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‚ µ¡§µ·¥ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¨§²µ¦¥´  ²£¥¡· ¨Î¥¸±¨° ³¥Éµ¤ ·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ ¢ ´¥É· -
¤¨Í¨µ´´ÒÌ ¶µ¸É ´µ¢± Ì, ¢ · ³± Ì ±µÉµ·µ£µ § É¥³ ¨¸¸²¥¤µ¢ ´Ò ´¥±µÉµ·Ò¥ ¶·µ¡²¥³Ò ±¢ ´Éµ¢µ°
É¥µ·¨¨ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í.

The algebraic method of the scattering inverse problem solution under untraditional statements
is proposed consistently in this review, in the framework of which some quantum theory of scattering
charged particles problems were researched afterwards.

‚‚…„…�ˆ…

�¥Ï¥´¨¥ µ¡· É´µ° § ¤ Î¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö § ±²ÕÎ ¥É¸Ö ¢
¢µ¸¸É ´µ¢²¥´¨¨ ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³,
¢±²ÕÎ ÕÐ¨³ ¢ · §²¨Î´ÒÌ ¢ ·¨ ´É Ì Ë §µ¢Ò¥ ¸¤¢¨£¨, S-³ É·¨ÍÊ, Ô´¥·£¨¨ ¨
´µ·³¨·µ¢µÎ´Ò¥ ±µ´¸É ´ÉÒ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°,  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö. �¡-
· É´Ò¥ § ¤ Î¨ ¨§ÊÎ ÕÉ¸Ö Ê¦¥ ´  ¶·µÉÖ¦¥´¨¨ ¡µ²¥¥ ¸¥³¨¤¥¸ÖÉ¨ ²¥É, ¢ É¥Î¥´¨¥
±µÉµ·ÒÌ µ¶Ê¡²¨±µ¢ ´µ µÎ¥´Ó ¡µ²ÓÏµ¥ ±µ²¨Î¥¸É¢µ · ¡µÉ. �·¨ ÔÉµ³ ´ ¨¡µ-
²¥¥ ¢ ¦´Ò¥ ¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ µ¡· É´Ò³ § ¤ Î ³ ¢ µ¸´µ¢´µ³
¨§²µ¦¥´Ò ¢ ³µ´µ£· Ë¨ÖÌ [1Ä10].

„µ ¶µ¸²¥¤´¥£µ ¢·¥³¥´¨ ¡Ò²¨ ¨§¢¥¸É´Ò ¤¢¥ É· ¤¨Í¨µ´´Ò¥ ¶µ¸É ´µ¢±¨,
¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ±µÉµ·Ò³¨ µ¡· É´ Ö § ¤ Î  ¨³¥¥É ·¥Ï¥´¨¥, ¥¸²¨ ¨§¢¥¸É´Ò
¸¤¢¨£¨ Ë §: 1) ¤²Ö µ¤´µ£µ §´ Î¥´¨Ö Ê£²µ¢µ£µ ³µ³¥´É  ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ
Ô´¥·£¨¨, Ô´¥·£¨¨ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¨ ´µ·³¨·µ¢µÎ´Ò¥ ±µ´¸É ´ÉÒ; 2) ¤²Ö
¢¸¥Ì §´ Î¥´¨° Ê£²µ¢ÒÌ ³µ³¥´Éµ¢ ¶·¨ µ¤´µ° Ë¨±¸¨·µ¢ ´´µ° Ô´¥·£¨¨, Éµ ¥¸ÉÓ
¨§¢¥¸É´   ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö.

�·¨ ·¥Ï¥´¨¨ µ¡· É´µ° § ¤ Î¨ ¤²Ö · §²¨Î´ÒÌ É¨¶µ¢ Ê· ¢´¥´¨°, ± ± ¶· -
¢¨²µ, ¨¸¶µ²Ó§ÊÕÉ ³µ¤¨Ë¨± Í¨¨ ¨²¨  ´ ²µ£¨ ³¥Éµ¤µ¢ ƒ¥²ÓË ´¤ Ä‹¥¢¨É ´ 
¨²¨ Œ ·Î¥´±µ. �·¨ ÔÉµ³ ¸²µ¦¨² ¸Ó É ± Ö ¸¨ÉÊ Í¨Ö, ÎÉµ É¥Ì´¨±  ³¥Éµ¤ 
Š·¥°´  ´¥ ´ Ï²  ¤µ¸É ÉµÎ´µ£µ ¶·¨³¥´¥´¨Ö ¢ ¨¸¸²¥¤µ¢ ´¨ÖÌ ¶µ µ¡· É´Ò³
§ ¤ Î ³ ¤²Ö ¡µ²¥¥ ¸²µ¦´ÒÌ É¨¶µ¢ Ê· ¢´¥´¨°.
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‚¸¥ ÔÉ¨ ³¥Éµ¤Ò Ö¢²ÖÕÉ¸Ö ¨´É¥£· ²Ó´Ò³¨ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ±²ÕÎ¥¢Ò³ ¢
´¨Ì Ö¢²Ö¥É¸Ö ¨¸¶µ²Ó§µ¢ ´¨¥ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° É¨¶  ƒ¥²ÓË ´¤ Ä‹¥¢¨-
É ´ , Œ ·Î¥´±µ ¨²¨ Š·¥°´ . �¤´ ±µ ¸ÊÐ¥¸É¢Ê¥É É ±¦¥ ¤·Ê£µ° ( ²£¥¡· ¨Î¥-
¸±¨°) ¶µ¤Ìµ¤ ± ·¥Ï¥´¨Õ µ¡· É´µ° § ¤ Î¨, ¢ ±µÉµ·µ³ ´¥ ¨¸¶µ²Ó§µ¢ ´Ò Ê± § ´-
´Ò¥ ¢ÒÏ¥ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö. Š ÔÉµ³Ê ¶µ¤Ìµ¤Ê ¶·¨¢µ¤¨É § ¤ ´¨¥ ËÊ´±-
Í¨¨ ‰µ¸É  ¨²¨ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¢ ¢¨¤¥ · Í¨µ´ ²Ó´µ° ËÊ´±Í¨¨ ¶ · ³¥É·µ¢
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (“˜). ‚¶¥·¢Ò¥  ²£¥¡· ¨Î¥¸±¨° ³¥Éµ¤ ·¥Ï¥´¨Ö µ¡· É-
´µ° § ¤ Î¨ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ µ·¡¨É ²Ó´µ³ ³µ³¥´É¥ ¡Ò² Ê¸É ´µ¢²¥´ ’¥°¸µ³
¢ 1956 £. [11]. ‡ É¥³ ¢ · ¡µÉ¥ [12] ÔÉ¨³ ¦¥ ³¥Éµ¤µ³ ¡Ò²  ·¥Ï¥´  µ¡· É´ Ö
§ ¤ Î  ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ §´ Î¥´¨¨ Ô´¥·£¨¨. ‡ ³¥É¨³, ÎÉµ  ²£¥¡· ¨Î¥¸±¨°
³¥Éµ¤ ·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ µ± § ²¸Ö £µ· §¤µ ³¥´¥¥ ¨§¢¥¸É´Ò³, Î¥³ Ê¶µ-
³Ö´ÊÉÒ¥ ¢ÒÏ¥ ¨´É¥£· ²Ó´Ò¥ ³¥Éµ¤Ò,   É ±¦¥ ³¥Éµ¤ �ÓÕÉµ´ Ä‘ ¡ ÉÓ¥ [2, 6].
�µÔÉµ³Ê ¤ ´´Ò° µ¡§µ· ¢µ¸¶µ²´Ö¥É µ¡· §µ¢ ¢Ï¨°¸Ö ¶·µ¡¥² ¢ ¨´Ëµ·³ Í¨¨ µ
·¥§Ê²ÓÉ É Ì, ¶µ²ÊÎ¥´´ÒÌ ¶µ µ¡· É´µ° § ¤ Î¥ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¢
ÔÉµ³ ´ ¶· ¢²¥´¨¨.

‚ ¶µ¸²¥¤´¨¥ £µ¤Ò ¡Ò²¨ ¶·µ¤µ²¦¥´Ò ¨´É¥´¸¨¢´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¶µ µ¡· É-
´Ò³ § ¤ Î ³ ¢ · §²¨Î´ÒÌ ´ ¶· ¢²¥´¨ÖÌ. …¸²¨ · ´¥¥ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ
¡Ò²¨ ¶µ²ÊÎ¥´Ò ¤²Ö µ¤´µ³¥·´ÒÌ ¨ µ¤´µ± ´ ²Ó´ÒÌ § ¤ Î, Éµ ¤²Ö ¶µ¸²¥¤´¨Ì
²¥É Ì · ±É¥·¥´ ¶¥·¥Ìµ¤ ± ¨§ÊÎ¥´¨Õ ¡µ²¥¥ ¸²µ¦´ÒÌ ¸¨¸É¥³ Å ³´µ£µ± ´ ²Ó-
´ÒÌ, ³´µ£µ³¥·´ÒÌ, ³´µ£µÎ ¸É¨Î´ÒÌ ¨ ¸ ´¥²µ± ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³ [9].

Š ± µÉ³¥Î¥´µ ¢ÒÏ¥, ¢ É· ¤¨Í¨µ´´ÒÌ ¶µ¤Ìµ¤ Ì ¶µÉ¥´Í¨ ² ¢µ¸¸É ´ ¢²¨-
¢ ÕÉ ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ²¨¡µ
Ô´¥·£¨¨, ²¨¡µ µ·¡¨É ²Ó´µ£µ ³µ³¥´É . ‚ [13] · ¸¸³µÉ·¥´ ¡µ²¥¥ µ¡Ð¨° ¶µ¤Ìµ¤
± ·¥Ï¥´¨Õ µ¡· É´µ° § ¤ Î¨, ±µ£¤  Ô´¥·£¨Ö ¨ ±¢ ¤· É µ·¡¨É ²Ó´µ£µ ³µ³¥´É 
¢ ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ · ¸¸¥Ö´¨Ö ¸¢Ö§ ´Ò ²¨´¥°´µ° § ¢¨¸¨³µ¸ÉÓÕ.

‚ É· ¤¨Í¨µ´´ÒÌ ¶µ¸É ´µ¢± Ì µ¡· É´µ° § ¤ Î¨ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ §´ -
Î¥´¨¥ ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ Ë¨±¸¨·µ¢ ´µ, Éµ ¥¸ÉÓ ·¥ÎÓ ¨¤¥É µ ¢µ¸-
¸É ´µ¢²¥´¨¨ ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê ¤¢Ê³Ö Ë¨±¸¨·µ¢ ´´Ò³¨ Î -
¸É¨Í ³¨ x ¨ y. �¤´ ±µ, ¥¸²¨ µÉ± § ÉÓ¸Ö µÉ ÔÉµ£µ ¶·¥¤¶µ²µ¦¥´¨Ö ¨ ¸Î¨É ÉÓ
§´ Î¥´¨Ö ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ ¶¥·¥³¥´´Ò³¨, Éµ ³µ¦´µ ¸Ëµ·³Ê²¨·µ-
¢ ÉÓ µ¡· É´ÊÕ § ¤ ÎÊ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¢ ´µ¢µ° (´¥É· ¤¨Í¨µ´´µ°)
¶µ¸É ´µ¢±¥, ¸ÊÉÓ ±µÉµ·µ° § ±²ÕÎ ¥É¸Ö ¢ µ¶·¥¤¥²¥´¨¨ ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°-
¸É¢¨Ö ¶µ Ë §µ¢Ò³ ¸¤¢¨£ ³, ¢§ÖÉÒ³ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨
(¨³¶Ê²Ó¸ ) ¨ µ·¡¨É ²Ó´µ£µ ³µ³¥´É , ´µ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ±Ê²µ´µ¢-
¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¤¨´ ¨ ÉµÉ ¦¥ ¶µÉ¥´Í¨ ² ¤µ²¦¥´ µ¶¨-
¸Ò¢ ÉÓ ¢§ ¨³µ¤¥°¸É¢¨¥ Ê¦¥ ³¥¦¤Ê ¤¢Ê³Ö £·Ê¶¶ ³¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í X ¨ Y ,
¨³¥ÕÐ¨Ì ¶·¨³¥·´µ µ¤¨´ ±µ¢ÊÕ ¶·¨¢¥¤¥´´ÊÕ ³ ¸¸Ê. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶·¨´-
Í¨¶µ³ ¨§µÉµ¶¨Î¥¸±µ° ¨´¢ ·¨ ´É´µ¸É¨ Ö¤¥·´ÒÌ ¸¨² É ±¨¥ £·Ê¶¶Ò Î ¸É¨Í X ¨
Y ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¨§µ¡ ·¨Î¥¸±¨¥ ³Ê²ÓÉ¨¶²¥ÉÒ (¨²¨ Ö¤· -¨§µ¡ ·Ò) [14].
’ ±¨³ µ¡· §µ³, ¢ ¶·¥¤²µ¦¥´´µ³ §¤¥¸Ó ´µ¢µ³ (´¥É· ¤¨Í¨µ´´µ³) ¶µ¤Ìµ¤¥ ±
µ¡· É´µ° § ¤ Î¥ ¢ ¶·¨´Í¨¶¥ ³µ¦´µ ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ ¢µ¸¸É -
´µ¢¨ÉÓ ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê ¤¢Ê³Ö ¨§µ¡ ·¨Î¥¸±¨³¨ ³Ê²ÓÉ¨¶²¥-
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É ³¨ (¨²¨ ³¥¦¤Ê § ·Ö¦¥´´Ò³ ±² ¸É¥·µ³ ¨ ¨§µ¡ ·¨Î¥¸±¨³ ³Ê²ÓÉ¨¶²¥Éµ³).
„²Ö ·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ ¢ É ±µ° ´¥É· ¤¨Í¨µ´´µ° ¶µ¸É ´µ¢±¥ ´¥µ¡Ìµ-
¤¨³Ò ·¥§Ê²ÓÉ ÉÒ Ë §µ¢µ£µ  ´ ²¨§ , ÊÎ¨ÉÒ¢ ÕÐ¥£µ ±Ê²µ´µ¢¸±µ¥ ¨²¨ § ·Ö¤µ¢µ¥
· ¸Ð¥¶²¥´¨¥ Ë §µ¢ÒÌ ¸¤¢¨£µ¢. �·¨³¥·Ò É ±µ£µ ·µ¤  Ë §µ¢µ£µ  ´ ²¨§  ¤²Ö
pN -¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸µ¸ÉµÖ´¨¨ 1S0 ¨ ¤²Ö π±p-¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸µ¸ÉµÖ´¨ÖÌ
S31, P33 ¶·¨¢¥¤¥´Ò ¢ [15, 16].

–¥²Ó ¤ ´´µ£µ µ¡§µ·  § ±²ÕÎ ¥É¸Ö ¢ ¨§²µ¦¥´¨¨  ²£¥¡· ¨Î¥¸±µ£µ ³¥Éµ¤ 
·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ ¢ ´¥É· ¤¨Í¨µ´´ÒÌ ¶µ¸É ´µ¢± Ì ¨ ¢ ¨¸¶µ²Ó§µ¢ ´¨¨
¥£µ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ´¥±µÉµ·ÒÌ ¶·µ¡²¥³ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í.

‚ · §¤. 1 · ¸¸³µÉ·¥´  µ¡· É´ Ö § ¤ Î  É¥µ·¨¨ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ Î -
¸É¨Í ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ · §¤. 2 Ê¸É -
´µ¢²¥´  ¶·µÍ¥¤Ê·  ¢µ¸¸É ´µ¢²¥´¨Ö ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö ¤²Ö ¸²ÊÎ Ö,
±µ£¤  ¢ ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ · ¸¸¥Ö´¨Ö Ô´¥·£¨Ö, ±¢ ¤· É µ·¡¨É ²Ó´µ£µ ³µ³¥´É 
¨ ±Ê²µ´µ¢¸± Ö ±µ´¸É ´É  ¸¢Ö§¨ ²¨´¥°´µ § ¢¨¸¨³Ò. ‡¤¥¸Ó ¦¥ ¨§ÊÎ¥´µ ¢²¨Ö´¨¥
§´ ±  ¶µÉ¥´Í¨ ²  ´  · ¸¶µ²µ¦¥´¨¥ ¶µ²Õ¸µ¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¨ ¶µ¢¥¤¥´¨¥
Ë §µ¢ÒÌ ¸¤¢¨£µ¢. ‚ · §¤. 3 ¨¸¸²¥¤µ¢ ´  ¸¢Ö§Ó ³¥¦¤Ê µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨
§ ¤ Î ³¨ ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í.

1. ����’��Ÿ ‡�„�—� ’…��ˆˆ ��‘‘…Ÿ�ˆŸ ‡��Ÿ†…��›•
—�‘’ˆ– ‚ Š�Œ�‹…Š‘��‰ �‹�‘Š�‘’ˆ Š“‹���‚‘Š�‰

Š��‘’��’› ‘‚Ÿ‡ˆ

‚ µ¸´µ¢Ê · ¡µÉÒ ¶µ²µ¦¥´µ ¶ ·Í¨ ²Ó´µ¥ “˜

y′′
k,l(r) +

[
k2 − l(l + 1)

r2
− a

r
− V (r)

]
yk,l(r) = 0, (1)

£¤¥ k =

√
2mE

�
Å ¨³¶Ê²Ó¸, l Å µ·¡¨É ²Ó´Ò° ³µ³¥´É, a =

2mzZe2

�2
Å

±Ê²µ´µ¢¸± Ö ±µ´¸É ´É  ¸¢Ö§¨, m Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ¸¨¸É¥³Ò, E Å Ô´¥·-

£¨Ö, z ¨ Z Å § ·Ö¤Ò ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í, U(r) =
�

2

2m
V (r) Å ±µ-

·µÉ±µ¤¥°¸É¢ÊÕÐ¨° ¶µÉ¥´Í¨ ² (´ ¶·¨³¥·, ÔËË¥±É¨¢´Ò° ¶µÉ¥´Í¨ ² Ö¤¥·´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö), Ê¤µ¢²¥É¢µ·ÖÕÐ¨° Ê¸²µ¢¨Õ

∞∫
0

r|V (r)| exp (αr)dr < ∞, α > 0. (2)

”¨§¨Î¥¸±¨³ §´ Î¥´¨Ö³ (”‡) ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ aφ ¸µµÉ¢¥É-
¸É¢ÊÕÉ Í¥²Ò¥ §´ Î¥´¨Ö z ¨ Z.
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‚ [14] ¨¸¸²¥¤µ¢ ´Ò  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢  S-³ É·¨ÍÒ ¢ µ¡² ¸É¨ ±µ³-
¶²¥±¸´ÒÌ §´ Î¥´¨° ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨. ‚ Î ¸É´µ¸É¨, É ³ Ê¸É ´µ-
¢²¥´µ, ÎÉµ ¶·¨ Ê¸²µ¢¨¨ (2) ³ É·¨Í  · ¸¸¥Ö´¨Ö ¤²Ö ”‡ l ³¥·µ³µ·Ë´  ¢ ¶·Ö³µ³
¶·µ¨§¢¥¤¥´¨¨ a-¶²µ¸±µ¸É¨ ¨ ¶µ²µ¸Ò |Im k| < α/2 (¨¸±²ÕÎ Ö ¸ÊÐ¥¸É¢¥´´µ
µ¸µ¡ÊÕ ÉµÎ±Ê ¶·¨ k = 0) ¸ · §·¥§µ³ ¢¤µ²Ó ³´¨³µ° µ¸¨ k µÉ k = −iα/2 ¤µ
k = iα/2.

