î ¸É¨ÍÒ ¢µ ¢´¥Ï´¥³ ¶µ²¥ ¸µµÉ¢¥É¸É¢Ê¥É ´ ¨¡µ²¥¥
¶·µ¸Éµ° ¢§ ¨³µ¸¢Ö§¨ ´µ¢µ£µ ¶ · ³¥É·  · §²µ¦¥´¨Ö a ¨ ¨¸Ìµ¤´µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ g.
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—Éµ¡Ò ¨³¥ÉÓ ¢µ§³µ¦´µ¸ÉÓ ¸· ¢´¨ÉÓ ·¥§Ê²ÓÉ É ‚’‚, · ¸¸³µÉ·¨³ ¸²ÊÎ °
¸¥¶ · ¡¥²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö

V (p,q) = g f(p2) f(q2) . (A.10)

‚ ÔÉµ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É ÉµÎ´µ¥ ·¥Ï¥´¨¥

G(E; p,q) =
(2π)3 δ(p− k)

E − p2/2m
+

g f(p) f(q)

(E − p2/2m) (E − q2/2m)
×

×
[
1− g

∫
dk

(2π)3

f2(k2)

E − k2/2m

]−1

. (A.11)

�£· ´¨Î¨³¸Ö ¶¥·¢Ò³ ´¥É·¨¢¨ ²Ó´Ò³ ¶µ·Ö¤±µ³ ‚’‚-¶·¨¡²¨¦¥´¨Ö, ±µÉµ-
·Ò° ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ ´  ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· C ¨ ¢ ¤ ´-
´µ³ ¸²ÊÎ ¥ ¸µµÉ¢¥É¸É¢Ê¥É · §²µ¦¥´¨Õ ¸ ÉµÎ´µ¸ÉÓÕ O(a2). ‚ ÔÉµ³ ¶µ·Ö¤±¥
(N = 2) ¨³¥¥³

G(2)(E; p,q) = g0(E; p,q) + a
g1(E; p,q)

C
+

+a2

[
g2(E; p,q)

C2
+
g1(E; p,q)

C

]
, (A.12)

£¤¥ ¶¥·ÉÊ·¡ É¨¢´Ò¥ ±µÔËË¨Í¨¥´ÉÒ gk(E; p,q) ¨³¥ÕÉ ¢¨¤

g0(E; p,q) =
(2π)3 δ(p− k)

E − p2/2m
,

g1(E; p,q) =
g f(p2)f(q2)

(E − p2/2m)(E − q2/2m)
, (A.13)

g2(E; p,q) =
g2 f(p2)f(q2)

(E − p2/2m)(E − q2/2m)
×

×
∫

dk

(2π)3

f2(k2)

E − k2/2m
.

�·¨´Í¨¶ ³¨´¨³ ²Ó´µ° ÎÊ¢¸É¢¨É¥²Ó´µ¸É¨

∂ G(2)(E; p,q)

∂ C
= 0

µ¶·¥¤¥²Ö¥É ¢ ·¨ Í¨µ´´Ò° ¶ · ³¥É· C ± ±

C = −
∫

dk

(2π)3

f2(k2)

E − k2/2m
. (A.14)
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‚ ·¥§Ê²ÓÉ É¥, ± ± ´¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ ¨§ ¸· ¢´¥´¨Ö ¸ (A.11), ¶µ²ÊÎ ¥³

G(2)(E; p,q) = Gexact(E; p,q) , (A.15)

  ¢¸¥ ¶µ¸²¥¤ÊÕÐ¨¥ Î²¥´Ò ‚’‚-·Ö¤  · ¢´Ò ´Ê²Õ.
B. Šµ··¥²ÖÉµ·Ò Éµ±µ¢ ³ ¸¸¨¢´ÒÌ ±¢ ·±µ¢. ‡ ¶¨Ï¥³ §¤¥¸Ó ¤¢ÊÌ¶¥É²¥¢Ò¥

¢Ò· ¦¥´¨Ö ¤²Ö ±µ··¥²ÖÉµ·µ¢ Éµ±µ¢ ³ ¸¸¨¢´ÒÌ ±¢ ·±µ¢. ’µ±¨, ¶·¨¢¥¤¥´´Ò¥
´¨¦¥, ¸µµÉ¢¥É¸É¢ÊÕÉ Ëµ·³ ÉÊ jΓ = ...(JPC).

• ‘± ²Ö·´Ò° Éµ±: jS = ψiψj (0++).

• �¸¥¢¤µ¸± ²Ö·´Ò° Éµ±: jP = iψiγ5ψj (0−+).

