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“· ¢´¥´¨¥ ¤²Ö ũα ¶·¨ ¶·µ¨§¢µ²Ó´µ³ α 1172

‘�ˆ‘�Š ‹ˆ’…��’“�› 1172



®”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¯
2001, ’�Œ 32, ‚›�. 5

“„Š 539.12.01

‘‚�‰‘’‚� �Œ�‹ˆ’“„ ��‘‘…Ÿ�ˆŸ �„����B
‚ ��ŒŠ�• �Š‘ˆ�Œ�’ˆ—…‘Š�ƒ� ��„•�„�

�.‘.‚¥·´µ¢∗

ˆ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨° ���, Œµ¸±¢ 

M.H. Œ´ Í ± ´µ¢ ∗∗

� ÊÎ´µ-¨¸¸²¥¤µ¢ É¥²Ó¸±¨° ¨´¸É¨ÉÊÉ Ö¤¥·´µ° Ë¨§¨±¨ Œƒ“, Œµ¸±¢ 

�¡§µ· ¶µ¸¢ÖÐ¥´ ¸²¥¤¸É¢¨Ö³  ´ ²¨É¨Î´µ¸É¨, Ê´¨É ·´µ¸É¨ ¨ ±·µ¸¸¨´£-¸¨³³¥É·¨¨ ¤²Ö ¶·µÍ¥¸-
¸µ¢ · ¸¸¥Ö´¨Ö Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¶·¨ ¢Ò¸µ±¨Ì, ´µ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ. Š² ¸¸¨Î¥¸±¨¥ É¥µ·¥³Ò,
¸¶· ¢¥¤²¨¢Ò¥ ¶·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ, ¶µ²ÊÎ ÕÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨ ¶·¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³
¶·¥¤¥²Ó´µ³ ¶¥·¥Ìµ¤¥. P ¸¸³µÉ·¥´Ò · §²¨Î´Ò¥ ¶· ¢¨²  ¸Ê³³ ¨ ¶µ± § ´  ¨Ì Ô±¢¨¢ ²¥´É´µ¸ÉÓ ¨´-
É¥£· ²Ó´Ò³ ¸µµÉ´µÏ¥´¨Ö³ ³¥¦¤Ê ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸ÉÖ³¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. …¤¨´Ò³
µ¡· §µ³ ¨§ÊÎ¥´  ¸¢Ö§Ó ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥° ± ± ¸¨³³¥É·¨Î´µ°, É ± ¨  ´É¨¸¨³³¥É·¨Î´µ°
 ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö. ˆ¸¸²¥¤µ¢ ´  § ¢¨¸¨³µ¸ÉÓ ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ³µ¤Ê²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö-
´¨Ö ¨ ¥¥ Ë §µ°. �µ± § ´µ, ÎÉµ µÉ¸ÊÉ¸É¢¨¥ ¸¨²Ó´ÒÌ µ¸Í¨²²ÖÍ¨° Ê  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¤ eÉ
¢µ§³µ¦´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ¨Ì ²µ± ²Ó´Ò³¨  ´ ²µ£ ³¨. �·µ ´ -
²¨§¨·µ¢ ´Ò ¸¢µ°¸É¢  µ¸Í¨²²¨·ÊÕÐ¨Ì  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö. � ¸¸³µÉ·¥´Ò ¢¥·Ì´¨¥ £· ´¨ÍÒ ´ 
¶µ²´µ¥ ¸¥Î¥´¨¥ ¨  ³¶²¨ÉÊ¤Ê Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö. � °¤¥´Ò  ¡¸µ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ¤²Ö
Ê¶·Ê£µ£µ π0 π0-· ¸¸¥Ö´¨Ö, ¸¶· ¢¥¤²¨¢Ò¥ ¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ.

Consequences of analyticity, unitarity and crossing symmetry for elementary particles scattering
are considered at high, but ˇnite energies. Classical results, which are valid at asymptotic energies,
are reproduced by the corresponding passage to the limit. Different sum rules are considered, their
equivalence to integral relations between real and imaginary parts of functions in question is shown.
Connection between real and imaginary parts of symmetric as well as of antisymmetric amplitudes
is considered uniformly. The dependence between the behavior of modulus and phase of scattering
amplitude is investigated. It is shown, that approximation of dispersion relations by their local anal-
ogous is possible in case the scattering amplitude has no strong oscillations. Properties of oscillating
amplitudes are analyzed. Upper bounds on total cross section and elastic scattering amplitude are
considered. Absolute upper bounds for π0 π0 elastic scattering, which are valid at arbitrary physical
energies, are obtained.

1. ‚‚…„…�ˆ…

1.1. Š· É±¨° ¨¸Éµ·¨Î¥¸±¨° Ô±¸±Ê·¸. ‚ 1956 £. �.�. 	µ£µ²Õ¡µ¢ ¤µ± § ²
[1], ÎÉµ ¤¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö („‘) ¤²Ö  ³¶²¨ÉÊ¤Ò Ê¶·Ê£µ£µ · ¸¸¥Ö-
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´¨Ö π-³¥§µ´µ¢ ´  ´Ê±²µ´ Ì, ¶µ²ÊÎ¥´´Ò¥ ¢ · ¡µÉ Ì [2Ä6], Ö¢²ÖÕÉ¸Ö ¸É·µ£¨³
¸²¥¤¸É¢¨¥³ µ¸´µ¢´ÒÌ ¶µ¸ÉÊ² Éµ¢ ²µ± ²Ó´µ° É¥µ·¨¨ ¶µ²Ö. �´ ²¨É¨Î´µ¸ÉÓ  ³-
¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ´ ·Ö¤Ê ¸ Ê´¨É ·´µ¸ÉÓÕ ¨ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¥° ¤ ² 
¢µ§³µ¦´µ¸ÉÓ ¢ÒÖ¢¨ÉÓ ·Ö¤ ¸ÊÐ¥¸É¢¥´´ÒÌ ¸¢µ°¸É¢ ÔÉ¨Ì  ³¶²¨ÉÊ¤, ¢ÒÉ¥± ÕÐ¨Ì
´¥¶µ¸·¥¤¸É¢¥´´µ ¨§  ±¸¨µ³ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö. �Éµ ´ ¶· ¢²¥´¨¥ ¢ ±¢ ´-
Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¥¸É¥¸É¢¥´´µ ´ §¢ ÉÓ  ±¸¨µ³ É¨Î¥¸±µ° É¥µ·¨¥° · ¸¸¥Ö´¨Ö.

�´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢   ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ¡Ò²¨ ¤µ± § ´Ò É ±¦¥ ¢ · -
¡µÉ Ì [7Ä10]. �µ¤·µ¡´µ¥ ¤µ± § É¥²Ó¸É¢µ „‘ ¸µ¤¥·¦¨É¸Ö ¢ ³µ´µ£· Ë¨¨ [11].

‚ ¤ ²Ó´¥°Ï¥³ „‘ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¤²Ö Í¥²µ£µ ·Ö¤  ¶·µÍ¥¸¸µ¢ [12Ä24], ¢
Éµ³ Î¨¸²¥ ¨ ¤²Ö ¶·µÍ¥¸¸µ¢ 2 → n. �´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢   ³¶²¨ÉÊ¤ ¤²Ö
¶·µÍ¥¸¸µ¢ 3 → 3 ¨ n → m ¨¸¸²¥¤µ¢ ²¨¸Ó ¢ · ¡µÉ Ì [25Ä27]. „²Ö  ³¶²¨ÉÊ¤
´¥±µÉµ·ÒÌ ¶·µÍ¥¸¸µ¢, ¢ Î ¸É´µ¸É¨ ¤²Ö p p-· ¸¸¥Ö´¨Ö,  ´ ²¨É¨Î´µ¸ÉÓ ¡Ò² 
¤µ± § ´  ¢ ¡µ²¥¥ Ê§±µ° µ¡² ¸É¨ §´ Î¥´¨° Ô´¥·£¨°, Î¥³ ¤²Ö π p-· ¸¸¥Ö´¨Ö
[28, 29]. ’ ± Ö  ´ ²¨É¨Î´µ¸ÉÓ ¢²¥ÎeÉ §  ¸µ¡µ° ¸ÊÐ¥¸É¢µ¢ ´¨¥ É ± ´ §Ò¢ ¥³ÒÌ
±¢ §¨¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨°.

�³¥ [30] ¡Ò²µ ¤µ± § ´µ, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ µ¡Ð¨Ì ¶·¥¤¶µ²µ¦¥´¨ÖÌ  ´ -
²¨É¨Î´µ¸ÉÓ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö  ¤·µ´µ¢ ¸µÌ· ´Ö¥É ¸¨²Ê ¨ ¢ ±¢ ´Éµ¢µ° Ì·µ-
³µ¤¨´ ³¨±¥. ‚³¥¸É¥ ¸ É¥³ ÉµÉ Ë ±É, ÎÉµ  ¤·µ´Ò ´¥ Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ·´Ò³¨
Î ¸É¨Í ³¨, ³µ¦¥É µ§´ Î ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨¥ µ¶·¥¤¥²e´´ÒÌ É·Ê¤´µ¸É¥° ¶·¨ µ¶¨-
¸ ´¨¨ ¨Ì ¢ É¥·³¨´ Ì ²µ± ²Ó´ÒÌ µ¶¥· Éµ·µ¢, ´¥µ¡Ìµ¤¨³µ³ ¤²Ö ¸É ´¤ ·É´µ£µ
¤µ± § É¥²Ó¸É¢   ´ ²¨É¨Î´µ¸É¨. �µÔÉµ³Ê µÎ¥´Ó ¢ ¦´µ ¨³¥ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ
¶·µ¢¥·Ö¥³Ò¥ ¸²¥¤¸É¢¨Ö ²µ± ²Ó´µ¸É¨ ¶·¨ ¢Ò¸µ±¨Ì, ´µ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ.

�³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö  ´ ²¨É¨Î´Ò ´¥ Éµ²Ó±µ ¢ s-, ´µ ¨ ¢ t-¶²µ¸±µ¸É¨,
s, t, u Å µ¡ÒÎ´Ò¥ ¨´¢ ·¨ ´É´Ò¥ ¶¥·¥³¥´´Ò¥. �´ ²¨É¨Î´µ¸ÉÓ ¶µ t ¢ ´¥±µÉµ-
·µ° µ¡² ¸É¨ ¡Ò²  ¤µ± § ´  ‹¥³ ´µ³ [10] Å Ô²²¨¶¸ ‹¥³ ´ . ‡ É¥³ Œ ·É¥´
Ê¸É ´µ¢¨², ÎÉµ  ´ ²¨É¨Î´µ¸ÉÓ ¢ s-¶²µ¸±µ¸É¨ ¶µ§¢µ²Ö¥É (¶·¨ s → ∞) · ¸Ï¨-
·¨ÉÓ ÔÉÊ µ¡² ¸ÉÓ [31]. �±µ´Î É¥²Ó´µ µ¡² ¸ÉÓ  ´ ²¨É¨Î´µ¸É¨ ¢ t-¶²µ¸±µ¸É¨
¡Ò²  ´ °¤¥´  ¢ · ¡µÉ Ì [32, 33] ¨ ¶µ²ÊÎ¨²  ´ §¢ ´¨¥ Ô²²¨¶¸  Œ ·É¥´ .

’µÉ Ë ±É, ÎÉµ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö µ¡² ¤ ÕÉ ¸¢µ°¸É¢µ³  ´ ²¨É¨Î´µ¸É¨,
µ§´ Î ¥É, ÎÉµ µ´¨ ¶·¨´ ¤²¥¦ É ± ¤µ¸É ÉµÎ´µ Ê§±µ³Ê ±² ¸¸Ê ËÊ´±Í¨°. �Éµ µ¡-
¸ÉµÖÉ¥²Ó¸É¢µ ¶·¨¢µ¤¨É ± ¸ÊÐ¥¸É¢µ¢ ´¨Õ ·Ö¤  ´¥É·¨¢¨ ²Ó´ÒÌ µ£· ´¨Î¥´¨° ´ 
¢µ§³µ¦´µ¥ ¶µ¢¥¤¥´¨¥  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö. �µ¤Î¥·±´e³, ÎÉµ, ¶µ³¨³µ  ´ ²¨-
É¨Î´µ¸É¨, ¶·¨ ¢Ò¢µ¤¥ É ±¨Ì µ£· ´¨Î¥´¨° ¸ÊÐ¥¸É¢¥´´µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¸¢µ°¸É¢ 
¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨ ¨ Ê´¨É ·´µ¸É¨.

‚ 1958 £. �µ³¥· ´ÎÊ± ¤µ± § ² [34], ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ µ¡Ð¨Ì ¶·¥¤¶µ-
²µ¦¥´¨ÖÌ ¶µ²´Ò¥ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ´  µ¤´µ° ¨ Éµ°
¦¥ ³¨Ï¥´¨  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¸µ¢¶ ¤ ÕÉ. �ÉµÉ ·¥§Ê²ÓÉ É ¶µ·µ¤¨² Í¥¶Ó · ¡µÉ,
¢ ±µÉµ·ÒÌ ¡Ò²  ¨¸¸²¥¤µ¢ ´  ¸¢Ö§Ó  ³¶²¨ÉÊ¤ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ¨
 ´É¨Î ¸É¨ÍÒ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ([35Ä47] ¨ ¤p.; ¢ [48] ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
·¥§Ê²ÓÉ ÉÒ ¡Ò²¨ µ¡µ¡Ð¥´Ò ´  ´¥±µÉµ·Ò¥ ´¥Ê¶·Ê£¨¥ ¶·µÍ¥¸¸Ò). ‡ ³¥É¨³, ÎÉµ
ÊÎeÉ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ ¶·¨¢µ¤¨É ± ¶·¨´Í¨¶¨ ²Ó´µ ´µ¢Ò³ ¸µµÉ´µÏ¥´¨Ö³
É ±µ£µ ·µ¤  [40, 42, 59]. ‚ Î ¸É´µ¸É¨, ‚µ²±µ¢Ò³, ‹µ£Ê´µ¢Ò³ ¨ Œ¥¸É¢¨·¨-
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Ï¢¨²¨ [42], ¡Ò²µ ¤µ± § ´µ, ÎÉµ ¨§ ´¥µ£· ´¨Î¥´´µ£µ ¢µ§· ¸É ´¨Ö (¶ ¤¥´¨Ö)
µ¤´µ£µ ¨§ ¸¢Ö§ ´´ÒÌ Ê¸²µ¢¨¥³ ±·µ¸¸¨´£-¸¨³³¥É·¨¨ ¸¥Î¥´¨° ¸²¥¤Ê¥É ´¥µ£· -
´¨Î¥´´µ¥ ¢µ§· ¸É ´¨¥ (¶ ¤¥´¨¥) ¤·Ê£µ£µ.

�Î¥´Ó ¸ÊÐ¥¸É¢¥´´Ò° Ï £ ¢ ¶µ´¨³ ´¨¨ ¸¢Ö§¨ ¶·µÍ¥¸¸µ¢ · ¸¸¥Ö´¨Ö Î ¸É¨Í
¨  ´É¨Î ¸É¨Í ¡Ò² ¸¤¥² ´ ¢ · ¡µÉ Ì ‹µ£Ê´µ¢ , �£Ê¥´ ‚ ´ •Ó¥Ê, ’µ¤µ·µ¢  ¨
•·Ê¸É ²e¢  [49], Œ¥°³ ´  [50], ¢ ´ •µ¢  [51]. ‚ ´¨Ì ¡Ò²µ ¤µ± § ´µ · -
¢¥´¸É¢µ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ¶·¨ ´¥±µÉµ·ÒÌ
¥¸É¥¸É¢¥´´ÒÌ ¶·¥¤¶µ²µ¦¥´¨ÖÌ. „²Ö · ¸¸¥Ö´¨Ö ¢¶¥·e¤ ÔÉµ · ¢¥´¸É¢µ ¸¶· ¢¥¤-
²¨¢µ ¡¥§ ± ±¨Ì-²¨¡µ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶·¥¤¶µ²µ¦¥´¨° [52, 53].

‚ 1965 £. ¢ · ¡µÉ Ì •Ê·¨ ¨ Š¨´µÏ¨ÉÒ [54] ¡Ò²µ ¢ÒÖ¸´¥´µ, ÎÉµ ¶µ¢¥¤¥´¨¥
¸ ³µ°  ³¶²¨ÉÊ¤Ò ¨ ¶µ¢¥¤¥´¨¥ µÉ´µÏ¥´¨Ö ¥e ¢¥Ð¥¸É¢¥´´µ° Î ¸É¨ ± ³´¨³µ°
É¥¸´µ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ°. �É¨ ·¥§Ê²ÓÉ ÉÒ ¡Ò²¨ Ê¸¨²¥´Ò ¢ · ¡µÉ Ì ‚¨É 
[55], ‚¥·´µ¢  [56], „¦¨´  ¨ Œ ±„ ÊÔ²²  [57], ‹µ£Ê´µ¢ , Œ¥¸É¢¨·¨Ï¢¨²¨,
•·Ê¸É ²e¢  [58] ¨ ·Ö¤  ¤·Ê£¨Ì  ¢Éµ·µ¢ [46, 47, 59]. � ¨¡µ²¥¥ ¥¸É¥¸É¢¥´´Ò°
¶ÊÉÓ ¨§ÊÎ¥´¨Ö ÔÉµ° ¸¢Ö§¨ Å ¨¸¸²¥¤µ¢ ´¨¥ ²µ£ ·¨Ë³¨Î¥¸±¨Ì ¤¨¸¶¥·¸¨µ´´ÒÌ
¸µµÉ´µÏ¥´¨° (‹„‘) ¨²¨ ¸µµÉ´µÏ¥´¨°, µ¸´µ¢ ´´ÒÌ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ¸¢µ°-
¸É¢   ´ ²¨É¨Î´µ¸É¨ ²µ£ ·¨Ë³   ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö [60, 47]. �µ¤Î¥·±´e³,
ÎÉµ  ´ ²¨É¨Î´µ¸ÉÓ ²µ£ ·¨Ë³   ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¨³¥¥É ¡µ²¥¥ µ£· ´¨Î¥´-
´Ò° Ì · ±É¥·, ´¥¦¥²¨  ´ ²¨É¨Î´µ¸ÉÓ ¸ ³µ°  ³¶²¨ÉÊ¤Ò. ” ±É¨Î¥¸±¨ µ´ 
¨³¥¥É ³¥¸Éµ ²¨ÏÓ ¢ ¸²ÊÎ ¥, ±µ£¤  Î¨¸²µ ´Ê²¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ±µ´¥Î´µ,
¨¡µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ ¢Ò¤¥²¨ÉÓ ³´µ¦¨É¥²¨, ¸¢Ö§ ´´Ò¥ ¸ ´Ê²Ö³¨, ¨ ¶µ-
¸É·µ¨ÉÓ ËÊ´±Í¨¨ ¸ É¥³ ¦¥ ¸¢µ°¸É¢µ³  ´ ²¨É¨Î´µ¸É¨, ÎÉµ ¨ ¸ ³   ³¶²¨ÉÊ¤ 
· ¸¸¥Ö´¨Ö. (‘É·µ£µ £µ¢µ·Ö, ¶·¨ µ¶·¥¤¥²e´´ÒÌ Ê¸²µ¢¨ÖÌ É ± Ö ¶·µÍ¥¤Ê·  ³µ-
¦¥É ¡ÒÉÓ ¶·µ¢¥¤¥´  ¨ ¶·¨ ¡¥¸±µ´¥Î´µ³ Î¨¸²¥ ´Ê²¥° Ê  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö.)
‚ · ¡µÉ Ì „¦¨´  ¨ Œ ·É¥´  [61] ¡Ò²µ Ê¸É ´µ¢²¥´µ, ÎÉµ  ³¶²¨ÉÊ¤  Ê¶·Ê-
£µ£µ · ¸¸¥Ö´¨Ö ¢¶¥·e¤ ³µ¦¥É ¨³¥ÉÓ ´¥ ¡µ²¥¥ ¤¢ÊÌ ´Ê²¥°. �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ
¶µ§¢µ²Ö¥É ¨¸¸²¥¤µ¢ ÉÓ § ¢¨¸¨³µ¸ÉÓ ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ Ë §Ò Ê± § ´´µ°  ³¶²¨-
ÉÊ¤Ò ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¥Î¥´¨¥³ ¢¶¥·e¤. ‹„‘ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ · ¡µÉ Ì
„¦¨´  ¨ Œ ±„ ÊÔ²²  [57], �¤µ·¨±µ [62], Œ ±Š²Õ·¥ ¨ „¦µ·´  [63].

‚ 1961 £. ”·Ê ¸¸ · [64], ¨¸Ìµ¤Ö ¨§ ¶·¥¤¸É ¢²¥´¨Ö Œ ´¤¥²Ó¸É ³ , ¶µ²Ê-
Î¨² ¨§¢¥¸É´µ¥ µ£· ´¨Î¥´¨¥ ´  ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´Ò° ·µ¸É ¶µ²´ÒÌ ¸¥Î¥´¨°
¢  ¸¨³¶ÉµÉ¨±¥ (´¥· ¢¥´¸É¢µ ”·Ê ¸¸ · ). Œ ·É¥´ ¶µ± § ² [65], ÎÉµ ¢ ¤¥°¸É¢¨-
É¥²Ó´µ¸É¨ ¤²Ö ¸¶· ¢¥¤²¨¢µ¸É¨ £· ´¨ÍÒ ”·Ê ¸¸ ·  ¤µ¸É ÉµÎ´µ  ´ ²¨É¨Î´µ-
¸É¨ ¶µ t  ³¶²¨ÉÊ¤Ò Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ¢ ¸ÊÐ¥¸É¢¥´´µ ¡µ²¥¥ Ê§±µ° µ¡² ¸É¨,
Î¥³ É , ÎÉµ ¨¸¶µ²Ó§Ê¥É¸Ö ¶·¨ ´ ¶¨¸ ´¨¨ ¶·¥¤¸É ¢²¥´¨Ö Œ ´¤¥²Ó¸É ³ . �µ-
¸²¥ ¤µ± § É¥²Ó¸É¢  Œ ·É¥´µ³ ¸ÊÐ¥¸É¢µ¢ ´¨Ö É ±µ°  ´ ²¨É¨Î´µ¸É¨ [31] ¸É ²µ
Ö¸´µ, ÎÉµ ´¥· ¢¥´¸É¢µ ”·Ê ¸¸ · , Î ¸Éµ ´ §Ò¢ ¥³µ¥ ´¥· ¢¥´¸É¢µ³ ”·Ê ¸¸ · Ä
Œ ·É¥´ , Ö¢²Ö¥É¸Ö ¸É·µ£¨³ ¸²¥¤¸É¢¨¥³ ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö.

�µ³¨³µ ¸É·µ£µ£µ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ´  ¶µ²´µ¥ ¸¥Î¥´¨¥ ¡Ò²¨ ¶µ²ÊÎ¥´Ò
É ±¦¥ ¢¥·Ì´¨¥ £· ´¨ÍÒ ´  ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ± ± ¤²Ö · ¸¸¥Ö´¨Ö
¢¶¥·e¤, É ± ¨ ´  ¶·µ¨§¢µ²Ó´Ò° Ê£µ². �¶É¨³ ²Ó´Ò¥ µ£· ´¨Î¥´¨Ö É ±µ£µ ·µ¤ 
¡Ò²¨ ¶µ²ÊÎ¥´Ò ‘¨´£Ìµ³ ¨ �µ¥³ [66]. ‘¸Ò²±¨ ´  ¡µ²¥¥ · ´´¨¥ ·¥§Ê²ÓÉ ÉÒ
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³µ¦´µ ´ °É¨ É ³ ¦¥. �É³¥É¨³, ÎÉµ ÊÎeÉ Ë ±Éµ·µ¢, ±µÉµ·Ò¥ ²¨ÏÓ ¢ ¨¸±²ÕÎ¨-
É¥²Ó´ÒÌ ¸²ÊÎ ÖÌ · ¢´Ò ¥¤¨´¨Í¥, É ±¨Ì, ´ ¶·¨³¥·, ± ± σel/σtot, ¶µ§¢µ²Ö¥É
¶µ²ÊÎ¨ÉÓ ¡µ²¥¥ ÉµÎ´Ò¥ £· ´¨ÍÒ ¤²Ö ¶µ²´µ£µ ¸¥Î¥´¨Ö (¸³. [66]).

„²Ö ¢Ò¢µ¤  ÉµÎ´ÒÌ µ£· ´¨Î¥´¨° ¸¢¥·ÌÊ ¡Ò²  ¨¸¶µ²Ó§µ¢ ´  µ¶É¨³¨§ Í¨-
µ´´ Ö ¶·µÍ¥¤Ê· , ¸³. · ¡µÉÊ �°´Ìµ·´  ¨ 	² ´±¥´¡¥±²¥·  [67].

‚ 1964 £. Œ ·É¥´ ¶µ²ÊÎ¨² [68]  ¡¸µ²ÕÉ´Ò¥ (Î¨¸²¥´´Ò¥) ´¥· ¢¥´¸É¢  ¤²Ö
 ³¶²¨ÉÊ¤Ò Ê¶·Ê£µ£µ π0 π0-· ¸¸¥Ö´¨Ö ¢ ´¥Ë¨§¨Î¥¸±µ° ¶µ s ¨ t µ¡² ¸É¨ (|s| <
4m2

π, |t| < 4m2
π, £¤¥ mπ Å ³ ¸¸  π-³¥§µ´ ). �ÉµÉ ·¥§Ê²ÓÉ É ¡Ò² § É¥³ Ê¸¨²¥´

¢ ·Ö¤¥ · ¡µÉ [69Ä74]. ‚ [75] ¡Ò²µ ¤µ± § ´µ, ÎÉµ É ±¨¥ µ£· ´¨Î¥´¨Ö ¢²¥±ÊÉ
§  ¸µ¡µ° ®¶µÎÉ¨ ²µ± ²Ó´µ¥¯ µ£· ´¨Î¥´¨¥ ´  ¶µ²´µ¥ ¸¥Î¥´¨¥ π0 π0-· ¸¸¥Ö´¨Ö
¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ ( ¡¸µ²ÕÉ´µ¥ ´¥· ¢¥´¸É¢µ ”·Ê ¸¸ · Ä
Œ ·É¥´ ).

‚ 1970 £. ˆ´¤Ê· °´ ¶µ²ÊÎ¨² ¤²Ö ¶µ²´µ£µ ¸¥Î¥´¨Ö π N -· ¸¸¥Ö´¨Ö Î¨-
¸²¥´´Ò¥ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ, ¨¸¶µ²Ó§ÊÖ, ¶µ³¨³µ µ¡Ð¨Ì É¥µ·¥É¨Î¥¸±¨Ì ¶·¥¤-
¸É ¢²¥´¨°, Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶·¨ ¸¢¥·Ì´¨§±¨Ì Ô´¥·£¨ÖÌ,   ¨³¥´´µ
¤ ´´Ò¥ µ ¢Éµ·µ° ¶ ·Í¨ ²Ó´µ° ¢µ²´¥ ¢ t-± ´ ²¥ [76]. �¥§Ê²ÓÉ É ˆ´¤Ê· °´ 
¡Ò² Ê¸¨²¥´ ¨ µ¡µ¡Ðe´ ¢ · ¡µÉ Ì [77, 78]. Šµ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨¥ ¢¥·Ì´¨¥
£· ´¨ÍÒ ¡Ò²¨ ¶µ²ÊÎ¥´Ò É ±¦¥ ¢ · ¡µÉ Ì [79, 80]. ‚ [81]  ´ ²µ£¨Î´Ò° ·¥-
§Ê²ÓÉ É ¡Ò² ¶µ²ÊÎ¥´ ¢  ´ ²¨É¨Î¥¸±µ³ ¢¨¤¥, ±µÉµ·Ò° ¢µ¸¶·µ¨§¢e² ´¥· ¢¥´¸É¢µ
”·Ê ¸¸ · ÄŒ ·É¥´ , ´µ ¡¥§ ´¥µ¶·¥¤¥²e´´ÒÌ ±µ´¸É ´É.

�µ³¨³µ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨° ¨§  ´ ²¨É¨Î´µ¸É¨ ¸²¥¤Ê¥É ·Ö¤ ÉµÎ-
´ÒÌ · ¢¥´¸É¢ ³¥¦¤Ê · §²¨Î´Ò³¨ ¨´É¥£· ² ³¨ µÉ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. �¥·-
¢Ò³ ¨ ¢ ¦´Ò³ ¶·¨³¥·µ³ É ±¨Ì ¸µµÉ´µÏ¥´¨° Ö¢²ÖÕÉ¸Ö ±µ´¥Î´µÔ´¥·£¥É¨Î¥-
¸±¨¥ ¶· ¢¨²  ¸Ê³³, ¢Ò¢¥¤¥´´Ò¥ ‹µ£Ê´µ¢Ò³, ‘µ²µ¢Óe¢Ò³ ¨ ’ ¢Ì¥²¨¤§¥ [82].
‚¥¸Ó³  ¶µ²¥§´Ò³¨ µ± § ²¨¸Ó É ±¦¥ ¡µ·¥²¥¢¸±¨¥ ¶· ¢¨²  ¸Ê³³, ¶µ²ÊÎ¥´´Ò¥
‚ °´ÏÉ¥°´µ³, ‡ Ì ·µ¢Ò³ ¨ ˜¨Ë³ ´µ³ [83]. Šµ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨¥ ¨ ¡µ-
·¥²¥¢¸±¨¥ ¶· ¢¨²  ¸Ê³³ ´ Ï²¨ Ï¨·µ±µ¥ ¶·¨³¥´¥´¨¥ ¢ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨-
´ ³¨±¥ [83Ä91], ¸³. É ±¦¥ µ¡§µ· [92]. �· ¢¨²  ¸Ê³³, ¸µ¤¥·¦ Ð¨¥ ¢¥¸µ¢Ò¥
ËÊ´±Í¨¨, Ê¡Ò¢ ÕÐ¨¥ ¡Ò¸É·¥¥ Ô±¸¶µ´¥´ÉÒ, ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¢ [90, 93]. ‘¢µ°-
¸É¢  ÔÉ¨Ì ¶· ¢¨² ¸Ê³³ ¡Ò²¨ ¨§ÊÎ¥´Ò ¢ · ¡µÉ¥ [94]. �¸µ¡¥´´µ¸É¨ ¡µ·¥²¥¢¸±¨Ì
¶· ¢¨² ¸Ê³³ · ¸¸³ É·¨¢ ²¨¸Ó ¢ [95, 96].

„·Ê£¨³ ¨´É¥·¥¸´Ò³ ¸²¥¤¸É¢¨¥³  ´ ²¨É¨Î´µ¸É¨ Ö¢²ÖÕÉ¸Ö ¨´É¥£· ²Ó´Ò¥
¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸ÉÖ³¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. � §-
²¨Î´Ò¥ ¸µµÉ´µÏ¥´¨Ö É ±µ£µ ·µ¤  ¡Ò²¨ ¶µ²ÊÎ¥´Ò Œ´ Í ± ´µ¢µ° [97], ‚¥·-
´µ¢Ò³ [60], ’·Õµ´£µ³ ¨ ‹ ³µ³, ƒ·Õ´¡¥·£µ³ ¨ ’·Õµ´£µ³ [59]. � §²¨Î´Ò¥
¨´É¥£· ²Ò µÉ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö · ¸¸³ É·¨¢ ²¨¸Ó ¢ [98, 47, 99] ¨ ¤·.

‚ · ¡µÉ¥ 	·µ´¸¤ ´  [100] ¡Ò²¨ ´ °¤¥´Ò ²µ± ²Ó´Ò¥  ´ ²µ£¨ „‘. �É¨
 ´ ²µ£¨ ¸µ¤¥·¦ É, µ¤´ ±µ, ¡¥¸±µ´¥Î´Ò° ·Ö¤ ¶µ ¶·µ¨§¢µ¤´Ò³ µÉ  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö ¨ ´¥ Ö¢²ÖÕÉ¸Ö ¸É·µ£¨³¨ ¸²¥¤¸É¢¨Ö³¨  ±¸¨µ³ ±¢ ´Éµ¢µ° É¥µ·¨¨
¶µ²Ö [101, 102]. ‘¢µ°¸É¢  ÔÉ¨Ì ¸µµÉ´µÏ¥´¨° ¶µ¤·µ¡´µ ¨¸¸²¥¤µ¢ ´Ò ¢ [103].
�¥¤ ¢´µ É ±µ£µ ·µ¤  ¸µµÉ´µÏ¥´¨Ö · ¸¸³ É·¨¢ ²¨¸Ó ¢ · ¡µÉ¥ [104]. Š ± ¤µ-
± § ²¨ ”¨Ï¥· ¨ Šµ² ·¦ [105], ¶·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ, ¶·¨ ´¥±µÉµ-
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·ÒÌ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶·¥¤¶µ²µ¦¥´¨ÖÌ ¸¶· ¢¥¤²¨¢µ ²µ± ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥,
¸µ¤¥·¦ Ð¥¥ Éµ²Ó±µ ¶¥·¢ÊÕ ¶·µ¨§¢µ¤´ÊÕ (µ´µ Ô±¢¨¢ ²¥´É´µ ¸µµÉ´µÏ¥´¨Õ
	·µ´¸¤ ´ , ¥¸²¨ ¢ ¶µ¸²¥¤´¥³ µÉ¡·µ¸¨ÉÓ ¢Ò¸Ï¨¥ Î²¥´Ò · §²µ¦¥´¨Ö). ‚ · ¡µÉ¥
[106] ¡Ò²µ ¤µ± § ´µ, ÎÉµ ÔÉµ ¸µµÉ´µÏ¥´¨¥ ¸²¥¤Ê¥É ¨§ „‘ (¶·¨  ¸¨³¶ÉµÉ¨Î¥-
¸±¨Ì Ô´¥·£¨ÖÌ), ¥¸²¨  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ´¥ ¨³¥¥É ¸¨²Ó´ÒÌ µ¸Í¨²²ÖÍ¨°.

�Î¥´Ó ¢ ¦´Ò³ Ï £µ³ ¢ ¨¸¸²¥¤µ¢ ´¨¨  ¤·µ´´ÒÌ  ³¶²¨ÉÊ¤ ´  µ¸´µ¢¥  ±-
¸¨µ³ É¨Î¥¸±µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö Ö¢¨²µ¸Ó · ¸¶·µ¸É· ´¥´¨¥ ¥e ³¥Éµ¤µ¢ ´  ¨´-
±²Õ§¨¢´Ò¥ ¶·µÍ¥¸¸Ò, ¶·µ¢¥¤e´´µ¥ ¢ Í¨±²¥ · ¡µÉ ‹µ£Ê´µ¢ , Œ¥¸É¢¨·¨Ï¢¨²¨,
�¥É·µ¢  ¨ ¨Ì ÊÎ¥´¨±µ¢. �¡§µ· ·¥§Ê²ÓÉ Éµ¢ ÔÉµ£µ ´ ¶· ¢²¥´¨Ö ¤ ´ ¢ [107].

‚ · ³± Ì  ±¸¨µ³ É¨Î¥¸±µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¡Ò²¨ ´ °¤¥´Ò É ±¦¥ µ£· -
´¨Î¥´¨Ö ¸´¨§Ê ´   ³¶²¨ÉÊ¤Ê Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö [61, 108], µ£· ´¨Î¥´¨¥ ´ 
Ï¨·¨´Ê ¤¨Ë· ±Í¨µ´´µ£µ ¶¨±  (¸³. µ¡§µ· [109]) ¨ ·Ö¤ ¤·Ê£¨Ì ¸²¥¤¸É¢¨° µ¡-
Ð¨Ì ¶·¨´Í¨¶µ¢ É¥µ·¨¨. ˆ§²µ¦¥´¨¥ ·Ö¤  ·¥§Ê²ÓÉ Éµ¢ ÔÉµ£µ ¶µ¤Ìµ¤  ³µ¦´µ
´ °É¨ ¢ µ¡§µ· Ì [58, 107, 110, 111].

�É³¥É¨³ µ¤´µ ¶·¨´Í¨¶¨ ²Ó´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ.
‘¢µ°¸É¢   ³¶²¨ÉÊ¤Ò Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö F (s, t), ¨¸¶µ²Ó§Ê¥³Ò¥ ¶·¨ ¢Ò-

¢µ¤¥ ¸É·µ£¨Ì µ£· ´¨Î¥´¨°, ¸¶· ¢¥¤²¨¢Ò ¶·¨ ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ, ¨ ¶µ-
ÔÉµ³Ê ´¥ ³µ¦¥É ¡ÒÉÓ Ë¨§¨Î¥¸±µ£µ ±·¨É¥·¨Ö ¤²Ö Ô´¥·£¨¨, ´ Î¨´ Ö ¸ ±µÉµ·µ°
¤µ²¦´Ò ¢Ò¶µ²´ÖÉÓ¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ µ£· ´¨Î¥´¨Ö∗. …¸²¨ ¶·¨³¥´Ö¥³Ò¥ ¶·¨
¨Ì ¢Ò¢µ¤¥ ³¥Éµ¤Ò µ¸´µ¢ ´Ò ´  ¸¢µ°¸É¢ Ì ËÊ´±Í¨° ¶·¨ s → ∞, Éµ · ¸¶·µ-
¸É· ´¥´¨¥ ÔÉ¨Ì µ£· ´¨Î¥´¨° ´  ¸µ¢·¥³¥´´Ò¥ Ë¨§¨Î¥¸±¨¥ Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö
Éµ²Ó±µ  ±Éµ³ ¢¥·Ò, ¶µ¸±µ²Ó±Ê, ¸É·µ£µ £µ¢µ·Ö, ¶· ±É¨Î¥¸±¨ ²Õ¡µ¥ ¶µ¢¥¤¥´¨¥
F (s, t) ¶·¨ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ ¸µ¢³¥¸É¨³µ ¸ É·¥¡Ê¥³Ò³¨  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨
¸¢µ°¸É¢ ³¨. 	µ²¥¥ Éµ£µ, ¸µ¢¥·Ï¥´´µ ´¥Ö¸´µ, ± ± ³µ¦´µ · ¸Ï¨Ë·µ¢ ÉÓ ¶·¨
±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ, ´ ¶·¨³¥·, É ±µ° ·¥§Ê²ÓÉ É, ± ± ∆ σtot (s) → 0, s → ∞,
∆ σtot (s) Å · §´µ¸ÉÓ ¶µ²´ÒÌ ¸¥Î¥´¨° Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ´  µ¤´µ° ¨
Éµ° ¦¥ ³¨Ï¥´¨. Œµ¦´µ, · §Ê³¥¥É¸Ö, Ê¢¨¤¥ÉÓ ¢ ´ ¡²Õ¤ ÕÐ¥³¸Ö Ê¡Ò¢ ´¨¨
∆ σtot (s) ¶·µÖ¢²¥´¨¥  ¸¨³¶ÉµÉ¨Î¥¸±µ° É¥µ·¥³Ò, ´µ ¨§ É¥µ·¨¨ ÔÉµÉ ¢Ò¢µ¤ ´¨-
± ± ´¥ ¸²¥¤Ê¥É. ‚ µ¡§µ·¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ´  ¸ ³µ³ ¤¥²¥  ´ ²¨É¨Î¥¸±¨¥
¸¢µ°¸É¢  ¸¨³³¥É·¨Î´µ° ¨  ´É¨¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö (¶µ²Ê¸Ê³³Ò
¨ ¶µ²Ê· §´µ¸É¨  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ´  µ¤´µ° ¨ Éµ°
¦¥ ³¨Ï¥´¨) Fs,a (s, t) ¶·¨¢µ¤ÖÉ ± ±µ··¥²ÖÍ¨Ö³ ¶µ¢¥¤¥´¨Ö ·¥ ²Ó´µ° ¨ ³´¨³µ°
Î ¸É¥° ÔÉ¨Ì ËÊ´±Í¨° ¶·¨ ¢¸¥Ì Ô´¥·£¨ÖÌ. �É¨ ±µ··¥²ÖÍ¨¨, µ¤´ ±µ, ´¥ ´µ¸ÖÉ
²µ± ²Ó´µ£µ Ì · ±É¥· ,   Ö¢²ÖÕÉ¸Ö ±µ··¥²ÖÍ¨Ö³¨ ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ¨´É¥£· -
²µ¢ µÉ ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. Œµ¦´µ É ± ¢Ò¡· ÉÓ
¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê Im F (s, t) ¨ ReF (s, t), ÎÉµ¡Ò ¸ÊÐ¥¸É¢¥´-
´ÊÕ ·µ²Ó ¢ ± ¦¤µ³ ¨§ ´¨Ì ¨£· ² ´¥±µÉµ·Ò°, ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ¤µ¸É ÉµÎ´µ
¡µ²ÓÏµ° ¶·µ³¥¦ÊÉµ± (s1, s2). ‚ Éµ³ ¸²ÊÎ ¥, ±µ£¤  µ¸Í¨²²ÖÍ¨¨ Im F (s, t)

∗�µ¸±µ²Ó±Ê ¢ µ¡§µ·¥ ·¥ÎÓ, ¢ µ¸´µ¢´µ³, ¡Ê¤¥É ¨¤É¨ µ¡  ³¶²¨ÉÊ¤¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö, Éµ
¸²µ¢µ ®Ê¶·Ê£µ¥¯, ± ± ¶· ¢¨²µ, ¡Ê¤¥É µ¶Ê¸± ÉÓ¸Ö.
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¨ Re F (s, t) ³ ²Ò (ÉµÎ´µ¥ Ê¸²µ¢¨¥ ³ ²µ¸É¨ µ¸Í¨²²ÖÍ¨° ¸Ëµ·³Ê²¨·µ¢ ´µ ¢
· §¤. 5), ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤ ÕÉ ®¶µÎÉ¨ ²µ± ²Ó´ÊÕ¯ ¸¢Ö§Ó ³¥¦¤Ê ¶µ-
¢¥¤¥´¨¥³ Im F (s, t) ¨ Re F (s, t).