�µ²Õ¸Ò S-³ É·¨ÍÒ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ
¸¢Ö§¨ ¤µ¶Ê¸± ÕÉ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ. �·¨ ¨§³¥´¥´¨¨ ¢¥Ð¥¸É¢¥´´ÒÌ
§´ Î¥´¨° E ¶µ²Õ¸ ¢ a-¶²µ¸±µ¸É¨ µ¶¨¸Ò¢ ¥É É· ¥±Éµ·¨Õ, ±µÉµ· Ö ¢¥¤¥É ¸¥¡Ö
¸²¥¤ÊÕÐ¨³ µ¡· §µ³. „²Ö ¶·¨ÉÖ£¨¢ ÕÐ¥£µ ¢ Í¥²µ³ ¶µÉ¥´Í¨ ²  ¶µ²Õ¸, ²¥¦ -
Ð¨° ¶·¨ E < 0 ´  ¢¥Ð¥¸É¢¥´´µ° ¶µ²µ¦¨É¥²Ó´µ° a-¶µ²Êµ¸¨, ¸ Ê¢¥²¨Î¥´¨¥³
E ¤¢¨¦¥É¸Ö ¢¶· ¢µ, µ¡· §ÊÖ ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¸ µ·¡¨É ²Ó´Ò³ ³µ³¥´Éµ³ l
¢ ¸¨¸É¥³¥ X +Y ¶·¨ ± ¦¤µ³ ¶·µÌµ¦¤¥´¨¨ Î¥·¥§ ”‡ ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ
¸¢Ö§¨. …¸²¨ E > 0, Éµ ¶µ²Õ¸ µ¸É ¢²Ö¥É ¢¥Ð¥¸É¢¥´´ÊÕ a-µ¸Ó ¨ ¶¥·¥Ìµ¤¨É ¢
¶¥·¢Ò° ±¢ ¤· ´É a-¶²µ¸±µ¸É¨. �µ²Õ¸, ¢¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ ±µÉµ·µ£µ · ¢´  ”‡
aφ,   ¢¥²¨Î¨´  ³´¨³µ° Î ¸É¨ ³ ² , ¸µµÉ¢¥É¸É¢Ê¥É ·¥§µ´ ´¸Ê ¸ µ·¡¨É ²Ó´Ò³
³µ³¥´Éµ³ l Î²¥´  ¸¨¸É¥³Ò X + Y ¸ ±Ê²µ´µ¢¸±µ° ±µ´¸É ´Éµ° ¸¢Ö§¨ aφ.

‚ ¤ ´´µ³ · §¤¥²¥ · ¸¸³µÉ·¥´  ²£¥¡· ¨Î¥¸±¨° ¢ ·¨ ´É ¶µ¸É·µ¥´¨Ö ¶µ-
É¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ´¥É· ¤¨Í¨µ´´µ° ¶µ¸É ´µ¢±¥
µ¡· É´µ° § ¤ Î¨ Å ¶µ ¨§¢¥¸É´Ò³ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ ”‡ Ô´¥·£¨¨ E, ¶·¨-
¢¥¤¥´´µ° ³ ¸¸Ò m ¨ µ·¡¨É ²Ó´µ£µ ³µ³¥´É  l Ë §µ¢Ò³ ¸¤¢¨£µ³ δk,l(a) ¤²Ö
· §²¨Î´ÒÌ ”‡ ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ a. ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ê± § ´-
´Ò³ · ´¥¥ ¢ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê
¤¢Ê³Ö ¨§µ¡ ·¨Î¥¸±¨³¨ ³Ê²ÓÉ¨¶²¥É ³¨ ¨²¨ ¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê
§ ·Ö¦¥´´Ò³ ±² ¸É¥·µ³ ¨ ¨§µ¡ ·¨Î¥¸±¨³ ³Ê²ÓÉ¨¶²¥Éµ³.

1.1. ‘²ÊÎ ° ·¥£Ê²Ö·´µ£µ ¨ µ¤´µ£µ ¨§ °µ¸Éµ¢¸±¨Ì ·¥Ï¥´¨° ¸¢µ¡µ¤´µ£µ
“˜, ¢Ò¡· ´´ÒÌ ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ ¤²Ö ³µ¤¥²Ó´µ£µ ¶µÉ¥´Í¨ ² . �·¥¤¶µ-
²µ¦¨³, ÎÉµ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

Sk,l(a) = S0
k,l(a) exp [2iδk,l(a)],

exp [2iδk,l(a)] = Rk,l(a)/R−k,l(a), (3)

Rk,l(a) =
n∏
1

[a − αµ(k, l)] /
n∏
1

[a − βν(k, l)],

£¤¥ S0
k,l (a) Å ³ É·¨Í  · ¸¸¥Ö´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ Ö Í¥´É·µ¡¥¦´µ³Ê ¨ ±Ê²µ-

´µ¢¸±µ³Ê ¶µÉ¥´Í¨ ² ³; δk,l (a) Å Ë §µ¢Ò° ¸¤¢¨£, µ¡Ê¸²µ¢²¥´´Ò° ¤¥°¸É¢¨¥³
¶µÉ¥´Í¨ ²  V (r); αµ (k, l) ¨ βν (k, l) Å ±µ³¶²¥±¸´Ò¥ ¶µ¸ÉµÖ´´Ò¥ (· §²¨Î´Ò¥
¤²Ö ¢¸¥Ì µ, ν), · ¸¶µ²µ¦¥´¨¥ ±µÉµ·ÒÌ ´  ±µ³¶²¥±¸´µ° a-¶²µ¸±µ¸É¨ § ¢¨¸¨É
µÉ ´ ² £ ¥³ÒÌ ´  V (r) µ£· ´¨Î¥´¨° [14].
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„ ²¥¥ ¶·¨¢¥¤¥´ ¢Ò¢µ¤ Ëµ·³Ê² ¤²Ö ¶µÉ¥´Í¨ ²  ¨ ·¥Ï¥´¨Ö “˜ (1), ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¨Ì ³ É·¨Í¥ · ¸¸¥Ö´¨Ö, § ¤ ´´µ° ¸µµÉ´µÏ¥´¨Ö³¨ (3) [17]. �Ê¸ÉÓ
ϕk,l (a, r) ¨ f±k,l (a, r) Å ·¥£Ê²Ö·´µ¥ ¨ °µ¸Éµ¢¸±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¸
V = 0, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³

lim
r→0

ϕk,l (a, r) r−l−1 = 1, (4)

lim
r→∞

f±k,l(a, r) exp
[
±i
(
kr − a

2k
ln 2kr

)]
= 1. (5)

ˆ¸¶µ²Ó§ÊÖ µ¡µ§´ Î¥´¨¥ [ϕ (r) ; f (r)] = ϕ (r) f ′ (r)−ϕ′ (r) f (r), ¢¢¥¤¥³ ËÊ´±-
Í¨¨ ‰µ¸É 

f±k,l (a) = [f±k,l (a, r) ; ϕk,l (a, r)] .

…¸²¨ ÊÎ¥¸ÉÓ, ÎÉµ [fk,l(a, r);f−k,l(a, r)] = 2ik, Éµ ´¥É·Ê¤´µ Ê¸É ´µ¢¨ÉÓ ¸µµÉ´µ-
Ï¥´¨¥

ϕk,l (a, r) =
1

2ik
[fk,l (a) f−k,l (a, r) − f−k,l (a) fk,l (a, r)] . (6)

�¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ (6) ¨³¥¥É ¶·¨ r → ∞  ¸¨³¶ÉµÉ¨±Ê

ϕk,l (a, r) ≈ exp [iηk,l (a)]
f−k,l (a)

k
sin

[
kr − a

2k
ln 2kr + ηk,l (a)

]
,

£¤¥

S0
k,l (a) ≡ exp [2iηk,l (a)] =

fk,l (a)
f−k,l (a)

¥¸ÉÓ ³ É·¨Í  · ¸¸¥Ö´¨Ö ¤²Ö Í¥´É·µ¡¥¦´µ£µ ¨ ±Ê²µ´µ¢¸±µ£µ ¶µÉ¥´Í¨ ²µ¢.
‚¢¥¤¥³ µ¡µ§´ Î¥´¨Ö

ϕa = ϕk,l(a, r), βν = βν(k, l), ϕν = ϕk,lβν , r), (7)

fa = f−k,l(a, r), αµ = αµ(k, l), fµ = f−k,l(αµ, r),

xνa =
[ϕν ; fa]
βν − a

, xνµ =
[ϕν ; fµ]
βν − αµ

. (8)

�  µ¸´µ¢ ´¨¨ (8) ¨ ¸µµÉ´µÏ¥´¨Ö

ϕνf ′′
a − ϕ′′

νfa =
a − βν

r
ϕνfa,

¢ÒÉ¥± ÕÐ¥£µ ¨§ (1) ¸ V = 0, ¶µ²ÊÎ¨³

x′
νa = −ϕνfa

r
. (9)
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�µ± ¦¥³, ÎÉµ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö (3) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ¥¸²¨ ¢ (1) ¢Ò¡· ÉÓ
¢ ± Î¥¸É¢¥ ¶µÉ¥´Í¨ ²  ËÊ´±Í¨Õ

V (r) = −
[
2
r

(Kνϕν)′ − Kνϕν

r2

]
, (10)

£¤¥ Kν ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ ¸¨¸É¥³¥ Ê· ¢´¥´¨°

Kνxνµ = −fµ (11)

(¶µ ¤¢ ¦¤Ò ¶µ¢Éµ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ν, µ ¢Ò¶µ²´Ö¥É¸Ö ¸Ê³³¨·µ¢ ´¨¥).
„µ± ¦¥³, ÎÉµ ¢Ò· ¦¥´¨¥

ya = fa + Kνxνa (12)

Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (1). „²Ö ÔÉµ£µ ¶µ¤¸É ¢¨³ (12) ¢ (1). ‘ ÊÎ¥Éµ³
Éµ£µ, ÎÉµ fa Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ “˜ (1) ¸ V = 0, ´ °¤¥³{

K ′′
ν +

[
k2 − l (l + 1)

r2
− a

r
− V (r)

]
Kν

}
xνa = V (r) fa − 2K ′

νx′
νa − Kνx′′

νa.

(13)

‚Ò· ¦¥´¨¥ (13) ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (8) ¨ (9) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

cνxνa =
[
V (r) +

2
r

(Kνϕν)′ − Kνϕν

r2

]
fa, (14)

£¤¥

cν = K ′′
ν +

[
k2 − l (l + 1)

r2
− βν

r
− V (r)

]
Kν .

…¸²¨ ¢ Ê· ¢´¥´¨¨ (1) ¢Ò¡· ÉÓ ¢ ± Î¥¸É¢¥ ¶µÉ¥´Í¨ ²  ËÊ´±Í¨Õ (10), Éµ ¶· ¢ Ö
Î ¸ÉÓ · ¢¥´¸É¢  (14) µ¡· É¨É¸Ö ¢ ´Ê²Ó, Éµ ¥¸ÉÓ

cνxνa = 0, (15)

£¤¥

cν = K ′′
ν +

[
k2 − l (l + 1)

r2
− βν

r
+

2 (Kνϕν)′

r
− Kνϕν

r2

]
Kν.

�·¨ a = αµ, ¸µ£² ¸´µ (11) ¨ (12), yµ = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²ÊÎ¥´´ Ö ¢ (15)
¸¨¸É¥³  µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨° cνxνµ = 0 µÉ´µ¸¨É¥²Ó´µ cν ¸µ¤¥·¦¨É Éµ²Ó±µ
É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ cν = 0, ¶µ¸±µ²Ó±Ê |xνµ| �= 0, ¥¸²¨ αµ, βν · §²¨Î´Ò¥.
‘²¥¤µ¢ É¥²Ó´µ, Kν Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1), ¶µÔÉµ³Ê ya Å É ±¦¥ ·¥Ï¥´¨¥
ÔÉµ£µ Ê· ¢´¥´¨Ö.
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—Éµ¡Ò ¶µ¸É·µ¨ÉÓ ·¥Ï¥´¨Ö ‰µ¸É  “˜ (1) ¸ ¶µÉ¥´Í¨ ²µ³ (10), ¨¸¸²¥¤Ê¥³
 ¸¨³¶ÉµÉ¨±Ê ·¥Ï¥´¨Ö (12) ¶·¨ r → ∞. „²Ö ÔÉµ£µ ´ °¤¥³ Kν ¨§ (11):

Kν = −fµx̃νµ

|xνµ|
, (16)

£¤¥ x̃νµ Å  ²£¥¡· ¨Î¥¸±µ¥ ¤µ¶µ²´¥´¨¥ xνµ. �µ¸²¥ ¶µ¤¸É ´µ¢±¨ (16) ¢ (12)
¶µ²ÊÎ¨³

ya =
fa

|xνµ|

∣∣∣∣xνµ − fµxνa

fa

∣∣∣∣ .
� ¸¸³µÉ·¨³ Ô²¥³¥´É

xνµ − fµxνa

fa
= xνµ

{
1 − fµ[ϕν ; fa](βν − αµ)

fa[ϕν ; fµ](βν − a)

}
.

ˆ¸¶µ²Ó§ÊÖ Í¨±²¨Î¥¸±ÊÕ ¶¥·¥¸É ´µ¢±Ê

fµ [ϕν ;fa] + ϕν [fa;fµ] + fa [fµ;ϕν ] = 0,

¶µ²ÊÎ¨³
fµ[ϕν ; fa]
fa[ϕν ; fµ]

= 1 − ϕν [fa; fµ]
fa[ϕν ; fµ]

= 1 − [ln (fµ/fa)]′

[ln (fµ/ϕν)]′
.

�  µ¸´µ¢ ´¨¨ (5) ¨ (6)

lim
r→∞

(
ln

fµ

fa

)′
= 0, lim

r→∞

(
ln

fµ

ϕν

)′
�= 0.

�µÔÉµ³Ê

lim
r→∞

fµ[ϕν ; fa]
fa[ϕν ; fµ]

= 1.

’µ£¤ 

lim
r→∞

(
xνµ − fµxνa

fa

)
=

a − αµ

a − βν
lim

r→∞
xνµ,

lim
r→∞

ya =

n∏
1

(a − αµ)

n∏
1

(a − βν)
lim

r→∞
fa,

  ËÊ´±Í¨Ö

Fa = ya

n∏
1

(a − βν)

n∏
1

(a − αµ)
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Ö¢²Ö¥É¸Ö É ±¨³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (1), ±µÉµ·µ¥ ¨³¥¥É ¶·¨ r → ∞  ¸¨³¶-
ÉµÉ¨±Ê (5), Éµ ¥¸ÉÓ Fa Å ·¥Ï¥´¨¥ ‰µ¸É . ‘µ£² ¸´µ (3) ¨ (7) Fa ³µ¦´µ
¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

F−k,l (a, r) =
y−k,l (a, r)
Rk,l (a)

. (17)

�µ± ¦¥³, ÎÉµ ·¥Ï¥´¨¥ Φa Ê· ¢´¥´¨Ö (1), ¶µ¸É·µ¥´´µ¥ ¶µ  ´ ²µ£¨¨ ¸ (6) ¢
¢¨¤¥

Φa =
1

2ik
[fk,l (a) y−k,l (a, r) − f−k,l (a) yk,l (a, r)] , (18)

Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´Ò³ ·¥Ï¥´¨¥³. „²Ö ÔÉµ£µ µ¶·¥¤¥²¨³  ¸¨³¶ÉµÉ¨±Ê (18) ¶·¨
r → 0. ‚ ·¥§Ê²ÓÉ É¥ ¶µ¤¸É ´µ¢±¨ (12) ¢ (18) ´ °¤¥³

Φa = ϕa + KνBνa =
ϕa

|xνµ|

∣∣∣∣xνµ − fµBνa

ϕa

∣∣∣∣ ,
£¤¥

Bνa =
[ϕν ;ϕa]
βν − a

.

� ¸¸³µÉ·¨³ Ô²¥³¥´É

xνµ − fµBνa

ϕa
= xνµ

{
1 − fµ[ϕν ; ϕa](βν − αµ)

ϕa[ϕν ; fµ](βν − a)

}
.

