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�´ ²¨§¨·ÊÕÉ¸Ö · §¡¨¥´¨Ö ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´  Ë¨§¨Î¥¸±¨¥ ¨ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¨
µ¶¨¸Ò¢ ¥É¸Ö ¶µ¸É·µ¥´¨¥ ÉµÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  c ¶µÉ¥´Í¨ ² ³¨ Í¥´É·µ¡¥¦´µ£µ
É¨¶ . ‡ É¥³ µ¡¸Ê¦¤ ÕÉ¸Ö ¢Ò¢µ¤Ò  ¸¨³¶ÉµÉ¨± É·¥ÌÎ ¸É¨Î´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì ±µ³¶µ´¥´É
¢ ÉµÎ± Ì É·µ°´µ£µ ¨ ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨° ¨ ¶µÖ¸´ÖÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ µ¸µ¡¥´´µ¸É¨ ´¥±µÉµ·ÒÌ
¢ ·¨ Í¨µ´´ÒÌ ¨ ¸¶² °´µ¢ÒÌ  ¶¶·µ±¸¨³ Í¨°.

In the review, we analyze the splitting of two-body interactions into physical and spurious terms
and describe the construction of exact solutions to the Faddeev equations with centrifugal interactions.
Then we discuss the derivations of the asymptotics for wave functions and their components at the
triple- and double-collision points, and we clarify essential peculiarities of some variational and splines
approximations.

‚‚…„…�ˆ…


 ¸ÉµÖÐ Ö · ¡µÉ  Ö¢²Ö¥É¸Ö  ´µ´¸¨·µ¢ ´´Ò³ ¶·µ¤µ²¦¥´¨¥³ ¶·¥¤Ò¤ÊÐ¥£µ
µ¡§µ·  [1] ¨ ¶µ¸¢ÖÐ¥´  µ¸µ¡Ò³ · §²µ¦¥´¨Ö³ ¢ § ¤ Î¥ É·¥Ì Î ¸É¨Í.

�µ¤ · §²µ¦¥´¨¥³ (· §¡¨¥´¨¥³) Î¨¸² , µ¶¥· Éµ· , ËÊ´±Í¨¨ ¨²¨ ³´µ¦¥-
¸É¢  µ¡ÒÎ´µ ¶µ´¨³ ¥É¸Ö ¨Ì ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¸Ê³³Ò ¤¢ÊÌ ¨²¨ ¡µ²ÓÏ¥£µ
Î¨¸²  ¸² £ ¥³ÒÌ, µ¡² ¤ ÕÐ¨Ì µ¶·¥¤¥²¥´´Ò³¨ ¸¢µ°¸É¢ ³¨, ¶·µ¤¨±Éµ¢ ´´Ò³¨
µ¸µ¡¥´´µ¸ÉÖ³¨ ·¥Ï ¥³µ° § ¤ Î¨.

�¤´µ§´ Î´Ò¥ ¨ ´¥µ¤´µ§´ Î´Ò¥ · §²µ¦¥´¨Ö Ï¨·µ±µ ¶·¨³¥´ÖÕÉ¸Ö ¢ · §-
²¨Î´ÒÌ · §¤¥² Ì ³ É¥³ É¨±¨ [2Ä7], ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ [8], ¢ É¥µ·¨¨  Éµ³-
´µ£µ Ö¤·  [9Ä11], ¶µÉ¥´Í¨ ²Ó´µ£µ · ¸¸¥Ö´¨Ö [12,13] ¨ Ê£²µ¢µ£µ ³µ³¥´É  [14],
¢  ¤¨ ¡ É¨Î¥¸±µ³ [15] ¨ ¢ ·¨ Í¨µ´´µ³ [16] ¶µ¤Ìµ¤ Ì,   É ±¦¥ ¢ ³¥Éµ¤¥ £¨¶¥·-
£ ·³µ´¨± [17Ä19]. 
  ÔÉµ³ ³¥Éµ¤¥ µ¸´µ¢ ´Ò  ¢Éµ·¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö [20Ä31]
· §²µ¦¥´¨° ¢ § ¤ Î¥ É·¥Ì Î ¸É¨Í.

�¡§µ· ¸µ¸Éµ¨É ¨§ ¢µ¸Ó³¨ · §¤¥²µ¢. ‚ · §¤. 1 µ¶¨¸Ò¢ ÕÉ¸Ö µ¸´µ¢´Ò¥ µ¡µ-
§´ Î¥´¨Ö ¨ ¶·¨¢µ¤ÖÉ¸Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  [32Ä36] ¨ ” ¤¤¥¥¢  [13,37Ä40]
¢ ¡ §¨¸ Ì ¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± ¨ D-ËÊ´±Í¨° ‚¨£´¥·  [14].

� §²µ¦¥´¨Ö ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì ±µ³¶µ´¥´É ´  ²µ¦´Ò¥ (¤ÊÌµ¢Ò¥,
§ ¶·¥Ð¥´´Ò¥ ¶·¨´Í¨¶µ³ � Ê²¨) ¸² £ ¥³Ò¥ [9, 12, 41Ä45] ¤ ¢´µ ¨§¢¥¸É´Ò ¨
Ìµ·µÏµ ¨§ÊÎ¥´Ò. � §¡¨¥´¨Ö ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´  ²µ¦´Ò¥ (¢§ ¨³´µ
±µ³¶¥´¸¨·ÊÕÐ¨¥ ¤·Ê£ ¤·Ê£  ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¢ ¶µ²´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥)
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¨ µ¸É ÉµÎ´Ò¥ ¸² £ ¥³Ò¥ [24Ä26, 46] ¨¸¸²¥¤µ¢ ´Ò ´¥ ¸Éµ²Ó ¶µ¤·µ¡´µ. ’ ±¨¥
¸² £ ¥³Ò¥  ´ ²¨§¨·ÊÕÉ¸Ö ¢ · §¤. 2.

˜¨·µ±µ ¨¸¶µ²Ó§Ê¥³Ò¥ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ É·¥Ì Î ¸É¨Í · §²µ¦¥´¨Ö ¨¸-
±µ³ÒÌ ËÊ´±Í¨° ¶µ ¡¨¸Ë¥·¨Î¥¸±¨³ [14] ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨³ [19] £ ·³µ´¨-
± ³, ± ± ¶· ¢¨²µ, Ö¢²ÖÕÉ¸Ö ¡¥¸±µ´¥Î´Ò³¨ ·Ö¤ ³¨. ˆ¸±²ÕÎ¥´¨¥ ¸µ¸É ¢²ÖÕÉ
²µ¦´Ò¥ ·¥Ï¥´¨Ö [1] Ê· ¢´¥´¨° ” ¤¤¥¥¢  [13] ¨ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢-
´¥´¨° ¢ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° µ¸Í¨²²ÖÉµ·´µ£µ [10, 18, 26] ¨ Í¥´É·µ¡¥¦-
´µ£µ [27Ä29,47] É¨¶µ¢. ’¥µ·¥³  µ ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¨ ¥¤¨´¸É¢¥´´µ¸É¨ ·¥Ï¥´¨°
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸ ¶µÉ¥´Í¨ ² ³¨ Í¥´É·µ¡¥¦´µ£µ É¨¶  ¢ µ¡Ð¥³ ¸²ÊÎ ¥
´¥ ¤µ± § ´ . „ ´´Ò° ¢ · §¤. 3  ´ ²¨§ ¨§¢¥¸É´ÒÌ ÉµÎ´ÒÌ ·¥Ï¥´¨° [27Ä29, 47]
É ±¨Ì Ê· ¢´¥´¨° ¢ ´¥±µÉµ·µ° ¸É¥¶¥´¨ ¢µ¸¶µ²´Ö¥É ÔÉµÉ ¶·µ¡¥².

‡´ ´¨¥  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° É·¥ÌÎ ¸É¨Î´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°
¶·¨ ³ ²ÒÌ ¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨ Ö¢²Ö¥É¸Ö ·¥Ï ÕÐ¨³ ¤²Ö
Ë¨§¨Î¥¸±¨ ¤µ¸Éµ¢¥·´µ£µ ¨ ³ É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö  Éµ³-
´ÒÌ, ³¥§µ³µ²¥±Ê²Ö·´ÒÌ ¨ Ö¤¥·´ÒÌ ·¥ ±Í¨°, ¶·µÉ¥± ÕÐ¨Ì ¢ ·¥§Ê²ÓÉ É¥ ¤¢ÊÌ-
¨ É·¥ÌÎ ¸É¨Î´ÒÌ ¸Éµ²±´µ¢¥´¨°. � §²¨Î´Ò¥ ¶µ¤Ìµ¤Ò ± ¶µ¸É·µ¥´¨Õ  ¸¨³¶Éµ-
É¨Î¥¸±¨Ì · §²µ¦¥´¨° ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ ÉµÎ± Ì É·µ°´µ£µ [30,31,38,48Ä53]
¨ ¶ ·´µ£µ [35, 38, 54Ä61] ¸Éµ²±´µ¢¥´¨° µ¡¸Ê¦¤ ÕÉ¸Ö ¢ · §¤. 4. �¸¨³¶ÉµÉ¨±¨
¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¶·¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ
³Ò ´¥ · ¸¸³ É·¨¢ ¥³, ¶µÉµ³Ê ÎÉµ É ±¨³  ¸¨³¶ÉµÉ¨± ³ ¶µ¸¢ÖÐ¥´  ³µ´µ£· -
Ë¨Ö [13] ¨ µ¡§µ·Ò [39,40].

Š ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ ÉµÎ´µ¸ÉÓ ¢ ·¨ Í¨µ´´ÒÌ · ¸Î¥Éµ¢ Ô´¥·£¨° ¸¢Ö-
§ ´´ÒÌ ¸µ¸ÉµÖ´¨° É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í ´¥ Ê¤ ²µ¸Ó ¶·¥¢§µ°É¨ ¢ · ³± Ì
¤·Ê£¨Ì ¶µ¤Ìµ¤µ¢, ¢ Éµ³ Î¨¸²¥ ¢ · ³± Ì ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ  ²£µ·¨É³µ¢, µ¸´µ¢ ´-
´ÒÌ ´  ¸¶² °´-ËÊ´±Í¨ÖÌ [6, 7]. ‘ÊÐ¥¸É¢¥´´Ò¥ µ¸µ¡¥´´µ¸É¨ ¢ ·¨ Í¨µ´´ÒÌ
· §²µ¦¥´¨° [32, 36, 62Ä80], µ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ¢Ò¸µ±ÊÕ ÉµÎ´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨°,
¶µÖ¸´ÖÕÉ¸Ö ¢ · §¤. 5.


 ·Ö¤Ê ¸ Ê¸¶¥Ì ³¨ ¢ ·¨ Í¨µ´´ÒÌ ¶µ¤Ìµ¤µ¢ ± ·¥Ï¥´¨Õ § ¤ Î¨ É·¥Ì Î -
¸É¨Í ¢ · ³± Ì Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¶µ¸²¥¤´¥¥ ¢·¥³Ö ´ ³¥É¨²¸Ö § ³¥É´Ò°
¶·µ£·¥¸¸ ¢ Î¨¸²¥´´µ³ ¨´É¥£·¨·µ¢ ´¨¨ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸¥ÉµÎ´Ò³¨ ³¥-
Éµ¤ ³¨. �ËË¥±É¨¢´µ¸ÉÓ É ±¨Ì ³¥Éµ¤µ¢, µ¸´µ¢ ´´ÒÌ ´  ±µ´¥Î´µ-· §´µ¸É´ÒÌ
 ¶¶·µ±¸¨³ Í¨ÖÌ [81Ä88] ¨ ¸¶² °´-· §²µ¦¥´¨ÖÌ [89Ä103] Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ-
´¥´É µ¡¸Ê¦¤ ¥É¸Ö ¢ · §¤. 6.

ˆÉµ£µ¢Ò¥ § ³¥Î ´¨Ö ¨ ¨´É¥·¥¸´Ò¥, ´µ ´¥ ·¥Ï¥´´Ò¥ ¶·µ¡²¥³Ò, ¸¢Ö§ ´´Ò¥
¸ · ¸¸³µÉ·¥´´Ò³¨ · §²µ¦¥´¨Ö³¨, ¶·¨¢¥¤¥´Ò ¢ § ±²ÕÎ¨É¥²Ó´µ³ · §¤¥²¥.

1. �‘��‚�›… ���‡�
—…�ˆŸ ˆ “ƒ‹�‚›… �
‡ˆ‘›

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¶µ²´µ¸ÉÓÕ ¸µÌ· ´¥´Ò ¢¸¥ µ¡µ§´ Î¥´¨Ö, ¶·¨´ÖÉÒ¥
· ´¥¥ [1]. �µÔÉµ³Ê ¶¥·¥Î¨¸²¨³ ²¨ÏÓ µ¸´µ¢´Ò¥ µ¶·¥¤¥²¥´¨Ö.
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ˆ¸¶µ²Ó§Ê¥³ ¸¨¸É¥³Ê ¥¤¨´¨Í, ¢ ±µÉµ·µ° § ·Ö¤ Ô²¥±É·µ´  e− ¨ ±µ´¸É ´É 
�² ´±  � · ¢´Ò ¥¤¨´¨Í¥. ‚ É·¥Ì³¥·´µ³ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥ R3 Ë¨±-
¸¨·Ê¥³ ¤¥± ·Éµ¢Ê ¸¨¸É¥³Ê ±µµ·¤¨´ É S ¸ µ·É ³¨ ê1, ê2 ¨ ê3 ¨ ´ Î ²Ó´µ° ÉµÎ-
±µ° O, ¸µ¢¶ ¤ ÕÐ¥° ¸ Í¥´É·µ³ ³ ¸¸ ¨¸¸²¥¤Ê¥³µ° ¸¨¸É¥³Ò (p1, p2, p3) É·¥Ì
Î ¸É¨Í p1, p2 ¨ p3 ¸ ³ ¸¸ ³¨ m1,m2,m3 ¨ § ·Ö¤ ³¨ z1, z2, z3. �Ê¸ÉÓ ¢ ÔÉµ°
¸¨¸É¥³¥ aij Å · §´µ¸ÉÓ · ¤¨Ê¸µ¢-¢¥±Éµ·µ¢ ai ¨ aj Î ¸É¨Í pi ¨ pj ,   xk ¨
yk Å ¢¥±Éµ·Ò Ÿ±µ¡¨ [19]:

xk ≡
√
2µij(aj − ai), µij ≡

2mimj

mi +mj
,

yk ≡
√
2µk,ij

(
miai +mjaj
mi +mj

− ak

)
, µk,ij ≡

2mk(mi +mj)
m1 +m2 +m3

,

£¤¥ ¨´¤¥±¸Ò i, j, k µ¡· §ÊÕÉ Í¨±²¨Î¥¸±ÊÕ ¶¥·¥¸É ´µ¢±Ê É·¨ ¤Ò ¨´¤¥±¸µ¢
(1, 2, 3): ¨´¤¥±¸ i ¶¥·¥Ìµ¤¨É ¢ k, j Å ¢ i, k Å ¢ j. ‚¥±Éµ·Ò xi ¨ yi

µ¡Ñ¥¤¨´¨³ ¢ Ï¥¸É¨³¥·´Ò¥ ¢¥±Éµ·Ò ri = (xi,yi) ∈ R6 ¸ £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨
±µµ·¤¨´ É ³¨ (r,Ωi), £¤¥ r ≡ (x2

i +y2
i )

1/2 Å £¨¶¥·· ¤¨Ê¸; Ωi ≡ (x̂i, ŷi, ϕi) Å
´ ¡µ· ¨§ ¶ÖÉ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢: x̂i ¨ ŷi Å ¶ ·Ò ¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢
¢¥±Éµ·µ¢ xi ¨ yi, ϕi ≡ arctg (yi/xi). �¡µ§´ Î¨³ uk ≡ cos θk, £¤¥ θk Å
Ê£µ² ³¥¦¤Ê ¢¥±Éµ· ³¨ xk ¨ yk. �É³¥É¨³, ÎÉµ ± ¦¤Ò¥ ¤¢  (k �= i) ¨§ É·¥Ì
(k, i = 1, 2, 3) ¤¥± ·Éµ¢ÒÌ (〈ri| = 〈xi,yi|) ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ £¨¶¥·¸Ë¥-
·¨Î¥¸±¨Ì (〈ri| = 〈ri,Ωi|) ±µµ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸¢Ö§ ´Ò ±¨´¥³ É¨Î¥-
¸±¨³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨ [1,23], § ¢¨¸ÖÐ¨³¨ µÉ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢

γki ≡ gki arctg
[
mj(m1 +m2 +m3)/mkmi

]1/2
, (1)

±µÉµ·Ò¥ ¶·¨ (k, i) = (1, 2), (3, 1), (2, 3) Ê¤µ¢²¥É¢µ·ÖÕÉ · ¢¥´¸É¢ ³

gki = −gik = 1 , 0 ≤ γki ≤ π/2 ,
∑
(k,i)

γki = π . (2)

�Ê¸ÉÓ P Å µ¶¥· Éµ· ¨´¢¥·¸¨¨ (ri → −ri); lxi ¨ lyi Å µ¶¥· Éµ·Ò Ê£²µ-
¢ÒÌ ³µ³¥´Éµ¢, ¸µ¶·Ö¦¥´´Ò¥ ¢¥±Éµ· ³ xi ¨ yi; l ≡ lxi + lyi Å µ¶¥· Éµ·
¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  ¸ ¶·µ¥±Í¨Ö³¨ li ´  µ·ÉÒ êi ¸¨¸É¥³Ò S; Pij Å
µ¶¥· Éµ· ¶¥·¥¸É ´µ¢±¨ Î ¸É¨Í pi ¨ pj ; S+ Å µ¶¥· Éµ· ¸¨³³¥É·¨§ Í¨¨ ¶µ
²Õ¡Ò³ ¶¥·¥¸É ´µ¢± ³ ¢ ¸¨¸É¥³¥ (p1, p2, p3). ‘¨³¢µ² ³¨ H0 ¨ L2 µ¡µ§´ Î¨³
¸¢µ¡µ¤´Ò° É·¥ÌÎ ¸É¨Î´Ò° £ ³¨²ÓÉµ´¨ ´ ¨ ±¢ ¤· É µ¶¥· Éµ·  £¨¶¥·³µ³¥´É :

H0(ri) = −r−5∂r(r5∂r) + r−2L2(Ωi),

L2(Ωi) = −∂2
ϕi
−4 ctg 2ϕi ∂ϕi+L2

K(Ωi), L2
K(Ωi) ≡ l2xi

/ cos2 ϕi+l2yi
/ sin2 ϕi .
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„²Ö ± ¦¤µ° (k = 1, 2, 3) ¶ ·Ò Î ¸É¨Í pi ¨ pj µ¶·¥¤¥²¨³ µ¶¥· Éµ· ¢§ ¨³µ¤¥°-
¸É¢¨Ö Vk ¢ ¥£µ ¸µ¡¸É¢¥´´µ³ ¤¥± ·Éµ¢µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈rk|:

〈rk|Vk〉 = Vk(xk) ≡ Vk(xk)Idk , Idk ≡
∑
b≤d

P b
k ,

P b
k ≡

b∑
β=−b

|Ybβ(x̂k)〉〈Ybβ(x̂k)|,
(3)

£¤¥ Ybβ Å ¸Ë¥·¨Î¥¸± Ö ËÊ´±Í¨Ö [14]. …¸²¨ b = 0, 1, . . . , d = ∞, Éµ Idk Å
¸Ê³³  ¢¸¥Ì ¶·µ¥±Éµ·µ¢ P b

k ´  ¸µ¸ÉµÖ´¨Ö Î ¸É¨Í pi ¨ pj c Ê£²µ¢Ò³¨ ³µ³¥´É ³¨
!xk

= b Å ¥¤¨´¨Î´Ò° µ¶¥· Éµ·: Idk = I ,   Vk Å Í¥´É· ²Ó´µ¥ ¢§ ¨³µ¤¥°-
¸É¢¨¥ (Vk(xk) = Vk(xk)), ¤¥°¸É¢ÊÕÐ¥¥ ± ± µ¶¥· Éµ· Ê³´µ¦¥´¨Ö ´  ËÊ´±Í¨Õ
Vk(xk). ‚ ²Õ¡µ³ ¤·Ê£µ³ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ Vk(xk) Å ´¥Í¥´É· ²Ó´µ¥.

 ¶·¨³¥·, ¶·¨ b = d = 0 ÔÉµ ¢§ ¨³µ¤¥°¸É¢¨¥ S-¢µ²´µ¢µ¥.

‘µ¸ÉµÖ´¨¥ |ε〉 ¸¨¸É¥³Ò (p1, p2, p3) Ì · ±É¥·¨§y¥É¸Ö ¶µ²´Ò³ ´ ¡µ·µ³ ε
¸µÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éµ¢ÒÌ Î¨¸¥². …¸²¨ ÌµÉÖ ¡Ò µ¤´µ ¨§ ¢§ ¨³µ¤¥°¸É¢¨° (3)
´¥Í¥´É· ²Ó´µ¥, Éµ ¸µÌ· ´Ö¥É¸Ö ¶µ²´ Ö Ô´¥·£¨Ö E, ±¢ ¤· É !(! + 1) ¶µ²´µ£µ
Ê£²µ¢µ£µ ³µ³¥´É  ¨ ¥£µ ¶·µ¥±Í¨Ö m ´  µ·É ê3, É. ¥. ε = (E, !,m). …¸²¨ ¢¸¥
É·¨ ¢§ ¨³µ¤¥°¸É¢¨Ö (3) Í¥´É· ²Ó´Ò¥, Éµ ¸µÌ· ´Ö¥É¸Ö ¨ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥
σ = 1 ¨²¨ σ = −1 µ¶¥· Éµ·  ¨´¢¥·¸¨¨. ‚ ÔÉµ³ ¸²ÊÎ ¥ ε = (E, !,m, σ).

�¥Ï¥´¨¥ Ψε = 〈ri|ε〉 Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  [8]

(H − E)Ψε = (H0 + V − E)Ψε = 0, V ≡
3∑

k=1

Vk (4)

¨ ¸µ¶µ¸É ¢²¥´´µ¥ ÔÉµ³Ê ·¥Ï¥´¨Õ Ëµ·³Ê²µ°

Ψε =
3∑

k=1

Ψε
k (5)

·¥Ï¥´¨¥ (Ψε
1,Ψ

ε
2,Ψ

ε
3) ¸¨¸É¥³Ò Ê· ¢´¥´¨° ” ¤¤¥¥¢  [13] ¢ R6

(H0 − E)Ψε
i = −Vi

3∑
k=1

Ψε
k, i = 1, 2, 3, (6)

¡Ê¤¥³ ¨¸¸²¥¤µ¢ ÉÓ ¢ ±² ¸¸¥ Bε, ¸µ¸ÉµÖÐ¥³ ¨§ ±¢ ¤· É¨Î´µ-¨´É¥£·¨·Ê¥³ÒÌ ´ 
¥¤¨´¨Î´µ° ¸Ë¥·¥ S5 ¢ R6 ËÊ´±Í¨°, µ¡² ¤ ÕÐ¨Ì ¤ ´´Ò³ ´ ¡µ·µ³ ±¢ ´Éµ¢ÒÌ
Î¨¸¥² ε. ‚ Bε ¶µ²´Ò¥ ¨ µ·Éµ´µ·³¨·µ¢ ´´Ò¥ ´  Î¥ÉÒ·¥Ì³¥·´µ³ Éµ·¥ T 4

xy ¨
£¨¶¥·¸Ë¥·¥ S5 Ê£²µ¢Ò¥ ¡ §¨¸Ò µ¡· §ÊÕÉ Éµ²Ó±µ É¥ ¡¨¸Ë¥·¨Î¥¸±¨¥ [14]

Y�m
ab (x̂i, ŷi) ≡

a∑
α=−a

C�m
aαbβYaα(ŷi)Ybβ(x̂i), a + b = l, (7)




…Š�’��›… ��‡‹�†…
ˆŸ ‚ ‡�„�—… ’�…• —�‘’ˆ– 847

¨, ¸µµÉ¢¥É¸É¢¥´´µ, £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ £ ·³µ´¨±¨ [21]

Y �m
Lab(Ωi) = 2 cosec2ϕiY�m

ab (x̂i, ŷi)W̃Lab(ϕi),
L = a+ b+ 2n, n = 0, 1, ...,

(8)

W̃Lab(ϕi) ≡ NLab(sin ϕi)a+1(cos ϕi)b+1 P (a+1/2 ,b+1/2)
n (cos 2ϕi), (9)

ÎÓ¨ ¨´¤¥±¸Ò ! ¨ m É¥ ¦¥, ÎÉµ ¨ ¢ ´ ¡µ·¥ ε,   ¨´¤¥±¸Ò a ¨ b ¶µ¤Î¨´ÖÕÉ¸Ö
¤µ¶µ²´¨É¥²Ó´µ³Ê Ê¸²µ¢¨Õ Î¥É´µ¸É¨ (−1)a+b = σ, ¥¸²¨ ε = (E, !,m, σ).

ƒ¨¶¥·£ ·³µ´¨±¨ (8) Å ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ µ¶¥· Éµ·  L2:[
L2 − L(L+ 4)

]
Y �m
Lab(Ωi) = 0 (10)

¨ ´¥¸µ¡¸É¢¥´´Ò¥ ¤²Ö µ¶¥· Éµ·  ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö [23]:

K(γki) = P exp (−iγki J), J ≡ −i
3∑

µ=1

(xiµ∂yiµ − yiµ∂xiµ), xiµ ≡ (xi · êµ),

¸µÌ· ´ÖÕÐ¥£µ ±¢ ´Éµ¢Ò¥ Î¨¸²  L, !,m, σ, ´µ ´¥ ¸µÌ· ´ÖÕÐ¥£µ Î¨¸²  a ¨ b:

K(γki)Y �m
La′b′(Ωi) ≡ Y �m

La′b′(Ωk(Ωi; γki)) =
∑
ab

〈ab|K(γki)|a′b′〉L� Y
�m
Lab(Ωi) .

(11)

”Ê´±Í¨¨ 〈ϕi|Lãb〉 = W̃Lab(ϕi), § ¤ ´´Ò¥ Ëµ·³Ê² ³¨ (9), µ·Éµ´µ·³¨·µ-
¢ ´Ò ´  µÉ·¥§±¥ 0 ≤ ϕi ≤ π/2 ¨ Ö¢²ÖÕÉ¸Ö ¸µ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ¤¨ËË¥-
·¥´Í¨ ²Ó´µ£µ µ¶¥· Éµ·  L̃2

ab ¨ ¨´É¥£· ²Ó´µ£µ µ¶¥· Éµ·  h�aba′b′ :

〈Lãb|L′ãb〉 =
∫ π/2

0

dϕi W̃Lab(ϕi) W̃L′ab(ϕi) = δLL′ ,

[
L̃2
ab − (L + 2)2

]
|Lãb〉 = 0, (12)

L̃2
ab(ϕi) ≡ −∂2

ϕi
+ a(a+ 1)/ sin2 ϕi + b(b+ 1)/ cos2 ϕi,

〈ϕi|h�aba′b′(γki)|W̃La′b′(ϕk)〉 = 〈ab|K(γki)|a′b′〉L� W̃Lab(ϕi). (13)

…¸²¨ ¢ Ê· ¢´¥´¨ÖÌ (6) ¸ Í¥´É· ²Ó´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ § ³¥´¨ÉÓ ¨¸±µ-
³Ò¥ ËÊ´±Í¨¨ Ψε

i , i = 1, 2, 3, ¨Ì ·Ö¤ ³¨

Ψε
i (ri) = 2r−2cosec2ϕi U

�
i (ri) , U �

i (ri) =
∑
ab

U �
iab(r, ϕi)Y�m

ab (ŷi, x̂i) (14)
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¨ ¸¶·µ¥±É¨·µ¢ ÉÓ ± ¦¤µ¥ ¨§ É·¥Ì ¶µ²ÊÎ¨¢Ï¨Ì¸Ö Ê· ¢´¥´¨° ´  ¥£µ ¸µ¡¸É¢¥´-
´Ò° ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸, Éµ ¢ ¤¢Ê³¥·´µ° µ¡² ¸É¨

R2
+ ≡ {(r, ϕi) : 0 ≤ r ≤ ∞, 0 ≤ ϕi ≤ π/2}

¶µ²ÊÎ¨É¸Ö ¡¥¸±µ´¥Î´ Ö ¶µ ¨´¤¥±¸ ³ a, b ¨ a′, b′ ¸¨¸É¥³  Ê· ¢´¥´¨° [1]:

(
H̃0ab(r, ϕi) + E

)
U �
iab(r, ϕi) =

= Vi(r cos ϕi)


U �

iab(r, ϕi) +
∑
k �=i

∑
a′b′

〈r, ϕi|h�aba′b′(γki)|U �
ka′b′(r, ϕk)〉


 , (15)

H̃0ab(r, ϕi) ≡ ∂2
r + r−1∂r − r−2L̃2

ab(ϕi), i = 1, 2, 3 .

�Ö¤ ³ (14) ¤²Ö ËÊ´±Í¨° Ψi µÉ¢¥Î ¥É ¸²¥¤ÊÕÐ¥¥ · §²µ¦¥´¨¥ ¨Ì ¸Ê³³Ò (5):

Ψε(ri) = 2r−2cosec2ϕi

∑
ab

Y�m
ab (x̂i, ŷi)×

×


U �

iab(r, ϕi) +
∑
k �=i

∑
a′b′

〈r, ϕi|h�aba′b′(γki)|U �
ka′b′(r, ϕk)〉


 . (16)

‚ Ê· ¢´¥´¨¨ (4) ¸ Í¥´É· ²Ó´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ µ¶¥· Éµ· H ¨´¢ ·¨-
 ´É¥´ µÉ´µ¸¨É¥²Ó´µ É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨° ¶²µ¸±µ¸É¨ P É·¥Ì Î ¸É¨Í ¨ ±µ³-
³ÊÉ¨·Ê¥É ¸ µ¶¥· Éµ· ³¨ l2, l3 ¨ P . �µÔÉµ³Ê, ± ± ¢¶¥·¢Ò¥ ¡Ò²µ ¶µ± § ´µ
¢ [32,33], ¢¥·´µ ±µ´¥Î´µ¥ · §²µ¦¥´¨¥ ¶µ Ê£²µ¢µ³Ê ¡ §¨¸Ê ¨§ ¸µ¡¸É¢¥´´ÒÌ ¤²Ö
µ¶¥· Éµ·µ¢ l2 ¨ l3 ËÊ´±Í¨° ‚¨£´¥·  D�∗

mm′ :

Ψε(ri) =
�∑

m′=−�

D�∗
mm′(ωi)F �

m′(qi) , ε = (E, !,m) , i = 1, 2, 3 . (17)

‡¤¥¸Ó ωi = (αi, βi, γi) Å ¸µ¢µ±Ê¶´µ¸ÉÓ Ê£²µ¢ �°²¥·  [14], µ¶¨¸Ò¢ ÕÐ Ö µ·¨-
¥´É Í¨Õ ¶µ¤¢¨¦´µ° ¸¨¸É¥³Ò ±µµ·¤¨´ É Si ¸ µ·É ³¨ êi1, ê

i
2, ê

i
3 µÉ´µ¸¨É¥²Ó´µ

´¥¶µ¤¢¨¦´µ° ¸¨¸É¥³Ò S; qi Å ¨¸¶µ²Ó§Ê¥³ Ö ¸µ¢µ±Ê¶´µ¸ÉÓ É·¥Ì ±µµ·¤¨´ É,
Ì · ±É¥·¨§ÊÕÐ¨Ì · ¸¶µ²µ¦¥´¨¥ Î ¸É¨Í ´  ¨Ì ¶²µ¸±µ¸É¨ P ¨ ¨§³¥´ÖÕÐ¨Ì¸Ö
¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° É·¥Ì³¥·´µ° µ¡² ¸É¨ R3

q . Š ± ¨ ¢ · ¡µÉ Ì [15, 32Ä36],
¸Î¨É ¥³, ÎÉµ ´ Î ²µ O3 ¸¨¸É¥³Ò S3 ¸µ¢¶ ¤ ¥É ¸ Í¥´É·µ³ ³ ¸¸ Î ¸É¨Í p1 ¨ p2,
µ·É ê3

3 ¨ ¢¥±Éµ· x3 ±µ²²¨´¥ ·´Ò, µ·É ê3
1 ²¥¦¨É ¢ ¶²µ¸±µ¸É¨ P ¨ ´ ¶· ¢²¥´ ±

Î ¸É¨Í¥ p3. ‘¨¸É¥³Ò S1 ¨ S2 µ¶·¥¤¥²¨³ ¶µ  ´ ²µ£¨¨.
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‚ · §²µ¦¥´¨¨ (17) ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö § ±µ´ ¸µÌ· ´¥´¨Ö Î¥É´µ¸É¨ σ. ”Ê´±-
Í¨Ö Ψε, ε = (E, !,m, σ), ¸ ´µ·³ ²Ó´µ° ¨²¨  ´µ³ ²Ó´µ° Î¥É´µ¸ÉÓÕ σ = (−1)�
¨²¨ σ = (−1)�+1 ¶·¥¤¸É ¢¨³  ¸Ê³³µ° [15]

Ψε(ri) =
�∑

m′=µ(σ)

D�σ∗
mm′(ωi)F �σ

m′(qi), µ(σ) ≡ (1− σ(−1)�)/2, (18)

¶µ ¸¨³³¥É·¨§µ¢ ´´Ò³ ¨ ¸µ¡¸É¢¥´´Ò³ ¤²Ö µ¶¥· Éµ·µ¢ l2, l3 ¨ P ËÊ´±Í¨Ö³

D�σ
mm′(ωi) =

[
2!+ 1

16π2(1 + δm0)

] [
D�

mm′(ωi) + σ(−1)�−mD�
m,−m′(ωi)

]
. (19)

�µ¤¸É ´µ¢±µ° (18) ¨ ¶µ¸²¥¤ÊÕÐ¨³ ¶·µ¥±É¨·µ¢ ´¨¥³ ´  ¡ §¨¸ (19) Ê· ¢-
´¥´¨¥ ˜·¥¤¨´£¥·  (4) ¸¢µ¤¨É¸Ö ± ±µ´¥Î´µ° ¸¨¸É¥³¥ ¨§ ! ¨²¨ !− 1 Ê· ¢´¥´¨°
¢ ¸²ÊÎ ¥ ´µ·³ ²Ó´µ° ¨²¨  ´µ³ ²Ó´µ° Î¥É´µ¸É¨:

�∑
m′′=µ(σ)

[
H�σ

m′m′′(q) + δm′m′′(V (q) − E)
]
F �σ
m′′(q) = 0, m′ = µ(σ), ..., !.

(20)

�µ¤·µ¡´Ò° ¢Ò¢µ¤ ÔÉµ° ¸¨¸É¥³Ò (Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶µ²-
´µ£µ ³µ³¥´É  ¨ Î¥É´µ¸É¨) ¨ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢
H�σ

mm′(q), q = q3, ¶µ·µ¦¤¥´´ÒÌ µ¶¥· Éµ·µ³ H0, ¢ ¸Ë¥·µ¨¤ ²Ó´ÒÌ

q = (R, ξ, η), R ≡ a12 = x3/
√
2µ12, ξ ≡ (a13 + a23)/R, η ≡ (a13 − a23)/R,

£¨¶¥·¸Ë¥·¨Î¥¸±¨Ì q = (r, ϕ3, θ3) ¨ ¤¥± ·Éµ¢ÒÌ

q = (R, ρ, θ), θ ≡ θ3, ρ ≡ −y3/
√
2µ3,12

±µµ·¤¨´ É Ì ¨³¥¥É¸Ö ¢ [34Ä36].
‚ · ¡µÉ¥ [37] µ¡Ð¥¥ (ε = E) ·¥Ï¥´¨¥ (Ψε

1,Ψε
2,Ψε

3) Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  (6) ¸ Í¥´É· ²Ó´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ ¶·¥¤¸É ¢²Ö²µ¸Ó ¢ ¢¨¤¥

Ψε
i (ri) =

∞∑
�=0

�∑
m,m′=−�

Ψ�m
im′(xi, yi, θi)D�

mm′(ωi) , i = 1, 2, 3, (21)

  ¤²Ö Î ¸É´µ£µ (ε = (E, !,m)) ·¥Ï¥´¨Ö ¨¸¶µ²Ó§µ¢ ²¨¸Ó  ´ ²µ£¨ ·Ö¤  (17)

Ψε
i (ri) =

�∑
m′=−�

D�
mm′(ωi)Ψ�m

im′(qi) , qi = (xi, yi, θi) , i = 1, 2, 3 , (22)
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ÎÉµ ¶µ§¢µ²¨²µ  ¢Éµ· ³ ¢¶¥·¢Ò¥ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ ¶·¥¤¸É ¢²¥´¨¨
¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É :

m′+1∑
m′′=m′−1

[
H�

m′m′′(qi) + δm′m′′(Vi(xi)− E)
]
Ψ�m

im′′(qi) =

= −Vi(xi)
∑
k �=i

�∑
m′′=−�

D�
m′m′′(ωki)Ψ�m

km′′(qk), (23)

m′ = −!,−!+ 1, . . . , !; i = 1, 2, 3, ωki = (0, λki, 0).

2. ”ˆ‡ˆ—…‘Šˆ… ˆ ‹�†�›… ‘‹
ƒ
…Œ›…

‚ ÔÉµ³ · §¤¥²¥ ³Ò ¨§²µ¦¨³ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡µÉ [24Ä26]. ‘´ Î ² 
¤ ¤¨³ µ¶·¥¤¥²¥´¨¥ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ ¸Ëµ·³Ê²¨-
·Ê¥³ ¤¢¥ ¶·µ¡²¥³Ò, ¶µ·µ¦¤ ¥³Ò¥ ¨Ì ¸ÊÐ¥¸É¢µ¢ ´¨¥³, § É¥³ µ¶¨Ï¥³ ¸¶µ¸µ¡
¶µ¸É·µ¥´¨Ö ²µ¦´ÒÌ ¸² £ ¥³ÒÌ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ ¸Ëµ·-
³Ê²¨·Ê¥³ µ¶·¥¤¥²¥´¨¥ ®Ë¨§¨Î¥¸±¨¥ ¸² £ ¥³Ò¥¯.

2.1. �¸É ÉµÎ´Ò¥ ¨ ²µ¦´Ò¥ ¸² £ ¥³Ò¥. �Ê¸ÉÓ

Vk = V u
k + V s

k , k = 1, 2, 3, (24)

3∑
k=1

V u
k �= 0,

3∑
k=1

V s
k ≡ 0. (25)

’µ£¤  ¸² £ ¥³Ò¥ V u
k ¨ V s

k ¶ ·´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö Vk ¡Ê¤¥³ ´ §Ò¢ ÉÓ µ¸É ÉµÎ-
´Ò³¨ ¨ ²µ¦´Ò³¨, ¶µÉµ³Ê ÎÉµ ¶¥·¢Ò¥ µ¸É ÕÉ¸Ö ¢ ¶µ²´µ³ ¢§ ¨³µ¤¥°¸É¢¨¨ V ,
  ¢Éµ·Ò¥, ¶µ¤µ¡´µ ¶·¨§· ± ³, ´¥ ¤ ÕÉ ¢ ´¥£µ ´¨± ±µ£µ ¢±² ¤ , É. ¥. ¢§ ¨³´µ
±µ³¶¥´¸¨·ÊÕÉ¸Ö ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í:

V =
3∑

k=1

Vk =
3∑

k=1

(V u
k + V s

k ) =
3∑

k=1

V u
k . (26)

’¥¶¥·Ó ¤ ¤¨³ ±µ··¥±É´ÊÕ Ëµ·³Ê²¨·µ¢±Ê ÔÉµ£µ ¨´ÉÊ¨É¨¢´µ ¶µ´ÖÉ´µ£µ
µ¶·¥¤¥²¥´¨Ö. ‚¸¥ Ë¨§¨Î¥¸±¨¥ ¸¢µ°¸É¢  ±¢ ´Éµ¢µ£µ ¸µ¸ÉµÖ´¨Ö |ε〉 · ¸¸³ -
É·¨¢ ¥³µ° É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò ´¥ § ¢¨¸ÖÉ µÉ ³ É¥³ É¨Î¥¸±µ£µ Ëµ·³ -
²¨§³ , ¨¸¶µ²Ó§Ê¥³µ£µ ¤²Ö ¨Ì µ¶¨¸ ´¨Ö, ¢ Î ¸É´µ¸É¨, µÉ Éµ£µ, ¢ ± ±µ³ ¨§ É·¥Ì
(i = 1, 2, 3) ±µµ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨° 〈ri| § ¶¨¸Ò¢ ¥É¸Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö
Ψε ÔÉµ£µ ¸µ¸ÉµÖ´¨Ö ¨ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (4), ±µÉµ·µ³Ê µ´  ¶µ¤Î¨´¥´ .
�µÔÉµ³Ê ¶µ´ÖÉ¨¥ µ¸É ÉµÎ´ÒÌ V u

k ¨ ²µ¦´ÒÌ V s
k ¸² £ ¥³ÒÌ ¢§ ¨³µ¤¥°¸É¢¨Ö Vk
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´¥ ¤µ²¦´µ § ¢¨¸¥ÉÓ µÉ ¢Ò¡µ·  ±µµ·¤¨´ É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö, ¢ ±µÉµ·µ³ § ¶¨-
¸Ò¢ ÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö (24). „ ²¥¥, ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ [8] ¢§ ¨³µ¤¥°¸É¢¨¥
Vk,   §´ Î¨É, ¨ ±µ³¶µ´¥´ÉÒ V u

k ¨ V s
k ¥£µ · §¡¨¥´¨Ö (24) ¢¸¥£¤  ¶µ´¨³ ÕÉ¸Ö

± ± µ¶¥· Éµ·Ò. ‚ ³ É¥³ É¨±¥ ²Õ¡µ° µ¶¥· Éµ· ¢¸¥£¤  µ¶·¥¤¥²Ö¥É¸Ö ¢ ´¥±µÉµ-
·µ³ ¶·µ¸É· ´¸É¢¥ ¨²¨ ¦¥ ±² ¸¸¥ ËÊ´±Í¨°. ‚¸¥³ Ê¶µ³Ö´ÊÉÒ³ ¢ÒÏ¥ ¶·¨´Í¨-
¶ ³ Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕÐ¥¥ µ¶·¥¤¥²¥´¨¥ µ¸É ÉµÎ´ÒÌ ¨ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ
¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°.

„²Ö · ¸¸³ É·¨¢ ¥³µ£µ ±² ¸¸  ËÊ´±Í¨° µ¶¥· Éµ·Ò V u
k ¨ V s

k ¡Ê¤¥³ ´ §Ò-
¢ ÉÓ µ¸É ÉµÎ´Ò³¨ ¨ ²µ¦´Ò³¨ ¸² £ ¥³Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö Vk , ¥¸²¨ ¸µµÉ´µ-
Ï¥´¨Ö (25) ¢Ò¶µ²´ÖÕÉ¸Ö ¢ ²Õ¡µ³ ¨§ É·¥Ì ±µµ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¨ ¤²Ö
²Õ¡µ° ËÊ´±Í¨¨ Ψ ÔÉµ£µ ±² ¸¸ :〈

ri

∣∣∣∣∣
3∑

k=1

V u
k (rk)

∣∣∣∣∣Ψ(ri)

〉
�= 0,

〈
ri

∣∣∣∣∣
3∑

k=1

V s
k (rk)

∣∣∣∣∣Ψ(ri)

〉
≡ 0, i = 1, 2, 3.

(27)

�µ µ¶·¥¤¥²¥´¨Õ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (4) ¸µ¤¥·¦¨É µ¶¥· Éµ·Ò Vk ¢
¢¨¤¥ ¨Ì ¸Ê³³Ò V ,   ± ¦¤µ¥ (i = 1, 2, 3) Ê· ¢´¥´¨¥ ” ¤¤¥¥¢  (6) ¸µ¤¥·¦¨É
µ¤¨´ ¸µµÉ¢¥É¸É¢ÊÕÐ¨° µ¶¥· Éµ· Vi. �µÔÉµ³Ê ¢ ¸²ÊÎ ¥ (24), (25) ²µ¦´Ò¥
¸² £ ¥³Ò¥ µÉ¸ÊÉ¸É¢ÊÕÉ ¢ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥· 

(H0 − E)Ψε = −VΨε = −
(

3∑
k=1

V u
k

)
Ψε, (28)

´µ ¸µ¤¥·¦ É¸Ö ¢ Ê· ¢´¥´¨ÖÌ ” ¤¤¥¥¢  ´ ·Ö¤Ê ¸ µ¸É ÉµÎ´Ò³¨:

(H0 − E)Ψε
i = −ViΨε = −(V u

i + V s
i )

3∑
k=1

Ψε
k, i = 1, 2, 3. (29)

�µÔÉµ³Ê ¢µ§´¨± ¥É ¢µ¶·µ¸ µ¡ Ô±¢¨¢ ²¥´É´µ¸É¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (28)
¨ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (29). Š ± ¡Ò²µ ¶µ± § ´µ ¢ [25], ²µ¦´Ò¥ ¸² £ ¥³Ò¥
´¥ ´ ·ÊÏ ÕÉ ÔÉy Ô±¢¨¢ ²¥´É´µ¸ÉÓ. ‚ ÔÉµ° ¦¥ · ¡µÉ¥ µÉ³¥Î ² ¸Ó ¨ ¸²¥¤Ê-
ÕÐ Ö, µ¸µ¡¥´´µ ¢ ¦´ Ö ¸ ¶·¨±² ¤´µ° ÉµÎ±¨ §·¥´¨Ö ¶·µ¡²¥³ , ¶µ·µ¦¤ ¥³ Ö
²µ¦´Ò³¨ ¸² £ ¥³Ò³¨.

�Ê¸ÉÓ A = (V1, V2, V3) ¨ Ã = (Ṽ1, Ṽ2, Ṽ3) Å ¤¢  ´ ¡µ·  ¶ ·´ÒÌ ¢§ ¨-
³µ¤¥°¸É¢¨°, µ¤¨´ ±µ¢µ Ìµ·µÏµ µ¶¨¸Ò¢ ÕÐ¨Ì ¢¸¥ ¨³¥ÕÐ¨¥¸Ö ¤ ´´Ò¥ ¶µ · ¸-
¸¥Ö´¨Õ ¨ ¸¶¥±É· ³ ¢ ± ¦¤µ° ¶ ·¥ ´¥±µÉµ·ÒÌ Î ¸É¨Í p1, p2, p3. ˆ§ É ±¨Ì
Ë §µ¢µ-Ô±¢¨¢ ²¥´É´ÒÌ ´ ¡µ·µ¢ ¶·¨´ÖÉµ ¸Î¨É ÉÓ ·¥ ²¨¸É¨Î¥¸±¨³ ÉµÉ, ¨¸¶µ²Ó-
§ÊÖ ±µÉµ·Ò° Ê¤ ¥É¸Ö ²ÊÎÏ¥ µ¶¨¸ ÉÓ ¢¸Õ ¨³¥ÕÐÊÕ¸Ö ¸µ¢µ±Ê¶´µ¸ÉÓ ¤ ´´ÒÌ µ
¸¢µ°¸É¢ Ì É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò (p1, p2, p3). …¸²¨ µ¡  ´ ¡µ·  A ¨ Ã ´¥
¨³¥ÕÉ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ, Éµ Ê¶µ³Ö´ÊÉÒ° µ¡Ð¥¶·¨´ÖÉÒ° ·¥Í¥¶É ¶·¥¤¸É ¢²Ö-
¥É¸Ö ´¥¶·µÉ¨¢µ·¥Î¨¢Ò³.
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�Ê¸ÉÓ ´ ¡µ· A ¨³¥¥É ²µ¦´Ò¥ ¸² £ ¥³Ò¥,   ´ ¡µ· Ã ´¥ µ¡² ¤ ¥É É ±µ¢Ò³¨.
…¸²¨ ¤²Ö ¢ÒÎ¨¸²¥´¨° ¶µ Ê· ¢´¥´¨Ö³ ˜·¥¤¨´£¥·  ¨²¨ ” ¤¤¥¥¢  ¨¸¶µ²Ó§Ê¥É¸Ö
´ ¡µ· Ã, Éµ ¨¸¸²¥¤Ê¥³Ò¥ ¸¢µ°¸É¢  ¸¨¸É¥³Ò (p1, p2, p3) µ¶·¥¤¥²ÖÕÉ¸Ö ¢¸¥³¨
¢§ ¨³µ¤¥°¸É¢¨Ö³¨ Ṽ1, Ṽ2, Ṽ3. …¸²¨ ¦¥ ¤²Ö  ´ ²µ£¨Î´ÒÌ ¢ÒÎ¨¸²¥´¨° ¨¸¶µ²Ó-
§Ê¥É¸Ö ´ ¡µ· A, Éµ ¸¢µ°¸É¢  Éµ° ¦¥ ¸¨¸É¥³Ò (p1, p2, p3) µ¶·¥¤¥²ÖÕÉ¸Ö ´¥
¢¸¥³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ V1, V2, V3,  , ¶µ ±· °´¥° ³¥·¥, ¨Ì µ¸É ÉµÎ´Ò³¨ ¸² -
£ ¥³Ò³¨ V u

1 , V u
2 , V u

3 . ‚ · ¸¸³µÉ·¥´´µ³ ¸²ÊÎ ¥ µ¡Ð¥¶·¨´ÖÉÒ° ·¥Í¥¶É ¢Ò¡µ· 
·¥ ²¨¸É¨Î¥¸±µ£µ ´ ¡µ·  µ± §Ò¢ ¥É¸Ö ´¥±µ··¥±É´Ò³. „¥°¸É¢¨É¥²Ó´µ, ´ ¡µ·Ê
Ã ¸µ¶µ¸É ¢²Ö¥É¸Ö ´¥ ´ ¡µ· A,   ´ ¡µ· Au ≡ (V u

1 , V u
2 , V u

3 ).
‘²¥¤µ¢ É¥²Ó´µ, ¤²Ö ±µ··¥±É´µ£µ ¢Ò¡µ·  ·¥ ²¨¸É¨Î¥¸±µ£µ ´ ¡µ·  ¨§ ´ ¡µ-

·µ¢ A ¨ Ã ¶ÊÉ¥³ ¸· ¢´¨É¥²Ó´µ£µ  ´ ²¨§  É·¥ÌÎ ¸É¨Î´ÒÌ ¤ ´´ÒÌ ´¥µ¡Ìµ¤¨³µ,
ÎÉµ¡Ò µ¡  ´ ¡µ·  ²¨¡µ ´¥ ¨³¥²¨ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ, ²¨¡µ ¨³¥²¨ µ¤¨´ ±µ¢Ò¥
²µ¦´Ò¥ ¸² £ ¥³Ò¥ V s

k = Ṽ s
k , k = 1, 2, 3.

“¶µ³Ö´ÊÉ Ö ¶·µ¡²¥³  ¢Ò¡µ·  Ö¢²Ö¥É¸Ö µ¡Ð¥° ¤²Ö ¢¸¥Ì ¶µ¤Ìµ¤µ¢ ± ·¥Ï¥-
´¨Õ § ¤ Î¨ É·¥Ì Î ¸É¨Í ¸ ³µ¤¥²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨. �µÔÉµ³Ê
 ´ ²¨§ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ ¶·¥¤¸É ¢²Ö¥É¸Ö  ±ÉÊ ²Ó´Ò³.

