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‚ µ¡§µ·¥ ¤¥É ²Ó´µ · ¸¸³µÉ·¥´  ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¤¥´¨Ö ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· -
§¨¨ ¶ ·Ò ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥°, · §²¨Î ÕÐ¨Ì¸Ö ´¥ Éµ²Ó±µ
§´ ±µ³. ’¥µ·¨Ö ¶·µ¸É· ´¸É¢ ¸ É ±¨³¨ ¶ · ³¨ ¸¢Ö§´µ¸É¥° ¤¥É ²Ó´µ · §· ¡µÉ ´  §¤¥¸Ó ¢ µ¡Ñ¥³¥, ´¥-
µ¡Ìµ¤¨³µ³ ¤²Ö ¶µ¸É·µ¥´¨Ö ±¨´¥³ É¨±¨ ¢¥±Éµ·´ÒÌ ¶µ²¥° ¨ ² £· ´¦¥¢µ° É¥µ·¨¨ É¥´§µ·´ÒÌ ¶µ²¥°
¢ É ±¨Ì ¶·µ¸É· ´¸É¢ Ì. ‚¢¥¤¥´Ò µ¶¥· Éµ· ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨-
 ²Ó´Ò° µ¶¥· Éµ· ‹¨. ˆ¸¸²¥¤Ê¥É¸Ö ¨Ì ¤¥°¸É¢¨¥ ´  É¥´§µ·´Ò¥ ¶µ²Ö. ‚ ¶·µ¸É· ´¸É¢ Ì ¸ · §´Ò³¨
¸¢Ö§´µ¸ÉÖ³¨ · ¸¸³µÉ·¥´µ ¤¥°¸É¢¨¥ ¤¥¢¨ Í¨µ´´µ£µ µ¶¥· Éµ· , ¨£· ÕÐ¥£µ ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¤²Ö
Ê· ¢´¥´¨° ¤¥¢¨ Í¨¨ ¢ £· ¢¨É Í¨µ´´µ° Ë¨§¨±¥. ‚¢¥¤¥´Ò ¶µ´ÖÉ¨Ö ±µ¢ ·¨ ´É´µ° ¨ ±µ´É· ¢ ·¨-
 ´É´µ° ³¥É·¨± ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨³ ¶·µ¥±É¨¢´Ò³¨ ³¥É·¨± ³¨. �¶·¥¤¥²¥´µ ¤¥°¸É¢¨¥ ±µ¢ ·¨-
 ´É´µ£µ µ¶¥· Éµ·  ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ÔÉ¨Ì ³¥É·¨± Ì.
„ ´  ±² ¸¸¨Ë¨± Í¨Ö ¶¥·¥´µ¸µ¢ ¨ ¶¥·¥³¥Ð¥´¨° ³¥É·¨±. � ¸¸³µÉ·¥´Ò · §²µ¦¥´¨Ö ±µ¢ ·¨ ´É´µ°
¶·µ¨§¢µ¤´µ° µÉ ³¥É·¨±¨ ´  µ¸´µ¢´Ò¥ ¸É·Ê±ÉÊ·Ò, ¨³¥ÕÐ¨¥ µÉ´µÏ¥´¨¥ ± ¸¢Ö§´µ¸ÉÖ³. ‚¢¥¤¥´ · ¸-
Ï¨·¥´´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·. ˆ¸¸²¥¤µ¢ ´Ò ¨§³¥´¥´¨Ö Ô²¥³¥´É ·´µ£µ
µ¡Ñ¥³  ¶µ¤ ¤¥°¸É¢¨¥³ ±µ¢ ·¨ ´É´µ£µ µ¶¥· Éµ·  ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥-
· Éµ·  ‹¨. ‚¢¥¤¥´Ò ±µ¢ ·¨ ´É´Ò° µ¶¥· Éµ· ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·
‹¨, ´¥ ¨§³¥´ÖÕÐ¨¥ Ô²¥³¥´É ·´Ò° µ¡Ñ¥³. � ¸¸³µÉ·¥´Ò ¨´¢ ·¨ ´É´Ò¥ µ¶¥· Éµ·Ò ‹¨ ¨ ±µ¢ ·¨-
 ´É´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ µ¶¥· Éµ·Ò, ¤¥°¸É¢ÊÕÐ¨¥ ± ± ¨§µ³µ·Ë¨§³Ò ´  ±µ´É· ¢ ·¨ ´É´Ò¥ ¨
±µ¢ ·¨ ´É´Ò¥ É¥´§µ·´Ò¥ ¶²µÉ´µ¸É¨.

The theory of spaces with different contravariant and covariant afˇne connections, whose com-
ponents differ not only by sign, and metrics [(Ln, g)-spaces] is worked out within the framework of
the tensor analysis over differentiable manifolds and in a volume necessary for the further considera-
tions of the kinematics of vector ˇelds and the Lagrangian theory of tensor ˇelds over (Ln, g)-spaces.
The possibility of introducing afˇne connections, whose components differ not only by sign, for con-
travariant and covariant tensor ˇelds over differentiable manifolds with ˇnite dimensions is discussed.
The action of the deviation operator, having an important role for deviation equations in gravitational
physics, is considered for the case of contravariant and covariant vector ˇelds over differentiable
manifolds with different afˇne connections (called Ln-spaces). A deviation identity for contravariant
vector ˇelds is obtained. The notions covariant, contravariant, covariant projective and contravariant
projective metric are introduced in (Ln, g)-spaces. The action of the covariant and the Lie differ-
ential operator on the different type of metrics is found. The notions of symmetric covariant and
contravariant (Riemannian) connection are determined and presented by means of the covariant and
contravariant metric and the corresponding torsion tensors. The different types of relative tensor ˇelds
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(tensor densities) as well as the invariant differential operators acting on them are considered. The
invariant volume element and its properties under the action of different differential operators are
investigated.

1. ‚‚…„…�ˆ…

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ³´µ£µµ¡· §¨Ö,
´  ± ¦¤µ³ ¨§ ±µÉµ·ÒÌ § ¤ ´  ¶ ·   ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥°. �¤´  ¨§ ´¨Ì µÉ-
´µ¸¨É¸Ö ± ¢¥±Éµ·´Ò³ (±µ´É· ¢ ·¨ ´É´Ò³ ¢¥±Éµ·´Ò³),   ¤·Ê£ Ö Å ± ±µ¢¥±-
Éµ·´Ò³ (±µ¢ ·¨ ´É´Ò³ ¢¥±Éµ·´Ò³) ¶µ²Ö³, ¶·¨Î¥³ · §²¨Î ÕÉ¸Ö ÔÉ¨ ¸¢Ö§´µ-
¸É¨ ´¥ Éµ²Ó±µ §´ ±µ³. � ·Ö¤Ê ¸µ ¸¢Ö§´µ¸ÉÖ³¨ ´  · ¸¸³ É·¨¢ ¥³ÒÌ ³´µ£µ-
µ¡· §¨ÖÌ ³µ£ÊÉ ¡ÒÉÓ ¢¢¥¤¥´Ò ±µ¢ ·¨ ´É´ Ö ¨ ±µ´É· ¢ ·¨ ´É´ Ö ³¥É·¨±¨. ’ -
±¨¥ ¶·µ¸É· ´¸É¢  µ¡µ§´ Î ÕÉ¸Ö ± ± (Ln, g)-¶·µ¸É· ´¸É¢  ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö
¢ ± Î¥¸É¢¥ ³µ¤¥²¥° ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. �  µ¸´µ¢¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ-£¥µ-
³¥É·¨Î¥¸±µ° ¸É·Ê±ÉÊ·Ò (Ln, g)-¶·µ¸É· ´¸É¢ · §· ¡µÉ ´  ±¨´¥³ É¨±  ¢¥±Éµ·-
´ÒÌ ¶µ²¥° ¨ ¤¨´ ³¨±  É¥´§µ·´ÒÌ ¶µ²¥°, ¶µ²¥§´Ò¥ ¤²Ö ³ É¥³ É¨Î¥¸±¨Ì ³µ-
¤¥²¥° Ë¨§¨Î¥¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¨, ¢ Î ¸É´µ¸É¨, ¤²Ö µ¶¨¸ ´¨Ö £· ¢¨É Í¨µ´-
´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸µ¢·¥³¥´´ÒÌ É¥µ·¨ÖÌ £· ¢¨É Í¨¨. �¸´µ¢´Ò¥ µ¡Ñ¥±ÉÒ
¢ É ±¨Ì ¨¸¸²¥¤µ¢ ´¨ÖÌ ³µ¦´µ · ¸¶µ²µ¦¨ÉÓ ¶µ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥.
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µ¶¥· Éµ· ±·¨¢¨§´Ò,
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 ËË¨´´Ò¥ ¸¢Ö§´µ¸É¨, ³¥É·¨±¨,

¸¶¥Í¨ ²Ó´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö, É¥´§µ·´Ò¥ ¶²µÉ´µ¸É¨,
¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ 
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µÉ´µ¸¨É¥²Ó´ Ö ¸±µ·µ¸ÉÓ (¸±µ·µ¸ÉÓ ¸¤¢¨£ , ¢· Ð¥´¨Ö ¨ · ¸Ï¨·¥´¨Ö),
µÉ´µ¸¨É¥²Ó´µ¥ Ê¸±µ·¥´¨¥ (Ê¸±µ·¥´¨¥ ¸¤¢¨£ , ¢· Ð¥´¨Ö ¨ · ¸Ï¨·¥´¨Ö),

Ê· ¢´¥´¨Ö ¤¥¢¨ Í¨¨,
Ê· ¢´¥´¨Ö £¥µ¤¥§¨Î¥¸±¨Ì ¨  ¢Éµ¶ · ²²¥²Ó´ÒÌ ²¨´¨°,

¶¥·¥´µ¸Ò ”¥·³¨ Å “µ²±¥· ,
±µ´Ëµ·³´Ò¥ ¶¥·¥´µ¸Ò
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É¥´§µ·Ò Ô´¥·£¨¨-¨³¶Ê²Ó¸ .
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‡¤¥¸Ó, µ¤´ ±µ, ³Ò · ¸¸³µÉ·¨³ Éµ²Ó±µ ¢µ¶·µ¸Ò ¨§ ¶¥·¢µ° Î ¸É¨ ¢ÒÏ¥-
¶·¨¢¥¤¥´´µ° ¸Ì¥³Ò, É ± ÎÉµ ÔÉµÉ µ¡§µ· Ö¢²Ö¥É¸Ö ¢¢¥¤¥´¨¥³ ¢ É¥µ·¨Õ (Ln, g)-
¶·µ¸É· ´¸É¢. ‚ ´¥³ ¸µ¤¥·¦ É¸Ö Ëµ·³Ê²Ò, ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö · §¢¨É¨Ö ³¥Ì -
´¨±¨ É¥´§µ·´ÒÌ ¶µ²¥° ¨ ¶µ¸É·µ¥´¨Ö ³ É¥³ É¨Î¥¸±¨Ì ³µ¤¥²¥° ¤¨´ ³¨Î¥¸±¨Ì
¸¨¸É¥³, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ¸Ö ¸ ¶µ³µÐÓÕ µ¡Ñ¥±Éµ¢, ¶¥·¥Î¨¸²¥´´ÒÌ ¢ ¶¥·¢µ°
Î ¸É¨ ¸Ì¥³Ò. �¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ´ °¤¥´Ò¥ ¤²Ö (Ln, g)-¶·µ¸É· ´¸É¢, ³µ-
£ÊÉ ¡ÒÉÓ ¸¶¥Í¨ ²¨§¨·µ¢ ´Ò ¤²Ö ¶·µ¸É· ´¸É¢ ¸ µ¤´µ° Éµ²Ó±µ ¸¢Ö§´µ¸ÉÓÕ, ´µ
¸ ±µ¢ ·¨ ´É´µ° ¨ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨± ³¨. ’ ±¨¥ ¶·µ¸É· ´¸É¢  ´ §Ò-
¢ ÕÉ ( Ln, g)-¶·µ¸É· ´¸É¢ ³¨. � ¢´Ò³ µ¡· §µ³, ¨Ì ³µ¦´µ ¸¶¥Í¨ ²¨§¨·µ¢ ÉÓ
¤²Ö (¶¸¥¢¤µ)·¨³ ´µ¢ÒÌ ¶·µ¸É· ´¸É¢ ± ± ¡¥§ ±·ÊÎ¥´¨Ö, É ± ¨ ¸ ±·ÊÎ¥´¨¥³ (¤²Ö
Vn- ¨ Un-¶·µ¸É· ´¸É¢). �µ²ÓÏ¨´¸É¢µ ·¥§Ê²ÓÉ Éµ¢ § ¶¨¸ ´Ò ¨²¨ ¢ ¡¥§Ò´¤¥±¸-
´µ° Ëµ·³¥, ¨²¨ ¢ ±µµ·¤¨´ É´µ³ (£µ²µ´µ³´µ³) ¨²¨ ´¥±µµ·¤¨´ É´µ³ (´¥£µ²µ-
´µ³´µ³) ¡ §¨¸ Ì. �Éµ ¸¤¥² ´µ ¤²Ö Éµ£µ, ÎÉµ¡Ò Î¨É É¥²Ó ³µ£ ¨¸¶µ²Ó§µ¢ ÉÓ ÔÉ¨
·¥§Ê²ÓÉ ÉÒ ¶µ ¸¢µ¥³Ê Ê¸³µÉ·¥´¨Õ ¢ Éµ° Ëµ·³¥, ±µÉµ· Ö ¥³Ê ¶µ´ ¤µ¡¨É¸Ö ¢
¥£µ ¸µ¡¸É¢¥´´ÒÌ ¨¸¸²¥¤µ¢ ´¨ÖÌ. ƒ² ¢´Ò¥ ¢Ò¢µ¤Ò ¶µ¤ÒÉµ¦¥´Ò ¢ ¶µ¸²¥¤´¥³
· §¤¥²¥.

(Ln, g)-¶·µ¸É· ´¸É¢  ¨³¥ÕÉ ¨´É¥·¥¸´Ò¥ ¸¢µ°¸É¢ . �´¨ ³µ£ÊÉ ¡ÒÉÓ ¨¸-
¶µ²Ó§µ¢ ´Ò ¢ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¥ ¢µµ¡Ð¥ ¨ ¢ Î ¸É´µ¸É¨ Å ¢ É¥µ·¨¨ £· -
¢¨É Í¨¨. ‚ É ±¨Ì ¶·µ¸É· ´¸É¢ Ì ¢µ§³µ¦´µ ¢¢¥¤¥´¨¥ ´¥¸¨³³¥É·¨Î´µ° ±µ´É-
· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¤²Ö ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°
¨ ¸¨³³¥É·¨Î´µ° (�¨³ ´ , Š·¨¸ÉµËË¥²Ö) ¤²Ö ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°.
�  ÔÉµ° µ¸´µ¢¥ ³Ò ³µ¦¥³ · ¸¸³ É·¨¢ ÉÓ ¶²µ¸±¨¥ ¶·µ¸É· ´¸É¢  ((Mn, g)-
¶·µ¸É· ´¸É¢ ) ¸ ±·ÊÎ¥´¨¥³ ¤²Ö ¢¥±Éµ·´ÒÌ ¶µ²¥° ¨ ¡¥§ ±·ÊÎ¥´¨Ö ¤²Ö ±µ¢¥±-
Éµ·´ÒÌ ¶µ²¥°. �´ ²µ£¨Î´Ò³ µ¡· §µ³ É ±¨¥ µ¡Ñ¥±ÉÒ ¸¢Ö§´µ¸É¨ ³µ¦´µ ¢¢¥¸É¨
¨ ¢ (¶¸¥¢¤µ)·¨³ ´µ¢ÒÌ ¶·µ¸É· ´¸É¢ Ì ((V n, g)-¶·µ¸É· ´¸É¢ Ì).

1.1. ƒ¥µ³¥É·¨Ö ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö £¥µ³¥É·¨Ö.
„¨ËË¥·¥´Í¨ ²Ó´ Ö £¥µ³¥É·¨Ö · §¢¨¢ ² ¸Ó ¢ ¡µ²ÓÏµ° ¸É¥¶¥´¨ ¡² £µ¤ ·Ö ¶µ-
¶ÒÉ± ³ µ¡ÑÖ¸´¨ÉÓ ¥¥ ¸·¥¤¸É¢ ³¨ · §´Ò¥ É¨¶Ò Ë¨§¨Î¥¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°.
‘µ§¤ ´´ Ö ¢ ´ Î ²¥ 20-£µ ¢¥±  É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨ µ¸´µ¢ ´  ´  £¨¶µÉ¥-
§ Ì ·Ö¤  £¥µ³¥É·µ¢ µ ¸¢Ö§¨ £¥µ³¥É·¨¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ Ë¨§¨Î¥¸±¨³¨
¸¢µ°¸É¢ ³¨ ³ É¥·¨ ²Ó´ÒÌ ¸¨¸É¥³ (‹µ¡ Î¥¢¸±¨°, ƒ Ê¸¸, �¨³ ´, Š²¨ËËµ·¤).
‘ ¤·Ê£µ° ¸Éµ·µ´Ò, µ´  µ¸´µ¢ ´  ´  £¨¶µÉ¥§ Ì ·Ö¤  Ë¨§¨±µ¢ (�µ·¤¸É·¥³,
�°´ÏÉ¥°´, ”µ±±¥· ¨ ¤·.) µ ¢µ§³µ¦´µ¸É¨ µ¶¨¸ ´¨Ö Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³ ¸
¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· [1Ä3].

�µ¶ÒÉ±¨ · §¢¨ÉÓ ¨ µ¡µ¡Ð¨ÉÓ É¥µ·¨Õ µÉ´µ¸¨É¥²Ó´µ¸É¨,   É ±¦¥ Ê¸É ´µ-
¢¨ÉÓ ¥¥ ¸¢Ö§Ó ¸ É¥µ·¨Ö³¨ ´¥£· ¢¨É Í¨µ´´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° [1Ä3] ¡ §¨·µ¢ -
²¨¸Ó ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ´µ¢ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¶µ´ÖÉ¨° ¨ µ¡Ñ¥±Éµ¢ (· ¸¸²µ¥´-
´Ò¥ ¶·µ¸É· ´¸É¢ , ´¥·¨³ ´µ¢Ò £¥µ³¥É·¨¨ [4,5], ±µ³¶²¥±¸´Ò¥ ³´µ£µµ¡· §¨Ö,
´¥£µ²µ´µ³´Ò¥ ¡ §¨¸Ò ¢¥±Éµ·´ÒÌ ¨ É¥´§µ·´ÒÌ ¶µ²¥°, ¶ ·Ò ³¥É·¨± ¨ ¸¢Ö§´µ-
¸É¥° ´  ³´µ£µµ¡· §¨ÖÌ) [6Ä10]. �·¨³¥´Ö²¨¸Ó · §²¨Î´Ò¥ ³¥Éµ¤Ò ¸ ¨¸¶µ²Ó§µ-
¢ ´¨¥³ ´µ¢ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· ´  ³´µ£µµ¡· §¨ÖÌ
(¸¶¥Í¨ ²Ó´Ò¥ ¢¥±Éµ·´Ò¥, É¥´§µ·´Ò¥, ¸¶¨´µ·´Ò¥ ¨ ¤·Ê£¨¥ ¶µ²Ö). �·µ¡²¥³Ò,
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¢µ§´¨± ¢Ï¨¥ ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¸µ¢·¥³¥´´ÒÌ £· ¢¨É Í¨µ´´ÒÌ É¥µ·¨°,
¸¶µ¸µ¡¸É¢µ¢ ²¨ µÉ±·ÒÉ¨Õ ´µ¢ÒÌ ¶µ¤Ìµ¤µ¢ ± ¸É ·Ò³ ³ É¥³ É¨Î¥¸±¨³ ³µ¤¥²Ö³
¨ ¶·¨¢¥²¨ ± ´µ¢Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ £¥µ³¥É·¨Î¥¸±¨³ ³¥Éµ¤ ³ [11,12].

‚ É¥Î¥´¨¥ ¶µ¸²¥¤´¥£µ ¸Éµ²¥É¨Ö ³ É¥³ É¨Î¥¸±¨¥ ³µ¤¥²¨ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨ Ô¢µ²ÕÍ¨µ´¨·µ¢ ²¨ µÉ ¥¢±²¨¤µ¢ÒÌ ¨ ·¨³ ´µ¢ÒÌ ¤µ ¡µ²¥¥ ¸²µ¦´ÒÌ
¶·µ¸É· ´¸É¢ ¸  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨± ³¨ [13Ä18]. �  ¶¥·¥Ìµ¤¥ µÉ
´ÓÕÉµ´µ¢¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ ± Ô°´ÏÉ¥°´µ¢¸±µ° ¡Ò² ¸¤¥² ´ ¢ ¦´Ò° Ï £
± ¢¢¥¤¥´¨Õ ¢ É¥µ·¨Õ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¤¢ÊÌ £¥µ³¥É·¨Î¥¸±¨Ì µ¡Ñ¥±Éµ¢ Å
³¥É·¨±¨ ¨ ¸¢Ö§´µ¸É¨. Œ¥É·¨±  µ¶·¥¤¥²Ö¥É · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¤¢Ê³Ö ÉµÎ± ³¨
¶·µ¸É· ´¸É¢ -¢·¥³¥´¨. ‘¢Ö§´µ¸ÉÓ § ¤ ¥É ¶¥·¥´µ¸ £¥µ³¥É·¨Î¥¸±¨Ì µ¡Ñ¥±Éµ¢ µÉ
µ¤´µ° ÉµÎ±¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ± ¤·Ê£µ°. ‚ ·¨³ ´µ¢µ° £¥µ³¥É·¨¨ ¸¢Ö§-
´µ¸ÉÓ µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ³¥É·¨±Ê ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö. �ÉµÉ Ë ±É, ¡Ê-
¤ÊÎ¨ µ¸´µ¢´Ò³ ¢ Ô°´ÏÉ¥°´µ¢¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨ (�’ƒ), Ö¢¨²¸Ö µ¸´µ¢´Ò³
¨ ¢ ¤·Ê£¨Ì É¥µ·¨ÖÌ £· ¢¨É Í¨¨, ¶µ¸É·µ¥´´ÒÌ ¢ · ³± Ì ·¨³ ´µ¢µ° £¥µ³¥É·¨¨.
�µ§¤´¥¥ É¥µ·¨Ö £· ¢¨É Í¨¨ · §¢¨¢ ² ¸Ó ¢ ¤¢ÊÌ ´ ¶· ¢²¥´¨ÖÌ: ¢ µ¤´µ³ ¨§ ´¨Ì
¢ ¶·µ¸É· ´¸É¢¥-¢·¥³¥´¨ § ¤ ÕÉ¸Ö ¤¢¥ ³¥É·¨±¨ (¡¨³¥É·¨Î¥¸± Ö É¥µ·¨Ö £· ¢¨-
É Í¨¨) [19Ä21], ¢ ¤·Ê£µ³ Å § ¤ ÕÉ¸Ö ¸¨³³¥É·¨Î´ Ö ³¥É·¨±  ¨, ´¥§ ¢¨¸¨³µ
µÉ ´¥¥, ¸¨³³¥É·¨Î´ Ö ¸¢Ö§´µ¸ÉÓ [22]. ‚ ¶µ¸²¥¤´¨¥ £µ¤Ò ¢´µ¢Ó ¡Ò²¨ ¸¤¥² ´Ò
¶µ¶ÒÉ±¨ ¢µ§·µ¤¨ÉÓ ¨¤¥¨ ‚¥°²Ö µ¡ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢ É¥µ·¨¨ £· ¢¨É Í¨¨ ¸¨³³¥-
É·¨Î´µ° ³¥É·¨±¨ ¨, ´¥§ ¢¨¸¨³µ µÉ ´¥¥, ´¥¸¨³³¥É·¨Î´µ° ¸¢Ö§´µ¸É¨ [15,23,24].
�  ³´µ£µµ¡· §¨ÖÌ ¸ É ±¨³¨ µ¡Ñ¥±É ³¨ ¸¢Ö§´µ¸ÉÓ ¤²Ö ±µ¢¥±Éµ·´ÒÌ ¶µ²¥° (¤Ê-
 ²Ó´ÒÌ ± ± ¸ É¥²Ó´Ò³ ¢¥±Éµ·´Ò³ ¶µ²Ö³) µÉ²¨Î ¥É¸Ö µÉ ¸¢Ö§´µ¸É¨ ¤²Ö ¢¥±Éµ·-
´ÒÌ (± ¸ É¥²Ó´ÒÌ) ¶µ²¥° Éµ²Ó±µ §´ ±µ³. �µ¸²¥¤´¨° Ë ±É Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³
µ¶·¥¤¥²¥´¨Ö ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¡ §¨¸µ¢ ¢ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´-
¸É¢ Ì. �·¨ ÔÉµ³ µ¶·¥¤¥²¥´¨¥ ¤Ê ²Ó´µ¸É¨ ¢¥±Éµ·´ÒÌ ¡ §¨¸µ¢ ´  ³´µ£µµ¡· -
§¨ÖÌ ¸µ¢¶ ¤ ¥É ¸  ²£¥¡· ¨Î¥¸±¨³ µ¶·¥¤¥²¥´¨¥³ ¨Ì ¤Ê ²Ó´µ¸É¨ [25Ä28]. ‘
µ¤´µ° ¸Éµ·µ´Ò, ¢¸Ö ¸µ¢·¥³¥´´ Ö ¤¨ËË¥·¥´Í¨ ²Ó´ Ö £¥µ³¥É·¨Ö ¶µ¸É·µ¥´  ± ±
²µ£¨Î¥¸±¨ ¦¥¸É± Ö ¸É·Ê±ÉÊ· , µ¤´µ° ¨§ £² ¢´ÒÌ ¶·¥¤¶µ¸Ò²µ± ±µÉµ·µ° Ö¢²Ö-
¥É¸Ö ± ´µ´¨Î¥¸±µ¥ µ¶·¥¤¥²¥´¨¥ ¤Ê ²Ó´ÒÌ ¡ §¨¸µ¢ ¢  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ
¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ Ì (¸ µ¤¨´ ±µ¢µ° · §³¥·´µ¸ÉÓÕ) [10]. ‘ ¤·Ê£µ° ¸Éµ-
·µ´Ò, ¢µ§³µ¦´µ¸ÉÓ ¢¢¥¤¥´¨Ö ´¥± ´µ´¨Î¥¸±µ£µ µ¶·¥¤¥²¥´¨Ö ¤Ê ²Ó´ÒÌ ¡ §¨¸µ¢
¢  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ Ì (¸ µ¤¨´ ±µ¢µ° ±µ´¥Î´µ°
· §³¥·´µ¸ÉÓÕ) ¡Ò²  µÉ³¥Î¥´  ³´µ£¨³¨ ³ É¥³ É¨± ³¨ [11], ±µÉµ·Ò¥, µ¤´ ±µ,
´¥ ¨¸¶µ²Ó§µ¢ ²¨ ÔÉÊ ¢µ§³µ¦´µ¸ÉÓ ¤²Ö · §¢¨É¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ £¥µ³¥-
É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· ¨ ¨Ì ¶·¨²µ¦¥´¨°. Š ´µ´¨Î¥¸±µ¥ µ¶·¥¤¥²¥´¨¥ ¤Ê ²Ó´ÒÌ
¡ §¨¸µ¢ ¢  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ Ì É ± ¥¸É¥¸É¢¥´´µ
¢Ìµ¤¨²µ ¢ µ¸´µ¢ ´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ° £¥µ³¥É·¨¨, ÎÉµ ´¥ § ³¥Î ² ¸Ó ¢µ§-
³µ¦´µ¸ÉÓ ¥£µ ¨§³¥´¥´¨Ö [12Ä15]. �µ ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ¶·¨ · §¢¨É¨¨ ³ É¥³ -
É¨Î¥¸±¨Ì ³µ¤¥²¥°, µ¶¨¸Ò¢ ÕÐ¨Ì £· ¢¨É Í¨µ´´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ´  ±² ¸¸¨-
Î¥¸±µ³ Ê·µ¢´¥, ¶·µÖ¢¨² ¸Ó É¥´¤¥´Í¨Ö ± ¨¸¶µ²Ó§µ¢ ´¨Õ ¢ É¥µ·¨¨ £· ¢¨É Í¨¨
¶·µ¸É· ´¸É¢ ¸ ³¥É·¨±µ° ¨ ´¥§ ¢¨¸¨³µ° µÉ ´¥¥ ¸¢Ö§´µ¸ÉÓÕ. ‡ ³¥É¨³ ¶·¨
ÔÉµ³, ÎÉµ £¥µ³¥É·¨Õ É ±¨Ì ¶·µ¸É· ´¸É¢ ³µ¦´µ µ¡µ¡Ð¨ÉÓ, ¶·¨¡¥£ Ö ± ¸¢µ¡µ¤¥
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¢Ò¡µ·  ´¥±µÉµ·ÒÌ ¶·¥¤¶µ¸Ò²µ± ¢ µ¸´µ¢ ´¨ÖÌ ¤¨ËË¥·¥´Í¨ ²Ó´µ° £¥µ³¥É·¨¨.
Š ± ¡Ò²µ ¤µ± § ´µ, ±µ³¶µ´¥´ÉÒ  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ
± ´Ê²Õ ± ± ¢ µÉ¤¥²Ó´µ° ÉµÎ±¥, É ± ¨ ´  ´ ¶¥·¥¤ § ¤ ´´µ° ±·¨¢µ° ´¥ Éµ²Ó±µ ¢
·¨³ ´µ¢ÒÌ ¶·µ¸É· ´¸É¢ Ì (£¤¥ ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¸¢Ö§ ´µ ¸ ¶·¨´Í¨¶µ³ Ô±¢¨-
¢ ²¥´É´µ¸É¨ ¢ �’ƒ), ´µ ¨ ¢ ¶·µ¸É· ´¸É¢ Ì ¸ µ¤´µ°  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨
³¥É·¨±µ°, ¥¸²¨ ¶µ¤µ¡· ÉÓ ¸¶¥Í¨ ²Ó´Ò° ¡ §¨¸ [18Ä20]. �µ¸²¥¤´¥¥ ¸¢µ°¸É¢µ
 ËË¨´´µ° ¸¢Ö§´µ¸É¨ µ§´ Î ¥É, ÎÉµ ¶·¨´Í¨¶ Ô±¢¨¢ ²¥´É´µ¸É¨ ¢ �’ƒ ³µ¦´µ
· ¸¸³ É·¨¢ ÉÓ ± ± Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ µ¤´µ£µ ¨§ ¸²¥¤¸É¢¨° ³ É¥³ -
É¨Î¥¸±µ£µ  ¶¶ · É  ¢ �’ƒ. ‘²¥¤µ¢ É¥²Ó´µ, ± ¦¤µ¥ ¤¨ËË¥·¥´Í¨·Ê¥³µ¥ ³´µ£µ-
µ¡· §¨¥ ¸ µ¤´µ°  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨ ³¥É·¨±µ° ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´µ
¢ ± Î¥¸É¢¥ ³µ¤¥²¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨, ¶·¨Î¥³ ¶·¨´Í¨¶ Ô±¢¨¢ ²¥´É´µ¸É¨
¡Ê¤¥É  ¢Éµ³ É¨Î¥¸±¨ ¢Ò¶µ²´ÖÉÓ¸Ö. �µ ¢ (Ln, g)-¶·µ¸É· ´¸É¢ Ì ¸¨ÉÊ Í¨Ö ¨§-
³¥´Ö¥É¸Ö ¨ ¢ ÔÉµ³ µ¡Ð¥³ ¸²ÊÎ ¥ É·¥¡Ê¥É¸Ö ¤µ¶µ²´¨É¥²Ó´µ¥ ¨¸¸²¥¤µ¢ ´¨¥.