�  µ¸´µ¢ ´¨¨ (4) ¢Ò· ¦¥´¨¥

fµ[ϕν ; ϕa]
ϕa[ϕν ; fµ]

=
[ln (ϕa/ϕν)]′

[ln (fµ/ϕν)]′
→ 0

¶·¨ r → 0, ¥¸²¨ f−k,l(αµ) �= 0. „²Ö µÉÉ ²±¨¢ ÕÐ¥£µ ±Ê²µ´µ¢¸±µ£µ ¶µÉ¥´Í¨-
 ²  ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö µÉ¸ÊÉ¸É¢ÊÕÉ, ¶µÔÉµ³Ê f−k,l(αµ) �= 0. ‘²¥¤µ¢ É¥²Ó´µ,

lim
r→0

(
xνµ − fµBνa

ϕa

)
= lim

r→0
xνµ, lim

r→0
Φa = lim

r→0
ϕa,

Éµ ¥¸ÉÓ Φa Å ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ “˜ (1).
�µ¸²¥ ¶µ¤¸É ´µ¢±¨ (17) ¢ (18) ¸ ¶µ¸²¥¤ÊÕÐ¨³ Ê¸É·¥³²¥´¨¥³ r → ∞

¶µ²ÊÎ¨³

Φk,l(a, r) ≈ exp {i[ηk,l(a) + δk,l(a)]} f−k,l(a)R−k,l(a)
k

×

× sin
[
kr − a

2k
ln 2kr + ηk,l (a) + δk,l (a)

]
,
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£¤¥
fk,l (a)Rk,l (a)

f−k,l (a)R−k,l (a)
= S0

k,l (a) exp [2iδk,l (a)]

¥¸ÉÓ ³ É·¨Í  · ¸¸¥Ö´¨Ö (3). ‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ (9), (10) ¨ (16) ¶µÉ¥´Í¨ ²

V (r) = −
[

2
r

(
−fµx̃νµϕν

|xνµ|

)′
− fµx̃νµϕν

r2 |xνµ|

]
= −

[
2
r

(
rx′

νµx̃νµ

|xνµ|

)′

−
x′

νµx̃νµ

r |xνµ|

]
=

= −
[

2
r

(
|xνµ|′

|xνµ|

)′

− |xνµ|′

r |xνµ|

]
= − 2√

r

d

dr

(√
r

d

dr
ln |xνµ|

)
. (19)

…¸²¨ ¶µÉ¥´Í¨ ² V (r) ¢¥Ð¥¸É¢¥´ ¶·¨ r > 0, Éµ ¨§ (1) ¨ (5) ¸²¥¤ÊÕÉ Ê¸²µ-
¢¨Ö ¸µ¶·Ö¦¥´¨Ö f−k,l(a) = f∗

k,l(a
∗), R−k,l(a) = R∗

k,l(a
∗),   É ±¦¥ Ê¸²µ¢¨¥

Ê´¨É ·´µ¸É¨ S-³ É·¨ÍÒ S−1
k,l (a) = S∗

k,l(a
∗).

ˆÉ ±, ¢ÒÏ¥ Ê¸É ´µ¢²¥´  ¸²¥¤ÊÕÐ Ö ¶·µÍ¥¤Ê·  ·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨.
…¸²¨ ³ É·¨Í  · ¸¸¥Ö´¨Ö ´  µ¸´µ¢¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¤µ¶Ê¸± ¥É
¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¢Ò· ¦¥´¨° (3), Éµ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¥° ·¥Ï¥´¨¥ ¨ ¶µ-
É¥´Í¨ ² “˜ (1) ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¶µ Ëµ·³Ê² ³ (12) ¨ (19).

1.2. ‘²ÊÎ ° °µ¸Éµ¢¸±¨Ì ·¥Ï¥´¨° ¸¢µ¡µ¤´µ£µ “˜, ¢Ò¡· ´´ÒÌ ¢ ± Î¥-
¸É¢¥ ¡ §¨¸´ÒÌ ¤²Ö ³µ¤¥²Ó´µ£µ ¶µÉ¥´Í¨ ² . „·Ê£µ°  ²£¥¡· ¨Î¥¸±¨° ¢ ·¨ ´É
¶µ¸É·µ¥´¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ¶µ Ë §µ¢Ò³ ¸¤¢¨£ ³ ¶·¨ · §²¨Î´ÒÌ ”‡ ±Ê²µ´µ¢-
¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ · ¸¸³µÉ·¥´ ¢ [18], £¤¥ ¢ ± Î¥¸É¢¥ ¸¢µ¡µ¤´ÒÌ ·¥Ï¥´¨°
“˜, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö V (r), ¢Ò¡· ´Ò °µ¸Éµ¢¸±¨¥ ·¥-
Ï¥´¨Ö f±k,l(a, r). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µÉ¥´Í¨ ² ¸É·µ¨É¸Ö ´¥ ¶µ ËÊ´±Í¨¨ Rk,l(a),
  ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ ³ É·¨Í¥ · ¸¸¥Ö´¨Ö Sk,l(a). �·¨¢¥¤¥³ ¶µ²ÊÎ¥´´Ò¥ ¢
[18] ·¥§Ê²ÓÉ ÉÒ ¢ £µÉµ¢µ³ ¢¨¤¥.

�Ê¸ÉÓ ³ É·¨Í  · ¸¸¥Ö´¨Ö ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

Sk,l(a) = S0
k,l(a)




n∏
1

[a − αµ(k, l)]

n∏
1

[a − βν(k, l)]




2

,

£¤¥ αµ ¨ βν Å ´Ê²¨ ¨ ¶µ²Õ¸Ò S-³ É·¨ÍÒ, · ¸¶µ²µ¦¥´¨¥ ±µÉµ·ÒÌ § ¢¨¸¨É µÉ
´ ² £ ¥³ÒÌ ´  ¶µÉ¥´Í¨ ² Ê¸²µ¢¨°. ’µ£¤  ¶µÉ¥´Í¨ ² “˜ (1) · ¢¥´

V (r) = − 2√
r

d

dr

(√
r

d

dr
ln |yνµ(r)|

)
,

£¤¥ |yνµ(r)| Å µ¶·¥¤¥²¨É¥²Ó ¸ Ô²¥³¥´É ³¨

yνµ(r) =
[fk,l(βν , r); f−k,l(αµ, r)]

βν − αµ
.
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Š ± µÉ³¥Î¥´µ ¢ [9], ·¥Ï¥´¨¥ µ¡· É´µ° § ¤ Î¨ ¸ ¶µ³µÐÓÕ ÉµÎ´µ ·¥Ï -
¥³ÒÌ ³µ¤¥²¥° ¡ ·£³ ´µ¢¸±µ£µ É¨¶  µ¶· ¢¤ ´´µ, ± ± ¶· ¢¨²µ, ²¨ÏÓ ¶·¨ ¨¸-
¶µ²Ó§µ¢ ´¨¨ ¶·¨¡²¨¦¥´¨° ¢Ò¸µ±µ£µ ¶µ·Ö¤±  (¡µ²ÓÏµ£µ Î¨¸²  ¶µ²Õ¸µ¢ ³ -
É·¨ÍÒ · ¸¸¥Ö´¨Ö). „²Ö ·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ ¢ ´¥É· ¤¨Í¨µ´´µ° ¶µ¸É -
´µ¢±¥ ´¥µ¡Ìµ¤¨³ Ë §µ¢Ò°  ´ ²¨§, ÊÎ¨ÉÒ¢ ÕÐ¨° § ·Ö¤µ¢µ¥ · ¸Ð¥¶²¥´¨¥ Ë -
§µ¢ÒÌ ¸¤¢¨£µ¢. Š ¸µ¦ ²¥´¨Õ, Ë §µ¢Ò°  ´ ²¨§ µ¡ÒÎ´µ ¶·µ¢µ¤ÖÉ ¡¥§ ÊÎ¥É 
±Ê²µ´µ¢¸±µ£µ · ¸Ð¥¶²¥´¨Ö Ë §µ¢ÒÌ ¸¤¢¨£µ¢ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¢ ´ ¸ÉµÖÐ¥¥
¢·¥³Ö ¢µ§³µ¦´µ¸É¨ ±µ´±·¥É´ÒÌ Î¨¸²¥´´ÒÌ · ¸Î¥Éµ¢ ¸ ¶µ³µÐÓÕ ¶·¥¤²µ¦¥´-
´µ£µ ³¥Éµ¤  ¢¥¸Ó³  µ£· ´¨Î¥´´Ò. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶µ Ë §µ¢µ³Ê
 ´ ²¨§Ê ¶µ§¢µ²ÖÕÉ ¢µ¸¸É ´ ¢²¨¢ ÉÓ ¶µÉ¥´Í¨ ² Éµ²Ó±µ ¢ µ¤´µ¶µ²Õ¸´µ³ ¶·¨-
¡²¨¦¥´¨¨. ’ ±µ£µ ·µ¤  · ¸Î¥ÉÒ ¡Ò²¨ c¤¥² ´Ò ¢ [19] ¶µ ¢µ¸¸É ´µ¢²¥´¨Õ
±¢ §¨¶µÉ¥´Í¨ ²  π±p-¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸µ¸ÉµÖ´¨¨ S31 ¶·¨ Ô´¥·£¨ÖÌ 263,7
¨ 310 ŒÔ‚ ¢ ².¸. ¨´É¥£· ²Ó´Ò³ ³¥Éµ¤µ³ ƒ¥²ÓË ´¤ Ä‹¥¢¨É ´  ¨ ¢ [20] ¶µ
µ¶·¥¤¥²¥´¨Õ pN -¶µÉ¥´Í¨ ²  ¢ ¸µ¸ÉµÖ´¨¨ 1S0 ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨ÖÌ
Ô´¥·£¨¨ µÉ 10 ¤µ 100 ŒÔ‚ ¢ ¸.Í.³. ¸ ¶µ³µÐÓÕ  ²£¥¡· ¨Î¥¸±µ£µ ³¥Éµ¤ . ’ ±
± ± ¨¸Ìµ¤´Ò¥ ¤ ´´Ò¥ · ¸Î¥Éµ¢ ´¥¶µ²´Ò, Éµ ¶µ²ÊÎ¥´´Ò¥ ¢ · ¡µÉ Ì [19, 20] ·¥-
§Ê²ÓÉ ÉÒ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ Éµ²Ó±µ ± ± ¨²²Õ¸É· Í¨Õ ¶·¨³¥´¥´¨Ö ³¥Éµ¤µ¢
·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ ¢ ´¥É· ¤¨Í¨µ´´µ° ¶µ¸É ´µ¢±¥.

2. ����’��Ÿ ‡�„�—� ‘ ‹ˆ�…‰��‰ ‡�‚ˆ‘ˆŒ�‘’œ� 	�…�ƒˆˆ,
Š‚�„��’� ���ˆ’�‹œ��ƒ� Œ�Œ…�’� ˆ Š“‹���‚‘Š�‰
Š��‘’��’› ‘‚Ÿ‡ˆ ‚ ˆ‘•�„�›• „���›• ��‘‘…Ÿ�ˆŸ

„µ ¶µ¸²¥¤´¥£µ ¢·¥³¥´¨ µ¡· É´ Ö § ¤ Î  ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¡Ò² 
· ¸¸³µÉ·¥´  ¢ Î ¸É´ÒÌ ¶µ¸É ´µ¢± Ì, ±µ£¤  ¶µÉ¥´Í¨ ² ¢µ¸¸É ´ ¢²¨¢ ¥É¸Ö ¶µ
¸¶¥±É· ²Ó´Ò³ Ì · ±É¥·¨¸É¨± ³: 1) ¶·¨ l = const ¨ a = const, 2) ¶·¨
E = const ¨ a = const, 3) ¶·¨ E = const ¨ l = const. ‚µ ¢¸¥Ì ¸²ÊÎ ÖÌ Î ¸É-
´µ° ¶µ¸É ´µ¢±¨ µ¡· É´µ° § ¤ Î¨ ¢µ¸¸É ´ ¢²¨¢ ¥³Ò° ¶µÉ¥´Í¨ ² µ± §Ò¢ ¥É¸Ö
§ ¢¨¸ÖÐ¨³ µÉ ”‡ Ë¨±¸¨·µ¢ ´´ÒÌ ¶ · ³¥É·µ¢. �É  § ¢¨¸¨³µ¸ÉÓ ¥¸É¥¸É¢¥´´ ,
¶µ¸±µ²Ó±Ê ¢ ± Î¥¸É¢¥ ¶·µ³¥¦ÊÉµÎ´µ£µ ¨¸ÉµÎ´¨±  ¨´Ëµ·³ Í¨¨ ¶·¨ ·¥Ï¥´¨¨
µ¡· É´µ° § ¤ Î¨ ¸²Ê¦ É ¶µ²Õ¸Ò S-³ É·¨ÍÒ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¶¥·¥-
³¥´´µ£µ ¶ · ³¥É· , É· ¥±Éµ·¨¨ ±µÉµ·ÒÌ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ”‡ µ¸É ²Ó´ÒÌ
¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢. Š ± µÉ³¥Î¥´µ ¢ [6], Ê¸²µ¢¨Ö ¸µ¢³¥¸É¨³µ¸É¨, ±µÉµ-
·Ò¥ ¸²¥¤Ê¥É ´ ²µ¦¨ÉÓ ´  · §²¨Î´Ò¥ ¤ ´´Ò¥ · ¸¸¥Ö´¨Ö, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ µ¤¨´
¨ ÉµÉ ¦¥ ¶µÉ¥´Í¨ ², µ± §Ò¢ ÕÉ¸Ö ´¥¨§¢¥¸É´Ò³¨ ¢ · ³± Ì Î ¸É´ÒÌ ¶µ¸É ´µ¢µ±
µ¡· É´µ° § ¤ Î¨.

‚¶¥·¢Ò¥ ¢ ·¨ ´É µ¡· É´µ° § ¤ Î¨, ¢ ±µÉµ·µ³ Ô´¥·£¨Ö ¨ ±¢ ¤· É µ·¡¨-
É ²Ó´µ£µ ³µ³¥´É  ¢ ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ ²¨´¥°´µ § ¢¨¸¨³Ò, ¡Ò² ¶·¥¤²µ¦¥´ ¤²Ö
±² ¸¸¨Î¥¸±µ° [21] ¨ ±¢ §¨±² ¸¸¨Î¥¸±µ° [22] É¥µ·¨¨ · ¸¸¥Ö´¨Ö. ‡ É¥³ ¢ [13]
¡Ò²¨ ¶µ²ÊÎ¥´Ò µ¡µ¡Ð¥´´Ò¥ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ƒ¥²ÓË ´¤ Ä‹¥¢¨É ´ 
¤²Ö ±¢ ´Éµ¢µ° µ¡· É´µ° § ¤ Î¨ ¶·¨ AE + Bl(l + 1) = const ¨ a = 0. ‚ ÔÉµ³
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¸²ÊÎ ¥ Ê¤ ¥É¸Ö ¶µ¸É·µ¨ÉÓ E- ¨ l-´¥§ ¢¨¸¨³Òe ¶µÉ¥´Í¨ ²Ò, ±µÉµ·Ò¥, µ¤´ ±µ,
§ ¢¨¸ÖÉ µÉ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨° ±Ê²µ´µ¢¸±µ° ±µ´¸É ´ÉÒ ¸¢Ö§¨ · ¸¸³ É·¨¢ -
¥³µ° ¸¨¸É¥³Ò.

‘ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¢ ³ É¥³ É¨Î¥¸±µ³  ¶¶ · É¥ µ¡· É´µ° § ¤ Î¨ ¨£· ÕÉ
¶·¥µ¡· §µ¢ ´¨Ö „ ·¡ÊÄŠ· ³ ÄŠ·¥°´  [9], ¶µ§¢µ²ÖÕÐ¨¥ ´¥¶µ¸·¥¤¸É¢¥´´µ
¶·¥µ¡· §µ¢ ÉÓ ¨§¢¥¸É´µ¥ ·¥Ï¥´¨¥ “˜ ¸ ³µ¤¥²Ó´Ò³ ¶µÉ¥´Í¨ ²µ³ É ±, ÎÉµ¡Ò
¶µ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¤·Ê£¨³ ¶µÉ¥´Í¨ ² ³. �É¨ ¶·¥µ¡· §µ¢ -
´¨Ö ´¥ § ¢¨¸ÖÉ µÉ ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ê· ¢´¥´¨° ƒ¥²ÓË ´¤ Ä‹¥¢¨É ´  ¨²¨ Œ ·-
Î¥´±µ. �µÔÉµ³Ê µ´¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö ± ± ¢¸¶µ³µ£ É¥²Ó´µ¥ ¸·¥¤¸É¢µ ¶·¨ ¤µ± § -
É¥²Ó¸É¢ Ì ¢ É¥µ·¨¨ µ¡· É´µ° § ¤ Î¨. ‚ ·¨ ´É ¶·¥µ¡· §µ¢ ´¨° „ ·¡ÊÄŠ· ³ Ä
Š·¥°´ , ±µ£¤  “˜ ¸µ¤¥·¦¨É ¸Ê¶¥·¶µ§¨Í¨Õ Í¥´É·µ¡¥¦´µ-±Ê²µ´µ¢¸±µ£µ ¨
Ö¤¥·´µ£µ ¶µÉ¥´Í¨ ²µ¢, · ¸¸³µÉ·¥´ ¢ [23].

�¡µ¡Ð¥´´Ò° ¢ ·¨ ´É µ¡· É´µ° § ¤ Î¨ ¨³¥¥É É¥¸´ÊÕ ¸¢Ö§Ó ¸ ¸Ê¶¥·¸¨³-
³¥É·¨Î´µ° ±¢ ´Éµ¢µ° ³¥Ì ´¨±µ°, ±µÉµ· Ö ¢Ò· ¦ ¥É¸Ö ¢ ¸Ìµ¦¥¸É¨ Ëµ·³Ê²,
¸¢Ö§Ò¢ ÕÐ¨Ì ³¥¦¤Ê ¸µ¡µ° ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ £ ³¨²ÓÉµ´¨ ´Ò ¨ ¢µ²´µ¢Ò¥
ËÊ´±Í¨¨ [24, 25]. �·¨ ÔÉµ³ ¢ ¶µ¤Ìµ¤¥ ¸Ê¶¥·¸¨³³¥É·¨Î´µ° ±¢ ´Éµ¢µ° ³¥Ì -
´¨±¨ ¢µ§³µ¦´µ Ê¸É ´µ¢²¥´¨¥ £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ¸Ê¶¥·¶µÉ¥´Í¨ ² , ¶·¨
±µÉµ·ÒÌ £ ³¨²ÓÉµ´¨ ´Ò ¸ ¶·¥µ¡· §µ¢ ´´Ò³ ¨ ¨¸Ìµ¤´Ò³ (³µ¤¥²Ó´Ò³) ¶µÉ¥´-
Í¨ ² ³¨ ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£µ³ ¶·¨ ¶µ³µÐ¨ ¶·¥µ¡· §µ¢ ´¨Ö „ ·¡ÊÄŠ· ³ Ä
Š·¥°´ .

