
®”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��¯
2001, ’�Œ 32, ‚›�. 7

“„Š 512.81

Š��’��Š–ˆˆ �‹ƒ…�� ‹ˆ
ˆ ��‡„…‹…�ˆ… �…�…Œ…��›•

�. ‚¨´É¥·´¨ÉÍ

Œµ´·¥ ²Ó¸±¨° Ê´¨¢¥·¸¨É¥É, Š ´ ¤ 

�. �. ˆ§³¥¸ÉÓ¥¢, ƒ. ‘. �µ£µ¸Ö´, �. �. ‘¨¸ ±Ö´

�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‹ ¡µ· Éµ·¨Ö É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ ¨³. �. �. �µ£µ²Õ¡µ¢ 

� ³¨ ¢¢¥¤¥´  ±µ´Í¥¶Í¨Ö ® ´ ²¨É¨Î¥¸±¨Ì ±µ´É· ±Í¨° £·Ê¶¶ ‹¨¯ ¤²Ö ¸¢Ö§¨ ³¥¦¤Ê · §¤¥²¥-
´¨¥³ ¶¥·¥³¥´´ÒÌ ¢ ¶·µ¸É· ´¸É¢ Ì ¶µ¸ÉµÖ´´µ° ±·¨¢¨§´Ò ¨ ¢ ¥¢±²¨¤µ¢µ³ ¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ³ ¶·µ-
¸É· ´¸É¢ Ì. „ ´´Ò° ³¥Éµ¤ Ö¢²Ö¥É¸Ö ¸¶¥Í¨ ²Ó´µ° ·¥ ²¨§ Í¨¥° ±µ´É· ±Í¨° É¨¶  ˆ´µ´ÕÄ‚¨£´¥· ,
¢ ±µÉµ·µ° · ¤¨Ê¸ ±·¨¢¨§´Ò · ¸¸³ É·¨¢ ¥³µ£µ ¶·µ¸É· ´¸É¢  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ± Î¥¸É¢¥ ¶ · ³¥-
É·  ±µ´É· ±Í¨¨. „²Ö ¶·µ¢¥¤¥´¨Ö ±µ´É· ±Í¨° ¢ Ö¢´µ³ ¢¨¤¥ ¶ · ³¥É· ±µ´É· ±Í¨¨ ¢¸É· ¨¢ ¥É¸Ö
¢ ¡ §¨¸ ¸ ³µ°  ²£¥¡·Ò ‹¨, ¢ µ¶¥· Éµ· ‹ ¶² ¸ Ä�¥²ÓÉ· ³¨, ¢ ¶µ²´ÊÕ ¸¨¸É¥³Ê ±µ³³ÊÉ¨·ÊÕÐ¨Ì
µ¶¥· Éµ·µ¢, ¸¨¸É¥³Ê ±µµ·¤¨´ É ¨ ·¥Ï¥´¨Ö. �Éµ ¶µ§¢µ²Ö¥É ¶µ²ÊÎ¨ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¸µµÉ´µÏ¥-
´¨Ö ³¥¦¤Ê ¸¶¥Í¨ ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨, ¸¢Ö§ ´´Ò³¨ ¸ £·Ê¶¶ ³¨ O(n) ¨ O(n, 1), ¸ µ¤´µ° ¸Éµ·µ´Ò,
¨ ¥¢±²¨¤µ¢Ò³¨ ¨ ¶¸¥¢¤µ¥¢±²¨¤µ¢Ò³¨ £·Ê¶¶ ³¨ Å ¸ ¤·Ê£µ°. �µ¸É·µ¥´ É ±¦¥ £· Ë¨Î¥¸±¨° ³¥Éµ¤,
¨²²Õ¸É·¨·ÊÕÐ¨°  ´ ²¨É¨Î¥¸±¨¥ ±µ´É· ±Í¨¨.

