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� ¸¸³ É·¨¢ ¥É¸Ö ¨§³¥´¥´¨¥ ¶µ²µ¦¥´¨° ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢ Ö¤¥· ¢ ±µ´¤¥´¸¨·µ¢ ´´ÒÌ
¸·¥¤ Ì ¶·¨ ¨§³¥´¥´¨¨ Ì¨³¨Î¥¸±µ£µ ¸µ¸É ¢  ¢¥Ð¥¸É¢ , ¨¸¸²¥¤Ê¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ É¥µ·¥É¨Î¥¸±µ£µ
µ¶¨¸ ´¨Ö ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢, µÉ²¨Î ÕÐ¥£µ¸Ö µÉ R-³ É·¨Î´µ£µ,   É ±¦¥ µ¡¸Ê¦¤ ÕÉ¸Ö ¶·µ-
É¨¢µ·¥Î¨Ö ± ´µ´¨Î¥¸±µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¨ ¶·¥¤² £ ¥É¸Ö ´µ¢Ò° ¶µ¤Ìµ¤, ´¥ ¸µ¤¥·¦ Ð¨° ÔÉ¨Ì
¶·µÉ¨¢µ·¥Î¨°.

The dependence of positions of neutron resonances in nuclei in condensed matter on chemical
environment is considered. A possibility of theoretical description of neutron resonances, different
from R-matrix theory is investigated. Some contradictions of standard scattering theory are discussed
and a new approach without these contradictions is formulated.

‘¢¥É²µ° ¶ ³ÖÉ¨ ¤µ·µ£µ£µ Î¥²µ¢¥±  ¨
§ ³¥Î É¥²Ó´µ£µ ÊÎ¥´µ£µ �·¨Ö Œ¥Î¨-
¸² ¢µ¢¨Î  �¸É ´¥¢¨Î  ¸ ¶¥Î ²ÓÕ ¶µ-
¸¢ÖÐ ¥É¸Ö

‚‚…„…�ˆ…

Œ´¥ ²Ó¸É¨²µ, ±µ£¤  ´  ³µ¥³ ¸Éµ²¥ ¢´¥§ ¶´µ §¢µ´¨² É¥²¥Ëµ´ ¨ U·  §¢ ² ±
¸¥¡¥ ¶µ¤¥²¨ÉÓ¸Ö ´µ¢µ° ¨¤¥¥°. …³Ê ´· ¢¨²µ¸Ó ¤¥²¨ÉÓ¸Ö ¸µ ³´µ°, ¶µÉµ³Ê ÎÉµ Ö,
± ± µ´ £µ¢µ·¨², Ê³¥² ¡Ò¸É·µ µÍ¥´¨ÉÓ ¢¥²¨Î¨´Ê ¶·¥¤¸± §Ò¢ ¥³µ£µ ¨³ ÔËË¥±É .

  ¸ ³µ³ ¤¥²¥ ¢¸¥ ¡Ò²µ ¨´ Î¥. Ÿ, ±µ´¥Î´µ, ¶ÒÉ ²¸Ö µÍ¥´¨ÉÓ ¢¥²¨Î¨´Ê, ´µ
µ¡ÒÎ´µ ¸¨²Ó´µ, ¨´µ£¤  ´  ¶µ·Ö¤±¨, µÏ¨¡ ²¸Ö ¢ ÉÊ ¨²¨ ¨´ÊÕ ¸Éµ·µ´Ê. �´
µ§ ¤ Î¥´´µ ¨ · §µÎ ·µ¢ ´´µ ¸³µÉ·¥² ´  ³¥´Ö, ¶µÉµ³ ´ Î¨´ ² £µÉµ¢¨ÉÓ ±µË¥
¨ ´ ¡¨¢ ÉÓ É ¡ ±µ³ É·Ê¡±Ê, § ¢µ¤Ö ¡¥¸¥¤Ê ¨´µ£¤  µ ¶µ¸Éµ·µ´´¨Ì ¢¥Ð Ì, ¢¤·Ê£
´ Ìµ¤¨² µÏ¨¡±Ê ¢ ³µ¨Ì · ¸¸Ê¦¤¥´¨ÖÌ ¨ ¸ ³ ¶µ²ÊÎ ² Ê¦¥ ¶· ¢¨²Ó´ÊÕ µÍ¥´±Ê.
Œ´¥ µ¸É ¢ ²µ¸Ó ²¨ÏÓ Ê¤¨¢²ÖÉÓ¸Ö ´¥¨¸¸Ö± ¥³µ¸É¨ ¥£µ ¨¤¥° ¨ ÉµÎ´µ¸É¨ §´ ´¨°.
Ÿ ¡Ò² Éµ²Ó±µ ´¥±¨³ ± É ²¨§ Éµ·µ³ ¤²Ö ´¥£µ, ´µ £µ·¤¨²¸Ö Ê¦¥ ¨ ÔÉ¨³.
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�É  ¶Ê¡²¨± Í¨Ö ¶µ¸¢ÖÐ¥´  70-²¥É´¥° £µ¤µ¢Ð¨´e ¸µ ¤´Ö ·µ¦¤¥´¨Ö ¶·¥¦-
¤¥¢·¥³¥´´µ ¨ ´¥µ¦¨¤ ´´µ ÊÏ¥¤Ï¥£µ µÉ ´ ¸ ¢ 1990 £. U.Œ.�¸É ´¥¢¨Î . Ÿ
¶µ²ÊÎ¨² ¶·¥¤²µ¦¥´¨¥ · ¸¸± § ÉÓ µ ¸¢µ¥³ ¸µÉ·Ê¤´¨Î¥¸É¢¥ ¸ ´¨³ ¨ § ÌµÉ¥²
´ ¶¨¸ ÉÓ ´¥¡µ²ÓÏµ° µ¡§µ·, ¢ ±µÉµ·µ³ ¡Ò ¶·µ¸²¥¦¨¢ ² ¸Ó ¸Ê¤Ó¡  ´¥±µÉµ·ÒÌ
¥£µ ¨¤¥°. ‚ 1973 £. ³´¥ ¶·¨¢¥²µ¸Ó · ¡µÉ ÉÓ ¸ U.Œ.�¸É ´¥¢¨Î¥³ ´ ¤ ¨¸¸²¥-
¤µ¢ ´¨¥³ Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ [1] ¶·¨ ·¥§µ´ ´¸´µ³ § Ì¢ É¥ ´¥°É·µ´  Ö¤·µ³,
¶µÔÉµ³Ê Ö ·¥Ï¨² ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó ¸¤¥² ÉÓ µ¡§µ· ´  ÔÉÊ É¥³Ê,   § É¥³ ±µ-
·µÉ±µ · ¸¸± § ÉÓ ¨ µ ¤·Ê£¨Ì ¨¤¥ÖÌ, ±µÉµ·Ò¥ U·¥ ¡Ò²µ ¨´É¥·¥¸´µ µ¡¸Ê¦¤ ÉÓ
¸µ ³´µ°.

—Éµ É ±µ¥ Ì¨³¨Î¥¸±¨° ¸¤¢¨£. �¸´µ¢´ Ö É¥³ , · ¸¸³ É·¨¢ ¥³ Ö ¢ µ¡-
§µ·¥, µÉ´µ¸¨É¸Ö ± ·¥§µ´ ´¸´µ³Ê § Ì¢ ÉÊ ´¥°É·µ´  Ö¤·µ³, ±µÉµ·Ò° ¢ ¨¤¥ ²Ó-
´µ³ ¸²ÊÎ ¥ ¡¥¸±µ´¥Î´µ ÉÖ¦¥²µ£µ ¨ ´¥¶µ¤¢¨¦´µ£µ Ö¤·  µ¶¨¸Ò¢ ¥É¸Ö ËÊ´±Í¨¥°
¢¥·µÖÉ´µ¸É¨

W (En) ∝
1

(En − E0)2 + Γ2/4
, (1)

£¤¥ En Å Ô´¥·£¨Ö ´ ²¥É ÕÐ¥£µ ´¥°É·µ´ ; E0 Å ¸µ¡¸É¢¥´´µ¥ ¶µ²µ¦¥´¨¥
·¥§µ´ ´¸  ¨ Γ Å ¸µ¡¸É¢¥´´ Ö Ï¨·¨´  ·¥§µ´ ´¸´µ° ²¨´¨¨.

‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ Ö¤·µ ¨³¥¥É ±µ´¥Î´ÊÕ ³ ¸¸Ê, µ´µ ¶µ¤¢¨¦´µ ¨ ´ -
Ìµ¤¨É¸Ö ¶µ¤ ¢µ§¤¥°¸É¢¨¥³ ¢´¥Ï´¨Ì Ê¸²µ¢¨°. 
 ¸ §¤¥¸Ó ¡Ê¤ÊÉ ¨´É¥·¥¸µ¢ ÉÓ
¨³¥´´µ ¢´¥Ï´¨¥ Ê¸²µ¢¨Ö, ¨§-§  ¢²¨Ö´¨Ö ±µÉµ·ÒÌ ·¥§µ´ ´¸ ´ ¡²Õ¤ ¥É¸Ö ´¥
¶·¨ ¸µ¡¸É¢¥´´µ³ §´ Î¥´¨¨ Ô´¥·£¨¨ E0, Ê± § ´´µ³ ¢ (1),   ¶·¨ ¤·Ê£¨Ì §´ -
Î¥´¨ÖÌ E0(C), £¤¥ C Å Ì · ±É¥·¨¸É¨±  ¢´¥Ï´¨Ì Ê¸²µ¢¨°, É ±¨Ì ± ± Ì¨-
³¨Î¥¸±µ¥ ¨²¨ ¸É·Ê±ÉÊ·´µ¥ µ±·Ê¦¥´¨¥ ¨¸¸²¥¤Ê¥³µ£µ Ö¤· . “ ¤¢ÊÌ ¢¥Ð¥¸É¢ ¸
· §²¨Î´Ò³¨ ¢´¥Ï´¨³¨ Ê¸²µ¢¨Ö³¨ C1 ¨ C2 ¶µ²µ¦¥´¨¥ ·¥§µ´ ´¸  E0(C1,2)
· §²¨Î´µ. �Éµ · §²¨Î¨¥ E0(C1)−E0(C2) ¨ ´ §Ò¢ ¥É¸Ö Ì¨³¨Î¥¸±¨³ ¸¤¢¨£µ³.
‡ ¤ Î  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò µÍ¥´¨ÉÓ ¨ ¨§³¥·¨ÉÓ ¥£µ ¢¥²¨Î¨´Ê, ¨ ´  µ¸´µ¢¥ ¨§-
³¥·¥´¨° ¶µ²ÊÎ¨ÉÓ ¨´Ëµ·³ Í¨Õ µ ¸ ³µ³ Ö¤·¥ ¨²¨ ¥£µ µ±·Ê¦¥´¨¨. 
µ ¸´ Î ² 
¶µÖ¸´¨³, ¶µÎ¥³Ê ÔÉµÉ ¸¤¢¨£ ¢µµ¡Ð¥ ¶·µ¨¸Ìµ¤¨É.

Š ¦¤µ¥ Ö¤·µ ¨³¥¥É ¢´ÊÉ·¥´´ÕÕ Ei ¨ ¢´¥Ï´ÕÕ Ee Ô´¥·£¨¨. ‚´ÊÉ·¥´´ÖÖ
µ¡Ê¸²µ¢²¥´  ¢§ ¨³µ¤¥°¸É¢¨¥³ ¨ ¤¢¨¦¥´¨¥³ ´¥°É·µ´µ¢ ¨ ¶·µÉµ´µ¢, ¸µ¸É ¢²ÖÕ-
Ð¨Ì Ö¤·µ,   ¢´¥Ï´ÖÖ Å ¢§ ¨³µ¤¥°¸É¢¨¥³ Ö¤·  ¸ µ±·Ê¦ ÕÐ¨³¨ Ô²¥±É·µ´ ³¨.
‚ ¶·¨´Í¨¶¥, ¨³¥¥É¸Ö ¥Ð¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸ ¤·Ê£¨³¨ Ö¤· ³¨ ¨ ¢´¥Ï´¨³¨ ¶µ-
²Ö³¨, ´µ ³Ò ¨³¨ ¡Ê¤¥³ ¶·¥´¥¡·¥£ ÉÓ, ¶µ¸±µ²Ó±Ê £· ¢¨É Í¨µ´´Ò¥ ¢§ ¨³µ¤¥°-
¸É¢¨Ö ´¨ÎÉµ¦´Ò,   ¢´¥Ï´¨¥ Ô²¥±É·¨Î¥¸±¨¥ ¢ §´ Î¨É¥²Ó´µ° ³¥·¥ Ô±· ´¨·ÊÕÉ¸Ö
µ±·Ê¦ ÕÐ¨³¨ Ô²¥±É·µ´ ³¨.

‚´¥Ï´ÖÖ Ô´¥·£¨Ö Ee § ¢¨¸¨É µÉ · ¸¶µ²µ¦¥´¨Ö ¨ ±µ²¨Î¥¸É¢  Ô²¥±É·µ´µ¢,
É. ¥. µÉ Ì¨³¨Î¥¸±µ£µ µ±·Ê¦¥´¨Ö ¨ µÉ ¸É·Ê±ÉÊ·Ò ¢¥Ð¥¸É¢ ,   É ±¦¥ µÉ ¸¢µ°¸É¢
¸ ³µ£µ Ö¤· : · §³¥·µ¢, ³ £´¨É´ÒÌ ¨ Ô²¥±É·¨Î¥¸±¨Ì ³µ³¥´Éµ¢. 
 ¸ §¤¥¸Ó ¡Ê¤¥É
¨´É¥·¥¸µ¢ ÉÓ Éµ²Ó±µ § ¢¨¸¨³µ¸ÉÓ µÉ ¥£µ · ¤¨Ê¸  R, ¶µÔÉµ³Ê ¢´¥Ï´ÕÕ Ô´¥·-
£¨Õ ³Ò ¡Ê¤¥³ ¶·¥¤¸É ¢²ÖÉÓ ± ± Ee(C,R), Ê± §Ò¢ Ö ´  § ¢¨¸¨³µ¸ÉÓ µÉ R ¨ µÉ
¢´¥Ï´¨Ì Ê¸²µ¢¨° C.
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�·¨ § Ì¢ É¥ ´¥°É·µ´  Î ¸ÉÓ Ô´¥·£¨¨ ¶¥·¥¤ ¥É¸Ö ´  ¢µ§¡Ê¦¤¥´¨¥ Ö¤¥·-
´µ£µ ·¥§µ´ ´¸  E0, É. ¥. ¢´ÊÉ·¥´´¥° Ô´¥·£¨¨, ¢¥²¨Î¨´  ±µÉµ·µ° ´¥ § ¢¨¸¨É µÉ
¢´¥Ï´¨Ì µ¡¸ÉµÖÉ¥²Ó¸É¢,   Î ¸ÉÓ Å ´  ¨§³¥´¥´¨¥ ¢´¥Ï´¥° Ô´¥·£¨¨. ‚´¥Ï´ÖÖ
Ô´¥·£¨Ö ´¥ ³¥´Ö² ¸Ó ¡Ò, ¥¸²¨ ¡Ò ¶·¨ § Ì¢ É¥ ´¥°É·µ´  ´¥ ³¥´Ö²¸Ö · ¤¨Ê¸ R.
…¸²¨ ¦¥ ¶·¨ § Ì¢ É¥ · ¤¨Ê¸ Ö¤·  ³¥´Ö¥É¸Ö: R → R + δR, Éµ ³¥´Ö¥É¸Ö ¨ Ee:

Ee(C,R) → Ee(C,R + δR) = Ee(C,R) + δREe(C,R),

£¤¥

δREe(C,R) = δR
dE(C,R)

dR
.

�Éµ ¨§³¥´¥´¨¥ µ§´ Î ¥É, ÎÉµ ¤²Ö ¢µ§¡Ê¦¤¥´¨Ö ·¥§µ´ ´¸  E0 ´¥°É·µ´ ¤µ²¦¥´
¨³¥ÉÓ Ô´¥·£¨Õ ´  δREe(C,R) ¡µ²ÓÏ¥ E0. ’ ±¨³ µ¡· §µ³, ¥¸²¨ ¢ · ¸¸¥Ö´¨¨
´¥°É·µ´µ¢ ´  Ö¤· Ì ·¥§µ´ ´¸ ¢¨¤¥´ ¶·¨ Ô´¥·£¨¨ Er, Éµ Er ≡ E0(C) = E0 +
δREe(C,R), ¨ ¢ ¤¢ÊÌ · §´ÒÌ ¢¥Ð¥¸É¢ Ì ¸ Ì¨³¨Î¥¸±¨³ ¸µ¸É ¢µ³ C1 ¨ C2

¶µ²µ¦¥´¨¥ Er · §²¨Î ¥É¸Ö ´  ¢¥²¨Î¨´Ê

∆ ≡ δEr = [E0 + δREe(C2, R)]− [E0 + δREe(C1, R)] = δ2R,CEe(C,R),

£¤¥

δ2R,CEe(C,R) = δRδC
∂2

∂R∂C
Ee(C,R).

‚¥²¨Î¨´  ∆ ≡ δ2R,CEe(C,R) ´ §Ò¢ ¥É¸Ö Ì¨³¨Î¥¸±¨³ ¸¤¢¨£µ³ ·¥§µ´ ´¸ . …£µ
³µ¦´µ ¨§³¥·¨ÉÓ, ¨ ¥¸²¨ Ê¤ ¥É¸Ö µ¶·¥¤¥²¨ÉÓ ¨§³¥´¥´¨¥ Ì¨³¨Î¥¸±µ£µ ¶ · ³¥É-
·  δC = C2−C1 ¨ § ¢¨¸¨³µ¸ÉÓ Ee(C,R) µÉ C ¨ R, Éµ ¨§³¥·¥´´µ¥ §´ Î¥´¨¥ ∆
¶µ§¢µ²Ö¥É ´ °É¨ ¨§³¥´¥´¨¥ · ¤¨Ê¸  Ö¤·  δR ¢ ³µ³¥´É § Ì¢ É  ´¥°É·µ´ . �Éµ
¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¤²Ö Ö¤¥·´µ° Ë¨§¨±¨. �· ¢¤ , ±µ²¨Î¥¸É¢µ · ¡µÉ ¢ ÔÉµ³
´ ¶· ¢²¥´¨¨ ´¥¢¥²¨±µ, ¶µÉµ³Ê ÎÉµ ´¥°É·µ´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¶µ ¨§³¥·¥´¨Õ
³ ²ÒÌ ¢¥²¨Î¨´ µÎ¥´Ó É·Ê¤µ¥³±¨.

dµ²ÓÏ Ö Î ¸ÉÓ ¨¸¸²¥¤µ¢ ´¨° Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ ¶·µ¢µ¤¨É¸Ö ¸ ¶µ³µ-
ÐÓÕ ³¥¸¸¡ ÊÔ·µ¢¸±µ° ¸¶¥±É·µ¸±µ¶¨¨, £¤¥ Ì¨³¨Î¥¸±¨° ¸¤¢¨£ ´ §Ò¢ ¥É¸Ö ¨§µ-
³¥·´Ò³. ‚ · ¡µÉ Ì ¶µ ´¥°É·µ´´Ò³ ·¥§µ´ ´¸ ³ [1, 2] µ´ É ±¦¥ ´ §Ò¢ ²¸Ö
¨§µ³¥·´Ò³ ¨ Éµ²Ó±µ ¢ [3] ¸É ² ¡µ²¥¥ ±µ··¥±É´µ ´ §Ò¢ ÉÓ¸Ö Ì¨³¨Î¥¸±¨³.
Œ¥¸¸¡ ÊÔ·µ¢¸± Ö ¸¶¥±É·µ¸±µ¶¨Ö µÎ¥´Ó ¶·¥Í¨§¨µ´´ , ´µ ¶·¨²µ¦¨³  Éµ²Ó±µ ±
´¥¡µ²ÓÏµ³Ê Î¨¸²Ê Ö¤¥· ¸ ´¨§±µ²¥¦ Ð¨³¨ ¨ Ê§±¨³¨ ·¥§µ´ ´¸ ³¨. ‚µ§³µ¦´µ-
¸É¨ ´¥°É·µ´´µ° ¸¶¥±É·µ¸±µ¶¨¨ ¢ ÔÉµ³ µÉ´µÏ¥´¨¨ Ï¨·¥, ´µ ¨ É·Ê¤´µ¸É¥° Ê
´¥¥ ¡µ²ÓÏ¥.

‡ ¤ Î  µ¡ ¨§³¥·¥´¨¨ Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ ¢ ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸ Ì ¡Ò² 
¶µ¸É ¢²¥´  ¢ [1],   ·¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¨ µ¡· ¡µÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¤ ´´ÒÌ ¶·¨¢¥¤¥´Ò ¢ · ¡µÉ Ì [2,3].
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‘µ¤¥·¦ ´¨¥ µ¡§µ· . �¡§µ· ¸µ¸Éµ¨É ¨§ É·¥Ì · §¤¥²µ¢. ‚ ¶¥·¢µ³ ¶µ¤·µ¡´µ
¶¥·¥¸± §Ò¢ ¥É¸Ö ¸ÊÉÓ · ¡µÉÒ [1], ¤ ¥É¸Ö µ¡§µ· Ô±¸¶¥·¨³¥´Éµ¢ ¨ ¶·¨¢µ¤ÖÉ¸Ö ¨Ì
·¥§Ê²ÓÉ ÉÒ. ‡¤¥¸Ó ¦¥ ±µ·µÉ±µ ¨§² £ ¥É¸Ö ¸ÊÉÓ ¤·Ê£µ° · ¡µÉÒ [4], ¢Ò¶µ²´¥´-
´µ° ¸ U.Œ.�¸É ´¥¢¨Î¥³, ¢ ±µÉµ·µ° · ¸¸³ É·¨¢ ¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¨§³¥·¥´¨Ö
· §´µ¸É¨ Ô´¥·£¨¨ (¨§µ³¥·´ÒÌ ¸¤¢¨£µ¢) ·¥´É£¥´µ¢¸±¨Ì ²¨´¨°  Éµ³ , Ê ±µÉµ-
·µ£µ Ö¤·µ ´ Ìµ¤¨É¸Ö ¢ µ¸´µ¢´µ³ ¨²¨ ¢µ§¡Ê¦¤¥´´µ³ ¸µ¸ÉµÖ´¨¨.

‚Éµ·µ° · §¤¥² ¶µ¸¢ÖÐ¥´ É¥µ·¨¨ ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢, ±µÉµ·ÊÕ ³Ò
¨´µ£¤  µ¡¸Ê¦¤ ²¨ ¸ U.Œ.�¸É ´¥¢¨Î¥³. �µ³´Õ, ´ ³ µ¡µ¨³ ´¥ ´· ¢¨²µ¸Ó µ¶¨-
¸ ´¨¥ ·¥§µ´ ´¸µ¢ ¸ ¶µ³µÐÓÕ ±µ³¶ Ê´¤-¸µ¸ÉµÖ´¨°, ¶µ¸±µ²Ó±Ê ´¨Î¥£µ, ±·µ³¥
Ë¥´µ³¥´µ²µ£¨¨, ¤ ¦¥ ¤²Ö Î¨¸Éµ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ É ±µ° ¶µ¤Ìµ¤
´¥ ¸µ¤¥·¦¨É. ‚ É¥ ¢·¥³¥´  ³Ò µ¡¸Ê¦¤ ²¨ ¢µ§³µ¦´µ¸ÉÓ ¶µ¨¸±  ¶µÉ¥´Í¨ ² 
¤²Ö µ¶¨¸ ´¨Ö ·¥§µ´ ´¸´µ£µ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö, ´µ ´¨ ± Î¥³Ê ±µ´±·¥É´µ³Ê
´¥ ¶·¨Ï²¨. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨³¥¥É¸Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ³ É¥³ É¨Î¥¸±¨°
 ¶¶ · É, ¨ ¢µ ¢Éµ·µ³ · §¤¥²¥ ¶·¥¤¶·¨´¨³ ÕÉ¸Ö ¶¥·¢Ò¥ Ï £¨ ¤²Ö ¢µ§³µ¦´µ°
·¥ ²¨§ Í¨¨ ÔÉµ° ¶·µ£· ³³Ò.

‚ É·¥ÉÓ¥³ · §¤¥²¥ ±·¨É¨Î¥¸±¨ µ¡¸Ê¦¤ ¥É¸Ö ¸ÊÐ¥¸É¢ÊÕÐ Ö É¥µ·¨Ö · ¸¸¥-
Ö´¨Ö. �µ± §Ò¢ ¥É¸Ö ¥¥ ´¥¸µµÉ¢¥É¸É¢¨¥ ± ´µ´¨Î¥¸±µ³Ê  ¶¶ · ÉÊ ±¢ ´Éµ¢µ°
³¥Ì ´¨±¨ ¨ · ¸¸³ É·¨¢ ¥É¸Ö ¡µ²¥¥ ±µ··¥±É´Ò°, ¸ ÉµÎ±¨ §·¥´¨Ö  ¢Éµ· , ¢ ·¨-
 ´É. �ÉµÉ ¢µ¶·µ¸ ³Ò Éµ¦¥ ±µ£¤ -Éµ µ¡¸Ê¦¤ ²¨ ¸ U.Œ.�¸É ´¥¢¨Î¥³. 
 Ï¥
´¥Ê¤µ¢µ²Ó¸É¢¨¥ ¸µ¸ÉµÖ²µ ¢ Éµ³, ÎÉµ µ¶¨¸ ´¨¥ · ¸¸¥Ö´¨Ö ¸ ¶µ³µÐÓÕ ¸¥Î¥´¨°
¶·¨¢µ¤¨É ± ¤µ¢µ²Ó´µ ¶ · ¤µ±¸ ²Ó´Ò³ ·¥§Ê²ÓÉ É ³, ¶·¨ ±µÉµ·ÒÌ ¸¥Î¥´¨¥ ¶µ-
£²µÐ¥´¨Ö, ´ ¶·¨³¥·, ³µ¦¥É µ± § ÉÓ¸Ö §´ Î¨É¥²Ó´µ ¡µ²ÓÏ¥ £¥µ³¥É·¨Î¥¸±µ£µ
¸¥Î¥´¨Ö Ö¤· . �¤´ ±µ ¢ É¥ ¢·¥³¥´  ´ ³ ´¥ Ê¤ ²µ¸Ó ´ °É¨ ± ±µ°-´¨¡Ê¤Ó · -
§Ê³´µ°  ²ÓÉ¥·´ É¨¢Ò. �·¨ ¶µ¤£µÉµ¢±¥ ¤ ´´µ° ¸É ÉÓ¨ ¢µ§´¨±²  ¨¤¥Ö, ±µÉµ-
· Ö ¨§²µ¦¥´  ¢ É·¥ÉÓ¥³ · §¤¥²¥. ‘µ£² ¸´µ ÔÉµ° ¨¤¥¥, ¥¸²¨ ´¥°É·µ´ µ¶¨¸Ò-
¢ ¥É¸Ö ¶²µ¸±µ° ¢µ²´µ°, Éµ · ¸¸¥Ö´¨¥ ´Ê¦´µ É ±¦¥ µ¶¨¸Ò¢ ÉÓ ¶²µ¸±¨³¨,  
´¥ ¸Ë¥·¨Î¥¸±¨³¨ ¢µ²´ ³¨. ‚ ·¥§Ê²ÓÉ É¥ ¢µ§´¨± ¥É ´¥ ¸¥Î¥´¨¥,   ¢¥·µÖÉ´µ¸ÉÓ
· ¸¸¥Ö´¨Ö.