‚ ¤ ´´µ³ · §¤¥²¥ ¨§²µ¦¥´ µ¡µ¡Ð¥´´Ò°  ²£¥¡· ¨Î¥¸±¨° ³¥Éµ¤ µ¡· É´µ°
§ ¤ Î¨ É¥µ·¨¨ ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¤²Ö ¸²ÊÎ Ö, ±µ-
£¤  ¢ “˜ Ô´¥·£¨Ö, ±¢ ¤· É µ·¡¨É ²Ó´µ£µ ³µ³¥´É  ¨ ±Ê²µ´µ¢¸± Ö ±µ´¸É ´É 
¸¢Ö§¨, ¶·¨ ±µÉµ·ÒÌ ¨§¢¥¸É´Ò ¨¸Ìµ¤´Ò¥ ¤ ´´Ò¥ · ¸¸¥Ö´¨Ö, ²¨´¥°´µ § ¢¨¸¨³Ò.
‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¥´Ò Ëµ·³Ê²Ò ¤²Ö ¢µ¸¸É ´µ¢²¥´¨Ö k-, l- ¨ a-´¥§ ¢¨¸¨³µ£µ
¶µÉ¥´Í¨ ²  ± ± ¶µ ËÊ´±Í¨¨ ‰µ¸É , É ± ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ ³ É·¨Í¥ · ¸¸¥-
Ö´¨Ö. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¨¸¶µ²Ó§µ¢ ´¨Ö ·¥§Ê²ÓÉ Éµ¢ µ¡µ¡Ð¥´´µ£µ ¢ ·¨ ´É 
µ¡· É´µ° § ¤ Î¨ · ¸¸³µÉ·¥´Ò É ±¦¥ ¢µ¶·µ¸Ò µ ¸¢Ö§¨ §´ ±µ¢ Í¥´É· ²Ó´µ£µ
¶µÉ¥´Í¨ ²  ¨ µ¡Ê¸²µ¢²¥´´µ° ¥£µ ¤¥°¸É¢¨¥³ Ë §Ò · ¸¸¥Ö´¨Ö ¶µ ¶¥·¥³¥´´Ò³
k, l ¨ a. ˆ§²µ¦¥´´Ò¥ §¤¥¸Ó ·¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ¢ · ¡µÉ Ì [26Ä29].

2.1. ‘²ÊÎ ° ·¥£Ê²Ö·´µ£µ ¨ µ¤´µ£µ ¨§ °µ¸Éµ¢¸±¨Ì ·¥Ï¥´¨° ¸¢µ¡µ¤´µ£µ
“˜, ¢Ò¡· ´´ÒÌ ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ ¤²Ö ³µ¤¥²Ó´µ£µ ¶µÉ¥´Í¨ ² . � ¸-
¸³µÉ·¨³ “˜ (1), £¤¥ l = λ− 1/2. ‡¤¥¸Ó ¨ ¤ ²¥¥ ¢³¥¸Éµ ϕk,l(a, r), f±k,l(a, r),
f±k,l(a), δk,l(a), Sk,l(a) ¨¸¶µ²Ó§µ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö: ϕ(λ, k, a, r),
f(λ,±k, a, r), f(λ,±k, a), δ(λ, k, a), S(λ, k, a). ‚ ¤ ²Ó´¥°Ï¥³ É ±¦¥ ¸Î¨É ¥³,
ÎÉµ ¶ · ³¥É·Ò “˜ ¶·¨´¨³ ÕÉ Ë¨§¨Î¥¸±¨¥ §´ Î¥´¨Ö, Éµ ¥¸ÉÓ λ = 1/2, 3/2, ...;

0 ≤ k < ∞ ¨ a =
2mzZe2

�2
, z, Z = 0, 1, ... �Ê¸ÉÓ ±¢ ´Éµ¢µ³Ê ¸µ¸ÉµÖ´¨Õ

¸¨¸É¥³Ò ¸µµÉ¢¥É¸É¢Ê¥É ¢ ²¨´¥°´µ³ ¢¥±Éµ·´µ³ ¶·µ¸É· ´¸É¢¥ L(λ2, k2, a) ´¥-
±µÉµ· Ö ÉµÎ±  M(λ2, k2, a), ±µµ·¤¨´ ÉÒ ±µÉµ·µ° Ì · ±É¥·¨§ÊÕÉ ”‡ ¶ · -
³¥É·µ¢ ¸¨¸É¥³Ò. ’µ£¤  ¨§³¥´¥´¨¥ ¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò ¸¢Ö§ ´µ ¸ ®¤¢¨¦¥´¨-
¥³¯ ÉµÎ±¨ M ¢ ¶·µ¸É· ´¸É¢¥ L. �£· ´¨Î¨³¸Ö · ¸¸³µÉ·¥´¨¥³ ¶·µ¸É¥°Ï¥£µ
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®¤¢¨¦¥´¨Ö¯ Å ¶·Ö³µ²¨´¥°´µ£µ. ‚ ÔÉµ³ ¸²ÊÎ ¥ ±µµ·¤¨´ ÉÒ ÉµÎ±¨ M ¸¢Ö§ ´Ò
²¨´¥°´µ° § ¢¨¸¨³µ¸ÉÓÕ:

λ2 − λ2
0

−A
=

k2 − k2
0

B
=

a − a0

−C
= t, (20)

£¤¥ −A, B, −C Å ¶·µ¥±Í¨¨ ´ ¶· ¢²ÖÕÐ¥£µ ¢¥±Éµ·  ¶·Ö³µ°, t Å ¶ · ³¥É·
®¤¢¨¦¥´¨Ö¯. Šµµ·¤¨´ ÉÒ ÉµÎ±¨ M0(λ2

0, k
2
0 , a0) Ì · ±É¥·¨§ÊÕÉ ”‡ ¶ · ³¥É·µ¢

¨¸Ìµ¤´µ£µ ¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò (t = 0).
‚µ¸¶µ²Ó§Ê¥³¸Ö ¶·¨´Í¨¶µ³ ¸Ê¶¥·¶µ§¨Í¨¨ ¶·¨ · ¸¸³µÉ·¥´¨¨ ®¤¢¨¦¥´¨Ö¯

ÉµÎ±¨ M
(
λ2, k2, a

)
¢¤µ²Ó ¶·Ö³µ° (20), ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ±µÉµ·Ò³ ·¥§Ê²ÓÉ¨·Ê-

ÕÐ¥¥ ®¶¥·¥³¥Ð¥´¨¥¯ ÔÉµ° ÉµÎ±¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸Ê³³Ê ®¶¥·¥³¥Ð¥´¨°¯
¥¥ ¢¤µ²Ó ´ ¶· ¢²¥´¨°, ¶ · ²²¥²Ó´ÒÌ ±µµ·¤¨´ É´Ò³ µ¸Ö³. ‚ ÔÉµ³ ¸²ÊÎ ¥ ÉµÎ± 
M Ö¢²Ö¥É¸Ö ÉµÎ±µ° ¶¥·¥¸¥Î¥´¨Ö ¶·Ö³ÒÌ:


λ2 = λ2
0 − At,

k2 = k2
0 (B = 0),

a = a0 (C = 0),




k2 = k2
0 + Bt,

λ2 = λ2
0 (A = 0),

a = a0 (C = 0),




a = a0 − Ct,

λ2 = λ2
0 (A = 0),

k2 = k2
0 (B = 0),

(21)

¤ ´´Ò¥ · ¸¸¥Ö´¨Ö ¢¤µ²Ó ±µÉµ·ÒÌ ¸µµÉ¢¥É¸É¢ÊÕÉ µ¡· É´Ò³ § ¤ Î ³ ¶µ ¶¥-
·¥³¥´´Ò³ λ, k ¨ a. ’ ±¨³ µ¡· §µ³, ±µµ·¤¨´ ÉÒ ÉµÎ±¨ M Ì · ±É¥·¨§ÊÕÉ
¸µ¸ÉµÖ´¨¥ ¸¨¸É¥³Ò, µ¤¨´ ±µ¢µ¥ ¤²Ö Ê± § ´´ÒÌ Î ¸É´ÒÌ ¶µ¸É ´µ¢µ± µ¡· É´µ°
§ ¤ Î¨ ¶·¨ t �= 0.

‚¢¥¤¥³ ¸É ´¤ ·É´Ò³ µ¡· §µ³ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö

S(λ, k, a) = exp {2i[η(λ, k, a) + δ(λ, k, a)]},

η(λ, k, a) =
1
2i

ln
f(λ, k, a)

f(λ,−k, a)
, δ(λ, k, a) =

1
2i

ln
R(λ, k, a)

R(λ,−k, a)
,

(22)

£¤¥ η(λ, k, a) Å Ë §  · ¸¸¥Ö´¨Ö ¤²Ö Í¥´É·µ¡¥¦´µ£µ ¨ ±Ê²µ´µ¢¸±µ£µ ¶µÉ¥´Í¨-
 ²µ¢; δ(λ, k, a) Å ¤µ¡ ¢µÎ´Ò° Ë §µ¢Ò° ¸¤¢¨£, µ¡Ê¸²µ¢²¥´´Ò° ¤¥°¸É¢¨¥³ ¶µ-
É¥´Í¨ ²  V (r); f(λ,±k, a) Å ËÊ´±Í¨¨ ‰µ¸É  ¸¢µ¡µ¤´µ£µ “˜ (1); R(λ,±k, a)
Å ®Ö¤¥·´Ò¥¯ ËÊ´±Í¨¨ ‰µ¸É .

ˆ§¢¥¸É´µ, ÎÉµ ¶µ²Õ¸ S-³ É·¨ÍÒ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¶ · ³¥É· 
“˜ ¸µµÉ¢¥É¸É¢Ê¥É ·¥§µ´ ´¸Ê ¸¨¸É¥³Ò, ¥¸²¨ ¥£µ ³´¨³ Ö Î ¸ÉÓ ³ ² ,   ¢¥-
Ð¥¸É¢¥´´ Ö Î ¸ÉÓ · ¢´  ”‡ ÔÉµ£µ ¶ · ³¥É· . �·¨ ¨¸¸²¥¤µ¢ ´¨¨  ´ ²¨É¨Î¥-
¸±¨Ì ¸¢µ°¸É¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¶µ ±µ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³ λ ¨ k Ê¸É -
´µ¢²¥´µ, ¢ Î ¸É´µ¸É¨, ÎÉµ ¶µ²Õ¸Ê S-³ É·¨ÍÒ ´  ±µ³¶²¥±¸´µ° λ-¶²µ¸±µ¸É¨
¶·¨ Ë¨§¨Î¥¸±µ³ k > 0 (a = 0) ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ ¶µ²Õ¸ ´  ±µ³¶²¥±¸´µ°
k-¶²µ¸±µ¸É¨ ¶·¨ ”‡ λ [4]. �´ ²µ£¨Î´µ ¢ [14] ¶µ± § ´µ, ÎÉµ ¶µ²Õ¸Ê S-
³ É·¨ÍÒ ´  ±µ³¶²¥±¸´µ° a-¶²µ¸±µ¸É¨ ¶·¨ ”‡ k ¨ λ ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ
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¶µ²Õ¸ ´  ±µ³¶²¥±¸´µ° k-¶²µ¸±µ¸É¨ ¶·¨ ”‡ a ¨ λ. �µÔÉµ³Ê ¢ µ¡Ð¥³ ¸²ÊÎ ¥
³ É·¨ÍÒ · ¸¸¥Ö´¨Ö S(λ, k, a) ¶µ²ÊÎ ¥³, ÎÉµ ¶µ²Õ¸Ê S-³ É·¨ÍÒ ´  ±µ³¶²¥±¸-
´µ° ¶²µ¸±µ¸É¨ ± ±µ£µ-²¨¡µ ¶ · ³¥É·  ¶·¨ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨ÖÌ µ¸É ²Ó´ÒÌ
¤¢ÊÌ ¶ · ³¥É·µ¢ ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ ¶µ²Õ¸ ´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ²Õ-
¡µ£µ ¤·Ê£µ£µ ¶ · ³¥É·  ¶·¨ ”‡ µ¸É ¢Ï¨Ì¸Ö ¶ · ³¥É·µ¢. ’ ±¨³ µ¡· §µ³, ¥¸²¨
λν (k, a) (ν = 1, 2, ..., n) Å ®Ö¤¥·´Ò¥¯ ¶µ²Õ¸Ò S-³ É·¨ÍÒ ´  ±µ³¶²¥±¸´µ°
λ-¶²µ¸±µ¸É¨ ¶·¨ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨ÖÌ k ¨ a, Éµ ¨³ ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ ¶µ-
²Õ¸Ò kν (λ, a) ´  ±µ³¶²¥±¸´µ° k-¶²µ¸±µ¸É¨ ¶·¨ ”‡ λ ¨ a,   É¥³ Å ¶µ²Õ¸Ò
aν (λ, k) ´  a-¶²µ¸±µ¸É¨ ¶·¨ ”‡ λ ¨ k. ‘²¥¤µ¢ É¥²Ó´µ, ±µ³¶²¥±¸´Ò¥ ¶µ¸ÉµÖ´-
´Ò¥ λν (k, a), kν (λ, a) ¨ aν (λ, k) ¸µµÉ¢¥É¸É¢ÊÕÉ µ¤´¨³ ¨ É¥³ ¦¥ ¸µ¸ÉµÖ´¨Ö³
¸¨¸É¥³Ò ¨ µ¶·¥¤¥²ÖÕÉ µ¤´¨ ¨ É¥ ¦¥ ¶µ²Õ¸Ò S-³ É·¨ÍÒ ´  ±µ³¶²¥±¸´ÒÌ λ-,
k- ¨ a-¶²µ¸±µ¸ÉÖÌ.

�¨¦¥ ¶µ± § ´µ, ± ± ´  µ¸´µ¢¥ ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ · ¸¸¥Ö´¨Ö ¶·¨ ²¨´¥°´µ°
¢§ ¨³µ§ ¢¨¸¨³µ¸É¨ ³¥¦¤Ê λ2, k2 ¨ a ³µ¦´µ ¢µ¸¸É ´µ¢¨ÉÓ ¶µÉ¥´Í¨ ² V (r) ¶µ
¨§¢¥¸É´Ò³ §´ Î¥´¨Ö³ ¶µ²Õ¸µ¢ λν(k, a), kν(λ, a), aν(λ, k) ¨ ´Ê²¥° λµ(k, a),
kµ(λ, a), aµ(λ, k), µ = n+1, n+2, ..., 2n, ®Ö¤¥·´µ°¯ ËÊ´±Í¨¨ ‰µ¸É  R(λ, k, a).
‘ ¶µ³µÐÓÕ µ¡µ§´ Î¥´¨°

ϕ(r) = ϕ(λ, k, a, r), λν = λν(k, a), kν = kν(λ, a), aν = aν(λ, k),
ϕν(r) = ϕ(λν , kν , aν , r),
f(r) = f(λ,−k, a, r), λµ = λµ(k, a), kµ = kµ(λ, a), aµ = aµ(λ, k),
fµ(r) = f(λµ,−kµ, aµ, r)

(23)

¢¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ ËÊ´±Í¨¨:

Xν(r) =
[ϕν(r); f(r)]

tν
; Xνµ(r) =

[ϕν(r); fµ(r)]
tνµ

, (24)

£¤¥ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (20)

tν =
λ2 − λ2

ν

−A
=

k2 − k2
ν

B
=

a − aν

−C
,

tνµ =
λ2

µ − λ2
ν

−A
=

k2
µ − k2

ν

B
=

aµ − aν

−C
,

(25)

Éµ ¥¸ÉÓ ¶µ²Õ¸Ò ®Ö¤¥·´µ°¯ S-³ É·¨ÍÒ ¸ÊÉÓ ±µµ·¤¨´ ÉÒ ÉµÎ¥± ´  ¶·Ö³µ° ¢
L-¶·µ¸É· ´¸É¢¥.