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ³Ò ¨¸Ìµ¤¨³ ¨§ ¸²¥¤ÊÕÐ¥° ¶µ¸É ´µ¢±¨ ¢µ¶·µ¸ . „µ-
¶Ê¸É¨³, ÎÉµ, ´ Î¨´ Ö ¸ ´¥±µÉµ·µ° Ô´¥·£¨¨ s = s̃, ¶µ¢¥¤¥´¨¥ Im F (s, t) ¨²¨
Re F (s, t) µ£· ´¨Î¥´µ ± ±¨³-²¨¡µ Ê¸²µ¢¨¥³. �Éµ Ê¸²µ¢¨¥ ¶µ·µ¦¤ ¥É µ£· -
´¨Î¥´¨Ö ´  ¶µ¢¥¤¥´¨¥ ReF (s, t) ¨²¨ Im F (s, t) ¸µµÉ¢¥É¸É¢¥´´µ. �·¨ ÔÉµ³
¢ ¦´µ µÉ³¥É¨ÉÓ, ÎÉµ ¶µ¢¥¤¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ, ¸ÊÐ¥-
¸É¢¥´´µ ¡
µ²ÓÏ¨Ì, Î¥³ · ¸¸³ É·¨¢ ¥³Ò¥, ³µ¦¥É ¡ÒÉÓ ¶·µ¨§¢µ²Ó´Ò³, · §Ê³¥-
¥É¸Ö, ¢ · ³± Ì µ¡Ð¨Ì  ±¸¨µ³ É¨Î¥¸±¨Ì µ£· ´¨Î¥´¨°,   ¨³¥´´µ ´¥· ¢¥´¸É¢ 
”·Ê ¸¸ · ÄŒ ·É¥´  ¨ ¥£µ ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨Ì  ´ ²µ£µ¢.

� §¢¨ÉÒ° ¢ ¤ ´´µ° · ¡µÉ¥ ³¥Éµ¤ ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ ¢§ ¨³µ§ ¢¨¸¨³µ¸ÉÓ
³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥° Fs,a (s, t) ¶·¨ ±µ´¥Î´ÒÌ Ô´¥·-
£¨ÖÌ. �·¨ ÔÉµ³  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¸µµÉ´µÏ¥´¨Ö ¶µ²ÊÎ ÕÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨
¶·¨ s → ∞.

�µ¤Î¥·±´e³, ÎÉµ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸¨²Ó´µ µ¸Í¨²²¨·ÊÕÐ¨¥ ËÊ´±Í¨¨, Ê¤µ-
¢²¥É¢µ·ÖÕÐ¨¥ ´¥µ¡Ìµ¤¨³Ò³ Ê¸²µ¢¨Ö³  ´ ²¨É¨Î´µ¸É¨, ±·µ¸¸¨´£-¸¨³³¥É·¨¨ ¨
¶µ²¨´µ³¨ ²Ó´µ£µ ·µ¸É . „²Ö ÔÉ¨Ì ËÊ´±Í¨° µ¡ÒÎ´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¢Ò-
¸µ±µÔ´¥·£¥É¨Î¥¸±¨³ ¶µ¢¥¤¥´¨¥³ Im F (s, t) ¨ Re F (s, t) ¢Ò¶µ²´Ö¥É¸Ö Éµ²Ó±µ
®¢ ¸·¥¤´¥³¯.

1.2. �² ´ µ¡§µ· . �¡§µ· ¶µ¸¢ÖÐe´ ·¥§Ê²ÓÉ É ³  ±¸¨µ³ É¨Î¥¸±µ° É¥µ·¨¨
· ¸¸¥Ö´¨Ö ¶·¨ ¢Ò¸µ±¨Ì, ´µ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ. ‚ · ³± Ì ¨¸¶µ²Ó§Ê¥³µ£µ ³¥-
Éµ¤  ±² ¸¸¨Î¥¸±¨¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ µ£· ´¨Î¥´¨Ö ¶µ²ÊÎ ÕÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨
¶ÊÉe³ ¶·¥¤¥²Ó´µ£µ ¶¥·¥Ìµ¤ .

…¤¨´Ò³ µ¡· §µ³ ¡Ê¤ÊÉ µ¶¨¸ ´Ò · §²¨Î´Ò¥ ¶· ¢¨²  ¸Ê³³,   É ±¦¥ ¸¨³-
³¥É·¨Î´ Ö ¨  ´É¨¸¨³³¥É·¨Î´ Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö.

‚ · §¤. 2 · ¸¸³µÉ·¥´Ò · §²¨Î´Ò¥ ÉµÎ´Ò¥ ¸µµÉ´µÏ¥´¨Ö, ¢ÒÉ¥± ÕÐ¨¥ ¨§
 ´ ²¨É¨Î´µ¸É¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢ s-¶²µ¸±µ¸É¨. „ ´ ¢Ò¢µ¤ ¶· ¢¨² ¸Ê³³
¶·µ¨§¢µ²Ó´µ£µ ¢¨¤  (±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨¥, ¡µ·¥²¥¢¸±¨¥ ¨²¨ ¡Ò¸É·µ ¸Ìµ¤Ö-
Ð¨¥¸Ö), ¶µ± § ´µ, ÎÉµ ²Õ¡µ¥ ¶· ¢¨²µ ¸Ê³³ Ô±¢¨¢ ²¥´É´µ ´¥±µÉµ·µ³Ê ¨´É¥-
£· ²Ó´µ³Ê ¸µµÉ´µÏ¥´¨Õ ³¥¦¤Ê ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸ÉÖ³¨  ³¶²¨ÉÊ¤Ò · ¸-
¸¥Ö´¨Ö. ‚ ÔÉµ³ ¦¥ · §¤¥²¥ ¢Ò¢¥¤¥´Ò ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö, ±µÉµ·Ò¥
¨¸¶µ²Ó§ÊÕÉ¸Ö ¤ ²¥¥ ¢ µ¡§µ·¥ ¤²Ö ¢Ò¢µ¤  · §²¨Î´ÒÌ µ£· ´¨Î¥´¨°. ‚¸²¥¤¸É¢¨¥
 ´ ²¨É¨Î´µ¸É¨ ¥¸ÉÓ ¢µ§³µ¦´µ¸ÉÓ ¤¥² ÉÓ ¶·¥¤¸± § ´¨Ö µ ¶µ¢¥¤¥´¨¨  ³¶²¨-
ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ, ±µÉµ·Ò¥ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ´¥¤µ¸ÉÊ¶´Ò ¤²Ö
Ô±¸¶¥·¨³¥´É . “¤µ¡´Ò³ ¨´¸É·Ê³¥´Éµ³ ¤²Ö É ±µ£µ ·µ¤  ¶·¥¤¸± § ´¨° Ö¢²Ö-
ÕÉ¸Ö ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö. ‚ µ¡§µ·¥ · ¸¸³µÉ·¥´Ò ¤¢  ±² ¸¸  É ±¨Ì
¸µµÉ´µÏ¥´¨° Å ¡Ò¸É·µ ¨ ³¥¤²¥´´µ ¸Ìµ¤ÖÐ¨¥¸Ö. ‡ É¥³ ·¥§Ê²ÓÉ ÉÒ ÔÉµ£µ
· §¤¥²  µ¡µ¡Ð ÕÉ¸Ö ´  ¶·µÍ¥¸¸Ò, ¤²Ö ±µÉµ·ÒÌ ¸¶· ¢¥¤²¨¢Ò Éµ²Ó±µ ±¢ -
§¨¤¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö. ‘²¥¤ÊÖ · ¡µÉ¥ ‚¥·´µ¢  ¨ —Ê¡ ·µ¢  [112],
³Ò ¢µ¸¶µ²Ó§Ê¥³¸Ö É¥³, ÎÉµ ¤²Ö É ±¨Ì ¶·µÍ¥¸¸µ¢ ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ËÊ´±Í¨Ö,
 ´ ²¨É¨Î¥¸± Ö ¢ Éµ° ¦¥ µ¡² ¸É¨, ÎÉµ ¨ ËÊ´±Í¨Ö, Ê¤µ¢²¥É¢µ·ÖÕÐ Ö „‘, ¨



‘‚�‰‘’‚� �Œ�‹ˆ’“„ ��‘‘…Ÿ�ˆŸ �„����‚ 1121

¸±µ²Ó Ê£µ¤´µ ÉµÎ´µ  ¶¶·µ±¸¨³¨·ÊÕÐ Ö  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¢ Ë¨§¨Î¥¸±µ°
µ¡² ¸É¨.

‚ · §¤. 3 ¥¤¨´Ò³ µ¡· §µ³ ¡Ê¤¥É · ¸¸³µÉ·¥´  ¸¢Ö§Ó ³¥¦¤Ê ·¥ ²Ó´µ° ¨ ³´¨-
³µ° Î ¸ÉÖ³¨ ± ± ¸¨³³¥É·¨Î´µ°, É ± ¨  ´É¨¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò. ‚ ÔÉµ³
· §¤¥²¥ ¡Ê¤ÊÉ ¢µ¸¶·µ¨§¢¥¤¥´Ò ± ± ±² ¸¸¨Î¥¸±¨¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ,
´ ¶·¨³¥· É¥µ·¥³  �µ³¥· ´ÎÊ± , É ± ¨ ¨Ì µ¡µ¡Ð¥´¨¥ ´  ±µ´¥Î´Ò¥ Ô´¥·£¨¨.
‘³Ò¸² ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¢ Éµ³, ÎÉµ ¥¸²¨, ´ Î¨´ Ö ¸ ´¥±µÉµ·µ° Ô´¥·-
£¨¨, ·¥ ²Ó´ Ö (³´¨³ Ö) Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö Ê¤µ¢²¥É¢µ·Ö¥É É¥³ ¨²¨
¨´Ò³ ´¥· ¢¥´¸É¢ ³ ¸¢¥·ÌÊ ¨²¨ ¸´¨§Ê, Éµ ¨ ³´¨³ Ö (·¥ ²Ó´ Ö) Î ¸ÉÓ ¶µ¤Î¨-
´Ö¥É¸Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ£· ´¨Î¥´¨Ö³. �·¨ ÔÉµ³ ¸ÊÐ¥¸É¢¥´´µ, ÎÉµ ¸µµÉ¢¥É-
¸É¢¨¥ ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥°  ³¶²¨ÉÊ¤Ò ¸¶· ¢¥¤²¨¢µ
´  µ¶·¥¤¥²e´´µ³ ¨´É¥·¢ ²¥ Ô´¥·£¨° ¨ ¶· ±É¨Î¥¸±¨ ´¥ § ¢¨¸¨É µÉ ¶µ¢¥¤¥´¨Ö
 ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ, ¸ÊÐ¥¸É¢¥´´µ ¡
µ²ÓÏ¨Ì, Î¥³ · ¸¸³ É·¨¢ -
¥³Ò¥. �Éµ µ§´ Î ¥É ´¥§ ¢¨¸¨³µ¸ÉÓ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ µÉ  ¸¨³¶ÉµÉ¨Î¥-
¸±µ£µ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. �µ¤Î¥·±´e³, ÎÉµ ¶µ²ÊÎ¥´´Ò¥ µ£· -
´¨Î¥´¨Ö Ö¢²ÖÕÉ¸Ö µ¶É¨³ ²Ó´Ò³¨, É.¥. ¸ÊÐ¥¸É¢ÊÕÉ ±·µ¸¸¨´£-¸¨³³¥É·¨Î´Ò¥ ¨
±·µ¸¸¨´£- ´É¨¸¨³³¥É·¨Î´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨, ¤²Ö ±µÉµ·ÒÌ ÔÉ¨ ´¥· -
¢¥´¸É¢  ¶¥·¥Ìµ¤ÖÉ ¢ · ¢¥´¸É¢ .

�É³¥É¨³, ÎÉµ ¶·µ¢¥¤e´´µ¥ · ¸¸³µÉ·¥´¨¥ · ¸±·Ò¢ ¥É ÉµÎ´Ò° ¸³Ò¸² · §-
²¨Î´ÒÌ ¢ ·¨ ´Éµ¢ É¥µ·¥³Ò �µ³¥· ´ÎÊ± . ’¥µ·¥³  �µ³¥· ´ÎÊ±  ¨ ¥e µ¡µ¡Ð¥-
´¨Ö Ö¢²ÖÕÉ¸Ö É¥µ·¥³ ³¨ µ § ¢¨¸¨³µ¸É¨ ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ³´¨³µ° ¨ ·¥ ²Ó´µ°
Î ¸É¥°  ´É¨¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò.

„ ²¥¥ ¶·¨¢µ¤ÖÉ¸Ö  ´ ²µ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò,
±µÉµ·Ò¥ ¤¥³µ´¸É·¨·ÊÕÉ ÉµÉ Ë ±É, ÎÉµ ¤¢  É¨¶  ·¥§Ê²ÓÉ Éµ¢ Å É¥µ·¥³Ò É¨¶ 
É¥µ·¥³ �µ³¥· ´ÎÊ±  ¨ É¥µ·¥³Ò µ ¸¢Ö§¨ ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¨ ¸¨³³¥É·¨Î-
´µ°  ³¶²¨ÉÊ¤Ò, ¶µ ¸ÊÉ¨ ¤¥² , µÉ· ¦ ÕÉ µ¤´Ê ¨ ÉÊ ¦¥ ¢§ ¨³µ¸¢Ö§Ó ³¥¦¤Ê ¶µ¢¥-
¤¥´¨¥³ ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö, Éµ²Ó±µ ¢  ´É¨¸¨³³¥-
É·¨Î´µ³ ¸²ÊÎ ¥ ·¥ ²Ó´ Ö ¨ ³´¨³ Ö Î ¸ÉÓ ³¥´ÖÕÉ¸Ö ·µ²Ö³¨. �Éµ ¸¢Ö§ ´µ ¸ É¥³,
ÎÉµ ¶·µ¨§¢µ²Ó´ Ö ±·µ¸¸¨´£-¸¨³³¥É·¨Î´ Ö ËÊ´±Í¨Ö ³µ¦¥É ¡ÒÉÓ ¶µ¸É·µ¥´  ¨§
±·µ¸¸¨´£- ´É¨¸¨³³¥É·¨Î´µ°, ¶·¨Îe³ ¶·¨ ¡µ²ÓÏ¨Ì s Fs (s, t) ∼= i Fa (s, t)
(¸³. · §¤. 3).

‚µ§³µ¦´µ¸ÉÓ ¨¸¶µ²Ó§µ¢ ´¨Ö „‘ ¤²Ö ²µ£ ·¨Ë³  ¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò
¶·¨¢µ¤¨É ± ¸µµÉ´µÏ¥´¨Ö³, ¸¢Ö§Ò¢ ÕÐ¨³ ¨´É¥£· ²Ò µÉ ³µ¤Ê²Ö  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö ¨ µÉ ¥e Ë §Ò. • · ±É¥·´ Ö µ¸µ¡¥´´µ¸ÉÓ ÔÉ¨Ì ¸µµÉ´µÏ¥´¨° Å ¨Ì
¸² ¡ Ö § ¢¨¸¨³µ¸ÉÓ µÉ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ ¡µ²¥¥
¢Ò¸µ±¨Ì, Î¥³ · ¸¸³ É·¨¢ ¥³Ò¥. ‡ É¥³ ¢Ò¢µ¤ÖÉ¸Ö ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö

¤²Ö ln
F+ (s, t)
F− (s, t)

, ¨§ ±µÉµ·ÒÌ, ¢ Î ¸É´µ¸É¨, ¸²¥¤Ê¥É É¥µ·¥³  �µ³¥· ´ÎÊ±  ¤²Ö

¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ¢¶¥·e¤. �·¨ ÔÉµ³ ¤²Ö ´ ¨¡µ²¥¥ ¢¥·µÖÉ´µ£µ ¶µ¢¥-
¤¥´¨Ö  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ¢¶¥·e¤ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ Ê¤ eÉ¸Ö ¤µ± § ÉÓ, ÎÉµ
®¶µÎÉ¨ ¢¸¥£¤ ¯ µÉ´µÏ¥´¨¥ ¶µ²´ÒÌ ¸¥Î¥´¨° Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ¸É·¥³¨É¸Ö
± ¥¤¨´¨Í¥. ˆ¸±²ÕÎ¨É¥²Ó´Ò³ Ö¢²Ö¥É¸Ö ¸²ÊÎ °, ±µ£¤  · ¸¸³ É·¨¢ ¥³Ò¥  ³¶²¨-
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ÉÊ¤Ò ¸É ´µ¢ÖÉ¸Ö Î¨¸Éµ ¢¥Ð¥¸É¢¥´´Ò³¨ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ. ‚ ¶µ¸²¥¤´¥³
¸²ÊÎ ¥ µÉ´µÏ¥´¨¥ ·¥ ²Ó´ÒÌ Î ¸É¥°  ³¶²¨ÉÊ¤ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ¨
 ´É¨Î ¸É¨ÍÒ ¢¶¥·e¤ ¸É·¥³¨É¸Ö ± −1.

ˆ§ ¨´É¥£· ²Ó´ÒÌ ¸µµÉ´µÏ¥´¨° ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ µ£· ´¨Î¥´¨° ´ 
¶µ¢¥¤¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ®¢ ¸·¥¤´¥³¯.

‚ · §¤. 4 · ¸¸³ É·¨¢ ÕÉ¸Ö  ³¶²¨ÉÊ¤Ò, ¢µ§³µ¦´Ò¥ µ¸Í¨²²ÖÍ¨¨ ±µÉµ·ÒÌ
µ£· ´¨Î¥´Ò ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³. ’ ±µ¥ Ê¸²µ¢¨¥ ´¥ ¢ÒÉ¥± ¥É ¨§ µ¡-
Ð¨Ì ¶·¨´Í¨¶µ¢ É¥µ·¨¨, ¶µ¸±µ²Ó±Ê ³µ¦´µ ¶µ¸É·µ¨ÉÓ µ¸Í¨²²¨·ÊÕÐ¨¥ ËÊ´±-
Í¨¨, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ´¥µ¡Ìµ¤¨³Ò³ É·¥¡µ¢ ´¨Ö³. ’¥³ ´¥ ³¥´¥¥ ¶·¨ ¢Ò¸µ±¨Ì
Ô´¥·£¨ÖÌ, ÉµÎ´¥¥, ¶·¨ Ô´¥·£¨ÖÌ, ¸ÊÐ¥¸É¢¥´´µ ¶·¥¢ÒÏ ÕÐ¨Ì §´ Î¥´¨Ö ³ ¸¸
·¥§µ´ ´¸µ¢, ¢ Ô±¸¶¥·¨³¥´É¥ ´ ¡²Õ¤ ¥É¸Ö ¶² ¢´µ¥ ¶µ¢¥¤¥´¨¥  ³¶²¨ÉÊ¤ · ¸¸¥-
Ö´¨Ö. ’ ±µ¥ ¶µ¢¥¤¥´¨¥ ¶µ§¢µ²Ö¥É ¶µ¸É·µ¨ÉÓ ËÊ´±Í¨¨, ³¥¤²¥´´µ ³¥´ÖÕÐ¨¥¸Ö
¸ Ô´¥·£¨¥°. �± §Ò¢ ¥É¸Ö, ÎÉµ ¤²Ö É ±¨Ì ËÊ´±Í¨° „‘ ³µ£ÊÉ ¡ÒÉÓ  ¶¶·µ±¸¨-
³¨·µ¢ ´Ò ¨Ì ²µ± ²Ó´Ò³¨  ´ ²µ£ ³¨, ¶·¨Îe³ ¶·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ
¶µ£·¥Ï´µ¸ÉÓ É ±µ°  ¶¶·µ±¸¨³ Í¨¨ ¸É ´µ¢¨É¸Ö ¶·µ¨§¢µ²Ó´µ ³ ²µ°.

‚ · §¤. 5 ¶µ¸É·µ¥´ ¶·¨³¥· µ¸Í¨²²¨·ÊÕÐ¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¨ ¶µ-
± § ´µ, ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¸¢Ö§Ó ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥°  ³¶²¨ÉÊ¤Ò ´µ¸¨É
± Î¥¸É¢¥´´µ ¨´µ° Ì · ±É¥·.

� §¤¥² 6 ¶µ¸¢ÖÐe´ µ£· ´¨Î¥´¨Ö³ ¸¢¥·ÌÊ ´   ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö. ‘´ -
Î ²  ¢Ò¢µ¤¨É¸Ö µ¶É¨³ ²Ó´µ¥ µ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ ´  A (s, t) ≡ Im F (s, t),
¢ÒÉ¥± ÕÐ¥¥ ¨§ µ£· ´¨Î¥´¨Ö ´  A (s, t0), 0 < t0 ≤ 4 m2

π, t < t0. �·¨  ¸¨³¶-
ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ ¨ t = 0 ÔÉ¨ µ£· ´¨Î¥´¨Ö  ´ ²µ£¨Î´Ò µ¶É¨³ ²Ó´µ³Ê
µ£· ´¨Î¥´¨Õ ”·Ê ¸¸ · ÄŒ ·É¥´  [66, 69]. ‡ É¥³ ¢Ò¢µ¤ÖÉ¸Ö, ¸²¥¤ÊÖ · ¡µÉ ³
‚¥·´µ¢  ¨ Œ´ Í ± ´µ¢µ° [75, 81],  ´ ²µ£¨Î´Ò¥ µ£· ´¨Î¥´¨Ö ¶·¨ ¶·µ¨§¢µ²Ó-
´ÒÌ Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ. �·¨ ÔÉµ³ ¢ ¸²ÊÎ ¥ π0 π0-· ¸¸¥Ö´¨Ö ¶µ²ÊÎ ¥³Ò¥
µ£· ´¨Î¥´¨Ö ¨³¥ÕÉ ¸³Ò¸²  ¡¸µ²ÕÉ´µ° ¢¥·Ì´¥° £· ´¨ÍÒ ¤²Ö ¶µ²´µ£µ ¸¥Î¥-
´¨Ö. ‚ ¸²ÊÎ ¥ π N -· ¸¸¥Ö´¨Ö É ±¨¥ µ£· ´¨Î¥´¨Ö § ¢¨¸ÖÉ µÉ ¶µ·µ£µ¢µ£µ ¶µ¢¥-
¤¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö, ÉµÎ´¥¥, µÉ ¢¥²¨Î¨´Ò D-¢µ²´Ò ¢ t-± ´ ²¥. „ ²¥¥
¸ ¶µ³µÐÓÕ ‹„‘ ¢Ò¢µ¤ÖÉ¸Ö  ´ ²µ£¨Î´Ò¥ µ£· ´¨Î¥´¨Ö ´  ³µ¤Ê²Ó ¨ ³´¨³ÊÕ
Î ¸ÉÓ  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ë¨§¨Î¥¸±¨Ì s ¨ t > 0 (t Å ¢´ÊÉ·¨ Ô²²¨¶¸ 
Œ ·É¥´ ). • · ±É¥·´µ° Î¥·Éµ° ÔÉ¨Ì µ£· ´¨Î¥´¨° Ö¢²Ö¥É¸Ö ¨Ì ¶· ±É¨Î¥¸± Ö
´¥§ ¢¨¸¨³µ¸ÉÓ µÉ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ ¡
µ²ÓÏ¨Ì, Î¥³
· ¸¸³ É·¨¢ ¥³Ò¥.

‚ ¸²ÊÎ ¥ π0 π0-· ¸¸¥Ö´¨Ö ¢Ò¢µ¤ÖÉ¸Ö É ±¦¥  ¡¸µ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ´ 
¶ ·Í¨ ²Ó´Ò¥ ¢µ²´Ò (¶·¨ Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ) ¨, ¸µµÉ¢¥É¸É¢¥´´µ, ´  ÔË-
Ë¥±É¨¢´Ò° · ¤¨Ê¸ ¢§ ¨³µ¤¥°¸É¢¨Ö  ¤·µ´µ¢, É.¥. ´  ¢¥²¨Î¨´Ê, µ¶·¥¤¥²Ö¥³ÊÕ
¸µµÉ´µÏ¥´¨¥³ σtot (s) = π R2. ‚ ¦´µ° Î¥·Éµ° ¶µ²ÊÎ ¥³ÒÌ µ£· ´¨Î¥´¨°
Ö¢²Ö¥É¸Ö ¨Ì ¸² ¡ Ö (¶·¨ ¸¢¥·Ì¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ Å ¸¢¥·Ì¸² ¡ Ö) § ¢¨¸¨³µ¸ÉÓ
µÉ ¨¸Ìµ¤´ÒÌ ¶ · ³¥É·µ¢, É.¥. µÉ  ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨° ¶·¨ ´¥Ë¨§¨Î¥¸±¨Ì
s ¨ t (π0 π0-· ¸¸¥Ö´¨¥) ¨²¨ ¢¥²¨Î¨´Ò D-¢µ²´Ò (π N -· ¸¸¥Ö´¨¥).

‚ ¶·¨²µ¦¥´¨¨ A ¶·¨¢¥¤e´ ¢Ò¢µ¤ ´¨¦´¨Ì £· ´¨Í ¤²Ö |F± (s, t)| ¨ ¢ÒÉ¥-
± ÕÐ¨Ì ¨§ ´¨Ì µ£· ´¨Î¥´¨° ´  Î¨¸²µ ´Ê²¥° ÔÉ¨Ì ËÊ´±Í¨°.
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2.1. „¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¨ ¶· ¢¨²  ¸Ê³³. � ¸¸³µÉ·¨³
F (s, t) Å  ³¶²¨ÉÊ¤Ê Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨Í ¸ ³ ¸¸ ³¨ m ¨ M . �·¥¦¤¥
¢¸¥£µ, ÎÉµ¡Ò ´¥ Ê¸²µ¦´ÖÉÓ ¢ÒÎ¨¸²¥´¨°, ´¥ ¡Ê¤¥³ ÊÎ¨ÉÒ¢ ÉÓ ¶µ²Õ¸´Ò¥ Î²¥´Ò
¨²¨, ± ± £µ¢µ·ÖÉ, · ¸¸³µÉ·¨³  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¸ ¢ÒÎÉ¥´´Ò³¨ ¶µ²Õ¸´Ò³¨
Î²¥´ ³¨. �µ¤Î¥·±´e³, ÎÉµ ÊÎeÉ ÔÉ¨Ì Î²¥´µ¢ ¸ÊÐ¥¸É¢¥´ Éµ²Ó±µ ¶·¨ ´¨§±¨Ì
Ô´¥·£¨ÖÌ,   ´ ¸ ¡Ê¤¥É ¨´É¥·¥¸µ¢ ÉÓ ¶µ¢¥¤¥´¨¥ F (s, t) ¶·¨ ¢Ò¸µ±¨Ì. Š ± ¨§-
¢¥¸É´µ, ¤²Ö ·Ö¤  ¶·µÍ¥¸¸µ¢, ´ ¶·¨³¥·, ¤²Ö π N -· ¸¸¥Ö´¨Ö, ¤µ± § ´   ´ ²¨É¨Î-
´µ¸ÉÓ F (s, t) ¶µ s, ¥¸²¨ −t1 < t < 4 m2

π (¤²Ö π N -· ¸¸¥Ö´¨Ö t1 ∼= (32 m2
π)/3),

  ¨³¥´´µ: F (s, t)  ´ ²¨É¨Î´  ¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ ¶· ¢µ£µ ((m + M)2,∞)
¨ ²¥¢µ£µ (−∞, (M − m)2 − t) · §·¥§µ¢. “¤µ¡´µ, ¸²¥¤ÊÖ Œ ·É¥´Ê, ¶¥·¥°É¨ µÉ
¶¥·¥³¥´´µ° s ± ω ≡ s−m2−M2+t/2. ”Ê´±Í¨Ö F (ω, t) ¨³¥¥É ¸¨³³¥É·¨Î´Ò¥
· §·¥§Ò (−∞,−ω0), (ω0,∞); ω0 = 2 m M + t/2.

‘´ Î ²  · ¸¸³µÉ·¨³ ¸²ÊÎ °, ±µ£¤  m Å ´¥°É· ²Ó´ Ö Î ¸É¨Í , ´ ¶·¨³¥·,
π0-³¥§µ´. •µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ

F (ω∗, t) = F ∗ (ω, t), (2.1)

F (−ω, t) = F (ω, t). (2.2)

…¸²¨ Î ¸É¨Í  ¸ ³ ¸¸µ° m ´¥ ´¥°É· ²Ó´ , ´ ¶·¨³¥· π+-³¥§µ´, Éµ ¸µµÉ´µÏ¥´¨¥
(2.2) ¶¥·¥Ìµ¤¨É ¢

F+ (−ω, t) = F− (ω, t), (2.3)

£¤¥ F± (ω, t) Å  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ´  µ¤´µ° ¨
Éµ° ¦¥ ³¨Ï¥´¨. �Î¥¢¨¤´µ, ÎÉµ Fs (ω, t) ¨³¥¥É Éµ ¦¥ ¸¢µ°¸É¢µ ¶¥·¥±·e¸É´µ°
¸¨³³¥É·¨¨, ÎÉµ ¨ F (ω, t). �¨¦¥ ³Ò, ± ± ¶· ¢¨²µ, µ¶Ê¸± ¥³ §´ Îµ± s Ê
Fs (ω, t).

‘µ£² ¸´µ ·¥§Ê²ÓÉ ÉÊ „¦¨´  ¨ Œ ·É¥´  [61], ¶·¨ ²Õ¡µ³ t ∈ (− t1, 4 m2
π)

F± (ω, t)
ω2

→ 0, |ω| → ∞. (2.4)

‚ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ, ¶·¥¦¤¥ ¢¸¥£µ ¶·¨ t < 0, ¢µ§³µ¦´µ ¢Ò¶µ²´¥´¨¥ ¡µ²¥¥
¸¨²Ó´µ£µ ´¥· ¢¥´¸É¢ :

F± (ω, t)
ω

→ 0, |ω| → ∞. (2.4′)

�µ É¥µ·¥³¥ ”· £³¥´ Ä‹¨´¤¥²eË  (¸³., ´ ¶·¨³¥·, [37]), Ê¸²µ¢¨Ö (2.4)
¨ (2.4′) Ô±¢¨¢ ²¥´É´Ò  ´ ²µ£¨Î´Ò³ Ê¸²µ¢¨Ö³ ¶·¨ ω → ∞, ¥¸²¨ Éµ²Ó±µ
|F± (ω, t)| < exp (ε |ω|), |ω| → ∞.
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�µ¤Î¥·±´e³ µ¤´µ µ¡¸ÉµÖÉ¥²Ó¸É¢µ. •µÉÖ ³Ò ¢¸e ¢·¥³Ö £µ¢µ·¨³ µ¡  ³¶²¨-
ÉÊ¤¥ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö, µ¤´ ±µ ´  ¸ ³µ³ ¤¥²¥ ¢ ÔÉµ³ ¶ · £· Ë¥ ³Ò ¨¸-
¶µ²Ó§Ê¥³ Éµ²Ó±µ  ´ ²¨É¨Î´µ¸ÉÓ ¨ Ê¸²µ¢¨Ö (2.1)Ä(2.4). Š·µ³¥ Éµ£µ, (2.4) ²¥£±µ
³µ¦¥É ¡ÒÉÓ § ³¥´¥´µ ¡µ²¥¥ µ¡Ð¨³ Ê¸²µ¢¨¥³. �µÔÉµ³Ê ¶·µ¢µ¤¨³µ¥ · ¸¸³µÉ·¥-
´¨¥ ¶·¨³¥´¨³µ ± ²Õ¡µ° ËÊ´±Í¨¨, Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê¸²µ¢¨Ö³  ´ ²¨É¨Î´µ¸É¨
¨ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨.

ˆ§ Ê¸²µ¢¨° (2.1), (2.2) ¨ (2.4) ¸²¥¤Ê¥É ¸¶· ¢¥¤²¨¢µ¸ÉÓ „‘ ¸ ¤¢Ê³Ö ¢ÒÎ¨-
É ´¨Ö³¨:

F (ω, t) = F (0, t) +
2 ω2

π

∞∫
ω0

A (ω′, t) dω′

ω′ (ω′2 − ω2)
, Im ω �= 0, (2.5)

£¤¥ A (ω, t) ≡ Im F (ω, t).
‡ ³¥É¨³, ÎÉµ ³µ¦´µ ¶µ¸É·µ¨ÉÓ ËÊ´±Í¨Õ F (ω, t), µ¡² ¤ ÕÐÊÕ É·¥¡Ê¥-

³Ò³¨ ¸¢µ°¸É¢ ³¨  ´ ²¨É¨Î´µ¸É¨ ¨ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨ ¨ Î¨¸Éµ ³´¨³ÊÕ
¢ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨, É ±µ° ËÊ´±Í¨¥° ¡Ê¤¥É F (ω, t) = C (t)

√
ω0

2 − ω2,
C (t) ∈ �. �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ µ§´ Î ¥É, ÎÉµ ·¥ ²Ó´µ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ°
Im F (ω, t) ¨ Re F (ω, t) − F (0, t). “Î¨ÉÒ¢ Ö ÔÉµ,   É ±¦¥ · ¤¨ Ê¶·µÐ¥´¨Ö
Ëµ·³Ê², ´¨¦¥ ³Ò ¶µ¤ F (ω, t) ¡Ê¤¥³, ± ± ¶· ¢¨²µ, ¶µ´¨³ ÉÓ F (ω, t)−F (0, t).
F (ω, t) ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ¨´É¥£· ² ´¥ Éµ²Ó±µ µÉ A (ω, t), ´µ ¨
µÉ R (ω, t) ≡ Re F (ω, t). „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ´ ¶¨¸ ÉÓ „‘ ¤²Ö ËÊ´±Í¨¨

F (ω, t)
ω
√

ω0
2 − ω2

.

‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìµ¤¨³ ± É ± ´ §Ò¢ ¥³Ò³ ®µ¡· É´Ò³¯ „‘ (�„‘):

F (ω, t) =
2 ω2

√
ω2 − ω0

2

i π

∞∫
ω0

R (ω′, t) dω′√
ω′2 − ω0

2 ω′ (ω′2 − ω2)
, Im ω �= 0.

(2.6)
�¡ÒÎ´µ ¶µ¤ „‘ ¨ �„‘ ¶µ´¨³ ÕÉ ¶·¥¤¥²Ò ¸µµÉ´µÏ¥´¨° (2.5) ¨ (2.6) ¶·¨

Im ω → 0. ‚ ÔÉµ³ ¶·¥¤¥²¥ µ´¨ ¸¢Ö§Ò¢ ÕÉ R (ω, t) ¨ A (ω, t) ¸ ¨´É¥£· ² ³¨ ¢
¸³Ò¸²¥ £² ¢´µ£µ §´ Î¥´¨Ö µÉ A (ω, t) ¨ R (ω, t) ¸µµÉ¢¥É¸É¢¥´´µ.

ˆ§ „‘ ¸²¥¤ÊÕÉ · §²¨Î´Ò¥ ¶· ¢¨²  ¸Ê³³ ¨ ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö
³¥¦¤Ê A (ω, t) ¨ R (ω, t).

„²Ö ¢Ò¢µ¤  ¶· ¢¨² ¸Ê³³ ´ ³ Ê¤µ¡´µ ¶¥·¥°É¨ ± ¶¥·¥³¥´´µ° z = ω2. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¸µµÉ´µÏ¥´¨Ö (2.5) ¨ (2.6) ¶·¨´¨³ ÕÉ ¢¨¤

F (z, t) =
z

π

∞∫
z0

A (z′, t) d z′

z′ (z′ − z)
, z0 = ω2

0 , Im z �= 0; (2.7)

F (z, t) =
z
√

z − z0

i π

∞∫
z0

R (z′, t) d z′√
z′ − z0 z′ (z′ − z)

, Im z �= 0. (2.8)
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�Î¥¢¨¤´µ, ÎÉµ Ê F (z, t) ¥¸ÉÓ Éµ²Ó±µ ¶· ¢Ò° · §·¥§ ¨ F (z∗, t) = F ∗ (z, t).
�· ¢¨²µ ¸Ê³³ µ¡Ð¥£µ ¢¨¤ , ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ ¸¢µ¤ÖÐ¥¥¸Ö ± ±µ´¥Î´µ-

Ô´¥·£¥É¨Î¥¸±¨³ ¨²¨ ¡µ·¥²¥¢¸±¨³ ¶· ¢¨² ³ ¸Ê³³, ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´µ ¸²¥-
¤ÊÕÐ¨³ µ¡· §µ³.

�Ê¸ÉÓ ρ (z, t) Å ´¥±µÉµ· Ö Í¥² Ö ËÊ´±Í¨Ö, ±µÉµ·ÊÕ Ê¤µ¡´µ ¢Ò¡· ÉÓ É ±,
ÎÉµ Im ρ (z, t) = 0, ¥¸²¨ Im z = 0. � ¸¸³ É·¨¢ Ö

∫
C F (z′, t) ρ (z′, t) d z′, £¤¥

±µ´ÉÊ· C ¸µ¸Éµ¨É ¨§ µÉ·¥§±  (−R, R) ¨ ¶µ²Êµ±·Ê¦´µ¸É¨ ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸-
±µ¸É¨ · ¤¨Ê¸  R, ¨ ¨¸¶µ²Ó§ÊÖ É¥µ·¥³Ê ŠµÏ¨, ¶µ²ÊÎ¨³

R∫
z0

ρ (z′, t) Im F (z′, t) d z′ = − Im
∫

�R

F (z′, t) ρ (z′, t) d z′. (2.9)

‚Ò¡µ· ρ (z, t) = zn ¶·¨¢µ¤¨É ± ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨³ ¶· ¢¨² ³ ¸Ê³³,

¢Ò¡µ· ρ (z, t) = exp
(
−z

z̃

)
(z̃ Å ´¥±µÉµ·Ò° ¶ · ³¥É·) Å ± ¡µ·¥²¥¢¸±¨³,

ÉµÎ´¥¥, ± ¨Ì ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±µ³Ê  ´ ²µ£Ê. 	µ·¥²¥¢¸±¨¥ ¶· ¢¨²  ¸Ê³³

¸µµÉ¢¥É¸É¢ÊÕÉ ¸²ÊÎ Õ R → ∞. …¸²¨ ρ (z, t) = exp
(
−z

z̃

)n

, n > 1, Éµ ³Ò ¶·¨-

Ìµ¤¨³ ± ¡Ò¸É·µ ¸Ìµ¤ÖÐ¥³Ê¸Ö ¶· ¢¨²Ê ¸Ê³³. �É³¥É¨³, ÎÉµ ¶¥·¥Ìµ¤ ± R → ∞
¢µ§³µ¦¥´ ¢¸¥£¤ , ±µ£¤  ¸Ìµ¤¨É¸Ö ¨´É¥£· ² ¢ ²¥¢µ° Î ¸É¨ ¸µµÉ´µÏ¥´¨Ö (2.9),
¶µ¸±µ²Ó±Ê É ± Ö ¸Ìµ¤¨³µ¸ÉÓ µ¡¥¸¶¥Î¨¢ ¥É ¨ ¸Ìµ¤¨³µ¸ÉÓ ¨´É¥£· ²  ¶µ ¶µ²Ê-
µ±·Ê¦´µ¸É¨.

�µ± ¦¥³ É¥¶¥·Ó, ÎÉµ ²Õ¡µ¥ ¶· ¢¨²µ ¸Ê³³ Ô±¢¨¢ ²¥´É´µ ´¥±µÉµ·µ³Ê · -
¢¥´¸É¢Ê ³¥¦¤Ê ¨´É¥£· ² ³¨ µÉ A (z, t) ¨ R (z, t).

„²Ö ÔÉµ£µ § ³¥É¨³, ÎÉµ ¥¸²¨ Im z = 0, Éµ, ¸µ£² ¸´µ (2.6) ¨ (2.7),

R (z, t) =
z

π
P

∞∫
z0

A (z′, t) d z′

z′ (z′ − z)
; (2.10)

A (z, t) = − z
√

z − z0

π
P

∞∫
z0

R (z′, t) d z′

z′
√

z′ − z0 (z′ − z)
. (2.11)

‘µ£² ¸´µ (2.10)

z2∫
z1

ρ (z′, t)R (z′, t) d z′ =
1
π

z2∫
z1

z′′ ρ (z′′, t) d z′′
∞∫

z0

A (z′, t) d z′

z′ (z′ − z′′)
=

=
1
π

∞∫
z0

A (z′, t) d z′

z′
χ (z′, z1, z2), (2.12)
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£¤¥

χ (z′, z1, z2) =

z2∫
z1

ρ (z′′, t) z′′ d z′′

z′ − z′′
.

�´ ²µ£¨Î´µ, ¸µ£² ¸´µ (2.11),

z2∫
z1

ρ (z′, t)A (z′, t) d z′ =

∞∫
z0

R (z′, t) d z′

z′
√

z′ − z0

χ1 (z′, z1, z2), (2.13)

£¤¥

χ1 (z′, z1, z2) =

z2∫
z1

ρ (z′′, t) z′′
√

z′′ − z0 d z′′

z′′ − z′
.

�µ²µ¦¨¢ ¢ (2.13) z1 = z0, z2 = R, ¶·¨¤e³ ± · ¢¥´¸É¢Ê, ¸µ¢¶ ¤ ÕÐ¥³Ê ¸
¶· ¢¨²µ³ ¸Ê³³ (2.9).

