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Œ É¥³ É¨Î¥¸±¨° ¨´¸É¨ÉÊÉ ¨³. ‚.�.‘É¥±²µ¢  ���, Œµ¸±¢ 

� ¸¸³µÉ·¥´  ÉµÎ´µ ·¥Ï ¥³ Ö ³µ¤¥²Ó ¸ ¶ ·´Ò³ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³, ¶·¥¤-
¸É ¢²ÖÕÐ Ö ¨´É¥·¥¸ ¢ É¥µ·¨¨ ¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨. �µ± § ´µ, ÎÉµ ³µ¦´µ ¶µ¸É·µ¨ÉÓ  ¸¨³¶ÉµÉ¨-
Î¥¸±¨ ÉµÎ´µ¥ ·¥Ï¥´¨¥ ¤²Ö ÔÉµ° ³µ¤¥²¨, ¨¸¶µ²Ó§ÊÖ ³¥Éµ¤  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì £ ³¨²ÓÉµ´¨ ´µ¢.
„µ± § ´  É¥µ·¥³ , ¶µ§¢µ²ÖÕÐ Ö ¢ÒÎ¨¸²¨ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´µ ¢ É¥·³µ¤¨´ ³¨Î¥¸±µ³ ¶·¥¤¥²¥
¶²µÉ´µ¸ÉÓ ¸¢µ¡µ¤´µ° Ô´¥·£¨¨ ¶·¨ ¤µ¸É ÉµÎ´µ µ¡Ð¨Ì Ê¸²µ¢¨ÖÌ, ´ ²µ¦¥´´ÒÌ ´  ¶ · ³¥É·Ò ³µ-
¤¥²Ó´µ° ¸¨¸É¥³Ò. �·¥¤²µ¦¥´ ¶·¨¡²¨¦¥´´Ò° ³¥Éµ¤ ¨¸¸²¥¤µ¢ ´¨Ö ³µ¤¥²¥° ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³
¢§ ¨³µ¤¥°¸É¢¨¥³ µ¡Ð¥£µ ¢¨¤ , µ¸´µ¢ ´´Ò° ´  ¨¤¥¥ ¶µ¸É·µ¥´¨Ö ´¥±µÉµ·µ£µ  ¶¶·µ±¸¨³¨·ÊÕÐ¥£µ
£ ³¨²ÓÉµ´¨ ´  ¨ ¶µ§¢µ²ÖÕÐ¨° ¨¸¸²¥¤µ¢ ÉÓ É¥·³µ¤¨´ ³¨Î¥¸±¨¥ ¸¢µ°¸É¢  ÔÉ¨Ì ³µ¤¥²¥° ¨ ±µ··¥-
²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨. “± § ´´Ò° ³¥Éµ¤ µ¡Ñ¥¤¨´Ö¥É ¸É ´¤ ·É´Ò° ¤²Ö ³¥Éµ¤   ¶¶·µ±¸¨³¨·ÊÕÐ¥£µ
£ ³¨²ÓÉµ´¨ ´  ¶µ¤Ìµ¤ ± ¨¸¸²¥¤µ¢ ´¨Õ ³µ¤¥²¥° ¸ ¸¥¶ · ¡¥²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ ¸µ ¸Ì¥³µ° ¶·¨-
¡²¨¦¥´´ÒÌ ¢ÒÎ¨¸²¥´¨° • ·É·¨Å”µ± Å�µ£µ²Õ¡µ¢ , µ¸´µ¢ ´´µ° ´  ¨¤¥¥ ¸ ³µ¸µ£² ¸µ¢ ´´µ¸É¨.
‚ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ÔËË¥±É¨¢´µ¸É¨ ¶·¥¤² £ ¥³µ£µ ¶µ¤Ìµ¤  · ¸¸³µÉ·¥´  ³µ¤¥²Ó � ·¤¨´ Å
ŠÊ¶¥· Å˜p¨ËË¥· , ¨£· ÕÐ Ö ¢ ¦´ÊÕ ·µ²Ó ¢ É¥µ·¨¨ ¸¢¥·Ì¶·µ¢µ¤¨³µ¸É¨.

An exactly solvable model with four-fermion interaction which is of interest in the theory of
superconductivity is considered. It is shown that the asymptotically exact solution for this model can
be constructed in terms of an approximating Hamiltonian method. A theorem is proved that enables
one to calculate the asymptotically exact expression for the free energy in the thermodynamic limit
under sufˇciently general conditions imposed on the parameters of a model system under discussion.
An approximate method for the investigation of the general models with four-fermion interactions
is also proposed, which combine the ideas of the above approximating Hamiltonian scheme for the
models with separable interactions and the HartreeÅFockÅBogolubov method based on the idea of
self-consistency. The BCS model for ordinary superconductivity is treated by the way of illustration.

1. ’�—�� �…˜�…Œ�Ÿ Œ�„…‹œ
‘ —…’›�…•”…�Œˆ���›Œ ‚‡�ˆŒ�„…‰‘’‚ˆ…Œ

�¡¸Ê¤¨³ ±· É±µ µ¸´µ¢Ò ³¥Éµ¤   ¶¶·µ±¸¨³¨·ÊÕÐ¥£µ £ ³¨²ÓÉµ´¨ ´  ¶·¨-
³¥´¨É¥²Ó´µ ±  ´ ²¨§Ê ³µ¤¥²¥° ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³
[1Ä12]. ˆ§ µ¡Ï¨·´µ£µ · §´µµ¡· §¨Ö ÔÉ¨Ì ³µ¤¥²¥° ³Ò, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¢Ò-
¤¥²¨³ ¶·¥¦¤¥ ¢¸¥£µ É¥ ³µ¤¥²¨ ¤µ¸É ÉµÎ´µ µ¡Ð¥£µ ¢¨¤ , ¤²Ö ±µÉµ·ÒÌ ³µ¦¥É
¡ÒÉÓ ´ °¤¥´µ ÉµÎ´µ¥ ·¥Ï¥´¨¥. Œµ¤¥²¨, µ¶¨¸Ò¢ ÕÐ¨¥ ¸¨¸É¥³Ò ¢§ ¨³µ¤¥°-
¸É¢ÊÕÐ¨Ì Ë¥·³¨µ´µ¢ ¸ Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¶ ·´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³, ¶·¥¤-
¸É ¢²ÖÕÉ ¸µ¡µ° ¢ ¦´Ò° ¶·¨³¥· É ±µ£µ ·µ¤  ³µ¤¥²¥°. �¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ-
´Ò¥ ·¥Ï¥´¨Ö É ±¨Ì ³µ¤¥²¥° ¡Ò²¨ ¨¸¸²¥¤µ¢ ´Ò ¢ · ¡µÉ¥ �.�.�µ£µ²Õ¡µ¢ ,
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„.�.‡Ê¡ ·¥¢  ¨ 	.�.–¥·±µ¢´¨±µ¢  [1]. ‚ ÔÉµ° · ¡µÉ¥ ¡Ò² ¶·¥¤²µ¦¥´ ¶·¨-
¡²¨¦¥´´Ò° ³¥Éµ¤, µ¸´µ¢ ´´Ò° ´  ¨¸¶µ²Ó§µ¢ ´¨¨  ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì (¶·µ¡-
´ÒÌ) £ ³¨²ÓÉµ´¨ ´µ¢, ¨ ¡Ò² ¶·¨¢¥¤¥´ ·Ö¤  ·£Ê³¥´Éµ¢, ¸¢¨¤¥É¥²Ó¸É¢ÊÕÐ¨Ì ¢
¶µ²Ó§Ê ¶·¥¤¶µ²µ¦¥´¨Ö µ Éµ³, ÎÉµ ¶µ²ÊÎ¥´´µ¥ ÔÉ¨³ ³¥Éµ¤µ³ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö
 ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´Ò³ ¢ µ¡ÒÎ´µ³ É¥·³µ¤¨´ ³¨Î¥¸±µ³ ¶·¥¤¥²¥ V → ∞. ‚
· ¡µÉ¥ [1] ¡Ò²  · ¸¸³µÉ·¥´  ³µ¤¥²Ó ¸ £ ³¨²ÓÉµ´¨ ´µ³

H = H0 + Hint, H0 =
∑
(p,s)

(E(p) − µ)a†
psaps,

(1.1)
Hint = − 1

V

∑
(p,p′)

J(p, p′)a†
−p,−1/2a

†
p,1/2ap′,1/2a−p′,−1/2,

£¤¥ a†
p,±1/2, ap,±1/2 Å Ë¥·³¨-µ¶¥· Éµ·Ò ¨ V Å µ¡Ñ¥³ ¸¨¸É¥³Ò. �·¥¤¶µ-

² £ ¥É¸Ö, ÎÉµ Ö¤·µ J(p, p′) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´µ° µ£· ´¨Î¥´´µ° ËÊ´±Í¨¥°,
±µÉµ· Ö · ¢´  ´Ê²Õ §  ¶·¥¤¥² ³¨ ´¥±µÉµ·µ° µ¡² ¸É¨ ¨§³¥´¥´¨Ö ¸¢µ¨Ì  ·-
£Ê³¥´Éµ¢. ‘Ê³³¨·µ¢ ´¨¥ ¢ Hint ¶µ ±¢ §¨¨³¶Ê²Ó¸ ³ p, p′ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢
¶·¥¤¥² Ì Ô´¥·£¥É¨Î¥¸±µ£µ ¸²µÖ EF − ω < E(p) < EF + ω.

Š ± ¨§¢¥¸É´µ, ¤²Ö £ ³¨²ÓÉµ´¨ ´µ¢ ÔÉµ£µ É¨¶  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¶·¨¡²¨-
¦¥´´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¢µ¡µ¤´µ° Ô´¥·£¨¨, ±µÉµ·µ¥ ¸É ´µ¢¨É¸Ö  ¸¨³¶ÉµÉ¨Î¥-
¸±¨ ÉµÎ´Ò³ ¢ ¶·¥¤¥²¥ V → ∞. �É  ¨¤¥Ö ³µ¦¥É ¡ÒÉÓ ·¥ ²¨§µ¢ ´  ¶µ¸·¥¤¸É¢µ³
¢¢¥¤¥´¨Ö É ± ´ §Ò¢ ¥³µ£µ ®¶·µ¡´µ£µ £ ³¨²ÓÉµ´¨ ´ ¯ H0(C), ±µÉµ·Ò° Ö¢²Ö-
¥É¸Ö ±¢ ¤· É¨Î´µ° ¶µ Ë¥·³¨-µ¶¥· Éµ· ³ Ëµ·³µ°, ¸µ¤¥·¦ Ð¥° ¶·µ¨§¢µ²Ó´Ò¥
±µ³¶²¥±¸´Ò¥ ¶ · ³¥É·Ò C. �ÉµÉ £ ³¨²ÓÉµ´¨ ´ ³µ¦¥É ¡ÒÉÓ ²¥£±µ ¤¨ £µ´ ²¨-
§µ¢ ´, ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ¸¢µ¡µ¤´ Ö Ô´¥·£¨Ö ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´  Ö¢´µ.

‚ · ¡µÉ¥ [1] ¡Ò²¨ ¢Ò¸± § ´Ò ¶·¥¤¶µ²µ¦¥´¨Ö µ Éµ³, ÎÉµ ¶·¨¡²¨¦¥´-
´ Ö ¸¢µ¡µ¤´ Ö Ô´¥·£¨Ö F0(C) · ¢´  ÉµÎ´µ° ¸¢µ¡µ¤´µ° Ô´¥·£¨¨ F ¢ ¶·¥¤¥²¥
V → ∞. ˆ§´ Î ²Ó´µ ÔÉµÉ ·¥§Ê²ÓÉ É ¡Ò² ¶µ²ÊÎ¥´ ³¥Éµ¤ ³¨ É¥µ·¨¨ ¢µ§³Ê-
Ð¥´¨°. �¡µ¸´µ¢ ´¨¥ ¢Ò¢µ¤  µ · ¢¥´¸É¢¥ ¸¢µ¡µ¤´ÒÌ Ô´¥·£¨° ¡ §¨·µ¢ ²µ¸Ó ´ 
Éµ³ Ë ±É¥, ÎÉµ ± ¦¤Ò° Î²¥´ ·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¶µ¸É·µ¥´´µ£µ ¤²Ö ¢Ò-
Î¨¸²¥´¨Ö ¶µ¶· ¢µ± ± ¤ ´´µ³Ê ¶·¨¡²¨¦¥´´µ³Ê ·¥Ï¥´¨Õ,  ¸¨³¶ÉµÉ¨Î¥¸±¨ ³ ²
¢ ¶·¥¤¥²¥ V → ∞. �¤´ ±µ ¢µ¶·µ¸ µ ¸Ìµ¤¨³µ¸É¨ ·Ö¤  É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ´¥
¡Ò² ¤¥É ²Ó´µ ¨¸¸²¥¤µ¢ ´. ‚ · ¡µÉ¥ [2] É  ¦¥ ¶·µ¡²¥³  ¡Ò²  ¶·µ ´ ²¨§¨·µ-
¢ ´  ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö ³¥Éµ¤µ¢ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°. ˆ¸¸²¥¤µ¢ ² ¸Ó ³µ¤¥²Ó
É¨¶  ³µ¤¥²¨ � ·¤¨´ ÅŠÊ¶¥· Å˜p¨ËË¥·  (�Š˜) [6]:

H =
∑
(f)

Tfa†
faf − 1

2V

∑
(f,f ′)

J(f, f ′)a†
fa†

−fa−f ′af ′ + ν A, (1.2)

A =
1
2

∑
(f)

W (f)(a−faf + a†
fa†

−f ), ν ≥ 0,
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£¤¥ f = (p, σ), −f = (−p,−σ), §¤¥¸Ó σ Å ¸¶¨´µ¢µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ, ¶·¨-
´¨³ ÕÐ¥¥ §´ Î¥´¨Ö 1/2 ¨²¨ −1/2, ¨ p Å ±¢ §¨¨³¶Ê²Ó¸, ¶·¨´¨³ ÕÐ¨°

µ¡ÒÎ´Ò¥ ±¢ §¨¤¨¸±·¥É´Ò¥ §´ Î¥´¨Ö p(d) = 2πn(d)

L , £¤¥ ¤²Ö Ë¨±¸¨·µ¢ ´´µ°
¢¥²¨Î¨´Ò L (L3 = V ) ¨´¤¥±¸ n(d) ¶·µ¡¥£ ¥É ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ Í¥²ÒÌ Î¨-

¸¥². Tf = p2

2m − µ, µ Å Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¨ af , a†
f Å µ¶¥· Éµ·Ò,

Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ µ¡ÒÎ´Ò³  ´É¨±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³ ¸É É¨¸É¨±¨
”¥·³¨Å„¨· ± . ”Ê´±Í¨¨ J(f, f ′), W (f) Ö¢²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨-
Ö³¨ ¸µ ¸¢µ°¸É¢ ³¨

J(f, f ′) = J(f ′, f) = −J(−f, f ′), W (−f) = −W (f).