„²Ö ¶µ²´µÉÒ µ¶¨¸ ´¨Ö ³µ¥£µ ´ ÊÎ´µ£µ ¸µÉ·Ê¤´¨Î¥¸É¢  ¸ U.M.�¸É ´¥¢¨-
Î¥³ ¢ ¸¶¨¸o± ²¨É¥· ÉÊ·Ò ¢±²ÕÎ¥´Ò ¨ ¤·Ê£¨¥ · ¡µÉÒ [5, 6], ¢ ±µÉo·ÒÌ ³´¥
¶·¨¢¥²µ¸Ó ¡ÒÉÓ ¥£µ ¸µ ¢Éµ·µ³. ˆ¸Éµ·¨Ö ¶Ê¡²¨± Í¨¨ [6] § ¸²Ê¦¨¢ ¥É µÉ¤¥²Ó-
´µ£µ · §£µ¢µ· , ´µ µ´  ¡Ê¤¥É ¨§²µ¦¥´  ¢ ¤·Ê£µ° ¸É ÉÓ¥.

1. ˆ‡�Œ… �›‰ ‘„‚ˆƒ ˆ �…‰’ ���›…  …‡��%�‘›

� ¡µÉ  [1] ´¥ ¡Ò²  µ¶Ê¡²¨±µ¢ ´  ¢ ± ±µ³-²¨¡µ Ï¨·µ±µ · ¸¶·µ¸É· ´¥´´µ³
¶¥·¨µ¤¨Î¥¸±µ³ ¨§¤ ´¨¨ ¨ ¶µÔÉµ³Ê ¸É ²  Ê¦¥ ¡¨¡²¨µ£· Ë¨Î¥¸±µ° ·¥¤±µ¸ÉÓÕ.
‡¤¥¸Ó ¨³¥¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ ¨§²µ¦¨ÉÓ ¥¥ ¸´µ¢  ¨ ¡µ²¥¥ ¶µ¤·µ¡´µ.

1.1. ‚§ ¨³µ¤¥°¸É¢¨¥ Ö¤·  ¸ Ô²¥±É·µ´ ³¨. Ÿ¤·µ ¨³¥¥É § ·Ö¤ Ze ¨ ¢§ ¨-
³µ¤¥°¸É¢Ê¥É ¸ Ô²¥±É·µ´ ³¨ ¶µ ±Ê²µ´µ¢¸±µ³Ê § ±µ´Ê. …£µ · §³¥·Ò ±µ´¥Î´Ò, ¨
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· ¸¶·¥¤¥²¥´¨¥ § ·Ö¤  ¢ ´¥³ Ì · ±É¥·¨§Ê¥É¸Ö ¶²µÉ´µ¸ÉÓÕ ρN (r). �±·Ê¦ ÕÐ¨¥
¦¥ Ô²¥±É·µ´Ò µ¶¨¸Ò¢ ÕÉ¸Ö · ¸¶·¥¤¥²¥´¨¥³ ρe(r).

1.1.1. �µ²´µ¥ ±Ê²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥. ŠÊ²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°-
¸É¢¨¥ Ô²¥±É·µ´µ¢ ¨ Ö¤·  ¸ ÊÎ¥Éµ³ ±µ´¥Î´ÒÌ · §³¥·µ¢ ¶µ¸²¥¤´¥£µ · ¢´µ [7]

Ee(C,R) = −Ze2
∫
V

d3re

∫
VN

ρN (rN )ρe(re)
|rN − re|

d3rN , (2)

£¤¥ ¨´É¥£·¨·µ¢ ´¨¥ ¶µ rN ¶·µ¨§¢µ¤¨É¸Ö ¶µ µ¡Ñ¥³Ê Ö¤·  VN ,   ¨´É¥£·¨·µ¢ ´¨¥
¶µ re Å ¶µ ¢¸¥³Ê µ¡Ñ¥³Ê V  Éµ³  ¨ ¥£µ µ±·¥¸É´µ¸É¨.

�·¥¤¸É ¢¨³ 1/|rN − re| ¢ ¢¨¤¥ · §²µ¦¥´¨Ö

1√
r2N + r2e − 2rNre cosχ

=

=
∞∑
n=0

[
rnNθ(rN < re)

rn+1
e

+
rne θ(rN > re)

rn+1
N

]
Pn(cosχ), (3)

£¤¥ Pn(x) Å ¶µ²¨´µ³ ‹¥¦ ´¤· ,   θ(x > y) Å ¸ÉÊ¶¥´Î É Ö ËÊ´±Í¨Ö, · ¢´ Ö
1 ¨²¨ 0, ±µ£¤  ´¥· ¢¥´¸É¢µ ¢ ¥¥  ·£Ê³¥´É¥ ¢Ò¶µ²´¥´µ ¨²¨ ´¥É ¸µµÉ¢¥É¸É¢¥´´µ.

�µ¤¸É ´µ¢±  · §²µ¦¥´¨Ö (3) ¢ (2) ¤ ¥É ³Ê²ÓÉ¨¶µ²Ó´µ¥ · §²µ¦¥´¨¥ Ô´¥·-
£¨¨ ¢§ ¨³µ¤¥°¸É¢¨Ö. ‚ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ¤¨¶µ²Ó´µ¥, ±¢ ¤·Ê¶µ²Ó´µ¥ ¨ ¡µ²¥¥
¢Ò¸µ±µ£µ ¶µ·Ö¤±  ³Ê²ÓÉ¨¶µ²Ó´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ³ ²Ò (  ³Ò ¡Ê¤¥³ ¨´É¥·¥-
¸µ¢ ÉÓ¸Ö ¨³¥´´µ É ±¨³ ¸²ÊÎ ¥³), ¢ ¸Ê³³¥ ¢Ò· ¦¥´¨Ö (3) ³µ¦´µ µÉ¡·µ¸¨ÉÓ ¢¸¥
¸² £ ¥³Ò¥ §  ¨¸±²ÕÎ¥´¨¥³ ´ ¨´¨§Ï¥£µ ¸ n = 0.

1.1.2. ‘± ²Ö·´ Ö Î ¸ÉÓ ±Ê²µ´µ¢¸±µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö. ˆÉ ±, ³Ò µ£· -
´¨Î¨³¸Ö Éµ²Ó±µ ´ ¨´¨§Ï¨³ ¶µ ¸É¥¶¥´¨ n, É. ¥. ¸± ²Ö·´Ò³, Î²¥´µ³ ¢ ¸Ê³³¥ (3):

1
|rN − re|

≈
[
θ(rN < re)

1
re

+ θ(rN > re)
1
rN

]
. (4)

�É  Î ¸ÉÓ ´ ¨¡µ²¥¥ ¸ÊÐ¥¸É¢¥´´  ¤²Ö µ¶·¥¤¥²¥´¨Ö ¨§³¥´¥´¨Ö Ô´¥·£¨¨ Ö¤· 
¶·¨ ¨§³¥´¥´¨¨ ¥£µ · ¤¨Ê¸ .

�µ¤¸É ´µ¢±  (4) ¢ (2) ¤ ¥É

Ee(C,R) ≈ −Ze2




R(ΩN )∫
0

r2NdrN
rN

rN∫
0

r2edre+

+

R(ΩN )∫
0

r2NdrN

∞∫
rN

r2edre
re


 ρN (rN )ρe(re)dΩNdΩe, (5)
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£¤¥ Ö¢´µ Ê± § ´µ, ÎÉµ · ¤¨Ê¸ Ö¤·  R(ΩN ) ³µ¦¥É § ¢¨¸¥ÉÓ µÉ Ê£²µ¢ ΩN , ¥¸²¨
Ö¤·µ ´¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µe.

‚Éµ·µ° Î²¥´ ¢ ±¢ ¤· É´ÒÌ ¸±µ¡± Ì (5) ³µ¦¥É ¡ÒÉÓ ¶·¥µ¡· §µ¢ ´ ¸²¥¤Ê-
ÕÐ¨³ µ¡· §µ³:

R(ΩN )∫
0

r2NdrN

∞∫
rN

r2edre
re

=

=

R(ΩN )∫
0

r2NdrN

∞∫
0

r2edre
re

−
R(ΩN )∫

0

r2NdrN

rN∫
0

r2edre
re

. (6)

�µ¤¸É ´µ¢±  (6) ¢ (5) ¤ ¥É

Ee(C,R) = −Ze2
R(ΩN )∫

0

r2NdrN

rN∫
0

r2edre

[
1
rN

− 1
re

]
×

× ρN (rN )ρe(re)dΩNdΩe − Ze2φ(r), (7)

£¤¥ φ(r) Å Ô²¥±É·¨Î¥¸±¨° ¶µÉ¥´Í¨ ² ¢¸¥Ì Ô²¥±É·µ´µ¢, ¸µ§¤ ¢ ¥³Ò° ¢ Í¥´É·¥
Ö¤·  r. �ÉµÉ ¶µÉ¥´Í¨ ², µ¤´ ±µ, ¤²Ö ´ ¸ ´¥¸ÊÐ¥¸É¢¥´¥´, ¶µÉµ³Ê ÎÉµ µ´ ¤µ²-
¦¥´ ¡ÒÉÓ ¶µ¸ÉµÖ´´Ò³. …¸²¨ ¡Ò ¡Ò²µ ´¥ É ±, Éµ ¢ r ¨³¥²µ¸Ó ¡Ò Ô²¥±É·¨Î¥¸±µ¥
¶µ²¥ E = ∇φ(r) ¨ Ö¤·µ ´¥ ³µ£²µ ¡Ò ¡ÒÉÓ ¢ · ¢´µ¢¥¸¨¨. …¸²¨ ¦¥ φ(r) = const,
Éµ ÔÉ  Î ¸ÉÓ Ô´¥·£¨¨ ´¥ § ¢¨¸¨É µÉ · ¤¨Ê¸  Ö¤· .

’ ±¨³ µ¡· §µ³, µ¸´µ¢´µ° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¨´É¥£· ² ¶µ µ¡Ñ¥³Ê Ö¤· 

Ee(C,R) = −Ze2
∫
4π

dΩN

R(ΩN )∫
0

r2NdrN ×

×
rN∫
0

r2edre

[
1
rN

− 1
re

]
ρN (rN )ρe(re)dΩe. (8)

1.1.3. �±µ´Î É¥²Ó´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Ì¨³¨Î¥¸±µ£µ ¸¤¢¨£ . �µ¸±µ²Ó±Ê
µ¡² ¸ÉÓ Ö¤·  µÎ¥´Ó ³ ²  ¶µ ¸· ¢´¥´¨Õ ¸ µ¡² ¸ÉÓÕ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ-
´µ¢, Éµ ¢´ÊÉ·¨ Ö¤·  ³µ¦´µ ¶·¨´ÖÉÓ ρe(re) ≈ ρe(0) = |ψ(0)|2, £¤¥ |ψ(0)|2
¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸Ê³³ ·´Ò° ±¢ ¤· É ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¢¸¥Ì Ô²¥±É·µ´µ¢.
�µ¤¸É ´µ¢±  ¢ (8) ¶·¨¢µ¤¨É ± ¢Ò· ¦¥´¨Õ

Ee(C,R) =
2π
3
Ze2|ψ(0)|2〈R2

c〉, (9)
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£¤¥

〈R2
c〉 =

∫
VN

d3rN r
2
NρN (rN ) (10)

¥¸ÉÓ ¸·¥¤´¨° ±¢ ¤· É § ·Ö¤µ¢µ£µ · ¤¨Ê¸ . ’ ±¨³ µ¡· §µ³, ¨´É¥·¥¸ÊÕÐ¨° ´ ¸
¸¤¢¨£ ¸¢Ö§ ´ ¸ ¨§³¥´¥´¨¥³ ´¥ ¶µ²´µ£µ,   § ·Ö¤µ¢µ£µ · ¤¨Ê¸ , É. ¥. ¸ ¨§³¥´¥´¨¥³
· ¸¶·¥¤¥²¥´¨Ö ¶·µÉµ´µ¢ ¢´ÊÉ·¨ Ö¤· , ¨ ¥¸²¨ ¨§¢¥¸É´  · §´µ¸ÉÓ |ψ(0)|2 ¢ ¤¢ÊÌ
· §²¨Î´ÒÌ ¢¥Ð¥¸É¢ Ì, Éµ ¨§ ¨§³¥·¥´´µ° · §´µ¸É¨ ∆ ¶µ²µ¦¥´¨° ´¥°É·µ´´µ£µ
·¥§µ´ ´¸  ¢ ÔÉ¨Ì ¢¥Ð¥¸É¢ Ì ³µ¦´µ ´ °É¨ ¢¥²¨Î¨´Ê ¨§³¥´¥´¨Ö § ·Ö¤µ¢µ£µ
· ¤¨Ê¸  δ〈R2〉 ¶·¨ § Ì¢ É¥ ´¥°É·µ´ .

ˆ§ ¢Ò· ¦¥´¨Ö (9) ¸²¥¤Ê¥É, ÎÉµ ¢¸Ö Ì¨³¨Ö ¨ ¸É·Ê±ÉÊ·  ±µ´Í¥´É·¨·Ê-
¥É¸Ö ¢ ¥¤¨´¸É¢¥´´µ° ¢¥²¨Î¨´¥ |ψ(0)|2, É. ¥. ³Ò ³µ¦¥³ ´ ¶¨¸ ÉÓ Ee(C,R) =
Ee(|ψ(0)|2, R) ¨ ¶·¥¤¸É ¢¨ÉÓ ¨¸±µ³Ò° Ì¨³¨Î¥¸±¨° ¸¤¢¨£ ± ±

∆ ≡ δ2R,CEe(C,R) =
2π
3
100e2〈R2

z〉|ψz |2
Z

100
δ〈R2

c〉
〈R2

z〉
δ|ψ(0)|2
|ψz |2

=

= EzA
2/3 Z

100
δ〈R2

c〉
〈R2

z〉
δ|ψ(0)|2
|ψz|2

, (11)

£¤¥ ¢¢¥¤¥´Ò ´¥±¨¥ ·¥¶¥·´Ò¥ ¢¥²¨Î¨´Ò 〈R2
z〉 ¨ |ψz |2, ±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ

Ê¸²µ¢´µ° ¢¥²¨Î¨´¥ Ì¨³¨Î¥¸±µ£µ ¸¤¢¨£  ¤²Ö Z = 100:

Ez =
2π
3
100e2|ψz |2

〈R2
z〉

A2/3
. (12)

„²Ö ¢ÒÎ¨¸²¥´¨Ö Ez ³Ò ¶·¨³¥³ |ψz |2 = 1026 ¸³−3,   ¤²Ö ¢Ò¡µ·  ·¥¶¥·-
´µ£µ §´ Î¥´¨Ö 〈R2

z〉 ¢ÒÎ¨¸²¨³ ¸·¥¤´¨° ±¢ ¤· É · ¤¨Ê¸  Ö¤· , ¥¸²¨ Ö¤·µ ¸
³ ¸¸µ° A ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° µ¤´µ·µ¤´µ § ·Ö¦¥´´ÊÕ ¸Ë¥·Ê · ¤¨Ê¸  RN =
1, 2A1/3 · 10−13 ¸³. „²Ö Ö¤·  ¸ É ±¨³ · ¤¨Ê¸µ³ ¨ µ¤´µ·µ¤´µ° ¶²µÉ´µ¸ÉÓÕ
§ ·Ö¤  ρN (rN ) = 3/4πR3

N ¨³¥¥³

〈R2
z〉 =

3
4πR3

N

∫
r2Nd

3rN =
3
5
R2
N . (13)

�µ¤¸É ¢¨¢ ÔÉ¨ §´ Î¥´¨Ö 〈R2
z〉 ¨ |ψz |2 ¢ (12), ¶µ²ÊÎ¨³

Ez = 100
3
5
2π
3

4, 82

1, 6
1, 22 ≈ 26 ³±Ô‚.

1.2. ’¥µ·¥É¨Î¥¸± Ö µÍ¥´±  δ〈R2〉. ˆ§ (11) ¢¨¤´µ, ÎÉµ Î¥³ ÉÖ¦¥²¥¥ Ö¤·µ
¨ Î¥³ ¡µ²ÓÏ¥ Z, É¥³ ¡µ²ÓÏ¥ ¤µ²¦¥´ ¡ÒÉÓ ´ ¡²Õ¤ ¥³Ò° Ì¨³¨Î¥¸±¨° ¸¤¢¨£.
’Ö¦¥²Ò¥ Ö¤·  ¨³¥ÕÉ ´¨§±µ²¥¦ Ð¨¥ ·¥§µ´ ´¸Ò ¨, ¢ ¡µ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢,
´¥¸¨³³¥É·¨Î´ÊÕ Ëµ·³Ê.
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1.2.1. Œµ¤¥²Ó µ¤´µ·µ¤´µ § ·Ö¦¥´´µ£µ ¤¥Ëµ·³¨·µ¢ ´´µ£µ Ö¤· . � ¸-
¸³µÉ·¨³ ¶·µ¸É¥°ÏÊÕ ³µ¤¥²Ó µ¤´µ·µ¤´µ § ·Ö¦¥´´µ£µ ¤¥Ëµ·³¨·µ¢ ´´µ£µ Ö¤· ,
¶µ¢¥·Ì´µ¸ÉÓ ±µÉµ·µ£µ µ¶¨¸Ò¢ ¥É¸Ö ¢Ò· ¦¥´¨¥³

RN (Ω) = R̄[1 + βP2(cosϑ)], (14)

£¤¥ β Å ¶ · ³¥É· ¤¥Ëµ·³ Í¨¨,   Pl(x) Å ¶µ²¨´µ³ ‹¥¦ ´¤·  [8]:

Pl(x) =
1
2ll!

dl

dxl
(x2 − 1)l.

‚ Î ¸É´µ¸É¨, P2(x) = (3x2 − 1)/2.
„²Ö µ¶·¥¤¥²¥´¨Ö R̄ ¶·¨· ¢´Ö¥³ µ¡Ñ¥³ Ö¤· 

VN =
∫
VN

d3rn =
2πR̄3

3

1∫
−1

[1 + βP2(cosϑ)]3d cosϑ ≈

≈ 4πR̄3

3
(1 + 3β2/5) = 4πR3

N/3.

�·¨ ¨´É¥£·¨·µ¢ ´¨¨ ³Ò  ¶¶·µ±¸¨³¨·µ¢ ²¨ (1 + βP2)3 ≈ 1 + 3β2P 2
2 , ¶µ-

¸±µ²Ó±Ê β < 1, ¨ ÊÎ²¨, ÎÉµ [8]

1∫
−1

P 2
l (x)dx =

2
2l+ 1

,

1∫
−1

Pl(x)dx = 0.

ˆ§ · ¢¥´¸É¢  VN = 4πR3
N/3 ¸²¥¤Ê¥É

R̄ =
RN

(1 + 3β2/5)1/3
.

�·¨ µ¤´µ·µ¤´µ³ · ¸¶·¥¤¥²¥´¨¨ § ·Ö¤  ¶²µÉ´µ¸ÉÓ ρ(rN ) = 3/4πR3
N . �µ¤¸É -

¢¨³ (14) ¢ (10) ¨ ¶·¨ ³ ²ÒÌ β ¶µ²ÊÎ¨³

〈R2
c〉 =

3R̄5

10R3
N

1∫
0

[1 + βP2(x)]5dx ≈ 3R̄5

5R3
N

(1 + 2β2) =
3R2

N

5
1 + 2β2

(1 + 3β2/5)5/3
.

�É¸Õ¤  ¸ ÊÎ¥Éµ³ (13) ¸²¥¤Ê¥É, ÎÉµ

〈R2
c〉 ≈ 〈R2

z〉(1 + β2) → δ〈R2
c〉

〈R2
z〉

≈ δβ2.
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1.2.2. Œµ¤¥²Ó ËÊ´±Í¨¨ ”¥·³¨ · ¸¶·¥¤¥²¥´¨Ö ¶·µÉµ´µ¢. ‡ ·Ö¤µ¢Ò°
· ¤¨Ê¸ µ¶·¥¤¥²Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ Éµ²Ó±µ ¶·µÉµ´µ¢, ¨ ÔÉµ · ¸¶·¥¤¥²¥´¨¥
³µ¦¥É ¡ÒÉÓ ´¥µ¤´µ·µ¤´µ ¶µ Ö¤·Ê. �·¨ µ¡· ¡µÉ±¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ
¢ [2] ¡Ò²µ ¨¸¶µ²Ó§µ¢ ´µ · ¸¶·¥¤¥²¥´¨¥ [9]

ρN (rN , θ) = ρp0
1

1 + exp (c{rN (1− βY 2
2 (θ)) −R}/t) , (15)

£¤¥ c = 4 ln 3; β = 0, 253; t = 1, 46 Ë³; R = 7, 15 Ë³ ¨ ±µÔËË¨Í¨¥´É ρp0
´µ·³¨·Ê¥É (15) ´  ¥¤¨´¨ÍÊ. �µ¤¸É ´µ¢±  (15) ¢ ¨´É¥£· ² (10) ¶·¨¢µ¤¨É ±
¢¥²¨Î¨´¥

〈R2
c〉 =

∫
VN

d3rNr
2
NρN (rN ) = 34 Ë³. (16)

1.3. �Í¥´±  ¢¥²¨Î¨´Ò ¸¤¢¨£ . „²Ö µÍ¥´±¨ ¢¥²¨Î¨´Ò ¸¤¢¨£  ∆ ´Ê¦´µ
§´ ÉÓ Z,   É ±¦¥ ¢¥²¨Î¨´Ê ¨ ¨§³¥´¥´¨¥ β ¨ |ψ(0)|2. �Î¥¢¨¤´µ, ÎÉµ Î¥³
¡µ²ÓÏ¥ Z, É¥³ ¡µ²ÓÏ¥ ¸¤¢¨£, ¨, §´ Î¨É, ¸²¥¤Ê¥É µ¡· É¨ÉÓ ¢´¨³ ´¨¥ ¶·¥¦¤¥
¢¸¥£µ ´  ÉÖ¦¥²Ò¥ Ö¤· . �·¥¤¢ ·¨É¥²Ó´µ, µ¤´ ±µ, ¨´É¥·¥¸´µ ¶µ¸³µÉ·¥ÉÓ ´ 
¢¥²¨Î¨´Ê ¸¤¢¨£ , ¶µ²ÊÎ ¥³µ£µ ¢ ³¥¸¸¡ ÊÔ·µ¢¸±¨Ì ¨§³¥·¥´¨ÖÌ.