2.2. 
´ ²¨§ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ. ‹µ¦´Ò¥ ¸² £ ¥³Ò¥ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°-
¸É¢¨° Vk ¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψε

k ´¥É·Ê¤´µ ¶µ¸É·µ¨ÉÓ ¢ Î ¸É´µ³ ¸²ÊÎ ¥
É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢, ±µ£¤  V Å ¶µ²´µ¸ÉÓÕ ¸¨³³¥É·¨Î´ Ö ¶µ ¢¸¥³
¶¥·¥¸É ´µ¢± ³ Î ¸É¨Í ËÊ´±Í¨Ö:

S+V = V =
3∑

k=1

S+Vk, (I − S+)V =
3∑

k=1

(I − S+)Vk ≡ 0, (30)

¨ ¶µÔÉµ³Ê ¤²Ö ± ¦¤µ£µ Vk ¨³¥¥É ³¥¸Éµ · §¡¨¥´¨¥ (24):

V u
k = S+Vk, V s

k = (I − S+)Vk, k = 1, 2, 3.

�¸É ÉµÎ´Ò¥ ¸² £ ¥³Ò¥ V u
k Å ¸¨³³¥É·¨Î´Ò¥ ¶µ ¢¸¥³ ¶¥·¥¸É ´µ¢± ³ ¡µ§µ´µ¢

ËÊ´±Í¨¨, ²µ¦´Ò¥ ¸² £ ¥³Ò¥ V s
k É ±µ° ¸¨³³¥É·¨¥° ´¥ µ¡² ¤ ÕÉ.

‚ ¸¨²Ê (30) µ¡Ð¥¥ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (28) Å ¸Ê³³ 

Ψε ≡ U + S, U ≡ S+Ψε, S ≡ (I − S+)Ψε.

”Ê´±Í¨Ö S, ´¥ ¶µ¤Î¨´ÖÕÐ Ö¸Ö (S+S �= S) ¶·¨´Í¨¶Ê � Ê²¨ [9], µ¡ÒÎ´µ
´ §Ò¢ ¥É¸Ö ¤mÊÌµ¢Ò³ ¨²¨ ²µ¦´Ò³, É. ¥. Ë¨§¨Î¥¸±¨ ´¥ ·¥ ²¨§Ê¥³Ò³ ·¥Ï¥´¨¥³
ÔÉµ£µ Ê· ¢´¥´¨Ö.

’ ± ± ± ²µ¦´Ò¥ ¸² £ ¥³Ò¥ (I − S+)Vk, k = 1, 2, 3, ¸µ¤¥·¦ É¸Ö ¢ Ê· ¢´¥-
´¨ÖÌ ” ¤¤¥¥¢  (29), Éµ ±µ³¶µ´¥´ÉÒ Ψε

1,Ψ
ε
2 ¨ Ψε

3, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ Ö¢²ÖÕÉ¸Ö
¶µ²´µ¸ÉÓÕ ¸¨³³¥É·¨Î´Ò³¨: S+Ψε

k �= Ψε
k, k = 1, 2, 3. �µÔÉµ³Ê

Ψε
k = Uk + Sk, Uk ≡ S+Ψε

k, Sk ≡ (I − S+)Ψε
k.
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�·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í µ¸É ÉµÎ´Ò¥ ¸² £ ¥³Ò¥ Uk ¶µ·µ-
¦¤ ÕÉ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ U c · §·¥Ï¥´´µ° ¸¨³³¥É·¨¥°,   ²µ¦´Ò¥ ¸² £ ¥³Ò¥
Sk Å ËÊ´±Í¨Õ S, § ¶·¥Ð¥´´ÊÕ ¶·¨´Í¨¶µ³ � Ê²¨:

U =
3∑

k=1

Uk, S =
3∑

k=1

Sk.

‹µ¦´Ò¥ (§ ¶·¥Ð¥´´Ò¥ ¶·¨´Í¨¶µ³ � Ê²¨) ¸² £ ¥³Ò¥ ±µ³¶µ´¥´É ³´µ£µ-
Î ¸É¨Î´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ´¥µ¤´µ±· É´µ ¨¸¸²¥¤µ¢ ²¨¸Ó ¶·¨  ´ ²¨§¥ · §-
²¨Î´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¸¨¸É¥³, ¸µ¤¥·¦ Ð¨Ì Éµ¦¤¥¸É¢¥´´Ò¥ Î ¸É¨ÍÒ. 
 ¶·¨-
³¥·, ¢ [41, 42] ²µ¦´Ò¥ ±µ³¶µ´¥´ÉÒ ¸É·µ¨²¨¸Ó ¶·¨ ·¥¤Ê±Í¨¨ § ¤ Î¨ · ¸¸¥Ö-
´¨Ö ¤²Ö Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ± ¸¨¸É¥³¥ ¸¢Ö§ ´´ÒÌ ± ´ ²µ¢,   ¢ [43, 44] ¢
· ³± Ì ³¥Éµ¤  µ·Éµ£µ´ ²Ó´µ£µ ¶·µ¥±É¨·µ¢ ´¨Ö ¤²Ö ¨É¥· Í¨µ´´µ£µ ·¥Ï¥´¨Ö
³´µ£µÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ¢ ¨³¶Ê²Ó¸´µ³ ¶·µ¸É· ´¸É¢¥ ¡Ò²µ ¤µ± § ´µ, ÎÉµ
· ¸Ìµ¤¨³µ¸ÉÓ ¡µ·´µ¢¸±¨Ì ·Ö¤µ¢ ¢ É·¥ÌÎ ¸É¨Î´µ³ · ¸¸¥Ö´¨¨ É¥¸´µ ¸¢Ö§ ´  ¸
¶·¨´Í¨¶µ³ � Ê²¨ ¨ ´ ²¨Î¨¥³ ²µ¦´ÒÌ (¤mÊÌµ¢ÒÌ) ¸µ¸ÉµÖ´¨°, § ¶·¥Ð¥´´ÒÌ
ÔÉ¨³ ¶·¨´Í¨¶µ³.

‚ · ¡µÉ¥ [45] ¸² £ ¥³Ò¥ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É, ¢§ ¨³´µ ±µ³¶¥´¸¨·Ê-
ÕÐ¨¥ ¤·Ê£ ¤·Ê£  ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í, ¡Ò²¨ ´ §¢ ´Ò
²µ¦´Ò³¨ ¨ ´ °¤¥´Ò ¢ Ö¢´µ³ ¢¨¤¥ ¤²Ö ¸¨¸É¥³Ò Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ µ¸-
Í¨²²ÖÉµ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨. 
¥µ¡Ìµ¤¨³µ¸ÉÓ ¨ · §²¨Î´Ò¥ ¸¶µ¸µ¡Ò ¨¸-
±²ÕÎ¥´¨Ö ²µ¦´ÒÌ (¢§ ¨³´µ ±µ³¶¥´¸¨·ÊÕÐ¨Ì ¤·Ê£ ¤·Ê£ ) ¸² £ ¥³ÒÌ ¨§ Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¢ ±µ´Ë¨£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥ µ¡¸Ê¦¤ ² ¸Ó ¢ µ¡§µ·¥ [1]
´  ¶·¨³¥·¥ ¸¨¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢. ‚ [46] ¤²Ö ¸¨¸É¥³Ò ´¥-
¸±µ²Ó±¨Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¢ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨ ¡Ò²µ ¶µ± § ´µ, ÎÉµ
²µ¦´Ò¥ ¢  ´ ²µ£¨Î´µ³ ¸³Ò¸²¥ ¸² £ ¥³Ò¥ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´¥µ¡Ìµ-
¤¨³µ ¨¸±²ÕÎ ÉÓ, ÎÉµ¡Ò ¶· ¢¨²Ó´µ ·¥Ï¨ÉÓ Ê· ¢´¥´¨Ö Ë ¤¤¥¥¢¸±µ£µ É¨¶  ¤²Ö
¤¢ÊÌÎ ¸É¨Î´ÒÌ  ³¶²¨ÉÊ¤, µ¶¨¸Ò¢ ÕÐ¨Ì ²¨ÏÓ ¤¢ÊÌÎ ¸É¨Î´Ò¥ ±µ··¥²ÖÍ¨¨.

‚ ¸¨¸É¥³¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¢µ§´¨± ÕÉ
¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ± ± ¸²¥¤¸É¢¨¥ ¶µ²´µ° ¶¥·¥¸É ´µ¢µÎ´µ° ¸¨³³¥É·¨¨
¶µ²´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö V . …£µ · §²µ¦¥´¨¥ ¢ ·Ö¤ ¶µ ¡ §¨¸Ê ¨§ É·¥ÌÎ ¸É¨Î´ÒÌ
£¨¶¥·£ ·³µ´¨± ¸µ¤¥·¦¨É Éµ²Ó±µ ¶µ²´µ¸ÉÓÕ ¸¨³³¥É·¨Î´Ò¥ ¡ §¨¸´Ò¥ ËÊ´±-
Í¨¨. �µÔÉµ³Ê Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¨³¥¥É ¸¨³³¥É·¨Î´Ò¥ µÉ´µ¸¨É¥²Ó´µ ²Õ-
¡ÒÌ ¶¥·¥¸É ´µ¢µ± Ë¨§¨Î¥¸±¨¥ ·¥Ï¥´¨Ö. ƒ¨¶¥·¸Ë¥·¨Î¥¸±¨¥ · §²µ¦¥´¨Ö µÉ-
¤¥²Ó´ÒÌ ±µ³¶µ´¥´É V1, V2 ¨ V3 ¶µ²´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸µ¤¥·¦ É ¡ §¨¸´Ò¥
ËÊ´±Í¨¨ ¨ ¢¸¥Ì µ¸É ²Ó´ÒÌ ¶¥·¥¸É ´µ¢µÎ´ÒÌ ¸¨³³¥É·¨°.

�·¨Î¨´  ¶µÖ¢²¥´¨Ö ²µ¦´ÒÌ ¸² £ ¥³ÒÌ ¤²Ö ´¥Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í É 
¦¥, ÎÉµ ¨ ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¸²ÊÎ ¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢: £¨-
¶¥·¸Ë¥·¨Î¥¸±¨¥ ·Ö¤Ò ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¸µ¤¥·¦ É, ¢µµ¡Ð¥ £µ¢µ·Ö, ¢¸¥
¡ §¨¸´Ò¥ £¨¶¥·£ ·³µ´¨±¨,   £¨¶¥·¸Ë¥·¨Î¥¸±µ¥ · §²µ¦¥´¨¥ ¶µ²´µ£µ ¢§ ¨³µ-
¤¥°¸É¢¨Ö (¶·¨ µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨ÖÌ ´  ³ ¸¸Ò Î ¸É¨Í ¨ ¶ · ³¥É·Ò ¶ ·´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨°) ´¥ ¸µ¤¥·¦¨É £¨¶¥·£ ·³µ´¨± ¸ µ¶·¥¤¥²¥´´Ò³¨ ±¢ ´Éµ¢Ò³¨
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Î¨¸² ³¨. �µ¤¸Ê³³Ò £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ·Ö¤µ¢ ¤²Ö ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¶µ
É ±¨³ £¨¶¥·£ ·³µ´¨± ³ (§ ¶·¥Ð¥´´Ò³ ¨ ±¨´¥³ É¨±µ°, ¨ Ëµ·³µ° ¶ ·´ÒÌ ¶µ-
É¥´Í¨ ²µ¢) ¨ ¡Ê¤ÊÉ ²µ¦´Ò³¨ ¸² £ ¥³Ò³¨ ÔÉ¨Ì ¢§ ¨³µ¤¥°¸É¢¨°.

�·¨¸ÉÊ¶¨³, ¸²¥¤ÊÖ · ¡µÉ¥ [26], ± µ¶·¥¤¥²¥´¨Õ § ¶·¥Ð¥´´ÒÌ §´ Î¥´¨° L
¤²Ö ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³Ò ´¥Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨
¢§ ¨³µ¤¥°¸É¢¨Ö³¨. ˆ¸¶µ²Ó§ÊÖ ¨Ì ·Ö¤Ò ¶µ ¸µ¡¸É¢¥´´Ò³ ¡ §¨¸ ³ (8)

Vk(xk) =
∑

L=0,2,...

V L
k (r)Y 00

L00(Ωk), k = 1, 2, 3, (31)

¨ ¶· ¢¨²µ (11), ¶µ²ÊÎae³ ËÊ´±Í¨µ´ ²Ó´µ¥ · §²µ¦¥´¨¥ ¶µ²´µ£µ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ¢ ¢Ò¡· ´´µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|:

V (ri) =
∑

L=0,2,...

L/2∑
a=0

iV L
a (r)Y 00

Laa(Ωi), (32)

iV L
a (r) ≡ δa0V

L
i (r) +

∑
k �=i

〈aa|K(γki)|00〉L0V
L
k (r). (33)

’ ± ± ± ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ Y 00
Laa ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò ¶µ µ¡µ¨³ ¨´¤¥±-

¸ ³ L ¨ a, Éµ ¢ ²Õ¡µ³ ¨§ É·¥Ì (i = 1, 2, 3) ±µµ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨°
·Ö¤ (32) ´¥ ¸µ¤¥·¦¨É ¶µÉ¥´Í¨ ²Ó´ÒÌ ³Ê²ÓÉ¨¶µ²¥° V L

1 , V L
2 , V L

3 ¸ ´¥±µÉµ·Ò³
Ë¨±¸¨·µ¢ ´´Ò³ L Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  ¢¸¥ ³Ê²ÓÉ¨¶µ²¨ (33) ÔÉµ£µ
·Ö¤  ¸ ¨´¤¥±¸ ³¨ i = 1, 2, 3 ¨ a = 0, . . . , L/2 Éµ¦¤¥¸É¢¥´´µ · ¢´Ò ´Ê²Õ.
�Éµ Ê¸²µ¢¨¥ · ¢´µ¸¨²Ó´µ ¸²¥¤ÊÕÐ¥° ±µ´¥Î´µ° (a = 0, . . . , L/2) Í¥¶µÎ±¥ ´¥
§ Í¥¶²ÖÕÐ¨Ì¸Ö ¤·Ê£ ¸ ¤·Ê£µ³ ¸¨¸É¥³ ¨§ É·¥Ì (i = 1, 2, 3) Éµ¦¤¥¸É¢ ¶µ r:

NLaVL(r) = 0, a = 0, . . . , L/2, ∀r ≥ 0. (34)

‡¤¥¸Ó VL Å ¸Éµ²¡¥Í (V L
1 , V L

2 , V L
3 )T ,   NLa Å ³ É·¨Í  ¸ Ô²¥³¥´É ³¨

NLa
ii ≡ δa0, NLa

ki ≡ 〈aa|K(γki)|00〉L0, k �= i = 1, 2, 3. (35)

…¸²¨ ¤²Ö ¤ ´´µ£µ L ´ °¤¥É¸Ö ÌµÉÖ ¡Ò µ¤´µ §´ Î¥´¨¥ ¨´¤¥±¸  a, ¶·¨ ±µÉµ·µ³
³ É·¨Í  NLa ´¥ ¢Ò·µ¦¤¥´ , Éµ ¢¸¥° Í¥¶µÎ±¥ Éµ¦¤¥¸É¢ (34) ¡Ê¤ÊÉ Ê¤µ¢²¥É¢µ-
·ÖÉÓ Éµ²Ó±µ É·¨¢¨ ²Ó´Ò¥ ³Ê²ÓÉ¨¶µ²¨ (V L

i ≡ 0, i = 1, 2, 3).

 °¤¥³ É¥ §´ Î¥´¨Ö L, ¶·¨ ±µÉµ·ÒÌ ³ É·¨ÍÒ NLa, a = 0, . . . , L/2 ¢Ò-

·µ¦¤¥´Ò. ‡ ³¥´¨¢ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ (35) ¶µ ¨§¢¥¸É´Ò³ Ëµ·³Ê² ³ [17]:

〈aa|K(γki)|00〉L0 = (−1)a〈aa|K(γik)|00〉L0 =

= CLa (sin 2γki)aP
(a+1/2, a+1/2)
L/2−a (cos 2γki), (36)

CLa ≡ NLaa/
[
2aNL00 P

(1/2, 1/2)
L/2 (−1)

]
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¨ ¶µ²µ¦¨¢ ¶µ µ¶·¥¤¥²¥´¨Õ (k, i) ≡ (1, 2), (2, 3), (3, 1), ¶µ²ÊÎ¨³ · ¢¥´¸É¢µ

det NLa = δa0 − δa0C
2
L0

∑
(k,i)

[
P

(1/2, 1/2)
L/2 (cos 2γki)

]2
+

+ [1 + (−1)a]C3
La

∏
(k,i)

(sin 2γki)aP
(a+1/2, a+1/2)
L/2−a (cos 2γki). (37)

�Ê¸ÉÓ L = 0, Éµ£¤  ¨´¤¥±¸ a ¶·¨´¨³ ¥É Éµ²Ó±µ µ¤´µ §´ Î¥´¨¥: a = 0.
‘µ£² ¸´µ Ëµ·³Ê² ³ (36), ¢¸¥ Ô²¥³¥´ÉÒ (35) ³ É·¨ÍÒ N00 · ¢´Ò ¥¤¨´¨Í¥
´¥§ ¢¨¸¨³µ µÉ §´ Î¥´¨° ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢. �µÔÉµ³Ê ¸¨¸É¥³  É·¥Ì Ê¸²µ-
¢¨° (34) ¸ L, a = 0 ¢Ò·µ¦¤ ¥É¸Ö ¢ µ¤´µ Éµ¦¤¥¸É¢µ ¶µ ¶¥·¥³¥´´µ° r:

V 0
1 (r) + V 0

2 (r) + V 0
3 (r) = 0, (38)

±µÉµ·µ³Ê ³µ£ÊÉ ¶µ¤Î¨´ÖÉÓ¸Ö µ¤´µ¢·¥³¥´´µ ´¥É·¨¢¨ ²Ó´Ò¥ ³Ê²ÓÉ¨¶µ²¨ V 0
k .

�·¨ L = 2 ¨³¥ÕÉ¸Ö ¤¢¥ (a = 0, 1) ¸¨¸É¥³Ò Ê¸²µ¢¨° (34). ‚ ¸¨²Ê ¸µµÉ´µ-
Ï¥´¨° (2), (36), (35) ¨ (37) ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢

N2a
ki = δki (−1)a cos (2γki − aπ/2), det N2a = 0, a = 0, 1, k, i = 1, 2, 3.

�µÔÉµ³Ê µ¡¥ (a = 0, 1) ¨¸¸²¥¤Ê¥³Ò¥ ¸¨¸É¥³Ò (34) ¸¢µ¤ÖÉ¸Ö ± µ¤´µ° ¨ Éµ° ¦¥
¸¨¸É¥³¥ ¨§ ¤¢ÊÌ Ê¸²µ¢¨°

V 2
1 (r) sin 2γ12 = V 2

3 (r) sin 2γ23, V 2
2 (r) sin 2γ12 = V 2

3 (r) sin 2γ31, (39)

±µÉµ·Ò³ ³µ£ÊÉ ¶µ¤Î¨´ÖÉÓ¸Ö µ¤´µ¢·¥³¥´´µ ´¥É·¨¢¨ ²Ó´Ò¥ ³Ê²ÓÉ¨¶µ²¨ V 2
k .

ˆ¸¶µ²Ó§ÊÖ Ëµ·³Ê²Ê (37), ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ¶·¨ ¢¸¥Ì µ¸É ²Ó´ÒÌ L =
4, 6, . . . Í¥¶µÎ±  Éµ¦¤¥¸É¢ (34) ´¥¸µ¢³¥¸É´ .

�Ê¸ÉÓ E Å ³´µ¦¥¸É¢µ §´ Î¥´¨° ¨´¤¥±¸  L, ¤²Ö ±µÉµ·ÒÌ ¸¶· ¢¥¤²¨¢Ò
Í¥¶µÎ±¨ Éµ¦¤¥¸É¢ (34). Š ± ¡Ò²µ ¤µ± § ´µ, E ³µ¦¥É ¸µ¤¥·¦ ÉÓ Éµ²Ó±µ ¤¢ 
Ô²¥³¥´É : L = 0 ¨ L = 2, ¥¸²¨ ¢Ò¶µ²´¥´Ò Ê¸²µ¢¨Ö (38) ¨ (39). �µ¤¸Ê³³Ò

V u
k (rk) =

∑
L/∈E

V L
k (r)Y 00

L00(Ωk),

V s
k (rk) =

∑
L∈E

V Ls
k (rk) =

∑
L∈E

V L
k (r)Y 00

L00(Ωk)
(40)

·Ö¤µ¢ (31) ¡Ê¤ÊÉ µ¸É ÉµÎ´Ò³¨ ¨ ²µ¦´Ò³¨ ¸² £ ¥³Ò³¨ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°-
¸É¢¨°. „²Ö ±· É±µ¸É¨ ±µ³¶µ´¥´ÉÊ V Ls

k ≡ V L
k Y 00

L00 ¡Ê¤¥³ ´ §Ò¢ ÉÓ Î ¸É´Ò³
²µ¦´Ò³ ¸² £ ¥³Ò³ ¸ ¤ ´´Ò³ §´ Î¥´¨¥³ L ¨§ ³´µ¦¥¸É¢  E .

‹µ¦´Ò¥ ¸² £ ¥³Ò¥ µ¸Í¨²²ÖÉµ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. ’ ± ± ± ¢ ³µ¤¥²Ó-
´ÒÌ · ¸Î¥É Ì · §´µµ¡· §´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ [10] Î ¸Éµ ¨¸¶µ²Ó§ÊÕÉ¸Ö
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µ¸Í¨²²ÖÉµ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö, Éµ  ´ ²¨§ ¨Ì ²µ¦´ÒÌ ¸² £ ¥³ÒÌ ¶·¥¤¸É ¢²Ö-
¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³.

�Ê¸ÉÓ ¢¸¥ É·¨ (k = 1, 2, 3) ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨Ö µ¸Í¨²²ÖÉµ·´Ò¥:

Vk(xk(aij)) =
1
3
µij(ωkaij)2, Vk(xk) = ckx

2
k, ck =

1
6
ω2
k.

’µ£¤  ¨Ì £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ · §²µ¦¥´¨Ö (31) ¸µ¤¥·¦ É ¢¸¥£µ ¤¢  Î²¥´ :

Vk(xk) =
π3/2

24
(ωkr)2

(
2Y 00

000(Ωk) + Y 00
200(Ωk)

)
, (41)

Ê¸²µ¢¨Ö (38) ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö,   Ê¸²µ¢¨Ö (39) ¸¢µ¤ÖÉ¸Ö ± · ¢¥´¸É¢ ³

(m1 +m2)ω2
1 = (m2 +m3)ω2

3 , (m1 +m2)ω2
2 = (m1 +m3)ω2

3 .

�·¨ É ±¨Ì ¸µµÉ´µÏ¥´¨ÖÌ ³¥¦¤Ê ³ ¸¸ ³¨ ¨ ¶ ·´Ò³¨ µ¸Í¨²²ÖÉµ·´Ò³¨ Î -
¸ÉµÉ ³¨ ¢Éµ·Ò¥ ¸² £ ¥³Ò¥ ¸Ê³³ (41) Ö¢²ÖÕÉ¸Ö ²µ¦´Ò³¨, ¶µ²´µ¥ ¢§ ¨³µ¤¥°-
¸É¢¨¥ (32) ´¥ § ¢¨¸¨É µÉ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ ± ± ¶·¨ µ¤¨´ ±µ¢ÒÌ, É ± ¨
¶·¨ · §²¨Î´ÒÌ ³ ¸¸ Ì Î ¸É¨Í:

V (ri) =
1
4
(ωr)2, ω2 ≡ 2

3
m1 +m2 +m3

m2 +m3
(ω1)2, i = 1, 2, 3,

  Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (28) ¨³¥¥É ¶µ²´µ¸ÉÓÕ ¸¨³³¥É·¨Î´Ò¥ ·¥Ï¥´¨Ö, ¢
±µÉµ·ÒÌ ¢¸¥ Ï¥¸ÉÓ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ µÉ¤¥²¥´Ò ¤·Ê£ µÉ ¤·Ê£ .
�É¨ ·¥Ï¥´¨Ö ´¥É·Ê¤´µ ¢Ò· §¨ÉÓ Î¥·¥§ ¶µ²¨´µ³Ò ‹ £¥··  L2

p [3]. 
 ¶·¨³¥·,
¢ ¸²ÊÎ ¥ ! = 0 ¢¥¸Ó (p = 0, 1, . . . ) ¸¶¥±É· µ¶¨¸Ò¢ ¥É¸Ö Ëµ·³Ê² ³¨ [18]:

Ψε(ri;Ep) = s2L2
p(s) exp (−s/2)Y 00

000(Ωi), E = Ep = (3 + 2p)ω, s ≡ ωr2/2.

‹µ¦´Ò¥ ¸² £ ¥³Ò¥ ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°. ŠÊ²µ´µ¢¸±¨¥ ¢§ ¨³µ-
¤¥°¸É¢¨Ö Ö¢²ÖÕÉ¸Ö  ¢Éµ³µ¤¥²Ó´Ò³¨ ¨ ¨£· ÕÉ ¨¸±²ÕÎ¨É¥²Ó´µ ¢ ¦´ÊÕ ·µ²Ó
¢ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ Ì ¸ ³ÒÌ · §´ÒÌ É¨¶µ¢: Ö¤¥·´ÒÌ,  Éµ³´ÒÌ ¨ ³µ²¥-
±Ê²Ö·´ÒÌ. �·¨ ¢¶µ²´¥ µ¶·¥¤¥²¥´´ÒÌ Ê¸²µ¢¨ÖÌ ÔÉ¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥ÕÉ
²µ¦´Ò¥ ¸² £ ¥³Ò¥. ˆ¸¸²¥¤Ê¥³ ÔÉ¨ Ê¸²µ¢¨Ö.

ˆÉ ±, ¶Ê¸ÉÓ ¢¸¥ (k = 1, 2, 3) ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Å ±Ê²µ´µ¢¸±¨¥:

Vk(xk(aij)) = zizj/aij , Vk(xk) = ck/xk, ck = zizj
√
2µij .

’µ£¤  ¤µ¸É ÉµÎ´Ò¥ Ê¸²µ¢¨Ö (38) ¨ (39) ¸ÊÐ¥¸É¢µ¢ ´¨Ö ²µ¦´ÒÌ ¸² £ ¥³ÒÌ ¸
L = 0 ¨²¨ L = 2 ¸¢µ¤ÖÉ¸Ö ± ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¸µµÉ´µÏ¥´¨Ö³

z1z2

√
m1m2

m1 +m2
+ z2z3

√
m2m3

m2 +m3
+ z1z3

√
m1m3

m1 +m3
= 0, (42)
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(z1δi2 + z2δi1)
(
mi +m3

m1 +m2

)3/2

= z3

(
m3

m1δi2 +m2δi1

)1/2

, i = 1, 2, (43)

  ¸ ³¨ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¸µ£² ¸´µ (31) ¨ (40) É ±µ¢Ò:

V Ls
k (rk) = zizj

√
2µij

(
1− L

10

)
16

3π2r
cos Lϕk, k = 1, 2, 3, L = 0, 2. (44)

“¸²µ¢¨Ö (42) ¨ (43) ¨´¢ ·¨ ´É´Ò µÉ´µ¸¨É¥²Ó´µ µ¤´µ¢·¥³¥´´µ° ¶¥·¥¸É -
´µ¢±¨ ³ ¸¸ ¨ § ·Ö¤µ¢ ²Õ¡ÒÌ ¤¢ÊÌ Î ¸É¨Í ¨ ³µ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ É¥·³¨´ Ì
µÉ´µÏ¥´¨° ³ ¸¸ ¨ § ·Ö¤µ¢ ¤¢ÊÌ ± ±¨Ì-Éµ Î ¸É¨Í ± ³ ¸¸¥ ¨, ¸µµÉ¢¥É¸É¢¥´´µ,
± § ·Ö¤Ê µ¸É ¢Ï¥°¸Ö Î ¸É¨ÍÒ. „²Ö µ¶·¥¤¥²¥´´µ¸É¨ §  ¥¤¨´¨ÍÊ ³ ¸¸Ò ¶·¨-
³¥³ ³ ¸¸Ê É·¥ÉÓ¥° Î ¸É¨ÍÒ, É. ¥. ¶µ²µ¦¨³ m3 = 1 ¨ µ¡µ§´ Î¨³ a ≡ z1/z3,
b ≡ z2/z3. Œ ¸¸Ò m1 ¨ m2 ¸Î¨É ¥³ ´¥¨§¢¥¸É´Ò³¨,   ¢¸¥ É·¨ § ·Ö¤  § ¤ ´-
´Ò³¨, ´µ ¶·¨´¨³ ÕÐ¨³¨ ²Õ¡Ò¥ Í¥²Ò¥ µÉ·¨Í É¥²Ó´Ò¥ ¨²¨ ¶µ²µ¦¨É¥²Ó´Ò¥
§´ Î¥´¨Ö. „²Ö ±µ´±·¥É´ÒÌ ¶·¨³¥·µ¢ ¨§¢¥¸É´Ò¥ §´ Î¥´¨Ö ³ ¸¸ Î ¸É¨Í ¢  Éµ³-
´ÒÌ ¥¤¨´¨Í Ì ( . ¥. ³.) ¢§ÖÉÒ ¨§ ¸¶· ¢µÎ´¨±  [11].

‚ ¸¨²Ê Ê¶µ³Ö´ÊÉµ° ¶¥·¥¸É ´µ¢µÎ´µ° ¨´¢ ·¨ ´É´µ¸É¨ ¤²Ö µ¶¨¸ ´¨Ö ¢¸¥Ì
¢µ§³µ¦´ÒÌ ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê ³ ¸¸ ³¨ ¨ § ·Ö¤ ³¨ É·¥Ì Î ¸É¨Í, ¶·¨ ±µÉµ-
·ÒÌ ¢Ò¶µ²´ÖeÉ¸Ö Ê¸²µ¢¨e (42), ¤µ¸É ÉµÎ´µ ¨¸¸²¥¤µ¢ ÉÓ ¢¸¥ ¶µ²µ¦¨É¥²Ó´Ò¥
·¥Ï¥´¨Ö m2 = m2(m1; a, b) Ô±¢¨¢ ²¥´É´µ£µ ÔÉo³Ê Ê¸²µ¢¨Õ ¨ µ¡¥§· §³¥·¥´-
´µ£µ Ê· ¢´¥´¨Ö

ab

√
m1m2

m1 +m2
+ a

√
m1

m1 + 1
+ b

√
m2

m2 + 1
= 0 (45)

± ± ËÊ´±Í¨¨ ¶µ²µ¦¨É¥²Ó´µ£µ  ·£Ê³¥´É  m1 ¨ ¶ · ³¥É·µ¢ a ¨ b.
�µ Éµ° ¦¥ ¶·¨Î¨´¥ ¤²Ö ¶µ²´µ£µ µ¶¨¸ ´¨Ö ¢¸¥Ì ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê

³ ¸¸ ³¨ ¨ § ·Ö¤ ³¨, ¶·¨ ±µÉµ·ÒÌ ¢Ò¶µ²´ÖÕÉ¸Ö Ê¸²µ¢¨Ö (43), ¤µ¸É ÉµÎ´µ
¨¸¸²¥¤µ¢ ÉÓ ¢¸¥ ¶µ²µ¦¨É¥²Ó´Ò¥ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±¨¥ ·¥Ï¥´¨Ö (m1,m2) =
(m1(a, b),m2(a, b)) Ô±¢¨¢ ²¥´É´µ° ÔÉ¨³ Ê¸²µ¢¨Ö³ ¸¨¸É¥³Ò Ê· ¢´¥´¨°

m1 =
m2 − (b2m2)1/3

(b2m2)1/3 − 1
, m2 =

m1 − (a2m1)1/3

(a2m1)1/3 − 1
. (46)

“· ¢´¥´¨Ö (45) ¨ (46) ¨¸¸²¥¤µ¢ ²¨¸Ó Î¨¸²¥´´Ò³¨ ¨  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨
³¥Éµ¤ ³¨, ¶µÉµ³Ê ÎÉµ ´ °É¨ ¢¸¥ ¨Ì ·¥Ï¥´¨Ö  ´ ²¨É¨Î¥¸±¨ ´¥ Ê¤ ²µ¸Ó.

�¡¸Ê¤¨³ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ  ´ ²¨§  Ê· ¢´¥´¨Ö (45).
„²Ö ¸¨¸É¥³Ò ¨§ É·¥Ì µ¤´µ¨³¥´´µ § ·Ö¦¥´´ÒÌ Î ¸É¨Í (a, b > 0),   §´ Î¨É,

¨ ¢ ¸²ÊÎ ¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í Ê· ¢´¥´¨¥ (45) ´¥ ¨³¥¥É ·¥Ï¥´¨°.
�·¨ m1 = m2 ¨ a−1+b−1 < 2−1/2 ¨³¥¥É¸Ö µ¤´µ ¶µ²µ¦¨É¥²Ó´µ¥ ·¥Ï¥´¨¥

m2(m1; a, b) = m1(a, b) = 2
(
a−1 + b−1

)2 − 1, (47)
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±µÉµ·µ¥ ¢ Î ¸É´µ³ ¸²ÊÎ ¥ |a| = |b|, É. ¥. ¶·¨ |z1/z2| = 1, ¶·¨´¨³ ¥É ¢¨¤

m2(m1; a, a) = m1(a) = 8a−2 − 1, (48)

¶µÔÉµ³Ê m1,m2 = m3, ¥¸²¨ |a| = 1/2, É. ¥. ¶·¨ z1, z2 = −2z3.
‘µµÉ´µÏ¥´¨Ö³ (47) ¨ (48) ´¥ Ê¤µ¢²¥É¢µ·ÖÕÉ ³ ¸¸Ò ²Õ¡ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ

¸¨¸É¥³ É¨¶  ®¤¢  Ô²¥±É·µ´  + ÉÖ¦¥²Ò° § ·Ö¦¥´´Ò° µ¸Éµ¢¯, ¨¡µ ¤²Ö É ±¨Ì
¸¨¸É¥³ m1,m2 = me � m3 = 1, £¤¥ me ≈ 5 · 10−4  . ¥. ³. Å ³ ¸¸  Ô²¥±É·µ´ .
ŠÊ²µ´µ¢¸±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸¨¸É¥³ Ì Ê± § ´´µ£µ É¨¶  ´¥ ¨³¥ÕÉ ²µ¦´ÒÌ
¸² £ ¥³ÒÌ ¸ L = 0.

‘ µÉ´µ¸¨É¥²Ó´µ° ÉµÎ´µ¸ÉÓÕ ¶µ·Ö¤±  me/m3 ¸µµÉ´µÏ¥´¨Ö m1,m2 = m3

¨ z1, z2 = −2z3,   §´ Î¨É, ¨ · ¢¥´¸É¢  (48) ¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö ¢¸¥Ì É·¥ÌÎ ¸É¨Î-
´ÒÌ ¸¨¸É¥³ ¨§ ¤¢ÊÌ ¶µ²µ¦¨É¥²Ó´µ § ·Ö¦¥´´ÒÌ ¨µ´µ¢ A++ ¨ µÉ·¨Í É¥²Ó´µ
§ ·Ö¦¥´´µ£µ ¨µ´  A− ¸ µ¤´µ£µ ¨ Éµ£µ ¦¥  Éµ³  A ¸ ³ ¸¸µ° m3. ‚ É ±¨Ì ¸¨-
¸É¥³ Ì ¸ Ê¶µ³Ö´ÊÉµ° ÉµÎ´µ¸ÉÓÕ ±Ê²µ´µ¢¸±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥ÕÉ ²µ¦´Ò¥
¸² £ ¥³Ò¥ (44) ¸ L = 0.

�·¨ |a|, |b| = 1 ¸µµÉ´µÏ¥´¨Ö (48) ¢Ò·µ¦¤ ÕÉ¸Ö ¢ · ¢¥´¸É¢  m1,m2 = 7.
‚ ¸²ÊÎ ¥ z1, z2,−z3 = ±1 ÔÉ¨ · ¢¥´¸É¢  ¸ µÉ´µ¸¨É¥²Ó´µ° ÉµÎ´µ¸ÉÓÕ ≈ 0, 004
¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö ¸¨¸É¥³, ¢ ±µÉµ·ÒÌ µ¤´  Î ¸É¨Í  Å  ´É¨¶·µÉµ´ (¶·µÉµ´)
(m3 = mp ≈ 1, 007  . ¥. ³.),   ¤¢¥ ¤·Ê£¨¥ Å ¶µ²µ¦¨É¥²Ó´µ (µÉ·¨Í É¥²Ó´µ)
§ ·Ö¦¥´´Ò¥ ¨µ´Ò  Éµ³  7Li (m1 = m2 ≈ 7, 02  . ¥. ³.).

�Ê¸ÉÓ É¥¶¥·Ó m1, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ · ¢´µ m2. �¶¨Ï¥³ ¶µ¢¥¤¥´¨¥ ·¥-
Ï¥´¨° m2(m1; a, b) Ê· ¢´¥´¨Ö (45) ¢ · §²¨Î´ÒÌ ¶·¥¤¥² Ì.


 Î´¥³ ¸µ ¸²ÊÎ Ö |a|, |b| → 0, a/b = const, ±µÉµ·Ò° ·¥ ²¨§Ê¥É¸Ö, ¥¸²¨
z1, z2 Ë¨±¸¨·µ¢ ´Ò,   |z3| ¢µ§· ¸É ¥É. ‚ ÔÉµ³ ¸²ÊÎ ¥ µ¡  §´ Î¥´¨Ö m1 ¨
m2(m1; a, b), ¶·¨ ±µÉµ·ÒÌ ¨³¥ÕÉ¸Ö ²µ¦´Ò¥ ¸² £ ¥³Ò¥ (44) ¸ L = 0, ³µ´µ-
Éµ´´µ ¢µ§· ¸É ÕÉ ¸ Ê¢¥²¨Î¥´¨¥³ |z3|. Šµµ·¤¨´ ÉÒ (m1,m2) ÉµÎ¥± ´  ²Õ¡µ°
±·¨¢µ° m2(m1; a, b) É ±µ¢Ò, ÎÉµ m1,m2 � m3 = 1. „²Ö ¶·¨³¥· , ¶µÖ¸´Ö-
ÕÐ¥£µ Ê± § ´´ÊÕ § ¢¨¸¨³µ¸ÉÓ, ·¥Ï¥´¨Ö m2(m1; a, b) Ê· ¢´¥´¨Ö (45), ¢ÒÎ¨-
¸²¥´´Ò¥ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1, z2 = 1 ¨ z3 = −2,−3,−4, ¨§µ¡· ¦¥´Ò ´ 
·¨¸. 1, a.

‚ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¸²ÊÎ ¥ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¸ L = 0 ³µ£ÊÉ ¡ÒÉÓ ¢
¸¨¸É¥³ Ì ¨§ ¤¢ÊÌ µ¤´µ§ ·Ö¤´ÒÌ (|z1|, |z2| = 1), ´µ ÉÖ¦¥²ÒÌ ¨µ´µ¢ (m1,m2 �
m3), ¨ µ¤´µ£µ ³´µ£µ§ ·Ö¤´µ£µ (|z3| > 1), ´µ ²¥£±µ£µ ¨µ´ .

• · ±É¥· ¸£ÊÐ¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (45) ¶·¨ a = const ¨ |b| → ∞,
´ ¶·¨³¥· ¶·¨ ¶µ¸ÉµÖ´´ÒÌ z1, z3 ¨ · ¸ÉÊÐ¥³ |z2|, µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³
³¥¦¤Ê ¢¥²¨Î¨´µ° |a| ¨ ¥¤¨´¨Í¥°. ‚µ§³µ¦´Ò É·¨ ¸²ÊÎ Ö.

1. �·¨ |a| = 1 ¨ |b| → ∞ ·¥Ï¥´¨Ö m2(m1; a, b) ÔÉµ£µ Ê· ¢´¥´¨Ö ³µ´µ-
Éµ´´µ ¸£ÊÐ ÕÉ¸Ö ¸¶· ¢  ± ¥£µ ¶·¥¤¥²Ó´Ò³ (|b| = ∞) ·¥Ï¥´¨Ö³ Å ¶µ²Ê¶·Ö-
³Ò³ m1 = 1,m2 > 0 ¨ m1 ≥ 1,m2 = 0. „²Ö ¶µÖ¸´¥´¨Ö ÔÉµ° § ¢¨¸¨³µ¸É¨
¢ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 1, ¡ ¨§µ¡· ¦¥´Ò £· Ë¨±¨ ·¥Ï¥´¨° m2(m1; a, b),
¢ÒÎ¨¸²¥´´ÒÌ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1,−z3 = 1 ¨ z2 = 1, 2, 3.
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�¨¸. 1. �¥Ï¥´¨Ö m2(m1; a, b) Ê· ¢´¥´¨Ö (45) ¶·¨ z1 = 1: a) z2 = 1, §´ Î¥´¨Ö z3

Ê± § ´Ò Í¨Ë· ³¨ ´ ¤ ±·¨¢Ò³¨; ¡) z3 = −1, §´ Î¥´¨Ö z2 Ê± § ´Ò Í¨Ë· ³¨

‚ · ¸¸³µÉ·¥´´µ³ ¸²ÊÎ ¥ (|a| = 1) ³ ¸¸Ò ¤¢ÊÌ Î ¸É¨Í, ¶·¨ ±µÉµ·ÒÌ ³µ£ÊÉ
¡ÒÉÓ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¸ L = 0, µ£· ´¨Î¥´Ò ¸´¨§Ê Ê¸²µ¢¨Ö³¨ m1 > m3 ¨
m2 > 0. ’ ±¨¥ Ê¸²µ¢¨Ö ³µ£ÊÉ ·¥ ²¨§µ¢ ÉÓ¸Ö ¤²Ö ¸¨¸É¥³ ¨§ ¤¢ÊÌ µ¤¨´ ±µ¢µ
§ ·Ö¦¥´´ÒÌ (|z1| = |z3|) Î ¸É¨Í, ¸· ¢´¨³ÒÌ ¶µ ³ ¸¸¥ (m1 ∼ m3), ¨ É·¥ÉÓ¥°
Î ¸É¨ÍÒ ¸ ³¥´ÓÏ¥° ³ ¸¸µ°, ´µ ¡mµ²ÓÏ¨³ § ·Ö¤µ³ (|z2| > |z1|).

2. …¸²¨ |a| < 1, Éµ ¸ ·µ¸Éµ³ |b| ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (45) ³µ´µÉµ´´µ
¸£ÊÐ ÕÉ¸Ö ¸¶· ¢  ± ¥£µ ¶·¥¤¥²Ó´µ³Ê (|b| =∞, É. ¥. |z2| =∞) ·¥Ï¥´¨Õ:

m2(m1; a,±∞) =
1− a2

a2m1 − 1
m1, m1 ≥ a−2, (49)

±µÉµ·µ¥ ¨³¥¥É ´¥´Ê²¥¢Ò¥  ¸¨³¶ÉµÉÒ m1 = a−2 ¨ m2 = a−2 − 1. „²Ö
´ £²Ö¤´µ£µ ¶·¨³¥·  ´  ·¨¸. 2 ¸¶²µÏ´Ò³¨ ±·¨¢Ò³¨ ¨§µ¡· ¦¥´Ò ·¥Ï¥´¨Ö
m2(m1; a; b), ¢ÒÎ¨¸²¥´´Ò¥ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1 = 1, z3 = −2 ¨ z2 = 2, 3, 6,
  ÏÉ·¨Ìµ¢µ° ²¨´¨¥° ¶µ± § ´µ ¶·¥¤¥²Ó´µ¥ (z2 = ∞) ¶·¨ É¥Ì ¦¥ z1 ¨ z3 ·¥-
Ï¥´¨¥ (49).

‚ µ¶¨¸ ´´µ³ ¸²ÊÎ ¥ (|a| < 1, ∀b) ²µ¦´Ò¥ ¸² £ ¥³Ò¥ c L = 0 ³µ£ÊÉ ¡ÒÉÓ,
¥¸²¨ ³ ¸¸Ò ¤¢ÊÌ Î ¸É¨Í µ£· ´¨Î¥´Ò ¸´¨§Ê Ê¸²µ¢¨Ö³¨ m1 > a−2 ¨ m2 >
a−2 − 1 ¨ ¶µÔÉµ³Ê ¶·¥¢ÒÏ ÕÉ ³ ¸¸Ê É·¥ÉÓ¥° Î ¸É¨ÍÒ.

3. ‚ ¸²ÊÎ ¥ |a| > 1 ¶·¨ ´¥±µÉµ·µ³ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ³ |b| ·¥Ï¥´¨Ö
Ê· ¢´¥´¨Ö (45) ¸É ´µ¢ÖÉ¸Ö ¤¢ÊÌ§´ Î´Ò³¨ ¨ ¶·¨ ¤ ²Ó´¥°Ï¥³ Ê¢¥²¨Î¥´¨¨ |b|
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�¨¸. 2. �¥Ï¥´¨Ö m2(m1; a, b) Ê· ¢´¥´¨Ö (45) (¸¶²µÏ´Ò¥ ±·¨¢Ò¥): a) z1 = 1, z3 =
−2, §´ Î¥´¨Ö z2 Ê± § ´Ò Í¨Ë· ³¨ ´ ¤ ±·¨¢Ò³¨; ÏÉ·¨Ìµ¢ Ö ±·¨¢ Ö Å ¶·¥¤¥²Ó´µ¥
(z2 = ∞) ·¥Ï¥´¨¥ (49); ¡) z1 = 2, z3 = −1, §´ Î¥´¨Ö z2 Ê± § ´Ò Í¨Ë· ³¨; ÏÉ·¨Ìµ¢ Ö
±·¨¢ Ö Å ¶¥·¢µ¥ ¶·¥¤¥²Ó´µ¥ (z2 = ∞) ·¥Ï¥´¨¥ (50)

³µ´µÉµ´´µ ¸Ìµ¤ÖÉ¸Ö ¸¶· ¢  ± ¥£µ ¶·¥¤¥²Ó´Ò³ (|b| =∞) ·¥Ï¥´¨Ö³

m2(m1; a,±∞) =
a2 − 1

1− a2m1
m1, m1 ≤ a−2,

m2(m1; a,±∞) = 0, m1 > 0 .
(50)

—Éµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ ¶¥·¥Ìµ¤ µÉ µ¤´µ§´ Î´ÒÌ ·¥Ï¥´¨° ± ¤¢ÊÌ§´ Î´Ò³,
´  ·¨¸. 2, ¡ ¸¶²µÏ´Ò³¨ ±·¨¢Ò³¨ ¨§µ¡· ¦¥´Ò ·¥Ï¥´¨Ö m2(m1; a; b), ¢ÒÎ¨-
¸²¥´´Ò¥ ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1 = 2, z3 = −1 ¨ z2 = 2, 3, 4,   ÏÉ·¨Ìµ¢µ°
²¨´¨¥° ¶µ± § ´µ ¶¥·¢µ¥ ¶·¥¤¥²Ó´µ¥ (z2 → ∞) ¶·¨ É¥Ì ¦¥ z1 ¨ z3 ·¥Ï¥-
´¨¥ (50).

�¡µ¨³ ¶·¥¤¥²Ó´Ò³ ·¥Ï¥´¨Ö³ (50) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸±µ²Ó Ê£µ¤´µ ³ ²Ò¥
³ ¸¸Ò m1 ¨ m2. ‘²¥¤µ¢ É¥²Ó´µ, ¢ ¸²ÊÎ ¥ |a| > 1 ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¸ L =
0 ³µ£ÊÉ ¡ÒÉÓ ¢ ¸¨¸É¥³ Ì ¨§ ¤¢ÊÌ ²¥£±¨Ì (m1,m2 � m3), ¶µ ¸· ¢´¥´¨Õ
¸ É·¥ÉÓ¥°, Î ¸É¨Í, ¶·¨Î¥³ § ·Ö¤ ¢Éµ·µ° Î ¸É¨ÍÒ ¤µ²¦¥´ ¡ÒÉÓ ¤µ¸É ÉµÎ´µ
¡µ²ÓÏ¨³ (|z2| > |z3|).

�¡¸Ê¤¨³ µ¸´µ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ  ´ ²¨§  ¸¨¸É¥³Ò Ê· ¢´¥´¨° (46).
�É  ¸¨¸É¥³  ¨³¥¥É ¶µ²µ¦¨É¥²Ó´Ò¥ ·¥Ï¥´¨Ö, ¥¸²¨ ¢¸¥ É·¨ Î ¸É¨ÍÒ µ¤´µ-

¨³¥´´µ § ·Ö¦¥´Ò (a, b > 0). �¥Ï¥´¨Ö ´¥ § ¢¨¸ÖÉ µÉ §´ ±  § ·Ö¤µ¢ z1, z2 ¨ z3.
�µÔÉµ³Ê µ£· ´¨Î¨³¸Ö ¨¸¸²¥¤µ¢ ´¨¥³ ¸²ÊÎ Ö z1, z2, z3 > 0.
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�·¨ a, b = 1, É. ¥. ¶·¨ z1, z2 = z3, ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥
(m1,m2) = (1, 1). ‡´ Î¨É, ¢ ²Õ¡µ° ¸¨¸É¥³¥ ¨§ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í
±Ê²µ´µ¢¸±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥ÕÉ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ (44) ¸ L = 2.

�Ê¸ÉÓ a = b �= 1, É. ¥. z1 = z2 �= z3. �·¨ m1 �= m2 ¨¸¸²¥¤Ê¥³ Ö
¸¨¸É¥³  (46) ´¥¸µ¢³¥¸É´ . …¸²¨ ¶µ²µ¦¨ÉÓ m1 = m2, Éµ ¥¥ µ¡  Ê· ¢´¥´¨Ö
¶µ¤¸É ´µ¢±µ° x = 1/m1 ¸¢¥¤ÊÉ¸Ö ± ±Ê¡¨Î¥¸±µ³Ê Ê· ¢´¥´¨Õ

x3 + 3x2 + (3− 8a−2)x + 1 = 0.

…£µ ´¥É·Ê¤´µ ·¥Ï¨ÉÓ ¨§¢¥¸É´Ò³ ¸¶µ¸µ¡µ³ [3]. „¥°¸É¢¨É¥²Ó´Ò¥ ¶µ²µ¦¨-
É¥²Ó´Ò¥ ·¥Ï¥´¨Ö x = x+ ¨ x = x− ¸ÊÐ¥¸É¢ÊÕÉ Éµ²Ó±µ ¶·¨ Ê¸²µ¢¨¨ a ≤√
32/27 ≈ 1, 08866. ˆ³ µÉ¢¥Î ÕÉ ¸²¥¤ÊÕÐ¨¥ ¤¢  ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (46):

(m1,m2) = (m±,m±), m±≡ 1
x∓

=

[
2
a

√
2
3
(cos α∓

√
3 sin α)− 1

]−1

,

α ≡ 1
3
arctg

(
32
27a2

− 1
)1/2

.

(51)

Šµ³¶µ´¥´ÉÒ m± ¶·¨ ¢¸¥Ì · Í¨µ´ ²Ó´ÒÌ a ¶µ¤Î¨´ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³

0 < m− < 2, 2 < m+ <∞,

m− = (2
√
2a−1 − 1)−1 (1 + o(1)), m+ = 8a−2 +O(a−3), a→ 0 .