� ¶·¨³¥·,

J(f, f ′) =
1
2
J(p, p′){δ(σ−σ′)−δ(σ+σ′)}, J(p, p′) = J(p′, p) = J(−p, p′),

£¤¥ δ(σ−σ′) Å ¸¨³¢µ² Š·µ´¥±¥· . ‚¸¶µ³µ£ É¥²Ó´Ò° Î²¥´ νA ¢ (1.2), ´ ·ÊÏ -
ÕÐ¨° ¸¨³³¥É·¨Õ, ¢¢¥¤¥´ ¸ Í¥²ÓÕ µÉ¡µ·  Ë¨§¨Î¥¸±¨ ¸µ¤¥·¦ É¥²Ó´ÒÌ ·¥Ï¥-
´¨°. ‚ · ¡µÉ¥ [2] ¡Ò²  ¨¸¸²¥¤µ¢ ´  Í¥¶µÎ±  Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° ƒ·¨´ .
�Ò²µ ¶µ± § ´µ, ÎÉµ ËÊ´±Í¨Ö ƒ·¨´  ¤²Ö ÉµÎ´µ ·¥Ï ¥³µ° ³µ¤¥²¨ ¸ £ ³¨²ÓÉµ-
´¨ ´µ³ H0 Ê¤µ¢²¥É¢µ·Ö¥É  ´ ²µ£¨Î´µ° Í¥¶µÎ±¥ Ê· ¢´¥´¨°, ¶µ²ÊÎ¥´´µ° ¤²Ö
ÉµÎ´µ£µ £ ³¨²ÓÉµ´¨ ´  H ¸ µÏ¨¡±µ° ¶µ·Ö¤±  1/V . �¤´ ±µ ¸µ ¸É·µ£µ ³ É¥³ -
É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö  ·£Ê³¥´ÉÒ É ±µ£µ ·µ¤  ´¥²Ó§Ö ¡Ò²µ ¶·¨§´ ÉÓ ¨¸Î¥·¶Ò-
¢ ÕÐ¥ Ê¡¥¤¨É¥²Ó´Ò³¨. ’¥³ ´¥ ³¥´¥¥ · ¡µÉÒ [1, 2] ¢´¥¸²¨ §´ Î¨É¥²Ó´Ò° ¢±² ¤
¢ ¨¸¸²¥¤µ¢ ´¨¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´ÒÌ ·¥Ï¥´¨°. ‚ Éµ ¦¥ ¢·¥³Ö ³Ò ¤µ²¦´Ò
µÉ³¥É¨ÉÓ, ÎÉµ ¸É·µ£µ¥ ¤µ± § É¥²Ó¸É¢µ  ¸¨³¶ÉµÉ¨Î¥¸±µ° ÉµÎ´µ¸É¨ ·¥§Ê²ÓÉ Éµ¢,
¶µ²ÊÎ¥´´ÒÌ ¢ [1, 2], ¸Éµ²±´Ê²µ¸Ó ¸ ¸ÊÐ¥¸É¢¥´´Ò³¨ ³ É¥³ É¨Î¥¸±¨³¨ É·Ê¤´µ-
¸ÉÖ³¨. �·µ¡²¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´µ£µ ·¥Ï¥´¨Ö, ± ± Î¨¸Éµ
³ É¥³ É¨Î¥¸± Ö ¶·µ¡²¥³ , ¡Ò²  ¢¶¥·¢Ò¥ ¨¸¸²¥¤µ¢ ´  �.�.�µ£µ²Õ¡µ¢Ò³ ¤²Ö
Î ¸É´µ£µ ¸²ÊÎ Ö ´Ê²¥¢µ° É¥³¶¥· ÉÊ·Ò [3]. �´ ¨¸¸²¥¤µ¢ ² ³µ¤¥²Ó, µ¶¨¸Ò¢ ¥-
³ÊÕ £ ³¨²ÓÉµ´¨ ´µ³ (1.2), ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ Ö¤·µ J(f, f ′) ³µ¦¥É ¡ÒÉÓ
Ë ±Éµ·¨§µ¢ ´µ, É. ¥.

J(f, f ′) = λ(f) · λ(f ′) .

Š·µ³¥ Éµ£µ, ¶·¥¤¶µ² £ ²µ¸Ó, ÎÉµ ËÊ´±Í¨¨ λ(f), T (f) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕ-
Ð¨³ Ê¸²µ¢¨Ö³:

λ(−f) = −λ(f), T (−f) = T (f),

|λ(f)| ≤ const

T (f) → ∞

}
, ¥¸²¨ |f | → ∞, (1.3)

1
V

∑
(f)

λ2(f)√
λ2(f)x + T 2(f)

> 1
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¤²Ö ¤µ¸É ÉµÎ´µ ³ ²µ£µ ¶µ²µ¦¨É¥²Ó´µ£µ x. ˆ³¥´´µ ÔÉ  ³µ¤¥²Ó ¡Ò²  ¢¸¥¸Éµ-
·µ´´¥ ¨¸¸²¥¤µ¢ ´  ¢ ¸²ÊÎ ¥ ´Ê²¥¢µ° É¥³¶¥· ÉÊ·Ò [3]. �Ò²µ ¶µ± § ´µ, ÎÉµ
³µ¤¥²Ó Ö¢²Ö¥É¸Ö ÉµÎ´µ ·¥Ï ¥³µ° ¢ ¶·¥¤¥²¥ V → ∞, ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ  ¸¨³-
¶ÉµÉ¨Î¥¸±¨¥ §´ Î¥´¨Ö Ô´¥·£¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö, ËÊ´±Í¨° ƒ·¨´  ¨ ±µ·-
·¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°, Ì · ±É¥·¨§ÊÕÐ¨Ì ¤¨´ ³¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ¸¨¸É¥³Ò,
³µ£ÊÉ ¡ÒÉÓ ÉµÎ´µ ¢ÒÎ¨¸²¥´Ò ¢ ÔÉµ³ ¶·¥¤¥²¥. ‚ÒÎ¨¸²¥´¨¥ Ê± § ´´ÒÌ ¢¥²¨Î¨´
¢ ¸²ÊÎ ¥ ¶·µ¨§¢µ²Ó´µ° É¥³¶¥· ÉÊ·Ò θ �= 0 É ±¦¥ ¶·¥¤¸É ¢²Ö¥É §´ Î¨É¥²Ó´Ò°
¨´É¥·¥¸. �¤´ ±µ ¤²Ö ÔÉµ£µ ¸²ÊÎ Ö ¶·Ö³µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ¶µ¤Ìµ¤  [3] µ± § -
²µ¸Ó ´¥¢µ§³µ¦´Ò³.

’ ±¨³ µ¡· §µ³, ¤ ´´Ò° ¶µ¤Ìµ¤ ¡Ò² ¨§´ Î ²Ó´µ ¶·¨³¥´¨³ Éµ²Ó±µ ¤²Ö
¨¸¸²¥¤µ¢ ´¨Ö ¸¢µ°¸É¢ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò. �¥±µÉµ·Ò¥ ¨§ ¶µ¸²¥¤Ê-
ÕÐ¨Ì · ¡µÉ, ¢ Î ¸É´µ¸É¨ [4, 5], ¡Ò²¨ ¶µ¸¢ÖÐ¥´Ò ¡µ²¥¥ ¸²µ¦´µ° ¶·µ¡²¥³¥
µ¡µ¡Ð¥´¨Ö ³¥Éµ¤  ´  ¸²ÊÎ ° ³µ¤¥²Ó´ÒÌ £ ³¨²ÓÉµ´¨ ´µ¢ É¨¶  (1.2) ¶·¨ ´¥´Ê-
²¥¢µ° É¥³¶¥· ÉÊ·¥.

�¡· É¨³¸Ö É¥¶¥·Ó ± ¡µ²¥¥ ¤¥É ²Ó´µ³Ê · ¸¸³µÉ·¥´¨Õ ³µ¤¥²Ó´ÒÌ Ë¥·³¨-
¸¨¸É¥³ ¸ ¶·¨ÉÖ¦¥´¨¥³ ¸ £ ³¨²ÓÉµ´¨ ´µ³ ¢¨¤ 

H =
∑
(f)

Tfa†
faf − 1

2V

∑
(f,f ′)

λ(f)λ(f ′) a†
fa†

−fa−f ′af ′ . (1.4)

ŒÒ ¨¸¶µ²Ó§Ê¥³ É· ¤¨Í¨µ´´Ò¥ µ¡µ§´ Î¥´¨Ö f = (p, σ), −f = (−p,−σ) ¤²Ö
¸µ¢µ±Ê¶´µ¸É¨ Î¥ÉÒ·¥Ì ±¢ ´Éµ¢ÒÌ Î¨¸¥² Å ¨³¶Ê²Ó¸  p ¨ ¶·µ¥±Í¨¨ ¸¶¨´  σ,
±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ ¸µ¸ÉµÖ´¨¥ ¸¢µ¡µ¤´µ£µ Ë¥·³¨µ´ .

V = L3, px =
2πnx

L
, py =

2πny

L
, pz =

2πnz

L
,

nx, ny, nz Ä Í¥²Ò¥ Î¨¸² , Tf = p2

2m − µ, £¤¥ µ Å Ì¨³¨Î¥¸±¨° ¶µÉ¥´Í¨ ². „²Ö
¸É ´¤ ·É´µ° ³µ¤¥²¨ �Š˜ [6] ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ

λ(f) =




Jε(σ) = const,
∣∣∣ p2

2m − µ
∣∣∣ ≤ 0,

0 ¤²Ö
∣∣∣ p2

2m − µ
∣∣∣ > 0,

ε(σ) = ±1. (1.5)

‚ ¤ ´´µ° · ¡µÉ¥ ³Ò ´¥ µ¶¨· ¥³¸Ö ¡Ê±¢ ²Ó´µ ´  ÔÉ¨ ¸¨²Ó´Ò¥ µ£· ´¨Î¥´¨Ö,
´ ²µ¦¥´´Ò¥ ´  ËÊ´±Í¨¨ Tf , λ(f). „²Ö ´ Ï¨Ì Í¥²¥° ¤µ¸É ÉµÎ´µ ´ ²µ¦¨ÉÓ
¡µ²¥¥ ¸² ¡Ò¥ Ê¸²µ¢¨Ö: ËÊ´±Í¨¨ λ(f), Tf ¢¥Ð¥¸É¢¥´´Ò ¨ λ(−f) = −λ(f),

1
2V

∑
(f)

|λf | ≤ k1 = const,
1
V

∑
(f)

|Tf · λf | ≤ k2 = const, (1.6)

1
V

∑
(f)

λ2
f ≤ k3 = const, ¥¸²¨ V → ∞.
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�É¨ Ê¸²µ¢¨Ö £ · ´É¨·µ¢ ´´µ ¢Ò¶µ²´ÖÕÉ¸Ö ¢ ¸²ÊÎ ¥ (1.5). “³¥¸É´µ É ±¦¥
µÉ³¥É¨ÉÓ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ Ê¤¥²Ó´ Ö ¸¢µ¡µ¤´ Ö Ô´¥·£¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥°
¸¨¸É¥³Ò, ¸µ¸ÉµÖÐ¥° ¨§ ´¥¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì Ë¥·³¨µ´µ¢, ±µ´¥Î´ .