‚ ³¥¸¸¡ ÊÔ·µ¢¸±¨Ì Ô±¸¶¥·¨³¥´É Ì ¢¥²¨Î¨´  ÔËË¥±É  ¶·¨¢µ¤¨É¸Ö ¢ ¥¤¨-
´¨Í Ì ¸±µ·µ¸É¨ v, ¸ ±µÉµ·µ° ¶µ£²µÉ¨É¥²Ó ´Ê¦´µ ¤¢¨£ ÉÓ ¶µ µÉ´µÏ¥´¨Õ ± ¨¸-
ÉµÎ´¨±Ê, ÎÉµ¡Ò ¤µ¡¨ÉÓ¸Ö ¸µ¢¶ ¤¥´¨Ö Ô´¥·£¨¨ γ-±¢ ´É . …¸²¨ Ô´¥·£¨Ö ±¢ ´É ,
¨§²ÊÎ¥´´µ£µ ¨¸ÉµÎ´¨±µ³ (Ö¤·µ³, · ¸¶µ²µ¦¥´´Ò³ ¢ µ±·Ê¦¥´¨¨ C1), · ¢´ 
Eγ1,   ·¥§µ´ ´¸ ¶µ£²µÉ¨É¥²Ö (Ö¤· , · ¸¶µ²µ¦¥´´µ£µ ¢ µ±·Ê¦¥´¨¨ C2,) · ¢¥´
Eγ2, Éµ ÔÉ¨ Ô´¥·£¨¨ ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

Eγ2 = Eγ1

(
1 +

v

c

)
, (17)

£¤¥ c Å ¸±µ·µ¸ÉÓ ¸¢¥É .
ˆ§ É ¡²¨ÍÒ Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ [10] ¸²¥¤Ê¥É, ÎÉµ ¤²Ö ³¥¸¸¡ ÊÔ·µ¢¸±¨Ì

Ö¤¥· §´ Î¥´¨¥ ¸±µ·µ¸É¨ ³¥´Ö¥É¸Ö ¢ ¤¨ ¶ §µ´¥ 0, 1÷50 ³³/¸, Éµ£¤  ± ± Ô´¥·£¨Ö
γ-±¢ ´Éµ¢ ¢ ·Ó¨·Ê¥É¸Ö µÉ 10 ¤µ 200 ±Ô‚. �É¸Õ¤  ³µ¦´µ ¸¤¥² ÉÓ ¢Ò¢µ¤, ÎÉµ
¢¥²¨Î¨´  ¸¤¢¨£ 

∆ = Eγ
v

c

¤µ¸É¨£ ¥É 30 ³±Ô‚. �É  ¢¥²¨Î¨´  ³ ² , ´µ ¨§³¥·¨³  ³¥Éµ¤ ³¨ ´¥°É·µ´´µ°
¸¶¥±É·µ¸±µ¶¨¨. �·¨ ÔÉµ³ ³µ¦´µ ´ ¤¥ÖÉÓ¸Ö, ÎÉµ ¤²Ö ´¥°É·µ´´ÒÌ ·¥§µ´ ´-
¸µ¢, £¤¥ ¢µ§¡Ê¦¤¥´¨¥ Ö¤¥· ¸µ¸É ¢²Ö¥É ´¥¸±µ²Ó±µ ŒÔ‚, ¢¥²¨Î¨´  Ì¨³¨Î¥¸±µ£µ
¸¤¢¨£  ³µ¦¥É ¡ÒÉÓ ¡µ²ÓÏ¥ ³¥¸¸¡ ÊÔ·µ¢¸±µ°. Š ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, µ´  ¤¥°-
¸É¢¨É¥²Ó´µ ³µ¦¥É ¶·¥¢ÒÏ ÉÓ ³¥¸¸¡ ÊÔ·µ¢¸±ÊÕ ¨ ¤µ¸É¨£ ÉÓ ´¥¸±µ²Ó±¨Ì ¤µ²¥°
³Ô‚. Ÿ¸´µ, ÎÉµ µ´  É¥³ ¡µ²ÓÏ¥, Î¥³ ¡µ²ÓÏ¥ ¨§³¥´¥´¨¥ ¤¥Ëµ·³ Í¨¨ β ¨ Î¥³
¡µ²ÓÏ¥ ¨§³¥´¥´¨¥ Ô²¥±É·µ´´µ° ¶²µÉ´µ¸É¨ ´  Ö¤·¥ δ|ψ(0)|2.
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1.3.1. �Í¥´±  δβ2. ‘·¥¤¨ ÉÖ¦¥²ÒÌ Ö¤¥· ´ ¨¡µ²ÓÏ¨Ì ¨§³¥´¥´¨° β2 ³µ¦-
´µ µ¦¨¤ ÉÓ Ê ¤¥²ÖÐ¨Ì¸Ö ¨ ¸¨²Ó´µ¤¥Ëµ·³¨·µ¢ ´´ÒÌ Ö¤¥·, ´ Î¨´ Ö ¸ A = 152.

“ ¤¥²ÖÐ¨Ì¸Ö Ö¤¥·, ´ ¶·¨³¥·, ¢ ³µ¤¥²¨ ‘É·ÊÉ¨´¸±µ£µ [11], Ô´¥·£¨Ö ¤¥Ëµ·-
³ Í¨¨ ¨³¥¥É ¤¢  ³¨´¨³Ê³ : ¶·¨ β = 0, 3 ¨ β = 0, 6. �·¨ § Ì¢ É¥ ´¥°É·µ´ 
³µ¦¥É ·¥ ²¨§µ¢ ÉÓ¸Ö ¸³¥¸Ó ÔÉ¨Ì ¸µ¸ÉµÖ´¨° ¸ β ≈ 0, 45; É ±¨³ µ¡· §µ³, ¢
¸ ³µ³ ¡² £µ¶·¨ÖÉ´µ³ ¸²ÊÎ ¥ ³µ¦´µ µ¦¨¤ ÉÓ δβ2 ≈ 0, 1.

“ ¸¨²Ó´µ¤¥Ëµ·³¨·µ¢ ´´ÒÌ Ö¤¥·, ´ Î¨´ Ö ¸ A = 152, µ¸´µ¢´µ³Ê ¸µ¸ÉµÖ-
´¨Õ ¸µµÉ¢¥É¸É¢ÊÕÉ β ≈ 0, 3. ‚Ò¸µ±µ²¥¦ Ð¨¥ ¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö ³µ£ÊÉ
¨³¥ÉÓ β = 0. ’ ±¨³ µ¡· §µ³, ¨ ¤²Ö ÉÖ¦¥²ÒÌ ¤¥Ëµ·³¨·µ¢ ´´ÒÌ Ö¤¥· ³µ¦´µ
µ¦¨¤ ÉÓ δβ2 ≈ 0, 1.

Šµ´¥Î´µ, ÔÉ  µÍ¥´±  µÎ¥´Ó µ¶É¨³¨¸É¨Î´ . �¥§Ê²ÓÉ ÉÒ ³¥¸¸¡ ÊÔ·µ¢¸±¨Ì
Ô±¸¶¥·¨³¥´Éµ¢ ¶µ± §Ò¢ ÕÉ, ÎÉµ δ〈R2〉/〈R2〉 ´¥ ¶·¥¢ÒÏ ¥É ¢¥²¨Î¨´Ò 0,001. ‚
´¥°É·µ´´ÒÌ Ô±¸¶¥·¨³¥´É Ì É¥³ ´¥ ³¥´¥¥ ³µ¦´µ µ¦¨¤ ÉÓ ¡ko²ÓÏ¨Ì ¨§³¥´¥´¨°
· ¤¨Ê¸ , ¶µ¸±µ²Ó±Ê ¶·¨ § Ì¢ É¥ ´¥°É·µ´  Ö¤·µ ¶µ²ÊÎ ¥É Ô´¥·£¨Õ ´  µ¤¨´-¤¢ 
¶µ·Ö¤±  ¡µ²ÓÏ¥, Î¥³ ¶·¨ § Ì¢ É¥ ³¥¸¸¡ ÊÔ·µ¢¸±¨Ì γ-±¢ ´Éµ¢.

�¨¸. 1. ˆ§³¥´¥´¨¥ Ô²¥±É·µ´´µ° ¶²µÉ´µ¸É¨
´  Ö¤·¥ ¢ · §´ÒÌ ¸µ¥¤¨´¥´¨ÖÌ

1.3.2. �·¥¤¢ ·¨É¥²Ó´ Ö µÍ¥´± 
δ|ψ(0)|2. “ ÉÖ¦¥²ÒÌ Ö¤¥· ³µ¦´µ
µ¦¨¤ ÉÓ É ±¦¥ ¨ Ê¢¥²¨Î¥´¨Ö |ψ(0)|2,
  §´ Î¨É, ¨ δ|ψ(0)|2. �¤´¨³ ¨§
£² ¢´ÒÌ Ë ±Éµ·µ¢ Ê¢¥²¨Î¥´¨Ö Ö¢²Ö-
¥É¸Ö ·¥²ÖÉ¨¢¨§³ Ô²¥±É·µ´´µ° ¢µ²-
´µ¢µ° ËÊ´±Í¨¨ ´  Ö¤·¥. ‚ ´¥·¥-
²ÖÉ¨¢¨¸É¸±µ° ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥
£² ¢´Ò° ¢±² ¤ ¢ ψ(0) ¤ ÕÉ Éµ²Ó±µ
s-Ô²¥±É·µ´Ò. ‚ ·¥²ÖÉ¨¢¨¸É¸±µ°
±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ¢±² ¤ ¤ ÕÉ ¨ s-,
¨ p-Ô²¥±É·µ´Ò. �²¥±É·µ´´ Ö ¢µ²´µ-
¢ Ö ËÊ´±Í¨Ö, ¶µ¤Î¨´ÖÕÐ Ö¸Ö Ê· ¢-
´¥´¨Õ „¨· ± , ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ ±µ³-
¶µ´¥´É: f ¨ g. �¥·¢ Ö ¢ ´¥-
·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¥¤¥²¥ ¶¥·¥Ìµ¤¨É
¢ µ¡ÒÎ´ÊÕ ´¥·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¢µ²-
´µ¢ÊÕ ËÊ´±Í¨Õ, Ê¤µ¢²¥É¢µ·ÖÕÐÊÕ
Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· ,   ¢Éµ· Ö
¤ ¥É ¶µ¶· ¢±Ê ± ´¥°. ‚ s-¸µ¸ÉµÖ´¨¨
¢±² ¤ ¢ |ψ(0)|2 ´  Ö¤·¥ ¤ ¥É ±µ³¶µ-
´¥´É  f ,   ¢ p-¸µ¸ÉµÖ´¨¨, ¢¥·´¥¥, ¢
p1/2-¸µ¸ÉµÖ´¨¨ Å ±µ³¶µ´¥´É  g. Š § ²µ¸Ó ¡Ò, ÔÉµ ´¥ ¤µ²¦´µ ¸ÊÐ¥¸É¢¥´´µ
¨§³¥´¨ÉÓ ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ·¥§Ê²ÓÉ É. �¤´ ±µ ¸²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉµ,
´ ¶·¨³¥·, ¤²Ö ÉµÎ¥Î´µ£µ Ö¤·  ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö „¨· ±  ¶·¨¢µ¤¨É ± ¸¨´£Ê-
²Ö·´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ ´  Ö¤·¥: |ψ(r)|2 ¢¡²¨§¨ Ö¤·  ¢¥¤¥É ¸¥¡Ö ± ± r2(s−1),
£¤¥ s =

√
1− α2Z2,   α = 1/137, 036 Å ¶µ¸ÉµÖ´´ Ö Éµ´±µ° ¸É·Ê±ÉÊ·Ò. „²Ö
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�¨¸. 2. �µ²´ Ö Ô²¥±É·µ´´ Ö ¶²µÉ´µ¸ÉÓ ¢ ¥¤¨´¨Í Ì 1026 ¸³−3 (a) ¨ ¨§³¥´¥´¨¥ Ô²¥±-
É·µ´´µ° ¶²µÉ´µ¸É¨ ¶·¨ µÉ·Ò¢¥ µ¤´µ£µ ¨²¨ ¤¢ÊÌ ¢ ²¥´É´ÒÌ Ô²¥±É·µ´µ¢ (¡) ´  Ö¤· Ì
Ô²¥³¥´Éµ¢ ¸  Éµ³´Ò³¨ ´µ³¥· ³¨ µÉ Z = 26 ¤µ Z = 95. a) ‡ ¢¨¸¨³µ¸ÉÓ µÉ Z Ìµ·µÏµ
µ¶¨¸Ò¢ ¥É¸Ö Ô±¸¶µ´¥´Í¨ ²Ó´µ° ËÊ´±Í¨¥°. ¡) ‡´ Î¥´¨Ö ¶µ µ¸¨ µ·¤¨´ É ¶·¨¢¥¤¥´Ò ¢
¥¤¨´¨Í Ì a−3

0 = 0, 7 · 1025 ¸³−3, £¤¥ a0 = 0, 5292 mA Å · ¤¨Ê¸ ¶¥·¢µ° ¡µ·µ¢¸±µ°
µ·¡¨ÉÒ ¢  Éµ³¥ ¢µ¤µ·µ¤ 

¡µ²¥¥ ¸²µ¦´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¸ ¶·µÉÖ¦¥´´Ò³ Ö¤·µ³ ¨ ³´µ£µÔ²¥±É·µ´´µ° µ¡µ-
²µÎ±µ°, ± ± ÔÉµ ¨³¥¥É ³¥¸Éµ ¢ ÉÖ¦¥²ÒÌ  Éµ³ Ì, Ê· ¢´¥´¨¥ „¨· ±  Ê¤ ¥É¸Ö
·¥Ï¨ÉÓ Éµ²Ó±µ Î¨¸²¥´´µ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ É¥Ì ¨²¨ ¨´ÒÌ ¶·¨¡²¨¦¥´¨°, ÉµÎ-
´µ¸ÉÓ ±µÉµ·ÒÌ, ± ± ÊÉ¢¥·¦¤ ¥É¸Ö ¢ [7], ³µ¦´µ µÍ¥´¨ÉÓ ≈ 30 %.

‚ É ¡²¨Í¥ [10] ¶·¨¢¥¤¥´Ò ¢¸¥¢µ§³µ¦´Ò¥ ¶ · ³¥É·Ò, µÉ´µ¸ÖÐ¨¥¸Ö ± ¨§µ-
³¥·´Ò³ ¸¤¢¨£ ³ ¢ ³¥¸¸¡ ÊÔ·µ¢¸±¨Ì Ô±¸¶¥·¨³¥´É Ì. ‚ Î ¸É´µ¸É¨, É ³ Ê± -
§ ´Ò ¢¥²¨Î¨´Ò δ|ψ(0)|2 ¤²Ö · §´ÒÌ Ô²¥³¥´Éµ¢, ¶µ³¥Ð¥´´ÒÌ ¢ · §´Ò¥ ¢¥-
Ð¥¸É¢ . �É¨ ¤ ´´Ò¥ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 1, ±µÉµ·Ò° ¡Ò² ¸µ¸É ¢²¥´ ¸ ³¨³
U.M.�¸É ´¥¢¨Î¥³. Šµ£¤  U.M.�¸É ´¥¢¨Î ¨§µ¡· §¨² ¢¸¥ ¤ ´´Ò¥ ´  ÔÉµ³
·¨¸Ê´±¥, µ´ § ³¥É¨², ÎÉµ Î¥·¥§ ³´µ¦¥¸É¢µ ÉµÎ¥± ³µ¦´µ ¶·µ¢¥¸É¨ Ô±¸¶µ´¥´ÉÊ
δ|ψ(0)|2 ≈ A exp (0, 075Z), £¤¥ A Å ´¥± Ö ¶µ¸ÉµÖ´´ Ö.

—¥·¥§ ´¥¸±µ²Ó±µ ²¥É ¶µ¸²¥ ¢ÒÌµ¤  ¢ ¸¢¥É · ¡µÉÒ [1] ¡Ò²¨ µ¶Ê¡²¨±µ¢ ´Ò
É ¡²¨ÍÒ Ô²¥±É·µ´´ÒÌ ¶²µÉ´µ¸É¥° |ψ(0)|2 ´  Ö¤·¥ [12], · ¸¸Î¨É ´´Ò¥ ¤²Ö ¢¸¥Ì
³¥¸¸¡ ÊÔ·µ¢¸±¨Ì Ö¤¥· µÉ Z = 26 ¤µ Z = 95 ¢ ¶·¨¡²¨¦¥´¨¨ „¨· ± Ä”µ± . 
 
·¨¸. 2, a ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢. ‚¨¤´µ, ÎÉµ ¸´µ¢  ¢¸¥ ¤ ´´Ò¥ ²µ¦ É¸Ö
´  Ô±¸¶µ´¥´Í¨ ²Ó´ÊÕ ±·¨¢ÊÕ A exp (0, 082Z). ˆ´É¥·¥¸´µ, ÎÉµ Î¨¸²µ 0,082 ¢
Ô±¸¶µ´¥´É¥ µÎ¥´Ó ¡²¨§±µ ±

√
α ≈ 0, 085. ’ ±¨³ µ¡· §µ³, § ¢¨¸¨³µ¸ÉÓ |ψ(0)|2

µÉ Z ³µ¦´µ µ¶¨¸ ÉÓ Ô±¸¶µ´¥´Éµ° ≈ exp (
√
αZ).

‚ É ¡²¨Í Ì [12] ¶·¨¢¥¤¥´Ò É ±¦¥ ¶²µÉ´µ¸É¨ Ô²¥±É·µ´µ¢ ´  Ö¤· Ì, · ¸¸Î¨-
É ´´Ò¥ ¤²Ö ¨µ´¨§µ¢ ´´ÒÌ  Éµ³µ¢. �Éµ ¶µ§¢µ²Ö¥É µÍ¥´¨ÉÓ · §´µ¸ÉÓ ¶²µÉ´µ-
¸É¥° δ|ψ(0)|2 ¤²Ö ¶µ²´ÒÌ ¨ µ¤´µ±· É´µ ¨²¨ ¤¢Ê±· É´µ ¨µ´¨§µ¢ ´´ÒÌ  Éµ³µ¢.
‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¤ ´´Ò¥ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 2, ¡. ˆÌ ¸´µ¢  ³µ¦´µ µ¶¨-
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¸ ÉÓ Ô±¸¶µ´¥´Í¨ ²Ó´µ° § ¢¨¸¨³µ¸ÉÓÕ, ´µ ´  ÔÉµÉ · § § ¢¨¸¨³µ¸ÉÓ ¡²¨§±  ±
exp (

√
αZ/2).

1.3.3. �¶·¥¤¥²¥´¨¥ δ|ψ(0)|2 ¢ Ô±¸¶¥·¨³¥´É Ì. �²µÉ´µ¸ÉÓ Ô²¥±É·µ´µ¢
ρ(0) = |ψ(0)|2 ´¥¢µ§³µ¦´µ ¨§³¥·¨ÉÓ ¶·Ö³Ò³ ¸¶µ¸µ¡µ³, ¶·¨Ìµ¤¨É¸Ö µ¶·¥¤¥-
²ÖÉÓ ¥¥ ±µ¸¢¥´´µ. ‚ · ¡µÉ Ì [2, 3] ÔÉµ ¤¥² ²µ¸Ó ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. �µ²´ Ö
¶²µÉ´µ¸ÉÓ Ö¢²Ö¥É¸Ö ¸Ê³³µ° ¢±² ¤µ¢ µÉ ¢¸¥Ì  Éµ³´ÒÌ µ·¡¨É ²¥°. �·¡¨É ²Ó
ψn,l,m ¸ ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ n, l,m ¤ ¥É ¢±² ¤ ρn,l,m, ±µÉµ·Ò° µ¶·¥¤¥²Ö¥É¸Ö
Î¨¸²¥´´Ò³¨ · ¸Î¥É ³¨ [12, 13]. ‚ ± ¦¤µ³ ¸µ¥¤¨´¥´¨¨ C ¢±² ¤ ± ¦¤µ° µ·-
¡¨É ²¨ ¢ δ|ψ(0)|2 µ¶·¥¤¥²Ö¥É¸Ö ¥¥ § ¸¥²¥´´µ¸ÉÓÕ, µ¡µ§´ Î ¥³µ° Xn,l,m(C).
�·¨ ÔÉµ³ ¶µ²´ Ö ¶²µÉ´µ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

ρ(0) =
∑
n,l,m

Xn,l,m(C)ρn,l,m,

  ¥¥ ¨§³¥´¥´¨¥ δρ(0) = δ|ψ(0)|2 µ¶·¥¤¥²Ö¥É¸Ö · §²¨Î¨¥³ § ¸¥²¥´´µ¸É¥° ¢
· §´ÒÌ Ì¨³¨Î¥¸±¨Ì ¸µ¥¤¨´¥´¨ÖÌ:

δρ(0) =
∑
n,l,m

δXn,l,mρn,l,m, δXn,l,m = Xn,l,m(C2)−Xn,l,m(C1).

‚ ÔÉµ³ ¢Ò· ¦¥´¨¨ ρn,l,m µ¶·¥¤¥²ÖÕÉ¸Ö Î¨¸²¥´´µ [12],   δXn,l,m, ¢ ¶·¨´Í¨¶¥,
³µ¦´µ ´ °É¨ ¨§ ± ±¨Ì-Éµ ¤·Ê£¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

’ ±¨³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ³µ£ÊÉ ¡ÒÉÓ ¸¤¢¨£¨ ·¥´É£¥´µ¢¸±¨Ì
²¨´¨° K , L ¨ M . �´¥·£¨Ö ·¥´É£¥´µ¢¸±µ£µ ¨§²ÊÎ¥´¨Ö Eγ µ¶·¥¤¥²Ö¥É¸Ö ¶¥·¥-
Ìµ¤ ³¨ ³¥¦¤Ê ¤¢Ê³Ö ¸µ¸ÉµÖ´¨Ö³¨ a ¨ b: Eγ = Eb−Ea. � §´µ¸ÉÓ ¤¢ÊÌ É¥·³µ¢
Ea,b ³¥´Ö¥É¸Ö ´  ¢¥²¨Î¨´Ê δEn,l,m ¶·¨ Ê¤ ²¥´¨¨ Ô²¥±É·µ´  ¸ µ·¡¨É ²¨ n, l,m.
�Éµ ¨§³¥´¥´¨¥ µ¶·¥¤¥²Ö¥É¸Ö Î¨¸²¥´´Ò³¨ · ¸Î¥É ³¨ [12,13]. � §´Ò¥ Ì¨³¨Î¥-
¸±¨¥ ¸µ¥¤¨´¥´¨Ö Ì · ±É¥·¨§ÊÕÉ¸Ö · §´Ò³¨ § ¸¥²¥´´µ¸ÉÖ³¨ Xn,l,m(C) n, l,m-
µ·¡¨É ²¥°, ¨ ¶µÉµ³Ê Ô´¥·£¨¨ ·¥´É£¥´µ¢¸±µ£µ ¨§²ÊÎ¥´¨Ö ¢ · §´ÒÌ ¢¥Ð¥¸É¢ Ì
· §²¨Î ÕÉ¸Ö ´  ¢¥²¨Î¨´Ê

δEγ =
∑
n,l,m

δXn,l,mδEn,l,m.

ˆ§³¥·¨¢ · §²¨Î¨¥ Ô´¥·£¨° ´¥¸±µ²Ó±¨Ì ·¥´É£¥´µ¢¸±¨Ì ²¨´¨° ¤¢ÊÌ Ì¨³¨Î¥-
¸±¨Ì ¢¥Ð¥¸É¢, ³Ò ³µ¦¥³ ´ °É¨ ¨§³¥´¥´¨Ö δXn,l,m, µ¶¨· Ö¸Ó ´  · ¸¸Î¨É ´´Ò¥
§´ Î¥´¨Ö δEn,l,m. 
 °¤¥´´Ò¥ δXn,l,m § É¥³ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö
¨§³¥´¥´¨Ö ¶²µÉ´µ¸É¨ ρ(0) ¢ Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£ Ì. ‚ Î ¸É´µ¸É¨, ¤²Ö Ê· ´  · §-
´µ¸ÉÓ δ|ψ(0)|2 ¤²Ö 4- ¨ 6-¢ ²¥´É´µ£µ  Éµ³  ¸µ¸É ¢¨²  (9, 4±1, 96) ·1026 ¸³−3.

� ±µ··¥±É´µ¸É¨ ¶µ¤µ¡´µ£µ µ¶·¥¤¥²¥´¨Ö δXn,l,m ³µ¦´µ ¸Ê¤¨ÉÓ ¥Ð¥ ¨ ¶µ
¤·Ê£¨³ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³, ´ ¶·¨³¥·, ¶µ ¶ ·Í¨ ²Ó´µ° Ï¨·¨´¥ · ¸-
¶ ¤  ¨§µ³¥·´µ£µ ¸µ¸ÉµÖ´¨Ö ¢ ± ´ ² ¢´ÊÉ·¥´´¥° ±µ´¢¥·¸¨¨ (¨§µÉµ¶ 235U) ¨²¨
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¶µ ³¥¸¸¡ ÊÔ·µ¢¸±¨³ Ì¨³¨Î¥¸±¨³ ¸¤¢¨£ ³ ¨§µ¢ ²¥´É´ÒÌ Ê· ´Ê ¨µ´µ¢ ´¥¶ÉÊ-
´¨Ö.

�É´µ¸¨É¥²Ó´ Ö ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ δρ(0) ³µ¦´µ µÍ¥´¨ÉÓ ¢¥²¨Î¨´µ° ¶µ-
·Ö¤±  [2] 15÷ 20%.

’ ±¨³ µ¡· §µ³, ± ± ·¥§Õ³¥ ± ¤ ´´µ³Ê ¶Ê´±ÉÊ ¶µ µÍ¥´±¥ ¢¥²¨Î¨´Ò ÔË-
Ë¥±É , ³Ò ³µ¦¥³ ¸± § ÉÓ, ÎÉµ ¢ ´¥°É·µ´´ÒÌ Ô±¸¶¥·¨³¥´É Ì ´  ÉÖ¦¥²ÒÌ  Éµ-
³ Ì ¤¥°¸É¢¨É¥²Ó´µ ³µ¦´µ ¡Ò²µ µ¦¨¤ ÉÓ Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ ¶µ·Ö¤±  ¥¤¨´¨Í
¨²¨ ¤µ²¥° ³Ô‚. �¤´ ±µ ´¥µ¡Ìµ¤¨³µ ÊÎ¥¸ÉÓ ¨ ³¥Ï ÕÐ¨¥ Ë ±Éµ·Ò, ± ±µÉµ·Ò³
³Ò É¥¶¥·Ó ¨ ¶¥·¥Ìµ¤¨³.

1.4. ’¥³¶¥· ÉÊ·´Ò¥ ÔËË¥±ÉÒ. �·¨ ¶¥·¥Ìµ¤¥ µÉ ¢¥Ð¥¸É¢  ± ¢¥Ð¥¸É¢Ê
¶µ²µ¦¥´¨¥ ·¥§µ´ ´¸  ³¥´Ö¥É¸Ö ´¥ Éµ²Ó±µ ¨§-§  Ì¨³¨Î¥¸±µ£µ ¸¤¢¨£ . ˆ³¥¥É¸Ö
¥Ð¥ ¨ ¸¤¢¨£, ¸¢Ö§ ´´Ò° ¸ Ô´¥·£¨¥° µÉ¤ Î¨. ‘¢Ö§Ó  Éµ³  ¸ ¤·Ê£¨³¨  Éµ³ ³¨
¢ · §´ÒÌ ¢¥Ð¥¸É¢ Ì · §²¨Î´ , ¨ ¶µÉµ³Ê Ô´¥·£¨Ö µÉ¤ Î¨ Éµ¦¥ ³µ¦¥É ¡ÒÉÓ
· §²¨Î´µ°. �Éµ · §²¨Î¨¥ ¨³¨É¨·Ê¥É Ì¨³¨Î¥¸±¨° ¸¤¢¨£, ¨ ¥£µ ´Ê¦´µ ²¨¡µ
¨¸±²ÕÎ ÉÓ, ²¨¡µ ¶·¨´¨³ ÉÓ ¢µ ¢´¨³ ´¨¥. …£µ ³µ¦´µ ¢ µ¶·¥¤¥²¥´´µ° ³¥·¥
±µ´É·µ²¨·µ¢ ÉÓ, ¶µ¸±µ²Ó±Ê Ô´¥·£¨Ö µÉ¤ Î¨ § ¢¨¸¨É µÉ É¥³¶¥· ÉÊ·Ò. �µ¸²¥¤-
´¥¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¶µ§¢µ²Ö¥É ´ §Ò¢ ÉÓ É ±µ° ¸¤¢¨£ É¥³¶¥· ÉÊ·´Ò³.