�¸´µ¢´Ò¥ ¶µ´ÖÉ¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ° £¥µ³¥É·¨¨ Å ¢¥±Éµ·´Ò¥, ±µ¢¥±-
Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö Å µ¶·¥¤¥²¥´Ò ¢ ÊÎ¥¡´¨± Ì ¨ ¸¶¥Í¨ ²Ó´ÒÌ ³µ´µ-
£· Ë¨ÖÌ (¸³., ´ ¶·¨³¥·, [21Ä27]).

2. �‹ƒ…���ˆ—…‘Šˆ… „“�‹œ�›… ‚…Š’���›… ���‘’���‘’‚�.
��…��’�� ‘‚…�’Šˆ

�µ´ÖÉ¨¥  ²£¥¡· ¨Î¥¸±µ£µ ¤Ê ²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  ³µ¦¥É ¡ÒÉÓ
¢¢¥¤¥´µ ¶µ¤µ¡´µ [7], £¤¥ ¤¢  ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢  (¨¸Ìµ¤´µ¥ ¨ ¤Ê ²Ó´µ¥
± ´¥³Ê ¢¥±Éµ·´µ¥ ¶·µ¸É· ´¸É¢µ) Ö¢²ÖÕÉ¸Ö ¤¢Ê³Ö ´¥§ ¢¨¸¨³Ò³¨ ¢¥±Éµ·´Ò³¨
¶·µ¸É· ´¸É¢ ³¨ µ¤¨´ ±µ¢µ° (±µ´¥Î´µ°) · §³¥·´µ¸É¨. �Ê¸ÉÓ X ¨ X∗ Å ¤¢ 
¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢  c µ¤¨´ ±µ¢µ° · §³¥·´µ¸ÉÓÕ dim X = dim X∗ = n.
�Ê¸ÉÓ S Å µ¶¥· Éµ· (µÉµ¡· ¦¥´¨¥), ¸É ¢ÖÐ¨° ± ¦¤µ° ¶ ·¥ Ô²¥³¥´Éµ¢ u ∈ X
¨ p ∈ X∗ Ô²¥³¥´É ¶µ²Ö K (R ¨²¨ C), Éµ ¥¸ÉÓ

S : (u, p)→ z ∈ K, u ∈ X, p ∈ X∗. (1)

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ· (µÉµ¡· ¦¥´¨¥) S ´ §Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ ¸¢¥·É±¨
S, ¥¸²¨ µ´ Ö¢²Ö¥É¸Ö ¡¨²¨´¥°´Ò³ ¸¨³³¥É·¨Î´Ò³ µÉµ¡· ¦¥´¨¥³, Éµ ¥¸ÉÓ ¥¸²¨
¢Ò¶µ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ê¸²µ¢¨Ö:

a) S(u, p1 + p2) = S(u, p1) + S(u, p2), ∀u ∈ X , ∀pi ∈ X∗, i = 1, 2;
b) S(u1 + u2, p) = S(u1, p) + S(u2, p), ∀ui ∈ X , i = 1, 2, ∀p ∈ X∗;
c) S(αu, p) = S(u, αp) = αS(u, p), α ∈ K;
d) ´¥¢Ò·µ¦¤¥´´µ¸ÉÓ: ¥¸²¨ u1, ..., un Ö¢²ÖÕÉ¸Ö ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨ Ô²¥-

³¥´É ³¨ ¢ X ¨ S(u1, p) = 0, ..., S(un, p) = 0, Éµ p Ö¢²Ö¥É¸Ö ´Ê²¥¢Ò³ Ô²¥-
³¥´Éµ³ ¢ X∗. �´ ²µ£¨Î´µ, ¥¸²¨ p1, ..., pn Ö¢²ÖÕÉ¸Ö ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨
Ô²¥³¥´É ³¨ ¢ X∗ ¨ S(u, p1) = 0, ... , S(u, pn) = 0, Éµ u Ö¢²Ö¥É¸Ö ´Ê²¥¢Ò³
Ô²¥³¥´Éµ³ ¢ X ;
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e) c¨³³¥É·¨Î´µ¸ÉÓ: S(u, p) = S(p, u), ∀u ∈ X , ∀p ∈ X∗.
�Ê¸ÉÓ e1, ..., en Å ¶·µ¨§¢µ²Ó´Ò° ¡ §¨¸ ¢ X , ¨ ¶Ê¸ÉÓ e1, ..., en Å ¶·µ¨§-

¢µ²Ó´Ò° ¡ §¨¸ ¢ X∗. �Ê¸ÉÓ u = uiei ∈ X ¨ p = pke
k ∈ X∗. �·¨ ÔÉµ³ ¨§

¸¢µ°¸É¢ (a) Å (c) ¸²¥¤Ê¥É, ÎÉµ

S(u, p) = fki.u
i.pk, (2)

£¤¥

fk i = S(ei, e
k) = S(ek, ei) ∈ K. (3)

’ ±¨³ µ¡· §µ³, ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ S ¶·¥¤¸É ¢²Ö¥É¸Ö
¢ ¢¨¤¥ ¡¨²¨´¥°´µ° Ëµ·³Ò. ‘¢µ°¸É¢µ ´¥¢Ò·µ¦¤¥´´µ¸É¨ (d) µ§´ Î ¥É ´¥¢Ò·µ-
¦¤¥´´µ¸ÉÓ ÔÉµ° ¡¨²¨´¥°´µ° Ëµ·³Ò. �¥§Ê²ÓÉ É S(u, p) µÉµ¡· ¦¥´¨Ö S ³µ¦´µ
µ¶·¥¤¥²¨ÉÓ ¢ ¢¨¤¥ (3), ¶·µ¨§¢µ²Ó´µ ¢Ò¡¨· Ö Î¨¸²  fk i ∈ K , ²¨ÏÓ ¡Ò µ¶·¥-
¤¥²¨É¥²Ó det (fk i) 6= 0. �·¨ ÔÉµ³ Ê¸²µ¢¨Ö (a) Å (d) ¡Ê¤ÊÉ ¢Ò¶µ²´¥´Ò.

„¥Ë¨´¨Í¨Ö. (‚§ ¨³´µ) ¤Ê ²Ó´Ò¥  ²£¥¡· ¨Î¥¸±¨¥ ¢¥±Éµ·´Ò¥ ¶·µ¸É· ´-
¸É¢ . �·µ¸É· ´¸É¢  X ¨ X∗ ´ §Ò¢ ÕÉ¸Ö (¢§ ¨³´µ) ¤Ê ²Ó´Ò³¨, ¥¸²¨ § ¤ ´
¤¥°¸É¢ÊÕÐ¨° ´  ´¨Ì µ¶¥· Éµ· ¸¢¥·É±¨ ¨ µ´¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢³¥¸É¥ ¸ ÔÉ¨³
µ¶¥· Éµ·µ³ (Éµ ¥¸ÉÓ ´ ¡µ· (X,X∗, S) ¶·¨ Ê¸²µ¢¨¨ dim X = n = dimX∗

µ¶·¥¤¥²Ö¥É ¤¢  (¢§ ¨³´µ) ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢  X ¨ X∗).
�Éµ µ¶·¥¤¥²¥´¨¥ (¢§ ¨³´µ) ¤Ê ²Ó´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ¶·µ¸É· ´¸É¢ ¶µ§¢µ-

²Ö¥É ¤²Ö ¤ ´´µ£µ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  X ¶µ¸É·µ¨ÉÓ ¡¥¸±µ´¥Î´µ ³´µ£µ
¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ X∗, ¶µ-· §´µ³Ê ¤Ê ²Ó´ÒÌ ± X . —Éµ¡Ò ¨§¡¥¦ ÉÓ É -
±µ° ´¥¥¤¨´¸É¢¥´´µ¸É¨, …Ë¨³µ¢ ¨ �µ§¥´¤µ·´ [7] ¢¢¥²¨ ¶µ´ÖÉ¨¥ Ô±¢¨¢ ²¥´É´µ-
¸É¨ ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ (ÎÉµ Ö¢²Ö¥É¸Ö ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³
± µ¶·¥¤¥²¥´¨Õ (¢§ ¨³´µ) ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢).

�±¢¨¢ ²¥´É´Ò¥ ¤Ê ²Ó´Ò¥ ± X ¢¥±Éµ·´Ò¥ ¶·µ¸É· ´¸É¢ . �Ê¸ÉÓ X∗1 ¨
X∗2 Å ¤¢  n-³¥·´ÒÌ ¢¥±Éµ·´ÒÌ ¶·µ¸É· ´¸É¢ , ¤Ê ²Ó´ÒÌ ± X . …¸²¨ ³¥¦¤Ê
´¨³¨ ¸ÊÐ¥¸É¢Ê¥É ²¨´¥°´Ò° ¨§µ³µ·Ë¨§³, É ±µ°, ÎÉµ

S(u, p) = S(u, p′), ∀u ∈ X, ∀p ∈ X∗1 , p′ ∈ X∗2 , (4)

£¤¥ p′ ¥¸ÉÓ Ô²¥³¥´É ¨§ X∗2 , ±µÉµ·Ò° ¸µµÉ¢¥É¸É¢Ê¥É Ô²¥³¥´ÉÊ p ¨§ X∗1 ¢ ¸µ-
£² ¸¨¨ ¸ Ê¶µ³Ö´ÊÉÒ³ ¨§µ³µ·Ë¨§³µ³, Éµ X∗1 ¨ X∗2 ´ §Ò¢ ÕÉ¸Ö Ô±¢¨¢ ²¥´É´µ
¤Ê ²Ó´Ò³¨ ± X ¢¥±Éµ·´Ò³¨ ¶·µ¸É· ´¸É¢ ³¨.

�·¥¤²µ¦¥´¨¥. ‚¸¥ ²¨´¥°´Ò¥ (¢¥±Éµ·´Ò¥) ¶·µ¸É· ´¸É¢ , ¤Ê ²Ó´Ò¥ ± ¤ ´-
´µ³Ê ¢¥±Éµ·´µ³Ê ¶·µ¸É· ´¸É¢Ê X , Ô±¢¨¢ ²¥´É´Ò ¤·Ê£ ¤·Ê£Ê.

„²Ö ¤µ± § É¥²Ó¸É¢  ÔÉµ£µ ¶·¥¤²µ¦¥´¨Ö ¤µ¸É ÉµÎ´µ ¶µ± § ÉÓ, ÎÉµ ¥¸²¨ ¤²Ö
X ¨ X∗ ¶·µ¨§¢µ²Ó´µ § ¤ ´ µ¶¥· Éµ· ¸¢¥·É±¨ S, Éµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ¡ §¨¸ 
e1, ..., en ∈ X ³µ¦´µ ´ °É¨ ¥¤¨´¸É¢¥´´Ò° ¤Ê ²Ó´Ò° ± ´¥³Ê ¡ §¨¸ e1, ..., en ¢
¶·µ¸É· ´¸É¢¥ X∗, Éµ ¥¸ÉÓ e1, ..., en ∈ X∗ ³µ¦¥É ¡ÒÉÓ ´ °¤¥´ ¥¤¨´¸É¢¥´´Ò³
µ¡· §µ³, É ± ÎÉµ S(ei, e

k) = fki, £¤¥ fk i ∈ K Å ´ ¶¥·¥¤ § ¤ ´´Ò¥ Î¨¸²  [28].
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�Éµ ¤µ± § É¥²Ó¸É¢µ  ´ ²µ£¨Î´µ ¤µ± § É¥²Ó¸É¢Ê, ¶·¥¤²µ¦¥´´µ³Ê …Ë¨³µ¢Ò³ ¨
�µ§¥´¤µ·´µ³ [7] ¤²Ö Î ¸É´µ£µ ¸²ÊÎ Ö S = C : C(ek, e

i) = gik, gik = 1 ¤²Ö
k = i, gik = 0 ¤²Ö k 6= i. C(ek, e

i) = gik µ§´ Î ¥É, ÎÉµ ¤Ê ²Ó´µ¥ ± {ek}
¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥ ei µ·Éµ£µ´ ²Ó´µ ±µ ¢¸¥³ ¡ §¨¸´Ò³ ¢¥±Éµ· ³ ek, ¤²Ö
±µÉµ·ÒÌ k 6= i. �¶¥· Éµ· ¸¢¥·É±¨ C ¸µµÉ¢¥É¸É¢Ê¥É ± ´µ´¨Î¥¸±µ³Ê ¶µ¤Ìµ¤Ê ±
¶µ´ÖÉ¨Õ µ¶¥· Éµ·  (µÉµ¡· ¦¥´¨Ö) ¸¢¥·É±¨

C(u, p) = C(p, u) = p(u) = pi.u
i . (5)

�µ¢µ¥ µ¶·¥¤¥²¥´¨¥  ²£¥¡· ¨Î¥¸±¨Ì ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢ Ë ±É¨Î¥¸±¨
¸µµÉ¢¥É¸É¢Ê¥É µ¡Ð¥³Ê ¶µ¤Ìµ¤Ê ± ¶µ´ÖÉ¨Õ ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢. ’µ²Ó±µ ¢
µ¡Ð¥³ ¸²ÊÎ ¥ ¤Ê ²Ó´Ò° ¡ §¨¸´Ò° ¢¥±Éµ· ei ´¥ µ·Éµ£µ´ ²¥´ ± ¡ §¨¸´Ò³ ¢¥±-
Éµ· ³ ek : S(ek, e

i) = f i k 6= gik. „µ¸É ÉµÎ´µ § ³¥É¨ÉÓ, ÎÉµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ
Ô²¥³¥´É  p ∈ X∗ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ²¨´¥°´ Ö Ëµ·³ 

S(u, p) = pi.u
i = pi.f

i
k.u

k = pi.u
i (6)

§ ¤ ´ , £¤¥ p1, ..., pn Å ¶µ¸ÉµÖ´´Ò¥ ±µ³¶µ´¥´ÉÒ § ¤ ´´µ£µ ¢¥±Éµ·  p ∈ X∗.
�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ ³µ¦´µ § ¶¨¸ ÉÓ É ±¦¥ ¢ Ëµ·³¥

S(u, p) = S(p, u) = p(u) = pi.u
i . (7)

‡ ³¥Î ´¨¥. �¡µ¡Ð¥´¨¥ ¶µ´ÖÉ¨Ö  ²£¥¡· ¨Î¥¸±¨ ¤Ê ²Ó´ÒÌ ¶·µ¸É· ´¸É¢ ¢
¸²ÊÎ ¥ ¢¥±Éµ·´ÒÌ ¶µ²¥° ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ É·¨¢¨ ²Ó´µ.
‚¥±Éµ·´Ò¥ ¶µ²Ö · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ¸¥Î¥´¨Ö ¢ ¢¥±Éµ·´ÒÌ · ¸¸²µ¥´¨ÖÌ ´ 
³´µ£µµ¡· §¨¨. ‚¥±Éµ·´Ò¥ ¡ §¨¸Ò ¸É ´µ¢ÖÉ¸Ö § ¢¨¸¨³Ò³¨ µÉ ÉµÎ±¨ ³´µ£µ-
µ¡· §¨Ö, ¨ Î¨¸²  f i j · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ËÊ´±Í¨¨ ´  ³´µ£µµ¡· §¨¨.

‡ ³¥Î ´¨¥. …¸²¨ ¡ §¨¸´Ò¥ ¢¥±Éµ·Ò ¢ ± ¸ É¥²Ó´µ³ ¶·µ¸É· ´¸É¢¥ Tx(M) ¢
ÉµÎ±¥ x ³´µ£µµ¡· §¨Ö M (dim M = n) Ö¢²ÖÕÉ¸Ö ±µµ·¤¨´ É´Ò³¨ ¢¥±Éµ·´Ò³¨
¶µ²Ö³¨ ∂i ,   ¢ ¤Ê ²Ó´µ³ (±µ± ¸ É¥²Ó´µ³) ¢¥±Éµ·´µ³ ¶·µ¸É· ´¸É¢¥ T ∗x (M)
¡ §¨¸ {dxk} µ¶·¥¤¥²Ö¥É¸Ö ± ± ¤Ê ²Ó´Ò° ± ¡ §¨¸Ê {∂i}, £¤¥ dxk Ö¢²ÖÕÉ¸Ö ¤¨Ë-
Ë¥·¥´Í¨ ² ³¨ ±µµ·¤¨´ É xk ÉµÎ±¨ x ¢ ¤ ´´µ° ± ·É¥, Éµ S(∂i, dx

k) = fk i
[fki ∈ Cr(M)]. �µ¸²¥ Ê³´µ¦¥´¨Ö ¶µ¸²¥¤´¥£µ · ¢¥´¸É¢  ´  fk l , ¶·¨´Ö¢ ¢
· ¸Î¥É ¸µµÉ´µÏ¥´¨¥ fk i.fk

l = gli , ¶µ²ÊÎ¨³ Ê¸²µ¢¨¥ S(∂i, fk
l.dxk) = gli,

ÎÉµ Ô±¢¨¢ ²¥´É´µ ·¥§Ê²ÓÉ ÉÊ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ C ´  ¢¥±Éµ·Ò ∂i ¨
el, £¤¥ el = f lk.dx

k. �µ¢Ò¥ ¢¥±Éµ·Ò el ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥ Ö¢²ÖÕÉ¸Ö ¤¨ËË¥-
·¥´Í¨ ² ³¨ ±µµ·¤¨´ É xl ¢ x ∈ M . �´¨ ¡Ò²¨ ¡Ò ¤¨ËË¥·¥´Í¨ ² ³¨ ´µ¢ÒÌ
±µµ·¤¨´ É xl

′
= xl

′
(xk) , ¥¸²¨ ¡Ò ¸µµÉ´µÏ¥´¨¥ dxl

′
= Ak

l′ .dxk ¸µ£² ¸µ-
¢Ò¢ ²µ¸Ó ¸ Ê¸²µ¢¨¥³ el = dxl

′
¨ xl

′
= ∫ dxl′ . �´ ²µ£¨Î´µ ¢ ¸²ÊÎ ¥, ±µ£¤ 

S(f il .∂i, dx
k) = gkl , ´µ¢Ò¥ ¢¥±Éµ·Ò el = fl

i.∂i ´¥ Ö¢²ÖÕÉ¸Ö ¢´µ¢Ó ±µµ·¤¨-
´ É´Ò³¨ ¢¥±Éµ·´Ò³¨ ¶µ²Ö³¨ ∂i′ . �µ²Ö el ¡Ò²¨ ¡Ò ¢´µ¢Ó ±µµ·¤¨´ É´Ò³¨
¢¥±Éµ·´Ò³¨ ¶µ²Ö³¨, ¥¸²¨ ¡Ò ¶·¨ ¨§³¥´¥´¨¨ ±µµ·¤¨´ É´µ° ± ·ÉÒ ¢Ò¶µ²´Ö-

²µ¸Ó ¢ ÉµÎ±¥ x ∈M Ê¸²µ¢¨¥ fli = ∂xi

∂xl
′ .
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’ ±¨³ µ¡· §µ³, ¢ µ¶·¥¤¥²¥´¨¥  ²£¥¡· ¨Î¥¸±¨Ì ¤Ê ²Ó´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°
´  ³´µ£µµ¡· §¨ÖÌ ¶µ¸·¥¤¸É¢µ³ µ¶¥· Éµ·  ¸¢¥·É±¨ S, ¢Ò¸ÉÊ¶ ÕÐ¥£µ ¢ ± Î¥¸É¢¥
µ¡µ¡Ð¥´¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ C, ´Ê¦´µ ¢¢µ¤¨ÉÓ f i j(x

k) ¢§ ³¥´ ¸¨³¢µ² 
Š·µ´¥±¥·  gij .

�¶¥· Éµ· ¸¢¥·É±¨ S ³µ¦¥É ¡ÒÉÓ ²¥£±µ µ¡µ¡Ð¥´ ¤µ ³Ê²ÓÉ¨²¨´¥°´µ£µ
µ¶¥· Éµ·  ¸¢¥·É±¨ S.

3. Š��’��‚��ˆ��’��Ÿ ˆ Š�‚��ˆ��’��Ÿ �””ˆ��›…
‘‚Ÿ‡��‘’ˆ. Š�‚��ˆ��’�›‰ „ˆ””…�…�–ˆ�‹œ�›‰

��…��’��

3.1. �ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· -
Éµ·. •µÉÖ ¶µ´ÖÉ¨¥  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ · §²¨Î´Ò³¨
¸¶µ¸µ¡ ³¨, µ¤´µ É·¥¡Ê¥É¸Ö ´¥¨§³¥´´µ: ¢µ ¢¸¥Ì µ¶·¥¤¥²¥´¨ÖÌ ¤µ²¦´µ ¡ÒÉÓ
§ ¤ ´µ ²¨´¥°´µ¥ µÉµ¡· ¦¥´¨¥, ±µÉµ·µ¥ ± ¦¤µ³Ê ¤ ´´µ³Ê ¢¥±Éµ·Ê ¢¥±Éµ·´µ£µ
¶·µ¸É· ´¸É¢  ´ ¤ ÉµÎ±µ° x ³´µ£µµ¡· §¨Ö M ¸µ¶µ¸É ¢²Ö¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨°
¢¥±Éµ· ¨§ Éµ£µ ¦¥ ¸ ³µ£µ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  ´ ¤ Éµ° ¦¥ ÉµÎ±µ°. ‘µ-
µÉ¢¥É¸É¢ÊÕÐ¨° ¢¥±Éµ· µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ ¢¥±Éµ·µ³ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢ 
´ ¤ ¤·Ê£µ° ÉµÎ±µ° ³´µ£µµ¡· §¨Ö M . ‘¶µ¸µ¡ µÉµ¦¤¥¸É¢²¥´¨Ö ´ §Ò¢ ¥É¸Ö ¶¥-
·¥´µ¸µ³ ¨§ µ¤´µ° ÉµÎ±¨ ³´µ£µµ¡· §¨Ö ¢ ¤·Ê£ÊÕ.

‚¥±Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ ´ ¤¥-
²ÖÕÉ¸Ö ¸É·Ê±ÉÊ·µ° ²¨´¥°´µ£µ (¢¥±Éµ·´µ£µ) ¶·µ¸É· ´¸É¢  ¸ ¶µ³µÐÓÕ µ¶·¥¤¥-
²¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì µ¶¥· Í¨° ¢ ± ¦¤µ° ÉµÎ±¥ ³´µ£µµ¡· §¨Ö.

„¥Ë¨´¨Í¨Ö. �ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨
M . �Ê¸ÉÓ V (M) (dim M = n) Å ³´µ¦¥¸É¢µ ¢¸¥Ì (£² ¤±¨Ì) ¢¥±Éµ·´ÒÌ ¶µ²¥°
´  ³´µ£µµ¡· §¨¨ M . �Éµ¡· ¦¥´¨¥ ∇ : V (M) × V (M) → V (M) ¸ ¶µ³µÐÓÕ
∇(u,w) → ∇uw, u,w ∈ V (M), £¤¥ ∇u ¢Ò¸ÉÊ¶ ¥É ¢ ± Î¥¸É¢¥ ±µ¢ ·¨ ´É-
´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u (µ¶·¥¤¥²¥´¨¥
¸³. ´¨¦¥), ´ §Ò¢ ¥É¸Ö  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ´  ³´µ£µµ¡· §¨¨ M .

„¥Ë¨´¨Í¨Ö. Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· (¢¤µ²Ó ¢¥±Éµ·-
´µ£µ ¶µ²Ö u). ‹¨´¥°´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· (µÉµ¡· ¦¥´¨¥) ∇u,
µ¡² ¤ ÕÐ¨° ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°¸É¢ ³¨:

a) ∇u(v + w) = ∇uv +∇uw, u, v, w ∈ V (M),
b) ∇u(f.v) = (uf).v + f.∇uv, f ∈ Cr(M), r ≥ 1,
c) ∇u+vw = ∇uw +∇vw,
d) ∇fuv = f.∇uv,
e) ∇uf = uf , f ∈ Cr(M), r ≥ 1,
f) ∇u(v ⊗ w) = ∇uv ⊗ w + v ⊗ ∇uw (¶· ¢¨²µ ‹¥°¡´¨Í ), ⊗ µ§´ Î ¥É

É¥´§µ·´µ¥ ¶·µ¨§¢¥¤¥´¨¥, ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥-
· Éµ·µ³ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u.
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�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ∇uv
Î ¸Éµ, ¨ ¤ ¦¥ ± ± ¶· ¢¨²µ, ´ §Ò¢ ÕÉ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¢¥±Éµ·´µ£µ
¶µ²Ö v ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u.

‚ § ¤ ´´µ° ± ·É¥ (±µµ·¤¨´ É´µ° ¸¨¸É¥³¥) ¶µ µ¶·¥¤¥²¥´¨Õ ∇eαeβ ¢ ¡ -
§¨¸¥ {eα} ¢ÒÎ¨¸²ÖÕÉ¸Ö ±µ³¶µ´¥´ÉÒ ∇αβγ  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ∇:

∇eαeβ = ∇γαβ .eγ , α, β, γ = 1, ..., n . (8)

{∇γαβ} ¶·¥µ¡· §ÊÕÉ¸Ö ± ± ²¨´¥°´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ £¥µ³¥É·¨Î¥¸±¨¥
µ¡Ñ¥±ÉÒ [21,29].

„¥Ë¨´¨Í¨Ö. �·µ¸É· ´¸É¢µ ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ. „¨ËË¥·¥´Í¨·Ê¥-
³µ¥ ³´µ£µµ¡· §¨¥ M , ´ ¤¥²¥´´o¥  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ∇, Éµ ¥¸ÉÓ ¶ · 
(M,∇), ´ §Ò¢ ¥É¸Ö ¶·µ¸É· ´¸É¢µ³ ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ.

3.2. Šµ´É· ¢ ·¨ ´É´ Ö ¨ ±µ¢ ·¨ ´É´ Ö  ËË¨´´Ò¥ ¸¢Ö§´µ¸É¨. „¥°¸É¢¨¥
±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ´  ±µ´É· ¢ ·¨ ´É´µ¥ (± ¸ -
É¥²Ó´µ¥) ±µµ·¤¨´ É´µ¥ ¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥ ∂i ´  M ¢¤µ²Ó ¤·Ê£µ£µ
±µ´É· ¢ ·¨ ´É´µ£µ ±µµ·¤¨´ É´µ£µ ¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ∂j µ¶·¥¤¥²Ö-
¥É¸Ö  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ∇ = Γ ¸ ±µ³¶µ´¥´É ³¨ Γkij , ±µÉµ·Ò¥ ¢ § ¤ ´´µ°
± ·É¥ µ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¢Ò· ¦¥´¨¥

∇∂j∂i = Γkij .∂k . (9)

„²Ö ´¥±µµ·¤¨´ É´µ£µ ±µ´É· ¢ ·¨ ´É´µ£µ ¡ §¨¸  eα ∈ T (M), T (M) =
= ∪x∈MTx(M),

∇eβeα = Γγαβ .eγ . (10)

„¥Ë¨´¨Í¨Ö. Šµ´É· ¢ ·¨ ´É´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. �ËË¨´´ Ö ¸¢Ö§-
´µ¸ÉÓ ∇ = Γ, ¢¢µ¤¨³ Ö ¶·¨ ¤¥°¸É¢¨¨ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥-
· Éµ·  ´  ±µ´É· ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö, ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É´µ°
 ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ.

„¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ´  ±µ¢ ·¨ ´É´µ¥
(¤Ê ²Ó´µ¥ ± ±µ´É· ¢ ·¨ ´É´µ³Ê ¡ §¨¸´µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ) ¡ §¨¸´µ¥ ¢¥±-
Éµ·´µ¥ ¶µ²¥ eα [eα ∈ T ∗(M), T ∗(M) = ∪x∈MT ∗x (M)] ¶µ ´ ¶· ¢²¥´¨Õ ±µ´-
É· ¢ ·¨ ´É´µ£µ (´¥±µµ·¤¨´ É´µ£µ) ¢¥±Éµ·´µ£µ ¶µ²Ö eβ µ¶·¥¤¥²Ö¥É¸Ö  ËË¨´-
´µ° ¸¢Ö§´µ¸ÉÓÕ ∇ = P ¸ ±µ³¶µ´¥´É ³¨ Pαβγ , § ¤ ¢ ¥³Ò³¨ ¢Ò· ¦¥´¨¥³

∇eβeα = Pαγβ.e
γ . (11)

„²Ö ±µµ·¤¨´ É´µ£µ ±µ¢ ·¨ ´É´µ£µ ¡ §¨¸  dxi

∇∂jdxi = P ikj .dx
k . (12)
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„¥Ë¨´¨Í¨Ö. Šµ¢ ·¨ ´É´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. �ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ
∇ = P , ¢¢µ¤¨³ Ö ¶·¨ ¤¥°¸É¢¨¨ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· -
Éµ·  ´  ±µ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö, ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ°  ËË¨´´µ°
¸¢Ö§´µ¸ÉÓÕ.

„¥Ë¨´¨Í¨Ö. �·µ¸É· ´¸É¢µ ¸ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  Ë-
Ë¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ (Ln-¶·µ¸É· ´¸É¢µ). „¨ËË¥·¥´Í¨·Ê¥³µ¥ ³´µ£µµ¡· §¨¥,
´ ¤¥²¥´´µ¥ ±µ´É· ¢ ·¨ ´É´µ° Γ ¨ ±µ¢ ·¨ ´É´µ° P  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨,
´ §Ò¢ ¥É¸Ö ¶·µ¸É· ´¸É¢µ³ ¸ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´Ò³¨
¸¢Ö§´µ¸ÉÖ³¨.

‘¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¸¢Ö§´µ¸ÉÖ³¨ Γ ¨ P µ¸´µ¢Ò¢ ¥É¸Ö ´  § ¤ ¢ ¥³µ° µ¶¥-
· Éµ·µ³ ¸¢¥·É±¨ S ¸¢Ö§¨ ³¥¦¤Ê ¤¢Ê³Ö ¤Ê ²Ó´Ò³¨ ¶·µ¸É· ´¸É¢ ³¨ T (M) ¨
T ∗(M). �¡ÒÎ´µ ³¥¦¤Ê µ¶¥· Éµ·µ³ ¸¢¥·É±¨ ¨ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö § ¤ ÕÉ¸Ö ±µ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¢ ¸²¥¤ÊÕÐ¥³
¢¨¤¥:

S ◦ ∇u = ∇u ◦ S . (13)

…¸²¨ ¶µ¸²¥¤´¥¥ µ¶¥· Éµ·´µ¥ · ¢¥´¸É¢µ ¢§ÖÉÓ ¢ ¢¨¤¥ ∇∂k ◦ S = S ◦ ∇∂k ¨
¶·¨³¥´¨ÉÓ ¥£µ ± É¥´§µ·´µ³Ê ¶·µ¨§¢¥¤¥´¨Õ dxi⊗∂j ¤¢ÊÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²¥° dxi ∈ T ∗(M) ¨ ∂j ∈ T (M), Éµ ¶µ²ÊÎ¨É¸Ö · ¢¥´¸É¢µ

f i j,k = Γljk.f
i
l + P ilk.f

l
j , f i j,k := ∂kf

i
j (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

(14)

�  ÔÉµ · ¢¥´¸É¢µ ³µ¦´µ ¶µ¸³µÉ·¥ÉÓ ¸ ¤¢ÊÌ · §´ÒÌ ÉµÎ¥± §·¥´¨Ö.
1. …¸²¨ P ijk(xl) ¨ Γijk(xl) § ¤ ´Ò ± ± ËÊ´±Í¨¨ ±µµ·¤¨´ É ´  M , Éµ

· ¸¸³ É·¨¢ ¥³µ¥ · ¢¥´¸É¢µ ¢Ò£²Ö¤¨É ± ± ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ
ËÊ´±Í¨° f i j(x

l). �¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° µ¶·¥¤¥²Ö¥É ¤¥°¸É¢¨¥ µ¶¥· Éµ· 
¸¢¥·É±¨ S ´  ¡ §¨¸´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö ¶·¨ § ¤ ´´ÒÌ ±µ³¶µ´¥´É Ì µ¡¥¨Ì
¸¢Ö§´µ¸É¥°. “¸²µ¢¨Ö ¨´É¥£·¨·Ê¥³µ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Rm jkl.f
i
m + P i mkl.f

m
j = 0 , (15)

£¤¥ Rm jkl Å ±µ³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò, ¶µ¸É·µ-
¥´´µ£µ ¸ ¶µ³µÐÓÕ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ, ¨ P imkl Å
±µ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò, ¶µ¸É·µ¥´´µ£µ ¸ ¶µ³µÐÓÕ ±µ-
¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P , ¶·¨Î¥³ [R(∂i, ∂j)]dx

k = P k lij .dx
l,

[R(∂i, ∂j)]∂k = Rl kij .∂l, R(∂i, ∂j) = ∇∂i∇∂j −∇∂j∇∂i .
2. …¸²¨ f i j(x

l) · ¸¸³ É·¨¢ ÉÓ ± ± § ¤ ´´Ò¥ ËÊ´±Í¨¨ ±µµ·¤¨´ É ´  M ,
Éµ Ê¸²µ¢¨Ö ¤²Ö f ij µ¶·¥¤¥²ÖÕÉ ¸¢Ö§Ó ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ°
 ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ¨ ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P
¸ ¶µ³µÐÓÕ § · ´¥¥ µ¶·¥¤¥²¥´´µ£µ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ¸¢¥·É±¨ S ´  ¡ §¨¸´Ò¥
¢¥±Éµ·´Ò¥ ¶µ²Ö.
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…¸²¨ S = C, É.¥. f ij = gij , Éµ Ê¸²µ¢¨Ö ¤²Ö f ij ¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö ¢¸¥Ì
P = −Γ, É.¥.

P ijk = −Γijk . (16)

�ÉµÉ Ë ±É ³µ¦´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³.
�·¥¤²µ¦¥´¨¥. S = C Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¤²Ö P = −Γ

(P ijk = −Γijk).
‘²¥¤¸É¢¨¥. …¸²¨ P 6= −Γ, Éµ S 6= C, É.¥. ¥¸²¨ ±µ¢ ·¨ ´É´ Ö ¸¢Ö§´µ¸ÉÓ

P µÉ²¨Î ¥É¸Ö µÉ ±µ´É· ¢ ·¨ ´É´µ° ¸¢Ö§´µ¸É¨ Γ ´¥ Éµ²Ó±µ §´ ±µ³, Éµ µ¶¥-
· Éµ· ¸¢¥·É±¨ S ¤µ²¦¥´ µÉ²¨Î ÉÓ¸Ö µÉ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  ¸¢¥·É±¨
C (¥¸²¨ S ±µ³³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö).

�Éµ ¸²¥¤¸É¢¨¥ ¶µ§¢µ²Ö¥É ¢¢¥¸É¨ µÉ²¨Î ÕÐ¨¥¸Ö ¤·Ê£ µÉ ¤·Ê£  ´¥ Éµ²Ó±µ ¶µ
§´ ±Ê ±µ´É· ¢ ·¨ ´É´ÊÕ ¨ ±µ¢ ·¨ ´É´ÊÕ  ËË¨´´Ò¥ ¸¢Ö§´µ¸É¨ ¸ µ¶¥· Éµ·µ³
¸¢¥·É±¨ S, µÉ²¨Î´Ò³ µÉ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  ¸¢¥·É±¨ C.

…¸²¨ f ij = eϕ.gij , £¤¥ ϕ ∈ Cr(M), ϕ 6= 0, Éµ P ijk = −Γijk + ϕ,k.g
i
j .

3.3. Šµ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° .
„¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¢¤µ²Ó ±µ´É· ¢ ·¨-
 ´É´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö u ´ §Ò¢ ¥É¸Ö ¶¥·¥´µ¸µ³ ¢¤µ²Ó ±µ´É· ¢ ·¨ ´É´µ£µ
¢¥±Éµ·´µ£µ ¶µ²Ö u (¨²¨ ¶¥·¥´µ¸µ³ ¢¤µ²Ó u).

�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ´ 
É¥´§µ·´µ¥ ¶µ²¥ ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ÔÉµ£µ É¥´§µ·´µ£µ ¶µ²Ö.

�¥§Ê²ÓÉ É ∇uV ¤¥°¸É¢¨Ö ∇u ´  ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥ V ´ -
§Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V
¢¤µ²Ó ±µ´É· ¢ ·¨ ´É´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö u (¨²¨ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤-
´µ° V ¢¤µ²Ó u).

„¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ±µ´É· ¢ ·¨-
 ´É´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö · ´£  > 1 ³µ¦´µ µ¶¨¸ ÉÓ É·¨¢¨ ²Ó´Ò³ ¸¶µ¸µ¡µ³ ¶µ
¶· ¢¨²Ê ‹¥°¡´¨Í , ±µÉµ·µ³Ê µ¶¥· Éµ· ¶µ¤Î¨´Ö¥É¸Ö.

’ ±, ¤¥°¸É¢¨¥ µ¶¥· Éµ·  ∇∂j ´  É¥´§µ·´Ò° ¡ §¨¸ ∂A = ∂j1 ⊗ ... ⊗ ∂jl
³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇∂j∂A = ∇∂j [∂j1 ⊗ ...⊗ ∂jl ] = (∇∂j∂j1 ⊗ ∂j2 ...⊗ ∂jl)+
+(∂j1 ⊗∇∂j∂j2 ⊗ ...⊗ ∂jl) + ...+ (∂j1 ⊗ ...⊗∇∂j∂jl) =

= Γi1j1j .∂i1 ⊗ ...⊗ ∂jl + ...+ Γiljlj .∂j1 ⊗ ...⊗ ∂il =

=

(
l∑

k=1

gijk .g
ik
m .g

i1
j1
.gi2j2 ...g

ik−1

jk−1
.g
ik+1

jk+1
...giljl .

)
.Γmij .(∂i1 ⊗ ...⊗ ∂il).

…¸²¨ ³Ò µ¡µ§´ Î¨³ ¤²Ö ±· É±µ¸É¨

SAm
Bi = −

l∑
k=1

gijk .g
ik
m .g

i1
j1
.gi2j2 ...g

ik−1

jk−1
.g
ik+1

jk+1
...giljl , (17)
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ΓBAj = −SAm Bi.Γmij , A = j1...jl, B = i1...il, (18)

Éµ ∇∂j∂A ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇∂j∂A = ΓBAj.∂B = −SAm Bi.Γmij .∂B . (19)

‚¥²¨Î¨´Ò SAm
Bi Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸µµÉ´µÏ¥´¨Ö³:

a) SBi Aj.SAk Cl = −gli.SBk Cj , dim M = n, l = 1, ..., N ,
b) SBi Bj = −N.nN−1.gji ,
c) SBi Ai = −N.gAB, £¤¥

gAB = gj1i1 ...g
jm−1

im−1
.gjmim .g

jm+1

im+1
...gjlil (20)

µ¶·¥¤¥²¥´Ò ± ± ³Ê²ÓÉ¨¸¨³¢µ²Ò Š·µ´¥±¥·  · ´£  l,

gAB = 1, ik = jk (¤²Ö ¢¸¥Ì k µ¤´µ¢·¥³¥´´µ)

= 0, ik 6= jk, k = 1, . . . , l . (21)

Šµ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö u µÉ ±µ´É· ¢ ·¨ ´É-
´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V = V A.∂A ³µ¦´µ § ¶¨¸ ÉÓ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢
¢¨¤¥

∇uV = (V A ,i + ΓABi.V
B).ui.∂A = V A ;i.u

i.∂A , (22)

£¤¥ ¢Ò· ¦¥´¨¥

V A ;i = V A ,i + ΓABi.V
B (23)

´ §Ò¢ ¥É¸Ö ¶¥·¢µ° ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ±µ³¶µ´¥´É V A ±µ´É· ¢ ·¨ ´É-
´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¶µ ´ ¶· ¢²¥´¨Õ ±µ´É· ¢ ·¨ ´É´µ£µ ±µµ·¤¨´ É´µ£µ
¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ∂i:

∇∂iV = V A ;i.∂A . (24)

�´ ²µ£¨Î´Ò³ µ¡· §µ³ ´ Ìµ¤¨³ ¢Éµ·ÊÕ ±µ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ:

∇ξ∇uV = (V A ;j;i.u
j + V A ;j .u

j
;i).ξ

i.∂A = (V A ;j .u
j);i.ξ

i.∂A ,

£¤¥

V A ;j;i = (V A ;j),i + ΓABi.V
B

;j − Γkji.V
A

;k (25)

Ö¢²Ö¥É¸Ö ¢Éµ·µ° ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ±µ³¶µ´¥´É V A ¢¥±Éµ·´µ£µ ¶µ²Ö
V . �É¸Õ¤  ¸²¥¤Ê¥É

∇ξ∇uV −∇u∇ξV = [(V A ;i;j − V A ;j;i).u
i.ξj + V A ;j .(u

j
;i.ξ

i − ξj ;i.u
i)].∂A .

(26)
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3.4. Šµ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° . Šµ-
¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ±µ¢¥±Éµ·´µ£µ ¶µ²Ö ³µ¦´µ § ¶¨¸ ÉÓ (¢ ±µµ·¤¨´ É´µ³
¡ §¨¸¥) ¢ ¢¨¤¥

∇up = (pi,j + P kij .pk).uj.dxi = pi;j .u
j.dxi, p ∈ T ∗(M). (27)

„¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ±µ¢ ·¨ ´É´Ò¥
É¥´§µ·´Ò¥ ¶µ²Ö · ´£  > 1 µ¡µ¡Ð ¥É¸Ö É·¨¢¨ ²Ó´µ ¸ ¶µ³µÐÓÕ ¶· ¢¨²  ‹¥°¡-
´¨Í , ±µÉµ·µ¥ ¶·¨³¥´¨³µ ¨ ± ÔÉµ³Ê µ¶¥· Éµ·Ê. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ ¤¥°¸É¢¨¥
µ¶¥· Éµ·  ∇∂j ´  ¡ §¨¸ dxA = dxj1 ⊗ ...⊗ dxjl ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇∂jdxB = PBAj .dx
A = −SAm Bi.Pmij .dx

A , (28)

£¤¥ PBAj = −SAm Bi.Pmij .

Šµ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
W = WA.dx

A = WB.e
B ³µ¦´µ § ¶¨¸ ÉÓ (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ¢ ¢¨¤¥

∇uW = (WA,j + PBAj .WB).uj.dxA = WA;j .u
j .dxA. (29)

‚¨¤ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¸³¥Ï ´´µ£µ É¥´§µ·´µ£µ ¶µ²Ö ¸²¥¤Ê¥É ¨§
Éµ£µ, ± ± µ¡· §Ê¥É¸Ö ¶·µ¨§¢µ¤´ Ö ±µ´É· ¢ ·¨ ´É´µ£µ ¨ ±µ¢ ·¨ ´É´µ£µ ¡ §¨¸µ¢
É¥´§µ·´ÒÌ ¶µ²¥°, ¨ ¨§ ¶· ¢¨²  ‹¥°¡´¨Í  (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥):

∇uK = ∇u(KA
B .∂A ⊗ dxB) = KA

B;j.u
j .∂A ⊗ dxB =

= (KA
B,j + ΓACj.K

C
B + PDBj .K

A
D).uj .∂A ⊗ dxB . (30)

…¸²¨ É¥´§µ· Š·µ´¥±¥·  µ¶·¥¤¥²¨ÉÓ ¢ ¢¨¤¥

Kr = gij .∂i ⊗ dxj = gαβ .eα ⊗ eβ , (31)

Éµ ±µ³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥° ¡Ê-
¤ÊÉ µÉ²¨Î ÉÓ¸Ö ¤·Ê£ µÉ ¤·Ê£  ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° É¥´-
§µ·  Š·µ´¥±¥· , É.e.

Γijk + P ijk = gij;k, Γαβγ + Pαβγ = gαβ/γ . (32)

‡ ³¥Î ´¨¥. ‚ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  S = C, ¨ ¢ ± ´µ´¨Î¥¸±µ³ ¶µ¤-
Ìµ¤¥ gij;k = 0 (gαβ/γ = 0).
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4. „ˆ””…�…�–ˆ�‹œ�›‰ ��…��’�� ‹ˆ

„¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ $ξ , É.¥. ¶·µ¨§¢µ¤´ Ö ‹¨ ¢¤µ²Ó ¢¥±Éµ·-
´µ£µ ¶µ²Ö ξ, Ö¢²Ö¥É¸Ö ¤·Ê£¨³ µ¶¥· Éµ·µ³, ±µÉµ·Ò° ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸ ¶µ³µ-
ÐÓÕ ¢¥±Éµ·´µ£µ ¶µ²Ö. …£µ µ¶·¥¤¥²¥´¨¥ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± µ¡µ¡Ð¥´¨¥
¶µ´ÖÉ¨Ö ¶·µ¨§¢µ¤´µ° ‹¨ É¥´§µ·´µ£µ ¶µ²Ö [11,21,30,31].

„¥Ë¨´¨Í¨Ö. $ξ := ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ ¢¤µ²Ó ¢¥±Éµ·´µ£µ
¶µ²Ö ξ ¸ ¶·¨¸ÊÐ¨³¨ ¥³Ê ¸¢µ°¸É¢ ³¨.

a) $ξ : V → V = $ξV , V, V ∈ ⊗l(M).
b) $ξ : W →W = $ξW , W,W ∈ ⊗k(M).
c) $ξ : K → K = $ξK , K , K ∈ ⊗l k(M).
d) ‹¨´¥°´Ò° µ¶¥· Éµ· ¶µ µÉ´µÏ¥´¨Õ ± É¥´§µ·´Ò³ ¶µ²Ö³:
$ξ(α.V1 + β.V2) = α.$ξV1 + β.$ξV2, α, β ∈ F (R ¨²¨ C), Vi ∈ ⊗l(M),

i = 1, 2,
$ξ(α.W1 + β.W2) = α.$ξW1 + β.$ξW2, Wi ∈ ⊗k(M), i = 1, 2,
$ξ(α.K1 + β.K2) = α.$ξK1 + β.$ξK2, Ki ∈ ⊗lk(M), i = 1, 2.
e) ‹¨´¥°´Ò° µ¶¥· Éµ· ¶µ µÉ´µÏ¥´¨Õ ± ¢¥±Éµ·´µ³Ê ¶µ²Õ ξ:
$α.ξ+β.u = α.$ξ + β.$u, α, β ∈ F (R ¨²¨ C), ξ, u ∈ T (M).
f) „¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·, ¤¥°¸É¢ÊÕÐ¨° ¶µ ¶· ¢¨²Ê ‹¥°¡´¨Í :
$ξ(S ⊗ U) = $ξS ⊗ U + S ⊗$ξU, S ∈ ⊗mq(M), U ∈ ⊗kl (M).
g) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f ∈ Cr(M), r ≥ 1:
$ξf = ξf, ξ ∈ T (M).
h) „¥°¸É¢¨¥ ´  ¢¥±Éµ·´µ¥ ¶µ²¥:
$ξu = [ξ, u] , ξ, u ∈ T (M), [ξ, u] = ξ ◦ u− u ◦ ξ,
$ξeα = [ξ, eα] = − (eαξ

β − ξγ .Cγα β).eβ ,
$eαeβ = [eα, eβ ] = Cαβ

γ .eγ , Caβ γ ∈ Cr(M),
$ξ∂i = −ξj ,i.∂j , $∂i∂j = [∂i, ∂j ] = 0.
i) „¥°¸É¢¨¥ ´  ±µ¢ ·¨ ´É´µ¥ ¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥:
$ξe

α = kα β(ξ).eβ , $eγ e
α = kα βγ .e

β ,
$ξdx

i = ki j(ξ).dx
j , $∂kdx

i = ki jk.dx
j .

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´µ¥ ¡ §¨¸´µ¥
¢¥±Éµ·´µ¥ ¶µ²¥ µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¦¥ ¤¥°¸É¢¨¥³ ´  ±µ´É· ¢ ·¨ ´É´µ¥ ¡ §¨¸´µ¥
¢¥±Éµ·´µ¥ ¶µ²¥ ¨ ¶¥·¥¸É ´µ¢µÎ´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò³ µ¶¥· Éµ·µ³ ¨ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S.

4.1. �·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°. „¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨ $ξ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ Ö¢²Ö¥É¸Ö, ± ± Ê¦¥
¡Ò²µ ¸± § ´µ, ¥Ð¥ µ¤´¨³ µ¶¥· Éµ·µ³, ±µÉµ·Ò° ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸ ¶µ³µ-
ÐÓÕ ¢¥±Éµ·´µ£µ ¶µ²Ö. �Éµ ¥¸ÉÓ µ¶¥· Éµ·, µÉµ¡· ¦ ÕÐ¨° ±µ´É· ¢ ·¨ ´É´µ¥
É¥´§µ·´µ¥ ¶µ²¥ V ¢ ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥ Ṽ = $ξV .

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ¢¤µ²Ó ±µ´É· ¢ ·¨ ´É´µ£µ
¢¥±Éµ·´µ£µ ¶µ²Ö ξ ´ §Ò¢ ¥É¸Ö ¸³¥Ð¥´¨¥³ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ (¨²¨ ¸³¥-
Ð¥´¨¥³ ¢¤µ²Ó ξ).
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�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ($ξV ) ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ $ξ ´  V
´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¢¤µ²Ó
¢¥±Éµ·´µ£µ ¶µ²Ö ξ (¨²¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ V ¢¤µ²Ó ξ).

Šµ³³ÊÉ Éµ· ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨

[$ξ,$u] = $ξ ◦$u −$u ◦$ξ (33)

¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ .
a) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ:

[$ξ,$u]f = ($ξ ◦$u −$u ◦$ξ)f = [ξ, u]f = ($ξu)f = [∇ξ,∇u]f,
f ∈ Cr(M) , r ≥ 2.

b) „¥°¸É¢¨¥ ´  ¢¥±Éµ·´µ¥ ¶µ²¥:

[$ξ,$u]v = ($ξ ◦$u −$u ◦$ξ)v = $ξ$uv −$u$ξv =

= $v$uξ = −$$uξv = $$ξuv.

c) ’µ¦¤¥¸É¢µ Ÿ±µ¡¨:

< [$ξ, [$u,$v]] >≡ [$ξ, [$u,$v]] + [$v, [$ξ,$u]] + [$u, [$v,$ξ]] ≡ 0.
(34)

‚ · §²µ¦¥´¨¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ¢¥±Éµ·´µ£µ ¶µ²Ö u ¶µ ¡ §¨¸Ê ∂i

$ξu = [ξ, u] = ($ξu
i).∂i = (ξk.ui ,k − uk.ξi ,k).∂i (35)

¢¥²¨Î¨´ 

$ξu
i = ξk.ui ,k − uk.ξi ,k (36)

´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É ui ¢¥±Éµ·´µ£µ ¶µ²Ö u ¢¤µ²Ó ¢¥±Éµ·-
´µ£µ ¶µ²Ö ξ (¨²¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É ui ¢¤µ²Ó ξ) ¢ ±µµ·¤¨´ É´µ³
¡ §¨¸¥.

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¶·µ¨§¢µ¤´ Ö ‹¨ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´   ´ ²µ-
£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥:

$ξu = [ξ, u] = ($ξu
α).eα = (ξβ .eβu

α − uβ.eβξα + Cβγ
α.ξβ .uγ).eα, (37)

£¤¥

$ξu
α = ξβ .eβu

α − uβ.eβξα + Cβγ
α.ξβ .uγ (38)

´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É uα ¢¥±Éµ·´µ£µ ¶µ²Ö u ¢¤µ²Ó ¢¥±-
Éµ·´µ£µ ¶µ²Ö ξ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ (¨²¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ³¶µ´¥´É
uα ¢¤µ²Ó ξ).
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�·µ¨§¢µ¤´ Ö $eβu ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥

$eβu = (eβu
α − Cγβ α.uγ).eα = uα //β .eα = −$ueβ = ($eβu

α).eα , (39)

£¤¥

$eβu
α = uα //β = eβu

α − Cγβ α.uγ . (40)

‚Éµ· Ö ¶·µ¨§¢µ¤´ Ö ‹¨ $ξ$uv ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

$ξ$uv = [ξβ .eβ($uv
α)− ($uv

β).eβξ
α − Cγβ α.($uv

γ).ξβ ].eα =

= ($ξ$uv
α).eα, (41)

£¤¥ $ξ$uv
α = ξβ .eβ($uv

α) − ($uv
β).eβξ

α − Cγβ
α.($uv

γ).ξβ ´ §Ò¢ ¥É¸Ö
¢Éµ·µ° ¶·µ¨§¢µ¤´µ° ‹¨ ±µ³¶µ´¥´É vα ¢¤µ²Ó u ¨ ξ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·-
´µ¥ ¶µ²¥ · ´£  k > 1 ³µ¦´µ µ¡µ¡Ð¨ÉÓ ¢¢¨¤Ê ¶·¨³¥´¨³µ¸É¨ ¶· ¢¨²  ‹¥°¡-
´¨Í  ¶·¨ ¤¥°¸É¢¨¨ ÔÉµ£µ µ¶¥· Éµ·  ´  ¡ §¨¸Ò É¥´§µ·´ÒÌ ¶µ²¥°.

�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö µ¶¥· Éµ·  $ξ ´  ¡ §¨¸ ∂A = ∂j1⊗ ...⊗∂l ³µ¦´µ ´ °É¨
¸ ¶µ³µÐÓÕ Ê¦¥ ¨§¢¥¸É´µ£µ ¸µoÉ´µÏ¥´¨Ö $ξ∂jk = −$∂jk

ξ = −ξm ,jk .∂m.

‡ É¥³ ¡¥·¥³ $ξ∂A = SAm
Bn.ξm ,n.∂B , ¨

$ξV = $ξ(V
A.∂A) = ($ξV

A).∂A = (ξk.V A ,k + SBk
Al.V B.ξk ,l).∂A, (42)

£¤¥ $ξV
A = ξk.V A ,k + SBk

Al.V B.ξk ,l ¥¸ÉÓ ¶·µ¨§¢µ¤´ Ö ‹¨ µÉ ±µ³¶µ´¥´É
V A ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ¢ ±µµ·-
¤¨´ É´µ³ ¡ §¨¸¥ (¨²¨ ¶·µ¨§¢µ¤´ Ö ‹¨ µÉ ±µ³¶µ´¥´É V A ¢¤µ²Ó ξ ¢ ±µµ·¤¨-
´ É´µ³ ¡ §¨¸¥).

„²Ö $ξ$uV ¶µ²ÊÎ ¥³

$ξ$uV = ($ξ$uV
A).∂A = [ξk($uV

A),k + SBk
Al.($uV

B).ξk ,l].∂A , (43)

£¤¥ ¢Ò· ¦¥´¨¥ $ξ$uV
A = ξk($uV

A),k+SBk
Al.($uV

B).ξk ,l ´ §Ò¢ ¥É¸Ö ¢Éµ-
·µ° ¶·µ¨§¢µ¤´µ° ‹¨ oÉ ±µ³¶µ´¥´É V A ¢¤µ²Ó u ¨ ξ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

�¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  $ξ ´  ´¥±µµ·¤¨´ É´Ò°
¡ §¨¸ eA ³µ¦´µ ´ °É¨  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¤²Ö ¡ §¨¸ 
±µµ·¤¨´ É´µ£µ. ’ ± ± ±

$ξeβ = −ξα //β .eα , ξα //β = eβξ
α − Cγβ α.ξγ , (44)

$ξeA = $ξ[eα1 ⊗ ...⊗ eαl ] = ($ξeα1 ⊗ eα2 ⊗ ...⊗ eαl)+
+(eα1 ⊗$ξeα2 ⊗ ...⊗ eαl) + ...+ (eα1 ⊗ ...⊗$ξeαl) = SAα

Bβ .ξα //β .eB,

A = α1...αl , B = β1...βl , eB = eβ1 ⊗ ...⊗ eβl ,
(45)
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Éµ

$ξeA = SAα
Bβ .ξα //β .eB ¨ $ξV = $ξ(V

A.eA) = ($ξV
A).eA =

= (ξα.eαV
A + SBα

Aβ .V B.ξα //β).eA . (46)

‚ Ö¢´µ³ ¢¨¤¥ ¢Ò· ¦e´¨Ö SBα Aβ.ξα //β ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

SBα
Aβ .ξα //β = SBα

Aβ .eβξ
α − SBα Aβ .Cγβ α.ξγ , (47)

¨ ¥¸²¨ ³Ò ¢¢¥¤¥³ ¸µ±· Ð¥´´Ò¥ µ¡µ§´ Î¥´¨Ö

CBγ
A = SBα

Aβ .Cγβ
α = −SBα Aβ .Cβγ α , (48)

SBα
Aβ .ξα //β = SBα

Aβ .eβξ
α − CBα A.ξα , (49)

Éµ $ξV
A ³µ¦´µ § ¶¨¸ ÉÓ ¢ Ëµ·³¥

$ξV
A = ξα.eαV

A + SBα
Aβ .V B.ξα //β =

= ξα.eαV
A + SBα

Aβ .V B.(eβξ
α − Cγβ α.ξγ) =

= ξα.(eαV
A − SBβ Aγ .V B.Cαγ β) + SBβ

Aγ .V B.eγξ
β =

= ξα.V A //α + SBα
Aβ .V B.eβξ

α . (50)

$ξV
A ´ §Ò¢ ÕÉ¸Ö ¶·µ¨§¢µ¤´Ò³¨ ‹¨ µÉ ±µ³¶µ´¥´É V A ±µ´É· ¢ ·¨ ´É-

´µ£µ É¥´§µ·´µ£µ ¶µ²Ö V ¢¤µ²Ó ξ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥. ‡¤¥¸Ó

V A //α = eαV
A − SBβ Aγ .V B.Cαγ β = eαV

A − CBα A.V B . (51)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢Ò¶µ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö:

$eαV = V A //α.eA , $eαeA = − CAα
B.eB . (52)

‚¥²¨Î¨´ 

SBα
Aβ = −

l∑
k=1

gi1j1 ...g
ik−1

jk−1
.gikα .g

β
jk
.g
ik+1

jk+1
...giljl , (53)

£¤¥ l = 1, ..., N , B = j1...jl, A = i1...il, ´ §Ò¢ ¥É¸Ö ³Ê²ÓÉ¨¸¨³¢µ²µ³ ¸¢¥·É±¨
· ´£  N .
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4.2. ‘¢Ö§Ó ³¥¦¤Ê ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥³ ¨ ¤¨ËË¥·¥´-
Í¨·µ¢ ´¨¥³ ‹¨. „¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨
¤¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ËÊ´±Í¨¨ µÉµ¦¤¥¸É¢²ÖÕÉ¸Ö ¸
¤¥°¸É¢¨¥³ ¦¥ ¢¥±Éµ·´µ£µ ¶µ²Ö, ÊÎ ¸É¢ÊÕÐ¥£µ ¢ ±µ´¸É·Ê±Í¨¨ µ¡µ¨Ì µ¶¥· Éµ-
·µ¢. —Éµ ± ¸ ¥É¸Ö ¢¥±Éµ·´µ£µ ¶µ²Ö, Éµ µ´ ¤¥°¸É¢Ê¥É ± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· ´  ËÊ´±Í¨¨, § ¤ ´´Ò¥ ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ M , ¶µ
¶· ¢¨²Ê

∇ξf = ξf = $ξf = ξi.∂if = ξα.eαf , f ∈ Cr(M) , ξ ∈ T (M) .