‚Ò¶µ²´¨¢ Éµ¦¤¥¸É¢¥´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥, ³Ò ³µ¦¥³ ¶¥·¥¶¨¸ ÉÓ (1.4) ¢
¢¨¤¥

H = H0 + H1,

£¤¥ ® ¶¶·µ±¸¨³¨·ÊÕÐ¨° £ ³¨²ÓÉµ´¨ ´¯ H0 ¨³¥¥É ¢¨¤

H0 =
∑
(f)

Tfa†
faf −




∑
(f)

(Ca−faf + C∗a†
fa†

−f )


 + 2V C∗C ,

H1 = −2V


 1

2V

∑
(f)

λfa†
fa†

−f − C





 1

2V

∑
(f)

λfa−faf − C∗




¨ C, C∗ Ö¢²ÖÕÉ¸Ö c-Î¨¸² ³¨. ’ ± ± ± H0 ±¢ ¤· É¨Î¥´ ¶µ Ë¥·³¨-µ¶¥· Éµ· ³,
Éµ µ´ ³µ¦¥É ¡ÒÉÓ ¤¨ £µ´ ²¨§µ¢ ´ ¶µ¸·¥¤¸É¢µ³ (u − v)-¶·¥µ¡· §µ¢ ´¨Ö:

af = u(f)αf − v(f)α†
−f ,

¨ Ê¤¥²Ó´ Ö ¸¢µ¡µ¤´ Ö Ô´¥·£¨Ö, µ¶·¥¤¥²Ö¥³ Ö ± ±

fH0(C) = − θ

V
ln Sp e−

H0
θ ,

³µ¦¥É ¡ÒÉÓ ²¥£±µ ¢ÒÎ¨¸²¥´ . ‡¤¥¸Ó θ = kT Å É¥³¶¥· ÉÊ·  ¢ Ô´¥·£¥É¨Î¥¸±¨Ì
¥¤¨´¨Í Ì, V Å µ¡Ñ¥³ ¸¨¸É¥³Ò. ‚ ¤ ²Ó´¥°Ï¥³ ¨¸¶µ²Ó§Ê¥É¸Ö É ±¦¥ µ¡· É-
´ Ö É¥³¶¥· ÉÊ·  β = 1/kT . Šµ³¶²¥±¸´Ò° ¶ · ³¥É· C, ¶·¨¸ÊÉ¸É¢ÊÕÐ¨° ¢
¶·µ¡´µ³ £ ³¨²ÓÉµ´¨ ´¥ H0, µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö  ¡¸µ²ÕÉ´µ£µ ³¨´¨³Ê³ 
Ê¤¥²Ó´µ° ¸¢µ¡µ¤´µ° Ô´¥·£¨¨ fH0(C):

fH0(C) = min,

±µÉµ·µ¥ ¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Õ

∂fH0

∂C
= 0, C = 〈J〉H0 =

Sp J e−
H0
θ

Sp e−
H0
θ

, (1.7)

£¤¥

J =
1

2V

∑
(f)

λ(f) a†
fa†

−f .
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ŒÒ · §· ¡ ÉÒ¢ ¥³ ³¥Éµ¤, ±µÉµ·Ò° ¶µ§¢µ²Ö¥É ¤µ± § ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±ÊÕ
³ ²µ¸ÉÓ · §´µ¸É¨ fH0 − fH ¸¢µ¡µ¤´ÒÌ Ô´¥·£¨°, ¢ÒÎ¨¸²¥´´ÒÌ ´  µ¸´µ¢¥  ¶-
¶·µ±¸¨³¨·ÊÕÐ¥£µ ¨ ³µ¤¥²Ó´µ£µ £ ³¨²ÓÉµ´¨ ´µ¢, ¸µµÉ¢¥É¸É¢¥´´µ, ¶·¨ ¶·µ¨§-
¢µ²Ó´µ° É¥³¶¥· ÉÊ·¥. ‚ ÔÉ¨Ì Í¥²ÖÌ Ê¤µ¡´µ ¡Ê¤¥É · ¸¸³µÉ·¥ÉÓ ¢¸¶µ³µ£ É¥²Ó-
´ÊÕ ³µ¤¥²Ó´ÊÕ ¸¨¸É¥³Ê ¸ £ ³¨²ÓÉµ´¨ ´µ³, ¸µ¤¥·¦ Ð¨³ ¨¸ÉµÎ´¨±¨, ¨´É¥´-
¸¨¢´µ¸ÉÓ ±µÉµ·ÒÌ Ì · ±É¥·¨§Ê¥É¸Ö ¶ · ³¥É·µ³ ν:

Γ = T − 2V J · J† − V (νJ + ν∗J†). (1.8)

ƒ ³¨²ÓÉµ´¨ ´ (1.8) ¸µ¢¶ ¤ ¥É ¤²Ö ν = 0 ¸ £ ³¨²ÓÉµ´¨ ´µ³ H , £¤¥

T =
∑
(f)

Tfa†
faf .

‘µµÉ¢¥É¸É¢ÊÕÐ¨° ¶·µ¡´Ò° ( ¶¶·µ±¸¨³¨·ÊÕÐ¨°) £ ³¨²ÓÉµ´¨ ´ ¨³¥¥É ¢¨¤

Γ0 = T − 2V (CJ† + C∗J) − V (νJ + ν∗J†) + 2V |C|2. (1.9)

�É¸Õ¤  µÎ¥¢¨¤´µ, ÎÉµ
Γ = Γ0 + U ,

£¤¥
U = −2V (J − C)(J† − C∗). (1.10)

‚ÒÎ¨¸²¨³ É¥¶¥·Ó ¢ÒÏ¥Ê¶µ³Ö´ÊÉÊÕ · §´µ¸ÉÓ ³¥¦¤Ê Ê¤¥²Ó´Ò³¨ ¸¢µ¡µ¤´Ò³¨
Ô´¥·£¨Ö³¨. „²Ö ÔÉµ£µ § ³¥É¨³, ÎÉµ Γ = Γ0 + U , ¨ ¢¢¥¤¥³ ¶·µ³¥¦ÊÉµÎ´Ò°
¢¸¶µ³µ£ É¥²Ó´Ò° £ ³¨²ÓÉµ´¨ ´:

Γt = Γ0 + tU ,

±µÉµ·Ò° ¸µ¢¶ ¤ ¥É ¸ ¶·µ¡´Ò³ £ ³¨²ÓÉµ´¨ ´µ³ Γ0, ¥¸²¨ t = 0, ¨ ¸ ¨¸Ìµ¤´Ò³
£ ³¨²ÓÉµ´¨ ´µ³ Γ, ¥¸²¨ t = 1. �·¥¤¶µ² £ ¥É¸Ö, ÎÉµ ¶ · ³¥É· C ¢ ¶·µ³¥¦Ê-
ÉµÎ´µ³ £ ³¨²ÓÉµ´¨ ´¥ Ë¨±¸¨·µ¢ ´ ¨ ´¥ § ¢¨¸¨É µÉ t. � ¸¸³µÉ·¨³ ¸É É¸Ê³³Ê
¨ ¸¢µ¡µ¤´ÊÕ Ô´¥·£¨Õ ¤²Ö ¶·µ³¥¦ÊÉµÎ´µ£µ £ ³¨²ÓÉµ´¨ ´ :

ft(C) = − θ

V
ln Qt, Qt = Sp e−

Γt

θ , Qt = e−
V ·ft

θ . (1.11)

‡ ³¥É¨³, ÎÉµ ft=1(C) = fΓ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥ § ¢¨¸¨É µÉ C. „¨ËË¥·¥´-
Í¨·ÊÖ (11) ¤¢ ¦¤Ò ¶µ t, ³Ò ¨³¥¥³

∂2Qt

∂t2
= −V

θ

∂2ft

∂t2
Qt +

V 2

θ2

(
∂ft

∂t

)2

Qt.

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¶·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥, ÎÉµ

∂2Qt

∂t2
=

1
θ2

∫ 1

0

Sp
{
Ue−

Γt

θ τUe−
Γt

θ (1−τ)
}

dτ,
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³Ò ¶µ²ÊÎae³

−V

θ

∂2ft

∂t2
+

V 2

θ2

(
∂ft

∂t

)2

=
1

θ2Q

∫ 1

0

Sp
{
Ue−

Γt

θ τUe−
Γt

θ (1−τ)
}

dτ.

“Î¨ÉÒ¢ Ö, ÎÉµ

∂ft

∂t
=

1
V

Sp U e−
Γt

θ

Sp e−
Γt

θ

=
1
V
〈U〉,

³Ò É ±¦¥ ´ Ìµ¤¨³, ÎÉµ

−∂2ft

∂t2
=

1
θV

{
1
Q

∫ 1

0

Sp Ue−
Γt

θ τU e−
Γt

θ (1−τ)dτ − 〈U〉2
}

=

=
1

θV Q

∫ 1

0

Sp
{
Be−

Γt

θ τBe−
Γt

θ (1−τ)
}

dτ,

£¤¥ B = U − 〈U〉. �¥·¥Ìµ¤Ö ± ³ É·¨Î´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ, ¢ ±µÉµ·µ³ £ ³¨²Ó-
Éµ´¨ ´ ¤¨ £µ´ ²¥´, ³Ò ¶µ²ÊÎ ¥³

−∂2ft

∂t2
=

1
θV Q

∫ 1

0

∑
(n,m)

Bnm · Bmne−
(Et

m−Et
n)

θ τ · e−
Et

n
θ dτ =

=
1

θV Q

∫ 1

0

∑
(n,m)

|Bnm|2e−
(Et

m−Et
n)

θ τ e−
Et

n
θ dτ ≥ 0,

−∂2ft

∂t2
≥ 0.

�É¸Õ¤  ¸²¥¤Ê¥É, ¢ Î ¸É´µ¸É¨, ÎÉµ

∂ft

∂t
≡ 1

V
〈U〉t

Ê¡Ò¢ ¥É ¸ Ê¢¥²¨Î¥´¨¥³ ¶ · ³¥É·  t. ’ ±¨³ µ¡· §µ³, ³Ò ¨³¥¥³

fΓ0(C) − fΓ = −
∫ 1

0

∂ft

∂t
dt = −

∫ 1

0

〈U〉
V

dr ≥ 0.

’ ± ± ± ÔÉµ ¸µµÉ´µÏ¥´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ C, Éµ

min(C)fΓ0(C) ≥ fΓ, fΓ0 ≥ fΓ.

�·µ¨´É¥£·¨·Ê¥³ µ¡¥ ¸Éµ·µ´Ò ¸²¥¤ÊÕÐ¥£µ ´¥· ¢¥´¸É¢ :

〈U〉t ≥ 〈U〉Γ, 0 ≤ t ≤ 1.
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�µ¤¸É ¢²ÖÖ (1.10) ¢³¥¸Éµ U , ³Ò ¢¨¤¨³, ÎÉµ ¤²Ö ²Õ¡µ£µ C = C′ ¢Ò¶µ²´Ö¥É¸Ö
¸²¥¤ÊÕÐ¥¥ ´¥· ¢¥´¸É¢µ:

fΓ0(C) − fΓ ≤ 2〈(J − C)(J† − C∗)〉Γ.

‚ Î ¸É´µ¸É¨, ¶µ²µ¦¨³ C = 〈J〉Γ ¨ § ³¥É¨³, ÎÉµ

fΓ0 = min(C) fΓ0(C) ≤ fΓ0(〈J〉Γ).

’ ±¨³ µ¡· §µ³,

fΓ0 − fΓ ≤ fΓ0(〈J〉Γ) − fΓ ≤ 2〈(J − 〈J〉Γ)(J† − 〈J†〉Γ)〉Γ

¨ ¢ ¨Éµ£¥
0 ≤ fΓ0 − fΓ ≤ 2〈(J − 〈J〉)(J† − 〈J†〉)〉. (1.12)

‚¥·´¥³¸Ö ± ´ Ï¥° µ¸´µ¢´µ° ¶·µ¡²¥³¥. ŒÒ ÌµÉ¨³ ¶µ± § ÉÓ, ÎÉµ · §´µ¸ÉÓ
fΓ0 − fΓ  ¸¨³¶ÉµÉ¨Î¥¸±¨ ³ ²  ¢ ¶·¥¤¥²¥ V → ∞. Š ± ¸²¥¤Ê¥É ¨§ (1.12), ¤²Ö
Éµ£µ ÎÉµ¡Ò ÔÉµ ÊÉ¢¥·¦¤ ÉÓ, ³Ò ¤µ²¦´Ò ¤µ± § ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±ÊÕ ³ ²µ¸ÉÓ
É¥·³µ¤¨´ ³¨Î¥¸±µ£µ ¸·¥¤´¥£µ ¢ ¶· ¢µ° Î ¸É¨ (1.12). �¡·¨¸Ê¥³ µ¡Ð¨° ³¥Éµ¤
µÍ¥´±¨ ÔÉµ£µ ¸·¥¤´¥£µ. �·¥¦¤¥ ¢¸¥£µ µÉ³¥É¨³, ÎÉµ

|ΓJ − JΓ| ≤ K = const,

£¤¥ K = |ν|k3 + k2 + 2k1k3. “Î¨ÉÒ¢ Ö, ÎÉµ Ô´¥·£¨Ö ¸¨¸É¥³Ò Γ ¶·µ¶µ·Í¨µ-
´ ²Ó´  V , ¥¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ µ¶¥· Éµ·Ò Γ ¨ J, J†  ¸¨³¶ÉµÉ¨Î¥-
¸±¨ ±µ³³ÊÉ¨·ÊÕÉ ¢ ¶·¥¤¥²¥ V → ∞. ’ ±¨³ µ¡· §µ³, ¥¸²¨ ¡Ò ³Ò ¶·¥´¥¡·¥£²¨
´¥±µ³³ÊÉ É¨¢´µ¸ÉÓÕ µ¶¥· Éµ·  Γ ¸ µ¶¥· Éµ· ³¨ J, J† ¤²Ö ²Õ¡µ£µ ±µ´¥Î´µ£µ
V , Éµ, ¤¨ËË¥·¥´Í¨·ÊÖ ¸¢µ¡µ¤´ÊÕ Ô´¥·£¨Õ ¶µ ν ¨ ν∗, ³µ£²¨ ¡Ò ¶µ²ÊÎ¨ÉÓ

−θ
∂2f

∂ν∂ν∗ = V
Sp (J · J†e−

Γ
θ )

Sp e−
Γ
θ

− V
(Sp Je−

Γ
θ )(Sp J†e−

Γ
θ )

(Sp e−
Γ
θ )2

=

= V 〈(J − 〈J〉)(J† − 〈J†〉)〉,
¨²¨, ÎÉµ Ô±¢¨¢ ²¥´É´µ,

− θ

V

∂f2

∂ν∂ν∗ = 〈(J − 〈J〉)(J† − 〈J†〉)〉. (1.13)

� Ï  ¶·µ¡²¥³  ¡Ê¤¥É ·¥Ï¥´ , ¥¸²¨ ¤µ± ¦¥³, ÎÉµ ¶·µ¨§¢µ¤´Ò¥ ¢Éµ·µ£µ ¶µ-

·Ö¤±  ∂2f
∂ν∂ν∗ µ£· ´¨Î¥´Ò. �µ ³Ò ´¥ ³µ¦¥³ ¤µ± § ÉÓ ÔÉµ ÊÉ¢¥·¦¤¥´¨¥ ´¥¶µ-

¸·¥¤¸É¢¥´´µ. ‚¸¥, ÎÉµ ³µ¦´µ ¸¤¥² ÉÓ, É ± ÔÉµ ¨¸Ìµ¤¨ÉÓ ¨§ µÎ¥¢¨¤´µ° µ£· ´¨-
Î¥´´µ¸É¨ ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ:

∂f

∂ν
= 〈J〉,

∣∣∣∣∂f

∂ν

∣∣∣∣ ≤ |〈J〉| ≤ 1
2V

∑
(f)

|λf | = k1 = const.
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Š·µ³¥ Éµ£µ, ± ± ³Ò Ê¦¥ µÉ³¥Î ²¨, µ¶¥· Éµ·Ò J ¨ J† ´  ¸ ³µ³ ¤¥²¥ ´¥ ±µ³-
³ÊÉ¨·ÊÕÉ ¨, ¸²¥¤µ¢ É¥²Ó´µ, · ¢¥´¸É¢µ (1.13) ¤µ²¦´µ ¡ÒÉÓ ¸±µ··¥±É¨·µ¢ ´µ.