• ‚¥±Éµ·´Ò° Éµ±: jV = ψiγµψj (1−−).

• �±¸¨ ²Ó´µ-¢¥±Éµ·´Ò° Éµ±: jA = (qµqν/q
2 − gµν)ψiγνγ5ψj (1++).

• A′-Éµ±: jA′ = ψi∂µγ5ψj (1+−).

„²Ö ¶ · ³¥É·¨§ Í¨¨ µ¡Ð¨Ì ±µ³¶µ´¥´É ±µ··¥²ÖÉµ·µ¢ Ê¤µ¡´µ µ¶·¥¤¥²¨ÉÓ
ËÊ´±Í¨¨ [140]:

A(u) = (1 + u2)

[
π2

6
+ ln

1 + u

1− u ln
1 + u

2
+ 2l

(
1− u
1 + u

)
+

+2l

(
1 + u

2

)
− 2l

(
1− u

2

)
− 4l(u) + l(u2)

]
+

+3u ln
1− u2

4u
− u lnu , (B.1)

A′(u) = (1 + u2)

[
2l

[(
1− u
1 + u

)2
]
− 2l

(
u− 1

u+ 1

)
−

−3 ln
1− u
1 + u

ln
1 + u

2
+ 2 ln

1− u
1 + u

lnu

]
, (B.2)

£¤¥

l(x) = −
∫ x

0

dt
1

t
ln(1− t) (B.3)

Å ËÊ´±Í¨Ö ‘¶¥´¸ .
�¥µ¡Ìµ¤¨³Ò¥ ´ ³ ËÊ´±Í¨¨ Π0 ¨ Π1 ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤.
‚¥±Éµ·´Ò° Éµ± [140] (Γ = γµ):

NV = 0, (B.4)

Π0
V =

1

2
u(3− u2), (B.5)



‚��ˆ�–ˆ���›… ��‡‹�†…�ˆŸ 1111

Π1
V = 2

[(
1− u2

3

)
A(u) + PV (u) ln

1 + u

1− u +QV (u)

]
, (B.6)

PV (u) =
1

24
(33 + 22u2 − 7u4), (B.7)

QV (u) =
1

4
(5u− 3u3). (B.8)

�±¸¨ ²Ó´µ-¢¥±Éµ·´Ò° Éµ± [140] (Γ = γ5γν(qµqν/q
2 − gµν)):

NA = 1, (B.9)

Π0
A = u3, (B.10)

Π1
A =

4

3

[
u2A(u) + PA(u) ln

1 + u

1− u +QA(u)

]
, (B.11)

PA(u) =
1

32
(21 + 59u2 − 19u4 − 3u6), (B.12)

QA(u) =
1

16
(−21u+ 30u3 + 3u5). (B.13)

A′-Éµ± [140] (Γ = ∂µγ5):

NA′ = 2, (B.14)

Π0
A′ =

1

2
u3, (B.15)

Π1
A′ =

2

3

[
u2A(u) + PA′(u) ln

1 + u

1− u +QA′(u)

]
, (B.16)

PA′(u) =
1

16
(13 + 28u2 + 17u4 − 2u6), (B.17)

QA′(u) =
1

24
(−39u+ 47u3 + 6u5). (B.18)

‘± ²Ö·´Ò° Éµ± [141] (Γ =1):

NS = 1, (B.19)

Π0
S =

3

2
u3, (B.20)

Π1
S = 2

[
u2A′(u) + PS(u) ln

1 + u

1− u +QS(u)

]
, (B.21)

PS(u) =
1

16
(3 + 34u2 − 13u4), (B.22)

QS(u) =
1

8
(21u− 3u3). (B.23)
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�¸¥¢¤µ¸± ²Ö·´Ò° Éµ± [141] (Γ = γ5):

NP = 1, (B.24)

Π0
P =

3

2
u, (B.25)

Π1
P = 2

[
A′(u) + PP (u) ln

1 + u

1− u +QP (u)

]
, (B.26)

PP (u) =
1

16
(19− 48u+ 2u2 + 3u4), (B.27)

QP (u) =
1

8
(21u− 3u3). (B.28)

C. ŠÊ²µ´µ¢¸±¨¥ ¸¨´£Ê²Ö·´µ¸É¨. ‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¶·µ¸Éµ° ³µ¤¥²ÓÕ,
· ¸¸³µÉ·¨³ ¢µ¶·µ¸ µ Éµ³, ± ± ¶·¥¤¸É ¢²¥´¨¥ (6.4) ¶µ§¢µ²Ö¥É µ¡µ°É¨ Ê¶µ-
³Ö´ÊÉÊÕ É·Ê¤´µ¸ÉÓ, ¸¢Ö§ ´´ÊÕ ¸ ±Ê²µ´µ¢¸±¨³¨ ¸¨´£Ê²Ö·´µ¸ÉÖ³¨, ¨ ´¥¶·µÉ¨-
¢µ·¥Î¨¢Ò³ µ¡· §µ³ · ¸¸³ É·¨¢ ÉÓ ³µ³¥´ÉÒ ¸ ¡µ²ÓÏ¨³¨ ´µ³¥· ³¨ n.