�  µ¸´µ¢ ´¨¨ (23)Ä(25) ¨ ¸µµÉ´µÏ¥´¨°

ϕν(r)f ′′(r) − f (r)ϕ′′
ν (r) =

(
k2

ν − k2 − λ2
ν − λ2

r2
− aν − a

r

)
ϕν(r)f (r) ,

¸²¥¤ÊÕÐ¨Ì ¨§ (1) ¶·¨ V (r) = 0, ¶µ²ÊÎ¨³

dXν(r)
dr

= −h(r)ϕν (r)f(r), h(r) = (A/r2) + B + (C/r). (26)
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� °¤¥³ ¶µÉ¥´Í¨ ² V (r), ¶·¨ ±µÉµ·µ³ ·¥Ï¥´¨¥ y(r) “˜ (1) ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

y(r) = f(r) +
∑

ν

Kν(r)Xν(r), (27)

£¤¥ Kν(r) Å ´¥±µÉµ·Ò¥, ¶µ±  ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨. „²Ö ÔÉµ£µ ¶µ¤¸É ¢¨³
(27) ¢ (1). …¸²¨ ÊÎ¥¸ÉÓ, ÎÉµ f(r) Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1) ¶·¨ V (r) = 0, Éµ
´  µ¸´µ¢ ´¨¨ (24)Ä(26) ¶µ²ÊÎ ¥³

∑
ν

Cν(r)Xν (r) =

[
V (r) + 2

√
h(r)

d

dr

(√
h(r)

∑
ν

Kν(r)ϕν(r)

)
f(r)

]
,

(28)

£¤¥

Cν(r) =
(

d2

dr2
+ k2

ν − λ2
ν − 1/4

r2
− aν

r
− V (r)

)
Kν(r). (29)

�· ¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (28) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¥¸²¨ ¢ “˜ (1) ¢Ò¡· ÉÓ ¶µ-
É¥´Í¨ ² V (r) ¢ ¢¨¤¥

V (r) = −2
√

h(r)
d

dr

(√
h(r)

∑
ν

Kν(r)ϕν (r)

)
. (30)

”Ê´±Í¨¨ Kν(r) ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¨§ Éµ£µ, ÎÉµ ¶·¨ k = kµ, λ = λµ ¨
a = aµ ·¥Ï¥´¨¥ (27) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, Éµ ¥¸ÉÓ yµ(r) = 0. ’µ£¤  Kν(r) Å
·¥Ï¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°∑

ν

Kν(r)Xνµ(r) = −fµ(r). (31)

„¥°¸É¢¨É¥²Ó´µ, ¶µ²ÊÎ¥´´ Ö ¢ ÔÉµ³ ¸²ÊÎ ¥ ¨§ ²¥¢µ° Î ¸É¨ · ¢¥´¸É¢  (28) ¸¨-
¸É¥³  µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨°∑

ν

Xνµ(r)Cν (r) = 0

µÉ´µ¸¨É¥²Ó´µ Cν(r) ¨³¥¥É Éµ²Ó±µ É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥ Cν(r) = 0, É ± ± ±
|Xνµ(r)| �= 0, ¥¸²¨ ®Ö¤¥·´ Ö¯ ËÊ´±Í¨Ö ‰µ¸É  R(λ, k, a) ´¥ ¸µ¤¥·¦¨É ±· É´ÒÌ
´Ê²¥° ¨ ¶µ²Õ¸µ¢. �µÔÉµ³Ê, ¸µ£² ¸´µ (29), Kν(r) Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1) ¸
¶µÉ¥´Í¨ ²µ³ (30). ‘²¥¤µ¢ É¥²Ó´µ, y(r) Å É ±¦¥ ·¥Ï¥´¨¥ ÔÉµ£µ Ê· ¢´¥´¨Ö ¸
Ê± § ´´Ò³ ¶µÉ¥´Í¨ ²µ³. …¸²¨ ¨§ (31) ´ °É¨ Kν(r) ¨ ¶µ¤¸É ¢¨ÉÓ ¢ (30), Éµ ´ 
µ¸´µ¢ ´¨¨ (26) ¶µÉ¥´Í¨ ²

V (r) = −2
√

h(r)
d

dr

(
1√
h(r)

d

dr
ln |Xνµ(r)|

)
. (32)
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—Éµ¡Ò ¶µ¸É·µ¨ÉÓ ·¥Ï¥´¨¥ ‰µ¸É  “˜ (1) ¸ ¶µÉ¥´Í¨ ²µ³ (32), ´ °¤¥³  ¸¨³¶-
ÉµÉ¨±Ê ·¥Ï¥´¨Ö (27) ¶·¨ r → ∞. „²Ö ÔÉµ£µ ¶·¥¤¸É ¢¨³ (27) ¸ ¶µ³µÐÓÕ (31)
¢ ¢¨¤¥

y(r) =
f(r)

|Xνµ(r)|

∣∣∣∣Xνµ (r) − fµ(r)Xν (r)
f(r)

∣∣∣∣ . (33)

�  µ¸´µ¢ ´¨¨ (21) ¨ (25) ¨§ Ô²¥³¥´Éµ¢ t−1
νµ ³µ¦´µ ¸µ¸É ¢¨ÉÓ ¤¨ £µ´ ²Ó´ÊÕ

¡²µÎ´ÊÕ ³ É·¨ÍÊ

T−1 =
1
3




[
−A

λ2
µ − λ2

ν

]
[ 0 ] [ 0 ]

[ 0 ]
[

B

k2
µ − k2

ν

]
[ 0 ]

[ 0 ] [ 0 ]
[

−C

aµ − aν

]




. (34)

‚Ò· ¦¥´¨¥ (34) µÉ· ¦ ¥É Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ, ÎÉµ ¶µ²Õ¸Ò ®Ö¤¥·´µ°¯ S-³ É·¨-
ÍÒ ´  ±µ³¶²¥±¸´ÒÌ λ-, k- ¨ a-¶²µ¸±µ¸ÉÖÌ Ì · ±É¥·¨§ÊÕÉ ¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò,
µ¤¨´ ±µ¢Ò¥ ¤²Ö Î ¸É´ÒÌ ¶µ¸É ´µ¢µ± µ¡· É´µ° § ¤ Î¨ ¶·¨ tνµ �= 0. ’µ£¤  ¢
¸µµÉ¢¥É¸É¢¨¨ ¸ (24) ¨ (34) Xνµ(r) Å Ô²¥³¥´É ¡²µÎ´µ° ³ É·¨ÍÒ X(r), · ¢´µ°
¶·Ö³µ° ¸Ê³³¥

X(r) =
1
3

(X (k, a, r) ⊕ X (λ, a, r) ⊕ X (λ, k, r))

±¢ ¤· É´ÒÌ ¶µ¤³ É·¨Í, ¨¤ÊÐ¨Ì ¢¤µ²Ó ¥¥ ¤¨ £µ´ ²¨ ¨ ¸µ¸É ¢²¥´´ÒÌ ¨§ Ô²¥-
³¥´Éµ¢

Xνµ (k, a, r) =
A [ϕ (λν , k, a, r) ;f (λµ,−k, a, r)]

λ2
ν − λ2

µ

,

Xνµ (λ, a, r) =
B [ϕ (λ, kν , a, r) ;f (λ,−kµ, a, r)]

k2
µ − k2

ν

,

Xνµ (λ, k, r) =
C [ϕ (λ, k, aν , r) ;f (λ,−k, aµ, r)]

aν − aµ
.

(35)

‘²¥¤µ¢ É¥²Ó´µ,

|Xνµ(r)| = (1/3)3n |Xνµ (k, a, r)| |Xνµ (λ, a, r)| |Xνµ (λ, k, r)| . (36)
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�´ ²µ£¨Î´µ∣∣∣∣Xνµ(r) − fµ (r) Xν(r)
f(r)

∣∣∣∣ = (1/3)3n ×

×
∣∣∣∣Xνµ (k, a, r) − Af (λµ,−k, a, r) [ϕ (λν , k, a, r) ; f(r)]

f(r) (λ2
ν − λ2)

∣∣∣∣×
×
∣∣∣∣Xνµ (λ, a, r) − Bf (λ,−kµ, a, r) [ϕ (λ, kν , a, r) ; f(r)]

f(r) (k2 − k2
ν)

∣∣∣∣×
×
∣∣∣∣Xνµ (λ, k, r) − Cf (λ,−k, aµ, r) [ϕ (λ, k, aν , r) ; f(r)]

f(r) (aν − a)

∣∣∣∣ .

(37)

…¸²¨ ÊÎ¥¸ÉÓ ¸µµÉ´µÏ¥´¨¥ (6), Éµ ´  µ¸´µ¢ ´¨¨ (35)Ä(37) ¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨°
(5) ¢Ò· ¦¥´¨¥ (33) ¶·¨³¥É ¢¨¤

lim
r→∞

y(r) = Rk,a (λ) Rk,a (−λ) Rλ,a (k)Rλ,k (a) lim
r→∞

f (r) ,

Rk,a(λ) =

∏
µ

[λ − λµ(k, a)]∏
ν

[λ − λν(k, a)]
,

Rλ,a(k) =

∏
µ

[k − kµ(λ, a)]∏
ν

[k − kν(λ, a)]
,

Rλ,k(a) =

∏
µ

[a − aµ(λ, k)]∏
ν

[a − aν(λ, k)]
.

(38)

’µ£¤  ËÊ´±Í¨Ö

F (r) =
y(r)

Rk,a (λ)Rk,a (−λ)Rλ,a (k)Rλ,k(a)
(39)

Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (1), ±µÉµ·µ¥ ¨³¥¥É ¶·¨ r → ∞  ¸¨³¶ÉµÉ¨±Ê
(5). ’ ±¨³ µ¡· §µ³, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (23), (28) ¨ (39) ËÊ´±Í¨¨

F (λ,∓k, a, r) =
y (λ,∓k, a, r)

R±k,a (λ) R±k,a (−λ) Rλ,a (±k)Rλ,±k(a)
(40)

¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ·¥Ï¥´¨Ö ‰µ¸É  “˜ (1) ¸ ¶µÉ¥´Í¨ ²µ³ (32).
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�µ¸É·µ¨³ ·¥Ï¥´¨¥ Φ̃(r) Ê· ¢´¥´¨Ö (1) ¶µ  ´ ²µ£¨¨ ¸ (6) ¢ ¢¨¤¥

Φ̃(r) =
1

2ik
[f (λ, k, a) y (λ,−k, a, r) − f (λ,−k, a) y (λ, k, a, r)] (41)

¨ µ¶·¥¤¥²¨³  ¸¨³¶ÉµÉ¨±Ê ¶·¨ r → 0. „²Ö ÔÉµ£µ ¶µ¤¸É ¢¨³ (27) ¢ (41). ‘
ÊÎ¥Éµ³ (24), (31) ¨ (6) ¶µ²ÊÎ¨³

Φ̃(r) =
ϕ(r)

|Xνµ(r)|

∣∣∣∣Xνµ(r) − fµ (r) bν(r)
ϕ (r)

∣∣∣∣ , bν(r) =
[ϕν (r) ; ϕ(r)]

tν
. (42)

…¸²¨ ÊÎ¥¸ÉÓ, ÎÉµ

lim
r→0

f (λ,−k, a, r) · rλ−1/2 =
f (λ,−k, a)

2λ
,

Éµ ´  µ¸´µ¢ ´¨¨ (36), (42) ¨ £· ´¨Î´µ£µ Ê¸²µ¢¨Ö (4) ´ °¤¥³

lim
r→0

Φ̃(r) = Rk,a (−λ) lim
r→0

ϕ(r), (43)

£¤¥ Rk,a (−λ) µ¶·¥¤¥²¥´µ ¢Ò· ¦¥´¨¥³ (38) ¤²Ö Rk,a (λ) ¶·¨ λ → −λ. ‚
¸µµÉ¢¥É¸É¢¨¨ ¸ (43) ¨ µ¡µ§´ Î¥´¨Ö³¨ (23) ËÊ´±Í¨Ö

Φ (λ, k, a, r) =
Φ̃ (λ, k, a, r)
Rk,a (−λ)

(44)

Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´Ò³ ·¥Ï¥´¨¥³ “˜ (1) ¸ ¶µÉ¥´Í¨ ²µ³ (32).
�µ¤¸É ¢¨³ (40) ¨ (44) ¢ (41). ’µ£¤ , ¸µ£² ¸´µ (5), ¶·¨ r → ∞ ¶µ²ÊÎ¨³

Φ (λ, k, a, r) ≈ exp {i [η (λ, k, a) + δ (λ, k, a)]} f (λ,−k, a)R (λ,−k, a)
k

×

× sin
[
kr − a

2k
ln 2kr + η (λ, k, a) + δ (λ, k, a)

]
;

(45)

£¤¥
f (λ, k, a)R (λ, k, a)

f (λ,−k, a)R (λ,−k, a)
= exp {2i [η (λ, k, a) + δ (λ, k, a)]}

¥¸ÉÓ ³ É·¨Í  · ¸¸¥Ö´¨Ö (22),   ®Ö¤¥·´ Ö¯ ËÊ´±Í¨Ö ‰µ¸É 

R (λ, k, a) = Rk,a (λ)Rλ,a (k)Rλ,k (a) (46)

´  µ¸´µ¢ ´¨¨ (38) Ö¢²Ö¥É¸Ö · Í¨µ´ ²Ó´µ° ËÊ´±Í¨¥° ¶ · ³¥É·µ¢ λ, k ¨ a.
‚ § ¢¨¸¨³µ¸É¨ µÉ µ·¨¥´É Í¨¨ ´ ¶· ¢²ÖÕÐ¥£µ ¢¥±Éµ·  ¶·Ö³µ° (20) ¢µ§-

³µ¦´Ò Î ¸É´Ò¥ ¸²ÊÎ ¨ § ¤ ´¨Ö ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ · ¸¸¥Ö´¨Ö ¶·¨ Ë¨±¸¨·µ-
¢ ´´ÒÌ §´ Î¥´¨ÖÌ µ¤´µ£µ ²¨¡µ ¤¢ÊÌ ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢. …¸²¨ ¤ ´´Ò¥
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· ¸¸¥Ö´¨Ö § ¤ ´Ò ¢¤µ²Ó ¶·Ö³ÒÌ (21), Éµ Ëµ·³Ê²Ò (32), (45) ¨ (46) ¶¥·¥Ìµ¤ÖÉ
¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ëµ·³Ê²Ò ¤²Ö ¶µÉ¥´Í¨ ²  ¨ ËÊ´±Í¨¨ ‰µ¸É  µ¡· É´µ° § -
¤ Î¨ ¶µ ¶¥·¥³¥´´Ò³ k [11], λ [12] ¨ a [17]. ‚ ·¨ ´É µ¡· É´µ° § ¤ Î¨ ¤²Ö
¸²ÊÎ Ö C = 0 (Ak2 + Bλ2 = const, a = const) ¶·¨ a = 0 ¸ ¶µ³µÐÓÕ ³¥Éµ¤ 
ƒ¥²ÓË ´¤ Ä‹¥¢¨É ´  ·¥Ï¥´ ¢ · ¡µÉ¥ [13].

2.2. ‘²ÊÎ ° °µ¸Éµ¢¸±¨Ì ·¥Ï¥´¨° ¸¢µ¡µ¤´µ£µ “˜, ¢Ò¡· ´´ÒÌ ¢ ± Î¥-
¸É¢¥ ¡ §¨¸´ÒÌ ¤²Ö ³µ¤¥²Ó´µ£µ ¶µÉ¥´Í¨ ² . „·Ê£µ° Ô±¢¨¢ ²¥´É´Ò° µ¡µ¡-
Ð¥´´Ò°  ²£¥¡· ¨Î¥¸±¨° ¢ ·¨ ´É ¢µ¸¸É ´µ¢²¥´¨Ö ¶µÉ¥´Í¨ ²  ¡ ·£³ ´µ¢¸±µ£µ
±² ¸¸  ¶µ Ë §µ¢Ò³ ¸¤¢¨£ ³ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·µ¢ λ, k ¨
a, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê· ¢´¥´¨Õ (20), ¶·¥¤²µ¦¥´ ¢ · ¡µÉ¥ [27]. ‚ ÔÉµ³ ¢ -
·¨ ´É¥ ¢ ± Î¥¸É¢¥ ¸¢µ¡µ¤´ÒÌ ·¥Ï¥´¨° “˜, ¸ ¶µ³µÐÓÕ ±µÉµ·ÒÌ ¶µ¸É·µ¥´
¶µÉ¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö, ¨¸¶µ²Ó§µ¢ ´Ò °µ¸Éµ¢¸±¨¥ ·¥Ï¥´¨Ö f (λ,±k, a, r).
‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µÉ¥´Í¨ ² ¸É·µ¨É¸Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¶µ ³ É·¨Í¥ · ¸¸¥Ö´¨Ö.
�µ²ÊÎ¥´´Ò¥ ¢ [27] ·¥§Ê²ÓÉ ÉÒ § ±²ÕÎ ÕÉ¸Ö ¢ ¸²¥¤ÊÕÐ¥³.

�Ê¸ÉÓ ³ É·¨Í  · ¸¸¥Ö´¨Ö ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥

S (λ, k, a) = S0 (λ, k, a) exp [2iδ (λ, k, a)] ,

£¤¥

δ (λ, k, a) = −i ln





∏
µ

(
λ2 − λ2

µ

)
∏
ν

(λ2 − λ2
ν)




1/2 ∏
µ

(k − kµ)∏
ν

(k − kν)

∏
µ

(a − aµ)∏
ν

(a − aν)


 (47)

¥¸ÉÓ ¤µ¡ ¢µÎ´Ò° Ë §µ¢Ò° ¸¤¢¨£, µ¡Ê¸²µ¢²¥´´Ò° ¤¥°¸É¢¨¥³ ¶µÉ¥´Í¨ ²  V (r);
λν , kν , aν (ν = 1, 2, ..., n),   É ±¦¥ λµ, kµ, aµ (µ = n + 1, n + 2, ..., 2n) Å
±µ³¶²¥±¸´Ò¥ ¶µ¸ÉµÖ´´Ò¥, · ¸¶µ²µ¦¥´¨¥ ±µÉµ·ÒÌ ´  λ-, k-, a-¶²µ¸±µ¸ÉÖÌ
§ ¢¨¸¨É µÉ ´ ² £ ¥³ÒÌ ´  ¶µÉ¥´Í¨ ² V (r) µ£· ´¨Î¥´¨°.

’µ£¤  ¨¸±µ³Ò° ¶µÉ¥´Í¨ ² ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¶µ Ëµ·³Ê²¥

V (r) = −2
√

h(r)
d

dr

(
1√
h(r)

d

dr
ln |Yνµ(r)|

)
, (48)

£¤¥ µ¶·¥¤¥²¨É¥²Ó |Yνµ| · ¢¥´

|Yνµ(r)| = (1/3)3n |Yνµ (k, a, r)| |Yνµ (λ, a, r)| |Yνµ (λ, k, r)| ,

Yνµ (k, a, r) =
A [f (λν , k, a, r) ; f (λµ,−k, a, r)]

λ2
ν − λ2

µ

,

Yνµ (λ, a, r) =
B [f (λ, kν , a, r) ; f (λ,−kµ, a, r)]

k2
µ − k2

ν

,

Yνµ (λ, k, r) =
C [f (λ, k, aν , r) ; f (λ,−k, aµ, r)]

aν − aµ
;

(49)
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ËÊ´±Í¨Ö h(r) µ¶·¥¤¥²¥´  ¸µµÉ´µÏ¥´¨¥³ (26); A, B, C Å ¶ · ³¥É·Ò Ê· ¢´¥´¨Ö
¶·Ö³µ° (20).