�¸¨³¶ÉµÉ¨Î¥¸± Ö ³ ²µ¸ÉÓ · §´µ¸É¨ ¤¢ÊÌ ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ Ê¤¥²Ó´ÒÌ ¸¢µ-
¡µ¤´ÒÌ Ô´¥·£¨° ³µ¦¥É ¡ÒÉÓ ¤µ± § ´  ¢ ¤¢  ÔÉ ¶ . ‘´ Î ²  ³Ò ¤µ²¦´Ò ¶µ-
¸É·µ¨ÉÓ µÍ¥´±Ê ¤²Ö ¸·¥¤´¥£µ (1.13), ¢Ò· ¦¥´´ÊÕ Î¥·¥§ ¶·µ¨§¢µ¤´ÊÕ ¢Éµ·µ£µ

¶µ·Ö¤±  ¸¢µ¡µ¤´µ° Ô´¥·£¨¨ ∂2f
∂ν∂ν∗ ¸ ÊÎ¥Éµ³ ´¥±µ³³ÊÉ É¨¢´µ¸É¨ µ¶¥· Éµ·µ¢

Γ ¨ J , J†. ‡ É¥³, ¨¸Ìµ¤Ö ¸É·µ£µ ¨§ ÔÉµ° µÍ¥´±¨ ¨ ¨§¡¥£ Ö £¨¶µÉ¥§Ò µ Éµ³,
ÎÉµ ¶·µ¨§¢µ¤´Ò¥ ¸¢µ¡µ¤´µ° Ô´¥·£¨¨ ¢Éµ·µ£µ ¶µ·Ö¤±  µ£· ´¨Î¥´Ò, ³Ò ¶·¥¤²µ-
¦¨³ ³¥Éµ¤, ¸ ¶µ³µÐÓÕ ±µÉµ·µ£µ ¤µ± ¦¥³  ¸¨³¶ÉµÉ¨Î¥¸±ÊÕ ³ ²µ¸ÉÓ · §´µ¸É¨
fΓ0 − fΓ ¢ ¶·¥¤¥²¥ V → ∞.

„¨ËË¥·¥´Í¨·ÊÖ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¢µ¡µ¤´µ° Ô´¥·£¨¨, ³Ò
¨³¥¥³

−1
θ

∂2f

∂ν∂ν∗ =
V

θ2

∫ 1

0

Sp (De−
τ
θ ΓD†e−

(1−τ)
θ Γ)dτ

Sp e−
Γ
θ

, (1.14)

£¤¥ D = J − 〈J〉. �¥·¥Ìµ¤Ö ± ³ É·¨Î´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ, ¢ ±µÉµ·µ³ £ ³¨²Ó-
Éµ´¨ ´ Γ ¤¨ £µ´ ²¥´, ´ Ìµ¤¨³, ÎÉµ

−1
θ

∂2f

∂ν∂ν∗ =
V

θ

∫ 1

0

Dnme−
τ
θ EmD†

mne−
(1−τ)

θ Endτ · Q−1 =

=
V

θ2

∑
(n,m)

|Dnm|2
∫ 1

0

e−
τ
θ Eme−

(1−τ)
θ Endτ · Q−1 =

=
V

θ

1
Q

∑
(n,m)

|Dnm|2
En − Em

(
e−

Em
θ − e−

En
θ

)
.

’ ±¨³ µ¡· §µ³, ³Ò ¢¨¤¨³, ÎÉµ

− ∂2f

∂ν∂ν∗ = V
∑

(n,m)

|Dnm|2
Q

e−
Em

θ − e−
En
θ

En − Em
≥ 0. (1.15)

‚µ¸¶µ²Ó§Ê¥³¸Ö ´¥· ¢¥´¸É¢µ³ ƒ¥²Ó¤¥· ∗, ±µÉµ·µ¥ ¢ ´ Ï¥³ ¸²ÊÎ ¥ Ê¤µ¡´µ § -
¶¨¸ ÉÓ ¢ ¢¨¤¥:

∑
(k)

|uk|2 ≤


∑

(k)

|uk|2
pk




2/3

·


∑

(k)

|uk|2p2
k




1/3

(1.16)

∗�¥· ¢¥´¸É¢µ ƒ¥²Ó¤¥· :
∣∣∣
∑

ab
∣∣∣ ≤
(∑

|a|p
)1/p

·
(∑

|b|q
)1/q

,

£¤¥ p > 0 ¨ q > 0, 1/p + 1/q = 1. ‘²¥¤µ¢ É¥²Ó´µ, p > 1 ¨ q > 1. ‚Ò¡¥·¥³ p = 3/2 ¨ q = 3.
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pk ≥ 0,

∣∣∣∣ uk√
p

k

∣∣∣∣ = ˇnite

)
,

∑
(k)

|uk|2 =
∑
(k)

(
|uk|1/3

p2/3

)(
|uk|2/3 · p2/3

)
,

p = |En − Em|,

|uk|2 = |Jnm|2 · |e−
Em

θ − e−
En
θ | · V · Q−1.

�µ¤¸É ¢²ÖÖ ¤¢  ¶µ¸²¥¤´¨Ì ¢Ò· ¦¥´¨Ö ¤²Ö p ¨ |un|2 ¢ (1.16), ³Ò ¶µ²ÊÎ ¥³:

V

Q

∑
(n,m)

|Dnm|2 · |e−
Em

θ − e−
En
θ | ≤

≤


V

Q

∑
(n,m)

|Dnm|2 · |e−Em
θ − e−

En
θ |

|En − Em|




2/3

×

×


V

Q

∑
(n,m)

|Dnm|2 · |En − Em|2 · |e−
Em

θ − e−
En
θ |




1/3

.

‚¢¨¤Ê (1.15) ¨³¥¥³

V

Q

∑
(n,m)

|Dnm|2 · |e−
Em

θ − e−
En
θ | ≤

(
− ∂2f

∂ν∂ν∗

)2/3

×

×


V

Q

∑
(n,m)

|Dnm| · |En − Em|2(e−
Em

θ − e−
En
θ )




1/3

.

�·µ¤¥² ¥³ ¶·µ¸Éµ¥ ¶·¥µ¡· §µ¢ ´¨¥:

V

Q

∑
(n,m)

|Dnm|2 · |En − Em| ·
(
e−

Em
θ + e−

En
θ

)
=

=
V

Q
Sp e−

Γ
θ

{
(ΓD − DΓ)(D†Γ − ΓD†) + (D†Γ − ΓD†)(ΓD − DΓ)

}
=

= V 〈(ΓJ − JΓ)(ΓJ − JΓ)† + (ΓJ − JΓ)†(ΓJ − JΓ)〉 ≤ 2V K2,

¸ ¶µ³µÐÓÕ ±µÉµ·µ£µ ³µ¦´µ ¶µ± § ÉÓ, ÎÉµ

V

Q

∑
(n,m)

|Dnm|2 · |En − Em| ·
∣∣∣e−Em

θ − e−
En
θ

∣∣∣ ≤ (
− ∂f

∂ν∂ν∗

)2/3

· (2V K2)1/3.
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‡ ³¥É¨³, ¤ ²¥¥, ÎÉµ

V

Q

∑
(n,m)

|Dnm|2e−
En
θ ≤ θ

V

Q

∑
(n,m)

|Dnm|2
(En − Em)

(
e−

Em
θ − e−

En
θ

)
+

+
∑

(n,m)

|Dnm|2 · |e−
Em

θ − e−
En
θ |,

£¤¥
V

Q

∑
(n,m)

|Dnm|2e−
En
θ =

V

Q
Sp D · D†e−

Γ
θ = V 〈D · D†〉 =

= V 〈(J − 〈J〉)(J† − 〈J†〉)〉.

‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶·¨Ìµ¤¨³ ± ´¥· ¢¥´¸É¢Ê

〈(J − 〈J〉)(J† − 〈J†〉)〉 ≤ − ∂2f

∂ν∂ν∗
θ

V
+

(2K2)1/3

V 2/3
·
(
− ∂2f

∂ν∂ν∗

)2/3

. (1.17)

ˆ§ (1.12) ¨ (1.17) ¢¨¤´µ, ÎÉµ ´ Ï  ¶·µ¡²¥³  ¡Ò²  ¡Ò ·¥Ï¥´ , ¥¸²¨ ¡Ò
³Ò ³µ£²¨ ¶µ± § ÉÓ, ÎÉµ ¶·µ¨§¢µ¤´Ò¥ ¢Éµ·µ£µ ¶µ·Ö¤±  µ£· ´¨Î¥´Ò ¢ ¶·¥-
¤¥²¥ V → ∞. Š ¸µ¦ ²¥´¨Õ, ¶·Ö³µ¥ ¤µ± § É¥²Ó¸É¢µ ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö µÉ-
¸ÊÉ¸É¢Ê¥É, ¢¸²¥¤¸É¢¨¥ Î¥£µ ³Ò ¢Ò´Ê¦¤¥´Ò ¶µ² £ ÉÓ¸Ö ²¨ÏÓ ´  µ£· ´¨Î¥´-
´µ¸ÉÓ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± . �µÔÉµ³Ê ³Ò ¤µ²¦´Ò · §· ¡µÉ ÉÓ ³¥Éµ¤,
´¥ µ¶¨· ÕÐ¨°¸Ö ´  ¸¢µ°¸É¢µ µ£· ´¨Î¥´´µ¸É¨ ¶·µ¨§¢µ¤´ÒÌ ¢Éµ·µ£µ ¶µ·Ö¤± ,
¶·¨ ¶µ³µÐ¨ ±µÉµ·µ£µ ³µ£²¨ ¡Ò ¤µ± § ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±ÊÕ ³ ²µ¸ÉÓ · §´µ¸É¨
Ê¤¥²Ó´ÒÌ ¸¢µ¡µ¤´ÒÌ Ô´¥·£¨°

fΓ0 − fΓ.

‡ ³¥É¨³, ÎÉµ f(ν, ν∗) § ¢¨¸¨É Éµ²Ó±µ µÉ  ¡¸µ²ÕÉ´µ£µ §´ Î¥´¨Ö r = |ν|:
f(ν, ν∗) = f(r) ¨ ´¥ § ¢¨¸¨É µÉ Ë §µ¢µ£µ ³´µ¦¨É¥²Ö ¶ · ³¥É·  ν. ‘²¥¤µ-
¢ É¥²Ó´µ, f(ν, ν∗) = f(

√
νν∗). „¨ËË¥·¥´Í¨·ÊÖ f ¶µ ν ¨ ν∗, ¶µ²ÊÎae³

∂f

∂ν∗ =
1
2

√
ν

ν∗ f ′
r(r),

∂2f

∂ν∂ν∗ =
1
4r

(f ′
r + f ′′

r r) =
1
4r

∂

∂r

(
r
∂f

∂r

)
≤ 0.

’ ± ± ± |ΓJ − JΓ| ≤ K = const, Éµ ³Ò ³µ¦¥³ ¶¥·¥¶¨¸ ÉÓ ´¥· ¢¥´¸É¢µ (1.17)
¢ ¢¨¤¥

D(r) ≤ θ

4V

(
−f ′′

r − 1
r
f ′

r

)
+

(
−f ′′

r − 1
r
f ′

r

)2/3
K2/3

2V 2/3
,

£¤¥ ¢¢¥²¨ µ¡µ§´ Î¥´¨Ö

D(r) = 〈(J − 〈J〉)(J† − 〈J†〉)〉.
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�·µ¨´É¥£·¨·Ê¥³ (1.17) ¶µ r ¨ ¶µ± ¦¥³, ÎÉµ∫ r1

r0

rD(r)dr → 0, ¥¸²¨ V → ∞.

” ±É¨Î¥¸±¨, ³Ò ¨³¥¥³∫ r1

r0

rD(r)dr ≤ θ

4V
r
∂f

∂r

∣∣∣r0

r1

+
K2/3

2V 2/3

∫ r1

r0

r1/3

(
− ∂

∂r

(
r
∂f

∂r

))2/3

dr ≡

≡
∫ r1

r0

u(r)v(r)dr,

£¤¥

u(r) = r1/3, v(r)
(
− ∂

∂r

(
r
∂f

∂r

))2/3

.