Š ± Ìµ·µÏµ ¨§¢¥¸É´µ [142] (¸³. É ±¦¥ [143,144]), ¶¥·ÉÊ·¡ É¨¢´µ¥ · §²µ-
¦¥´¨¥ ¤²Ö Im Π(s) ¤ ¦¥ ¶·¨ ´¥¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±µ´¸É ´ÉÒ ¸¢Ö§¨ Ö¢²Ö¥É¸Ö
¶²µÌµ µ¶·¥¤¥²¥´´Ò³ ¤²Ö ³ ²ÒÌ ¸±µ·µ¸É¥°

u =

√
1− 4m2

s
, (C.1)

É ± ± ± ÔËË¥±É¨¢´Ò³ ¶ · ³¥É·µ³ · §²µ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´  λ/u. �ÉµÉ
Ë ±É ¶·¨¢µ¤¨É ± Éµ³Ê, ÎÉµ ¤²Ö ³µ³¥´Éµ¢ ¸ ¡µ²ÓÏ¨³¨ ´µ³¥· ³¨ n, ¤²Ö ±µÉµ-
·ÒÌ ¤µ³¨´¨·ÊÕÐ¨° ¢±² ¤ µ¶·¥¤¥²Ö¥É¸Ö µ¡² ¸ÉÓÕ u ∼ 1/

√
n,   ¸µµÉ¢¥É¸É¢ÊÕ-

Ð¨³ ÔËË¥±É¨¢´Ò³ ¶ · ³¥É·µ³ · §²µ¦¥´¨Ö ¸²Ê¦¨É ¢¥²¨Î¨´ 
√
nλ, ´¥¶µ¸·¥¤-

¸É¢¥´´µ¥ ¶·¨³¥´¥´¨¥ ¨¸Ìµ¤´µ£µ ¶¥·ÉÊ·¡ É¨¢´µ£µ ·Ö¤  ´¥ ± ¦¥É¸Ö µ¶· ¢¤ ´-
´Ò³.

‘Ê³³¨·µ¢ ´¨¥ É ±¨Ì ¸¨´£Ê²Ö·´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ±Ê-
²µ´µ¢¸±¨Ì ¸¨¸É¥³ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ Ë ±Éµ·  ‡µ³³¥·Ë¥²Ó¤ -Ä‘ Ì -
·µ¢  [145,146]:

S =
X

1− exp (−X)
, X =

16π2

3

λ

u
. (C.2)

‚ ¶·¨³¥´Ö¥³µ³ §¤¥¸Ó ¸¶µ¸µ¡¥ µ¶¨¸ ´¨Ö ±¢ ·±µ´¨¥¢ · ¸¸³µÉ·¨³ ÔÉµÉ ¢µ-
¶·µ¸, ¨¸¶µ²Ó§ÊÖ ¶·µ¸ÉÊÕ ³µ¤¥²Ó. ‡ ¶¨Ï¥³ n-° ³µ³¥´É ¢ ¢¨¤¥

Mn(Y ) =

∫ ∞
0

dσ
ρ(σ)

(σ + Y )n+1
, (C.3)

£¤¥ ¢¨·ÉÊ ²Ó´µ¸ÉÓ σ = s − 4m2,   Î¥·¥§ Y µ¡µ§´ Î¨³ ¢¥²¨Î¨´Ê Y = Q2 +
4m2. ‚Ò¡¥·¥³ ¤ ²¥¥ ¸¶¥±É· ²Ó´ÊÕ ËÊ´±Í¨Õ ρ(σ), ´µ·³¨·µ¢ ´´ÊÕ Ê¸²µ¢¨¥³
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ρ(σ, λ = 0) = 1, ¢ ¢¨¤¥

ρ(σ) =

( √
σ

λ+
√
σ

)p
, (C.4)

£¤¥ p Å ´¥±µÉµ·µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Í¥²µ¥ Î¨¸²µ.
�¥·ÉÊ·¡ É¨¢´µ¥ · §²µ¦¥´¨¥ (C.4), ¨³¥ÕÐ¥¥ ¢¨¤