ˆ´É¥·¥¸´µ¥ ¨´É¥£· ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê A (ω, t) ¨ R (ω, t) ¶µ²ÊÎ -
¥É¸Ö, ¥¸²¨ ¶·¨· ¢´ÖÉÓ (2.5) ¨ (2.6) ¢ ÉµÎ±¥ i ω, ω > 0:

∞∫
ω0

A (ω′, t) dω′

ω′ (ω′2 + ω2)
=

√
ω′2 + ω2

∞∫
ω0

R (ω′, t) dω′√
ω′2 − ω0

2 ω′ (ω′2 + ω2)
. (2.14)

�µ¸²¥¤´¥¥ · ¢¥´¸É¢µ µ± §Ò¢ ¥É¸Ö Î·¥§¢ÒÎ °´µ Ê¤µ¡´Ò³ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö
¸¢Ö§¨ ³¥¦¤Ê A (ω, t) ¨ R (ω, t), ±µÉµ·µ¥ ³Ò ¶·µ¢¥¤e³ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

�´ ²µ£¨Î´Ò¥ ¸µµÉ´µÏ¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¨ ¤²Ö  ´É¨¸¨³³¥É·¨Î´µ°

 ³¶²¨ÉÊ¤Ò Fa (ω, t) =
1
2

(F+ (ω, t) − F− (ω, t)). ‘µ£² ¸´µ (2.1), (2.3) ¨ (2.4)

Fa (ω, t) − ω F
′

a (0, t) =
2 ω3

π

∞∫
ω0

Aa (ω′, t) dω′

ω′2 (ω′2 − ω2)
; Aa (ω, t) ≡ Im Fa (ω, t).

(2.15)
�É³¥É¨³, ÎÉµ Ê¸²µ¢¨¥ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ (2.1) ¸¶· ¢¥¤²¨¢µ ¨ ¤²Ö ± ¦¤µ°  ³-
¶²¨ÉÊ¤Ò F± (ω, t).

…¸²¨
Fa (ω, t)

ω
→ 0 ¶·¨ ω → ∞, Éµ · ¢¥´¸É¢µ (2.15) § ³¥´Ö¥É¸Ö ´ 

Fa (ω, t) =
2 ω

π

∞∫
ω0

Aa (ω′, t) dω′

ω′2 − ω2
. (2.16)
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‚Ò· ¦ Ö Fa (ω, t) Î¥·¥§ ¨´É¥£· ² µÉ Ra (ω, t) (Ra (ω, t) ≡ Re Fa (ω, t)),
¶µ²ÊÎ¨³

Fa (ω, t) =
2 ω

√
ω2 − ω0

2

i π

∞∫
ω0

Ra (ω′, t) dω′√
ω′2 − ω0

2 (ω′2 − ω2)
. (2.17)

�µ¤Î¥·±´e³, ÎÉµ ¸ ¶µ³µÐÓÕ „‘ F (0, t) ¨ F
′

a (0, t) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ §´ Î¥´¨Ö
¢ Ë¨§¨Î¥¸±¨Ì ÉµÎ± Ì  ³¶²¨ÉÊ¤ F (ω, t) ¨ Fa (ω, t) ¸µµÉ¢¥É¸É¢¥´´µ ¨ ¡Ò¸É·µ
¸Ìµ¤ÖÐ¨¥¸Ö ¨´É¥£· ²Ò.

�·¨· ¢´¨¢ Ö ¢Ò· ¦¥´¨Ö (2.15) ¨ (2.17) ¢ Î¨¸Éµ ³´¨³µ° ÉµÎ±¥ ¨ ¶µ¤· §Ê-
³¥¢ Ö ¶µ¤ Fa (ω, t) ËÊ´±Í¨Õ Fa (ω, t) − ω F

′

a (0, t), ¶µ²ÊÎ¨³

−ω2

∞∫
ω0

Aa (ω′, t) dω′

ω′2 (ω′2 + ω2)
=

√
ω2 + ω0

2

∞∫
ω0

Ra (ω′, t) dω′√
ω′2 − ω0

2 (ω′2 + ω2)
. (2.18)

‡ ³¥É¨³, ÎÉµ ¥¸²¨ ω 	 ω0 (ÔÉµ Ê¸²µ¢¨¥ ¢Ò¶µ²´¥´µ Ê¦¥ ¶·¨ ω ≈ 10 ƒÔ‚2), Éµ
¸µµÉ´µÏ¥´¨Ö (2.14) ¨ (2.18) ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¥¤¨´Ò³ µ¡· §µ³:

∞∫
ω0

ϕ1 (ω′, t) dω′

ω′2 + ω2
= ω

∞∫
ω0

ϕ2 (ω′, t) dω′

ω′ (ω′2 + ω2)
, (2.19)

£¤¥ ¢ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò

ϕ1 (ω, t) =
A (ω, t)

ω
, ϕ2 (ω, t) =

R (ω, t)√
ω2 − ω0

2
, (2.20)

  ¢ ¸²ÊÎ ¥  ´É¨¸¨³³¥É·¨Î´µ°

ϕ1 (ω, t) =
Ra (ω, t)√
ω2 − ω0

2
, ϕ2 (ω, t) = − Aa (ω, t)

ω
. (2.21)

‘µµÉ´µÏ¥´¨¥ (2.19) ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ ¥¤¨´Ò³ µ¡· §µ³ ¨§ÊÎ ÉÓ ¸¢Ö§Ó ³¥¦¤Ê
·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸ÉÖ³¨ ± ± ¸¨³³¥É·¨Î´µ°, É ± ¨  ´É¨¸¨³³¥É·¨Î´µ°  ³-
¶²¨ÉÊ¤Ò (ÎÉµ ¨ ¡Ê¤¥É c¤¥² ´µ ´¨¦¥).

� ¶¨Ï¥³ É¥¶¥·Ó  ´ ²µ£¨Î´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¢ ¸²ÊÎ ¥, ±µ£¤  Fs,a (ω, t)

Ê¤µ¢²¥É¢µ·Ö¥É „‘ ¸ µ¤´¨³ ¢ÒÎ¨É ´¨¥³, É.¥. ±µ£¤ 
Fs,a (ω, t)

ω
→ 0 ¶·¨ ω → ∞.

‚ ÔÉµ³ ¸²ÊÎ ¥ ¸µµÉ´µÏ¥´¨¥ (2.6) § ³¥´Ö¥É¸Ö ´ 

F (ω, t) =
2
√

ω2 − ω0
2

i π

∞∫
ω0

R (ω′, t)ω′ dω′√
ω′2 − ω0

2 (ω′2 − ω2)
, Im ω �= 0. (2.6′)
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‘· ¢´¨¢ Ö ¸µµÉ´µÏ¥´¨Ö (2.6′) ¨ (2.5) ¨²¨ (2.16) ¨ (2.17) ¶·¨ ω 	 ω0,
¶·¨¤e³ ± · ¢¥´¸É¢Ê

−ω

∞∫
ω0

ϕ1 (ω′, t) dω′

ω′2 + ω2
=

∞∫
ω0

ϕ2 (ω′, t)ω′ dω′

ω′2 + ω2
, (2.19′)

£¤¥ ϕ1 (ω, t) ¨ ϕ2 (ω, t) ¶µ-¶·¥¦´¥³Ê µ¶·¥¤¥²ÖÕÉ¸Ö Ëµ·³Ê² ³¨ (2.20) ¨ (2.21).
2.2. ‹µ£ ·¨Ë³¨Î¥¸±¨¥ ¤¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö. �¥·¥°¤e³ É¥¶¥·Ó ±

 ´ ²¨É¨Î¥¸±¨³ ¸¢µ°¸É¢ ³ ln F (ω, t). �Î¥¢¨¤´µ, ÎÉµ ¤²Ö Éµ£µ ÎÉµ¡Ò ln F (ω, t)
¨³¥² É¥ ¦¥  ´ ²¨É¨Î¥¸±¨¥ ¸¢µ°¸É¢ , ÎÉµ ¨ F (ω, t), ´¥µ¡Ìµ¤¨³µ, ÎÉµ¡Ò F (ω, t)
´¥ ¨³¥²  ´Ê²¥°. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ÔÉµ ´¥ É ±, µ¤´ ±µ ¥¸²¨ t ≥ 0, Éµ F (ω, t)
´¥ ³µ¦¥É ¨³¥ÉÓ ¡µ²¥¥ ¤¢ÊÌ ´Ê²¥° ¢ µ¡² ¸É¨  ´ ²¨É¨Î´µ¸É¨ [61]. �Éµ ¸¢Ö§ ´µ
¸ Ê¸²µ¢¨¥³ (2.4) ¨ ¶µ²µ¦¨É¥²Ó´µ¸ÉÓÕ A (ω, t), ±µÉµ· Ö ¸²¥¤Ê¥É ¨§ Ê¸²µ¢¨Ö
Ê´¨É ·´µ¸É¨ ¤²Ö ¶ ·Í¨ ²Ó´ÒÌ  ³¶²¨ÉÊ¤:

al (ω) ≥ al (ω)2 + rl (ω)2, al (ω) ≡ Im fl (ω), rl (ω) ≡ Re fl (ω). (2.22)

ˆ§ ´¥· ¢¥´¸É¢  (2.22) ¸²¥¤Ê¥É, ÎÉµ

0 ≤ al (ω) ≤ 1. (2.23)

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó · §²µ¦¥´¨¥³ A (ω, t) ¢ ·Ö¤ ¶µ ¶µ²¨´µ³ ³ ‹¥¦ ´¤· , ±µ-
Éµ·Ò° ¶·¨ ω 	 ω0 ¨³¥¥É ¢¨¤

A (ω, t) = 2
∞∑

l=0

(2l + 1) al (ω) Pl (cos θ), (2.24)

¢¨¤¨³, ÎÉµ, ¥¸²¨ Pl (cos θ) > 0, Éµ A (ω, t) > 0. “¸²µ¢¨¥ Pl (cos θ) > 0 ¢Ò¶µ²-
´Ö¥É¸Ö, ¥¸²¨ cos θ ≥ 1, É.¥., ¥¸²¨ t ≥ 0. ‘É·µ£µ £µ¢µ·Ö, µ´µ ¢Ò¶µ²´Ö¥É¸Ö ¨ ¤²Ö

³ ²ÒÌ µÉ·¨Í É¥²Ó´ÒÌ t

(
−t ∼ C

ln ω

)
. �É³¥É¨³, ÎÉµ Ê¸²µ¢¨¥ Pl (cos θ) > 0

Ö¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´Ò³ ¤²Ö ¶µ²µ¦¨É¥²Ó´µ¸É¨ A (ω, t), ±µÉµ· Ö, ¸²¥¤µ¢ É¥²Ó´µ,
³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ ¨ ¢ ¡µ²¥¥ Ï¨·µ±µ³ ¨´É¥·¢ ²¥ t. „²Ö Ê¤µ¡¸É¢  Î¨É É¥²Ö ³Ò
¶·¨¢µ¤¨³ ¢ ¶·¨²µ¦¥´¨¨ A ¤µ± § É¥²Ó¸É¢µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ê F (ω, t) ´¥ ¡µ²¥¥
¤¢ÊÌ ´Ê²¥° ¢ ¸²ÊÎ ¥, ±µ£¤  A (ω, t) ≥ 0.

‡¤¥¸Ó ³Ò µÉ³¥É¨³, ÎÉµ ´Ê²¨ ¢ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨ ³µ£ÊÉ ¡ÒÉÓ ¨¸±²ÕÎ¥´Ò
¤ ¦¥ ¢ · ³± Ì Î¨¸Éµ É¥µ·¥É¨Î¥¸±µ£µ ¶µ¤Ìµ¤ , É.¥. ±µ£¤  ³Ò ´¥ ¨¸±²ÕÎ ¥³ ¢µ§-
³µ¦´µ¸ÉÓ (Ë¨§¨Î¥¸±¨, · §Ê³¥¥É¸Ö, ±· °´¥ ³ ²µ¢¥·µÖÉ´ÊÕ) Éµ£µ, ÎÉµ
A (ω, t)=0 ¶·¨ ´¥±µÉµ·ÒÌ §´ Î¥´¨ÖÌ ω. „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¶¥·¥°É¨ ±
ËÊ´±Í¨¨

F̃ (ω, t) =
1
∆

ω+∆∫
ω

F (ω′, t) dω′.
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�Î¥¢¨¤´µ, ÎÉµ ¥¸²¨ ∆ ¤µ¸É ÉµÎ´µ ³ ²µ, Éµ Ë¨§¨Î¥¸±¨ F̃ (ω, t) ¨ F (ω, t)
´¥· §²¨Î¨³Ò. 	µ²¥¥ Éµ£µ, ¸É·µ£µ £µ¢µ·Ö, F (ω, t) Ö¢²Ö¥É¸Ö µ¡µ¡Ðe´´µ° ËÊ´±-
Í¨¥° ¨ ·¥ ²Ó´µ ³µ¦´µ ¨§³¥·¨ÉÓ Éµ²Ó±µ F̃ (ω, t). …¸²¨ Ã (ω, t) = 0, Éµ
A (ω′, t) = 0 ∀ω′ ∈ (ω, ω + ∆). ‘µ£² ¸´µ Ê¸²µ¢¨Õ (2.22), Éµ£¤  ¨ F (ω′, t) =
0 ∀ω′ ∈ (ω, ω + ∆). �µ ¨§¢¥¸É´µ³Ê ¸¢µ°¸É¢Ê  ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨° ÔÉµ
µ§´ Î ¥É, ÎÉµ F (ω, t) ≡ 0.

Š ± ¨ · ´ÓÏ¥, ¶µ¤ F (ω, t) ¡Ê¤¥³ ¶µ¤· §Ê³¥¢ ÉÓ ËÊ´±Í¨Õ F (ω, t) −
F (0, t). ‘µ£² ¸´µ Ê¸²µ¢¨Õ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨ (2.2)

F (ω, t) = ω2 f (ω, t) (2.25)

¨, ¸µ£² ¸´µ ¸± § ´´µ³Ê ¢ÒÏ¥, f (ω, t) ´¥ ¨³¥¥É ´Ê²¥°. �µ± ¦¥³, ÎÉµ
ln f (ω, t) µ¡² ¤ ¥É É¥³¨ ¦¥ ¸¢µ°¸É¢ ³¨ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¨ ±·µ¸¸¨´£-¸¨³-
³¥É·¨¨, ÎÉµ ¨ F (ω, t). ‘¶· ¢¥¤²¨¢µ¸ÉÓ Ê¸²µ¢¨Ö ±·µ¸¸¨´£-¸¨³³¥É·¨¨ µÎ¥-
¢¨¤´ . „²Ö ¶·µ¢¥·±¨ Ê¸²µ¢¨Ö ¤¥°¸É¢¨É¥²Ó´µ¸É¨ § ³¥É¨³, ÎÉµ ³Ò · ¸¸³ É·¨-
¢ ¥³ É ±¨¥ t, ÎÉµ A (ω, t) ≥ 0. ‚ É ±µ³ ¸²ÊÎ ¥ δ (ω, t) Å Ë §  ËÊ´±Í¨¨
f (ω, t) Å Ê¤µ¢²¥É¢µ·Ö¥É ¤¢µ°´µ³Ê ´¥· ¢¥´¸É¢Ê:

0 ≤ δ (ω, t) ≤ π. (2.26)

�µ± ¦¥³, ÎÉµ δ (ω0, t) = 0. „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ f (ω0, t) > 0.
„¥°¸É¢¨É¥²Ó´µ, f (ω, t) → 0 ¶·¨ ω → ∞ ¨, ¸²¥¤µ¢ É¥²Ó´µ, Ê¤µ¢²¥É¢µ·Ö¥É „‘
¡¥§ ¢ÒÎ¨É ´¨°. �µ Éµ£¤ 

f (0, t) =
2
π

∞∫
ω0

Im f (ω′, t) dω′

ω′ > 0.

‘²¥¤µ¢ É¥²Ó´µ, f (ω0, t) > 0, ¶µ¸±µ²Ó±Ê Ê f (ω, t) ´¥É ´Ê²¥°. ’·¥¡Ê¥³µ¥ Ê¸²µ-
¢¨¥

δ (ω − ε, t) = − δ (ω + ε, t) (2.27)

¸²¥¤Ê¥É ¨§ Ê¸²µ¢¨Ö (2.1) ¨ ´¥¶·¥·Ò¢´µ¸É¨ δ (ω, t) ¢ µ±·¥¸É´µ¸É¨ ÉµÎ±¨ ω0. ‚
·¥§Ê²ÓÉ É¥ „‘ ¤²Ö ln f (ω, t) ¨³¥ÕÉ ÉµÉ ¦¥ ¢¨¤, ÎÉµ ¨ ¤²Ö F (ω, t), É.¥.

ln
f (ω, t)
f (0, t)

=
2 ω2

π

∞∫
ω0

δ (ω′, t) dω′

ω′ (ω′2 − ω2)
. (2.28)

�´ ²µ£¨Î´Ò³ µ¡· §µ³ ³µ¦´µ ´ ¶¨¸ ÉÓ ¨ �„‘ ¤²Ö ln f (ω, t):

ln f (ω, t) =
2
√

ω2 − ω0
2

i π

∞∫
ω0

ω′ ln |f (ω′, t)| dω′√
ω′2 − ω0

2 (ω′2 − ω2)
. (2.29)
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�·¨· ¢´¨¢ Ö ¢Ò· ¦¥´¨Ö (2.28) ¨ (2.29) ¢ ³´¨³µ° ÉµÎ±¥ i ω ¨ ¶µ´¨³ Ö ¶µ¤

f (ω, t) ËÊ´±Í¨Õ
f (ω, t)
f (0, t)

, ¶·¨¤e³ ± ¸µµÉ´µÏ¥´¨Õ,  ´ ²µ£¨Î´µ³Ê (2.19′) ¤²Ö

F (ω, t) (ω 	 ω0):

−ω

∞∫
ω0

δ (ω′, t) dω′

ω′ (ω′2 + ω2)
=

∞∫
ω0

ω′ ln |f (ω′, t)| dω′√
ω′2 − ω0

2 (ω′2 + ω2)
. (2.30)

�´ ²µ£¨Î´µ¥ ¸µµÉ´µÏ¥´¨¥ ³µ¦¥É ¡ÒÉÓ ´ ¶¨¸ ´µ ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ ¤²Ö
F (ω, t), ÉµÎ´¥¥, ¤²Ö ËÊ´±Í¨¨ F (ω, t) − F (ω0, t) − ε, ±µÉµ· Ö ´¥ ¨³¥¥É ´Ê-
²¥° (¤µ± § É¥²Ó¸É¢µ ¸³. ¢ ¶·¨²µ¦¥´¨¨ A). �¥µ¡Ìµ¤¨³µ Éµ²Ó±µ ÊÎ¥¸ÉÓ, ÎÉµ
¶µ¸±µ²Ó±Ê F (ω0, t) < 0, Éµ

δ (ω − i ε) = − δ (ω + i ε) + 2 π. (2.31)

� ¢¥´¸É¢µ (2.31) ²¥£±µ ¢Ò¢µ¤¨É¸Ö ¸ ¶µ³µÐÓÕ É¥Ì ¦¥ · ¸¸Ê¦¤¥´¨°, ÎÉµ ¨
(2.26). ‚ ·¥§Ê²ÓÉ É¥ (2.30) § ³¥´Ö¥É¸Ö ´ 

−ω

∞∫
ω0

δ̃ (ω′, t) dω′

ω′ (ω′2 + ω2)
=

∞∫
ω0

ω′ ln |F (ω′, t)| dω′√
ω′2 − ω0

2 (ω′2 + ω2)
, (2.30′)

£¤¥ δ̃ (ω, t) = δ (ω, t) − π. � §Ê³¥¥É¸Ö, δ (ω, t) Å Ë §  ËÊ´±Í¨¨ F (ω, t) Å
Ê¤µ¢²¥É¢µ·Ö¥É ¤¢µ°´µ³Ê ´¥· ¢¥´¸É¢Ê (2.26).

”¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¨§ ¸µµÉ´µÏ¥´¨Ö (2.30′) ¡Ê¤ÊÉ · ¸¸³µÉ·¥´Ò ¢ · §¤. 4.
„·Ê£µ° ¸¨³³¥É·¨Î´µ° ±µ³¡¨´ Í¨¥°  ³¶²¨ÉÊ¤, ±µÉµ·ÊÕ Ê¤µ¡´µ ¨¸¸²¥-

¤µ¢ ÉÓ ¸ ¶µ³µÐÓÕ ‹„‘, Ö¢²Ö¥É¸Ö Φ (ω, t) ≡ F+ (ω, t)F− (ω, t). ”Ê´±Í¨¨
F± (ω, t) ³µ£ÊÉ ¨³¥ÉÓ ± ± µ¤¨´ ´µ²Ó ¢ µ¡² ¸É¨  ´ ²¨É¨Î´µ¸É¨, ¥¸²¨ F± (ω0, t)
¨³¥ÕÉ · §´Ò¥ §´ ±¨, É ± ¨ ¤¢ , ¥¸²¨ F± (ω0, t) > 0. …¸²¨ ¦¥ F± (ω0, t) < 0,
Éµ Ê F± (ω, t) ´¥É ´Ê²¥° (¤µ± § É¥²Ó¸É¢  ÔÉ¨Ì ÊÉ¢¥·¦¤¥´¨° ¸³. ¢ ¶·¨²µ¦¥´¨¨
A). �·¨ ¨¸¸²¥¤µ¢ ´¨¨ ËÊ´±Í¨° F+ (ω, t)F− (ω, t) Ê¤µ¡´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ ´Ê²¥°,
¶¥·¥Ìµ¤Ö ± ËÊ´±Í¨Ö³ F± (ω, t) − F± (ω0, t) − ε. �¨¦¥ ¶µ¤ F± (ω, t) ¶µ¤· §Ê-
³¥¢ ÕÉ¸Ö ¨³¥´´µ ÔÉ¨ ËÊ´±Í¨¨. �µ¤Î¥·±´e³, ÎÉµ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ µ´¨
¶· ±É¨Î¥¸±¨ ´¥ µÉ²¨Î ÕÉ¸Ö µÉ F± (ω, t).

„¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö ln Φ (ω, t) ¨³¥ÕÉ ÉµÉ ¦¥ ¢¨¤, ÎÉµ ¨
(2.28), Éµ²Ó±µ ´¥µ¡Ìµ¤¨³µ ÊÎ¥¸ÉÓ, ÎÉµ ¶µ¸±µ²Ó±Ê F± (ω0, t) < 0, Éµ

δ+ (ω − i ε) = − δ+ (ω + i ε) + 4 π; δ+ (ω, t) = δ+ (ω, t) + δ− (ω, t). (2.31′)

‘²¥¤µ¢ É¥²Ó´µ, ¶µ²ÊÎ ¥³

ln
Φ (ω, t)
Φ (0, t)

=
2 ω2

π

∞∫
ω0

δ̃+ (ω, t) dω′

ω′ (ω′2 − ω2)
; δ̃+ (ω, t) = δ+ (ω, t) + δ− (ω, t) − 2 π.

(2.32)
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� ¸¸³ É·¨¢ Ö ËÊ´±Í¨Õ
F+ (ω, t)
F− (ω, t)

, ¶·¨Ìµ¤¨³ ± ¸µµÉ´µÏ¥´¨Õ

ln
F+ (ω, t)
F− (ω, t)

=
2 ω

π

∞∫
ω0

δ− (ω′, t)
ω′2 − ω2

dω′; δ− (ω, t) = δ+ (ω, t)− δ− (ω, t). (2.33)

� ·Ö¤Ê ¸ „‘ ¤²Ö ËÊ´±Í¨¨ ln
F+ (ω, t)
F− (ω, t)

¸¶· ¢¥¤²¨¢Ò ¨ �„‘, ±µÉµ·Ò¥ ¨³¥ÕÉ

¢¨¤,  ´ ²µ£¨Î´Ò° (2.17):

ln
F+ (ω, t)
F− (ω, t)

=
2 ω

√
ω2 − ω0

2

i π

∞∫
ω0

∣∣∣∣F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2(ω′2 − ω2)
. (2.34)

�É³¥É¨³, ÎÉµ ¶µ¸±µ²Ó±Ê A± (ω, t) > 0, Éµ δ± (ω, t) Ê¤µ¢²¥É¢µ·ÖÕÉ µ£· -
´¨Î¥´¨Õ,  ´ ²µ£¨Î´µ³Ê (2.26), É.¥.

0 ≤ δ± (ω, t) ≤ π. (2.35)

Š ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, ¨§ ÔÉµ£µ, µ¡Ê¸²µ¢²¥´´µ£µ Éµ²Ó±µ Ê´¨É ·´µ¸ÉÓÕ
Ê¸²µ¢¨Ö ¸²¥¤Ê¥É, ÎÉµ |F+ (ω, t)/F− (ω, t)| → 1 ¶·¨ ω → ∞. �µ¸±µ²Ó±Ê ¢
´ Ï¥³ µ¡§µ·¥ ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìµ¤ ¶µ¤· §Ê³¥¢ ¥É, ÎÉµ ω → ∞, ´¨¦¥ ³Ò, ± ±
¶· ¢¨²µ, ¡Ê¤¥³ µ¶Ê¸± ÉÓ ÔÉµ Ê¸²µ¢¨¥.

2.3. �Ò¸É·µ ¨ ³¥¤²¥´´µ ¸Ìµ¤ÖÐ¨¥¸Ö ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö. –¥²ÓÕ
ÔÉµ£µ ¶Ê´±É  ¡Ê¤¥É ¢Ò¢µ¤ ·Ö¤  ¸µµÉ´µÏ¥´¨°, ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ¶µ²¥§´Ò ¶·¨
¨¸¸²¥¤µ¢ ´¨¨  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö. �¡Ð¨³ ¤²Ö ÔÉ¨Ì ¸µµÉ´µÏ¥´¨° Ö¢²Ö¥É¸Ö
Éµ, ÎÉµ µ´¨ ¸µ¤¥·¦ É ¨´É¥£· ²Ò µÉ R (ω, t).

� Î´e³ ¸ ¸µµÉ´µÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¥£µ ¡Ò¸É·µ ¸Ìµ¤ÖÐ¨¥¸Ö ¨´É¥£· ²Ò µÉ
·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. ‘³Ò¸² É ±µ£µ ·µ¤  ·¥-
§Ê²ÓÉ Éµ¢ ¶·µ§· Î¥´. �´¨, ¢ ¶·¨´Í¨¶¥, É.¥. ¶·¨ ´ ²¨Î¨¨ ¤µ¸É ÉµÎ´µ Ìµ·µÏ¨Ì
¨§³¥·¥´¨° R (ω, t), ¤ ÕÉ ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ -
¥³Ò¥ ¸²¥¤¸É¢¨Ö  ´ ²¨É¨Î´µ¸É¨, ¢ ³¨´¨³ ²Ó´µ° ¸É¥¶¥´¨ § ¢¨¸ÖÐ¨¥ µÉ  ¸¨³-
¶ÉµÉ¨Î¥¸±µ£µ ¶µ¢¥¤¥´¨Ö F (ω, t).

�£· ´¨Î¨³¸Ö · ¸¸³µÉ·¥´¨¥³ ¸¨³³¥É·¨Î´µ£µ ¸²ÊÎ Ö ¨ ¶¥·¥°¤e³ ± ¶¥·¥-
³¥´´µ° z = ω2 (¸³. (2.6) ¨ (2.7)). �µ¸ÉÊ¶¨³ É ± ¦¥, ± ± ¨ ¶·¨ ¢Ò¢µ¤¥ ¶· ¢¨² 
¸Ê³³ (2.9), ´µ ¢Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ ρ (z, t) ËÊ´±Í¨Õ

ρ (z, t) = exp
[ (

−z

z̃

)α

exp (− iπα)
]
; 0 < α <

1
2
.

“Î¨ÉÒ¢ Ö, ÎÉµ ρ (z, t) ∈ � ¶·¨ z < 0 ¨ ÎÉµ ρ (z, t)zn → 0 ¶·¨ |z| → ∞,
Im z > 0, ¶µ²ÊÎ¨³ ¨¸±µ³µ¥ ¸µµÉ´µÏ¥´¨¥:

∞∫
ω0

A (z, t)Re ρ (z, t) d z = −
∞∫

ω0

R (z, t) Imρ (z, t) d z. (2.36)
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�µ¸±µ²Ó±Ê |ρ (z, t)| ∼ exp
[(

− z

z̃

)α

cos π α
]
, ¨´É¥£· ²Ò ¢ µ¡¥¨Ì Î ¸ÉÖÌ · -

¢¥´¸É¢  (2.36) ¡Ò¸É·µ ¸Ìµ¤ÖÉ¸Ö.
� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶·Ö³µ ¶·µÉ¨¢µ¶µ²µ¦´ÊÕ § ¤ ÎÊ: ´ °É¨ ¸µµÉ´µÏ¥´¨Ö,

±µÉµ·Ò¥ ¸¨²Ó´¥¥ § ¢¨¸ÖÉ µÉ  ¸¨³¶ÉµÉ¨±¨, Î¥³ „‘, ¨ ±µÉµ·Ò¥, ¸²¥¤µ¢ É¥²Ó´µ,
³µ£ÊÉ ¡ÒÉÓ Ê¤µ¡´Ò³ ¨¸ÉµÎ´¨±µ³ ¨´Ëµ·³ Í¨¨ µ ¶µ¢¥¤¥´¨¨ F (ω, t) ¨, ¢ Î ¸É-
´µ¸É¨, ¶µ²´ÒÌ ¸¥Î¥´¨° σ± (ω) ¶·¨ É¥Ì Ô´¥·£¨ÖÌ, ±µÉµ·Ò¥ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö
´¥¤µ¸ÉÊ¶´Ò Ô±¸¶¥·¨³¥´ÉÊ. ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ µ¡ÒÎ´µ µ¤´  ¨§ ¸¢Ö§ ´-
´ÒÌ Ê¸²µ¢¨¥³ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨  ³¶²¨ÉÊ¤ ¨§¢¥¸É´  ¶·¨ ¡µ²¥¥ ¢Ò¸µ-
±¨Ì Ô´¥·£¨ÖÌ, Î¥³ ¤·Ê£ Ö. �µÔÉµ³Ê §¤¥¸Ó ³Ò · ¸¸³µÉ·¨³ ´¥ ¸¨³³¥É·¨Î´ÊÕ
 ³¶²¨ÉÊ¤Ê,   ¸ ³¨  ³¶²¨ÉÊ¤Ò F± (ω, t). �¸´µ¢´µ° ¨´É¥·¥¸ ÔÉ¨ ¸µµÉ´µÏ¥´¨Ö
¶·¥¤¸É ¢²ÖÕÉ, · §Ê³¥¥É¸Ö, ¶·¨ t = 0.

�Ê¸ÉÓ F± (ω, t) ¨§³¥·¥´Ò ¢¶²µÉÓ ¤µ Ô´¥·£¨° ω± ¸µµÉ¢¥É¸É¢¥´´µ,   ³Ò Ìµ-
É¨³ ¶µ²ÊÎ¨ÉÓ ¨´Ëµ·³ Í¨Õ µ¡ ¨Ì ¶µ¢¥¤¥´¨¨ ¶·¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ. „²Ö
ÔÉµ£µ ´ °¤e³ ¸µµÉ´µÏ¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ ³¥¤²¥´´µ ¸Ìµ¤ÖÐ¨¥¸Ö ¨´É¥£· ²Ò µÉ
F± (ω, t).

� ¸¸³µÉ·¨³ Im
∫

C

F+ (ω′, t) dω′

ω′2+α , £¤¥ ±µ´ÉÊ· C ¸µ¸Éµ¨É ¨§ ¨´É¥·¢ ²µ¢

(−∞,−ω1), (ω1,∞), ¶µ²Êµ±·Ê¦´µ¸É¨ · ¤¨Ê¸  ω1 ¸ Í¥´É·µ³ ¢ ´ Î ²¥ ±µµ·-
¤¨´ É (ω0 < ω1 < ω±) ¨ ¡¥¸±µ´¥Î´µ° ¶µ²Êµ±·Ê¦´µ¸É¨, ¨´É¥£· ² ¶µ ±µÉµ·µ°,
¸µ£² ¸´µ ´¥· ¢¥´¸É¢Ê ”·Ê ¸¸ · ÄŒ ·É¥´  (¸³. ´¨¦¥ (5.1)), · ¢¥´ ´Ê²Õ.

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¸µµÉ´µÏ¥´¨Ö³¨ (2.3) ¨ É¥µ·¥³µ° ŠµÏ¨, ¶µ²ÊÎ¨³ · -
¢¥´¸É¢µ

∞∫
ω1

A+ (ω′, t) dω′

ω′2+α =

∞∫
ω1

A− (ω′, t) cos π α + R− (ω′, t) sin π α

ω′2+α dω′+

+ Re

π∫
0

F+

(
ω1 ei ϕ, t

)
dϕ

(ω1 ei ϕ)1+α . (2.37)

�µ¸²¥¤´¨° ¨´É¥£· ² ¸ ¶µ³µÐÓÕ „‘ (2.5) ³µ¦¥É ¡ÒÉÓ ¸¢¥¤e´ ± ¤µ¸É ÉµÎ´µ
¡Ò¸É·µ ¸Ìµ¤ÖÐ¥³Ê¸Ö ¨´É¥£· ²Ê µÉ A± (ω, t). ‘µµÉ´µÏ¥´¨¥ (2.37) ³µ¦¥É ¡ÒÉÓ
¶µ²¥§´Ò³ ¨´¸É·Ê³¥´Éµ³ ¤²Ö Éµ£µ, ÎÉµ¡Ò ®Ê¢¨¤¥ÉÓ¯, ± ± ¢¥¤ÊÉ ¸¥¡Ö (¥¸É¥-
¸É¢¥´´µ, ¢ ¸·¥¤´¥³) ¶µ²´Ò¥ ¸¥Î¥´¨Ö ¶·¨ Ô´¥·£¨ÖÌ, ´¥¤µ¸ÉÊ¶´ÒÌ ¸µ¢·¥³¥´-
´Ò³ Ê¸±µ·¨É¥²Ö³. �É³¥É¨³, ÎÉµ É ±¨¥ ¸µµÉ´µÏ¥´¨Ö ¤¥³µ´¸É·¨·ÊÕÉ ¢ ¦´µ¸ÉÓ
¨§³¥·¥´¨Ö ·¥ ²Ó´µ° Î ¸É¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö.

2.4. Š¢ §¨¤¨¸¶¥·¸¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¨ ¶· ±É¨Î¥¸± Ö  ´ ²¨É¨Î´µ¸ÉÓ.
Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó,  ´ ²¨É¨Î´µ¸ÉÓ F± (ω, t) ¤µ± § ´  ´¥ ¤²Ö ¢¸¥Ì t ¨ ´¥
¤²Ö ¢¸¥Ì ¶·µÍ¥¸¸µ¢. ‚ ¦´Ò³ ¶·¨³¥·µ³ Ö¢²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤Ò Ê¶·Ê£µ£µ p p- ¨
p p̄-· ¸¸¥Ö´¨Ö. �·¨Î¨´  µÉ¸ÊÉ¸É¢¨Ö µ¡ÒÎ´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ê ÔÉ¨Ì
 ³¶²¨ÉÊ¤ (¤ ¦¥ ¶·¨ t = 0) ¸¢Ö§ ´  ¸ É¥³, ÎÉµ ¢ Éµ ¢·¥³Ö ± ± Ë¨§¨Î¥¸± Ö
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µ¡² ¸ÉÓ p p̄-· ¸¸¥Ö´¨Ö ´ Î¨´ ¥É¸Ö ¸ s1 = 4 M2, · §·¥§ ¢ s-¶²µ¸±µ¸É¨ ´ Î¨´ -
¥É¸Ö ¸ s0 = 4 m2 (¢¸²¥¤¸É¢¨¥ ¢¨·ÉÊ ²Ó´µ°  ´´¨£¨²ÖÍ¨¨). „²Ö É ±¨Ì  ³¶²¨ÉÊ¤
¤µ± § ´µ [28, 29] ¡µ²¥¥ ¸² ¡µ¥ Ê¸²µ¢¨¥  ´ ²¨É¨Î´µ¸É¨,   ¨³¥´´µ: F (ω, t)
 ´ ²¨É¨Î´  ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨ ¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ ¶µ²Ê±·Ê£  ´¥±µ-
Éµ·µ£µ · ¤¨Ê¸  ω1 ¸ Í¥´É·µ³ ¢ ω = 0.

‚ ¤ ´´µ³ ¸²ÊÎ ¥ ¥¸É¥¸É¢¥´´µ · ¡µÉ ÉÓ ´¥¶µ¸·¥¤¸É¢¥´´µ ¢ ¶¥·¥³¥´´ÒÌ
s, t, u. ŒÒ ¦¥ ¸µÌ· ´Ö¥³ µ¡µ§´ Î¥´¨¥ ω ¤²Ö Ê¤µ¡¸É¢  ¸· ¢´¥´¨Ö ±¢ §¨¤¨¸¶¥·-
¸¨µ´´ÒÌ ¨ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨°.

—Éµ¡Ò ¶µ²ÊÎ¨ÉÓ ¸µµÉ´µÏ¥´¨Ö,  ´ ²µ£¨Î´Ò¥ ¨¸¸²¥¤µ¢ ´´Ò³ · ´¥¥, · ¸-
¸³µÉ·¨³ ∫

C

F (ω′, t) dω′

ω′2 (ω′ + i ω)
= 0, ω > 0, (2.38)

£¤¥ C Å ±µ´ÉÊ· ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨, ¸µ¸ÉµÖÐ¨° ¨§ µÉ·¥§±µ¢ (−∞,−ω1),
(ω1,∞) ¨ ¶µ²Ê±·Ê£µ¢ ¸ Í¥´É·µ³ ¢ ´ Î ²¥ ±µµ·¤¨´ É c · ¤¨Ê¸ ³¨ ω1 ¨ ∞.

�·µ¸ÉÒ¥ ¢ÒÎ¨¸²¥´¨Ö ¶·¨¢µ¤ÖÉ ± · ¢¥´¸É¢Ê,  ´ ²µ£¨Î´µ³Ê (2.19):

∞∫
ω1

A (ω′, t) dω′

ω′ (ω′2 + ω2)
= ω

∞∫
ω1

R (ω′, t) dω′

ω′2 (ω′2 + ω2)
+Re

π∫
0

F
(
ω1 ei ϕ, t

)
dϕ

ω1 ei ϕ (ω1 ei ϕ + i ω)
. (2.39)

…¸²¨ ¦¥ ¸¶· ¢¥¤²¨¢Ò Ê¸²µ¢¨Ö (2.4′), Éµ É¥³ ¦¥ ¸¶µ¸µ¡µ³

(
· ¸¸³ É·¨¢ Ö

∫
C

F (ω′, t) dω′

ω′ (ω′ + i ω)

)
¶µ²ÊÎ¨³ · ¢¥´¸É¢µ,  ´ ²µ£¨Î´µ¥ (2.19′):

−ω

∞∫
ω1

A (ω′, t) dω′

ω′ (ω′2 + ω2)
=

∞∫
ω1

R (ω′, t) dω′

ω′2 + ω2
+ Im

π∫
0

F
(
ω1 ei ϕ, t

)
dϕ

ω1 ei ϕ + i ω
. (2.40)

�É³¥É¨³, ÎÉµ Ê¸²µ¢¨¥

F (−ω∗, t) = F ∗ (ω, t); Im ω > 0 (2.41)

¶µ-¶·¥¦´¥³Ê ¨³¥¥É ³¥¸Éµ, ¥¸²¨ |ω| > ω1. (‚ ¸²ÊÎ ¥ µ¡ÒÎ´ÒÌ „‘ (2.41) ¥¸ÉÓ
´¥¶µ¸·¥¤¸É¢¥´´µ¥ ¸²¥¤¸É¢¨¥ Ê¸²µ¢¨° (2.1) ¨ (2.2).) ‘ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨°
(2.39) ¨ (2.40)  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ²¥£±µ ¶¥·¥´µ¸ÖÉ¸Ö ´  ËÊ´±Í¨¨,
±µÉµ·Ò¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ±¢ §¨¤¨¸¶¥·¸¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³.

Š·µ³¥ Éµ£µ, ³µ¦´µ ¶µ¸É·µ¨ÉÓ ËÊ´±Í¨¨, ¸±µ²Ó Ê£µ¤´µ ÉµÎ´µ  ¶¶·µ±¸¨-
³¨·ÊÕÐ¨¥  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¶·¨ Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ ¨  ´ ²¨É¨Î¥¸±¨¥
¢¸Õ¤Ê ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨ [112]. ˆ¤¥Ö ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò ¶µ¤µ¡´µ
Éµ³Ê, ± ± ÔÉµ ¤¥² ¥É¸Ö ¤²Ö ¤µ± § É¥²Ó¸É¢  „‘ ¢¶¥·e¤ (¸³. [113], § 57), § ³¥´¨ÉÓ
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¢ ·¥¤Ê±Í¨µ´´ÒÌ Ëµ·³Ê² Ì F ret (x) ´  F ret
ε (x) = exp (−ε |x|2)F ret (x). �µ-

¸É·µ¥´´ Ö ¢ ·¥§Ê²ÓÉ É¥ É ±µ° § ³¥´Ò ·¥£Ê²Ö·¨§µ¢ ´´ Ö  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö
¡Ê¤¥É µ¡² ¤ ÉÓ É·¥¡Ê¥³Ò³¨  ´ ²¨É¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨, ´µ ¸´ÖÉ¨¥ ·¥£Ê²Ö-
·¨§ Í¨¨ ¢µ§³µ¦´µ Éµ²Ó±µ ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  Ê  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ´¥É
´¥Ë¨§¨Î¥¸±µ° µ¡² ¸É¨. �¤´ ±µ µÎ¥¢¨¤´µ, ÎÉµ, ¶µ ±· °´¥° ³¥·¥ ¤²Ö ²Õ¡µ°
±µ´¥Î´µ° Ë¨§¨Î¥¸±µ° µ¡² ¸É¨ Ô´¥·£¨°, ·¥£Ê²Ö·¨§µ¢ ´´ Ö  ³¶²¨ÉÊ¤  ¡²¨§±  ±
¨¸É¨´´µ°, ¥¸²¨ ε ¤µ¸É ÉµÎ´µ ³ ²µ. („µ± § É¥²Ó¸É¢µ ¢µ§³µ¦´µ¸É¨ · ¢´µ³¥·-
´µ° ¨ ¸±µ²Ó Ê£µ¤´µ ÉµÎ´µ°  ¶¶·µ±¸¨³ Í¨¨  ³¶²¨ÉÊ¤Ò ¢ Ë¨§¨Î¥¸±µ° µ¡² ¸É¨
¸³. ¢ [112].)