‚µ¸¶µ²Ó§Ê¥³¸Ö ´¥· ¢¥´¸É¢µ³ ƒ¥²Ó¤¥·  ¢ Ëµ·³¥∫
|uv|dr ≤

(∫
|u|3dr

)1/3

·
(∫

|v|3/2dr

)2/3

,

¸ É¥³ ÎÉµ¡Ò ¶·¥µ¡· §µ¢ ÉÓ ¶· ¢ÊÕ Î ¸ÉÓ ¶µ¸²¥¤´¥£µ ´¥· ¢¥´¸É¢ . ‡ ³¥Î Ö,
ÎÉµ ∣∣∣∣∂f

∂r

∣∣∣∣ ≤ 2k1, (1.18)

³Ò ¶µ²ÊÎae³∫ r1

r0

rD(r)dr ≤ θ

2V
k1(r0 + r1) +

1
2V 2/3

(2k1K(r0 + r1))
2/3

(
r2
1 − r2

0

2

)1/3

.

(1.19)
�É±Ê¤  ¸²¥¤Ê¥É, ÎÉµ ÔÉµÉ ¨´É¥£· ²  ¸¨³¶ÉµÉ¨Î¥¸±¨ Ê¡Ò¢ ¥É ¶µ ³¥·¥ Éµ£µ, ± ±
V → ∞. ‚¥·´¥³¸Ö ± ´¥· ¢¥´¸É¢Ê (1.12):

0 ≤ fΓ0 − fΓ ≤ 2〈(J − 〈J〉)(J† − 〈J†〉)〉.

�¡µ§´ Î Ö a = fΓ0 − fΓ ¨ ¨¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨¥ (1.19), ³Ò ´ Ìµ¤¨³, ÎÉµ

∫ r1

r0

ra(r)dr ≤ θk1(r0 + r1)
V

+
(2kK(r0 + r1)2/3

(
r2
1−r2

0
2

)1/3

V 2/3
.

�µ³´Ö µ Éµ³, ÎÉµ ¶¥·¢Ò¥ ¶·µ¨§¢µ¤´Ò¥ ∂f
∂r µ£· ´¨Î¥´Ò (¸³. (1.18)) ¨ |a′

r(r)| ≤
≤ 4k1, ¶µ²µ¦¨³ r0 = r+l, r1 = r+2l ¨ ¢µ¸¶µ²Ó§Ê¥³¸Ö ¸²¥¤ÊÕÐ¨³ · ¢¥´¸É¢µ³:

a(ξ)
∫ r+2l

r+l

rdr =
∫ r+2l

r+l

ra(r)dr,
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£¤¥ r + l ≤ ξ ≤ r + 2l. ‚¢¨¤Ê µÎ¥¢¨¤´µ£µ Éµ¦¤¥¸É¢ :

a(r) = a(ξ) −
∫ ξ

r

a′
rdr,

³µ¦´µ ¶µ± § ÉÓ, ÎÉµ

a(ξ) ≤
∫ r+2l

r+l ra(r)dr
1
2 [(r + 2l)2 − (r + l)2]

+ 4k12l ≤ 8kl +
2θk

V L
+

(4kK)2/3

l2/3V 2/3
.

‚Ò¡¨· Ö l ¨§ Ê¸²µ¢¨Ö

8kl =
(4kK)2/3

l2/3V 2/3
, l =

K2/5

2V 2/5k1/5
,

³Ò ¢ ¨Éµ£¥ ´ Ìµ¤¨³

0 ≤ fΓ0 − fΓ ≤ 8(k2K)2/5

V 2/5
+

4θ
(

k3

K

)2/5

V 3/5
≤ L

V 2/5
, L = const. (1.20)

’ ±¨³ µ¡· §µ³, · §´µ¸ÉÓ fΓ0 − fΓ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ V → ∞.
Œµ¦´µ É ±¦¥ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê r = |ν| → 0 ¢ ´¥· ¢¥´¸É¢¥ (1.20). ‚ ÔÉµ³
¸²ÊÎ ¥

0 ≤ fH0 − fH ≤ L

V 2/5
, L = const.

Ÿ¸´µ, ÎÉµ ÔÉ  µÍ¥´±  · ¢´µ³¥·´  ¶µ µÉ´µÏ¥´¨Õ ± θ ≥ 0 ¨, ¸²¥¤µ¢ É¥²Ó´µ, µ´ 
¨³¥¥É ³¥¸Éµ ¨ ¤²Ö θ = 0. �µ²ÊÎ¥´´ Ö µÍ¥´±  ¤²Ö · §´µ¸É¨ ¸¢µ¡µ¤´ÒÌ Ô´¥·£¨°
(1.20) Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ ¡µ²¥¥ µ¡Ð¥° É¥µ·¥³Ò, ±µÉµ· Ö µ¡¸Ê¦¤ ¥É¸Ö
´¨¦¥ [4, 5]. ‚ ·¨ ´É ³¥Éµ¤  ¸ ´¥±µÉµ·Ò³¨ ³µ¤¨Ë¨± Í¨Ö³¨, ¢ Î ¸É´µ¸É¨,
± ¸ ÕÐ¨³¨¸Ö ¶·¨³¥´¥´¨Ö ´¥· ¢¥´¸É¢  ƒ¥²Ó¤¥·  ¢ ³ ¦µ· Í¨µ´´ÒÌ µÍ¥´± Ì,
¡Ò² É ±¦¥ · ¸¸³µÉ·¥´ ¢ · ¡µÉ¥ [8].

�É³¥É¨³ ¢ § ±²ÕÎ¥´¨¥, ÎÉµ ¢ · ³± Ì ³¥Éµ¤   ¶¶·µ±¸¨³¨·ÊÕÐ¨Ì £ ³¨²Ó-
Éµ´¨ ´µ¢ ¤²Ö ¤ ´´µ° ³µ¤¥²¨ ³µ¦´µ É ±¦¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ÉµÎ´µ ¢ÒÎ¨¸²¨ÉÓ
±µ··¥²ÖÍ¨µ´´Ò¥ ËÊ´±Í¨¨ ¨ ËÊ´±Í¨¨ ƒ·¨´ . ‚ Î ¸É´µ¸É¨, ³µ¦´µ ¶µ± § ÉÓ,
ÎÉµ

|〈A(t)B(τ)〉Γ − 〈A(t)B(τ)〉Γ0 | ≤ η

(
1
V

, δ

)
|t − τ | + η′

(
1
V

, δ

)
, (1.21)

£¤¥ A, B = af , a†
f , a−f , a†

−f . ‡¤¥¸Ó r = |ν| ≥ δ ¨

η

(
1
V

, δ

)
→ 0, η′

(
1
V

, δ

)
→ 0, ¥¸²¨ V → ∞,
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¤²Ö ²Õ¡µ£µ Ë¨±¸¨·µ¢ ´´µ£µ §´ Î¥´¨Ö δ > 0. �µ¤Î¥·±¨¢ ¥³, ÎÉµ ÔÉ¨ ´¥· -
¢¥´¸É¢  ¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö r ≥ δ. ‘·¥¤´¥¥ 〈A(t)B(τ)〉Γ0 ³µ¦¥É ¡ÒÉÓ ²¥£±µ
¢ÒÎ¨¸²¥´µ, ¨ ³Ò ¢¨¤¨³, ÎÉµ

lim
r→0

{
lim

V →∞
〈A(t)B(τ)〉Γ0

}
= lim

V →∞
〈A(t)B(τ)〉H0 .

‚ ´ Ï¨Ì · ¡µÉ Ì [4, 5] ¡Ò² · ¸¸³µÉ·¥´ ¡µ²¥¥ Ï¨·µ±¨° ±² ¸¸ ³µ¤¥²Ó´ÒÌ
¸¨¸É¥³, ¢ ±µÉµ·ÒÌ ´  µ¶¥· Éµ·Ò ´ ±² ¤Ò¢ ²¨¸Ó ´¥±µÉµ·Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ µ£· -
´¨Î¥´¨Ö. �·¨¢¥¤¥³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ³µ¤¥²Ó´ÊÕ ¸¨¸É¥³Ê ¸ µÉ·¨Í É¥²Ó´Ò³
¢§ ¨³µ¤¥°¸É¢¨¥³, µ¶¨¸Ò¢ ¥³ÊÕ £ ³¨²ÓÉµ´¨ ´µ³:

H = T − 2V
∑

(1≤α≤s)

gαJαJ†
α, (1.22)

£¤¥ ¢¸¥ ¶ · ³¥É·Ò gα ¶µ²µ¦¨É¥²Ó´Ò. …¸²¨ ³Ò ¢Ò¡¥·¥³ µ¶¥· Éµ·Ò T ¨ Jα ¢
Ëµ·³¥

Jα =
1

2V

∑
(f)

λα(f)a†
fa†

−f , T =
∑
(f)

a†
faf , (1.23)

Éµ ¶·¨¤¥³ ± £ ³¨²ÓÉµ´¨ ´Ê É¨¶  ³µ¤¥²¨ �Š˜. ” ±É¨Î¥¸±¨, ± ± ¡Ê¤¥É ¢¨¤´µ
¨§ ¶µ¸²¥¤ÊÕÐ¥£µ · ¸¸³µÉ·¥´¨Ö, ´¥µ¡Ö§ É¥²Ó´µ § ¤ ¢ ÉÓ µ¶¥· Éµ·Ò T ¨ Jα

¸É·µ£µ ¢ Ëµ·³¥ (1.23).
’¥µ·¥³  1. �Ê¸ÉÓ µ¶¥· Éµ·Ò T ¨ Jα ¢ £ ³¨²ÓÉµ´¨ ´¥ (1.22) Ê¤µ¢²¥É¢µ-

·ÖÕÉ Ê¸²µ¢¨Ö³

|Jα| ≤ M1, T = T †, |TJα − JαT | ≤ M2,

|JαJβ − JβJα| ≤
M3

V
, |J†

αJβ − JβJ†
α| ≤

M3

V
, (1.24)

£¤¥ M1, M2, M3 Å Ö¢²ÖÕÉ¸Ö ¶µ¸ÉµÖ´´Ò³¨ ¢ ¶·¥¤¥²¥ V → ∞ ¶·¨
1 ≤ α ≤ s ¨ 1 ≤ β ≤ s. ˆ ¶Ê¸ÉÓ Ê¤¥²Ó´ Ö ¸¢µ¡µ¤´ Ö Ô´¥·£¨Ö, ¢ÒÎ¨¸²¥´-
´ Ö ¤²Ö £ ³¨²ÓÉµ´¨ ´  T , µ£· ´¨Î¥´  ´¥±µÉµ·µ° ¶µ¸ÉµÖ´´µ°:

|f(T )| ≤ M0. (1.25)

’µ£¤ , ¥¸²¨ ¶µ¸É·µ¨ÉÓ ¶·µ¡´Ò° £ ³¨²ÓÉµ´¨ ´ ¢ ¢¨¤¥

H(C) = T − 2V
∑
(α)

gα(CαJ†
α + C∗Jα − CαC∗

α), (1.26)

£¤¥ C1, ..., Cs Å ±µ³¶²¥±¸´Ò¥ ¶ · ³¥É·Ò, Éµ ¨³¥¥É ³¥¸Éµ ¸²¥¤ÊÕÐ¥¥ ´¥· -
¢¥´¸É¢µ:

0 ≤ min(C)f(H0(C)) − f(H) ≤ E
(

1
V

)
, (1.27)
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¨ E
(

1
V

)
→ 0 ¢ ¶·¥¤¥²¥ V → ∞ · ¢´µ³¥·´µ ¶µ µÉ´µÏ¥´¨Õ ± θ ´  ²Õ¡µ³

¨´É¥·¢ ²¥ 0 < θ ≤ θ0, £¤¥ θ0 Å ¶·µ¨§¢µ²Ó´ Ö Ë¨±¸¨·µ¢ ´´ Ö É¥³¶¥· ÉÊ· ∗.
�É  É¥µ·¥³  ´ Ï²  ³´µ£µÎ¨¸²¥´´Ò¥ ¶·¨²µ¦¥´¨Ö. ’ ±, ¸ ¥¥ ¶µ³µÐÓÕ

•¥·É¥²Ó ¨ T¨··¨´£ ¢ÒÎ¨¸²¨²¨ ¸¢µ¡µ¤´ÊÕ Ô´¥·£¨Õ ¢ É¥·³µ¤¨´ ³¨Î¥¸±µ³ ¶·¥-
¤¥²¥ ¤²Ö ³µ¤¥²¨, µ¶¨¸Ò¢ ÕÐ¥° ¸¨¸É¥³Ê ¶·¨ÉÖ£¨¢ ÕÐ¨Ì¸Ö Ë¥·³¨µ´µ¢ [9].

ŒÒ É ±¦¥ ¤µ²¦´Ò µÉ³¥É¨ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¶·¥¤¥²  ¸¢µ¡µ¤´µ° Ô´¥·-
£¨¨, ¢ÒÎ¨¸²¥´´µ° ¤²Ö £ ³¨²ÓÉµ´¨ ´  (1.22),

lim
V →∞

f(H), (1.27a)

¸ ³µ ¶µ ¸¥¡¥ ´¥ ¸²¥¤Ê¥É ¨§ ¢ÒÏ¥Ê¶µ³Ö´ÊÉÒÌ ´¥· ¢¥´¸É¢.
� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±µ£¤  µ¶¥· Éµ·Ò T ¨ Jα ¢ (1.22) ¨³¥ÕÉ ¢¨¤

(1.23). ’µ£¤  Ê¸²µ¢¨Ö É¥µ·¥³Ò ¢Ò¶µ²´¥´Ò, ¥¸²¨ ¶µÉ·¥¡Ê¥³

1
V

∑
(p)

|T (p)λα(p, σ)| ≤ Q0 ,
1
V

∑
(p)

|λα(p, σ)| ≤ Q1,
1
V

∑
(p)

|λα(p, σ)|2 ≤ Q2 ,

(1.28)
£¤¥ Q0, Q1, Q2 Å ´¥±µÉµ·Ò¥ ¶µ¸ÉµÖ´´Ò¥∗∗ . Š·µ³¥ Éµ£µ, ¡Ê¤¥³ ¶·¥¤¶µ² £ ÉÓ
¸²¥¤ÊÕÐ¨¥ µ£· ´¨Î¥´¨Ö:

|λα(p, σ)| ≤ Q̄ = const (α = 1, 2, ..., s) .

