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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‹ ¡µ· Éµ·¨Ö É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ ¨³. �. �. �µ£µ²Õ¡µ¢ 

� ¸¸³µÉ·¥´Ò Ô²²¨¶É¨Î¥¸±¨¥ ¡¥É -¨´É¥£· ²Ò, µ¡µ¡Ð ÕÐ¨¥ µ¤´µ³¥·´Ò¥ ¨´É¥£· ²Ò �¸±¨Ä
‚¨²Ó¸µ´  ¨ � · ²² Ì Ä� Ì³ ´  ¨ ³´µ£µ³¥·´Ò¥ ¨´É¥£· ²Ò ‘¥²Ó¡¥·£  ¨ ƒÊ¸É Ë¸µ´ . Š· É±µ µ¡-
¸Ê¦¤ ÕÉ¸Ö ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨, ¶µ¸É·µ¥´´Ò¥ ¨§ µ¡ÒÎ´ÒÌ, ¡ §¨¸´ÒÌ ¨ ³µ¤Ê²Ö·´ÒÌ £¨¶¥·£¥µ-
³¥É·¨Î¥¸±¨Ì ·Ö¤µ¢ ¨ ¸¢Ö§ ´´Ò¥ ¸ Ê± § ´´Ò³¨ ¨´É¥£· ² ³¨.

Elliptic beta integrals, generalizing one variable AskeyÄWilson and NassrallahÄRahman integrals
and multivariable Selberg and Gustafson integrals, are considered. Special functions, built from
ordinary, basic and modular hypergeometric series and connected with these integrals, are brie�y
reviewed.

‡¤¥¸Ó ³Ò ¤ ¤¨³ ¸¦ Éµ¥ ¨§²µ¦¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ ´¥¤ ¢´¨Ì · ¡µÉ [4, 12Ä15]
µ ´µ¢ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨ÖÌ £¨¶¥·£¥µ³¥É·¨Î¥¸±µ£µ É¨¶ , ¶µ¸É·µ¥´´ÒÌ ¨§
Ô²²¨¶É¨Î¥¸±¨Ì ËÊ´±Í¨° ¨ ³µ¤Ê²Ö·´ÒÌ Ëµ·³.

	¥É -ËÊ´±Í¨Ö
∫ 1

0
xα−1(1−x)β−1dx = Γ(α)Γ(β)/Γ(α+β), Re α, Re β > 0,

¨ ¥¥ · §²¨Î´Ò¥ q- ´ ²µ£¨ ¨£· ÕÉ ¢ ¦´ÊÕ ·µ²Ó ¢ É¥µ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°
[1]. ‚ [3] ¶µ¸É·µ¥´Ò ¸ ³Ò¥ µ¡Ð¨¥ ®±² ¸¸¨Î¥¸±¨¥¯ (¸ ³µ¤Ê ²Ó´Ò¥) µ·Éµ£µ-
´ ²Ó´Ò¥ ¶µ²¨´µ³Ò. �É¨ ¶µ²¨´µ³Ò ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ q-£¨¶¥·£¥µ³¥É·¨Î¥¸±¨¥
·Ö¤Ò 4Φ3. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ Ê¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ´¥¶·¥·Ò¢´µ° ¢¥¸µ¢µ° ËÊ´±-
Í¨¨ µ¶·¥¤¥²Ö¥É¸Ö q-¡¥É -¨´É¥£· ²µ³ �¸±¨Ä‚¨²Ó¸µ´ . ‚ [9,16] ¶µ¸É·µ¥´µ ¸¥-
³¥°¸É¢µ ¸ ³µ¤Ê ²Ó´ÒÌ ¡¨µ·Éµ£µ´ ²Ó´ÒÌ · Í¨µ´ ²Ó´ÒÌ ËÊ´±Í¨° (	�”), ¢Ò-
· ¦ ÕÐ¨Ì¸Ö Î¥·¥§ ¸µ¢¥·Ï¥´´µ Ê· ¢´µ¢¥Ï¥´´Ò¥ ¸¡ ² ´¸¨·µ¢ ´´Ò¥