’ ±¨³ µ¡· §µ³, § ³¥´¨¢ ÉµÎ´ÊÕ  ³¶²¨ÉÊ¤Ê ¥e ·¥£Ê²Ö·¨§µ¢ ´´µ°  ¶¶·µ±-
¸¨³ Í¨¥°, ³Ò ³µ¦¥³ É¥¶¥·Ó ¢Ò¡· ÉÓ ω1 É ±, ÎÉµ¡Ò ¨´É¥·¢ ²Ò (ω1,∞) ¨
(−∞,−ω1) ¡Ò²¨ ¨´É¥·¢ ² ³¨ Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨° ¢ s- ¨ u-± ´ ² Ì ¸µµÉ¢¥É-
¸É¢¥´´µ.

�É³¥É¨³, ÎÉµ ¶·¨ ω 	 ω1 ¶µ¸²¥¤´¨° ¨´É¥£· ² ¢ (2.39) ¸¢µ¤¨É¸Ö ±
C (ω1, t)

ω
, £¤¥

C (ω1, t) = Im

π∫
0

F
(
ω1 ei ϕ, t

)
dϕ

ω1 ei ϕ
.

C (ω1, t) ³µ¦´µ µÍ¥´¨ÉÓ, ¨¸¶µ²Ó§ÊÖ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¨  ´ ²¨É¨Î¥-
¸±¨¥ ¸¢µ°¸É¢  F (ω, t).

’ ±¨³ µ¡· §µ³, ¶·¨ ¢Ò¸µ±¨Ì, ´µ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ, ¢¸e µÉ²¨Î¨¥ µÉ
π p-· ¸¸¥Ö´¨Ö, ´ ¶·¨³¥·, p p-· ¸¸¥Ö´¨Ö, ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ, ¶µ ¸ÊÐ¥¸É¢Ê,
C (ω1, t) ¨£· ¥É ·µ²Ó F (0, t) ¢ „‘.

3. ‘‚Ÿ‡œ �…�‹œ��‰ ˆ Œ�ˆŒ�‰ —�‘’…‰ ‘ˆŒŒ…’�ˆ—��‰ ˆ
��’ˆ‘ˆŒŒ…’�ˆ—��‰ �Œ�‹ˆ’“„ “��“ƒ�ƒ� ��‘‘…Ÿ�ˆŸ

�¥·¥°¤e³ É¥¶¥·Ó ± Ë¨§¨Î¥¸±¨³ ¸²¥¤¸É¢¨Ö³  ´ ²¨É¨Î´µ¸É¨  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö ¶µ Ô´¥·£¨¨.

Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó,  ´ ²¨É¨Î´µ¸ÉÓ µ§´ Î ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ É¥¸´µ° ¸¢Ö§¨
³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ·¥ ²Ó´µ° ¨ ³´¨³µ° Î ¸É¥° ± ± ¸¨³³¥É·¨Î´µ°, É ± ¨  ´É¨-
¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò. “¤µ¡´Ò° ¸¶µ¸µ¡ ¨¸¸²¥¤µ¢ ´¨Ö ÔÉµ° ¸¢Ö§¨ ¸µ¸Éµ¨É
¢ ¨¸¶µ²Ó§µ¢ ´¨¨ ¨´É¥£· ²Ó´ÒÌ ¸µµÉ´µÏ¥´¨° (2.19) ¨ (2.19′).

�É³¥É¨³, ÎÉµ ¸µµÉ´µÏ¥´¨Ö (2.19) ¨ (2.19′) Å ¸²¥¤¸É¢¨Ö Éµ²Ó±µ  ´ ²¨-
É¨Î´µ¸É¨, ±·µ¸¸¨´£-¸¨³³¥É·¨¨ ¨ µ£· ´¨Î¥´¨° ´  ·µ¸É  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö
(¸³. (2.4) ¨ (2.4′)). “´¨É ·´µ¸ÉÓ ¢ Ö¢´µ³ ¢¨¤¥ ´¥ ¨¸¶µ²Ó§Ê¥É¸Ö.

‚µ§³µ¦´µ¸ÉÓ ¥¤¨´µ£µ µ¶¨¸ ´¨Ö ¸¨³³¥É·¨Î´µ° ¨  ´É¨¸¨³³¥É·¨Î´µ°  ³-
¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ¸¢Ö§ ´  ¸ É¥³, ÎÉµ ¶·¨ ω 	 ω0 Fa (ω, t) ³µ¦¥É ¡ÒÉÓ

§ ¶¨¸ ´  ¢ ¢¨¤¥ Fa (ω, t) =
i ω√

ω2 − ω0
2

Fs (ω, t). �µ¤Î¥·±´e³, ÎÉµ §¤¥¸Ó
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Fs (ω, t) Å ¶·µ¨§¢µ²Ó´ Ö ±·µ¸¸¨´£-¸¨³³¥É·¨Î´ Ö ËÊ´±Í¨Ö, É.¥. Im Fs (ω, t)
³µ¦¥É ¨³¥ÉÓ ²Õ¡µ° §´ ±.

�·¥¦¤¥ ¢¸¥£µ ¶·µ¤¥³µ´¸É·¨·Ê¥³, ÎÉµ ¨§¢¥¸É´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ·¥§Ê²Ó-
É ÉÒ, ¢ Î ¸É´µ¸É¨, É¥µ·¥³  �µ³¥· ´ÎÊ±  ¤²Ö ¶µ²´ÒÌ ¸¥Î¥´¨° (¢ ¥e ´ ¨¡µ-
²¥¥ µ¡Ð¥° Ëµ·³Ê²¨·µ¢±¥), ²¥£±µ ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¨§  ´ ²¨§  · ¢¥´¸É¢ 
(2.19). ’µÎ´¥¥, ¡Ê¤ÊÉ ´ °¤¥´Ò ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨¥  ´ ²µ£¨ ÔÉ¨Ì ±² ¸¸¨-
Î¥¸±¨Ì ·¥§Ê²ÓÉ Éµ¢, ¨§ ±µÉµ·ÒÌ ¶µ¸²¥¤´¨¥ ¸²¥¤ÊÕÉ, ±µ£¤  ω → ∞.

�·¥¤¶µ²µ¦¨³, ÎÉµ

ϕ1 (ω, t) < C (ln ω)γ , ω > ω̃; γ > 0, (3.1)

¨ ¤µ± ¦¥³, ÎÉµ Éµ£¤ 

ϕ2 (ω, t) < C′ (ln ω)γ−1, C′ =
π

2
γ C, ω 	 ω̃. (3.2)

� §Ê³¥¥É¸Ö, ¥¸²¨ t ≤ 0, Éµ, ¸µ£² ¸´µ ´¥· ¢¥´¸É¢Ê ”·Ê ¸¸ · ÄŒ ·É¥´  (6.1),
γ ≤ 2. “¸²µ¢¨¥ ω 	 ω̃ ¡Ê¤¥É · ¸Ï¨Ë·µ¢ ´µ ´¨¦¥. —Éµ¡Ò ´¥ Ê¸²µ¦´ÖÉÓ Ëµ·-
³Ê²Ò, ³Ò ¶¨Ï¥³ ¨Ì É ±, ¸²µ¢´µ ω ¡¥§· §³¥·´ , ÔÉµ£µ ¢¸¥£¤  ³µ¦´µ ¤µ¡¨ÉÓ¸Ö,
¶µ²µ¦¨¢, ´ ¶·¨³¥·, m2

π = 1.
‘¤¥² ¥³ ¤¢  § ³¥Î ´¨Ö.
1. …¸²¨ ´ ¸ ¨´É¥·¥¸ÊÕÉ ¸µµÉ´µÏ¥´¨Ö ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ° µ¡² ¸É¨, Éµ

³µ¦´µ ¢§ÖÉÓ ω̃ ¶·µ¨§¢µ²Ó´µ ¡µ²ÓÏµ°, ÎÉµ ´¥³¥¤²¥´´µ ¤ ¸É ¢µ§³µ¦´µ¸ÉÓ ¶·¨-
³¥´¨ÉÓ · ¸¸³ É·¨¢ ¥³Ò° ³¥Éµ¤ ±  ³¶²¨ÉÊ¤ ³,  ´ ²¨É¨Î´Ò³ ¢ ¢¥·Ì´¥° ¶µ-
²Ê¶²µ¸±µ¸É¨ Éµ²Ó±µ ¢´¥ ¶µ²Ê±·Ê£  ¸ ´¥±µÉµ·Ò³ · ¤¨Ê¸µ³ ω1.

2. �¥· ¢¥´¸É¢µ (3.2), ¸É·µ£µ £µ¢µ·Ö, ¤µ²¦´µ ¡ÒÉÓ ¸¶· ¢¥¤²¨¢µ ¤²Ö ´¥-
±µÉµ·ÒÌ ω > ω̃. …£µ ÉµÎ´Ò° ¸³Ò¸² ¢ Éµ³, ÎÉµ ¶·µÉ¨¢µ¶µ²µ¦´µ¥ ´¥· ¢¥´-
¸É¢µ ´¥ ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´µ ¶·¨ ¢¸¥Ì ω > ω̃. ‚  ¸¨³¶ÉµÉ¨±¥ ´¥· ¢¥´-
¸É¢µ (3.2) § ¢¥¤µ³µ ¢Ò¶µ²´Ö¥É¸Ö ´  ´¥±µÉµ·µ° ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ Ô´¥·£¨°
ωi (ωi → ∞ ¶·¨ i → ∞).

�µ¤Î¥·±´e³, ÎÉµ ÔÉµÉ Ë ±É ¨³¥¥É ¶·¨´Í¨¶¨ ²Ó´Ò° Ì · ±É¥· ¨ ´¥ ¸¢Ö§ ´ ¸
¶·¨³¥´Ö¥³Ò³ ³¥Éµ¤µ³. �´ µ¡Ê¸²µ¢²¥´ É¥³, ÎÉµ ¸ÊÐ¥¸É¢ÊÕÉ µ¸Í¨²²¨·ÊÕÐ¨¥
¨ ¢³¥¸É¥ ¸ É¥³ Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ´¥µ¡Ìµ¤¨³Ò³ É·¥¡µ¢ ´¨Ö³ ËÊ´±Í¨¨ (¸³.
¶Ê´±É 5.2).

„²Ö ¤µ± § É¥²Ó¸É¢  ´¥· ¢¥´¸É¢  (3.2) ¤µ¸É ÉµÎ´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¶·¨
ω > ω̃

ϕ2 (ω, t) > C′ (ln ω)γ−1, (3.3)

¨ µÍ¥´¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò.
�·¥¦¤¥ ¢¸¥£µ · ¸¸³µÉ·¨³ ¢±² ¤ µ¡² ¸É¨ ω′ < ω̃ ¢ ¸µµÉ´µÏ¥´¨¥ (2.19).

…¸²¨ ω 	 ω̃, Éµ

ω̃∫
ω0

ϕ1 (ω′, t) dω′

ω′2 + ω2
∼=

C1 (ω̃, t)
ω2

, C1 (ω̃, t) =

ω̃∫
ω0

ϕ1 (ω′, t) dω′; (3.4)
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ω

ω̃∫
ω0

ϕ2 (ω′, t) dω′

ω′ (ω′2 + ω2)
∼=

C2 (ω̃, t)
ω

, C2 (ω̃, t) =

ω̃∫
ω0

ϕ2 (ω′, t) dω′

ω′ . (3.5)

Š ± ¡Ê¤¥É ¢¨¤´µ ´¨¦¥, ÔÉµÉ ¢±² ¤ ´¥¸ÊÐ¥¸É¢¥´, ¥¸²¨ ω 	 ω̃, É.¥. ¶µ¸²¥¤´¥¥
Ê¸²µ¢¨¥ ± ± · § ¨ µ§´ Î ¥É ¢µ§³µ¦´µ¸ÉÓ ¶·¥´¥¡·¥ÎÓ ¨³ ¢ ¸µµÉ´µÏ¥´¨¨ (2.19).
‡ ³¥É¨³, ÎÉµ ¨´É¥£· ²Ò ¶µ ¨´É¥·¢ ²Ê (ω0, ω̃) ³µ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ´  µ¸´µ¢¥
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

�¥·¥°¤e³ É¥¶¥·Ó ± ¨´É¥·¢ ²Ê (ω̃,∞).
ˆ§ Ê¸²µ¢¨Ö (3.1) ¸²¥¤Ê¥É, ÎÉµ

∞∫
ω̃

ϕ1 (ω′, t) dω′

ω′2 + ω2
< C

∞∫
ω̃

(ln ω′)γ dω′

ω′2 + ω2
=

π

2
C

(ln ω)γ

ω
(1 + ε1 (ω, t)) , (3.6)

£¤¥ ε1 (ω, t) → 0 ¶·¨ ω → ∞. ”µ·³Ê²  (3.6), É ± ¦¥, ± ± ¨ (3.7), ¸²¥¤Ê¥É ¨§
·¥§Ê²ÓÉ Éµ¢ · §¤. 5 (Ëµ·³Ê²Ò (5.8) ¨ (5.7)).

‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨§ (3.3) ¸²¥¤Ê¥É, ÎÉµ

ω

∞∫
ω̃

ϕ2 (ω′, t) dω′

ω′ (ω′2 + ω2)
> C′ ω

ω∫
ω̃

(ln ω′)γ−1 dω′

ω′ (ω′2 + ω2)
=

C′

ω γ
(ln ω)γ (1 + ε2 (ω, t)) ,

(3.7)
ε2 (ω, t) → 0 ¶·¨ ω → ∞.

‘¤¥² ´´µ¥ ÊÉ¢¥·¦¤¥´¨¥ ´¥¶µ¸·¥¤¸É¢¥´´µ ¢ÒÉ¥± ¥É ¨§ (3.3) ¨ (3.6).
�É³¥É¨³ µ¤´µ ¢ ¦´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ. “¸²µ¢¨¥ (3.3) ³Ò ¨¸¶µ²Ó§µ¢ ²¨

²¨ÏÓ ´  ¨´É¥·¢ ²¥ (ω̃, ω), ´  ¨´É¥·¢ ²¥ (ω,∞) ¤µ¸É ÉµÎ´µ Éµ²Ó±µ ¶·¥¤¶µ-
²µ¦¨ÉÓ, ÎÉµ ϕ2 (ω′, t) > 0. �·¨ ÔÉµ³ ¶·¥¤¶µ²µ¦¥´¨¨ ¤µ± § ´µ, ÎÉµ µ£· -
´¨Î¥´¨¥ (3.2) ¸¶· ¢¥¤²¨¢µ Ê¦¥ ´  ¨´É¥·¢ ²¥ (ω̃, ω). � §Ê³¥¥É¸Ö, ÊÎeÉ ¢¸¥Ì
Î²¥´µ¢ ³µ¦¥É ´¥¸±µ²Ó±µ ¨§³¥´¨ÉÓ ·¥§Ê²ÓÉ É. ‘ÊÐ¥¸É¢¥´´µ, µ¤´ ±µ, ÎÉµ ¶µ-
²ÊÎ¥´µ ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±µ¥ ´¥· ¢¥´¸É¢µ. �· ¢¤ , ´ Ï¥ ¨¸Ìµ¤´µ¥ Ê¸²µ¢¨¥
(3.1) ¶·¥¤¶µ²a£ ²µ¸Ó ¸¶· ¢¥¤²¨¢Ò³ ¶·¨ ¢¸¥Ì ω′ > ω̃.

�µ± ¦¥³, ÎÉµ ·¥§Ê²ÓÉ É ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ´¥ § ¢¨¸¨É µÉ ¶µ¢¥¤¥´¨Ö
ϕi (ω′, t) ¶·¨ ω′ 	 ω. ‡ ³¥É¨³, ÎÉµ ¤²Ö ·Ö¤  ¶·µÍ¥¸¸µ¢ ¸¶· ¢¥¤²¨¢Ò ±µ-
´¥Î´µÔ´¥·£¥É¨Î¥¸±¨¥  ´ ²µ£¨ µ£· ´¨Î¥´¨Ö ”·Ê ¸¸ · ÄŒ ·É¥´  (¸³. · §¤. 6).
�µ²Ó§ÊÖ¸Ó ³¥Éµ¤µ³ · ¡µÉÒ [114], ³µ¦´µ ´ °É¨ ¸É·µ£¨¥ ¢¥·Ì´¨¥ µÍ¥´±¨ ¢±² -
¤µ¢ ¢ ¸µµÉ´µÏ¥´¨¥ (2.19) µÉ ¨´É¥·¢ ²  (ω2,∞), £¤¥ ω2 	 ω. �¥¸±µ²Ó±µ
Ê¶·µÐ Ö ¸¨ÉÊ Í¨Õ, ³µ¦´µ ¸± § ÉÓ, ÎÉµ ¶·¨ ω′ > ω2

|ϕi (ω′, t) | < C̃ (ln ω′)2, (3.8)

£¤¥ C̃ Å ¨§¢¥¸É´ Ö ±µ´¸É ´É . ’µ£¤ 
∞∫

ω2

|ϕ1 (ω′, t) | dω′

ω′2 + ω2
< C̃

(ln ω2)2

ω2
, (3.9)
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∞∫
ω2

|ϕ2 (ω′, t) | dω′

ω′ (ω′2 + ω2)
< C̃

(ln ω2)2

2 ω2
2

. (3.10)

�Í¥´±¨ (3.9) ¨ (3.10) ¤¥³µ´¸É·¨·ÊÕÉ, ÎÉµ µ¡² ¸ÉÓ Ô´¥·£¨°, ¸ÊÐ¥¸É¢¥´´µ ¡µ²Ó-
Ï¨Ì, Î¥³ ω, ´¥ ¢²¨Ö¥É ´  ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

�µ± ¦¥³ É¥¶¥·Ó, ÎÉµ ¨§ ¸µµÉ´µÏ¥´¨Ö (2.19) ²¥£±µ ¢Ò¢µ¤ÖÉ¸Ö ¨§¢¥¸É´Ò¥
 ¸¨³¶ÉµÉ¨Î¥¸±¨¥ Ëµ·³Ê²Ò.

�·¥¦¤¥ ¢¸¥£µ µÉ³¥É¨³, ÎÉµ ¶·¨ t ≤ 0 ´¥· ¢¥´¸É¢µ (3.2) µ§´ Î ¥É, ÎÉµ ¨§
µ£· ´¨Î¥´¨Ö ”·Ê ¸¸ · ÄŒ ·É¥´  ¢ÒÉ¥± ÕÉ ¸²¥¤ÊÕÐ¨¥ ´¥· ¢¥´¸É¢ :

Re F (ω, t) < C ω ln ω; Im Fa (ω, t) < C ω ln ω. (3.11)

’ ±¨³ µ¡· §µ³, ¢ Éµ ¢·¥³Ö ± ± σ± (ω) ³µ£ÊÉ ¢µ§· ¸É ÉÓ ± ± (ln ω)2, ¨Ì · §-

´µ¸ÉÓ ³µ¦¥É · ¸É¨ ´¥ ¡Ò¸É·¥¥, Î¥³ ln ω. ‘²¥¤µ¢ É¥²Ó´µ, ¥¸²¨
σ+ (ω)
ln ω

→ ∞,

Éµ
σ+ (ω)
σ− (ω)

→ 1. �ÉµÉ ·¥§Ê²ÓÉ É ¸²¥¤Ê¥É ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§  ´ ²¨É¨Î´µ-

¸É¨ Fa (ω, t) ¨ µ£· ´¨Î¥´¨Ö ”·Ê ¸¸ · ÄŒ ·É¥´ . “ÎeÉ Ê´¨É ·´µ¸É¨ ¶µ§¢µ²Ö¥É
· ¸¶·µ¸É· ´¨ÉÓ ÔÉµÉ ·¥§Ê²ÓÉ É ´  ¶·µ¨§¢µ²Ó´Ò¥, ´¥µ£· ´¨Î¥´´µ · ¸ÉÊÐ¨¥ ¸¥-
Î¥´¨Ö [40, 42, 58, 59].

…¸²¨ γ < 1, Éµ ¨§ (3.2) ¸²¥¤Ê¥É, ÎÉµ ∆ σtot (ω) → 0 ¶·¨ ω → ∞. � 
¸ ³µ³ ¤¥²¥, ¸¶· ¢¥¤²¨¢µ ¡µ²¥¥ ¸¨²Ó´µ¥ ÊÉ¢¥·¦¤¥´¨¥. � ¨³¥´´µ ¤µ± ¦¥³, ÎÉµ
¥¸²¨

ϕ1 (ω, t)
ln ω

→ 0, ω → ∞, (3.12)

Éµ
ϕ2 (ω, t) → 0, ω → ∞. (3.13)

� ¶µ³´¨³, ÎÉµ Ê¸²µ¢¨¥ (3.13) ¶µ´¨³ ¥É¸Ö ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ∃ωi É ±µ¥, ÎÉµ
ϕ2 (ωi, t) → 0, ωi → ∞. „²Ö ¤µ± § É¥²Ó¸É¢  § ³¥É¨³, ÎÉµ ¥¸²¨ ϕ2 (ω, t)
µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ · §, Éµ É·¥¡Ê¥³µ¥ Ê¸²µ¢¨¥ (3.13) § ¢¥-
¤µ³µ ¢Ò¶µ²´¥´µ. ‘²¥¤µ¢ É¥²Ó´µ, µ¸É ²µ¸Ó · ¸¸³µÉ·¥ÉÓ ¸²ÊÎ °, ±µ£¤  ϕ2 (ω, t)
¨³¥¥É µ¶·¥¤¥²e´´Ò° §´ ± ¶·¨ ω → ∞. �Ê¸ÉÓ, ´ ¶·¨³¥·, ϕ2 (ω, t) > 0.

�·¥¤¶µ²µ¦¨³, ÎÉµ ¸¶· ¢¥¤²¨¢µ Ê¸²µ¢¨¥, ¶·µÉ¨¢µ¶µ²µ¦´µ¥ (3.13), É.¥. ÎÉµ
ϕ2 (ω, t) > ∆, ´ Î¨´ Ö ¸ ´¥±µÉµ·µ£µ ω = ω̃, ¶·¨ ÔÉµ³, ¸µ£² ¸´µ (3.12),
ϕ1 (ω, t) ln ω < δ, £¤¥ δ � ∆ (ω > ω̃). �¥§Ê²ÓÉ É ¸²¥¤Ê¥É ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§
µÍ¥´µ± (3.6) ¨ (3.7). ˆÉ ±, ÊÉ¢¥·¦¤¥´¨¥ ¤µ± § ´µ.

„²Ö ¸²ÊÎ Ö  ´É¨¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò µ´µ µ§´ Î ¥É, ÎÉµ ∆ σtot (ω)

→ 0, ¥¸²¨
Re Fa (ω, 0)

ω ln ω
→ 0 (É¥µ·¥³  �µ³¥· ´ÎÊ± , ¸µ¤¥·¦ Ð Ö Éµ²Ó±µ ´¥µ¡-

Ìµ¤¨³Ò¥ Ê¸²µ¢¨Ö). „¥°¸É¢¨É¥²Ó´µ, ¨§ ¶·¨¢¥¤e´´µ£µ · ¸¸³µÉ·¥´¨Ö ´¥¶µ¸·¥¤-

¸É¢¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¥¸²¨
ReFa (ω, 0)

ω ln ω
> ε0, ω → ∞, £¤¥ ε0 Å ´¥±µÉµ·µ¥
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Î¨¸²µ, Éµ Ê¸²µ¢¨¥ ∆ σtot (ω) → 0 ´¥ ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´µ, ¶µ ±· °´¥° ³¥·¥,
¤²Ö ¢¸¥Ì  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨°.

‚ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò ¶µ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É µ§´ Î ¥É, ÎÉµ
Re F (ω, t)

ω
→ 0, ¥¸²¨

Im F (ω, t)
ω ln ω

→ 0.

�É³¥É¨³, ÎÉµ ¨§ ¶·¨¢¥¤e´´µ£µ · ¸¸³µÉ·¥´¨Ö ¢¨¤´µ, ÎÉµ É¥µ·¥³  �µ³¥· ´-
ÎÊ±  Ö¢²Ö¥É¸Ö, ¶µ ¸ÊÉ¨ ¤¥² , Î ¸É´Ò³ ¸²ÊÎ ¥³ ÊÉ¢¥·¦¤¥´¨Ö: ¢¥·Ì´ÖÖ £· ´¨Í 
¤²Ö Im Fa (ω, 0), £·Ê¡µ £µ¢µ·Ö, ¢ ln ω · § ³¥´ÓÏ¥, Î¥³ ¢¥·Ì´ÖÖ £· ´¨Í  ¤²Ö
Re Fa (ω, t). �¨¦¥ ³Ò Ê¢¨¤¨³, ÎÉµ ÔÉµ ÊÉ¢¥·¦¤¥´¨¥ µ¸É eÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³
¨ ¶·¨ γ < 0 ¢ (3.1). “¸²µ¢¨¥ ∆ σ (ω) → 0 ´¥É·¨¢¨ ²Ó´µ ²¨ÏÓ ¤²Ö ¢¥¸Ó³ 
Ê§±µ£µ ¨ ´¨Î¥³ ´¥ ¢Ò¤¥²¥´´µ£µ ¸ É¥µ·¥É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ±² ¸¸   ´É¨-
¸¨³³¥É·¨Î´ÒÌ  ³¶²¨ÉÊ¤,   ¨³¥´´µ  ³¶²¨ÉÊ¤, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Ö³∣∣∣∣ Fa (ω, t)

ω

∣∣∣∣ > C;
|Fa (ω, t) |

ω ln ω
→ 0. (3.14)

�µ¸±µ²Ó±Ê Aa (ω, t)/ω → 0, ±µ£¤  Ra (ω, t)/ω ln ω → 0, Éµ ¢Éµ·µ¥ Ê¸²µ¢¨¥ ¢
(3.14) Ô±¢¨¢ ²¥´É´µ É·¥¡µ¢ ´¨Õ Ra (ω, t)/ ω ln ω → 0.

‘¢Ö§Ó ³¥¦¤Ê  ¸¨³¶ÉµÉ¨± ³¨ σ+ (ω) ¨ σ− (ω) ¥¸É¥¸É¢¥´´¥° Ì · ±É¥·¨§µ-
¢ ÉÓ µÉ´µÏ¥´¨¥³ σ− (ω)/σ+ (ω).

Š ± ¡Ê¤¥É ¶µ± § ´µ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥, σ− (ω)/σ+ (ω) → 1, ¥¸²¨
Éµ²Ó±µ σ− (ω) > ω−ε,   |R− (ω, t)/A− (ω, t) | �→ ∞. ‡ ³¥Î É¥²Ó´µ, ÎÉµ ¶µ-
¸²¥¤´¥¥ Ê¸²µ¢¨¥ ¢ÒÉ¥± ¥É ¨§ Ê´¨É ·´µ¸É¨, ¥¸²¨ σ− (ω) → ∞ (¸³. [58]).

” ±É¨Î¥¸±¨ ³Ò ´ Ï²¨ ¸¢Ö§Ó ¢¥·Ì´¨Ì £· ´¨Í ϕ1 (ω, t) ¨ ϕ2 (ω, t), ¶µ-
¸±µ²Ó±Ê ± ± ´¥· ¢¥´¸É¢µ (3.2) ¸²¥¤Ê¥É ¨§ ´¥· ¢¥´¸É  (3.1), É ± ¨ ´ µ¡µ·µÉ.
„ ²¥¥, ¥¸²¨ ¨§³¥´¨ÉÓ §´ ± ´¥· ¢¥´¸É¢  ¢ (3.1), Éµ ¨ §´ ± ¢ ´¥· ¢¥´¸É¢¥ (3.2)
É ±¦¥ ³¥´Ö¥É¸Ö ´  ¶·µÉ¨¢µ¶µ²µ¦´Ò°, É.¥. ¸µµÉ´µÏ¥´¨¥ (2.19) Ê¸É ´ ¢²¨¢ ¥É
É ±¦¥ ¸¢Ö§Ó ³¥¦¤Ê ´¨¦´¨³¨ £· ´¨Í ³¨ ϕ1 (ω, t) ¨ ϕ2 (ω, t).

ˆ´Ò³¨ ¸²µ¢ ³¨, ¥¸²¨

C2 (ln ω)γ2 < ϕ1 (ω, t) < C1 (ln ω)γ1 , (3.15)

Éµ
C

′

2 (ln ω)γ2−1 < ϕ2 (ω, t) < C
′

1 (ln ω)γ1−1, (3.16)

£¤¥ C
′

i =
π γ

2
Ci.

’ ±¨³ µ¡· §µ³, ¥¸²¨ ϕ1 (ω, t) ∼ (ln ω)γ , Éµ ϕ2 (ω, t) ∼ (ln ω)γ−1. �¨¦¥
³Ò Ê¢¨¤¨³, ÎÉµ ÔÉµ µ¸É eÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¨ ¶·¨ γ < 0.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸¢Ö§Ó ϕ1 (ω, t) ¨ ϕ2 (ω, t) ¤²Ö ¤·Ê£µ£µ ¶µ¢¥¤¥´¨Ö ÔÉ¨Ì
ËÊ´±Í¨°. � °¤e³ ¸´ Î ²  ¸²¥¤¸É¢¨Ö ¸É¥¶¥´´µ£µ ·µ¸É  ϕi (ω, t), ±µÉµ·Ò° ¢µ§-
³µ¦¥´ ¶·¨ t > 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ£· ´¨Î¥´¨¥ ”·Ê ¸¸ · ÄŒ ·É¥´  § ³¥-
´Ö¥É¸Ö ¡µ²¥¥ ¸² ¡Ò³ Ê¸²µ¢¨¥³ (6.17). �µ ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ, ¸µ£² ¸´µ (2.4),
ϕi (ω, t)/ω → 0. „µ± ¦¥³, ÎÉµ ¥¸²¨

ϕ1 (ω, t) > C ωα; α > 0, ω 	 ω̃, (3.17)
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Éµ
ϕ2 (ω, t) > C′ ωα; ω 	 ω̃, C′ = C tg

π α

2
. (3.18)

—Éµ¡Ò ´¥ Ê¸²µ¦´ÖÉÓ Ëµ·³Ê²Ò, µ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³, ±µ£¤  ¢±² ¤ µ¡² ¸É¨
(ω0, ω̃) ¢ · ¸¸³ É·¨¢ ¥³Ò¥ ¨´É¥£· ²Ò ´¥¸ÊÐ¥¸É¢¥´.

Š ± µ¡ÒÎ´µ, ¶·¥¤¶µ²µ¦¨³ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ´¥· ¢¥´¸É¢ , ¶·µÉ¨¢µ¶µ²µ¦-
´µ£µ (3.18):

ϕ2 (ω, t) < C′ ωα; ω > ω̃, (3.19)

¨ µÍ¥´¨³ ¨´É¥£· ²Ò ¢ (2.19). „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ § ³¥É¨ÉÓ, ÎÉµ, ¶µ¸±µ²Ó±Ê
¢±² ¤ ¨´É¥·¢ ²  (ω0, ω̃) ¢ · ¸¸³ É·¨¢ ¥³Ò¥ ¨´É¥£· ²Ò ´¥¸ÊÐ¥¸É¢¥´, Éµ ³µ¦´µ
¸Î¨É ÉÓ, ÎÉµ ´¥· ¢¥´¸É¢  (3.17) ¨ (3.19) ¸¶· ¢¥¤²¨¢Ò ¶·¨ ω > ω0.

�µ²Ó§ÊÖ¸Ó ¨§¢¥¸É´Ò³¨ Ëµ·³Ê² ³¨ (Ë-²  (3.24) ¢ [115]), ¶µ²ÊÎ¨³

∞∫
ω0

ϕ1 (ω′, t) dω′

ω′2 + ω2
> C1

π

2 ω1−α

1

cos
π α

2

, (3.20)

ω

∞∫
ω0

ϕ2 (ω′, t) dω′

ω′ (ω′2 + ω2)
< C2

π

2 ω1−α

1

sin
π α

2

. (3.21)

„µ± §Ò¢ ¥³µ¥ ´¥· ¢¥´¸É¢µ (3.18) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ (3.20) ¨
(3.21).

’¥¶¥·Ó ¶¥·¥°¤e³ ± ¨§ÊÎ¥´¨Õ ¸¢Ö§¨ ³¥¦¤Ê ϕ1 (ω, t) ¨ ϕ2 (ω, t) ¢ ¸²ÊÎ ¥,
±µ£¤  ϕi (ω, t) → 0 ¶·¨ ω → ∞. ’ ±µ¥ ¶µ¢¥¤¥´¨¥ ϕi (ω, t) ¤²Ö ¸¨³³¥É·¨Î´µ°
 ³¶²¨ÉÊ¤Ò µ¦¨¤ ¥É¸Ö ¶·¨ t < 0,   ¤²Ö  ´É¨¸¨³³¥É·¨Î´µ° ¢¥¸Ó³  ¢¥·µÖÉ´µ
¨ ¶·¨ t = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¥¸É¥¸É¢¥´´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö · ¢¥´¸É¢µ³ (2.19′).
� ¸¸³µÉ·¨³ ¸´ Î ²  ¸²¥¤¸É¢¨Ö ¨§ ´¥· ¢¥´¸É¢  (3.1), Éµ²Ó±µ É¥¶¥·Ó, · §Ê³¥-
¥É¸Ö, γ < 0. ’µ£¤ , ± ± ÔÉµ ¸²¥¤Ê¥É ¨§ (2.19′), ϕ2 (ω, t) < 0 ¶·¨ ω > ω̃,  
|ϕ2 (ω, t)| Ê¤µ¢²¥É¢µ·Ö¥É ´¥· ¢¥´¸É¢Ê (3.2).

�Í¥´±  ¨´É¥£· ²µ¢ ¢ · ¢¥´¸É¢¥ (2.19′)  ´ ²µ£¨Î´  µÍ¥´±¥ (3.4):

ω

∞∫
ω0

ϕ1 (ω′, t) dω′

ω′2 + ω2
<

π

2
C (ln ω)γ (1 + ε1 (ω, t)), (3.22)

∞∫
ω0

ω′ |ϕ2 (ω′, t)| dω′

ω′2 + ω2
>

C′

γ
(ln ω)γ (1 + ε2 (ω, t)), (3.23)

εi (ω, t) → 0 ¶·¨ ω → ∞.
‘· ¢´¥´¨¥ ´¥· ¢¥´¸É¢ (3.22) ¨ (3.23) ¸· §Ê ¶·¨¢µ¤¨É ± ¸¤¥² ´´µ³Ê ÊÉ¢¥·-

¦¤¥´¨Õ. ’ ±¨³ ¦¥ µ¡· §µ³ ³µ¦¥É ¡ÒÉÓ ¶·µ ´ ²¨§¨·µ¢ ´  ¨ ¸¢Ö§Ó ´¨¦´¨Ì
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£· ´¨Í ϕ1 (ω, t) ¨ ϕ2 (ω, t) ¨ ¶µ²ÊÎ¥´Ò ´¥· ¢¥´¸É¢ , ¶·µÉ¨¢µ¶µ²µ¦´Ò¥ (3.1)
¨ (3.2).

‚ § ±²ÕÎ¥´¨¥ · ¸¸³µÉ·¨³ ¸²¥¤¸É¢¨Ö ¨§ ¸É¥¶¥´´µ£µ ¶ ¤¥´¨Ö ϕi (ω, t).
�Ê¸ÉÓ, ´ ¶·¨³¥·,

ϕ1 (ω, t) < C1 ωα, α < 0. (3.24)

’µ£¤  ϕ2 (ω, t) < 0 ¨

|ϕ2 (ω, t)| < C2 ωα; C2 = C1 ctg
π α

2
. (3.25)

�ÉµÉ ·¥§Ê²ÓÉ É ¶µ²ÊÎ ¥É¸Ö É ± ¦¥, ± ± ¨ ´¥· ¢¥´¸É¢µ (3.18). �·¨ ¨¸¸²¥¤µ¢ -
´¨¨ ¸¢Ö§¨ ϕ1 (ω, t) ¨ ϕ2 (ω, t) ´¥ ¡Ò²µ ¸¤¥² ´µ ± ±¨Ì-²¨¡µ ¶·¥¤¶µ²µ¦¥´¨° µ¡
µÉ¸ÊÉ¸É¢¨¨ µ¸Í¨²²ÖÍ¨° Ê ϕi (ω, t). ‚ · §¤. 5 ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ É ±µ£µ ·µ¤ 
¶·¥¤¶µ²µ¦¥´¨Ö ¶·¨¢µ¤ÖÉ ± ¸ÊÐ¥¸É¢µ¢ ´¨Õ ®¶µÎÉ¨ ²µ± ²Ó´µ°¯ ¸¢Ö§¨ ³¥¦¤Ê
ϕ1 (ω, t) ¨ ϕ2 (ω, t). �·¥¤¶µ²µ¦¥´¨Ö µ¡ µÉ¸ÊÉ¸É¢¨¨ µ¸Í¨²²ÖÍ¨° ¢¥¸Ó³  ¥¸É¥-
¸É¢¥´´Ò, ¶µ¸±µ²Ó±Ê µ¸Í¨²²ÖÍ¨¨ ´¥ ´ ¡²Õ¤ ²¨¸Ó ¢ Ô±¸¶¥·¨³¥´É¥. �¤´µ¢·¥-
³¥´´µ ¢ · §¤. 5 ¡Ê¤ÊÉ ¶·¨¢¥¤¥´Ò ¶·¨³¥·Ò µ¸Í¨²²¨·ÊÕÐ¨Ì ËÊ´±Í¨°, ¤²Ö ±µ-
Éµ·ÒÌ Ì · ±É¥·´  ¸µ¢¥·Ï¥´´µ ¨´ Ö § ¢¨¸¨³µ¸ÉÓ ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ ϕ1 (ω, t)
¨ ϕ2 (ω, t).

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¨§ ¸µµÉ´µÏ¥´¨° (2.19) ¨ (2.19′) ¸²¥¤ÊÕÉ µ¶·¥-
¤¥²e´´Ò¥ ¢Ò¢µ¤Ò µ §´ ±¥ R (ω, t),   ¨³¥´´µ: ¨§ ¸µµÉ´µÏ¥´¨Ö (2.19) ¸²¥¤Ê¥É,
ÎÉµ ¥¸²¨ A (ω, t) > 0, Éµ ®¢ ¸·¥¤´¥³¯ R (ω, t) − R (0, t) > 0, ¶·¨ ÔÉµ³ ¥¸²¨
A (ω, t)/ω → ∞, Éµ R (ω, t) > 0 ¶·¨ ω → ∞. …¸²¨ ¦¥ A (ω, t)/ω → 0 ¨
A (ω, t) > 0, Éµ ¨§ ¸µµÉ´µÏ¥´¨Ö (2.19′) ¸²¥¤Ê¥É, ÎÉµ R (ω, t) < 0 ¶·¨ ω → ∞.
ˆ§³¥´¥´¨¥ §´ ±  R (ω, t) ¶·¨ ¶¥·¥Ìµ¤¥ µÉ t = 0 ± t < 0 ¡Ò²µ Ê¸É ´µ¢²¥´µ ¢
´¥¤ ¢´¥° · ¡µÉ¥ Œ ·É¥´  [116].

4. ‘‚Ÿ‡œ Œ…†„“ ”�‡�‰ ˆ Œ�„“‹…Œ �Œ�‹ˆ’“„ “��“ƒ�ƒ�
��‘‘…Ÿ�ˆŸ

4.1. ‘¨³³¥É·¨Î´ Ö  ³¶²¨ÉÊ¤ . � Î´e³ ¸ ¨§ÊÎ¥´¨Ö § ¢¨¸¨³µ¸É¨ ³¥¦¤Ê
Ë §µ° ¨ ³µ¤Ê²¥³ ¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò (¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´µ · ¸¸³ -
É·¨¢ ¥É¸Ö ¸¢Ö§Ó ³¥¦¤Ê F+ (ω, t)F− (ω, t) ¨ δ+ (ω, t) + δ− (ω, t)).

‚µ¸¶µ²Ó§Ê¥³¸Ö ¸µµÉ´µÏ¥´¨¥³ (2.30′). “¤µ¡´µ § ¶¨¸ ÉÓ δ (ω, t) ¢ ¢¨¤¥

δ (ω, t) =
π

2
+ γ (ω, t). (4.1)

�µ¸²¥ Ô²¥³¥´É ·´ÒÌ ¢ÒÎ¨¸²¥´¨° ¶µ²ÊÎ¨³, ÎÉµ ¸µµÉ´µÏ¥´¨¥ (2.30′) ¶·¨´¨-
³ ¥É ¢¨¤ (ω 	 ω0):

∞∫
ω0

ln |F (ω′, t)| dω′

ω′2 + ω2
=

π

2 ω
ln

ω

ω0
− ω

∞∫
ω0

γ (ω′, t) dω′

ω′ (ω′2 + ω2)
. (4.2)
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‘µµÉ´µÏ¥´¨¥ (4.2) Ê¤µ¡´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

∞∫
ω0

ln
∣∣∣∣ F (ω′, t)ω0

ω

∣∣∣∣ dω′

ω′2 + ω2
= −ω

∞∫
ω0

γ (ω′, t) dω′

ω′ (ω′2 + ω2)
. (4.3)

ˆ´É¥£· ² ¢ ²¥¢µ° Î ¸É¨ ¸µµÉ´µÏ¥´¨Ö (4.3) ¶·¨ ¤µ¸É ÉµÎ´µ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ
µ¶·¥¤¥²Ö¥É¸Ö, ¢ µ¸´µ¢´µ³, ¨´É¥·¢ ²µ³ (α ω, α−1 ω). ‘²µ¢  ®¤µ¸É ÉµÎ´µ ¢Ò-
¸µ±¨¥ Ô´¥·£¨¨¯ µ§´ Î ÕÉ µ¤´µ¢·¥³¥´´µ¥ ¢Ò¶µ²´¥´¨¥ ¤¢ÊÌ Ê¸²µ¢¨°: α � 1
¨ α ω 	 ω0. ‚ ÔÉµ³ ¸²ÊÎ ¥, ¨¸¶µ²Ó§ÊÖ É¥µ·¥³Ê µ ¸·¥¤´¥³ ¨ ¶·¥´¥¡·¥£ Ö
¢Ò¸Ï¨³¨ ¶µ¶· ¢± ³¨ ¶µ α, ¶µ²ÊÎ¨³ µÍ¥´±¨

∞∫
ω0

ln ϕ (ω′, t) dω′

ω′2 + ω2
=

1
ω

[ln ϕ (ω̄, t) + α (ln ϕ (ω̄1) + ln ϕ (ω̄2) − 2 ln ϕ (ω̄)) ] ;

ϕ (ω′, t) =
∣∣∣∣ F (ω′, t)ω0

ω

∣∣∣∣ ; (4.4)

ω0 ≤ ω̄1 ≤ α ω; α ω ≤ ω̄ ≤ α−1 ω; α−1 ω ≤ ω̄2 < ∞.