„ ²¥¥ ³Ò ¸Ëµ·³Ê²¨·Ê¥³ É¥µ·¥³Ê, ±µÉµ· Ö ¶µ§¢µ²Ö¥É ¡µ²¥¥ ¤¥É ²Ó´µ ¨¸-
¸²¥¤µ¢ ÉÓ ¸¢µ°¸É¢  ¸¢µ¡µ¤´ÒÌ Ô´¥·£¨°, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì £ ³¨²ÓÉµ´¨ ´ ³
(1.22) ¨ (1.26),   É ±¦¥ ¤µ± § ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ¶·¥¤¥²  (1.27a).

’¥µ·¥³  2. �Ê¸ÉÓ µ¶¥· Éµ·Ò T ¨ Jα ¢ £ ³¨²ÓÉµ´¨ ´¥ (1.22) ¨³¥ÕÉ ¢¨¤
(1.23) ¨ ËÊ´±Í¨¨ T (f), λα(p, σ) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³ (1.28). �·¥¤¶µ²µ-
¦¨³, ÎÉµ ËÊ´±Í¨¨ λα(p, σ) ´¥¶·¥·Ò¢´Ò ¢ ¶·µ¸É· ´¸É¢¥ E, §  ¨¸±²ÕÎ¥´¨¥³,
¢µ§³µ¦´µ, ³´µ¦¥¸É¢  ³¥·Ò ´Ê²Ó. ’µ£¤ 

|fV {H(C)} − f∞{H(C)}| ≤ δV

∗ŒÒ µ¡µ§´ Î ¥³ Ê¤¥²Ó´ÊÕ ¸¢µ¡µ¤´ÊÕ Ô´¥·£¨Õ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ £ ³¨²ÓÉµ´¨ ´  H ± ±
f(H) ¨²¨, ¥¸²¨ ³Ò ÌµÉ¨³ ¶µ¤Î¥·±´ÊÉÓ Ë ±É § ¢¨¸¨³µ¸É¨ µÉ µ¡Ñ¥³  V , ± ± fV (H).
�µ¤ min(C)f(C) ³Ò ¢¸¥£¤  ¶µ¤· §Ê³¥¢ ¥³  ¡¸µ²ÕÉ´Ò° ³¨´¨³Ê³ ËÊ´±Í¨¨ f(C) ¢ ¶·µ¸É· ´¸É¢¥

±µ³¶²¥±¸´ÒÌ ¶ · ³¥É·µ¢ C.
∗∗Œµ¦´µ ¸µ£² ¸µ¢ ÉÓ ¢Ò¡µ· ÔÉ¨Ì ¶µ¸ÉµÖ´´ÒÌ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶µ¸ÉµÖ´´Ò³¨ ¢ ´¥· -

¢¥´¸É¢ Ì (1.24):
M1 = Q1, M2 = 2Q0, M3 = Q2.

“¸²µ¢¨Ö (1.28) µÎ¥¢¨¤´µ ¢Ò¶µ²´ÖÕÉ¸Ö, ¥¸²¨

|λα(p, σ)| ≤ A

(p2 + B)3
,

£¤¥ A ¨ B Å ´¥±µÉµ·Ò¥ ¶µ²µ¦¨É¥²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥.
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¤²Ö |Cα| ≤ 2M1, α = 1, 2, ..., s, ¨ ÔÉµ ´¥· ¢¥´¸É¢µ · ¢´µ³¥·´µ ¶µ µÉ´µÏ¥´¨Õ
± θ ´  ²Õ¡µ³ ¨´É¥·¢ ²¥ ¢¨¤  0 < θ < θ0. f∞{H(C)} µ¶·¥¤¥²¥´  ± ± µ¡ÒÎ´µ
¨ µ¡² ¤ ¥É ´¥¶·¥·Ò¢´Ò³¨ Î ¸É´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨ ¶·µ¨§¢µ²Ó´µ£µ ¶µ·Ö¤± 
¶µ ±µ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³ C1, ..., Cs, C∗

1 , ..., C∗
s . Š·µ³¥ Éµ£µ, ³µ¦´µ

¶µ± § ÉÓ, ÎÉµ
a) ÔÉ¨ ËÊ´±Í¨¨ ¤µ¸É¨£ ÕÉ  ¡¸µ²ÕÉ´µ£µ ³¨´¨³Ê³  ¢ ¶·µ¸É· ´¸É¢¥ ±µ³-

¶²¥±¸´ÒÌ Î¨¸¥² (C) ¢ ´¥±µÉµ·ÒÌ ÉµÎ± Ì C = C̄ , É. ¥.

min(C)f∞{H(C)} = f∞{H(C̄)};

¡) ¢Ò¶µ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢µ

|fV (H) − f∞{H(C̄)}| ≤ δ̄V (1.29)

¨

δ̄ = E
(

1
V

)
+ δV → 0

· ¢´µ³¥·´µ ¶µ µÉ´µÏ¥´¨Õ ± θ ´  ²Õ¡µ³ ¨´É¥·¢ ²¥ 0 < θ ≤ θ0.
�É  É¥µ·¥³  ¡Ò²  ¢¶¥·¢Ò¥ ¤µ± § ´  ¢ [4].

„²Ö ±µ´±·¥É´µ£µ ¢Ò¡µ·  µ¶¥· Éµ·µ¢ ¢ Ëµ·³¥ (1.23)  ¶¶·µ±¸¨³¨·ÊÕÐ¨°
£ ³¨²ÓÉµ´¨ ´, Ê¶µ³¨´ ¥³Ò° ¢ É¥µ·¥³¥ 2, ¶·¨´¨³ ¥É ¢¨¤

H0(C) =
∑
(f)

T (f)a†
faf−

1
2

∑
(f)

{
Λ∗(f)a−faf + Λ(f)a†

fa†
−f

}
+2V

∑
(α)

gαCαC∗
α,

(1.30)
£¤¥ Λ∗(f) = 2

∑
(α) Cαλ∗

α(f). ‚¢µ¤Ö ´µ¢Ò¥ Ë¥·³¨-µ¶¥· Éµ·Ò αf , α†
f , É ±¨¥,

ÎÉµ
af = ufαf − vfα†

−f ,

uf =
1√
2

√
1 +

Tf

Ef
, vf = − Λ(f)√

2|Λ(f)|

√
1 − Tf

Ef
, Ef =

√
T 2(f) + |Λ(f)|2,

¶¥·¥¶¨Ï¥³ (1.30) ¢ ¢¨¤¥

H0(C) =
∑
(f)

Efα†
fαf + V


2

∑
(α)

gαC∗
αCα − 1

2V

∑
(f)

(Ef − Tf )


 .

“¤¥²Ó´ Ö ¸¢µ¡µ¤´ Ö Ô´¥·£¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ÔÉµ³Ê £ ³¨²ÓÉµ´¨ ´Ê, ¶·¥¤¸É -
¢¨³  ¢ Ëµ·³¥

fV = 2
∑
(α)

gαCαC∗
α − 1

2V

∑
(f)

(E(f) − T (f)) +
θ

V

∑
(f)

ln(1 + e−
E(f)

θ ). (1.31)
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Š ± ¸²¥¤Ê¥É ¨§ É¥µ·¥³Ò 2, fV  ¶¶·µ±¸¨³¨·Ê¥É¸Ö ¢ ¶·¥¤¥²¥ V → ∞ ¶·¥¤¥²Ó-
´µ° ¸¢µ¡µ¤´µ° Ô´¥·£¨¥°∗:

f∞{H0(C)} = 2
∑
(α)

gαC∗
αCα−

1
2(2π)3

∫
{E(f)−T (f)−2θ ln(1+e−

E(f)
θ )}d�f.

(1.32)

2. ��™�Ÿ Œ�„…‹œ

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¡µ²¥¥ µ¡ÐÊÕ ³µ¤¥²Ó c Î¥ÉÒ·¥ÌË¥·³¨µ´´Ò³ ¢§ ¨³µ-
¤¥°¸É¢¨¥³ [11]:

H =
∑

(f,f ′)

Ω(f ′, f)a†
faf ′ +

1
2

∑
(f1,f2,f ′

2,f ′
1)

U(f1, f2, f
′
2, f

′
1)a

†
f1

a†
f2

af ′
2
af ′

1
+

+
1
2

∑
(f,f ′)

j−(f ′, f, t)a†
fa†

f ′ +
1
2

∑
(f,f ′)

j+(f ′, f, t)afaf ′ , (2.1)

£¤¥ U(f1, f2, f
′
2, f

′
1) Å ¸¨³³¥É·¨Î´Ò¥ ËÊ´±Í¨¨ ¶µ µÉ´µÏ¥´¨Õ ± ¶¥·¥¸É ´µ¢±¥

 ·£Ê³¥´Éµ¢:
(1 ↔ 2) : {f1 ↔ f2, f ′

1 ↔ f ′
2}

¨ Ω(f ′, f) = Ω0(f ′, f) + j(f ′, f, t). �É  ³µ¤¥²Ó ¢±²ÕÎ ¥É ± ± Î ¸É´Ò° ¸²ÊÎ °
³µ¤¥²Ó, · ¸¸³µÉ·¥´´ÊÕ ¢ÒÏ¥. �É³¥É¨³, ÎÉµ ¢ (2.1) ³Ò ¢¢¥²¨ ¢¸¶µ³µ£ É¥²Ó´Ò¥
¨¸ÉµÎ´¨±¨:

1
2

∑
(f,f ′)

j−(f ′, f, t)a†
fa†

f ′ ,
1
2

∑
(f,f ′)

j+(f ′, f, t)afaf ′ ¨
∑

(f,f ′)

j(f ′, f, t)a†
faf ′ ,

±µÉµ·Ò¥ ¢Ò¡· ´Ò É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¢Ò¶µ²´Ö²¸Ö § ±µ´ ¸µÌ· ´¥´¨Ö ¶µ²-
´µ£µ ¨³¶Ê²Ó¸  ¨ ¢ Éµ ¦¥ ¢·¥³Ö ´ ·ÊÏ ²¸Ö § ±µ´ ¸µÌ· ´¥´¨Ö Î¨¸²  Î ¸É¨Í.

„²Ö ³µ¤¥²¨ (2.1) ¢¢¥¤¥³ ´¥±µÉµ·Ò°  ¶¶·µ±¸¨³¨·ÊÕÐ¨° £ ³¨²ÓÉµ´¨ ´,
±µÉµ·Ò° ¸É·µ¨É¸Ö  ´ ²µ£¨Î´µ  ¶¶·µ±¸¨³¨·ÊÕÐ¥³Ê £ ³¨²ÓÉµ´¨ ´Ê Ê¶·µÐ¥´-
´µ° ³µ¤¥²¨, · ¸¸³µÉ·¥´´µ° ¢ÒÏ¥. ‚ µ¸´µ¢¥ ¶µ¸É·µ¥´¨Ö ²¥¦¨É ¸²¥¤ÊÕÐ¥¥
¶·¨¡²¨¦¥´¨¥:

a†
f1

a†
f2

af ′
2
af ′

1
→ 〈a†

f1
af ′

1
〉a†

f2
af ′

2
− 〈a†

f1
af ′

2
〉a†

f2
af ′

1
+ 〈a†

f2
af ′

2
〉a†

f1
af ′

1
−

−〈a†
f2

af ′
1
〉a†

f1
af ′

2
+ 〈a†

f1
a†

f2
〉af ′

2
af ′

1
+ 〈af ′

2
af ′

1
〉a†

f1
a†

f2
. (2.2)

∗�²ÓÉ¥·´ É¨¢´Ò° ¶µ¤Ìµ¤, ¢ ±µÉµ·µ³ ¸ ¸ ³µ£µ ´ Î ²  µ¡Ñ¥³ V ¶µ² £ ¥É¸Ö ¡¥¸±µ´¥Î´Ò³, ¸
É¥³ ÎÉµ¡Ò ¨§¡¥¦ ÉÓ  ´ ²¨§  ¶·µÍ¥¤Ê·Ò ¶·¥¤¥²Ó´µ£µ ¶¥·¥Ìµ¤  V → ∞, ¡Ò² · §· ¡µÉ ´ ¢ [10].
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�¶·¥¤¥²¨³ ËÊ´±Í¨Õ

W (f1, f2; f ′
2, f

′
1) = U(f1, f2; f ′

2, f
′
1) − U(f1, f2; f ′

1, f
′
2),

±µÉµ· Ö  ´É¨¸¨³³¥É·¨Î´  ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ

W (f1, f2; f ′
2, f

′
1) = −W (f2, f1; f ′

2, f
′
1),

W (f1, f2; f ′
2, f

′
1) = −W (f1, f2; f ′

1, f
′
2).