�µÔÉµ³Ê ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¸ L = 2 ³µ£ÊÉ ¡ÒÉÓ ¢
¸¨cÉ¥³ Ì ¨§ ¤¢ÊÌ µ¤¨´ ±µ¢ÒÌ ²¥£±¨Ì ¨ µ¤´µ§ ·Ö¤´ÒÌ Î ¸É¨Í ¨ µ¤´µ° ÉÖ¦¥²µ°
³´µ£µ§ ·Ö¤´µ° Î ¸É¨ÍÒ (m1,m2 = m− � m3) ¨²¨ ¦¥ ¢ ¸¨¸É¥³ Ì ¨§ ¤¢ÊÌ
µ¤¨´ ±µ¢ÒÌ ÉÖ¦¥²ÒÌ Î ¸É¨Í ¨ É·¥ÉÓ¥° ²¥£±µ°, ´µ µ¶ÖÉÓ ¦¥ ³´µ£µ§ ·Ö¤´µ°
Î ¸É¨ÍÒ (m1,m2 = m+ � m3).

„²Ö ¸¶· ¢±¨: §´ Î¥´¨Ö m±, ¢ÒÎ¨¸²¥´´Ò¥ ¶µ Ëµ·³Ê² ³ (51) ¶·¨ Ë¨±-
¸¨·µ¢ ´´ÒÌ z1, z2 = 1 ¨ · §´ÒÌ z3, ¶·¨¢¥¤¥´Ò ¢µ ¢Éµ·µ³ ¨ É·¥ÉÓ¥³ ¸Éµ²¡-
Í Ì É ¡². 1. �É¨ ¤ ´´Ò¥ ¶µ§¢µ²ÖÕÉ ± ¤¢Ê³ ¤ ´´Ò³ ¨ µ¤¨´ ±µ¢Ò³ Î ¸É¨Í ³
¶µ¤µ¡· ÉÓ É ±ÊÕ É·¥ÉÓÕ Î ¸É¨ÍÊ, ÎÉµ¡Ò ±Ê²µ´µ¢¸±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¶µ-
²ÊÎ¨¢Ï¥°¸Ö ¸¨¸É¥³¥ ¨§ É·¥Ì Î ¸É¨Í ¨³¥²¨ ¡Ò ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¸ L = 2.
�·¨¢¥¤¥³ ¤¢  ¶µÖ¸´ÖÕÐ¨Ì ¶·¨³¥· .

1) �Ê¸ÉÓ ¤¢¥ Î ¸É¨ÍÒ Å ¶·µÉµ´Ò (z1, z2 = 1 ¨ m1,m2 ≈ 1, 007  . ¥. ³.),
  § ·Ö¤ ¨¸±µ³µ° É·¥ÉÓ¥° Î ¸É¨ÍÒ z3 = 2. �µ²µ¦¨³ m1,m2 = m− =
1, 007 a. e. ³. ˆ§ É ¡². 1 ¶·¨ z3 = 2 ´ Ìµ¤¨³ m− = 0, 224581m3. ‘²¥¤µ¢ -
É¥²Ó´µ, m3 ≈ 4, 0966  . ¥. ³. Œ ¸¸  4, 0026  . ¥. ³. ¤¢ÊÌ§ ·Ö¤´µ£µ ¨µ´  4He++

¡²¨§±  ± ´ °¤¥´´µ°.
2) …¸²¨ ¤¢¥ Î ¸É¨ÍÒ Å ¤¥°É·µ´Ò (z1, z2 = 1 ¨ m1,m2 = 2, 0141  . ¥. ³.)

¨ § ·Ö¤ É·¥ÉÓ¥° ¨¸±µ³µ° Î ¸É¨ÍÒ z3 = 2, Éµ, ¨¸¶µ²Ó§ÊÖ É ¡². 1  ´ ²µ£¨Î´Ò³



862 �“�›˜…‚ ‚.‚.

’ ¡²¨Í  1. '¥Ï¥´¨Ö (m1, m2) ¸¨¸É¥³Ò Ê· ¢´¥´¨° (46) ¶·¨ · §´ÒÌ z3. ‚ ¸²ÊÎ ¥
z1 = 1, z2 = 1 ·¥Ï¥´¨Ö (51): (m1, m2) = (m−, m−), (m+, m+). ‚ ¸²ÊÎ ¥ z1 = 1,
z2 = 2 ·¥Ï¥´¨Ö (m1, m2) = (m−

1 , m−
2 ), (m+

1 , m+
2 )

z3 z1 = 1, z2 = 1 z1 = 1, z2 = 2

m− m+ m−
1 m−

2 m+
1 m+

2

2 0,24581 28,8949 0,46758 0,04182 11,1812 23,9129

3 0,14424 68,9563 0,29378 0,03792 28,0961 57,7122

4 0,10229 124,976 0,21404 0,03278 51,7430 104,979

5 0,07928 196,988 0,16432 0,02898 82,1148 165,737

6 0,06473 284,989 0,13413 0,02473 119,244 239,990

7 0,05470 388,993 0,11319 0,02189 163,118 327,743

8 0,04737 508,994 0,09786 0,01959 213,745 428,995

9 0,04177 644,995 0,08617 0,01772 271,122 543,746

10 0,03735 796,995 0,07696 0,01617 335,248 671,997

15 0,02443 1796,99 0,05011 0,01118 757,124 1515,75

20 0,01816 3196,99 0,03713 0,00854 1347,82 2697,02

∞ 0,00000 ∞ 0,00000 0,00000 ∞ ∞

µ¡· §µ³, ¶µ²ÊÎ ¥³ m3 ≈ 8, 19366 a. e. ³. „¢ÊÌ§ ·Ö¤´Ò° ¨µ´ 8Be++ ¨³¥¥É
³ ¸¸Ê 8, 005  . ¥. ³., ¶·¨³¥·´µ · ¢´ÊÕ ´ °¤¥´´µ°.

…¸²¨ a = 1 �= b, É. ¥. z1 = z3 �= z2, ¨ b ≥
√
27/32 ≈ 0, 91856, Éµ ¸¨¸É¥³ 

Ê· ¢´¥´¨° (46) ¨³¥¥É Éµ²Ó±µ ¤¢  ·¥Ï¥´¨Ö (m1,m2) = (1,m±), £¤¥

m± ≡ 2b

√
2
3
(cosβ ±

√
3 sinβ )− 1, β ≡ 1

3
arctg

(
32
27

b2 − 1
)1/2

.

ˆÌ ¢Éµ·Ò¥ ±µ³¶µ´¥´ÉÒ m± µ¡² ¤ ÕÉ  ¸¨³¶ÉµÉ¨± ³¨

m− = 1/8b2 +O(b−3), m+ = 2
√
2 b− 1 +O(b−1), b→∞.

‘²ÊÎ ° a �= b = 1 · ¸¸³ É·¨¢ ¥É¸Ö  ´ ²µ£¨Î´Ò³ µ¡· §µ³.

�Ê¸ÉÓ É¥¶¥·Ó a �= b ¨ a, b �= 1, É. ¥. ¢¸¥ É·¨ § ·Ö¤  · §´Ò¥, Éµ£¤  ¸¨-
¸É¥³  Ê· ¢´¥´¨° (46) ¢¸¥£¤  ¨³¥¥É ¤¢  ¶µ²µ¦¨É¥²Ó´ÒÌ ·¥Ï¥´¨Ö (m1,m2) =
(m±

1 ,m
±
2 ). �¶¨Ï¥³ ¨Ì ¶µ¢¥¤¥´¨¥ ¢ · §²¨Î´ÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ.

…¸²¨ a, b→ 0, ´µ c ≡ a/b = const (´ ¶·¨³¥·, z1 ¨ z2 Ë¨±¸¨·µ¢ ´Ò,   z3

Ê¢¥²¨Î¨¢ ¥É¸Ö), Éµ µ¡¥ ±µ³¶µ´¥´ÉÒ m−
1 ¨ m−

2 ¶¥·¢µ£µ ·¥Ï¥´¨Ö ¸Ìµ¤ÖÉ¸Ö ±
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´Ê²Õ,   µ¡¥ ±µ³¶µ´¥´ÉÒ m+
1 ¨ m+

2 ¢Éµ·µ£µ ·¥Ï¥´¨Ö ´¥µ£· ´¨Î¥´´µ · ¸ÉÊÉ:

m−
1 =

a

(1 + c)3/2
+O(a2), m−

2 =
b

(1 + c)3/2
+O(b2),

m+
1 = a−2(1 + c)3 +O(a3), m+

2 = b−2(1 + c)3 +O(b3), a, b→ 0.

‘²¥¤µ¢ É¥²Ó´µ, ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¸ L = 2
³µ£ÊÉ ¢µ§´¨±´ÊÉÓ ¢ ¸¨¸É¥³ Ì ¤¢ÊÌ É¨¶µ¢. ‘¨¸É¥³Ò ¶¥·¢µ£µ É¨¶  ¸µ¸ÉµÖÉ ¨§
¤¢ÊÌ ²¥£±¨Ì Î ¸É¨Í ¸ ³ ¸¸ ³¨ mi = m−

i � m3, i = 1, 2, ¨ É·¥ÉÓ¥° ÉÖ¦¥²µ°
¨ ³´µ£µ§ ·Ö¤´µ° Î ¸É¨ÍÒ. ‘¨¸É¥³Ò ¢Éµ·µ£µ É¨¶  (m+

1 ,m
+
2 ) µ¡· §ÊÕÉ ¤¢¥

ÉÖ¦¥²Ò¥ Î ¸É¨ÍÒ ¸ ³ ¸¸ ³¨ mi = m+
i � m3, i = 1, 2, ¶·¥¢ÒÏ ÕÐ¨³¨ ³ ¸¸Ê

É·¥ÉÓ¥° Î ¸É¨ÍÒ, § ·Ö¤ ±µÉµ·µ° ¤µ¸É ÉµÎ´µ ¢¥²¨±.
„²Ö ¸¶· ¢µÎ´ÒÌ Í¥²¥° §´ Î¥´¨Ö ³ ¸¸ m±

1 ¨ m±
2 , ¶µ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò³

·¥Ï¥´¨¥³ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (46) ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1 = 1, z2 = 2 ¨
· §²¨Î´ÒÌ z3, ¶·¨¢¥¤¥´Ò ¢ ¶µ¸²¥¤´¨Ì Î¥ÉÒ·¥Ì ¸Éµ²¡Í Ì É ¡². 1.

�¸É ²µ¸Ó µ¶¨¸ ÉÓ ¶µ¢¥¤¥´¨¥ ¤¢ÊÌ ·¥Ï¥´¨° ÔÉµ° ¸¨¸É¥³Ò ¶·¨ b → ∞ ¨
a = const �= 1, ´ ¶·¨³¥·, ¶·¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1 ¨ z3 ¨ Ê¢¥²¨Î¨¢ ÕÐ¥³¸Ö
z2. Šµ³¶µ´¥´É  m−

1 ¶¥·¢µ£µ ·¥Ï¥´¨Ö ¸Ìµ¤¨É¸Ö ± ÉµÎ±¥ a ¸²¥¢ , ¥¸²¨ a < 1,
¨ ¸¶· ¢ , ¥¸²¨ a > 1,   ±µ³¶µ´¥´É  m−

2 ÔÉµ£µ ¦¥ ·¥Ï¥´¨Ö ¢ ²Õ¡µ³ ¸²ÊÎ ¥
¸É·¥³¨É¸Ö ± ´Ê²Õ:

m−
1 = a

[
1 +

3
2
a2

b2
a− 1

(1 + a)3

]
+O(b−4),

m−
2 =

a3

b2
1

(1 + a)3
+O(b−4), b→∞.

Šµ³¶µ´¥´É  m+
1 ¢Éµ·µ£µ ·¥Ï¥´¨Ö ¸Ìµ¤¨É¸Ö ¸¶· ¢  ¨²¨ ¸²¥¢  ± ÉµÎ±¥ a−2,

¥¸²¨ a < 1 ¨, ¸µµÉ¢¥É¸É¢¥´´µ, a > 1,   ±µ³¶µ´¥´É  m+
2 ÔÉµ£µ ¦¥ ·¥Ï¥´¨Ö

¢¸¥£¤  ´¥µ£· ´¨Î¥´´µ ¢µ§· ¸É ¥É:

m+
1 = a−2

[
1 + 3

a

b

1− a2

(1 + a2)3/2

]
+O(b−2),

m+
2 = a−3b(1 + a2)3/2 + 4a−2 − 2 +O(b−1), b→∞.

‘²¥¤µ¢ É¥²Ó´µ, ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¸ L = 2
³µ£ÊÉ ¢µ§´¨±´ÊÉÓ ¢ ¸¨¸É¥³ Ì ¤¢ÊÌ É¨¶µ¢. Š ¶¥·¢µ³Ê É¨¶Ê µÉ´µ¸ÖÉ¸Ö ¸¨¸É¥³Ò,
¢ ±µÉµ·ÒÌ ¤¢¥ Î ¸É¨ÍÒ ¸· ¢´¨³Ò ¶µ ³ ¸¸ ³ ¨ § ·Ö¤ ³ (m1 = m−

1 ∼ m3,
z1 ∼ z3),   É·¥ÉÓÖ Î ¸É¨Í  Å ²¥£± Ö (m2 = m−

2 � m3), ´µ ³´µ£µ§ ·Ö¤´ Ö
(z2 > z1). ‘¨¸É¥³Ò ¢Éµ·µ£µ É¨¶  ¸µ¸ÉµÖÉ ¨§ ¤¢ÊÌ ²¥£±¨Ì (m1 = m+

1 ∼ m3) ¨
µ¤´µ° ÉÖ¦¥²µ° (m2 = m+

2 � m3) ¨ ³´µ£µ§ ·Ö¤´µ° Î ¸É¨ÍÒ.
‡´ Î¥´¨Ö Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° (m±

1 ,m
±
2 ) ¸¨¸É¥³Ò Ê· ¢´¥´¨° (46) ¶·¨

· §²¨Î´ÒÌ z2 ¨ Ë¨±¸¨·µ¢ ´´ÒÌ z1 = 1, z3 = 2 ¨²¨ z1 = 2, z3 = 1 ¶·¨¢¥¤¥´Ò ¢
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’ ¡²¨Í  2. '¥Ï¥´¨Ö (m1, m2) = (m±
1 , m±

2 ) ¸¨¸É¥³Ò Ê· ¢´¥´¨° (46) ¶·¨ · §´ÒÌ z2

¢ ¸²ÊÎ ÖÌ z1 = 1, z3 = 2 ¨ z1 = 2, z3 = 1

z2 z1 = 1, z3 = 2 z1 = 2, z3 = 1

m−
1 m−

2 m+
1 m+

2 m−
1 m−

2 m+
1 m+

2

2 0,46758 0,04181 11,1812 23,9129 2,13866 0,08944 0,08944 2,13866

3 0,48683 0,01733 7,74749 26,3706 2,05410 0,03559 0,12907 3,40375

4 0,49281 0,00953 6,45574 30,5375 2,02920 0,01933 0,15489 4,73027

5 0,49544 0,00603 5,80685 35,3366 2,01835 0,01278 0,17222 6,08560

6 0,49686 0,00417 5,42262 40,4295 2,01262 0,00838 0,18441 7,45570

7 0,49772 0,00305 5,17085 46,6801 2,00922 0,00613 0,19339 8,83415

8 0,49824 0,00233 4,99372 51,0241 2,00703 0,00468 0,20025 10,2176

9 0,49862 0,00184 4,86261 56,4288 2,00554 0,00369 0,20565 11,6046

10 0,49884 0,00149 4,76178 61,8737 2,00448 0,00298 0,20998 12,9935

15 0,49952 0,00066 4,47991 89,4068 2,00198 0,00132 0,22322 19,9573

20 0,49972 0,00037 4,34995 117,159 2,00112 0,00074 0,22989 26,9333

∞ 0,50000 0,00000 4,00000 ∞ 2,00000 0, 00000 0,25000 ∞

É ¡². 2. …¸²¨ § ¤ ´Ò § ·Ö¤Ò z1, z3 ¨ ³ ¸¸  m3 É·¥ÉÓ¥° Î ¸É¨ÍÒ, Éµ ¸ ¶µ³µÐÓÕ
ÔÉµ° É ¡²¨ÍÒ ³µ¦´µ µ¶·¥¤¥²¨ÉÓ ³ ¸¸Ò m1 ¨ m2 ¤¢ÊÌ ¤·Ê£¨Ì Î ¸É¨Í ¨ § ·Ö¤
z2, ¶·¨ ±µÉµ·ÒÌ ±Ê²µ´µ¢¸±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥ÕÉ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ ¸
L = 2.

2.3. ”¨§¨Î¥¸±¨¥ ¸² £ ¥³Ò¥. �¥·¥°¤¥³ ± ¶µ´ÖÉ¨Õ ®Ë¨§¨Î¥¸±¨¥ ¸² £ ¥-
³Ò¥¯. ‘² £ ¥³Ò¥ V s

k ¢§ ¨³´µ ±µ³¶¥´¸¨·ÊÕÉ ¤·Ê£ ¤·Ê£  ¶·¨ ¸Ê³³¨·µ¢ ´¨¨
¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í ¨, ± ± ¢¨¤´µ ¨§ ¸µµÉ´µÏ¥´¨° (26), ´¥ ¤ ÕÉ ´¨± ±µ£µ
¢±² ¤  ¢ ¶µ²´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥. �µÔÉµ³Ê É ±¨¥ ¸² £ ¥³Ò¥ ²µ£¨Î´µ ´ §Ò¢ ÉÓ
²µ¦´Ò³¨. 
 §Ò¢ ÉÓ Ë¨§¨Î¥¸±¨³¨ ¸² £ ¥³Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö V u

k , ¸Ê³³  ±µ-
Éµ·ÒÌ ¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í µÉ²¨Î´  µÉ ´Ê²Ö, ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥ ¸µ¢¸¥³ ±µ·-
·¥±É´Ò³, É ± ± ± ¸² £ ¥³Ò¥, µ¡² ¤ ÕÐ¨¥ Éµ²Ó±µ É ±¨³ ¸¢µ°¸É¢µ³, ¸ ³¨ ³µ£ÊÉ
¸µ¤¥·¦ ÉÓ ²µ¦´Ò¥ ±µ³¶µ´¥´ÉÒ; ±·µ³¥ Éµ£µ, ¥¸²¨ ¸ÊÐ¥¸É¢Ê¥É ÌµÉÖ ¡Ò µ¤´µ
· §¡¨¥´¨¥ (24) ¸µ ¸¢µ°¸É¢ ³¨ (25), Éµ ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±µ´¥Î´µ¥ ³´µ¦¥¸É¢µ
· §¡¨¥´¨° É ±µ£µ ¦¥ É¨¶ .

�·µ¨²²Õ¸É·¨·Ê¥³ ÔÉ¨ § ³¥Î ´¨Ö ¶·µ¸ÉÒ³¨ ¶·¨³¥· ³¨, ¶µÖ¸´ÖÕÐ¨³¨,
± ± ´Ê¦´µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¤µ¶µ²´¨É¥²Ó´µ¥ ± ¸µµÉ´µÏ¥´¨Ö³ (25) Ê¸²µ¢¨¥,
µ¡¥¸¶¥Î¨¢ ÕÐ¥¥ µ¤´µ¢·¥³¥´´µ ¨ ±µ··¥±É´µ¸ÉÓ É¥·³¨´  ®Ë¨§¨Î¥¸±¨¥ ¸² £ -
¥³Ò¥¯, ¨ µ¤´µ§´ Î´µ¸ÉÓ · §¡¨¥´¨Ö ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´  Ë¨§¨Î¥¸±¨¥ ¨
²µ¦´Ò¥ ±µ³¶µ´¥´ÉÒ.
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�Ê¸ÉÓ ¸ÊÐ¥¸É¢Ê¥É · §¡¨¥´¨¥ (24) ´  ±µ³¶µ´¥´ÉÒ ¸µ ¸¢µ°¸É¢ ³¨ (25).
�·¥¤¶µ²µ¦¨³, ÎÉµ ± ¦¤ Ö ±µ³¶µ´¥´É  V s

k Å ¸Ê³³  ¤¢ÊÌ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ:

V s
k = V s1

k + V s2
k ,

3∑
k=1

V si
k ≡ 0, i = 1, 2.

’µ£¤  ´ ·Ö¤Ê ¸ · §¡¨¥´¨¥³ (24) ¨³¥¥É¸Ö ¥Ð¥ ¤¢  (i = 1, 2) · §¡¨¥´¨Ö

Vk = V ui
k + V si

k , V u1
k ≡ V u

k + V s2
k , V u2

k = V u
k + V s1

k , k = 1, 2, 3,

¢ ±µÉµ·ÒÌ V ui
k ¨ V si

k ¶µ¤Î¨´ÖÕÉ¸Ö Ê¸²µ¢¨Ö³ Éµ£µ ¦¥ É¨¶ , ÎÉµ ¨ Ê¸²µ¢¨Ö (25):

3∑
k=1

V ui
k =

3∑
k=1

V u
k �= 0,

3∑
k=1

V si
k ≡ 0, i = 1, 2,

  V u1
k ¨ V u2

k ¸ ³¨ ¸µ¤¥·¦ É ²µ¦´Ò¥ ¸² £ ¥³Ò¥ V s2
k ¨, ¸µµÉ¢¥É¸É¢¥´´µ, V s1

k .
Šµ³¶µ´¥´ÉÒ V s1

k ¨ V s2
k ¥¸É¥¸É¢¥´´µ ´ §Ò¢ ÉÓ Î ¸É´Ò³¨ ²µ¦´Ò³¨ ¸² £ ¥³Ò³¨

¶µ µÉ´µÏ¥´¨Õ ± ¨Ì ¸Ê¶¥·¶µ§¨Í¨¨ V s
k . ‘Ê¶¥·¶µ§¨Í¨Õ É ±µ£µ É¨¶  ¢¸¥£¤ 

³µ¦´µ ¶µ¸É·µ¨ÉÓ, ¶µ²µ¦¨¢, ´ ¶·¨³¥·,

V s1
k ≡ αV s

k , V s2
k ≡ (1− α)V s

k , k = 1, 2, 3,

£¤¥ α Å ´¥±µÉµ·µ¥ µÉ²¨Î´µ¥ µÉ ´Ê²Ö Î¨¸²µ. ‡´ Î¨É, ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±µ´¥Î-
´µ¥ ³´µ¦¥¸É¢µ · §¡¨¥´¨° ²µ¦´ÒÌ ¸² £ ¥³ÒÌ V s

k ´  ¸Ê³³Ò Î ¸É´ÒÌ ²µ¦´ÒÌ
¸² £ ¥³ÒÌ. ‘²¥¤µ¢ É¥²Ó´µ, ¥¸²¨ ¨³¥¥É¸Ö ÌµÉÖ ¡Ò µ¤´µ · §¡¨¥´¨¥ (24) ´  ¸² -
£ ¥³Ò¥ ¸µ ¸¢µ°¸É¢ ³¨ (25), Éµ § ¢¥¤µ³µ ¸ÊÐ¥¸É¢Ê¥É ¡¥¸±µ´¥Î´µ¥ ´¥¸Î¥É´µ¥
³´µ¦¥¸É¢µ T · §¡¨¥´¨° t Éµ£µ ¦¥ É¨¶ :

Vk = V ut
k + V st

k ,

3∑
k=1

V ut
k �= 0,

3∑
k=1

V st
k ≡ 0, k = 1, 2, 3, t ∈ T .

�·¥¤¶µ²µ¦¨³, ÎÉµ ÔÉµ ³´µ¦¥¸É¢µ ¸µ¤¥·¦¨É µ¸µ¡µ¥ · §¡¨¥´¨¥ τ :

Vk = V uτ
k + V sτ

k , k = 1, 2, 3,

É ±µ¥, ÎÉµ ¤²Ö ¢¸¥Ì µ¸É ²Ó´ÒÌ · §¡¨¥´¨° t ∈ T , τ �= t, ±·µ³¥ µÎ¥¢¨¤´ÒÌ
Éµ¦¤¥¸É¢

V t
k ≡ V uτ

k + V sτ
k − V st

k , k = 1, 2, 3,

¢Ò¶µ²´ÖÕÉ¸Ö ´¥· ¢¥´¸É¢ 

V sτ
k − V st

k �= 0, k = 1, 2, 3.

�É¨ Éµ¦¤¥¸É¢  ¨ ´¥· ¢¥´¸É¢  µ§´ Î ÕÉ, ÎÉµ ¸² £ ¥³Ò¥ V ut
k ²Õ¡µ£µ · §¡¨¥´¨Ö

t �= τ ¸µ¤¥·¦ É ´¥É·¨¢¨ ²Ó´Ò¥ ²µ¦´Ò¥ ±µ³¶µ´¥´ÉÒ V sτ
k −V st

k , ¢ Éµ ¢·¥³Ö ± ±
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¸² £ ¥³Ò¥ V uτ
k µ¸µ¡µ£µ · §¡¨¥´¨Ö τ ´¥ ¸µ¤¥·¦ É ´¨± ±¨Ì ²µ¦´ÒÌ ±µ³¶µ´¥´É.

„µ± ¦¥³, ÎÉµ ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ ²¨ÏÓ µ¤´µ É ±µ¥ · §¡¨¥´¨¥. �·¥¤¶µ²µ¦¨³
¶·µÉ¨¢´µ¥: ¶Ê¸ÉÓ ´ ·Ö¤Ê ¸ · §¡¨¥´¨¥³ τ ¨³¥¥É¸Ö ¥Ð¥ µ¤´µ · §¡¨¥´¨¥ γ ∈ T ,
¸² £ ¥³Ò¥ ±µÉµ·µ£µ V uγ

k É ±¦¥ ´¥ ¸µ¤¥·¦ É ´¨± ±¨Ì ²µ¦´ÒÌ ±µ³¶µ´¥´É.
’µ£¤  ¨³¥¥É ³¥¸Éµ ¶·¥¤¸É ¢²¥´¨¥

V uγ
k = V uτ

k + (V sτ
k − V sγ

k ), k = 1, 2, 3.

ˆ¸¸²¥¤Ê¥³ ¥£µ. …¸²¨ V sτ
k = V sγ

k , Éµ · §¡¨¥´¨Ö τ ¨ γ µ¤¨´ ±µ¢Ò¥. ‚ ¶·µÉ¨¢´µ³
¸²ÊÎ ¥ ¸² £ ¥³Ò¥ V uγ

k ¸µ¤¥·¦ É ²µ¦´Ò¥ ±µ³¶µ´¥´ÉÒ V sτ
k − V sγ

k . ‚ µ¡µ¨Ì
¸²ÊÎ ÖÌ ¶µ²ÊÎ ¥³ ¶·µÉ¨¢µ·¥Î¨¥ c ¨¸Ìµ¤´Ò³ ¶·¥¤¶µ²µ¦¥´¨¥³ µ · §¡¨¥´¨¨ γ.

’ ±¨³ µ¡· §µ³, ¤µ± § ´µ ¸²¥¤ÊÕÐ¥¥ ¢ ¦´µ¥ ÊÉ¢¥·¦¤¥´¨¥: ³µ¦¥É ¸ÊÐ¥-
¸É¢µ¢ ÉÓ ²¨ÏÓ µ¤´µ µ¸µ¡µ¥ · §¡¨¥´¨¥ (24), (25) ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° Vk
´  ¸² £ ¥³Ò¥ V s

k , ´¥ ¤ ÕÐ¨¥ ´¨± ±µ£µ ¢±² ¤  ¢ ¶µ²´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥, ¨
¸² £ ¥³Ò¥ V u

k , ´¥ ¸µ¤¥·¦ Ð¨¥ ´¨± ±¨Ì ²µ¦´ÒÌ ±µ³¶µ´¥´É:

V u
k �= V uu

k + V us
k ,

3∑
k=1

V uu
k �= 0,

3∑
k=1

V us
k ≡ 0. (52)

Šµ³¶µ´¥´ÉÒ V u
k ÔÉµ£µ · §¡¨¥´¨Ö ´ §Ò¢ ¥³ Ë¨§¨Î¥¸±¨³¨ ¸² £ ¥³Ò³¨. ‘µµÉ-

´µÏ¥´¨Ö (24), (25) ¨ (52), µ¤´µ§´ Î´µ µ¶·¥¤¥²ÖÕÐ¨¥ É ±¨¥ ¸² £ ¥³Ò¥, ¸²¥-
¤Ê¥É ¶µ´¨³ ÉÓ ¢ Éµ³ ¦¥ ¸³Ò¸²¥, ÎÉµ µ¶·¥¤¥²¥´¨¥ (27) µ¸É ÉµÎ´ÒÌ ¨ ²µ¦´ÒÌ
¸² £ ¥³ÒÌ. „²Ö · ¸¸³ É·¨¢ ¥³µ£µ ±² ¸¸  ËÊ´±Í¨° µ¶¥· Éµ·Ò V u

k ¨ V s
k ¡Ê-

¤¥³ ´ §Ò¢ ÉÓ Ë¨§¨Î¥¸±¨³¨ ¨ ²µ¦´Ò³¨ ¸² £ ¥³Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö Vk , ¥¸²¨
ÔÉ¨ µ¶¥· Éµ·Ò ¶µ¤Î¨´ÖÕÉ¸Ö Ê¸²µ¢¨Õ (27) ¨ Ê¸²µ¢¨Õ (52), µ§´ Î ÕÐ¥³Ê, ÎÉµ
± ¦¤Ò° ¨§ É·¥Ì µ¶¥· Éµ·µ¢ V u

k , k = 1, 2, 3, ´¥ ¸µ¤¥·¦¨É ´¨± ±¨Ì ²µ¦´ÒÌ
±µ³¶µ´¥´É ¢ ²Õ¡µ³ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¨ ¤²Ö ²Õ¡µ° ËÊ´±Í¨¨ Ψ
¤ ´´µ£µ ±² ¸¸ :

〈
ri

∣∣∣∣∣
3∑

k=1

V uu
k (rk)

∣∣∣∣∣Ψ(ri)

〉
�= 0,

〈
ri

∣∣∣∣∣
3∑

k=1

V us
k (rk)

∣∣∣∣∣Ψ(ri)

〉
≡ 0, i = 1, 2, 3.

(53)

�µ¸É·µ¥´´Ò¥ ¢ÒÏ¥ µ¸É ÉµÎ´Ò¥ ¸² £ ¥³Ò¥ (40) Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°-
¸É¢¨° Ö¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨³¨. „¥°¸É¢¨É¥²Ó´µ, ¶µ ¶µ¸É·µ¥´¨Õ ¶µ¤¸Ê³³Ò (40)
·Ö¤µ¢ (31) ¶µ¤Î¨´ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³ (27),   ¨§ ·Ö¤  V u

k ´¥²Ó§Ö ¢Ò¤¥²¨ÉÓ
¶µ¤¸Ê³³Ò V uu

k ¨ V us
k ¸µ ¸¢µ°¸É¢ ³¨ (53).
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„²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³ ¢ Ö¢´µ³ ¢¨¤¥ ²µ¦´Ò¥ ¨ Ë¨§¨Î¥¸±¨¥ ¸² £ ¥³Ò¥
±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°. ‘µ£² ¸´µ (44) ¶·¨ Ê¸²µ¢¨¨ (42)

V s
k (xk, yk) = zizj

√
2µij

16
3π2

1√
x2
k + y2

k

,

V u
k (xk, yk) = zizj

√
2µij

[
1
xk
− 16

3π2

1√
x2
k + y2

k

]
,

  ¶·¨ Ê¸²µ¢¨ÖÌ (43)

V s
k (xk, yk) = zizj

√
2µij

64
15π2

x2
k − y2

k

(x2
k + y2

k)3/2
,

V u
k (xk, yk) = zizj

√
2µij

[
1
xk
− 64

15π2

x2
k − y2

k

(x2
k + y2

k)3/2

]
.

� ¸¸³µÉ·¨³ ¸²ÊÎ ° É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í. ’ ± ± ± É¥¶¥·Ó ¶ ·´Ò¥
¢§ ¨³µ¤¥°¸É¢¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö µ¤´µ° ¨ Éµ° ¦¥ ËÊ´±Í¨¥° F :

Vk(xk) = F (xk) =
∞∑

L=0

FL(r)Y 00
L00(Ωk), k = 1, 2, 3,

Î ¸É¨ÍÒ ¨³¥ÕÉ · ¢´Ò¥ ³ ¸¸Ò (m1,m2 = m3) ¨ ¸µ£² ¸´µ (1), (2) ¨ (31)

γ12, γ23, γ31 = π/3, V L
1 (r), V L

2 (r), V L
3 (r) = FL(r), L = 0, 2, . . . ,

Éµ Ê¸²µ¢¨¥ (38) ´¥ ¢Ò¶µ²´Ö¥É¸Ö,   Ê¸²µ¢¨Ö (39) ¢Ò¶µ²´ÖÕÉ¸Ö. ‘²¥¤µ¢ É¥²Ó´µ,
¤²Ö ²Õ¡ÒÌ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¢ ¸¨¸É¥³¥ É·¥Ì Éµ¦¤¥¸É¢¥´-
´ÒÌ Î ¸É¨Í ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É · §¡¨¥´¨¥ ´  Ë¨§¨Î¥¸±¨¥ ¨ ²µ¦´Ò¥ ¸² £ ¥³Ò¥,
¶·¨Î¥³ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ·Ö¤Ò Ë¨§¨Î¥¸±¨Ì ¸² £ ¥³ÒÌ ¸µ¤¥·¦ É ¢¸¥ ¶µÉ¥´Í¨-
 ²Ó´Ò¥ £¨¶¥·£ ·³µ´¨±¨ §  ¨¸±²ÕÎ¥´¨¥³ £¨¶¥·£ ·³µ´¨±¨ Y 00

200,   ·Ö¤Ò ²µ¦´ÒÌ
¸² £ ¥³ÒÌ ¸µ¤¥·¦ É Éµ²Ó±µ ÔÉÊ £¨¶¥·£ ·³µ´¨±Ê:

Vk = V u
k + V s

k ,

V u
k (rk) = F 0(r)Y 00

000(Ωk) +
∑

L=4,6,...

FL(r)Y 00
L00(Ωk), (54)

V s
k (rk) = F 2(r)Y 00

200(Ωk), k = 1, 2, 3.

Š ± ¡Ò²µ ¶µ± § ´µ ¢ÒÏ¥, ¨§ ¸ÊÐ¥¸É¢µ¢ ´¨Ö É ±µ£µ · §¡¨¥´¨Ö ¸²¥¤Ê¥É ¥£µ
¥¤¨´¸É¢¥´´µ¸ÉÓ: ´¨± ±µ£µ ¤·Ê£µ£µ · §¡¨¥´¨Ö ´  ¸² £ ¥³Ò¥, ¶µ¤Î¨´ÖÕÐ¨¥¸Ö
µ¤´µ¢·¥³¥´´µ ¨ Ê¸²µ¢¨Ö³ (27), ¨ Ê¸²µ¢¨Ö³ (53), ´¥ ¸ÊÐ¥¸É¢Ê¥É.

„²Ö ¶µ²´µÉÒ µ¸É ¥É¸Ö ¶µ± § ÉÓ, ÎÉµ ¢ ¸²ÊÎ ¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î -
¸É¨Í µ¸É ÉµÎ´Ò¥ ¸² £ ¥³Ò¥ (I−S+)Vk Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´¥ Ö¢²Ö-
ÕÉ¸Ö Ë¨§¨Î¥¸±¨³¨. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶µ²´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸¨³³¥É·¨Î´µ ¶µ
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²Õ¡Ò³ ¶¥·¥¸É ´µ¢± ³ Î ¸É¨Í Å ¨ ¶ ·´Ò³, ¨ Í¨±²¨Î¥¸±¨³: S+V = V ¨
(I − S+)V = 0. � ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥ ¸¨³³¥É·¨Î´Ò µÉ´µ¸¨É¥²Ó´µ Í¨-
±²¨Î¥¸±¨Ì ¶¥·¥¸É ´µ¢µ±, ¶µÔÉµ³Ê ¤²Ö ± ¦¤µ£µ ¨§ ´¨Ì ¸ÊÐ¥¸É¢Ê¥É · §¡¨¥´¨¥

Vk = Ak +Bk, Ak ≡ S+Vk , Bk ≡ (I − S+)Vk, k = 1, 2, 3, (55)

´  ´¥É·¨¢¨ ²Ó´Ò¥ ¸² £ ¥³Ò¥ Ak ¨ Bk, § ¢¥¤µ³µ Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ¶¥·¢µ³Ê
Ê¸²µ¢¨Õ µ¶·¥¤¥²¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¨ ²µ¦´ÒÌ ¸² £ ¥³ÒÌ, É. ¥. Ê¸²µ¢¨Ö³ (27):

V =
3∑

k=1

Vk =
3∑

k=1

Ak �= 0,
3∑

k=1

Bk ≡ 0.

ˆ¸¸²¥¤Ê¥³, ¶µ¤Î¨´ÖÕÉ¸Ö ²¨ ¸² £ ¥³Ò¥ Ak ¢Éµ·µ³Ê Ê¸²µ¢¨Õ, É. ¥. ¸µµÉ´µÏ¥-
´¨Ö³ (53). Š ± ¸²¥¤Ê¥É ¨§ ¨§¢¥¸É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¸¨³³¥É·¨§µ¢ ´´ÒÌ £¨-
¶¥·£ ³µ´¨± [19], ¸·¥¤¨ ¢¸¥Ì £¨¶¥·£ ·³µ´¨± Y 00

Laa Éµ²Ó±µ µ¤´  £¨¶¥·£ ·³µ´¨± 
Y 00

200 µÉµ¡· ¦ ¥É¸Ö µ¶¥· Éµ·µ³ S+ ¢ Éµ¦¤¥¸É¢¥´´Ò° ´Ê²Ó: S+Y 00
200 = 0. ‡´ -

Î¨É, (I − S+)Y 00
200 = Y 00

200. �µÔÉµ³Ê Éµ²Ó±µ É ± Ö £¨¶¥·£ ·³µ´¨±  µÉ¸ÊÉ¸É¢Ê¥É
¢ · §²µ¦¥´¨¨ ¸² £ ¥³µ£µ Ak ¨ ¸µ¤¥·¦¨É¸Ö ¸ ¥¤¨´¨Î´Ò³ ±µÔËË¨Í¨¥´Éµ³ ¢
· §²µ¦¥´¨¨ ¸² £ ¥³µ£µ Bk:

Ak(rk) =
1
3

∑
L=0,4,6,...

FL(r)
(
Y 00
L00(Ω1) + Y 00

L00(Ω2) + Y 00
L00(Ω3)

)
,

Bk(rk) = F 2(r)Y 00
200(Ωk) + Ck(rk), (56)

Ck(rk) ≡
1
3

∑
L=4,6,...

FL(r)
(
2Y 00

L00(Ωk)− Y 00
L00(Ωi)− Y 00

L00(Ωj)
)
.

ˆ§ ¸µµÉ´µÏ¥´¨° SY 00
200 = 0 ¨ B1+B2+B3 ≡ 0 ¸²¥¤Ê¥É, ÎÉµ C1+C2+C3 ≡ 0.

�Ö¤Ò (56) ¨¸¸²¥¤Ê¥³ÒÌ ËÊ´±Í¨° Ak ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

Ak(rk) =
∑

L=0,4,6,...

L/2∑
a=0

FL(r)Y 00
L00(Ωk) + Ck(rk).

Š ± ¢¨¤´µ, ËÊ´±Í¨¨ Ak , k = 1, 2, 3, ¸µ¤¥·¦ É ´¥É·¨¢¨ ²Ó´Ò¥ ±µ³¶µ´¥´ÉÒ
Ck, ¢§ ¨³´µ ±µ³¶¥´¸¨·ÊÕÐ¨¥¸Ö ¶·¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í.
‡´ Î¨É, Ê¸²µ¢¨¥ (53) ´¥ ¢Ò¶µ²´Ö¥É¸Ö. ‘²¥¤µ¢ É¥²Ó´µ, µ¸É ÉµÎ´Ò¥ ¸² £ ¥³Ò¥
Ak ´¥ Ö¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨³¨. ‚ÒÎÉ¥³ ¨§ ËÊ´±Í¨° Ak ¸² £ ¥³Ò¥ Ck ¨ ¤µ-
¡ ¢¨³ ¨Ì ± ËÊ´±Í¨Ö³ Bk. ‚ ¨Éµ£¥ ¶µ²ÊÎ¨³ ¨¸±µ³Ò¥ Ë¨§¨Î¥¸±¨¥ ¨ ²µ¦´Ò¥
¸² £ ¥³Ò¥, ¶µ¤Î¨´ÖÕÐ¨¥¸Ö ¨ Ê¸²µ¢¨Ö³ (27) ¨ (53):

V u
k = Ak − Ck, V s

k = Bk + Ck, k = 1, 2, 3.

� §²µ¦¥´¨Ö É ±¨Ì ¸² £ ¥³ÒÌ ¨³¥ÕÉ ¢¨¤ (54), ÎÉµ ¨ É·¥¡µ¢ ²µ¸Ó ¤µ± § ÉÓ.
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�É³¥É¨³, ÎÉµ ¢ ¸²ÊÎ ¥ Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í · §¡¨¥´¨Ö (54) ¨ (55), (56)
Ô±¢¨¢ ²¥´É´Ò ¢ ¸³Ò¸²¥ ¸Ê³³¨·µ¢ ´¨Ö ¶µ ¢¸¥³ ¶ · ³ Î ¸É¨Í:

V =
3∑

k=1

V u
k =

3∑
k=1

Ak .

�¤´ ±µ ´ §Ò¢ ÉÓ Ë¨§¨Î¥¸±¨³¨ ¸² £ ¥³Ò¥ Ak, ¸µ¤¥·¦ Ð¨¥ ´¥Ë¨§¨Î¥¸±¨¥ ±µ³-
¶µ´¥´ÉÒ Ck, ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥±µ··¥±É´Ò³,   ¤²Ö  ´ ²¨§  ¸¢µ°¸É¢ ¶µ²´µ£µ
¢§ ¨³µ¤¥°¸É¢¨Ö Ê¤µ¡´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ Ë¨§¨Î¥¸±¨¥ ¸² £ ¥³Ò¥ V u

k , ¶µÉµ³Ê ÎÉµ
¨Ì · §²µ¦¥´¨Ö ¡µ²¥¥ ¶·µ¸ÉÒ, Î¥³ · §²µ¦¥´¨Ö ¸¨³³¥É·¨§µ¢ ´´ÒÌ ¸² £ ¥-
³ÒÌ Ak.

3. ’�—�›… '…˜…�ˆŸ ‡
„
—ˆ ’'…• —
‘’ˆ–

’µÎ´Ò³¨ ·¥Ï¥´¨Ö³¨ ¤ ²¥¥ ´ §Ò¢ ¥³ ËÊ´±Í¨¨, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ Ï¥¸É¨-
³¥·´Ò³ Ê· ¢´¥´¨Ö³ ˜·¥¤¨´£¥·  (4) ¨²¨ ” ¤¤¥¥¢  (6) ¨ ¶·¥¤¸É ¢¨³Ò¥ ¢ ¢¨¤¥
±µ´¥Î´ÒÌ ¶·µ¨§¢¥¤¥´¨° ¨ (¨²¨) ¸Ê³³, ¸µ¤¥·¦ Ð¨Ì Éµ²Ó±µ Î¨¸²µ¢Ò¥ ±µÔËË¨-
Í¨¥´ÉÒ ¨ ¨§¢¥¸É´Ò¥ Ô²¥³¥´É ·´Ò¥ ¨²¨ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨. ’ ±¨¥ ·¥Ï¥´¨Ö
¨´É¥·¥¸´Ò ± ± ³µ¤¥²Ó´Ò¥ ¤²Ö  ´ ²¨É¨Î¥¸±¨Ì ¨¸¸²¥¤µ¢ ´¨° ¨ ± ± ÔÉ ²µ´´Ò¥
¤²Ö µÉ² ¤±¨ Î¨¸²¥´´ÒÌ  ²£µ·¨É³µ¢, ´µ µ´¨ ¨§¢¥¸É´Ò ²¨ÏÓ ¢ ¨¸±²ÕÎ¨É¥²Ó´ÒÌ
¸²ÊÎ ÖÌ.

‘ ³µ¥ ¶·µ¸Éµ¥ ÉµÎ´µ¥ ·¥Ï¥´¨¥ Å ²µ¦´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  [1]. ’ ± ± ± ²µ¦´µ¥ ·¥Ï¥´¨¥ ´¥ ´¥¸¥É ´¨± ±µ° ¨´Ëµ·³ Í¨¨ µ ±µ-
µ·¤¨´ É´µ° § ¢¨¸¨³µ¸É¨ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ µÉ¢¥Î ¥É É·¨¢¨ ²Ó´µ³Ê
·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , Éµ ¡²¨§µ¸ÉÓ ²µ¦´ÒÌ ·¥Ï¥´¨°, ´ °¤¥´´ÒÌ
 ´ ²¨É¨Î¥¸±¨, ¨ ²µ¦´ÒÌ ·¥Ï¥´¨°, ¢ÒÎ¨¸²¥´´ÒÌ ¨´É¥£·¨·µ¢ ´¨¥³ Ê· ¢´¥´¨°
” ¤¤¥¥¢ , ´¥ Ö¢²Ö¥É¸Ö ±·¨É¥·¨¥³ ÉµÎ´µ¸É¨ ¶·µ¢¥·Ö¥³µ£µ Î¨¸²¥´´µ£µ  ²£µ-
·¨É³ .

’µÎ´Ò³¨ Ö¢²ÖÕÉ¸Ö ¨§¢¥¸É´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´-
£¥·  ¸ µ¸Í¨²²ÖÉµ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ [1, 10, 18, 26]. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥-
ÕÉ¸Ö Éµ²Ó±µ ¸¢Ö§ ´´Ò¥ É·¥ÌÎ ¸É¨Î´Ò¥ ¸µ¸ÉµÖ´¨Ö ¸ ¶µ²µ¦¨É¥²Ó´µ° ¶µ²´µ°
Ô´¥·£¨¥° E. �µÔÉµ³Ê µ¸Í¨²²ÖÉµ·´Ò¥ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ ³µ£ÊÉ ¡ÒÉÓ
³µ¤¥²Ó´Ò³¨ ¤²Ö ¶·¨¡²¨¦¥´´µ£µ µ¶¨¸ ´¨Ö É·¥ÌÎ ¸É¨Î´ÒÌ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ-
´¨° ¨ ÔÉ ²µ´´Ò³¨ Éµ²Ó±µ ¶·¨ É¥¸É Ì  ²£µ·¨É³µ¢ Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨
´  É·¥ÌÎ ¸É¨Î´Ò¥ ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¸ E > 0. Š² ¸¸ É ±¨Ì § ¤ Î ¸²¨Ï-
±µ³ Ê§µ± ¨ ¸µ¸Éµ¨É ¨§ § ¤ Î ¸ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ § ¶¨· ÕÐ¥£µ É¨¶ :
Vk(xk)→∞, xk →∞, k = 1, 2, 3 .

‚ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° (3) Í¥´É·µ¡¥¦´µ£µ É¨¶ 

Vk(xk) ≡ ckx
−2
k Idk , Idk ≡

∑
b≤d

P b
k , P b

k ≡
b∑

β=−b

|Ybβ(x̂k)〉〈Ybβ(x̂k)|, (57)
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£¤¥ k = 1, 2, 3; ck Å ´¥´Ê²¥¢ Ö ¤¥°¸É¢¨É¥²Ó´ Ö ±µ´¸É ´É ; ¨§¢¥¸É´Ò [27Ä29,47]
²¨ÏÓ Ë ±Éµ·¨§µ¢ ´´Ò¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  Å ËÊ´±Í¨¨
É¨¶  Ψε

i = Zp(z)Fi(Ωi; p2), £¤¥ i = 1, 2, 3; Zp Å ËÊ´±Í¨Ö q¥¸¸¥²Ö [3];

  z ≡ r
√
E. …¸²¨ ¢ ± Î¥¸É¢¥ Zp ¢Ò¡· ÉÓ ËÊ´±Í¨Õ • ´±¥²Ö H

(1)
p (z) ¨²¨

³µ¤¨Ë¨Í¨·µ¢ ´´ÊÕ ËÊ´±Í¨Õ q¥¸¸¥²Ö Kp(|z|), Éµ ¢ ¶·¥¤¥²¥ r → ∞ Ë ±Éµ-
·¨§µ¢ ´´Ò¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¡Ê¤ÊÉ ¨³¥ÉÓ ± Î¥¸É¢¥´´µ ¶µÌµ¦¨¥ ´  Ë¨§¨Î¥-
¸±¨¥ [13], µ¸Í¨²²¨·ÊÕÐ¨¥ ¢ ¸²ÊÎ ¥ E > 0 ¨²¨ Ô±¸¶µ´¥´Í¨ ²Ó´µ Ê¡Ò¢ ÕÐ¨¥
¢ ¸²ÊÎ ¥ E < 0  ¸¨³¶ÉµÉ¨±¨. �µÔÉµ³Ê É ±¨¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¨ ¨Ì ²¨´¥°-
´Ò¥ ±µ³¡¨´ Í¨¨ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¨ ± ± ³µ¤¥²Ó´Ò¥, ¨ ± ± ÔÉ ²µ´´Ò¥ ¤²Ö
É¥¸É¨·µ¢ ´¨Ö Î¨¸²¥´´ÒÌ  ²£µ·¨É³µ¢ ¨´É¥£·¨·µ¢ ´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨
˜·¥¤¨´£¥·  ¤²Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¨ § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ É·¥ÌÎ ¸É¨Î´Ò¥ ¸µ-
¸ÉµÖ´¨Ö. ‚¢¨¤Ê µÉ³¥Î¥´´µ° Ê´¨¢¥·¸ ²Ó´µ¸É¨ ¨ §´ Î¨³µ¸É¨ ÉµÎ´ÒÌ ·¥Ï¥´¨°
Ψε

i = Zp(z)F ε
i (Ωi; p2), i = 1, 2, 3, ± ± ÔÉ ²µ´´ÒÌ, ¨¸¸²¥¤µ¢ ´¨¥ ¨Ì £¨¶¥·Ê£²µ-

¢µ° § ¢¨¸¨³µ¸É¨  ±ÉÊ ²Ó´µ ¨ ¨´É¥·¥¸´µ.

‚ · ¡µÉ¥ [47] ¤²Ö ¶µ¸É·µ¥´¨Ö ËÊ´±Í¨¨ F ε
1 ¢ ¸²ÊÎ ¥ É·¥Ì Éµ¦¤¥¸É¢¥´-

´ÒÌ ¡µ§µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ (57) ¨ ! = 0 Î¨¸²¥´´µ ·¥-
Ï ²µ¸Ó µ¤´µ³¥·´µ¥ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ” ¤¤¥¥¢ . �µ§¦¥ ¢
· ¡µÉ¥ [27] ¤²Ö Ê· ¢´¥´¨Ö É ±µ£µ É¨¶ , ´µ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ (! = 0 ¨²¨ ! �= 0),
¡Ò² ¤µ± § ´ ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ÉµÎ´ÒÌ ·¥Ï¥´¨°, ¶·¥¤¸É ¢¨³ÒÌ ¢ ¢¨¤¥
±µ´¥Î´ÒÌ ²¨´¥°´ÒÌ ±µ³¡¨´ Í¨° ¡ §¨¸´ÒÌ ËÊ´±Í¨° (9) ¨ ±µÔËË¨Í¨¥´Éµ¢,
¶µ¤Î¨´¥´´ÒÌ ¸¨¸É¥³ ³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°.