10Φ9-·Ö¤Ò ¨ ¸µ¤¥·¦ Ð¨Ì ¶µ²¨´µ³Ò �¸±¨Ä‚¨²Ó¸µ´  ¢ ± Î¥¸É¢¥ Î ¸É´ÒÌ ¸²Ê-
Î ¥¢. �µ·³¨·µ¢±  ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ´¥¶·¥·Ò¢´µ° ¢¥¸µ¢µ° ËÊ´±Í¨¨ § ¤ ¥É¸Ö
q-¡¥É -¨´É¥£· ²µ³ � · ²² Ì Ä� Ì³ ´  [8,9], ±µÉµ·Ò° ¸Î¨É ²¸Ö ¸ ³Ò³ µ¡Ð¨³
¡¥É -¨´É¥£· ²µ³, ¤µ¶Ê¸± ÕÐ¨³ ¢ÒÎ¨¸²¥´¨¥ ¢ § ³±´ÊÉµ³ ¢¨¤¥.

� §²¨Î´Ò¥ µ¡µ¡Ð¥´¨Ö 	�” ‚¨²Ó¸µ´ Ä� Ì³ ´  ¡Ò²¨ ¶µ¸É·µ¥´Ò ¢ [13, 15].
‚µ-¶¥·¢ÒÌ, ¢ [15] ´ °¤¥´Ò Ô²²¨¶É¨Î¥¸±¨¥ µ¡µ¡Ð¥´¨Ö ËÊ´±Í¨° ‚¨²Ó¸µ´  ¸
¤¨¸±·¥É´µ° ³¥·µ° ¡¨µ·Éµ£µ´ ²Ó´µ¸É¨, ¢Ò· ¦ ÕÐ¨¥¸Ö Î¥·¥§ ¸¶¥Í¨ ²Ó´Ò° µ¡-
·Ò¢ ÕÐ¨°¸Ö 12E11 ³µ¤Ê²Ö·´Ò° £¨¶¥·£¥µ³¥É·¨Î¥¸±¨° ·Ö¤. �Ö¤Ò É ±µ£µ É¨¶ ,
µ¡² ¤ ÕÐ¨¥ ³µ¤Ê²Ö·´µ° ¸¨³³¥É·¨¥°, ¡Ò²¨ ¢¢¥¤¥´Ò ’Ê· ¥¢Ò³ ¨ ”·¥´±¥²¥³
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¢ [5]. �¡Ð Ö É¥µ·¨Ö Ô²²¨¶É¨Î¥¸±¨Ì £¨¶¥·£¥µ³¥É·¨Î¥¸±¨Ì ·Ö¤µ¢ ¸Ëµ·³Ê²¨·µ-
¢ ´  ¢ [14] (¢ Î ¸É´µ¸É¨, ¢ ÔÉµ° · ¡µÉ¥ ¢¢¥¤¥´Ò ¨¸¶µ²Ó§Ê¥³Ò¥ §¤¥¸Ó µ¡µ§´ -
Î¥´¨Ö ¤²Ö E-·Ö¤µ¢). “´¨± ²Ó´µ¸ÉÓ Ô²²¨¶É¨Î¥¸±¨Ì 	�” ¸²¥¤Ê¥É ¨§ Éµ£µ, ÎÉµ
´ ¨¡µ²¥¥ µ¡Ð¨¥ 	�”, ¤µ¶Ê¸± ÕÐ¨¥ ±µ´¥Î´µ-· §´µ¸É´Ò° µ¶¥· Éµ· ¶¥·¢µ£µ
¶µ·Ö¤±  ¢ ± Î¥¸É¢¥ ¶µ´¨¦ ÕÐ¥£µ µ¶¥· Éµ· , µ¡Ö§ ´Ò ¡ÒÉÓ ¶·¨¢Ö§ ´´Ò³¨ ±
Ô²²¨¶É¨Î¥¸±¨³ ¸¥É± ³ [15]. ‚µ-¢Éµ·ÒÌ, Ô²²¨¶É¨Î¥¸±µ¥ µ¡µ¡Ð¥´¨¥ ¸¥³¥°¸É¢ 
´¥¶·¥·Ò¢´ÒÌ 	�” � Ì³ ´  [9] ¶µ¸É·µ¥´µ ¢ [13]. “¸²µ¢¨¥ ´µ·³¨·µ¢±¨ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥°  ¡¸µ²ÕÉ´µ ´¥¶·¥·Ò¢´µ° ³¥·Ò § ¤ ¥É¸Ö Ô²²¨¶É¨Î¥¸±¨³ ¡¥É -
¨´É¥£· ²µ³, ¢ÒÎ¨¸²¥´´Ò³ ¢ [12] (¸³. ´¨¦¥).