�µ³¨³µ É¥³¶¥· ÉÊ·´µ£µ ¸¤¢¨£ , ¸¢Ö§ ´´µ£µ ¸ Ô´¥·£¨¥° µÉ¤ Î¨, ¨³¥¥É¸Ö
¥Ð¥ ¨ É¥³¶¥· ÉÊ·´µ¥ ÊÏ¨·¥´¨¥ δΓ ·¥§µ´ ´¸ , ±µÉµ·µ¥ Éµ¦¥ ¢²¨Ö¥É ´  ¨§³¥·¥-
´¨¥ Ì¨³¨Î¥¸±µ£µ ¸¤¢¨£ . 
 Ï  § ¤ Î  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò µÍ¥´¨ÉÓ ¢¥²¨Î¨´Ê
µ¡µ¨Ì ÔËË¥±Éµ¢.

1.4.1. &´¥·£¨Ö µÉ¤ Î¨. …¸²¨ Ö¤·µ ¸ ³ ¸¸µ° M ¨ ¸±µ·µ¸ÉÓÕ w (Ô´¥·£¨¥°
EN (w) = Mw2/2) § Ì¢ ÉÒ¢ ¥É ´¥°É·µ´, µ¡² ¤ ÕÐ¨° ¸±µ·µ¸ÉÓÕ v, Éµ ¶µ¸²¥
§ Ì¢ É  µ¡· §Ê¥É¸Ö Ö¤·µ ¸ ³ ¸¸µ° M +m, ±µÉµ·µ¥ µ¡² ¤ ¥É ¸±µ·µ¸ÉÓÕ u ¨
Ô´¥·£¨¥° E′

N (w):

u =
Mw +mv
M +m

, E′
N (w) = (M +m)

u2

2
=

(Mw +mv)2

2(m+M)
. (18)

’ ±¨³ µ¡· §µ³, Ô´¥·£¨Ö Ö¤·  ³¥´Ö¥É¸Ö ´  ¢¥²¨Î¨´Ê

Erecoil(w) = E′
N (w)− EN (w) =

m

m+M
[En − EN (w) +Mwv], (19)

£¤¥ En = mv2/2 Å Ô´¥·£¨Ö ´ ²¥É ÕÐ¥£µ ´¥°É·µ´ . �É¸Õ¤  ¢¨¤´µ, ÎÉµ
¤²Ö ¢µ§¡Ê¦¤¥´¨Ö ·¥§µ´ ´¸  ´¥°É·µ´ ¤µ²¦¥´ ¨³¥ÉÓ ¨§¡ÒÉµ± Ô´¥·£¨¨, · ¢-
´Ò° Erecoil(w),   §´ Î¨É, ¢¨¤¨³µ¥ ¶µ²µ¦¥´¨¥ ·¥§µ´ ´¸  ¡Ê¤¥É ´¥ E0, a E0 +
Erecoil(w).


µ Ô´¥·£¨Ö µÉ¤ Î¨ § ¢¨¸¨É µÉ ¸±µ·µ¸É¨ Ö¤· , ¶µÔÉµ³Ê ´¥µ¡Ìµ¤¨³µ §´ ÉÓ
· ¸¶·¥¤¥²¥´¨¥ Ö¤¥· ¶µ ¸±µ·µ¸ÉÖ³, ÎÉµ¡Ò ´ °É¨ ¨ ¸·¥¤´ÕÕ Ô´¥·£¨Õ µÉ¤ Î¨,
±µÉµ· Ö µ¶·¥¤¥²¨É ¸·¥¤´¨° ¸¤¢¨£ ·¥§µ´ ´¸  〈Erecoil〉, ¨ ¸·¥¤´¨° ±¢ ¤· É · §-
¡·µ¸  ¶µ Ô´¥·£¨¨ µÉ¤ Î¨, ±µÉµ·Ò° µ¶·¥¤¥²Ö¥É ¤µ¶µ²´¨É¥²Ó´µ¥ ÊÏ¨·¥´¨¥ δΓ
·¥§µ´ ´¸ .
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�Ê¸ÉÓ ¸±µ·µ¸É¨ ¶¥·¢µ´ Î ²Ó´ÒÌ Ö¤¥· · ¸¶·¥¤¥²¥´Ò ¶µ § ±µ´Ê W (w).

 °¤¥³ ¸·¥¤´ÕÕ Ô´¥·£¨Õ µÉ¤ Î¨. …¸²¨ · ¸¶·¥¤¥²¥´¨¥ W (w) = W (w) ¨§µ-
É·µ¶´µ, Éµ ¶·¨ Ê¸·¥¤´¥´¨¨ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ wv ¢Ò¶ ¤ ¥É ¨ ³Ò ¶µ²Ê-
Î ¥³

〈Erecoil〉 =
m

m+M

∫
d3wW (w)[En − EN (w) +Mwv] =

=
m

m+M
(En − 〈K〉), (20)

£¤¥

〈K〉 ≡ 〈EN 〉 =
∫

d3wW (w)
Mw2

2
(21)

µ¡µ§´ Î ¥É ¸·¥¤´ÕÕ ±¨´¥É¨Î¥¸±ÊÕ Ô´¥·£¨Õ Ö¤·  ¤µ § Ì¢ É . ‘µµÉ¢¥É¸É¢¥´´µ
¸·¥¤´ÖÖ ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö Ö¤·  ¶µ¸²¥ § Ì¢ É 

〈E′
N 〉 = Erecoil + 〈EN 〉 ≡ Erecoil + 〈K〉 = M

m+M
〈K〉+ m

m+M
En. (22)

‚¥²¨Î¨´  〈K〉 ³µ¦¥É ¡ÒÉÓ · §²¨Î´µ° ¢ · §´ÒÌ ¢¥Ð¥¸É¢ Ì. �Éµ · §²¨Î¨¥
¨ ¨³¨É¨·Ê¥É Ì¨³¨Î¥¸±¨° ¸¤¢¨£. ˆ§ Ëµ·³Ê²Ò (20) ³Ò ´¥³¥¤²¥´´µ ¶µ²ÊÎ ¥³
¢¥²¨Î¨´Ê ¨³¨É¨·ÊÕÐ¥£µ ÔËË¥±É 

∆′ =
m

m+M
[〈K(C2)〉 − 〈K(C1)〉] , (23)

£¤¥ Ê± § ´  § ¢¨¸¨³µ¸ÉÓ ¸·¥¤´¥° ±¨´¥É¨Î¥¸±µ° Ô´¥·£¨¨ Ö¤·  µÉ Ì¨³¨Î¥¸±µ£µ
µ±·Ê¦¥´¨Ö.

1.4.2. ' §¡·µ¸ Ô´¥·£¨¨ µÉ¤ Î¨. —Éµ¡Ò ¢ÒÎ¨¸²¨ÉÓ ÊÏ¨·¥´¨¥ ²¨´¨¨, µ¡Ê-
¸²µ¢²¥´´µ¥ µÉ¤ Î¥°, ´Ê¦´µ ¢ÒÎ¨¸²¨ÉÓ ¢¥²¨Î¨´Ê

δE2
recoil = 〈E2

recoil〉 − 〈Erecoil〉2 =

=
∫

d3wW (w)
m2

(m+M)2
[En +Mwv − EN (w)]2 −

[
m(En − 〈K〉)

m+M

]2
=

=
mM

(m+M)2

[
4
3
〈K〉En +

m

M
(〈K2〉 − 〈K〉2)

]
≈ 4

3
m

M
〈K〉En, (24)

£¤¥

〈K2〉 =
∫

W (w)dw
(
Mw2

2

)2

. (25)
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ŒÒ ¶·¥´¥¡·¥£²¨ ¢Éµ·Ò³ Î²¥´µ³ ¢ ¸±µ¡± Ì (24), ÎÉµ ³µ¦´µ ¸¤¥² ÉÓ ¶·¨ ³ ²ÒÌ
m/M ¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨Ì En ≈ E0(C). ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥
¤²Ö · §´µ¸É¨ Ï¨·¨´ ¢ ¤¢ÊÌ ¢¥Ð¥¸É¢ Ì

δΓ2 ≈ 4
3
m

M
E0 [〈K(C2)〉 − 〈K(C1)〉] . (26)

”µ´µ´Ò ¢ ´¥±µ£¥·¥´É´µ³ ¨ ¤¥¡ ¥¢¸±µ³ ¶·¨¡²¨¦¥´¨¨. ”µ·³Ê²Ò (23) ¨
(24) ¶µ§¢µ²ÖÕÉ µ¶·¥¤¥²¨ÉÓ ¨ ¨¸±²ÕÎ¨ÉÓ É¥³¶¥· ÉÊ·´Ò¥ ÔËË¥±ÉÒ ¨§ Ì¨³¨-
Î¥¸±µ£µ ¸¤¢¨£ , ¥¸²¨ ¨§¢¥¸É´Ò · ¸¶·¥¤¥²¥´¨Ö  Éµ³µ¢ ¶µ ¸±µ·µ¸ÉÖ³ ¢ · §´ÒÌ
¸µ¥¤¨´¥´¨ÖÌ. 
¥É ´¨± ±µ£µ É·Ê¤  · ¸¸Î¨É ÉÓ Ê± § ´´Ò¥ ¢¥²¨Î¨´Ò, ´ ¶·¨³¥·,
¤²Ö ³ ±¸¢¥²²µ¢¸±µ£µ · ¸¶·¥¤¥²¥´¨Ö ¢ µ¤´µ Éµ³´µ³ £ §¥, ´µ ÔÉµÉ ¸²ÊÎ ° ´¥¨´-
É¥·¥¸¥´, ¶µ¸±µ²Ó±Ê ¢ µ¤´µ Éµ³´ÒÌ £ § Ì ´¥É Ì¨³¨Î¥¸±µ£µ ¸¤¢¨£ . �µÔÉµ³Ê ³Ò
¸· §Ê · ¸¸³µÉ·¨³ ³µ¤¥²Ó É¢¥·¤µ£µ É¥² , ¢ ±µÉµ·µ³ ¤¢¨¦¥´¨Ö  Éµ³µ¢ ¶·¥¤¸É -
¢²ÖÕÉ ¸µ¡µ° ±µ²¥¡ ´¨Ö µ±µ²µ ¶µ²µ¦¥´¨° · ¢´µ¢¥¸¨Ö, ±µÉµ·Ò¥ µ¶¨¸Ò¢ ÕÉ¸Ö
Ëµ´µ´ ³¨. „²Ö ¶·µ¸ÉµÉÒ ³Ò µ£· ´¨Î¨³¸Ö Éµ²Ó±µ ´¥±µ£¥·¥´É´Ò³ ¶·¨¡²¨-
¦¥´¨¥³ ¨ ¤¥¡ ¥¢¸±¨³ ¸¶¥±É·µ³. ‚ ÔÉµ³ ¸²ÊÎ ¥ W (w) = g(ω) Å Ëµ´µ´´Ò°
¸¶¥±É·, ±µÉµ·Ò° ¢ ¤¥¡ ¥¢¸±µ³ ¶·¨¡²¨¦¥´¨¨ · ¢¥´ 3ω2/ω3

D, £¤¥ ωD Å Î ¸ÉµÉ 
„¥¡ Ö, ¸¢Ö§ ´´ Ö ¸ É¥³¶¥· ÉÊ·µ° „¥¡ Ö TD ¸µµÉ´µÏ¥´¨¥³ TD = �ωD/kB .

Š¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¶µ É¥µ·¥³¥ ¢¨·¨ ²  · ¢´  ¶µ²µ¢¨´¥ ¶µ²´µ° Ô´¥·-

£¨¨, ¨²¨, ¸ ÊÎ¥Éµ³ Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò:
Mw2

2
=
(
n(T ) +

1
2

)
3�ω

2
, £¤¥

n(T ) =
1

exp (�ω/kT )− 1
Å Î¨¸²µ µ¸Í¨²²ÖÉµ·µ¢ ¸ Î ¸ÉµÉµ° ω. �µ¤¸É ´µ¢± 

¢ (21) ¤ ¥É

〈K〉 = 3
4

ωD∫
0

cth
(

�ω

2kBT

)
�ωg(ω)dω. (27)

�·¨ ´¨§±µ° É¥³¶¥· ÉÊ·¥ ³µ¦´µ § ³¥´¨ÉÓ cth (�ω/2kBT ) = 1, ¨ ¢ ·¥§Ê²Ó-
É É¥ ¶µ²ÊÎ ¥É¸Ö 〈K〉 = (9/16)kBTD. �Éµ µ§´ Î ¥É, ÎÉµ ¸·¥¤´ÖÖ ±¨´¥É¨Î¥¸± Ö
Ô´¥·£¨Ö ´¥ § ¢¨¸¨É µÉ É¥³¶¥· ÉÊ·Ò ¨ µ¶·¥¤¥²Ö¥É¸Ö ´Ê²¥¢Ò³¨ ±µ²¥¡ ´¨Ö³¨.
‘µµÉ¢¥É¸É¢¥´´µ · §´µ¸ÉÓ ±¨´¥É¨Î¥¸±¨Ì Ô´¥·£¨° ¢ ¤¢ÊÌ ¢¥Ð¥¸É¢ Ì, ¨³¨É¨·ÊÕ-
Ð Ö Ì¨³¨Î¥¸±¨° ¸¤¢¨£, · ¢´ 

∆′ =
9m
16M

kB(T2D − T1D).

…¸²¨ m/M ≈ 0, 01, T2D − T1D ≈ 100 K, Éµ ∆′ ≈ 50 ³±Ô‚.
�·¨ ¢Ò¸µ±µ° É¥³¶¥· ÉÊ·¥

〈K〉 ≈ 3
2
kBT

(
1 +

1
20

T 2
D

T 2

)
,
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¶µÔÉµ³Ê ¨³¨É¨·ÊÕÐ¨° ¸¤¢¨£ · ¢¥´

∆′ =
3m
40M

kB(T2D − T1D)
T2D + T1D

T
.

…¸²¨ T = 3(T1D + T2D), Éµ ¶·¨ É¥Ì ¦¥ µ¸É ²Ó´ÒÌ ¶ · ³¥É· Ì, ÎÉµ ¨ ¢ÒÏ¥,
¨³¥¥³ ∆′ ≈ 2 ³±Ô‚. ’ ±¨³ µ¡· §µ³, ¢ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ³¥¸¸¡ ÊÔ·µ¢¸±¨³
Ô±¸¶¥·¨³¥´É ³ ´¥°É·µ´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¢Ò£µ¤´¥¥ ¶·µ¢µ¤¨ÉÓ ¶·¨ ¢Ò¸µ±µ°
É¥³¶¥· ÉÊ·¥ µ¡· §Íµ¢.

”µ´µ´Ò ¢ Ô°´ÏÉ¥°´µ¢¸±µ³ ¶·¨¡²¨¦¥´¨¨. ‚ ÔÉµ³ ¸²ÊÎ ¥ g(ω) = δ(ω−ω0).
�µ¤¸É ´µ¢±  ¢ (27) ¤ ¥É

〈K〉 = 3
4

�ω0 cth
(

�ω0

2kBT

)
,

¨ · §´µ¸ÉÓ 〈K(C)〉 µ¶·¥¤¥²Ö¥É¸Ö · §´µ¸ÉÓÕ ω0(C).
„¢ÊÌÎ ¸ÉµÉ´ Ö Ô°´ÏÉ¥°´µ¢¸± Ö ³µ¤¥²Ó. ‚ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ · ¡µ-

É Ì [2, 3] ¨¸¶µ²Ó§µ¢ ² ¸Ó ³µ¤¥²Ó ¤¢ÊÌ Éµ³´µ° ·¥Ï¥É±¨, ¢ ±µÉµ·µ° ¤¢   Éµ³ 
¨³¥ÕÉ ¸¨²Ó´µ · §²¨Î ÕÐÊÕ¸Ö ³ ¸¸Ê, ¨ Î ¸ÉµÉ´Ò° ¸¶¥±É· § ¤ ¥É¸Ö ¢Ò· ¦¥-
´¨¥³

g(ω) = a1δ(ω − ω1) + a2δ(ω − ω2), a1 + a2 = 1.

‘ ÔÉ¨³ ¸¶¥±É·µ³ ¢Ò· ¦¥´¨¥ (27) ¤ ¥É

〈K〉 = 3
4

�

[
a1ω1 cth

(
�ω0

2kBT

)
+ a2ω2 cth

(
�ω2

2kBT

)]
,

¨ δ〈K(C)〉 µ¶·¥¤¥²Ö¥É¸Ö É¥¶¥·Ó ¨§³¥´¥´¨¥³ É·¥Ì ¶ · ³¥É·µ¢: a1, ω1 ¨ ω2.
1.4.3. “Î¥É É¥³¶¥· ÉÊ·´ÒÌ ÔËË¥±Éµ¢. �µ¸±µ²Ó±Ê É¥³¶¥· ÉÊ·´Ò¥

¸¤¢¨£ ¨ ÊÏ¨·¥´¨¥ § ¢¨¸ÖÉ Éµ²Ó±µ µÉ µ¤´µ° ¨ Éµ° ¦¥ ¢¥²¨Î¨´Ò 〈K〉, Éµ, ¨§³¥-
·ÖÖ ¨ ÊÏ¨·¥´¨¥, ¨ ¸¤¢¨£, ³µ¦´µ ¨¸±²ÕÎ¨ÉÓ É¥³¶¥· ÉÊ·´Ò¥ ÔËË¥±ÉÒ ¨ ¶µ²Ê-
Î¨ÉÓ Ì¨³¨Î¥¸±¨° ¸¤¢¨£ ¢ Î¨¸Éµ³ ¢¨¤¥. �·¨ ÔÉµ³ ¸µ¢¥·Ï¥´´µ ´¥¢ ¦´µ, ± ± Ö
ËÊ´±Í¨Ö W (w) ¶·¨´¨³ ¥É¸Ö ¢ ± Î¥¸É¢¥ ³µ¤¥²¨ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö  Éµ³µ¢ ¶µ
¸±µ·µ¸ÉÖ³.

„¥°¸É¢¨É¥²Ó´µ, ¸µ£² ¸´µ (26)

δΓ2 =
4
3
1
A
Enδ〈K(C)〉.

‘µµÉ¢¥É¸É¢¥´´µ É¥³¶¥· ÉÊ·´Ò° ¸¤¢¨£, ¸µ£² ¸´µ (23), · ¢¥´

1
A
δ〈K(C)〉 = 3

4
δΓ2

En
≈ 3

4
δΓ2

E0
.

’¥¶¥·Ó Ö¸´µ, ÎÉµ ³µ¦´µ ´ ¡²Õ¤ ÉÓ ¢ Ô±¸¶¥·¨³¥´É¥ (¸³. ·¨¸. 3) ¨ ± ±
´ Ìµ¤¨ÉÓ Ì¨³¨Î¥¸±¨¥ ¸¤¢¨£¨ ¶µ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³.
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�¨¸. 3.  ) �·¨ ¶·µ¶Ê¸± ´¨¨ µ¡· §Íµ¢ ¸ Ê· ´µ³
´ ¡²Õ¤ ÕÉ¸Ö ·¥§µ´ ´¸´Ò¥ ¶·µ¢ ²Ò ¢ § ¢¨¸¨³µ¸É¨
¨´É¥´¸¨¢´µ¸É¨ ¶·µÏ¥¤Ï¥£µ ¶ÊÎ±  µÉ Ô´¥·£¨¨ En

´¥°É·µ´µ¢. “ ¤¢ÊÌ µ¡· §Íµ¢ µ¤¨´ ±µ¢µ° Éµ²Ð¨´Ò
¶µ ±µ²¨Î¥¸É¢Ê Ö¤¥· Ê· ´ , ´µ ¸ · §²¨Î´Ò³ Ì¨³¨Î¥-
¸±¨³ ¸µ¸É ¢µ³ ¶·µ¢ ²Ò ¨³¥ÕÉ ´¥¸±µ²Ó±µ · §²¨Î -
ÕÐ¨¥¸Ö Ï¨·¨´Ò ¨ ¶µ²µ¦¥´¨Ö ³¨´¨³Ê³µ¢. ¡) � §-
´µ¸ÉÓ ¨´É¥´¸¨¢´µ¸É¥°, ¶µ± § ´´ÒÌ ´  ·¨¸.  . �·¨
¶· ¢¨²Ó´µ° ¶µ¤£µ´±¥ ¶²µÐ ¤¨ ¶¨±µ¢ ´  ·¨¸.  
µ¤¨´ ±µ¢Ò, a ¶²µÐ ¤Ó ¶µ¤ · §´µ¸É´µ° ±·¨¢µ° ´ 
·¨¸. ¡ · ¢´  ´Ê²Õ. �¸¨³³¥É·¨Ö · §´µ¸É´µ° ±·¨-
¢µ° Ì · ±É¥·¨§Ê¥É ¸³¥Ð¥´¨¥ ·¥§µ´ ´¸  δE0

1.5. ˆ§µ³¥·´Ò¥ ¸¤¢¨£¨ ·¥´É£¥´µ¢¸±¨Ì ²¨´¨°. ‚ÒÏ¥ ¡Ò²  · ¸¸³µÉ·¥´ 
¢µ§³µ¦´µ¸ÉÓ ¨§³¥·¥´¨° Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢, ¨´¨Í¨-
¨·µ¢ ´´ Ö · ¡µÉµ° [1]. dÒ²µ ¡Ò ´¥¸¶· ¢¥¤²¨¢µ Ê³µ²Î ÉÓ ¶·¨ ÔÉµ³ µ ¤·Ê£µ°
· ¡µÉ¥ [4], ¢ ±µÉµ·µ° · ¸¸³ É·¨¢ ²¸Ö Ì¨³¨Î¥¸±¨° ¸¤¢¨£ ·¥´É£¥´µ¢¸±¨Ì ²¨´¨°
¢µ§¡Ê¦¤¥´´ÒÌ Ö¤¥·.

�´¥·£¨Ö ¢§ ¨³µ¤¥°¸É¢¨Ö (9) ¢²¨Ö¥É ´¥ Éµ²Ó±µ ´  ¶µ²µ¦¥´¨¥ ´¥°É·µ´-
´ÒÌ ·¥§µ´ ´¸µ¢, ´µ ¨ ´  Ô´¥·£¥É¨Î¥¸±¨¥ Ê·µ¢´¨ Ô²¥±É·µ´µ¢,   §´ Î¨É, ¨ ´ 
µ¶É¨Î¥¸±¨¥ ¨ ·¥´É£¥´µ¢¸±¨¥ ¶¥·¥Ìµ¤Ò ¢´ÊÉ·¨  Éµ³ . �·¨ ¶¥·¥Ìµ¤¥ Ô²¥±É·µ´ 
³¥¦¤Ê ¤¢Ê³Ö Ê·µ¢´Ö³¨ ³¥´Ö¥É¸Ö ¶²µÉ´µ¸ÉÓ Ô²¥±É·µ´µ¢ |ψ(0)|2 ´  Ö¤·¥, ¶µ-
ÔÉµ³Ê ¢§ ¨³µ¤¥°¸É¢¨¥ (9) ¤ ¥É ¶µ¶· ¢±Ê ± Ô´¥·£¨¨ ¶¥·¥Ìµ¤ , ¢ÒÎ¨¸²¥´´µ°
¡¥§ ÊÎ¥É  (9). �É  ¶µ¶· ¢±  ³¥´Ö¥É¸Ö ¶·¨ ¨§³¥´¥´¨¨ · ¤¨Ê¸  Ö¤· . ‚ Î ¸É-
´µ¸É¨, µ´  · §²¨Î´  ¤²Ö · §´ÒÌ ¨§µÉµ¶µ¢, ¶µ¸±µ²Ó±Ê R ∝ A2/3. � §´µ¸ÉÓ
Ô´¥·£¨¨ ¢´ÊÉ·¨ Éµ³´ÒÌ ¶¥·¥Ìµ¤µ¢ Ê · §´ÒÌ ¨§µÉµ¶µ¢ µ¤´µ£µ ¨ Éµ£µ ¦¥ Ô²¥-
³¥´É  ´ §Ò¢ ¥É¸Ö ¨§µÉµ¶¨Î¥¸±¨³ ¸¤¢¨£µ³. �´  Ìµ·µÏµ ¨§¢¥¸É´  ¨ ¨§³¥·¥´ 
¤²Ö ³´µ£¨Ì ¨§µÉµ¶µ¢.