We introduce the concept of ®analytic Lie group contractions¯ to relate the separation of variables
in spaces of constant nonzero curvature to separation in Euclidean or pseudo-Euclidean spaces. These
are speciˇc realizations of InéonéuÄWigner contractions in which the contraction parameter is the radius
of curvature of the considered space. The parameter is introduced explicitly into the basis of the
Lie algebra, the LaplaceÄBeltrami operator, the complete set of commuting operators, the coordinates
themselves and the solutions. This enables us to obtain asymptotic formulas connecting special
functions related to the groups O(n) and O(n, 1) to those related to Euclidean and pseudo-Euclidean
groups. A graphical method of interpreting analytical contractions is introduced.

‚¶¥·¢Ò¥ ±µ´É· ±Í¨¨  ²£¥¡· ‹¨ ¡Ò²¨ ¢¢¥¤¥´Ò ¢ Ë¨§¨±Ê ˆ´µ´Õ ¨ ‚¨£-
´¥·µ³ ¢ 1953 £. [1] ± ± ³ É¥³ É¨Î¥¸±µ¥ ¢Ò· ¦¥´¨¥ Ë¨²µ¸µË¸±µ° ¨¤¥¨,  
¨³¥´´µ ®¶·¨´Í¨¶  ¸µµÉ¢¥É¸É¢¨Ö¯, ¸µ£² ¸´µ ±µÉµ·µ³Ê ¥¸²¨ ´µ¢ Ö É¥µ·¨Ö
µ¡µ¡Ð ¥É ¸É ·ÊÕ, Éµ ¤µ²¦¥´ ¸ÊÐ¥¸É¢µ¢ ÉÓ Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò° ¶·¥¤¥², ±µ-
Éµ·Ò° ¢µ¸¸É ´ ¢²¨¢ ¥É ·¥§Ê²ÓÉ ÉÒ ¸É ·µ° É¥µ·¨¨. �·¨³¥· ³¨ É ±¨Ì ¶·¥¤¥²Ó-
´ÒÌ ¶¥·¥Ìµ¤µ¢ ¨²¨ ±µ´É· ±Í¨° ³µ¦¥É ¸²Ê¦¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê ·¥²ÖÉ¨¢¨¸É¸±¨³¨
¨ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³¨ É¥µ·¨Ö³¨: ±µ£¤  ¸±µ·µ¸ÉÓ ¸¢¥É  c → ∞, £·Ê¶¶  �Ê ´-
± ·¥ ¶·¥µ¡· §Ê¥É¸Ö ¢ £·Ê¶¶Ê ƒ ²¨²¥Ö,   É ±¦¥ ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ±¢ ´Éµ¢µ°
¨ ±² ¸¸¨Î¥¸±µ° ³¥Ì ´¨±µ° ¶·¨ � → 0.

�  ¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ¢ ²¨É¥· ÉÊ·¥ ¨§¢¥¸É´Ò ¤¢  µ¸´µ¢´ÒÌ É¨¶  ±µ´-
É· ±Í¨°  ²£¥¡· ‹¨. �¥·¢Ò° Å ÔÉµ ¸É ´¤ ·É´Ò¥ ±µ´É· ±Í¨¨ ˆ´µ´ÕÄ‚¨£´¥· ,
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±µÉµ·Ò¥ ³µ¦´µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± ¸¨´£Ê²Ö·´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¡ §¨¸   ²-
£¥¡·Ò ‹¨. Šµ ¢Éµ·µ³Ê É¨¶Ê µÉ´µ¸ÖÉ¸Ö ¢¢¥¤¥´´Ò¥ ¶µ§¤´¥¥ É ± ´ §Ò¢ ¥³Ò¥ £· -
¤Ê¨·µ¢ ´´Ò¥ ±µ´É· ±Í¨¨. �Éµ ¡µ²¥¥ µ¡Ð¨° É¨¶ ±µ´É· ±Í¨° (¢±²ÕÎ ÕÐ¨° ¢
¸¥¡Ö ± ± ¤¨¸±·¥É´Ò¥, É ± ¨ ´¥¶·¥·Ò¢´Ò¥ ±µ´É· ±Í¨¨), ¸ÊÉÓ ±µÉµ·µ£µ ¸µ¸Éµ¨É
¢µ ¢¢¥¤¥´¨¨ ´¥±¨Ì ¶ · ³¥É·µ¢, ³µ¤¨Ë¨Í¨·ÊÕÐ¨Ì ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ  ²-
£¥¡·Ò ‹¨ µÉ´µ¸¨É¥²Ó´µ µ¶·¥¤¥²¥´´µ° £· ¤Ê¨·µ¢±¨, ¨ § É¥³ Ê¸É·¥³²¥´¨¨ ÔÉ¨Ì
¶ · ³¥É·µ¢ ± ´Ê²Õ.