‚-É·¥ÉÓ¨Ì, Ï¨·µ±¨° ±² ¸¸ 	�”, ´¥ Ö¢²ÖÕÐ¨Ì¸Ö ¸ ³µ¤Ê ²Ó´Ò³¨ ¨ ¢Ò-
· ¦ ÕÐ¨Ì¸Ö Î¥·¥§ µ¡ÒÎ´Ò¥ 9F8, ¡ §¨¸´Ò¥ 10Φ9 ¨ Ô²²¨¶É¨Î¥¸±¨¥ 12E11 £¨-
¶¥·£¥µ³¥É·¨Î¥¸±¨¥ ·Ö¤Ò, ¶µ¸É·µ¥´ ¢ [15]. ‚ ÔÉµ³ ±² ¸¸¥ Ê¦¥ ´  Ê·µ¢´¥

9F8-·Ö¤µ¢ ¢µ§´¨± ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ·¥Ï¥´¨Ö  ²£¥¡· ¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö ¶Ö-
Éµ° ¸É¥¶¥´¨ ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö 	�” ¢ ¢¨¤¥ £¨¶¥·£¥µ³¥É·¨Î¥¸±¨Ì ·Ö¤µ¢. �É¨
ËÊ´±Í¨¨ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¸ ¶µ³µÐÓÕ ´¥±µÉµ·µ£µ Ô¢·¨¸É¨Î¥¸±µ£µ ¶µ¤Ìµ¤  ±
¸¶¥Í¨ ²Ó´Ò³ ËÊ´±Í¨Ö³, ¶µ¤·µ¡´µ µ¶¨¸ ´´µ£µ ¢ [11]. ‚ ÔÉµ³ ¶µ¤Ìµ¤¥ ¸¶¥-
Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ µ¶·¥¤¥²ÖÕÉ¸Ö ± ± ËÊ´±Í¨¨,  ¸¸µÍ¨¨·µ¢ ´´Ò¥ ¸ ¸ ³µ¶µ-
¤µ¡´Ò³¨ ·¥¤Ê±Í¨Ö³¨ Í¥¶µÎ¥± ¸¶¥±É· ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¤²Ö ²¨´¥°´ÒÌ
¸¶¥±É· ²Ó´ÒÌ § ¤ Î. ‚ ¸²ÊÎ ¥ 	�” · ¸¸³ É·¨¢ ¥É¸Ö ´¥±µÉµ·µ¥ É·¥ÌÎ²¥´´µ¥
·¥±Ê··¥´É´µ¥ ¸µµÉ´µÏ¥´¨¥ ¤²Ö ¶µ²¨´µ³µ¢ ¸ ¢ ·Ó¨·Ê¥³µ° ³¥·µ° µ·Éµ£µ´ ²Ó-
´µ¸É¨, ¸µ¤¥·¦ Ð¥¥ ±¢ ¤· É¨Î´ÊÕ § ¢¨¸¨³µ¸ÉÓ µÉ  ·£Ê³¥´É  ¶µ²¨´µ³µ¢. ‡ É¥³
´ Ìµ¤¨É¸Ö Í¥¶µÎ±  ¶·¥µ¡· §µ¢ ´¨°,  ´ ²µ£¨Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨Ö³ Š·¨¸ÉµË-
Ë¥²Ö ¨ ƒ¥·µ´¨³Ê¸  ¤²Ö µ¡ÒÎ´ÒÌ µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢, ´¥ ³¥´ÖÕÐ¨Ì
Ëµ·³Ò ´ Î ²Ó´µ£µ ·¥±Ê··¥´É´µ£µ ¸µµÉ´µÏ¥´¨Ö. �Éµ ¶·¨¢µ¤¨É ± ´¥²¨´¥°-
´µ° Í¥¶µÎ±¥ Ê· ¢´¥´¨°, µ¡µ¡Ð ÕÐ¥° Í¥¶µÎ±Ê ’µ¤Ò ¸ ¤¨¸±·¥É´Ò³ ¢·¥³¥´¥³.
�´ ²¨§ ¨´¢µ²ÕÉ¨¢´ÒÌ ¸¨³³¥É·¨° ÔÉµ° Í¥¶µÎ±¨ ¶µ§¢µ²Ö¥É ´ °É¨ ¸ ³µ¶µ¤µ¡-
´ÊÕ ·¥¤Ê±Í¨Õ, ¶·¨¢µ¤ÖÐÊÕ ± ´¥±µÉµ·µ³Ê ´¥²¨´¥°´µ³Ê ËÊ´±Í¨µ´ ²Ó´µ³Ê
Ê· ¢´¥´¨Õ. �Éµ Ê· ¢´¥´¨¥ ¨³¥¥É Ô²²¨¶É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, ±µÉµ·Ò¥ ¶·¨¢µ-
¤ÖÉ ± Ö¢´µ³Ê ·¥Ï¥´¨Õ ´ Î ²Ó´µ£µ ·¥±Ê··¥´É´µ£µ ¸µµÉ´µÏ¥´¨Ö ¢ É¥·³¨´ Ì