�·¥¤²µ¦¥´´Ò° ¢ · ¡µÉ¥ [27] ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ¨ ¤µ± § É¥²Ó¸É¢  ±·¨É¥-
·¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ÉµÎ´ÒÌ ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨³ ¨ ¤µ¸É ÉµÎ´µ
¶·µ¸ÉÒ³, É ± ± ± ¢ ¥£µ · ³± Ì ¨¸Ìµ¤´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸¢µ-
¤¨É¸Ö ±  ´ ²¨§Ê ´  ¸µ¢³¥¸É´µ¸ÉÓ ¨ ¶µ¸²¥¤ÊÕÐ¥³Ê ·¥Ï¥´¨Õ ±µ´¥Î´ÒÌ ¸¨¸É¥³
²¨´¥°´ÒÌ Ê· ¢´¥´¨°. �µÔÉµ³Ê ¨ ¤²Ö ¤ ²Ó´¥°Ï¥£µ · §¢¨É¨Ö É¥µ·¨¨ ” ¤¤¥¥¢ ,
¨ ¤²Ö ¶·¨±² ¤´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ¨¸¸²¥¤µ¢ ´¨° ¶·¥¤¸É ¢²Ö²µ¸Ó ¨´É¥·¥¸´Ò³
µ¡µ¡Ð¥´¨¥ ÔÉµ£µ ³¥Éµ¤  ¤²Ö ¸¨¸É¥³ ¨§ É·¥Ì ´¥ µ¡Ö§ É¥²Ó´µ Éµ¦¤¥¸É¢¥´´ÒÌ
Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ (d = ∞) ¨²¨ ´¥Í¥´É· ²Ó´Ò³¨ (d < ∞) ¢§ ¨³µ¤¥°-
¸É¢¨Ö³¨ (57). ’ ±µ¥ µ¡µ¡Ð¥´¨¥ [28] ¨§² £ ¥É¸Ö ¢ ¶. 3.1.

Š ± ¨§¢¥¸É´µ [8], · ¤¨ ²Ó´µ¥ ¤¢ÊÌÎ ¸É¨Î´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸
¶µÉ¥´Í¨ ²µ³ v(x) = cx−2 ¨ Ê£²µ¢Ò³ ³µ³¥´Éµ³ b ¶·¨ ¶µ²µ¦¨É¥²Ó´µ° Ô´¥·£¨¨
e ¨ ±µ´¸É ´É¥ c, ¶µ¤Î¨´¥´´µ° Ê¸²µ¢¨Õ c > cb ≡ −(b + 1/2)2, ¨³¥¥É ¸² ¡µ
¸¨´£Ê²Ö·´µ¥ ´  ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ x, ´µ Ë¨§¨Î¥¸±¨ ¤µ¶Ê¸É¨³µ¥ (xψb →
0, x→ 0) ·¥Ï¥´¨¥ ψb, µ¶¨¸Ò¢ ÕÐ¥¥ · ¸¸¥Ö´¨¥. �·¨ c < cb ÔÉµ ¦¥ Ê· ¢´¥´¨¥
¨³¥¥É ¨ ¤¨¸±·¥É´Ò° ¸¶¥±É·, ¶·¨Î¥³ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ µÉ¢¥Î ¥É Ô´¥·£¨¨ e =
−∞. ‚ ÔÉµ³ ¸µ¸ÉµÖ´¨¨ Î ¸É¨ÍÒ ´ Ìµ¤ÖÉ¸Ö ¢ ¡¥¸±µ´¥Î´µ ³ ²µ° µ±·¥¸É´µ¸É¨
¨Ì Í¥´É·  ³ ¸¸ (x = 0), ¶µÔÉµ³Ê £µ¢µ·ÖÉ, ÎÉµ ¶·µ¨¸Ìµ¤¨É ®¶ ¤¥´¨¥¯ Î ¸É¨Í
¢ ÉµÎ±Ê x = 0.

“¸²µ¢¨Ö ®¶ ¤¥´¨Ö¯ ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í ¸ Í¥´É·µ¡¥¦´Ò³¨ ¢§ ¨³µ-
¤¥°¸É¢¨Ö³¨ (57), É. ¥. µ£· ´¨Î¥´¨Ö ´  ±µ´¸É ´ÉÒ c1, c2, c3, ¢ µ¡Ð¥³ ¸²ÊÎ ¥
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´¥¨§¢¥¸É´Ò. �µÔÉµ³Ê ¢ ¶. 3.2 µ¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¤ ´´µ³Ê ¢ · -
¡µÉ¥ [29]  ´ ²¨§Ê ¶·µ¸É¥°Ï¨Ì ÉµÎ´ÒÌ ·¥Ï¥´¨° (¸²ÊÎ ° S-¢µ²´µ¢ÒÌ ¢§ ¨-
³µ¤¥°¸É¢¨° (57) ¨ ! = 0): µ¶¨¸Ò¢ ¥É¸Ö ¶µ¸É·µ¥´¨¥ É ±¨Ì ·¥Ï¥´¨° ¶·¨ ¢¸¥Ì
¤µ¶Ê¸É¨³ÒÌ ±µ´¥Î´ÒÌ ±µ´¸É ´É Ì, ¢ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¥¤¥² Ì µ¤´µ°
¨ ¤¢ÊÌ ¡¥¸±µ´¥Î´µ ¡µ²ÓÏ¨Ì ¶µ ³µ¤Ê²Õ ±µ´¸É ´É ¨ ¨¸¸²¥¤Ê¥É¸Ö · §¡¨¥´¨e
ÉµÎ´ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ´  Ë¨§¨Î¥¸±¨¥ ¨ ²µ¦´Ò¥ ¸² £ ¥³Ò¥.

‚ ¶. 3.3 ¨¸¸²¥¤ÊÕÉ¸Ö ´  ¤µ¸Éµ¢¥·´µ¸ÉÓ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡µÉÒ [47].
3.1. =µ¸É·µ¥´¨¥ ¨ ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ÉµÎ´ÒÌ ·¥Ï¥´¨°. �µ¸É ¢¨³

§ ¤ ÎÊ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³: ¢ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° (57) ¤µ± § ÉÓ ¢ ±² ¸¸¥
Bε, ε = (E, !,m), ±·¨É¥·¨° ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ³¥Éµ¤ ¶µ¸É·µ¥-
´¨Ö ¢¸¥Ì ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (4) É¨¶ 

Ψε(ri; p2) = r−2Zp(z)F ε(Ωi; p2), z ≡ r
√
E, (58)

F ε(Ωi; p2) =
t∑

L=s

i∑
ab

B�
LabY

�m
Lab(Ωi), (59)

£¤¥ s Å ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ¥ ¶·¨ ¤ ´´µ³ ε §´ Î¥´¨¥ £¨¶¥·³µ³¥´É ; t <∞;
  iB�

Lab ¨ p Å ´¥±µÉµ·Ò¥ ¶µ¸ÉµÖ´´Ò¥.
�·¨¸ÉÊ¶¨³ ± ¶µ¸É·µ¥´¨Õ. “³´µ¦¨¢ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (4), § ¶¨¸ ´-

´µ¥ ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈r,Ωi|, ´  r2, ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥

[
r−3∂r(r5∂r) + r2E

]
Ψε(ri) =

[
L2(Ωi) +

3∑
k=1

Idkck sec2 ϕk

]
Ψε(ri). (60)

‚ ¥£µ ²¥¢µ° Î ¸É¨ ¢¸¥ µ¶¥· Éµ·Ò ¤¥°¸É¢ÊÕÉ Éµ²Ó±µ ´   ·£Ê³¥´É r,   ¢ ¶· -
¢µ° Å ´  ¢¸¥ µ¸É ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ Ωi. „¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö É -
±µ£µ É¨¶  ³µ£ÊÉ ¨³¥ÉÓ Ë ±Éµ·¨§µ¢ ´´Ò¥ ·¥Ï¥´¨Ö, ±µÉµ·Ò¥ ¸É·µÖÉ¸Ö ³¥Éµ¤µ³
· §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ [2]. �·¨³¥´¨³ ÔÉµÉ ³¥Éµ¤ ± Ê· ¢´¥´¨Õ (60): ¶µ¤-
¸É ´µ¢±µ° (58) ¸¢¥¤¥³ ¥£µ ± ¤¢Ê³ Ê· ¢´¥´¨Ö³, ¸¢Ö§ ´´Ò³ ¶µ¸·¥¤¸É¢µ³ ¶µ± 
´¥ ¨§¢¥¸É´µ° ¶µ¸ÉµÖ´´µ° · §¤¥²¥´¨Ö p2 ¶¥·¥³¥´´ÒÌ r ¨ Ωi. �¥·¢µ¥ Ê· ¢´¥-
´¨¥ Å Ìµ·µÏµ ¨§ÊÎ¥´´µ¥ ¶·¨ ¢¸¥Ì ±µ³¶²¥±¸´ÒÌ z ¨ p Ê· ¢´¥´¨¥ q¥¸¸¥²Ö [3]
¸ ¶µ±  ´¥ µ¶·¥¤¥²¥´´Ò³ p:(

z2∂2
z + z∂z + z2 − p2

)
Zp(z) = 0, (61)

  ¢Éµ·µ¥ Ê· ¢´¥´¨¥ ³µ¦´µ ¨´É¥·¶·¥É¨·µ¢ ÉÓ ± ± É·¥ÌÎ ¸É¨Î´µ¥ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥·  ´  S5 ¸ ¶ · ³¥É·µ³ p2 − 4 ¢ ± Î¥¸É¢¥ Ô´¥·£¨¨:[

L2(Ωi) +
3∑

k=1

Idkck sec2 ϕk − (p2 − 4)

]
F ε(Ωi; p2) = 0. (62)
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‘¢¥¤¥³ ÔÉµ Ê· ¢´¥´¨¥ ± Ê· ¢´¥´¨Ö³ Ë ¤¤¥¥¢¸±µ£µ É¨¶ . Ÿ¸´µ, ÎÉµ Ë ¤¤¥-
¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ ¨¸±µ³µ° ËÊ´±Í¨¨ (58) ¨³¥ÕÉ ¢¨¤

Ψε
i (ri; p

2) = r−2Zp(z)F ε
i (Ωi; p2), i = 1, 2, 3, (63)

¶µÔÉµ³Ê ËÊ´±Í¨Ö F ε ¶·¥¤¸É ¢²Ö¥É¸Ö ¸Ê³³µ° ¸¢µ¨Ì ±µ³¶µ´¥´É F ε
k :

F ε(Ωi; p2) = F ε
i (Ωi; p2) +

∑
k �=i

F ε
k (Ωk(Ωi; γki); p2). (64)

ˆ¸¶µ²Ó§ÊÖ (63) ¨ (64) ¨ ÉµÉ Ë ±É, ÎÉµ Zp Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (61), ¢Ò¢µ¤¨³
¨§ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (6) ¢ R6 Ê· ¢´¥´¨Ö Ë ¤¤¥¥¢¸±µ£µ É¨¶  ´  S5:

cos2 ϕi

[
L2(Ωi) + 4− p2

]
F ε
i (Ωi; p2) = −ci Idi

3∑
k=1

F ε
k (Ωk; p2), i = 1, 2, 3. (65)

„²Ö ¨Ì ·¥¤Ê±Í¨¨ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ  ´§ ÍÒ

F ε
i (Ωi; p2) =

t∑
L=s

∑
ab

Bi�
LabY

�m
Lab(Ωi), i = 1, 2, 3, (66)

¸ ¶µ¸ÉµÖ´´Ò³¨ t ¨ Bi�
Lab ¨ ¤¢¥ ±²ÕÎ¥¢Òe Ëµ·³Ê²Ò. �¥·¢ Ö ¨§ ´¨Ì ¸¢Ö§Ò¢ ¥É

±µÔËË¨Í¨¥´ÉÒ · §²µ¦¥´¨° ËÊ´±Í¨¨ F ε(ri; p2) ¨ ¥¥ ±µ³¶µ´¥´É F ε
k (rk; p

2):

iB�
Lab = Bi�

Lab +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L�B
k�
La′b′ (67)

¨ ¶µ²ÊÎ ¥É¸Ö ¶µ¤¸É ´µ¢±µ° (59) ¨ (66) ¢ (64) ¨ ¶µ¸²¥¤ÊÕÐ¨³ ¶·¨³¥´¥´¨¥³
¶· ¢¨²  (11). ‚Éµ· Ö ±²ÕÎ¥¢ Ö Ëµ·³Ê² 

cos2 ϕiY
�m
Lab(Ωi) =

L+2∑
L′=L−(L)

Cab
L′LY

�m
L′ab(Ωi), (68)

£¤¥ L−(L) ≡ L− 2(1− δLs)(1 − δL,a+b); L = a+ b+ 2n;

Cab
LL =

1
2

[
1 +

(b− a)(a+ b+ 1)
(L+ 1)(L+ 3)

]
, Cab

LL′ = Cab
L′L;

Cab
L,L−2 =

1
4

[(
1− a+ b

L

)(
1 +

a+ b

L+ 2

)]1/2 [
1−

(
a− b

L+ 1

)2
]1/2

;

¸²¥¤Ê¥É ¨§ (8) ¨ ¨§¢¥¸É´µ£µ ¢Ò· ¦¥´¨Ö [3] ËÊ´±Í¨¨ qP
(a+1/2,b+1/2)
n (q)  ·£Ê-

³¥´É  q ≡ cos 2ϕ Î¥·¥§ ËÊ´±Í¨¨ P
(a+1/2,b+1/2)
m (q) ¸ m = n, n± 1.
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�·¨¸ÉÊ¶¨³ ± ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò (65) ¢ ¸ ³µ³ µ¡Ð¥³ ¸²ÊÎ ¥ É·¥Ì Í¥´É· ²Ó-
´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° (57), ±µ£¤  Idk = I , k = 1, 2, 3. ˆ¸¶µ²Ó§ÊÖ  ´§ Í (66) ¨
Ëµ·³Ê²Ò (10), (67), (68), ¸¢o¤¨³ ¨¸¸²¥¤Ê¥³ÊÕ ¸¨¸É¥³Ê (65) ± É·¥³ · ¢´Ò³
´Ê²Õ ²¨´¥°´Ò³ ±µ³¡¨´ Í¨Ö³ £¨¶¥·£ ·³µ´¨± Y �m

Lab ¸ L = s, s + 2, . . . , t + 2.
�·¨· ¢´¨¢ Ö ´Ê²Õ ±µÔËË¨Í¨¥´É ¶¥·¥¤ ± ¦¤µ° £¨¶¥·£ ·³µ´¨±µ°, ¶µ²ÊÎ ¥³
¨¸±µ³ÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ Bi�

Lab. ŠµÔËË¨Í¨-
¥´ÉÒ ¶¥·¥¤ ¢¸¥³¨ £¨¶¥·£ ·³µ´¨± ³¨ Y �m

t+2,ab · ¢´Ò ´Ê²Õ, ¥¸²¨ p2 = (t+ 2)2.
ˆ¸¶µ²Ó§ÊÖ ÔÉÊ ¸¢Ö§Ó ¨ µ¡µ§´ Î¥´¨Ö (67), µ¸É ²Ó´Ò¥ ²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö § -
¶¨¸Ò¢ ¥³ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  L. ’µ£¤  ¤²Ö ´¥¨§¢¥¸É´ÒÌ Bi�

Lab ¸
L = s, s+2, . . . , t− 2 ¶µ²ÊÎ¨É¸Ö ¸¨¸É¥³  ¸ ²¥´ÉµÎ´µ° ³ É·¨Í¥° At ±µ´¥Î´µ°
· §³¥·´µ¸É¨ 3N :

L+2∑
L′=L−(L)

[
(L′ + 2)2 − p2

]
Cab
L′LB

i�
L′ab + ci

iB�
Lab = 0, (69)

  ¤²Ö ´¥¨§¢¥¸É´ÒÌ Bi�
tab Å ¸¨¸É¥³  Ê· ¢´¥´¨° ¸ ´¥· §·Ö¦¥´´µ° ³ É·¨Í¥° Mt:

ci
iB�

tab = ci


Bi�

tab +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉t�Bk�
ta′b′


 =

= 4(t+ 1)Cab
t,t−2B

i�
t−2,ab. (70)

Œ É·¨Í  Mt ¢Ò·µ¦¤¥´ , É ± ± ± µ¤´µ·µ¤´ Ö ¸¨¸É¥³  (70) ¨³¥¥É ´¥É·¨¢¨ ²Ó-
´µ¥ ·¥Ï¥´¨¥

B1�
tab = −

3∑
k=2

∑
a′b′

〈ab|K(γk1)|a′b′〉t�Bk�
ta′b′ , ∀Bk�

tab, ∀a, b,

¢ Î¥³ ´¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö, ¨¸¶µ²Ó§ÊÖ ¸¢µ°¸É¢  (2) ¨ ¨§¢¥¸É´Ò¥ ¸µµÉ´µÏ¥´¨Ö
¸¨³³¥É·¨¨, µ·Éµ´µ·³¨·µ¢ ´´µ¸É¨ ¨ ¶· ¢¨²  ¸Ê³³ [23] ¤²Ö ³ É·¨Î´ÒÌ Ô²¥-
³¥´Éµ¢ µ¶¥· Éµ·  K(γki). ‘²¥¤µ¢ É¥²Ó´µ, ¶µ ¨§¢¥¸É´µ° ¢ ²¨´¥°´µ°  ²£¥¡·¥
É¥µ·¥³¥ [4] ´¥µ¤´µ·µ¤´ Ö ¸¨¸É¥³  (70) ´¥ ¸µ¢³¥¸É´ .

ˆÉ ±, Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (4) ¸ Í¥´É· ²Ó´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ (57)
´¥ ¨³¥¥É ´¥É·¨¢¨ ²Ó´ÒÌ ·¥Ï¥´¨° É¨¶  (58), (59).

�Ê¸ÉÓ ¢¸¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ´¥Í¥´É· ²Ó´Ò¥ ¨ µ¶·¥¤¥²¥´Ò ¸Ê³³ ³¨ (57),
£¤¥ b = 0, 1, . . . , d < ∞. …¸²¨ ¢ ¨¸±µ³ÒÌ ·Ö¤ Ì (66) t ≤ d, Éµ Idi = I ¤²Ö
¢¸¥Ì ËÊ´±Í¨° Y �m

Lab ¸ L ≤ t,   ¢ ¸¨¸É¥³ Ì (69) ¨ (70) ¨´¤¥±¸Ò a, a′ ¨ b, b′

¶·¨´¨³ ÕÉ ²Õ¡Ò¥ ¤µ¶Ê¸É¨³Ò¥ §´ Î¥´¨Ö. �µÔÉµ³Ê det Mt = 0, ¨, ± ± ¨ ¢
· ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¸²ÊÎ ¥, ÉµÎ´ÒÌ ·¥Ï¥´¨° É¨¶  (66) ´¥É. …¸²¨ ¦¥ t > d,
Éµ Idi Y

�m
Lab = 0 ¶·¨ b > d. �µÔÉµ³Ê ¢ ¸¨¸É¥³ Ì (69) ¨ (70) ¨´¤¥±¸Ò b ¨

b′ ´¥ ¶·¥¢ÒÏ ÕÉ d,   ¨´¤¥±¸Ò a ¨ a′ µ£· ´¨Î¥´Ò Ê¸²µ¢¨Ö³¨ É·¥Ê£µ²Ó´¨± .
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�·¨ É ±¨Ì µ£· ´¨Î¥´¨ÖÌ ³ É·¨Í  Mt ³µ¦¥É ¡ÒÉÓ ´¥¢Ò·µ¦¤¥´´µ°,   ³ É·¨Í 
At Å ¢Ò·µ¦¤¥´´µ°. ’µ£¤  µ¡¥ ¸¨¸É¥³Ò (69) ¨ (70) ´¥É·¨¢¨ ²Ó´µ ¸µ¢³¥¸É´Ò.

ˆÉ ±, ¥¸²¨ ¢ ¸²ÊÎ ¥ ´¥Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° (57) ¸ ¨´¤¥±¸µ³ b =
0, 1, . . . , d <∞ ¢Ò¶µ²´ÖÕÉ¸Ö Ê¸²µ¢¨Ö

p2 = (t+ 2)2, t > d, det At = 0, det Mt �= 0, (71)

  ¶µ¸ÉµÖ´´Ò¥ Bi�
Lab Ê¤µ¢²¥É¢µ·ÖÕÉ ¸¨¸É¥³ ³ (69) ¨ (70), Éµ ËÊ´±Í¨Ö Ψε, § -

¤ ´´ Ö Ëµ·³Ê² ³¨ (58), (59) ¨ (67), ¥¸ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (60).
„µ± ¦¥³, ÎÉµ ÔÉ¨ ¦¥ Ê¸²µ¢¨Ö Ö¢²ÖÕÉ¸Ö ´¥µ¡Ìµ¤¨³Ò³¨. �Ê¸ÉÓ ËÊ´±Í¨Ö

Ψε É¨¶  (58), (59) Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (60). „µ¸²µ¢´µ
¶µ¢Éµ·¨³ ¢Ò¢µ¤ ¸µµÉ´µÏ¥´¨Ö p2 = (t + 2)2 ¨ ¸¨¸É¥³ (69), (70). ’¥¶¥·Ó
±µÔËË¨Í¨¥´ÉÒ Bi�

Lab Ê¤µ¢²¥É¢µ·ÖÕÉ ÔÉ¨³ ¸¨¸É¥³ ³ ¶µ µ¶·¥¤¥²¥´¨Õ. ’ ±
± ± µ¤´µ·µ¤´ Ö ¸¨¸É¥³  (69) ¨³¥¥É ·¥Ï¥´¨¥, Éµ ¥¥ ³ É·¨Í  At ¢Ò·µ¦¤¥´ .

¥µ¤´µ·µ¤´ Ö ¸¨¸É¥³  (70) Éµ¦¥ ¨³¥¥É ·¥Ï¥´¨¥. ‘²¥¤µ¢ É¥²Ó´µ, detMt �= 0,
ÎÉµ, ± ± ¡Ò²µ ¶µ± § ´µ, ¢µ§³µ¦´µ Éµ²Ó±µ ¶·¨ t > d.

�¶¨Ï¥³ µ¤´Ê ¨§ ¢µ§³µ¦´ÒÌ ¸Ì¥³ ¢ÒÎ¨¸²¥´¨Ö ±µÔËË¨Í¨¥´Éµ¢ Bi�
Lab.

’ ± ± ± Ô²¥³¥´ÉÒ ³ É·¨Í At ¨ Mt § ¢¨¸ÖÉ µÉ µÉ´µÏ¥´¨° ³ ¸¸ ¶µ¸·¥¤-
¸É¢µ³ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²µ¢ (1) ¨ µÉ ±µ´¸É ´É ¢§ ¨³µ¤¥°¸É¢¨°, Éµ Ê¸²µ-
¢¨Ö (71) ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨ µ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ÔÉ¨Ì ³ ¸¸ ¨ ±µ´¸É ´É.
ˆ§ ¢¸¥Ì 3N ¸É·µ± ³ É·¨ÍÒ At Éµ²Ó±µ N ¸É·µ± ¸µ¤¥·¦ É ¶ · ³¥É· q = ck
µ¤´µ£µ ¨§ ¢§ ¨³µ¤¥°¸É¢¨° (57). �µÔÉµ³Ê detAt ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¶µ²¨´µ-
³µ³ ¸É¥¶¥´¨ N ¶µ Í¥²Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  q = ck ¸ ±µÔËË¨Í¨¥´É ³¨ Cn,
§ ¢¨¸ÖÐ¨³¨ µÉ ¤¢ÊÌ ¤·Ê£¨Ì ¶ · ³¥É·µ¢ ci, cj ¨ ¤¢ÊÌ µÉ´µÏ¥´¨° ³ ¸¸ Î ¸É¨Í.
Œ ¸¸Ê µ¤´µ° ¨§ Î ¸É¨Í ³µ¦´µ ¶·¨´ÖÉÓ §  ¥¤¨´¨ÍÊ ³ ¸¸. �·¨ ´ Ï¥³ ¢Ò¡µ·¥
q = c2 ¨ m3 = 1 ¶µ²ÊÎ ¥É¸Ö Ì · ±É¥·¨¸É¨Î¥¸±µ¥ Ê· ¢´¥´¨¥

det At =
N∑

n=0

Cn(c1, c3,m1,m2)cn2 = 0, (72)

   ´ ²¨§ Ê¸²µ¢¨Ö detAt = 0 ¸¢µ¤¨É¸Ö ± ¨¸¸²¥¤µ¢ ´¨Õ ¢¸¥Ì ¥£µ ¤¥°¸É¢¨É¥²Ó´ÒÌ
±µ·´¥° cν2 = c2(c1; c3,m1,m2), ν = 1, 2, . . . , ± ± ËÊ´±Í¨°  ·£Ê³¥´É  c1 ¨
¶ · ³¥É·µ¢ c3,m1,m2, ¶·¨Î¥³ ¶ · ³¥É·Ò m1 ¨ m2 ¡¥·ÊÉ¸Ö ²¨ÏÓ É ±¨³¨,
¶·¨ ±µÉµ·ÒÌ detMt �= 0.

�Ê¸ÉÓ ¶·¨ ¤ ´´ÒÌ ¨ ±µ´¥Î´ÒÌ c1, c3 ¨ m1, m2 ´ °¤¥´ ´¥±µÉµ·Ò° µ£· ´¨-
Î¥´´Ò° ±µ·¥´Ó cν2 Ê· ¢´¥´¨Ö (72). �µ²µ¦¨³ c2 = cν2 , Éµ£¤  ¶µ ±· °´¥° ³¥·¥
µ¤´µ ¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (69) ¡Ê¤¥É ²¨´¥°´µ § ¢¨¸¨³Ò³ µÉ ¢¸¥Ì µ¸É ²Ó-
´ÒÌ, ¶µÔÉµ³Ê µ¤´µ ´¥¨§¢¥¸É´µ¥ B1�

Lab ¢¸¥£¤  ³µ¦´µ ¢Ò¡· ÉÓ ¶·µ¨§¢µ²Ó´Ò³
µ¡· §µ³. „²Ö µ¶·¥¤¥²¥´´µ¸É¨ ¶µ² £ ¥³ B1�

Lab = 1 ¶·¨ L = a + b = s. „ ²¥¥
¨§ ¸¨¸É¥³Ò (69) ´ Ìµ¤¨³ ¢¸¥ ´¥¨§¢¥¸É´Ò¥ Bi�

Lab ¸ L ≤ t − 2. 
 °¤¥´´Ò¥
±µÔËË¨Í¨¥´ÉÒ Bi�

t−2,ab ¶µ¤¸É ¢²Ö¥³ ¢ ¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (70) ¨ ·¥Ï ¥³

¨Ì µÉ´µ¸¨É¥²Ó´µ Bi�
tab. ’ ±¨³ µ¡· §µ³, ´ Ìµ¤¨³ ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ Bi�

Lab,
µÉ¢¥Î ÕÐ¨¥ ¢Ò¡· ´´µ³Ê ±µ·´Õ cν2 .
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’¥¶¥·Ó µ¶¨Ï¥³ Éµ²Ó±µ É¥ ¶·¥¤¥²Ò µ¤´µ° ¨²¨ ¤¢ÊÌ ¡¥¸±µ´¥Î´µ ¡µ²ÓÏ¨Ì
¶µ ³µ¤Ê²Õ ±µ´¸É ´É c1 ¨ c2 = cν2 , ¢ ±µÉµ·ÒÌ ¶·¨ ±µ´¥Î´ÒÌ ¶µ¸ÉµÖ´´ÒÌ
c3 ¨ m1,m2 ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (69) ¨ (70) µ£· ´¨Î¥´Ò: |Bi�

Lab| < ∞ ¶·¨
¢¸¥Ì ¢µ§³µ¦´ÒÌ ¨´¤¥±¸ Ì. ‚µ ¢¸¥Ì ¨´ÒÌ ¶·¥¤¥² Ì (|Bi�

Lab| = ∞ ÌµÉÖ ¡Ò
¤²Ö µ¤´µ° ¸µ¢µ±Ê¶´µ¸É¨ ¨´¤¥±¸µ¢) · §²µ¦¥´¨Ö (66) ¨¸±µ³ÒÌ ±µ³¶µ´¥´É Fi

É¥·ÖÕÉ ¸³Ò¸², ¨¡µ ¨³¥ÕÉ ÌµÉÖ ¡Ò µ¤¨´ ¡¥¸±µ´¥Î´Ò° ±µÔËË¨Í¨¥´É Bi�
Lab.

�Ê¸ÉÓ ¶·¨ c1 → ∞ ´¥±µÉµ·Ò° ±µ·¥´Ó cν2 ¨³¥¥É ±µ´¥Î´Ò° ¶·¥¤¥² cs2.
�·¨ ´¥¡µ²ÓÏ¨Ì t É ±µ° ±µ·¥´Ó ¨ ¢¸¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê ´¥¨§¢¥¸É´Ò¥ Bi�

Lab

Ê¤ ¥É¸Ö ¢Ò· §¨ÉÓ Ö¢´µ ¶·µ¸ÉÒ³¨ ËÊ´±Í¨Ö³¨  ·£Ê³¥´É  c1 ¨ ¢¸¥Ì ¶ · ³¥-
É·µ¢: cν2 = cν2(c1; c3,m1,m2), Bi�

Lab(1; c3,m1,m2),   § É¥³ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê
c1 = ∞. �·¨ ¡µ²ÓÏ¨Ì t É ±¨x ¢Ò· ¦¥´¨° ´¥ ¸ÊÐ¥¸É¢Ê¥É, ´µ ³µ¦´µ ¢Ò-
Î¨¸²¨ÉÓ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö ±µ·´Ö cν2 ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê ¶·¥¤¥²Ó´Ò¥
±µÔËË¨Í¨¥´ÉÒ Bi�

Lab ¡¥§ Ô±¸É· ¶µ²ÖÍ¨¨. �¶¨Ï¥³ É ±µ°  ²£µ·¨É³.
‚ Ê· ¢´¥´¨ÖÌ (69) ¨ (70) ¶µ²µ¦¨³ c2 = cs2. “· ¢´¥´¨Ö, ¸µ¤¥·¦ Ð¨¥

¶ · ³¥É· c1, ¸´ Î ²  ¶µ¤¥²¨³ ´  c1,   § É¥³ ¶¥·¥°¤¥³ ± ¶·¥¤¥²Ê c1 = ∞.
’µ£¤  É ±¨¥ Ê· ¢´¥´¨Ö ¶·¨³ÊÉ ¢¨¤

iBLab = B1�
Lab +

∑
k �=1

∑
a′b′

〈ab|K(γk1)|a′b′〉Bk�
La′b′ = 0, ∀L < t− 2, a, b, (73)

£¤¥ i = 1,   µ¸É ²Ó´Ò¥ ´¥ ¨§³¥´ÖÉ¸Ö. „ ²¥¥, ·¥Ï¨¢ ¤ ´´Ò¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°,
¸· §Ê ¶µ²ÊÎ ¥³ ¶·¥¤¥²Ó´Ò¥ ±µÔËË¨Í¨¥´ÉÒ Bi�

Lab. ‡ ³¥É¨³, ÎÉµ ¢ ¸¨²Ê (73)
·Ö¤ (59) ¶·¥¤¥²Ó´µ° ËÊ´±Í¨¨ F ¢ ¶·¥¤¸É ¢²¥´¨¨ Ω1 ´¥ ¸µ¤¥·¦¨É £¨¶¥·£ ·-
³µ´¨± ¸ a+ b < d:

F (Ωi; p2) =
t∑

L=s

L/2∑
ab

iBLab Y
�m
Lab(Ωi) . (74)

�´ ²¨§ ¤·Ê£¨Ì ¶·¥¤¥²Ó´ÒÌ ·¥Ï¥´¨° ¶·¨´Í¨¶¨ ²Ó´µ ´¥ µÉ²¨Î ¥É¸Ö µÉ
¤ ´´µ£µ ¢ÒÏ¥: ¥¸²¨ |cν2 | → ∞ ¶·¨ c1 → cs1 ¨ |cs1| <∞, Éµ ¢ Ëµ·³Ê² Ì (73) ¨
(74) ¶µ² £ ¥³ i = 2; ¥¸²¨ ¦¥ |cν2 | → ∞ ¶·¨ |c1| → ∞, Éµ ¢ ÔÉ¨Ì ¦¥ Ëµ·³Ê² Ì
i = 1, 2, a k = 3.

ˆÉ ±, ¸²ÊÎ ° ¢§ ¨³µ¤¥°¸É¢¨° (57) ¸ ¨´¤¥±¸µ³ b = 1, 2, . . . , d <∞ ¶µ²´µ-
¸ÉÓÕ · ¸¸³µÉ·¥´. ‚¸¥ µ¸É ²Ó´Ò¥ ¸²ÊÎ ¨, ±µ£¤  ¨´¤¥±¸ b ¶·µ¡¥£ ¥É ¶·µ¨§¢µ²Ó-
´ÊÕ, ´µ ±µ´¥Î´ÊÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ (b ≤ d < ∞), ³µ¦´µ ¨¸¸²¥¤µ¢ ÉÓ É¥³
¦¥ ¸¶µ¸µ¡µ³ ¨ ¶µ± § ÉÓ, ÎÉµ ´¥§ ¢¨¸¨³µ µÉ ¢Ò¡µ·  É ±µ° ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨
¸Ëµ·³Ê²¨·µ¢ ´´Ò° ¢ÒÏ¥ ±·¨É¥·¨° µ¸É ¥É¸Ö ¢ ¸¨²¥.

…¸²¨ ¤¢¥ ¨²¨ ¢¸¥ É·¨ Î ¸É¨ÍÒ Éµ¦¤¥¸É¢¥´´Ò¥, Éµ ¨§-§  Ê¸²µ¢¨° ¶¥·¥¸É -
´µ¢µÎ´µ° ¸¨³³¥É·¨¨ ´  ±µÔËË¨Í¨¥´ÉÒ BiL

ab ´ ±² ¤Ò¢ ÕÉ¸Ö ¤µ¶µ²´¨É¥²Ó´Ò¥
µ£· ´¨Î¥´¨Ö, ÎÉµ ´¨± ± ´¥ ¢²¨Ö¥É ´  µ±µ´Î É¥²Ó´Ò¥ ¢Ò¢µ¤Ò µ ¸ÊÐ¥¸É¢µ¢ ´¨¨
ÉµÎ´ÒÌ ·¥Ï¥´¨°.
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 ¶·¨³¥·, ¶Ê¸ÉÓ Î ¸É¨ÍÒ p1, p2, p3 Å Éµ¦¤¥¸É¢¥´´Ò¥ ¡µ§µ´Ò. ˆ§¢¥¸É´Ò¥
Ê¸²µ¢¨Ö ¶µ²´µ° ¶¥·¥¸É ´µ¢µÎ´µ° ¸¨³³¥É·¨¨ [13]

Ψε
i = PkiΨε

k, Ψε = PkiΨε = (I + P12P23)Ψε
i , k �= i = 1, 2, 3, (75)

¢Ò¶µ²´ÖÕÉ¸Ö ¤²Ö ¨¸±µ³ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É (63)Ä(66) ¨ µÉ¢¥Î ÕÐ¥°
¨³ ËÊ´±Í¨¨ (58), ¥¸²¨ ¶µ²µ¦¨ÉÓ Bk�

Lab = B1�
Lab ¨ B1�

Lab = 0 ¶·¨ ´¥Î¥É´ÒÌ b.
3.2. =·¨³¥·Ò ÉµÎ´ÒÌ ·¥Ï¥´¨°. „²Ö ¶µÖ¸´¥´¨Ö µ¶¨¸ ´´µ£µ ¢ÒÏ¥ ³¥Éµ¤ 

¶·¨¢¥¤¥³ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¢ ¸ ³µ³ ¶·µ¸Éµ³ ¸²ÊÎ ¥, ±µ£¤  ¢¸¥ ¢§ ¨³µ¤¥°-
¸É¢¨Ö (57) S-¢µ²´µ¢Ò¥ (d = 0),   ¶µ²´Ò° Ê£²µ¢µ° ³µ³¥´É ´Ê²¥¢µ°.

’ ± ± ± ! = 0, Éµ ε = (0, 0, 1), ¨´¤¥±¸Ò a′, b′, a, b ¶µ¤Î¨´¥´Ò Ê¸²µ¢¨Ö³
a′ = b′ ¨ a = b,   ¨´¤¥±¸Ò L ¨ t Å ¢¸¥£¤  Î¥É´Ò¥ Î¨¸² : L = 2(n − 1),
t = 2(m − 1), £¤¥ m ¨ n Å ´ ÉÊ· ²Ó´Ò¥, s ≡ minL = 0. ˆ§-§  Éµ£µ, ÎÉµ
d = 0, ¶µ²´Ò° Ê£²µ¢µ° ¡ §¨¸ ¤²Ö · §²µ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψε

i ¨
F ε
i µ¡· §Ê¥É £¨¶¥·£ ·³µ´¨±¨ Y 00

L00(Ωi),   ¤²Ö · §²µ¦¥´¨Ö ·¥Ï¥´¨° Ψε ¨ F ε

Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  (4), (60) Å £¨¶¥·£ ·³µ´¨±¨ Y 00
Laa.

�µ Éµ° ¦¥ ¶·¨Î¨´¥ ¨´¤¥±¸Ò a′, b′, a ¨ b ³µ£ÊÉ ¶·¨´¨³ ÉÓ ¢ Ê· ¢´¥-
´¨ÖÌ (69) ¨ (70) Éµ²Ó±µ ´Ê²¥¢Ò¥ §´ Î¥´¨Ö (Bi0

Lab = 0, ¥¸²¨ a �= 0 ¨²¨ b �= 0).
„²Ö ¸µ±· Ð¥´¨Ö § ¶¨¸¨ µ¶Ê¸É¨³ ¨´¤¥±¸Ò ε ¨ ! ¨ µ¡µ§´ Î¨³ Bi

L ≡ Bi�
L00 ¨

iBLa ≡ iBLaa. ‚ ÔÉ¨Ì µ¡µ§´ Î¥´¨ÖÌ ¨¸±µ³Ò¥ ±µ³¶µ´¥´ÉÒ (66) Å µ¤´µ±· É-
´Ò¥ ¸Ê³³Ò

Fi(Ωi; p2) =
t∑

L=0

Bi
LY

00
L00(Ωi) = π−3/2

m∑
n=1

Bi
L

sin 2nϕi

sin 2ϕi
, i = 1, 2, 3, (76)

§ ¢¨¸ÖÐ¨¥ Éµ²Ó±µ µÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ê£²µ¢ ϕi. “· ¢´¥´¨Ö (65), ±µÉµ·Ò³
¶µ¤Î¨´ÖÕÉ¸Ö É ±¨¥ ±µ³¶µ´¥´ÉÒ, ¶µ¤¸É ´µ¢±µ°

Fi(Ωi; p2) =
4√
π
cosec 2ϕiUi(ϕi; p2)Y00

00 (Ωi), i = 1, 2, 3, (77)

¨ ¶µ¸²¥¤ÊÕÐ¨³ ¶·µ¥±É¨·µ¢ ´¨¥³ ´  ¡¨¸Ë¥·¨Î¥¸±¨¥ £ ·³µ´¨±¨ Y00
00 = (4π)−1

¸¢µ¤ÖÉ¸Ö ± µ¤´µ³¥·´Ò³ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³[
∂2
ϕi

+ p2 − ci
(cos ϕi)2

]
Ui(ϕi; p2) =

=
ci

(cos ϕi)2
∑
k �=i

1
| sin 2γki|

∫ C+(ϕi,γki)

C−(ϕi;γki)

dϕkUk(ϕk; p2), (78)

C−(ϕi; γki) ≡ |ϕi − |γki||, C+(ϕi; γki) ≡ min {ϕi + γki, π − ϕi − |γki|}.
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…¸²¨ ·Ö¤Ò (76) Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ (65), Éµ ¢ ¸¨²Ê ¸¢Ö§¥° (77)
·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° (78) ¡Ê¤ÊÉ ·Ö¤Ò

Ui(ϕi; p2) =
t∑

L=0

Bi
L sin 2nϕi, i = 1, 2, 3, n = L/2 + 1, (79)

  ³´µ¦¨É¥²Ó F ε ≡ F ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ÉµÎ´µ£µ ·¥Ï¥´¨Ö (58)

Ψ(ri; p2) =
3∑

k=1

Ψk(rk; p2) = r−2Zp(z)F (Ωi; p2) (80)

³µ¦´µ ¡Ê¤¥É ¢ÒÎ¨¸²¨ÉÓ ± ± ËÊ´±Í¨Õ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ ϕi ¨ ui = xiyi/xiyi:

F (Ωi; p2) ≡ Fi(ϕi; p2) +
∑
k �=i

Fk(ϕk(ϕi, ui; γki); p2), (81)

ϕk(ϕi, ui; γki) = arccos
[
cos2(γki − ϕi) +

1
2
(ui − 1) sin 2γki sin 2ϕi

]1/2
,

¨²¨ ¦¥ ± ± ¤¢Ê±· É´ÊÕ ¸Ê³³Ê

F (Ωi; p2) =
t∑

L=0

L/2∑
a=0

iBLa Y
00
Laa(Ωi), (82)

iBLa ≡ δa0 B
i
L +

∑
k �=i

〈aa|K(γki)|00〉L0 B
k
L. (83)

‘µ£² ¸´µ Ëµ·³Ê² ³ (36), (70) ³ É·¨Í  Mt = 0 ¢Ò·µ¦¤¥´  ¶·¨ t = 0, 2 ¨
¢¸¥£¤  ´¥ ¢Ò·µ¦¤¥´ , ¥¸²¨ t ≥ 4. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ t = 0, 2 ÉµÎ´ÒÌ ·¥Ï¥´¨°
´¥É. �·¨ t = 4 · §²µ¦¥´¨Ö (76), (79) ¨ (82) ÉµÎ´ÒÌ ·¥Ï¥´¨° ¸µ¤¥·¦ É
³¨´¨³ ²Ó´µ¥ Î¨¸²µ ¸² £ ¥³ÒÌ. �µÔÉµ³Ê ¢ ± Î¥¸É¢¥ ÔÉ ²µ´´ÒÌ ¶·¥¤² £ ¥É¸Ö
¨¸¶µ²Ó§µ¢ ÉÓ ¨³¥´´µ É ±¨¥ ·¥Ï¥´¨Ö. �¶¨Ï¥³ ¨Ì ¸¢µ°¸É¢  ¢ ¸²ÊÎ ¥ · §´ÒÌ
Î ¸É¨Í,   § É¥³ ¢ ¸²ÊÎ ¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢.

‘²ÊÎ ° É·¥Ì · §´ÒÌ Î ¸É¨Í. �·¨ t = 4 Ê· ¢´¥´¨¥ (72) Å ±¢ ¤· É´µ¥:

det A4 = det
(
D2D1 − I

)
= Ac22 +B c2 + C = 0 . (84)
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�·¨ ²Õ¡ÒÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ c1, c3 ¨ m1,m2 ¥£µ ±µÔËË¨Í¨¥´ÉÒ

A ≡ 15 + 2(t21 − 1)c1 + 2(t23 − 1)c3,

B ≡ 2(t21 − 1)c21 + 2(t23 − 1)c23 − 390−

− 2(16t21 + 5t1 − 36)c1 − 2(16t23 + 5t3 − 36)c3 +

+
2
3
[4(t21 + t22 + t23) + t1 + t2 + t3 − 12] c1c3 −

− 2
3
[cos 2(γ12 − γ31) + cos 2(γ12 − γ23) + cos 2(γ31 − γ23)]1c3,

C ≡ 15(c21 + c23) + 2[(t22 − 1)(c1 + c3)− 16t22 − 5t2 + 36] c1c3 −
− 390(c1 + c3) + 1800,

t1 ≡ cos 2γ12, t2 ≡ cos 2γ31, t3 ≡ cos 2γ23

(85)

É ±µ¢Ò, ÎÉµ ¤¨¸±·¨³¨´ ´É D ≡ B2 − 4AC ¶µ²µ¦¨É¥²¥´. �µÔÉµ³Ê ¢¸¥£¤ 
¨³¥ÕÉ¸Ö ¤¢  · §²¨Î´ÒÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ ±µ·´Ö c+2 ¨ c−2 :

c±2 (c1; c3,m1,m2) = −
B

2A

[
1± sign (cs1 − c1)

(
1− 4

AC

B2

)1/2
]
. (86)

‚ ±µµ·¤¨´ É´µ° ¶²µ¸±µ¸É¨ (c1, c2) (¤²Ö ¶·¨³¥·  ¸³. ·¨¸. 3) £· Ë¨± ¢¸Õ¤Ê
´¥¶·¥·Ò¢´µ° ËÊ´±Í¨¨ c−2 ¨³¥¥É ´ ±²µ´´ÊÕ  ¸¨³¶ÉµÉÊ

c2 = −c1 −
1
3

[
7 + 4

2m1 + 2m2 + 1
(m1 +m2)2

]
c3 +

+
1
2

(
37 + 5

m1 +m2 + 1
m1m2

)
, (87)

  £· Ë¨± · §·Ò¢´µ° ¢ ´Ê²¥ cs1 ±µÔËË¨Í¨¥´É  A ËÊ´±Í¨¨ c+2 ¨³¥¥É ¢¥·É¨± ²Ó-
´ÊÕ ¨ £µ·¨§µ´É ²Ó´ÊÕ  ¸¨³¶ÉµÉÒ:

c1 = cs1 ≡
15 + 2(t23 − 1)c3

2(1− t21)
, c2 = cs2 ≡

15 + 2(t22 − 1)c3
2(1− t21)

. (88)

’µÎ±  ¨Ì ¶¥·¥¸¥Î¥´¨Ö (cs1, c
s
2) ²¥¦¨É ´  ¶·Ö³µ°

c2 =
1− t22
1− t23

c1 +
15
2

t22 − t23
(1− t21)(1 − t23)

. (89)

�·¨ ²Õ¡ÒÌ Ë¨±¸¨·µ¢ ´´ÒÌ m1,m2 ¨ c3 ¢¥·´Ò ´¥· ¢¥´¸É¢  c+2 < cs2, ¥¸²¨
c1 < cs1, ¨ c+2 > cs2, ¥¸²¨ c1 > cs1. �µÔÉµ³Ê ¥¸²¨ c3 ¢µ§· ¸É ¥É ¨²¨ Ê¡Ò¢ ¥É,
Éµ ÉµÎ±  (cs1, cs2) ¸³¥Ð ¥É¸Ö ¶µ ÔÉµ° ¶·Ö³µ° ¢´¨§ ¨²¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¢¢¥·Ì.
’ ±¨³ ¦¥ µ¡· §µ³ ¶·¨ ¨§³¥´¥´¨¨ c3 ¸³¥Ð ÕÉ¸Ö ¨ £· Ë¨±¨ ËÊ´±Í¨° c±2 .
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�¨¸. 3. Šµ·´¨ c±2 (c1; c3, m1, m2) Ê· ¢-
´¥´¨Ö (84) ¸ ±µÔËË¨Í¨¥´É ³¨ (85) ± ±
ËÊ´±Í¨¨  ·£Ê³¥´É  c1 ¢ ¸²ÊÎ ¥ c3 =
−2, m1 = 2 ¨ m2 = 4: ¸¶²µÏ´Ò¥ ±·¨-
¢Ò¥ Å c+

2 ; ÏÉ·¨Ìµ¢ Ö Å c−2 . ’µ´±¨¥
¸¶²µÏ´Ò¥ ²¨´¨¨ Å  ¸¨³¶ÉµÉÒ (88) ¨
´ ±²µ´´ Ö ¶·Ö³ Ö (89), µ¡· §µ¢ ´´ Ö
ÉµÎ± ³¨ ¨Ì ¶¥·¥¸¥Î¥´¨Ö

‚ Î ¸É´µ³ ¸²ÊÎ ¥ m1=10, m2=20,
c1 = −2, c3 = −40 ±µ·´¨ c±2 , ¢ÒÎ¨¸-
²¥´´Ò¥ ¶µ Ëµ·³Ê² ³ (85) ¨ (86), É -
±µ¢Ò: c+2 = 14, 7647, c−2 = 90, 3522;
  ±µ³¶µ´¥´ÉÒ U±

i (ϕi; 36) ¨§µ¡· ¦¥´Ò
´  ·¨¸. 4 ± ± ËÊ´±Í¨¨ Ê£²  ϕ ≡ ϕi,
i = 1, 2, 3. �¨¸Ê´µ± 4 ¨²²Õ¸É·¨·Ê¥É ¸Ê-
Ð¥¸É¢µ¢ ´¨¥ ¤¢ÊÌ É¨¶µ¢ ÉµÎ´ÒÌ ·¥Ï¥-
´¨° Ê· ¢´¥´¨° (78). �¶¨Ï¥³ ÔÉ¨ É¨¶Ò.

�·¨ ´¥¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ c2 =
c+2 � |c3| ¸ÊÐ¥¸É¢ÊÕÉ ·¥Ï¥´¨Ö ¶¥·¢µ-
£µ É¨¶  (U+

1 , U+
2 , U+

3 ). ‚ · §²µ¦¥´¨ÖÌ
(79) ¢¸¥Ì ¨Ì ±µ³¶µ´¥´É U+

i ¤µ³¨´¨·Ê¥É
(Bi+

L � Bi+
t , i = 1, 2, 3;L = 0, 2) ¡ -

§¨¸´ Ö ËÊ´±Í¨Ö sin 2nϕi ¸ ³ ±¸¨³ ²Ó´µ
¢µ§³µ¦´Ò³ ¶·¨ ¤ ´´µ³ t = 4 §´ Î¥´¨¥³
n = 3 (¸³. ·¨¸. 4, a).

�¥Ï¥´¨Ö ¢Éµ·µ£µ É¨¶  (U−
1, U

−
2, U

−
3 )

¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ¡µ²ÓÏ¨Ì ¶µ ³µ¤Ê²Õ
§´ Î¥´¨ÖÌ c2 = c−2 ¨ c3 ¶µ ¸· ¢´¥´¨Õ
¸ |c1|. ‚ · §²µ¦¥´¨ÖÌ ±µ³¶µ´¥´É U−

i

É ±¨Ì ·¥Ï¥´¨° ¢¸¥ ËÊ´±Í¨¨ sin 2nϕi,

�¨¸. 4. Šµ³¶µ´¥´ÉÒ (79) ¢ ¸²ÊÎ ¥ m1 = 10, m2 = 20, c1 = −2, c3 = −40. a) c2 =
c+
2 = 14, 76474: ¸¶²µÏ´ Ö ±·¨¢ Ö Å U+

1 (ϕ; 36); ÏÉ·¨Ìµ¢ Ö Å U+
2 (ϕ; 36); ÏÉ·¨Ìµ¢ Ö

¸ ÉµÎ± ³¨ Å U+
3 (ϕ; 36); ¡) c2 = c−2 = 90, 3522: ¸¶²µÏ´ Ö ±·¨¢ Ö Å U−

1 (ϕ; 36);
ÏÉ·¨Ìµ¢ Ö Å U−

2 (ϕ; 36)/3; ÏÉ·¨Ìµ¢ Ö ¸ ÉµÎ± ³¨ Å U−
3 (ϕ; 36)/3
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n = 1, 2, 3, ¸µ¤¥·¦ É¸Ö ¸ ±µÔËË¨Í¨¥´É ³¨, ¸· ¢´¨³Ò³¨ ¶µ ¶µ·Ö¤±Ê ¢¥²¨-
Î¨´Ò (|Bi−

L | ∼ |Bi−
4 |, i = 1, 2, 3;L = 0, 2), ´µ ±µ³¶µ´¥´É  U−

1 ¶µ¤ ¢²¥´ 
(|U1−| � |U−

k |, k = 2, 3) ¶µ ¸· ¢´¥´¨Õ ¸ ¤·Ê£¨³¨ (¸³. ·¨¸. 4, ¡).
�¥Ï¥´¨Ö (U+

1 , U+
2 , U+

3 ) ¶µ·µ¦¤ ÕÉ ·¥Ï¥´¨¥ Ψ+ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
(4), ¡²¨§±µ¥ ± ·¥Ï¥´¨Õ µÉ¢¥Î ÕÐ¥£µ ¥³Ê ¸¢µ¡µ¤´µ£µ (ck = 0, k = 1, 2, 3)
Ê· ¢´¥´¨Ö. „¥°¸É¢¨É¥²Ó´µ, ¶·¥´¥¡·¥£ Ö ±µÔËË¨Í¨¥´É ³¨ Bi+

L , L = 0, 2, ¶µ
Ëµ·³Ê² ³ (76), (80), (82) ¨ (83) ¶µ²ÊÎ ¥³

Ψ+(ri; 36) ≈ r−2Z6(z)
i∑

a=0,1,2

B+
4aY

00
4aa(Ωi).