•µ·µÏµ ¨§¢¥¸É´µ, ÎÉµ ¸ÊÐ¥¸É¢Ê¥É É¥¸´ Ö ¸¢Ö§Ó ³¥¦¤Ê É¥µ·¨¥° ¸¶¥Í¨ ²Ó-
´ÒÌ ËÊ´±Í¨° ¨ É¥µ·¨¥° £·Ê¶¶ ‹¨, ¶·¥±· ¸´µ ¨§²µ¦¥´´ Ö ¢ ³µ´µ£· Ë¨ÖÌ
‚¨²¥´±¨´  (1965) [2], ’ ²Ó³ ´  (1968) [3] ¨ Œ¨²²¥·  (1968) [4]. ” ±É¨Î¥¸±¨
¢¸¥ ¸¢µ°¸É¢  Ï¨·µ±µ£µ ±² ¸¸  ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ É¥µ-
·¨¨ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶ ‹¨, ¨¸¶µ²Ó§ÊÖ ÉµÉ Ë ±É, ÎÉµ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨
¶µÖ¢²ÖÕÉ¸Ö ± ± ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ´¥¶·¨¢µ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°, ¨²¨ ± ±
³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¤²Ö ³ É·¨ÍÒ ¶·¥µ¡· §µ¢ ´¨°, ¨²¨ ± ± ±µÔËË¨Í¨¥´ÉÒ
Š²¥¡Ï Äƒµ·¤ ´ , ¨²¨ ¢ ± ±µ³-´¨¡Ê¤Ó ¤·Ê£µ³ ¢¨¤¥.

�¤´¨³ ¨§ µÎ¥´Ó ¶µ²¥§´ÒÌ ¶·¨³¥´¥´¨° É¥µ·¨¨ £·Ê¶¶ ‹¨ ¢ ÔÉµ³ ±µ´É¥±¸É¥
Ö¢²Ö¥É¸Ö  ²£¥¡· ¨Î¥¸±¨° ¶µ¤Ìµ¤ ± · §¤¥²¥´¨Õ ¶¥·¥³¥´´ÒÌ ¤²Ö ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ. ‚ ÔÉµ³ ¶µ¤Ìµ¤¥ ¸¨¸É¥³Ò ±µ-
µ·¤¨´ É, ±µÉµ·Ò¥ ¤µ¶Ê¸± ÕÉ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨ÖÌ ‹ ¶² ¸ ,
ƒ ³¨²ÓÉµ´ ÄŸ±µ¡¨, ˜·¥¤¨´£¥·  ¨ ¤·Ê£¨Ì ¨´¢ ·¨ ´É´ÒÌ Ê· ¢´¥´¨ÖÌ, Ì · ±-
É¥·¨§ÊÕÉ¸Ö ¶µ²´Ò³ ´ ¡µ·µ³ ±µ³³ÊÉ¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢ ¢Éµ·µ£µ ¶µ·Ö¤± .
�´¨ ²¥¦ É ¢ µ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·¥  ²£¥¡·Ò ‹¨ £·Ê¶¶Ò ¨§µ³¥É·¨¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥£µ µ¤´µ·µ¤´µ£µ ¶·µ¸É· ´¸É¢ .