�µ¸±µ²Ó±Ê ln ϕ (ω, t) ¥¸É¥¸É¢¥´´µ ¸Î¨É ÉÓ ³¥¤²¥´´µ ³¥´ÖÕÐ¥°¸Ö ËÊ´±Í¨¥°,
¢Éµ·µ° Î²¥´ ¢ (4.4) ¤µ²¦¥´ ¡ÒÉÓ ³ ²Ò³ ¶µ ¸· ¢´¥´¨Õ ¸ ¶¥·¢Ò³, É.±.
α � 1. Š·µ³¥ Éµ£µ, ¤²Ö ´ ¡²Õ¤ ¥³ÒÌ  ³¶²¨ÉÊ¤ ¢¥¸Ó³  ¢¥·µÖÉ´µ, ÎÉµ ϕ (ω, t)
³µ´µÉµ´´  ´  ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ³ ¨´É¥·¢ ²¥ Ô´¥·£¨°. ’ ±, ¶·¨ t = 0 ·µ¸É
¶µ²´ÒÌ ¸¥Î¥´¨° µ§´ Î ¥É, ÎÉµ |ϕ (ω, 0)| Å ³µ´µÉµ´´µ · ¸ÉÊÐ Ö ËÊ´±Í¨Ö (ÊÎeÉ
·¥ ²Ó´µ° Î ¸É¨ ´¥ ³¥´Ö¥É ÔÉµ£µ ¢Ò¢µ¤ ). �Î¥¢¨¤´µ, ÎÉµ ³µ´µÉµ´´µ¸ÉÓ ϕ (ω, t)
¢´µ¸¨É ¤µ¶µ²´¨É¥²Ó´ÊÕ ³ ²µ¸ÉÓ ¢ ¶µ¶· ¢µÎ´Ò° Î²¥´.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶· ¢ÊÕ Î ¸ÉÓ · ¢¥´¸É¢  (4.3).
�·¥¦¤¥ ¢¸¥£µ µÉ³¥É¨³, ÎÉµ ÔÉµÉ ¨´É¥£· ² ¡Ò¸É·µ ¸Ìµ¤¨É¸Ö, ¶µ¸±µ²Ó±Ê,

¢¸²¥¤¸É¢¨¥ Ê¸²µ¢¨Ö (2.26),

− π

2
≤ γ (ω, t) ≤ π

2
. (4.5)

�µÔÉµ³Ê ∣∣∣∣∣∣ ω

∞∫
α−1 ω

γ (ω′, t) dω′

ω′ (ω′2 + ω2)

∣∣∣∣∣∣ ≤
π α2

4 ω
. (4.6)

„ ²¥¥ ¶µ± ¦¥³, ÎÉµ µ¸É ¢Ï¨°¸Ö ¨´É¥£· ² ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ËÊ´±Í¨¨, ´¥ ¢²¨-
ÖÕÐ¥° ¸ÊÐ¥¸É¢¥´´µ ´  ËÊ´±Í¨µ´ ²Ó´ÊÕ § ¢¨¸¨³µ¸ÉÓ F (ω, t), ¶·¨ ¢Ò¸µ±¨Ì
Ô´¥·£¨ÖÌ ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ µÎ¥´Ó ¶·µ¸Éµ³ ¢¨¤¥,   ¨³¥´´µ

ω

α−1 ω∫
ω0

γ (ω′, t) dω′

ω′ (ω′2 + ω2)
∼=

1
ω

ω∫
ω0

γ (ω′, t) dω′

ω′ . (4.7)
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„²Ö ¢Ò¢µ¤  (4.7) ¸´ Î ²  § ³¥É¨³, ÎÉµ

ω

α ω∫
ω0

γ (ω′, t) dω′

ω′ (ω′2 + ω2)
=

1
ω

α ω∫
ω0

γ (ω′, t) dω′

ω′ + d (ω),

d (ω) = − 1
ω

α2

2
γ (ω̄1), ω0 ≤ ω̄1 ≤ α ω,

(4.8)

¨, ¸µ£² ¸´µ (4.5), |d (ω)| < (π α2)/(4 ω). �¸É ¢Ï¨°¸Ö ¨´É¥£· ² ¸ ¶µ³µÐÓÕ
É¥µ·¥³Ò µ ¸·¥¤´¥³ ²¥£±µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

ω

α−1ω∫
αω

γ (ω′, t)dω′

ω′(ω′2 + ω2)
=

1
ω


 ω∫
αω

γ (ω′, t)dω′

ω′ + [γ(ω̄3) − γ(ω̄2)]
ln 2
2

+ O(α2)


 ,

(4.9)
α ω < ω̄2 < ω, ω < ω̄3 < α−1 ω.

�É¡· ¸Ò¢ ¥³Ò° Î²¥´ ³ ², ¥¸²¨ γ (ω, t) ³¥¤²¥´´µ ³¥´Ö¥É¸Ö ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·-
£¨ÖÌ (ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³) ¨ ¢ ²Õ¡µ³ ¸²ÊÎ ¥ µ£· -
´¨Î¥´ ¢¥²¨Î¨´µ° (π ln 2)/2. �±µ´Î É¥²Ó´µ ¶·¨Ìµ¤¨³ ± · ¢¥´¸É¢Ê

−
ω∫

ω0

γ (ω′, t) dω′

ω′ =
π

2
ln ϕ (ω̄, t) (1 + O (α) + D (ω) ) ;

|D (ω)| <
π ln 2

2
(
1 + O (α2)

)
.

(4.10)

� ¢¥´¸É¢µ (4.10) Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ¶µ¢¥¤¥´¨¥³ γ (ω, t) ¨ |F (ω, t)|,
¨´Ò³¨ ¸²µ¢ ³¨, ³¥¦¤Ê |F (ω, t)| ¨ ξ (ω, t) ≡ Re F (ω, t)

Im F (ω, t)
.

�·¥¦¤¥ ¢¸¥£µ § ³¥É¨³, ÎÉµ ¶µ¸±µ²Ó±Ê

ξ (ω, t) = − tg γ (ω, t), (4.11)

Éµ γ (ω, t) < 0, ¥¸²¨ Re F (ω, t) > 0, ¨ γ (ω, t) > 0, ¥¸²¨ Re F (ω, t) < 0.
’ ±¨³ µ¡· §µ³, ·µ¸É |F (ω, t)/ω|,   ¸²¥¤µ¢ É¥²Ó´µ, ¨ ·µ¸É ¶µ²´ÒÌ ¸¥Î¥´¨°
¢µ§³µ¦¥´, Éµ²Ó±µ ¥¸²¨ Re F (ω, t) > 0.

�·µ ´ ²¨§¨·Ê¥³ É¥¶¥·Ó, ± ± ±¨³ ¸²¥¤¸É¢¨Ö³ ¶·¨¢µ¤ÖÉ É¥ ¨²¨ ¨´Ò¥ µ£· -
´¨Î¥´¨Ö ´  γ (ω, t).

�µ¤Î¥·±´e³, ÎÉµ ¸µ£² ¸´µ (4.6) ¶µ¢¥¤¥´¨¥ γ (ω′, t) ¶·¨ ω′ > α−1 ω ¶· ±-
É¨Î¥¸±¨ ´¥ ¢²¨Ö¥É ´  ϕ (ω̄, t). �µ¤Î¥·±´e³ É ±¦¥, ÎÉµ Ë ±É¨Î¥¸±¨ |F (ω, t)|
Ö¢²Ö¥É¸Ö ³µ´µÉµ´´µ ¢µ§· ¸É ÕÐ¥° ËÊ´±Í¨¥° ξ (ω, t). ’µÎ´Ò° ¸³Ò¸² ÔÉµ£µ
ÊÉ¢¥·¦¤¥´¨Ö ¢ Éµ³, ÎÉµ, ¸µ£² ¸´µ (4.3), § ³¥´  γ (ω′, t) ´  γ (ω′, t) − ∆ (ω′, t)
¶·¨¢µ¤¨É ¸µ£² ¸´µ (4.10) ± ·µ¸ÉÊ ϕ (ω̄, t), ¶·¨Îe³ ¸ÊÐ¥¸É¢¥´´µ ¶µ¢¥¤¥´¨¥
γ (ω′, t) Éµ²Ó±µ ¶·¨ ω′ < α−1 ω.
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�¥·¥°¤e³ É¥¶¥·Ó ± ¡µ²¥¥ ±µ´±·¥É´Ò³ µÍ¥´± ³.
�Ê¸ÉÓ, ´ Î¨´ Ö ¸ ´¥±µÉµ·µ£µ ω = ω̃, ¢Ò¶µ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢µ

ξ (ω, t) ≥ tg
π α

2
; 0 < α < 1, É.¥. γ (ω, t) ≤ − π α

2
. (4.12)

�Í¥´¨¢ Ö ²¥¢ÊÕ Î ¸ÉÓ · ¢¥´¸É¢  (4.10) ¨ µ¶Ê¸± Ö ¶µ¶· ¢µÎ´Ò¥ Î²¥´Ò, ¨³¥¥³∣∣∣∣ F (ω̄, t)ω0

ω̄

∣∣∣∣ ≥ ωα D′ (ω, t), (4.13)

£¤¥ D′ (ω, t) Å µ£· ´¨Î¥´´ Ö ËÊ´±Í¨Ö, µÎ¥¢¨¤´Ò³ µ¡· §µ³ ¸¢Ö§ ´´ Ö ¸

D (ω, t) ¨

∫ ω̃

ω0

γ (ω′, t) dω′

ω′ . …¸²¨ ¦¥

ξ (ω, t) ≤ tg
π α

2
; −1 < α < 0, É.¥. γ (ω, t) ≥ − π α

2
, (4.14)

Éµ ∣∣∣∣ F (ω̄, t)ω0

ω̄

∣∣∣∣ ≤ ωα D′ (ω, t). (4.15)

�¥· ¢¥´¸É¢  (4.12) ¨ (4.15) ¶µ± §Ò¢ ÕÉ, ÎÉµ, ¥¸²¨ ξ (ω, t) �→ 0 ¶·¨ ω → ∞,
Éµ, ¢ § ¢¨¸¨³µ¸É¨ µÉ §´ ±  Re F (ω, t), ϕ (ω, t) ²¨¡µ ¢µ§· ¸É ¥É ¸É¥¶¥´´Ò³
µ¡· §µ³, ¥¸²¨ Re F (ω, t) > 0, ²¨¡µ ¶ ¤ ¥É, ¥¸²¨ ReF (ω, t) < 0. (� ¶µ³´¨³,
ÎÉµ ³Ò · ¸¸³ É·¨¢ ¥³ µ¡² ¸ÉÓ §´ Î¥´¨° t, ¤²Ö ±µÉµ·ÒÌ A (ω, t) > 0.) �¥·¢Ò°
¸²ÊÎ ° ³µ¦¥É µ¸ÊÐ¥¸É¢²ÖÉÓ¸Ö Éµ²Ó±µ ¶·¨ t > 0. �·¨ ÔÉµ³, ¥¸²¨ F (ω, t) ¢µ§-
· ¸É ¥É ³ ±¸¨³ ²Ó´Ò³ µ¡· §µ³ (´ ¸ÒÐ ¥É µ£· ´¨Î¥´¨¥ ”·Ê ¸¸ · ), Éµ ¶·¨
ω → ∞ F (ω, 4 m2) > ω2−ε. ‚ É ±µ³ ¸²ÊÎ ¥ ξ (ω, 4 m2) → ∞. �¤´µ¢·¥-
³¥´´µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ξ (ω, 0) → 0. ˆ§ ÔÉµ£µ Ë ±É  ³µ¦´µ ¸¤¥² ÉÓ µ¤´µ
²Õ¡µ¶ÒÉ´µ¥ § ±²ÕÎ¥´¨¥. � ¸¸³ É·¨¢ Ö · §²µ¦¥´¨¥ F (ω, t) ¢ ·Ö¤ ¶µ ¶µ²¨-
´µ³ ³ ‹¥¦ ´¤·  (2.24), ³Ò ¢¨¤¨³, ÎÉµ µ¤´µ¢·¥³¥´´µ¥ ¢Ò¶µ²´¥´¨¥ Ê¸²µ¢¨°
ξ (ω, 4 m2) → ∞ ¨ ξ (ω, 0) → 0 ¢µ§³µ¦´µ Éµ²Ó±µ ¢ Éµ³ ¸²ÊÎ ¥, ¥¸²¨ ¤²Ö
´¥±µÉµ·ÒÌ l rl (ω)/al (ω) → 0,   ¤²Ö ¤·Ê£¨Ì rl (ω)/al (ω) → ∞. ‚¸²¥¤¸É¢¨¥
Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ (2.22) ¶µ¸²¥¤´¥¥ ¢µ§³µ¦´µ, Éµ²Ó±µ ¥¸²¨ al (ω) → 0.
�µ¸±µ²Ó±Ê ³Ò · ¸¸³ É·¨¢ ¥³ ¸²ÊÎ ° ³ ±¸¨³ ²Ó´µ ¡Ò¸É·µ£µ ·µ¸É  ¸¥Î¥´¨°,
É ±¨¥ ¶ ·Í¨ ²Ó´Ò¥ ¢µ²´Ò ´¥ ¢´µ¸ÖÉ ¸ÊÐ¥¸É¢¥´´µ£µ ¢±² ¤  ¢ σtot (ω), µ¤´ ±µ
Éµ²Ó±µ ¡² £µ¤ ·Ö ¨³ ¢µ§´¨± ¥É ¸ ³µ¸µ£² ¸µ¢ ´´ Ö ± ·É¨´ , É.¥. Éµ²Ó±µ ¡² -
£µ¤ ·Ö ¨³ F (ω, 4 m2) Ê¤µ¢²¥É¢µ·Ö¥É É·¥¡µ¢ ´¨Ö³, ¢ÒÉ¥± ÕÐ¨³ ¨§ Ê¸²µ¢¨°
¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨ ¨  ´ ²¨É¨Î´µ¸É¨.

‘²ÊÎ ° ¸É¥¶¥´´µ£µ ¶ ¤¥´¨Ö ËÊ´±Í¨¨ ϕ (ω, t) ´ ¡²Õ¤ ¥É¸Ö ¶·¨ t < 0. ‚
ÔÉµ³ ¸²ÊÎ ¥ Re ϕ (ω, t) < 0, ¶µ±  ϕ (ω, t) > ω−1+ε (±µ´¥Î´µ, ¥¸²¨ ¤²Ö ÔÉ¨Ì t
¢Ò¶µ²´¥´µ Ê¸²µ¢¨¥ A (ω, t) > 0).

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶µ¤·µ¡´¥¥ ¸²ÊÎ ° t = 0. �¡· É¨³¸Ö ¸´ Î ²  ±  ¸¨³¶-
ÉµÉ¨Î¥¸±¨³ Ô´¥·£¨Ö³. ˆ§ ´¥· ¢¥´¸É¢  ”·Ê ¸¸ · ÄŒ ·É¥´  ¨ · ¢¥´¸É¢  (4.10)



1144 ‚…���‚ �.‘., Œ��–�Š���‚� Œ.�.

¸· §Ê ¸²¥¤Ê¥É  ¡¸µ²ÕÉ´µ¥ µ£· ´¨Î¥´¨¥ ´  ξ (ω, 0):

ξ (ω, 0) <
π

ln ω
. (4.16)

„ ²¥¥, µÎ¥¢¨¤´µ, ÎÉµ ¸²ÊÎ °  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¶µ¸ÉµÖ´´µ£µ ¶µ²´µ£µ ¸¥Î¥´¨Ö

¢µ§³µ¦¥´ Éµ²Ó±µ ¢ ¸²ÊÎ ¥ ¸Ìµ¤¨³µ¸É¨

∞∫
ω0

γ (ω′, t) dω′

ω′ .

…¸²¨ (ln ω)γ1 < |ϕ (ω, 0)| < (ln ω)γ2 , Éµ

π γ1

2 ln ω
< ξ (ω, 0) <

π γ2

2 ln ω
. (4.17)

’ ±¨³ µ¡· §µ³, Éµ²Ó±µ ¢ ¸²ÊÎ ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨ ¶µ¸ÉµÖ´´ÒÌ ¶µ²´ÒÌ ¸¥Î¥´¨°
ξ (ω, 0) ³µ¦¥É ¡Ò¸É·µ (¡Ò¸É·¥¥, Î¥³ 1/((ln ω)1+ε)) ¸É·¥³¨ÉÓ¸Ö ± ´Ê²Õ.

�µ¤Î¥·±´e³, ÎÉµ ³Ò £µ¢µ·¨³ µ¡  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ¶µ¢¥¤¥´¨¨, ¶µ ¸ÊÐ¥-
¸É¢Ê, ²¨ÏÓ ¤²Ö ¶·µ¸ÉµÉÒ. �  ¸ ³µ³ ¤¥²¥ ¢¸¥ ÔÉ¨ § ±µ´µ³¥·´µ¸É¨ ¶·µÖ¢²ÖÕÉ¸Ö
¶·¨ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ, ¢ ¦´µ ²¨ÏÓ, ÎÉµ¡Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ µ£· ´¨Î¥´¨Ö ´ 
ξ (ω, t) (¨²¨ |ϕ (ω, t)|) ¢Ò¶µ²´Ö²¨¸Ó ´  ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ³ ¨´É¥·¢ ²¥ Ô´¥·-
£¨°.

ˆ§ (4.3) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ · ¢¥´¸É¢µ, ¸¢Ö§Ò¢ ÕÐ¥¥ ¨´É¥£· ²Ò µÉ γ (ω, t)

¨
d ln ϕ (ω, t)

dω
. �µ¸±µ²Ó±Ê ¢Ò¢µ¤ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ¶µ²´µ¸ÉÓÕ  ´ ²µ£¨Î¥´

¢Ò¢µ¤Ê (5.13), ¢Ò¶¨Ï¥³ ¥£µ ¸· §Ê (ω 	 ω0):

−2 ω

∞∫
ω0

γ (ω′, t)ω′ dω′

(ω′2 + ω2)
2 =

∞∫
ω0

d ln |ϕ (ω′, t)|
d ln ω′

dω′

(ω′2 + ω2)
. (4.18)

’¥¶¥·Ó ¢ µ¡µ¨Ì ¨´É¥£· ² Ì µ¸´µ¢´ÊÕ ·µ²Ó ¨£· ¥É ¨´É¥·¢ ² (α ω, α−1 ω). ‚µ¸-
¶µ²Ó§Ê¥³¸Ö µÍ¥´± ³¨ (5.8) ¨ (5.14). �·¨ ÔÉµ³, ± ± ¨ · ´ÓÏ¥, ¸ ¶µ³µÐÓÕ Ê¸²µ-
¢¨Ö (4.5) ³µ¦´µ ¶µ²ÊÎ¨ÉÓ  ¡¸µ²ÕÉ´Ò¥ µÍ¥´±¨ ´  ¢±² ¤Ò ¨´É¥·¢ ²µ¢ (ω0, α ω)
¨ (α−1 ω,∞) ¢ ¨´É¥£· ² ¢ ²¥¢µ° Î ¸É¨. �¶Ê¸± Ö ¶µ¶· ¢µÎ´Ò¥ Î²¥´Ò, ¨³¥¥³
¸µµÉ´µÏ¥´¨¥

γ (ω̄1, t) = −π

2
d ln |ϕ (ω̄2, t)|

d ln ω̄2
, α ω ≤ ωi ≤ α−1 ω, i = 1, 2, (4.19)

±µÉµ·µ¥ ¶µ± §Ò¢ ¥É, ÎÉµ, ¥¸²¨ ®¢ ¸·¥¤´¥³¯ ¢ ¨´É¥·¢ ²¥ (α ω, α−1 ω), γ (ω, t) <
0, É.¥. Re F (ω, t) > 0, Éµ ®¢ ¸·¥¤´¥³¯ |ϕ (ω, t)| ¢µ§· ¸É ¥É ¢ ÔÉµ³ ¨´É¥·¢ ²¥.

ˆ§ ·¥§Ê²ÓÉ Éµ¢ ¶. 5.1, ¸²¥¤Ê¥É, ÎÉµ ¥¸²¨ F (ω, t) ´¥ ¨³¥¥É ¸¨²Ó´ÒÌ µ¸Í¨²-
²ÖÍ¨°, Éµ · ¢¥´¸É¢µ (4.19) ¸¢µ¤¨É¸Ö ±

γ (ω, t) = −π

2
d ln |ϕ (ω, t)|

d ln ω
(1 + ε (ω, t)), (4.19′)
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£¤¥ ε (ω, t) � 1, ¥¸²¨ ³ ²Ò µ¸Í¨²²ÖÍ¨¨ F (ω, t) ´  ¨´É¥·¢ ²¥ (α ω, α−1 ω),
£¤¥ α � 1. ‚  ¸¨³¶ÉµÉ¨Î¥¸±µ° µ¡² ¸É¨ ε (ω, t) → 0, ¥¸²¨ ¢Ò¶µ²´¥´Ò ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨¥ µ£· ´¨Î¥´¨Ö ´  µ¸Í¨²²ÖÍ¨¨ F (ω, t) (¸³. · §¤. 5).

‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ¸µµÉ´µÏ¥´¨Ö (4.3), (4.19) ¨ (4.19′) ³µ£ÊÉ ¡ÒÉÓ
¶µ²¥§´Ò ¤²Ö µ¶·¥¤¥²¥´¨Ö γ (ω, t), É.¥. ξ (ω, t), ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ Ô±¸¶¥·¨-
³¥´Éµ¢ ¶µ ¨§³¥·¥´¨Õ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ¶·¨ ³ ²ÒÌ Ë¨§¨Î¥¸±¨Ì t.

4.2. ‘µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ ¸¥Î¥´¨Ö³¨ Î ¸É¨ÍÒ ¨
 ´É¨Î ¸É¨ÍÒ ´  µ¤´µ° ¨ Éµ° ¦¥ ³¨Ï¥´¨. —·¥§¢ÒÎ °´µ ¨´É¥·¥¸¥´ ÉµÉ Ë ±É,
ÎÉµ Ê´¨É ·´µ¸ÉÓ ¨  ´ ²¨É¨Î´µ¸ÉÓ ¶·¨¢µ¤ÖÉ ± · ¢¥´¸É¢Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
¸¥Î¥´¨° ¢¶¥·e¤ Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ´  µ¤´µ° ¨ Éµ° ¦¥ ³¨Ï¥´¨ ¶·¨ ¢Ò¸µ-
±¨Ì Ô´¥·£¨ÖÌ. �ÉµÉ ·¥§Ê²ÓÉ É µ¸É eÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¤²Ö t > 0,   É ±¦¥ ¤²Ö
É¥Ì Ë¨§¨Î¥¸±¨Ì t, ¶·¨ ±µÉµ·ÒÌ A (ω, t) > 0. �¤´ ±µ ¶·¨ ¢¥¸Ó³  ²¨¡¥· ²Ó´ÒÌ
Ê¸²µ¢¨ÖÌ µ´ µ¡µ¡Ð ¥É¸Ö ¨ ´  ¶·µ¨§¢µ²Ó´Ò¥ t. ŒÒ ´ Î´e³, ¥¸É¥¸É¢¥´´µ, ¸
É¥Ì t, ¶·¨ ±µÉµ·ÒÌ Ê F± (ω, t) ´¥É ´Ê²¥°. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸¶· ¢¥¤²¨¢Ò ¸µµÉ-
´µÏ¥´¨Ö (2.33) ¨ (2.34). �·¨· ¢´¨¢ Ö ¨Ì ¢ Î¨¸Éµ ³´¨³µ° ÉµÎ±¥, ¶·¨¤e³ ±
¸µµÉ´µÏ¥´¨Õ (ω 	 ω0):

ω

∞∫
ω0

ln
∣∣∣∣ F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2(ω′2 + ω2)
=

∞∫
ω0

δ− (ω′, t) dω′

ω′2 + ω2
. (4.20)

„²Ö µÍ¥´±¨ ¶· ¢µ° Î ¸É¨ ¸µµÉ´µÏ¥´¨Ö (4.20) · §µ¡Óe³ ¢¥¸Ó ¨´É¥·¢ ², ± ±
µ¡ÒÎ´µ, ´  ¨´É¥·¢ ²Ò (ω0, α ω), (α ω, α−1 ω), (α−1 ω,∞) ¨, ¶µ²Ó§ÊÖ¸Ó É¥µ·¥-
³µ° µ ¸·¥¤´¥³, ¶µ²ÊÎ¨³

∞∫
ω0

δ− (ω′, t) dω′

ω′2 + ω2
=

1
ω

[π

2
δ− (ω̄, t) + α

(
δ− (ω̄1, t) + δ− (ω̄2, t) − 2 δ (ω̄, t)

)]
,

(4.21)
ω0 ≤ ω̄1 ≤ α ω; α ω ≤ ω̄ ≤ α−1 ω; α−1 ω ≤ ω̄2 < ∞.

“Î¨ÉÒ¢ Ö, ÎÉµ, ¸µ£² ¸´µ (2.35), | δ− (ω, t)| < π, ¨³¥¥³  ¡¸µ²ÕÉ´ÊÕ µÍ¥´±Ê ´ 
· ¸¸³ É·¨¢ ¥³Ò° ¨´É¥£· ²∣∣∣∣∣∣

∞∫
ω0

δ− (ω′, t) dω′

ω′2 + ω2

∣∣∣∣∣∣ <
π2

2 ω
. (4.22)

‚¸²¥¤¸É¢¨¥ ´¥· ¢¥´¸É¢  (4.22) µ¶·¥¤¥²e´´Ò¥ µ£· ´¨Î¥´¨Ö ´  ¶µ¢¥¤¥´¨¥
µÉ´µÏ¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° Î ¸É¨ÍÒ ¨  ´É¨Î ¸É¨ÍÒ ¸ÊÐ¥¸É¢ÊÕÉ
¶·¨ ¢¸¥Ì Ô´¥·£¨ÖÌ. �·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ∣∣∣∣ F+ (ω, t)

F− (ω, t)

∣∣∣∣ → 1 (4.23)
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ÌµÉÖ ¡Ò ´  ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ Ô´¥·£¨° ωi É ±µ°, ÎÉµ ωi → ∞ ¶·¨ i → ∞.
„¥°¸É¢¨É¥²Ó´µ, ²¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ¢ ¶·µÉ¨¢µ¶µ²µ¦´µ³ ¸²ÊÎ ¥, É.¥. ¥¸²¨∣∣∣∣ ln

∣∣∣∣ F+ (ω, t)
F− (ω, t)

∣∣∣∣
∣∣∣∣ > C, ´ Î¨´ Ö ¸ ´¥±µÉµ·µ£µ ω = ω̃, Éµ ¨´É¥£· ² ¢ ²¥¢µ°

Î ¸É¨ Ê¤µ¢²¥É¢µ·Ö¥É ´¥· ¢¥´¸É¢Ê:

ω

∞∫
ω0

ln
∣∣∣∣ F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2(ω′2 + ω2)
>

1
ω

[
C ln

ω

ω̃
+ A (ω1, t)

]
,

(4.24)
£¤¥ A (ω1, t) Å ¢±² ¤ ¨´É¥·¢ ²  (ω0, ω̃) ¢ · ¸¸³ É·¨¢ ¥³Ò° ¨´É¥£· ². „²Ö

µ¶·¥¤¥²e´´µ¸É¨ ¸Î¨É ¥³, ÎÉµ

∣∣∣∣ F+ (ω, t)
F− (ω, t)

∣∣∣∣ > 1, ¥¸²¨ ω > ω̃. �Î¥¢¨¤´µ, ÎÉµ

´¥· ¢¥´¸É¢µ (4.24) ¶·µÉ¨¢µ·¥Î¨É µ£· ´¨Î¥´¨Õ (4.22).
�¡· É¨³ ¢´¨³ ´¨¥ ´  ¸²¥¤ÊÕÐ¥¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ. ‘µ£² ¸´µ (4.21) ¨´É¥-

£· ² ¢ ¶· ¢µ° Î ¸É¨ · ¢¥´¸É¢  (4.20) ¢ µ¸´µ¢´µ³ µ¶·¥¤¥²Ö¥É¸Ö ¶µ¢¥¤¥´¨¥³
δ (ω, t) ¢ ¨´É¥·¢ ²¥ (α ω, α−1 ω).

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²¥¤¸É¢¨Ö ¨§ · ¢¥´¸É¢  (4.21). � Î´e³ ¸  ¸¨³¶ÉµÉ¨-
Î¥¸±¨Ì Ô´¥·£¨°. ‚Ò¡¨· Ö α É ±¨³ µ¡· §µ³, ÎÉµ¡Ò α → 0, α ω → ∞, ¶µ²ÊÎ¨³

ω2

∞∫
ω0

ln
∣∣∣∣ F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2(ω′2 + ω2)
=

π

2
δ− (ω̄, t) (1 + ε (ω, t)),

(4.25)
ω̄ → ∞, ε (ω, t) → 0, ¥¸²¨ ω → ∞.

’ ±¨³ µ¡· §µ³, ¥¸²¨ δ− (ω, t) → 0, Éµ, µ¡Ñ¥¤¨´ÖÖ (4.25) ¸ Ê¸²µ¢¨¥³

ln
∣∣∣∣ F+ (ω, t)
F− (ω, t)

∣∣∣∣ → 0, ´ °¤e³, ÎÉµ

ω∫
ω0

ln
∣∣∣∣ F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2
→ 0, ¥¸²¨ δ− (ω̄, t) → 0. (4.26)

—Éµ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ¸¶· ¢¥¤²¨¢µ¸É¨ (4.26), ¤µ¸É ÉµÎ´µ µÍ¥´¨ÉÓ ¨´É¥£· ²
¢ ²¥¢µ° Î ¸É¨ ¸µµÉ´µÏ¥´¨Ö (4.25) É¥³ ¦¥ ¸¶µ¸µ¡µ³, ± ±¨³ ³Ò µÍ¥´¨¢ ²¨
¨´É¥£· ² ¢ ¶· ¢µ° Î ¸É¨ · ¢¥´¸É¢  (4.3). ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³

ω2

∞∫
ω0

ln
∣∣∣∣ F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2(ω′2 + ω2)
=

=

ω∫
ω0

ln
∣∣∣∣ F+ (ω′, t)
F− (ω′, t)

∣∣∣∣ dω′√
ω′2 − ω0

2
+
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+ ln 2
(

ln
F+ (ω̄1, t)
F− (ω̄1, t)

− ln
F+ (ω̄2, t)
F− (ω̄2, t)

)
+ O (α); (4.27)

α ω ≤ ω̄1 ≤ ω; ω ≤ ω̄2 ≤ α−1 ω.

“¸²µ¢¨¥ δ− (ω, t) → 0 ¤µ¢µ²Ó´µ ¥¸É¥¸É¢¥´´µ ¶·¨ ²Õ¡µ³  ¸¨³¶ÉµÉ¨Î¥-
¸±µ³ ¶µ¢¥¤¥´¨¨ ¶µ²´ÒÌ ¸¥Î¥´¨°, §  ¨¸±²ÕÎ¥´¨¥³ ¨Ì ¡Ò¸É·µ£µ (¸É¥¶¥´´µ£µ)
¶ ¤¥´¨Ö, É.¥. µ´µ ¸¶· ¢¥¤²¨¢µ, ±µ£¤ 

σtot (ω) > ω−ε, ω → ∞. (4.28)

‚ ÔÉµ³ ¸²ÊÎ ¥, ± ± ¡Ò²µ ¶µ± § ´µ ¢ÒÏ¥, ξ (ω, t) → 0. …¸²¨, ±·µ³¥ Éµ£µ,
Fa (ω, t)/F (ω, t) → 0 (ÔÉµ Ê¸²µ¢¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¢ · ³± Ì ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³µ-
¤¥²¥°), Éµ ¨ R± (ω, t)/A± (ω, t) → 0, É.¥. δ− (ω, t) → 0.

�É³¥É¨³, ÎÉµ ¢¸²¥¤¸É¢¨¥ µÍ¥´µ± (4.21) ¨ (4.25) ²¥£±µ ¶µ²ÊÎ¨ÉÓ µ¡µ¡-
Ð¥´¨¥ (4.25) ´  ±µ´¥Î´Ò¥ Ô´¥·£¨¨,   ¨³¥´´µ: ¨´É¥£· ² ¢ ²¥¢µ° Î ¸É¨ ÔÉµ£µ
¸µµÉ´µÏ¥´¨Ö ¤µ²¦¥´ ¡ÒÉÓ ³ ², ¥¸²¨ δ− (ω′, t) � 1 ¨ |F+ (ω, t)/F− (ω, t)| ≈ 1
¶·¨ ω′ > ω.

‚ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ¢Ò¶µ²´¥´µ ´¥· ¢¥´¸É¢µ (4.28) (ÔÉµÉ ¸²ÊÎ ° ¤µ²¦¥´
¨³¥ÉÓ ³¥¸Éµ, ¥¸²¨ ¶µ¢¥¤¥´¨¥ ¸¥Î¥´¨° ¶·¨ ¡µ²¥¥ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ´¥ ¡Ê¤¥É
± ·¤¨´ ²Ó´µ µÉ²¨Î ÉÓ¸Ö µÉ ´ ¡²Õ¤ ¥³µ£µ ¶·¨ ¸µ¢·¥³¥´´ÒÌ Ô´¥·£¨ÖÌ), ³Ò ³µ-
¦¥³ ¤µ± § ÉÓ ¡µ²¥¥ ¸¨²Ó´µ¥ ÊÉ¢¥·¦¤¥´¨¥, Î¥³ · ¢¥´¸É¢µ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
¸¥Î¥´¨° ¢¶¥·e¤ ¶·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ [117]. Mµ¦´µ ¤µ± § ÉÓ, ÎÉµ
É ±¦¥

σ+ (ω)
σ− (ω)

→ 1, (4.29)

¥¸²¨ Éµ²Ó±µ ∣∣∣∣ R+ (ω, 0)
A+ (ω, 0)

∣∣∣∣ < ∞. (4.30)

…¸²¨, ±·µ³¥ Éµ£µ, ∣∣∣∣ R+ (ω, 0)
A+ (ω, 0)

∣∣∣∣ > C, (4.31)

Éµ
γ+ (ω, 0)
γ− (ω, 0)

→ − 1, É.¥.
σ+ (ω)
σ− (ω)

→ 1,
R+ (ω, 0)
R− (ω, 0)

→ − 1, (4.32)

γ± (ω, t) ¸¢Ö§ ´Ò ¸ δ± (ω, t) É ± ¦¥, ± ± γ (ω, t) ¸¢Ö§ ´  ¸ δ (ω, t) (¸³. (4.1)).
Ÿ¸´µ, ÎÉµ ¤µ¸É ÉµÎ´µ ¤µ± § ÉÓ ¸µµÉ´µÏ¥´¨¥ (4.32), ¶µ¸±µ²Ó±Ê ¥¸²¨

R± (ω, 0)
A± (ω, 0)

→ 0, Éµ (4.29) Å ¸²¥¤¸É¢¨¥ Ê¸²µ¢¨Ö (4.23).

„²Ö ¤µ± § É¥²Ó¸É¢  (4.32) ¢µ¸¶µ²Ó§Ê¥³¸Ö ¸µµÉ´µÏ¥´¨¥³,  ´ ²µ£¨Î´Ò³
(4.3), ´µ ¤²Ö F+ (ω, t)F− (ω, t). �´µ ¨³¥¥É ÉµÉ ¦¥ ¢¨¤ ¸ µÎ¥¢¨¤´Ò³¨ § -
³¥´ ³¨:

γ (ω, t) → γ+ (ω, t) + γ− (ω, t), ϕ (ω, t) → ϕ̃ (ω, t) =
ω0

2

ω2
F+ (ω, t)F− (ω, t).
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…¸²¨ (4.32) ´¥ ¨³¥¥É ³¥¸É , É.¥. ¥¸²¨ ¸ÊÐ¥¸É¢Ê¥É ±µ´¸É ´É  C É ± Ö, ÎÉµ
|γ+ (ω, 0)+γ− (ω, 0)| > C, Éµ, µÍ¥´¨¢ Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥£· ², ¶µ²ÊÎ¨³,
ÎÉµ ²¨¡µ F± (ω, 0) ¢µ§· ¸É ÕÉ ¸É¥¶¥´´Ò³ µ¡· §µ³ ¢ ¶·µÉ¨¢µ·¥Î¨¨ ¸ ´¥· ¢¥´-
¸É¢µ³ ”·Ê ¸¸ · ÄŒ ·É¥´ , ²¨¡µ ¶ ¤ ÕÉ É ±¨³ ¦¥ µ¡· §µ³ ¢ ¶·µÉ¨¢µ·¥Î¨¨ ¸
¨¸Ìµ¤´Ò³ ¶·¥¤¶µ²µ¦¥´¨¥³.

’ ±¨³ µ¡· §µ³, ¢µ ¢¸¥Ì ¸²ÊÎ ÖÌ, ±µ£¤  ¶µ²´Ò¥ ¸¥Î¥´¨Ö ´¥ ¶ ¤ ÕÉ ¡Ò-
¸É·µ, ÎÉµ ´ ¨¡µ²¥¥ ¢¥·µÖÉ´µ ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö, ®¶µÎÉ¨ ¢¸¥£¤ ¯
σ+ (ω)/σ− (ω) → 1. …¤¨´¸É¢¥´´µ¥ ¨¸±²ÕÎ¥´¨¥ ¸µ¸É ¢²Ö¥É ¸²ÊÎ °  ¸¨³¶Éµ-

É¨Î¥¸±¨ Î¨¸Éµ ¢¥Ð¥¸É¢¥´´ÒÌ  ³¶²¨ÉÊ¤

(∣∣∣∣ R± (ω, 0)
A± (ω, 0)

∣∣∣∣ → ∞
)

. ‚ ÔÉµ³ ¸²ÊÎ ¥

¢Ò¶µ²´¥´µ ¢Éµ·µ¥ ¨§ ¸µµÉ´µÏ¥´¨° ¢ (4.32).
‚ § ±²ÕÎ¥´¨¥ ±µ·µÉ±µ · ¸¸³µÉ·¨³ ¸²ÊÎ ° ¶·µ¨§¢µ²Ó´ÒÌ t. ‚ ÔÉµ³ ¸²ÊÎ ¥

´¥É ´¨± ±¨Ì µ£· ´¨Î¥´¨° ´  Î¨¸²µ ´Ê²¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. �¤´ ±µ, ¸²¥-
¤ÊÖ Œ¥°³ ´Ê [37], ³Ò ³µ¦¥³ ¨¸±²ÕÎ¨ÉÓ ¨§ · ¸¸³µÉ·¥´¨Ö ÔÉ¨ ´Ê²¨, ¢µ¸¶µ²Ó-
§µ¢ ¢Ï¨¸Ó Ê¸²µ¢¨Ö³¨ ±·µ¸¸¨´£-¸¨³³¥É·¨¨ ¨ ¤¥°¸É¢¨É¥²Ó´µ¸É¨. �·¥¤¸É ¢¨³
F± (ω, t) ¢ ¢¨¤¥

F± (ω, t) =
∞∏

i=1

(ω ∓ ωi) (ω ∓ ω∗
i ) f± (ω, t). (4.33)

Œµ¦´µ ¶µ± § ÉÓ [37], ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ µ¡Ð¨Ì ¶·¥¤¶µ²µ¦¥´¨ÖÌ
|
∏∞

i=1 (ω∓ωi) (ω∓ω∗
i )| < ∞, ¨, ¸²¥¤µ¢ É¥²Ó´µ, Ëµ·³Ê²  (4.33) ¨³¥¥É ¸³Ò¸².