12E11-·Ö¤µ¢.
�± §Ò¢ ¥É¸Ö, ÎÉµ ¶µ³¨³µ ³µ¤Ê²Ö·´ÒÌ · ¸Ï¨·¥´¨° ´¥¶·¥·Ò¢´ÒÌ 	�”

� Ì³ ´  ¸ÊÐ¥¸É¢Ê¥É ¨Ì µ¡µ¡Ð¥´¨¥ ´  ¸¨¸É¥³Ê ¸ ³µ¤Ê ²Ó´ÒÌ ³¥·µ³µ·Ë´ÒÌ
ËÊ´±Í¨°, ¡¨µ·Éµ£µ´ ²Ó´ÒÌ ¶µ ¤¢Ê³ ¤¨¸±·¥É´Ò³ ¨´¤¥±¸ ³ ¸ ¢¥¸µ¢µ° ËÊ´±-
Í¨¥°, µ¶·¥¤¥²ÖÕÐ¥°¸Ö É¥³ ¦¥ Ô²²¨¶É¨Î¥¸±¨³ ¡¥É -¨´É¥£· ²µ³ [13]. ‚µ§-
³µ¦´µ, ÎÉµ ÔÉ¨ ËÊ´±Í¨¨ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ´ ¨¡µ²¥¥ µ¡ÐÊÕ ¸¨¸É¥³Ê ®±² ¸-
¸¨Î¥¸±¨Ì¯ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ¢ É¥µ·¨¨ ¡¨µ·Éµ£µ´ ²Ó´ÒÌ ËÊ´±Í¨° ¸ É¥³
¦¥ ¸É ÉÊ¸µ³, ±µÉµ·Ò° ¨³¥ÕÉ ¶µ²¨´µ³Ò �¸±¨Ä‚¨²Ó¸µ´  ¢ É¥µ·¨¨ µ·Éµ£µ-
´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢. �·¥¤¸É ¢¨³ ¡µ²¥¥ ¶µ¤·µ¡´µ, ¢ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨,
¸É·Ê±ÉÊ·Ê Ô²²¨¶É¨Î¥¸±µ£µ ¡¥É -¨´É¥£· ²  Å ´ ¨¡µ²¥¥ µ¡Ð¥£µ ¨§¢¥¸É´µ£µ ¢
´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨´É¥£· ²  É ±µ£µ É¨¶ .

�Ê¸ÉÓ p, q ∈ C ¨ |p|, |q| < 1. �¡µ§´ Î¨³ (a; p)∞ =
∏∞

n=0(1 − apn),
(a; p)s = (a; p)∞/(aps; p)∞, (a1, . . . , ak; p)∞ = (a1; p)∞ . . . (ak; p)∞. �¶·¥-
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¤¥²¨³ ÉÔÉ -ËÊ´±Í¨Õ Ÿ±o¡¨ ± ± θ(z; p) = (z, pz−1; p)∞. �´  µ¡² ¤ ¥É ¸¢µ°-
¸É¢a³¨ θ(pz; p) = θ(z−1; p) = −z−1θ(z; p). �²²¨¶É¨Î¥¸± Ö £ ³³ -ËÊ´±Í¨Ö
Γ(z; p, q) µ¶·¥¤¥²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ ¤¢µ°´ÒÌ ¡¥¸±µ´¥Î´ÒÌ ¶·µ¨§¢¥¤¥´¨° [10]:

Γ(z; p, q) =
∞∏

j,k=0

1 − z−1pj+1qk+1

1 − zpjqk
, Γ(z; 0, q) =

1
(z; q)∞

(1)

¨ Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Ö³ Γ(qz; p, q) = θ(z; p)Γ(z; p, q), Γ(pz; p, q) = θ(z; q)
Γ(z; p, q), ±µÉµ·Ò¥ ¢ µ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥² Ì ¸¢µ¤ÖÉ¸Ö ± Ê· ¢´¥´¨Õ ¤²Ö ¸É ´-
¤ ·É´µ° £ ³³ -ËÊ´±Í¨¨. �¡µ§´ Î¨³ É ±¦¥ θ(a1, . . . , an; p) =

∏n
i=1 θ(ai; p),

Γ(a1, . . . , an; p, q) =
∏n

i=1 Γ(ai; p, q).
’¥µ·¥³  1. �²²¨¶É¨Î¥¸±µ¥ · ¸Ï¨·¥´¨¥ ±µ´ÉÊ·´µ£µ q-¡¥É -¨´É¥£· ² 

� · ²² Ì Ä� Ì³ ´  [8, 9] ¨²¨ Ô²²¨¶É¨Î¥¸± Ö ¡¥É -ËÊ´±Í¨Ö ¨³¥¥É ¢¨¤

1
2πi

∫
T

∆(z)
dz

z
=

2
∏

0≤m<s≤4 Γ(tmts; p, q)

(q; q)∞(p; p)∞
∏4

m=0 Γ(At−1
m ; p, q)

, (2)

£¤¥ A =
∏4

m=0 tm ¨

∆(z) =
∏4

m=0 Γ(ztm, z−1tm; p, q)
Γ(z2, z−2, zA, z−1A; p, q)

. (3)

‡¤¥¸Ó T µ¡µ§´ Î ¥É ¶µ²µ¦¨É¥²Ó´µ µ·¨¥´É¨·µ¢ ´´ÊÕ ¥¤¨´¨Î´ÊÕ µ±·Ê¦´µ¸ÉÓ,
  ±µ³¶²¥±¸´Ò¥ ¶ · ³¥É·Ò tm Ê¤µ¢²¥É¢µ·ÖÕÉ µ£· ´¨Î¥´¨Ö³ |tm| < 1,
|pq| < |A|.

� ¢¥´¸É¢µ (2) ¤µ± §Ò¢ ¥É¸Ö ³¥Éµ¤µ³ ËÊ´±Í¨µ´ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶·¨³¥-
´¥´´Ò³ ¢ [2] ¤²Ö ¢ÒÎ¨¸²¥´¨Ö q-¡¥É -¨´É¥£· ²  [8, 9], ¶µ²ÊÎ ÕÐ¥£µ¸Ö ¨§ (2)
¶·¨ p = 0. „²Ö µ¡Ð¥£µ ¶µ²µ¦¥´¨Ö ¶ · ³¥É·µ¢ p, q ¨ tm ËÊ´±Í¨Ö ∆(z)
¸µ¤¥·¦¨É ¢´ÊÉ·¨ T Éµ²Ó±µ ¶·µ¸ÉÒ¥ ¶µ²Õ¸Ò, ´ Ìµ¤ÖÐ¨¥¸Ö ¢ ÉµÎ± Ì tmpjqk,
A−1pj+1qk+1 ¶·¨ j, k ∈ N. �´ ²¨É¨Î´µ¸ÉÓ ∆(z) ¶µ§¢µ²Ö¥É § ³¥´¨ÉÓ T ´ 
²Õ¡µ° ±µ´ÉÊ· C, µÌ¢ ÉÒ¢ ÕÐ¨° ÉµÉ ¦¥ ¶ · ³¥É·¨Î¥¸±¨° ´ ¡µ· ¶µ²Õ¸µ¢. �·¨
ÔÉµ³ §´ Î¥´¨¥ ¨´É¥£· ²  ´¥ ³¥´Ö¥É¸Ö, ¤ ¦¥ ¥¸²¨ Î ¸ÉÓ Ê± § ´´ÒÌ ¶µ²Õ¸µ¢
¡Ê¤¥É ²¥¦ ÉÓ ¢´¥ T . �Ê¸ÉÓ fl,r(t0, t1) Å ²¥¢ Ö ¨ ¶· ¢ Ö Î ¸É¨ (2) ± ± ËÊ´±Í¨¨
¢Ò¤¥²¥´´ÒÌ ¶ · ³¥É·µ¢ t0, t1.