‚µ¶·µ¸, ±µÉµ·Ò° ¤µ ¸¨Ì ¶µ· ´¥ ¡Ò² µÉ· ¦¥´ ¤µ²¦´Ò³ µ¡· §µ³ ¢ ¸µ-
¢·¥³¥´´µ° ²¨É¥· ÉÊ·¥, ÔÉµ ¸¢Ö§Ó ³¥¦¤Ê · §¤¥²¥´¨¥³ ¶¥·¥³¥´´ÒÌ ¢ · §²¨Î-
´ÒÌ ¶·µ¸É· ´¸É¢ Ì ¨²¨ ¢ µ¤´µ·µ¤´ÒÌ ¶·µ¸É· ´¸É¢ Ì · §²¨Î´ÒÌ £·Ê¶¶ ‹¨.
‚ Î ¸É´µ¸É¨, ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¨¸¸²¥¤µ¢ ´¨¥ ¶µ¢¥¤¥´¨Ö · §¤¥²ÖÕÐ¨Ì ±µ-
µ·¤¨´ É, ¶µ²´µ£µ ´ ¡µ·  ±µ³³ÊÉ¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¸µ¡-
¸É¢¥´´ÒÌ ËÊ´±Í¨°,   É ±¦¥ ³¥¦¡ §¨¸´ÒÌ · §²µ¦¥´¨° ¶·¨ ±µ´É· ±Í¨ÖÌ  ²£¥-
¡·Ò ‹¨.

‚ · ¡µÉ Ì [5Ä12] ³Ò ¶·¥¤¸É ¢¨²¨ ´µ¢Ò°  ¸¶¥±É É¥µ·¨¨ ±µ´É· ±Í¨° £·Ê¶¶
¨  ²£¥¡· ‹¨:   ¨³¥´´µ ¸¢Ö§Ó ³¥¦¤Ê µ·Éµ£µ´ ²Ó´Ò³¨ ¸¨¸É¥³ ³¨ ±µµ·¤¨´ É (¤µ-
¶Ê¸± ÕÐ¨Ì ¶µ²´µ¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ ¢ Ê· ¢´¥´¨¨ ƒ¥²Ó³£µ²ÓÍ ), µ¶·¥-
¤¥²¥´´ÒÌ ´  ¶·µ¸É· ´¸É¢ Ì ¶µ¸ÉµÖ´´µ° ±·¨¢¨§´Ò ¨ ¢ ¶²µ¸±µ³ ¶·µ¸É· ´¸É¢¥
¨ ¸¢Ö§ ´´ÒÌ ¶·¨ ¶µ³µÐ¨ ±µ´É· ±Í¨° ¨Ì £·Ê¶¶ ¨§µ³¥É·¨¨.