�Î¥¢¨¤´µ, ∣∣∣∣ F+ (ω, t)
F− (ω, t)

∣∣∣∣ =
∣∣∣∣ f+ (ω, t)
f− (ω, t)

∣∣∣∣ , ¥¸²¨ ω ∈ �. (4.34)

Š ËÊ´±Í¨¨ |f+ (ω, t)/f− (ω, t)| ³Ò Ê¦¥ ³µ¦¥³ ¶·¨³¥´¨ÉÓ ¶·µ¢¥¤e´´µ¥ · ¸-
¸³µÉ·¥´¨¥ ¨ ¶µ²ÊÎ¨ÉÓ ¤²Ö ´¥e · ¢¥´¸É¢µ,  ´ ²µ£¨Î´µ¥ (4.20). �¤´ ±µ É¥¶¥·Ó
³Ò Ê¦¥ ´¥ ¨³¥¥³ µ£· ´¨Î¥´¨° ´  δ− (ω, t). ’¥³ ´¥ ³¥´¥¥ ³µ¦´µ ²¥£±µ ¤µ± -
§ ÉÓ, ¸· ¢´¨¢ Ö ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ · ¢¥´¸É¢  (4.20), ÎÉµ∣∣∣∣ F+ (ω, t)

F− (ω, t)

∣∣∣∣ → 1, ¥¸²¨
|δ̃+ (ω, t) − δ̃− (ω, t)|

ln ω
→ 0, (4.35)

£¤¥ δ̃± (ω, t) Å Ë §Ò ËÊ´±Í¨° f± (ω, t). � ¶µ³´¨³, ÎÉµ ¤µ± § É¥²Ó¸É¢µ ¸µ-
µÉ´µÏ¥´¨Ö (4.23) ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ t ¶·¨ ¤µ¢µ²Ó´µ µ¡Ð¨Ì Ê¸²µ¢¨ÖÌ ¡Ò²µ
¶µ²ÊÎ¥´µ ¢ · ¡µÉ Ì [49Ä51].

5. ‹�Š�‹œ�›… „ˆ‘�…�‘ˆ���›… ‘��’��˜…�ˆŸ

5.1. �¥µ¸Í¨²²¨·ÊÕÐ¨¥ ¨²¨ ¸² ¡µ µ¸Í¨²²¨·ÊÕÐ¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö-
´¨Ö. ‚ ÔÉµ³ · §¤¥²¥ ¡Ê¤¥É ¨§ÊÎ¥´  ¢µ§³µ¦´µ¸ÉÓ § ³¥´Ò „‘ ¨Ì ²µ± ²Ó´Ò³¨
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 ´ ²µ£ ³¨. ‘´ Î ²  ³Ò ¶µ± ¦¥³, ÎÉµ µÉ¸ÊÉ¸É¢¨¥ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ¸¨²Ó-
´ÒÌ µ¸Í¨²²ÖÍ¨° Ê A (ω, t) ¨ R (ω, t) ¶·¨¢µ¤¨É ± ¸ÊÐ¥¸É¢µ¢ ´¨Õ ®¶µÎÉ¨¯
²µ± ²Ó´ÒÌ ¤¨¸¶¥·¸¨µ´´ÒÌ ¸µµÉ´µÏ¥´¨°. „ ²¥¥ ¡Ê¤ÊÉ ¶µ¸É·µ¥´Ò ¸¨²Ó´µ µ¸-
Í¨²²¨·ÊÕÐ¨¥ ËÊ´±Í¨¨ ¨ ¶µ± § ´µ, ÎÉµ ¤²Ö ´¨Ì ¸¢Ö§Ó ³¥¦¤Ê A (ω, t) ¨ R (ω, t)
´µ¸¨É ¶·¨´Í¨¶¨ ²Ó´µ ¨´µ° Ì · ±É¥·, Î¥³ ¢ ¸²ÊÎ ¥ µÉ¸ÊÉ¸É¢¨Ö µ¸Í¨²²ÖÍ¨°.

…¸²¨ Ê Fs,a (ω, t) ´¥É ¸¨²Ó´ÒÌ µ¸Í¨²²ÖÍ¨°, Éµ ¨Ì ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Fs,a (ω, t) = Ψs,a (ω)ϕ (ω, t),

Ψs,a (ω) Å ËÊ´±Í¨¨, µ¡² ¤ ÕÐ¨¥ µ¡ÒÎ´Ò³¨ ¸¢µ°¸É¢ ³¨  ´ ²¨É¨Î´µ¸É¨, ¤¥°-
¸É¢¨É¥²Ó´µ¸É¨, ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨, É ±¨¥, ÎÉµ ¶·¨ ω 	 ω0

Ψs,a (ω) ∼= ωβ Cs,a(β), (5.1)

£¤¥

Cs,(β) = − exp
(
−i π β

2

)
; Ca(β) = i Cs,(β),

ϕ (ω, t) Å ³¥¤²¥´´µ ³¥´ÖÕÐ Ö¸Ö ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ ËÊ´±Í¨Ö (Ê¸²µ¢¨¥
(5.3)).

‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ϕ (ω, t) µ¡² ¤ ¥É É ±¨³ ¦¥, ± ± ¨ ¸¨³³¥É·¨Î´ Ö  ³¶²¨-
ÉÊ¤ , ¸¢µ°¸É¢µ³ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨ (2.2). ŒÒ ¢Ò¡¨· ¥³ β É ±, ÎÉµ¡Ò
ϕ (ω, t) Ê¤µ¢²¥É¢µ·Ö²  Ê¸²µ¢¨Õ (2.4′).

’µ£¤  ¨´É¥£· ²Ò µÉ Im ϕ (ω, t) ¨ Re ϕ (ω, t) ¸¢Ö§ ´Ò ³¥¦¤Ê ¸µ¡µ° · ¢¥´-
¸É¢µ³,  ´ ²µ£¨Î´Ò³ (2.19′), É.¥.

−ω2

∞∫
ω0

Im ϕ (ω′, t) dω′

ω′ (ω′2 + ω2)
=

√
ω2 + ω0

2

∞∫
ω0

Re ϕ (ω′, t)ω′ dω′√
ω′2 − ω0

2 (ω′2 + ω2)
. (5.2)

‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ³Ò ¶¥·¥Ï²¨ ± ËÊ´±Í¨¨ ϕ (ω, t)−ϕ (0, t), ± ± µ¡ÒÎ´µ, ´¥
¨§³¥´ÖÖ µ¡µ§´ Î¥´¨°.

�·¥¤¶µ²µ¦¨³, ÎÉµ ¢´ÊÉ·¨ ¨´É¥·¢ ²  (α ω, α−1 ω) ËÊ´±Í¨Ö ϕ (ω′, t) Ê¤µ-
¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕÐ¨³ Ê¸²µ¢¨Ö³:∣∣∣∣ Im ϕ (ω′, t) − Im ϕ (ω, t)

Im ϕ (ω, t)

∣∣∣∣ � 1,

∣∣∣∣ Re ϕ (ω′, t) − Re ϕ (ω, t)
Re ϕ (ω, t)

∣∣∣∣ � 1,∣∣∣∣ Im ϕ (ω′, t)
Re ϕ (ω′, t)

∣∣∣∣ � 1, α ω < ω′ < α−1 ω.

(5.3)

�Í¥´¨³ É¥¶¥·Ó ¨´É¥£· ²Ò ¢ (5.2). ‘´ Î ²  µÍ¥´¨³ ¢±² ¤ ¨´É¥·¢ ² 
(ω0, ω) ¢ ¨´É¥£· ² ¢ ²¥¢µ° Î ¸É¨ (5.2). �Î¥¢¨¤´µ, ÎÉµ

ω∫
ω0

Im ϕ (ω′, t) dω′

ω′ (ω′2 + ω2)
=

1
ω2

ω∫
ω0

Im ϕ (ω′, t) dω′

ω′ − 1
ω2

ω∫
ω0

Im ϕ (ω′, t) dω′

ω′2 + ω2
≡
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≡ 1
ω2

(I1 − I2). (5.4)

„²Ö µÍ¥´±¨ I2 · §¤¥²¨³ ¨´É¥·¢ ² (ω0, ω) ´  ¤¢ : (ω0, α ω) ¨ (α ω, ω). ‡ É¥³,
¨¸¶µ²Ó§ÊÖ É¥µ·¥³Ê µ ¸·¥¤´¥³, ¶µ²ÊÎ¨³, ¶·¥´¥¡·¥£ Ö Î²¥´µ³, ¶·µ¶µ·Í¨µ´ ²Ó-
´Ò³ ω0

2/ω2:

I2 =
1
2

[
Im ϕ (ω1, t) ln (1 + α2) + Im ϕ (ω2, t) ln

2
1 + α2

]
,

ω0 < ω1 < α ω, α ω < ω2 < ω.
(5.5)

„²Ö µÍ¥´±¨ ¨´É¥£· ²  ¶µ ¨´É¥·¢ ²Ê (ω,∞) · §¤¥²¨³ ¥£µ ´  ¨´É¥£· ²Ò ¶µ
¨´É¥·¢ ² ³ (ω, α−1 ω) ¨ (α−1 ω,∞). ‘´µ¢  ¶µ²Ó§ÊÖ¸Ó É¥µ·¥³µ° µ ¸·¥¤´¥³,
¶µ²ÊÎ¨³

∞∫
ω

Im ϕ (ω′, t) dω′

ω′ (ω′2 + ω2
)=

1
2 ω2

[
Im ϕ (ω3, t) ln

2
1+α2

+Im ϕ (ω4, t) ln (1+α2)
]

,

ω < ω3 < α−1 ω, α−1 ω < ω4 < α−2 ω. (5.6)

�É³¥É¨³, ÎÉµ ¢¸²¥¤¸É¢¨¥ ¡Ò¸É·µ° ¸Ìµ¤¨³µ¸É¨ ¨´É¥£· ² , ³µ¦´µ § ³¥´¨ÉÓ
(α−1 ω,∞) ´  ¨´É¥·¢ ² (α−1 ω, α−2 ω).

ˆÉ ±, ¸µ£² ¸´µ (5.4)Ä(5.6),

∞∫
ω0

Im ϕ (ω′, t) dω′

ω′ (ω′2 + ω2)
=

=
1
ω2


 ω∫

ω0

Im ϕ (ω′, t)dω′

ω′ + (Im ϕ (ω3, t)−Im ϕ (ω2, t)) ln 2+O(α2)


 . (5.7)

�Í¥´¨³ É¥¶¥·Ó ¨´É¥£· ² ¢ ¶· ¢µ° Î ¸É¨. —Éµ¡Ò ´¥ Ê¸²µ¦´ÖÉÓ Ëµ·³Ê²Ò, · ¸-
¸³µÉ·¨³ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨¥ ω. �¥ ²Ó´µ ÔÉµ µ§´ Î ¥É, ÎÉµ µ¤´µ¢·¥³¥´´µ
α � 1 ¨ α ω 	 ω0. ‚ ÔÉµ³ ¸²ÊÎ ¥

√
ω2 + ω0

2 ∼= ω,   · ¸¸³ É·¨¢ ¥³Ò°

¨´É¥£· ² ³µ¦´µ § ³¥´¨ÉÓ ´ 

∫ ∞

ω0

Re ϕ (ω′, t) dω′

ω′2 + ω2
. �¸É ²µ¸Ó · §¡¨ÉÓ µ¡² ¸ÉÓ

¨´É¥£·¨·µ¢ ´¨Ö ´  É·¨: (ω0, α ω), (α ω, α−1 ω) ¨ (α−1 ω,∞) ¨ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö
É¥µ·¥³µ° µ ¸·¥¤´¥³. ‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³ (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¢Ò¸Ï¨Ì ¶µ¶· ¢µ±
¶µ α):

∞∫
ω0

Re ϕ (ω′, t) dω′

ω′2 + ω2
=

=
1
ω

[π

2
Reϕ (ω̄, t) + α (Reϕ (ω̄1, t) + Re ϕ (ω̄2, t) − 2 Reϕ (ω̄, t))

]
;

ω0 < ω̄1 < α ω, α ω < ω̄ < α−1 ω, α−1 ω < ω̄2 < ∞.

(5.8)



‘‚�‰‘’‚� �Œ�‹ˆ’“„ ��‘‘…Ÿ�ˆŸ �„����‚ 1151

’ ±¨³ µ¡· §µ³, ¸µ£² ¸´µ (5.3), (5.7) ¨ (5.8),

ω∫
ω0

Im ϕ (ω′, t) dω′

ω′ = − π

2
Re ϕ (ω, t) [1 + ε (ω, t)], (5.9)

£¤¥ ε (ω, t) � 1.
‚ ´ ¨¡µ²¥¥ ¢ ¦´µ³ ¸²ÊÎ ¥ · ¸¸¥Ö´¨Ö ¢¶¥·e¤ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥

£µ¢µ·ÖÉ µ Éµ³, ÎÉµ ¶µ¶· ¢µÎ´Ò¥ Î²¥´Ò ¤µ²¦´Ò ¡ÒÉÓ ³ ²Ò ¶·¨ Ô´¥·£¨ÖÌ
¸µ¢·¥³¥´´ÒÌ Ê¸±µ·¨É¥²¥°.

„¥°¸É¢¨É¥²Ó´µ, ³Ò ³µ¦¥³ § ¶¨¸ ÉÓ

F (ω, 0) = i ω ϕ (ω, 0). (5.10)

�Î¥¢¨¤´µ,
Im ϕ (ω, 0)
Reϕ (ω, 0)

= − R (ω, 0)
A (ω, 0)

.

�µ¸²¥¤´ÖÖ ¢¥²¨Î¨´  ¨³¥¥É ¶µ·Ö¤µ± 0,12Ä0,15. Š·µ³¥ Éµ£µ, ¶µ¶· ¢±  ¢ (5.7)
Ö¢²Ö¥É¸Ö · §´µ¸ÉÓÕ §´ Î¥´¨° ³¥¤²¥´´µ ³¥´ÖÕÐ¥°¸Ö ËÊ´±Í¨¨ R (ω, 0)/ω. „ -
²¥¥, Re ϕ (ω, 0) ∼ σtot (ω). Œ ²µ¸ÉÓ ¶µ¶· ¢µÎ´µ£µ Î²¥´  ¢ (5.8) µ¶·¥¤¥²Ö¥É¸Ö
´¥ Éµ²Ó±µ ³¥¤²¥´´Ò³ ¨§³¥´¥´¨¥³ ¶µ²´ÒÌ ¸¥Î¥´¨°, ´µ ¨ É¥³ Ë ±Éµ³, ÎÉµ
σtot (ω) ³µ´µÉµ´´µ ¢µ§· ¸É ¥É ¶·¨ ω > 100 ƒÔ‚2.

�·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ ¶·¨ ω → ∞ ËÊ´±Í¨Ö ϕ (ω, t) ¢ ¨´É¥·¢ ²¥
(α ω, α−1 ω) Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Ö³, ±µÉµ·Ò¥ ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¨§ Ê¸²µ-
¢¨° (5.3) ¥¸É¥¸É¢¥´´µ° § ³¥´µ° §´ ±  � ´  → 0. ’µ£¤  ¨§ · ¢¥´¸É¢ (5.7) ¨
(5.8) ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¢ (5.9) ε (ω, t) → 0 ¶·¨ ω → ∞.

�É³¥É¨³, ÎÉµ ¥¸²¨

ω− ε < |ϕ (ω, t)| < ωε, ω → ∞, (5.11)

Éµ ¸ÊÐ¥¸É¢Ê¥É ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ωi É ± Ö, ÎÉµ ∀ ν |ϕ (ν ωi, t)/ϕ (ωi, t)| → 1
¶·¨ ω → ∞. „¥°¸É¢¨É¥²Ó´µ, ²¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ¥¸²¨ |ϕ (ν ω, t)/ϕ (ω, t)| >
1+∆ ¨²¨ |ϕ (ν ω, t)/ϕ (ω, t)| < 1−∆, £¤¥ ∆ > 0 Å ´¥±µÉµ·µ¥ Ë¨±¸¨·µ¢ ´´µ¥
Î¨¸²µ, Éµ ϕ (ω, t) · ¸ÉeÉ ¨²¨ ¶ ¤ ¥É ¸É¥¶¥´´Ò³ µ¡· §µ³.

„ ²¥¥ ¨§ ¸µµÉ´µÏ¥´¨Ö (5.11) ¸ ¶µ³µÐÓÕ ¢ÒÎ¨¸²¥´¨°,  ´ ²µ£¨Î´ÒÌ ¶·µ-
¢¥¤e´´Ò³ ¢ · §¤. 3, ²¥£±µ § ±²ÕÎ¨ÉÓ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ωi

É ± Ö, ÎÉµ Im ϕ (ωi, t)/Reϕ (ωi, t) → 0 ¶·¨ ωi → ∞.
’ ±¨³ µ¡· §µ³, ¶·¨ ωi → ∞ ¸³Ò¸² ¸¤¥² ´´ÒÌ ¶·¥¤¶µ²µ¦¥´¨° ¢ Éµ³, ÎÉµ

· ¸¸³µÉ·¥´´Ò¥ ¢ÒÏ¥ ¸²¥¤¸É¢¨Ö Ê¸²µ¢¨° (5.11) ¢Ò¶µ²´¥´Ò ¶·¨ ¢¸¥Ì  ¸¨³¶Éµ-
É¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ. ‚³¥¸É¥ ¸ É¥³ ¶·µ¢¥¤e´´µ¥ · ¸¸³µÉ·¥´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ
¤µ¸É ÉµÎ´µ ¢Ò¶µ²´¥´¨Ö É·¥¡Ê¥³ÒÌ Ê¸²µ¢¨° ¢´ÊÉ·¨ ¨´É¥·¢ ²  (α ω, α−1 ω).
�·¨ ω → ∞ α ³µ¦¥É ¡ÒÉÓ ¢§ÖÉµ ¶·µ¨§¢µ²Ó´µ ³ ²Ò³ ¨ ε (ω, t) → 0.
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…¸²¨ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ
d ε (ω, t)

dω
� d Re ϕ (ω, t)

dω
, Éµ ¨§ (5.9) ¸²¥¤Ê¥É,

ÎÉµ

Im ϕ (ω, t) = − π

2
d Re ϕ (ω, t)

d ln ω
. (5.12)

� ¢¥´¸É¢µ (5.12) ¸µ¢¶ ¤ ¥É ¸ ²µ± ²Ó´Ò³¨ „‘, ¥¸²¨ ¢ ´¨Ì µ£· ´¨Î¨ÉÓ¸Ö ¶¥·¢Ò³
Î²¥´µ³ (¸³., ´ ¶·¨³¥·, [103]).

…¸É¥¸É¢¥´´µ ´ °É¨ Ê¸²µ¢¨Ö, ¶·¨ ±µÉµ·ÒÌ ¶·¨ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¨ (5.9)

³µ¦´µ ¶·¥´¥¡·¥ÎÓ
d ε (ω, t)

dω
. „²Ö ÔÉµ° Í¥²¨ ´ °¤e³ ¸µµÉ´µÏ¥´¨¥, ¸¢Ö§Ò¢ Õ-

Ð¥¥ ¨´É¥£· ²Ò µÉ
d Re ϕ (ω, t)

dω
¨ Im ϕ (ω, t).

� ¸¸³µÉ·¨³ ¸²ÊÎ ° ω 	 ω0, ÔÉµ µ§´ Î ¥É, ÎÉµ (5.2) ³µ¦´µ § ³¥´¨ÉÓ
¸µµÉ´µÏ¥´¨¥³

−ω

∞∫
ω0

Im ϕ (ω′, t) dω′

ω′2 + ω2
=

C (ω0, ω1, t)
ω2

+

∞∫
ω1

Reϕ (ω′, t) dω′

ω′2 + ω2
, (5.2′)

C (ω0, ω1, t) =

ω1∫
ω0

ω′ Re ϕ (ω′, t) dω′√
ω′2 − ω0

2
, ω0 � ω1 � ω.

�¨¦¥ ³Ò ¶·¥´¥¡·¥£ ¥³ Î²¥´ ³¨ ∼ ω1/ω, ·¥§Ê²ÓÉ ÉÒ ´¥ § ¢¨¸ÖÉ µÉ ¢Ò¡µ· 

ÉµÎ±¨ ω1. �¥ ÊÎ¨ÉÒ¢ Ö, ¢¢¨¤Ê ¥e ³ ²µ¸É¨, ¶·µ¨§¢µ¤´ÊÕ µÉ Î²¥´ 
C (ω0, ω1, t)

ω2
,

¶µ¸²¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ Î ¸ÉÖ³ ¨´É¥£· ²  µÉ
Re ϕ (ω′, t) ¶·¨¤e³ ± ¸µµÉ´µÏ¥´¨Õ

− 2 ω

∞∫
ω0

ω′ Im ϕ (ω′, t) dω′

(ω′2 + ω2)2
=

∞∫
ω1

ψ (ω′, t) dω′

ω′2 + ω2
, (5.13)

£¤¥ ψ (ω, t) = ω
d Re ϕ (ω, t)

dω
.

‘µµÉ´µÏ¥´¨¥ (5.13) § ³¥Î É¥²Ó´µ É¥³, ÎÉµ ¨´É¥£· ²Ò ± ± ¢ ²¥¢µ°, É ±
¨ ¢ ¶· ¢µ° Î ¸É¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ¢¥¤¥´¨¥³ ϕ (ω, t) ¨ ψ (ω, t) ¢ ¨´É¥·¢ ²¥
(α ω, α−1 ω), ¥¸²¨ α � 1. „¥°¸É¢¨É¥²Ó´µ, µÍ¥´¨¢ Ö, ± ± µ¡ÒÎ´µ, µÉ¤¥²Ó´µ
¨´É¥£· ²Ò ¶µ ¨´É¥·¢ ² ³ (ω0, α ω), (α ω, α−1 ω) ¨ (α−1 ω,∞), ¨³¥¥³

−2ω

∞∫
ω0

ω′ Im ϕ (ω′, t) dω′

(ω′2 + ω2)2
=

= − 1
ω

[
Im ϕ (ω2, t) + α2 (Im ϕ (ω1, t) + Im ϕ (ω3, t) − 2 Imϕ (ω2, t))

]
,

ω0 < ω1 < α ω, α ω < ω2 < α−1 ω, α−1 ω < ω3 < ∞.
(5.14)
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„²Ö µÍ¥´±¨ ¨´É¥£· ²  ¢ ¶· ¢µ° Î ¸É¨ (5.13) ¤µ¸É ÉµÎ´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö Ëµ·-
³Ê²µ° (5.8). ‘ ÉµÎ´µ¸ÉÓÕ ¤µ ¶µ¶· ¢µÎ´ÒÌ Î²¥´µ¢ ¨³¥¥³

Im ϕ (ω2, t) = − π

2
d Re ϕ (ω, t)

d ln ω

∣∣∣∣
ω=ω4

, α ω < ω4 < α−1 ω. (5.15)

‘µ£² ¸´µ (5.10), · ¢¥´¸É¢µ (5.15) µ§´ Î ¥É, ÎÉµ ¥¸²¨ R (ω, 0) > 0 ¢ ¨´É¥·¢ ²¥
(α ω, α−1 ω), Éµ σtot (ω) ¢ ÔÉµ³ ¨´É¥·¢ ²¥ ¤µ²¦´µ ¢µ§· ¸É ÉÓ (¶µ ±· °´¥°
³¥·¥, ¶·¨ ´¥±µÉµ·ÒÌ ω, ¶·¨´ ¤²¥¦ Ð¨Ì ¤ ´´µ³Ê ¨´É¥·¢ ²Ê).

�·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ Im ϕ (ω, t) ¨ ψ (ω, t) ³¥¤²¥´´µ ³¥´ÖÕÉ¸Ö ¢ · ¸-
¸³ É·¨¢ ¥³µ³ ¨´É¥·¢ ²¥, É.¥. ÎÉµ

Im ϕ (ω′, t) − Im ϕ (ω, t)
Im ϕ (ω, t)

� 1;
ψ (ω′, t) − ψ (ω, t)

ψ (ω, t)
� 1;

α ω < ω′ < α−1 ω.
(5.16)

’µ£¤ , µÎ¥¢¨¤´µ, ³µ¦´µ ¢ Ëµ·³Ê²¥ (5.15) ¶µ²µ¦¨ÉÓ ω2 = ω4 = ω ¨ ¶·¨°É¨ ±
· ¢¥´¸É¢Ê (5.12).

�·¨¢¥¤e³ É¥¶¥·Ó ¡µ²¥¥ Éµ´±ÊÕ µÍ¥´±Ê, · ¸¸³µÉ·¥¢ µÉ¤¥²Ó´µ ¨´É¥£· ²Ò
¶µ ¨´É¥·¢ ² ³ (α ω, ω) ¨ (ω, α−1 ω). �¶Ê¸± Ö Î²¥´Ò, ¶·µ¶µ·Í¨µ´ ²Ó´Ò¥ α,
¨³¥¥³

− 2 ω

∞∫
ω0

ω′ Im ϕ (ω′, t) dω′

(ω′2 + ω2)2
=

= − 1
ω

Im ϕ (ω, t)
(

1 +
Im ϕ (ω̄1, t) + Im ϕ (ω̄2, t) − 2 Imϕ (ω, t)

2 Imϕ (ω, t)

)
;

α ω < ω̄1 < ω, ω < ω̄2 < α−1 ω, (5.17)
∞∫

ω0

ψ (ω′, t) dω′

ω′2 + ω2
=

π

2 ω
ψ (ω, t)

(
1 +

ψ (ω̄3, t) + ψ (ω̄4, t) − 2 ψ (ω, t)
2 ψ (ω, t)

)
,

α ω < ω̄3 < ω, ω < ω̄4 < α−1 ω. (5.18)

�Î¥¢¨¤´µ, ÎÉµ ¥¸²¨ ϕ (ω, t) ¨ ψ (ω, t) Å ³µ´µÉµ´´Ò¥ ËÊ´±Í¨¨ ¢ ¨´-
É¥·¢ ²¥ (α ω, α−1 ω), Éµ ¶µ¶· ¢µÎ´Ò¥ Î²¥´Ò ¢ (5.17) ¨ (5.18) ¶·¨µ¡·¥É ÕÉ
¤µ¶µ²´¨É¥²Ó´ÊÕ ³ ²µ¸ÉÓ.

ˆÉ ±, ³Ò Ê¡¥¤¨²¨¸Ó ¢ Éµ³, ÎÉµ ¥¸²¨ µ¸Í¨²²ÖÍ¨¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö,
¶·¨Îe³ ± ± ¥e ·¥ ²Ó´µ°, É ± ¨ ³´¨³µ° Î ¸É¨, ³ ²Ò, Éµ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ
„‘ ¸¢µ¤ÖÉ¸Ö ± ®¶µÎÉ¨ ²µ± ²Ó´Ò³¯ ¸µµÉ´µÏ¥´¨Ö³ ³¥¦¤Ê A (ω, t) ¨ R (ω, t).

‚ § ±²ÕÎ¥´¨¥ ÔÉµ£µ ¶Ê´±É  · ¸¸³µÉ·¨³ ¢µ¶·µ¸ µ ¢µ§³µ¦´µ¸É¨ ¨¸¶µ²Ó§µ-
¢ ´¨Ö ²µ± ²Ó´ÒÌ „‘ ¤²Ö µ¶·¥¤¥²¥´¨Ö F− (ω, 0) ¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ
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¶µ A+ (ω, 0) ¨ R+ (ω, 0). �·¥¤¸É ¢¨³ F± (ω, 0) ¢ ¢¨¤¥

F± (ω, 0) =
1
2

(Fs (ω, 0) ± Fa (ω, 0)).

�µ¸±µ²Ó±Ê σ+ (ω) ¢µ§· ¸É ¥É ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ, Éµ Fs (ω, 0) ∼
ω ϕs (ω, 0), £¤¥ ϕs (ω, 0) Å ³¥¤²¥´´µ · ¸ÉÊÐ Ö ËÊ´±Í¨Ö. �Éµ µ§´ Î ¥É, ÎÉµ
Rs (ω, 0)
As (ω, 0)

� 1. …¸²¨ µ¸Í¨²²ÖÍ¨¨ Rs (ω, 0) ³ ²Ò, Éµ Rs (ω, 0) ³µ¦¥É ¡ÒÉÓ

µ¶·¥¤¥²¥´  ¨§ ¸µµÉ´µÏ¥´¨Ö (5.12). ‘· ¢´¨¢ Ö Rs (ω, 0) ¨ R+ (ω, 0), ³µ-
¦¥³ ´ °É¨ R− (ω, 0). �É³¥É¨³, ÎÉµ, ¥¸²¨ Fa (ω, 0) ¢´µ¸¨É § ³¥É´Ò° ¢±² ¤
¢ F± (ω, 0), Éµ ÔÉµ, ¢ µ¸´µ¢´µ³, ¢±² ¤ ¢ R± (ω, 0). „¥°¸É¢¨É¥²Ó´µ, ¥¸²¨
Fa (ω, 0) ∼ ω ϕa (ω, 0), £¤¥ ϕa (ω, 0) Å ³¥¤²¥´´µ · ¸ÉÊÐ Ö ¨²¨ ¶ ¤ ÕÐ Ö

ËÊ´±Í¨Ö, Éµ
Ra (ω, 0)
Aa (ω, 0)

	 1. ’ ±¨³ µ¡· §µ³, ¸· ¢´¥´¨¥ ¢ÒÎ¨¸²¥´´µ° ¨§ ²µ-

± ²Ó´ÒÌ „‘ Rs (ω, 0) ¸ Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ ¥³µ° ¢¥²¨Î¨´µ° R+ (ω, 0)
¤ ¸É ¢µ§³µ¦´µ¸ÉÓ ¸Ê¤¨ÉÓ µ ¢¥²¨Î¨´¥ ¢±² ¤  Fa (ω, 0) ¢ F± (ω, 0).

�´ ²µ£¨Î´µ¥ · ¸¸³µÉ·¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¶·µ¢¥¤¥´µ ¨ ¶·¨ t < 0, ¥¸²¨ |t|
¤µ¸É ÉµÎ´µ ³ ². ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢¥¸Ó³  ¢¥·µÖÉ´µ, ÎÉµ |F+ (ω, t)| ∼= A+ (ω, t).

5.2. ‘¨²Ó´µ µ¸Í¨²²¨·ÊÕÐ¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. � ¸¸³µÉ·¨³ É¥¶¥·Ó
¶·¨³¥· ¸¨²Ó´µ µ¸Í¨²²¨·ÊÕÐ¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. P ¸¸³µÉ·¨³ ¸¢µ°¸É¢ 
É ±¨Ì ËÊ´±Í¨°, ±µÉµ·Ò¥ ¶·¨ ω 	 ω0 ¨³¥ÕÉ ¢¨¤

Fs,a (ω, t) = ωβ Cs,a (β)ϕ (ω, t)
[
a + b sin

(
ln ω − i π

2

)]
, (5.19)

£¤¥ Cs,a (β) É¥ ¦¥, ÎÉµ ¨ ¢ (5.1).
� §Ê³¥¥É¸Ö, Fs,a (ω, t) ³µ£ÊÉ ¡ÒÉÓ ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ ËÊ´±Í¨°

É¨¶  (5.19). ‚ Î ¸É´µ¸É¨, ²¥£±µ ¶µ¸É·µ¨ÉÓ É ±ÊÕ ²¨´¥°´ÊÕ ±µ³¡¨´ Í¨Õ, ÎÉµ
A (ωi, t) ∼ ωi

β1 , A (ω̃i, t) ∼ ω̃β2
i . �¨¦¥ ³Ò · ¸¸³µÉ·¨³ Éµ²Ó±µ ¶·µ¸É¥°Ï¨°

¢ ·¨ ´É µ¸Í¨²²¨·ÊÕÐ¥°  ³¶²¨ÉÊ¤Ò: ¶Ê¸ÉÓ ¶·¨ ω 	 ω0

F (ω, 0) = i ω

[
a + b sin

(
ln ω − i π

2

)]
, a > 0, a > b ch

π

2
. (5.19′)

�Î¥¢¨¤´µ, ÎÉµ

A (ω, 0) = ω
(
a + b ch

π

2
· sin ln ω

)
,

R (ω, 0) = − b ω sh
π

2
· cos ln ω,

ξ (ω, 0) = −
b sh

π

2
· cos ln ω

a + b ch
π

2
· sin ln ω

.

(5.20)
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ŒÒ ¢¨¤¨³, ÎÉµ ξ (ω, 0) Å µ¸Í¨²²¨·ÊÕÐ Ö ËÊ´±Í¨Ö. „ ²¥¥, µÎ¥¢¨¤´µ,

d

d ln ω

A (ω, 0)
ω

= − cth
π

2
R (ω, 0)

ω
. (5.21)

� §²¨Î¨¥ ¢ Ëµ·³Ê² Ì (5.12) ¨ (5.21) ¤¥³µ´¸É·¨·Ê¥É ÉµÉ Ë ±É, ÎÉµ, ¢ µÉ²¨Î¨¥ µÉ
„‘, ¤²Ö ¸¶· ¢¥¤²¨¢µ¸É¨ ²µ± ²Ó´ÒÌ „‘ ´¥µ¡Ìµ¤¨³Ò ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶·¨³¥·  ³¶²¨ÉÊ¤Ò, Ö¢²ÖÕÐ¥°¸Ö ¸Ê³³µ° ³µ´µÉµ´´µ°
¨ µ¸Í¨²²¨·ÊÕÐ¥° ËÊ´±Í¨°:

F (ω, 0) = i ω

[(
ln ω − i π

2

)γ

+ b sin
(

ln ω − i π

2

)]
, γ > 0. (5.22)

�Î¥¢¨¤´µ, ÎÉµ ¶·¨ ω → ∞ µ¸Í¨²²ÖÍ¨¨ A (ω, 0) ³ ²Ò. �¤´ ±µ ¥¸²¨ γ < 1,
Éµ R (ω, 0) µ¸Í¨²²¨·Ê¥É ¸¨²Ó´µ ¨ ¸µµÉ´µÏ¥´¨¥ (5.12) ´¥ ¨³¥¥É ³¥¸É . ’ ±¨³
µ¡· §µ³, ¤²Ö ¸¶· ¢¥¤²¨¢µ¸É¨ ²µ± ²Ó´ÒÌ „‘ ´¥µ¡Ìµ¤¨³µ µÉ¸ÊÉ¸É¢¨¥ ¸¨²Ó´ÒÌ
µ¸Í¨²²ÖÍ¨° ± ± Ê A (ω, 0), É ± ¨ Ê R (ω, 0).

6. ‘’��ƒˆ… �ƒ���ˆ—…�ˆŸ ‘‚…�•“ �� ��‹��… ‘…—…�ˆ…
ˆ �� �Œ�‹ˆ’“„“ “��“ƒ�ƒ� ��‘‘…Ÿ�ˆŸ

6.1. �¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¨ ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨¥ ¢¥·Ì´¨¥ £· ´¨ÍÒ. �¤-
´¨³ ¨§ ¢ ¦´¥°Ï¨Ì ·¥§Ê²ÓÉ Éµ¢  ±¸¨µ³ É¨Î¥¸±µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö Ö¢²Ö¥É¸Ö
´¥· ¢¥´¸É¢µ ”·Ê ¸¸ · ÄŒ ·É¥´  [69]:

A (ω, 0) ≤ ω

8 m2
π

ln2 ω

ωu
. (6.1)

‘µ£² ¸´µ µ¶É¨Î¥¸±µ° É¥µ·¥³¥, ÔÉµ ´¥· ¢¥´¸É¢µ Ô±¢¨¢ ²¥´É´µ µ£· ´¨Î¥´¨Õ ´ 
¶µ²´µ¥ ¸¥Î¥´¨¥:

σtot (ω) ≤ π

m2
π

ln2 ω

ωu
. (6.2)

�¨¦¥ ³Ò ¶µ²µ¦¨³ m2
π = 1. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ωu Å ´¥µ¶·¥¤¥²e´´Ò° ¶ · ³¥É·

¨ ¶µÔÉµ³Ê ´¥· ¢¥´¸É¢µ (6.2) ¸¶· ¢¥¤²¨¢µ Éµ²Ó±µ ¶·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·-
£¨ÖÌ. ‘É·µ£µ £µ¢µ·Ö, ¢ ÔÉµ° µ¡² ¸É¨ ¸¶· ¢¥¤²¨¢µ ¡µ²¥¥ ¸¨²Ó´µ¥ ´¥· ¢¥´¸É¢µ
(¸³. ¢ [111] Ë-²Ê (3.12b)):

A (ω, 0) ≤ ω

8 m2
π

ln2 ω

(ln ω)3/2
. (6.1′)

�¥· ¢¥´¸É¢  (6.1) ¨ (6.1′), ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ µ£· ´¨Î¨¢ ÕÉ ¶µ¢¥¤¥´¨¥ ¶µ²´ÒÌ
¸¥Î¥´¨° ¶·¨ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ.
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�¤´ ±µ ¤²Ö ´¥±µÉµ·ÒÌ ¶·µÍ¥¸¸µ¢ ³Ò ³µ¦¥³ ¶µ²ÊÎ¨ÉÓ É ±¨¥ µ£· ´¨Î¥´¨Ö.
ˆ§  ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨° ´   ³¶²¨ÉÊ¤Ê π0 π0-· ¸¸¥Ö´¨Ö ¢ ´¥Ë¨§¨Î¥¸±µ°
µ¡² ¸É¨, ¶µ²ÊÎ¥´´ÒÌ Œ ·É¥´µ³ [68] ¨ ¤ ²¥¥ Ê¸¨²¥´´ÒÌ ¢ ·Ö¤¥ · ¡µÉ [69Ä74],
¢ÒÉ¥± ÕÉ ´¥· ¢¥´¸É¢ , ¶·¨ ±µ´¥Î´ÒÌ Ô´¥·£¨ÖÌ  ´ ²µ£¨Î´Ò¥ (6.1). ” ±É¨Î¥-
¸±¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ Î¨¸²¥´´Ò¥ µ£· ´¨Î¥´¨Ö ´   ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ
¶·¨ ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ. …¸²¨ ¦¥ ω 	 ω0 (·¥ ²Ó´µ ω > 1 ƒÔ‚2), Éµ
ÔÉ¨ µ£· ´¨Î¥´¨Ö ¨³¥ÕÉ ÉµÉ ¦¥ ËÊ´±Í¨µ´ ²Ó´Ò° ¢¨¤, ÎÉµ ¨ (6.1). “Î¨ÉÒ¢ Ö,
ÎÉµ ¢¸²¥¤¸É¢¨¥ ±¢ ·±µ¢µ° ¸É·Ê±ÉÊ·Ò ¶µ²´Ò¥ ¸¥Î¥´¨Ö π0π0-; πN -; NN -· ¸-
¸¥Ö´¨° ¨³¥ÕÉ µ¤¨´ ¨ ÉµÉ ¦¥ ¶µ·Ö¤µ± (¢ ¶·µ¸ÉÒÌ ³µ¤¥²ÖÌ ³µ¦´µ ´ ¶¨¸ ÉÓ
¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê ÔÉ¨³¨ ¸¥Î¥´¨Ö³¨, ±µÉµ·Ò¥ ¢Ò¶µ²´ÖÕÉ¸Ö ¸ Ìµ·µÏ¥° ¸É¥-
¶¥´ÓÕ ÉµÎ´µ¸É¨), ¢¥·Ì´ÖÖ £· ´¨Í  ¤²Ö π0 π0-· ¸¸¥Ö´¨Ö ³µ¦¥É ¸²Ê¦¨ÉÓ Ê± § -
´¨¥³ ´   ¡¸µ²ÕÉ´Ò¥ ¢¥·Ì´¨¥ £· ´¨ÍÒ ¤²Ö ¤·Ê£¨Ì  ¤·µ´´ÒÌ  ³¶²¨ÉÊ¤. ‚ ¸²Ê-
Î ¥ πN -· ¸¸¥Ö´¨Ö ¤²Ö ¢Ò¢µ¤  ±µ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨Ì  ´ ²µ£µ¢ ´¥· ¢¥´¸É¢ 
”·Ê ¸¸ · ÄŒ ·É¥´  ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¶·¨
´¨§±¨Ì Ô´¥·£¨ÖÌ. ‚ Î ¸É´µ¸É¨, ¤²Ö ÔÉµ° Í¥²¨ ¨¸¶µ²Ó§Ê¥É¸Ö ¨´Ëµ·³ Í¨Ö µ ¶µ-
¢¥¤¥´¨¨ D-¢µ²´Ò ¢ t-± ´ ²¥. �¥·¢µ¥ ´¥· ¢¥´¸É¢µ É ±µ£µ ·µ¤  ¡Ò²µ ¶µ²ÊÎ¥´µ
¢ [76], ¤ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ ÔÉµ ´ ¶· ¢²¥´¨¥ ¶µ²ÊÎ¨²µ ¢ · ¡µÉ Ì [77Ä81].

‚¸¥ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ´  F (ω, t) ¸¢Ö§ ´Ò ¸ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ É¥Ì ¨²¨
¨´ÒÌ ¢¥·Ì´¨Ì £· ´¨Í ´  A (ω, t0) ¶·¨ t0 > t (0 < t0 ≤ 4 m2

π). ‘Ì¥³  ¶µ²Ê-
Î¥´¨Ö É ±¨Ì µ£· ´¨Î¥´¨° Ö¢²Ö¥É¸Ö µ¡Ð¥° ¤²Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì ¨ ±µ´¥Î´ÒÌ
Ô´¥·£¨°.

� Î´e³ ¸ µ£· ´¨Î¥´¨Ö ´  A (ω, t0), ¢ÒÉ¥± ÕÐ¥£µ ¨§ Éµ£µ Ë ±É , ÎÉµ
A (ω, t0), ¸µ£² ¸´µ ·¥§Ê²ÓÉ É ³ · ¡µÉÒ [61], Ê¤µ¢²¥É¢µ·Ö¥É „‘ ¸ ¤¢Ê³Ö ¢Ò-
Î¨É ´¨Ö³¨.

ˆÉ ±, ¶Ê¸ÉÓ

∞∫
ω0

A (ω′, t0) dω′

ω′3 < ∞, 0 < t0 ≤ 4 m2
π. (6.3)

“¸²µ¢¨¥ (6.3), · §Ê³¥¥É¸Ö, ´¥ µ£· ´¨Î¨¢ ¥É ¶µ¢¥¤¥´¨¥ A (ω, t0) ¶·¨ ±µ´¥Î´ÒÌ
Ô´¥·£¨ÖÌ. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ µ£· ´¨Î¥´¨¥ ¸ÊÐ¥¸É¢Ê¥É, ¥¸²¨

∞∫
ω0

A (ω′, t0) dω′

ω′3 < d, 0 < t0 ≤ 4 m2
π, (6.3′)

£¤¥ d Å ´¥±µÉµ· Ö ¨§¢¥¸É´ Ö ±µ´¸É ´É . �µ¤Î¥·±´e³, ÎÉµ, ¸µ£² ¸´µ (2.23) ¨
(2.24), A (ω, t0) > 0, ¥¸²¨ t0 > 0, ¶µ¸±µ²Ó±Ê Pl (x) > 1 ¶·¨ x > 1.