…¸²¨ ³Ò ¸· ¢´¨³ ¶·µ¨§¢µ¤´ÊÕ ‹¨ ¸ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¢¥±Éµ·-
´µ£µ ¶µ²Ö ¢ ´¥±µµ·¤¨´ É´µ³ (¨²¨ ±oµ·¤¨´ É´µ³) ¡ §¨¸¥

$ξu = ($ξu
α).eα = (ξβ .eβu

α − uβ.eβξα + Cβγ
α.ξβ .uγ).eα ,

∇ξu = (uα /β .ξ
β).eα = (ξβ .eβu

α + Γαγβ.u
γ .ξβ).eα ,

(54)

Éµ Ê¢¨¤¨³, ÎÉµ µ¡  ¢Ò· ¦¥´¨Ö ¨³¥ÕÉ µ¡ÐÊÕ Î ¸ÉÓ É¨¶  ξuα = ξβ .eβu
α,

¶µ§¢µ²ÖÕÐÊÕ Ê¸É ´µ¢¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¶·µ¨§¢µ¤´Ò³¨.
�µ¸²¥ ¶µ¤¸É ´µ¢±¨ eβu

α ¨ eβξ
α ¨§ · ¢¥´¸É¢ eβuα = uα /β − Γαγβ .u

γ ¨
eβξ

α = ξα /β − Γαγβ.ξ
γ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö $ξu ¶µ²ÊÎ¨³

$ξu
α = uα /β .ξ

β − ξα /β .uβ − Tβγ α.ξβ .uγ =

= uα /β .ξ
β − (ξα /β − Tβγ α.ξγ).uβ,

(55)

£¤¥

Tβγ
α = Γαγβ − Γαβγ − Cβγ α = −Tγβ α, (56)

$ξu = ($ξu
α).eα = (uα /β .ξ

β − ξα /β .uβ − Tβγ α.ξβ .uγ).eα =

= ∇ξu−∇uξ − T (ξ, u) ,
(57)

¶·¨Î¥³

T (ξ, u) = Tβγ
α.ξβ .uγ .eα = −T (u, ξ), T (eβ, eγ) = Tβγ

α.eα . (58)

‚¥±Éµ·´µ¥ ¶µ²¥ T (ξ, u) ´ §Ò¢ ¥É¸Ö ¢¥±Éµ·´Ò³ ¶µ²¥³ ±·ÊÎ¥´¨Ö.
…¸²¨ ¶µ¤¸É ¢¨ÉÓ · ¢¥´¸É¢µ, ¸²¥¤ÊÕÐ¥¥ ¨§ ¢Ò· ¦¥´¨Ö ¤²Ö $uv

β ,   ¨³¥´´µ

vβ /γ .u
γ − uβ /γ .vγ = $uv

β + Tαγ
β .uα.vγ , (59)

¢ ¢Ò· ¦¥´¨¥
∇u∇vξ −∇v∇uξ =

= [(ξα /β/γ − ξα /γ/β).vβ .uγ + ξα /β .(v
β
/γ .u

γ − uβ /γ .vγ)].eα,
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Éµ ¶µ²ÊÎ¨³

∇u∇vξ −∇v∇uξ =

= [(ξα /β/γ − ξα /γ/β).vβ .uγ + ξα /β.($uv
β + Tγδ

β .uγ .vδ)].eα =

= [(ξα /β/γ − ξα /γ/β).vβ .uγ + ξα /β .($uv
β + T β(u, v)].eα ,

T β(u, v) = Tδγ
β .uδ.vγ , ∇T (u,v)ξ = ξα /β .Tγδ

β.uγ .vδ.eα ,

∇u∇vξ −∇v∇uξ −∇$uvξ = (ξα /β/γ − ξα /γ/β).vβ .uγ .eα +∇T (u,v)ξ ,
(60)

¨²¨

∇u∇vξ −∇v∇uξ −∇$uvξ −∇T (u,v)ξ = (ξα /β/γ − ξα /γ/β).vβ .uγ .eα ,

∇eγ∇eβ ξ −∇eβ∇eγ ξ −∇$eγ eβ ξ −∇T (eγ ,eβ)ξ = (ξα /β/γ − ξα /γ/β).eα .

(61)

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢¥±Éµ·´µ¥ ¶µ²¥ ±·ÊÎ¥´¨Ö ¨³¥¥É ¢¨¤

T (ξ, u) = Tkl
i.ξk.ul.∂i = (Γilk − Γikl).ξ

k.ul.∂i , (62)

Tkl
i = Γilk − Γikl, T (∂k, ∂l) = Tkl

i.∂i . (63)

�·µ¨§¢µ¤´ÊÕ ‹¨ $ξu ³µ¦´µ ´ ¶¨¸ ÉÓ É¥¶¥·Ó ¢ ¢¨¤¥

$ξu = ($ξu
i).∂i = (ui ;k.ξ

k − uk.ξi ;k − Tkl i.ξk.ul).∂i ,

$ξu
i = ui ;k.ξ

k − uk.ξi ;k − Tkl i.ξk.ul .
(64)

‘¢Ö§Ó ³¥¦¤Ê ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¨ ¶·µ¨§¢µ¤´µ° ‹¨ µÉ ±µ´É· ¢a·¨-
 ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö ³µ¦´µ Ê¸É ´µ¢¨ÉÓ  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ
¸¤¥² ´µ ¢ ¸²ÊÎ ¥ ¸ ¢¥±Éµ·´Ò³ ¶µ²¥³.

4.3. �·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°.
�·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°.

�¥·¥¸É ´µ¢µÎ´Ò¥ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³
‹¨ $ξ ¨ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S ¢ ¸²ÊÎ ¥ ¡ §¨¸´ÒÌ (± ± ±µµ·¤¨´ É´ÒÌ, É ± ¨
´¥±µµ·¤¨´ É´ÒÌ) ¢¥±Éµ·´ÒÌ ¶µ²¥° ³µ¦´µ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥

$ξ ◦ S(dxi ⊗ ∂j) = S ◦$ξ(dx
i ⊗ ∂j) ,

$ξ ◦ S(eα ⊗ eβ) = S ◦$ξ(e
α ⊗ eβ) ,

(65)

£¤¥

$ξ ◦ S(dxi ⊗ ∂j) = ξf i j = f i j,k.ξ
k ,

S ◦$ξ(dx
i ⊗ ∂j) = S($ξdx

i ⊗ ∂j) + S(dxi ⊗ $ξ∂j) .
(66)
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‘ ¶µ³µÐÓÕ (´¥¢Ò·µ¦¤¥´´µ°) µ¡· É´µ° ³ É·¨ÍÒ (f i j)
−1 = (fj

i) ¨
¸µµÉ´µÏ¥´¨° f i k.fj

k = gij , f
k
i.fk

j = gji , ¶µ¸²¥ Ê³´µ¦¥´¨Ö · ¢¥´¸É¢ 
¤²Ö ki l(ξ) ´  fm j ¨ ¸Ê³³¨·µ¢ ´¨Ö ¶µ j ¢Ò· ¦¥´¨¥ ¤²Ö ki j(ξ) ¶µ²ÊÎ ¥É¸Ö ¢
¸²¥¤ÊÕÐ¥³ Ö¢´µ³ ¢¨¤¥:

ki j(ξ) = fj
l.ξk ,l.f

i
k + fj

l.f i l,k.ξ
k . (67)

„²Ö $∂kdx
i = kij(∂k).dxj = kijk.dx

j ¶µ²ÊÎ ¥É¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ,

$∂kdx
i = ki jk.dx

j = fj
l.f i l,k.dx

j ,

ki jk = fj
l.f i l,k .

(68)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨§ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê S ¨ µ¶¥· -
Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ∇ξ ¸²¥¤Ê¥É ¸¢Ö§Ó ³¥¦¤Ê Î ¸É´Ò³¨
¶·µ¨§¢µ¤´Ò³¨ µÉ f i j ¨ ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°
¸¢Ö§´µ¸É¥° Γ ¨ P :

f i l,k = P imk.f
m

l + Γmlk.f
i
m. (69)

�µ¸²¥ ¶µ¤¸É ´µ¢±¨ ¶µ¸²¥¤´¥£µ ¢Ò· ¦¥´¨Ö ¤²Ö ki j(ξ) ¨ ki jk ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ¢¥²¨Î¨´Ò ¶µ²ÊÎ ÕÉ¸Ö ¢ ¢¨¤¥

ki j(ξ) = fj
l.ξk ,l.f

i
k + (P ijk + fj

l.Γmlk.f
i
m).ξk , (70)

ki j(∂k) = ki jk = P ijk + fj
l.Γmlk.f

i
m ,

$ξdx
i = [fj

l.ξk ,l.f
i
k + (P ijk + fj

l.Γmlk.f
i
m).ξk].dxj , (71)

$∂kdx
i = ki jk.dx

j = (P ijk + fj
l.Γmlk.f

i
m).dxj . (72)

…¸²¨ ³Ò µ¡µ§´ Î¨³

ξi ,j = f i k.ξ
k
,l.fj

l , Γijk = fj
l.Γmlk.f

i
m , (73)

Éµ ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ-
²¥° dxi ¢¤µ²Ó ¢¥±Éµ·´ÒÌ ¶µ²¥° ξ ¨ ∂k ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

$ξdx
i = [ξi ,j + (P ijk + Γijk).ξk].dxj , $∂kdx

i = (P ijk + Γijk).dxj . (74)

�·µ¨§¢µ¤´Ò¥ ‹¨ oÉ ±o¢ ·¨ ´É´ÒÌ ´¥±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²¥°. �´ ²µ£¨Î´µ ¸²ÊÎ Õ ±µ¢ ·¨ ´É´ÒÌ ±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ
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¶µ²¥° ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ´¥±µµ·¤¨´ É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·-
´ÒÌ ¶µ²¥° ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¢ ¢¨¤¥

$ξe
α = [ξα //β + (Pαβγ + Γαβγ).ξγ ].eβ =

= [eβξ
α + (Pαβγ + Γαβγ + Cβγ

α).ξγ ].eβ ,
(75)

$eγe
α = (Pαβγ + Γαβγ + Cβγ

α).eβ , (76)

£¤¥

ξα //β = fα γ .ξ
γ
//δ.fβ

δ = fα γ .(eδξ
γ).fβ

δ + fα γ .Cδσ
γ .fβ

δ.ξσ =

= eβξ
α + Cβσ

α.ξσ ,

eβξ
α = fα γ .(eδξ

γ).fβ
δ, Cβσ

α = fα γ .Cδσ
γ .fβ

δ ,

Γαβγ = fβ
δ.Γσδγ .f

α
σ.

(77)

4.4. �·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°. „¥°¸É¢¨¥ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö
µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¦¥ ¤¥°¸É¢¨¥³ ´  ±µ¢ ·¨ ´É´Ò¥ ¡ §¨¸´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö ¨
´  ËÊ´±Í¨¨ ´  M .

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¶·µ¨§¢µ¤´ Ö ‹¨ oÉ ±o¢¥±Éµ·´µ£µ ¶µ²Ö p ¢¤µ²Ó
¢¥±Éµ·´µ£µ ¶µ²Ö ξ ³µ¦¥É ¡ÒÉÓ ´ ¶¨¸ ´  ¶µ-· §´µ³Ê:

$ξp = $ξ(pi.dx
i) = ($ξpi).dx

i =

= [pi,k.ξ
k + pj.ξ

j
,i + pj.(P

j
ik + Γjik).ξk].dxi =

= [pi;k.ξ
k + ξk ;i.pk + T j

ki .pj .ξ
k].dxi ,

(78)

£¤¥

ξj ;i = f j k.ξ
k

;l.fi
l, T j

ki = f j l.T
l

km .fi
m,

T j
ki = Γjik − Γjki (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

(79)

‚ ´¥±µo·¤¨´ É´µ³ ¡ §¨¸¥ ¶·µ¨§¢µ¤´ Ö ‹¨ $ξp ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

$ξp = $ξ(pα.e
α) = ($ξpα).eα =

= {(eγpα + P βαγ .pβ).ξγ + pβ .[eαξ
β + (Γβαγ + Cαγ

β).ξγ ]}.eα =

= (pα/β .ξ
β + ξβ /α.pβ + T β

γα .pβ .ξ
γ).eα ,

(80)
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£¤¥

ξβ /α = fβ δ.ξ
δ
/γ .fα

γ , T β
γα = fα

δ.T σ
γδ .fβ σ ,

T α
βγ = Γαγβ − Γαβγ − Cβγ α (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

(81)

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´Ò¥ É¥´§µ·´Ò¥
¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¦¥ ¤¥°¸É¢¨¥³ ´  ¡ §¨¸´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö.

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥

$ξW = $ξ(WA.dx
A) = (ξWA).dxA +WA.$ξdx

A =

= ($ξWA).dxA , W ∈ ⊗k(M) ,

$ξdx
B = −km n(ξ).SAm

Bn.dxA , $ξdx
m = km n(ξ).dxn ,

$ξdx
B = [−ξk ,l.SAk

Bl − SAm Bn.(Pmnl + Γmnl).ξ
l].dxA .

(82)

�¡µ§´ Î¨¢

Γ̃B
Ak = −SAi Bj .Γijk , PBAk = −SAi Bj .P ijk , (83)

³µ¦´µ § ¶¨¸ ÉÓ $ξW ¢ ¢¨¤¥

$ξW = ($ξWA).dxA =

= [ξk.WA ,k − ξk ,l.SAk
Bl.WB + (PBAl + Γ̃BAl).WB .ξ

l].dxA ,
(84)

£¤¥

$ξWA = ξk.WA,k − ξk ,l.SAk
Bl.WB + (PBAl + Γ̃B

Al).WB .ξ
l =

= ξk.WA;k − SAk Bl.WB .(ξ
k

;l − T klj .ξj) =

= ξk.WA;k − SAk Bl.WB .(ξ
k

;l − T klj .ξj) ,

(85)

$∂jWA = WA,j + (PBAj + Γ̃B
Aj).WB ,

$∂jdx
B = −SAi Bl.(P ilj + Γilj).dx

A = (P B
Aj + Γ̃B

Aj).dx
A .

(86)

‚Éµ· Ö ¶·µ¨§¢µ¤´ Ö ‹¨ oÉ ±µ³¶µ´¥´É WA ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
W ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ Ëµ·³¥

$ξ$uWA = ξk.($uWA),k − ξk,l.SBlAk.$uWB + (PBAl + Γ̃B
Al).ξ

l.$uWB . (87)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ $ξW ¨³¥¥É ¢¨¤

$ξW = (ξWA).eA +WB .($ξe
B) = ($ξWA).eA , (88)
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£¤¥

$ξWA = ξβ .eβWA − SAα Bβ .WB.eβξ
α + (PBAγ + Γ̃B

Aγ + C̃Aγ
B).WB .ξ

γ ,

Γ̃B
Aγ = −SAα Bβ .Γαβγ , C̃Aγ

B = −SAα Bβ .Cβγ
α ,

$eβe
B = (PBAβ + Γ̃B

Aβ + C̃Aβ
B).eA ,

$eβWA = eβWA + (PBAβ + Γ̃B
Aβ + C̃Aβ

B).WB .

(89)

‚Éµ· Ö ¶·µ¨§¢µ¤´ Ö ‹¨ µÉ WA ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨³¥¥É ¢¨¤

$ξ$uWA = ξβ .eβ($uWA)− SAα Bβ .($uWB).eβξ
α + (90)

+(PBAγ + Γ̃B
Aγ + C̃Aγ

B).ξγ .$uWB .

�·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ¡ §¨¸´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ³µ¦´µ ¢Ò-
· §¨ÉÓ Î¥·¥§ ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ µÉ ±µ³¶µ´¥´É ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ¨
É¥´§µ· ±·ÊÎ¥´¨Ö

$ξe
B = [−SAα Bβ .ξα /β + PBAγ .ξ

γ + T̃ B
Aγ .ξ

γ ].eA , (91)

£¤¥ T̃ B
Aγ = SAα

Bβ .T α
βγ = SAα

Bβ .T α
βγ .

�·µ¨§¢µ¤´ Ö $ξWA Éµ£¤  ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

$ξWA = ξβ .WA/β − SAα Bβ .WB .(ξ
α
/β − T α

βγ .ξγ) =

= ξβ.WA/β − SAα Bβ.WB .(ξ
α
/β − T α

βγ .ξγ) .
(92)

�¡µ¡Ð¥´¨¥ ¶·µ¨§¢µ¤´ÒÌ ‹¨ ´  ¸²ÊÎ ° ¸³¥Ï ´´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ¶µ-
²ÊÎ ¥É¸Ö  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¤²Ö ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤-
´ÒÌ µÉ ¸³¥Ï ´´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥°.

4.5. Š² ¸¸¨Ë¨± Í¨Ö ²¨´¥°´ÒÌ ¶¥·¥´µ¸µ¢ ¨ ¸³¥Ð¥´¨° ¢ § ¢¨¸¨³µ¸É¨ µÉ
¸¢Ö§¨ ³¥¦¤Ê ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨.
‘ ¶µ³µÐÓÕ ¶·µ¨§¢µ¤´ÒÌ ‹¨ µÉ ±µ¢ ·¨ ´É´ÒÌ ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° ³Ò
³µ¦¥³ · §¡¨ÉÓ ´  ±² ¸¸Ò ¢µ§³µ¦´Ò¥ ¸¢Ö§¨ ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ Γijk (Γαβγ)

±µ´É· ¢ ·¨ ´É´µ° ¸¢Ö§´µ¸É¨ Γ ¨ ±µ³¶µ´¥´É ³¨ P ijk (Pαβγ) ±µ¢ ·¨ ´É´µ°  Ë-
Ë¨´´µ° ¸¢Ö§´µ¸É¨ P . �  ÔÉµ° µ¸´µ¢¥ ³µ¦´µ ±² ¸¸¨Ë¨Í¨·µ¢ ÉÓ ²¨´¥°´Ò¥
¶¥·¥´µ¸Ò, £¥´¥·¨·Ê¥³Ò¥ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö, ¨
¸³¥Ð¥´¨Ö, £¥´¥·¨·Ê¥³Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³ ‹¨, ¢ § ¢¨¸¨³µ¸É¨
µÉ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ÔÉ¨Ì µ¶¥· Éµ·µ¢ ¸ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S.
�¥§Ê²ÓÉ É ±² ¸¸¨Ë¨± Í¨¨ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° É ¡²¨ÍÒ.
�µ¤µ¡´ Ö ±² ¸¸¨Ë¨± Í¨Ö ¡Ò²  ¶·¥¤²µ¦¥´  ‘ÌµÊÉ¥´µ³ [29] ¨ · ¸¸³µÉ·¥´ 
˜³ÊÉÍ¥·µ³ [32] ´  µ¸´µ¢¥ ¨´ÒÌ ¸µµ¡· ¦¥´¨°.
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’ ¡²¨Í  1. ‘µµÉ´µÏ¥´¨Ö ³¥¦¤Ê Ê¸²µ¢¨Ö³¨ ¤²Ö ¶¥·¥´µ¸µ¢ ¨ É¨¶ ³¨ ¸³¥Ð¥´¨°

“¸²µ¢¨Ö ¤²Ö ¶¥·¥´µ¸µ¢ ’¨¶Ò ¸³¥Ð¥´¨° ¨ ¶¥·¥´µ¸µ¢

�¥·¥´µ¸ ¸ ¶·µ¨§¢µ²Ó´Ò³ ¸³¥Ð¥´¨¥³

Pαβγ + Γαβγ + Cβγ
α = F α

βγ $eγ e
α = F α

βγ .e
β

P ijk + Γijk = F i
jk $∂kdx

i = F i
jk.dx

j

�¥·¥´µ¸ ¸ ±µ²²¨´¥ ·´Ò³ ¸³¥Ð¥´¨¥³

Pαβγ + Γαβγ = Aγ .gαβ $eγ e
α = Aγ .eα + Cβγ

α.eβ

P ijk + Γijk = Ak.g
i
j $∂kdx

i = Ak.dx
i

�¥·¥´µ¸ ¡¥§ ¸³¥Ð¥´¨Ö

Pαβγ + Γαβγ = 0 $eγ e
α = Cβγ

α.eβ

P ijk + Γijk = 0 $∂kdx
i = 0

5. ��…��’�� Š�ˆ‚ˆ‡�›. ’�†„…‘’‚� �ˆ��Šˆ

5.1. �¶¥· Éµ· ±·¨¢¨§´Ò. �¤´¨³ ¨§ Ìµ·µÏµ ¨§¢¥¸É´ÒÌ µ¶¥· Éµ·µ¢, ±µ´-
¸É·Ê¨·Ê¥³ÒÌ ´  ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ³´µ£µµ¡· §¨ÖÌ ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É-
´µ£µ ¤¨ËË·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨, Ö¢²Ö-
¥É¸Ö µ¶¥· Éµ· ±·¨¢¨§´Ò.

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ·

R(ξ, u) = ∇ξ∇u −∇u∇ξ −∇$ξu = [∇ξ,∇u]−∇[ξ,u] , ξ, u ∈ T (M) , (93)

´ §Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ ±·¨¢¨§´Ò.
1. „¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´a ËÊ´±Í¨Õ ±² ¸¸  Cr(M), r ≥ 2, ´ 

³´µ£µo¡· §¨¨ M :

[R(ξ, u)]f = 0, f ∈ Cr(M), r ≥ 2 .

2. [R(ξ, u)]fv = f.[R(ξ, u)]v, f ∈ Cr(M), r ≥ 2, v ∈ T (M).
3. „¥°¸É¢¨¥ µ¶¥· Éµ·  ±·¨¢¨§´Ò ´  ¢¥±Éµ·´µ¥ ¶µ²¥:

[R(ξ, u)]v = ∇ξ∇uv −∇u∇ξv −∇$ξuv =

= [(vδ /β/γ − vδ /γ/β).uβ.ξγ + vδ /α.Tβγ
α.ξβ .uγ ].eδ =

= [(vi ;j;k − vi ;k;j).u
j .ξk + vi ;j .Tkl

j .ξk.ul].∂i .

(94)

’ ±¨³ µ¡· §µ³, ¤²Ö ∀ ξ ∈ (M) ¨ ∀u ∈ T (M) ³Ò ³µ¦¥³ ´ °É¨ ¢ ±µµ·¤¨-
´ É´µ³ ¡ §¨¸¥ ¸µµÉ´µÏ¥´¨¥

vi ;k;l − vi ;l;k = − vj .Ri jkl + vi ;j .Tkl
j , (95)



���‘’���‘’‚� ‘ Š��’��‚��ˆ��’��‰ 1235

£¤¥ ¢¥²¨Î¨´Ò

Ri jkl = Γijl,k − Γijk,l + Γmjl .Γ
i
mk − Γmjk.Γ

i
ml (96)

´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ (±µ´É· ¢ ·¨ ´É´µ£µ) É¥´§µ·  ±·¨¢¨§´Ò (É¥´§µ· 
�¨³ ´ ) ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

4. „¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´  ±µ´É· ¢ ·¨ ´É´Ò¥ É¥´§µ·´Ò¥ ¶µ²Ö.
„²Ö V = V A.eA = V B .∂B , V ∈ ⊗l(M) ¨ ¡ §¨¸µ¢ eA ¨ ∂B , ÊÎ¨ÉÒ¢ Ö

¸¢µ°¸É¢  ¢¥²¨Î¨´ SAk Bl ¨ ΓBAi, ³µ¦´µ ¤µ± § ÉÓ ¸²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö:

[R(ξ, u)](f.V ) = f.[R(ξ, u)]V, (97)

[R(ξ, u)]V = V A.[R(ξ, u)]eA = V B.[R(ξ, u)]∂B , (98)

[R(∂j , ∂i)]∂A = RB Aji.∂B = −SAk Bl.Rk lji.∂B , (99)

£¤¥

RB Aji = −SAk Bl.Rk lji , SAk
Bl

,i = 0 , (100)

RB Aji = ΓBAi,j − ΓBAj,i + ΓCAi.Γ
B
Cj − ΓCAj .Γ

B
Ci , (101)

[R(ξ, u)]V = − SBk
Al.V B.Rk lij .ξ

i.uj .∂A . (102)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ± ± ÔÉµ ¸²¥¤Ê¥É ¨§ Ö¢´µ£µ ¢Ò· ¦¥´¨Ö ¤²Ö [R(ξ, u)]V ,

[R(ξ, u)]V = (V A ;i;j − V A ;j;i + V A ;k.Tji
k).ui.ξj .∂A ,

V A ;i;j − V A ;j;i = − SBk
Al.V B.Rk lji − Tji k.V A ;k ,

[R(∂j , ∂i)]−∇T (∂j ,∂i)]V = (V A ;i;j − V A ;j;i).∂A .

(103)

5. „¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´  ±µ¢¥±Éo·´Ò¥ ¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¥£µ
¸É·Ê±ÉÊ·µ° ¨ ¤¥°¸É¢¨¥³ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ±µ-
¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥. ‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨³¥¥³

[R(ξ, u)]p = (∇ξ∇u −∇u∇ξ −∇$ξu)p = pl.P
l
ikj .ξ

k.uj.dxi =

= (pi;j;k − pi;k;j + Tkj
l.pi;l).u

j .ξk.dxi , (104)

[R(∂k, ∂l)]dx
i = P i jkl .dx

j , (105)
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£¤¥ ¢¥²¨Î¨´Ò

P i jkl = P ijl,k − P ijk,l + Pmjk .P
i
ml − Pmjl .P imk = −P i jlk (106)

´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò ¢ ±µo·¤¨´ É´µ³
¡ §¨¸¥.

‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: S = C : f i j = gij : P ijk + Γijk = 0.

P i jkl = −Ri jkl . (107)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥:

[R(ξ, u)]p = pδ.P
δ
αβγ .ξ

β .uγ .eα =

= (pα/γ/β − pα/β/γ + Tβγ
δ.pα/δ).ξ

β .uγ .eα , (108)

Pα δβγ = eβP
α
δγ − eγPαδβ + P σδβ .P

α
σγ − P σδγ .Pασβ − Cβγ σ.Pαδσ . (109)

‚¥²¨Î¨´Ò Pα δβγ = −Pα δγβ ´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±o¢a·¨ ´É´µ£µ
É¥´§µ·  ±·¨¢¨§´Ò ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

„²Ö ±o¢a·¨a´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö W = WA.dx
A = WC .e

C ∈ ⊗k(M)
¨³¥¥³ ¸µµÉ´µÏ¥´¨¥

WA;i;j −WA;j;i = SAm
Bn.WB.P

m
nij +WA;l.Tij

l (110)

¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¨ ¸µµÉ´µÏ¥´¨¥

WA/β/γ −WA/γ/β = SAα
Bδ.WB.P

α
δβγ +WA/δ.Tβγ

δ (111)

¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.
5.2. ’µ¦¤¥¸É¢  �¨ ´±¨. …¸²¨ ³Ò ´ ¶¨Ï¥³ Í¨±² ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ±·¨-

¢¨§´Ò ´  ¢¥±Éµ·´Ò¥ ¶µ²Ö:

< [R(ξ, u)]v >= [R(ξ, u)]v + [R(v, ξ)]u + [R(u, v)] ξ (112)

¨ ¶·¨¢¥¤¥³ ¢ Ö¢´µ³ ¢¨¤¥ ± ¦¤µ¥ ¸² £ ¥³µ¥ ¢ ÔÉµ³ Í¨±²¥,   § É¥³ ¢µ¸¶µ²Ó-
§Ê¥³¸Ö µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³
µ¶¥· Éµ·o³ ‹¨, Éµ ¶µ¸²¥ ´¥±µÉµ·ÒÌ (´¥ É ±¨Ì Ê¦ ¨ É·Ê¤´ÒÌ) · ¸Î¥Éµ¢ ³Ò
c³µ¦¥³ ´ °É¨ Éµ¦¤¥¸É¢  É¨¶ 

[R(ξ, u)] v + [R(v, ξ)]u+ [R(u, v)] ξ ≡
≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ)+

+ (∇ξT )(u, v) + (∇vT )(ξ, u) + (∇uT )(v, ξ) ,

(113)
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¨²¨

< [R(ξ, u)] v >≡< T (T (ξ, u), v) > + < (∇ξT )(u, v) > . (114)

�É¨ Éµ¦¤¥¸É¢  ´ §Ò¢ ÕÉ¸Ö Éµ¦¤¥¸É¢ ³¨ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  (¨²¨ É¨¶ 
1), £¤¥

< T (T (ξ, u), v) >≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ) ,

< (∇ξT )(u, v) >≡ (∇ξT )(u, v) + (∇vT )(ξ, u) + (∇uT )(v, ξ) ,

∇ξ[T (u, v)] = (∇ξT )(u, v) + T (∇ξu, v) + T (u,∇ξv) .