‚ ¸É ÉÓÖÌ [5Ä7] ´  ¶·¨³¥·¥ ¤¢ÊÌ µ¤´µ·µ¤´ÒÌ ¶·µ¸É· ´¸É¢: ¤¢Ê³¥·´µ°
¸Ë¥·Ò S2 ∼ O(3)/O(2) ¨ ¤¢Ê³¥·´µ£µ £¨¶¥·¡µ²µ¨¤  L2 ∼ O(2, 1)/O(2) ¢ · ³-
± Ì ³¥Éµ¤  ˆ´µ´ÕÄ‚¨£´¥·  ¢¢µ¤¨É¸Ö ±µ´Í¥¶Í¨Ö  ´ ²¨É¨Î¥¸±¨Ì ±µ´É· ±Í¨°,
±µ£¤  ¶ · ³¥É· ±µ´É· ±Í¨¨ Å · ¤¨Ê¸ ¸Ë¥·Ò R Å ¢¸É· ¨¢ ¥É¸Ö ¢ ¨´Ë¨´¨-
É¥§¨³ ²Ó´Ò¥ µ¶¥· Éµ·Ò ¨ ¶µ²´Ò° ´ ¡µ· ±µ³³ÊÉ¨·ÊÕÐ¨Ì µ¶¥· Éµ·µ¢,   ´¥
Éµ²Ó±µ ¢ ¸É·Ê±ÉÊ·´Ò¥ ±µ´¸É ´ÉÒ. ˆ¸¶µ²Ó§ÊÖ ¤ ´´Ò° ³¥Éµ¤, Ê¤ ¥É¸Ö ¶·µ¸²¥-
¤¨ÉÓ ±µ´É· ±Í¨¨ ¶·¨ R → ∞ ´  ¢¸¥Ì Ê·µ¢´ÖÌ:  ²£¥¡·Ò ‹¨, ¶·¥¤¸É ¢²¥´-
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´µ° ¢¥±Éµ·´Ò³¨ ¶µ²Ö³¨, µ¶¥· Éµ·  ‹ ¶² ¸ Ä�¥²ÓÉ· ³¨ ¢ É·¥Ì µ¤´µ·µ¤´ÒÌ
¶·µ¸É· ´¸É¢ Ì, µ¶¥· Éµ·µ¢ ¢Éµ·µ£µ ¶µ·Ö¤±  ¢ µ¡¥·ÉÒ¢ ÕÐ¨Ì  ²£¥¡· Ì, Ì -
· ±É¥·¨§ÊÕÐ¨Ì ¸¨¸É¥³Ò ±µµ·¤¨´ É, ¢ ¸ ³¨Ì ¸¨¸É¥³ Ì ±µµ·¤¨´ É, ¤µ¶Ê¸± -
ÕÐ¨Ì · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ, ¢ µ¡ÒÎ´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ,
  É ±¦¥ · §¤¥²¥´´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨´¢ ·¨ ´É´ÒÌ µ¶¥· Éµ·µ¢. ‚
¸É ÉÓ¥ [5], ¢ Î ¸É´µ¸É¨, ¶µ± § ´µ, ÎÉµ ¢ ¶·¥¤¥²¥ R → ∞ ¸Ë¥·¨Î¥¸± Ö ¸¨¸É¥³ 
±µµ·¤¨´ É ´  ¸Ë¥·¥ S2 ³µ¦¥É ¶¥·¥°É¨ ¢ ¶µ²Ö·´ÊÕ ¨²¨ ¤¥± ·Éµ¢Ê ¸¨¸É¥³Ò
±µµ·¤¨´ É ´  ¤¢Ê³¥·´µ° ¥¢±²¨¤µ¢µ° ¶²µ¸±µ¸É¨ E2 ∼ E(2)/O(2),   ¨§ Ô²²¨-
¶É¨Î¥¸±µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É ´  ¸Ë¥·¥ ¸ ¶µ³µÐÓÕ ±µ´É· ±Í¨° ³µ£ÊÉ ¡ÒÉÓ
¶µ²ÊÎ¥´Ò ¢¸¥ Î¥ÉÒ·¥ ¸¨¸É¥³Ò ±µµ·¤¨´ É ´  ¶²µ¸±µ¸É¨,   ¨³¥´´µ: ¶µ²Ö·´ Ö,
¤¥± ·Éµ¢ , ¶ · ¡µ²¨Î¥¸± Ö ¨ Ô²²¨¶É¨Î¥¸± Ö. Šµ´É· ±Í¨¨ ¸¨¸É¥³ ±µµ·¤¨´ É
¤²Ö ¤¢ÊÌ¶µ²µ¸É´µ£µ £¨¶¥·¡µ²µ¨¤  L2, ¶·¥¤¸É ¢²ÖÕÐ¥£µ ¡µ²¥¥ ®¡µ£ ÉÒ°¯ ¸²Ê-
Î °, ¶·µ¸²¥¦¥´ ¢ · ¡µÉ Ì [6] ¨ [7]. �  µ¸´µ¢¥ ±µ´É· ±Í¨° µÉ  ²£¥¡·Ò o(2, 1)
±  ²£¥¡· ³ e(2) ¨ e(1, 1) ´ °¤¥´  ¸¢Ö§Ó ³¥¦¤Ê ¢¸¥³¨ ¤¥¢ÖÉÓÕ ¸¨¸É¥³ ³¨ ±µ-
µ·¤¨´ É ´  L2 ¨ Î¥ÉÒ·Ó³Ö ¸¨¸É¥³ ³¨ ±µµ·¤¨´ É ´  ¤¢Ê³¥·´µ° ¥¢±²¨¤µ¢µ°
¶²µ¸±µ¸É¨ E2 ¨ ¤¥¢ÖÉÓÕ ¸¨¸É¥³ ³¨ ±µµ·¤¨´ É ´  ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° ¶²µ¸±µ-
¸É¨ (¤¢Ê³¥·´µ¥ ¶·µ¸É· ´¸É¢µ Œ¨´±µ¢¸±µ£µ) E1,1 ∼ E(1, 1)/O(2). Š ± ¨ ¢
¸²ÊÎ ¥ Ô²²¨¶É¨Î¥¸±µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É ´  ¸Ë¥·¥, Ô²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³ 
±µµ·¤¨´ É ´  £¨¶¥·¡µ²µ¨¤¥ ¶¥·¥Ìµ¤¨É ¢µ ¢¸¥ Î¥ÉÒ·¥ ¸¨¸É¥³Ò ±µµ·¤¨´ É ´ 
¶²µ¸±µ¸É¨ E2.