’µ£¤   ¶¶·µ±¸¨³¨·ÊÕÐ¨° £ ³¨²ÓÉµ´¨ ´ ¤²Ö ³µ¤¥²¨ (2.1) ¨³¥¥É ¢¨¤

Ha =
∑

(f,f ′)

K(f ′, f)a†
faf ′ +

1
2

∑
(f,f ′)

K−(f ′, f)a†
fa†

f ′ +
1
2

∑
(f,f ′)

K+(f ′, f)afaf ′ ,

(2.3)
K(f ′, f) = j(f ′, f, t) + Ω0(f ′, f) +

∑
(f1,f2)

W (f1, f ; f ′, f2)〈a†
f1

af2〉,

K+(f ′, f) = j+(f ′, f, t) +
1
2

∑
(f1,f2)

W (f1, f2; f, f ′)〈a†
f1

a†
f2
〉 =

= j+(f ′, f, t) +
∑

(f1,f2)

U(f1, f2; f, f ′)〈a†
f1

a†
f2
〉,

É ± ± ± 〈a†
f1

a†
f2
〉 = −〈a†

f2
a†

f1
〉, ¨

K−(f ′, f) = j−(f ′, f, t) +
1
2

∑
(f1,f2)

W (f, f ′; f1, f2)〈af1af2〉 =

= j−(f ′, f, t) +
∑

(f1,f2)

U(f, f ′; f1, f2)〈af1af2〉.

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö £ ³¨²ÓÉµ´¨ ´  (2.3) ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥

i
da†

f

dt
= −

∑
(f ′)

{
K(f, f ′)a†

f ′ + K+(f, f ′)af ′

}
,

(2.4)
i
daf

dt
=

∑
(f ′)

{
K(f ′, f)af ′ + K−(f ′, f)a†

f ′

}
.

�É¨ Ê· ¢´¥´¨Ö ¶µ§¢µ²ÖÕÉ ¢Ò¶¨¸ ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ê· ¢´¥´¨Ö ¤²Ö ±µ··¥²Ö-
Í¨µ´´ÒÌ ËÊ´±Í¨° 〈a†

fag〉, 〈afag〉, 〈a†
fa†

g〉:

i
d〈a†

fag〉
dt

= −
∑
(f ′)

{
K(f, f ′)〈a†

f ′ag〉 + K+(f, f ′)〈af ′ag〉
}

+
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+
∑
(f ′)

{
K(f ′, g)〈a†

faf ′〉 + K−(f ′, g)〈a†
fa†

f ′〉
}

,

i
d〈afag〉

dt
=

∑
(f ′)

{
K(f ′, f)〈af ′ag〉 + K−(f ′, f)〈a†

f ′ag〉
}

+

+
∑
(f ′)

{
K(f ′, g)〈afaf ′〉 + K−(f ′, g)[δf,f ′ − 〈a†

f ′af〉]
}

, (2.5)

i
d〈a†

fa†
g〉

dt
= −

∑
(f ′)

{
K(f, f ′)〈a†

f ′a
†
g〉 + K+(f, f ′)[δg,f ′ − 〈a†

gaf ′〉]
}
−

−
∑
(f ′)

{
K(g, f ′)〈a†

fa†
f ′〉 + K+(g, f ′)〈a†

faf ′〉
}

.

„ ²¥¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ê· ¢´¥´¨Ö (2.5) ¸¨¸É¥³µ° Ê· ¢´¥´¨° • ·É·¨Å
”µ± Å�µ£µ²Õ¡µ¢ . �¡µ§´ Î¨³

a†
f (t)ag(t) = A1(f, g, t), j(f, g, t) = η1(f, g, t),

a†
f (t)a†

g(t) = A2(f, g, t), j+(f, g, t) = η2(f, g, t), (2.6)

af (t)ag(t) = A3(f, g, t), j−(f, g, t) = η3(f, g, t).

‡ É¥³ ¢¢¥¤¥³ ËÊ´±Í¨¨ ƒ·¨´  ¢ ¢¨¤¥{
δ〈Aα(f, g, t)〉
δηβ(g1, g2, τ)

}
η=0

= 〈〈Aα(f, g, t)Aβ(g2, g1, τ)〉〉. (2.7)

‡ ¶ §¤Ò¢ ÕÐ¨¥ ¨ µ¶¥·¥¦ ÕÐ¨¥ ËÊ´±Í¨¨ ƒ·¨´  ¢¢µ¤ÖÉ¸Ö ¸É ´¤ ·É´Ò³ µ¡· -
§µ³ [12]:

〈〈Aα(t)Aβ(τ)〉〉ret = θ(t − τ)〈Aα(t)Aβ(τ) + Aβ(τ)Aα(t)〉,

〈〈Aα(t)Aβ(τ)〉〉adv = −θ(τ − t)〈Aα(t)Aβ(τ) + Aβ(τ)Aα(t)〉, (2.8)

〈〈Aα(t)Aβ(τ)〉〉 =
∫ +∞

−∞
〈〈AαAβ〉〉Ee−iE(t−τ)dE,

¨ ¸¶¥±É· ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤¢ÊÌ¢·¥³¥´´ÒÌ ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨°
¨³¥¥É ¢¨¤

〈Aβ(τ)Aα(t)〉 =
∫ +∞

−∞
Jαβ(ω)e−iω(t−τ)dω,

〈Aα(t)Aβ(τ)〉 =
∫ +∞

−∞
Jαβ(ω)eβωe−iω(t−τ)dω. (2.9)
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…¸²¨ ³Ò µ¶·¥¤¥²¨³ ËÊ´±Í¨Õ

〈〈AαAβ〉〉E =
i

2π

∫ +∞

−∞
Jαβ(ω)

eβω + 1
E − ω

dω

´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ E, Éµ

〈〈AαAβ〉〉retE = 〈〈AαAβ〉〉E+i0, 〈〈AαAβ〉〉adv
E = 〈〈AαAβ〉〉E−i0.

‚ ·Ó¨·ÊÖ Ê· ¢´¥´¨Ö • ·É·¨Å”µ± Å�µ£µ²Õ¡µ¢  ¶µ ¨¸ÉµÎ´¨± ³ ηβ(t) (¸³.
(2.6)) ¨ ¶µ² £ Ö § É¥³ ¢¸¥ ¨¸ÉµÎ´¨±¨ · ¢´Ò³¨ ´Ê²Õ, ³Ò ¶·¨Ìµ¤¨³ ± ¸¨¸É¥³¥
Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° ƒ·¨´ :

E〈〈a†
fag; Aβ(g2, g1)〉〉E = −

∑
(f ′)

Ω0(f, f ′)〈〈a†
f ′ag; Aβ〉〉E−

−
∑

(f1,f2,f ′)

{
W (f1, f

′; f, f2)〈a†
f1

af2〉0〈〈a
†
f ′ag; Aβ〉〉E + W (f1, f

′; f, f2) ×

×〈a†
f ′ag〉0〈〈a†

f1
a†

f2
; Aβ〉〉E+

+U(f1, f2; f ′, f)〈A†
f1

a†
f2
〉0〈〈af ′ag; Aβ〉〉E+

+U(f1, f2; f ′f)〈af1ag〉0〈〈a†
f1

a†
f−2; Aβ〉〉E

}
+

+
∑
(f ′)

〈〈a†
faf ′ ; Aβ〉〉Ω0(f ′, g)+

+
∑

(f1,f2,f ′)

{
W (f, g; f ′, f2)〈a†

f1
af2〉0〈〈a

†
faf ′ ; Aβ〉〉E+

+W (f1, g; f ′, f2)〈a†
faf ′〉0〈〈a†

f1
af2 ; Aβ〉〉E+

+U(g, f ′; f1, f2)〈af1af2〉0〈〈a
†
fa†

f ′ ; Aβ〉〉E+

+U(g, f ′; f1, f2)〈a†
fa†

f ′〉0〈〈af1af2 ; Aβ〉〉E
}

+ I1,β , (2.10)

E〈〈afag; Aβ〉〉E =
∑

(f1,f2,f ′)

{
W (f1, f ; f ′, f2)〈a†

f1
af2〉0〈〈af ′ag; Aβ〉〉E +

+W (f1, f ; f ′, f2) × 〈af ′ag〉0〈〈a†
f1

af2 ; Aβ〉〉E+

+U(f, f ′; f1, f2)〈af1af2〉0〈〈a†
f ′ag; Aβ〉〉E+

+U(f, f ′; f1, f2)〈a†
f1

ag〉0〈〈af1af2 ; Aβ〉〉E+
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+W (f1, g; f ′, f2)〈a†
f1

af2〉0〈〈afaf ′ ; Aβ〉〉E+

+W (f1, g; f ′, f2)〈afaf ′〉0〈〈a†
f1

af2 ; Aβ〉〉E+

+ U(g, f ′; f1, f2)(δf,f ′ − 〈a†
faf ′〉0)〈〈af1af2 ; Aβ〉〉E − U(g, f ′; f1, f2)×

×〈af1af2〉0〈〈a†
faf ′ ; Aβ〉E

}
+

+I3,β +
∑
(f ′)

Ω0(f ′, f)〈〈af ′ag; Aβ〉〉E +
∑
(f)

Ω0(f ′, g)〈〈afaf ′ ; Aβ〉〉E ,

E〈〈a†
fa†

g; Aβ〉〉E =

−
∑
(f ′)

{
Ω0(f, f ′)〈〈a†

f ′a
†
g; Aβ〉〉E + Ω0(g, f ′)〈〈a†

fa†
f ′ ; Aβ〉〉E

}
−

−
∑

(f1,f2,f ′)

{
W (f1, f

′; f, f2)〈a†
f1

af2〉0〈〈a
†
f ′a

†
g; Aβ〉〉E+

+W (f1, f
′; f, f2)〈a†

f ′a
†
g〉0〈〈a

†
f1

af2 ; Aβ〉〉E+

+U(f1, f2; f ′, f)[δg,f ′ − 〈a†
gaf ′〉0]〈〈a† − f1a

†
f2

; Aβ〉〉E−

−U(f1, f2; f ′, f2)〈a†
f1

a†
f2
〉0〈〈a†

gaf ′ ; Aβ〉〉E+

+W (f1, f
′; g, f2)〈a†

fa†
f ′〉0〈〈a†

f1
af2 ; Aβ〉〉E+

+W (f1, f
′; g, f2)〈a†

f1
af2〉0〈〈a†

fa†
f ′ ; Aβ〉〉E+

+U(f1, f2; f ′, g)〈a†
f1

a†
f2
〉0〈〈a†

faf ′ ; Aβ〉〉E+

+U(f1, f2; f ′, g)〈a†
faf ′〉0〈〈a†

f1
a†

f2
; Aβ〉〉E + I3,β .

‡¤¥¸Ó

I1,1 = −i〈a†
g2

ag〉0
δ(f − g1)

2π
+ i〈a†

fag1〉0
δ(g − g2)

2π
,

I3,1 = i〈ag1ag〉0
δ(f − g2)

2π
+ i〈a†

fag1〉0
δ(g − g2)

2π
,

I2,1 = i〈a†
g2

a†
g〉0

δ(f − g1)
2π

− i〈a†
fag2〉0

δ(g − g1)
2π

,

I1,2 = −i〈ag2ag〉
δ(f − g1)

2π
, I2,3 = 0,

I2,2 = − i

2π
[δ(g − g2) − 〈a†

gag2〉0]δ(f − g1) −
i

2π
〈a†

fag2〉0δ(g − g1),
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I1,3 =
i

2π
〈a†

fa†
g1
〉0δ(g − g2),

I2,3 =
i

2π
〈a†

g1
ag〉0δ(f − g2) +

i

2π
[δ(f − g1)− 〈a†

g1
af 〉0]δ(g − g2), I3,3 = 0.

“· ¢´¥´¨Ö • ·É·¨Å”µ± Å�µ£µ²Õ¡µ¢  ¡¥§ ¨¸ÉµÎ´¨±µ¢ ´¥ ¶µ§¢µ²ÖÕÉ
±µ··¥±É´µ ¢ÒÎ¨¸²¨ÉÓ É ± ´ §Ò¢ ¥³Ò¥ ®´Ê²¥¢Ò¥¯ ¨²¨ ® ´µ³ ²Ó´Ò¥¯ ¸·¥¤´¨¥:

〈a†
fag〉0, 〈a†

fa†
g〉0, 〈afag〉0.

‘²¥¤µ¢ É¥²Ó´µ, ´¥µ¡Ìµ¤¨³µ ¶¥·¥µ¸³Ò¸²¨ÉÓ ¸ ³Ê ¶·µÍ¥¤Ê·Ê ¢ÒÎ¨¸²¥´¨Ö É ±¨Ì
¸·¥¤´¨Ì. � ¶·¨³¥·, ³µ¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö  ¶¶·µ±¸¨³¨·ÊÕÐ¨³ £ ³¨²ÓÉµ´¨-
 ´µ³ ¢ Ëµ·³¥ (2.3), ¶µ²µ¦¨¢ ¢ ´¥³ η = 0:

H0
app =

∑
(f,f ′)

K(0)(f ′, f)a†
faf ′+

+
1
2

∑
(f,f ′)

K
(0)
− (f ′, f)a†

fa†
f ′ +

1
2

∑
(f,f ′)

K
(0)
+ (f ′, f)afaf ′ + const,

£¤¥

K(0)(f ′, f) = Ω0(f ′, f) +
∑

(f,f2)

W (f1, f ; f ′, f2)〈a†
f1

af2〉0,

K
(0)
+ (f ′, f) =

∑
(f,f2)

U(f1, f2; f, f ′)〈a†
f1

a†
f2
〉0,

K
(0)
− (f ′, f) =

∑
(f,f2)

U(f, f ′; f1, f2)〈af1af2〉0.

‚ ·¥§Ê²ÓÉ É¥ ¶·¨¡²¨¦¥´´Ò¥ ¸ ³µ¸µ£² ¸µ¢ ´´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
 ´µ³ ²Ó´ÒÌ ¸·¥¤´¨Ì ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤

Sp
{
a†

fage−βH0
app

}
Sp e−βH0

app
= 〈a†

fag〉0,
Sp

{
a†

fa†
ge

−βH0
app

}
Sp e−βH0

app
= 〈a†

fa†
g〉0,

Sp
{

afage−βH0
app

}
Sp e−βH0

app
= 〈afag〉0.