‘ ¶µ³µÐÓÕ o¶¥· Éµ·  ±·¨¢¨§´Ò ¨ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´-
Í¨·µ¢ ´¨Ö ³µ¦´µ ¶µ¸É·µ¨ÉÓ ´µ¢Ò° µ¶¥· Éµ· (∇wR)(ξ, u) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

(∇wR)(ξ, u) = [∇w, R(ξ, u)]−R(∇wξ, u)−R(ξ,∇wu) , (115)

£¤¥

[∇w, R(ξ, u)] = ∇w ◦R(ξ, u)−R(ξ, u) ◦ ∇w , w, ξ, u ∈ T (M) .

�¶¥· Éµ· (∇wR)(ξ, u) ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

(∇wR)(ξ, u) = ∇w∇ξ∇u −∇w∇u∇ξ +∇u∇ξ∇w −∇ξ∇u∇w+

+ ∇u∇∇wξ − ∇∇wξ∇u + ∇∇wu∇ξ − ∇ξ∇∇wu+

+∇$ξu∇w −∇w∇$ξu +∇$ξ∇wu −∇$u∇wξ .

(116)

�ÉµÉ o¶e·aÉo· ¶µ¤Î¨´Ö¥É¸Ö É ± ´ §Ò¢ ¥³µ³Ê Éµ¦¤¥¸É¢Ê �¨ ´±¨ ¢Éµ·µ£µ
É¨¶  (¨²¨ É¨¶  2)

< (∇wR)(ξ, u) >≡< R(w, T (ξ, u)) > , (117)

£¤e

< (∇wR)(ξ, u) >≡ (∇wR)(ξ, u) + (∇uR)(w, ξ) + (∇ξR)(u,w) ,

< R(w, T (ξ, u)) >≡ R(w, T (ξ, u)) +R(u, T (w, ξ)) +R(ξ, T (u,w)) .

’µ¦¤¥¸É¢µ �¨ ´±¨ É¨¶  2 ³µ¦´µ § ¶¨¸ ÉÓ ± ± ¢ ±µµ·¤¨´ É´µ³, É ± ¨ ¢
´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥£µ Éµ¦¤¥¸É¢  ¤²Ö ±µ³¶µ´¥´É ±µ´É· -
¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò:

Ri j<kl;m> ≡ Ri j<kn.Tlm> n ≡ −Ri jn<k.Tlm> n , (118)
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£¤¥

Ri j<kl;m> ≡ Ri jkl;m +Ri jmk;l +Ri jlm;k ,

Ri j<kn.Tlm>
n ≡ Ri jkn.Tlm n +Ri jmn.Tkl

n +Ri jlr .Tmk
r .

(119)

„²Ö ±µ³³ÊÉ Éµ· 

[∇w, R(ξ, u)] = ∇w ◦R(ξ, u)−R(ξ, u) ◦ ∇w

¢Ò¶µ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ±µ³³ÊÉ Í¨µ´´µ¥ Éµ¦¤¥¸É¢µ:

< [∇w, R(ξ, u)] >≡ − < R(w,$ξu) > , (120)

£¤¥

< [∇w, R(ξ, u)] >≡ [∇w, R(ξ, u)] + [∇u, R(w, ξ)] + [∇ξ, R(u,w)] ,

< R(w,$ξu) >≡ R(w,$ξu) +R(u,$wξ) +R(ξ,$uw) .
(121)

�¶¥· Éµ· ±·¨¢¨§´Ò ¨ Éµ¦¤¥¸É¢  �¨ ´±¨ ¶·¨³¥´¨³Ò ± ¤¨ËË¥·¥´Í¨·Ê¥-
³Ò³ ³´µ£µµ¡· §¨Ö³ ¸ µ¤´µ°  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ. �´¨ ³µ£ÊÉ É ±¦¥ ´ °É¨
¶·¨³¥´¥´¨¥ ¶·¨ ¨§ÊÎ¥´¨¨ Ì · ±É¥·¨¸É¨± ¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ³´µ£µµ¡· §¨°
¸  ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨± ³¨. ‘É·Ê±ÉÊ·  µ¶¥· Éµ·  ±·¨¢¨§´Ò ¶·¨-
¢µ¤¨É ± ±µ´¸É·Ê±Í¨¨ ¤·Ê£µ£µ µ¶¥· Éµ· , ´ §Ò¢ ¥³µ£µ µ¶¥· Éµ·µ³ ¤¥¢¨ Í¨¨.

6. ��…��’�� „…‚ˆ�–ˆˆ

“Î¨ÉÒ¢ Ö ¸É·Ê±ÉÊ·Ê µ¶¥· Éµ·  ±·¨¢¨§´Ò

R(ξ, u) = ∇ξ∇u −∇u∇ξ −∇$ξu = [∇ξ,∇u]−∇[ξ,u] , (122)

±µ³³ÊÉ Éµ· [∇w, R(ξ, u)] [w, ξ, u ∈ T (M)] ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

[∇w, R(ξ, u)] = [∇w,$Γ(ξ, u)] + [∇w, [∇ξ,∇u]]− [∇w, [$ξ,∇u]] , (123)

£¤¥

$Γ(ξ, u) = $ξ∇u −∇u$ξ −∇$ξu = [$ξ,∇u]−∇[ξ,u] . (124)

�¶¥· Éµ· $Γ(ξ, u) ¶µÖ¢²Ö¥É¸Ö §¤¥¸Ó ± ± ´µ¢Ò° µ¶¥· Éµ·, ¶µ¸É·µ¥´´Ò°
¸ ¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ¨ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö [33Ä36].

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ· $Γ(ξ, u) ´ §Ò¢ ¥É¸Ö µ¶¥· Éµ·µ³ ¤¥¢¨ Í¨¨. �´
¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ :
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1. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ËÊ´±Í¨Õ f :
[$Γ(ξ, u)] f = 0, f ∈ Cr(M), r ≥ 2.
2a. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ±µ´É· ¢ ·¨ ´É´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥:
[$Γ(ξ, u)] (fv) = f [$Γ(ξ, u)] v, ξ, u, v ∈ T (M),
[$Γ(ξ, u)]v = vβ [$Γ(ξ, u)]eβ = vj [$Γ(ξ, u)]∂j = uγvβ [$Γ(ξ, eγ)]eβ =

= ujvi[$Γ(ξ, ∂j)]∂i.
‘¢Ö§Ó ³¥¦¤Ê ¤¥°¸É¢¨Ö³¨ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ¨ µ¶¥· Éµ·  ±·¨¢¨§´Ò ´ 

¢¥±Éµ·´µ¥ ¶µ²¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

[$Γ(ξ, u)]v = [R(ξ, u)]v + [∇u∇v −∇∇uv]ξ−
−T (ξ,∇uv) +∇u[T (ξ, v)] .

(125)

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ [$Γ(ξ, ∂l)]∂k ¨³¥¥É ¢¨¤

[$Γ(ξ, ∂l)]∂k = [ξi ;k;l −Ri klj .ξj + (Tjk
i.ξj);l].∂i = ($ξΓ

i
kl).∂i , (126)

£¤¥

∇∂j [T (ξ, ∂i)]− T (ξ,∇∂j∂i) = (Tli
k.ξl);j .∂k .

‚¥²¨Î¨´  $ξΓ
i
kl ´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´-

´µ° ¸¢Ö§´µ¸É¨ ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ. �´  ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´  É ±¦¥ ¢
¢¨¤¥

$ξΓ
i
kl = ξi ,k,l + ξj .Γikl,j − ξi ,j .Γ

j
kl + ξj ,k.Γ

i
jl + ξj ,l.Γ

i
kj . (127)

‘ ¶µ³µÐÓÕ $ξΓ
i
kl ¢Ò· ¦¥´¨¥ ¤²Ö [$Γ(ξ, u)]v ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

[$Γ(ξ, u)]v = vk.ul.($ξΓ
i
kl).∂i =

= [ξi ;k;l.v
k.ul −Ri klj .vk.ul.ξj + (Tjk

i.ξj);l.v
k.ul].∂i .

(128)

�  ÔÉµ³ ¶ÊÉ¨ ¢Éµ·ÊÕ ±µ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ∇u∇vξ ¢¥±Éµ·´µ£µ ¶µ²Ö
ξ ³µ¦´µ § ¶¨¸ ÉÓ ¸ ¶µ³µÐÓÕ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨:

∇u∇vξ = ([R(u, ξ)]v) +∇ξ∇uv −$ξ(∇uv)−∇u[T (ξ, v)] + [$Γ(ξ, u)]v =

= ([R(u, ξ)]v) +∇ξ∇uv −∇u$ξv −∇$ξuv −∇u[T (ξ, v)] .
(129)

�·¨ v = u ¶µ¸²e¤´¥¥ Éµ¦¤¥¸É¢µ ´ §Ò¢ ¥É¸Ö µ¡µ¡Ð¥´´Ò³ Éµ¦¤¥¸É¢µ³
¤²Ö ¤¥¢¨ Í¨¨ [33]. �´µ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö  ´ ²¨§  Ê· ¢´¥´¨° ¤¥¢¨ Í¨¨ ¢
¶·µ¸É· ´¸É¢ Ì ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨ ³¥É·¨±µ° (Ln-¶·µ¸É· ´¸É¢ , Un-
¶·µ¸É· ´¸É¢  ¨ Vn-¶·µ¸É· ´¸É¢ ), £¤¥ Ê· ¢´¥´¨Ö ¤¥¢¨ Í¨¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¸
ÉµÎ±¨ §·¥´¨Ö ¨Ì ¸É·Ê±ÉÊ·Ò ¨ ·¥Ï¥´¨° [37Ä41], ¨ ¢ ± Î¥¸É¢¥ É¥µ·¥É¨Î¥¸±µ°



1240 Œ���‚ ‘.

µ¸´µ¢Ò ¤²Ö ¤¥É¥±Éµ·  £· ¢¨É Í¨µ´´ÒÌ ¢µ²´ ¢ (¶¸¥¢¤µ)·¨³ ´µ¢ÒÌ ¶·µ¸É· ´-
¸É¢ Ì ¡¥§ ±·ÊÎ¥´¨Ö (Vn-¶·µ¸É· ´¸É¢ ) [42Ä48]. “· ¢´¥´¨Ö ¤¥¢¨ Í¨¨ ‘¨´£  ¨
˜¨²¤  ¨ ¨Ì µ¡µ¡Ð¥´¨¥ ¤²Ö (Ln, g)-¶·µ¸É· ´¸É¢ · ¸¸³µÉ·¥´µ ¢ [28].

2¡. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ±µ´É· ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥

[$Γ(ξ, u)]V = uγ .V A.[$Γ(ξ, eγ)]eA = uγ .V B.($ξΓ
A
Bγ).eA =

= −(SBα
Aβ .V B.$ξΓ

α
βγ .u

γ)eA , V ∈ ⊗k(M) ,
(130)

£¤¥

$ξΓ
A
Bγ = −SBα Aβ .$ξΓ

α
βγ ,

([$Γ(ξ, u)]eB) = ($ξΓ
A
Bγ).uγ .eA =

= −SBα Aβ .[ξα /β/γ −Rα βγδ.ξ
δ + (Tδβ

α.ξδ)/γ ].uγ .eA .

(131)

3. �¶¥· Éµ· ¤¥¢¨ Í¨¨ Ê¤µ¢²¥É¢µ·Ö¥É Éµ¦¤¥¸É¢Ê,  ´ ²µ£¨Î´µ³Ê Éµ¦¤¥¸É¢Ê
�¨ ´±¨ ¶¥·¢µ£µ É¨¶  ¤²Ö É¥´§µ·  ±·¨¢¨§´Ò:

〈[$Γ(ξ, u)]v〉 ≡ 〈(∇ξ∇u −∇∇ξu)v〉+ 〈T (T (ξ, u), v)〉−
−〈T (u,∇ξv)〉 , ξ, u, v ∈ T (M) ,

(132)

£¤¥

〈[$Γ(ξ, u)]v〉 = [$Γ(ξ, u)]v + [$Γ(v, ξ)]u + [$Γ(u, v)]ξ ,

〈(∇ξ∇u −∇∇ξu)v〉 = (∇ξ∇u −∇∇ξu)v + (∇v∇ξ −∇∇vξ)u+

+(∇u∇v −∇∇uv)ξ ,

〈T (u,∇ξv)〉 = T (u,∇ξv) + T (v,∇uξ) + T (ξ,∇vu) .

(133)

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ÔÉµ Éµ¦¤¥¸É¢µ ¶·¨´¨³ ¥É ¢¨¤

($ξΓ
γ
αβ).vα.uβ + ($uΓγαβ).ξα.vβ + ($vΓ

γ
αβ).uα.ξβ ≡

≡ ξγ /α/β .v
α.uβ + uγ /α/β .ξ

α.vβ + vγ /α/β .u
α.ξβ+

+T〈αβ
κTκδ〉

γ .vα.ξβ .uδ−
−Tαβ γ .(uα.vβ /δ.ξ

δ + vα.ξβ /δ.u
δ + ξα.uβ /δ.v

δ) .

(134)

Šµ³³ÊÉ Éµ· µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¸ µ¶¥· Éµ·µ³
¤¥¢¨ Í¨¨ Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕÐ¥³Ê Éµ¦¤¥¸É¢Ê:

〈[∇w ,$Γ(ξ, u)]〉 ≡ 〈[∇w , [$ξ,∇u]]〉 − 〈R(w,$ξu)〉 , (135)
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£¤¥

〈[∇w,$Γ(ξ, u)]〉 = [∇w,$Γ(ξ, u)] + [∇u,$Γ(v, ξ)] + [∇ξ,$Γ(u, v)],

〈[∇w, [$ξ,∇u]]〉 = [∇w, [$ξ,∇u]] + [∇u, [$w,∇ξ]] + [∇ξ, [$u,∇w]] ,

〈R(w,$ξu)〉 = R(w,$ξu) +R(u,$wξ) +R(ξ,$uw) ,

ξ, u, w ∈ T (M).

4. „¥°¸É¢¨¥ µ¶¥· Éµ·  ¤¥¢¨ Í¨¨ ´  ±µ¢¥±Éµ·´Ò¥ ¶µ²Ö µ¶·¥¤¥²Ö¥É¸Ö ¥£µ
¸É·Ê±ÉÊ·µ° ¨ µ¸µ¡¥´´µ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³ ‹¨.

‚ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥

[$Γ(ξ, eγ)]eα = $ξ∇eγ eα −∇eγ$ξe
α −∇$ξeγ e

α = ($ξP
α
βγ).eβ , (136)

£¤¥

$ξP
α
βγ = ξδ.eδP

α
βγ + Pαδγ .eβξ

δ + Pαδγ .(P
δ
βρ + Γδβρ + Cβρ

δ).ξρ −

−eγ(eβξ
α)− eγ [(Pαβρ + Γαβρ + Cβρ

α).ξρ]−

−P δβγ .[eδξα + (Pαδρ + Γαδρ + Cδρ
α).ξρ] +

+Pαβδ.(eγξ
δ − Cργ δ.ξρ) , (137)

eβξ
δ = fβ

σ.eσξ
κ.f δ κ , Γδβρ = f δ κ.fβ

σ.Γκσρ . (138)

‚Ò· ¦¥´¨¥ ¤²Ö $ξP
α
βγ ³µ¦´µ § ¶¨¸ ÉÓ É ±¦¥ ¢ ¢¨¤¥

$ξP
α
βγ = −Pα βγδ.ξδ − ξα /β/γ + Tβδ

α.ξδ /γ + Tβδ
α
/γ .ξ

δ . (139)

$ξP
α
βγ ´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ ±µ³¶µ´¥´É Pαβγ ±µ¢ ·¨ ´É´µ°  ËË¨´-

´µ° ¸¢Ö§´µ¸É¨ P ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.
‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: S = eϕ.C : fα β = eϕ.gαβ , f i j = eϕ.gij , fi

j =

e−ϕ.gji .

$ξP
i
jk = −P i jkl.ξl − ξi ;j;k + Tjl

i.ξl ;k + Tjl
i

;k.ξ
l . (140)

�·µ¨§¢µ¤´ Ö ‹¨ ±µ³¶µ´¥´É ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P ³µ¦¥É
¡ÒÉÓ ¶µ²¥§´µ° ¶·¨ ¨§ÊÎ¥´¨¨ Ê· ¢´¥´¨° ¤¥¢¨ Í¨¨ ¤²Ö ±µ¢¥±Éµ·´ÒÌ ¶µ²¥°.
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7. ���„�‹†…��›‰ Š�‚��ˆ��’�›‰ „ˆ””…�…�–ˆ�‹œ�›‰
��…��’��. ���„�‹†…���Ÿ ���ˆ‡‚�„��Ÿ

…¸²¨ Γijk Ö¢²ÖÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ-

¸É¨, Γ ¨ P ijk Å ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P ¢ §a¤ ´-

´µ³ (§¤¥¸Ó ±µµ·¤¨´ É´µ³) ¡ §¨¸¥ ¢ (Ln, g)-¶·µ¸É· ´¸É¢¥, Éµ Γ i
jk ¨ P i

jk Ö¢²Ö-
ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ (¢ Éµ³ ¦¥ ¸ ³µ³ ¡ §¨¸¥) ´µ¢µ° ±µ´É· ¢ ·¨ ´É´µ°  Ë-
Ë¨´´µ° ¸¢Ö§´µ¸É¨ Γ ¨ ´µ¢µ° ±µ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ P ¸µµÉ¢¥É-
¸É¢¥´´µ:

Γ i
jk = Γijk −A i

jk , P i
jk = P ijk −B i

jk ,

A = A i
jk.∂i ⊗ dxj ⊗ dxk, B = B i

jk.∂i ⊗ dxj ⊗ dxk, A ,B ∈ ⊗1
2(M).

Γ ¨ P coµÉ¢¥É¸É¢ÊÕÉ ´µ¢µ³Ê (¶·µ¤µ²¦¥´´µ³Ê ¶µ µÉ´µÏ¥´¨Õ ± ∇u,
u ∈ T (M)) ±µ¢ ·¨ ´É´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê µ¶¥· Éµ·Ê e∇u:

e∇∂k∂j = Γ i
jk.∂i,

e∇eβeα = Γ
γ

αβ .eγ ,

e∇∂kdxi = P i
jk.dx

j , e∇eγ eα = P
α

βγ .e
β,

c É¥³¨ ¦¥ ¸¢µ°¸É¢ ³¨, ÎÉµ ¨ ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ∇u.
…¸²¨ ¢Ò¡· ÉÓ É¥´§µ·Ò A ¨ B ¸ µ¶·¥¤¥²¥´´Ò³¨ § · ´¥¥ ¸¢µ°¸É¢ ³¨, Éµ

³µ¦´µ ´ °É¨ Γ ¨ P ¸ § · ´¥¥ § ¤ ´´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨. � ¶·¨³¥·, ³µ¦´µ
´ °É¨ ¸¢Ö§´µ¸ÉÓ P , ¤²Ö ±µÉµ·µ° e∇ug = 0, ∀u ∈ T (M), g ∈ ⊗2(M), ÌoÉÖ
∇ug 6= 0 ¤²Ö ±µ¢ ·¨ ´É´µ° aËË¨´´µ° c¢Ö§´µ¸É¨ P . ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, A i

jk

¨ B i
jk ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£µ³ ´  µ¸´µ¢¥ ±µ³³ÊÉ Í¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê

µ¶¥· Éµ· ³¨ e∇u ¨ ∇u ¸ µ¶¥· Éµ·µ³ ¸¢¥·É±¨ S. ˆ§

∇u ◦ S = S ◦ ∇u, e∇u ◦ S = S ◦ e∇u,

¶µ²ÊÎ ¥³

(S ◦ e∇∂k)(∂j ⊗ dxi) = Γ l
jk.f

i
l −A l

jk.f
i
l + P i

lk.f
l
j −B i

lk.f
l
j ,

(e∇∂k ◦ S)(∂j ⊗ dxi) = e∇∂k(S(∂j ⊗ dxi)) = e∇∂k(f i j) = ∂k(f i j) = f i j,k.

‘²¥¤µ¢ É¥²Ó´µ,

f i j,k = Γ l
jk.f

i
l −A l

jk.f
i
l + P i

lk.f
l
j −B i

lk.f
l
j .

’ ± ± ± · ¢¥´¸É¢µ (∇∂k ◦ S)(∂j ⊗ dxi) = (S ◦∇∂k)(∂j ⊗ dxi) ¶·¨¢µ¤¨É ±
µÉ´µÏ¥´¨Õ f i j,k = Γ l

jk.f
i
l + P i

lk.f
l
j , Éµ ³Ò ¶µ²ÊÎ ¥³ ¸¢Ö§Ó ³¥¦¤Ê A i

jk ¨

B i
jk ¢ ¢¨¤¥ A l

jk.f
i
l +B i

lk.f
l
j = 0.
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‘²¥¤µ¢ É¥²Ó´µ, B i
jk = −A l

mk.f
i
l.fj

m = −A i
jk ¨ A i

jk =

= −Bm
lk.f

l
j .fm

i = −B i
jk.

ŒÒ ³µ¦¥³ § ¶¨¸ ÉÓ e∇∂k ¢ ¢¨¤¥ e∇∂k = ∇∂k − A∂k , £¤¥ A∂k =
= A i

jk.∂i ⊗ dxj .
�¶¥· Éµ· e∇u ³µ¦´µ É ±¦¥ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ e∇u = ∇u − Au, £¤¥ Au =

= A i
jk.u

k.∂i ⊗ dxj .
‡¤¥¸Ó Au ¶µÖ¢²Ö¥É¸Ö ±a± ¸³¥Ï ´´µ¥ É¥´§µ·´µ¥ ¶o²¥ ¢Éµ·µ£µ · ´£ ; ´µ µ´µ

¤¥°¸É¢Ê¥É ´  É¥´§µ·´Ò¥ ¶µ²Ö ±a± ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·,
¶µÉµ³Ê ÎÉµ µ¶¥· Éµ· e∇u µ¶·¥¤¥²¥´ ±a± ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
µ¶¥· Éµ· ¸ É¥³¨ ¦¥ ¸¢µ°¸É¢ ³¨, ± ±¨¥ ¨³¥¥É ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò° µ¶¥· Éµ· ∇u.

„¥Ë¨´¨Í¨Ö. �·µ¤µ²¦¥´´Ò° ± ∇u ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥-
· Éµ·. ‹¨´¥°´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ· e∇u : v → e∇uv = ṽ,
v, ṽ ∈ ⊗k l(M), ¸µ ¸¢µ°¸É¢ ³¨ ∇u.

ˆ§ ¸¢µ°¸É¢ o¶¥· Éµ·µ¢ e∇u ¨ ∇u ¸²¥¤ÊÕÉ ¸¢µ°¸É¢  µ¶¥· Éµ·  Au:

Au : v → Auv , u ∈ T (M) , v,Auv ∈ ⊗k l(M) .

a) Au(v + w) = Auv +Auw, v, w ∈ ⊗k l(M).
b) Au(f.v) = f.Auv, f ∈ Cr(M).
c) Au+ vw = Auw + Avw.

d) Af.uv = f.Auv.

e) Auf = 0.
f) Au(v ⊗ w) = Auv ⊗ w + v ⊗ Auw, v ∈ ⊗k l(M), w ∈ ⊗m r(M).
g) Au ◦S = S ◦Au (±µ³³ÊÉ Í¨µ´´µ¥ ¸µµÉ´µÏ¥´¨¥ ¸ µ¶¥· Éµ·µ³ ¸¢e·É±¨

S).
‚¸¥ ¸¢µ°¸É¢  µ¶¥· Éµ·  Au µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ o¶¥p Éµ·µ¢ e∇u ¨

∇u, ¢Ò¸ÉÊ¶ ÕÐ¨Ì §¤¥¸Ó ¢ ¢¨¤¥ Ìµ·µÏµ µ¶·¥¤¥²¥´´ÒÌ ±µ¢ ·¨ ´É´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢. „¥°¸É¢¨É¥²Ó´µ, Au ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±a± Au =
= ∇u − e∇u. …¸²¨ Au ¥¸ÉÓ §a¤ ´´µ¥ ¸³¥Ï ´´µ¥ É¥´§µ·´µ¥ ¶µ²¥, Éµ e∇u
³µ¦´µ ¶µ¸É·µ¨ÉÓ ¥¤¨´¸É¢¥´´Ò³ µ¡· §µ³.

�  µ¸´µ¢¥ ¨§²µ¦¥´´ÒÌ ¢ÒÏ¥ ¸Ê¦¤¥´¨° ³Ò ³µ¦¥³ ¸Ëµ·³Ê²¨·µ¢ ÉÓ c²¥-
¤ÊÕÐ¥¥ ¶·¥¤²µ¦¥´¨¥.

�·¥¤²µ¦¥´¨¥. Š ¦¤µ³Ê ±o¢ ·¨ ´É´µ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê o¶¥· Éµ·Ê
∇u ¨ § ¤ ´´µ³Ê É¥´§µ·´µ³Ê ¶µ²Õ Au ∈ ⊗1

1(M), ¤¥°¸É¢ÊÕÐ¥³Ê ± ± ±µ¢ ·¨-
 ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ´  É¥´§µ·´µ¥ ¶µ²¥ ¢ (Ln, g)-¶·µ¸É· ´-
¸É¢¥, coµÉ¢¥É¸É¢Ê¥É ¶·µ¤µ²¦¥´´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥-
· Éµ· e∇u = ∇u −Au.

�¶¥· Éµ· Au, ¢ ¸µ£² ¸¨¨ ¸µ ¸¢µ°¸É¢µ³ (c): Au+ v = Au + Av, ¤µ²-
¦¥´ ¡ÒÉÓ ²¨´¥°´Ò³ µÉ´µ¸¨É¥²Ó´µ  ·£Ê³¥´É  u. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, Au, ¡Ê-
¤ÊÎ¨ ¸³¥Ï ´´Ò³ É¥´§µ·´Ò³ ¶µ²¥³ ¢Éµ·µ£µ · ´£ , ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´,
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yÎ¨ÉÒ¢ Ö ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¢ (Ln, g)-¶·µ¸É· ´¸É¢¥ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ -
·¨ ´É´µ° ³¥É·¨± g ¨ g ¸µµÉ¢¥É¸É¢¥´´µ, ¢ ¢¨¤¥ Au = g(Au), £¤¥ Au ¥¸ÉÓ
±µ¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥ ¢Éµ·µ£µ · ´£ , ¶µ¸É·µ¥´´µ¥ ¸ ¶o³µÐÓÕ É¥´§µ·-
´µ£µ ¶µ²Ö C ¨ ¢¥±Éµ·´µ£µ ¶µ²Ö u É ±¨³ µ¡· §µ³, ÎÉµ Au ²¨´¥°´µ § ¢¨¸¨É
oÉ u. ‚µ ¢¸Ö±µ³ ¸²ÊÎ ¥, ¨³¥ÕÉ¸Ö É·¨ ¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¨ÉÓ ±µ¢ ·¨ ´É´µ¥
É¥´§µ·´µ¥ ¶µ²¥ ¢Éµ·µ£µ · ´£  Au, ²¨´¥°´µ § ¢¨¸ÖÐ¥¥ oÉ  ·£Ê³¥´É  u, É.e.
Au = C(u) = Cij(u).dxi ⊗ dxj , £¤¥

1. Au = C(u) = A(u) = Aijk .u
k.dxi ⊗ dxj , A = Aijk .dx

i ⊗ dxj ⊗ dxk ∈
⊗3(M), u ∈ T (M).

2. Au = C(u) = ∇uB = Bij;k.u
k.dxi⊗ dxj , B = Bij .dx

i⊗ dxj ∈ ⊗2(M),
u ∈ T (M).