� ¤¨Ê¸ ³¥´Ö¥É¸Ö É ±¦¥ ¨ ¶·¨ ¢µ§¡Ê¦¤¥´¨¨ Ö¤· . � §´µ¸ÉÓ Ô´¥·£¨¨ ¢´Ê-
É·¨ Éµ³´ÒÌ ¶¥·¥Ìµ¤µ¢ ¤²Ö ¢µ§¡Ê¦¤¥´´µ£µ ¨ ´¥¢µ§¡Ê¦¤¥´´µ£µ Ö¤·  ´ §Ò¢ ¥É¸Ö
¨§µ³¥·´Ò³ ¸¤¢¨£µ³  Éµ³´ÒÌ ²¨´¨°. „²Ö ¨§³¥·¥´¨Ö ÔÉµ£µ ¸¤¢¨£  ´¥µ¡Ìµ¤¨³µ,
ÎÉµ¡Ò Ö¤·µ ¤µ¸É ÉµÎ´µ ¤µ²£µ ¦¨²µ ¢ ¢µ§¡Ê¦¤¥´´µ³ ¸µ¸ÉµÖ´¨¨. ‚·¥³Ö ¦¨§´¨
µ¶É¨Î¥¸±¨Ì ¶¥·¥Ìµ¤µ¢ ¡µ²ÓÏ¥ ¢·¥³¥´¨ ¦¨§´¨ ·¥´É£¥´µ¢¸±¨Ì ¨ ¸µ¸É ¢²Ö¥É
µ±µ²µ 10−7 ¸. ‘µµÉ¢¥É¸É¢¥´´µ Ö¤·µ ¤µ²¦´µ µ¸É ¢ ÉÓ¸Ö ¢ ¢µ§¡Ê¦¤¥´´µ³ ¸µ-
¸ÉµÖ´¨¨ ´ ³´µ£µ ¤µ²ÓÏ¥. dµ²ÓÏ¨´¸É¢µ ¦¥ Ö¤¥· ¸¡· ¸Ò¢ ÕÉ ¸¢µ¨ ¢µ§¡Ê¦¤¥´¨Ö
§´ Î¨É¥²Ó´µ ¡Ò¸É·¥¥ Å §  10−10 ÷ 10−14 ¸, ¶µÔÉµ³Ê ´ ¡²Õ¤ ÉÓ µ¶É¨Î¥¸±¨¥
¨§µ³¥·´Ò¥ ¶¥·¥Ìµ¤Ò µÎ¥´Ó É·Ê¤´µ.
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‚ · ¡µÉ¥ [4] ¶·¥¤² £ ¥É¸Ö ´ ¡²Õ¤ ÉÓ ·¥´É£¥´µ¢¸±¨¥ ¶¥·¥Ìµ¤Ò, ¢·¥³Ö
¦¨§´¨ ±µÉµ·ÒÌ ¸µ¸É ¢²Ö¥É 10−16÷10−17 ¸. ’ ±¨¥ ¶¥·¥Ìµ¤Ò ³µ¦´µ ´ ¡²Õ¤ ÉÓ
¶·¨ K-§ Ì¢ É¥ ¨ ¶·¨ ¢´ÊÉ·¥´´¥° ±µ´¢¥·¸¨¨, ±µ£¤  ¢µ§¡Ê¦¤¥´´µ¥ ¸µ¸ÉµÖ´¨¥
Ö¤·  ¢µ§´¨± ¥É µ¤´µ¢·¥³¥´´µ ¸ ¢µ§¡Ê¦¤¥´¨¥³  Éµ³ . �Í¥´±¨ ¢¥²¨Î¨´ ¨§µ³¥·-
´ÒÌ ¸¤¢¨£µ¢ ·¥´É£¥´µ¢¸±¨Ì ²¨´¨°, µ¸´µ¢ ´´Ò¥ ´  µ¶Ê¡²¨±µ¢ ´´ÒÌ É ¡²¨Í Ì
¢µ²´µ¢ÒÌ ËÊ´±Í¨°, ¸µ¸É ¢²ÖÕÉ µÉ ´¥¸±µ²Ó±¨Ì Ô‚ ¤µ 150 Ô‚. �´¨ §´ Î¨É¥²Ó´µ
¡µ²ÓÏ¥ Ì¨³¨Î¥¸±¨Ì ¸¤¢¨£µ¢ ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢ ¶µÉµ³Ê, ÎÉµ ¸µ¶·µ¢µ¦¤ -
ÕÉ¸Ö ¡µ²ÓÏ¨³ ¨§³¥´¥´¨¥³ δ|ψ(0)|2. „¥°¸É¢¨É¥²Ó´µ, ¶·¨ K-§ Ì¢ É¥ Ê¤ ²Ö¥É¸Ö
Ô²¥±É·µ´, ±µÉµ·Ò° ¤ ¥É ³ ±¸¨³ ²Ó´Ò° ¢±² ¤ ¢ δ|ψ(0)|2. ‘¤¢¨£¨ ≈ 100 Ô‚ ¢
·¥´É£¥´µ¢¸±¨Ì ²¨´¨ÖÌ, ¢ ¶·¨´Í¨¶¥, ´ ¡²Õ¤ ¥³Ò, ´µ, ± ¸µ¦ ²¥´¨Õ, ´¨± ±¨Ì
Ô±¸¶¥·¨³¥´Éµ¢ ¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨ ¶µ±  ¶·µ¢¥¤¥´µ ´¥ ¡Ò²µ.

�¨¸. 4. ‘Ì¥³  Ô±¸¶¥·¨³¥´É . �ÊÎµ± ´¥°-
É·µ´µ¢ µÉ ¨³¶Ê²Ó¸´µ£µ ·¥ ±Éµ·  ˆd�-30
(PS) µ£· ´¨Î¨¢ ¥É¸Ö ±µ²²¨³ Éµ· ³¨ (c),
¶µ¶¥·¥³¥´´µ ¶·µ¶Ê¸± ¥É¸Ö Î¥·¥§ ± ¦¤ÊÕ
¨§ É·¥Ì ³¨Ï¥´¥° (I, II, III) ¨ ·¥£¨¸É·¨·Ê-
¥É¸Ö ¤¥É¥±Éµ·µ³ (D). �´ ²¨§ ¶µ ¢·¥³¥´¨
¶·µ²¥É  ¶µ§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ Ô´¥·£¨Õ
¶·µÏ¥¤Ï¨Ì ´¥°É·µ´µ¢ ¨ ¨§³¥·¨ÉÓ § ¢¨-
¸¨³µ¸ÉÓ ¶·µ¶Ê¸± ´¨Ö µ¡· §Í  µÉ Ô´¥·£¨¨.
� §´µ¸ÉÓ ¶·µ¶Ê¸± ´¨° ¤¢ÊÌ µ¡· §Íµ¢ ¶µ-
§¢µ²Ö¥É µ¶·¥¤¥²¨ÉÓ ¸¤¢¨£ ¶µ²µ¦¥´¨Ö ·¥-
§µ´ ´¸µ¢ ¨ ¨§³¥´¥´¨¥ ¨Ì Ï¨·¨´. Š·µ³¥
¨§ÊÎ ¥³µ£µ µ¡· §Í , ¢ ¶ÊÎ±¥ ¢¸¥ ¢·¥³Ö
¤²Ö ±µ´É·µ²Ö ´ Ìµ¤¨É¸Ö µ¡· §¥Í 159Tb
¨²¨ 181Ta (R), ¶µ²µ¦¥´¨Ö ·¥§µ´ ´¸µ¢ ±µ-
Éµ·µ£µ ´¥ ¤µ²¦´Ò ³¥´ÖÉÓ¸Ö ¶·¨ § ³¥´¥
µ¡· §Íµ¢ ¸ Ê· ´µ³

1.6. 3±¸¶¥·¨³¥´ÉÒ. ’¥µ·¥É¨Î¥¸-
±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ [1] Ì¨³¨Î¥¸±¨Ì
¸¤¢¨£µ¢ ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢ ¶µ-
± § ²µ, ÎÉµ ¢ ÉÖ¦¥²ÒÌ Ö¤· Ì µ´¨
¢¶µ²´¥ ¤µ¸ÉÊ¶´Ò ¨§³¥·¥´¨Ö³, ¨ É -
±¨¥ ¨§³¥·¥´¨Ö ¡Ò²¨ ¶·µ¢¥¤¥´Ò ¢ ‹ -
¡µ· Éµ·¨¨ ´¥°É·µ´´µ° Ë¨§¨±¨ (‹
”)
�¡Ñ¥¤¨´¥´´µ£µ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸-
¸²¥¤µ¢ ´¨° ´  ¨³¶Ê²Ó¸´µ³ ·¥ ±Éµ·¥
ˆd�-30, · ¡µÉ ÕÐ¥³ ¢ ¡Ê¸É¥·´µ³ ·¥-
¦¨³¥ ¸ Ï¨·¨´µ° ¢¸¶ÒÏ±¨ 4 ³±¸.

‚ 1976 £. ¢ ‹
” ¡Ò²  · §· ¡µÉ ´ 
É¥Ì´¨±  ¨§³¥·¥´¨Ö ³ ²ÒÌ ¸¤¢¨£µ¢
´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢ ¤²Ö µ¶·¥¤¥²¥-
´¨Ö ³ £´¨É´ÒÌ ³µ³¥´Éµ¢ ±µ³¶ Ê´¤-
¸µ¸ÉµÖ´¨° Ö¤¥· [14].

’ ± Ö ¦¥ ³¥Éµ¤¨±  ¶·¨³¥´Ö² ¸Ó
¨ ¤²Ö ¨§³¥·¥´¨° Ì¨³¨Î¥¸±¨Ì ¸¤¢¨-
£µ¢. ‘Ì¥³  Ô±¸¶¥·¨³¥´É  ¶µ± § ´  ´ 
·¨¸. 4. �±¸¶¥·¨³¥´ÉÒ ¶·µ¢µ¤¨²¨¸Ó ¸
³¥É ²²¨Î¥¸±¨³ Ê· ´µ³ ¨ ¸ ¸µ¥¤¨´¥´¨-
Ö³¨ Ê· ´ . Ÿ¤·µ Ê· ´  ¡Ò²µ ¢Ò¡· ´µ
¶µÉµ³Ê, ÎÉµ µ´µ ¸¨²Ó´µ ¤¥Ëµ·³¨·µ-
¢ ´µ, ¨  Éµ³ Ê· ´  ³µ¦¥É ÊÎ ¸É¢µ¢ ÉÓ ¢ · §²¨Î´ÒÌ Ì¨³¨Î¥¸±¨Ì ¸µ¥¤¨´¥´¨ÖÌ,
ÎÉµ ¶µ§¢µ²Ö²µ ¢ ·Ó¨·µ¢ ÉÓ Ô²¥±É·µ´´ÊÕ ¶²µÉ´µ¸ÉÓ ´  Ö¤·¥ ¢ Ï¨·µ±¨Ì ¶·¥-
¤¥² Ì. ‚ ± Î¥¸É¢¥ ¸µ¥¤¨´¥´¨° ¨¸¶µ²Ó§µ¢ ²¨¸Ó UO2, U3O8, UO3, UF4·H2O,
UO2(NO3) · 6H2O. ‚ ÔÉ¨Ì ¸µ¥¤¨´¥´¨ÖÌ  Éµ³ Ê· ´  µ±¨¸²Ö¥É¸Ö ¨ É¥·Ö¥É µÉ 4
¤µ 6 Ô²¥±É·µ´µ¢.

‚ · ¡µÉ¥ [2] ¨§ÊÎ ²¸Ö ·¥§µ´ ´¸ 6,67 Ô‚ ¨§µÉµ¶  238U,   ¢ · ¡µÉ¥ [3] Å
·¥§µ´ ´¸ 5,2 Ô‚ ¨§µÉµ¶  234U ¨ 8 ·¥§µ´ ´¸µ¢ µÉ 1,1 ¤µ 12,4 Ô‚ ¨§µÉµ¶  235U.
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�¨¸. 5. ”· £³¥´É ¸¶¥±É·  [2] ¶µ ¢·¥³¥´¨ ¶·µ-
²¥É , ¶µ²ÊÎ¥´´Ò° ¸ Ï¨·¨´µ° ± ´ ²  2 ³±¸:
t Å ´µ³¥· ± ´ ² ; N Å Î¨¸²µ µÉ¸Î¥Éµ¢ ¢
± ´ ²¥

�±¸¶¥·¨³¥´ÉÒ ¶·µ¢µ¤¨²¨¸Ó
¶µ ³¥Éµ¤Ê ¢·¥³¥´¨ ¶·µ²¥É . 
 
·¨¸. 5 ¶·¨¢¥¤¥´ Ë· £³¥´É ¸¶¥±É-
·  [2], ¨§³¥·¥´´µ£µ ´  ¨§µÉµ¶¥
238U. Š·µ³¥ ·¥§µ´ ´¸µ¢ Ê· ´ ,
§¤¥¸Ó ¢¨¤´Ò É ±¦¥ ·¥§µ´ ´¸Ò Ô²¥-
³¥´É  159Tb, ±µÉµ·Ò° ´ ·Ö¤Ê ¸
µ¡· §Í ³¨ Ê· ´  ¶µ¸ÉµÖ´´µ ´ Ìµ-
¤¨²¸Ö ¢ ´¥°É·µ´´µ³ ¶ÊÎ±¥. �¥-
§µ´ ´¸Ò É¥·¡¨Ö ¸²Ê¦¨²¨ ·¥¶¥·-
´Ò³¨ ÉµÎ± ³¨, ¶µ¸±µ²Ó±Ê ¨Ì ¶µ-
²µ¦¥´¨Ö ´¥ ³¥´ÖÕÉ¸Ö ¶·¨ ¶¥·¥-
¸É ´µ¢±¥ µ¡· §Íµ¢ Ê· ´  ¸ · §²¨Î-
´Ò³ Ì¨³¨Î¥¸±¨³ ¸µ¸É ¢µ³.


 ¸±µ²Ó±µ ÔÉµÉ Ô±¸¶¥·¨³¥´É
É·Ê¤¥´, ³µ¦´µ ¸Ê¤¨ÉÓ ¶µ ¸²¥¤ÊÕ-

Ð¥³Ê µ¡¸ÉµÖÉ¥²Ó¸É¢Ê. 
 ¶·¨³¥·, ·¥§µ´ ´¸ 6,67 Ô‚ 238U ¨³¥¥É Ï¨·¨´Ê
≈ 0, 1 Ô‚, ±µÉµ· Ö µÌ¢ ÉÒ¢ ¥É 30 ¢·¥³¥´´ÒÌ ± ´ ²µ¢ ¢ ¸¶¥±É·¥ ¶µ ¢·¥³¥´¨
¶·µ²¥É . ‚¥²¨Î¨´  ¦¥ Ì¨³¨Î¥¸±µ£µ ¸¤¢¨£  ¸µ¸É ¢²Ö¥É ´¥¸±µ²Ó±µ ¤¥¸ÖÉÒÌ ¤µ-
²¥° ³Ô‚, ÎÉµ Ô±¢¨¢ ²¥´É´µ ¸¤¢¨£Ê ¶µ ¢·¥³¥´¨ ¶·µ²¥É  ´  ´¥¸±µ²Ó±µ ¸µÉÒÌ
¤µ²¥° µ¤´µ£µ ± ´ ² . “¢¥·¥´´µ § Ë¨±¸¨·µ¢ ÉÓ É ±µ° ¸¤¢¨£ ± ¦¥É¸Ö, ´  ¶¥·-
¢Ò° ¢§£²Ö¤, ¡¥§´ ¤¥¦´µ° § ¤ Î¥°, ¨ ¢¸¥ ¦¥ µ´  ¡Ò²  Ê¸¶¥Ï´µ ·¥Ï¥´ .

'¥§Ê²ÓÉ ÉÒ. „²Ö ¢¸¥Ì ¨¸¸²¥¤µ¢ ´´ÒÌ ¨§µÉµ¶µ¢ ¢±² ¤ ³Ê²ÓÉ¨¶µ²Ó´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨° µ± § ²¸Ö ´¥¸ÊÐ¥¸É¢¥´´Ò³, ¶µÔÉµ³Ê ¢¸¥ Ì¨³¨Î¥¸±¨¥ ¸¤¢¨£¨
³µ¦´µ ¡Ò²µ µÉ´¥¸É¨ ± ¸± ²Ö·´µ³Ê ¢§ ¨³µ¤¥°¸É¢¨Õ (11), µ¡Ê¸²µ¢²¥´´µ³Ê ¨§-
³¥´¥´¨¥³ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  Ö¤· .

�¤´ ±µ ¸²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉµ ¶·¨ § Ì¢ É¥ ´¥°É·µ´  ¨§µÉµ¶µ³ AU
¶µ²ÊÎ ¥É¸Ö ¨§µÉµ¶ A+1U. Š¢ ¤· ÉÒ § ·Ö¤µ¢ÒÌ · ¤¨Ê¸µ¢ Ê ÔÉ¨Ì ¤¢ÊÌ ¨§µÉµ-
¶µ¢ · §²¨Î ÕÉ¸Ö, ¨ ÔÉµ · §²¨Î¨¥ δ1〈R2

c〉 = 〈R2
c〉A+1 − 〈R2

c〉A, £¤¥ ¨´¤¥±¸
Ê± §Ò¢ ¥É, µ ± ±µ³ ¨³¥´´µ ¨§µÉµ¶¥ ¨¤¥É ·¥ÎÓ, µ¶·¥¤¥²Ö¥É¸Ö ¶µ ¨§µÉµ¶¨-
Î¥¸±µ³Ê ¸¤¢¨£Ê µ¶É¨Î¥¸±¨Ì ¸¶¥±É·µ¢ [15]. �µÔÉµ³Ê ¨§³¥·¥´´µ¥ ¨§³¥´¥´¨¥
δ〈R2

c〉 = 〈R2
c〉∗A+1 − 〈R2

c〉A, £¤¥ ¢¥·Ì´¨° §´ Îµ± ∗ µ¡µ§´ Î ¥É ¢µ§¡Ê¦¤¥´´µ¥
¸µ¸ÉµÖ´¨¥, ¸²¥¤Ê¥É ¶µ¶· ¢¨ÉÓ ´  ¢¥²¨Î¨´Ê δ1〈R2

c〉, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¨§³¥´¥´¨¥
· ¤¨Ê¸  ¶·¨ ¢µ§¡Ê¦¤¥´¨¨ ¨§µÉµ¶  A+1 ´  Ô´¥·£¨Õ ¸¢Ö§¨ ´¥°É·µ´  4,8 ŒÔ‚:

δ∗〈R2
c〉 = 〈R2

c〉∗A+1 − 〈R2
c〉A+1 = δ〈R2

c〉 − δ1〈R2
c〉.

�µ¸²¥  ´ ²¨§  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¡Ò²µ ¶µ²ÊÎ¥´µ, ÎÉµ ¶·¨ ¢µ§¡Ê-
¦¤¥´¨¨ Ö¤·  239U ´  4,8 ŒÔ‚ ±¢ ¤· É ¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  Ê³¥´ÓÏ ¥É¸Ö ´ 
¢¥²¨Î¨´Ê δ〈R2

c〉 = −1, 7+1,2
−0,8 Ë³2. ‚ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨, ± ± ¸²¥¤Ê¥É ¨§ (16),

±¢ ¤· É ¥£µ § ·Ö¤µ¢µ£µ · ¤¨Ê¸  · ¢¥´ 〈R2
c〉238 = 34 Ë³2. ‚¥²¨Î¨´  δ1〈R2

c〉 ¢
¤ ´´µ³ ¸²ÊÎ ¥ ¸µ¸É ¢²Ö²  0,05 Ë³2 ¨ ³µ£²  ´¥ ÊÎ¨ÉÒ¢ ÉÓ¸Ö.
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‘¨²Ó´µ¥ Ê³¥´ÓÏ¥´¨¥ · ¤¨Ê¸  238U ¡Ò²µ ¸Õ·¶·¨§µ³. 
¥±µÉµ·µ£µ Ê³¥´Ó-
Ï¥´¨Ö, −0, 2 Ë³2, ³µ¦´µ ¡Ò²µ µ¦¨¤ ÉÓ ´  µ¸´µ¢ ´¨¨ É¥µ·¥É¨Î¥¸±¨Ì ¨¸-
¸²¥¤µ¢ ´¨° ƒ. ƒ. dÊ´ ÉÖ´  [16, 17], µ¤´ ±µ ´ ¡²Õ¤ ¥³µ¥ §´ Î¥´¨¥ µ± § ²µ¸Ó
§´ Î¨É¥²Ó´µ ¡µ²ÓÏ¥ ¶·¥¤¸± §Ò¢ ¥³µ£µ.

‚ ·¥§µ´ ´¸¥ 5,16 Ô‚ 234U ¡Ò²µ § Ë¨±¸¨·µ¢ ´µ ¨§³¥´¥´¨¥ δ∗〈R2
c〉235 ´ 

(−0, 46 ± 0, 25) Ë³2,   Ê¸·¥¤´¥´´µ¥ ¶µ 8 ·¥§µ´ ´¸ ³ ¨§µÉµ¶  235U §´ Î¥-
´¨¥ δ∗〈R2

c〉236 µ± § ²µ¸Ó · ¢´Ò³ (−0, 18± 0, 1) Ë³2. Š·µ³¥ ¸·¥¤´¥£µ §´ Î¥-
´¨Ö ¤²Ö 8 ·¥§µ´ ´¸µ¢ ³µ¦´µ ´ °É¨ É ±¦¥ Ë²Ê±ÉÊ Í¨Õ ¨²¨ ¸·¥¤´¥±¢ ¤· -
É¨Î´µ¥ µÉ±²µ´¥´¨¥ µÉ ¸·¥¤´¥£µ. �´µ ¸µ¸É ¢¨²µ 0, 1+0,2

−0,1 Ë³2. �µ¸²¥¤´¨¥
É·¨ §´ Î¥´¨Ö Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö ¸ ¶·¥¤¸± § ´¨Ö³¨ ¸É É¨¸É¨Î¥¸±µ° É¥µ·¨¨
ƒ. ƒ. dÊ´ ÉÖ´  [18].

ŒÒ ´¥ ¡Ê¤¥³  ´ ²¨§¨·µ¢ ÉÓ ¸²¥¤¸É¢¨Ö ¨§ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éµ¢ ¤²Ö
É¥µ·¨¨ Ö¤·  (´¥±µÉµ·Ò¥ · ¸¸Ê¦¤¥´¨Ö ´  ÔÉµÉ ¸Î¥É ³µ¦´µ ´ °É¨ ¢ · ¡µ-
É Ì [2,3]), ¶µ¸±µ²Ó±Ê µ´¨ ´¥ ¨³¥ÕÉ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ µÉ´µÏ¥´¨Ö ± · ¡µÉ ³
U.M.�¸É ´¥¢¨Î ,   ¶¥·¥°¤¥³ ± µ¡¸Ê¦¤¥´¨Õ É¥µ·¨¨ ´¥°É·µ´´ÒÌ ·¥§µ´ ´-
¸µ¢, ±µÉµ·ÊÕ ³Ò Î ¸Éµ § É· £¨¢ ²¨ ¢ ¡¥¸¥¤ Ì ¸ ´¨³, ´µ É ± ¨ ´¥ ¤µ¢¥²¨ ¤µ
· §Ê³´µ£µ ·¥§Ê²ÓÉ É .

2. ‚�‡Œ�†�›‰ ‚% ˆ%�’ ’…� ˆˆ �…‰’ ���›•  …‡��%�‘�‚

’¥µ·¨Ö ´¥°É·µ´´ÒÌ ·¥§µ´ ´¸µ¢, ¶µ ±· °´¥° ³¥·¥ ¤²Ö Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö,
± § ²µ¸Ó ¡Ò, ¤µ²¦´  Î·¥§¢ÒÎ °´µ ¶·µ¸Éµ ¸É·µ¨ÉÓ¸Ö ´  µ¸´µ¢¥ ¶·¥¤¸É ¢²¥´¨Ö
µ Ö¤¥·´µ³ ¶µÉ¥´Í¨ ²¥. �µ¸³µÉ·¨³, ¢µ§³µ¦´µ ²¨ ÔÉµ ¢ ¶·¨´Í¨¶¥, ¨ ¶·µ¢¥-
¤¥³ ¸· ¢´¥´¨¥ ¶µ²ÊÎ ÕÐ¨Ì¸Ö ·¥§Ê²ÓÉ Éµ¢ ¸ É¥µ·¥É¨Î¥¸±¨³¨ ¨¸¸²¥¤µ¢ ´¨Ö³¨,
¨§²µ¦¥´´Ò³¨ ¢ ±´¨£¥ ‹¥°´  ¨ ’µ³ ¸  [19].

�·¥¤¸É ¢¨³ ¸¥¡¥, ÎÉµ Ö¤·µ µ¶¨¸Ò¢ ¥É¸Ö ¸Ë¥·¨Î¥¸±¨³ ¶µÉ¥´Í¨ ²µ³
u(r)�2/2m, £¤¥ m Å ³ ¸¸  ´¥°É·µ´ . ‚ ¤ ²Ó´¥°Ï¥³ ³´µ¦¨É¥²Ó �

2/2m ³Ò
¡Ê¤¥³ µ¶Ê¸± ÉÓ ¨ ¶µÉ¥´Í¨ ²µ³ ´ §Ò¢ ÉÓ ¢¥²¨Î¨´Ê u. ‚ · ³± Ì ¤ ´´µ° ¸É ÉÓ¨
³Ò ³µ¦¥³ µ£· ´¨Î¨ÉÓ¸Ö Éµ²Ó±µ ¶·µ¸É¥°Ï¨³¨ ¸²ÊÎ Ö³¨ Ê¶·Ê£µ£µ s-· ¸¸¥Ö´¨Ö,
¶µ² £ Ö, ÎÉµ ¢¸¥ ± ´ ²Ò Ö¤¥·´ÒÌ ·¥ ±Í¨°, ±·µ³¥ (n, n)-· ¸¸¥Ö´¨Ö, µ¶¨¸Ò¢ -
ÕÉ¸Ö ³´¨³µ° Î ¸ÉÓÕ ¶µÉ¥´Í¨ ² . Š·µ³¥ Éµ£µ, ³Ò µ£· ´¨Î¨³¸Ö ¶·µ¸É¥°Ï¨³¨
¶µÉ¥´Í¨ ² ³¨, ´¥ ¶·¥É¥´¤ÊÖ ´  µ¶¨¸ ´¨¥ ±µ´±·¥É´ÒÌ Ö¤¥· ¨²¨ ±µ´±·¥É´ÒÌ
·¥§µ´ ´¸µ¢. 
 ³ ¡Ê¤¥É ¢ ¦´µ Éµ²Ó±µ ¢ÒÖ¸´¨ÉÓ, ¢µ§³µ¦´µ ²¨ ¢µµ¡Ð¥ ¶µ²ÊÎ¨ÉÓ
·¥§µ´ ´¸Ò, ¨ ± ± ¢¥¤¥É ¸¥¡Ö ¸ Ô´¥·£¨¥° Ë §  · ¸¸¥Ö´¨Ö.

� ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸µ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³ ¶µÉ¥´-
Í¨ ²µ³ u(r):

[∆− u(r) + k2]ψ(r) = 0.
�µ¤¸É ¢¨¢ ¢ ÔÉµ Ê· ¢´¥´¨¥ ψ(r) = Rl(k, r)Y m

l (Ω) ¨ µÉ¤¥²¨¢ Ê£²µ¢ÊÕ Î ¸ÉÓ,
¶µ²ÊÎ¨³ · ¤¨ ²Ó´µ¥ Ê· ¢´¥´¨¥

1
r2

d

dr

(
r2
dRl

dr

)
−
[
l(l+ 1)
r2

+ u− k2

]
Rl = 0.