�¤´ ±µ ¢µ§³µ¦¥´ É ±¦¥ ¨  ²ÓÉ¥·´ É¨¢´Ò° ¶µ¤Ìµ¤, µ¸´µ¢ ´´Ò° ´  É¥Ì´¨±¥
ËÊ´±Í¨° ƒ·¨´ . � ¸¸³µÉ·¨³ ¶·¥¦¤¥ ¢¸¥£µ ¸²ÊÎ ° η �= 0 ¨ ¢Ò¶¨Ï¥³ ¤¨´ ³¨-
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Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤²Ö ¸²¥¤ÊÕÐ¨Ì § ¶ §¤Ò¢ ÕÐ¨Ì ¨ µ¶¥·¥¦ ÕÐ¨Ì ËÊ´±Í¨°
ƒ·¨´ , ¶µ¸É·µ¥´´ÒÌ ¨§ Ë¥·³¨-µ¶¥· Éµ·µ¢∗:

G1(f, t; f ′τ) = 〈〈a†
f (t)af ′(τ)〉〉 = θ(t − τ)〈a†

f (t)af ′(τ) + af ′(τ)a†
f (t)〉,

G2(f, t; f ′τ) = 〈〈af (t)af ′(τ)〉〉 = θ(t − τ)〈af (t)af ′(τ) + af ′(τ)af (t)〉.
ŒÒ ¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ÔÉ¨Ì ËÊ´±Í¨° ƒ·¨´ :

i
∂

∂t
G(1) = −


∑

(g)

G(1)K(f, g) +
∑
(g)

G(2)K+(f, g)


 + iδ(t − τ)δff ′ ,

i
∂

∂t
G(2) = −

∑
(g)

G(2)K(g, f) +
∑
(g)

G(1)K−(g, f).

‡¤¥¸Ó ËÊ´±Í¨Ö K § ¢¨¸¨É µÉ t ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ¨, É ±¨³ µ¡· §µ³, Ê³¥¸É´µ
µ¡µ§´ Î ÉÓ ¥¥ ± ± K(g, f, t). �·µ ´ ²¨§¨·Ê¥³ É¥¶¥·Ó ¸²ÊÎ °, ±µ£¤  ¨¸ÉµÎ´¨±¨
· ¢´Ò ´Ê²Õ, É. ¥. η = 0. ’µ£¤  G(α) § ¢¨¸¨É Éµ²Ó±µ µÉ · §´µ¸É¨ ¶¥·¥³¥´´ÒÌ
t − τ , ÎÉµ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ¢·¥³¥´´µ° µ¤´µ·µ¤´µ¸É¨:

G(α)(f, t; f ′, τ) = G(α)(f, f ′, t − τ).

‘²¥¤µ¢ É¥²Ó´µ, Ê¤µ¡´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö Ô´¥·£¥É¨Î¥¸±¨³ E-¶·¥¤¸É ¢²¥´¨¥³
· ¸¸³ É·¨¢ ¥³ÒÌ ËÊ´±Í¨° ƒ·¨´ :

〈〈a†
faf ′〉〉E =

1
2π

∫ +∞

−∞
G(1)(f, f ′, t)eiEtdt,

〈〈afaf ′〉〉E =
1
2π

∫ +∞

−∞
G(2)(f, f ′, t)eiEtdt

¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ¡· §µ³ ¶·¥µ¡· §µ¢ ÉÓ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö:

E〈〈a†
faf ′〉〉E +

∑
(g)

{
K(0)(f, g)〈〈a†

gaf ′〉〉E + K
(0)
+ (f, g)〈〈agaf ′〉〉E

}
=

=
i

2π
δ(f − f ′),

∗� ¢´Ò³ µ¡· §µ³ ¤µ¶Ê¸É¨³µ · ¸¸³ É·¨¢ ÉÓ ¶·¨Î¨´´Ò¥ ËÊ´±Í¨¨ ƒ·¨´ :

G(f, t; f ′, τ) = 〈T{a†
f (t)af ′ (τ)}〉 = θ(t − τ)〈a†

f (t)af ′ (τ)〉 − θ(τ − t)〈af ′ (τ)a†
f (t)〉,

¢³¥¸Éµ µ¶¥·¥¦ ÕÐ¨Ì ¨ § ¶ §¤Ò¢ ÕÐ¨Ì ËÊ´±Í¨° ƒ·¨´ .
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E〈〈afaf ′〉〉E +
∑
(g)

{
K(0)(f, g)〈〈agaf ′〉〉E + K

(0)
− (f, g)〈〈a†

gaf ′〉〉E
}

= 0.

� ¸¸³µÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  £ ³¨²ÓÉµ´¨ ´ �Š˜ [6]. ŒÒ ¢µ¸¶µ²Ó§Ê¥³¸Ö
¸¶¥±É· ²Ó´Ò³ E-¶·¥¤¸É ¢²¥´¨¥³ ¤²Ö ±µ··¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¨ ËÊ´±Í¨°
ƒ·¨´ , ¸µ¸ÉµÖÐ¨Ì ¨§ ¶ · Ë¥·³¨-µ¶¥· Éµ·µ¢ af , a†

f ′ ¨ a†
g , ¢ Ëµ·³¥

〈A(t)B(τ)〉 =
∫ +∞

−∞
JAB(ω)e

ω
θ e−iω(t−τ)dω,

〈B(τ)A(t)〉 =
∫ +∞

−∞
JAB(ω)e−iω(t−τ)dω, 〈AB〉 =

∫ +∞

−∞
JAB(ω)e

ω
θ dω,

〈〈AB〉〉E =
i

2π

∫ +∞

−∞
JAB(ω)

eβω + 1
E − ω

dω.

ƒ ³¨²ÓÉµ´¨ ´ �Š˜ ¨³¥¥É ¢¨¤

H =
∑
(f)

T (p) a†
faf − 1

2V

∑
(f,f ′)

J(f)J(f ′) a†
fa†

−fa−f ′af ′ ,

£¤¥

f = (�p, σ), σ = ±1
2
, �p =

(
2πn(1)

L
,
2πn(2)

L
,
2πn(3)

L

)
,

T (p) =
p2

2m
− λ, λ > 0,

J(f) = ε(σ1 − σ2)J(p), ε(σ) =
{

+1, σ > 0
−1, σ < 0

.

�·¥¤¶µ² £ ¥É¸Ö, ÎÉµ J(p) Å ¸¨³³¥É·¨Î´ Ö ËÊ´±Í¨Ö, É ± ÎÉµ J(−f) = −J(f).
‡ ±µ´Ò ¸µÌ· ´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸  ¨ ¶·µ¥±Í¨¨ ¸¶¨´  ¶·¨¢µ¤ÖÉ ± ¸²¥¤ÊÕ-

Ð¨³ ¶· ¢¨² ³ µÉ¡µ·  ¤²Ö ¸·¥¤´¨Ì:

〈a†
faf ′〉 = δ(f − f ′)〈a†

faf 〉, 〈a†
fa†

f ′〉 = δ(f + f ′)〈a†
fa†

−f 〉,

〈afaf ′〉 = −δ(f + f ′)〈a−faf 〉

¨  ´ ²µ£¨Î´Ò³ ¶· ¢¨² ³ µÉ¡µ·  ¤²Ö ËÊ´±Í¨° ƒ·¨´  〈〈a†
faf ′〉〉E , 〈〈a†

fa†
f ′〉〉,

〈〈afaf ′〉〉E .
‚ ¸²ÊÎ ¥ ³µ¤¥²¨ �Š˜ ³Ò, ¢ Î ¸É´µ¸É¨, ¨³¥¥³

U(f1, f2; f ′
2, f

′
1) = − 1

V
J(f1)J(f ′

1)δ(f1 + f2)δ(f ′
1 + f ′

2),

W (f1, f2; f ′
2, f

′
1) = − 2

V
J(f1)J(f ′

1)δ(f1 + f2)δ(f ′
1 + f ′

2)
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¨
K(0)(f, f ′) = T (p)δ(f − f ′) +

∑
(f1)

W (f1, f ; f ′, f1)〈a†
f1

af1〉0 =

= T (p)δ(f − f ′) + δ(f − f ′)
(
− 2

V
|J(f)|2〈a†

−fa−f 〉0
)

= δ(f − f ′)T (p).

K
(0)
+ (f ′, f) = δ(f +f ′)


 1

V

∑
(f1)

J(f1)〈a†
f1

a†
−f1

〉0


 J(f) = −δ(f +f ′)C∗J(f ′),

K
(0)
− (f ′, f) =

∑
(f1)

U(f, f ′;−f1, f1)〈a−f1af1〉 =

= δ(f + f ′)


− 1

V

∑
(f1)

J(f1)〈a−f1af1〉


 J(f) = −δ(f + f ′)CJ(f).

‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ³µ¤¥²¨ �Š˜ ¨³¥¥É ¢¨¤

{E + T (p)}〈〈a†
faf 〉〉E − C∗J(f)〈〈a−faf 〉〉E =

i

2π
,

−CJ(f)〈〈a†
faf 〉〉E + {E − T (p)}〈〈a−faf 〉〉E = 0,

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ

〈〈a†
faf 〉〉E =

i

2π

E − T (p)
E2 − T 2(p) − |C|2J2

,

〈〈a−faf 〉〉E =
i

2π

CJ(f)
E2 − T 2(p) − |C|2J2

.

�µ²µ¦¨³
E(p) =

√
T 2(p) + |C|2|J |2.

‘²¥¤µ¢ É¥²Ó´µ,

1
E2 − E2(p)

=
1

2E(p)

{
1

E − E(p)
− 1

E + E(p)

}
,

〈〈a†
faf 〉〉E =

i

2π

E − T (p)
2E(p)

{
1

E − E(p)
− 1

E + E(p)

}
,

〈〈a−faf 〉〉E =
i

2π

CJ(f)
2E(p)

{
1

E − E(p)
− 1

E + E(p)

}
.
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�µ¸²¥ µÎ¥¢¨¤´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ³Ò ´ Ìµ¤¨³ ¸¶¥±É· ²Ó´Ò¥ ¶²µÉ´µ¸É¨ ¢ ¢¨¤¥

Ja†
f af

(ω) =
ω − T (p)
2E(p)

1
1 + eβω

{δ(ω − E(p)) − δ(ω + E(p))} ,

Ja−f af
(ω) =

CJ(f)
2E(p)(1 + eβω)

{δ(ω − E(p)) − δ(ω + E(p))}

¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸·¥¤´¨Ì:

〈a†
faf 〉0 =

E(p) − T (p)
2E(p)

eβE(p)

1 + eβE(p)
+

E(p) + T (p)
2E(p)

e−βE(p)

1 + e−βE(p)
,

〈a−faf 〉 =
CJ(f)
2E(p)

{
eβE(p)

1 + eβE(p)
−

−βE(p)

1 + e−βE(p)

}
=

=
CJ(f)
2E(p)

th
βE(p)

2
, thx =

1 − e−2x

1 + e−2x
.

‚µ ¢¸¥Ì ¢Ò· ¦¥´¨ÖÌ ¢¢¥¤¥´µ µ¡µ§´ Î¥´¨¥

C =
1
V

∑
(f)

J(f)〈a−faf 〉.

’ ±¨³ µ¡· §µ³, ³Ò ¶·¨Ï²¨ ± ¨§¢¥¸É´µ³Ê Ê· ¢´¥´¨Õ ¤²Ö Ð¥²¨ ¢ ³µ¤¥²¨ �Š˜:

C = C
1
V

∑
(f)

|J(f)|2 1
2E(p)

th
βE(p)

2
.

“· ¢´¥´¨¥

1 =
1

(2π)3

∫ |J(p)|2
E(p)

th
βE(p)

2
d�p

¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥, ¥¸²¨ β > β0, £¤¥ µ¡· É´ Ö ±·¨É¨Î¥¸± Ö É¥³¶¥-
· ÉÊ·  β0 µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

1 =
1

(2π)3

∫ |J(p)|2
T (p)

th
βT (p)

2
d�p.

“³¥¸É´µ É ±¦¥ ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ µ¡Ð¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨° ƒ·¨´ 
(2.10) ´¥ Éµ²Ó±µ Ö¢²ÖÕÉ¸Ö ´¥±µÉµ·Ò³¨ Ëµ·³ ²Ó´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨, ´µ ¶µ-
§¢µ²ÖÕÉ ¢ÒÎ¨¸²¨ÉÓ ¶µ¶· ¢µÎ´Ò° Î²¥´ ¤²Ö Ê· ¢´¥´¨Ö Ð¥²¨, ¢Ò¢¥¤¥´´µ£µ ¶·¨
 ´ ²¨§¥ ±µ··¥²ÖÍ¨µ´´µ° ËÊ´±Í¨¨ ¢¨¤  〈〈afa−f ; a†

fa†
−f 〉〉E ¢ É¥µ·¨¨ ¸¢¥·Ì-

¶·µ¢µ¤¨³µ¸É¨, µ¸´µ¢ ´´µ° ´  ³µ¤¥²¨ �Š˜ (¸³. [11]).
—¨É É¥²Ö³, ¨´É¥·¥¸ÊÕÐ¨³¸Ö ¶·¨³¥´¥´¨¥³ · §²¨Î´ÒÌ ¢ ·¨ ´Éµ¢ ³¥Éµ¤ 

• ·É·¨Å”µ± Å�µ£µ²Õ¡µ¢  ¢ § ¤ Î Ì É¥µ·¨¨ É¢¥·¤µ£µ É¥²  ¨ ±¢ ´Éµ¢µ° ¸É -
É¨¸É¨Î¥¸±µ° ³¥Ì ´¨±¨ ¶·¥¤² £ ¥³ µ§´ ±µ³¨ÉÓ¸Ö É ±¦¥ ¸ · ¡µÉ ³¨ [13Ä16].
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