3. Au = C(u) = A(u) +∇uB, A(u) = Aijk .u
k.dxi ⊗ dxj , A = Aijk.dx

i ⊗
dxj ⊗ dxk ∈ ⊗3(M), u ∈ T (M); ∇uB = Bij;k.u

k.dxi ⊗ dxj , B = Bij .dx
i ⊗

dxj ∈ ⊗2(M), u ∈ T (M).
�·µ¤µ²¦¥´´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËËe·¥´Í¨ ²Ó´Ò° o¶¥· Éµ· e∇u =

= ∇u−Au ³µ¦¥É Ê¤µ¢²¥É¢µ·ÖÉÓ ¤µ¡ ¢µÎ´Ò³ Ê¸²µ¢¨Ö³, µ¶·¥¤¥²ÖÕÐ¨³ ¸É·Ê±-
ÉÊ·Ê ¸³¥Ï ´´µ£µ É¥´§o·´µ£µ ¶µ²Ö Au (¤¥°¸É¢ÊÕÐ¥£µ ´  É¥´§µ·´Ò¥ ¶µ²Ö ± ±
±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·). Œµ¦´µ ¶·¥¤ÑÖ¢¨ÉÓ Ê¸²µ¢¨Ö ±
µ¶¥· Éµ·Ê e∇u, ¶·¨¢µ¤ÖÐ¨¥ ± µ¶·¥¤¥²¥´´Ò³ ¸¢µ°¸É¢ ³ É¥´§µ·´µ£µ ¶µ²Ö Au,
¨, ´aµ¡µ·µÉ, ³µ¦´µ ¶·¥¤ÑÖ¢¨ÉÓ Ê¸²µ¢¨Ö ± É¥´§µ·´µ³Ê ¶µ²Õ Au, ¶·¨¢µ¤ÖÐ¨¥
± o¶·¥¤¥²¥´´Ò³ ¸¢µ°¸É¢ ³ µ¶¥· Éµ·  e∇u.

8. Œ…’�ˆŠˆ

�µ´ÖÉ¨¥ µ¶¥· Éµ·  ¸¢¥·É±¨ ¡Ò²µ ¢¢¥¤¥´µ ¸ Ê¸²µ¢¨¥³, ÎÉµ µ´ ¤¥°¸É¢Ê¥É
´  ¤¢  ¢¥±Éµ· , ¶·¨´ ¤²¥¦ Ð¨Ì ¤¢Ê³ · §²¨Î´Ò³ ¢¥±Éµ·´Ò³ ¶·µ¸É· ´¸É¢ ³
µ¤¨´ ±µ¢µ° · §³¥·´µ¸É¨, ¶·¨²µ¦¥´´Ò³ ± ÉµÎ±¥ ¤¨ËË¥·¥´Í¨·Ê¥³µ£µ ³´µ£µ-
µ¡· §¨Ö M , ¨ ¸µ¶µ¸É ¢²Ö¥É ¨³ ËÊ´±Í¨Õ ´  M . …¸²¨ ¦¥ µ¶¥· Éµ· ¸¢¥·É±¨
¤¥°¸É¢Ê¥É ´  ¤¢  ¢¥±Éµ· , ¶·¨´ ¤²¥¦ Ð¨Ì µ¤´µ³Ê ¨ Éµ³Ê ¦¥ ¢¥±Éµ·´µ³Ê ¶·µ-
¸É· ´¸É¢Ê, Éµ É ±µ° o¶¥· Éµ· ¸¢Ö§ ´ ¸ ¶µ´ÖÉ¨¥³ ³¥É·¨±¨.

„¥Ë¨´¨Í¨Ö. Œ¥É·¨± . �¶¥· Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢ÊÕÐ¨° ´  ¤¢  ¢¥±Éµ· 
µ¤´µ£µ ¨ Éµ£µ ¦¥ ¢¥±Éµ·´µ£µ ¶·µ¸É· ´¸É¢  ¨ µÉµ¡· ¦ ÕÐ¨° ¨Ì ´  Ô²¥³¥´É
¶µ²Ö F (R ¨²¨ C ).

„¥Ë¨´¨Í¨Ö. Œ¥É·¨±  ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ M . �¶¥· -
Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢ÊÕÐ¨° ´  ¤¢  ¢¥±Éµ·´ÒÌ ¶µ²Ö, ÎÓ¨ ¢¥±Éµ·Ò ¢ ± ¦¤µ°
§ ¤ ´´µ° ÉoÎ±¥ x ∈M ¶·¨´ ¤²¥¦ É µ¤´µ³Ê ¨ Éµ³Ê ¦¥ ¢¥±Éµ·´µ³Ê ¶·µ¸É· ´-
¸É¢Ê, É.e. S : (u, v)→ S(u, v) ∈ Cr(M), ux, vx ∈ Nx(M).

8.1. Šµ¢ ·¨ ´É´ Ö ³¥É·¨± 
„¥Ë¨´¨Í¨Ö. Šµ¢ ·¨ ´É´ Ö ³¥É·¨± . �¶¥· Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢ÊÕÐ¨°

´  ¤¢  (±µ´É· ¢ ·¨ ´É´ÒÌ) ¢¥±Éµ·´ÒÌ ¶µ²Ö ´  ³´µ£µµ¡· §¨¨ M , ÎÓ¥ ¤¥°¸É¢¨¥
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µÉµ¦¤¥¸É¢²Ö¥É¸Ö ¸ ¤¥°¸É¢¨¥³ ±µ¢ ·¨ ´É´µ£µ ¸¨³³¥É·¨Î´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
· ´£  ¤¢  ´  ¤¢ÊÌ ¢¥±Éµ·´ÒÌ ¶µ²ÖÌ, É.e.

S(u, v) ≡ g(u, v) := S(g, q) = S(g, u⊗ v) = S(g ⊗ (u⊗ v)) , q = u⊗ v.
(141)

’¥´§µ· g = gαβ .e
α.eβ = gij .dx

i.dxj ´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥-
¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ (±µ¢ ·¨ ´É´µ° ³¥É·¨±µ°), ¨ g(x) = gx ∈ ⊗2/x(M)
´ §Ò¢ ¥É¸Ö ±µ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ (±µ¢ ·¨ ´É´µ° ³¥É·¨±µ°)
¢ ÉµÎ±¥ x ∈M .

a) „¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ ´  ¤¢  ¢¥±Éµ·´ÒÌ ¶µ²Ö ¢ ±µµ·¤¨´ É-
´µ³ ¡ §¨¸¥

g(u, v) = gkl.f
k
i.f

l
j .u

i.vj = giju
i.vj = gkl.u

k.vl = ul.v
l = uj .v

j ,

gij = fk i.f
l
j .gkl , uk = fk i.u

i,

uj = gij .u
i, ul = gkl.u

k = gkl.u
k. (142)

‡ ³¥Î ´¨¥. g(u, v) ´ §Ò¢ ¥É¸Ö É ±¦¥ ¸± ²Ö·´Ò³ ¶·µ¨§¢¥¤¥´¨¥³ ¢¥±Éµ·-
´ÒÌ ¶µ²¥° u ¨ v ´  ³´µ£µµ¡· §¨¨ M . Šµ£¤  v = u, Éµ

g(u, u) = gαβ .u
α.uβ = gαβ.u

α.uβ = uα.u
α = uα.u

α = (143)

:= u2 = ± | u |2:= ± l2u, (144)

¨ g(u, u) = u2 = ± l2u ´ §Ò¢ ¥É¸Ö É ±¦¥ ±¢ ¤· Éµ³ ¤²¨´Ò ¢¥±Éµ·´µ£µ ¶µ²Ö
u.

b) „¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ ´  ¢¥±Éµ·´µ¥ ¶µ²¥ u ³µ¦´µ µ¶·¥-
¤¥²¨ÉÓ ¸ ¶µ³µÐÓÕ µ¶¥· Éµ·  ¸¢¥·É±¨ S ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ¸²¥¤ÊÕÐ¨³
µ¡· §µ³:

g(u) := Sjk(g, u) = Sj k(gij .dx
i.dxj , uk.∂k) =

= gij .u
k.Sj k(dxi.dxj , ∂k) = gij .u

k.f j k.dx
i =

= gik.u
k.dxi = gij .u

j .dxi = u(g), gik = gij .f
j
k . (145)

‡ ³¥Î ´¨¥. Š· É±µ¥ µ¡µ§´ Î¥´¨¥ u(g) Ô±¢¨¢ ²¥´É´µ  ¡¡·¥¢¨ ÉÊ·¥
(u)(g) := S(u, g). �Éµ ´¥ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö
¢¥±Éµ·´µ£µ ¶µ²Ö u ´  g. ’ ±µ¥ ¤¥°¸É¢¨¥ u ´  g (¶µ± ) ´¥ o¶·¥¤¥²¥´µ.

„¥°¸É¢¨¥ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ g ´  ¢¥±Éµ·´µ¥ ¶µ²¥ u, · ¸¸³ É·¨¢ ¥³µ¥
¢ ¨´¤¥±¸´µ° Ëµ·³¥ (¢ § ¤ ´´µ³ ¡ §¨¸¥), ´ §Ò¢ ¥É¸Ö o¶Ê¸± ´¨¥³ ¨´¤¥±¸µ¢ ¸
¶µ³µÐÓÕ g. ‚ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö g ´  ¢¥±Éµ· u ∈ T (M) ¶µ²ÊÎ ¥É¸Ö ±µ-
¢¥±Éµ·´µ¥ ¶µ²¥ g(u) ∈ T ∗(M). �  µ¸´µ¢ ´¨¨ ÔÉµ£µ g ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±a±
²¨´¥°´µ¥ µÉµ¡· ¦¥´¨¥ (o¶¥· Éµ·), ±µÉµ·µ¥ µÉµ¡· ¦ ¥É ± ¦¤Ò° Ô²¥³¥´É ¨§
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T (M) ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨° Ô²¥³¥´É ¨§ T ∗(M), É.e. g : u → g(u) ∈ T ∗(M),
u ∈ T (M).

Šo¢a·¨ ´É´ Ö ¸¨³³¥É·¨Î´ Ö aËË¨´´ Ö c¢Ö§´µ¸ÉÓ. ‚ ´¥±µµ·¤¨´ É´µ³
¡ §¨¸¥ ±µ¢ ·¨ ´É´ Ö aËË¨´´ Ö c¢Ö§´o¸ÉÓ P ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

P γαβ = P γ
αβ +

1

2
.U γ
αβ , (146)

£¤¥

P γ
αβ =

1

2
(P γαβ + P γβα + Cαβ

γ) ,

U γ
αβ = P γαβ − P

γ
βα − Cαβ γ = −U γ

βα . (147)

Šµ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° µÉ ±µ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ
É¥´§µ·´µ£µ ¶µ²Ö g ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î-
´µ° aËË¨´´µ° c¢Ö§´µ¸É¨. …¸²¨

gαβ;γ = eγgαβ + P
δ

αγ .gδβ + P
δ

βγ .gαδ (148)

¥¸ÉÓ ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö ±µ³¶µ´¥´É gαβ ±µ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ
É¥´§µ·  g ¶µ µÉ´µÏ¥´¨Õ ± ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ° aËË¨´´µ° c¢Ö§´µ¸É¨
P ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥, Éµ

gαβ/γ = gαβ;γ +
1

2
(U δ

αγ .gδβ + U δ
βγ .gαδ) . (149)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ±µ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ°

¸¢Ö§´µ¸É¨ P
δ

αβ ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

gδγ .P
δ

αβ = −{αβ, γ}+Kαβγ + Cαβγ +
1

2
(gδα.U

δ
βγ + gδβ.U

δ
αγ ) =

= −{αβ, γ}+ Cαβγ +
1

2
(gαγ;β + gβγ;α − gαβ;γ) , (150)

£¤¥

{αβ, γ} =
1

2
(eαgβγ + eβgαγ − eγgαβ) ,

Kαβγ =
1

2
(gαγ/β + gβγ/α − gαβ/γ) ,

Cαβγ =
1

2
(gδα.Cβγ

δ + gδβ .Cαγ
δ + gδγ .Cαβ

δ) . (151)

‘ ¶µ³µÐÓÕ ¶µ¸²¥¤´¨Ì ¢Ò· ¦¥´¨° P γαβ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

gδγ .P
δ
αβ = −{αβ, γ}+Kαβγ + Uαβγ + Cαβγ , (152)
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£¤¥

Uαβγ =
1

2
(gδα.U

δ
βγ + gδβ .U

δ
αγ + gδγ .U

δ
αβ) . (153)

‚ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  ´ ±² ¤Ò¢ ¥É¸Ö Ê¸²µ¢¨¥ gαβ;γ = 0, ³µ¦´µ
¤o± § ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤²µ¦¥´¨¥.

�·¥¤²µ¦¥´¨¥. �¥µ¡Ìµ¤¨³Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¤²Ö gαβ;γ = 0
Ö¢²Ö¥É¸Ö Ê¸²µ¢¨¥

gδγ .P
δ
αβ = −{αβ, γ}+ Cαβγ . (154)

„µ± § É¥²Ó¸É¢µ ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É ¨§ (150).
‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ±µ¢ ·¨ ´É´ Ö ¶·µ¨§¢µ¤´ Ö µÉ ±o³¶µ´¥´É gij  ´ -

²µ£¨Î´Ò³ µ¡· §µ³ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¸ ¶µ³µÐÓÕ ±o³¶µ´¥´É P ijk ±µ-
¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

gij;k = gij,k + P l
ik.glj + P l

jk.gil +
1

2
(U lik.glj + U ljk.gil) =

= gij/k +
1

2
(U lik.glj + U ljk.gil) , (155)

£¤e

gij/k = gij,k + P l
ik.glj + P l

jk.gil . (156)

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ±µ¢ ·¨ ´É´ÊÕ ³¥É·¨±Ê.
‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ $ξg ¶·¨´¨³ ¥É ¢¨¤

$ξg = ($ξgij).dx
i.dxj =

= [gij;k.ξ
k + gkj .ξ

k
;i + gik.ξ

k
;j + (gkj .T

k
li + gik.T

k
lj ).ξl].dxi.dxj . (157)

‘²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö É ±¦¥ ¢Ò¶µ²´ÖÕÉ¸Ö:

$ξ[g(u, v)] = ξ[g(u, v)] = ($ξg)(u, v) + g($ξu, v) + g(u,$ξv),

$ξ[g(u)] = ($ξg)(u) + g($ξu), ξ, u, v ∈ T (M). (158)

„¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´ §Ò¢ ¥É¸Ö ¸³¥Ð¥´¨¥³ ¢¤µ²Ó
¢¥±Éµ·´µ£µ ¶µ²Ö. �  µ¸´µ¢¥ É ±¨Ì ¸³¥Ð¥´¨° ³¥É·¨Î¥¸±µ£µ É¥´§µ·´µ£µ ¶µ²Ö g
³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¶µ´ÖÉ¨Ö ¶·µ¨§¢µ²Ó´µ£µ (´¥³¥É·¨Î¥¸±µ£µ) ¸³¥Ð¥´¨Ö ¢¤µ²Ó,
±¢ §¨¶·µ¥±É¨¢´µ£µ ¸³¥Ð¥´¨Ö ¢¤µ²Ó, ±µ´Ëµ·³´Ò¥ ¤¢¨¦¥´¨Ö ¨ (¶·µ¸Éµ) ¤¢¨-
¦¥´¨Ö ¨ · ¸¸³oÉ·¥ÉÓ ¨Ì a´a²µ£¨Î´µ ¢ (Ln, g)-¶·µ¸É· ´¸É¢ Ì. ‡¤¥¸Ó ³Ò Éµ²Ó±µ
o¶·¥¤¥²¨³ · §²¨Î´Ò¥ É¨¶Ò É ±¨Ì ¸³¥Ð¥´¨°.
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1. �·µ¨§¢µ²Ó´Ò¥ (´¥³¥É·¨Î¥¸±¨¥) ¸³¥Ð¥´¨Ö ¢¤µ²Ó:

$ξg = qξ, ∀ξ ∈ T (M), qξ ∈ ⊗sym2(M).

2. Š¢ §¨¶·µ¥±É¨¢´Ò¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó:

$ξg =
1

2
[p⊗ g(ξ) + g(ξ)⊗ p] , ξ ∈ T (M), p ∈ T ∗(M).

3. Šµ´Ëµ·³´µ-¨´¢ ·¨ ´É´Ò¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó (±µ´Ëµ·³´Ò¥ ¤¢¨¦¥´¨Ö) :

$ξg = λ.g, λ ∈ Cr(M) , ξ ∈ T (M).

4. ˆ§µ³¥É·¨Î¥¸±¨¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó (¤¢¨¦¥´¨Ö):

$ξg = 0, ξ ∈ T (M).

„²Ö ¢¸¥Ì É¨¶µ¢ ¸³¥Ð¥´¨° ¢¤µ²Ó ³µ¦´µ ´ °É¨ ¨§³¥´¥´¨Ö ¸± ²Ö·´µ£µ
¶·µ¨§¢¥¤¥´¨Ö ¤¢ÊÌ ±µ´É· ¢ ·¨ ´É´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥°, É ± ¦¥, ± ± ¨ ¨§-
³¥´¥´¨Ö ¤²¨´Ò É¥Ì ¦¥ ¶µ²¥°, ¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¨Ì  ´ ²µ£¨Î´µ ± ± ¢ (Ln, g)-
¶·µ¸É· ´¸É¢ Ì.

8.2. Šo¢ ·¨ ´É´ Ö ¶·µ¥±É¨¢´ Ö ³¥É·¨± . …¸²¨ §a¤ ´µ ±µ¢ ·¨ ´É´µ¥ ³¥-
É·¨Î¥¸±µ¥ ¶µ²¥ g ¨ ¸ÊÐ¥¸É¢Ê¥É ¢¥±Éµ·´µ¥ ¶µ²¥ u, ±¢ ¤· É ¤²¨´Ò ±µÉo·µ£µ
g(u, u) = e 6= 0, Éµ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ±o¢ ·¨ ´É´µ¥ É¥´§µ·´µ¥ ¶µ²¥, o·-
Éµ£µ´ ²Ó´µ¥ ¢¥±Éµ·´µ³Ê ¶µ²Õ u. �´µ o¡² ¤ ¥É ¸¢µ°¸É¢ ³¨, a´ ²µ£¨Î´Ò³¨
¸¢o°¸É¢ ³ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ¶µ²Ö g ¶·¨ ¤¥°¸É¢¨¨ ´  ¢¥±Éµ·´Ò¥ ¶µ²Ö
¢ ± ¦¤µ³ o·Éµ£µ´ ²Ó´µ³ ± u(x) = ux ∈ Tx(M) ¶µ¤¶·µ¸É· ´¸É¢¥ T⊥ux (M) ¢
Tx(M), £¤¥ (T⊥ux (M) = {ξx} : gx(ξx, ux) = 0), gx ∈ ⊗sym2/x(M).

„¥Ë¨´¨Í¨Ö. Šo¢ ·¨ ´É´ Ö ¶·µ¥±É¨¢´ Ö ³¥É·¨± . Šµ¢ ·¨ ´É´ Ö ³¥-
É·¨± , o·Éµ£µ£µ´ ²Ó´ Ö ± § ¤ ´´µ³Ê ´¥¨§µÉ·µ¶´µ³Ê (´¥´Ê²¥¢µ³Ê) ¢¥±Éµ·´µ³Ê
¶µ²Õ u [e = g(u, u) 6= 0], É.e. ±o¢ ·¨ ´É´ Ö ³¥É·¨±  hu, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö
Ê¸²µ¢¨Õ hu(u) = u(hu) = 0 ¨ ¶µ¸É·µ¥´´ Ö ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨
g ¨ u ¢ ¢¨¤¥

hu = g − 1

g(u, u)
.g(u)⊗ g(u) = g − 1

e
.g(u)⊗ g(u) . (159)

‘¢µ°¸É¢  ±µ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±¨ ¸²¥¤ÊÕÉ ¨§ ¥¥ ¶µ¸É·µ¥´¨Ö
¨ ¨§ ¸¢µ°¸É¢ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ g:

a) hu(u) = u(hu) = 0, [g(u)](u) = g(u, u) = e.
b) hu(u, u) = 0.
c) hu(u, v) = hu(v, u) = 0, ∀v ∈ T (M).
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8.3. Šµ´É· ¢ ·¨ ´É´ Ö ³¥É·¨± 
„¥Ë¨´¨Í¨Ö. Šµ´É· ¢ ·¨ ´É´ Ö ³¥É·¨± . �¶¥· Éµ· ¸¢¥·É±¨ S, ¤¥°¸É¢Ê-

ÕÐ¨° ´  ¤¢  ±o¢¥±Éµ·´ÒÌ ¶µ²Ö ´a ³´µ£µµ¡· §¨¨ M , ÎÓ¥ ¤¥°¸É¢¨¥ µÉµ¦¤¥-
¸É¢²Ö¥É¸Ö ¸ ¤¥°¸É¢¨¥³ ±µ´É· ¢ ·¨ ´É´µ£µ ¸¨³³¥É·¨Î´µ£µ É¥´§µ·´µ£µ ¶µ²Ö
· ´£  2 ´  ¢¥±Éµ·´Ò¥ ¶µ²Ö, É.¥.

S(p, q) ≡ g(p, q) := S(g, w) := S(g, p⊗ q) = S(g ⊗ (p⊗ q)) , w = p⊗ q .

’¥´§µ·´µ¥ ¶µ²¥ g = gαβ .eα.eβ = gij .∂i.∂j ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É-
´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ (±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±µ°). g(x) =
= gx ∈ ⊗2

x(M) ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·µ³ ¢
ÉµÎ±¥ x ∈M .

‘¢µ°¸É¢  ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ µ¶¥· Éµ· 
¸¢¥·É±¨ ¨ µÉµ¦¤¥¸É¢²¥´¨¥³ ¥£µ ¸ ±µ´É· ¢ ·¨ ´É´Ò³ ¸¨³³¥É·¨Î´Ò³ É¥´§µ·-
´Ò³ ¶µ²¥³ · ´£  2. �  ÔÉµ³ µ¸´µ¢ ´¨¨ ³µ¦´µ ¤µ± § ÉÓ c²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ .

a) „¥°¸É¢¨¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ ´  ¤¢  ±µ¢ ·¨ ´É´ÒÌ ¢¥±Éµ·´ÒÌ
¶µ²Ö ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥

g(p, q) = gkl.f i k.f
j
l.pi.qj = gij .pi.qj = gkl.pk.ql = pj .qj = pk.q

k ,

pk = f i k.pi , ql = f j l.qj , pj = gji.pi .

(Šµ£¤  q = p, Éµ g(p, p) = p2 = ± | p |2 ´ §Ò¢ ¥É¸Ö ±¢ ¤· Éµ³ ¤²¨´Ò
±µ¢¥±Éµ·´µ£µ ¶µ²Ö p.)

b) „¥°¸É¢¨¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ g ´  ±µ¢ ·¨ ´É´µ¥ ¢¥±Éµ·´µ¥
¶µ²¥

g(p) = p(g) = gij .pk.f
k
j .∂i = gij .pj.∂i = gik.pk.∂i = pi.∂i ,

gik = gil.fk l , pi = gij .pj = gij .pj .

„¥°¸É¢¨¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ g ´  ±µ¢¥±Éµ·´µ¥ ¶µ²¥ p ¢ § ¤ ´-
´µ³ ¡ §¨¸¥ ´ §Ò¢ ¥É¸Ö ¶µ¤´ÖÉ¨¥³ ¨´¤¥±¸µ¢ ¸ ¶µ³µÐÓÕ ±µ´É· ¢ ·¨ ´É´µ°
³¥É·¨±¨. ‚ ·¥§Ê²ÓÉ É¥ ÔÉµ£µ ¤¥°¸É¢¨Ö ¶µ²ÊÎ ¥É¸Ö ¢¥±Éµ·´µ¥ ¶µ²¥ g(p). � 
ÔÉµ³ µ¸´µ¢ ´¨¨ g ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ±a± ²¨´¥°´µ¥ µÉµ¡· ¦¥´¨¥ (o¶¥· Éµ·),
±µÉµ·µ¥ µÉµ¡· ¦ ¥É Ô²¥³¥´É ¨§ T ∗(M) ¢ Ô²¥³¥´É ¨§ T (M):

g : p→ g(p) ∈ T (M) , p ∈ T ∗(M) .

‘¢Ö§Ó ³¥¦¤Ê ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ° ³¥É·¨± ³¨ ³µ¦´µ µ¶·¥-
¤¥²¨ÉÓ ¸µ£² ¸´µ Ê¸²µ¢¨Ö³

g[g(u)] = u , u ∈ T (M) , g[g(p)] = p , p ∈ T ∗(M) . (160)
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‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ ÔÉ¨ Ê¸²µ¢¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

gij .gjk = gik , gij .g
jk = gki . (161)

ˆ§ ¶µ¸²¥¤´¨Ì ¢Ò· ¦¥´¨° ¸²¥¤Ê¥É, ÎÉµ

g[g] = gijg
ij = n , g[g] = gij .gij = n , dimM = n . (162)

Šµ´É· ¢ ·¨ ´É´ Ö ¸¨³³¥É·¨Î´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ. ˆ§ ¶·¥µ¡· §µ-
¢ ´¨° ±µ³¶µ´¥´É ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¸²¥¤Ê¥É, ÎÉµ ¢¥²¨-
Î¨´Ò

1

2
(Γγαβ + Γγβα − Cαβ γ) ¨²¨

1

2
(Γkij + Γkji)

¶·¥µ¡· §ÊÕÉ¸Ö É ±¨³ ¦¥ µ¡· §µ³ ¨ ¸ ³¨ ¸µ¸É ¢²ÖÕÉ ±µ´É· ¢ ·¨ ´É´ÊÕ  Ë-
Ë¨´´ÊÕ ¸¢Ö§´µ¸ÉÓ. �ÉµÉ Ë ±É µ¡ÒÎ´µ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö ±µ´-
É· ¢ ·¨ ´É´µ° aËË¨´´µ° c¢Ö§´µ¸É¨ Î¥·¥§ ¥¥ ¸¨³³¥É·¨Î´ÊÕ ¨ a´É¨¸¨³³¥-
É·¨Î´ÊÕ Î ¸É¨ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Γkij = Γ k
ij −

1

2
T k
ij , Γ k

ij =
1

2
(Γkij + Γkji) , T k

ij = Γkji − Γkij

(¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ,

Γγαβ = Γ γ
αβ −

1

2
T γ
αβ , Γ γ

αβ =
1

2
(Γγαβ + Γγβα − Cαβ γ) ,

T γ
αβ = Γγβα − Γγαβ − Cαβ γ

(¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥) . (163)

‚¥²¨Î¨´Ò Γ
k

ij (Γ
γ

αβ) ´ §Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ° ¸¨³-
³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¢ ±µµ·¤¨´ É´µ³ (¸µµÉ¢¥É¸É¢¥´´µ, ¢ ´¥±µµ·-
¤¨´ É´µ³) ¡ §¨¸¥.

Šµ³¶µ´¥´ÉÒ ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° µÉ ±µ´É· ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥-
¸±µ£µ ¶µ²Ö g ³µ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¸ ¶µ³µÐÓÕ ±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥-
É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨. …¸²¨ ³Ò ¢¢¥¤¥³ µ¡µ§´ Î¥´¨Ö

gαβ ;γ = eγg
αβ + Γ α

δγ .g
δβ + Γ β

δγ .g
αδ (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ,

gij /k = gij ,k + Γ i
lk.g

lj + Γ j
lk.g

il (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥) ,
(164)

£¤¥ gαβ ;γ Ö¢²ÖÕÉ¸Ö ±µ¢ ·¨ ´É´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨ ±µ³¶µ´¥´É ±µ´É· ¢ ·¨-
 ´É´µ£µ ³¥É·¨Î¥¸±µ£µ É¥´§µ·  g ¶µ µÉ´µÏ¥´¨Õ ± ±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥-
É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥, Éµ

gαβ /γ = gαβ ;γ −
1

2
(T α
δγ .gδβ + T β

δγ .gαδ) . (165)
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Šµ³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ³µ¦´µ
¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ gαβ /κ.g

κγ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

gαδ.gβκ.Γ γ
δκ = K αβγ − {αβ,γ} − C αβγ − 1

2
gγδ(gβκT α

κδ + gακT β
κδ ) , (166)

£¤¥

{αβ,γ} =
1

2
(gακ.eκg

βγ + gβκ.eκg
αγ − gγκ.eκgαβ) ,

K αβγ =
1

2
(gαγ /κ.g

βκ + gβγ /κ.g
ακ − gαβ /κ.g

γκ) ,

C αβγ =
1

2
(gγδ.gβκ.Cκδ

α + gγδ.gακ.Cκδ
β + gαδ.gβκ.Cδκ

γ) . (167)

C±µ¡±¨ {αβ,γ} ´ §Ò¢ ÕÉ¸Ö ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö ¶¥·¢µ£µ ·µ¤  ¤²Ö
±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ -
§¨¸¥.

Šµ³¶µ´¥´ÉÒ Γγαβ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ³µ¦´µ § ¶¨-
¸ ÉÓ ¸ ¶µ³µÐÓÕ ¢¢¥¤¥´´ÒÌ µ¡µ§´ Î¥´¨° ¢ ¢¨¤¥

gαδ.gβκ.Γγδκ = −{αβ,γ}+K
αβγ − Tαβγ − Cαβγ , (168)

£¤¥

T
αβγ

=
1

2
(gγδ.gβκ.T α

κδ + gγδ.gακ.T β
κδ + gαδ.gβκ.T γ

δκ ) . (169)

“Î¨ÉÒ¢ Ö ¸²¥¤ÊÕÐ¨¥ ¸¢Ö§¨ ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨,
±µ³¶µ´¥´É ³¨ ±o´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ ¨ ¨Ì ¶·µ¨§¢µ¤´Ò³¨

gαβ .g
βγ = gγα, gαδ.eκg

δγ = −gδγ .eκ(gαδ),

gαδ.g
γδ

/κ = −gγδ.gαδ/κ, gαδ/κ = fγα.f
β
δ .gγβ/κ, (170)

³Ò ³µ¦¥³ ¶·¥¤¸É ¢¨ÉÓ ±o³¶µ´¥´ÉÒ ±µ´É· ¢ ·¨ ´É´µ°  ËË¨´´µ° c¢Ö§´µ¸É¨
Γ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥:

Γγαβ = {γαβ} −Kαβ
γ − Sαβ γ − Cαβ γ , (171)

£¤¥

{γαβ} =
1

2
gγδ[eβ(gαδ) + eα(gβδ)− eδ(gαβ)] = −gαρ.gβσ.{

ρσ,γ},

K
γ

αβ = −gαρ.gβσ.K
ρσγ , S

γ

αβ = −gαρ.gβσ.T
ρσγ , C

γ

αβ = −gαρ.gβσ.C
ρσγ .