1328 ˆƒ
�’�‚ˆ— ‚. Š.

�£· ´¨Î¨³¸Ö Éµ²Ó±µ s-· ¸¸¥Ö´¨¥³, É. ¥. l = 0, ¨ ¶µ¤¸É ¢¨³ R0(k, r) =
y(k, r)/r. �µ²ÊÎ¨³ µ¤´µ³¥·´µ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶·¨¢¥¤¥´´µ° · ¤¨ ²Ó´µ° ËÊ´±-
Í¨¨ y(k, r): (

d2

dr2
+ k2 − u

)
y(k, r) = 0. (28)

�Éµ Ê· ¢´¥´¨¥ ¸¶· ¢¥¤²¨¢µ ´  ¶µ²Êµ¸¨ r ≥ 0. …£µ ³µ¦´µ · ¸¶·µ¸É· ´¨ÉÓ ´ 
¢¸Õ µ¸Ó, ¥¸²¨ ¶µ²µ¦¨ÉÓ u(r) = ∞ ¶·¨ r < 0.

�¤´µ³¥·´Ò¥ § ¤ Î¨ · ¸¸¥Ö´¨Ö ²¥£±µ ·¥Ï ÕÉ¸Ö  ²£¥¡· ¨Î¥¸±¨³ ³¥Éµ¤µ³,
· §¢¨ÉÒ³ ¢ [20,21] ¨ ¤²Ö Ê¤µ¡¸É¢  Î¨É É¥²¥° ±· É±µ µ¶¨¸ ´´µ³ ¢ ¶·¨²µ¦¥´¨¨.

�Ê¸ÉÓ u(r) = 0 ¶·¨ r > r1, Éµ£¤  ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (28) ¶·¨ r ≥ r1

y(k, r) = exp (−ik(r − r1)) + ρ(k) exp (ik(r − r1)) (29)

¸µ¤¥·¦¨É ¶ ¤ ÕÐÊÕ exp (−ik(r− r1)) ¨ µÉ· ¦¥´´ÊÕ exp (ik(r− r1)) ¶²µ¸±¨¥
¢µ²´Ò ¸ Ë § ³¨, · ¢´Ò³¨ ´Ê²Õ ¢ ÉµÎ±¥ r1, ¨  ³¶²¨ÉÊ¤Ê µÉ· ¦¥´¨Ö ρ(k).

�¡ÒÎ´µ · ¸¸¥Ö´¨¥ µ¶¨¸Ò¢ ¥É¸Ö ´¥  ³¶²¨ÉÊ¤µ° µÉ· ¦¥´¨Ö ρ(k),   ³ -
É·¨Í¥° · ¸¸¥Ö´¨Ö S(k), ±µÉµ· Ö · ¢´   ³¶²¨ÉÊ¤¥ ÊÌµ¤ÖÐ¥° ¶²µ¸±µ° ¢µ²´Ò
exp (ikr), ±µ£¤  ¶ ¤ ÕÐ Ö · ¢´  − exp (−ikr), ¨  ³¶²¨ÉÊ¤µ° · ¸¸¥Ö´¨Ö f =
(S − 1)/2ik. �·¨ ÔÉµ³ ·¥Ï¥´¨¥ (29) Ê· ¢´¥´¨Ö (28) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

y(k, r) = − exp (−ikr) + S(k) exp (ikr). (30)

�µ¸±µ²Ó±Ê ËÊ´±Í¨Ö y(k) µ¶·¥¤¥²¥´  Éµ²Ó±µ ¸ ÉµÎ´µ¸ÉÓÕ ¤µ ¶·µ¨§¢µ²Ó´µ£µ
Ë §µ¢µ£µ ³´µ¦¨É¥²Ö, Éµ, Ê³´µ¦¨¢ (29) ´  Ë §µ¢Ò° ³´µ¦¨É¥²Ó − exp (−ikr1),
¶µ²ÊÎ¨³ (30), £¤¥

S = − exp (−2ikr1)ρ, (31)

¨  ³¶²¨ÉÊ¤  Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

f =
1
2ik

(S − 1) =
−1
2ik

(e−2ikr1ρ+ 1). (32)

�·¨ u = 0 ¨³¥¥³ ρ(k) = − exp (2ikr1), µÉ±Ê¤  ¸²¥¤Ê¥É S = 1 ¨ f = 0, ÎÉµ
¥¸É¥¸É¢¥´´µ, ¶µ¸±µ²Ó±Ê ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¶µÉ¥´Í¨ ²  ´¨± ±µ£µ · ¸¸¥Ö´¨Ö ´¥É.

ˆ§ (31) ¸²¥¤Ê¥É, ÎÉµ  ³¶²¨ÉÊ¤  Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö ´¥ ¶·¥¢µ¸Ìµ¤¨É ¢¥-
²¨Î¨´Ò |fel,max| = 1/k = λ/2π (λ Å ¤²¨´  ¢µ²´Ò ´¥°É·µ´ ), ±µÉµ· Ö ¤µ-
¸É¨£ ¥É¸Ö ¶·¨ S = −1. �³¶²¨ÉÊ¤  ¦¥ · ¸¸¥Ö´¨Ö ¢ ¤·Ê£¨¥ ± ´ ²Ò, ±µ-
Éµ·Ò¥ ³µ¦´µ µ¶¨¸ ÉÓ ³´¨³µ° Î ¸ÉÓÕ ¶µÉ¥´Í¨ ² , ´¥ ¶·¥¢ÒÏ ¥É ¢¥²¨Î¨´Ò
|finel,max| = 1/2k = λ/4π, ±µÉµ· Ö ¤µ¸É¨£ ¥É¸Ö ¶·¨ ρ = S = 0.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ´¥¸±µ²Ó±µ ¶·µ¸É¥°Ï¨Ì ¸²ÊÎ ¥¢.
2.1. 6µÉ¥´Í¨ ²Ó´ Ö Ö³ . ‚ ¸²ÊÎ ¥ ¶·µ¸Éµ° ¶µÉ¥´Í¨ ²Ó´µ° Ö³Ò (·¨¸. 6)

³Ò ¨³¥¥³ ¸µ¡¸É¢¥´´Ò¥ Ê·µ¢´¨ ¢´ÊÉ·¨ Ö³Ò ¨ ·¥§µ´ ´¸Ò ¶·¨ · ¸¸¥Ö´¨¨.
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�¨¸. 6. ‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ Ö ¶µÉ¥´Í¨ ²Ó´ Ö
Ö³  £²Ê¡¨´µ° V ¨ Ï¨·¨´µ° d. �£· ´¨Î¥´¨¥ ¶µ²Ê-
µ¸ÓÕ r > 0 Ô±¢¨¢ ²¥´É´µ ¢¢¥¤¥´¨Õ ¡¥¸±µ´¥Î´µ£µ
¶µÉ¥´Í¨ ²  ¶·¨ r ≤ 0. �³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ
¡¥¸±µ´¥Î´µ£µ ¶µÉ¥´Í¨ ²  · ¢´  −1

2.1.1. “·µ¢´¨ Ô´¥·£¨¨. “·µ¢´¨ µ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. �·¥¤-
¸É ¢¨³ ¸¥¡¥ ¢µ²´Ê exp (−ikvr) ¢´ÊÉ·¨ Ö³Ò, · ¸¶·µ¸É· ´ÖÕÐÊÕ¸Ö ± ÉµÎ±¥
r = 0 ¸ ¢µ²´µ¢Ò³ ¢¥±Éµ·µ³ kv µÉ´µ¸¨É¥²Ó´µ ¤´  Ö³Ò. ‚ ÉµÎ±¥ r = 0 µ´ 
¨³¥¥É  ³¶²¨ÉÊ¤Ê, · ¢´ÊÕ 1. �µ¸²¥ µÉ· ¦¥´¨Ö µÉ ÉµÎ±¨ r = 0 ¸  ³¶²¨ÉÊ¤µ°
µÉ· ¦¥´¨Ö ρ(0) = −1 ¢µ²´  · ¸¶·µ¸É· ´Ö¥É¸Ö ± ÉµÎ±¥ r = d. �·¨ ÔÉµ³ µ´ 
¶·¨µ¡·¥É ¥É Ë §µ¢Ò° ³´µ¦¨É¥²Ó exp (ikvd). �µ¸²¥ µÉ· ¦¥´¨Ö µÉ ÉµÎ±¨ r = d
¸  ³¶²¨ÉÊ¤µ° µÉ· ¦¥´¨Ö ρv0(d) = (kv − ik′)/(kv + ik′), £¤¥ k′ =

√
V − k2

v ¨
¨´¤¥±¸ v0 µ§´ Î ¥É µÉ· ¦¥´¨¥ µÉ £· ´¨ÍÒ · §¤¥²  ¸µ ¸Éµ·µ´Ò ¶µÉ¥´Í¨ ²  V ,
¢µ²´  ¸´µ¢  · ¸¶·µ¸É· ´Ö¥É¸Ö ¢ ´ ¶· ¢²¥´¨¨ ± r = 0 ¨ ¢ ÉµÎ±¥ r = 0 ¶·¨-
µ¡·¥É ¥É ¤µ¶µ²´¨É¥²Ó´Ò° Ë §µ¢Ò° ³´µ¦¨É¥²Ó exp (ikvd). ’ ±¨³ µ¡· §µ³,
 ³¶²¨ÉÊ¤  ¢µ²´Ò µ±µ²µ ÉµÎ±¨ r = 0 ¸É ´µ¢¨É¸Ö · ¢´µ° −ρv0 exp (2ikvd). �¤-
´ ±µ ¢ ¸É Í¨µ´ ·´µ³ ¸µ¸ÉµÖ´¨¨,   ¢µ²´µ¢ Ö ËÊ´±Í¨Ö ¸µ¡¸É¢¥´´µ£µ Ê·µ¢´Ö
kv µ¡Ö§ ´  ¡ÒÉÓ ¸É Í¨µ´ ·´µ°, ´µ¢µ¥ §´ Î¥´¨¥  ³¶²¨ÉÊ¤Ò −ρv0 exp (2ikvd)
¤µ²¦´µ ¸µ¢¶ ¤ ÉÓ ¸ ¨¸Ìµ¤´Ò³ §´ Î¥´¨¥³ 1. �Éµ Ê¸²µ¢¨¥ ¶·¨¢µ¤¨É ± Ê· ¢´¥-
´¨Õ ´  ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ Ô´¥·£¨¨

−kv − i
√
V − k2

v

kv + i
√
V − k2

v

exp (2ikvd) ≡ − exp (2iχv) = 1, (33)

£¤¥

χv = kvd− arctg

(√
V − k2

v

kv

)
. (34)

“· ¢´¥´¨¥ (33) ³µ¦¥É ¡ÒÉÓ É ±¦¥ ¶·¥¤¸É ¢²¥´µ ¢ ¢¨¤¥

χv = kvd− arctg

(√
V − k2

v

kv

)
= (2n− 1)π/2, (35)

£¤¥ n Å Í¥²µ¥ ´¥µÉ·¨Í É¥²Ó´µ¥ Î¨¸²µ. 
 ¨´¨§Ï¥³Ê Ê·µ¢´Õ µÉ¢¥Î ¥É n = 0,
ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É kv = 0, É. ¥. Î ¸É¨Í¥, ²¥¦ Ð¥° ´  ¤´¥. �¤´ ±µ ¢µ²´µ¢ Ö
ËÊ´±Í¨Ö ´  ÔÉµ³ Ê·µ¢´¥ · ¢´  ´Ê²Õ, É. ¥. Î ¸É¨Í  ´¥ ³µ¦¥É ´  ´¥³ ´ Ìµ¤¨ÉÓ¸Ö.

�·¨ n > 0 Ê·µ¢´¨ Ô´¥·£¨¨ · ¢´Ò En = k2
v(n) > 0, ¥¸²¨ ¨§³¥·ÖÉÓ ¨Ì µÉ

¤´  Ö³Ò, ¨²¨ En = k2 = k2
v(n)−V < 0, ¥¸²¨ ¨§³¥·ÖÉÓ ¨Ì µÉ ´Ê²¥¢µ£µ Ê·µ¢´Ö
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Ô´¥·£¨¨ ¢ ±ÊÊ³ . �µ²´µ¥ Î¨¸²µ Ê·µ¢´¥° · ¢´µ ±µ´¥Î´µ³Ê Í¥²µ³Ê Î¨¸²Ê

nm = Int

(√
V d

π
+

1
2

)
,

£¤¥ Int (x) Å Í¥² Ö Î ¸ÉÓ Î¨¸²  x. 
 ¶·¨³¥·, ¶·¨ V d2/π2 = 100, ÎÉµ
¸µµÉ¢¥É¸É¢Ê¥É £²Ê¡¨´¥ Ö³Ò ¶µ·Ö¤±  100 ŒÔ‚ ¢ Ö¤·¥ ¸ ³ ¸¸µ° A = 100, ¨³¥¥³
10 ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°.

2.1.2. ' ¸¸¥Ö´¨¥. �¥§µ´ ´¸Ò µ¶·¥¤¥²ÖÕÉ¸Ö ¶·¨ · ¸¸¥Ö´¨¨, É. ¥. ¶·¨ k2 =
k2
v − V > 0. ‚ · ¸¸³ É·¨¢ ¥³µ³ §¤¥¸Ó s-· ¸¸¥Ö´¨¨ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö y(k, r)

¢´¥ Ö³Ò, ¸µ£² ¸´µ (29), ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

y(k, r) = exp (−ik(r − d)) + ρv(k) exp (ik(r − d)), (36)

£¤¥ ρv Å  ³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ ¶µÉ¥´Í¨ ²Ó´µ° Ö³Ò £²Ê¡¨´µ° V ¨ Ï¨·¨´µ°
d ¸ ¡¥¸±µ´¥Î´Ò³ ¶µÉ¥´Í¨ ²µ³ ¢ ÉµÎ±¥ r = 0. �É   ³¶²¨ÉÊ¤  ¨³¥¥É ¢¨¤
(¸³. ¶·¨²µ¦¥´¨¥):

ρv = ρ0v −
(1− ρ2

0v) e
2ikvd

1− ρ0v e2ikvd
= − e2ikvd

1− ρ0v e−2ikvd

1− ρ0v e2ikvd
= − e2iχv , (37)

£¤¥ kv =
√
k2 + V Å ¢µ²´µ¢µ° ¢¥±Éµ· ¢´ÊÉ·¨ Ö³Ò, ρ0v = −ρv0 < 0 Å

 ³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ ¶µÉ¥´Í¨ ²Ó´µ° ¸ÉÊ¶¥´Ó±¨ £²Ê¡¨´Ò V ,   χv Å Ë § 
µÉ· ¦¥´¨Ö:

ρ0v =
k − kv
k + kv

, χv = kvd+ arctg
(

ρ0v sin (2kvd)
1− ρ0v cos (2kvd)

)
. (38)

‚ (37) ÊÎÉ¥´µ, ÎÉµ  ³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ ÉµÎ±¨ r = 0 · ¢´  ρ0 = −1.
‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ, ¥¸²¨ V = 0, Éµ χv = 2kd, ¨ ρv = − exp (2ikd), É. ¥.
Ë ±É¨Î¥¸±¨ ´¨± ±µ£µ · ¸¸¥Ö´¨Ö ´¥É.

Œ É·¨Í  ¨  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö, ± ± ¸²¥¤Ê¥É ¨§ (31), (32), · ¢´Ò ¸µµÉ-
¢¥É¸É¢¥´´µ

S = − e−2ikdρv(k) = e2iδv , f =
1
k
eiδv sin δv, δv = χv − kd. (39)

ˆ§ (38) ¨ (39) ¸²¥¤Ê¥É, ÎÉµ Ë §  · ¸¸¥Ö´¨Ö

δv = (kv − k)d− arctg
(

ρv0 sin (2kvd)
1 + ρv0 cos (2kvd)

)
. (40)

�Éµ ¢Ò· ¦¥´¨¥ Ö¸´µ ¶µ± §Ò¢ ¥É, ÎÉµ ¸ ·µ¸Éµ³ k Ë §  · ¸¸¥Ö´¨Ö Ê¡Ò¢ ¥É:
δv(k) → 0. „¥°¸É¢¨É¥²Ó´µ, ¶·¨ k2 � V ¶¥·¢µ¥ ¸² £ ¥³µ¥ ¢¥¤¥É ¸¥¡Ö ± ±
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V d/2k,   ¢Éµ·µ¥ ¸² £ ¥³µ¥ µ¸Í¨²²¨·Ê¥É µ±µ²µ ´Ê²Ö, ¶µ¸±µ²Ó±Ê ρv0 Ê¡Ò¢ ¥É
± ± V/4k2. �·¨ k = 0 ¨³¥¥³ ρv0 = 1, ¨ δv(0) =

√
V d2 − arctg (tg (kvd)).

…¸²¨
√
V d2 = Nπ − π/2 + α, £¤¥ 0 ≤ α ≤ π, Éµ arctg (tg (kvd)) = −π/2 + α,

¨ Ë §  δv(k) Ê¡Ò¢ ¥É ¤µ ´Ê²Ö, ´ Î¨´ Ö µÉ §´ Î¥´¨Ö δv(0) = πN , £¤¥ N Å
Î¨¸²µ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ Ö³¥.

�¥§µ´ ´¸Ò ¸µµÉ¢¥É¸É¢ÊÕÉ ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨Ö³  ³¶²¨ÉÊ¤Ò |f | ¨ §´ -
Î¥´¨Ö³ Ë §Ò δv(k) ≈ (n−1/2)π. �µ¸±µ²Ó±Ê Ë §  δv(k) ¸ ·µ¸Éµ³ k Ê¡Ò¢ ¥É, Éµ
Î¨¸²µ ·¥§µ´ ´¸µ¢ ¢ ÉµÎ´µ¸É¨ · ¢´µ Î¨¸²Ê ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ Ö³¥. �ÉµÉ
·¥§Ê²ÓÉ É ¶µ± §Ò¢ ¥É, ÎÉµ ÊÉ¢¥·¦¤¥´¨¥ ¢ [19, ¸. 62] µ Éµ³, ÎÉµ ±µ²¨Î¥¸É¢µ
·¥§µ´ ´¸µ¢ ¢ ¶·Ö³µÊ£µ²Ó´µ° Ö³¥ ¡¥¸±µ´¥Î´µ, ´¥¶· ¢¨²Ó´µ. ‘¶· ¢¥¤²¨¢µ¸É¨
· ¤¨ ¸²¥¤Ê¥É, µ¤´ ±µ, µÉ³¥É¨ÉÓ ¨ ¤·Ê£µ¥ ÊÉ¢¥·¦¤¥´¨¥ [19, ¸. 63], £¤¥ ¸± § ´µ,
ÎÉµ ®Ö¤¥·´ Ö ¸¨¸É¥³  ³µ¦¥É ¨³¥ÉÓ ±µ´¥Î´µ¥ Î¨¸²µ ·¥§µ´ ´¸µ¢ ¨²¨ ´¥ ¨³¥ÉÓ
¨Ì ¢µ¢¸¥¯. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ ¢µ¶·µ¸ µ ¸µµÉ´µÏ¥´¨¨ ³¥¦¤Ê ·¥§µ´ ´¸ ³¨ R-
³ É·¨Î´µ° É¥µ·¨¨ ¨ ·¥ ²Ó´µ° Ë¨§¨Î¥¸±µ° ¸¨¸É¥³Ò ¶µ±  ¥Ð¥ ´¥ ¤µ¸É ÉµÎ´µ
Ö¸¥´∗.

2.2. ‘Ë¥·¨Î¥¸±¨° ¶·Ö³µÊ£µ²Ó´Ò° ¡ ·Ó¥·. „²Ö ¶·Ö³µÊ£µ²Ó´µ£µ ¶µÉ¥´-
Í¨ ²Ó´µ£µ ¡ ·Ó¥·  ¢Ò¸µÉµ° W ¨ Ï¨·¨´µ° l c ¢´ÊÉ·¥´´¥° µ¡² ¸ÉÓÕ · ¤¨-
Ê¸  d, ¶µ± § ´´µ£µ ´  ·¨¸. 7, ¶·¨¢¥¤¥´´ Ö · ¤¨ ²Ó´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö
s-· ¸¸¥Ö´¨Ö § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ (29), £¤¥

ρ(k) =
(
ρw +

−τ2
w exp (2ikd)

1 + ρw exp (2ikd)

)
=

ρw + (ρ2
w − τ2

w) exp (2ikd)
1 + ρw exp (2ikd)

, (41)

  ρw, τw Å  ³¶²¨ÉÊ¤Ò µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö ¶²µ¸±¨Ì ¢µ²´ ¶µÉ¥´Í¨ ²µ³
¢Ò¸µÉµ° W ¨ Ï¨·¨´µ° l. ‚ Ëµ·³Ê²¥ (41) ÊÎÉ¥´µ, ÎÉµ  ³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö
µÉ ÉµÎ±¨ r = 0 · ¢´a −1.

�¨¸. 7. ‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò° ¶µÉ¥´Í¨ ²,
¸µ¤¥·¦ Ð¨° ±µ²ÓÍ¥¢µ° ¡ ·Ó¥· ¢Ò¸µÉµ° W ¨
Ï¨·¨´µ° l = r1−d ¢µ±·Ê£ ¸¢µ¡µ¤´µ° ¸Ë¥·¨Î¥-
¸±µ° µ¡² ¸É¨ · ¤¨Ê¸  d. �£· ´¨Î¥´¨¥ ¶µ²Êµ¸ÓÕ
r > 0 Ô±¢¨¢ ²¥´É´µ ¢¢¥¤¥´¨Õ ¡¥¸±µ´¥Î´µ£µ ¶µ-
É¥´Í¨ ²  ¶·¨ r ≤ 0. �³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ
¡¥¸±µ´¥Î´µ£µ ¶µÉ¥´Í¨ ²  · ¢´  −1

�³¶²¨ÉÊ¤Ò ρw(k) ¨ τw(k) · ¢´Ò [20,21]

ρw =
ρ0w(1− e2ikwl)
1− ρ2

0w e2ikwl
, τw =

(1 − ρ2
0w) e

ikwl

1− ρ2
0w e2ikwl

, ρ0w =
k − kw
k + kw

, (42)

∗Ÿ ¡² £µ¤ ·¥´ ”. ƒ ·¥¥¢Ê, µ¡· É¨¢Ï¥³Ê ³µ¥ ¢´¨³ ´¨¥ ´  ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ.
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£¤¥ kw =
√
k2 −W Å ¢µ²´µ¢µ° ¢¥±Éµ· ´ ¤ ¡ ·Ó¥·µ³,   ρ0w Å  ³¶²¨ÉÊ¤ 

µÉ· ¦¥´¨Ö µÉ ¶µÉ¥´Í¨ ²Ó´µ° ¸ÉÊ¶¥´Ó±¨ ¢Ò¸µÉµ° W . �·¨ W = 0 ¨³¥¥³
kw = k, ρ0w = 0 ¨ τw = exp (ikl).

2.2.1. �µ¤¡ ·Ó¥·´µ¥ µÉ· ¦¥´¨¥. �·¨ k2 < W ¨³¥¥³ kw = ik′w =
i
√
W − k2. �µÔÉµ³Ê ρ0w = exp (2iχ0w), £¤¥ χ0w = −arctg (k′w/k), ¨ Ë § 

2χ0w ¢µ§· ¸É ¥É µÉ −π ¤µ 0 ¶·¨ ¢µ§· ¸É ´¨¨ k µÉ 0 ¤µ
√
W . ‚ ÔÉµ³ ¸²ÊÎ ¥

¢Ò· ¦¥´¨Ö ρw ¨ τw ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ρw = {ρw} eiχw , τw = i{τw} eiχw ,

(43)

χw = 2χ0w + arctg
(

exp (−2k′wl) sin (4χ0w)
1− exp (−2k′wl) cos (4χ0w)

)
,

£¤¥ ¢¢¥¤¥´Ò ¢¥²¨Î¨´Ò

{ρw} =
1− exp (−2k′wl)√

[1− exp (−2k′wl)]2 + 4 exp (−2k′wl) sin
2 (2χ0w)

, (44)

{τw} =
−2 sin (χ0w) exp (−k′wl)√

[1− exp (−2k′wl)]2 + 4 exp (−2k′wl) sin
2 (2χ0w)

, (45)

±µÉµ·Ò¥ ¶·¨ ¢¥Ð¥¸É¢¥´´µ³ ¶µÉ¥´Í¨ ²¥ Éµ¦¥ ¢¥Ð¥¸É¢¥´´Ò, ´µ {τw} ³µ¦¥É
¨³¥ÉÓ µÉ·¨Í É¥²Ó´Ò° §´ ±. �·¨ ÔÉµ³ {ρw}2 + {τw}2 = 1,   ρ2

w − τ2
w =

exp (2iχw).
�·¨ ¤µ¸É ÉµÎ´µ Ï¨·µ±µ³ ¡ ·Ó¥·¥ ¢¥²¨Î¨´  exp (−2k′wl) ³ ²  ¨ Ë §  χw

³ ²µ µÉ²¨Î ¥É¸Ö µÉ 2χ0w ¶µÎÉ¨ ¢µ ¢¸¥³ ¤¨ ¶ §µ´¥ 0 ≤ k ≤
√
W . �¤´ ±µ ¶·¨

k =
√
W µ´  µÉ²¨Î ¥É¸Ö µÉ ´Ê²Ö:

lim
k→

√
W
χw(k) = χw(

√
W ) = −arctg (2/l

√
W ). (46)

�µ¤¸É ´µ¢±  (2.2.1) ¨ (44) ¢ (41) ¤ ¥É

ρ(k) =
ρw + (ρ2

w − τ2
w) exp (2ikd)

1 + ρw exp (2ikd)
=

= e2ikd+2iχw
1 + {ρw} exp (−2ikd− iχw)
1 + {ρw} exp (2ikd+ iχw)

= e2iχρ , (47)

£¤¥

χρ = kd+ χw − arctg
(

{ρw} sin (2kd+ χw)
1 + {ρw} cos (2kd+ χw)

)
. (48)
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‘µµÉ¢¥É¸É¢¥´´µ Ë §  ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö S = e2iδ · ¢´ 

δ = χρ − kr1 + π/2 =

= π/2 + χw − kl− arctg
(

{ρw} sin (2kd+ χw)
1 + {ρw} cos (2kd+ χw)

)
. (49)

�·¨ k = 0 ¨³¥¥³ {ρw(0)} = 1,  ·£Ê³¥´É  ·±É ´£¥´¸  · ¢¥´ tg (χw(0)/2),
¶µÔÉµ³Ê δ(0) = π/2 + χw(0)/2 = 0. �·¨ k2 =W ¨³¥¥³

{ρw} =
√
Wl2/(Wl2 + 4) ≤ 1,

¨ ¶·¨ l
√
W > π ¢¥²¨Î¨´  δ(

√
W ) µÉ·¨Í É¥²Ó´ . ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 8

¶·¥¤¸É ¢²¥´Ò Ë §  δ(k) ¨ sin δ(k) ¤²Ö ¸²ÊÎ Ö l
√
W = 5. ˆ§ ·¨¸. 8, a ¢¨¤´µ,

ÎÉµ Ë §  δ ¸ ·µ¸Éµ³ k, µ¸Í¨²²¨·ÊÖ, Ê¡Ò¢ ¥É µÉ 0 ¤µ δ(
√
W ) < 0, ¶·¨Î¥³

´  ³µ´µÉµ´´µ¥ Ê³¥´ÓÏ¥´¨¥ Ë §Ò ´ ±² ¤Ò¢ ÕÉ¸Ö ·¥§±¨¥ ¸± Î±¨ ¸  ³¶²¨ÉÊ-
¤µ° π, µ¡Ê¸²µ¢²¥´´Ò¥ ¨§³¥´¥´¨¥³ 2kd ¢ ¶µ¸²¥¤´¥³ ¸² £ ¥³µ³ ¢Ò· ¦¥´¨Ö
(49). �É¨ ¸± Î±¨, Ì · ±É¥·¨§ÊÕÐ¨¥ ·¥§µ´ ´¸Ò, ¶·¨¢µ¤ÖÉ, ± ± ¶µ± § ´µ ´ 
·¨¸. 8, ¡, ± ·¥§±µ³Ê ¨§³¥´¥´¨Õ Ëµ·³Ò  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö, ¶·µ¶µ·Í¨µ´ ²Ó-
´µ° sin (δ(k)).