�¥§Õ³¨·ÊÖ ¨§²µ¦¥´´µ¥, ³µ¦´µ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨° ¢Ò¢µ¤: ¥¸²¨ Ë §  · ¸-
¸¥Ö´¨Ö δ (λ, k, a), µ¡Ê¸²µ¢²¥´´ Ö ¤¥°¸É¢¨¥³ ¶µÉ¥´Í¨ ²  V (r) “˜ (1), ¶·¥¤-
¸É ¢²¥´  · Í¨µ´ ²Ó´µ° ËÊ´±Í¨¥° (47), ´Ê²¨ ¨ ¶µ²Õ¸Ò ±µÉµ·µ° · ¸¶µ²µ¦¥´Ò
´  ¶·Ö³µ° (20), Éµ ¸ ¶µ³µÐÓÕ (48) ³µ¦´µ ¶µ¸É·µ¨ÉÓ λ-, k- ¨ a-´¥§ ¢¨¸¨³Ò°
¶µÉ¥´Í¨ ² V (r). ”Ê´±Í¨¨ Yνµ(r) ³µ£ÊÉ ¡ÒÉÓ µ¶·¥¤¥²¥´Ò ¶µ °µ¸Éµ¢¸±¨³ ·¥-
Ï¥´¨Ö³ f (λ,±k, a, r) = W± ia

2k ,λ (±2ikr), £¤¥ W± ia
2k ,λ Å ËÊ´±Í¨¨ “¨ÉÉ¥±¥· ,

Ö¢²ÖÕÐ¨¥¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö (1) ¶·¨ V (r) = 0.
2.3. ‚²¨Ö´¨¥ §´ ±  ¶µÉ¥´Í¨ ²  ´  · ¸¶µ²µ¦¥´¨¥ ¶µ²Õ¸µ¢ S-³ É·¨ÍÒ

¨ ¶µ¢¥¤¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö. “¸É ´µ¢¨³ ¸¢Ö§Ó ³¥¦¤Ê §´ ± ³¨ ¶µÉ¥´Í¨ ² 
V (r) ¨ Ë §Ò · ¸¸¥Ö´¨Ö δ (λ, k, a) ´  µ¸´µ¢¥ Î ¸É´ÒÌ ¸²ÊÎ ¥¢ µ¡µ¡Ð¥´´µ£µ
¢ ·¨ ´É  µ¡· É´µ° § ¤ Î¨ [27Ä29]. � ´¥¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢ § ¢¨¸¨³µ¸É¨ µÉ
µ·¨¥´É Í¨¨ ´ ¶· ¢²ÖÕÐ¥£µ ¢¥±Éµ·  ¶·Ö³µ° (20) ¢ ¶·µ¸É· ´¸É¢¥ L(λ2, k2, a)
¸·¥¤¨ ¶·µÎ¨Ì ¢µ§³µ¦´Ò ¸²¥¤ÊÕÐ¨¥ Î ¸É´Ò¥ ¸²ÊÎ ¨ § ¤ ´¨Ö ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ
· ¸¸¥Ö´¨Ö: 1) A �= 0, B = C = 0; 2) B �= 0, A = C = 0; 3) C �= 0,
A = B = 0. „ ²¥¥ · ¸¸³µÉ·¥´Ò ¢µ¶·µ¸Ò µ ¸¢Ö§¨ §´ ±µ¢ ¶µÉ¥´Í¨ ²  ¨
Ë § · ¸¸¥Ö´¨Ö δk,a (λ), δλ,a (k) ¨ δλ,k(a), µ¡Ê¸²µ¢²¥´´ÒÌ ¥£µ ¤¥°¸É¢¨¥³ ¤²Ö
¸²ÊÎ ¥¢ 1Ä3.

1) „²Ö ¢¥Ð¥¸É¢¥´´µ£µ ¶µÉ¥´Í¨ ²  ¨§ (47) ¸²¥¤Ê¥É, ÎÉµ ®Ö¤¥·´ Ö¯ ³ É·¨Í 
· ¸¸¥Ö´¨Ö, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö Ê¸²µ¢¨Õ Ê´¨É ·´µ¸É¨, ¨³¥¥É ¢¨¤

exp [2iδk,a (λ)] =
∏
ν

λ2 − λ∗2
ν

λ2 − λ2
ν

. (50)

„²Ö ¢ÒÖ¸´¥´¨Ö Ì · ±É¥·  ¢²¨Ö´¨Ö ¶µ²µ¦¥´¨Ö ¶µ²Õ¸µ¢ λν = Re λν + i Imλν

S-³ É·¨ÍÒ (50) ´  ¶µ¢¥¤¥´¨¥ δk,a (λ) ´ °¤¥³ Ë §Ê ¨ ¥¥ ¶·µ¨§¢µ¤´ÊÕ ¶µ λ:

δk,a (λ) =
∑

ν

arctg
2Re λν Im λν

λ2 − Re2λν + Im2λν

,

dδk,a(λ)
dλ

= −4λ
∑

ν

Re λν Im λν

(λ2 − Re2λν + Im2λν)2 + (2 Re λν Im λν)2
.

(51)

‚¨¤´µ, ÎÉµ δk,a (λ) ³µ´µÉµ´´µ Ê¡Ò¢ ¥É ¸ ·µ¸Éµ³ λ, ¥¸²¨ Re λν Im λν > 0 ¤²Ö
¢¸¥Ì ν. �µ¸±µ²Ó±Ê Re λν > 0 (¤²Ö ·¥§µ´ ´¸´ÒÌ ¶µ²Õ¸µ¢ Re λν ¡²¨§±¨ ± ”‡
λ), Éµ ³µ´µÉµ´´µ Ê¡Ò¢ ÕÐ¥° Ë §¥ δk,a(λ) ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²Õ¸Ò ®Ö¤¥·´µ°¯
S-³ É·¨ÍÒ (50), · ¸¶µ²µ¦¥´´Ò¥ ¢ ¢¥·Ì´¥° λ-¶µ²Ê¶²µ¸±µ¸É¨.

�  µ¸´µ¢ ´¨¨ (48)Ä(50)

V (r) =
∑

ν

Vν(r), Vν(r) = −2
r

d

dr

(
r

d

dr
ln Yνν∗ (k, a, r)

)
. (52)
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”Ê´±Í¨¨ Yνν∗ (k, a, r) Ê¤µ¢²¥É¢µ·ÖÕÉ, ¸µ£² ¸´µ (5), Ê¸²µ¢¨Ö³

lim
r→∞

Yνν∗ (k, a, r) =
kA

2 Reλν Im λν
. (53)

�´ ²µ£¨Î´µ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (5) ¨ (26) ´ °¤¥³

lim
r→∞

r2 dYνν∗ (k, a, r)
dr

= −A. (54)

’µ£¤  ¨§ (52)Ä(54) ¸²¥¤Ê¥É

lim
r→∞

V (r)r3 = −4
k

∑
ν

Re λν Im λν . (55)

‚Ò· ¦¥´¨¥ (55) Ê± §Ò¢ ¥É ´  Éµ, ÎÉµ ¶·¨ÉÖ£¨¢ ÕÐ¥³Ê ¶·¨ ¡µ²ÓÏ¨Ì r ¶µÉ¥´-
Í¨ ²Ê ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²Õ¸Ò S-³ É·¨ÍÒ, · ¸¶µ²µ¦¥´´Ò¥ ¢ ¢¥·Ì´¥° λ-¶µ²Ê-
¶²µ¸±µ¸É¨, ±µÉµ·Ò¥, ¸µ£² ¸´µ (51), ¸¶µ¸µ¡¸É¢ÊÕÉ ¢µ§· ¸É ´¨Õ Ë §Ò δk,a (λ)
¶·¨ λ → 1/2(l → 0). �·¨ ÔÉµ³ Ëµ·³Ê²Ò (51) ¨ (52) ¶µ§¢µ²ÖÕÉ ¶·µ¨§¢µ¤¨ÉÓ
µÍ¥´±Ê ¶ ·Í¨ ²Ó´µ£µ ¢±² ¤  ¶µ²Õ¸µ¢ S-³ É·¨ÍÒ ¢ ¶µ¢¥¤¥´¨¥ δk,a(λ) ¨ V (r).

2) “¸É ´µ¢¨³ ¸¢Ö§Ó §´ ±µ¢ ¶µÉ¥´Í¨ ²  V (r) ¨ Ë §Ò δλ,a(k). ‚ ÔÉµ³ ¸²ÊÎ ¥
¤²Ö ¢¥Ð¥¸É¢¥´´µ£µ ¶µÉ¥´Í¨ ²  ³ É·¨Í  · ¸¸¥Ö´¨Ö, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö Ê¸²µ¢¨Õ
Ê´¨É ·´µ¸É¨, ¨³¥¥É ¢¨¤ [30]:

exp [2iδλ,a (k)] =
∏
ν

(k − k∗
ν) (k + kν)

(k − kν) (k + k∗
ν)

. (56)

�µÔÉµ³Ê

δλ,a (k) =
∑

ν

arctg
2k Im kν

k2 − |kν |2
,

dδλ,a (k)
dk

= −2
∑

ν

(
k2 − |kν |2

)
Im kν(

k2 − |kν |2
)2

+ (2k Im kν)2
.

(57)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ (49) ¨ (56) ¶µÉ¥´Í¨ ² (48) · ¢¥´

V (r) =
∑

ν

Vν(r), Vν(r) = −2
d2

dr2
ln Yνν∗ (λ, a, r) . (58)

”Ê´±Í¨¨ Yνν∗ (λ, a, r), ¸µ£² ¸´µ (5) ¨ (49), Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³

lim
r→∞

Yνν∗ (λ, a, r) exp
[
−2(Imkν)r − a

|kν |2

(
Im kν · ln 2|kν |r +

+ Re kν · arctg
Im kν

Re kν

)]
= − B

2 Imkν
.

(59)
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’µ£¤  ¨§ (58) ¨ (59) ¸²¥¤Ê¥É

lim
r→∞

V (r)r2 = 2a
∑

ν

Im kν

|kν |2
. (60)

‚¨¤´µ, ÎÉµ ¶·¨ÉÖ£¨¢ ÕÐ¥³Ê ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ r ¶µÉ¥´Í¨ ²Ê V (r)
¸µµÉ¢¥É¸É¢ÊÕÉ · ¸¶µ²µ¦¥´´Ò¥ ¢ ´¨¦´¥° Î ¸É¨ k-¶µ²Ê¶²µ¸±µ¸É¨ ¶µ²Õ¸Ò
S-³ É·¨ÍÒ, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ ´  µ¸´µ¢¥ (57) Ê¡Ò¢ ´¨¥ Ë §Ò δλ,a (k) ¶·¨
k → 0. ‘²¥¤µ¢ É¥²Ó´µ, §´ ±¨ δλ,a (k) (k → 0) ¨ V (r) (r → ∞) ¶·µÉ¨¢µ¶µ-
²µ¦´Ò. �·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ §´ ±µ¢ Ë §Ò ¨ ¶µÉ¥´Í¨ ²  ¶·¨ a = 0 ¡Ò² 
µÉ³¥Î¥´  ¥Ð¥ ¢ [31]. ’ ±¨³ µ¡· §µ³, ´ ²¨Î¨¥ µÉÉ ²±¨¢ ÕÐ¥£µ ±Ê²µ´µ¢¸±µ£µ
¶µÉ¥´Í¨ ²  ´¥ ¢²¨Ö¥É ´  ¸¢Ö§Ó §´ ±µ¢ δλ,a (k) ¨ V (r) ¢ ¸²ÊÎ ¥, ±µ£¤  ¶µÉ¥´-
Í¨ ² V (r) µ± §Ò¢ ¥É ¸² ¡µ¥ ¤¥°¸É¢¨¥ ´  · ¸¸¥¨¢ ¥³ÊÕ ¢µ²´Ê. ‘µµÉ´µÏ¥´¨Ö
(57) ¨ (58) ¶µ§¢µ²ÖÕÉ É ±¦¥ µÍ¥´¨ÉÓ ¶ ·Í¨ ²Ó´Ò° ¢±² ¤ ¶µ²Õ¸µ¢ S-³ É·¨ÍÒ
¢ ¶µ¢¥¤¥´¨¥ δλ,a (k) ¨ V (r).

3) “¸É ´µ¢¨³ É¥¶¥·Ó ¸¢Ö§Ó ³¥¦¤Ê §´ ± ³¨ ¢¥Ð¥¸É¢¥´´µ£µ ¶µÉ¥´Í¨ ² 
V (r) ¨ Ë §Ò δλ,k(a). ‚ ÔÉµ³ ¸²ÊÎ ¥ ´  µ¸´µ¢ ´¨¨ (47)

δλ,k(a) = −i ln
∏
ν

a − a∗
ν

a − aν
.

’µ£¤ 

δλ,k(a) = 2
∑

ν

arctg
Im aν

a − Re aν
,

dδλ,k(a)
da

= −2
∑

ν

Im aν

(a − Reaν)2 + Im 2aν

.

(61)

ˆ§ (48), (49) ¨ (56) ¸²¥¤Ê¥É

V (r) =
∑

ν

Vν(r), Vν(r) = − 2√
r

d

dr

(√
r

d

dr
ln Yνν∗ (λ, k, r)

)
. (62)

”Ê´±Í¨¨ Yνν∗ (λ, k, r), ¸µ£² ¸´µ (5) ¨ (49), Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³

lim
r→∞

Yνν∗(λ, k, r) exp
(

Im aν

k
ln 2kr

)
=

kC

Im aν
. (63)

�µÔÉµ³Ê, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ (62) ¨ (63),

lim
r→∞

V (r)r2 = −

∑
ν

Im aν

k
. (64)
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�µ²ÊÎ¥´´µ¥ ¢Ò· ¦¥´¨¥ Ê± §Ò¢ ¥É ´  Éµ, ÎÉµ ¶·¨ÉÖ£¨¢ ÕÐ¥³Ê ¶·¨ ¡µ²ÓÏ¨Ì
§´ Î¥´¨ÖÌ r ¶µÉ¥´Í¨ ²Ê ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µ²Õ¸Ò S-³ É·¨ÍÒ, · ¸¶µ²µ¦¥´´Ò¥
¢ ¢¥·Ì´¥° a-¶µ²Ê¶²µ¸±µ¸É¨, ±µÉµ·Ò¥ ´  µ¸´µ¢ ´¨¨ (61) µ¶¨¸Ò¢ ÕÉ ¢µ§· ¸É -
´¨¥ Ë §Ò ¶·¨ a → 0. �·¨ ÔÉµ³ Ëµ·³Ê²Ò (61) ¨ (62) ¶µ§¢µ²ÖÕÉ µÍ¥´¨ÉÓ
¶ ·Í¨ ²Ó´Ò° ¢±² ¤ ¶µ²Õ¸µ¢ S-³ É·¨ÍÒ ¢ ¶µ¢¥¤¥´¨¥ δλ,k(a) ¨ V (r).

ˆÉ ±, ´  µ¸´µ¢ ´¨¨ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ³µ¦´µ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥
¢Ò¢µ¤Ò. ‚µ-¶¥·¢ÒÌ, §´ ± ¶µÉ¥´Í¨ ²  ¶·¨ r → ∞ (±µ£¤  V (r) µ± §Ò¢ ¥É

¸² ¡µ¥ ¤¥°¸É¢¨¥ ´  · ¸¸¥¨¢ ¥³ÊÕ Î ¸É¨ÍÊ) ¸µ¢¶ ¤ ¥É ¸µ §´ ± ³¨
dδk,a (λ)

dλ
,

dδλ,k(a)
da

¨ ¶·µÉ¨¢µ¶µ²µ¦¥´ §´ ±Ê
dδλ,a (k)

dk
. ‚µ-¢Éµ·ÒÌ, ¥¸²¨ S-³ É·¨Í 

¸µ¤¥·¦¨É ·¥§µ´ ´¸´Ò° ¶µ²Õ¸ ´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¶¥·¥³¥´´µ£µ ¶ -
· ³¥É·  (¢¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ ¶µ²Õ¸  ¡²¨§±  ± ·¥§µ´ ´¸´µ³Ê Ë¨§¨Î¥¸±µ³Ê
§´ Î¥´¨Õ ¶ · ³¥É· ,   ¥£µ ³´¨³ Ö Î ¸ÉÓ ³ ² ), Éµ ¶µ¸²¥¤´¨° µ± §Ò¢ ¥É ¸ÊÐ¥-
¸É¢¥´´µ¥ ¢²¨Ö´¨¥ ´  ¶µ¢¥¤¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö ¨ ¶µÉ¥´Í¨ ² . „¥°¸É¢¨É¥²Ó´µ,
¢ ¸²ÊÎ ¥ ·¥§µ´ ´¸´µ£µ ¶µ²Õ¸  ¶·¨ ν = r ¨§ (51), (57) ¨ (61) ¸²¥¤Ê¥É

dδk,a(λ)
dλ

∣∣∣∣∣
λ≈Re λr

≈ − 1
Im λr

, Im λr ≥ 0,

dδλ,a(k)
dk

∣∣∣∣∣
k≈Re kr

≈ − 1
Im kr

, Im kr ≤ 0,

dδλ,k(a)
da

∣∣∣∣∣
a≈Re ar

≈ − 2
Im ar

, Im ar ≥ 0,

Éµ ¥¸ÉÓ ¶µ²Õ¸ µ¡Ê¸²µ¢²¨¢ ¥É ¡µ²¥¥ ·¥§±µ¥ ¨§³¥´¥´¨¥ Ë §Ò ¢¡²¨§¨ ·¥§µ´ ´¸-
´µ£µ Ë¨§¨Î¥¸±µ£µ §´ Î¥´¨Ö ¶¥·¥³¥´´µ£µ ¶ · ³¥É· . ”µ·³Ê²Ò (55), (60) ¨ (64)
Ê± §Ò¢ ÕÉ ´  Éµ, ÎÉµ ·¥§µ´ ´¸´Ò° ¶µ²Õ¸ ¶·¨¢µ¤¨É É ±¦¥ ± ¡µ²¥¥ ¡Ò¸É·µ³Ê
®§ ÉÊÌ ´¨Õ¯ ¶µÉ¥´Í¨ ²  V (r) ¶·¨ r → ∞.