(172)
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C±µ¡±¨ {γαβ} ´a§Ò¢ ÕÉ¸Ö µ¡µ¡Ð¥´´Ò³¨ ¸¨³¢µ² ³¨ Š·¨¸ÉµËË¥²Ö ¢Éµ-
·µ£µ ·µ¤  ¤²Ö ±µ´É· ¢ ·¨ ´É´µ° ¸¢Ö§´µ¸É¨ ¢ ´¥±µµ·¤¨´ É´o³ ¡ §¨¸¥.

�´ ²µ£¨Î´µ, ¥¸²¨ § ¤ ´Ò ±µ´É·a¢ ·¨ ´É´Ò¥ ¨ ±µ¢ ·¨ ´É´Ò¥ ³¥É·¨Î¥¸±¨¥
¶µ²Ö, ±µ¢ ·¨ ´É´ Ö  ËË¨´´ Ö ¸¢Ö§´µ¸ÉÓ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¸²¥¤ÊÕ-
Ð¥³ ¢¨¤¥:

P γαβ = −{γαβ}+Kαβ
γ + Uαβ

γ + Cαβ
γ , (173)

£¤¥

{γαβ} = gγσ.{αβ, γ} , Kαβ
γ = gγσ.Kαβσ ,

Uαβ
γ = gγσ.Uαβσ , Cαβ

γ = gγσ.Cαβσ .
(174)

�µ¤Î¥·±´ÊÉÒ¥ ¸±µ¡±¨ {γαβ} ´a§Ò¢ ÕÉ¸Ö µ¡µ¡Ð¥´´Ò³¨ ¸¨³¢µ² ³¨ Š·¨-

¸ÉµËË¥²Ö ¢Éµ·µ£µ ·µ¤  ¤²Ö ±µ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ-
¸É¨ ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

’ ±¨¥ ¦¥ ¢Ò· ¦¥´¨Ö ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨ ¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥.
‚ ¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  ´ ±² ¤Ò¢ ÕÉ¸Ö Ê¸²µ¢¨Ö gαβ ;γ = 0, É.¥. ±µ-

£¤  ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ±µ´É· ¢ ·¨ ´É´µ° ³¥É·¨±¨ ¶µ µÉ´µÏ¥´¨¨Õ ±
±µ´É· ¢ ·¨ ´É´µ° ¸¨³³¥É·¨Î´µ°  ËË¨´´µ° ¸¢Ö§´µ¸É¨ · ¢´ÖÕÉ¸Ö ´Ê²Õ, ±µ³-
¶µ´¥´ÉÒ ÔÉµ° ¸¢Ö§´µ¸É¨ Γγαβ = {γαβ} − Cαβγ .

�µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³
¤²Ö Éµ£µ, ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó · ¢¥´¸É¢µ gαβ ;γ = 0. ‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥
É ±µ¥ Ê¸²µ¢¨¥ (ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó · ¢¥´¸É¢µ gij /k = 0) ¶·¨´¨³ ¥É ¸²¥¤ÊÕ-

Ð¨° ¢¨¤: Γ
k

ij = {kij}.
�  µ¸´µ¢ ´¨¨ c¢Ö§¥°, ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥¦¤Ê ±µ¢ ·¨ ´É´µ° ¶·µ¨§¢µ¤´µ°

±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö ¨ ±µ¢ ·¨ ´É´µ° ¦¥ ¶·µ¨§-
¢µ¤´µ° ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö,   ¨³¥´´µ:

∇ξg = −g(∇ξg)g, (∇ξg)[g(u)] = −g[(∇ξg)(u)], ∀ξ, ∀u ∈ T (M),

∇ξg = −g(∇ξg)g, (∇ξg)[g(p)] = −g[(∇ξg)(p)],

∀ξ ∈ T (M), ∀p ∈ T ∗(M),

³o¦´µ ¤µ± § ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¢§ ¨³´µ o¤´µ§´ Î´µ¥ coµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¶¥-
·¥´µ¸ ³¨ ³¥É·¨± g ¨ g. Š ¦¤Ò° ¶¥·¥´µ¸ ±µ¢ ·¨ ´É´µ£µ É¥´§µ·´µ£µ ³¥É·¨-
Î¥¸±µ£µ ¶µ²Ö g ¨´¤ÊÍ¨·Ê¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶¥·¥´µ¸ ±o´É· ¢ ·¨ ´É´µ£µ
É¥´§µ·´µ£µ ³¥É·¨Î¥¸±µ£µ ¶µ²Ö g ¨ ´ µ¡µ·µÉ.

8.4. Šµ´É· ¢ ·¨ ´É´ Ö ¶·µ¥±É¨¢´ Ö ³¥É·¨± . �µ´ÖÉ¨¥ ±µ´É· ¢ ·¨ ´É-
´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±¨ ¶µ µÉ´µÏ¥´¨Õ ± ´¥¨§oÉ·µ¶´µ³Ê (´¥´Ê²¥¢µ³Ê) ±o´-
É· ¢ ·¨ ´É´µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ u ³µ¦´µ ¢¢¥¸É¨ ¤¢Ê³Ö · §²¨Î´Ò³¨ ¶ÊÉÖ³¨:
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a) ¢¢µ¤Ö ±µ´É· ¢ ·¨ ´É´ÊÕ ¶·µ¥±É¨¢´ÊÕ ³¥É·¨±Ê ¶µ µ¶·¥¤¥²¥´¨Õ

hu = g − 1

g(u, u)
.u⊗ u = g − 1

e
.u⊗ u , e = g(u, u) 6= 0 ; (175)

b) ¢¢µ¤Ö ¥¥, µÉ¶· ¢²ÖÖ¸Ó µÉ Ê¦¥ ¨§¢¥¸É´µ° ´ ³ ±µ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ°
³¥É·¨±¨ ¨ ÊÎ¨ÉÒ¢ Ö ¶·¨ ÔÉµ³ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ±µ¢ ·¨ ´É´µ° ¨ ±µ´É· ¢ -
·¨ ´É´µ° ³¥É·¨± ³¨:

hu = g(hu)g = g − 1

e
.u⊗ u, g(g)g = g, g(g(u)⊗ g(u))g = u⊗ u . (176)

hu ´ §Ò¢ ¥É¸Ö ±µ´É· ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±µ° ¶µ oÉ´µÏ¥´¨Õ ±
´¥¨§µÉ·o¶´µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ u.

‘¢µ°¸É¢  ±o´É· ¢ ·¨ ´É´µ° ¶·µ¥±É¨¢´µ° ³¥É·¨±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¥¥ ¸É·Ê±-
ÉÊ·µ°.

9. ’�†„…‘’‚� �ˆ��Šˆ „‹Ÿ Š�‚��ˆ��’��ƒ� ’…�‡���
Š�ˆ‚ˆ‡�›

9.1. ’µ¦¤¥¸É¢µ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  ¤²Ö ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨-
¢¨§´Ò. ‘ÊÐe¸É¢µ¢ ´¨¥ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±o¢ ·¨ ´É´µ° ³¥É·¨± ¶µ§¢µ-
²Ö¥É · ¸¸³µÉ·¥ÉÓ ¤¥°¸É¢¨¥ o¶¥· Éµ·  ±·¨¢¨§´Ò ´  ±µ¢¥±Éµ·´µ¥ ¶µ²¥ g(v) =

= gαβ.v
β .eα = gij .v

j .dxi, ¶µ¸É·µ¥´´µ¥ ¸ ¶µ³µÐÓÕ ±µ¢ ·¨ ´É´µ° ³¥É·¨±¨ g
¨ ¢¥±Éµ·´µ£µ ¶µ²Ö v.

’µ¦¤¥¸É¢µ

< g{([R(ξ, u)]g)(v)} >≡< g([R(ξ, u)][g(v)]) > − < [R(ξ, u)]v >≡

≡< g([R(ξ, u)][g(v)]) > − < T (T (ξ, u), v) > − < (∇ξT )(u, v) > (177)

´ §Ò¢ ¥É¸Ö Éµ¦¤¥¸É¢µ³ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  (É¨¶  1) ¤²Ö ±µ¢ ·¨ ´É´µ£µ
É¥´§µ·  ±·¨¢¨§´Ò.

‚ ±µµ·¤¨´ É´µ³ ¡a§¨¸¥ Éµ¦¤¥¸É¢µ �¨ ´±¨ ¶¥·¢µ£µ É¨¶  § ¶¨¸Ò¢ ¥É¸Ö ¢
¢¨¤¥

P l <ijk> ≡ −gmn.Rl m<ij .gk>n , (178)

Rl <ijk> ≡ −glm.gmn.Pn <ijk> ≡ T<ij
l

;k> + T<ij
m.Tmk>

l . (179)

�Î¥¢¨¤´µ, ÎÉµ ¢¨¤ Éµ¦¤¥¸É¢  �¨ ´±¨ ¶¥·¢µ£µ É¨¶  ¤²Ö ±µ³¶µ´¥´É ±µ-
¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò ´¥ É ± ¶·µ¸É, ± ± ¢¨¤ Éµ¦¤¥¸É¢  �¨ ´±¨ ¤²Ö
±µ³¶µ´¥´É ±µ´É· ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò.
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9.2. ’µ¦¤¥¸É¢µ �¨ ´±¨ ¢Éµ·µ£µ É¨¶  ¤²Ö ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨-
¢¨§´Ò. „¥°¸É¢¨¥ o¶¥· Éµ·  (∇wR)(ξ, u) ³µ¦´µ · ¸Ï¨·¨ÉÓ ¤µ ¤¥°¸É¢¨Ö ´ 
±µ¢ ·¨ ´É´Ò¥ ¢¥±Éµ·´Ò¥ ¨ É¥´§µ·´Ò¥ ¶µ²Ö  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ÔÉµ ¤¥² ¥É¸Ö
¢ ¸²ÊÎ ¥ ±µ´É· ¢ ·¨ ´É´ÒÌ ¢¥±Éµ·´ÒÌ ¨ É¥´§µ·´ÒÌ ¶µ²¥°. ˆ¸¶µ²Ó§ÊÖ ¸µµÉ-
´µÏ¥´¨¥

∇w{[R(ξ, u)]p} = [(∇wR)(ξ, u)]p+ [R(∇wξ, u)]p+

+[R(ξ,∇wu)]p+ [R(ξ, u)](∇wp), w, ξ, u ∈ T (M), p ∈ T ∗(M), (180)

³Ò ³µ¦¥³ ´ °É¨ Éµ¦¤¥¸É¢µ

< (∇wR)(ξ, u) > p ≡< R(w, T (ξ, u)) > p, (181)

£¤¥

< (∇wR)(ξ, u) > p = [(∇wR)(ξ, u)]p+ [(∇uR)(w, ξ)]p+ [(∇ξR)(u,w)]p,

< R(w, T (ξ, u)) > p = [R(w, T (ξ, u))]p+ [R(u, T (w, ξ))]p+ [R(ξ, T (u,w))]p.

(182)

’µ¦¤¥¸É¢µ (181) ´ §Ò¢ ¥É¸Ö Éµ¦¤¥¸É¢µ³ �¨ ´±¨ ¢Éµ·µ£µ É¨¶  (É¨¶  2)
¤²Ö ±µ¢ ·¨ ´É´µ£µ É¥´§µ·  ±·¨¢¨§´Ò.

‚ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥ Éµ¦¤¥¸É¢µ �¨ ´±¨ ¢Éµ·µ£µ É¨¶  § ¶¨¸Ò¢ ¥É¸Ö ¢
¢¨¤¥

P i j<kl;m> = P i jkl;m + P i jmk;l + P i jlm;k ≡ P i j<kn.Tlm> n =

= P i jkn.Tlm
n + P i jmn.Tkl

n + P i jlr .Tmk
r. (183)

10. ˆ�‚��ˆ��’�›‰ �‹…Œ…�’ ��š…Œ�

10.1. „¥Ë¨´¨Í¨Ö ¨ ¸¢µ°¸É¢ . �µ´ÖÉ¨¥ Ô²¥³¥´É  µ¡Ñ¥³  ´  ³´µ£µµ¡· §¨¨
M ³µ¦´µ µ¡µ¡Ð¨ÉÓ ¤µ ¶µ´ÖÉ¨Ö ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É  µ¡Ñ¥³  [14].

„¥Ë¨´¨Í¨Ö. �²¥³¥´É µ¡Ñ¥³  ´  ³´µ£µµ¡· §¨¨ M (dimM = n) µ¶·¥¤¥-
²Ö¥É¸Ö ± ±

d(n)x = d(n)x = dx1 ∧ ... ∧ dxn (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥),
dVn = e1 ∧ ... ∧ en (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

‘¢µ°¸É¢  Ô²¥³¥´É  µ¡Ñ¥³  ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

d(n)x =
1

n!
.εA.ω

A =
1

n!
.εA.dx̂

A, d(n′)x′ = J−1.d(n)x,

dVn =
1

n!
.εA.ω

A =
1

n!
.εA.ê

A, dV ′n = J−1.dVn, (184)
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£¤¥ J = det(Aα′
α) = det(∂xi/∂xi

′
), dV ′n = e1′ ∧ ...en′ , εA = εi1...in , ω

A =
= dxi1 ∧ ... ∧ dxin , εA ¥¸ÉÓ ¸¨³¢µ² ‹¥¢¨ Å —¨¢¨É  [14],

εA′ .ω
A′ = J−1.εA.ω

A , εA.ω
A = J.εA′ .ω

A′ ,

εA′ .dx̂
A′ = J−1.εA.dx̂

A , εA.dx̂
A = J.εA′ .dx̂

A′ ,

d(n)x =
1

n!
.εA.ω

A = J.
1

n!
.εA′ .ω

A′ =
1

n!
.J.εA′ .dx̂

A′ .

�²¥³¥´É µ¡Ñ¥³  ¶·¥µ¡· §Ê¥É¸Ö É ± ¦¥, ± ± É¥´§µ·´ Ö ¶²µÉ´µ¸ÉÓ ¢¥¸ 
ω = − 1

2 . ‘²¥¤µ¢ É¥²Ó´µ, ÎÉµ¡Ò ¶µ¸É·µ¨ÉÓ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ 
(¸µÌ· ´ÖÕÐ¨° ¸¢µÕ Ëµ·³Ê ¨ ´¥§ ¢¨¸¨³Ò° µÉ ¢Ò¡µ·  ¢¶µ²´¥  ´É¨¸¨³³¥É·¨Î-
´µ£µ É¥´§µ·´µ£µ ¡ §¨¸ ), ´¥µ¡Ìµ¤¨³µ Ô²¥³¥´É µ¡Ñ¥³  Ê³´µ¦¨ÉÓ ´  É¥´§µ·´ÊÕ
¶²µÉ´µ¸ÉÓ ¢¥¸  ω = 1

2 ¨ · ´£  0. ’ ± ± ± ±µ¢ ·¨ ´É´µ¥ ³¥É·¨Î¥¸±µ¥ É¥´§µ·-
´µ¥ ¶µ²¥ ¸¢Ö§ ´µ ¸ µ¸´µ¢´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ¢¥±Éµ·´ÒÌ (¨ ±µ¢¥±Éµ·´ÒÌ)
¶µ²¥° ¨ µ¶·¥¤¥²Ö¥É ¸µ¡µ° ¶µ´ÖÉ¨Ö (É ±¨¥, ± ± ¤²¨´  ¢¥±Éµ· , ±µ¸¨´Ê¸ Ê£² 
³¥¦¤Ê ¤¢Ê³Ö ¢¥±Éµ· ³¨), ±µÉµ·Ò¥ ¢ ¥¢±²¨¤µ¢µ° £¥µ³¥É·¨¨ µÉ´µ¸ÖÉ¸Ö ± ¶µ´Ö-
É¨Õ Ô²¥³¥´É  µ¡Ñ¥³ , Éµ ±µ¢ ·¨ ´É´ Ö ³¥É·¨Î¥¸± Ö É¥´§µ·´ Ö ¶²µÉ´µ¸ÉÓ Q̃g
¢¥¸  ω = 1

2 ¨ · ´£  0 ((Q̃g =| dg |
1
2 ) ) Ö¢²Ö¥É¸Ö ¶µ¤Ìµ¤ÖÐ¨³ ³´µ¦¨É¥²¥³ ±

Ô²¥³¥´ÉÊ µ¡Ñ¥³  [14].
„¥Ë¨´¨Í¨Ö. ˆ´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ´  ³´µ£µµ¡· §¨¨ M

(dimM = n) · ¢¥´

dω =
√
−dg.d(n)x :=

1

n!
.εA.ω

A, ωA =
√
−dg. ωA, dg < 0

(¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É o¡Ñ¥³  ¢ ±oo·¤¨´ É´µ³ ¡ §¨¸¥),

dω =
√
−dg.dVn, dg < 0

(¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  ¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥).

ˆ§ Éµ£µ, ± ± ¶·¥µ¡· §Ê¥É¸Ö ¢¥²¨Î¨´ 
√
−dg :

√
−d′g = ±J.

√
−dg ¶·¨

¶¥·¥Ìµ¤¥ µÉ µ¤´µ° ±µµ·¤¨´ É´µ° ± ·ÉÒ ± ¤·Ê£µ°, ¸²¥¤Ê¥É, ÎÉµ ¶·¨ É ±µ³
¶¥·¥Ìµ¤¥ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  ¸µÌ· ´Ö¥É ¸¢µÕ Ëµ·³Ê: dω′ = ± dω,
£¤¥

dω′ =
√
−d′g.d(n′)x′ (¢ ±µµ·¤¨´ É´µ³ ¡ §¨¸¥),

dω′ =
√
−d′g.dV ′n (¢ ´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥). (185)

‡ ³¥Î ´¨¥. ‡´ ± (−) ¶·¨ ± dω ³µ¦´µ µ¶Ê¸É¨ÉÓ ¢¸²¥¤¸É¢¨¥ o¤¨´ ±µ¢µ°
±µ´Ë¨£Ê· Í¨¨ (¶o·Ö¤± , o·¨¥´É Í¨¨) ¡ §¨¸´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° ¢ ¸É ·µ³ ¨
¢ ´µ¢µ³ É¥´§µ·´ÒÌ ¡ §¨¸ Ì.
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ˆ§ µ¶·¥¤¥²¥´¨Ö ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É  µ¡Ñ¥³  ¢ÒÉ¥± ¥É ¸²¥¤ÊÕÐ Ö ¸¢Ö§Ó
¸ ¥£µ ¸É·Ê±ÉÊ·µ°:

dω′ =
1

n!
.
√
−d′g.εA′ .ωA

′
=

1

n!
.
√
−dg.εA.dωA = dω . (186)

10.2. „¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ´  ¨´¢ -
·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ . „¥°¸É¢¨¥ µ¶¥· Éµ·  ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨-
·µ¢ ´¨Ö ´  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  µ¶·¥¤¥²Ö¥É¸Ö ¥£µ ¤¥°¸É¢¨¥³ ´  Ô²¥-
³¥´ÉÒ, ¨§ ±µÉµ·ÒÌ ¶µ¸É·µ¥´ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  (¸¨³¢µ² ‹¥¢¨ Å
—¨¢¨É , ¶µ²´µ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§µ·´Ò° ¡ §¨¸, ³¥É·¨Î¥¸± Ö É¥´§µ·-
´ Ö ¶²µÉ´µ¸ÉÓ). ˆ§ dω = 1

n! .εA.ω
A ¨ ∇ξ(dω) ¸²¥¤Ê¥É

∇ξ(dω) = ∇ξ
[

1

n!
.(εA.ω

A)

]
=

1

n!
[(ξεA).ωA + εA.∇ξωA] . (187)

∇ξ(dω) ¶µ²ÊÎ ¥É¸Ö ¢ ¢¨¤¥

∇ξ(dω) =
1

2
.g[∇ξg].

1

n!
.εA.ω

A =
1

2
.g[∇ξg].dω . (188)

∇ξ(dω) ´ §Ò¢ ¥É¸Ö ±o¢a·¨ ´É´µ° ¶·µ¨§¢µ¤´µ° ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É 
µ¡Ñ¥³  dω ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ.

10.3. „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´  ¨´¢ ·¨ ´É´Ò°
Ô²¥³¥´É µ¡Ñ¥³ . „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ‹¨ ´a ¨´¢ ·¨ ´É-
´Ò° Ô²¥³¥´É µ¡Ñ¥³  µ¶·¥¤¥²Ö¥É¸Ö a´a²µ£¨Î´µ ¤¥°¸É¢¨Õ µ¶¥· Éµ·  ±µ¢ ·¨-
 ´É´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö:

$ξ(dω) =
1

n!
.$ξ(εA.ω

A) =
1

n!
[(ξεA).ωA + εA.$ξω

A] =
1

n!
.εA.$ξω

A . (189)

�µ¸²¥ ´¥±µÉµ·ÒÌ ¢ÒÎ¨¸²¥´¨° ¤²Ö $ξ(dω) ¶µ²ÊÎ ¥³

$ξ(dω) =
1

n!
.εA.

1

2
.g[$ξg].ωA =

1

2
.g[$ξg].

1

n!
.εA.ω

A ,

$ξ(dω) =
1

2
.g[$ξg].dω . (190)

$ξ(dω) ´ §Ò¢ ¥É¸Ö ¶·µ¨§¢µ¤´µ° ‹¨ ¨´¢ ·¨ ´É´µ£o Ô²¥³¥´É  µ¡Ñ¥³  dω
¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ.

‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: ³¥É·¨Î¥¸±¨¥ ¶¥·¥´µ¸Ò (∇ξg = 0) : ∇ξ(dω) = 0.
‘¶¥Í¨ ²Ó´Ò° c²ÊÎ °: ¨§µ³¥É·¨Î¥¸±¨¥ ¸³¥Ð¥´¨Ö ¢¤µ²Ó (¤¢¨¦¥´¨Ö)

($ξg = 0) : $ξ(dω) = 0.
‚ ¸²ÊÎ ÖÌ, ±µ£¤  É·¥¡Ê¥É¸Ö ¢ ± Î¥¸É¢¥ ¤µ¶µ²´¨É¥²Ó´µ£µ Ê¸²µ¢¨Ö ¸µÌ· ´¥-

´¨¥ µ¡Ñ¥³ , ³µ¦´µ ¢¢¥¸É¨ ´µ¢Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·
¨²¨ ´µ¢Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨, ±µÉµ·Ò¥ ´¥ ¨§³¥´ÖÕÉ ¨´¢ ·¨ ´É-
´µ£µ Ô²¥³¥´É  µ¡Ñ¥³ , É.e. ¤¥°¸É¢ÊÕÉ ´  dω  ´ ²µ£¨Î´µ Éµ³Ê, ± ± ¤¥°¸É¢ÊÕÉ
µ¶¥· Éµ·Ò ∇ξ ¨ $ξ ´  ¶µ¸ÉµÖ´´Ò¥ ËÊ´±Í¨¨.
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10.4. Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ·, ¸µÌ· ´ÖÕÐ¨° ¨´-
¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ . ‚ ·¨ Í¨Ö ¨´¢ ·¨ ´É´µ£µ Ô²¥³¥´É  µ¡Ñ¥³  dω
¶·¨ ¤¥°¸É¢¨¨ ´  ´¥£µ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  ∇ξ

∇ξ(dω) =
1

2
.g[∇ξg].dω

¶µ§¢µ²Ö¥É ¢¢¥¸É¨ ´o¢Ò° ±o¢a·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ· ω∇ξ , ¸µ-
Ì· ´ÖÕÐ¨° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É o¡Ñ¥³ .

„¥Ë¨´¨Í¨Ö. �¶¥· Éµ· ω∇ξ ¥¸ÉÓ ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥-
· Éµ·, ¸µÌ· ´ÖÕÐ¨° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢¤µ²Ó ¢¥±Éµ·´µ£µ
¶µ²Ö ξ:

ω∇ξ = ∇ξ −
1

2
.g[∇ξg] .

‘¢µ°¸É¢  ω∇ξ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ ±µ¢ ·¨ ´É´µ£µ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
o¶¥· Éµ·  ¨ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ ±o¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ É¥´§µ·´µ£µ ¶µ²Ö g,
c¢Ö§ ´´µ£µ ¸ ¥£µ ±o´É· ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ g.

a) „¥°¸É¢¨¥ ´  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É o¡Ñ¥³  dω:

ω∇ξ(dω) = 0. (191)

�Éµ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö ω∇ξ ¨ (188).
b) „¥°¸É¢¨¥ ´  ¡ §¨¸´Ò¥ ¢¥±Éµ·´Ò¥ ¶µ²Ö:

ω∇∂j∂i =

(
Γkij −

1

2
.glm.glm;j .g

k
i

)
.∂k . (192)

c) „¥°¸É¢¨¥ ´  ¡ §¨¸´Ò¥ ±µ¢¥±Éµ·´Ò¥ ¶µ²Ö:

ω∇∂jdxi =

(
P ikj −

1

2
.glm.glm;j .g

i
k

)
.dxk . (193)

d) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f ´  ³´µ£µµ¡· §¨¨ M :

ω∇ξf = ξf − 1

2
.g[∇ξg].f , f ∈ Cr(M), r ≥ 1 . (194)

…¸²¨ ³Ò ¢¢¥¤¥³ ±· É±¨¥ µ¡µ§´ Î¥´¨Ö

Qβ = g[∇eβg] = gγδ.gγδ/β , Qj = g[∇∂jg] = gkl.gkl;j , (195)

Q = Qβ.e
β = Qj .dx

j , (196)
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ωΓγαβ = Γγαβ −
1

2
.gγα.Qβ , ωPαγβ = Pαγβ −

1

2
.gαγ .Qβ , (197)

Qξ = g[∇ξg] = Qβ.ξ
β = Qj.ξ

j = 2.cθξ , (198)

Éµ ω∇ξ , (192) ¨ (193) ¸³µ¦¥³ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω∇ξ = ∇ξ −
1

2
.Qξ , (199)

ω∇eβeα = ωΓγαβ .eγ , ω∇∂j∂i = ωΓkij .∂k , (200)

ω∇eβeα = ωPαγβ.e
γ , ω∇∂jdxi = ωP ikj .dx

k . (201)

‚¥²¨Î¨´Ò ωΓγαβ ´a§Ò¢ ÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ±µ´É· ¢ ·¨ ´É´µ° aËË¨´-
´µ° c¢Ö§´µ¸É¨ ωΓ, ¸µÌ· ´ÖÕÐ¥° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢ ´¥±µµ·-
¤¨´ É´µ³ ¡ §¨¸¥. ‚¥²¨Î¨´Ò ωP γαβ ´a§Ò¢ ÕÉ¸Ö ±o³¶µ´¥´É ³¨ ±o¢a·¨ ´É´µ°
aËË¨´´µ° ¸¢Ö§´µ¸É¨ ωP , ¸µÌ· ´ÖÕÐ¥° ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢
´¥±µµ·¤¨´ É´µ³ ¡ §¨¸¥.

’ ± ± ± ωΓγαβ ¨ ωP γαβ µÉ²¨Î ÕÉ¸Ö µÉ Γγαβ ¨ P γαβ , ¸µµÉ¢¥É¸É¢¥´´µ, ´ 

±µ³¶µ´¥´ÉÒ ¸³¥Ï ´´µ£µ É¥´§µ·´µ£µ ¶µ²Ö 1
2 .g

γ
α.Qβ · ´£  3, Éµ ωΓ ¨ ωP ¶·¥-

µ¡· §ÊÕÉ¸Ö É ± ¦¥, ± ± aËË¨´´Ò¥ ¸¢Ö§´µ¸É¨ Γ ¨ P ¸µµÉ¢¥É¸É¢¥´´µ.
„¥°¸É¢¨¥ µ¶¥· Éµ·  ω∇ξ ´a ¢¥±Éµ·´µ¥ ¶µ²¥ u ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω∇ξu = ∇ξu−
1

2
.Qξ.u . (202)

…¸²¨ · ¸¸³ É·¨¢ ÉÓ u ±a± ±a¸ É¥²Ó´Ò° ¢¥±Éµ· ± ±·¨¢µ° xi(τ), É.e.

u =
d

dτ
= uα.eα = ui.∂i , ui =

dxi

dτ
, (203)

uα = Ai
α.ui = Ai

α.
dxi

dτ
, eα = Aα

k.∂k , Ai
α.Aα

k = gki , (204)

a ¶ · ³¥É· τ · ¸¸³ É·¨¢ ÉÓ ± ± ËÊ´±Í¨Õ ¤·Ê£µ£µ ¶ · ³¥É·  λ (¸µ ¢§ ¨³´µ
µ¤´µ§´ Î´Ò³ ¸µµÉ¢¥É¸É¢¨¥³ ³¥¦¤Ê τ ¨ λ), É.e. ¶µ²µ¦¨ÉÓ

τ = τ(λ) , λ = λ(τ) , (205)

u =
d

dτ
=
dλ

dτ
.
d

dλ
=
dλ

dτ
.v , v =

d

dλ
, (206)
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Éµ ω∇ξu ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¢¥±Éµ·´µ¥ ¶µ²¥ v ¨ ∇ξv ¢ ¢¨¤¥

ω∇ξu =
dλ

dτ
.∇ξv +

[
ξ

(
dλ

dτ

)
− 1

2
.Qξ.

dλ

dτ

]
.v . (207)

…¸²¨ ¤µ¡ ¢¨ÉÓ Ê¸²µ¢¨¥ ´a ¸¢Ö§Ó ³¥¦¤Ê λ ¨ τ :

ξ

(
dλ

dτ

)
− 1

2
.Qξ.

dλ

dτ
= 0 , (208)

Éµ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ¸ÊÐ¥¸É¢Ê¥É ·¥Ï¥´¨¥ λ = λ(τ):

λ = λ0 + λ1.