…¸²¨ ¢Ò¶µ²´¥´µ Ê¸²µ¢¨¥ (6.3), Éµ ¶·¨ ω → ∞

A (ω, t0) <
ω2

ln ω
. (6.4)
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‘É·µ£µ £µ¢µ·Ö, ´¥· ¢¥´¸É¢µ (6.4) ³µ¦¥É ¡ÒÉÓ ¸¶· ¢¥¤²¨¢µ ´¥ ¶·¨ ¢¸¥Ì  ¸¨³¶-
ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ, ´µ, É ± ± ± A (ω, t0) > 0, Éµ ¶·¨ ®¶µÎÉ¨ ¢¸¥Ì¯. ˆ§
Ê¸²µ¢¨Ö (6.3′), ¢¸²¥¤¸É¢¨¥ ¶µ²µ¦¨É¥²Ó´µ¸É¨ A (ω, t0), ¸²¥¤Ê¥É  ´ ²µ£¨Î´µ¥
Ê¸²µ¢¨¥ ¤²Ö ¨´É¥£· ²  ¶µ ²Õ¡µ³Ê ¨´É¥·¢ ²Ê (ω, ν ω). �·¨³¥´¨¢ É¥µ·¥³Ê µ
¸·¥¤´¥³, ¶µ²ÊÎ¨³, ÎÉµ

A (ω̄, t0) < ω̄2 d ln ν. (6.4′)

� °¤e³ É¥¶¥·Ó max A (ω, t) (max A (ω̄, t)) ¤²Ö t < t0, ¥¸²¨ ¢Ò¶µ²´¥´µ
Ê¸²µ¢¨¥ (6.4) ((6.4′)).

�µ¸±µ²Ó±Ê ¨¸±µ³Ò° ³ ±¸¨³Ê³ É¥³ ³¥´ÓÏ¥, Î¥³ ¸² ¡¥¥ ¨¸Ìµ¤´µ¥ ´¥· -
¢¥´¸É¢µ ¤²Ö A (ω, t0), ¶·¨ ¢Ò¢µ¤¥  ¡¸µ²ÕÉ´µ£µ µ£· ´¨Î¥´¨Ö ´Ê¦´µ § ³¥´¨ÉÓ
(6.4) ((6.4′)) ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ · ¢¥´¸É¢µ³.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ: ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ §´ Î¥´¨¨
A (ω, t0) ´ °É¨ al (ω), ·¥ ²¨§ÊÕÐ¨¥ ³ ±¸¨³Ê³ ·Ö¤ 

B (ω, t) = 2
∞∑

l=0

(2l + 1) al (ω)Bl (x), x = 1 +
2t

ω
,

£¤¥ ËÊ´±Í¨¨ Bl (x) > 0 ¨ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ

Bl2 (x)
Bl1 (x)

<
Pl2 (x0)
Pl1 (x0)

, l2 > l1. (6.5)

„µ± ¦¥³, ÎÉµ ÔÉµÉ ³ ±¸¨³Ê³ ·¥ ²¨§Ê¥É¸Ö, ¥¸²¨

al (ω) =




1 l ≤ L,
η ≤ 1 l = L + 1,
0 l ≥ L + 2.

(6.6)

„²Ö ¤µ± § É¥²Ó¸É¢  ¤µ¸É ÉµÎ´µ § ³¥É¨ÉÓ, ÎÉµ ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ¢¸¥£¤  ³µ¦´µ
É ± ¨§³¥´¨ÉÓ al (ω), ÎÉµ B (ω, t) Ê¢¥²¨Î¨É¸Ö ¶·¨ ´¥¨§³¥´´µ° A (ω, t0). „¥°-
¸É¢¨É¥²Ó´µ, ¥¸²¨ (6.5) ´¥ ¨³¥¥É ³¥¸É , Éµ ¢¸¥£¤  ´ °¤ÊÉ¸Ö al1 (ω) ¨ al2 (ω),
l2 > l1, É ±¨¥, ÎÉµ al1 (ω) < 1, al2 (ω) > 0. ‡ ³¥´ÖÖ al1 (ω) ´  al1 (ω) + ∆1,  
al2 (ω) ´  al2 (ω) − ∆2, ∆i > 0, ¶µ²ÊÎ¨³, ÎÉµ ¶µ¸±µ²Ó±Ê

∆1 − ∆2
Pl2 (x0)
Pl1 (x0)

= 0,

Éµ ¢¸²¥¤¸É¢¨¥ (6.5) ∆ B (ω, t) > 0.
�·¨ t ≥ 0 ¶µ²µ¦¨³ B (ω, t) = A (ω, t). “¸²µ¢¨¥ (6.5) ¢Ò¶µ²´¥´µ ± ±

¸²¥¤¸É¢¨¥ ¨§¢¥¸É´ÒÌ ¸¢µ°¸É¢ ¶µ²¨´µ³µ¢ ‹¥¦ ´¤· . �·¨ t < 0 ³ ¦µ·¨·Ê¥³
A (ω, t) ·Ö¤µ³

B (ω, t) =
2
√

2√
π sin θ

∞∑
l=1

(2 l + 1)√
l

al (ω), (6.7)
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É.±. ¶·¨ | cos ϑ| < 1 ¨³¥¥³ |Pl (cos ϑ)| < [2/(π l sin θ)]1/2
. (�Î¥¢¨¤´µ, ÎÉµ

¢±² ¤ ¢µ²´Ò ¸ l = 0 ¶·¥´¥¡·¥¦¨³µ ³ ².)
�¸É ²µ¸Ó ´ °É¨ ¢¥²¨Î¨´Ê L. „²Ö ÔÉµ£µ § ³¥É¨³, ÎÉµ ¢±² ¤µ³ ¶ ·Í¨ ²Ó´µ°

¢µ²´Ò ¸ l = L + 1 ³µ¦´µ ¶·¥´¥¡·¥ÎÓ ¨ ¸ ¶µ³µÐÓÕ ¨§¢¥¸É´µ° ·¥±Ê··¥´É´µ°
Ëµ·³Ê²Ò

(2 l + 1)Pl (x) = P
′

l+1 (x) − P
′

l−1 (x)

¶·µ¸Ê³³¨·µ¢ ÉÓ ·Ö¤ ¶µ ¶µ²¨´µ³ ³ ‹¥¦ ´¤·  ¤²Ö A (ω, t0) (¸³. (2.24)). —Éµ¡Ò
´¥ Ê¸²µ¦´ÖÉÓ Ëµ·³Ê²Ò, ¸Î¨É ¥³, ÎÉµ ω 	 ω0. ’µ£¤  L ∼= L + 1, cos ϑ ∼=
1 + (2t)/ω. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö µ¶·¥¤¥²¥´¨Ö L:

A (ω, t) = P ′
L+1 (x) + P ′

L (x) ∼= 2 P ′
L (x). (6.8)

“· ¢´¥´¨¥ (6.8) ²¥£±µ ·¥Ï ¥É¸Ö ³¥Éµ¤µ³ ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°.
� ³ Ê¤µ¡´¥¥ ¢ÒÎ¨¸²¨ÉÓ γ0 = 2L

√
t0/ω, ¶µ¸±µ²Ó±Ê, ± ± ¡Ò²µ ´ ³¨ ¶µ± -

§ ´µ ¢ [81] (Ë-²  (15)),

P ′
l

(
1 +

2t

ω

)
∼=

eγ √
γ

4
√

2π

ω

t
, γ = 2L

√
t

ω
, γ > 1. (6.9)

‚¥²¨Î¨´  γ0 Ê¤µ¢²¥É¢µ·Ö¥É ¶µ¸²¥¤´¥³Ê Ê¸²µ¢¨Õ ¶·¨ ¢¸¥Ì · ¸¸³ É·¨¢ ¥³ÒÌ
´ ³¨ Ô´¥·£¨ÖÌ. ‘µ£² ¸´µ (6.8) ¨ (6.9) γ0 ´ Ìµ¤¨É¸Ö ¨§ Ê· ¢´¥´¨Ö

eγ0
√

γ0 = B ω, (6.10)

£¤¥ B µ¶·¥¤¥²Ö¥É¸Ö ¨§ ´¥· ¢¥´¸É¢ (6.4) ¨²¨ (6.4′). ‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³

γ
(1)
0 = ln (B ω), γ

(n+1)
0 = ln

B ω√
γn
0

. (6.11)

�·¨ t = 0 ¸µ£² ¸´µ µ¶É¨Î¥¸±µ° É¥µ·¥³¥ ¶µ²ÊÎ¨³

σmax
tot

∼=
32 π

ω

L∑
l=0

l ∼=
16 π

ω
L2 =

4 π

t0
γ2
0 . (6.12)

“Î¨ÉÒ¢ Ö ´¥· ¢¥´¸É¢µ (6.11), ¢¨¤¨³, ÎÉµ (6.12) ¢µ¸¶·µ¨§¢µ¤¨É ´¥· ¢¥´¸É¢µ
(6.1′). Šµ´¥Î´µÔ´¥·£¥É¨Î¥¸±¨°  ´ ²µ£ ÔÉµ£µ ´¥· ¢¥´¸É¢  ¸²¥¤Ê¥É ¨§ (6.4′) ¨
¨³¥¥É ¢¨¤

σmax
tot (ω̄) <

4 π

t0
ln2 (ω̄ d ln ν). (6.13)

‚ ¸²ÊÎ ¥ π N -· ¸¸¥Ö´¨Ö d ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¢Éµ·ÊÕ ¶ ·Í¨ ²Ó´ÊÕ ¢µ²´Ê ¢
t-± ´ ²¥ [76], §´ Î¥´¨¥ ±µÉµ·µ° µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ô±¸¶¥·¨³¥´É . ‡ ³¥É¨³, ÎÉµ
¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¢ µ£· ´¨Î¥´¨¥ (6.13) ¢Ìµ¤¨É ´¥ ±µ´¸É ´É  d,  

d̃ = d −
ω∫

ω0

A (ω′, t0) dω′

ω′3 −
∞∫

ν ω

A (ω′, t0) dω′

ω′3 .
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�¥¦¨³ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ (6.6) ¸µµÉ¢¥É¸É¢Ê¥É ³¨´¨³ ²Ó´µ³Ê §´ Î¥´¨Õ
A (ω, t0) ¶·¨ § ¤ ´´µ³ §´ Î¥´¨¨ A (ω, 0). �Éµ ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ, ¶µ²Ó§ÊÖ¸Ó
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, µÍ¥´¨ÉÓ ³¨´¨³ ²Ó´Ò¥ §´ Î¥´¨Ö ¨´É¥£· ²µ¢,
¢Ìµ¤ÖÐ¨Ì ¢ Ëµ·³Ê²Ê ¤²Ö d̃.

‘¤¥² ¥³ ¤¢  § ³¥Î ´¨Ö.
1. ‚¸²¥¤¸É¢¨¥ Ê¸²µ¢¨Ö Ê´¨É ·´µ¸É¨ (2.22) ·¥¦¨³ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ (6.6)

µ§´ Î ¥É, ÎÉµ al (ω) = f2
l (ω). ’¥³ ¸ ³Ò³ · ¸¸¥Ö´¨¥ ¸¢µ¤¨É¸Ö ± Ê¶·Ê£µ³Ê:

σtot (ω) = σel (ω). �µ¸²¥¤´¥¥ ´¥ ¨³¥¥É ³¥¸É  ¶·¨ ¸µ¢·¥³¥´´ÒÌ Ô´¥·£¨ÖÌ,
±µ£¤  σel (ω)/σtot (ω) ∼ 1/3 − 1/5.

�Î¥¢¨¤´µ, ÎÉµ ¥¸É¥¸É¢¥´´µ · ¸¸³µÉ·¥ÉÓ ¢¥·Ì´ÕÕ £· ´¨ÍÊ ¤²Ö σtot (ω),
ÊÎ¨ÉÒ¢ ÕÐÊÕ Ë ±Éµ· σel (ω)/σtot (ω). ‚¶¥·¢Ò¥ ÔÉµ ¡Ò²µ ¸¤¥² ´µ ¢ · ¡µÉ¥
[118]. ’µÎ´ Ö µÍ¥´±  ¶·¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì Ô´¥·£¨ÖÌ ¡Ò²  ¶µ²ÊÎ¥´  ¢ [66],  
¶·¨ ±µ´¥Î´ÒÌ Å ¢ [119]. �¥ µ¸É ´ ¢²¨¢ Ö¸Ó ´  ¤¥É ²ÖÌ, § ³¥É¨³ Éµ²Ó±µ, ÎÉµ
·¥ ²Ó´µ µÍ¥´±  Ê²ÊÎÏ ¥É¸Ö ´  Ë ±Éµ· σel (ω)/σtot (ω), É.¥.

σtot (ω) ≤ σel (ω)
σtot (ω)

σmax
tot (ω), (6.14)

£¤¥ σmax
tot (ω) µ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´¸É¢ ³¨ (6.1′) ¨²¨ (6.13).

2. � ¸¸³µÉ·¨³ ¢¥²¨Î¨´Ê, ´ §Ò¢ ¥³ÊÕ Ï¨·¨´µ° ¤¨Ë· ±Í¨µ´´µ£µ ¶¨± 
Γ ≡ dA (ω, t)/d t|t=0. �µ²Ó§ÊÖ¸Ó · §²µ¦¥´¨¥³ A (ω, t) ¢ ·Ö¤ ¶µ ¶µ²¨´µ³ ³
‹¥¦ ´¤·  ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉµ

dPl (1 + (2t)/ω)
d t

∣∣∣∣
t=0

=
l (l + 1)

ω
, (6.15)

¶µ²ÊÎ¨³, ÎÉµ

Γ =
2
ω

∞∑
l=0

l (l + 1) (2 l + 1) al (ω). (6.16)

ˆ§ ¤µ± § ´´µ£µ ´ ³¨ ÊÉ¢¥·¦¤¥´¨Ö ´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É, ÎÉµ ·¥¦¨³
¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ (6.6) ¸µµÉ¢¥É¸É¢Ê¥É ³ ±¸¨³Ê³Ê σtot (ω) ¶·¨ § ¤ ´´µ³ §´ -
Î¥´¨¨ Γ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ³¨´¨³Ê³Ê Γ ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ §´ Î¥´¨¨ σtot (ω).

“ÎeÉ Ô±¸¶¥·¨³¥´É ²Ó´µ ´ ¡²Õ¤ ¥³µ£µ §´ Î¥´¨Ö Γ/A (ω, 0) ³µ¦¥É ¡ÒÉÓ
¸ÊÐ¥¸É¢¥´ ¤²Ö ´ Ìµ¦¤¥´¨Ö ¡µ²¥¥ ÉµÎ´ÒÌ ¢¥·Ì´¨Ì £· ´¨Í ¤²Ö σtot (ω). �É 
¶·µ¡²¥³ , µ¤´ ±µ, ¢ÒÌµ¤¨É §  · ³±¨ ´ ¸ÉµÖÐ¥£µ µ¡§µ· . �Ö¤ ·¥§Ê²ÓÉ Éµ¢ ÔÉµ£µ
´ ¶· ¢²¥´¨Ö ¶·¨¢¥¤e´ ¢ [109]. “¸²µ¢¨¥ (5.3′) ¶·¨¢µ¤¨É É ±¦¥ ± Î¨¸²¥´´Ò³
µ£· ´¨Î¥´¨Ö³ ´  · §²¨Î´Ò¥ ¨´É¥£· ²Ò ¢¨¤ 

∞∫
ω1

ρ (ω′, t)A (ω′, t) dω′, t < t0,

ω1 Å ¶·µ¨§¢µ²Ó´ Ö Ë¨§¨Î¥¸± Ö Ô´¥·£¨Ö, ρ (ω, t) Å ´¥±µÉµ· Ö ¢¥¸µ¢ Ö ËÊ´±-
Í¨Ö. �·¨ t = 0 ³Ò ¨³¥¥³ ¢¥·Ì´¨¥ £· ´¨ÍÒ ¤²Ö · §²¨Î´ÒÌ ¨´É¥£· ²µ¢ µÉ
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¶µ²´µ£µ ¸¥Î¥´¨Ö [114]. ’ ±¨¥ £· ´¨ÍÒ, ¢ Î ¸É´µ¸É¨, ¤ ÕÉ ¸É·µ£¨¥ µ£· ´¨Î¥-
´¨Ö ´  ¢±² ¤ ¢ „‘ ¨´É¥£· ²µ¢ ¶µ Éµ° µ¡² ¸É¨ Ô´¥·£¨°, ±µÉµ· Ö ´¥¤µ¸ÉÊ¶´ 
Ô±¸¶¥·¨³¥´ÉÊ.

�·¨ t > 0 µ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³, ±µ£¤  γ Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Õ (6.9).
ˆ¸¶µ²Ó§ÊÖ (6.8) ¨ ¸¢Ö§Ó γ ¨ γ0, ¶µ¸²¥ ¶·µ¸ÉÒÌ ¢Ò±² ¤µ± ¶·¨Ìµ¤¨³ ± ´¥· ¢¥´-
¸É¢Ê

A (ω̄, t)
ω̄

<

√
γ0 eγ0

√
t/t0

2
√

2π t3/4 (t0)1/4
. (6.17)

�·¨ t < 0, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó · ¢¥´¸É¢µ³ (6.7), ¶µ¸²¥ ¶·µ¸ÉÒÌ ¢ÒÎ¨¸²¥´¨°
¨³¥¥³ µÍ¥´±Ê:

A (ω̄, t) <
4
√

2
3
√

π sin θ
L3/2 =

2
3
√

π sin θ
γ

3/2
0

(
ω̄

t0

)3/4

. (6.18)

ŒÒ ´¥ µ¸É ´ ¢²¨¢ ¥³¸Ö ´  ¡µ²¥¥ Éµ´±¨Ì µÍ¥´± Ì Pl (cos ϑ), Î¥³ (6.7),
¶µ¸±µ²Ó±Ê, ¢ µÉ²¨Î¨¥ µÉ · ¸¸¥Ö´¨Ö ¢¶¥·e¤, ¸É·µ£¨¥ µ£· ´¨Î¥´¨Ö ¶·¨ t < 0
¸ ´¥¨§¡¥¦´µ¸ÉÓÕ Ö¢²ÖÕÉ¸Ö ¤µ¢µ²Ó´µ ¸² ¡Ò³¨. „¥²µ ¢ Éµ³, ÎÉµ ¶·¨ t < 0
Pl (cos ϑ) µ¸Í¨²²¨·ÊÕÉ ¶·¨ ¡µ²ÓÏ¨Ì l, ÎÉµ ¶·¨¢µ¤¨É ± ¸µ±· Ð¥´¨Õ ¢±² ¤µ¢ ¢
F (ω, t) µÉ · §²¨Î´ÒÌ l. “ÎeÉ ÔÉµ£µ ÔËË¥±É  ´¥¢µ§³µ¦¥´ ¡¥§ ¤µ¶µ²´¨É¥²Ó´ÒÌ
¶·¥¤¶µ²µ¦¥´¨° µ ¶µ¢¥¤¥´¨¨ al (ω). �¥±µÉµ·µ£µ ¶·µ¤¢¨¦¥´¨Ö ³µ¦´µ ¤µ¸É¨ÎÓ,
¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¥¤¶µ²µ¦¥´¨¥ µ¡  ´ ²¨É¨Î´µ¸É¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶µ
t ¢ ¡µ²¥¥ Ï¨·µ±µ° µ¡² ¸É¨, Î¥³ Ô²²¨¶¸ Œ ·É¥´ , ´ ¶·¨³¥·, ¢ ±·Ê£¥ ¸ Í¥´É·µ³
¢ t = −ω/2 (· ¸¸¥Ö´¨¥ ¶µ¤ Ê£²µ³ π/2) ¨ ±· °´¥ ¶· ¢µ° ÉµÎ±µ° t = t0.
’ ± Ö  ´ ²¨É¨Î´µ¸ÉÓ ¸ÊÐ¥¸É¢¥´´  ¨ ¤²Ö ¶µ²ÊÎ¥´¨Ö µÍ¥´µ± ´  Ì · ±É¥·¨¸É¨±¨
´¥Ê¶·Ê£¨Ì ¶·µÍ¥¸¸µ¢ [58, 120].

�¥·¥°¤e³ É¥¶¥·Ó ± · ¸¸³µÉ·¥´¨Õ  ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨° ´  F (ω, t).
6.2. �¡¸µ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ´  ¶µ²´µ¥ ¸¥Î¥´¨¥ ¨ ³´¨³ÊÕ Î ¸ÉÓ  ³-

¶²¨ÉÊ¤Ò Ê¶·Ê£µ£µ π0 π0-· ¸¸¥Ö´¨Ö ¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ Ô´¥·£¨ÖÌ. ‚ ´ ¸ÉµÖ-
Ð¥³ ¶Ê´±É¥ ¢Ò¢µ¤ÖÉ¸Ö  ¡¸µ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ´  A (ω, t0),
0 < t0 < 4m2

π. ‚µ¸¶µ²Ó§Ê¥³¸Ö „‘ (2.5). � ³ ¶µÉ·¥¡Ê¥É¸Ö ¸²¥¤ÊÕÐ Ö · §-
´µ¸ÉÓ:

F (ω2, t0) − F (ω1, t0) =
2 (ω2

2 − ω2
1)

π

∞∫
ω0

A (ω′, t0)ω′ dω′

(ω′2 − ω2
1) (ω′2 − ω2

2)
. (6.19)

�Ê¸ÉÓ 0 < ωi < ω0, i = 1, 2 ¨ ω2 > ω1. ’µ£¤  ¶·¨ ²Õ¡µ³ ν > 1, ¶µ¸±µ²Ó±Ê
A (ω′, t0) > 0 (¸³. Ëµ·³Ê²Ò (2.23), (2.24)),

νω∫
ω

A (ω′, t0)ω′ dω′

(ω′2 − ω2
1) (ω′2 − ω2

2)
<

π

2
F (ω2, t0) − F (ω1, t0)

ω2
2 − ω2

1

. (6.20)
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‘µ£² ¸´µ É¥µ·¥³¥ µ ¸·¥¤´¥³

νω∫
ω

A (ω′, t0)dω′

ω′3
=

A (ω̄, t0)
ω̄

1
ω

ν − 1
ν

,

¸²¥¤µ¢ É¥²Ó´µ,
A (ω̄, t0)

ω̄
<

ν

ν − 1
ω C (ω1, ω2, t0), (6.20′)

£¤¥

C (ω1, ω2, t0) =
π

2
F (ω2, t0) − F (ω1, t0)

ω2
2 − ω2

1

.

�É³¥É¨³, ÎÉµ, ¸µ£² ¸´µ (6.19), min C (ω1, ω2, t0) ¤µ¸É¨£ ¥É¸Ö, ±µ£¤ 
ωi → 0. Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó, F (ω, t0) Ê¤µ¢²¥É¢µ·Ö¥É  ¡¸µ²ÕÉ´Ò³ µ£· ´¨Î¥-
´¨Ö³, ¥¸²¨ |ω| < ω0. ŒÒ ¢µ¸¶µ²Ó§Ê¥³¸Ö ·¥§Ê²ÓÉ É ³¨ ‹µ¶¥Í  ¨ Œ¥´´¥§¨¥· 
(¢Éµ· Ö ¸¸Ò²±  ¢ [74]):

| F (1, 3, 0) |< 3,3; | F (2, 3,−1) |< 14,5; m2
π = 1.

‚ ¶¥·¥³¥´´ÒÌ ω, t ¨³¥¥³∣∣∣∣F
(

3
2
, 3

)
− F

(
1
2
, 3

)∣∣∣∣ < 17,8. (6.21)

‘µ£² ¸´µ (6.20′) ¨ (6.21)

A (ω̄, t0)
ω̄

< 28
ν

ν − 1
ω. (6.22)

�¥· ¢¥´¸É¢µ (6.22) Ö¢²Ö¥É¸Ö  ¡¸µ²ÕÉ´Ò³ µ£· ´¨Î¥´¨¥³ ¸¢¥·ÌÊ ´ 
A (ω̄, t0) ¶·¨ ω > ω0. �¨¦¥ ³Ò Ê¢¨¤¨³, ± ± ¨§ ´¥£µ ¸²¥¤ÊÕÉ  ¡¸µ²ÕÉ´Ò¥
µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ¶·¨ t < t0 ´  A (ω̄, t) ¨ ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò.

� ¤¨ Ê¶·µÐ¥´¨Ö Ëµ·³Ê², ± ± µ¡ÒÎ´µ, µ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ ω 	 ω0. ’a±

± ± ω0 < 4 ¤²Ö ²Õ¡µ£µ t0 ∈ (0, 4), Éµ
ω

ω0
> 10, ¥¸²¨

√
s > 1 ƒÔ‚, É.¥. ·¥ ²Ó´µ

¢¸¥ Ô´¥·£¨¨, ¡
µ²ÓÏ¨¥ 1 ƒÔ‚, Ê¤µ¢²¥É¢µ·ÖÕÉ É·¥¡Ê¥³µ³Ê Ê¸²µ¢¨Õ.
� °¤e³ É¥¶¥·Ó  ¡¸µ²ÕÉ´µ¥ µ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ ´  A (ω̄, t) ¶·¨ t < t0. „²Ö

ÔÉµ£µ ¢µ¸¶µ²Ó§Ê¥³¸Ö ¢Ò¢µ¤µ³ Ëµ·³Ê²Ò (6.6). …¤¨´¸É¢¥´´µ¥ µÉ²¨Î¨¥ ¸µ¸Éµ¨É
¢ Éµ³, ÎÉµ ¢ ¸²ÊÎ ¥ π0 π0-· ¸¸¥Ö´¨Ö a2 l+1 (ω) = 0. �Éµ ¢´µ¸¨É µÎ¥¢¨¤´Ò¥
¨§³¥´¥´¨Ö ¢ ·¥¦¨³ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´ (6.6). “· ¢´¥´¨¥ ¤²Ö γ0 ¸µ¢¶ ¤ ¥É ¸
(6.10), Éµ²Ó±µ É¥¶¥·Ó

B =
2 t0

√
2π ν

ν − 1
C (ω1, ω2, t0).
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…¸²¨ ¨¸¶µ²Ó§Ê¥É¸Ö ´¥· ¢¥´¸É¢µ (6.21), Éµ

B = 210
ν

ν − 1
. (6.23)

Œ ±¸¨³Ê³Ò A (ω, t) Ê³¥´ÓÏ ÕÉ¸Ö ¢ ¤¢  · §  ¶µ ¸· ¢´¥´¨Õ ¸ Ëµ·³Ê² ³¨
(6.13), (6.17) ¨ (6.18). 	µ²¥¥ ÉµÎ´µ¥ µ£· ´¨Î¥´¨¥ ´  σmax

tot (ω) ¨³¥¥É ¢¨¤

σmax
tot ≤ 2π

t0
ln2

(
B ω√
ξ (ω)

)
, ξ (ω) = ln

(
B ω√

ln (B ω)

)
. (6.24)

�¥·¥Ìµ¤Ö ± µ¡ÒÎ´Ò³ ¥¤¨´¨Í ³, § ¶¨Ï¥³ σmax
tot ¢ ¢¨¤¥

σmax
tot = σ0 γ2

0 , σ0 =
2π

t0 m2
π

= 42 ³¡. (6.25)

—¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ¢ ¸²¥¤ÊÕÐ¥° É ¡²¨Í¥.

ν = 1,1 ν = 2 ν = 10

√
s, ƒÔ‚ γ2

1 γ2
2 γ2

3 γ2
1 γ2

2 γ2
3 γ2

1 γ2
2 γ2

3

1 134 107 108 100 78 79 88 68 69
10 261 218 219 220 182 183 194 159 160
100 431 370 372 367 312 314 345 293 294
104 899 800 802 805 713 715 772 682 684
106 1536 1396 1397 1410 1277 1279 1398 1266 1268
108 2343 2159 2160 2190 2014 2016 2135 1962 1964
1012 4465 4190 4191 4250 3982 3984 4176 3911 3913
1016 7267 6893 6895 7000 6635 6637 6534 6184 6186
1020 10750 10274 10276 10400 9934 9936 10300 9836 9839

‘¤¥² ¥³ ´¥¸±µ²Ó±µ § ³¥Î ´¨°.
1. �µ²ÊÎ¥´´Ò¥ µ£· ´¨Î¥´¨Ö ¸² ¡µ § ¢¨¸ÖÉ µÉ ν, µ¸µ¡¥´´µ ¶·¨ ¢Ò¸µ±¨Ì

Ô´¥·£¨ÖÌ. ‘²¥¤µ¢ É¥²Ó´µ, ³Ò ¶µ²ÊÎ¨²¨ ®¶µÎÉ¨¯ ²µ± ²Ó´Ò¥ ¢¥·Ì´¨¥ £· ´¨ÍÒ
¤²Ö ¶µ²´ÒÌ ¸¥Î¥´¨°.

2. � °¤¥´´Ò¥ ¢¥·Ì´¨¥ £· ´¨ÍÒ ³¥¤²¥´´µ Ê¢¥²¨Î¨¢ ÕÉ¸Ö ¸ ·µ¸Éµ³ s.
„¥°¸É¢¨É¥²Ó´µ, ±µ£¤ 

√
s ³¥´Ö¥É¸Ö ¢ 1020 · §, σmax

tot ¨§³¥´Ö¥É¸Ö Éµ²Ó±µ ¢
125 · §. �Éµ ¨§³¥´¥´¨¥ µ¸µ¡¥´´µ ³ ²
µ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ. � ¶·¨³¥·,
¢ ¨´É¥·¢ ²¥ 106 <

√
s < 1020 ƒÔ‚ σmax

tot ³¥´Ö¥É¸Ö ²¨ÏÓ ¢ 7 · §.
3. �  ¶¥·¢Ò° ¢§£²Ö¤, ¶µ²ÊÎ¥´´Ò¥ µ£· ´¨Î¥´¨Ö ¤µ²¦´Ò ¡ÒÉÓ £·Ê¡Ò³¨.

„¥°¸É¢¨É¥²Ó´µ, µ´¨ ´ ¸ÒÐ ÕÉ¸Ö, ¥¸²¨ Éµ²Ó±µ A (ω, t0) = 0 (  ¸²¥¤µ¢ É¥²Ó´µ,
¨ A (ω, t) = 0 ∀ t) ¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ ¨´É¥·¢ ²  (ω, ν ω). �Î¥¢¨¤´µ, ÎÉµ
É ±µ¥ ¶µ¢¥¤¥´¨¥ A (ω, t) ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ·¥ ²Ó´µ° Ë¨§¨Î¥¸±µ° ¸¨ÉÊ Í¨¨. �¤-
´ ±µ § ³¥Î É¥²¥´ ÉµÉ Ë ±É, ÎÉµ ¢¸²¥¤¸É¢¨¥ ±· °´¥ ¸² ¡µ° § ¢¨¸¨³µ¸É¨ σmax

tot
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µÉ A (ω, t0), µ¸µ¡¥´´µ ¶·¨ ¢Ò¸µ±¨Ì Ô´¥·£¨ÖÌ, ¶µ²ÊÎ¥´´µ¥ µ£· ´¨Î¥´¨¥ ´¥
³µ¦¥É ¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´µ Ê¸¨²¥´µ ¤ ¦¥ ¢ Éµ³ ¸²ÊÎ ¥, ¥¸²¨ Ê¤ ¸É¸Ö ¶µ²ÊÎ¨ÉÓ
¡µ²¥¥ ¸¨²Ó´µ¥ µ£· ´¨Î¥´¨¥ ´  A (ω, t0). „¥°¸É¢¨É¥²Ó´µ, ¶µ¸±µ²Ó±Ê γ0 µ¶·¥-
¤¥²Ö¥É¸Ö ¢¥²¨Î¨´µ° B ω, Éµ § ³¥´  B ´  κ B, κ < 1, Ô±¢¨¢ ²¥´É´  § ³¥´¥ ω
´  κ ω. �Éµ ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ µÍ¥´¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ÔËË¥±É ´¥¶µ¸·¥¤-
¸É¢¥´´µ ¨§ É ¡²¨ÍÒ. ‘· ¢´¨¢ Ö, ´ ¶·¨³¥·, σmax

tot ¶·¨
√

s = 106 ¨ 108 ƒÔ‚,
³Ò ¢¨¤¨³, ÎÉµ § ³¥´  B ´  10−4 B ¶·¨¢µ¤¨É ± Ê¸¨²¥´¨Õ µ£· ´¨Î¥´¨Ö ²¨ÏÓ
¢ 1,5 · § , ¥¸²¨

√
s = 108 ƒÔ‚.

�É³¥É¨³ É ±¦¥, ÎÉµ, ± ± ¡Ê¤¥É ¢¨¤´µ ¨§ ¶µ²ÊÎ¥´´ÒÌ ´¨¦¥ µ£· ´¨Î¥´¨°
´  |F (ω, t0)|, ²¨ÏÓ ¶µ¢¥¤¥´¨¥ A (ω′, t0) ¶·¨ ω′ < ν ω ¸ÊÐ¥¸É¢¥´´µ ¢²¨Ö¥É ´ 
¢¥·Ì´ÕÕ £· ´¨ÍÊ ¤²Ö σtot (ω̄).

4. �¥±µÉµ·µ¥ Ê¸¨²¥´¨¥ ´ °¤¥´´µ£µ µ£· ´¨Î¥´¨Ö (´  Ë ±Éµ· ≈ 3/4) ³µ-
¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉµ, ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¢ ± Î¥¸É¢¥ ¨¸Ìµ¤´ÒÌ µ£· ´¨Î¥´¨Ö ¶·¨
´¥Ë¨§¨Î¥¸±¨Ì s ¨ t ≈ 4. �¤´ ±µ, ¢¸²¥¤¸É¢¨¥ µÉ¸ÊÉ¸É¢¨Ö É ±¨Ì µ£· ´¨Î¥´¨°,
´¥¢µ§³µ¦´µ µÍ¥´¨ÉÓ, ¶·¨ ± ±¨Ì ¨³¥´´µ Ô´¥·£¨ÖÌ ÔÉµ ¶·¨¢¥¤eÉ ± Ê²ÊÎÏ¥´¨Õ
·¥§Ê²ÓÉ É . ‘É·µ£µ £µ¢µ·Ö, ¤²Ö ± ¦¤µ£µ s ¸ÊÐ¥¸É¢Ê¥É ¸¢µe µ¶É¨³ ²Ó´µ¥ t0.
�µ¤µ¡´Ò°  ´ ²¨§ ¢ÒÌµ¤¨É §  · ³±¨ ¤ ´´µ£µ µ¡§µ· .

5. σmax
tot ¤µ¸É¨£ ¥É¸Ö ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  σtot = σel. ˆ¸¶µ²Ó§ÊÖ ·¥§Ê²Ó-

É ÉÒ ¸É ÉÓ¨ [119], ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ´ °¤¥´´µ¥ ´ ³¨ µ£· ´¨Î¥´¨¥ ¶·¨
¤µ¶µ²´¨É¥²Ó´µ³ Ê¸²µ¢¨¨

σel (ω̄)
σtot (ω̄)

≤ b

¨³¥¥É ¢¨¤

σtot (ω̄) ≤ b
2π

t0
ln2

(
B

b
ω̄

)
. (6.26)

6.3. �¡cµ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ´  ¶ ·Í¨ ²Ó´Ò¥  ³¶²¨ÉÊ¤Ò. �¥· ¢¥´-
¸É¢µ (6.20) µ§´ Î ¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥  ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨° ´  ¶ ·Í¨ ²Ó´Ò¥
 ³¶²¨ÉÊ¤Ò, ÎÉµ ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ ¢¥·Ì´ÕÕ £· ´¨ÍÊ ´¥ Éµ²Ó±µ ¤²Ö

σtot (ω), ´µ ¨ ¤²Ö σL
tot (ω) ≡ 16 π

ω

∞∑
l=L

(2l + 1) al (ω).

�µ¸±µ²Ó±Ê al (ω) ≥ 0, Éµ ¨§ (2.24) ¸²¥¤Ê¥É, ÎÉµ

4 l al (ω)Pl

(
1 +

2t0
ω

)
< A (ω, t0). (6.27)

…¸²¨ γ0 ≡ 2l
√

t0/ω̄ > 1, Éµ Pl (x0) (x0 = 1+2t0/ω̄) Ìµ·µÏµ µ¶¨¸Ò¢ ¥É¸Ö
¸²¥¤ÊÕÐ¥° Ëµ·³Ê²µ° ((14) ¢ [81]):

Pl (x0) ∼=
eγ0

√
2 π γ0

. (6.28)
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‘µ£² ¸´µ (6.27)

al+L (ω̄) < exp
(
−2 l

√
t0/ω̄

)
, (6.29)

£¤¥ L µ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢µ³

4 L PL (x0) = A (ω̄, t0). (6.30)

‚µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ´¥· ¢¥´¸É¢µ³ (6.20) ¨ É¥µ·¥³µ° µ ¸·¥¤´¥³, ¨³¥¥³

A (ω̄, t0) <
ν2

2 (ν2 − 1)
ω2 C (ω1, ω2, t0) ≡ ω2 C̃2. (6.31)

ˆ§ Ê· ¢´¥´¨Ö (6.30) ¨ ´¥· ¢¥´¸É¢  (6.31) ¸²¥¤Ê¥É, ÎÉµ

L <
√

ω̄/t0 ln (C̃ ω). (6.32)

�£· ´¨Î¥´¨¥ (6.32) ¸µµÉ¢¥É¸É¢Ê¥É ¶¥·¢µ³Ê ¶·¨¡²¨¦¥´¨Õ ¶·¨ ·¥Ï¥´¨¨
Ê· ¢´¥´¨Ö (6.30) ¨ ³µ¦¥É ¡ÒÉÓ ´¥¸±µ²Ó±µ Ê²ÊÎÏ¥´µ.

…¸²¨ l < L, Éµ ´¥· ¢¥´¸É¢µ (6.27) ´¥ µ£· ´¨Î¨¢ ¥É al (ω̄). ‚¥²¨Î¨´  L
Ë ±É¨Î¥¸±¨ ¨³¥¥É ¸³Ò¸² · ¤¨Ê¸  ¢§ ¨³µ¤¥°¸É¢¨Ö, É.¥. σtot (ω̄) ≈ L2, · §Ê³¥-
¥É¸Ö, ¢ ¶·¥¤¶µ²µ¦¥´¨¨, ÎÉµ σtot (ω̄) ´¥ ¶ ¤ ¥É ¡Ò¸É·µ ¶·¨ ¡µ²ÓÏ¨Ì ω. ’µÎ´Ò°
¸³Ò¸² ¸¤¥² ´´µ£µ ´ ³¨ ÊÉ¢¥·¦¤¥´¨Ö ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ, ¢¸²¥¤¸É¢¨¥ (6.28),
·¥ ²¨¸É¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ σtot (ω̄) ´¥¸µ¢³¥¸É¨³µ ¸ ¸ÊÐ¥¸É¢¥´´Ò³ ¢±² ¤µ³ ¢
σtot (ω̄) ¶ ·Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° ¶·¨ l 	 L. „¥°¸É¢¨É¥²Ó´µ, ²¥£±µ ¶µ²ÊÎ¨ÉÓ
¸²¥¤ÊÕÐÊÕ µÍ¥´±Ê ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ° ¢¥²¨Î¨´Ò σtot (ω̄)L (1+α), α > 0:

σ
L (1+α)
tot (ω̄) ≤ 8 π (1 + α)

t0
(C̃ ω)−2 α ln (C̃ ω). (6.33)

6.4. �¡¸µ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ¸¢¥·ÌÊ ´  |F (ω, t)|. „µ± ¦¥³ ¸ÊÐ¥¸É¢µ-
¢ ´¨¥  ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨¨° ´¥ Éµ²Ó±µ ´  A (ω, t), ´µ ¨ ´  |F (ω, t)| ¶·¨
ω > ω0, 0 < t < 4.

‚µ¸¶µ²Ó§Ê¥³¸Ö É¥³, ÎÉµ F (ω, t) ´¥ ³µ¦¥É ¨³¥ÉÓ ¡µ²¥¥ ¤¢ÊÌ ´Ê²¥° ¢ µ¡² -
¸É¨  ´ ²¨É¨Î´µ¸É¨. („µ± § É¥²Ó¸É¢µ ¸³. ¢ ¶·¨²µ¦¥´¨¨ A.) —Éµ ± ¸ ¥É¸Ö ´Ê²¥°
´  · §·¥§¥, Éµ, ± ± Ê¦¥ µÉ³¥Î ²µ¸Ó ¢ · §¤. 2, ¤µ¸É ÉµÎ´µ Ê¸·¥¤´¨ÉÓ F (ω, t)
¶µ ¡¥¸±µ´¥Î´µ ³ ²µ³Ê ¨´É¥·¢ ²Ê (ω, ω + ∆), ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ËÊ´±Í¨Õ, Ë¨-
§¨Î¥¸±¨ ´¥ µÉ²¨Î¨³ÊÕ µÉ F (ω, t) ¨ ´¥ ¨³¥ÕÐÊÕ ´Ê²¥° ´  · §·¥§¥. …¸²¨
F (ω, t) = 0 ¶·¨ ω = ω̃, Éµ, ÊÎ¨ÉÒ¢ Ö Ê¸²µ¢¨¥ ¶¥·¥±·e¸É´µ° ¸¨³³¥É·¨¨ (2.2),
³µ¦¥³ § ¶¨¸ ÉÓ F (ω, t) ¢ ¢¨¤¥

F (ω, t) = (ω2 − ω̃2) f (ω, t), (6.34)

£¤¥ f (ω, t) Ê¦¥ ´¥ ¨³¥¥É ´Ê²¥°; ω̃ Å ¨²¨ ¤¥°¸É¢¨É¥²Ó´µ¥ (¢ ÔÉµ³ ¸²ÊÎ ¥ |ω̃| <
ω0), ¨²¨ ³´¨³µ¥ Î¨¸²µ. � ¶µ³´¨³, ÎÉµ Ê F (ω, t) ´¥ ³µ¦¥É ¡ÒÉÓ ±µ³¶²¥±¸´ÒÌ
´Ê²¥°.
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� §Ê³¥¥É¸Ö, Ê F (ω, t) ³µ¦¥É ´¥ ¡ÒÉÓ ´Ê²¥°. ‡ ¡¥£ Ö ¢¶¥·e¤, µÉ³¥É¨³, ÎÉµ
ÔÉµÉ ¸²ÊÎ ° ¸µµÉ¢¥É¸É¢Ê¥É ¡µ²¥¥ ¸¨²Ó´µ³Ê, É.¥. ´¥  ¡¸µ²ÕÉ´µ³Ê µ£· ´¨Î¥´¨Õ
¸¢¥·ÌÊ ´  |F (ω, t)|.