�¥Ï¥´¨Õ (U−
1 , U−

2 , U−
3 ) µÉ¢¥Î ¥É ·¥Ï¥´¨¥ Ψ− Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ,

µ¡² ¤ ÕÐ¥¥ ¤·Ê£¨³ Ë¨§¨Î¥¸±¨³ ¸¢µ°¸É¢µ³: ËÊ´±Í¨Ö |Ψ−|2 ¢ÒÉ ²±¨¢ ¥É¸Ö ¨§
µ¡² ¸É¨ ±µ´Ë¨£Ê· Í¨µ´´µ£µ ¶·µ¸É· ´¸É¢  R6, £¤¥ ¶µ²´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ V
µÉÉ ²±¨¢ ÕÐ¥¥, ¨ ²µ± ²¨§Ê¥É¸Ö ¢ Éµ° µ¡² ¸É¨, £¤¥ ÔÉµ ¢§ ¨³µ¤¥°¸É¢¨¥ ¶·¨-
ÉÖ£¨¢ ÕÐ¥¥. �Éµ ¸¢µ°¸É¢µ Å ¸²¥¤¸É¢¨¥ µ¸µ¡µ° Ê£²µ¢µ° § ¢¨¸¨³µ¸É¨ ±µ³¶µ-
´¥´É U−

1 , U−
2 ¨ U−

3 . …¥ ¨²²Õ¸É·¨·Ê¥É ·¨¸. 4, ¡. Šµ³¶µ´¥´É  U−
2 ¶ ·Ò ¸¨²Ó´µ

µÉÉ ²±¨¢ ÕÐ¨Ì¸Ö (c2 = c−2 ≈ 90) Î ¸É¨Í p1 ¨ p3 ²µ± ²¨§µ¢ ´  ¢ µ¡² ¸É¨
ϕ2 < π/4, ¤ ²¥±µ° µÉ µ±·¥¸É´µ¸É¨ ÉµÎ±¨ ¨Ì ¸Éµ²±´µ¢¥´¨Ö ϕ2 = π/2, ¨, ´ -
µ¡µ·µÉ, ±µ³¶µ´¥´É  U−

3 ¶ ·Ò ¸¨²Ó´µ ¶·¨ÉÖ£¨¢ ÕÐ¨Ì¸Ö (c3 = −40) Î ¸É¨Í
p1 ¨ p2 ²µ± ²¨§µ¢ ´  ¢¡²¨§¨ ÉµÎ±¨ ¶ ·´µ£µ ¸Éµ²±´µ¢¥´¨Ö ϕ3 = π/2. �¸É ¢-
Ï Ö¸Ö ±µ³¶µ´¥´É  U−

1 ¨§-§  ¸² ¡µ£µ ¶·¨ÉÖ¦¥´¨Ö (c1 = −2) ¢ ¶ ·¥ Î ¸É¨Í
p2 ¨ p3 ¨³¥¥É É·¨ ¸· ¢´¨³ÒÌ ¶µ ³µ¤Ê²Õ ²µ± ²Ó´ÒÌ Ô±¸É·¥³Ê³ , · ¢´µ³¥·´µ
· ¸¶·¥¤¥²¥´´ÒÌ ¶µ ¢¸¥³Ê µÉ·¥§±Ê 0 ≤ ϕ1 ≤ π/2.

‚ ¶·¥¤¥²e |c1| =∞ ¨ c2 = c+2 = cs2 ·¥Ï¥´¨Ö ³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ Ê· ¢´¥-
´¨° (69) ¨ (70) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê² ³

f1 = 15 + c3
(
2t22 + t3 − cos 2(γ12 − γ31)− 1

)
,

B1
0 = 1, B2

0 =
1
f1

[2c3(1− t22)− 15], B2
2 = −16

5
B2

0 ,

B3
0 = −1−B2

0 , B3
2 = −16

5
B3

2 , B1
2 = −(t1B2

2 + t2B
3
2);

g1 = 2 sin 2γ31 + sin 2(γ12 − γ23) + sin (4γ23 − 2γ31),

B2
4 =

12
f1(1− t23)

(2t22 − 2t3 − cos 2(γ12 − γ31) + 1),

B3
4 =

24
f1g1

(sin (4γ12 − 2γ31) + 2 sin 2(γ12 − γ31)−

− 3 sin 2γ12 − sin 6γ12 − sin 3γ31),

B1
4 = −K3(γ12)B2

4 −K3(γ31)B3
4 ,

(90)
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±µ³¶µ´¥´ÉÒ (76) ¨³¥ÕÉ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ Bi
0Y

00
000(Ωi), i = 1, 2, 3,   ·Ö¤ (82)

¢ ¶·¥¤¸É ¢²¥´¨¨ Ωi, i = 1, ¢Ò£²Ö¤¨É ´ ¨¡µ²¥¥ ¶·µ¸Éµ, ¸µ£² ¸´µ Ëµ·³Ê²¥ (74)

F (Ωi; 36) =
4∑

L=2

L/2∑
a=1

iBLaY
00
Laa(Ωi) �= 0. (91)

‚ ¶·¥¤¥²¥ c1 = cs1 ¨ c2 = c+2 = ±∞ ·¥Ï¥´¨Ö ³µ¤¨Ë¨Í¨·µ¢ ´´ÒÌ Ê· ¢´¥-
´¨° (69) ¨ (70) Ê¤µ¡´µ ¢ÒÎ¨¸²ÖÉÓ ¶µ Ëµ·³Ê² ³

f2 = 15 + 2c3 (t23 − 1),

B1
0 = 1, B1

2 = −16
5
, B3

0 =
c3
f2

(t2 − cos 2(γ12 − γ31)),

B2
0 = −1−B3

0 , B3
2 = −16

5
B3

0 , B2
2 =

16
5
(t1 + t2B

3
0);

g2 = sin 2(γ31 − γ12) + sin (2γ23 − 4γ31)− 2 sin 2γ23,

B1
4 =

12
f2(t22 − 1)

(2t23 − 2t2 − cos 2(γ12 − γ23)),

B3
4 =

24
f2g2

(2 sin 2(γ12 − γ31) + sin (4γ12 − 2γ23)−

− 3 sin 2γ12 − sin 6γ12 − sin 2γ23),

B2
4 = −K3(γ12)B1

4 −K3(γ23)B3
4 .

(92)

‚ ÔÉµ³ ¶·¥¤¥²¥ ²µ¦´Ò¥ ¸² £ ¥³Ò¥ Å É¥ ¦¥ (Bi
0Y

00
000),   ËÊ´±Í¨Õ F (Ω2; 36)

³µ¦´µ ´ °É¨ ¶µ Ëµ·³Ê²¥ (91) ¸ i = 2.
‚ µ¸É ¢Ï¨Ì¸Ö ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ, ±µ£¤  ¸µ£² ¸´µ (87) c−2 → ∓∞ ¶·¨

c1 → ±∞, ¸¨ÉÊ Í¨Ö ¨´ Ö: ¥¸²¨ B1±
0 = 1, Éµ B2±

1 = −1 ¨ Bi±
L = 0 ¶·¨ ¢¸¥Ì

µ¸É ²Ó´ÒÌ i ¨ L. �µÔÉµ³Ê ¶·¥¤¥²Ó´Òe ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (65) µ¤¨´ ±µ¢Ò¥:
F±
i = (−1)1+iY 00

000, i = 1, 2; F±
3 ≡ 0 ¨ ²µ¦´Ò¥, É ± ± ± ¨Ì ¸Ê³³  (81)

É·¨¢¨ ²Ó´ Ö: F ≡ 0.
ˆÉ ±, ¢ ¶·¥¤¥²¥ ¤¢ÊÌ ¡¥¸±µ´¥Î´µ ¡µ²ÓÏ¨Ì ¶µ ³µ¤Ê²Õ ±µ´¸É ´É ¢§ ¨³µ-

¤¥°¸É¢¨° ÔÉ ²µ´´Ò¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö (t = 4) Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¶¥·¥Ìµ¤ÖÉ
¢ ²µ¦´Ò¥,   ¢ ¶·¥¤¥²¥ µ¤´µ° ¡µ²ÓÏµ° ¶µ ³µ¤Ê²Õ ±µ´¸É ´ÉÒ, ± ±, ´ ¶·¨³¥·,
¢ ¸²ÊÎ ¥ c2 = c−2 → −∞, c1 = cs1, ¢ ¨¸±²ÕÎ¨É¥²Ó´µ ¨´É¥·¥¸´Ò¥ ¸ Ë¨§¨Î¥¸±µ°
ÉµÎ±¨ §·¥´¨Ö ·¥Ï¥´¨Ö. „¥°¸É¢¨É¥²Ó´µ, É ±¨¥ ·¥Ï¥´¨Ö ·¥£Ê²Ö·´Ò ¢¸Õ¤Ê ´ 
S5, ¢ Î ¸É´µ¸É¨, ¢ ÉµÎ±¥ ¶ ·´µ£µ ¸Éµ²±´µ¢¥´¨Ö x1 = 0. Š·µ³¥ Éµ£µ, ÌµÉÖ Ê¸²µ-
¢¨¥ ®¶ ¤¥´¨Ö¯ (c2 < −1/4) Î ¸É¨Í p2 ¨ p3 ¢ ÔÉÊ ÉµÎ±Ê ¢ µÉ¸ÊÉ¸É¢¨¥ Î ¸É¨ÍÒ
p1 ¢Ò¶µ²´Ö¥É¸Ö, É ±µ£µ ¶ ¤¥´¨Ö ¢ É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³¥ ´¥ ¶·µ¨¸Ìµ¤¨É ¨§-§ 
¢§ ¨³µ¤¥°¸É¢¨° V1 ¨ V3 Î ¸É¨Í p2 ¨ p3 ¸ Î ¸É¨Í¥° p1.
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‘²ÊÎ ° É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢. ’¥¶¥·Ó mk = 1 ¨ ck = c2 ¶·¨
¢¸¥Ì k = 1, 2, 3,   ¨§ Ê¸²µ¢¨° ¸¨³³¥É·¨¨ (75) ¸²¥¤Ê¥É, ÎÉµ Bk

L = B1
L ¶·¨ ¢¸¥Ì

L ¨ k. �µÔÉµ³Ê ¶·¨ t = 4 Ê· ¢´¥´¨¥ (72) ¨²¨ (84) ¨³¥¥É ¢¨¤ c2 − 4 = 0.
…£µ ±µ·´Õ c2 = 4 µÉ¢¥Î ÕÉ ±µÔËË¨Í¨¥´ÉÒ B1

0 = 1, B1
2 = −4/5, B1

4 = −1,
±µ³¶µ´¥´É  (79)

U1(ϕ; 36) = sin 2ϕ− 8
5
cos 2ϕ− 1

3
(1 + 2 cos 4ϕ)

¨ ·Ö¤ (82) c ±µÔËË¨Í¨¥´É ³¨ (83)

F (Ωi; 36) = 3Y 00
000(Ωi)− Y 00

400(Ωi)−
√
2Y 00

422(Ωi).

‚ ¸²ÊÎ ¥ t = 6 Ê· ¢´¥´¨¥ (72) ¨³¥¥É ¤¢  ±µ·´Ö c±2 = 9 ±
√
11. ˆ³

µÉ¢¥Î ÕÉ ¤¢¥ ±µ³¶µ´¥´ÉÒ (79)

U±
1 (ϕ; 64) = sin 2ϕ− sin 4ϕ

4(c±2 − 10)
+

5
21− 2c±2

(
3 sin 6ϕ+

14
c±2

sin 8ϕ
)

¨ ¤¢¥ ËÊ´±Í¨¨ (82)

F±(Ωi; 64) = 3Y 00
000(Ωi) +

15
21− 2c±2

(
Y 00

400(Ωi) +
√
2Y 00

422(Ωi)
)
+

+
115

c±2 (21− 2c±2 )

(
Y 00

600(Ωi)− Y 00
622(Ωi)

)
.

Šµ·´¨ cν2 , ν = 1, 2, . . . , t/2 − 1, ¶·¨ t = 8, 10, 12, 14 ¶·¨¢¥¤¥´Ò ¢ É -
¡²¨Í¥ [27]. Šµ·´¨ cν2 , ν = 1, 2, . . . , 6, ¢ ¶·¥¤¥²¥ ¡µ²ÓÏ¨Ì t ¸Ìµ¤ÖÉ¸Ö ± ±µ´-
¸É ´É ³ 6, 20, 42, 72, 110, 156. ‚ ÔÉµ³ ¶·¥¤¥²¥ ±µ³¶µ´¥´ÉÒ F ν

i , µÉ¢¥Î ÕÐ¨¥
É ±¨³ ±µ·´Ö³, ´¥ µ£· ´¨Î¥´Ò:

F ν
i (Ωi; (t+ 2)2) ∼ B1ν

t Y 00
t00(Ωi), B1ν

t →∞, t→∞, i = 1, 2, 3.

ˆ§ ¸· ¢´¥´¨Ö ¢¸¥Ì ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ §´ Î¥´¨° ±µ·´¥° ¸²¥¤Ê¥É ¢ ¦´Ò°
¢Ò¢µ¤: ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ¥ §´ Î¥´¨¥ c2, ¶·¨ ±µÉµ·µ³ ¤²Ö É·¥Ì Éµ¦¤¥¸É¢¥´-
´ÒÌ ¡µ§µ´µ¢ ¸ÊÐ¥¸É¢ÊÕÉ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö (63)Ä(76), · ¢´µ 4 ¨ ·¥ ²¨§Ê¥É¸Ö ¢
¸²ÊÎ ¥ t = 4. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ c2 < 4 £¨¶¥·Ê£²µ¢Ò¥ ËÊ´±Í¨¨ Fi Ë ±Éµ-
·¨§µ¢ ´´ÒÌ ·¥Ï¥´¨° Å ¡¥¸±µ´¥Î´Ò¥ ·Ö¤Ò £¨¶¥·£ ·³µ´¨±. ’ ±¨¥ ËÊ´±Í¨¨
³µ¦´µ ´ °É¨ ²¨ÏÓ ¶·¨¡²¨¦¥´´µ, ´ ¶·¨³¥·, ± ± ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (78)
Î¨¸²¥´´Ò³¨ ³¥Éµ¤ ³¨.

3.3. =·¨¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö. „²Ö É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ ! = 0
Ê· ¢´¥´¨¥ (61) ¶µ¤¸É ´µ¢±µ° Zp(z) = r1/2Q(r; p2) ¶·¨¢µ¤¨É¸Ö ± ¢¨¤Ê

[−∂2
r + r−2(p2 − 1/4)− E]Q(r; p2) = 0, (93)
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  ¸¨¸É¥³  (78) ¢Ò·µ¦¤ ¥É¸Ö ¢ µ¤´µ Ê· ¢´¥´¨¥ c ±µÔËË¨Í¨¥´Éµ³ s ≡ 4/
√
3:

(
∂2
ϕ + p2

)
U1(ϕ; p2) =

=
c2

(cos ϕ)2

[
U1(ϕ; p2) + s

∫ C+(ϕ;π/3)

C−(ϕ;π/3)

dϕ′U1(ϕ′; p2)

]
. (94)

‚ · ¡µÉ¥ [47] ÔÉµ Ê· ¢´¥´¨¥ ¸ µÏ¨¡µÎ´µ ¢§ÖÉÒ³ ³´µ¦¨É¥²¥³ s = 1
¤µ¶µ²´Ö²µ¸Ó É·¨¢¨ ²Ó´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

U1(ϕ; p2) = 0, ϕ = 0, π/2. (95)

„ ²¥¥ § ¤ ¢ ²µ¸Ó §´ Î¥´¨¥ ±µ´¸É ´ÉÒ c2, ¨ ¸Ëµ·³Ê²¨·µ¢ ´´ Ö É ±¨³ µ¡· §µ³
±· ¥¢ Ö § ¤ Î  ¸ ¶µ³µÐÓÕ ¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨¨ U1 ´  ´¥±µÉµ-
·µ° ¸¥É±¥ Ê§²µ¢ ¸¢µ¤¨² ¸Ó ± § ¤ Î¥ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λν ≡ p2 = p2

ν ,
ν = 1, 2, . . . , ¤²Ö ±µ´¥Î´µ° Î¨¸²µ¢µ° ³ É·¨ÍÒ. �¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ¡Ò²¨
¸µ¡· ´Ò ¢ É ¡²¨ÍÊ, ¨§ ±µÉµ·µ° ¢¨¤´µ, ÎÉµ ¸ ·µ¸Éµ³ c2 ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
p2
ν , ν = 1, 2, 3, 4, ¢µ§· ¸É ÕÉ ¨ ¶·¨ c2 = 0 ¸µ¢¶ ¤ ÕÉ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨
¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ 4ν2 µ¶¥· Éµ·  −∂2

ϕ. ‘µ£² ¸´µ Ê· ¢´¥´¨Õ (94) É -
±µ£µ ¸µ¢¶ ¤¥´¨Ö ¸²¥¤Ê¥É µ¦¨¤ ÉÓ ¶·¨ ²Õ¡µ³ s ´¥ Éµ²Ó±µ ¤²Ö ¶¥·¢ÒÌ Î¥ÉÒ·¥Ì
¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, ´µ ¨ ¤²Ö ¢¸¥Ì µ¸É ²Ó´ÒÌ.

‚ µ¡¸Ê¦¤ ¥³µ° · ¡µÉ¥ [47] µÉ³¥Î ²µ¸Ó, ÎÉµ Ê· ¢´¥´¨¥ (93) ³µ¦¥É ¨³¥ÉÓ
¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¶·¨ c2 ≤ −1, 5, ±µ£¤  ¶µÉ¥´Í¨ ² (p2 − 1/4)/r2 ¶·¨ÉÖ£¨-
¢ ÕÐ¨°, É. ¥. ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥ p2 < 1/4. „²Ö § ¤ Î¨ (94), (95) ¸ ¶· ¢¨²Ó-
´Ò³ ±µÔËË¨Í¨¥´Éµ³ s = 4/

√
3 ÔÉµ Ê¸²µ¢¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¶·¨ c2 ≤ −0, 258.

�É  µÍ¥´±  ¢ÒÎ¨¸²¥´   ¢Éµ·µ³ ´ ¸ÉµÖÐ¥£µ µ¡§µ·  ³¥Éµ¤µ³ ¸¶² °´-ËÊ´±Í¨°,
µ¶¨¸ ´´Ò³ ¢ · ¡µÉ¥ [90].

4. 
‘ˆŒ=’�’ˆŠˆ ='ˆ Œ
‹›• '
‘‘’�Ÿ�ˆŸ•

�¸¨³¶ÉµÉ¨Î¥¸±µ¥ · §²µ¦¥´¨¥ É·¥ÌÎ ¸É¨Î´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶·¨ ³ -
²ÒÌ §´ Î¥´¨ÖÌ £¨¶¥·· ¤¨Ê¸  r ¢¶¥·¢Ò¥ ¶µ²ÊÎ¥´µ ”µ±µ³ [48] ¤²Ö 1S0-¸µ¸ÉµÖ-
´¨Ö  Éµ³  3He. Ÿ¤·µ £¥²¨Ö · ¸¸³ É·¨¢ ²µ¸Ó ± ± ´¥¶µ¤¢¨¦´Ò° ±Ê²µ´µ¢¸±¨°
Í¥´É·. „¢¨¦¥´¨¥ ¤¢ÊÌ Ô²¥±É·µ´µ¢ µ¶¨¸Ò¢ ²µ¸Ó É·¥Ì³¥·´Ò³ Ê· ¢´¥´¨¥³˜·¥-
¤¨´£¥· . …£µ µ¡Ð¥¥ ·¥£Ê²Ö·´µ¥ ·¥Ï¥´¨¥ ¨¸± ²µ¸Ó ¢ ¢¨¤¥ ¤¢µ°´µ£µ ·Ö¤  ¶µ
Í¥²Ò³ ¸É¥¶¥´Ö³ r, s ≡ ln r ¨ ´¥¨§¢¥¸É´Ò³ ËÊ´±Í¨Ö³ £¨¶¥·Ê£²µ¢. „²Ö ÔÉ¨Ì
ËÊ´±Í¨° ”µ± ¢Ò¢¥² ·¥±Ê··¥´É´ÊÕ Í¥¶µÎ±Ê Ê· ¢´¥´¨°, ¶¥·¢Ò¥ ¨§ ±µÉµ·ÒÌ,
´¥ ¸Éµ²Ó ¸²µ¦´Ò¥ ± ± µ¸É ¢Ï¨¥¸Ö, ¥³Ê Ê¤ ²µ¸Ó ·¥Ï¨ÉÓ ÉµÎ´µ.

‚ µ¡§µ· Ì [49, 50] ¤ ´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ µ£·µ³´µ£µ Î¨¸²  · ¡µÉ
¶µ ¨¸¸²¥¤µ¢ ´¨Õ ¨ µ¡µ¡Ð¥´¨Õ Ëµ±µ¢¸±µ£µ · §²µ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ¤²Ö  Éµ³´ÒÌ ¸¨¸É¥³ ¨§ É·¥Ì ¨ ¡µ²¥¥ Î ¸É¨Í ¸ ¶ ·´Ò³¨, Î¨¸Éµ
±Ê²µ´µ¢¸±¨³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ ¨ · §²¨Î´Ò³¨ É¨¶ ³¨ ¸¨³³¥É·¨¨ ¢µ²´µ¢µ°
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ËÊ´±Í¨¨. qµ²ÓÏ¨´¸É¢µ · ¡µÉ, ¶·µÍ¨É¨·µ¢ ´´ÒÌ ¢ ÔÉ¨Ì µ¡§µ· Ì, ¢Ò¶µ²´¥´Ò
¶µ µ¤´µ° ¨ Éµ° ¦¥ ¸Ì¥³¥ ”µ± , ¸É ¢Ï¥° ±² ¸¸¨Î¥¸±µ°.

‘²¥¤ÊÕÐ¨° ¶µ¤Ìµ¤ ± ¢Ò¢µ¤Ê  ¸¨³¶ÉµÉ¨± ¶·¨ r → 0 µ¸´µ¢ ´ ´  ¨§¢¥¸É-
´µ³ ¢ É¥µ·¨¨ µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [2] ¶·¥¤¸É ¢²¥-
´¨¨ µ¡Ð¥£µ ·¥£Ê²Ö·´µ£µ ·¥Ï¥´¨Ö ±µ´¥Î´µ° ¸¨¸É¥³Ò É ±¨Ì Ê· ¢´¥´¨° ¢ ¢¨¤¥
²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ¢¸¥Ì Î ¸É´ÒÌ ·¥Ï¥´¨°, µ¡· §ÊÕÐ¨Ì ËÊ´¤ ³¥´É ²Ó-
´ÊÕ ¸¨¸É¥³y ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° (”‘��). ‚ · ¡µÉ Ì [51Ä53] ÔÉ¨³ ³¥Éµ¤µ³
¸´ Î ²  ¸É·µÖÉ¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö ”‘�P ¸¨¸É¥³Ò µ¡Ò±´µ¢¥´´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶µ²ÊÎ¥´´Ò¥ ¶·µ¥±É¨·µ¢ ´¨¥³ É·¥ÌÎ ¸É¨Î´µ£µ
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ´  ¡ §¨¸ £¨¶¥·£ ·³µ´¨±. Š ¦¤µ¥ ËÊ´¤ ³¥´É ²Ó´µ¥ ·¥-
Ï¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¤¢Ê±· É´Ò³ ·Ö¤µ³ ¶µ Í¥²Ò³ ¸É¥¶¥´Ö³ r ¨ s. „²Ö ´¥-
¨§¢¥¸É´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ ·Ö¤  ¢Ò¢µ¤¨É¸Ö ·¥±Ê··¥´É´ Ö Í¥¶µÎ±  ³ É·¨Î´ÒÌ
Ê· ¢´¥´¨°. ‚ ¸²ÊÎ ¥ Î¨¸Éµ ±Ê²µ´µ¢¸±¨Ì ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´¥±µÉµ·Ò¥
±µÔËË¨Í¨¥´ÉÒ Ê¤ ¥É¸Ö ´ °É¨ ¢ Ö¢´µ³ ¢¨¤¥ [52, 53]. Œ¥Éµ¤, ¶·¥¤²µ¦¥´´Ò°
¢ · ¡µÉ¥ [52], ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ · §¢¨ÉÒ³. ˆ¸¶µ²Ó§ÊÖ ¥£µ, ³µ¦´µ ¶µ-
¸É·µ¨ÉÓ  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö ”‘�� Ê· ¢´¥´¨° ¤²Ö £¨¶¥·¸Ë¥·¨Î¥-
¸±¨Ì ±µ³¶µ´¥´É É·¥ÌÎ ¸É¨Î´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨. „ ²¥¥ ³µ¦´µ ¶µ¤¸É ¢¨ÉÓ
É ±¨¥ · §²µ¦¥´¨Ö ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨° ·Ö¤ ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨. �¤´ ±µ
§ ¤ Î  ¸Ê³³¨·µ¢ ´¨Ö ¶µ²ÊÎ¨¢Ï¥£µ¸Ö ³´µ£µ±· É´µ£µ ·Ö¤  ¢ § ³±´ÊÉµ¥ ¢Ò· -
¦¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥· §·¥Ï¨³µ°.

‚ ¶·¥¶·¨´É¥ [37] ¨ ¢ ¥£µ ¸ÊÐ¥¸É¢¥´´µ · ¸Ï¨·¥´´µ° ¦Ê·´ ²Ó´µ° ¢¥·-
¸¨¨ [38] ¡Ò²µ ´ Î Éµ µ¡µ¡Ð¥´¨¥ Ëµ±µ¢¸±µ£µ · §²µ¦¥´¨Ö ´  ¸²ÊÎ ° ¶·µ¨§-
¢µ²Ó´ÒÌ Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ ³ ¸¸ Î ¸É¨Í. „²Ö µ¡Ð¥£µ ·¥Ï¥´¨Ö
(ε = E) Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (6) ¶·¥¤¶µ² £ ²¸Ö Ëµ±µ¢¸±¨°  ´-
§ Í, c ¶µ³µÐÓÕ ±µÉµ·µ£µ ÔÉ¨ Ê· ¢´¥´¨Ö ·¥¤ÊÍ¨·µ¢ ²¨¸Ó ± ·¥±Ê··¥´É´µ° Í¥-
¶µÎ±¥ ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° ¶ÖÉ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢. �¥¤Ê±Í¨Ö, ± ±
¶µÖ¸´Ö¥É¸Ö ¢ ¶. 4.1, µ± § ² ¸Ó ´¥ § ¢¥·Ï¥´´µ°.

�²ÓÉ¥·´ É¨¢´Ò° ¶µ¤Ìµ¤ [30,31] ± µ¡µ¡Ð¥´¨Õ Ëµ±µ¢¸±¨Ì · §²µ¦¥´¨° ´ 
¸²ÊÎ ° ¢§ ¨³µ¤¥°¸É¢¨°, ± ± µ¡² ¤ ÕÐ¨x, É ± ¨ ´¥ µ¡² ¤ ÕÐ¨x ¸Ë¥·¨Î¥¸±µ°
¸¨³³¥É·¨¥°, µ¶¨¸Ò¢ ¥É¸Ö ¢ ¶. 4.2. ‚ ÔÉµ³ ¶µ¤Ìµ¤¥ ¸´ Î ²  ¸É·µ¨É¸Ö ”‘��
¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° (15) ¤²Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É U �

iab

É·¥ÌÎ ¸É¨Î´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψε ¸ ¤ ´´Ò³ ¶µ²´Ò³ ´ ¡µ·µ³ ±¢ ´Éµ¢ÒÌ
Î¨¸¥² ε. ‡ É¥³ ´ °¤¥´´ Ö ”‘�� ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¢Ò¢µ¤ 
 ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° ËÊ´±Í¨° U �

iab, Ψ
ε
i ¨ Ψε.

�¸¨³¶ÉµÉ¨±¨ É·¥ÌÎ ¸É¨Î´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ ÉµÎ± Ì ¶ ·´ÒÌ ¸Éµ²±-
´µ¢¥´¨° (xk → 0, yk > 0, k = 1, 2, 3) ¨¸¸²¥¤µ¢ ´Ò ´¥ ¸Éµ²Ó ¶µ¤·µ¡´µ, ± ±
µ¡µ¡Ð¥´´Ò¥ Ëµ±µ¢¸±¨¥ · §²µ¦¥´¨Ö. �¡¸µ²ÕÉ´µ¥ ¡µ²ÓÏ¨´¸É¢µ ¨¸¸²¥¤µ¢ -
´¨° É ±¨Ì  ¸¨³¶ÉµÉ¨± ¢Ò¶µ²´¥´µ ¢ · ³± Ì Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¸²ÊÎ ¥
Î¨¸Éµ ±Ê²µ´µ¢¸±¨Ì ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. „ ¦¥ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¢ Ö¢´µ³ ¢¨¤¥
¶µ²ÊÎ¥´Ò ²¨ÏÓ ¤¢  ´ ¨¡µ²¥¥ ³¥¤²¥´´µ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ  ¸¨³¶ÉµÉ¨±.

¥±µÉµ·Ò¥ ¢Ò¢µ¤Ò [35,38,54Ä61] É ±¨Ì ¸² £ ¥³ÒÌ ¶·¨¢¥¤¥´Ò ¢ ¶. 4.3.
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4.1. =µ¸É·µ¥´¨¥  ¸¨³¶ÉµÉ¨± ¶·¨ r → 0 ¢ R6. �µÖ¸´¨³ É·¨ µ¸µ¡¥´´µ¸É¨
¶µ¸É·µ¥´¨Ö  ¸¨³¶ÉµÉ¨± Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ³¥Éµ¤µ³ [38].

‚µ-¶¥·¢ÒÌ, c´ Î ²  ¸É·µÖÉ¸Ö  ¸¨³¶ÉµÉ¨±¨ µ¡Ð¥£µ ·¥Ï¥´¨Ö (Ψε
1,Ψ

ε
2,Ψ

ε
3),

ε = E, Ê· ¢´¥´¨° ” ¤¤¥¥¢  (6) ¢ R6.
‚µ-¢Éµ·ÒÌ, ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ ¨¸¶µ²Ó§ÊÕÉ¸Ö ´¥¸µ¡¸É¢¥´´Ò¥ ¤²Ö µ¶¥· -

Éµ·µ¢ l2 ¨ l3 £¨¶¥·£ ·³µ´¨±¨

Φαβ
Lab(Ωi) = 2 cosec2ϕi W̃Lab(ϕi)Yaα(ŷi)Ybβ(x̂i). (96)

‚-É·¥ÉÓ¨Ì, É ± ± ± ¤²Ö ±µ³¶µ´¥´É Ψε
i ¶·¥¤¶µ² £ ÕÉ¸Ö · §²µ¦¥´¨Ö

Ψε
i (ri) =

∞∑
n=0

rn
M(n)∑
m=0

smΨnm
i (Ωi), s ≡ ln r → −∞, M(n) = [n/2], (97)

  ¤²Ö ¢¸¥Ì Í¥´É· ²Ó´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° Vk Å ¶·¥¤¸É ¢²¥´¨Ö

Vk(xk) =
∞∑

n=−1

Vkn x
n
k , (98)

Éµ ¨§ Ê· ¢´¥´¨° (6) ¢ R6 ¶µ²ÊÎ ¥É¸Ö Í¥¶µÎ±  Ê· ¢´¥´¨° ´  S5:

[L2(Ωi)− n(n+ 4)]Ψnm
i (Ωi) =

= (m+ 1)[2(n+ 2)Ψn,m+1
i (Ωi) + (m+ 2)Ψn,m+2

i (Ωi)] +

+ EΨn−2,m
i (Ωi)−

n−2∑
p=−1

Vip(cos ϕi)p
3∑

k=1

Ψn−p−2,m
k (Ωk). (99)

�µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¥¥ ·¥Ï¥´¨Ö ¶µÖ¸´Ö² ¸Ó  ¢Éµ· ³¨ ¶ÊÉ¥³ ¶µ¸É·µ¥´¨Ö
ËÊ´±Í¨° Ψnm

i ¸ n ≤ 2 ¨ m = n− 1 (¸³. ´¨¦¥).
ˆÉ ±, ·¥Ï¥´¨Ö ¶¥·¢ÒÌ (n = 0,m = 0) É·¥Ì Ê· ¢´¥´¨° (i = 1, 2, 3) ¸¨-

¸É¥³Ò (99) Å ¶·µ¨§¢µ²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥ Ψ00
i = C00

i . �µÔÉµ³Ê ¥¥ ¸²¥¤ÊÕÐ¨¥
(n = 1) É·¨ Ê· ¢´¥´¨Ö ´¥¸¢Ö§ ´´Ò¥:

(L2(Ωi)− 5)Ψ10
i (Ωi) = −

(
Vi,−1

3∑
k=1

C00
k

)
sec ϕi, i = 1, 2, 3. (100)

“· ¢´¥´¨¥ É ±µ£µ É¨¶  · §·¥Ï¨³µ Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  ¥£µ ¶· ¢ Ö Î ¸ÉÓ
µ·Éµ£µ´ ²Ó´  ¢¸¥³ ·¥Ï¥´¨Ö³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö [2].
�¡Ð¥¥ ·¥Ï¥´¨¥ µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö (100) Å ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö £¨-
¶¥·£ ·³µ´¨± (96) c L = 1. �· ¢ Ö Î ¸ÉÓ ´¥µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö (100)
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µ·Éµ£µ´ ²Ó´  ²Õ¡µ° É ±µ° ±µ³¡¨´ Í¨¨. �µÔÉµ³Ê ËÊ´±Í¨¨ Ψ10
i Å ¸Ê³³Ò

Ψ10
i (Ωi) = Ψ̃10

i (Ωi) +
1∑

β=−1

(C10
i1βΦ

0β
101(Ωi) + C10

i2βΦ
β0
110(Ωi)),

Ψ̃10
i (Ωi) =

(
2Vi,−1

3∑
k=1

C00
k

)
cos ϕi, i = 1, 2, 3,

£¤¥ Φ̃10
i Å Î ¸É´µ¥ ·¥Ï¥´¨¥ ´¥µ¤´µ·µ¤´µ£µ Ê· ¢´¥´¨Ö (100),   C10

ipα Å ¶·µ-
¨§¢µ²Ó´Ò¥ ±µ´¸É ´ÉÒ. ‘²¥¤ÊÕÐ¨¥ (n = 2) É·µ°±¨ Ê· ¢´¥´¨° (i = 1, 2, 3)
Í¥¶µÎ±¨ (99) § Í¥¶²ÖÕÉ¸Ö ¶µ ¨´¤¥±¸Ê m = 0, 1:

(L2(Ωi)− 12)Ψ21
i (Ωi) = 0, (101)

(L2(Ωi)− 12)Ψ20
i (Ωi) = −Vi,−1 sec ϕi

3∑
k=1

Ψ10
k (Ωk) +

+ 8Ψ21
i (Ωi) + E C00

i − Vi0

3∑
k=1

C00
k . (102)

“· ¢´¥´¨Ö³ (101) Ê¤µ¢²¥É¢µ·ÖÕÉ ±µ³¡¨´ Í¨¨ £¨¶¥·£ ·³µ´¨± (96) ¸ L = 2 ¨
±µ´¸É ´É C21

ip , Ë¨±¸¨·µ¢ ´´ÒÌ Ê¸²µ¢¨¥³ · §·¥Ï¨³µ¸É¨ Ê· ¢´¥´¨° (102):

Ψ21
i (Ωi) = C21

i1 Φ
00
200(Ωi) + C21

i2

(
Φ00

211(Ωi)− Φ1,−1
211 (Ωi)− Φ−1,1

211 (Ωi)
)
.

�¡Ð¥¥ ·¥Ï¥´¨¥ ± ¦¤µ£µ (i = 1, 2, 3) Ê· ¢´¥´¨Ö (102) Å ÔÉµ ¸Ê³³  ¥£µ Î ¸É-
´µ£µ ·¥Ï¥´¨Ö Φ̃20

i ¨ µ¡Ð¥£µ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ µ¤´µ·µ¤´µ£µ Ê· ¢´¥-
´¨Ö:

Φ20
i (Ωi) = Φ̃20

i (Ωi) +
∑
ab

∑
αβ

C20
iaαbβΦ

αβ
2ab(Ωi), ∀C20

iaαbβ = const.

ˆÉ ±, ¤²Ö ¤ ´´µ£µ n ´¥µ¡Ìµ¤¨³µ ·¥Ï¨ÉÓ 3([n/2]+1) Ê· ¢´¥´¨° ¤²Ö ËÊ´±-
Í¨° Ψnm

i . ‘´ Î ²  ± ¦¤ Ö (i = 1, 2, 3;m = [n/2], [n/2]− 1, . . . , 0) ËÊ´±Í¨Ö
Ψnm

i µ¶·¥¤¥²Ö¥É¸Ö ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ £¨¶¥·£ ·³µ´¨±. ‡ -
É¥³ ±µÔËË¨Í¨¥´ÉÒ ÔÉµ° ±µ³¡¨´ Í¨¨ Ë¨±¸¨·ÊÕÉ¸Ö Ê¸²µ¢¨¥³ · §·¥Ï¨³µ¸É¨
Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° Ψn,m−1

i . �·µ¨§¢µ²Ó´ Ö ±µ³¡¨´ Í¨Ö £¨¶¥·£ ·³µ´¨±
¢¸¥£¤  µ¸É ¥É¸Ö Éµ²Ó±µ ¢ ËÊ´±Í¨ÖÌ Ψn0

i , É. ¥. ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ Cn0
iaαbβ Å

¶·µ¨§¢µ²Ó´Ò¥,   ¢¸¥ ±µ´¸É ´ÉÒ Cnm
ip ¸ m > 0 § ¢¨¸ÖÉ µÉ ´¨Ì.
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�µ¤¸É ¢¨¢ ´ °¤¥´´Ò¥ ËÊ´±Í¨¨ Ψnm
i ¢ (97),  ¢Éµ·Ò ¶µ²ÊÎ¨²¨  ¸¨³¶Éµ-

É¨±¨ ¢ ¸²ÊÎ ¥ ¶µÉ¥´Í¨ ²µ¢ (98) ¸ ±Ê²µ´µ¢¸±¨³¨ µ¸µ¡¥´´µ¸ÉÖ³¨ (Vk,−1 �= 0):

Ψε
i (ri) = C00

i +

(
2Vi,−1 cosϕi

3∑
k=1

C00
k

)
r +

+


 1∑
β=−1

(C10
i1βΦ

0β
101(Ωi) + C10

i2βΦ
β0
110(Ωi))


 r +

+ [C21
i1 Φ

00
200(Ωi)+ C21

i2 (Φ
00
211(Ωi)− Φ1,−1

211 (Ωi)− Φ−1,1
211 (Ωi))]r2s+O(r2). (103)

„ ²¥¥  ¸¨³¶ÉµÉ¨±¨ ±µ³¶µ´¥´É Ψ�m
im′ · §²µ¦¥´¨° (22) ¸É·µ¨²¨¸Ó ± ± ¶·µ¥±Í¨¨

¸Ê³³ (97) ¨ (103) ´  ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¡ §¨¸´ÊÕ ËÊ´±Í¨Õ D�
mm′ . ’ ±¨³

¸¶µ¸µ¡µ³ ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ §´ Î¥´¨Ö ! ¢Ò¢µ¤¨²¨¸Ó ·Ö¤Ò

Ψ�m
im′(xi, yi, θi) = r�

∞∑
n=0

rn
[n/2]∑
m′′=0

sm
′′
Ψnm′′

im′ (ϕi, θi), i = 1, 2, 3, (104)

  ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ (! = 0, 1) ¨Ì Ö¢´Ò¥  ¸¨³¶ÉµÉ¨±¨ ¶·¨ r → 0:

Ψ00
i0 (xi, yi, θi) = C00

i +

(
2Vi,−1 cos ϕi

3∑
k=1

C00
k

)
r +

+2π3/2(C21
i1 cos 2ϕi −

√
3C21

i2 cos θi sin 2ϕi)r2s+ O(r2), (105)

Ψ1m
im′(xi, yi, θi) = (C10

i1 δm′0 cos ϕi + C10
i2 sin ϕiP

|m′|
1 (cos θi))r +O(r2).

‡´ Î¨³µ¸ÉÓ ¤µ± § ´´ÒÌ  ¢Éµ· ³¨ ¸µµÉ´µÏ¥´¨° (103) ¡¥¸¸¶µ·´ : ÔÉ¨ Ëµ·-
³Ê²Ò ¶µ§¢µ²ÖÕÉ ¶µ¸É·µ¨ÉÓ ¢ Ö¢´µ³ ¢¨¤¥  ¸¨³¶ÉµÉ¨±¨ ²Õ¡µ£µ Î ¸É´µ£µ ·¥-
Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨²¨ ±µ³¶µ´¥´É · §²µ¦¥´¨Ö ÔÉµ£µ ·¥Ï¥´¨Ö ¶µ
²Õ¡µ³Ê Ê£²µ¢µ³Ê ¡ §¨¸Ê. 
 ¶·¨³¥·, ¥¸²¨ ÔÉ¨ ¸µµÉ´µÏ¥´¨Ö c¶·µ¥±É¨·µ¢ ÉÓ
´  D-ËÊ´±Í¨¨, µ¡· §ÊÕÐ¨¥ ¶µ²´Ò° Ê£²µ¢µ° ¡ §¨¸ ¤²Ö ¢Ò¡· ´´µ£µ Î ¸É´µ£µ
·¥Ï¥´¨Ö (22) ¸ ¤ ´´Ò³ ´ ¡µ·µ³ ε = (E, !,m) ±¢ ´Éµ¢ÒÌ Î¨¸¥², Éµ ¢ ¨Éµ£¥ ¶µ-
²ÊÎ É¸Ö  ¸¨³¶ÉµÉ¨±¨ (104) ¨ (4.1) ±µ³¶µ´¥´É Ψ�m

im′ , ¶µ¤Î¨´¥´´Òx Ê· ¢´¥´¨Ö³
” ¤¤¥¥¢  (23) ¢ R3.

’¥¶¥·Ó µ¡¸Ê¤¨³ ¶µ²´µÉÊ ¶·¥¤¸É ¢²¥´´µ£µ ¢ÒÏ¥ ³¥Éµ¤  ¶µ¸É·µ¥´¨Ö  ¸¨³¶-
ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° (97) µ¡Ð¥£µ ·¥Ï¥´¨Ö (ε = E) Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢
R6. Š²ÕÎ¥¢µ° Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´ Ö Í¥¶µÎ±  Ê· ¢´¥´¨° (99) ¤²Ö ËÊ´±Í¨°
Ψnm

i . �¥·¢Ò¥ É·¨ Ê· ¢´¥´¨Ö  ¢Éµ· ³ Ê¤ ²µ¸Ó ·¥Ï¨ÉÓ  ´ ²¨É¨Î¥¸±¨. ’µÎ-
´µ¥ ·¥Ï¥´¨¥ ÌµÉÖ ¡Ò ±µ´¥Î´µ£µ Î¨¸²  ¸²¥¤ÊÕÐ¨Ì Ê· ¢´¥´¨° ÔÉµ° Í¥¶µÎ±¨
¶·¥¤¸É ¢²Ö¥É¸Ö µÎ¥´Ó É·Ê¤´µ° § ¤ Î¥°, ¶µÉµ³Ê ÎÉµ Î¨¸²µ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥-
³¥´´ÒÌ ¸²¨Ï±µ³ ¢¥²¨±µ (· ¢´µ ¶ÖÉ¨),   ¶· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ¨³¥ÕÉ
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¸²µ¦´µ¥ ¸É·µ¥´¨¥. —¨¸²¥´´Ò°  ´ ²¨§ µ¡·¥§ ´´µ° Í¥¶µÎ±¨ Ê· ¢´¥´¨° (99)
¶·¨´Í¨¶¨ ²Ó´µ ´¥¢µ§³µ¦¥´, ¶µÉµ³Ê ÎÉµ ¨¸±µ³Ò¥ ËÊ´±Í¨¨ Ψnm

i ¸µ¤¥·¦ É ¢
± Î¥¸É¢¥ ¸² £ ¥³ÒÌ µ¡Ð¨¥ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨°.
�É¨ ¸² £ ¥³Ò¥ µ¶·¥¤¥²¥´Ò ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶·µ¨§¢µ²Ó´ÒÌ ³´µ¦¨É¥²¥° Cnm

iaαbβ .
‡ Ë¨±¸¨·µ¢ ÉÓ §´ Î¥´¨Ö ÔÉ¨Ì ³´µ¦¨É¥²¥° ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ´¥²Ó§Ö ´¨-
± ±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¤²Ö ËÊ´±Í¨° Ψnm

i . ’ ±¨³ µ¡· §µ³, ¶·µ¡²¥³ 
¶µ¸É·µ¥´¨Ö ¡µ²¥¥ ¶µ¤·µ¡´ÒÌ, Î¥³ ¸Ê³³Ò (103) É·¥Ì ´ ¨¡µ²¥¥ ³¥¤²¥´´µ Ê¡Ò-
¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ, ¶µ²´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° (97)
µ¸É ² ¸Ó ´¥·¥Ï¥´´µ° ¢ µ¡¸Ê¦¤¥´´µ° ¢ÒÏ¥ · ¡µÉ¥ [38]. 
¥ ¨¸¸²¥¤µ¢ ´´Ò³¨
µ¸É ²¨¸Ó ¨ ¸²ÊÎ ¨ Vk,−1 = 0, Vk,1 �= 0 ¨ Vk,2n−1 = 0, n = 0, 1, . . . , ±µ-
£¤  ¢¸¥ ¢§ ¨³µ¤¥°¸É¢¨Ö (98) ´¥ µ¡² ¤ ÕÉ ±Ê²µ´µ¢¸±¨³¨ µ¸µ¡¥´´µ¸ÉÖ³¨ ¨²¨
¦¥ ¨Ì ·Ö¤Ò ¸µ¤¥·¦ É Éµ²Ó±µ Î¥É´Ò¥ ¸É¥¶¥´¨  ·£Ê³¥´Éµ¢ xk, ¨ ¶µÔÉµ³Ê ¢
 ´§ Í Ì (97) § ¢¨¸¨³µ¸ÉÓ µÉ n ¢¥·Ì´¥£µ ¶·¥¤¥²  ¢Éµ·µ° ¸Ê³³Ò µ¶¨¸Ò¢ ¥É¸Ö
ËÊ´±Í¨¥° M(n), µÉ²¨Î´µ° µÉ [n/2] (¸³. [31]).

4.2. =µ¸É·µ¥´¨¥  ¸¨³¶ÉµÉ¨± ¶·¨ r → 0 ¢ R2
+. �Ê¸ÉÓ, ± ± ¨ ¢ ¶. 4.1,

¢¸¥ ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Í¥´É· ²Ó´Ò¥ ¨ ¨³¥ÕÉ ¢¨¤ (98). …¸²¨ Vk,−1 �= 0,
k = 1, 2, 3, Éµ ¤²Ö ¸µ¸ÉµÖ´¨Ö ¸ ´ ¡µ·µ³ ±¢ ´Éµ¢ÒÌ Î¨¸¥² ε = (E, !,m, σ)
 ¸¨³¶ÉµÉ¨±¨ ¡¨¸Ë¥·¨Î¥¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É U �

iab ¢ ¢¨¤¥ É·¥Ì ´ ¨¡µ-
²¥¥ ³¥¤²¥´´µ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ ³µ¦´µ ¢Ò¢¥¸É¨, ¶·µ¥±É¨·ÊÖ
 ¸¨³¶ÉµÉ¨±¨ (103) ´  ¡ §¨¸ ¨§ ¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± Y�m

ab , (−1)a+b = σ.
�µ¸É·µ¥´¨¥ É ±¨Ì ¸Ê³³ ¨ ¢ÒÎ¨¸²¥´¨¥ ¡µ²¥¥ ¶µ¤·µ¡´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §-
²µ¦¥´¨° ´¥É·Ê¤´µ ¢Ò¶µ²´¨ÉÓ ¤·Ê£¨³ ³¥Éµ¤µ³ [30], ¸É ·ÉÊÖ ¸ Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  (15) ¢ R2

+.
�¶¨Ï¥³ ¸Ì¥³Ê ÔÉµ£µ ³¥Éµ¤ . ‘´ Î ²  ¶µ¸É·µ¨³ ”‘�P UL�

iab, L = a + b,
a + b + 2, . . . , Ê· ¢´¥´¨° (15) ¢ ±² ¸¸¥ Bε ¢ ¢¨¤¥  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì ·Ö¤µ¢,
¸µ¤¥·¦ Ð¨Ì ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ UL�

iabnm(ϕi). ‡ É¥³ ¶·¥¤¸É ¢¨³ µ¡Ð¥¥ ·¥-
Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° (ËÊ´±Í¨¨ U �

iab) ¢ ¢¨¤¥ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ ¢¸¥Ì
·¥Ï¥´¨° UL�

iab. 
 ±µ´¥Í, ¨¸¶µ²Ó§µ¢ ¢ ¶µ²ÊÎ¥´´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥-
´¨Ö ËÊ´±Í¨° U �

iab, ¶µ¸É·µ¨³ ¨ ¨¸¸²¥¤Ê¥³ ¸µ¤¥·¦ Ð¨¥ ÔÉ¨ ËÊ´±Í¨¨ · §²µ-
¦¥´¨Ö (14) Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψε

i . ‚ µÉ²¨Î¨¥ µÉ ³¥Éµ¤ , µ¶¨¸ ´´µ£µ ¢
¶. 4.1, ¢ ´ Ï¥³ ¶µ¤Ìµ¤¥ ´¥¨§¢¥¸É´Ò³¨ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨¨ UL�

iabnm µ¤´µ£µ,  
´¥ ¶ÖÉ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢,   ¡² £µ¤ ·Ö ¶·µ³¥¦ÊÉµÎ´µ³Ê ÔÉ ¶Ê ¢Ò¢µ¤ 
 ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨° (¶µ¸É·µ¥´¨Õ ”‘��) Ê¤ ¥É¸Ö ¸Ëµ·³Ê²¨·µ¢ ÉÓ
¤²Ö ËÊ´±Í¨° UL�

iabnm µ¤´µ§´ Î´µ · §·¥Ï¨³ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ ¢ ¢¨¤¥ ·¥±Ê·-
·¥´É´µ° Í¥¶µÎ±¨ ´¥µ¤´µ·µ¤´ÒÌ µ¡Ò±´µ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¸ É·¨¢¨ ²Ó´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨. ’ ±ÊÕ Í¥¶µÎ±Ê, ¢ µÉ²¨Î¨¥ µÉ
¶ÖÉ¨³¥·´µ° Í¥¶µÎ±¨ (99), ³µ¦´µ ¨¸¸²¥¤µ¢ ÉÓ ¨ Î¨¸²¥´´µ, ¨  ´ ²¨É¨Î¥¸±¨,
¶·¨³¥´ÖÖ ¨§¢¥¸É´Ò¥ [20, 21] ¸¶¥±É· ²Ó´Ò¥ · §²µ¦¥´¨Ö (13) ¨´É¥£· ²Ó´ÒÌ
µ¶¥· Éµ·µ¢ h�a′b′ab ¶µ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ (9).