’¥µ·¥³  2. ”Ê´±Í¨¨ fl,r(t0, t1) Ê¤µ¢²¥É¢µ·ÖÕÉ q-· §´µ¸É´µ³Ê Ê· ¢´¥-
´¨Õ

t1θ(t1A, t−1
1 A; p)fl,r(qt0, t1) − t0θ(t0A, t−1

0 A; p)fl,r(t0, qt1) =
= t1θ(t0t−1

1 , t0t1; p)fl,r(t0, t1) (4)

¨ Ê· ¢´¥´¨Õ, ¶µ²ÊÎ ÕÐ¥³Ê¸Ö ¨§ ´¥£µ ¶¥·¥¸É ´µ¢±µ° p ¨ q. �·¨ ÔÉµ³ ¶ · -
³¥É·Ò tm µ£· ´¨Î¥´Ò Éµ²Ó±µ Ê¸²µ¢¨¥³ ´¥¸¨´£Ê²Ö·´µ¸É¨ ËÊ´±Í¨° fl,r, ¢Ìµ-
¤ÖÐ¨Ì ¢ Ê· ¢´¥´¨Ö.
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“· ¢´¥´¨Ö ¤²Ö Γ(z; p, q) ¶µ§¢µ²ÖÕÉ ¶·µ¢¥·¨ÉÓ, ÎÉµ ËÊ´±Í¨Ö ∆(z) (3) Ê¤µ-
¢²¥É¢µ·Ö¥É (4) ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ z ¡² £µ¤ ·Ö ¨§¢¥¸É´µ³Ê É·¥ÌÎ²¥´´µ³Ê Éµ¦-
¤¥¸É¢Ê

θ(xw, x/w, yz, y/z; p) − θ(xz, x/z, yw, y/w; p) = yw−1θ(xy, x/y, wz, w/z; p).

�µÔÉµ³Ê fl(t0, t1) ± ± ¨´É¥£· ² µÉ ∆(z) ¶µ z É ±¦¥ Ê¤µ¢²¥É¢µ·Ö¥É (4). �´ ²µ-
£¨Î´µ ¶·µ¢¥·Ö¥É¸Ö, ÎÉµ Ê· ¢´¥´¨¥ ¤²Ö fr(t0, t1) É ±¦¥ ¸¢µ¤¨É¸Ö ± Ê± § ´´µ³Ê
Éµ¦¤¥¸É¢Ê. ’ ±¨³ µ¡· §µ³, µ¸É ²µ¸Ó ¶·µ¢¥·¨ÉÓ, ÎÉµ fl,r ¶·¥¤¸É ¢²ÖÕÉ µ¤´µ
¨ Éµ ¦¥ ·¥Ï¥´¨¥ (4). �É³¥É¨³, ÎÉµ ¶¥·¥¸É ´µ¢µÎ´ Ö ¸¨³³¥É·¨Ö ¶µ§¢µ²Ö¥É
§ ³¥´¨ÉÓ t0 ¨ t1 ¢ Ê· ¢´¥´¨¨ (4) ´  ¶·µ¨§¢µ²Ó´ÊÕ ¶ ·Ê ¶ · ³¥É·µ¢ tm.

�µ²µ¦¨³ t2 = q1/2, t4 = −q1/2 ¨ t1 → 1, t3 → −1. �·¨ ÔÉµ³ A → qt0,
|p| < |t0| < 1, ¨ · ¢¥´¸É¢µ (2) ·¥¤ÊÍ¨·Ê¥É¸Ö ± ¨´É¥£· ²Ê

1
2πi

∫
T

θ(pz2; p2)
θ(zt0, z−1t0; p)

dz

z
=

1
(p; p)2∞θ(t20; p2)

. (5)