ρpert(σ) ∼ 1− p λ√
σ

+O

(
λ√
σ

)2

∼ 1− p

2m

λ

u
+O

(
λ

u

)2

, (C.5)

¤¥³µ´¸É·¨·Ê¥É ´ ²¨Î¨¥ ±Ê²µ´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥° ¶·¨ ³ ²ÒÌ u.
�·¥¤¶µ² £ Ö µ¶·¥¤¥²¥´´Ò¥ ¸¢µ°¸É¢  £² ¤±µ¸É¨ Ê ËÊ´±Í¨¨ ρ(σ) [144], ³µ-

³¥´ÉÒ ¤²Ö ¡µ²ÓÏ¨Ì n ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Mn(Y ) ∼ Y −(n+1)

∫ ∞
0

dσρ(σ) exp
(
−n σ

Y

)(
1 +O

(
1

n

))
. (C.6)

„µ³¨´¨·ÊÕÐ¨° ¢±² ¤ µ¶·¥¤¥²Ö¥É¸Ö µ¡² ¸ÉÓÕ σ ∼ Y/n, ÎÉµ ¢ É¥·³¨´ Ì ¶¥-
·¥³¥´´µ° u ¸µµÉ¢¥É¸É¢Ê¥É u ∼ 1/

√
n. ‚ Éµ ¦¥ ¢·¥³Ö ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö

¶¥·ÉÊ·¡ É¨¢´µ°  ¶¶·µ±¸¨³ Í¨¨ ¤²Ö ¨¸Ìµ¤´ÒÌ ³µ³¥´Éµ¢ M ex
n , µ¶·¥¤¥²¥´´ÒÌ

¸µ£² ¸´µ (C.3) ¸µ ¸¶¥±É· ²Ó´µ° ËÊ´±Í¨¥° (C.4),  ´ ²µ£¨Î´ Ö  ¸¨³¶ÉµÉ¨Î¥-
¸± Ö Ëµ·³Ê²  ¶·¨ ¡µ²ÓÏ¨Ì n, ±µ£¤  ¢ ¨´É¥£· ²¥ µ¶ÖÉÓ-É ±¨ ¤µ³¨´¨·Ê¥É ¢±² ¤
³ ²ÒÌ ¸±µ·µ¸É¥°, ¨³¥¥É ¢¨¤

ρex −→
(

1 +
√
n
λ√
Y

)−p
. (C.7)

…¸²¨ ¦¥ ¨¸Ìµ¤¨ÉÓ ¨§ ¶¥·ÉÊ·¡ É¨¢´µ£µ ¢Ò· ¦¥´¨Ö, ¢§ÖÉµ£µ ¢ ¶µ·Ö¤±¥ O(λ),
Éµ ¶µ²ÊÎ¨³

ρpert −→ 1− p
√
n
λ√
Y
. (C.8)

’¥¶¥·Ó Ö¢´µ ¢¨¤´µ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì n ¨¸¶µ²Ó§µ¢ ´¨¥ ¶¥·ÉÊ·¡ -
É¨¢´µ£µ ¢Ò· ¦¥´¨Ö (C.8) ´¥µ¡µ¸´µ¢ ´´µ.

� ¸¸³µÉ·¨³ É¥¶¥·Ó, ÎÉµ ¦¥ ¶·µ¨¸Ìµ¤¨É ¢ µ¡¸Ê¦¤ ¥³µ³ §¤¥¸Ó ¶µ¤Ìµ¤¥.
„²Ö ¸µµÉ¢¥É¸É¢¨Ö ¸ µ¶¥· Éµ·´Ò³ · §²µ¦¥´¨¥³ ¢´ Î ²¥ ¸²¥¤Ê¥É ¶¥·¥¶¨¸ ÉÓ
¢Ò· ¦¥´¨¥ ¤²Ö ³µ³¥´Éµ¢ (C.3) ¢ ·¥´µ·³ ²µ´´µ³ ¶·¥¤¸É ¢²¥´¨¨, ±µÉµ·µ¥ ¢
¤ ´´µ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

M re
n (Y ) =

∫ ∞
0

dσ′
1

(f(σ′) + Y )n+1
, (C.9)

£¤¥ ËÊ´±Í¨Ö f(σ′) µ¶·¥¤¥²Ö¥É¸Ö ´¥Ö¢´Ò³ µ¡· §µ³ ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨Ö

σ′ =

∫ f(σ′)

0

dσρ(σ) . (C.10)
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�Éµ ¢Ò· ¦¥´¨¥ ¶µ²ÊÎ ¥É¸Ö ¶·¨ § ³¥´¥ ¶¥·¥³¥´´µ° σ = f(σ′) ¨ ¢ ¶·¥¤¶µ²µ-
¦¥´¨¨, ÎÉµ ¸¶¥±É· ²Ó´ Ö ËÊ´±Í¨Ö ρ(σ) É ±µ¢ , ÎÉµ ¢Ò¶µ²´Ö¥É¸Ö f(∞) = ∞
¨ f(0) = 0.