ˆ§²µ¦¥´´Ò¥ ¢Ò¢µ¤Ò ´ Ìµ¤ÖÉ ¸¢µ¥ ¶µ¤É¢¥·¦¤¥´¨¥ ¢ · ¸Î¥É Ì, ¶·µ¢¥¤¥´-
´ÒÌ ´  ±µ´±·¥É´ÒÌ Ö¤¥·´ÒÌ ³µ¤¥²ÖÌ ¶·¨ ·¥Ï¥´¨¨ µ¡· É´µ° § ¤ Î¨ ¢ ±µ³-
¶²¥±¸´ÒÌ λ-, k- ¨ a-¶²µ¸±µ¸ÉÖÌ [32Ä35]. ’ ±¨³ µ¡· §µ³, ¶µ ¶µ¢¥¤¥´¨Õ ¨§-
¢¥¸É´ÒÌ ¨§ Ë §µ¢µ£µ  ´ ²¨§  ®Ö¤¥·´ÒÌ¯ Ë §µ¢ÒÌ ¸¤¢¨£µ¢ ¶·¨ ³ ²ÒÌ §´ -
Î¥´¨ÖÌ ¶¥·¥³¥´´µ£µ ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É·  λ, k ¨²¨ a ³µ¦´µ, ´¥ ·¥Ï Ö
´¥¶µ¸·¥¤¸É¢¥´´µ µ¤´µ¶ · ³¥É·¨Î¥¸±ÊÕ µ¡· É´ÊÕ § ¤ ÎÊ, ¸¤¥² ÉÓ µ¶·¥¤¥²¥´-
´Ò¥ ¢Ò¢µ¤Ò µ §´ ±¥ ¶µÉ¥´Í¨ ²  V (r) ¨ Ì · ±É¥·¥ ¥£µ Ê¡Ò¢ ´¨Ö ¶·¨ ¡µ²ÓÏ¨Ì
§´ Î¥´¨ÖÌ r.
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‚ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ¸¢Ö§Ó ³¥¦¤Ê § ¤ Î¥° ¶·¨
k = const ¨ § ¤ Î¥° ¶·¨ λ = 1/2 (s-· ¸¸¥Ö´¨¥) · ¸¸³µÉ·¥´  ¢ [4] ¸ Í¥-
²ÓÕ ¨¸¸²¥¤µ¢ ´¨Ö  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ¢ ±µ³¶²¥±¸´µ°
λ-¶²µ¸±µ¸É¨. ‚ ¤ ²Ó´¥°Ï¥³ ¶µ¤ µ¤´µ¶ · ³¥É·¨Î¥¸±µ° µ¡· É´µ° § ¤ Î¥° ±¢ ´-
Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¡Ê¤¥³ ¶µ´¨³ ÉÓ § ¤ ÎÊ, ¢ ±µÉµ·µ° ¨¸Ìµ¤´Ò¥ ¤ ´´Ò¥
· ¸¸¥Ö´¨Ö µ¶·¥¤¥²¥´Ò ¤²Ö ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨° µ¤´µ£µ ¨§ ¸¶¥±É· ²Ó´ÒÌ
¶ · ³¥É·µ¢ “˜ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ §´ Î¥´¨ÖÌ µ¸É ²Ó´ÒÌ ¶ · ³¥É·µ¢. Š ±
µÉ³¥Î¥´µ · ´¥¥, ¶µ²Õ¸Ê S-³ É·¨ÍÒ ´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ± ±µ£µ-²¨¡µ
¶ · ³¥É·  (λ, k ¨²¨ a) ¶·¨ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨ÖÌ µ¸É ²Ó´ÒÌ ¤¢ÊÌ ¶ · ³¥-
É·µ¢ ³µ¦´µ ¸µ¶µ¸É ¢¨ÉÓ ¶µ²Õ¸ ´  ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ²Õ¡µ£µ ¤·Ê£µ£µ ¶ -
· ³¥É·  ¶·¨ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨ÖÌ µ¸É ¢Ï¨Ì¸Ö ¶ · ³¥É·µ¢. ‘²¥¤µ¢ É¥²Ó´µ,
±¢ ´Éµ¢µ¥ ¸µ¸ÉµÖ´¨¥ ¸¨¸É¥³Ò (´ ¶·¨³¥·, ·¥§µ´ ´¸) µ± §Ò¢ ¥É¸Ö ¨´¢ ·¨ ´É-
´Ò³ ¶µ µÉ´µÏ¥´¨Õ ± ¸¶µ¸µ¡Ê ¥£µ µ¶¨¸ ´¨Ö ¸ ¶µ³µÐÓÕ ¶µ²Õ¸  S-³ É·¨ÍÒ
´  ±µ³¶²¥±¸´µ° λ-, k- ¨²¨ a-¶²µ¸±µ¸É¨. �µÔÉµ³Ê ¢ ·¥§Ê²ÓÉ É¥ ¶·¥µ¡· §µ-
¢ ´¨Ö ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢,  ·£Ê³¥´É  ¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ·¥Ï¥´¨°
“˜ ³µ¦´µ Ê¸É ´µ¢¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨ § ¤ Î ³¨ É¥µ·¨¨
¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í.

‚ ¤ ´´µ³ · §¤¥²e ¸É ¢¨É¸Ö Í¥²Ó ´ °É¨ ¸ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨°  ´ -
²µ£¨¨ ³¥¦¤Ê µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨ § ¤ Î ³¨, ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó-
§µ¢ ´ , ´ ¶·¨³¥·, ¶·¨ Ê¸É ´µ¢²¥´¨¨  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ S-³ É·¨ÍÒ ¶µ
²Õ¡µ³Ê ¸¶¥±É· ²Ó´µ³Ê ¶ · ³¥É·Ê λ, k ¨²¨ a ¶·¨ ¨§¢¥¸É´ÒÌ ¥¥ ¸¢µ°¸É¢ Ì
¤²Ö µ¤´µ£µ ¨§ ÔÉ¨Ì ¶ · ³¥É·µ¢,   É ±¦¥ ¶·¨ ·¥Ï¥´¨¨ µ¤´µ¶ · ³¥É·¨Î¥¸±µ°
µ¡· É´µ° § ¤ Î¨ · ¸¸¥Ö´¨Ö. ˆ§²µ¦¥´´Ò¥ ¢ ÔÉµ³ · §¤¥²¥ ·¥§Ê²ÓÉ ÉÒ µ¶Ê¡²¨-
±µ¢ ´Ò ¢ · ¡µÉ Ì [36Ä38].

�¡µ§´ Î¨³ ¢ “˜  ·£Ê³¥´É ¶µ ¶¥·¥³¥´´Ò³ k, λ ¨ a, ¸µµÉ¢¥É¸É¢¥´´µ,
Î¥·¥§ x, r ¨ ρ. ’µ£¤  µ¤´µ¶ · ³¥É·¨Î¥¸±µ¥ “˜ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

(
d2

dx2
− λ2 − 1/4

x2
− a

x
− Vλ,a(x)

)
y(λ, k, a, x) = −k2y(λ, k, a, x), (65)

(
d2

dr2
+ k2 − a

r
− Vk,a(r)

)
u(λ, k, a, r) =

λ2 − 1/4
r2

u(λ, k, a, r), (66)

(
d2

dρ2
+ k2 − λ2 − 1/4

ρ2
− Vk,λ(ρ)

)
ψ(λ, k, a, ρ) =

a

ρ
ψ(λ, k, a, ρ), (67)
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£¤¥ ËÊ´±Í¨¨ y (λ, k, a, x), u (λ, k, a, r) ¨ ψ (λ, k, a, ρ) Ê¤µ¢²¥É¢µ·ÖÕÉ £· ´¨Î-
´Ò³ Ê¸²µ¢¨Ö³

lim
z→0

ϕ(λ, k, a, z)z−λ−1/z = 1 (ϕ = y, u, ψ µÉ z = x, r, ρ). (68)

�¨¦´¨¥ ¨´¤¥±¸Ò ¶µÉ¥´Í¨ ²  V (z), Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ Ê¸²µ¢¨Õ

∞∫
0

z|V (z)| exp (αz)dz < ∞, α > 0,

Ê± §Ò¢ ÕÉ ´  ¥£µ § ¢¨¸¨³µ¸ÉÓ µÉ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨° Ë¨±¸¨·µ¢ ´´ÒÌ ¶ · -
³¥É·µ¢.

3.1. ‘¢Ö§Ó ³¥¦¤Ê § ¤ Î ³¨ ¤²Ö ¶¥·¥³¥´´ÒÌ k ¨ λ. � °¤¥³ ¸¢Ö§Ó ³¥¦¤Ê
Ê· ¢´¥´¨Ö³¨ (65) ¨ (66). „²Ö ÔÉµ£µ ¶·µ¨§¢¥¤¥³ ¢ (66) § ³¥´Ê ¶¥·¥³¥´´ÒÌ

r = exp x, u(λ, k, a, r) = exp (x/2)U(λ, k, a, x). (69)

�  µ¸´µ¢ ´¨¨ (66), (68) ¨ (69) ¶µ²ÊÎ¨³{
d2

dx2
+ exp (2x)[k2 − a exp (−x) − Vk,a(exp x)]

}
U(λ, k, a, x) =

= λ2U(λ, k, a, x), lim
x→−∞

U(λ, k, a, x) exp (−λx) = 1. (70)

…¸²¨ ¢ Ê· ¢´¥´¨¨ (70) ¶µ²µ¦¨ÉÓ k = 0 ¨ µ¸ÊÐ¥¸É¢¨ÉÓ § ³¥´Ê ¶¥·¥³¥´´µ£µ
¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É·  λ2 ´  −k2, Éµ (70) ¸É ´¥É  ´ ²µ£µ³ Ê· ¢´¥´¨Ö (65)
¤²Ö ¸²ÊÎ Ö s-· ¸¸¥Ö´¨Ö (λ = 1/2). ‘²¥¤µ¢ É¥²Ó´µ, § ¤ Î  ¶·¨ k = 0 ¨ a =
const  ´ ²µ£¨Î´  § ¤ Î¥ ¶·¨ λ = 1/2 ¨ a = const ¸ ¶¥·¥³¥´´µ° iλ ¢³¥¸Éµ
k ¨  ·£Ê³¥´Éµ³ ln r. ‘µµÉ¢¥É¸É¢¥´´µ £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (68) ¶·¨ r → 0
¶¥·¥Ìµ¤¨É ¢ £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (70) ¶·¨ x → −∞. “± § ´´ Ö  ´ ²µ£¨Ö § ¤ Î
¤²Ö ¶¥·¥³¥´´ÒÌ k ¨ λ ¶·¨ a = 0 · ¸¸³µÉ·¥´  ¢ [4, 6].

‘¢Ö§Ó ³¥¦¤Ê µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨ Ê· ¢´¥´¨Ö³¨ (65) ¨ (66) ³µ¦´µ Ê¸É -
´µ¢¨ÉÓ É ±¦¥ ¸ ¶µ³µÐÓÕ ³¥Éµ¤  µ¡· É´µ° § ¤ Î¨. „²Ö ÔÉµ£µ ¢µ¸¶µ²Ó§Ê¥³¸Ö,
´ ¶·¨³¥·, µ¡µ¡Ð¥´´Ò³  ²£¥¡· ¨Î¥¸±¨³ ¢ ·¨ ´Éµ³ µ¡· É´µ° § ¤ Î¨ ¸ ²¨´¥°-
´µ° ¢§ ¨³µ§ ¢¨¸¨³µ¸ÉÓÕ ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢ k2, λ2 ¨ a ¢ ¨¸Ìµ¤´ÒÌ
¤ ´´ÒÌ · ¸¸¥Ö´¨Ö [26]. �  µ¸´µ¢ ´¨¨ (32) ¨ (35) ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶µÉ¥´Í¨-
 ²Ò ¤²Ö Ê· ¢´¥´¨° (65)Ä(67) ¨³¥ÕÉ ¢¨¤

Vλ,a (x) = −2
d2

dx2
ln |Xνµ (λ, a, x)| , (71)

Vk,a(r) = −2
r

d

dr

(
r

d

dr
ln |Xνµ (k, a, r)|

)
, (72)
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Vk,λ (ρ) = − 2
√

ρ

d

dρ

(
√

ρ
d

dρ
ln |Xνµ (λ, k, ρ)|

)
, (73)

£¤¥ ËÊ´±Í¨¨ Xνµ (λ, a, x), Xνµ (k, a, r) ¨ Xνµ (λ, k, ρ) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸¢µ-
¡µ¤´Ò¥ ·¥£Ê²Ö·´µ¥ ¨ °µ¸Éµ¢¸±µ¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (65)Ä(67).

…¸²¨ ¢ (72) ¶·µ¨§¢¥¸É¨ § ³¥´Ò  ·£Ê³¥´É  r = exp x ¨ ¸¶¥±É· ²Ó´µ£µ
¶ · ³¥É·  k ´  iλ, Éµ ¶µ²ÊÎ¨³

exp (2x)Viλ,a (exp x) = −2
d2

dx2
ln |Xνµ (iλ, a, exp x)| . (74)

‚¨¤´µ, ÎÉµ ¶µÉ¥´Í¨ ² (74)  ´ ²µ£¨Î¥´ ¶µÉ¥´Í¨ ²Ê (71). �Éµ ¥¸É¥¸É¢¥´´µ,
É ± ± ± ¶µÉ¥´Í¨ ² (74) ¸µµÉ¢¥É¸É¢Ê¥É ·¥Ï¥´¨Õ µ¡· É´µ° § ¤ Î¨ ¤²Ö Ê· ¢´¥-
´¨Ö (70),  ´ ²µ£¨Î´µ£µ Ê· ¢´¥´¨Õ (65) ¤²Ö ¸²ÊÎ Ö λ = 1/2. ’ ±¨³ µ¡· §µ³,
µ¡· É´ Ö § ¤ Î  ¢ ±µ³¶²¥±¸´µ° k-¶²µ¸±µ¸É¨ ¤²Ö ¸²ÊÎ Ö s-· ¸¸¥Ö´¨Ö § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í  ´ ²µ£¨Î´  µ¡· É´µ° § ¤ Î¥ ¢ ±µ³¶²¥±¸´µ° λ-¶²µ¸±µ¸É¨ ¸
 ·£Ê³¥´Éµ³ exp x ¨ ¶¥·¥³¥´´µ° −k2.

…¸²¨ ¢ (65) µ¸ÊÐ¥¸É¢¨ÉÓ ¶·¥µ¡· §µ¢ ´¨¥

x = ln r, y(1/2, k, a, x) = exp (− ln r/2)Y (1/2, k, a, r) (75)

¨ § ³¥´Ê ¶ · ³¥É·  k2 ´  −λ2, Éµ ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥{
d2

dr2
− 1

r2

[ a

ln r
+ Va(ln r)

]}
Y (1/2, iλ, a, r) =

λ2 − 1/4
r2

Y (1/2, iλ, a, r)

¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³

lim
r→1

Y (1/2, iλ, a, r)(ln r)−1 exp (− ln r/2) = 1,

±µÉµ·µ¥  ´ ²µ£¨Î´µ Ê· ¢´¥´¨Õ (66) ¶·¨ k = 0. �É   ´ ²µ£¨Ö µ¡Ê¸²µ¢²¥´ 
É¥³, ÎÉµ ¶·¥µ¡· §µ¢ ´¨¥ (75) Ö¢²Ö¥É¸Ö µ¡· É´Ò³ ¶µ µÉ´µÏ¥´¨Õ ± ¶·¥µ¡· §µ-
¢ ´¨Õ (69).

3.2. ‘¢Ö§Ó ³¥¦¤Ê § ¤ Î ³¨ ¤²Ö ¶¥·¥³¥´´ÒÌ k ¨ a . “¸É ´µ¢¨³ ¸¢Ö§Ó
³¥¦¤Ê Ê· ¢´¥´¨Ö³¨ (65) ¨ (67). „²Ö ÔÉµ£µ ¶·µ¨§¢¥¤¥³ ¢ (67) § ³¥´Ê ¶¥·¥³¥´-
´ÒÌ:

ρ = x2, ψ (λ, k, a, ρ) =
√

xΨ (λ, k, a, x) . (76)

‘µ£² ¸´µ (67), (68) ¨ (76) ´ °¤¥³{
d2

dx2
+ 4x2

[
k2 − λ2 − 1/4

x4
− Vk,λ(x2)

]}
Ψ(λ, k, a, x) = 4aΨ(λ, k, a, x),

lim
x→0

Ψ(λ, k, a, x)x−2(λ+1/4) = 1. (77)
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…¸²¨ ¢ (77) ¶µ²µ¦¨ÉÓ k = 0 ¨ § ³¥´¨ÉÓ ¶ · ³¥É· a ´  −k2/4, Éµ Ê· ¢´¥´¨¥
(77) ¡Ê¤¥É  ´ ²µ£¨Î´µ Ê· ¢´¥´¨Õ (65) ¤²Ö ¸²ÊÎ Ö · ¸¸¥Ö´¨Ö ´¥§ ·Ö¦¥´´ÒÌ
Î ¸É¨Í (a = 0). ‘²¥¤µ¢ É¥²Ó´µ, § ¤ Î  ¶·¨ λ = const ¨ a = 0  ´ ²µ£¨Î´ 
§ ¤ Î¥ ¶·¨ k = 0 ¨ λ = const ¸ ¶¥·¥³¥´´µ° −k2/4 ¢³¥¸Éµ a ¨  ·£Ê³¥´Éµ³ x2

¢³¥¸Éµ ρ. �·¨ ÔÉµ³ £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (68) ¶·¨ ρ → 0 ¶¥·¥Ìµ¤¨É ¢ £· ´¨Î´µ¥
Ê¸²µ¢¨¥ (77) ¶·¨ x → 0.

‘¢Ö§Ó ³¥¦¤Ê Ê· ¢´¥´¨Ö³¨ (65) ¨ (67) ³µ¦´µ Ê¸É ´µ¢¨ÉÓ É ±¦¥ ´  µ¸´µ¢¥
³¥Éµ¤  µ¡· É´µ° § ¤ Î¨. „¥°¸É¢¨É¥²Ó´µ, ¥¸²¨ ¢ (73) µ¸ÊÐ¥¸É¢¨ÉÓ § ³¥´Ê (76)
¤²Ö  ·£Ê³¥´É  ρ,   É ±¦¥ § ³¥´Ê ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É·  k ´  2i

√
a, Éµ

¶µ²ÊÎ¨³

4x2V2i
√

a,λ

(
x2
)

= −2
d2

dx2
ln
∣∣Xνµ

(
λ, 2i

√
a, x2

)∣∣ . (78)

‚¨¤´µ, ÎÉµ ¶µÉ¥´Í¨ ² (78), Ö¢²ÖÕÐ¨°¸Ö ·¥Ï¥´¨¥³ µ¡· É´µ° § ¤ Î¨ ¤²Ö Ê· ¢-
´¥´¨Ö (77),  ´ ²µ£¨Î¥´ ¶µÉ¥´Í¨ ²Ê (71). ’ ±¨³ µ¡· §µ³, µ¡· É´ Ö § ¤ Î 
¢ ±µ³¶²¥±¸´µ° k-¶²µ¸±µ¸É¨ ¤²Ö ¸²ÊÎ Ö · ¸¸¥Ö´¨Ö ¶ ·Í¨ ²Ó´µ° ¢µ²´Ò ¡¥§
ÊÎ¥É  ±Ê²µ´µ¢¸±µ£µ ¶µ²Ö (a = 0)  ´ ²µ£¨Î´  µ¡· É´µ° § ¤ Î¥ ¢ ±µ³¶²¥±¸´µ°
a-¶²µ¸±µ¸É¨ ¸  ·£Ê³¥´Éµ³ x2 ¨ ¶¥·¥³¥´´µ° −k2.