”Ê´¤ ³¥´É ²Ó´ Ö ¸¨¸É¥³  ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°. Š ¦¤µ¥ ¨§ ²¨´¥°´µ ´¥-
§ ¢¨¸¨³ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (15) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥
 ¸¨³¶ÉµÉ¨Î¥¸±µ£µ ¶·¨ r → 0 ·Ö¤ . ‘´ Î ²  µ¶·¥¤¥²¨³ ¢¨¤ ¸É ·Ï¨Ì ¸² £ -
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¥³ÒÌ ¨¸±µ³ÒÌ ·Ö¤µ¢. �µ Ê¸²µ¢¨Õ (98) ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ ¶µÉ¥´Í¨ ²Ò ´¥
³µ£ÊÉ ¢µ§· ¸É ÉÓ ¶·¨ r → 0 ¡Ò¸É·¥¥ ¸² £ ¥³ÒÌ r−2 L̃2

ab(ϕ) µ¶¥· Éµ·µ¢ H̃0ab.
�µÔÉµ³Ê ¸É ·Ï¨¥ Î²¥´Ò  ¸¨³¶ÉµÉ¨± ¶·¨ r → 0 ± ¦¤µ£µ ¨¸±µ³µ£µ ·¥Ï¥-
´¨Ö UL�

iab µ¶·¥¤¥²ÖÕÉ¸Ö Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ µ¶¥· Éµ· 
H̃0ab Ê· ¢´¥´¨¥³ [2]. ˆ¸¶µ²Ó§ÊÖ · ¢¥´¸É¢  (12), µ¶·¥¤¥²Ö¥³ ¨§ É ±¨Ì Ê· ¢´¥-
´¨° ¢¨¤ ¸É ·Ï¨Ì ¸² £ ¥³ÒÌ  ¸¨³¶ÉµÉ¨±

UL�
iab(r, ϕi)→ CL�

iab0r
L+2W̃Lab(ϕi), r → 0. (106)

‡¤¥¸Ó CL�
iab0 Å ¶·µ¨§¢µ²Ó´Ò¥ ±µ´¸É ´ÉÒ, i = 1, 2, 3, L = a + b + 2n, n =

0, 1, . . . ,   ¨´¤¥±¸Ò a ¨ b É ±¨¥, ÎÉµ a+ b ≤ L, a + b = l ¨ σ = (−1)a+b.
‚¸¥ ·¥Ï¥´¨Ö ¸  ¸¨³¶ÉµÉ¨± ³¨ (106) ¨ µ¤´¨³ ¨ É¥³ ¦¥ §´ Î¥´¨¥³ L,

´µ ²Õ¡Ò³¨ ¢µ§³µ¦´Ò³¨ ¶·¨ É ±µ³ L ¨´¤¥±¸ ³¨ a ¨ b, ´ §µ¢¥³ L-¸¥·¨¥°
·¥Ï¥´¨°. �·¨¸ÉÊ¶¨³ ± ¶µ¸É·µ¥´¨Õ ± ¦¤µ° L-¸¥·¨¨ ¢ ¢¨¤¥

UL�
iab(r, ϕi) ≡ rL+2

∞∑
n=0

exp (ns)UL�
iabn(s, ϕi), s ≡ ln r, (107)

¶·¥¤¶µ²µ¦¨¢, ÎÉµ ËÊ´±Í¨¨ exp (ns) ¨ UL�
iabn ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò. —Éµ¡Ò

 ´§ Í (107) ´¥ ¶·µÉ¨¢µ·¥Î¨² ¸µµÉ´µÏ¥´¨Ö³ (106), ¶µ²µ¦¨³

UL�
iab0(s, ϕi) ≡ CL�

iab0W̃Lab(ϕi). (108)

’¥¶¥·Ó ¢ Ê· ¢´¥´¨ÖÌ (15) § ³¥´¨³ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ ¨¸±µ³ÊÕ L-¸¥·¨Õ ·¥-
Ï¥´¨° ¨Ì · §²µ¦¥´¨Ö³¨ (98) ¨ (107). �µ²ÊÎ¥´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¶¥·¥¶¨Ï¥³
¢ ¢¨¤¥ · ¢¥´¸É¢ ´Ê²Õ ·Ö¤µ¢ ¶µ Í¥²Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  r. —Éµ¡Ò Ê¤µ-
¢²¥É¢µ·¨ÉÓ ÔÉ¨³ · ¢¥´¸É¢ ³, ¶µ²µ¦¨³ ±µÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ ¢¸¥³¨ ¸É¥¶¥´Ö³¨
r · ¢´Ò³¨ ´Ê²Õ. ‚Ò¢¥¤¥´´Ò¥ É ±¨³ µ¡· §µ³ Ê· ¢´¥´¨Ö ¤²Ö ´¥¨§¢¥¸É´ÒÌ
ËÊ´±Í¨° UL�

iabn § ¶¨Ï¥³ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  n = 1, 2, . . . :

DL
abn(s, ϕi)UL�

iabn(s, ϕi) = RL�
iabn(s, ϕi),

RL�
iabn(s, ϕi) ≡ −E UL�

iab,n−2(s, ϕi) +
n−1∑
m=0

Vi,n−m−2(cosϕi)n−m−2 × (109)

×


UL�

iabm(s, ϕi) +
∑
k �=i

∑
a′b′

〈s, ϕi|h�aba′b′(γki)|UL�
ka′b′m(s, ϕk)〉


 .

‡¤¥¸Ó ¶µ µ¶·¥¤¥²¥´¨Õ UL�
iabn ≡ 0 ¶·¨ n < 0 ¨

DL
abn(s, ϕ) ≡ (∂s + L+ n+ 2)2 − L̃2

ab(ϕ), (110)

  ¨´¤¥±¸Ò a, b ¨ a′, b′, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ¶µ¤Î¨´¥´Ò Ê¸²µ¢¨Ö³ a + b ≤ L
¨ a′ + b′ ≤ L. �µ¤¸¨¸É¥³Ê ¸¨¸É¥³Ò Ê· ¢´¥´¨° (109) ¤²Ö ¨¸±µ³ÒÌ ËÊ´±Í¨°
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UL�
iabn, i = 1, 2, 3, a+b = l, (−1)a+b = σ ¸ µ¤´¨³ ¨ É¥³ ¦¥ §´ Î¥´¨¥³ ¨´¤¥±¸ 

n ´ §µ¢¥³ n-¶µ¤¸¨¸É¥³µ°. ‡ ³¥É¨³, ÎÉµ ± ¦¤ Ö n-¶µ¤¸¨¸É¥³  (n = 1, 2, . . . )
¸µ¸Éµ¨É ¨§ ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¶µ ¨´¤¥±¸ ³ i = 1, 2, 3 ¨ a, b Ê· ¢´¥´¨° ¤²Ö
ËÊ´±Í¨° UL�

iabn ¨ ¸µ¤¥·¦¨É ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ RL�
iabn ÔÉ¨Ì Ê· ¢´¥´¨° ·¥Ï¥´¨Ö

UL�
iabm ¢¸¥Ì ¶·¥¤Ò¤ÊÐ¨Ì m-¶µ¤¸¨¸É¥³ ¸ ¨´¤¥±¸µ³ m = 0, 1, . . . , n−1. ‡´ Î¨É,

¸¨¸É¥³  (109) Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´µ° ¶µ ¨´¤¥±¸Ê n.
�¶¨Ï¥³ ¸É·Ê±ÉÊ·Ê ·¥Ï¥´¨Ö ¶·µ¨§¢µ²Ó´µ° n-¶µ¤¸¨¸É¥³Ò. ‚¸¥ ËÊ´±Í¨¨

UL�
iabn, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ n-¶µ¤¸¨¸É¥³¥, ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ¸Ê³³Ò Î ¸É´ÒÌ

·¥Ï¥´¨° ÔÉµ° ´¥µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò ¨ µ¡Ð¥£µ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¥°
¸¨¸É¥³Ò µ¤´µ·µ¤´ÒÌ Ê· ¢´¥´¨°. �µ¸²¥¤´¨¥ Å ¸Ê³³Ò É¨¶ 

ZL′

iabn(s, ϕi) = [c+ exp (L′
+s) + c− exp (L′

−s)]W̃L′ab(ϕi),

£¤¥ c± Å ¶·µ¨§¢µ²Ó´Ò¥ ¶µ¸ÉµÖ´´Ò¥; L′ = a + b + 2n′; n′ = 0, 1, . . . ¨
L′
± ≡ ±L′ − L − n. ‘² £ ¥³Ò¥ ± ¦¤µ° É ±µ° ¸Ê³³Ò ³µ¦´µ µÉ´¥¸É¨ ²¨¡µ

± ´¥·¥£Ê²Ö·´Ò³ ·¥Ï¥´¨Ö³, ²¨¡µ ± ¤·Ê£µ° (L′ �= L) L′-¸¥·¨¨ ·¥Ï¥´¨°. �µ-
ÔÉµ³Ê ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ¤²Ö ¤ ²Ó´¥°Ï¥£µ ¶µ¸É·µ¥´¨Ö ËÊ´¤ ³¥´É ²Ó´µ°
¸¨¸É¥³Ò ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¶µ² £ ¥³ ¢¸¥ ËÊ´±Í¨¨ ZL′

iabn · ¢´Ò³¨ ´Ê²Õ
¨ ¤ ²¥¥ ¨¸¸²¥¤Ê¥³ ²¨ÏÓ Î ¸É´Ò¥ ·¥Ï¥´¨Ö ´¥µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° (109). ‡ ³¥É¨³, ÎÉµ ¨´¤¥±¸Ò L ¢ ¨¸¸²¥¤Ê¥³µ° ¸¨¸É¥³¥ (109) ¶·¨´¨³ ÕÉ
µ¤´µ¢·¥³¥´´µ ²¨¡µ Éµ²Ó±µ Î¥É´Ò¥ (¸²ÊÎ ° σ = 1), ²¨¡µ Éµ²Ó±µ ´¥Î¥É´Ò¥ (¸²Ê-
Î ° σ = −1) §´ Î¥´¨Ö. �µÔÉµ³Ê ¢ ¡ §¨¸¥ (9) Ö¤·µ µ¶¥· Éµ·  DL

abn, § ¤ ´´µ£µ
· ¢¥´¸É¢µ³ (110), Ö¢²Ö¥É¸Ö ¶Ê¸ÉÒ³ ³´µ¦¥¸É¢µ³, ¥¸²¨ n Å ´¥Î¥É´µ¥ Î¨¸²µ,
¨ ¸µ¸Éµ¨É ¨§ ²¨´¥°´µ° µ¡µ²µÎ±¨, ´ ÉÖ´ÊÉµ° ´  µ¤´Ê ËÊ´±Í¨Õ W̃L+n,ab, ¢
¶·µÉ¨¢´µ³ ¸²ÊÎ ¥. �Éµ ¸¢µ°¸É¢µ µ¶·¥¤¥²Ö¥É ¸É·µ¥´¨¥ ·¥Ï¥´¨° n-¶µ¤¸¨¸É¥³Ò
Ê· ¢´¥´¨°, ¶· ¢Ò¥ Î ¸É¨ ±µÉµ·ÒÌ Å ¶µ²¨´µ³Ò ¶µ s: ¥¸²¨ ÔÉ¨ ¶· ¢Ò¥ Î ¸É¨
¶µ²¨´µ³Ò ¶µ s ¸É¥¶¥´¨ m, Éµ ·¥Ï¥´¨Ö ¡Ê¤ÊÉ ¶µ²¨´µ³ ³¨ ¶µ s ¸É¥¶¥´¨ m
¶·¨ ´¥Î¥É´µ³ n ¨ ¸É¥¶¥´¨ m+ 1 ¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥.

�µ¸²¥¤µ¢ É¥²Ó´µ ¶µ² £ Ö n = 1, 2, . . . , ¢ÒÖ¸´¨³ ¸É·µ¥´¨¥ Î ¸É´ÒÌ ·¥Ï¥-
´¨° n-¶µ¤¸¨¸É¥³ ¸¨¸É¥³Ò (109). �· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° ¶¥·¢µ° ¶µ¤¸¨¸É¥³Ò
(n = 1) ¸µ¤¥·¦ É ËÊ´±Í¨¨ (108) ¨ ´¥ § ¢¨¸ÖÉ µÉ s. �µÔÉµ³Ê ·¥Ï¥´¨Ö ÔÉµ°
¶µ¤¸¨¸É¥³Ò UL�

iab1 ¨ ¶· ¢Ò¥ Î ¸É¨ RL�
iab2 ¢Éµ·µ° ¶µ¤¸¨¸É¥³Ò (¢¸¥ Ê· ¢´¥´¨Ö ¸¨-

¸É¥³Ò (109) ¤²Ö ËÊ´±Í¨° UL�
iabn ¸ n = 2) Éµ¦¥ ´¥ § ¢¨¸ÖÉ µÉ s. ‘²¥¤µ¢ É¥²Ó´µ,

·¥Ï¥´¨Ö ¢Éµ·µ° ¶µ¤¸¨¸É¥³Ò Å ²¨´¥°´Ò¥ ¶µ s ËÊ´±Í¨¨:

UL�
iab2(s, ϕi) = CL�

iab2 s W̃L+2,ab(ϕi) +GL�
iab2(ϕi), (111)

£¤¥ CL�
iab2 ¨ GL�

iab2 Å ¶µ±  ´¥ ¨§¢¥¸É´Ò¥ ¶µ¸ÉµÖ´´Ò¥ ¨ ËÊ´±Í¨¨. �µ¤¸É ¢²ÖÖ
¨¸±µ³Ò¥ ·¥Ï¥´¨Ö (111) ¢µ ¢Éµ·ÊÕ ¶µ¤¸¨¸É¥³Ê (109), ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨Ö

[L̃2
ab(ϕi)− (L + 4)2]GL�

iab2(ϕi) = 2(L+ 4)CL�
iab2W̃L+2,ab(ϕi)−RL�

iab2(ϕi).

�¥Ï¥´¨¥ ± ¦¤µ£µ (²Õ¡Ò¥ ¤µ¶Ê¸É¨³Ò¥ i, a ¨ b) É ±µ£µ Ê· ¢´¥´¨Ö ¸ÊÐ¥¸É¢Ê¥É
Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  ¥£µ ¶· ¢ Ö Î ¸ÉÓ µ·Éµ£µ´ ²Ó´  ¸µµÉ¢¥É¸É¢ÊÕÐ¥°
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ËÊ´±Í¨¨ W̃L+2,ab. �Éµ Ê¸²µ¢¨¥ ¢Ò¶µ²´Ö¥É¸Ö, ¥¸²¨

CL�
iab2 = 〈W̃L+2,ab(ϕ)|RL�

iab2(ϕ)〉/(2L + 8), (112)

¶·¨Î¥³ CL�
iab2 Å ËÊ´±Í¨¨ ¶·µ¨§¢µ²Ó´ÒÌ ¶µ¸ÉµÖ´´ÒÌ CL�

iab0  ¸¨³¶ÉµÉ¨± (106),
É. ±. ËÊ´±Í¨¨ RL�

iab2(ϕi) ¶ · ³¥É·¨Î¥¸±¨ § ¢¨¸ÖÉ µÉ ÔÉ¨Ì ¶µ¸ÉµÖ´´ÒÌ.
�·µ¤µ²¦ Ö  ´ ²¨§ n-¶µ¤¸¨¸É¥³, ¶µ ¨´¤Ê±Í¨¨ ¤µ± §Ò¢ ¥³, ÎÉµ ¶· ¢Ò¥

Î ¸É¨ RL�
iabn Ê· ¢´¥´¨° ± ¦¤µ° É ±µ° n-¶µ¤¸¨¸É¥³Ò Å ¶µ²¨´µ³Ò ¶µ s ¸É¥¶¥´¨

´¥ ¢ÒÏ¥ Î¥³ [(n− 1)/2],   ·¥Ï¥´¨Ö UL�
iabn É ±¨Ì Ê· ¢´¥´¨° Å ¶µ²¨´µ³Ò ¶µ

s Éµ° ¦¥ ¸É¥¶¥´¨, ¥¸²¨ n Å ´¥Î¥É´µ¥ Î¨¸²µ, ¨ ¸É¥¶¥´¨ ´¥ ¢ÒÏ¥ Î¥³ [n/2] Å
¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥.

ˆÉ ±, ± ¦¤ Ö L-¸¥·¨Ö ·¥Ï¥´¨° ¸¨¸É¥³Ò (15) Å ¤¢µ°´ Ö ¸Ê³³ 

UL�
iab(s, ϕi) = rL+2

∞∑
n=0

rn
M(n)∑
m=0

smUL�
iabnm(ϕi), (113)

£¤¥ M(n) = [n/2] ¨ ¸µ£² ¸´µ ¸µµÉ´µÏ¥´¨Ö³ (106) ¨ (111)

UL�
iabn0(ϕi) ≡ UL�

iabn(ϕi), n = 0, 1,

UL�
iab20(ϕi) ≡ GL�

iab2(ϕi), (114)

UL�
iab21(ϕi) ≡ CL�

iab2W̃L+2,ab(ϕi).

ˆ¸¶µ²Ó§ÊÖ ¤µ± § ´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ (113), ¨§ ¨¸Ìµ¤´ÒÌ Ê· ¢´¥´¨° (15) ¢Ò-
¢µ¤¨³ ¸¨¸É¥³Ê µ¤´µ³¥·´ÒÌ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§-
¢¥¸É´ÒÌ ËÊ´±Í¨° UL�

iabnm. “· ¢´¥´¨Ö ÔÉµ° ¸¨¸É¥³Ò § ¶¨Ï¥³ ¢ ¢¨¤¥ ¶µ¸²¥¤µ-
¢ É¥²Ó´µ¸É¨ n-¶µ¤¸¨¸É¥³, · ¸¶µ²µ¦¥´´ÒÌ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  n ¨
¢ ¶µ·Ö¤±¥ Ê¡Ò¢ ´¨Ö ¨´¤¥±¸  m ¤²Ö ± ¦¤µ£µ n:[

L̃2
ab(ϕi)− (L+ n+ 2)2

]
UL�
iabnm(ϕi) = EUL�

iab,n−2,m(ϕi) +

+ (m+ 1)[2(L+ n+ 2)UL�
iabn,m+1(ϕi) + (m+ 2)UL�

iabn,m+2(ϕi)] +

+
n−1∑
p=0

Vi,n−p−2(cos ϕi)n−p−2 ×

×


UL�

iabpm(ϕi) +
∑
k �=i

∑
a′b′

〈ϕi|h�aba′b′(γki)|UL�
ka′b′pm(ϕk)〉


 . (115)

�·¨ É ±µ³ ¶µ·Ö¤±¥ § ¶¨¸¨ ¸¨¸É¥³  (115) Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´µ° Í¥¶µÎ±µ°
Ê· ¢´¥´¨° ¨ ¶µÔÉµ³Ê ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ´¥µ¤´µ·µ¤´ÊÕ ¸¨¸É¥³Ê µ¡Ò±´µ¢¥´-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éµ·µ£µ ¶µ·Ö¤± . ˆ§ · §²µ¦¥´¨° (14) ¨ ·¥-
£Ê²Ö·´µ¸É¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψε

i ¸²¥¤Ê¥É, ÎÉµ ¢¸¥ ËÊ´±Í¨¨ UL�
iabnm(ϕi)
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¤µ²¦´Ò § ´Ê²ÖÉÓ¸Ö ¢ ÉµÎ± Ì ϕi = 0, π/2. ‹Õ¡ Ö ±µ´¥Î´ Ö ¶µ¤¸¨¸É¥³  ¸¨-
¸É¥³Ò (115) ¸ É ±¨³ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ ¨ ´ ¶¥·¥¤ § ¤ ´´Ò³¨ ±µ´¸É ´É ³¨
CL�
iab0  ¸¨³¶ÉµÉ¨± (106) µ¤´µ§´ Î´µ · §·¥Ï¨³  ¨ ³µ¦¥É ¡ÒÉÓ ¶·µ¨´É¥£·¨·µ-

¢ ´  Î¨¸²¥´´µ.
ˆÉ ±, ¶·¨ r → 0 ¸¨¸É¥³  ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥-

´¨° (15) ¨³¥¥É ¢¨¤ L-¸¥·¨° (107), (113), ¸µ¤¥·¦ Ð¨Ì ËÊ´±Í¨¨ UL�
iabnm(ϕi),

¶µ¤Î¨´¥´´Ò¥ ·¥±Ê··¥´É´µ° Í¥¶µÎ±¥ Ê· ¢´¥´¨° (115).
$¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É. �¡Ð¥¥ ·¥£Ê²Ö·-

´µ¥ ·¥Ï¥´¨¥ ¨¸Ìµ¤´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (15) · ¢´µ ¸Ê³³¥, ¢µµ¡Ð¥ £µ¢µ·Ö,
¢¸¥Ì L-¸¥·¨° (107) ¨²¨ (113):

U �
iab(r, ϕi) =

∞∑
L=a+b

rL+2
∞∑
n=0

exp (ns)UL�
iabn(s, ϕi), (116)

U �
iab(r, ϕi) =

∞∑
L=a+b

rL+2
∞∑
n=0

rn
M(n)∑
m=0

smUL�
iabnm(ϕi). (117)

�·¨ ²Õ¡ÒÌ Ë¨±¸¨·µ¢ ´´ÒÌ ! ¨ σ ¨´¤¥±¸Ò a, b ¸Ê³³¨·µ¢ ´¨Ö ¢ · §²µ¦¥-
´¨ÖÌ (14) ±µ³¶µ´¥´É Ψε

i Ê¤µ¢²¥É¢µ·ÖÕÉ ´¥· ¢¥´¸É¢Ê a + b ≥ ! + µ(σ), £¤¥
µ(σ) Å É ±µ¥ ¦¥, ± ± ¨ ¢ · §²µ¦¥´¨¨ (18). �µÔÉµ³Ê ¨´¤¥±¸ L ¶µ¤Î¨´¥´
Ê¸²µ¢¨Õ L ≥ !+µ(σ); ¥¸²¨ § ³¥´¨ÉÓ ¢ ·Ö¤ Ì (14) ±µ³¶µ´¥´ÉÒ U �

iab ¨Ì · §²µ-
¦¥´¨Ö³¨ (117), Éµ ¤²Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¶µ²ÊÎ É¸Ö ¨¸±µ³Ò¥  ¸¨³¶Éµ-
É¨Î¥¸±¨¥ ·Ö¤Ò

Ψε
i (ri) =

∞∑
L=�+µ(σ)

rL
∞∑
n=0

rn
M(n)∑
m=0

smΨL�
inm(Ωi),

ΨL�
inm(Ωi) ≡ 2 cosec2ϕi

∑
ab

UL�
iabnm(ϕi)Y�m

ab (x̂i, ŷi).

‘µ£² ¸´µ ¶·¥¤¸É ¢²¥´¨Ö³ (5) ¨ (16), ¨³ µÉ¢¥Î ¥É ¸²¥¤ÊÕÐ¥¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥
· §²µ¦¥´¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (4):

Ψε(ri) =
∞∑

L=�+µ(σ)

rL
∞∑
n=0

rn
M(n)∑
m=0

smΨL�
nm(Ωi),

ΨL�
nm(Ωi) ≡

∑
ab


UL�

iabnm(ϕi) +
∑
k �=i

∑
a′b′

〈ϕi|h�aba′b′(γki)|UL�
ka′b′nm(ϕk)〉


×

× Y�m
ab (x̂i, ŷi).
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’¥¶¥·Ó ¶µ¸É·µ¨³ Ö¢´Ò¥  ¸¨³¶ÉµÉ¨±¨ µ¡Ð¨Ì ·¥Ï¥´¨° U �
iab ¨ Ψε

i Ë ¤¤¥-
¥¢¸±¨Ì Ê· ¢´¥´¨° (15) ¨ (6) ± ± ¸Ê³³Ò É·¥Ì ´ ¨¡µ²¥¥ ³¥¤²¥´´µ Ê¡Ò¢ ÕÐ¨Ì
¶·¨ r → 0 ¸² £ ¥³ÒÌ. � ¸¸³µÉ·¨³ ¤¢  ¸²ÊÎ Ö: (A) ¢¸¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨³¥ÕÉ
±Ê²µ´µ¢¸±¨¥ ¸¨´£Ê²Ö·´µ¸É¨, (B) Å ´¥ ¨³¥ÕÉ É ±µ¢ÒÌ.

‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ ¢ ¸²ÊÎ ¥ (A) ¢ ·Ö¤ Ì (113) M(n) = [n/2],   ¢ ¸²ÊÎ ¥
(B) M(n) ≤ [n/6]− Θ([(n− 1)/6]− (n− 1)/6), £¤¥ Θ Å É¥É -ËÊ´±Í¨Ö.


 Î´¥³ ¸µ ¸²ÊÎ Ö (A), ±µ£¤  ¢ ·Ö¤ Ì (98) Vk,−1 �= 0, k = 1, 2, 3. ’·¨
´ ¨¡µ²¥¥ ³¥¤²¥´´µ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ ·Ö¤  (117) · ¢´Ò É·¥³ ¶¥·¢Ò³
¸² £ ¥³Ò³ ·Ö¤  (113) ¤²Ö L-¸¥·¨¨ ¸ ³¨´¨³ ²Ó´Ò³ L, · ¢´Ò³ a+ b. �µÔÉµ³Ê
¶·¨ r → 0 ¨ ²Õ¡ÒÌ i, a ¨ b

U �
iab(r, ϕi) = rL+2

[
U �L
iab00(ϕi) + r U �L

iab10(ϕi) + r2sUL�
iab21(ϕi) +O(r2)

]
.

‘ ÊÎ¥Éµ³ (108) ¨ (114) ¶¥·¥¶¨Ï¥³ ÔÉ¨  ¸¨³¶ÉµÉ¨±¨ ¢ ¢¨¤¥

U �
iab(r, ϕi) = rL+2

[
CL�
iab0W̃Lab(ϕi) + rUL�

iab10(ϕi) +

+ r2sCL�
iab2W̃L+2,ab(ϕi) +O(r2)

]
, r→ 0, L = a+ b. (118)

�¸É ¥É¸Ö ´ °É¨ ËÊ´±Í¨¨ UL�
iab10 ¨ ±µÔËË¨Í¨¥´ÉÒ CL�

iab2. ˆ¸¶µ²Ó§ÊÖ (13)
¨ (108), ¶·¥¤¸É ¢²Ö¥³ ¨¸±µ³Ò¥ ·¥Ï¥´¨Ö UL�

iab10 Ê· ¢´¥´¨° (115) ·Ö¤ ³¨

UL�
iab10(ϕi) = Vi,−1C

L�
iab1

∞∑
L′=a+b

W̃L′ab(ϕi)
〈W̃L′ab(ϕ)| sec ϕW̃Lab(ϕ)〉

(L+ 3)2 − (L′ + 2)2
, (119)

CL�
iab1 ≡ CL�

iab0 +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L�C
L�
ka′b′0. (120)

„ ²¥¥ ¶µ Ëµ·³Ê² ³ (112) ¢Ò· §¨³ ±µÔËË¨Í¨¥´ÉÒ CL�
iab2 µ¤´µ±· É´Ò³¨ ¨´É¥-

£· ² ³¨, ¸µ¤¥·¦ Ð¨³¨ ËÊ´±Í¨¨ (119):

CL�
iab2 =

Vi,−1

2(L+ 4)

[
〈W̃L+2,ab(ϕ)| sec ϕUL�

iab10(ϕ)〉 +

+
∑
k �=i

∑
a′b′

〈 sec ϕW̃L+2,ab(ϕ)|h�aba′b′(γki)|UL�
ka′b′10(ϕ)〉

]
. (121)

� ¸¸³µÉ·¨³ ¸²ÊÎ ° (B). ’ ± ± ± É¥¶¥·Ó ¢ ·Ö¤ Ì (98) Vk,−1 = 0, k = 1, 2, 3,
Éµ ¢ ¸µµÉ´µÏ¥´¨ÖÌ (118) ¢¸¥ ËÊ´±Í¨¨ (119) ¨ ±µÔËË¨Í¨¥´ÉÒ (121) ´Ê²¥¢Ò¥.
�µÔÉµ³Ê É·¨ ¶¥·¢Òx ¸² £ ¥³Òx  ¸¨³¶ÉµÉ¨± ·Ö¤µ¢ (116) µ¶·¥¤¥²ÖÕÉ¸Ö ¶¥·-
¢Ò³¨ ¸² £ ¥³Ò³¨ L-¸¥·¨¨ (113) ¸ ³¨´¨³ ²Ó´Ò³ L = a+ b ¨ ¸É ·Ï¨³ Î²¥´µ³
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 ¸¨³¶ÉµÉ¨±¨ L-¸¥·¨¨ ¸ L = a + b + 2. 
 °¤Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ Ê± § ´´Ò³
¸² £ ¥³Ò³ ·¥Ï¥´¨Ö ¸¨¸É¥³ (109) ¨ (115), ¶µ²ÊÎ¨³  ¸¨³¶ÉµÉ¨±¨

U �
iab(r, ϕi) = rL+2

[
CL
iab0W̃Lab(ϕi) +

+ r2
L+2∑
L′=L

FL′

iabW̃L′ab(ϕi) + r3UL�
iab3(ϕi) +O(r4)

]
, r → 0, (122)

£¤¥ L ≡ a+ b, ËÊ´±Í¨¨ UL�
iab3 Å ¡¥¸±µ´¥Î´Ò¥ ·Ö¤Ò:

UL�
iab3(ϕi) ≡ Vi1C

L�
iab1

∞∑
L′=L

W̃L′ab(ϕi)
〈W̃L′ab(ϕ)| cos ϕW̃Lab(ϕ)〉

(L+ 5)2 − (L′ + 2)2
,

  ¶µ¸ÉµÖ´´Ò¥ FL
iab ¸¢Ö§ ´Ò ¸ ±µÔËË¨Í¨¥´É ³¨ (120) · ¢¥´¸É¢ ³¨

FL
iab ≡

(
Vi0 C

L�
iab1 − ECL�

iab0

)
/(4L+ 12), FL+2

iab ≡ CL+2,�
iab0 . (123)

’¥¶¥·Ó ¶µ¸É·µ¨³  ¸¨³¶ÉµÉ¨±¨ ·Ö¤µ¢ (14) ¤²Ö ±µ³¶µ´¥´É Ψε
i ± ± ¸Ê³³Ò

É·¥Ì ´ ¨¡µ²¥¥ ³¥¤²¥´´µ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ. ’ ±¨¥ ¸² £ ¥³Ò¥
µ¶·¥¤¥²ÖÕÉ¸Ö ´ ¨¡µ²¥¥ ³¥¤²¥´´µ Ê¡Ò¢ ÕÐ¨³¨ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ±µ³¶µ´¥´-
É ³¨ U �

iab. ‚ ·Ö¤ Ì (14) µ¸É ¢¨³ ±µ³¶µ´¥´ÉÒ U �
iab ¸ ¨´¤¥±¸ ³¨ a ¨ b, ¸Ê³³ 

±µÉµ·ÒÌ ¶·¨´¨³ ¥É ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ¥ §´ Î¥´¨¥ a + b = ! + µ(σ),   ¢
·Ö¤ Ì (14) § ³¥´¨³ É ±¨¥ ±µ³¶µ´¥´ÉÒ ¨Ì  ¸¨³¶ÉµÉ¨± ³¨ (118) ¨²¨ (122). ‚
·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ ¨¸±µ³Ò¥  ¸¨³¶ÉµÉ¨±¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É

(A) Ψε
i (ri) = rL

[
Ψε

i00(Ωi) + rΨε
i10(Ωi) + r2sΨε

i21(Ωi) +O(r2)
]
,

(B) Ψε
i (ri) = rL

[
Ψε

i00(Ωi) + r2Ψε
i20(Ωi) + r3Ψε

i30(Ωi) +O(r4)
]
,

£¤¥ L = a+ b = !+ µ(σ),   ËÊ´±Í¨¨ Ψε
inm(Ωi) Å ÔÉµ ±µ³¡¨´ Í¨¨ £¨¶¥·£ ·-

³µ´¨±, ¶·µ¨§¢µ²Ó´ÒÌ ±µ´¸É ´É CL�
i00 ¨ ±µÔËË¨Í¨¥´Éµ¢ (120), (121) ¨ (123):

Ψε
inm(Ωi) =

∑
a+b=�+µ(σ)

CL�
iabnY

�m
L+2δn1,ab(Ωi), (n,m) = (0, 0), (2, 1),

Ψε
i20(Ωi) =

∑
a+b=�+µ(σ)

L+2∑
L′=L

FL′

iabY
�m
L′ab(Ωi),

Ψε
in0(Ωi) = Vi,n−2

∑
a+b=�+µ(σ)

CL�
iab1

∞∑
L′=L

Y �m
Lab(Ωi)×

× 〈W̃L′ab(ϕ)|(cosϕ)n−2 W̃Lab(ϕ)〉
(L+ n+ 2)2 − (L′ + 2)2

, n = 1, 3.
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4.3. 
¸¨³¶ÉµÉ¨±¨ ¢ ÉµÎ± Ì ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨°. Š ± ¢¶¥·¢Ò¥ ¤µ± § ²
Š Éµ [54], ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ³´µ£µÎ ¸É¨Î´ÒÌ ±Ê²µ´µ¢¸±¨Ì
¸¨¸É¥³ ¢¸Õ¤Ê µ£· ´¨Î¥´Ò, ¢ Éµ³ Î¨¸²¥ ¨ ¢ ¸¨´£Ê²Ö·´ÒÌ ÉµÎ± Ì aij = 0
¶ ·´ÒÌ ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°. �¥£Ê²Ö·´µ¸ÉÓ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢ ÔÉ¨Ì
ÉµÎ± Ì ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨° µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¢Ò¢¥¤¥´´Ò³ Š Éµ Ê¸²µ¢¨¥³. „²Ö
S-¢µ²´µ¢µ° (! = 0) ËÊ´±Í¨¨ Ψ(a1, a2, a12) ¤¢ÊÌ Ô²¥±É·µ´µ¢ p1 ¨ p2 ¸ · ¤¨Ê¸ -
³¨-¢¥±Éµ· ³¨ a1 ¨ a2 ¢ ±Ê²µ´µ¢¸±µ³ ¶µ²¥ ¡¥¸±µ´¥Î´µ ÉÖ¦¥²µ£µ (m3 = ∞)
Ö¤·  p3 ¸ § ·Ö¤µ³ z3 ÔÉµ Ê¸²µ¢¨¥ ¨³¥¥É ¢¨¤

∂q〈Ψ〉δ|q=0 = λΨ|q=0.

‡¤¥¸Ó 〈Ψ〉δ Å ¸·¥¤´¥¥ ¶µ ¸Ë¥·¥ ¡¥¸±µ´¥Î´µ ³ ²µ£µ · ¤¨Ê¸  ¸ Í¥´É·µ³ ¢ ÉµÎ±¥
q = 0; λ = m1z3 ¶·¨ q = ai, i = 1, 2 ¨ λ = µ12 = m1/2 ¶·¨ q = a12.

�µ§¦¥ ¢ · ¡µÉ¥ [55] Ê¸²µ¢¨¥ Š Éµ ¡Ò²µ ¢Ò¢¥¤¥´µ ¢ ¨´µ³ ¢¨¤¥, ¸µ¤¥·-
¦ Ð¥³ ¢³¥¸Éµ Ê¸·¥¤´¥´¨Ö ´¥¨§¢¥¸É´Ò° ¢¥±Éµ· v. 
 ¶·¨³¥·, ¢ µ±·¥¸É´µ¸É¨
ÉµÎ±¨ ¸Éµ²±´µ¢¥´¨Ö a1 = 0 Ô²¥±É·µ´  p1 ¸ ±Ê²µ´µ¢¸±¨³ Í¥´É·µ³ p3

Ψ(a1, a2, a12) = Ψ(0, a2, a12)
[
1 +m1z3a1 + (a1 · v) +O(a2

1)
]
. (124)

‘²¥¤ÊÕÐ¥¥ µ¡µ¡Ð¥´¨¥ Ê¸²µ¢¨Ö Š Éµ ¡Ò²µ ¢Ò¶µ²´¥´µ ¢ · ¡µÉ¥ [56]. „²Ö
ÔÉµ£µ N -Î ¸É¨Î´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ±Ê²µ´µ¢¸±¨³¨ ¶ ·´Ò³¨ ¢§ ¨-
³µ¤¥°¸É¢¨Ö³¨ § ¶¨¸Ò¢ ²µ¸Ó ¢ µ±·¥¸É´µ¸É¨ · ¸¸³ É·¨¢ ¥³µ° ÉµÎ±¨ R = a12

¸Éµ²±´µ¢¥´¨Ö Î ¸É¨Í p1 ¨ p2 ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ³ ¢¨¤¥[
− 1
2µ12

�R +
z1z2

R
+O(1)

]
Ψ = 0, R→ 0,

¶µ§¢µ²ÖÕÐ¥³ ¶µ¤¸É ´µ¢±µ°

Ψ =
∞∑
b=0

Rb
b∑

β=−b

Ybβ(R̂)fbβ(R), fbβ(R) =
∞∑
n=0

CbβnR
n, λ(b) ≡ µ12z1z2

b+ 1

¶µ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ ¤²Ö ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Cbβn:

∞∑
n=0

[
n(n+ 2b+ 1)Cbβn − 2λ(b)Cbβ,n−1 + Cbβ,n−2O(1)

]
= 0.

ˆ§ ÔÉµ£µ Ê· ¢´¥´¨Ö  ¢Éµ·Ò ¶µ¸²¥¤µ¢ É¥²Ó´µ ´ Ï²¨ ¸¢Ö§¨ Cbβ1 = λ(b)Cbβ0,
 ¸¨³¶ÉµÉ¨±¨ ¢¸¶µ³µ£ É¥²Ó´ÒÌ ËÊ´±Í¨° fbβ:

fbβ(R) = Cbβ0

[
1 + λ(b)R+O(R2)

]
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¨, ´ ±µ´¥Í,  ¸¨³¶ÉµÉ¨±Ê ·¥Ï¥´¨Ö Ψ ¨¸Ìµ¤´µ£µ N -Î ¸É¨Î´µ£µ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¶·¨ R→ 0. �·¨ N = 3 É ± Ö  ¸¨³¶ÉµÉ¨±  ¨³¥¥É ¢¨¤

Ψε(R,ρ) = Rb

[
b∑

β=−b

Cbβ0Ybβ(R̂)(1 + λ(b)R) +

+R

b+1∑
β=−b−1

Cb+1,β0Yb+1,β(R̂) +O(R2)

]
, ε = (E, !,m, σ),

£¤¥ b Å ³¨´¨³ ²Ó´µ ¢µ§³µ¦´µ¥ ¶·¨ ¤ ´´ÒÌ ! ¨ σ §´ Î¥´¨¥ ¶ ·´µ£µ Ê£²µ¢µ£µ
³µ³¥´É : b = 0 ¤²Ö ¸µ¸ÉµÖ´¨° ¸ ´µ·³ ²Ó´µ° Î¥É´µ¸ÉÓÕ ¨ b = 1 ¤²Ö ¸µ¸ÉµÖ´¨°
¸  ´µ³ ²Ó´µ° Î¥É´µ¸ÉÓÕ.

�É³¥É¨³, ÎÉµ ¢Ò¢µ¤Ê  ´ ²µ£µ¢ Ê¸²µ¢¨Ö Š Éµ ¤²Ö ¸Éµ²±´µ¢¥´¨Ö É·¥Ì ¨
¡µ²¥¥ Ô²¥±É·µ´µ¢ ¢ N -Ô²¥±É·µ´´ÒÌ ¸¨¸É¥³ Ì ¶µ¸¢ÖÐ¥´Ò · ¡µÉÒ [57Ä59],  
³µ¤¨Ë¨± Í¨¨ Ëµ±µ¢¸±¨Ì · §²µ¦¥´¨°, ÊÎ¨ÉÒ¢ ÕÐ¨¥ ÔÉµ Ê¸²µ¢¨¥ ¢µ ¢¸¥Ì Î²¥-
´ Ì ¢¶²µÉÓ ¤µ Î²¥´µ¢ ¶µ·Ö¤±  O(r2), ¶·¥¤²µ¦¥´Ò ¢ · ¡µÉ Ì [60,61].

�¡¸Ê¦¤ ¥³µ¥ ´¨¦¥ ¶µ¸É·µ¥´¨¥  ¸¨³¶ÉµÉ¨± É·¥ÌÎ ¸É¨Î´ÒÌ ¢µ²´µ¢ÒÌ
ËÊ´±Í¨° Ψε(R,ρ) ¨ ¨Ì ±µ³¶µ´¥´É ¢ ¸²ÊÎ ¥ ±Ê²µ´µ¢¸±¨Ì ¶ ·´ÒÌ ¢§ ¨³µ-
¤¥°¸É¢¨° ¨ R → 0, ρ > 0 ¨²¨ ρ → 0, R > 0 ¶·¥¤²µ¦¥´µ ¢ · ¡µÉ¥ [35] ¨
¶·¥¤¸É ¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ¶µ²´Ò³ ¨ ³ É¥³ É¨Î¥¸±¨ ¸É·µ£µ µ¡µ¸´µ¢ ´´Ò³.

„²Ö ¶µ¸É·µ¥´¨Ö ¸´ Î ²  ¡Ò²¨ ´ °¤¥´Ò ¸¢Ö§¨ ³¥¦¤Ê ±µ³¶µ´¥´É ³¨ · §-
²¨Î´ÒÌ · §²µ¦¥´¨° ËÊ´±Í¨° Ψε. Š ± ¡Ò²µ § ³¥Î¥´µ, ´ ·Ö¤Ê ¸ · §²µ¦¥-
´¨¥³ (18) ¤²Ö ËÊ´±Í¨¨ Ψε(R,ρ) ¨³¥¥É¸Ö ¤¢  Ô±¢¨¢ ²¥´É´ÒÌ · §²µ¦¥´¨Ö ¶µ
¡¨¸Ë¥·¨Î¥¸±¨³ £ ·³µ´¨± ³ Y�m

ab Å ±µ´¥Î´µ¥ · §²µ¦¥´¨¥ [104]

Ψε(R,ρ) =
∑

a+b=�+µ(σ)

Y�m
ab (R̂, ρ̂)RbρaG�σ

ab(R, ρ, θ) (125)

¨ ¡¥¸±µ´¥Î´µ¥ · §²µ¦¥´¨¥ [14]

Ψε(R,ρ) =
∑
ab

Y�m
ab (R̂, ρ̂)f �

ab(R, ρ), σ = (−1)a+b. (126)

„ ²¥¥ ¸ ¶µ³µÐÓÕ ¨§¢¥¸É´µ° ¸¢Ö§¨ [105] ËÊ´±Í¨° Y�m
ab ¨ D�σ

mm′ :

Y�m
ab (R̂, ρ̂) =

√
2π

b∑
m′=µ(σ)

T �σ
abm′D�σ∗

mm′(α, β, γ)Yam′(θ, 0),

T �σ
abm′ ≡

[
2

1 + δm′0

2b+ 1
2!+ 1

]1/2
C�m′

b0am′
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±µ³¶µ´¥´ÉÒ F �σ
m · §²µ¦¥´¨Ö (18) ¢Ò· ¦ ²¨¸Ó Î¥·¥§ ±µ³¶µ´¥´ÉÒ G�σ

ab ¨ f �
ab

· §²µ¦¥´¨° (125) ¨ (126):

F �σ
m′(R, ρ, θ) =

√
2π

�∑
a=m′

T �σ
abm′Yam′(θ, 0)RbraG�σ

ab(R, ρ, θ),

b = !− a+ µ(σ),

(127)

F �σ
m′(R, ρ, θ) =

√
2π
∑
ab

T �σ
abm′Yam′(θ, 0)f �

ab(R, ρ),

a ≥ m′, b = |!− a|, |!− a|+ (2− µ(σ)), . . . .
(128)

‘²¥¤ÊÕÐ¨° ÔÉ ¶ ¶µ¸É·µ¥´¨Ö ·¥ ²¨§µ¢ ²¸Ö ¶µ¤¸É ´µ¢±µ° (126) ¨ ¶·µ¥±-
É¨·µ¢ ´¨¥³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (4) ´  ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸. ‚ ·¥§Ê²Ó-
É É¥ ¡Ò²  ¶µ²ÊÎ¥´  ¡¥¸±µ´¥Î´ Ö ¸¨¸É¥³  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö
ËÊ´±Í¨° f �

ab(R, ρ). ‡ É¥³ ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥-
´¨° µ¶·¥¤¥²Ö²¨¸Ó ¸É ·Ï¨¥ Î²¥´Ò  ¸¨³¶ÉµÉ¨± ÔÉ¨Ì ËÊ´±Í¨°:

f �
ab(R, ρ) = Rb ρa g�ab(R, ρ), g�ab(R, ρ) �= 0 , R→ 0, ρ > 0, (129)

  ¨§ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° g�ab ¤µ± §Ò¢ ²µ¸Ó, ÎÉµ

g�ab(R, ρ) = g�ab(0, ρ)
[
1 + λ(b)R +O(R2)

]
, R→ 0, ρ > 0 . (130)


 ±µ´¥Í, ¶µ¤¸É ´µ¢±µ° (129), (130) ¢ · §²µ¦¥´¨Ö (127) ¨ (128) ¡Ò²¨ ¢Ò¢¥-
¤¥´Ò  ¸¨³¶ÉµÉ¨±¨ ±µ³¶µ´¥´É F �σ

m ¨ G�
ab ¶·¨ R→ 0, ρ > 0:

F �σ
m′(R, ρ, θ) = β�m′Y�m′(θ, 0)

[
1 + (b + 1)λ(b)R

]
+

+R
[
γ−
�m′Y�−1,m′(θ, 0) + γ+

�mY�+1,m′(θ, 0)
]
+O(R2), (131)

G�σ
ab(R, ρ, θ) = G�σ

ab(0, ρ, θ)
[
1 + λ(b)R+ (R · v) +O(R2)

]
, (132)

£¤¥ β�m′ ¨ γ±′

�m′ Å ±µ´¸É ´ÉÒ,   ËÊ´±Í¨¨ G�σ
ab ¶·¨ R = 0 ´¥ § ¢¨¸ÖÉ µÉ Ê£²  θ.

�´ ²µ£¨Î´Ò³ ¸¶µ¸µ¡µ³ ¤µ± §Ò¢ ²¨¸Ó ¸µµÉ´µÏ¥´¨Ö

F �σ
m′(R, ρ, θ) = ρm

′
H�m

m′ (R, ρ, θ), |H�σ
m′ | <∞, ρ→ 0, R > 0, (133)

µ¶¨¸Ò¢ ÕÐ¨¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶µ¢¥¤¥´¨¥ ±µ³¶µ´¥´É F �σ
m′ ¢ ¶·¥¤¥²¥ ³ ²µ£µ

· ¸¸ÉµÖ´¨Ö ρ ³¥¦¤Ê Î ¸É¨Í¥° p3 ¨ ¶·Ö³µ°, ¸µ¥¤¨´ÖÕÐ¥° Î ¸É¨ÍÒ p1 ¨ p2.
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Š ± ¢¨¤´µ ¨§ Ëµ·³Ê² (131) ¨ (132), ¢ ÉµÎ±¥ ¶ ·´µ£µ ¸Éµ²±´µ¢¥´¨Ö ±µ³¶µ-
´¥´É  F �σ

m′ ¨³¥¥É  ¸¨³¶ÉµÉ¨±¨: O(1) ¤²Ö ¸µ¸ÉµÖ´¨° ¸ ´µ·³ ²Ó´µ° Î¥É´µ¸ÉÓÕ
¨ O(R) ¢ ¸²ÊÎ ¥  ´µ³ ²Ó´µ° Î¥É´µ¸É¨, ¨ ¢ ²Õ¡µ³ ¸²ÊÎ ¥ ¶·¨ R = 0 ±µ³-
¶µ´¥´ÉÒ F �σ

m′ ¸ · §´Ò³¨ m′ § ¢¨¸ÖÉ ¤·Ê£ µÉ ¤·Ê£ . ‚ µ¸¥¢µ³ ¶·¥¤¥²¥ (133)
¶µ¢¥¤¥´¨¥ ±µ³¶µ´¥´ÉÒ F �σ

m′ µ¶·¥¤¥²Ö¥É¸Ö §´ Î¥´¨¥³ ¥¥ ¨´¤¥±¸  m′.
�¸¨³¶ÉµÉ¨±¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É (22) ¶·¨ xk → 0, yk �= 0, £¤¥ k =

1, 2, 3, ¨¸¸²¥¤µ¢ ²¨¸Ó ¢ · ¡µÉ¥ [38]. …¥  ¢Éµ·Ò ¶µ¤¸É ´µ¢±µ°

Ψ�m
im′(qk) =

∞∑
n=0

xnk Ψ
�m
im′n(yk, θk), qk = (xk, yk, θk), i = 1, 2, 3,

¸¢¥²¨ Ê· ¢´¥´¨Ö (23) ± ·¥±Ê··¥´É´µ° ¶µ ¨´¤¥±¸Ê n Í¥¶µÎ±¥ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±µ³ÒÌ ËÊ´±Í¨° Ψ�m

im′n ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¤µ± § ²¨, ÎÉµ
¢ µ±·¥¸É´µ¸É¨ ²Õ¡µ° ¨Ì É·¥Ì (k = 1, 2, 3) ÉµÎ¥± ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨° ¶µ²-
´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψε

i , i = 1, 2, 3, ¨
¨Ì ¸Ê³³Ò Ψε Å ÔÉµ ¡¥¸±µ´¥Î´Ò¥ ·Ö¤Ò ¶µ Í¥²Ò³ ¸É¥¶¥´Ö³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ
 ·£Ê³¥´É  xk. 
¥¸³µÉ·Ö ´  Éµ, ÎÉµ ¶µ²ÊÎ¥´´ Ö ·¥±Ê··¥´É´ Ö ¸¨¸É¥³  ¢Ò£²Ö-
¤¨É ¤µ¢µ²Ó´µ ¸²µ¦´µ,  ¢Éµ· ³ Ê¤ ²µ¸Ó ¢Ò· §¨ÉÓ ·¥Ï¥´¨Ö Ψ�m

im′n ¥¥ ¶¥·¢ÒÌ
(n = 0, 1) Ê· ¢´¥´¨° Î¥·¥§ ´¥µ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ f0

im′ ¨ f1b
im′ :

Ψ�m
im′0(yk, θk) = f0

im′(yk)P
|m′|
� (uk),

Ψ�m
im′1(yk, θk) = δik

(
z1z2

√
µij/2

) 3∑
j=1

×

×
�∑

m′′=−�

D�
m′m′′(0, θk, 0)P

|m′′|
� (uk) f0

jm′′(yk) +

+
�+1∑

b=|�−1|
P

|m′|
b (uk)f1b

im′(yk), uk ≡ cos θk.