∫ [
exp

(
1

2

∫
Qi.dx

i

)]
.dτ , Qi = Qi(x

k) , λ0, λ1 = const,

(209)

a ¸¢Ö§Ó ³¥¦¤Ê ω∇ξu ¨ ∇ξv ¶µ²ÊÎ ¥É¸Ö ¢ ¢¨¤¥

ω∇ξu =
dλ

dτ
.∇ξv =

[
λ1. exp

(
1

2

∫
Qi.dx

i

)]
.∇ξv , λ1 = const. (210)

ˆ§ ¶µ¸²¥¤´¥£µ ¢Ò· ¦¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¢µ§³µ¦´µ¸ÉÓ ¸µ¶µ¸É -
¢¨ÉÓ ¤¥°¸É¢¨¥ ω∇ξ ´  ¢¥±Éµ·´µ¥ ¶µ²¥ u (¢ ¢¨¤¥ ±a¸ É¥²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö
´  § ¤ ´´µ° ±·¨¢µ°) ¸ ¤¥°¸É¢¨¥³ ∇ξ ´  ¢¥±Éµ·´µ¥ ¶µ²¥ v, ¶µ²ÊÎ ÕÐ¥¥¸Ö ¨§
¢¥±Éµ·´µ£µ ¶µ²Ö u ¢ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¶ · ³¥É·  ´  ±·¨¢µ°. …¸²¨ ¢¥±Éµ·´µ¥
¶µ²¥ v ¶¥·¥´µ¸¨É¸Ö ¶ · ²²¥²Ó´µ ¢¤µ²Ó ξ, § ¤ ¢ ¥³µ¥ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É-
´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ∇ξ (∇ξv = 0), Éµ ¢¥±Éµ·´µ¥ ¶µ²¥ u ¶¥·¥´µ¸¨É¸Ö
¶ · ²²¥²Ó´µ ¢¤µ²Ó ξ, § ¤ ¢ ¥³µ¥ o¶¥· Éµ·µ³ ω∇ξ (ω∇ξu = 0).

„¥°¸É¢¨¥ µ¶¥· Éµ·  ω∇ξ ´  ³¥É·¨Î¥¸±µ¥ É¥´§µ·´µ¥ ¶µ²¥ g ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

ω∇ξg = ∇ξg −
1

2
.Qξ.g . (211)

�µ¸²¥ ¸¢¥·É±¨ µ¡¥¨Ì ±o³¶µ´¥´É ω∇ξg ¸ g, É.e. ¤²Ö g[ω∇ξg] =

= gαβ.(ω∇ξg)αβ , ¶µ²ÊÎ ¥É¸Ö · ¢¥´¸É¢µ

g[ω∇ξg] =
(

1− n

2

)
.Qξ. (212)

‘²¥¤ ¸¢µ¡µ¤´µ° Î ¸É¨ ¢Ò· ¦¥´¨Ö ω∇ξg, · ¢´µ°

ω∇ξg = ω∇ξg −
1

n
.g[ω∇ξg].g , (213)
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¸ ÊÎ¥Éµ³ (212) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω∇ξg = ω∇ξg +
n− 2

2n
.Qξ.g . (214)

ˆ¸¶µ²Ó§ÊÖ ÔÉµ ¢Ò· ¦¥´¨¥, ω∇ξg ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ¥£µ ¸¢µ¡µ¤´ÊÕ
Î ¸ÉÓ ¨ Î¥·¥§ ¸²¥¤ ¥£µ ¸¢µ¡µ¤´µ° Î ¸É¨:

ω∇ξg = ω∇ξg −
n− 2

2n
.Qξ.g , (215)

£¤¥ g[ω∇ξg] = 0.
‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: dimM = n = 2 : ω∇ξg = ω∇ξg, g[ω∇ξg] = 0.
‘¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °: dimM = n = 4 : ω∇ξg = ω∇ξg − 1

4 .Qξ.g.
Šµ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµ·, ¸µÌ· ´ÖÕÐ¨° ¨´¢ ·¨ ´É-

´Ò° Ô²¥³¥´É µ¡Ñ¥³ , ´¥ ¶µ¤Î¨´Ö¥É¸Ö ¶· ¢¨²Ê ‹¥°¡´¨Í , ±µ£¤  ¤¥°¸É¢Ê¥É ´ 
É¥´§µ·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ Q⊗ S ¤¢ÊÌ É¥´§µ·´ÒÌ ¶µ²¥° Q ¨ S:

ω∇ξ(Q⊗ S) = ω∇ξQ⊗ S +Q⊗ ω∇ξS +
1

2
.Qξ.Q⊗ S ,

Q ∈ ⊗k l(M) , S ∈ ⊗m r(M) . (216)

10.5. �¥¸¸²¥¤µ¢Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ·. �¥·¥-
´µ¸ ‚¥°²Ö. �·µ¸É· ´¸É¢µ ‚¥°²Ö. �·µ¡²¥³  µ¶¨¸ ´¨Ö £· ¢¨É Í¨µ´´µ£µ ¢§ ¨-
³µ¤¥°¸É¢¨Ö ¨ µ¡Ñ¥¤¨´¥´¨Ö ¥£µ ¸ ¤·Ê£¨³¨ É¨¶ ³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ´  ¤¨ËË¥-
·¥´Í¨·Ê¥³ÒÌ ³´µ£µµ¡· §¨ÖÌ ¸  ËË¨´´µ° ¸¢Ö§´µ¸ÉÓÕ ¨ ³¥É·¨±µ° ((Ln, g)-
¶·µ¸É· ´¸É¢ ) ¸É¨³Ê²¨·Ê¥É [1] ¢¢¥¤¥´¨¥ aËË¨´´µ° ¸¢Ö§´µ¸É¨ ¸ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨³ ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ o¶¥· Éµ·µ³ s∇ξ , ¶µ¸É·µ¥´´Ò³ ¸
¶µ³µÐÓÕ ∇ξ ¨ Qξ:

s∇ξ = ∇ξ −
1

n
.Qξ , dimM = n . (217)

„¥°¸É¢¨¥ µ¶¥· Éµ·  s∇ξ ´a ±o¢a·¨ ´É´µ¥ ³¥É·¨Î¥¸±µ¥ É¥´§µ·´µ¥ ¶µ²¥ g
µ¶·¥¤¥²Ö¥É¸Ö ± ±

s∇ξg = ∇ξg −
1

n
.Qξ.g , (218)

¸ Ê¸²µ¢¨¥³

g [s∇ξg] = 0 . (219)

�  µ¸´µ¢¥ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· -
Éµ· s∇ξ ´ §Ò¢ ¥É¸Ö ¸¢µ¡µ¤´Ò³ ±µ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ-
·µ³ ¡¥§ ¸²¥¤ .
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…¸²¨ ¶¥·¥´µ¸ ³¥É·¨±¨ g ¶·¨ ±µ¢ ·¨ ´É´µ³ ¤¨ËË¥·¥´Í¨ ²Ó´µ³ µ¶¥· Éµ·¥
¡¥§ ¸²¥¤  s∇ξ ¶o¤Î¨´Ö¥É¸Ö Ê¸²µ¢¨Õ

s∇ξg = 0 , (220)

Ô±¢¨¢ ²¥´É´µ³Ê Ê¸²µ¢¨Õ ¤²Ö ∇ξg:

∇ξg =
1

n
.Qξ.g , (221)

Éµ ¶¥·¥´µ¸ ´a§Ò¢ ¥É¸Ö ¶¥·¥´µ¸µ³ ‚¥°²Ö.
Šµ¢¥±Éµ·´µ¥ ¶µ²¥ (¸³. (196)) ¨

Q =
1

n
.Q (222)

´ §Ò¢ ¥É¸Ö ±µ¢¥±Éµ·´Ò³ ¶µ²¥³ ‚¥°²Ö.
„¨ËË¥·¥´Í¨·Ê¥³µ¥ ³´µ£µµ¡· §¨¥ M (dimM = n) ¸  ËË¨´´µ° ¸¢Ö§´µ-

¸ÉÓÕ ¨ ³¥É·¨±µ°, ´  ±µÉo·µ³ ¤²Ö ± ¦¤µ£µ ±µ¢¥±Éµ·´µ£µ ¶µ²Ö ξ ∈ T (M)
¶¥·¥´µ¸ ³¥É·¨±¨ g Ö¢²Ö¥É¸Ö ¶¥·¥´µ¸µ³ ‚¥°²Ö, ´a§Ò¢ ¥É¸Ö ¶·µ¸É· ´¸É¢µ³
‚¥°²Ö ¸ ±·ÊÎ¥´¨¥³ (¨²¨ ¶·µ¸É· ´¸É¢µ³ ‚¥°²Ö Å Š ·É ´ ) Yn [1].

‘¢µ¡µ¤´Ò° ±µ¢ ·¨ ´É´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ¡¥§ ¸²¥¤  s∇ξ
¸¢Ö§ ´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ¸ ±o¢a·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ o¶¥· Éµ·µ³
ω∇ξ , ¸µÌ· ´ÖÕÐ¨³ ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω:

ω∇ξ = s∇ξ −
n− 2

2n
.Qξ = ∇ξ −

1

2
.Qξ . (223)

„¥°¸É¢¨Ö ¤¢ÊÌ o¶¥· Éµ·µ¢, ω∇ξ ¨ s∇ξ , ¨¤¥´É¨Î´Ò, ¥¸²¨ dimM = n = 2
(Qξ 6= 0) ¨²¨ ¥¸²¨ Qξ = 0.

Šµ³¶µ´¥´ÉÒ Γαβγ aËË¨´´µ° ¸¢Ö§´µ¸É¨ Γ ³µ¦´µ ¢Ò· §¨ÉÓ Î¥·¥§ ±µ³¶µ-
´¥´ÉÒ aËË¨´´ÒÌ ¸¢Ö§´µ¸É¥°, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì o¶¥· Éµ· ³ ω∇ξ ¨ s∇ξ.
∇eβeα ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∇eβeα =
1

2
(∇eαeβ +∇eβeα − [eα, eβ])− 1

2
.T (eα, eβ) , (224)

Î¥³Ê ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨¥ Γγαβ ¢ ¢¨¤¥

Γγαβ =
1

2
(Γγαβ + Γγβα − Cαβ γ)− 1

2
.Tαβ

γ = Γ
γ

αβ −
1

2
.Tαβ

γ . (225)

…¸²¨ µ¡µ§´ Î¨ÉÓ

g∇eβeα =
1

2
(∇eαeβ +∇eβeα − [eα, eβ]) = Γ

γ

αβ .eγ , (226)
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s∇eβeα = Qαβ
γ .eγ =

(
Γγαβ −

1

n
.gγα.Qβ

)
.eγ , (227)

Éµ ¶µ²ÊÎ¨É¸Ö

∇eβeα = s∇eβeα +
1

n
.Qβ .eα , (228)

∇eβeα = g∇eβeα +
1

2
.T (eβ, eα) . (229)

ˆ§ (224), (226) ¨ (228) ¸²¥¤Ê¥É, ÎÉµ

∇eβeα =
1

2

[
g∇eβeα +

1

2
.T (eβ, eα) +

1

n
.Qβ.eα + s∇eβeα

]
. (230)

�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ coµÉ¢¥É¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨Õ ±µ³¶µ´¥´É Γγαβ ¢ ¢¨¤¥

Γγαβ ≡
1

2

(
Γ
γ

αβ −
1

2
.Tαβ

γ +
1

n
.gγα.Qβ +Qαβ

γ

)
. (231)

�´ ²µ£¨Î´Ò³ µ¡· §µ³, ¶µ²Ó§ÊÖ¸Ó ¸µµÉ´µÏ¥´¨Ö³¨

ω∇eβeα = ωΓγαβ .eγ =

(
Γγαβ −

1

2
.gγα.Qβ

)
.eγ = ∇eβeα −

1

2
.Qβ .eα , (232)

∇eβeα = ω∇eβeα +
1

2
.Qβ .eα ,

∇eβeα = g∇eβeα +
1

2
.T (eβ, eα) ,

³o¦´µ ¶o²ÊÎ¨ÉÓ ¤²Ö ∇eβeα ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

∇eβeα =
1

2

[
g∇eβeα +

1

2
.T (eβ, eα) + ω∇eβeα +

1

2
.Qβ .eα

]
. (233)

�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ Ô±¢¨¢ ²¥´É´µ ¶·¥¤¸É ¢²¥´¨Õ ±µ³¶µ´¥´É Γγαβ ¢ ¢¨¤¥

Γγαβ =
1

2

(
Γ
γ

αβ −
1

2
.Tαβ

γ +
1

2
.gγα.Qβ + ωΓγαβ

)
. (234)

ˆ§ (228) ¨ (229) ¸²¥¤Ê¥É ¸¢Ö§Ó ³¥¦¤Ê g∇eβeα ¨ s∇eβeα:

g∇eβeα = s∇eβeα −
1

2
.T (eβ, eα) +

1

n
.Qβ.eα , (235)
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Ô±¢¨¢ ²¥´É´ Ö ¸¢Ö§¨ ³e¦¤Ê Γ
γ

αβ ¨ Qαβγ :

Γ
γ

αβ = Qαβ
γ +

1

2
.Tαβ

γ +
1

n
.gγα.Qβ . (236)

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¸ÊÐ¥¸É¢Ê¥É ¸¢Ö§Ó ³¥¦¤Ê g∇eβeα ¨ ω∇eβeα:

g∇eβeα = ω∇eβeα −
1

2
.T (eβ, eα) +

1

2
.Qβ.eα , (237)

coµÉ¢¥É¸É¢ÊÕÐ Ö ¸¢Ö§¨ ³¥¦¤Ê Γ
γ

αβ ¨ ωΓγαβ :

Γ
γ

αβ = ωΓγαβ +
1

2
.Tαβ

γ +
1

2
.gγα.Qβ . (238)

10.6. „¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éo· ‹¨, ¸µÌ· ´ÖÕÐ¨° ¨´¢ ·¨ ´É´Ò°
Ô²¥³¥´É µ¡Ñ¥³ . „¥°¸É¢¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ o¶¥· Éµ·  ‹¨ $ξ ´  ¨´¢ ·¨-
 ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω,   ¨³¥´´µ

$ξ(dω) =
1

2
.g[$ξg].dω ,

¶µ§¢µ²Ö¥É ¶µ¸É·µ¨ÉÓ ´o¢Ò° µ¶¥· Éµ·, ¤¨ËË¥·¥´Í¨ ²Ó´Ò° o¶¥· Éµp ‹¨, ¸µ-
Ì· ´ÖÕÐ¨° Ô²¥³¥´É µ¡Ñ¥³  dω.

„¥Ë¨´¨Í¨Ö. ω$ξ := ¤¨ËË¥·¥´Í¨ ²Ó´Ò° µ¶¥· Éµ· ‹¨, ¸µÌ· ´ÖÕÐ¨° ¨´-
¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω ¢¤µ²Ó ¢¥±Éµ·´µ£µ ¶µ²Ö ξ, · ¢¥´

ω$ξ = $ξ −
1

2
.g[$ξg] .

‘¢µ°¸É¢  o¶¥· Éµ·  ω$ξ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¢µ°¸É¢ ³¨ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
o¶¥· Éµ·  ‹¨ ¨ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ ±µ¢ ·¨ ´É´µ£µ ³¥É·¨Î¥¸±µ£µ É¥´§µ·´µ£µ ¶µ²Ö
g, ¸¢Ö§ ´´µ£µ ¸ ±o´É· ¢ ·¨ ´É´Ò³ ³¥É·¨Î¥¸±¨³ É¥´§µ·´Ò³ ¶µ²¥³ g.

a) „¥°¸É¢¨¥ ´  ¨´¢ ·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³  dω:

ω$ξ(dω) = 0 . (239)

�Éµ ¸²¥¤Ê¥É ¨§ µ¶·¥¤¥²¥´¨Ö µ¶¥· Éµ·  ω$ξ ¨ ¨§ (190).
b) „¥°¸É¢¨¥ ´  ¡ §¨¸´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥:

ω$eαeβ = $eαeβ −
1

2
.g[$eαg].eβ =

(
Cαβ

γ − 1

2
.gρσ.$eαgρσ.g

γ
β

)
.eγ , (240)

ω$∂i∂j = −1

2
.gkl.$∂igkl.∂j . (241)
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c) „¥°¸É¢¨¥ ´a ±o¢¥±Éµ·´µ¥ ¡ §¨¸´µ¥ ¶µ²¥:

ω$eαe
β = $eαe

β − 1

2
.g[$eαg].eβ = kγα

β.eγ − 1

2
.g[$eαg].eβ , (242)

ω$∂idx
j = kmi

j .dxm − 1

2
.g[$∂ig].dxj . (243)

d) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f :

ω$ξf = ξf − 1

2
.g[$ξg].f, f ∈ Cr(M), r ≥ 1 . (244)

…¸²¨ µ¡µ§´ Î¨ÉÓ

Pβ = g[$eβg] = gγδ.$eβgγδ , (245)

Pj = g[$∂jg] = gkl.$∂jgkl , (246)

P = Pβ .e
β = Pj .dx

j , (247)

Pξ = g[$ξg] = 2.lθξ , (248)

Ĉαβ
γ = Cαβ

γ − 1

2
.Pα.g

γ
β , Ĉαβ

γ 6= −Ĉβα γ , (249)

Éµ ω$ξ ¨ (240) ÷ (244) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω$ξ = $ξ −
1

2
.Pξ , (250)

ω$eαeβ = $eαeβ −
1

2
.Pα.eβ =

(
Cαβ

γ − 1

2
.gγβ .Pα

)
.eγ = Ĉαβ

γ .eγ , (251)

ω$∂i∂j = −1

2
.Pi.∂j , (252)

ω$eαe
β = $eαe

β − 1

2
.Pα.e

β = kγα
β.eγ − 1

2
.Pα.e

β , (253)
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ω$∂idx
j = kmi

j .dxm − 1

2
.Pi.dx

j , (254)

ω$ξf = ξf − 1

2
.Pξ.f , f ∈ Cr(M) , r ≥ 1 . (255)

Šµ³³ÊÉ Éµ· ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ‹¨, ¸µÌ· ´ÖÕÐ¨Ì dω,
µ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°¸É¢ ³¨.

a) „¥°¸É¢¨¥ ´  ËÊ´±Í¨Õ f :

[ω$ξ,
ω$u]f = ($ξu)f +

1

2
(uPξ − ξPu)f =

=

[
$ξu+

1

2
(uPξ − ξPu)

]
f, f ∈ Cr(M), r ≥ 2. (256)

b) „¥°¸É¢¨¥ ´  ¢¥±Éµ·´µ¥ ¶µ²¥:

[ω$ξ,
ω$u]v = [$ξ,$u]v +

1

2
(uPξ − ξPu)v =

=

{
[$ξ,$u] +

1

2
(uPξ − ξPu)

}
v, ξ, u, v ∈ T (M) . (257)

c) ’µ¦¤¥¸É¢µ Ÿ±µ¡¨:

< [[ω$ξ,
ω$u], ω$v] >= [[ω$ξ,

ω$u], ω$v]+

+[[ω$v,
ω$ξ],

ω$u] + [[ω$u,
ω$v],

ω$ξ] ≡ 0 . (258)

� §²¨Î´Ò¥ É¨¶Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢, ¤¥°¸É¢ÊÕÐ¨Ì ´  ¨´¢ -
·¨ ´É´Ò° Ô²¥³¥´É µ¡Ñ¥³ , ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¶¨¸ ´¨Ö · §²¨Î´ÒÌ Ë¨-
§¨Î¥¸±¨Ì ¸¨¸É¥³ ¨ ¢§ ¨³µ¤¥°¸É¢¨° ´  ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ ¸
 ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨±µ°, · ¸¸³ É·¨¢ Ö É ±µ¥ ³´µ£µµ¡· §¨¥ ¢ ± -
Î¥¸É¢¥ ³µ¤¥²¨ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨.

11. ‡�Š‹�—…�ˆ…

‚ § ±²ÕÎ¥´¨¥ ¸Ëµ·³Ê²¨·Ê¥³ £² ¢´Ò¥ ¢Ò¢µ¤Ò ¨§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢.
1. �¶¥· Éµ· ¸¢¥·É±¨ S, ±µ³³ÊÉ¨·ÊÕÐ¨° ¸ µ¶¥· Éµ·µ³ ±µ¢ ·¨ ´É´µ£µ

¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ µ¶¥· Éµ·µ³ ‹¨, ³µ¦´µ ¢¢¥¸É¨ ´ 
± ¦¤µ³ ¤¨ËË¥·¥´Í¨·Ê¥³µ³ ³´µ£µµ¡· §¨¨ É ±¨³ µ¡· §µ³, ÎÉµ  ËË¨´´ Ö ¸¢Ö§-
´µ¸ÉÓ P ¤²Ö ±µ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ¡Ê¤¥É µÉ²¨Î ÉÓ¸Ö µÉ  ËË¨´´µ°
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¸¢Ö§´µ¸É¨ Γ ¤²Ö ±µ´É· ¢ ·¨ ´É´ÒÌ É¥´§µ·´ÒÌ ¶µ²¥° ´¥ Éµ²Ó±µ §´ ±µ³. Šµ³-
¶µ´¥´ÉÒ (¢ ±µµ·¤¨´ É´µ³ ¨ ´¥±µµ·¤¨´ É´µ³ (´¥£µ²µ´µ³´µ³) ¡ §¨¸ Ì) ¶ ·Ò
 ËË¨´´ÒÌ ¸¢Ö§´µ¸É¥° P ijk ¨ Γijk µÉ²¨Î ÕÉ¸Ö ¤·Ê£ µÉ ¤·Ê£  ±µ³¶µ´¥´É ³¨ gij;k
±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ É¥´§µ·  Š·µ´¥±¥· . �·¨ ÔÉµ³ ³µ¦´µ · §²¨Î¨ÉÓ
¶µ ³¥´ÓÏ¥° ³¥·¥ É·¨ ¸²ÊÎ Ö:

 ) gij;k := 0 : P ijk + Γijk = 0 (P ijk µÉ²¨Î ÕÉ¸Ö µÉ Γijk Éµ²Ó±µ §´ ±µ³
(± ´µ´¨Î¥¸±¨° ¸²ÊÎ °: S := C));

b) gij;k := ϕ,k.g
i
j : P ijk + Γijk = ϕ,k.g

i
j , ϕ ∈ Cr(M) (P ijk µÉ²¨Î ¥É¸Ö µÉ

Γijk ´  ¶·µ¨§¢µ¤´ÊÕ µÉ § ¤ ´´µ° ¨´¢ ·¨ ´É´µ° ËÊ´±Í¨¨ ϕ ∈ Cr(M), r ≥ 2,
¶µ ´ ¶· ¢²¥´¨Õ ¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö (∂k ¨²¨ ek) ¨ ´  ±µ³¶µ´¥´ÉÒ
É¥´§µ·  Š·µ´¥±¥·  ¢ § ¤ ´´µ³ ¡ §¨¸¥);

c) gij;k = qijk : P ijk + Γijk = qijk, q ∈ ⊗1
2(M) (P ijk µÉ²¨Î ¥É¸Ö µÉ Γijk ´ 

±µ¢ ·¨ ´É´ÊÕ ¶·µ¨§¢µ¤´ÊÕ gij;k µÉ ±µ³¶µ´¥´É É¥´§µ·  Š·µ´¥±¥·  ¶µ ´ ¶· -
¢²¥´¨Õ ¡ §¨¸´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ∂k (¨²¨ ek)).

‚ ¸²ÊÎ ¥ ( ) ±µ¢ ·¨ ´É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¨ ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨ ´É-
´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ´¥§ ¢¨¸¨³Ò¥ ¤·Ê£ µÉ ¤·Ê£  ¸É·Ê±-
ÉÊ·Ò (´¥§ ¢¨¸¨³µ µÉ Éµ£µ Ë ±É , ÎÉµ ¶·µ¨§¢µ¤´Ò¥ ‹¨ ³µ¦´µ ¢Ò· §¨ÉÓ ¸ ¶µ-
³µÐÓÕ ±µ¢ ·¨ ´É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ).

‚ ¸²ÊÎ ÖÌ (b) ¨ (c) (¢ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö ( )) ¶·µ¨§¢µ¤´Ò¥ ‹¨ µÉ ±µ¢ ·¨-
 ´É´ÒÌ ¢¥±Éµ·´ÒÌ ¶µ²¥° § ¢¨¸ÖÉ µÉ ¸É·Ê±ÉÊ·, µ¶·¥¤¥²¥´´ÒÌ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨
 ËË¨´´Ò³¨ ¸¢Ö§´µ¸ÉÖ³¨.

�  µ¸´µ¢¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ · §· ¡µÉ ´  ±¨´¥³ É¨±  ¢¥±Éµ·´ÒÌ
¶µ²¥° [28, 49Ä52]. ‹ £· ´¦¥¢¸± Ö É¥µ·¨Ö É¥´§µ·´ÒÌ ¶µ²¥° · §¢¨¢ ² ¸Ó ¢
[53] ¨ ¡Ò²  ¶·¨³¥´¥´  ¢ [54], £¤¥ �’ƒ · ¸¸³ É·¨¢ ² ¸Ó ± ± Î ¸É´Ò° ¸²ÊÎ °
² £· ´¦¥¢¸±µ° É¥µ·¨¨ É¥´§µp´ÒÌ ¶µ²¥° ¢ Vn-¶·µ¸É· ´¸É¢ Ì (n = 4).

’¥µ·¨Ö ¶·µ¸É· ´¸É¢ ¸ ±µ´É· ¢ ·¨ ´É´µ° ¨ ±µ¢ ·¨ ´É´µ°  ËË¨´´Ò³¨
¸¢Ö§´µ¸ÉÖ³¨ ¨ ³¥É·¨± ³¨ ¨ ¥¥ ¶·¨²µ¦¥´¨Ö ± ±¨´¥³ É¨±e ¢¥±Éµ·´ÒÌ ¶µ²¥° ¨
± ² £· ´¦¥¢¸±µ° É¥µ·¨¨ É¥´§µ·´ÒÌ ¶µ²¥° µÉ±·Ò¢ ¥É ´µ¢Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö
¶·¨²µ¦¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´µ-£¥µ³¥É·¨Î¥¸±¨Ì ³¥Éµ¤µ¢ ¢ Ë¨§¨±¥.

�¢Éµ· ¢Ò· ¦ ¥É £²Ê¡µ±ÊÕ ¡² £µ¤ ·´µ¸ÉÓ:

Å ¶·µË. ¤-·Ê �.�.—¥·´¨±µ¢Ê §  ¶µ²¥§´Ò¥ ¤¨¸±Ê¸¸¨¨ ¨ ¶¥·¥¢µ¤ ¨ ·¥¤ ±-
Í¨Õ ·Ê¸¸±µ£µ É¥±¸É  ´ ¸ÉµÖÐ¥° ¸É ÉÓ¨;

Å ¤-·Ê �.‘.˜ ¢µÌ¨´µ° ¨ ¤-·Ê �.�.�¥¸Éµ¢Ê (�ˆŸˆ, „Ê¡´ , �µ¸¸¨Ö) § 
¶µ²¥§´Ò¥ ¤¨¸±Ê¸¸¨¨;

Å ¶·µË. ¤-·Ê ‘É.„¨³¨¥¢Ê (ˆ´¸É¨ÉÊÉ ³ É¥³ É¨±¨ ¨ ¨´Ëµ·³ É¨±¨ ���,
‘µË¨Ö, �µ²£ ·¨Ö) ¨ ¶·µË. ¤-·Ê Š.‘¥±¨£ ¢  (± Ë¥¤·  ³ É¥³ É¨±¨, “´¨¢¥·¸¨-
É¥É �¨¨£ É , Ÿ¶µ´¨Ö) §  ¶µ¤¤¥·¦±Ê · ¸¸³ É·¨¢ ¥³µ° É¥³ É¨±¨;

Å ¶·µË. ¤-·Ê „.ˆ.Š § ±µ¢Ê §  ¥£µ £µ¸É¥¶·¨¨³¸É¢µ ¢ ‹’” �ˆŸˆ;

Å �.„¨³¨É·µ¢Ê ¨ „.Œ² ¤¥´µ¢Ê §  ¶µ³µÐÓ ¢ ¶µ¤£µÉµ¢±¥ ·Ê±µ¶¨¸¨ ´ 
·Ê¸¸±µ³ Ö§Ò±¥.
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� ¸ÉµÖÐ Ö · ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ Î ¸É¨Î´µ° Ë¨´ ´¸µ¢µ° ¶µ¤¤¥·¦±¥ � -
Í¨µ´ ²Ó´µ£µ Ëµ´¤  �µ²£ ·¨¨ ¤²Ö ´ ÊÎ´ÒÌ ¨¸¸²¥¤µ¢ ´¨° (£· ´ÉÒ F-103, F-498,
F-642).
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