‘µ£² ¸´µ · ¢¥´¸É¢Ê (2.29), ¨¸¶µ²Ó§ÊÖ ¶¥·¥³¥´´ÊÕ z = ω2, ¶µ²ÊÎ¨³

ln
∣∣∣∣ f (z, t)
f (zi, t)

∣∣∣∣ =
z − zi

π
P

∞∫
z0

δ (z′, t)
(z′ − z) (z′ − zi)

d z′, i = 1, 2. (6.35)

…¸²¨ Ê F (z, t) ´¥É ´Ê²¥° ¨ F (z0, t) > 0, Éµ F (z, t) Ê¤µ¢²¥É¢µ·Ö¥É (6.35).
…¸²¨ F (z0, t) < 0, Éµ, ¸µ£² ¸´µ (2.31), ¢ · ¢¥´¸É¢¥ (6.35) ´ ¤µ δ (z′, t) § ³¥-
´¨ÉÓ ´  δ̃ (z′, t) = δ (z′, t) − π. �Î¥¢¨¤´µ,

− π ≤ δ̃ (z′, t) ≤ 0. (6.36)

„²Ö ¢Ò¢µ¤   ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨° ´  |F (z, t)| ¶·µ¨´É¥£·¨·Ê¥³ µ¡¥ Î -
¸É¨ · ¢¥´¸É¢  (6.35) ¶µ ¨´É¥·¢ ²Ê (z, µ z) ¸ ´¥±µÉµ·µ° ¶µ²µ¦¨É¥²Ó´µ° ËÊ´±-

Í¨¥° ρ (z), ´µ·³¨·µ¢ ´´µ° Ê¸²µ¢¨¥³
µ z∫
z

ρ (z′) d z′ = 1, µ > 1,   ¢ µ¸É ²Ó´µ³

¶·µ¨§¢µ²Ó´µ°. ˆ§³¥´¨¢ ¶µ·Ö¤µ± ¨´É¥£·¨·µ¢ ´¨Ö ¨ ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó É¥µ·¥-
³µ° µ ¸·¥¤´¥³, ¶·¨¤e³ ± ¸µµÉ´µÏ¥´¨Õ

ln
∣∣∣∣ ϕ (z̄, t)
ϕ (zi, t)

∣∣∣∣ =
1
π

∞∫
z0

δ (z′, t)
(z′ − zi)

d z′ P

µ z∫
z

(z
′′ − zi) ρ (z

′′
)

z′ − z′′ d z
′′
. (6.37)

�£· ´¨Î¥´¨Ö ´  f (z̄, t) § ¢¨¸ÖÉ µÉ ¢Ò¡µ·  ¢¥¸µ¢µ° ËÊ´±Í¨¨ ρ (z). �µÔÉµ³Ê
³Ò ·¥Ï¨³ § ¤ ÎÊ µ ´ Ìµ¦¤¥´¨¨  ¡¸µ²ÕÉ´µ£µ µ£· ´¨Î¥´¨Ö ´  |f (z̄, t)| ¤²Ö
¸²¥¤ÊÕÐ¥£µ ¤µ¸É ÉµÎ´µ Ï¨·µ±µ£µ ±² ¸¸  ¢¥¸µ¢ÒÌ ËÊ´±Í¨°:

ρ (z′) = Cα (z) (z′)α−1
, α ∈ �,

Cα (z) =
α

(µα − 1) zα
, α �= 0,

Cα (z) = (ln µ)−1, α = 0.

ŒÒ ¶µ²ÊÎ¨³ Ëµ·³Ê²Ò ¤²Ö ¢¥·Ì´¥° £· ´¨ÍÒ f (z̄, t) ¶·¨ ¶·µ¨§¢µ²Ó´µ³ α,
¨§ ±µÉµ·ÒÌ ¸²¥¤Ê¥É, ÎÉµ ± ¦¤µ³Ê §´ Î¥´¨Õ µ ¸µµÉ¢¥É¸É¢Ê¥É ¸¢µ° ¢Ò¡µ· α,
¶·¨ ±µÉµ·µ³ ¨¸±µ³ Ö £· ´¨Í  Ö¢²Ö¥É¸Ö µ¶É¨³ ²Ó´µ°.

’µ²Ó±µ · ¤¨ Ê¶·µÐ¥´¨Ö Ëµ·³Ê² µ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ z 	 z0. �É³¥É¨³,
ÎÉµ Ê¦¥ ¶·¨ s = 1 ƒÔ‚2 z/z0 > 100. “Î¨ÉÒ¢ Ö ´¥· ¢¥´¸É¢µ (2.26), ¶µ²ÊÎ¨³

ln
∣∣∣∣ ϕ (z̄, t)
ϕ (zi, t)

∣∣∣∣ ≤
∞∫

z̃α

d z′

z′
Φα (z′), £¤¥ Φα (z′) = Cα

µ z∫
z

(z
′′
)α

z′ − z′′ d z
′′
. (6.38)
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ŒÒ ¶·¥´¥¡·¥£ ¥³ Î²¥´ ³¨ ∼ z0/z. ’µÎ±  z̃α µ¶·¥¤¥²¥´  Ê¸²µ¢¨¥³ Φα(z̃α)=0.
�·¨ ÔÉµ³ ∀α Φα (z′) > 0, z′ > z̃α; Φα (z′) < 0, z′ < z̃α. ‹¥£±µ ¤µ± § ÉÓ, ÎÉµ
É ± Ö ÉµÎ±  ¸ÊÐ¥¸É¢Ê¥É ¨ ¥¤¨´¸É¢¥´´ , ¶µ¸±µ²Ó±Ê z̃α Å ³µ´µÉµ´´µ ¢µ§· ¸É -
ÕÐ Ö ËÊ´±Í¨Ö α. �Î¥¢¨¤´µ, ÎÉµ z < z̃α < µ z.

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  ¢ (6.38) ¶µ³¥´Ö¥³ ³¥¸É ³¨ ¶µ·Ö¤µ± ¨´É¥£·¨-
·µ¢ ´¨Ö ¨ ¶µ¸²¥ Ô²¥³¥´É ·´ÒÌ ¢Ò±² ¤µ± ´ °¤e³, ÎÉµ

Iα = ln ũα − α

µα − 1

µ∫
1

yα−1 ln |ũα − y| d y, ũα =
z̃α

z
, α �= 0.

ˆ´É¥£·¨·ÊÖ µ¸É ¢Ï¨°¸Ö ¨´É¥£· ² ¶µ Î ¸ÉÖ³ ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉµ Φα (ũα) = 0,
¶µ¸²¥ ¶·µ¸ÉÒÌ ¢ÒÎ¨¸²¥´¨° ¶µ²ÊÎ¨³

Iα = ln
ũα

µ − ũα
+

1
µα − 1

ln
ũα − 1
µ − ũα

, α �= 0. (6.39)

…¸²¨ α /∈ �, ũα ¢ÒÎ¨¸²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö (	.2). …¸²¨ α ∈ �±, Éµ ¶·µ¸ÉÒ¥
¢ÒÎ¨¸²¥´¨Ö ¤ ÕÉ

Φn (ũn) = ũn ln
ũn − 1
µ − ũn

+
n∑

k=1

1 − µk

k
(ũn)−k, (6.40)

Φ−n (ũ−n) = ln
µ (ũ−n − 1)

µ − ũ−n
+

n∑
k=1

(ũ−n)k

(
1 − 1

µk

)
. (6.40′)

�µ¸±µ²Ó±Ê Φα (ũα) = 0, Éµ (6.40) ¨ (6.40′) Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ ¤²Ö
µ¶·¥¤¥²¥´¨Ö ũα. …¸²¨ µ 	 1, Éµ (¸ ÉµÎ´µ¸ÉÓÕ ¤µ ³ ²ÒÌ ¶µ¶· ¢µ±) µ/ũn, ¨
ũ−n µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢´¥´¨°

ln
(

µ

ũn
− 1

)
= −

n∑
k=1

1
k

(
µ

ũn

)k

, (6.41)

ln (ũ−n − 1) = −
n∑

k=1

1
k

ũk
−n. (6.41′)

�É³¥É¨³, ÎÉµ

ũ0 =
1 + µ

2
. (6.42)

�µ²ÊÎ¨³ I0, · ¸¸³µÉ·¥¢ limα→0 Iα. „²Ö ÔÉµ£µ ´ °¤e³ ¶·¨¡²¨¦e´´µ¥ ¢Ò· -
¦¥´¨¥ ¤²Ö Iα ¶·¨ µα − 1 � 1. ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê¸²µ¢¨¥ Φα (ũα) = 0 µ§´ Î ¥É,
ÎÉµ

1
α

ln
ũα − 1
µ − ũα

∼= P

µ∫
1

ln y

ũα − y
d y. (6.43)
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‚ÒÎ¨¸²ÖÖ ÔÉµÉ ¨´É¥£· ², ¶µ²ÊÎ¨³

1
α

ln
ũα − 1
µ − ũα

=
π2

3
− 1

2
(
ln2 µ + ln2 ũα

)
+

+ lnµ · ln (µ − ũα) − Li2

(
1
ũα

)
− Li2

(
ũα

µ

)
, α → 0, (6.44)

£¤¥

Li2 (x) ≡
∞∑
1

1
n2

xn.

ˆ§ (6.39) ¨ (6.44) ¸²¥¤Ê¥É, ÎÉµ

I0 =
1

ln µ

[
π2

3
− 1

2
ln2 µ

ũ0
− Li2

(
1
ũ0

)
− Li2

(
ũ0

µ

)]
. (6.45)

ˆÉ ±, ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ α ¶µ²ÊÎ¥´µ Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Iα ¨ Ê· ¢´¥´¨¥
¤²Ö ũα, ±µÉµ·µ¥ ³µ¦¥É ¡ÒÉÓ ·¥Ï¥´µ ¢ Î¨¸²¥´´µ³ ¢¨¤¥, ÎÉµ ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ
¤²Ö ²Õ¡µ£µ § ¤ ´´µ£µ µ ´ °É¨ µ¶É¨³ ²Ó´µ¥ µ£· ´¨Î¥´¨¥ ¢ ±² ¸¸¥ ¨¸¶µ²Ó§Ê¥-
³ÒÌ ¢¥¸µ¢ÒÌ ËÊ´±Í¨°, É.¥. ´ °É¨ αopt, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ´ ¨²ÊÎÏ¥³Ê ¢Ò¡µ·Ê
¢¥¸µ¢µ° ËÊ´±Í¨¨. �·µ¢¥¤e³ É¥¶¥·Ó ± Î¥¸É¢¥´´Ò°  ´ ²¨§ ¸µµÉ´µÏ¥´¨Ö (6.39),
±µÉµ·Ò° ¶µ± ¦¥É, ÎÉµ ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì µ αopt ≈ 0. � ¸¸³µÉ·¨³
(¶·¨ § ¤ ´´µ³ µ) ´ ¡µ· Î¨¸¥² α, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Ö³: µα − 1 	 1,
α > 0; µα � 1, α < 0. ’µ£¤ 

Iα
∼= ln

ũα

µ − ũα
, α > 0; Iα

∼= ln
ũα

ũα − 1
, α < 0. (6.46)

ˆ§ µ¶·¥¤¥²¥´¨Ö ũα ´¥¶·µ¸·¥¤¸É¢¥´´µ ¢¨¤´µ, ÎÉµ ũα Å ³µ´µÉµ´´µ ¢µ§-
· ¸É ÕÐ Ö ËÊ´±Í¨Ö α. ‘²¥¤µ¢ É¥²Ó´µ, ¨§ · ¢¥´¸É¢ (6.46) ¸²¥¤Ê¥É, ÎÉµ (¶·¨
¢Ò¶µ²´¥´¨¨ ¢Ò¶¨¸ ´´ÒÌ ¢ÒÏ¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°) Iα ³µ´µÉµ´´µ ¶ -
¤ ¥É ¶·¨ α > 0 ¨ ³µ´µÉµ´´µ ¢µ§· ¸É ¥É ¶·¨ α < 0. ’ ±¨³ µ¡· §µ³, αopt ≈ 0
¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì µ, ¶µ¸±µ²Ó±Ê É·¥¡Ê¥³Ò¥ Ê¸²µ¢¨Ö ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨
³ ²µ³ |α|. �É³¥É¨³, ÎÉµ ¶µ¸±µ²Ó±Ê z ≈ s2, Éµ Ê¸²µ¢¨¥ µ 	 1 ¥Ðe ´¥ µ§´ -
Î ¥É, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥·¢ ² ¢¥²¨± ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö. ‚
§ ±²ÕÎ¥´¨¥ ÔÉµ£µ ± Î¥¸É¢¥´´µ£µ  ´ ²¨§  µÉ³¥É¨³, ÎÉµ αopt �= 0 ¶·¨ ²Õ¡µ³
µ. „¥°¸É¢¨É¥²Ó´µ, · ¢¥´¸É¢µ (6.45) ¸¶· ¢¥¤²¨¢µ ¨ ¶·¨ α → 0 (¸ ¥¸É¥¸É¢¥´´µ°
§ ³¥´µ° ũ0 → ũα). „¨ËË¥·¥´Í¨·ÊÖ, ¶µ²ÊÎ¨³

I
′

α =
1

ln µ

ũ
′

α

ũα
ln

µ − ũα

ũα − 1
, α → 0.

ˆ§ (6.42) ¸²¥¤Ê¥É, ÎÉµ I
′

0 = 0. �µ¸±µ²Ó±Ê ũ
′

α > 0, Éµ I
′

α > 0, α < 0;
I

′

α < 0, α > 0, É.¥. ¶·¨ α = 0 ·¥ ²¨§Ê¥É¸Ö ²µ± ²Ó´Ò° max Iα. ’ ±¨³ µ¡· §µ³,
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± ¦¤µ³Ê §´ Î¥´¨Õ µ ¸µµÉ¢¥É¸É¢Ê¥É ¸¢µ° ¢Ò¡µ· αopt. Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó,
¥¸²¨ µ 	 1, ¤µ¸É ÉµÎ´µ Ìµ·µÏ¨³ ¡Ê¤¥É ¢Ò¡µ· α = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸µ£² ¸´µ
(6.42) ¨ (6.45):

I0
∼=

1
ln µ

{
π2

3
− ln2 2

2
− Li2

(
1
2

)
− 2

µ

[
1 − ln 2 +

1
2

Li1

(
1
2

)]}
. (6.45′)

� ³ µ¸É ²µ¸Ó · ¸¸³µÉ·¥ÉÓ ¸²ÊÎ °, ±µ£¤  Ê F (z, t) ´¥É ´Ê²¥°. ŒÒ ¶µ²ÊÎ¨³
É·¥¡Ê¥³Ò° µÉ¢¥É, ·¥Ï¨¢ ¡µ²¥¥ µ¡ÐÊÕ § ¤ ÎÊ,   ¨³¥´´µ ´ °¤Ö  ¡¸µ²ÕÉ´µ¥
µ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ ´  ËÊ´±Í¨Õ

ψi
β(z, t) =

(
z − z0

z0 − zi

)β

f(z, t); β ∈ �. (6.47)

�µ¸±µ²Ó±Ê

ln
z − z0

z0 − zi
= − (z − zi)

∞∫
z0

d z
′

(z′ − zi) (z′ − z)
,

‹„‘ ¤²Ö ψi
β (z, t) ¨³¥ÕÉ ÉµÉ ¦¥ ¢¨¤, ÎÉµ ¨ ¤²Ö f(z, t) (¸³. (6.35)) ¸ Éµ° ²¨ÏÓ

· §´¨Í¥°, ÎÉµ δ (z, t) § ³¥´Ö¥É¸Ö ´  δβ (z, t) = δ (z, t) − β π.
�´ ²µ£¨Î´µ ¨§³¥´Ö¥É¸Ö ¨ ¸µµÉ´µÏ¥´¨¥ (6.37). ‡ ³¥É¨³, ÎÉµ ¶·¨ β=1 ³Ò

¨³¥¥³ ¸µµÉ´µÏ¥´¨¥,  ´ ²µ£¨Î´µ¥ ‹„‘ ¤²Ö F (z, t) ¢ ¸²ÊÎ ¥, ±µ£¤ 
F (z0, t) < 0. …¸²¨ F (z0, t) > 0 ¨ Ê F (z, t) ´¥É ´Ê²¥°, ´ °¤¥´´Ò¥ ´ ³¨
µ£· ´¨Î¥´¨Ö ´  f (z, t) ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·¨³¥´¨³Ò ± F (z, t). �Î¥¢¨¤´µ,
ÎÉµ ¢ ÔÉµ³ ¸²ÊÎ ¥ |F (z, t)| < ∞ ¶·¨ z → ∞.

�¨¦¥ ³Ò Ê¢¨¤¨³, ÎÉµ µ£· ´¨Î¥´¨Ö ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ β ´¥¶µ¸·¥¤¸É¢¥´´µ
¶µ²ÊÎ ÕÉ¸Ö ¨§ µ£· ´¨Î¥´¨° ¶·¨ β = 0 ¨ β = 1. �µÔÉµ³Ê Ë ±É¨Î¥¸±¨
´ ³ µ¸É ²µ¸Ó · ¸¸³µÉ·¥ÉÓ ¸²ÊÎ ° β = 1. ‘µ£² ¸´µ Ê¸²µ¢¨Ö³ (2.26), (2.31)
−π ≤ δ1 (z, t) ≤ 0. �µ¸ÉÊ¶ Ö É ± ¦¥, ± ± ¶·¨ ¢Ò¢µ¤¥ ´¥· ¢¥´¸É¢  (6.38),
¶µ²ÊÎ¨³

ln
∣∣∣∣ ψ1 (z̄, t)
ψ1 (zi, t)

∣∣∣∣ ≤
z̃α∫

z0

d z′

z′ − zi
Φα (z′) ≡ ln

z

z0 − zi
+ Ĩα. (6.48)

Š ± ¨ · ´ÓÏ¥, ³Ò ¶·¥´¥¡·¥£ ¥³ Î²¥´ ³¨ ∼ z0/z.
‚ÒÎ¨¸²¥´¨¥ Ĩα  ´ ²µ£¨Î´µ ¢ÒÎ¨¸²¥´¨Õ Iα, ¶µÔÉµ³Ê ¸· §Ê ¶·¨¢¥¤e³ ·¥-

§Ê²ÓÉ ÉÒ:

Ĩα = Iα +
µα ln µ

µα − 1
− 1

α
, α �= 0,

Ĩ0 = I0 +
ln µ

2
.
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�¸É ²µ¸Ó § ³¥É¨ÉÓ, ÎÉµ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥µ¡Ìµ¤¨³µ¥ µ£· ´¨Î¥´¨¥ Ö¢-
²Ö¥É¸Ö µÎ¥¢¨¤´µ° ±µ³¡¨´ Í¨¥° Ëµ·³Ê² (6.38) ¨ (6.48). ‚ Î ¸É´µ¸É¨, ¥¸²¨
β ∈ (0, 1), Éµ, ¶µ¸±µ²Ó±Ê −π β ≤ δβ (z, t) ≤ π (1 − β),

ln
∣∣∣∣ ψβ (z̄, t)
ψβ (zi, t)

∣∣∣∣ψβ (z̄, t) ≤ (1 − β) Iα + β

(
ln

z

z0 − zi
+ Ĩα

)
. (6.49)

„²Ö ¢Ò¢µ¤  Î¨¸²¥´´ÒÌ µ£· ´¨Î¥´¨° ¢µ¸¶µ²Ó§Ê¥³¸Ö, ± ± ¨ · ´ÓÏ¥, ´¥· ¢¥´-
¸É¢ ³¨ (6.21). …¸²¨ Ê F (z, t) ´¥É ´Ê²¥°, Éµ

|F (z̄, t)| < 3,3 z exp Ĩα. (6.50)

…¸²¨ Ê F (z, t) ¥¸ÉÓ ´Ê²Ó z̃ ¢ ¨´É¥·¢ ²¥ (z1, z2), Éµ

|F (z̄, t)| < z̄
3,3

z̃ − (1/4)
exp Iα, (6.51)

|F (z̄, t)| < z̄
14,5

(9/4) − z̃
exp Iα. (6.52)

�Î¥¢¨¤´µ, ÎÉµ  ¡¸µ²ÕÉ´µ¥ µ£· ´¨Î¥´¨¥ ¸µµÉ¢¥É¸É¢Ê¥É · ¢¥´¸É¢Ê ¶· ¢ÒÌ Î -
¸É¥° ¢ ´¥· ¢¥´¸É¢ Ì (6.51), (6.52). ‚ ÔÉµ³ ¸²ÊÎ ¥

|F (z̄, t)| < 8,92 z̄ exp Iα. (6.53)

‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ¥¸²¨ Ê F (z, t) ¥¸ÉÓ ´Ê²Ó ´  µÉ·¨Í É¥²Ó´µ° µ¸¨, Éµ ³Ò
¶·¨Ìµ¤¨³ ± ¡µ²¥¥ ¸¨²Ó´µ³Ê µ£· ´¨Î¥´¨Õ, Î¥³ (6.53) (¢ ÔÉµ³ ¸²ÊÎ ¥ ¸ ³µ¥
¸² ¡µ¥ µ£· ´¨Î¥´¨¥ ¸µµÉ¢¥É¸É¢Ê¥É z̃ = 0). ‘ÊÐ¥¸É¢¥´´µ° Î¥·Éµ°  ¡¸µ²ÕÉ-
´ÒÌ µ£· ´¨Î¥´¨° ´  |F (z̄, t)| Ö¢²Ö¥É¸Ö ¨Ì ¸² ¡ Ö § ¢¨¸¨³µ¸ÉÓ µÉ ¶µ¢¥¤¥´¨Ö
|F (z′, t)| ¶·¨ z′ > µ z (Ë ±É¨Î¥¸±¨ µ£· ´¨Î¥´¨¥ µ¶·¥¤¥²Ö¥É¸Ö ¶µ¢¥¤¥´¨¥³
δ (z′, t) ¶·¨ z′ < z). —Éµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ÔÉµÉ Ë ±É, § ³¥É¨³, ÎÉµ ¥¸²¨
Ê F (z, t) ´¥É ´Ê²¥°, Éµ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ¥ Ê¸¨²¥´¨¥ µ£· ´¨Î¥´¨Ö §  ¸ÎeÉ
¶µ¢¥¤¥´¨Ö F (z′, t) ¶·¨ z′ > z̃α ¤µ¸É¨£ ¥É¸Ö, ¥¸²¨ δ (z′, t) = π ¶·¨ É ±¨Ì z′.
�Î¥¢¨¤´µ, Éµ£¤  ´¥· ¢¥´¸É¢µ (6.50) § ³¥´¨É¸Ö ´ 

|F (z̄, t)| < 3,3 z exp (Ĩα − Iα).

‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ Ê¸¨²¥´¨¥ ´¥· ¢¥´¸É¢  (6.53) ¶µ²ÊÎ ¥É¸Ö, ±µ£¤ 
δ (z′, t) = 0 ¶·¨ z′ > z̃α, É.¥. É¥¶¥·Ó

|F (z̄, t)| < 8,92 z̄. (6.53′)

‚ § ±²ÕÎ¥´¨¥ · ¸¸³µÉ·¨³ µ£· ´¨Î¥´¨¥ ´  A (z̄, t), ¢ÒÉ¥± ÕÐ¥¥ ¨§ ‹„‘.
‡ ³¥É¨³, ÎÉµ É¥¶¥·Ó ´¥· ¢¥´¸É¢µ (6.38) § ³¥´¨É¸Ö ´  ´¥· ¢¥´¸É¢µ

ln
Im f (z̄, t)
|f (zi, t)|

≤
∞∫

µz

d z′

z′
Φα (z′) +
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+ max

µ z∫
z

[
1
π

δ (z′, t)
z′

Φα (z′) − ρ (z′)
2

ln (1 + cot2 δ (z′, t))
]

d z′. (6.54)

ˆ¸¶µ²Ó§ÊÖ ¨§¢¥¸É´Ò° ¢ ·¨ Í¨µ´´Ò° ¶·¨´Í¨¶, ²¥£±µ ¶µ²ÊÎ¨ÉÓ, ÎÉµ
δ (z′, t), ·¥ ²¨§ÊÕÐ¥¥ ¨¸±µ³Ò° ³ ±¸¨³Ê³, µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

cot δ (z′, t) = − 1
π ρ (z′)

Φα (z′)
z′

. (6.55)

ŒÒ µ£· ´¨Î¨³¸Ö ÔÉ¨³ µ¡Ð¨³ · ¸¸³µÉ·¥´¨¥³, ¶µ¸±µ²Ó±Ê ¨§³¥´¥´¨¥ ¶µ-
¢¥¤¥´¨Ö δ (z′, t) ´  ¨´É¥·¢ ²¥ (z, µ z) ³µ¦¥É ¶·¨¢¥¸É¨ ²¨ÏÓ ± ¤µ¶µ²´¨É¥²Ó-
´µ³Ê ³´µ¦¨É¥²Õ (´¥ § ¢¨¸ÖÐ¥³Ê µÉ z) ¢ ¶µ²ÊÎ¥´´ÒÌ · ´¥¥ µ£· ´¨Î¥´¨ÖÌ ´ 
|F (z̄, t)|.

�É³¥É¨³, ÎÉµ µ£· ´¨Î¥´¨¥ ´  A (z̄, t) (± ± ¨ µ£· ´¨Î¥´¨¥ ´  |F (z̄, t)|)
¸² ¡µ § ¢¨¸¨É µÉ ¶µ¢¥¤¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨ÖÌ ¡µ²ÓÏ¨Ì, Î¥³
· ¸¸³ É·¨¢ ¥³Ò¥.

‡ ³¥É¨³, ÎÉµ ¨§ ¶µ²ÊÎ¥´´ÒÌ ´ ³¨  ¡¸µ²ÕÉ´ÒÌ µ£· ´¨Î¥´¨° ¸²¥¤ÊÕÉ  ¡-
¸µ²ÕÉ´Ò¥ µ£· ´¨Î¥´¨Ö ¨ ´  ¤·Ê£¨¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò, ´ ¶·¨³¥·, ´  ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´µ¥ ¸¥Î¥´¨¥ ¶·¨ Ë¨§¨Î¥¸±¨Ì s ¨ t.

�¢Éµ·Ò ¡² £µ¤ ·´Ò �²¥±¸ ´¤·Ê Œ¨Ì °²µ¢¨ÎÊ 	 ²¤¨´Ê, Î¥° ¨´É¥·¥¸ ±
· ¸¸³ É·¨¢ ¥³Ò³ ¢ µ¡§µ·¥ ¶·µ¡²¥³ ³ ¶µ¸²Ê¦¨² Éµ²Î±µ³ ± ¥£µ ´ ¶¨¸ ´¨Õ.

7. ��ˆ‹�†…�ˆ… A

�£· ´¨Î¥´¨Ö ¸´¨§Ê ¨ Î¨¸²µ ´Ê²¥°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. �·¨¢¥¤e³ ¤µ-
± § É¥²Ó¸É¢µ Éµ£µ, ÎÉµ Ê ¸¨³³¥É·¨Î´µ°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ³µ¦¥É ¡ÒÉÓ ´¥

¡µ²¥¥ ¤¢ÊÌ ´Ê²¥°, ¥¸²¨ A (ω, t) > 0 ¨
A (ω, t)

ω2
→ 0 ¶·¨ ω → ∞. ŒÒ

¸²¥¤Ê¥³ ¤µ± § É¥²Ó¸É¢Ê ¢ [121]. �£· ´¨Î¥´¨¥ ´  Î¨¸²µ ´Ê²¥°  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö ¢ÒÉ¥± ¥É ¨§ Éµ£µ Ë ±É , ÎÉµ Ê¸²µ¢¨¥ A (ω, t) > 0 µ§´ Î ¥É, ÎÉµ
maxω→∞ ω2 F (ω, t) �→ 0. „¥°¸É¢¨É¥²Ó´µ, ¥¸²¨ ω2 F (ω, t) → 0, ω → ∞,
Éµ, ¸µ£² ¸´µ É¥µ·¥³¥ ”· £³¥´ Ä‹¨´¤¥²eË , ÔÉµ ¸µµÉ´µÏ¥´¨¥ ¢Ò¶µ²´¥´µ ¢µ

¢¸¥° ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨. � ¸¸³ É·¨¢ Ö

∫
C

ω′ F (ω′, t) dω′, £¤¥ ±µ´ÉÊ· C

¸µ¸Éµ¨É ¨§ µÉ·¥§±  (−R, R) ¨ ¶µ²Êµ±·Ê¦´µ¸É¨ ¢ ¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨, ¢¨-

¤¨³, ÎÉµ Ê¸²µ¢¨¥ ω2 F (ω, t) → 0 Ô±¢¨¢ ²¥´É´µ lim
R→∞

R∫
ω0

A (ω′, t)ω′ dω′ = 0,

É.¥. Ê¸²µ¢¨Õ A (ω, t) = 0, ω ∈ �.
…¸²¨ F (ω, t) ¨³¥¥É ´Ê²¨ ¢ ¤¥°¸É¢¨É¥²Ó´ÒÌ ÉµÎ± Ì α ¨ β, Éµ, ¸µ£² ¸´µ

Ê¸²µ¢¨Õ ±·µ¸¸¨´£-¸¨³³¥É·¨¨, µ´  ¨³¥¥É ´Ê²¨ É ±¦¥ ¨ ¢ ÉµÎ± Ì −α ¨ − β,
É.¥. F (ω, t) = (ω2 − α2) (ω2 − β2)ϕ (ω, t). �µ¸±µ²Ó±Ê A (ω, t) > 0, Éµ ¨



‘‚�‰‘’‚� �Œ�‹ˆ’“„ ��‘‘…Ÿ�ˆŸ �„����‚ 1171

Im ϕ (ω, t) > 0 ¨, ¸²¥¤µ¢ É¥²Ó´µ, max ϕ (ω, t)ω2 �→ 0, ¢ ¶·µÉ¨¢µ·¥Î¨¨ ¸ Ê¸²µ-

¢¨¥³
F (ω, t)

ω2
→ 0.

„µ± § É¥²Ó¸É¢µ É·¨¢¨ ²Ó´Ò³ µ¡· §µ³ · ¸¶·µ¸É· ´Ö¥É¸Ö ´  ÉµÉ ¸²ÊÎ °,
±µ£¤  F (ω, t) ¨³¥¥É ³´¨³Ò¥ ´Ê²¨ ¨²¨ ±µ³¡¨´ Í¨Õ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ³´¨-
³ÒÌ ´Ê²¥°. �É³¥É¨³, ÎÉµ ¢¸²¥¤¸É¢¨¥ Ê¸²µ¢¨Ö ¤¥°¸É¢¨É¥²Ó´µ¸É¨ Ê F (ω, t) ´¥
³µ¦¥É ¡ÒÉÓ ³¥´¥¥ ¤¢ÊÌ ´Ê²¥°. ‘ÊÐ¥¸É¢µ¢ ´¨¥ ±µ³¶²¥±¸´ÒÌ ´Ê²¥° § ¶·¥-
Ð¥´µ, É ± ± ±, ¢¸²¥¤¸É¢¨¥ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¨ ±·µ¸¸¨´£-¸¨³³¥É·¨¨, ¨Ì Î¨¸²µ
¤µ²¦´µ ¡ÒÉÓ ´¥ ³¥´ÓÏ¥ Î¥ÉÒ·eÌ. „ ²¥¥, ¥¸²¨ F (ω, t) = (ω2 ± α2)ϕ (ω, t), Éµ
ϕ (ω0, t) > 0 (¸³. ¤µ± § É¥²Ó¸É¢µ Ëµ·³Ê²Ò (2.27)). �Éµ µ§´ Î ¥É, ÎÉµ F (ω, t)
´¥ ¨³¥¥É ´Ê²¥°, ¥¸²¨ F (ω, t0) < 0. …¸²¨ F (ω0, t) > 0, Éµ Ê  ³¶²¨ÉÊ¤Ò ¥¸ÉÓ
¤¢  ´Ê²Ö ¨²¨ ´¥É ´¨ µ¤´µ£µ. �É³¥É¨³, ÎÉµ ¢ ¶µ¸²¥¤´¥³ ¸²ÊÎ ¥ ¸ ³  F (ω, t)
Ê¤µ¢²¥É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Õ,  ´ ²µ£¨Î´µ³Ê (2.30), ¨§  ´ ²¨§  ±µÉµ·µ£µ ²¥£±µ
¶µ²ÊÎ¨ÉÓ, ÎÉµ ¢¸²¥¤¸É¢¨¥ (2.26) |F (ω, t)| < C ¶·¨ ω → ∞.

„²Ö ¤µ± § É¥²Ó¸É¢  Éµ£µ, ÎÉµ  ´ ²µ£¨Î´µ É ±¦¥ max F± (ω, t)ω2 �→ 0, ¤µ-
¸É ÉµÎ´µ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¨´É¥£· ²¥ § ³¥´¨ÉÓ F (ω, t) ´  F± (ω, t). ‘ ¶µ³µ-
ÐÓÕ ¶·µ¢¥¤e´´ÒÌ · ¸¸Ê¦¤¥´¨° ²¥£±µ ¨¸±²ÕÎ¨ÉÓ ¢µ§³µ¦´µ¸ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨Ö
Ê F± (ω, t) É·eÌ ¨ ¡µ²¥¥ ´Ê²¥°. ‘²¥¤µ¢ É¥²Ó´µ, Ê F± (ω, t) ¥¸ÉÓ µ¤¨´ ¤¥°¸É¢¨-
É¥²Ó´Ò° ´Ê²Ó ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  F+ (ω0, t) ¨ F− (ω0, t) ¨³¥ÕÉ · §´Ò¥ §´ ±¨.
…¸²¨ ¦¥ F+ (ω0, t) ¨ F− (ω0, t) ¨³¥ÕÉ µ¤¨´ ¨ ÉµÉ ¦¥ §´ ±, Éµ ¸ÊÐ¥¸É¢µ¢ ´¨¥
´Ê²¥° § ¢¨¸¨É µÉ Éµ£µ, ± ±µ° ÔÉµ §´ ±. ’ ± ¦¥, ± ± ¨ ¢ ¸¨³³¥É·¨Î´µ³ ¸²ÊÎ ¥,
¥¸²¨ F± (ω0, t) < 0, Éµ Ê ´¨Ì ´¥É ´Ê²¥°. …¸²¨ F± (ω0, t) > 0, Éµ ¢µ§³µ¦´µ ± ±
¸ÊÐ¥¸É¢µ¢ ´¨¥ ¤¢ÊÌ ´Ê²¥° Ê F± (ω, t), É ± ¨ ¨Ì µÉ¸ÊÉ¸É¢¨¥. ˆ§ ¸µµÉ´µÏ¥´¨Ö
(2.5) ²¥£±µ § ±²ÕÎ¨ÉÓ, ÎÉµ Ê F (ω, t) ´¥É ³´¨³ÒÌ ´Ê²¥°, ¥¸²¨ F (0, t) ≤ 0.
�´ ²µ£¨Î´µ, ¥¸²¨ F± (0, t) ≤ 0, Éµ Ê F± (ω, t) ´¥É ³´¨³ÒÌ ´Ê²¥°.

�£· ´¨Î¥´¨Ö ¸´¨§Ê ¢ ¦´Ò ¤²Ö ¤µ± § É¥²Ó¸É¢  ‹„‘, ¶µ¸±µ²Ó±Ê ¡² £µ¤ ·Ö
¨³ ln F (ω, t), ¨²¨ ln ϕ (ω, t) ¢ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ´Ê²¥° Ê F (ω, t) Ê¤µ¢²¥-
É¢µ·Ö¥É Ê¸²µ¢¨Õ (2.4′).

‚ § ±²ÕÎ¥´¨¥ § ³¥É¨³, ÎÉµ ¤²Ö ·Ö¤  ¶·µÍ¥¸¸µ¢, ´ ¶·¨³¥·, π N -· ¸¸¥Ö´¨Ö,
¨¸¶µ²Ó§µ¢ ´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¤ eÉ ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¨ÉÓ ¸ÊÐ¥-
¸É¢¥´´µ ¡µ²¥¥ ¸¨²Ó´µ¥ µ£· ´¨Î¥´¨¥ ¸´¨§Ê:

|F± (ω, t)| > C, ω → ∞,

£¤¥

C =
2
π

R∫
ω0

A (ω′, t) dω′

ω′ − F (0, t), R − ²Õ¡µ¥.

„µ± § É¥²Ó¸É¢µ ¶·µ¢µ¤¨É¸Ö µÉ ¶·µÉ¨¢´µ£µ. ‡ ³¥É¨³, ÎÉµ ¥¸²¨ |F± (ω, t)| < C,
ω → ∞, Éµ ¸µ£² ¸´µ É¥µ·¥³¥ ”· £³¥´ Ä‹¨´¤¥²eË  |F± (ω, t)| < C ¢¸Õ¤Ê ¢

¢¥·Ì´¥° ¶µ²Ê¶²µ¸±µ¸É¨. �¸É ²µ¸Ó · ¸¸³µÉ·¥ÉÓ

∫
C

F± (ω, t) dω

ω
, £¤¥ ±µ´ÉÊ· C
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¸µ¸Éµ¨É ¨§ µÉ·¥§±µ¢ (−R,− ε), (ε, R) ¨ ¤¢ÊÌ ¶µ²Êµ±·Ê¦´µ¸É¥° ¸ Í¥´É·µ³ ¢
´ Î ²¥ ±µµ·¤¨´ É ¸ · ¤¨Ê¸ ³¨ ε ¨ R ¸µµÉ¢¥É¸É¢¥´´µ. ’·¥¡Ê¥³µ¥ ´¥· ¢¥´¸É¢µ
´¥¶µ¸·¥¤¸É¢¥´´µ ¸²¥¤Ê¥É ¨§ µÍ¥´±¨ ¨´É¥£· ²  ¶µ ¶µ²Êµ±·Ê¦´µ¸É¨ · ¤¨Ê¸  R.
�´µ ´¥É·¨¢¨ ²Ó´µ, ¥¸²¨ ¨§ Ô±¸¶¥·¨³¥´É  ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥ R É ±µ£µ,
ÎÉµ C > 0.

�Éµ ´¥· ¢¥´¸É¢µ ¤¥³µ´¸É·¨·Ê¥É ´¥µÎ¥¢¨¤´ÊÕ ¸¢Ö§Ó ¸É·µ£¨Ì  ¸¨³¶ÉµÉ¨Î¥-
¸±¨Ì µÍ¥´µ± ¸´¨§Ê ¸ ¶µ¢¥¤¥´¨¥³  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨ ±µ´¥Î´ÒÌ Ô´¥·-
£¨ÖÌ.

8. ��ˆ‹�†…�ˆ… �

“· ¢´¥´¨¥ ¤²Ö ũα ¶·¨ ¶·µ¨§¢µ²Ó´µ³ α. � °¤e³ Ê· ¢´¥´¨Ö ¤²Ö ũα ¢

¸²ÊÎ ¥, ±µ£¤  α /∈ �. „²Ö ÔÉµ£µ § ³¥É¨³, ÎÉµ Ê¸²µ¢¨¥ P

∫ µ

1

yα d y

ũα − y
= 0,

µÎ¥¢¨¤´µ, ¥¸ÉÓ Ê¸²µ¢¨¥

ũα−ε∫
1

yα d y

ũα − y
=

µ∫
ũα+ε

yα d y

ũα − y
, ε → 0. (	.1)

ˆ´É¥£· ²Ò ²¥£±µ ¢ÒÎ¨¸²¨ÉÓ, § ³¥´ÖÖ (ũα − y)−1 ·Ö¤ ³¨ ¶µ y/ũα ¨ ũα/y
¸µµÉ¢¥É¸É¢¥´´µ. ‚ ·¥§Ê²ÓÉ É¥ Ô²¥³¥´É ·´ÒÌ ¢Ò±² ¤µ± ¶·¨¤e³ ± Ê· ¢´¥´¨Õ

(2α + 1)
∞∑

n=0

1
(n − α) (n + α + 1)

=

=
∞∑

n=0

1
n − α

(
ũα

µ

)n−α

−
∞∑

n=1

1
ũn+1

α (n + α)
. (	.2)

�É³¥É¨³, ÎÉµ

(2α + 1)
∞∑

n=0

1
(n − α) (n + α + 1)

= ψ (α + 1) − ψ (α),

£¤¥ ψ (x) =
Iƒ′ (x)
Iƒ (x)

, Iƒ (x) Å £ ³³ -ËÊ´±Í¨Ö.
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