ˆ¸¶µ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¨ ¶·¥¤¸É ¢²¥´¨Ö (22), ³µ¦´µ ¶µ¸É·µ¨ÉÓ Ö¢´Ò¥
 ¸¨³¶ÉµÉ¨±¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψε

i ¢ ¢¨¤¥ ¸Ê³³ ¤¢ÊÌ ´ ¨¡µ²¥¥ ³¥¤²¥´´µ
Ê¡Ò¢ ÕÐ¨Ì ¢ ÉµÎ±¥ ¶ ·´µ£µ ¸Éµ²±´µ¢¥´¨Ö ¸² £ ¥³ÒÌ.

5. ‚
'ˆ
–ˆ���›… '
‡‹�†…�ˆŸ

Š ± ¡Ò²µ ¶µÖ¸´¥´µ ¢ÒÏ¥,  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö ¢µ²´µ¢ÒÌ ËÊ´±-
Í¨° ¨ ¨Ì ±µ³¶µ´¥´É ¢ ÉµÎ± Ì É·µ°´µ£µ ¨ ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨° ¸µ¤¥·¦ É
´¥µ¶·¥¤¥²¥´´Ò¥ ¶µ¸ÉµÖ´´Ò¥ ¨ ËÊ´±Í¨¨. ’¥³ ´¥ ³¥´¥¥ ÔÉ¨ · §²µ¦¥´¨Ö ¤ ÕÉ
¶·¥¤¸É ¢²¥´¨¥ µ Ö¢´µ° ±µµ·¤¨´ É´µ° § ¢¨¸¨³µ¸É¨ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì
±µ³¶µ´¥´É ¶·¨ ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ.
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‘ÊÐ¥¸É¢¥´´µ¥ Ê²ÊÎÏ¥´¨¥ ¸Ìµ¤¨³µ¸É¨ ¢ ·¨ Í¨µ´´ÒÌ · ¸Î¥Éµ¢ ¶·¨ ¨¸-
¶µ²Ó§µ¢ ´¨¨  ´§ Í¥¢ (¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨°), ¢µ¸¶·µ¨§¢µ¤ÖÐ¨Ì É ±¨¥
 ¸¨³¶ÉµÉ¨±¨, ¨²²Õ¸É·¨·Ê¥É¸Ö ´¨¦¥ µ¸´µ¢´Ò³¨ ·¥§Ê²ÓÉ É ³¨ · ¡µÉ [32, 36,
62Ä76]. ‡ É¥³ µ¶¨¸Ò¢ ÕÉ¸Ö ¤¢  µ¸µ¡ÒÌ ¢ ·¨ Í¨µ´´ÒÌ · §²µ¦¥´¨Ö: · §²µ¦¥-
´¨¥ [77], µ¡¥¸¶¥Î¨¢ ÕÐ¥¥ ¶·¥Í¨§¨µ´´ÊÕ ÉµÎ´µ¸ÉÓ · ¸Î¥É  µ¸´µ¢´ÒÌ (! = 0)
¨§µÔ²¥±É·µ´´ÒÌ ¸µ¸ÉµÖ´¨°  Éµ³  £¥²¨Ö, ¨ · §²µ¦¥´¨¥ [78Ä80], § ³¥É´µ Ê¶·µ-
Ð ÕÐ¥¥ · ¸Î¥É É·¥ÌÎ ¸É¨Î´ÒÌ ¸µ¸ÉµÖ´¨° ¸ ! �= 0.


 ¶µ³´¨³, ÎÉµ ¢ ·¨ Í¨µ´´Ò° ¸¶µ¸µ¡ [16] ¶µ¸É·µ¥´¨Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨
Ψε µ¸´µ¢´µ£µ ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò ¨ µÍ¥´±¨ ¥£µ
Ô´¥·£¨¨ E ·¥ ²¨§Ê¥É¸Ö ¢ ¤¢  ÔÉ ¶ . ‘´ Î ²  ¨¸±µ³ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψε,
¨²¨ ¦¥ ± ¦¤ Ö ¨§ ¥¥ ±µ³¶µ´¥´É, § ³¥´Ö¥É¸Ö ±µ´¥Î´µ° ¸Ê³³µ° ¢Ò¡· ´´ÒÌ
µ¶µ·´ÒÌ ËÊ´±Í¨° fn(q;X), § ¢¨¸ÖÐ¨Ì µÉ ¸µ¢µ±Ê¶´µ¸É¥° q É·¥ÌÎ ¸É¨Î´ÒÌ
±µµ·¤¨´ É ¨ ¸Éµ²¡Í  X ¨¸±µ³ÒÌ ¢ ·¨ Í¨µ´´ÒÌ ¶ · ³¥É·µ¢ X1, X2, . . . , XN :

Ψε(q;X) =
N∑

n=1

fn(q;X).

‡ É¥³ ¶ · ³¥É·Ò ´ Ìµ¤ÖÉ¸Ö ¨§ ³¨´¨³Ê³  ËÊ´±Í¨µ´ ²  �Ô²¥ÖÄ�¨ÉÍ :

E(N) = 〈Ψε|H |Ψε〉/〈Ψε|Ψε〉,

£¤¥ Ê£²µ¢Ò¥ ¸±µ¡±¨ µ§´ Î ÕÉ ¨´É¥£·¨·µ¢ ´¨¥ ¶µ ¸µ¢µ±Ê¶´µ¸É¨ q ¢¸¥Ì ±µµ·¤¨-
´ É. ‡ ¤ Î  ³¨´¨³¨§ Í¨¨ ¸¢µ¤¨É¸Ö ± µ¡µ¡Ð¥´´µ° ¶·µ¡²¥³¥ ´  ¸µ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö ¸ ¸¨³³¥É·¨Î´Ò³¨ ³ É·¨Í ³¨ A ¨ B:

[A− E(N)B]X = 0. (134)

’ ±¨³ µ¡· §µ³, ¢ÒÎ¨¸²¥´¨¥ ¢ ·¨ Í¨µ´´µ£µ ¶·¨¡²¨¦¥´¨Ö E(N) ¨¸±µ³µ°
Ô´¥·£¨¨ E ¶·¥¤¸É ¢²Ö¥É¸Ö ¤µ¸É ÉµÎ´µ ¶·µ¸ÉÒ³. ‚¥·µÖÉ´µ, ¶µÔÉµ³Ê ¨¸Éµ·¨-
Î¥¸±¨ ¶¥·¢µ° ¶µ¶ÒÉ±µ° ·¥Ï¥´¨Ö § ¤ Î¨ É·¥Ì Î ¸É¨Í ¡Ò² ¢ ·¨ Í¨µ´´Ò° · ¸-
Î¥É [32] ¤¢ÊÌÔ²¥±É·µ´´µ£µ  Éµ³  £¥²¨Ö (e−, e−, 3He++). ‘Î¨É ²µ¸Ó, ÎÉµ
Î ¸É¨ÍÒ p1 ¨ p2 Å Ô²¥±É·µ´Ò ¸ · ¤¨Ê¸ ³¨-¢¥±Éµ· ³¨ a1 ¨ a2 µÉ´µ¸¨É¥²Ó´µ
¡¥¸±µ´¥Î´µ ÉÖ¦¥²µ° Î ¸É¨ÍÒ p3 Å Ö¤·  £¥²¨Ö. „²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψε

µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ε = (!,m, σ) = (0, 0, 1) ¨¸¶µ²Ó§µ¢ ²¸Ö  ´§ Í c ¶· ¢¨²Ó-
´µ°  ¸¨³¶ÉµÉ¨±µ° (124) ¢ ÉµÎ±¥ ¸Éµ²±´µ¢¥´¨Ö ¤¢ÊÌ Ô²¥±É·µ´µ¢ (q3 → 0) ¨ ¢
ÉµÎ± Ì ¸Éµ²±´µ¢¥´¨Ö ± ¦¤µ£µ ¨§ ´¨Ì (a1 → 0, a2 → 0) ¸ Ö¤·µ³ £¥²¨Ö:

Ψε(q) = exp (−q1/2)
∑
ijk

Xijk q
i
1 q

j
2 q

k
3 ,

(135)
q1 ≡ a1 + a2, q2 ≡ a2 − a1, q3 ≡ a12 = |a1 − a2|, i, j, k = 0, 1, . . .

‚¥·µÖÉ´µ, ¶µ ÔÉµ° ¶·¨Î¨´¥ ¢Ò¶µ²´¥´´Ò¥ ¢·ÊÎ´ÊÕ · ¸Î¥ÉÒ Ô´¥·£¨¨ ¨µ´¨§ Í¨¨
 Éµ³  £¥²¨Ö ¸µ¢¶ ²¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¸ Ìµ·µÏ¥° ¤²Ö Éµ£µ
¢·¥³¥´¨ ÉµÎ´µ¸ÉÓÕ 10−4.
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�µÖ¢²¥´¨¥ Ô²¥±É·µ´´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ³ Ï¨´ ¶µ§¢µ²¨²µ ¢Ò¶µ²´ÖÉÓ £µ-
· §¤µ ¡µ²¥¥ ¸²µ¦´Ò¥ ¢ ·¨ Í¨µ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö. 
 ¶·¨³¥·, ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö
µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö Éµ° ¦¥ ¸¨¸É¥³Ò (e−, e−, 3He++) ¢ · ¡µÉ¥ [62] ¨¸¶µ²Ó§µ-
¢ ²¸Ö  ´§ Í (135) ¨ ¤¨ £µ´ ²¨§µ¢ ² ¸Ó ³ É·¨Í  · §³¥·´µ¸ÉÓÕ N = 39,   Ê¦¥
£µ¤µ³ ¶µ§¦¥ ¢ · ¡µÉ¥ [63] ¡Ò²¨ ¢Ò¶µ²´¥´Ò ¢ÒÎ¨¸²¥´¨Ö ¸ ¤µ¢µ²Ó´µ ¡µ²ÓÏ¨³
Î¨¸²µ³ ¢ ·¨ Í¨µ´´ÒÌ ¶ · ³¥É·µ¢ N = 1078.

‚ · ¡µÉ¥ [64] ¢³¥¸Éµ ±² ¸¸¨Î¥¸±µ£µ  ´§ Í  (135) ¨¸¶µ²Ó§µ¢ ²µ¸Ó ¶·¥¤-
¸É ¢²¥´¨¥, ¢µ¸¶·µ¨§¢µ¤ÖÐ¥¥ Ëµ±µ¢¸±ÊÕ  ¸¨³¶ÉµÉ¨±Ê:

Ψε(q) = exp (−q1/2)
∑

ijknm

Xijknmqi1q
2j
2 qk3r

nsm,

r ≡ (a2
1 + a2

2)
1/2, s ≡ ln r, i, j, k, n,m,= 0, 1, . . .

(136)

�± § ²µ¸Ó, ÎÉµ É ±µ¥ ¢±²ÕÎ¥´¨¥ ²µ£ ·¨Ë³¨Î¥¸±¨Ì Î²¥´µ¢ ¢ ¢ ·¨ Í¨µ´´Ò°
 ´§ Í ¸ÊÐ¥¸É¢¥´´µ Ê²ÊÎÏ ¥É ¸Ìµ¤¨³µ¸ÉÓ ¢ ·¨ Í¨µ´´µ£µ ¶·¨¡²¨¦¥´¨Ö E(N)
¸ ·µ¸Éµ³ N , ´ ¶·¨³¥·, ¢  Éµ³´ÒÌ ¥¤¨´¨Í Ì ( . ¥.):

E(1400) = −2, 90372437703411959629  . ¥.,
E(1600) = −2, 903724377034119597843  . ¥.,
E(1800) = −2, 9037243770341195981964  . ¥.

�µ§¦¥ ¡Ò²¨ ¶·¥¤²µ¦¥´Ò ¢ ·¨ Í¨µ´´Ò¥  ´§ ÍÒ [65, 66], ¡µ²¥¥ ±µ³¶ ±É-
´Ò¥, Î¥³ ¸Ê³³  (136), ´µ É ±¦¥ µ¡² ¤ ÕÐ¨¥ Ëµ±µ¢¸±µ°  ¸¨³¶ÉµÉ¨±µ°.

‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ ¶·µ¸Éµ¥ µ¡µ¡Ð¥´¨¥ ¶·¥¤¸É ¢²¥´¨Ö (135) Å ¤¢µ°´µ¥
· §²µ¦¥´¨¥ [67,68]:

Ψε(q) =
∑
ijk

XA
ijk a

i
1 a

j
2 a

k
12 exp (−αAa1 − βAa2) +

+
∑
ijk

XB
ijk a

i
1 a

j
2 a

k
12 exp (−αBa1 − βBa2)

Ö¢´µ µ¶¨¸Ò¢ ¥É ´¥ Éµ²Ó±µ  ¸¨³¶ÉµÉ¨±¨ ¢ ÉµÎ± Ì ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨°, ´µ
¨ ¡² £µ¤ ·Ö Ô±¸¶µ´¥´Í¨ ²Ó´Ò³ ËÊ´±Í¨Ö³ ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ ¤¥°¸É¢¨É¥²Ó-
´Ò³ ¶ · ³¥É· ³ αA, βA ¨ αB, βB ¶µ§¢µ²Ö¥É ¶· ¢¨²Ó´µ µ¶¨¸ ÉÓ  ¸¨³¶ÉµÉ¨±¨
¢µ²´µ¢µ° ËÊ´±Í¨¨ ¢ ¶·¥¤¥² Ì ¤¨¸¸µÍ¨ Í¨¨ a1 → ∞ ¨ a2 → ∞ ¸¨¸É¥³Ò
¤¢ÊÌÔ²¥±É·µ´´µ£µ  Éµ³  £¥²¨Ö ´  ¥£µ ¨µ´ ¨ ¸¢µ¡µ¤´Ò° Ô²¥±É·µ´. 
¥¸³µÉ·Ö
´  Éµ, ÎÉµ É ±µ¥ · §²µ¦¥´¨¥ ¶µ§¢µ²Ö¥É Ê²ÊÎÏ¨ÉÓ ÉµÎ´µ¸ÉÓ ¢ ·¨ Í¨µ´´ÒÌ · ¸-
Î¥Éµ¢, µ´µ ¨³¥¥É ¸±·ÒÉÒ° ¨ Ì · ±É¥·´Ò° ¤²Ö ¢ ·¨ Í¨µ´´µ£µ ³¥Éµ¤  ¤¥Ë¥±É:
¶·¨ ¡µ²ÓÏ¨Ì N ¨§-§  ¶µÎÉ¨ ²¨´¥°´µ° § ¢¨¸¨³µ¸É¨ µ¶µ·´ÒÌ ËÊ´±Í¨° ¢µ§-
´¨± ¥É Î¨¸²¥´´ Ö ´¥Ê¸Éµ°Î¨¢µ¸ÉÓ, Ê¸É· ´¨ÉÓ ±µÉµ·ÊÕ ´¥ Ê¤ ¥É¸Ö ¤ ¦¥ ¶·¨
¨¸¶µ²Ó§µ¢ ´¨¨ Î¥É¢¥·´µ°  ·¨Ë³¥É¨±¨.
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Š ± ¶µ± § ´µ ¢ ´¥¤ ¢´¥° · ¡µÉ¥ [69], ¨¸¶µ²Ó§µ¢ ´¨¥ ¤·Ê£µ° ¨§¢¥¸É´µ°
³µ¤¨Ë¨± Í¨¨ [70Ä72]  ´§ Í  (135)

qi1 q
j
2 q

k
3 → exp (−αna1 − βna2 − γna12),

É. ¥. · §²µ¦¥´¨Ö ¨¸±µ³µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¶µ Ô±¸¶µ´¥´Í¨ ²Ó´Ò³ ËÊ´±Í¨Ö³
¸ ±µ³¶²¥±¸´Ò³¨ ¶ · ³¥É· ³¨ αn, βn, γn, É ±¦¥ ¶· ¢¨²Ó´µ µ¶¨¸Ò¢ ÕÐ¥£µ
 ¸¨³¶ÉµÉ¨±¨ ¢µ ¢¸¥Ì ÉµÎ± Ì ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨° ¨ ¶·¥¤¥² Ì ¤¨¸¸µÍ¨ Í¨¨,
· ¤¨± ²Ó´µ Ê¸±µ·Ö¥É ¸Ìµ¤¨³µ¸ÉÓ. „²Ö ¨²²Õ¸É· Í¨¨ ÔÉµ£µ Ë ±É  ¤µ¸É ÉµÎ´µ
µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ¤µ¢µ²Ó´µ ¡²¨§±¨Ì §´ Î¥´¨ÖÌ Î¨¸¥² N µ¶µ·´ÒÌ ËÊ´±Í¨°
§´ Î¥´¨¥ E(N) Ô´¥·£¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö  Éµ³  £¥²¨Ö, ¢ÒÎ¨¸²¥´´µ¥ ¢
µ¡¸Ê¦¤ ¥³µ° · ¡µÉ¥ [69], ´  Î¥ÉÒ·¥ ¤¥¸ÖÉ¨Î´ÒÌ §´ ±  ÉµÎ´¥¥ §´ Î¥´¨Ö, ¶µ-
²ÊÎ¥´´µ£µ ¢ · ¡µÉ¥ [68]:

E(2114) = −2, 903724377034119596  . ¥. [68],
E(2200) = −2, 903724377034119598296  . ¥. [69].

�¸µ¡µ£µ ¢´¨³ ´¨Ö § ¸²Ê¦¨¢ ¥É ¢ ·¨ Í¨µ´´Ò° ³¥Éµ¤, ¶·¥¤¸É ¢²¥´´Ò° ¢
· ¡µÉ¥ [36] ± ± µ¡µ¡Ð¥´¨¥ ¶·¥¤Ò¤ÊÐ¨Ì ¨¸¸²¥¤µ¢ ´¨° [35, 73Ä76] ´  ¸²ÊÎ °
¶·µ¨§¢µ²Ó´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  ! ¨  ´µ³ ²Ó´µ° Î¥É´µ¸É¨ σ ¸¢Ö§ ´´µ£µ É·¥Ì-
Î ¸É¨Î´µ£µ ¸µ¸ÉµÖ´¨Ö. ‚ ÔÉµ³ ³¥Éµ¤¥ ¤²Ö ±µ³¶µ´¥´É F �σ

m · §²µ¦¥´¨Ö (18)
¨¸¶µ²Ó§Ê¥É¸Ö ¢ ·¨ Í¨µ´´Ò°  ´§ Í, µ¶¨¸Ò¢ ÕÐ¨°  ¸¨³¶ÉµÉ¨±¨ ¨ ¢ ÉµÎ±¥ ¶ ·-
´µ£µ ¸Éµ²±´µ¢¥´¨Ö (131), (132), ¨ ¢ µ¸¥¢µ³ ¶·¥¤¥²¥ (133):

F �σ
m′(R, ξ, η) = [2ρ(R, ξ, η)]m

′ ∑
n

CnR
inξjnηkn exp [−(αn + βnξ)R],

2ρ(R, ξ, η) = R[(ξ2 − 1)(1− η2)]1/2,

in ≥ jn, σ = (−1)�; in < jn, σ = (−1)�+1,

  ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¸¶¥±É· ²Ó´µ° § ¤ Î¨ (134), ¶µ²ÊÎ ¥³µ° ¨§ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° (20) ¸ ¶µ³µÐÓÕ É ±µ£µ  ´§ Í , ¶·¨³¥´Ö¥É¸Ö ¨§¢¥¸É´Ò° ¸¶µ¸µ¡ ·¥£Ê-
²Ö·¨§ Í¨¨ [76], µ¡¥¸¶¥Î¨¢ ÕÐ¨° Î¨¸²¥´´ÊÕ Ê¸Éµ°Î¨¢µ¸ÉÓ ¶·µÍ¥¤Ê·Ò µ¡· É-
´ÒÌ ¨É¥· Í¨°. “¸¶¥Ï´µ¥ ·¥Ï¥´¨¥ ¤¢ÊÌ Ì · ±É¥·´ÒÌ ¤²Ö ¢ ·¨ Í¨µ´´µ£µ ¶µ¤-
Ìµ¤  ¶·µ¡²¥³ (¢Ò¡µ· ·¥ ²¨¸É¨Î¥¸±µ£µ  ´§ Í  ¨ ¶µ¸É·µ¥´¨¥ Ê¸Éµ°Î¨¢µ£µ Î¨-
¸²¥´´µ£µ  ²£µ·¨É³ ) ¶µ§¢µ²¨²µ  ¢Éµ· ³ ¢ÒÎ¨¸²¨ÉÓ Ô´¥·£¨¨ ¨ ¸·¥¤´¨¥ · §³¥·Ò
¢¸¥Ì ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ³¥§µ³µ²¥±Ê²Ö·´ÒÌ ¨µ´µ¢ ¢µ¤µ·µ¤  ¸ ! = 0, 1, 2, 3
¨ σ = ±1, ¨¸¶µ²Ó§ÊÖ ¤µ¢µ²Ó´µ ¡µ²ÓÏµ¥ Î¨¸²µ N = 2600 ¢ ·¨ Í¨µ´´ÒÌ ¶ · -
³¥É·µ¢ Xn.

‘²¥¤ÊÕÐ Ö É¨¶¨Î´ Ö ¤²Ö ¢ ·¨ Í¨µ´´µ£µ ³¥Éµ¤  ¶·µ¡²¥³  ¢µ§´¨± ¥É ´ 
¶·µ³¥¦ÊÉµÎ´µ³ ÔÉ ¶¥ ·¥¤Ê±Í¨¨ Ê· ¢´¥´¨° (20) ± § ¤ Î¥ (134),   ¨³¥´´µ ¶·¨
¢ÒÎ¨¸²¥´¨¨ ¨´É¥£· ²µ¢ µÉ µ¶¥· Éµ·µ¢ H�σ

m′m′′ ¨ V ¢ µ¡±² ¤± Ì µ¶µ·´ÒÌ
ËÊ´±Í¨°. �·¨ ¶·µ¨§¢µ²Ó´µ³ ¢Ò¡µ·¥ µ¶µ·´ÒÌ ËÊ´±Í¨° É ±¨¥ É·¥Ì±· É´Ò¥
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¨´É¥£· ²Ò ´¥ Éµ²Ó±µ ´¥ Ê¤ ¥É¸Ö ¢§ÖÉÓ  ´ ²¨É¨Î¥¸±¨, ´µ ¨ ¤µ¢µ²Ó´µ ¸²µ¦´µ
¢ÒÎ¨¸²¨ÉÓ ¸ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ.

ˆ§ÖÐ´µ¥ ·¥Ï¥´¨¥ ÔÉµ° ¶·µ¡²¥³Ò ¢ · ¸Î¥É¥ µ¸´µ¢´ÒÌ (! = 0) ¸µ¸ÉµÖ´¨°
¸¨¸É¥³ (p1, p2, p3) ¨§ ¤¢ÊÌ Ô²¥±É·µ´µ¢ p1 ¨ p2 ¨ Î ¸É¨ÍÒ p3 ¸ § ·Ö¤µ³ z3 =
2, 3, . . . , 10 ¶·¥¤²µ¦¥´µ ¨ ·¥ ²¨§µ¢ ´µ ¢ · ¡µÉ¥ [77] ¸ ¶µ³µÐÓÕ  ´§ Í 

Ψε(q) =
∑
ijk

Xijk fijk(q), fijk(q) = Ai(q1)Bj(q2)C2k(q3),

q1 = a1 + a2, q2 = a12/(a1 + a2), q3 = (a1 − a2)/a12,

Ai = exp (−αiq1)L5
i (2αiq1), Bj = NjP

(0,2)
j (2q2 − 1), C2k = N2kP

(1,1)
2k (q3),

£¤¥ αi ¨ Xijk Å ¢ ·¨ Í¨µ´´Ò¥ ¶ · ³¥É·Ò; Nj ¨ N2k Å ¨§¢¥¸É´Ò¥ ´µ·³¨·µ-
¢µÎ´Ò¥ ³´µ¦¨É¥²¨. �¸µ¡Ò° ¢Ò¡µ· ±µµ·¤¨´ É q ¨ Ë ±Éµ·¨§µ¢ ´´ÒÌ µ¶µ·´ÒÌ
ËÊ´±Í¨° fijk ¶µ§¢µ²¨²  ¢Éµ· ³ ´¥ Éµ²Ó±µ ¶·¥¤¸É ¢¨ÉÓ ¢¸¥ É·¥Ì±· É´Ò¥ ¨´-
É¥£· ²Ò ¶·µ¨§¢¥¤¥´¨Ö³¨ µ¤´µ±· É´ÒÌ ¨´É¥£· ²µ¢, ´µ ¨ ¶µ²ÊÎ¨ÉÓ ²ÊÎÏ¨¥ ´ 
¸¥£µ¤´ÖÏ´¨° ¤¥´Ó ¢ ·¨ Í¨µ´´Ò¥ µÍ¥´±¨ Ô´¥·£¨° µ¸´µ¢´ÒÌ ¨§µÔ²¥±É·µ´´ÒÌ
¸µ¸ÉµÖ´¨°  Éµ³  £¥²¨Ö.

‘²¥¤ÊÕÐ Ö ¶·µ¡²¥³  ¢ ·¨ Í¨µ´´µ£µ ¶µ¤Ìµ¤  ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  (20) ¸ ! �= 0 ¨ µ¸ÓÕ ±¢ ´Éµ¢ ´¨Ö ê3, ´ ¶· ¢²¥´´µ° ¢¤µ²Ó ±µ²²¨´¥ ·-
´ÒÌ ¢¥±Éµ·µ¢ x3 ¨ R, µ¡Ê¸²µ¢²¥´  ¸²µ¦´Ò³ ¸É·µ¥´¨¥³ µ¶¥· Éµ·µ¢ H�σ

m′,m′±1

¨ § ±²ÕÎ ¥É¸Ö ¢ ´¥µ¡Ìµ¤¨³µ¸É¨ ¸ÊÐ¥¸É¢¥´´µ£µ Ê¢¥²¨Î¥´¨Ö Î¨¸²  N µ¶µ·´ÒÌ
ËÊ´±Í¨° ¢ ·¨ Í¨µ´´µ£µ  ´§ Í  ¶µ ¸· ¢´¥´¨Õ ¸µ ¸²ÊÎ ¥³ ! = 0. 
 ²¨Î¨¥ É -
±¨Ì µ¶¥· Éµ·µ¢ Å ÔÉµ ¸²¥¤¸É¢¨¥ ±µ·¨µ²¨¸µ¢  ¢§ ¨³µ¤¥°¸É¢¨Ö, ¶µ·µ¦¤ ¥³µ£µ
´¥É·¨¢¨ ²Ó´Ò³ ¶·¨ ! �= 0 ¸² £ ¥³Ò³ L2

K µ¶¥· Éµ·  L2.
�µ¸É·µ¥´¨¥ ¢ ·¨ Í¨µ´´µ£µ  ´§ Í , ¸µ¤¥·¦ Ð¥£µ ¸· ¢´¨É¥²Ó´µ ´¥¡µ²Ó-

Ïµ¥ Î¨¸²µ ·¥ ²¨¸É¨Î¥¸±¨Ì ¨ ¤µ¢µ²Ó´µ ¶·µ¸Éµ µÉµ¡· ¦ ¥³ÒÌ µ¶¥· Éµ·µ³ L2
K

µ¶µ·´ÒÌ ËÊ´±Í¨°, ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³ ³¥Éµ¤µ³, ¶·¥¤²µ¦¥´´Ò³ ¢ · -
¡µÉ Ì [78Ä80]. —Éµ¡Ò  ·£Ê³¥´É¨·µ¢ ÉÓ ÔÉµ ÊÉ¢¥·¦¤¥´¨¥, ¸´ Î ²  µ¶¨Ï¥³
µ¸´µ¢´Ò¥ µÉ²¨Î¨Ö ÔÉµ£µ ¶µ¤Ìµ¤  µÉ ¢¸¥Ì · ¸¸³µÉ·¥´´ÒÌ ¢ÒÏ¥.

‚ · ¡µÉ Ì [78Ä80] cÎ¨É ²µ¸Ó, ÎÉµ µ·É ê3
3 ¶µ¤¢¨¦´µ° ¸¨¸É¥³Ò S3 ´ ¶· -

¢²¥´ ¢ ¶²µ¸±µ¸É¨ Î ¸É¨Í ¶·µ¨§¢µ²Ó´Ò³ µ¡· §µ³: Ê£µ² τi ³¥¦¤Ê Ö±µ¡¨¥¢¸±¨³
¢¥±Éµ·µ³ xi ¨ µ·Éµ³ ê3

3, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥´Ê²¥¢µ°. •µÉÖ ¤²Ö ¨¸±µ³µ° ¢µ²-
´µ¢µ° ËÊ´±Í¨¨ ¸¨¸É¥³Ò É·¥Ì ±Ê²µ´µ¢¸±¨Ì Î ¸É¨Í ¨¸¶µ²Ó§µ¢ ²µ¸Ó Éµ ¦¥ · §-
²µ¦¥´¨¥ (22), Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶µ²´µ£µ ³µ³¥´É  ¨
Î¥É´µ¸É¨ § ¶¨¸Ò¢ ²µ¸Ó ¢ ³ É·¨Î´µ³ ¢¨¤¥

[(−r−5∂rr
5∂r + V − E)I + r−2(L2)�σ(q)]F�σ(q) = 0,

I = diag {1, 1, . . . , 1}, F�σ = (F �σ
µ(σ), . . . , F

�σ
� )T , q = (r, ξ, η),

ÎÉµ ¶µ§¢µ²¨²µ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µ¸É¨ÉÓ ¢Ò¢µ¤ ¸¶¥±É· ²Ó´µ° § ¤ Î¨ (134).
„ ²¥¥, ¢ µÉ²¨Î¨¥ µÉ ¢¸¥Ì · ¸¸³µÉ·¥´´ÒÌ ¢ÒÏ¥  ´§ Í¥¢, ¤²Ö ±µ³¶µ´¥´É

F �σ
m′ ¨¸¶µ²Ó§µ¢ ²µ¸Ó ¢ ·¨ Í¨µ´´µ¥ · §¡¨¥´¨¥ Ë ¤¤¥¥¢¸±µ£µ É¨¶ . Š ¦¤ Ö ±µ³-

¶µ´¥´É  F �σ
m′ ¶·¥¤¸É ¢²Ö² ¸Ó ¸Ê³³µ° É·¥Ì ¸² £ ¥³ÒÌ Φ�σ

im′ , § ¶¨¸ ´´ÒÌ, ± ± ¨
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Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ Ψε
i , i = 1, 2, 3, ¢ ¸µ¡¸É¢¥´´ÒÌ ¢´ÊÉ·¥´´¨Ì ±µµ·¤¨-

´ É Ì (r, ϕi, θi), ¢Ò· ¦¥´´ÒÌ Î¥·¥§ ±µµ·¤¨´ ÉÒ q = (r, ξ, η):

F �σ
m′(q) =

3∑
i=1

Φ�σ
im′(r, ϕi, θi), Φ�σ

im′(q) =

= Gib(r, sin ϕi)
�∑

b=µ(σ)

XibZ
�σ
bm′(ϕi, θi). (137)


¥µ¸¶µ·¨³µ¥ ¶·¥¨³ÊÐ¥¸É¢µ É ±µ£µ  ´§ Í  ¸µ¸Éµ¨É ¢ ¢µ§³µ¦´µ¸É¨ ¢Ò¡µ· 
µ¶µ·´ÒÌ ËÊ´±Í¨° Gkb, ´ ¨¡µ²¥¥ ¡²¨§±¨Ì ± ¢µ²´µ¢Ò³ ËÊ´±Í¨Ö³ ± ¦¤µ° ¶ ·Ò
Î ¸É¨Í (pi, pj) ¢ µÉ¸ÊÉ¸É¢¨¥ É·¥ÉÓ¥° Î ¸É¨ÍÒ pk ¨²¨ ¦¥ ¶· ¢¨²Ó´µ µ¶¨¸Ò¢ -
ÕÐ¨Ì  ¸¨³¶ÉµÉ¨±¨ ¶·¨ ¥¥ Ê¤ ²¥´¨¨ (yk → ∞). ‚Éµ·µ¥ ¶·¥¨³ÊÐ¥¸É¢µ µ¡Ê-
¸²µ¢²¥´µ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢´ÊÉ·¥´´¨Ì £¨¶¥·£ ·³µ´¨± Z�σ

bm′ , m′ = µ(σ), . . . , b,
µ´µ § ±²ÕÎ ¥É¸Ö ¢ ¶·µ¸ÉµÉ¥ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Í A ¨ B § ¤ Î¨ (134) ¤²Ö
¸Éµ²¡Í  X ¨¸±µ³ÒÌ ¢ ·¨ Í¨µ´´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Xib ¶·¨ ²Õ¡µ³ !.

‘²¥¤ÊÖ µ¡¸Ê¦¤ ¥³Ò³ · ¡µÉ ³ [79, 80], ¶µÖ¸´¨³ ¸Ì¥³Ê ¢ÒÎ¨¸²¥´¨Ö ÔÉ¨Ì
³ É·¨Í. „²Ö £¨¶¥·£ ·³µ´¨± (8) ¸ ¨´¤¥±¸ ³¨ a ¨ b, ¶µ¤Î¨´¥´´Ò³¨ Ê¸²µ¢¨Ö³
σ = (−1)a+b ¨ L = a+ b = !+ µ(σ), ¨¸¶µ²Ó§µ¢ ²¸Ö  ´ ²µ£ · §²µ¦¥´¨Ö (22):

Y �m
Lab(Ωi) =

�∑
m′=µ(σ)

D�σ
mm′(ωi)Z�σ

bm′(ϕi, θi), i = 1, 2, 3.

‚´ÊÉ·¥´´¨¥ £¨¶¥·£ ·³µ´¨±¨ Z�σ
bm′ , m′ = µ(σ), . . . , b, · ¸±² ¤Ò¢ ²¨¸Ó ¶µ ¸¨³-

³¥É·¨§µ¢ ´´Ò³ d-ËÊ´±Í¨Ö³ ‚¨£´¥·  ¨§¢¥¸É´Ò³ ¸¶µ¸µ¡µ³ [78]:

Z�σ
bm′(ϕi, θi) =

(−1)a+�

√
a!! b!!

sina ϕi cosb ϕi ×

×
�∑

m′′=µ(σ)

√
2− δm′′0C

a0
b,−m�mPm

b (θi)d�σm′′m(τi).

Ÿ¢´Ò° ¢¨¤ ³ É·¨ÍÒ (L2)�σ µ¶¥· Éµ·  ±¢ ¤· É  £¨¶¥·³µ³¥´É  L2 ¢ ¡ §¨¸¥ (19)
´¥ ¶µÉ·¥¡µ¢ ²¸Ö, ¶µÉµ³Ê ÎÉµ ¶·¨ ²Õ¡µ° µ·¨¥´É Í¨¨ µ·É  ê3 ¸Éµ²¡¥Í Z�σ

b ¸
Ô²¥³¥´É ³¨ Z�σ

bm′ Ê¤µ¢²¥É¢µ·Ö¥É ³ É·¨Î´µ³Ê Ê· ¢´¥´¨Õ

[(L2)�σ − (!+ µ(σ))(! + 4 + µ(σ))]Z�σ
b = 0.

�µÔÉµ³Ê ¢ ·¨ Í¨µ´´Ò° µ¡· § ³ É·¨ÍÒ (L2)�σ Ê¤ ²µ¸Ó ¢Ò· §¨ÉÓ Î¥·¥§ ¸± -
²Ö·´Ò¥ ¶·µ¨§¢¥¤¥´¨Ö Πbb′

ij ¸Éµ²¡Íµ¢ Z�σ
b ¨ Z�σ

b′ ¨ ¶·µ¸ÉÒ¥ ±µ³¡¨´ Í¨¨ A±
ib

ËÊ´±Í¨° (sinϕi)±1 ¨ ¶·µ¨§¢µ¤´ÒÌ µ¶µ·´ÒÌ ËÊ´±Í¨° Gib  ´§ Í  (137):

〈Gib|(L2)�σ|Gjb′ 〉=[!+µ(σ)][!+4+µ(σ)]〈Πbb′

ij GibGjb′ 〉+〈Πbb′

ij Gib(A+
jb′+A−

jb′)〉.
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‡¤¥¸Ó i, j = 1, 2, 3, Ê£²µ¢Ò¥ ¸±µ¡±¨ µ§´ Î ÕÉ ¨´É¥£·¨·µ¢ ´¨¥ ¶µ ±µµ·¤¨´ É ³
r, ξ, η,   ¶·µ¨§¢¥¤¥´¨Ö Πbb′

ij ´¥ § ¢¨¸ÖÉ µÉ Ê£²µ¢ τi, τj , ´µ § ¢¨¸ÖÉ µÉ Ê£²  τij
³¥¦¤Ê ¢¥±Éµ· ³¨ xi ¨ xj ¨ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê² ³

Πbb′

ij =
(−1)a+a′

√
a!!b!!a′!!b′!!

sina ϕi cosb ϕi sina
′
ϕj cosb

′
ϕj ×

×
∑
mm′

√
2− δm0

√
2− δm′0C

a0
b,−m�mCa′0

b′,−m′,�m′Pm
b (θi)Pm′

b′ (θj)d�σmm′(τij).

‡ ±²ÕÎ¨É¥²Ó´Ò° ÔÉ ¶ Å ¶µ¸É·µ¥´¨¥ ³ É·¨Í A ¨ B § ¤ Î¨ (134) Å ¤µ¸É -
ÉµÎ´µ ¶·µ¸É, É ± ± ± ³ É·¨Í  A ¸µ¤¥·¦¨É ¢ ± Î¥¸É¢¥ ¸² £ ¥³ÒÌ Ê¦¥ ¶µ-
¸É·µ¥´´ÊÕ ³ É·¨ÍÊ µ¶¥· Éµ·  L2 ¨ ²¥£±µ ¢ÒÎ¨¸²Ö¥³Ò¥ ³ É·¨ÍÒ µ¶¥· Éµ·µ¢
−r−5∂rr

5∂r ¨ V ,   ¢ÒÎ¨¸²¥´¨¥ ³ É·¨ÍÒ B ¸¢µ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ¨´É¥£· -
²µ¢ 〈GibΠbb′

ij Gjb′ 〉.
’ ±¨³ µ¡· §µ³, ¶·¨ ²Õ¡µ³ ! ¢ÒÎ¨¸²¥´¨¥ µ¶¥· Éµ·  (L2)�σ ¢ µ¡±² ¤-

± Ì µ¶µ·´ÒÌ ËÊ´±Í¨° ¸ ¶·µ¨§¢µ²Ó´Ò³¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ³´µ¦¨É¥²Ö³¨ Gib

§ ³¥´Ö¥É¸Ö £µ· §¤µ ¡µ²¥¥ ¶·µ¸Éµ° § ¤ Î¥°,   ¥¥ ´ ¨¡µ²¥¥ É·Ê¤´ÊÕ Î ¸ÉÓ Å
¢ÒÎ¨¸²¥´¨¥ ¶·µ¨§¢¥¤¥´¨° Πbb′

ij Å Ê¤ ¥É¸Ö ·¥Ï¨ÉÓ  ´ ²¨É¨Î¥¸±¨.

6. ‘=‹
‰�-'
‡‹�†…�ˆŸ ”
„„……‚‘Šˆ• Š�Œ=��…�’

ˆ§¢¥¸É´Ò¥ ¸¥ÉµÎ´Ò¥ ³¥Éµ¤Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢ ,
µ¸´µ¢ ´´Ò¥ ´  ¨Ì ·¥¤Ê±Í¨¨ ± ²¨´¥°´Ò³ ¸¨¸É¥³ ³ Ê· ¢´¥´¨° (¤¨¸±·¥É¨§ -
Í¨¨) ¸ ²¥£±µ ¢ÒÎ¨¸²Ö¥³Ò³¨ ³ É·¨Í ³¨ ¨ ´¥¨§¢¥¸É´Ò³¨ ±µÔËË¨Í¨¥´É ³¨,
· §²¨Î ÕÉ¸Ö ¢Ò¡µ·µ³ ±µµ·¤¨´ É, ¸É·µ¥´¨¥³ ¸¥Éµ±, É¨¶µ³, £² ¤±µ¸ÉÓÕ ¨ ÉµÎ-
´µ¸ÉÓÕ  ¶¶·µ±¸¨³ É¨¢´ÒÌ · §²µ¦¥´¨° ¨¸±µ³ÒÌ ·¥Ï¥´¨° ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ,
  ¢ ¨Éµ£¥ Å ¸É·µ¥´¨¥³ ¨ · §³¥·´µ¸ÉÓÕ ³ É·¨Í. �¶É¨³ ²Ó´Ò³ Ö¢²Ö¥É¸Ö  ²-
£µ·¨É³, ¢ ±µÉµ·µ³ Î¨¸²  Ê§²µ¢ ¸¥É±¨, ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢, ´¥´Ê²¥¢ÒÌ
Ô²¥³¥´Éµ¢ ¨ · §³¥·´µ¸ÉÓ ³ É·¨ÍÒ ³¨´¨³ ²Ó´Ò,   ¶µ·Ö¤±¨  ¶¶·µ±¸¨³ Í¨¨
´ ¨¢Ò¸Ï¨¥ ¤²Ö ¢Ò¡· ´´µ£µ ¸¶µ¸µ¡  ¤¨¸±·¥É¨§ Í¨¨.

�·¨´Í¨¶¨ ²Ó´Ò¥ · §²¨Î¨Ö ¤¨¸±·¥É¨§ Í¨° [81Ä93] Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢
R2

+ ¶µÖ¸´¨³ ´  ¸ ³µ³ ¶·µ¸Éµ³ ¶·¨³¥·¥,   ¨³¥´´µ ´  § ¤ Î¥ µ ¸¢Ö§ ´´µ³
¸µ¸ÉµÖ´¨¨ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ c S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ ¨
´Ê²¥¢Ò³ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³ (! = 0). ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨§-§  Ê¸²µ¢¨°
¸¨³³¥É·¨¨ (75) ¸¨¸É¥³  (15) ¢Ò·µ¦¤ ¥É¸Ö ¢ Ê· ¢´¥´¨¥

(∂2
r + r−1∂r − r−2∂2

ϕ + E)U(r, ϕ) =
4√
3
V1(r cos ϕ)〈r, ϕ|S|U(r, ϕ′)〉, (138)

〈r, ϕ|S|U(r, ϕ′)〉 ≡


U(r, ϕ) +

C+(ϕ;π/3)∫
C−(ϕ;π/3)

dϕ′U(r, ϕ′)


 , ϕ ≡ ϕ1, ϕ

′ ≡ ϕ2,
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¤²Ö ËÊ´±Í¨¨ U(r, ϕ) = U00
100(r, ϕ1), · ¢´µ° ´Ê²Õ ´  £· ´¨Í¥ µ¡² ¸É¨ R2

+:

U(r, ϕ) = 0, ϕ = 0, π/2, ∀r, r =∞, ∀ϕ . (139)

�Ê¸ÉÓ ´  µÉ·¥§± Ì 0 ≤ r ≤ R < ∞ ¨ 0 ≤ ϕ ≤ π/2 § ¤ ´Ò ´¥±µÉµ·Ò¥,
¢µµ¡Ð¥ £µ¢µ·Ö, ´¥·¥£Ê²Ö·´Ò¥ µ¤´µ³¥·´Ò¥ · §¡¨¥´¨Ö (¸¥É±¨):

�r : 0 = r0 < r1 < . . . < rN+1 = R, �ϕ : 0 = ϕ0 < ϕ1 < . . . < ϕM+1 = π/2,

¶µ·µ¦¤ ÕÐ¨¥ ¢ ¶·Ö³µÊ£µ²Ó´¨±¥ P2 ≡ [0, R]⊗ [0, π/2] ¸ £· ´¨Í¥° G2 ÖÎ¥°±¨
P2
ps ≡ [rp, rp+1]⊗ [ϕs, ϕs+1] ¨ ¤¢Ê³¥·´ÊÕ ¸¥É±Ê � ≡ �r ⊗�ϕ Ê§²µ¢ (rp, ϕs).

‘¥É±Ê � Ì · ±É¥·¨§Ê¥³ ¸É·µ±µ° N(r, ϕ) = (N,M) ¨ ³ ±¸¨³ ²Ó´Ò³¨ §´ -
Î¥´¨Ö³¨ h ¨ g ¢¸¥Ì Ï £µ¢ hp ≡ rp+1 − rp ¨ gs ≡ ϕs+1 − ϕs. „µ¸É¨£´ÊÉµ°
ÉµÎ´µ¸ÉÓÕ τ ´ §Ò¢ ¥³ Î¨¸²µ §´ Î Ð¨Ì Í¨Ë· ¢ÒÎ¨¸²Ö¥³µ° ¢¥²¨Î¨´Ò, ´¥ ¨§³¥-
´ÖÕÐ¨Ì¸Ö ¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥É±¨,   ¶µ¤ ÉµÎ´µ¸ÉÓÕ  ¶¶·µ±¸¨³ Í¨¨ v Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¨Ì ¤¨¸±·¥É´Ò³  ´ ²µ£µ³ ¶µ¤· §Ê³¥¢ ¥³, ¸²¥¤ÊÖ ±´¨£¥ [7],
 ¸¨³¶ÉµÉ¨Î¥¸±ÊÕ µÍ¥´±Ê ¶·¨¡²¨¦¥´¨Ö ¢Éµ·ÒÌ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ÉµÎ´ÒÌ
Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ¨Ì ±µ´¥Î´Ò³¨ · §´µ¸ÉÖ³¨ ²¨¡µ ¨´É¥·¶µ²ÖÍ¨µ´´Ò³¨
¸¶² °´ ³¨.

…¸²¨ ¸¥É±  �r · ¢´µ³¥·´ Ö (hp = h ¶·¨ ¢¸¥Ì p), Éµ µ¸É ÉµÎ´Ò° Î²¥´ v
É·¥ÌÉµÎ¥Î´µ° ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ [5] ¶·µ¨§¢µ¤´µ° ∂2

rU ¨§-
¢¥¸É´µ° ËÊ´±Í¨¨ U ∈ C4(R2

+) ¨³¥¥É ¶µ·Ö¤µ± O(h2), É. ¥. v = O(h2):

∂2
rU(r, ϕ)|r=rp = h−2[U(rp−1, ϕ)− 2U(rp, ϕ) + U(rp+1, ϕ)] +O(h2),

  ´  ´¥· ¢´µ³¥·´ÒÌ ¸¥É± Ì v = O(h). „²Ö ¤¨¸±·¥É¨§ Í¨¨ Ê· ¢´¥´¨¥ (138) ¨
£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (139) § ¶¨¸Ò¢ ÕÉ¸Ö ¢ Ê§² Ì ¸¥É±¨ �,   ¶·µ¨§¢µ¤´Ò¥  ¶-
¶·µ±¸¨³¨·ÊÕÉ¸Ö ±µ´¥Î´Ò³¨ · §´µ¸ÉÖ³¨. ‚ ¨Éµ£¥ ¤²Ö ¨¸±µ³ÒÌ Ê§²µ¢ÒÌ §´ Î¥-
´¨° Ups = U(rp, ϕs) ¶µ²ÊÎ ¥É¸Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¸ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó-
´µ° ³ É·¨Í¥° · §³¥·´µ¸É¨ N×M ¨ ¡²µ± ³¨ · §³¥·´µ¸É¨ M . ’ ±µ° ¸¶µ¸µ¡
¤¨¸±·¥É¨§ Í¨¨ ¡Ò² ¢¶¥·¢Ò¥ · §¢¨É ¢ · ¡µÉ¥ [81],   § É¥³ ¶·¨³¥´¥´ ¤²Ö ·¥Ï¥-
´¨Ö § ¤ Î ´  ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö É·¥Ì ´Ê±²µ´µ¢ ¸ S-¢µ²´µ¢Ò³¨ ¢§ ¨³µ¤¥°-
¸É¢¨Ö³¨,   É ±¦¥ § ¤ Î nd- ¨ pd-· ¸¸¥Ö´¨Ö [82]. ‚ ´¥¤ ¢´¨x · ¡µÉ Ì [83Ä88]
 ´ ²µ£¨Î´Ò° ¶µ¤Ìµ¤ ¡Ò² Ê¸¶¥Ï´µ ·¥ ²¨§µ¢ ´ ¤²Ö · ¸Î¥É  ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ-
´¨° É·¨³¥·  £¥²¨Ö 4He3 (É·¥Ì  Éµ³µ¢ 4He) ¨ Ì · ±É¥·¨¸É¨± · ¸¸¥Ö´¨Ö  Éµ³ 
4He ´  ¤¨³¥·¥ £¥²¨Ö 4He2 (¸¢Ö§ ´´µ³ ¸µ¸ÉµÖ´¨¨ ¤¢ÊÌ  Éµ³µ¢ 4He). ‚ÒÎ¨¸²¥-
´¨Ö É ±¨Ì Ì · ±É¥·¨¸É¨± ¸ÊÐ¥¸É¢¥´´µ § É·Ê¤´Ö¥É¸Ö µ¸µ¡¥´´µ¸ÉÖ³¨ 4HeÄ4He-
¢§ ¨³µ¤¥°¸É¢¨Ö: ¸¨²Ó´Ò³ µÉÉ ²±¨¢ ´¨¥³ ¨ ³¥¤²¥´´Ò³ Ê¡Ò¢ ´¨¥³ ´  ³ ²ÒÌ
¨, ¸µµÉ¢¥É¸É¢¥´´µ, ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ. ‚ ÔÉ¨Ì µ¡² ¸ÉÖÌ ¶·¨Ìµ¤¨É¸Ö ¸£Ê-
Ð ÉÓ ¸¥É±¨ ¨²¨ ¨¸¶µ²Ó§µ¢ ÉÓ ¸¶¥Í¨ ²Ó´Ò¥ ¶·¨¥³Ò [85,92,101].


¥¸³µÉ·Ö ´  ¶·¥¤¥²Ó´ÊÕ ¶·µ¸ÉµÉÊ ³¥Éµ¤  ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨-
³ Í¨¨, ¥£µ ¨¸¶µ²Ó§µ¢ ´¨¥ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸² ¡µ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö
¨²¨ § ¤ Î¨ · ¸¸¥Ö´¨Ö, ±µ£¤   ¸¨³¶ÉµÉ¨±¨ ¨¸±µ³ÒÌ ËÊ´±Í¨° ³¥¤²¥´´µ Ê¡Ò-
¢ ÕÉ ¨²¨ ¦¥ µ¸Í¨²²¨·ÊÕÉ, É·¥¡Ê¥É ¡µ²ÓÏ¨Ì ¸¥Éµ±. 
 ¶·¨³¥·, ¤²Ö · ¸Î¥É  [88]
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ÔÉ¨³ ³¥Éµ¤µ³ Ô´¥·£¨¨ ¸¢Ö§¨ µ¸´µ¢´µ£µ ¨ ¢µ§¡Ê¦¤¥´´µ£µ ¸µ¸ÉµÖ´¨° É·¨³¥·  ¸
ÉµÎ´µ¸ÉÓÕ τ = 2  ¢Éµ· ³ ¶·¨Ï²µ¸Ó ¨¸¶µ²Ó§µ¢ ÉÓ ³µ¤¥²Ó É¢¥·¤µ£µ ±µ·  [85] ¨
¸¥É±¨ N(r, ϕ) = (555, 555) ¨, ¸µµÉ¢¥É¸É¢¥´´µ, N(r, ϕ) = (805, 805). ‘²¥¤Ê¥É
µÉ³¥É¨ÉÓ, ÎÉµ ¶µ¸²¥ ¢ÒÎ¨¸²¥´¨Ö Ê§²µ¢ÒÌ §´ Î¥´¨° Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É
¶µ¸É·µ¥´¨¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³ ¡¥§ ·¥Ï¥´¨Ö
¶·µ¡²¥³Ò ¨Ì ¨´É¥·¶µ²ÖÍ¨¨. ‚ §´ Î¨É¥²Ó´µ° ³¥·¥ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶¥·¥Î¨¸²¥´-
´ÒÌ ´¥¤µ¸É É±µ¢ ¶µ§¢µ²Ö¥É ¸¶² °´- ¶¶·µ±¸¨³ Í¨Ö.