Šµ´É· ±Í¨¨ ´  É·¥Ì³¥·´µ° ¸Ë¥·¥ S3 ¨§ÊÎ¥´Ò ¢ ¸É ÉÓ¥ [8],   ¢ · ¡µÉ¥ [9]
¶·¥¤¸É ¢²¥´Ò ¢¸¥¢µ§³µ¦´Ò¥ ±µ´É· ±Í¨¨ ¤²Ö ¶µ¤£·Ê¶¶µ¢ÒÌ É¨¶µ¢ ±µµ·¤¨´ É
´  Sn ¢ ¶µ¤£·Ê¶¶µ¢Ò¥ É¨¶Ò ±µµ·¤¨´ É ¢ En ¶·¨ ²Õ¡µ³ n. � §¢¨É £· Ë¨Î¥¸±¨°
Ëµ·³ ²¨§³, ¨²²Õ¸É·¨·ÊÕÐ¨° ÔÉ¨ ¶¥·¥Ìµ¤Ò. Šµ´É· ±Í¨¨ ¤²Ö ´¥¶µ¤£·Ê¶¶µ-
¢ÒÌ ¸¨¸É¥³ ±µµ·¤¨´ É ¨¸¸²¥¤µ¢ ´Ò ¢ · ¡µÉ¥ [10].

‚ · ¡µÉ Ì [11,12] · ¸¸³µÉ·¥´Ò ±µ´É· ±Í¨¨ ¢ ³¥¦¡ §¨¸´ÒÌ · §²µ¦¥´¨ÖÌ
¨ ±µÔËË¨Í¨¥´É Ì ¶¥·¥±·ÒÉ¨Ö. ŠµÔËË¨Í¨¥´ÉÒ ¶¥·¥±·ÒÉ¨Ö ¤²Ö · §²¨Î´ÒÌ ¡ -
§¨¸µ¢, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨§µ³µ·Ë´µ° ¶µ¤£·Ê¶¶µ¢µ° Í¥¶µÎ±¥, ¢±²ÕÎ ÕÉ ¢ ¸¥¡Ö
³ É·¨ÍÊ ¢· Ð¥´¨°,   ¢ ¸²ÊÎ ¥ ´¥¨§µ³µ·Ë´µ° ¶µ¤£·Ê¶¶µ¢µ° Í¥¶µÎ±¨ ¢Ò· ¦ -
ÕÉ¸Ö Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ Š²¥¡Ï Äƒµ·¤ ´  ¨ � ± . „²Ö ¢¸¥Ì ´¨Ì ´ °¤¥´Ò
 ¸¨³¶ÉµÉ¨Î¥¸±¨¥ Ëµ·³Ê²Ò. ‚ ´¥¤ ¢´¥° · ¡µÉ¥ [13] ³¥Éµ¤  ´ ²¨É¨Î¥¸±¨Ì
±µ´É· ±Í¨° ¡Ò² ¶·µ¨²²Õ¸É·¨·µ¢ ´ É ±¦¥ ¶·¨ ¤µ± § É¥²Ó¸É¢¥ ¨§¢¥¸É´µ° É¥µ-
·¥³Ò ¸²µ¦¥´¨Ö ¤²Ö ¤¢ÊÌ ËÊ´±Í¨° �¥¸¸¥²Ö.