�ÉµÉ ¨´É¥£· ² ¢ÒÎ¨¸²Ö¥É¸Ö É ±. �µ¤¸É ¢¨³ z = eiϕ ¨ ´ °¤¥³ ´Ê²¥¢µ° ±µÔË-
Ë¨Í¨¥´É · §²µ¦¥´¨Ö 2π-¶¥·¨µ¤¨Î¥¸±µ° ËÊ´±Í¨¨ ∆(eiϕ) ¢ ·Ö¤ ”Ê·Ó¥ ¶µ ϕ.
‘ ¶µ³µÐÓÕ ¸Ê³³Ò � ³ ´Ê¤¦ ´  ¤²Ö ¤¢Ê¸Éµ·µ´´¥£µ q-£¨¶¥·£¥µ³¥É·¨Î¥¸±µ£µ
·Ö¤  1Ψ1 µÉ´µÏ¥´¨¥ θ-ËÊ´±Í¨° ¶µ¤ §´ ±µ³ ¨´É¥£· ²  ¢ (5) · §² £ ¥É¸Ö ¢
¤¢µ°´µ° ²µ· ´µ¢¸±¨° ·Ö¤ ¶µ ¸É¥¶¥´Ö³ z. �µ¸²¥ ¢§ÖÉ¨Ö ¨´É¥£· ²  ¶µ ϕ ÔÉµÉ
·Ö¤ ¸É ´µ¢¨É¸Ö µ¤´µ±· É´Ò³ ¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° Î ¸É´Ò° ¸²ÊÎ ° ¸Ê³³¨·Ê-
¥³µ£µ 2Ψ2-·Ö¤  [12].

ˆ¸¶µ²Ó§ÊÖ (4), ³µ¦´µ ¶µ± § ÉÓ ( ´ ²µ£¨Î´µ [2]), ÎÉµ · ¢¥´¸É¢µ (2) ¢Ò-
¶µ²´Ö¥É¸Ö ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ t0, |p| < |t0| < 1 ¨ t1 = qk1 , t2 = qk2+1/2, t3 =
−qk3 , t4 = −qk4+1/2 ¶·¨ ´¥±µÉµ·ÒÌ ¶µ²µ¦¨É¥²Ó´ÒÌ Í¥²ÒÌ Î¨¸² Ì ki. � §²µ-
¦¥´¨Ö ¢ ·Ö¤Ò ’¥°²µ·  ¶µ p ¨  ´ ²¨É¨Î¥¸±¨¥ ¶·µ¤µ²¦¥´¨Ö ¶µ ki ¶µ± §Ò¢ ÕÉ,
ÎÉµ · ¢¥´¸É¢µ (2) ¢Ò¶µ²´Ö¥É¸Ö ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ ¤µ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¶ · -
³¥É·µ¢ tm [12].

‚ [4] ¶·¥¤²µ¦¥´Ò ¤¢  É¨¶  ³´µ£µ³¥·´ÒÌ µ¡µ¡Ð¥´¨° Ô²²¨¶É¨Î¥¸±µ£µ
¡¥É -¨´É¥£· ²  (2), µ¶·¥¤¥²ÖÕÐ¨Ì Ô²²¨¶É¨Î¥¸±o¥ · ¸Ï¨·¥´¨¥ ¨´É¥£· ² 
‘¥²Ó¡¥·£  [1]. �É¨ ¨´É¥£· ²Ò µ¡µ¡Ð ÕÉ · §²¨Î´Ò¥ Éµ¦¤¥¸É¢  Œ ±¤µ´ ²Ó¤ Ä
Œµ··¨¸ , ¨£· ÕÐ¨¥ ¢ ¦´ÊÕ ·µ²Ó ¢ É¥µ·¨¨ µ·Éµ£µ´ ²Ó´ÒÌ ¶µ²¨´µ³µ¢ ³´µ-
£¨Ì ¶¥·¥³¥´´ÒÌ [7], ¨ ³´µ£µ³¥·´Ò¥ q-¡¥É -¨´É¥£· ²Ò ƒÊ¸É Ë¸µ´  [6]. …¸É¥-
¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ µ´¨ µ¶·¥¤¥²ÖÕÉ É ±¦¥ ³¥·Ê ¤²Ö ´¥±µÉµ·µ£µ ¸¥-
³¥°¸É¢  ¡¨µ·Éµ£µ´ ²Ó´ÒÌ ËÊ´±Í¨° ³´µ£¨Ì ¶¥·¥³¥´´ÒÌ, ¢±²ÕÎ ÕÐ¨Ì ¢ ¸¥¡Ö
± ± ËÊ´±Í¨¨ [13, 15], É ± ¨ ¶µ²¨´µ³Ò Œ ±¤µ´ ²Ó¤  [7].
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