 ¶µ³´¨³ µ¶·¥¤¥²¥´¨Ö ¨ ´¥±µÉµ·Ò¥ ¸¢µ°¸É¢  ¸¶² °´-ËÊ´±Í¨° [7].
�Ê¸ÉÓ n ¨ ν Å Í¥²Ò¥ Î¨¸²  ¨ 0 ≤ ν ≤ n + 1. ”Ê´±Í¨Ö Snν(r) Å

¸¶² °´ ¸É¥¶¥´¨ n ¤¥Ë¥±É  ν ¸ Ê§² ³¨ ´  ¸¥É±¥ �r ¨ ±µÔËË¨Í¨¥´É ³¨ apα,
¥¸²¨ Snν(r) ∈ Cn−ν

[0,R], ¨ ´  ± ¦¤µ³ µÉ·¥§±¥ [rp, rp+1]

Snν(r) =
n∑

α=0

apα(r − rp). (140)

�·µ¨§¢µ¤´Ò¥ S
(t)
nν ¶µ·Ö¤±  t = n − ν + 1, . . . , n, ¢µµ¡Ð¥ £µ¢µ·Ö, É¥·¶ÖÉ · §-

·Ò¢Ò ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ �r. ‘¶² °´Ò Smµ(ϕ), ´µ Ê¦¥ ´  ¸¥É±¥
�ϕ, µ¶·¥¤¥²ÖÕÉ¸Ö  ´ ²µ£¨Î´Ò³ µ¡· §µ³. ”Ê´±Í¨Ö Snmνµ(r, ϕ) ´ §Ò¢ ¥É¸Ö
¸¶² °´µ³ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ ¸É¥¶¥´¨ n ¤¥Ë¥±É  ν, 0 ≤ ν ≤ n + 1, ¶µ r ¨
¸É¥¶¥´¨ m ¤¥Ë¥±É  µ, 0 ≤ µ ≤ m+ 1, ¶µ ϕ ¸ ²¨´¨Ö³¨ ¸Ï¨¢±¨ ´  ¸¥É±¥ � ¨
±µÔËË¨Í¨¥´É ³¨ apsαβ , ¥¸²¨ Snmνµ(r, ϕ) ∈ Cn−ν,m−µ(P2) ¨

Snmνµ(r, ϕ) =
n∑

α=0

m∑
β=0

apsαβ(r − rp)α(ϕ− ϕs)β , (r, ϕ) ∈ P2
ps, ∀p, s. (141)

�µ µ¶·¥¤¥²¥´¨Õ (140) ´  ± ¦¤µ³ ¶·µ³¥¦ÊÉ±¥ [rp, rp+1] ¸¶² °´Ò S31 ¨ S32

Ö¢²ÖÕÉ¸Ö ¶µ²¨´µ³ ³¨ É·¥ÉÓ¥° ¸É¥¶¥´¨, ¶·¨Î¥³ ¶·µ¨§¢µ¤´Ò¥ S′
32, S

′
31 ¨ S′′

31

´¥¶·¥·Ò¢´Ò ¢¸Õ¤Ê ´  [0, R],   ¶·µ¨§¢µ¤´Ò¥ S′′
32 É¥·¶ÖÉ · §·Ò¢Ò ¢µ ¢´ÊÉ·¥´´¨Ì

Ê§² Ì ¸¥É±¨. ‘¶² °´Ò S31 ¨ S3311 ´ §Ò¢ ÕÉ¸Ö ±Ê¡¨Î¥¸±¨³¨ ¨ ¡¨±Ê¡¨Î¥¸±¨³¨
¸¶² °´ ³¨ ±² ¸¸  C2,   ¸¶² °´Ò S32 ¨ S3322 Å Ô·³¨Éµ¢Ò³¨ ±Ê¡¨Î¥¸±¨³¨ ¨
¡¨±Ê¡¨Î¥¸±¨³¨ ¸¶² °´ ³¨.

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¸¶² °´µ¢ Snν ¨ Snmνµ ¢³¥¸Éµ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´ÒÌ
¶·¥¤¸É ¢²¥´¨° (140) ¨ (141) Î ¸Éµ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¨Ì · §²µ¦¥´¨Ö ¶µ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥° ±µ´¥Î´µ° ¸¨¸É¥³¥ ¡ §¨¸´ÒÌ ¸¶² °´µ¢, § ´Ê²ÖÕÐ¨Ì¸Ö ¢´¥ µ¶·¥¤¥-
²¥´´ÒÌ ¶µ¤Ò´É¥·¢ ²µ¢ µÉ·¥§±µ¢ [0, R] ¨²¨ [0, ϕ]. �µ¤Ò´É¥·¢ ², ´  ±µÉµ·µ³
¡ §¨¸´Ò° ¸¶² °´ µÉ²¨Î¥´ µÉ ´Ê²Ö, ´ §Ò¢ ÕÉ ¥£µ ¨´É¥·¢ ²µ³-´µ¸¨É¥²¥³.

‚ · ¡µÉ¥ [89] ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨ (138), (139) ¢ µ¡² ¸É¨ P2

¨¸¶µ²Ó§µ¢ ² ¸Ó ¶µ¤¸É ´µ¢± 

U(r, ϕ) = r−1/2 F (r, ϕ) exp (z), z ≡
√
r|E|
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¨  ¶¶·µ±¸¨³ Í¨Ö ¨¸±µ³µ° ËÊ´±Í¨¨ F ¸¶² °´µ³ S3322, · §²µ¦¥´´Ò³ ¶µ
¡ §¨¸´Ò³ ±Ê¡¨Î¥¸±¨³ Ô·³¨Éµ¢Ò³ ¸¶² °´ ³ Bλ

p (r) ¨ Bτ
s (ϕ) ¸ ¨´É¥·¢ ² ³¨-

´µ¸¨É¥²Ö³¨ [rp−1, rp+1] ¨ [ϕs−1, ϕs+1]:

F (r, ϕ) ≈ S3322(r, ϕ) =
2∑

λ,τ=1

N∑
p=1

M∑
s=1

XλτpsB
λ
p (r)B

τ
s (ϕ). (142)

„²Ö ¤¨¸±·¥É¨§ Í¨¨  ¢Éµ· ³¨ ¶·¨³¥´Ö²¸Ö ¨§¢¥¸É´Ò° ³¥Éµ¤ µ·Éµ£µ´ ²Ó´µ°
±µ²²µ± Í¨¨ [6, 7]: Ê· ¢´¥´¨¥ ¨ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ¨¸±µ³µ£µ ¸¶² °´ 
S3322 § ¶¨¸Ò¢ ²¨¸Ó ¢ ¤¢ÊÌ £ Ê¸¸µ¢¸±¨Ì ÉµÎ± Ì ± ¦¤µ£µ µÉ·¥§±  [rp, rp+1] ¨
[ϕs, ϕs+1] ¸¥Éµ± �r ¨ �ϕ. ’ ±¨³ µ¡· §µ³, ¤²Ö ¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢
Xλτps · §²µ¦¥´¨Ö (142) ¶µ²ÊÎ ² ¸Ó ¸¨¸É¥³  ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ²¥´ÉµÎ-
´µ° ³ É·¨Í¥° · §³¥·´µ¸ÉÓÕ 4N ×M ¨ Ï¨·¨´µ° ²¥´ÉÒ 6M . �± § ²µ¸Ó, ÎÉµ
¶·¨³¥´¥´¨¥ ¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ ¶µ§¢µ²Ö¥É ¸µ±· É¨ÉÓ Î¨¸²µ Ê§²µ¢ ¸¥É±¨
� ¢ 1,5Ä2 · §  ¶µ ± ¦¤µ° ¶¥·¥³¥´´µ° ¶µ ¸· ¢´¥´¨Õ ¸ ±µ´¥Î´µ-· §´µ¸É´µ°
 ¶¶·µ±¸¨³ Í¨¥°,   ¢Ò¡µ· £ Ê¸¸µ¢¸±¨Ì ÉµÎ¥± ¢ ± Î¥¸É¢¥ Ê§²µ¢ ±µ²²µ± Í¨¨
µ¡¥¸¶¥Î¨¢ ¥É ÉµÎ´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ v = O(h3 + g3) ± ± ´  · ¢´µ³¥·´µ°,
É ± ¨ ´  ´¥· ¢´µ³¥·´µ° ¸¥É±¥.

’ ±µ¥ ¦¥ ¸µ±· Ð¥´¨¥ µÉ³¥Î ²µ¸Ó ¨ ¢ · ¡µÉ¥ [90], ¢ ±µÉµ·µ° ¡Ò² ¶·¥¤-
²µ¦¥´  ²£µ·¨É³ ¤¨¸±·¥É¨§ Í¨¨ § ¤ Î¨ (138), (139), µ¸´µ¢ ´´Ò° ´  ¡µ²¥¥
£² ¤±µ°  ¶¶·µ±¸¨³ Í¨¨: U ≈ S3311. “· ¢´¥´¨Ö ¨ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¸´ -
Î ²  § ¶¨¸Ò¢ ²¨¸Ó ¢ Ê§² Ì ¸¥É±¨ �, § É¥³ ´¥¨§¢¥¸É´Ò¥ ±µÔËË¨Í¨¥´ÉÒ Nps ≡
∂2
rS3311(rp, ϕs) ¸¶² °´ , ¢Ò· ¦¥´´Ò¥ ¨§ ¶µ²ÊÎ¥´´ÒÌ Ê· ¢´¥´¨°, ¶µ¤¸É ¢²Ö-
²¨¸Ó ¢ Ê¸²µ¢¨Ö ´¥¶·¥·Ò¢´µ¸É¨ ¤²Ö ¶·µ¨§¢µ¤´ÒÌ ∂2

rS3311 ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì
¸¥É±¨ �. �Éµ ¶µ§¢µ²¨²µ  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ¢Éµ·Ò¥ Î ¸É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¸
ÉµÎ´µ¸ÉÓÕ v = O(h2 + g2) ¨ ¶µ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ±µÔËË¨Í¨¥´Éµ¢
¸¶² °´  ¸ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ° ³ É·¨Í¥° ¸ ¡²µ± ³¨ · §³¥·´µ¸ÉÓÕ M .

’ ±ÊÕ ¦¥ ÉµÎ´µ¸ÉÓ v ¨ · §·¥¦¥´´µ¸ÉÓ ³ É·¨ÍÒ µ¡¥¸¶¥Î¨¢ ¥É ¨ ¶·¥¤²µ-
¦¥´´Ò° ¢ ¶µ¸²¥¤µ¢ ¢Ï¥° · ¡µÉ¥ [91] ¡µ²¥¥ £¨¡±¨° ¨ Ê´¨¢¥·¸ ²Ó´Ò°  ²£µ-
·¨É³, µ¸´µ¢ ´´Ò° ´   ¶¶·µ±¸¨³ Í¨¨ ¨¸±µ³µ° ËÊ´±Í¨¨ U ¸¶² °´ ³¨ S3311,
· §²µ¦¥´´Ò³¨ ¶µ ¡ §¨¸´Ò³ ¸¶² °´ ³ Bp(r)¨ Bs(ϕ) ±² ¸¸  C2 c ¨´É¥·¢ ² ³¨-
´µ¸¨É¥²Ö³¨ [rp−2, rp+2] ¨ [ϕs−2, ϕs+2]:

U(r, ϕ) ≈ S3311(r, ϕ) =
N∑
p=1

M∑
s=1

XpsBp(r)Bs(ϕ).

�µ§¦¥ ¢ · ¡µÉ Ì [92,93] ¡Ò² · §¢¨É ³¥Éµ¤, ¡µ²¥¥ ÔËË¥±É¨¢´Ò° ¶µ ¸· ¢-
´¥´¨Õ ¸ · ¸¸³µÉ·¥´´Ò³ ¢ÒÏ¥  ²£µ·¨É³µ³ ·¥Ï¥´¨Ö µ¡·¥§ ´´µ° ¶µ ¨´¤¥±¸ ³
a ¨ b ¸¨¸É¥³Ò ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (15). ‚ ÔÉµ³ ³¥Éµ¤¥,
± ± ¨ ¢ · ¡µÉ¥ [89], ¨¸±µ³Ò¥ ¡¨¸Ë¥·¨Î¥¸±¨¥ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ U �

iab

 ¶¶·µ±¸¨³¨·ÊÕÉ¸Ö ¸¶² °´µ³ (141), · §²µ¦¥´´Ò³ ¶µ Ô·³¨Éµ¢Ò³ ¡ §¨¸´Ò³
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¸¶² °´ ³ Bλ
p (r) ¨ Bτ

s (ϕ):

U �
iab(r, ϕ) ≈ S3322(r, ϕi) =

2∑
λ,τ=1

N∑
p=1

M∑
s=1

X iab
λτpsB

λ
p (r)B

τ
s (ϕ).

„²Ö ¤¨¸±·¥É¨§ Í¨¨ ¶µ¤¸¨¸É¥³Ò (a < ∞, b < ∞) ¸¨¸É¥³Ò Ê· ¢´¥´¨° (15)
 ¢Éµ· ³¨ ¨¸¶µ²Ó§µ¢ ²¸Ö ³¥Éµ¤ µ·Éµ£µ´ ²Ó´µ° ±µ²²µ± Í¨¨,   ¤²Ö ¸µ±· Ð¥-
´¨Ö µ¡Ñ¥³  ¢ÒÎ¨¸²¥´¨° ¡Ò² ¶·¥¤²µ¦¥´ ¨ ·¥ ²¨§µ¢ ´ ³¥Éµ¤ É¥´§µ·´µ° Ë ±-
Éµ·¨§ Í¨¨ ³ É·¨Í ¨ ³¥Éµ¤ É· ´¸Ëµ·³ Í¨¨ ¶¥·¥³¥´´µ° r Å ¶µ¤¸É ´µ¢±¨
r(ρ) = −λ−1 ln (1−ρ) ¸ ´µ¢Ò³  ·£Ê³¥´Éµ³ ρ ¨ ¢ ·Ó¨·Ê¥³Ò³ ¶ · ³¥É·µ³ λ. ‚
¨Éµ£¥  ¢Éµ· ³ Ê¤ ²µ¸Ó  ¶¶·µ±¸¨³¨·µ¢ ÉÓ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤´Ò¥ ËÊ´±Í¨° U �

iab ¸
ÉµÎ´µ¸ÉÓÕ v = O(h3 + g3) ¨ ´  ´¥¡µ²ÓÏ¨Ì ¸¥É± Ì ¤µ¸É¨ÎÓ Ìµ·µÏ¥° ÉµÎ´µ¸É¨
¢ÒÎ¨¸²¥´¨° Ô´¥·£¨° ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°. 
 ¶·¨³¥·, ¤²Ö § ¤ Î¨ (138), (139)
¸ ¶µÉ¥´Í¨ ²µ³ Œ ²ÓË²¥É Ä’Ó¥´ , § ¶¨¸ ´´µ° ¢ ±µµ·¤¨´ É Ì (ρ, ϕ), ÉµÎ´µ¸ÉÓ
τ = 3 ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¤µ¸É¨£ ¥É¸Ö ¶·¨ N = (10, 12),
  ÉµÎ´µ¸ÉÓ τ = 5 Å ¶·¨ N = (45, 50).

ˆ§ÖÐ´Ò° ¸¶µ¸µ¡ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (15), ¶µ§¢µ²ÖÕÐ¨° ¸ÊÐ¥¸É¢¥´´µ ¸µ-
±· É¨ÉÓ ¢·¥³Ö ¢ÒÎ¨¸²¥´¨°, ¶·¥¤²µ¦¥´ ¨ ·¥ ²¨§µ¢ ´ ¢ · ¡µÉ Ì [94, 95] ¶µ
¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. „²Ö ¢Ò¡· ´´µ° ¸¥É±¨ �ϕ, ´µ Éµ²Ó±µ ¶µ¤ ¨´É¥£· ² ³¨,
¨¸±µ³Ò¥ ±µ³¶µ´¥´ÉÒ U �

iab § ³¥´ÖÕÉ¸Ö · §²µ¦¥´¨Ö³¨

U �
iab(r, ϕk) =

∑
s=1

U �
iab(r, ϕi)Fs(ϕk), Fs(ϕ) = S32(ϕ), Fs(ϕs′) = δss′

¶µ ËÊ´¤ ³¥´É ²Ó´Ò³ ¸¶² °´ ³ Fs. „ ²¥¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¨´É¥£· ²Ò. ’ ±¨³
µ¡· §µ³, ¨¸Ìµ¤´Ò¥ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¸¢µ¤ÖÉ¸Ö ± ¤¨ËË¥-
·¥´Í¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³. „²Ö ¨Ì ·¥Ï¥´¨Ö  ¢Éµ·Ò ¨¸¶µ²Ó§µ¢ ²¨ ±µ´¥Î´µ-
· §´µ¸É´Ò¥  ¶¶·µ±¸¨³ Í¨¨ ¶µ r ¨ ϕi. �·¨ ´¥ ¸Éµ²Ó ¡µ²ÓÏ¨Ì ¸¥É± Ì N =
(80, 50) ¢ÒÎ¨¸²¥´´Ò¥ ¨³¨ §´ Î¥´¨Ö Ô´¥·£¨° ¸¢Ö§¨ ³¥§µ³µ²¥±Ê² µpp, µdd, µtt,
¨µ´  e− e+ e− ¨ Ö¤·  3H ¸ ÉµÎ´µ¸ÉÓÕ τ ≥ 3 ¸µ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨
¤·Ê£¨Ì ¶µ¤Ìµ¤µ¢ (¸³. É ¡²¨ÍÊ ¢ [95]).

�µ¸²¥ · ¡µÉÒ [38] ¶·µ¡²¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  (23) ¢ R3 ¶µ¤·µ¡´µ µ¡¸Ê¦¤ ²a¸Ó ¢ µ¡§µ· Ì [39, 40]. 
 ¨¡µ²¥¥ ÔË-
Ë¥±É¨¢´Ò¥  ²£µ·¨É³Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨° ¢ ¸²ÊÎ ¥ É·¥Ì
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¸µ¸ÉµÖ´¨¨ ¸ ! = 0 ¶·¥¤²µ¦¥´Ò ¢ · ¡µÉ Ì [96Ä100],  
¢ ¸²ÊÎ ¥ ´¥°É· ²Ó´ÒÌ Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ ¸¨²Ó´Ò³ µÉÉ ²±¨¢ ´¨¥³ ´ 
³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ (´ ¶·¨³¥·, É·¥Ì  Éµ³µ¢ 4He3) Å ¢ · ¡µÉ Ì [101Ä103].

‚ ¸²ÊÎ ¥ ! = 0 ± ¦¤µ¥ (i = 1, 2, 3) · §²µ¦¥´¨¥ (22) ¸µ¤¥·¦¨É µ¤´µ
¸² £ ¥³µ¥, ¶µÔÉµ³Ê ¸¨¸É¥³  (23) ¸µ¸Éµ¨É ¨§ É·¥Ì Ê· ¢´¥´¨° ¨ ¶µ¤¸É ´µ¢±µ°

Ψ0
i0(qi) = f(qi)Ui(qi), i = 1, 2, 3,
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¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° Ui, i = 1, 2, 3:

[
H̃0(qi)− E

]
Ui(qi) = f−1(qi)Vi(x(qi))

3∑
k=1

f(qk)Uk(qk). (143)

‚ ÔÉµ° ¸¨¸É¥³¥ µ¶¥· Éµ· H̃0, ¶µ·µ¦¤¥´´Ò° µ¶¥· Éµ·µ³ H0, ¨´¢ ·¨ ´É¥´
µÉ´µ¸¨É¥²Ó´µ ´ ¡µ·  qi É·¥Ì ±µµ·¤¨´ É ¢ ¶²µ¸±µ¸É¨ Î ¸É¨Í, ¨ ¢ § ¢¨¸¨³µ¸É¨
µÉ ¢Ò¡µ·  ³´µ¦¨É¥²Ö f ¨ ±µµ·¤¨´ É q = qi ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

H̃0(q) = −∂2
r −

4
r2

[
∂2
χ +

1
(sinχ)2

(
∂2
θ − ctg θ ∂θ +

1
(sin θ)2

)
+

1
16

]
,

(144)
q = (r, χ, θ), f = r−5/2(sinχ sin θ)−1, χ ≡ 2ϕ,

H̃0(q) = −∂2
x − ∂2

y −
x2 + y2

x2y2
cosec θ ∂θ sin θ∂θ,

q = (x, y, θ), f = 1/xy,
(145)

H̃0(q) = −∂2
x − ∂2

y −
x2 + y2

x2y2
∂u(1− u2)∂u,

q = (x, y, u), f = 1/xy.
(146)

‚¸¥ µ¡¸Ê¦¤ ¥³Ò¥ ¤ ²¥¥  ²£µ·¨É³Ò [96Ä103] µ¸´µ¢ ´Ò ´  · §²µ¦¥´¨ÖÌ
¨¸±µ³ÒÌ ËÊ´±Í¨° Ui ¶µ ±¢¨´É¥É´Ò³ ¸¶² °´ ³ [96]:

Ui(q) =
3∑

λ=1

N∑
p=1

M∑
s=1

K∑
t=1

X iλ
pst B

λ
p (q1)B

λ
s (q2)B

λ
t (q3), (147)

§ ¤ ´´Ò³ ´  ¢Ò¡· ´´µ° É·¥Ì³¥·´µ° ¸¥É±¥ �q Ê§²µ¢ (q1p, q2s, q3t). Š¢¨´É¥É-
´Ò¥ ¸¶² °´Ò Bλ

p (q1), λ = 1, 2, 3, ÔÉµ ¸¶² °´Ò S5,2, ¶µ¤Î¨´¥´´Ò¥ · §´Ò³
Ê¸²µ¢¨Ö³ ´  ±µ´Í Ì ¨Ì µ¡Ð¥£µ ¨´É¥·¢ ² -´µ¸¨É¥²Ö [q1,p−1, q1,p+1].

‚ · ¡µÉ¥ [96] ¨¸¸²¥¤µ¢ ²¸Ö ¸¶¥±É· ¸¨¸É¥³Ò (e−, e−, e+) ¶ÊÉ¥³ Î¨¸²¥´´µ£µ
·¥Ï¥´¨Ö Ê· ¢´¥´¨° (143), (6). ‘µ¢¶ ¤¥´¨¥ ¸ ¢ ·¨ Í¨µ´´Ò³¨ µÍ¥´± ³¨ ¸µ-
¸É ¢¨²µ Î¥ÉÒ·¥ ¤¥¸ÖÉ¨Î´ÒÌ §´ ±  Ê¦¥ ¶·¨ ´¥¡µ²ÓÏµ³ Î¨¸²¥ Ê§²µ¢ ¶µ ± ¦¤µ°
±µµ·¤¨´ É¥: N(r, χ, θ) = (16, 14, 18). �µ§¦¥ ¶µ  ´ ²µ£¨Î´µ° ¸Ì¥³¥ ¡Ò² ¶·µ-
¢¥¤¥´ · ¸Î¥É ¸¶¥±É·  dtµ-¸¨¸É¥³Ò [97]. ‘µ¢¶ ¤¥´¨¥ ¸ ¢ ·¨ Í¨µ´´µ° µÍ¥´±µ°
¸µ¸É ¢¨²µ ¶ÖÉÓ ¤¥¸ÖÉ¨Î´ÒÌ §´ ±µ¢ ¶·¨ ¸¥É±¥ N(r, χ, θ) = (18, 15, 15). ‡ É¥³ ¢
· ¡µÉ¥ [98] ¨¸¸²¥¤µ¢ ²¨¸Ó ¤²¨´Ò · ¸¸¥Ö´¨Ö ¢ ¸¨¸É¥³ Ì e−+(e− e+), p+(pµ)
¨ d + (dµ). ‘ ÔÉµ° Í¥²ÓÕ ·¥Ï ²¨¸Ó ¤¨¸±·¥É´Ò¥  ´ ²µ£¨ Ê· ¢´¥´¨° (143),
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(145) ¶·¨ Ê¸²µ¢¨¨ y ≤ ymax < ∞. Š ± µ± § ²µ¸Ó, Î¨¸²¥´´ Ö ¸Ìµ¤¨³µ¸ÉÓ
(τ = 4) Ê¸É ´ ¢²¨¢ ¥É¸Ö ´  ¸¥É± Ì: N(x, y, θ) = (18, 18, 15) ¶·¨ ymax = 180
¤²Ö ¸¨¸É¥³Ò e− + (e− e+), ymax = 350 ¤²Ö ¸¨¸É¥³Ò p + (pµ) ¨ ymax = 600
¤²Ö ¸¨¸É¥³Ò d + (dµ). ‚ ¶µ¸²¥¤µ¢ ¢Ï¥° · ¡µÉ¥ [99] ¢¶¥·¢Ò¥ Î¨¸²¥´´Ò³
·¥Ï¥´¨¥³ Ê· ¢´¥´¨° (143), (145) ¡Ò²¨ µ¶·¥¤¥²¥´Ò ¶µ²µ¦¥´¨Ö ·¥§µ´ ´¸µ¢
¢ e− + (e−e+)-¸¨¸É¥³¥ ¶µ ¸± Î±Ê ´  π Ë §Ò Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö. 
Ê¦´ÊÕ
ÉµÎ´µ¸ÉÓ · ¸Î¥É  (τ = 3) µ¡¥¸¶¥Î¨¢ ²  ¸¥É±  N(x, y, θ) = (12, 48, 12). ‚
· ¡µÉ¥ [100] ¡Ò²¨ · ¸¸Î¨É ´Ò ¸±µ·µ¸É¨ ·¥ ±Í¨¨ Ö¤¥·´µ£µ ¸¨´É¥§  ¢ ¶·µÍ¥¸-
¸ Ì ¸Éµ²±´µ¢¥´¨Ö (·¥ ±Í¨Ö ´  ²¥ÉÊ) ¢ ¸¨¸É¥³ Ì a + (aµ) ¤²Ö a = p, d, t ¨
d+(tµ), t+(dµ). ‚µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¸É·µ¨²¨¸Ó Î¨¸²¥´´Ò³ ¨´É¥£·¨·µ¢ ´¨¥³
Ê· ¢´¥´¨° (143), (145) ¸ ¶µ³µÐÓÕ · ´¥¥ · §¢¨Éµ£µ ³¥Éµ¤  [98]. ’µÎ´µ¸ÉÓ
τ = 3 ¤µ¸É¨£ ² ¸Ó ´  ¸¥É± Ì N(x, y, θ) = (12− 18, 39− 60, 12− 18).

‚ · ¡µÉ Ì [101Ä103] ¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (143), (146) ¨¸-
¶µ²Ó§µ¢ ²µ¸Ó · §²µ¦¥´¨¥ (147), ¡Ò²¨ ¶·¥¤²µ¦¥´Ò ³µ¤¨Ë¨Í¨·µ¢ ´´Ò° ³¥Éµ¤
µ·Éµ£µ´ ²Ó´µ° ±µ²²µ± Í¨¨, µ¡¥¸¶¥Î¨¢ ÕÐ¨° Ï¥¸Éµ° ¶µ·Ö¤µ± ¶·¨¡²¨¦¥´¨Ö,
¨ ³µ¤¨Ë¨Í¨·µ¢ ´´Ò° ³¥Éµ¤ É¥´§µ·´µ° Ë ±Éµ·¨§ Í¨¨. ’µÎ´µ¸ÉÓ τ = 5 ¢ÒÎ¨-
¸²¥´¨Ö Ô´¥·£¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö É·¨³¥·  ¤µ¸É¨£´ÊÉ   ¢Éµ· ³¨ ´  ¸¥É± Ì
N(x, y, u) = (60, 60, 25).

ˆÉ ±, ¨¸¶µ²Ó§ÊÖ ¸¶² °´-· §²µ¦¥´¨Ö, ³µ¦´µ ·¥Ï¨ÉÓ ¤¢ÊÌ- ¨ É·¥Ì³¥·´Ò¥
Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¸ Ìµ·µÏ¥° ÉµÎ´µ¸ÉÓÕ ¶·¨ ´¥¡µ²ÓÏ¨Ì ¤²Ö ¸µ¢·¥³¥´´ÒÌ
±µ³¶ÓÕÉ¥·µ¢ Î¨¸²¥´´ÒÌ ¸¥É± Ì.

‡
Š‹A—…�ˆ…

Š ± ¸²¥¤Ê¥É ¨§ · §¤. 2, · §¡¨¥´¨¥ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ´  ±µ··¥±É´µ
µ¶·¥¤¥²¥´´Ò¥ ²µ¦´Ò¥ ¨ Ë¨§¨Î¥¸±¨¥ ¸² £ ¥³Ò¥ [24Ä26] ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥-
·¥¸´Ò³ ¤²Ö ¤ ²Ó´¥°Ï¥£µ ¨¸¸²¥¤µ¢ ´¨Ö. ‚ ¶¥·¢ÊÕ µÎ¥·¥¤Ó, ¢ ¦´µ ¢ÒÖ¸´¨ÉÓ
¢¸¥ Ë¨§¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö É ±µ£µ · §¡¨¥´¨Ö.

�¡¸Ê¦¤¥´´Ò° ¢ · §¤. 3 ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ÉµÎ´ÒÌ ·¥Ï¥´¨° [27Ä29] Å ÔÉµ
¶¥·¢Ò° Ï £ ¢ ¨¸¸²¥¤µ¢ ´¨¨ § ¤ Î¨ É·¥Ì Î ¸É¨Í ¸ ¶µÉ¥´Í¨ ² ³¨ Í¥´É·µ¡¥¦-
´µ£µ É¨¶ . ‘²¥¤ÊÕÐ¨° ÔÉ ¶, ±µÉµ·Ò° ¸µ¸Éµ¨É ¢ ¶µ¸É·µ¥´¨¨ ÉµÎ´ÒÌ ·¥Ï¥´¨°,
µ¶¨¸Ò¢ ÕÐ¨Ì · ¸¸¥Ö´¨¥ 3 → 3 ¢ É ±µ° ³µ¤¥²¨, ¶·¥¤¸É ¢²Ö¥É¸Ö µ¸µ¡¥´´µ
¢ ¦´Ò³: §´ ´¨¥ É ±¨Ì ·¥Ï¥´¨° ¶µ§¢µ²¨É ¢ÒÎ¨¸²¨ÉÓ ¢ Ö¢´µ³ ¢¨¤¥ ³µ¤¥²Ó´Ò°
É·¥É¨° ¢¨·¨ ²Ó´Ò° ±µÔËË¨Í¨¥´É ¨ ¨¸¸²¥¤µ¢ ÉÓ  ´ ²¨É¨Î¥¸±¨ É·¥ÌÎ ¸É¨Î´Ò¥
Ê¸²µ¢¨Ö ®¶ ¤¥´¨Ö¯ ¨ ÔËË¥±ÉÒ ¥Ë¨³µ¢¸±µ£µ É¨¶ .

�¶¨¸ ´´Ò¥ ¢ · §¤. 4 ¶µ²´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì
±µ³¶µ´¥´É ¢ µ±·¥¸É´µ¸É¨ ÉµÎ¥± É·µ°´µ£µ ¨ ¶ ·´ÒÌ ¸Éµ²±´µ¢¥´¨° [30,31,38]
Ö¢²ÖÕÉ¸Ö ²¨ÏÓ Ëµ·³ ²Ó´Ò³¨  ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ · §²µ¦¥´¨Ö³¨. ˆ¸¸²¥¤µ¢ -
´¨¥ É ±¨Ì · §²µ¦¥´¨° ´  · ¢´µ³¥·´ÊÕ ¸Ìµ¤¨³µ¸ÉÓ Å ¶µ±  ´¥ ·¥Ï¥´´ Ö, ´µ
´¥¸µ³´¥´´µ ¢ ¦´ Ö É¥µ·¥É¨Î¥¸± Ö § ¤ Î .




…Š�’��›… ��‡‹�†…
ˆŸ ‚ ‡�„�—… ’�…• —�‘’ˆ– 911

Š ± µÉ³¥Î ²µ¸Ó ¢ · §¤. 5, ¢ ·¨ Í¨µ´´Ò¥ · §²µ¦¥´¨Ö [36, 62Ä76], µ¶¨¸Ò-
¢ ÕÐ¨¥ ¸É ·Ï¨¥ Î²¥´Ò  ¸¨³¶ÉµÉ¨± ¨¸±µ³ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°, ¶µ§¢µ²ÖÕÉ
¢Ò¶µ²´¨ÉÓ ¶·¥Í¨§¨µ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¨° ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°. ‘²¥¤Ê¥É
µ¦¨¤ ÉÓ, ÎÉµ ¢ ·¨ Í¨µ´´Ò¥  ´§ ÍÒ, ¢µ¸¶·µ¨§¢µ¤ÖÐ¨¥ É ±¨¥  ¸¨³¶ÉµÉ¨±¨ ¡µ-
²¥¥ ¶µ¤·µ¡´µ, ¶µ§¢µ²ÖÉ ¤µ¸É¨£´ÊÉÓ Éµ° ¦¥ ¢ÒÎ¨¸²¨É¥²Ó´µ° ÉµÎ´µ¸É¨ ¶·¨ ¸Ê-
Ð¥¸É¢¥´´µ ³¥´ÓÏ¥³ Î¨¸²¥ µ¶µ·´ÒÌ ËÊ´±Í¨°. �µ¸É·µ¥´¨¥ É ±¨Ì  ¸¨³¶ÉµÉ¨-
Î¥¸±¨ ¡µ²¥¥ ÉµÎ´ÒÌ  ´§ Í¥¢ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§³µ¦´Ò³, ¥¸²¨ ¤²Ö µ¶µ·´ÒÌ
ËÊ´±Í¨° ¨¸¶µ²Ó§µ¢ ÉÓ · §¡¨¥´¨Ö Ë ¤¤¥¥¢¸±µ£µ É¨¶ .

„²Ö ¢¸¥Ì Ê¶µ³Ö´ÊÉÒÌ ¢ · §¤. 6 ¸¶² °´-· §²µ¦¥´¨° [89Ä103] Ë ¤¤¥¥¢¸±¨Ì
±µ³¶µ´¥´É ¸Ìµ¤¨³µ¸ÉÓ ¸ ·µ¸Éµ³ Î¨¸²  ÉµÎ¥± ¸¥Éµ± ¶µ¤É¢¥·¦¤¥´  Éµ²Ó±µ ¶· ±-
É¨Î¥¸±¨³¨ ¢ÒÎ¨¸²¥´¨Ö³¨ ¤²Ö ´¥±µÉµ·ÒÌ É¨¶µ¢ ¢§ ¨³µ¤¥°¸É¢¨°. �¤´ ±µ ¤²Ö
Ê· ¢´¥´¨° Ë ¤¤¥¢¸±µ£µ É¨¶ , ¸µ¤¥·¦ Ð¨Ì ¨¸±µ³Ò¥ ËÊ´±Í¨¨ ¶µ¤ ¨´É¥£· -
²µ³ ²¨¡µ ¸µ ¸¤¢¨´ÊÉÒ³¨  ·£Ê³¥´É ³¨, ¤µ± § É¥²Ó¸É¢µ Ê¸Éµ°Î¨¢µ¸É¨ ¨ ¢Ò¢µ¤Ò
µÍ¥´µ± ÉµÎ´µ¸É¨ ¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ ´¥¨§¢¥¸É´Ò. �µÔÉµ³Ê ¤µ¶µ²´¥´¨¥
± ¦¤µ£µ ¨§ · ¸¸³µÉ·¥´´ÒÌ ¸¶² °´-³¥Éµ¤µ¢ É¥µ·¥É¨Î¥¸±¨³  ´ ²¨§µ³ Ê¸Éµ°Î¨-
¢µ¸É¨ ¨ ¢Ò¢µ¤µ³ µÍ¥´µ± ¸Ìµ¤¨³µ¸É¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¨ ´¥µ¡Ìµ-
¤¨³Ò³ ¤²Ö ³ É¥³ É¨Î¥¸±µ° ¶µ²´µÉÒ.

�¢Éµ· ¡² £µ¤ ·¥´ ‘.ˆ.‚¨´¨Í±µ³Ê §  ¨¸±²ÕÎ¨É¥²Ó´µ ¶µ²¥§´Ò¥ § ³¥Î ´¨Ö
¨ 
.‚.�Ê¶ÒÏ¥¢µ° §  ´¥µÍ¥´¨³ÊÕ ¶µ³µÐÓ ¶·¨ ¶µ¤£µÉµ¢±¥ ·Ê±µ¶¨¸¨.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. �Ê¶ÒÏ¥¢ ‚. ‚. // �—�Ÿ. 1999. ’. 30. ‘. 1562.

2. ‘³¨·´µ¢ ‚. ˆ. ŠÊ·¸ ¢Ò¸Ï¥° ³ É¥³ É¨±¨. M.: 
 Ê± , 1974. ’. 3.

3. Abramowitz M., Stegun I. A. Handbook of Mathematical Functions. Washington: D. C., 1972.

4. Lankaster P. Theory of Matrixes. N. Y.; London: Acad. Press, 1969.

5. Œ ·ÎÊ± ƒ. ˆ. Œ¥Éµ¤Ò ¢ÒÎ¨¸²¨É¥²Ó´µ° ³ É¥³ É¨±¨. Œ.: 
 Ê± , 1977.

6. Prenter P.M. Splines and Variational Methods. N. Y.: Wiley, 1975.

7. ‡ ¢ÓÖ²µ¢ ?.‘., Š¢ ¸µ¢ A. ˆ., Œ¨·µÏ´¨Î¥´±µ ‚. ‹. Œ¥Éµ¤Ò ¸¶² °´-ËÊ´±Í¨°. Œ.: 
 Ê± ,
1980.

8. ‹ ´¤ Ê ‹. „., ‹¨ËÏ¨Í ….Œ. Š¢ ´Éµ¢ Ö ³¥Ì ´¨± . Œ.: 
 Ê± , 1974.

9. ‚¨²Ó¤¥·³ÊÉ Š., ’ ´ Ÿ. …¤¨´ Ö É¥µ·¨Ö Ö¤· . Œ.: Œ¨·, 1980.

10. ŒµÏ¨´¸±¨° Œ. ƒ ·³µ´¨Î¥¸±¨° µ¸Í¨²²ÖÉµ· ¢ ¸µ¢·¥³¥´´µ° Ë¨§¨±¥ µÉ  Éµ³µ¢ ¤µ ±¢ ·±µ¢.
Œ.: Œ¨·, 1972.

11. E¥³¥Í F.”., ƒµË³ ´ ?. ‚. ‘¶· ¢µÎ´¨± ¶µ Ö¤¥·´µ° Ë¨§¨±¥. Š¨¥¢: 
 Ê±µ¢  ¤Ê³± , 1975.

12. ˜³¨¤ H., –¨£¥²Ó³ ´ •. �·µ¡²¥³  É·¥Ì É¥² ¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥. Œ.: 
 Ê± , 1979.

13. Faddeev L. D., Merkuriev S. P. Quantum Scattering Theory for Several Particle Systems. Kluwer:
Academic Publishers, 1993.

14. ‚ ·Ï ²µ¢¨Î „. $., Œµ¸± ²¥¢ $. E., •¥·¸µ´¸±¨° ‚. Š. Š¢ ´Éµ¢ Ö É¥µ·¨Ö Ê£²µ¢µ£µ ³µ³¥´É .
Œ.: 
 Ê± , 1975.



912 �“�›˜…‚ ‚.‚.

15. ‚¨´¨Í±¨° ‘.ˆ., �µ´µ³ ·¥¢ ‹.ˆ. // �—�Ÿ. 1982. ’. 13. ‘. 1336.

16. Œ¨Ì²¨´ ‘. ƒ. ‚ ·¨ Í¨µ´´Ò¥ ³¥Éµ¤Ò ¢ ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¥. Œ.: ƒµ¸É¥Ì¨§¤ É, 1957.

17. ‘³µ·µ¤¨´¸±¨° Ÿ. $., HË·µ¸ ‚. „. // Ÿ”. 1973. ’. 17. ‘. 210.

18. ‘³¨·´µ¢ ?.”., ˜¨É¨±µ¢  Š. ‚. // �—�Ÿ. 1977. ’. 8. ‘. 847.

19. „¦¨¡ÊÉ¨ O. ˆ., Š·Ê¶¥´´¨±µ¢  E. A. Œ¥Éµ¤ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¢ ±¢ ´Éµ¢µ° ³¥Ì -
´¨±¥ ´¥¸±µ²Ó±¨Ì É¥². ’¡¨²¨¸¨: Œ¥Í´¨¥·¥¡ , 1984.

20. �Ê¶ÒÏ¥¢ ‚. ‚. // Ÿ”. 1986. ’. 43. ‘. 260.

21. �Ê¶ÒÏ¥¢ ‚. ‚. // ’Œ”. 1989. ’. 81. C. 86.

22. �Ê¶ÒÏ¥¢ ‚. ‚. // ’Œ”. 1996. ’. 107. C. 501.

23. �Ê¶ÒÏ¥¢ ‚. ‚. // Ÿ”. 1999. ’. 62. ‘. 1955.

24. �Ê¶ÒÏ¥¢ ‚. ‚. �·¥¶·¨´É �ˆŸˆ �5-99-314. „Ê¡´ , 1999.

25. �Ê¶ÒÏ¥¢ ‚. ‚. // ’Œ”. 2000. ’. 125. C. 253.

26. �Ê¶ÒÏ¥¢ ‚. ‚. �·¥¶·¨´É �ˆŸˆ �4-2000-136. „Ê¡´ , 2000.

27. Pupyshev V. V. // Phys. Lett. A. 1989. V. 140. P. 151.

28. �Ê¶ÒÏ¥¢ ‚. ‚. // ’Œ”. 2001. ’. 128. C. 268.

29. �Ê¶ÒÏ¥¢ ‚. ‚. �·¥¶·¨´É �ˆŸˆ �5-2001-28. „Ê¡´ , 2001.

30. Pupyshev V. V. JINR Preprint E5-87-902. Dubna, 1987.

31. Pupyshev V. V. // Few-Body Systems. 1990. V. 8. P. 105.

32. Hylleraas E. A. // Z. Physik. 1929. V. 54. P. 347.

33. Breit G. // Phys. Rev. 1930. V. 35. P. 569.

34. Š ¸Î¨¥¢ Œ. ‘., ‚¨´¨Í±¨° ‘.ˆ. // Ÿ”. 1986. ’. 44. ‘. 386.

35. Šµ·µ¡µ¢ ‚. ˆ. // Ÿ”. 1989. ’. 50. ‘.1595.

36. Korobov V. I., Puzynin I. V., Vinitsky S. I. // Muon Catalyzed Fusion. 1992. V. 7. P. 63.

37. Kostrykin V. V., Kvitsinsky A. A., Merkuriev S. P. LOMI Preprint E-10-87. L., 1987.

38. Kostrykin V. V., Kvitsinsky A. A., Merkuriev S. P. // Few-Body Systems. 1989. V. 6. P. 97.

39. Š¢¨Í¨´¸±¨° $. $., Šµ¸É·Ò±¨´ ‚. ‚., Œ¥·±Ê·Ó¥¢ ‘. �. // �—�Ÿ. 1990. ’. 21. ‘. 1301.

40. Š¢¨Í¨´¸±¨° $. $., Šµ¸É·Ò±¨´ ‚. ‚., Œ¥·±Ê·Ó¥¢ ‘. �. // ’ ³ ¦¥. ‘. 553.

41. Bencze Gy. // Nucl. Phys. A. 1973. V. 211. P. 568.

42. Redish E. F. // Nucl. Phys. A. 1974. V. 225. P. 16.

43. Kukulin V. I., Pomerantsev V. N. // Ann. Phys. 1978. V. 111. P. 333.

44. ŠÊ±Ê²¨´ ‚. ˆ., �µ³¥· ´Í¥¢ ‚. E. // Ÿ”. 1978. ’. 27. C. 1668.

45. Friar J. L., Gibson B. F., Payne G. L. // Phys. Rev. C. 1980. V. 22. P. 284.

46. Fabre de la Ripelle Œ., Larsen S. Y. // Few-Body Systems. 1992. V. 13. P. 199.

47. Avishai Y. // J. Math. Phys. 1975. V. 16. P. 1491.

48. ”µ± ‚. A. // ˆ§¢. �
 ‘‘‘�, ¸¥·. Ë¨§. 1954. ’. 18. ‘. 161.

49. Abbott P. C., Maslen E. N. // J. Phys. A. 1987. V. 20. P. 2043.

50. Gottschalk J. E., Abbott P. C., Maslen E. N. // Ibid. P. 2077.

51. Palumbo F. // Phys. Lett. B. 1977. V. 69. P. 275.




…Š�’��›… ��‡‹�†…
ˆŸ ‚ ‡�„�—… ’�…• —�‘’ˆ– 913

52. Haftel M. I., Mandelzweig V. B. // Ann. Phys. 1983. V. 150. P. 48.

53. Klar H. // J. Phys. A. 1985. V. 18. P. 1561.

54. Kato T. // Comm. on Pure and Appl. Math. 1957. V. 10. P. 151.

55. Bingel W. A. // Z. Naturforsh. 1963. V. 18a. P. 1249.

56. Pack R. T., Brown W. B. // J. Chem. Phys. 1966. V. 45. P. 556.

57. Hoffman-Osternhof M., Seiler R. // Phys. Rev. 1981. V. 23. P. 21.

58. Hoffman-Osternhof M., Hoffman-Ostrenhof T., Stremnitzer H. // Phys. Rev. Lett. 1992. V. 68.
P. 3857.

59. Johnson B. R. // Phys. Rev. 1981. V. 24. P. 2339.

60. Abbott P. C., Maslen E. N. // J. Phys. B. 1986. V. 19. P. 1595.

61. Myers C. R. et al. // Phys. Rev. A. 1991. V. 44. P. 5537.

62. Kinoshita T. // Phys. Rev. 1957. V. 105. P. 1490.

63. Pekeris C. L. // Phys. Rev. 1958. V. 112. P. 1649.

64. Frankowski K., Pekeris C. L. // Phys. Rev. 1966. V. 146. P. 46.

65. Freund D. E., Huxtable B. D., Morgan J.D., III // Phys. Rev. A. 1984. V. 29. P. 980.

66. Thakkar A. J., Koga T. // Ibid. V. 50. P. 854.

67. Drake G.W. F., Yan Z.-C. // Chem. Phys. Lett. 1994. V. 229. P. 486.

68. Drake G.W. F. // Phys. Scr. 1999. V. T83. P. 83.

69. Korobov V. I. // Phys. Rev. A. 2000. V. 61. P. 0.64503-1.

70. Alexander S. A., Monkhorst H. J. // Phys. Rev. A. 1988. V. 38. P. 26.

71. ”·µ²µ¢ $.Œ., HË·µ¸ ‚. „. // �¨¸Ó³  ¢ †�’”. 1984. ’. 39. ‘. 544.

72. Frolov A.M., Smith V. H., Jr. // J. Phys. B. 1995. V. 28. P. L449.

73. ‚¨´¨Í±¨° ‘.ˆ., Šµ·µ¡µ¢ ‚. ˆ., �Ê§Ò´¨´ ˆ. ‚. // †�’”. 1986. ’. 91. ‘. 705.

74. Korobov V. I., Puzynin I. V., Vinitsky S. I. // Phys. Lett. B. 1987. V. 196. P. 272.

75. Korobov V. I., Vinitsky S. I. // Phys. Lett. B. 1989. V. 228. P. 21.

76. Šµ·µ¡µ¢ ‚. ˆ. // †Ê·´. ¢ÒÎ. ³ É¥³. ¨ ³ É¥³. Ë¨§¨±¨. 1988. ’. 28. ‘. 105.

77. Chuluunbaatar O., Puzynin I. V., Vinitsky S. I. // J. Phys. B. 2001. V. 34. P. L425.

78. Matveenko A. V., Fukuda H. // J. Phys. B. 1996. V. 29. P. 1675.

79. Matveenko A. V. // Few-Body Systems. 2001. V. 30. P. 259.

80. Matveenko A. V. // J. Phys. B. 2001. V. 34. P. L87.

81. Merkuriev S. P., Gignoux G., Laverne A. // Ann. Phys. 1976. V. 99. P. 30.

82. Œ¥·±Ê·Ó¥¢ ‘. �., ŠÊ¶¥·¨´ ?. $., Š¢¨Í¨´¸±¨° $. $. // Ÿ”. 1983. ’. 37. ‘. 1440.

83. Motovilov A. K., Soˇanos S. A., Kolganova E. A. // Chem. Phys. Lett. 1997. V. 275. P. 168.

84. Kolganova E. A., Motovilov A. K., Soˇanos S. A. // Phys. Rev. A. 1997. V. 56. P. 1686.

85. Kolganova E. A., Motovilov A. K., Soˇanos S. A. // J. Phys. B. 1998. V. 31. P. 1279.

86. Motovilov A. K., Kolganova E. A. // Few-Body Systems Suppl. 1999. V. 10. P. 75.

87. Kolganova E. A., Motovilov A. K. // Phys. Atom. Nucl. 1999. V. 62. P. 1179.

88. Motovilov A. K. et al. // Eur. Phys. J. D. 2001. V. 13. P. 33.



914 �“�›˜…‚ ‚.‚.

89. Payne G. L. et al. // Phys. Rev. C. 1980. V. 22. P. 823.

90. �Ê¶ÒÏ¥¢ ‚. ‚. // Ÿ”. 1986. ’. 43. ‘. 1318.

91. �Ê¶ÒÏ¥¢ ‚. ‚. ‘µµ¡Ð¥´¨¥ �ˆŸˆ �4-86-386. „Ê¡´ , 1986.

92. Bosveld G.D., Schellingerhout N. W. Report 231. Groningen, 1989.

93. Schellingerhout N.W., Kok L. P., Bosveld G.D. // Phys. Rev. A. 1989. V. 40. P. 5568.

94. ‚¨´¨Í±¨° ‘.ˆ. ¨ ¤·. // Ÿ”. 1990. ’. 51. C. 641.

95. Bernabheu J. et al. // Hyp. Int. 1996. V. 101/102. P. 391.

96. Hu C.-Y., Kvitsinsky A. A., Merkuriev S. P. // Phys. Rev. A. 1992. V. 45. P. 2723.

97. Hu C.-Y., Kvitsinsky A. A. // Ibid. V. 46. P. 7301.

98. Hu C. -Y., Kvitsinsky A. A. // Phys. Rev. A. 1993. V. 47. P. 994.

99. Hu C.-Y., Kvitsinsky A. A. // Phys. Rev. A. 1994. V. 50. P. 1924.

100. Kvitsinsky A. A., Hu C.-Y., Cohen J. S. // Phys. Rev. A. 1996. V. 53. P. 255.

101. Roudnev V. A., Yakovlev S. L. // Comput. Phys. Commun. 2000. V. 126. P. 162.

102. Yakovlev S. L., Roudnev V. A. // Few-Body XV Conf. Handbook. Groningen, 1997. P. 157.

103. Roudnev V. A., Yakovlev S. L. // Chem. Phys. Lett. 2000. V. 328. P. 97.

104. Schwartz C. // Phys. Rev. 1961. V. 123. P. 1700.

105. Chang E. S., Fano U. // Phys. Rev. A. 1972. V. 6. P. 173.