‘µ£² ¸´µ (47)  ³¶²¨ÉÊ¤Ê µÉ· ¦¥´¨Ö ρ(k) ¢¡²¨§¨ ·¥§µ´ ´¸´ÒÌ §´ Î¥´¨°
Ô´¥·£¨¨ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ρ(k) = − e2ikd+2iχw
1− {ρw}[1− 2iφ′(kn)(E − En)]
1− {ρw}[1 + 2iφ′(kn)(E − En)]

, (50)

£¤¥ E = k2 Å Ô´¥·£¨Ö ´¥°É·µ´ ; En Å ¶µ²µ¦¥´¨¥ ·¥§µ´ ´¸  ¨ ¢¢¥¤¥´Ò µ¡µ-
§´ Î¥´¨Ö φ(k) = χw + 2kd ¨ φ′(kn) = dφ(k)/dE|k=kn . �µ²µ¦¥´¨¥ ·¥§µ´ ´¸ 

�¨¸. 8. ” §  δ(k) ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö (a) ¨ sin δ(k) ¤²Ö ¶µ¤¡ ·Ó¥·´µ£µ µÉ· ¦¥´¨Ö µÉ
¶µÉ¥´Í¨ ²  (¡), ¨§µ¡· ¦¥´´µ£µ ´  ·¨¸. 7, ¶·¨ W = 25, l = 1 ¨ d = 3
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µ¶·¥¤¥²Ö¥É¸Ö ³¨´¨³Ê³µ³ §´ ³¥´ É¥²Ö ¢ ¢Ò· ¦¥´¨¨ (47), ±µÉµ·Ò° ¤µ¸É¨£ ¥É¸Ö
¶·¨ φ(k) = χw + 2kd = (2n− 1)π ¨ Í¥²µ³ n ≥ 0. ’ ±¨³ µ¡· §µ³, En = k2

n

¨ kn ´ Ìµ¤ÖÉ¸Ö ¨§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö φ(kn) = (2n− 1)π.

�¨¸. 9. �¥§µ´ ´¸ ¶·¨ k ≈ 3, 9 ¢ ¶µ¤¡ ·Ó¥·-
´µ³ ¸¥Î¥´¨¨ · ¸¸¥Ö´¨Ö ´  ¶µÉ¥´Í¨ ²Ó´µ³
¡ ·Ó¥·¥ (¸³. ·¨¸. 7)

‚Ò· ¦¥´¨¥ (50) ³µ¦´µ ¶·¥¤¸É -
¢¨ÉÓ É ±¦¥ ¢ ¢¨¤¥

ρ(k) = e2ikd+2iχw
E − En − iΓ/2
E − En + iΓ/2

,

(51)

Γ =
1− {ρw}
φ′(kn){ρw}

,

±µÉµ·Ò° Ìµ·µÏµ µ¶¨¸Ò¢ ¥É  ³¶²¨-
ÉÊ¤Ê ρ(k) ¢¡²¨§¨ ·¥§µ´ ´¸´ÒÌ ÉµÎ¥±
E = En, ±µ£¤  ¢¥²¨Î¨´  {ρw} ¡²¨§± 
± ¥¤¨´¨Í¥. �µ¸²¥¤´ÖÖ ¦¥ ¶·¨ ¤µ-
¸É ÉµÎ´µ Ï¨·µ±µ³ ¡ ·Ó¥·¥, ¸µ£² ¸´µ
(44), ¤¥°¸É¢¨É¥²Ó´µ ¡²¨§±  ± ¥¤¨´¨Í¥
¢ ¡µ²ÓÏ¥° Î ¸É¨ ¨´É¥·¢ ²  0 ≤ k ≤√
W ¨§-§  ³ ²µ¸É¨ exp (−2k′wl).

�µ¤¸É ´µ¢±  (51) ¢ ¢Ò· ¦¥´¨¥
(32) ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¶·¨¢µ-
¤¨É ¥¥ ± ¢¨¤Ê

f = eiδ
sin δ

k
=

= −e−ikl+iχw
1
ik

(E − En) cos (χw − kl)− (Γ/2) sin (χw − kl)
E − En + iΓ/2

. (52)

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 9 ¶·¨¢¥¤¥´ Ë· £³¥´É ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ¢
§ ¢¨¸¨³µ¸É¨ µÉ k ¢¡²¨§¨ µ¤´µ£µ ¨§ ·¥§µ´ ´¸µ¢, · ¸¸Î¨É ´´Ò° ¤²Ö ¡ ·Ó¥·  ¸
¶ · ³¥É· ³¨ W = 25, l = 1 ¨ d = 3.

2.2.2. * ¤¡ ·Ó¥·´µ¥ µÉ· ¦¥´¨¥. � ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²ÊÎ ° k2 > W . ‚
ÔÉµ³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨Ö ¤²Ö ρw, τw ³µ¦´µ ¶·¨¢¥¸É¨ ± ¢¨¤Ê ρw = −i{ρw} eiχw ,
τw = {τw} eiχw , £¤¥

χw = kwl+ arctg
(

ρ2
0w sin (2kwl)

1− ρ2
0w cos (2kwl)

)
, (53)

{ρw} =
2ρ0w sin (kwl)√

(1− ρ2
0w)2 + 4ρ2

0w sin2 (kwl)
,

{τw} =
1− ρ2

0w√
(1− ρ2

0w)2 + 4ρ2
0w sin2 (kwl)

(54)
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¶·¨ ¢¥Ð¥¸É¢¥´´µ³ ¶µÉ¥´Í¨ ²¥ Éµ¦¥ ¢¥Ð¥¸É¢¥´´Ò, ´µ {ρw} ³µ¦¥É ¨³¥ÉÓ µÉ-
·¨Í É¥²Ó´Ò° §´ ±. �·¨ ÔÉµ³ {ρw}2 + {τw}2 = 1,   ρ2

w − τ2
w = − exp (2iχw).

�µ¤¸É ´µ¢±  (53), (54) ¢ (41) ¶·¨¢µ¤¨É ¶µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ± ¢¨¤Ê

ρ(k) = − e2ikd+2iχw
1 + i{ρw} exp (−2ikd− iχw)
1− i{ρw} exp (2ikd+ iχw)

= − e2iχρ , (55)

£¤¥

χρ = kd+ χw + arctg
(

{ρw} cos (2kd+ χw)
1 + {ρw} sin (2kd+ χw)

)
. (56)

‘µµÉ¢¥É¸É¢¥´´µ Ë §  ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö S = exp (2iδ) · ¢´ 

δ = (kw − k)l + arctg
(

ρ2
0w sin (2kwl)

1− ρ2
0w cos (2kwl)

)
+

+ arctg
(

{ρw} cos (2kd+ χw)
1 + {ρw} sin (2kd+ χw)

)
. (57)

‡ ¢¨¸¨³µ¸É¨ δ(k) ¨ sin δ(k) µÉ k ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 10.

�¨¸. 10. ” §  δ(k) ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö ( ) ¨ sin δ(k) ¶·¨ Ô´¥·£¨¨ ¶ ¤ ÕÐ¥£µ ´¥°É·µ´ 
¢ÒÏ¥ ¶µÉ¥´Í¨ ²Ó´µ£µ ¡ ·Ó¥·  (¡), ¢Ò¸µÉ  ±µÉµ·µ£µ W = 25, Ï¨·¨´  l = 1,   · ¤¨Ê¸
¢´ÊÉ·¥´´¥° Î ¸É¨ d = 3. ‚¨¤´µ, ÎÉµ ¶µ¸²¥ ´¥¡µ²ÓÏµ£µ Ê³¥´ÓÏ¥´¨Ö, ´¥ ¶·¥¢ÒÏ ÕÐ¥£µ
π/2, Ë §  ¸ ´¥£²Ê¡µ±¨³¨ µ¸Í¨²²ÖÍ¨Ö³¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ

�·¨ k2 ¢¡²¨§¨ W ¨³¥¥³ kw ≈ 0, ρ0w ≈ 1 ¨ {ρw} ≈ kl/
√
4 + k2l2 ≤ 1.

�·¨ ÔÉµ³, ÊÎ¨ÉÒ¢ Ö (46) ¨ ¸µµÉ´µÏ¥´¨¥ π/2 − arctg (x) = arctg (1/x), ¢¨-
¤¨³, ÎÉµ Ë §  δ(k) ´¥¶·¥·Ò¢´  ¢ ÉµÎ±¥ k =

√
W . ‘ ·µ¸Éµ³ k ¢¥²¨Î¨´  ρ0w,  

¢³¥¸É¥ ¸ ´¥° ¨ {ρw} Ê³¥´ÓÏ ÕÉ¸Ö. �µÔÉµ³Ê ¸ ·µ¸Éµ³ k Ë §  δ(k) ¸É·¥³¨É¸Ö ±
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´Ê²Õ, ¨  ³¶²¨ÉÊ¤  ±µ²¥¡ ´¨° ¢µ±·Ê£ ³µ´µÉµ´´µ° ²¨´¨¨ [kw(k)−k]l, µ¡Ê¸²µ-
¢²¥´´ Ö ¤¢Ê³Ö  ·±É ´£¥´¸ ³¨ ¢ (57), Éµ¦¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ. ’ ±¨³ µ¡· §µ³,
¨ ¢ ÔÉµ³ ¸²ÊÎ ¥ ÊÉ¢¥·¦¤¥´¨¥ [19] µ ´ ²¨Î¨¨ ¡¥¸±µ´¥Î´µ£µ Î¨¸²  ·¥§µ´ ´¸µ¢
Éµ¦¥ ´¥¸¶· ¢¥¤²¨¢µ.

2.3. Šµ³¡¨´¨·µ¢ ´´Ò° ¶µÉ¥´Í¨ ² Ö³Ò ¨ ¡ ·Ó¥· . � ¸¸³µÉ·¨³ ¶µÉ¥´-
Í¨ ², ¶µ± § ´´Ò° ´  ·¨¸. 11, ¶·¥¤¸É ¢²ÖÕÐ¨° ¸µ¡µ° ¶µÉ¥´Í¨ ²Ó´ÊÕ Ö³Ê,
µ±·Ê¦¥´´ÊÕ ¶µÉ¥´Í¨ ²Ó´Ò³ ¡ ·Ó¥·µ³. ƒ²Ê¡¨´  Ö³Ò · ¤¨Ê¸µ³ d ¶µ-¶·¥¦´¥³Ê
· ¢´  V ,   ¢Ò¸µÉ  ¡ ·Ó¥·  Ï¨·¨´µ° l · ¢´  W . —¨¸²µ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨°
´¥ ³¥´Ö¥É¸Ö µÉ ¶·¨¸ÊÉ¸É¢¨Ö ¡ ·Ó¥· ,   ´  ¶µ²µ¦¥´¨¥ Ê·µ¢´¥° ¡ ·Ó¥· µ± §Ò-
¢ ¥É ³ ²µ¥ ¢²¨Ö´¨¥. �µÔÉµ³Ê ³Ò ¡Ê¤¥³ ¨¸¸²¥¤µ¢ ÉÓ Éµ²Ó±µ Ë §Ê δ ³ É·¨ÍÒ
· ¸¸¥Ö´¨Ö S ≡ exp (2iδ) = −ρ exp (−2ikr1).

�¨¸. 11. ‘Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò° ¶µÉ¥´-
Í¨ ² ´  ¶µ²Êµ¸¨ r ≥ 0, ¸µ¤¥·¦ Ð¨° ¶µ-
É¥´Í¨ ²Ó´ÊÕ Ö³Ê £²Ê¡¨´µ° V ¨ Ï¨·¨´µ° d
¨ ¶µÉ¥´Í¨ ²Ó´Ò° ¡ ·Ó¥· ¢Ò¸µÉµ° W ¨ Ï¨-
·¨´µ° l = r1 − d. �£· ´¨Î¥´¨¥ ¶µ²Êµ¸ÓÕ
³µ¦´µ ¸´ÖÉÓ, ¢¢¥¤Ö ¡¥¸±µ´¥Î´Ò° ¶µÉ¥´Í¨ ²
¤²Ö ÉµÎ±¨ r = 0. �³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ
¡¥¸±µ´¥Î´µ£µ ¶µÉ¥´Í¨ ²  · ¢´  −1

�³¶²¨ÉÊ¤  µÉ· ¦¥´¨Ö µÉ ÉµÎ±¨ r = r1 = d+ l · ¢´ 

ρ =
(
ρw +

τ2
wρv

1− ρwρv

)
=

ρw + [τ2
w − ρ2

w]ρv
1− ρwρv

, (58)

£¤¥ ρw, τw Å  ³¶²¨ÉÊ¤Ò µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö, ¶·¥¤¸É ¢²Ö¥³Ò¥ ¢Ò· ¦¥-
´¨Ö³¨ (42),    ³¶²¨ÉÊ¤  ρv ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ (37).

� ¸¸³µÉ·¨³ É¥¶¥·Ó, ± ± ¢¥¤¥É ¸¥¡Ö Ë §  · ¸¸¥Ö´¨Ö ¢ ¸²ÊÎ ¥ ¶µ¤¡ ·Ó¥·´µ£µ
¨ ´ ¤¡ ·Ó¥·´µ£µ · ¸¸¥Ö´¨Ö.

2.3.1. �µ¤¡ ·Ó¥·´µ¥ · ¸¸¥Ö´¨¥. „²Ö ¶µ¤¡ ·Ó¥·´µ£µ · ¸¸¥Ö´¨Ö k2 < W
³Ò ³µ¦¥³ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ (2.2.1) ¨ (45) ¤²Ö ρw ¨ τw ¨
¢Ò· ¦¥´¨Ö³¨ (37), (38) ¤²Ö ρv. ’µ£¤ 

ρ =
1 + exp (−iχw − 2iχv){ρw}
1 + exp (iχw + 2iχv){ρw}

exp (2iχv + 2iχw) = exp (2iχρ), (59)

£¤¥

χρ = χw + χv − arctg
(

sin (χw + 2χv){ρw}
1 + cos (χw + 2χv){ρw}

)
. (60)
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‘µµÉ¢¥É¸É¢¥´´µ Ë §  · ¸¸¥Ö´¨Ö δ = χρ − kr1 + π/2 · ¢´ 

δ = χw + χv − arctg
(

sin (χw + 2χv){ρw}
1 + cos (χw + 2χv){ρw}

)
− k(l + d) +

π

2
.

�·¨ k = 0 ¨³¥¥³ {ρw} = 1, χw = −π, ¨ ¢Ò· ¦¥´¨¥ ¤²Ö Ë §Ò ¶·¨µ¡·¥É ¥É
¢¨¤

δ =
π

2
+ χw + χv − arctg [tg (χw/2 + χv)].

�µ¸±µ²Ó±Ê ¶·¨ k = 0 Ë §  χv = (2N − 1)π/2 + α, £¤¥ 0 ≤ α ≤ π, Éµ

arctg [tg (χw/2 + χv)] = arctg [tg (α)] =

{
α ¶·¨ α < π/2,
α− π ¶·¨ π/2 < α < π.

‘µµÉ¢¥É¸É¢¥´´µ

δ(0) =

{
(N − 1)π ¶·¨ α < π/2,
Nπ ¶·¨ π/2 < α < π.

�´ ²¨§ ¶µ²´µ£µ ¢Ò· ¦¥´¨Ö ¤²Ö Ë §Ò · ¸¸¥Ö´¨Ö

δ =
π

2
+ (kv − k)d+ 2χ0w − kl+ arctg

(
exp (−2k′wl) sin (4χ0w)

1− exp (−2k′wl) cos (4χ0w)

)
+

+ arctg
(

ρ0v sin (2kvd)
1− ρ0v cos (2kvd)

)
− arctg

(
sin (χw + 2χv){ρw}

1 + cos (χw + 2χv){ρw}

)
(61)

�¨¸. 12. ” §  δ(k) ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö (a) ¨ sin δ(k) ¤²Ö ¶µ¤¡ ·Ó¥·´µ£µ · ¸¸¥Ö´¨Ö ´ 
¶µÉ¥´Í¨ ²¥ (¡), ¶µ± § ´´µ³ ´  ·¨¸. 11, ¶·¨ V = 100, d = 3, W = 25 ¨ l = 1
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¶µ± §Ò¢ ¥É, ÎÉµ ¸ ·µ¸Éµ³ k ´  ³µ´µÉµ´´µ¥ Ê¡Ò¢ ´¨¥ Ë §Ò ´ ±² ¤Ò¢ ÕÉ¸Ö
´¥¡µ²ÓÏ¨¥ ±µ²¥¡ ´¨Ö §  ¸Î¥É ¶¥·¢ÒÌ ¤¢ÊÌ  ·±É ´£¥´¸µ¢ ¨ ·¥§±¨¥ ¸± Î±¨
¢¥²¨Î¨´Ò π §  ¸Î¥É ¶µ¸²¥¤´¥£µ  ·±É ´£¥´¸ . �µ¸±µ²Ó±Ê V � W , Éµ ¶·¨
¨§³¥´¥´¨¨ k µÉ 0 ¤µ

√
W Ë §  χv ¶µÎÉ¨ ´¥ ³¥´Ö¥É¸Ö, ¨ ¶µÉµ³Ê ¢¸¥ ¸± Î±¨

µ¶·¥¤¥²ÖÕÉ¸Ö ¨§³¥´¥´¨¥³ Ë §Ò χw ≈ 2χ0w. �µ¸±µ²Ó±Ê µ´  ³¥´Ö¥É¸Ö µÉ −π
¤µ ≈ 0, Éµ ³µ¦´µ µ¦¨¤ ÉÓ Éµ²Ó±µ ¤¢  ¸± Î±  ¢ ¶µ¤¡ ·Ó¥·´µ³ · ¸¸¥Ö´¨¨. �Éµ
¶µ¤É¢¥·¦¤ ¥É¸Ö ·¨¸. 12, £¤¥ ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±Í¨¨ δ(k) ¨ sin δ(k).

2.3.2. * ¤¡ ·Ó¥·´µ¥ · ¸¸¥Ö´¨¥. „²Ö k2 > W ¨³¥¥³

ρ = −1 + i exp (−iχw − 2iχv){ρw}
1− i exp (iχw + 2iχv){ρw}

exp (2iχv + 2iχw) = − exp (2iχρ), (62)

£¤¥

χρ = χw + χv + arctg
(

cos (χw + 2χv){ρw}
1 + sin (χw + 2χv){ρw}

)
, (63)

�¨¸. 13. ” §  · ¸¸¥Ö´¨Ö δ(k) (a, ¢) ¨ ËÊ´±Í¨Ö sin δ(k) ¤²Ö ±µ³¡¨´¨·µ¢ ´´µ£µ ¶µÉ¥´-
Í¨ ² , ¶µ± § ´´µ£µ ´  ·¨¸. 11, ¢ ¨´É¥·¢ ²¥ k µÉ 5 ¤µ 15 (¡) ¨ µÉ 5 ¤µ 60 (£). ‚¨¤´µ, ÎÉµ
Î¨¸²µ ·¥§µ´ ´¸µ¢ ±µ´¥Î´µ (a, ¡) ¨ ¶µÉµ³Ê ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ k Ë §  ¸É·¥³¨É¸Ö ±
´Ê²Õ
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  {ρw}, χw, χv µ¶·¥¤¥²¥´Ò ¢ (54), (53) ¨ (38) ¸µµÉ¢¥É¸É¢¥´´µ. ’ ±¨³ µ¡· §µ³,
Ë §  ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö · ¢´ 

δ = χw + χv + arctg
(

cos (χw + 2χv){ρw}
1 + sin (χw + 2χv){ρw}

)
− kr1. (64)


  ·¨¸. 13 ¶·¥¤¸É ¢²¥´Ò Ë §  δ ¨ sin δ ¢ Ï¨·µ±µ³ ¤¨ ¶ §µ´¥ k. ‘É·¥³²¥´¨¥
Ë §Ò ± ´Ê²Õ ¶·¨ ¡µ²ÓÏ¨Ì k ¸¢¨¤¥É¥²Ó¸É¢Ê¥É µ ±µ´¥Î´µ³ Î¨¸²¥ ·¥§µ´ ´¸µ¢ ¢
¶µÉ¥´Í¨ ²¥, ¶µ± § ´´µ³ ´  ·¨¸. 11.

2.4.  ¥§Õ³¥. �·µ¢¥¤¥´´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö, ±µ´¥Î´µ ¦¥, ¤ ²¥±¨ µÉ µ¶¨¸ ´¨Ö
·¥ ²Ó´ÒÌ ¸¨¸É¥³. �¤´ ±µ µ´¨ ¶µ± §Ò¢ ÕÉ, ÎÉµ ¶µ¸É·µ¥´¨¥ ¶µÉ¥´Í¨ ² , ¶·¨-
¢µ¤ÖÐ¥£µ ± ·¥§µ´ ´¸ ³ ¶·¨ ´Ê¦´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨, ¢µ§³µ¦´µ, ´¥ É ± Ö
Ê¦ ¡¥§´ ¤¥¦´ Ö § ¤ Î . �¤´µ Ê¸²µ¢¨¥ ¤²Ö ¢µ§´¨±´µ¢¥´¨Ö Ê§±¨Ì ·¥§µ´ ´¸µ¢
¤µ²¦´µ ¡ÒÉÓ ¢Ò¶µ²´¥´µ ´¥¶·¥³¥´´µ,   ¨³¥´´µ: ¶µ³¨³µ ¶µÉ¥´Í¨ ²Ó´µ° Ö³Ò,
Ö¤¥·´Ò° ¶µÉ¥´Í¨ ² ¤µ²¦¥´ µ¡Ö§ É¥²Ó´µ ¸µ¤¥·¦ ÉÓ ¨ ¡ ·Ó¥·. Š·µ³¥ Éµ£µ,
¶µÉ¥´Í¨ ² ¤µ²¦¥´, ±·µ³¥ Ê§±µ° £²Ê¡µ±µ° Ö³Ò, ¸µ¤¥·¦ ÉÓ É ±¦¥ ¨ ¡µ²¥¥ ¶·µ-
ÉÖ¦¥´´ÊÕ µ¡² ¸ÉÓ ¸ ´¥£²Ê¡µ±¨³ ¶µÉ¥´Í¨ ²µ³.

‚ÒÏ¥, ±·µ³¥ Éµ£µ, ¡Ò²µ ¶µ± § ´µ, ÎÉµ Î¨¸²µ ·¥§µ´ ´¸µ¢ ¢¸¥£¤  ±µ´¥Î´µ.
�Éµ ¶·µÉ¨¢µ·¥Î¨É ¶·µÉ¨¢µ¶µ²µ¦´µ³Ê ÊÉ¢¥·¦¤¥´¨Õ ³µ´µ£· Ë¨¨ [19]. dµ²¥¥
Éµ£µ, Î¨¸²µ ·¥§µ´ ´¸µ¢ · ¢´µ Î¨¸²Ê ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¸¨¸É¥³¥. Š Î¨-
¸²Ê ·¥§µ´ ´¸µ¢ ¸²¥¤Ê¥É É ±¦¥ µÉ´¥¸É¨ Ï¨·µ±¨¥ ³ ±¸¨³Ê³Ò, ¨§¢¥¸É´Ò¥ ± ±
£¨£ ´É¸±¨¥ ¤¨¶µ²Ó´Ò¥ ·¥§µ´ ´¸Ò. �´¨ µÉ¢¥Î ÕÉ ´ ¤¡ ·Ó¥·´µ³Ê · ¸¸¥Ö´¨Õ.