•µÉÖ ¶·¥µ¡· §µ¢ ´¨¥, µ¶·¥¤¥²Ö¥³µ¥ ¢Ò· ¦¥´¨Ö³¨ (C.9) ¨ (C.10), Ö¢²Ö¥É¸Ö
ÉµÎ´Ò³, ´ ¸ ¨´É¥·¥¸Ê¥É Ê·µ¢¥´Ó O(λ). ‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ËÊ´±Í¨¨
f(σ′) ¶µ²ÊÎ ¥³ Ö¢´µ¥ ¢Ò· ¦¥´¨¥

f(σ′) = σ′ + 2pλ
√
σ′ . (C.11)

�¨¸. 17. �É´µÏ¥´¨¥ ³µ³¥´Éµ¢ Rex
n

(¸¶²µÏ´ Ö ±·¨¢ Ö), Rpert
n (¶Ê´±É¨·´ Ö)

¨ Rre
n (ÉµÎ¥Î´ Ö) ¤²Ö ¶ · ³¥É·µ¢ Y =

= 1, λ = 0, 1 ¨ p = 1

�·¨ É ±µ³ ¶µ¤Ìµ¤¥ ¶·µ¡²¥³Ò ±Ê²µ-
´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥° ´¥ ¢µ§´¨± ¥É,  
Ê¦¥ ¶¥·¢µ£µ ¶·¨¡²¨¦¥´¨Ö µ± §Ò¢ ¥É¸Ö
¤µ¸É ÉµÎ´µ ¤²Ö ¢µ¸¶·µ¨§¢¥¤¥´¨Ö n-§ ¢¨-
¸¨³µ¸É¨ ³µ³¥´Éµ¢ ¤²Ö ¡µ²ÓÏ¨Ì §´ Î¥-
´¨° n. � ¸¸³µÉ·¨³, ± ± ¨ ¢ ³¥Éµ¤¥ ¶· -
¢¨² ¸Ê³³, µÉ´µÏ¥´¨¥ Rn = Mn/Mn−1

¨ ¢ÒÎ¨¸²¨³ É·¨ ËÊ´±Í¨¨: ÉµÎ´ÊÕ Rex
n ,

¶¥·ÉÊ·¡ É¨¢´ÊÕ Rpert
n ¢ ¶µ·Ö¤±¥ O(λ) ¨

¸Ê³³¨·µ¢ ´´ÊÕ ´  µ¸´µ¢¥ ·¥´µ·³ ²µ´-
´µ£µ ¶·¥¤¸É ¢²¥´¨Ö (Rre

n ) ¢ Éµ³ ¦¥ ¶µ-
·Ö¤±¥ O(λ). �É¨ ËÊ´±Í¨¨ ¶·¨¢¥¤¥´Ò ´ 
·¨¸. 17 ¤²Ö ¶ · ³¥É·µ¢ Y = 1, λ = 0, 1
¨ p = 1. ˆ´µ° ¢Ò¡µ· ¶ · ³¥É·µ¢ ¶·¨-
¢µ¤¨É ±  ´ ²µ£¨Î´µ³Ê ·¥§Ê²ÓÉ ÉÊ.

�É³¥É¨³, ÎÉµ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨
·¥´µ·³ ²µ´´µ£µ ¶·¥¤¸É ¢²¥´¨Ö µ¡² ¸ÉÓ
u ∼ 1/

√
n ´¥ µ¶·¥¤¥²Ö¥É ¡µ²¥¥ ¢¥¤ÊÐ¨°

¢±² ¤ ¢ ¨´É¥£· ² ¤²Ö ³µ³¥´Éµ¢ ¶·¨ ¡µ²Ó-
Ï¨Ì n. ’¥¶¥·Ó ¶¥·¥¢ ²Ó´ Ö ÉµÎ±  µ¶·¥¤¥²Ö¥É¸Ö ´¥±µÉµ·Ò³, ´¥ § ¢¨¸ÖÐ¨³ µÉ
n §´ Î¥´¨¥³ σ̃, ÎÉµ ¶µ²´µ¸ÉÓÕ ¸µµÉ¢¥É¸É¢Ê¥É ¶·µ¢¥¤¥´´µ³Ê  ´ ²¨§Ê ¶· ¢¨²
¸Ê³³ Š•„.
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