…¸²¨ ¢ Ê· ¢´¥´¨¨ (65) µ¸ÊÐ¥¸É¢¨ÉÓ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

x = ±√
ρ, y (λ, k, 0, x) = ρ−1/4Y (λ, k, 0, ρ) (79)

¨ ¶ · ³¥É·  k2 ´  −4a, Éµ ¶µ²ÊÎ¨³ Ê· ¢´¥´¨¥

{
d2

dρ2
+

1
4ρ

[
1 − λ2

ρ
− Vλ (±√

ρ)
]}

Y
(
λ, 2i

√
a, 0, ρ

)
=

a

ρ
Y
(
λ, 2i

√
a, 0, ρ

)
¸ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³

lim
ρ→0

Y
(
λ, 2i

√
a, 0, ρ

)
ρ−(λ+1)/2 = 1,

±µÉµ·µ¥  ´ ²µ£¨Î´µ Ê· ¢´¥´¨Õ (67) ¶·¨ k = 0. ’ ± Ö  ´ ²µ£¨Ö ¸¢Ö§ ´  ¸
É¥³, ÎÉµ ¶·¥µ¡· §µ¢ ´¨¥ (79) Ö¢²Ö¥É¸Ö µ¡· É´Ò³ ¶µ µÉ´µÏ¥´¨Õ ± ¶·¥µ¡· §µ-
¢ ´¨Õ (76).

3.3. ‘¢Ö§Ó ³¥¦¤Ê § ¤ Î ³¨ ¤²Ö ¶¥·¥³¥´´ÒÌ λ ¨ a. “¸É ´µ¢¨³ ¸¢Ö§Ó
³¥¦¤Ê Ê· ¢´¥´¨Ö³¨ (66) ¨ (67). „²Ö ÔÉµ£µ ¶·µ¨§¢¥¤¥³ ¢ (66) § ³¥´Ê ¶¥·¥³¥´-
´ÒÌ

r = exp (
√
−ρ), u(λ, k, a, r) = ρ−1/4 exp (

√
ρ/2)U(λ, k, a, ρ). (80)
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�  µ¸´µ¢ ´¨¨ (66), (68) ¨ (80) ´ °¤¥³{
d2

dρ2
+

3
16ρ2

+
exp (−2

√
ρ)

4ρ

[
k2 − a exp (

√
ρ) −

−Vk,a(exp (−√
ρ))
]}

U(λ, k, a, ρ) =
λ2

4ρ
U(λ, k, a, ρ), (81)

lim
ρ→∞

U(λ, k, a, ρ)ρ1/4 exp (λ
√

ρ) = 1.

…¸²¨ ¢ Ê· ¢´¥´¨¨ (81) ¶µ²µ¦¨ÉÓ a = 0 ¨ µ¸ÊÐ¥¸É¢¨ÉÓ § ³¥´Ê ¶¥·¥³¥´´µ£µ
¶ · ³¥É·  λ2 ´  4a, Éµ (81) ¸É ´¥É  ´ ²µ£¨Î´Ò³ Ê· ¢´¥´¨Õ (67) ¤²Ö ¸²ÊÎ Ö
s-· ¸¸¥Ö´¨Ö. ‘²¥¤µ¢ É¥²Ó´µ, § ¤ Î  ¶·¨ k = const ¨ λ = 1/2  ´ ²µ£¨Î´ 
§ ¤ Î¥ ¶·¨ k = const ¨ a = 0 ¸ ¶¥·¥³¥´´µ° 4a ¢³¥¸Éµ λ2 ¨  ·£Ê³¥´Éµ³
exp (−√

ρ) ¢³¥¸Éµ r. �·¨ ÔÉµ³ £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (68) ¶·¨ r → 0 ¶¥·¥Ìµ¤¨É
¢ £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (81) ¶·¨ ρ → ∞.

�·¥µ¡· §µ¢ ´¨¥ Ê· ¢´¥´¨Ö (67) ¸ ¶µ³µÐÓÕ Ëµ·³Ê²

ρ = ln2 r, ψ(1/2, k, a, ρ) =
√

ln r exp (− ln r/2)Ψ(1/2, k, a, r) (82)

(µ¡· É´µ¥ ¶·¥µ¡· §µ¢ ´¨Õ (80)) ¸ ¶µ¸²¥¤ÊÕÐ¥° § ³¥´µ° ¶ · ³¥É·  a ´  λ2/4
¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Õ{

d2

dr2
+

4 ln2 r

r2

[
k2 − 3

16 ln4 r
− Vk(ln2 r)

]}
×

×Ψ(1/2, k, λ2/4, r) =
λ2 − 1/4

r2
Ψ(1/2, k, λ2/4, r),

lim
r→1

Ψ(1/2, k, λ2/4)(ln r)−3/2 exp (− ln r/2) = 1,

 ´ ²µ£¨Î´µ³Ê Ê· ¢´¥´¨Õ (66) ¶·¨ a = 0.
‘ ¶µ³µÐÓÕ ¶·¥µ¡· §µ¢ ´¨Ö (80) ¨ § ³¥´Ò ¶¥·¥³¥´´µ£µ ¶ · ³¥É·  λ2 ´ 

4a ¶µÉ¥´Í¨ ² (72) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

exp (−2
√

ρ)
4ρ

Vk,λ2/4(exp (−√
ρ)) =

= − 2
√

ρ

d

dρ

(
√

ρ
d

dρ
ln
∣∣Xνµ(k, λ2/4, exp (−√

ρ))
∣∣) .

(83)

‚Ò· ¦¥´¨¥ (83) ¤²Ö ¶µÉ¥´Í¨ ² , Ö¢²ÖÕÐ¥£µ¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (81),
 ´ ²µ£¨Î´µ ¢Ò· ¦¥´¨Õ (73) ¤²Ö ¶µÉ¥´Í¨ ² , Ö¢²ÖÕÐ¥£µ¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥-
´¨Ö (67) ¤²Ö ¸²ÊÎ Ö s-· ¸¸¥Ö´¨Ö (λ = 1/2).
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�¨¸. 1. �·Ö³Ò¥ ( ) ¨ µ¡· É´Ò¥ (¡) ¶·¥µ¡· §µ¢ ´¨Ö, Ê¸É ´ ¢²¨¢ ÕÐ¨¥ ¸¢Ö§Ó ³¥¦¤Ê
µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨ § ¤ Î ³¨

�  ·¨¸Ê´±¥ ¶·¥¤¸É ¢²¥´  ¸Ì¥³  ¶·Ö³ÒÌ ( ) ¨ µ¡· É´ÒÌ (¡) ¶·¥µ¡· §µ-
¢ ´¨° µ¤´µ¶ · ³¥É·¨Î¥¸±¨Ì § ¤ Î. ‚ ¢¥·Ï¨´ Ì µÉ³¥Î¥´Ò ¶¥·¥³¥´´Ò¥ ¸¶¥±-
É· ²Ó´Ò¥ ¶ · ³¥É·Ò ¨  ·£Ê³¥´ÉÒ “˜ (65)Ä(67). ‘É·¥²±¨ Ê± §Ò¢ ÕÉ ´ ¶· ¢-
²¥´¨¥ ¶·¥µ¡· §µ¢ ´¨° ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·µ¢ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥Ï¥´¨°
¶·¨ ¶¥·¥Ìµ¤¥ µÉ µ¤´µ° § ¤ Î¨ ± ¤·Ê£µ°. �É³¥É¨³, ÎÉµ §´ Î¥´¨¥ ¶ · ³¥É·  λ,
k ¨²¨ a, ¢ ¸Éµ·µ´Ê ±µÉµ·µ£µ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥ µ¤´µ¶ · ³¥É·¨-
Î¥¸±µ£µ “˜, ´¥ µ¡Ö§ É¥²Ó´µ ¸²¥¤Ê¥É ¶µ² £ ÉÓ · ¢´Ò³ ´Ê²Õ (¸³. ·¨¸Ê´µ±),
¥¸²¨ ¶µ¤ ¶µÉ¥´Í¨ ²µ³ ¶·¥µ¡· §µ¢ ´´µ£µ “˜ ¶µ´¨³ ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¶µ-
É¥´Í¨ ² ¶²Õ¸ ¸² £ ¥³µ¥, ¸µ¤¥·¦ Ð¥¥ ¤ ´´Ò° ¸¶¥±É· ²Ó´Ò° ¶ · ³¥É·.

� °¤¥´´ Ö ¸¢Ö§Ó ³¥¦¤Ê µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨ § ¤ Î ³¨ ³µ¦¥É ¡ÒÉÓ ¨¸-
¶µ²Ó§µ¢ ´ :  ) ¶·¨ Ê¸É ´µ¢²¥´¨¨  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö
¶µ ²Õ¡µ³Ê ¸¶¥±É· ²Ó´µ³Ê ¶ · ³¥É·Ê λ, k ¨²¨ a, ¥¸²¨ ¨§¢¥¸É´Ò ¥¥ ¸¢µ°¸É¢ 
¤²Ö µ¤´µ£µ ¨§ ÔÉ¨Ì ¶ · ³¥É·µ¢; ¡) ¶·¨ ·¥Ï¥´¨¨ µ¤´µ¶ · ³¥É·¨Î¥¸±µ° µ¡· É-
´µ° § ¤ Î¨. ‚ É ±µ° § ¤ Î¥ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¸µ¸ÉµÖ´¨° µ¶¨¸Ò¢ ¥³µ° ±¢ ´Éµ¢µ°
¸¨¸É¥³Ò ¨¸ÉµÎ´¨±µ³ ¨´Ëµ·³ Í¨¨ ¸²Ê¦¨É µ¶·¥¤¥²Ö¥³Ò° ¸ ¶µ³µÐÓÕ Ë §µ¢µ£µ
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 ´ ²¨§  ®Ö¤¥·´Ò°¯ Ë §µ¢Ò° ¸¤¢¨£ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶¥·¥³¥´´µ£µ ¶ -
· ³¥É· . �Ê¸ÉÓ, ´ ¶·¨³¥·, ¨§¢¥¸É´Ò Ë §Ò δλ,k (aj) · ¸¸¥Ö´¨Ö § ·Ö¦¥´´µ°
Î ¸É¨ÍÒ ´  ¨§µ¡ ·¨Î¥¸±µ³ ³Ê²ÓÉ¨¶²¥É¥. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨¢¥¤¥´´ Ö ³ ¸¸ 
¸¨¸É¥³Ò ¶·¨³¥·´µ ¶µ¸ÉµÖ´´ , ¶µÉ¥´Í¨ ² Vλ,k (ρ) Ê· ¢´¥´¨Ö (67) ¢ ¸µµÉ¢¥É-
¸É¢¨¨ ¸ ¶·¨´Í¨¶µ³ ¨§µÉµ¶¨Î¥¸±µ° ¨´¢ ·¨ ´É´µ¸É¨ Ö¤¥·´ÒÌ ¸¨² µ¤¨´ ±µ¢.
…¸²¨ ·¥Ï¨ÉÓ É ±ÊÕ µ¡· É´ÊÕ § ¤ ÎÊ, Éµ ¶ÊÉ¥³ ¶·¥µ¡· §µ¢ ´¨° ¶ · ³¥É·  a,
 ·£Ê³¥´É  ρ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥Ï¥´¨° (76) ¨ (82) ³µ¦´µ Ê¸É ´µ¢¨ÉÓ ¶µ-
É¥´Í¨ ² ¨ ¤ ´´Ò¥ · ¸¸¥Ö´¨Ö (Ë §µ¢Ò¥ ¸¤¢¨£¨) ¤²Ö µ¸É ²Ó´ÒÌ ¤¢ÊÌ ¸¶µ¸µ¡µ¢
·¥ ²¨§ Í¨¨ ±¢ ´Éµ¢ÒÌ ¸µ¸ÉµÖ´¨° ¸¨¸É¥³Ò ¸ É¥³ ¦¥ §´ Î¥´¨¥³ ¶·¨¢¥¤¥´´µ°
³ ¸¸Ò.

‡�Š‹�—…�ˆ…

‚ É· ¤¨Í¨µ´´ÒÌ ¶µ¸É ´µ¢± Ì µ¡· É´µ° § ¤ Î¨ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸-
¸¥Ö´¨Ö µ¡ÒÎ´µ ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ Ë¨§¨-
Î¥¸±¨Ì §´ Î¥´¨ÖÌ µ·¡¨É ²Ó´µ£µ ³µ³¥´É  ¨²¨ Ô´¥·£¨¨ ¢µ¸¸É ´ ¢²¨¢ ÕÉ ¶µ-
É¥´Í¨ ² ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê ¤¢Ê³Ö Ë¨±¸¨·µ¢ ´´Ò³¨ ´¥°É· ²Ó´Ò³¨ ¨²¨
§ ·Ö¦¥´´Ò³¨ Î ¸É¨Í ³¨. ‚ µ¡§µ·¥ ¸Ëµ·³Ê²¨·µ¢ ´Ò ´¥É· ¤¨Í¨µ´´Ò¥ ¶µ¸É -
´µ¢±¨ µ¡· É´µ° § ¤ Î¨, ¢ ·¥§Ê²ÓÉ É¥ ·¥Ï¥´¨Ö ±µÉµ·ÒÌ ¶µ²ÊÎ¥´ ¶µÉ¥´Í¨ ²
¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê § ·Ö¦¥´´µ° Î ¸É¨Í¥° ¨ £·Ê¶¶µ° § ·Ö¦¥´´ÒÌ Î ¸É¨Í
¨²¨ ³¥¦¤Ê ¤¢Ê³Ö £·Ê¶¶ ³¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¸ ¶·¨³¥·´µ µ¤¨´ ±µ¢µ° ¶·¨-
¢¥¤¥´´µ° ³ ¸¸µ°. ˆ³¥´´µ ¢ ÔÉµ³ § ±²ÕÎ ¥É¸Ö ´µ¢¨§´  ¶·¥¤¸É ¢²¥´´ÒÌ ¢ · -
¡µÉ¥ ·¥§Ê²ÓÉ Éµ¢. Š ± ¶µ± § ´µ ¢ÒÏ¥, µ¡· É´Ò¥ § ¤ Î¨ ¢ ´¥É· ¤¨Í¨µ´´ÒÌ
¶µ¸É ´µ¢± Ì ¨³¥ÕÉ Ö¸´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸². ‚ ÔÉµ³ ¸²ÊÎ ¥ ·¥ÎÓ ¨¤¥É µ
¶µ¸É·µ¥´¨¨ ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö ³¥¦¤Ê ·¥ ²Ó´Ò³¨ Ë¨§¨Î¥¸±¨³¨ µ¡Ñ-
¥±É ³¨: ³¥¦¤Ê § ·Ö¦¥´´Ò³ ±² ¸É¥·µ³ ¨ ¨§µ¡ ·¨Î¥¸±¨³ ³Ê²ÓÉ¨¶²¥Éµ³ ¨²¨
³¥¦¤Ê ¤¢Ê³Ö ¨§µ¡ ·¨Î¥¸±¨³¨ ³Ê²ÓÉ¨¶²¥É ³¨. �µÔÉµ³Ê ¸¤¥² ´´Ò¥ ¢ · ¡µÉ¥
¢Ò¢µ¤Ò §´ Î¨É¥²Ó´µ · ¸Ï¨·ÖÕÉ ¸µ¢µ±Ê¶´µ¸ÉÓ µ¡Ñ¥±Éµ¢, ¶µÉ¥´Í¨ ² ¢§ ¨³µ-
¤¥°¸É¢¨Ö ³¥¦¤Ê ±µÉµ·Ò³¨ ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´ ³¥Éµ¤µ³ µ¡· É´µ° § ¤ Î¨.

‚ µ¡§µ·¥ ·¥ ²¨§µ¢ ´  µ·¨£¨´ ²Ó´ Ö ¨¤¥Ö µ¡µ¡Ð¥´´µ£µ ¶µ¤Ìµ¤  ± ·¥Ï¥-
´¨Õ µ¡· É´µ° § ¤ Î¨ ¸ ²¨´¥°´µ° ¢§ ¨³µ§ ¢¨¸¨³µ¸ÉÓÕ ¶¥·¥³¥´´ÒÌ ¶ · ³¥-
É·µ¢ “˜ ¢ ¨¸Ìµ¤´ÒÌ ¤ ´´ÒÌ · ¸¸¥Ö´¨Ö. �  µ¸´µ¢¥ ¢Ò· ¦¥´¨° ¤²Ö ³ É·¨ÍÒ
· ¸¸¥Ö´¨Ö ¨ ¢µ¸¸É ´µ¢²¥´´µ£µ ¶µÉ¥´Í¨ ²  ¨¸¸²¥¤µ¢ ´µ ¢²¨Ö´¨¥ §´ ±  ¶µÉ¥´-
Í¨ ²  ´  · ¸¶µ²µ¦¥´¨¥ ¶µ²Õ¸µ¢ S-³ É·¨ÍÒ ¢ ±µ³¶²¥±¸´µ° ¶²µ¸±µ¸É¨ ¶¥·¥-
³¥´´µ£µ ¶ · ³¥É·  ¨ ¶µ¢¥¤¥´¨¥ Ë §Ò · ¸¸¥Ö´¨Ö,   É ±¦¥ Ê¸É ´µ¢²¥´  ¸¢Ö§Ó
³¥¦¤Ê µ¤´µ¶ · ³¥É·¨Î¥¸±¨³¨ ¶·Ö³Ò³¨ ¨ µ¡· É´Ò³¨ § ¤ Î ³¨. ‚¸¥ ÔÉµ ¶·¨-
¢µ¤¨É ± ¢Ò¢µ¤Ê µ Éµ³, ÎÉµ ¶µ²ÊÎ¥´´Ò¥ §¤¥¸Ó ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²ÖÕÉ ¸µ-
¡µ° ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ · §¢¨É¨¥ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ
Î ¸É¨Í.
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