ˆ¸¸²¥¤µ¢ ´¨Õ £· ¤Ê¨·µ¢ ´´ÒÌ ±µ´É· ±Í¨°  ²£¥¡·Ò e(2, 1) ¶µ¸¢ÖÐ¥´  · -
¡µÉ  [14]. ‚ ´¥° ¶µ± § ´µ, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö  ²£¥¡·  ¶·¨ ±µ´É· ±Í¨ÖÌ
¤¥Ëµ·³¨·Ê¥É¸Ö ¢ Ï¨·µ±µ¥ ¸¥³¥°¸É¢µ Ï¥¸É¨³¥·´ÒÌ  ²£¥¡·, ¸·¥¤¨ ±µÉµ·ÒÌ
· §·¥Ï¨³Ò¥, ´¨²Ó¶µÉ¥´É´Ò¥ ¨ ´¥· §·¥Ï¨³Ò¥  ²£¥¡·Ò.

‘·¥¤¨ ¢µ§³µ¦´ÒÌ ¶·¨²µ¦¥´¨° ±µ´É· ±Í¨°  ²£¥¡· ‹¨ ³Ò ³µ¦¥³ Ê¶µ-
³Ö´ÊÉÓ ¸²¥¤ÊÕÐ¨¥. ‚ É¥µ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ±µ´É· ±Í¨¨ ¶µ§¢µ²ÖÕÉ
´ Ìµ¤¨ÉÓ ± ± ´µ¢Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ Ëµ·³Ê²Ò, É ± ¨ ´µ¢Ò¥ · §²µ¦¥´¨Ö. ‚
É¥µ·¨¨ ±µ´¥Î´µ³¥·´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¨²¨ ¸Ê¶¥·¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ±µ´-
É· ±Í¨¨ µ¡¥¸¶¥Î¨¢ ÕÉ ¸¢Ö§Ó ³¥¦¤Ê É ±¨³¨ ¸¨¸É¥³ ³¨ ¢ ±·¨¢µ³ ¨ ¶²µ¸±µ³
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¶·µ¸É· ´¸É¢¥. Šµ´É· ±Í¨¨ ¨£· ÕÉ É ±¦¥ ¸ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¢ É¥µ·¨¨ ±¢ ´-
Éµ¢ÒÌ £·Ê¶¶, ¨ ¢µ§³µ¦´µ, ÎÉµ ³¥Éµ¤Ò, ¨¸¶µ²Ó§Ê¥³Ò¥ ¶·¨ µ¶¨¸ ´¨¨ £·Ê¶¶ ‹¨,
³µ£ÊÉ ¡ÒÉÓ µ¡µ¡Ð¥´Ò É ±¦¥ ´  ¸²ÊÎ ° ±¢ ´Éµ¢ÒÌ £·Ê¶¶.

�É³¥É¨³, ´ ±µ´¥Í, ÎÉµ ³¥Éµ¤Ò, ¶·¨¢¥¤¥´´Ò¥ ¢ · ¡µÉ Ì [5Ä12], ³µ£ÊÉ
¡ÒÉÓ É ±¦¥ ²¥£±µ  ¤ ¶É¨·µ¢ ´Ò ± ¤·Ê£¨³ ¶·µ¡²¥³ ³ ±µ´É· ±Í¨°. Š ¶·¨³¥·Ê,
³µ¦´µ · ¸¸³µÉ·¥ÉÓ ±µ´É· ±Í¨¨ µÉ ¶µ¤£·Ê¶¶µ¢ÒÌ ¨ ´¥¶µ¤£·Ê¶¶µ¢ÒÌ ¸¨¸É¥³
±µµ·¤¨´ É ¤²Ö £·Ê¶¶Ò O(n, q) ± ¸¨¸É¥³ ³ ±µµ·¤¨´ É ´  ¥¢±²¨¤µ¢µ³ ¨ ¶¸¥¢-
¤µ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢ Ì.
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