ŒÒ · ¸¸³µÉ·¥²¨ Éµ²Ó±µ ¶·µ¸É¥°Ï¨¥ ¸²ÊÎ ¨ ¶·Ö³µÊ£µ²Ó´ÒÌ ¶µÉ¥´Í¨ ²µ¢.
‚ É ±¨Ì ¶µÉ¥´Í¨ ² Ì · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ·¥§µ´ ´¸ ³¨, ¢µµ¡Ð¥ £µ¢µ·Ö, · ¸É¥É ¸
·µ¸Éµ³ Ô´¥·£¨¨, ÎÉµ ´¥ ¸µµÉ¢¥É¸É¢Ê¥É · ¸¶·¥¤¥²¥´¨Õ ·¥§µ´ ´¸µ¢ ¢ ·¥ ²Ó´ÒÌ
¸¨¸É¥³ Ì. �¤´ ±µ ³µ¦´µ ´ ¤¥ÖÉÓ¸Ö, ÎÉµ ¶·¨ ¡µ²¥¥ ·¥ ²¨¸É¨Î´µ³ ¢Ò¡µ·¥ ¶µ-
É¥´Í¨ ²  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê ¸ ¶· ¢¨²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ·¥§µ´ ´¸µ¢.
�·µ¸Éµ°  ²£¥¡· ¨Î¥¸±¨° ¶µ¤Ìµ¤, ¨¸¶µ²Ó§µ¢ ´´Ò° §¤¥¸Ó, µÉ±·Ò¢ ¥É ¶¥·¸¶¥±-
É¨¢Ò ¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨.

3. %6�Š ˆ” ’…� ˆˆ  %‘‘…Ÿ�ˆŸ

‚¸Ö ¸É ´¤ ·É´ Ö É¥µ·¨Ö · ¸¸¥Ö´¨Ö µ¸´µ¢ ´  ´  ¶·¥¤¸É ¢²¥´¨¨ ¢µ²´µ¢µ°
ËÊ´±Í¨¨ · ¸¸¥¨¢ ¥³µ° Î ¸É¨ÍÒ (¤²Ö ±µ´±·¥É´µ¸É¨ ¡Ê¤¥³ £µ¢µ·¨ÉÓ µ ´¥°-
É·µ´¥) ¢ ¢¨¤¥

ψ = e(ikr) − b

r
eikr , (65)

É. ¥. ¢ ´¥° ¸µ¤¥·¦¨É¸Ö ¶²µ¸± Ö ¶ ¤ ÕÐ Ö ¢µ²´  ¨ · ¸¸¥Ö´´ Ö Å ¸Ë¥·¨Î¥¸± Ö.
�Éµ ´¥ ¸µµÉ¢¥É¸É¢Ê¥É ¶·¨´Í¨¶ ³ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨, ¸µ£² ¸´µ ±µÉµ·Ò³ · ¸-
¸¥Ö´¨¥ Å ÔÉµ ¶¥·¥Ìµ¤ ³¥¦¤Ê ¸µ¡¸É¢¥´´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¸¢µ¡µ¤´µ° Î ¸É¨ÍÒ.
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ƒ² ¢´µ¥ ÊÉ¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ ¸²¥¤ÊÕÐ¥³: ¥¸²¨ ¸µ¡¸É¢¥´´ Ö ¢µ²´µ-
¢ Ö ËÊ´±Í¨Ö ¶ ¤ ÕÐ¥£µ ´¥°É·µ´  ¶·¥¤¸É ¢²Ö¥É¸Ö ¶²µ¸±µ° ¢µ²´µ° ψ0(r, t) =
exp (ik0r − iω0t), £¤¥ ω0 = k2

0/2, Éµ ¶µ²¥ ψ(r, t) ¶µ¸²¥ · ¸¸¥Ö´¨Ö ¢ ¶·¥¤¥²¥
t → ∞ ¤µ²¦´µ · ¸±² ¤Ò¢ ÉÓ¸Ö ¶µ ¶²µ¸±¨³ ¢µ²´ ³:

δψ(r, t) =
∫

d3pA(k0 → p) exp (ipr− ip2t/2), (66)

¨ · ¸¸¥Ö´¨¥ (¶¥·¥Ìµ¤ ³¥¦¤Ê ¤¢Ê³Ö ¸¢µ¡µ¤´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¤µ ¨ ¶µ¸²¥  ±É 
¢§ ¨³µ¤¥°¸É¢¨Ö) ¤µ²¦´o µ¶¨¸Ò¢ ÉÓ¸Ö ±µÔËË¨Í¨¥´É ³¨ A(k0 → p), ±µÉµ·Ò¥
Ì · ±É¥·¨§ÊÕÉ ¢¥·µÖÉ´µ¸ÉÓ |A(k0 → p)|2 ¶¥·¥Ìµ¤  ¨§ ¸µ¸ÉµÖ´¨Ö ¶²µ¸±µ°
¢µ²´Ò ¸ ¢µ²´µ¢Ò³ ¢¥±Éµ·µ³ k0 ¢ ¸µ¸ÉµÖ´¨¥ ¶²µ¸±µ° ¦¥ ¢µ²´Ò ¸ ¢µ²´µ¢Ò³
¢¥±Éµ·µ³ p. ‚µ²´µ¢ Ö ËÊ´±Í¨Ö (65), ±µÉµ· Ö ¢³¥¸É¥ ¸ ¢·¥³¥´´Ò³ ³´µ¦¨É¥-
²¥³ ¨³¥¥É ¢¨¤

ψ(r, t) = e(ik0r−iω0t) − b

r
eik0r−iω0t, (67)

´¥ £µ¤¨É¸Ö ¤²Ö µ¶¨¸ ´¨Ö · ¸¸¥Ö´¨Ö, ¶µÉµ³Ê ÎÉµ µ´  µ¶·¥¤¥²¥´  ¤²Ö ¢·¥³¥´¨
−∞ � t � +∞.

� ¸¸³µÉ·¨³ ´¥¸±µ²Ó±µ ¶·µ¸ÉÒÌ ¶·¨³¥·µ¢ ¢ÒÎ¨¸²¥´¨Ö ¢¥·µÖÉ´µ¸É¨ · ¸-
¸¥Ö´¨Ö.

3.1. “¶·Ê£µ¥ · ¸¸¥Ö´¨¥ ´  µÉ¤¥²Ó´µ³ Í¥´É·¥. …¸²¨ ¨³¥¥É¸Ö µ¤¨´ · ¸¸¥¨-
¢ ÕÐ¨° Í¥´É·, Éµ · ¸¸¥Ö´¨¥ ´  ´¥³ ³µ¦´µ µ¶¨¸ ÉÓ ¶µÉ¥´Í¨ ²µ³

u(r, t)
2

= 2πbδ(r− r0(t)).

‡¤¥¸Ó ¨ ¤ ²¥¥ ¡Ê¤ÊÉ ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö É ±¨¥ ¥¤¨´¨ÍÒ, ¢ ±µÉµ·ÒÌ �
2/m = 1,

£¤¥ m Å ³ ¸¸  ´¥°É·µ´ . …¸²¨ r0 § ¢¨¸¨É µÉ t, Éµ ³Ò µ¡Ö§ ´Ò ¨¸¶µ²Ó§µ-
¢ ÉÓ ´¥¸É Í¨µ´ ·´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (“˜). …¸²¨ r0 µÉ t ´¥ § ¢¨¸¨É,
Éµ ³Ò ¢¶· ¢¥ ¶µ²Ó§µ¢ ÉÓ¸Ö ± ± ¸É Í¨µ´ ·´Ò³, É ± ¨ ´¥¸É Í¨µ´ ·´Ò³ “˜.
�µ¸±µ²Ó±Ê ¢ÒÏ¥ ·¥ÎÓ Ï²  µ ¶·¥¤¥²Ó´µ³ ¶¥·¥Ìµ¤¥ t → ∞, Éµ ³Ò ´ Î´¥³ ¸
´¥¸É Í¨µ´ ·´µ£µ Ê· ¢´¥´¨Ö, ¶µ¸²¥ Î¥£µ ¶µ± ¦¥³, ± ± ÉµÉ ¦¥ ·¥§Ê²ÓÉ É ³µ¦¥É
¡ÒÉÓ ¶µ²ÊÎ¥´ ¨ ¢ ¸É Í¨µ´ ·´µ³ ¶µ¤Ìµ¤¥.

3.1.1. *¥¸É Í¨µ´ ·´µ¥ “˜. ‡ ¶¨Ï¥³ ´¥¸É Í¨µ´ ·´µ¥ “˜[
i
∂

∂t
+

∆
2

+
u(r, t)

2

]
ψ(r, t) = 0. (68)

�µ²Ó§ÊÖ¸Ó É¥µ·¨¥° ¢µ§³ÊÐ¥´¨° ¶·¥¤¸É ¢¨³ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ ¢ ¢¨¤¥

ψ(r, t) = ψ0(r, t) + δψ(r, t), (69)
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£¤¥ ψ0(r, t) = exp (ik0r − iω0t) Å ·¥Ï¥´¨¥ ¸¢µ¡µ¤´µ£µ Ê· ¢´¥´¨Ö (68) ¡¥§
¶µÉ¥´Í¨ ² , µ¶¨¸Ò¢ ÕÐ¥¥ ¶ ¤ ÕÐÊÕ ¢µ²´Ê,   δψ(r, t) Å · ¸¸¥Ö´´µ¥ ¶µ²¥.

�µ¤¸É ´µ¢±  (69) ¢ (68) ¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Õ ¤²Ö δψ(r, t), ·¥Ï¥´¨¥
±µÉµ·µ£µ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

δψ(r, t) =
∫

d3r′dt′G(r − r′, t− t′)2πbδ(r′ − r0(t′))ψ0(r′, t′), (70)

£¤¥ G Å ËÊ´±Í¨Ö ƒ·¨´  ´¥¸É Í¨µ´ ·´µ£µ Ê· ¢´¥´¨Ö, ±µÉµ·ÊÕ ³µ¦´µ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥ ËÊ·Ó¥-¨´É¥£· ² :

G(r − r′, t− t′) =
1

(2π)4

∫
d3pdω

p2/2− ω − iε
exp [ip(r − r′)− iω(t− t′)]. (71)

‹¥£±µ ¶·µ¢¥·¨ÉÓ ¶·µ¸Éµ° ¶µ¤¸É ´µ¢±µ°, ÎÉµ ËÊ´±Í¨Ö G Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢-
´¥´¨Õ (

i
∂

∂t
+

∆
2

)
G(r − r′, t− t′) = −δ(r− r′)δ(t− t′). (72)

�·¨³¥³, ÎÉµ · ¸¸¥¨¢ ÕÐ¨°  Éµ³ Ë¨±¸¨·µ¢ ´ ¢ ¶·µ¸É· ´¸É¢¥, É. ¥. ³Ò
¨³¥¥³ ¤¥²µ ¸ Î¨¸Éµ Ê¶·Ê£¨³ · ¸¸¥Ö´¨¥³, ¨ ¤²Ö ¶·µ¸ÉµÉÒ ¶µ²µ¦¨³ r0(t) = 0.
�µ¤¸É ´µ¢±  ¢ (70) ¤ ¥É

δψ(r, t) =
2πb
(2π)4

∫
d3pdωd3r′dt′

p2/2− ω − iε
×

× exp [ip(r − r′)− iω(t− t′)]δ(r′) exp (ik0r′ − iω0t
′) =

=
b

(2π)2

∫
d3p

p2/2− ω0 − iε
exp (ipr − iω0t). (73)

�É¸Õ¤  ¢¨¤´µ, ÎÉµ · ¸¸¥Ö´´µ¥ ¶µ²¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ¸Ê¶¥·¶µ§¨Í¨¨ ¶²µ¸-
±¨Ì ¢µ²´

δψ =
∫

f(p) exp (ipr − iω0t)d3p, f(p) =
b

(2π)2(p2/2− ω0 − iε)
, (74)

´µ ÔÉ¨ ¢µ²´Ò ´¥ ¶·¥¤¸É ¢²ÖÕÉ ´¥°É·µ´, ¶µ¸±µ²Ó±Ê ω0 = k2
0/2 �= p2/2. „²Ö

µ¶¨¸ ´¨Ö ´¥°É·µ´  É·¥¡ÊÕÉ¸Ö ¢µ²´Ò exp (ipr − iωpt), ¢ ±µÉµ·ÒÌ ωp = p2/2.
�µ± ¦¥³, ÎÉµ (73) ¢ ¶·¥¤¥²¥ t → ∞ ¶¥·¥Ìµ¤¨É ¢ ¸Ê¶¥·¶µ§¨Í¨Õ ¨³¥´´µ
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´¥°É·µ´´ÒÌ ¢µ²´. „²Ö ÔÉµ£µ ¶¥·¥¶¨Ï¥³ (73) ¢ ¢¨¤¥

δψ(r, t) =
b

r
eik0r−iω0t =

=
∫

b

(2π)2
exp (i(ωp − ω0)t)
ωp − ω0 − iε

d3p exp (ipr − iωpt), (75)

£¤¥ ωp = p2/2. �Éµ ¢Ò· ¦¥´¨¥ ¸µ¤¥·¦¨É ´¥°É·µ´´ÊÕ ¢µ²´Ê ¸  ³¶²¨ÉÊ¤µ°

F (k0 → p, t) =
b

(2π)2
exp (i(ωp − ω0)t)
ωp − ω0 − iε

, (76)

±µÉµ· Ö § ¢¨¸¨É µÉ ¢·¥³¥´¨. �³¶²¨ÉÊ¤Ê ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

F (k0 → p, t) = i
b

(2π)2

t∫
−∞

dt′ exp (i(ωp − ω0)t), (77)

¨§ ±µÉµ·µ£µ ¸²¥¤Ê¥É, ÎÉµ ¢ ¶·¥¤¥²¥ t → ∞ µ´  ¶¥·¥Ìµ¤¨É ¢

F (k0 → p) = lim
t→∞

F (k0 → p, t) = i
b

2π
δ(ωp − ω0). (78)

�µ¤¸É ¢¨¢ (78) ¢ (75), ¶µ²ÊÎ¨³

δψ(r, t) =
∫

ib

2π
δ(ωp − ω0)d3p exp (ipr − iωpt) =

=
∫

ibk0

2π
dΩexp (ikΩr − iω0t), (79)

£¤¥ dΩ µ¡µ§´ Î ¥É ¨´É¥·¢ ² É¥²¥¸´µ£µ Ê£² ,   kΩ Å ¢µ²´µ¢µ° ¢¥±Éµ· ¢ ´ ¶· -
¢²¥´¨¨ Ω, ¤²¨´  ±µÉµ·µ£µ · ¢´  k0. ‚Ò· ¦¥´¨¥ (79) ¤¥°¸É¢¨É¥²Ó´µ ¶·¥¤¸É -
¢²Ö¥É ¸µ¡µ° ¸Ê¶¥·¶µ§¨Í¨Õ ¸¢µ¡µ¤´ÒÌ ¶²µ¸±¨Ì ´¥°É·µ´´ÒÌ ¢µ²´, ¨ ¨§ ´¥£µ
¸²¥¤Ê¥É, ÎÉµ · ¸¸¥Ö´¨¥ ¢ ´ ¶· ¢²¥´¨¨ kΩ ¢ ¨´É¥·¢ ² É¥²¥¸´µ£µ Ê£²  dΩ µ¶¨-
¸Ò¢ ¥É¸Ö ¡¥§· §³¥·´µ° ¢¥²¨Î¨´µ°

A(k0 → kΩ) = i
k0b

2π
= i

b

λ
, (80)

£¤¥ λ = 2π/k0. ‘µµÉ¢¥É¸É¢¥´´µ ¢¥·µÖÉ´µ¸ÉÓ · ¸¸¥Ö´¨Ö ¢ ¨´É¥·¢ ² dΩ · ¢´ 
|b/λ|2dΩ. �µ²´ Ö ¦¥ ¢¥·µÖÉ´µ¸ÉÓ · ¸¸¥Ö´¨Ö ¢µ ¢¸¥ Ê£²Ò · ¢´ 

W =
4π|b|2
λ2

=
1
π
k2
0b

2. (81)

ŒÒ ¶µ²ÊÎ¨²¨ ÔÉµÉ ·¥§Ê²ÓÉ É ¸ ¶µ³µÐÓÕ ´¥¸É Í¨µ´ ·´µ£µ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥· , ¢ ±µÉµ·µ³ ³µ¦´µ Î¥É±µ µ¶·¥¤¥²¨ÉÓ ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìµ¤ ± t → ∞,
´µ µ´ ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ ¨ ¢ ¸É Í¨µ´ ·´µ° ± ·É¨´¥.



•ˆŒˆ—…‘Šˆ‰ ‘„‚ˆƒ 
…‰’��

›• �…‡�
�
‘�‚ 1343

3.1.2. CÉ Í¨µ´ ·´µ¥ “˜. �·¥¤¥²Ó´Ò° ¶¥·¥Ìµ¤ t → ∞ µ§´ Î ¥É, ÎÉµ
Î ¸É¨Í  ÊÏ²  ¨§ µ¡² ¸É¨ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ · ¸¸¥¨¢ É¥²¥³, É. ¥. µ´  ´ Ìµ¤¨É¸Ö
¢¤ ²¨ µÉ · ¸¸¥¨¢ ÕÐ¥£µ Í¥´É· . 
µ µ¶¨¸ ´¨¥ ¢¤ ²¨ µÉ · ¸¸¥¨¢ ÕÐ¥£µ Í¥´É· 
³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨ ¸ ¶µ³µÐÓÕ ¸É Í¨µ´ ·´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ (65). „¥°-
¸É¢¨É¥²Ó´µ, ¢µ¸¶µ²Ó§Ê¥³¸Ö ËÊ·Ó¥-¶·¥¤¸É ¢²¥´¨¥³ ¸Ë¥·¨Î¥¸±µ° ËÊ´±Í¨¨

exp (ikr)
r

=
4π

(2π)3

∫
d3p exp (ipr)
p2 − k2

0 − iε
. (82)

� ¸¸³µÉ·¨³ ÉµÎ±Ê r ¢¤ ²¨ µÉ · ¸¸¥¨¢ ÕÐ¥£µ Í¥´É· . ‚ ¨´É¥£· ²¥ (82) ³µ¦´µ
¶·µ¨§¢¥¸É¨ ¨´É¥£·¨·µ¢ ´¨¥ ¶µ µ¤´µ° ¨§ É·¥Ì ±µ³¶µ´¥´É p. “¤µ¡´µ ¢Ò¡· ÉÓ
±µ³¶µ´¥´ÉÊ pr‖r. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³

exp (ikr)
r

=
i

2π

∫
d2p⊥ exp (ipr)

pr
, (83)

£¤¥ pr µ¡µ§´ Î ¥É ¢¥²¨Î¨´Ê pr =
√
k2 − p2

⊥,   ¢¥±Éµ· p ¢ Ô±¸¶µ´¥´É¥ ³µ¦´µ
¶·¥¤¸É ¢¨ÉÓ ± ± p = p⊥ + prr/r, ¶·¨Î¥³ ¢¥±Éµ· p⊥ ¶¥·¶¥´¤¨±Ê²Ö·¥´ ± r.
ˆ´É¥£·¨·µ¢ ´¨¥ ¶µ p⊥ ¶·µ¨¸Ìµ¤¨É ¢ ¡¥¸±µ´¥Î´ÒÌ ¶·¥¤¥² Ì. �¤´ ±µ ¶·¨
|p⊥| > k ¢¥²¨Î¨´  pr ¸É ´µ¢¨É¸Ö ³´¨³µ°, ¨ ¢µ²´  exp (ipr) = exp (iprr)
µ± §Ò¢ ¥É¸Ö Ô±¸¶µ´¥´Í¨ ²Ó´µ § ÉÊÌ ÕÐ¥°. �·¨ ¡µ²ÓÏ¨Ì r Ô±¸¶µ´¥´Í¨ ²Ó´µ
§ ÉÊÌ ÕÐ¨³¨ ¢µ²´ ³¨ ³µ¦´µ ¶·¥´¥¡·¥ÎÓ. �Éµ µ§´ Î ¥É, ÎÉµ ¢ ¨´É¥£· ²¥ (83)
³µ¦´µ µ£· ´¨Î¨ÉÓ¸Ö Éµ²Ó±µ µ¡² ¸ÉÓÕ ¨´É¥£·¨·µ¢ ´¨Ö p⊥ < k. 
µ ¤²Ö ÔÉµ°
µ¡² ¸É¨ ¸¶· ¢¥¤²¨¢µ ¸µµÉ´µÏ¥´¨¥

d2p⊥
pr

= 2d3pδ(p2 − k2). (84)

�µ¤¸É ¢¨¢ (84) ¢ (83) ¨ (65), ¶µ²ÊÎ¨³, ÎÉµ ¤²Ö ¡µ²ÓÏ¨Ì r, É. ¥. ¢¤ ²¨ µÉ
· ¸¸¥¨¢ ÕÐ¥£µ Í¥´É· , ËÊ´±Í¨Õ (65) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¸Ê¶¥·¶µ§¨Í¨¨

ψ(r, t) = eikr − ib

2π

∫
2d3pδ(p2 − k2) eipr = eikr − ibk

2π

∫
dΩ eikΩr, (85)

ÎÉµ ¸µ£² ¸Ê¥É¸Ö ¸ · ´¥¥ ¶µ²ÊÎ¥´´Ò³ ·¥§Ê²ÓÉ Éµ³.
ŒÒ ¶µ²ÊÎ¨²¨, ÎÉµ ¢  ¸¨³¶ÉµÉ¨Î¥¸±µ° µ¡² ¸É¨ µÉ¸ÊÉ¸É¢Ê¥É ¸Ë¥·¨Î¥¸± Ö

¢µ²´ . Š § ²µ¸Ó ¡Ò, ¸ ³  ¸Ë¥·¨Î¥¸± Ö ¢µ²´  Éµ¦¥ µ¶·¥¤¥²¥´  ¢  ¸¨³¶ÉµÉ¨-
Î¥¸±µ° µ¡² ¸É¨. ‚µ§´¨± ¥É ¢µ¶·µ¸: ÎÉµ ¦¥ É ±µ¥  ¸¨³¶ÉµÉ¨Î¥¸± Ö µ¡² ¸ÉÓ?
�·¨¢¥¤¥´´µ¥ §¤¥¸Ó ¨¸¸²¥¤µ¢ ´¨¥ ¶µ± §Ò¢ ¥É, ÎÉµ  ¸¨³¶ÉµÉ¨Î¥¸± Ö µ¡² ¸ÉÓ Å
ÔÉµ É ± Ö µ¡² ¸ÉÓ, ¢ ±µÉµ·µ° ³µ¦´µ ¶·¥´¥¡·¥ÎÓ ¢¥²¨Î¨´ ³¨ b/r, É. ¥. ³µ¦´µ
¶µ²´µ¸ÉÓÕ § ¡ÒÉÓ µ ¶µ²µ¦¥´¨¨ · ¸¸¥¨¢ ÕÐ¥£µ Í¥´É· .
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3.2.   ¸¸¥Ö´¨¥ ´  ¤¢¨¦ÊÐ¥³¸Ö  Éµ³¥. „²Ö µ¶·¥¤¥²¥´¨Ö ¢¥·µÖÉ´µ¸É¨ · ¸-
¸¥Ö´¨Ö ¢ ÔÉµ³ ¸²ÊÎ ¥ ³µ¦´µ ¶¥·¥°É¨ ¢ ¸¨¸É¥³Ê Í¥´É·  ³ ¸¸ ¨ ¨¸¶µ²Ó§µ¢ ÉÓ
¸É Í¨µ´ ·´µ¥ “˜, ´µ ³Ò ¢µ¸¶µ²Ó§Ê¥³¸Ö ´¥¸É Í¨µ´ ·´Ò³ Ê· ¢´¥´¨¥³[

i
∂

∂t
+

∆1

2
+
µ∆2

2
+
u(r1 − r2, t)

2

]
ψ(r1, r2, t) = 0, (86)

£¤¥ u(r1 − r2) = 4πbδ(r1 − r2), µ = m/M , ¨ ±µµ·¤¨´ É  r1 µÉ´µ¸¨É¸Ö ±
´¥°É·µ´Ê,   r2 Å ±  Éµ³´µ³Ê Ö¤·Ê. � ¸¸¥Ö´¨¥³ ´  Ô²¥±É·µ´ Ì  Éµ³  ¡Ê¤¥³
¶·¥´¥¡·¥£ ÉÓ.

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¡Ê¤¥³ ¨¸± ÉÓ ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨Ö ¢ ¢¨¤¥

ψ(r1, r2, t) = ψ0(r1, r2, t) + δψ(r1, r2, t), (87)

£¤¥ ψ0(r1, r2, t) Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ (86) ¡¥§ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ ¶·¥¤¸É -
¢²Ö¥É ¸µ¡µ° ´ Î ²Ó´ÊÕ ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ ¤µ · ¸¸¥Ö´¨Ö,   ¶µ¶· ¢± 
δψ(r1, r2, t) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¨´É¥£· ² 

δψ =
∫

G(r1 − r′1, r2 − r′2, t− t′)×

× u(r′1 − r′2, t
′)

2
ψ0(r′1, r

′
2, t

′)d3r′1d
3r′2dt

′, (88)

±µÉµ·Ò° ¸µ¤¥·¦¨É ËÊ´±Í¨Õ ƒ·¨´ 

G(r1 − r′1, r2 − r′2, t− t′) =

=
∫

exp (ip1[r1 − r′1] + p2[r2 − r′2]− iω[t− t′])
p2
1/2 + µp2

2/2− ω − iε

d3p1d
3p2dω

(2π)7
. (89)

‡  ´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ ¶·¨³¥³ ¶·µ¨§¢¥¤¥´¨¥ ¶²µ¸±¨Ì ¢µ²´ ´¥°É·µ´  ¨  Éµ³ 

ψ0(r1, r2, t) = exp (ik1r1 − iω10t) exp (ik2r2 − iω20t), (90)

£¤¥ ω10 = k2
1/2,   ω20 = µk2

2/2. �µ¤¸É ¢¨¢ (90) ¨ (89) ¢ (87), ¶µ²ÊÎ¨³

δψ(r1, r2, t) =
2πb
(2π)7

∫
d3p1d

3p2dωd
3r′1d

3r′2dt
′

p2
1/2 + µp2

2/2− ω − iε
×

× exp (ip1(r1 − r′1) + ip2(r2 − r′2)− iω(t− t′))×
× δ(r′1 − r′2) exp (ik1r′1 + ik2r′2 − i(ω10 + ω20)t′) =

=
b

(2π)2

∫
d3p1d

3p2δ(p1 + p2 − k1 − k2)
p2
1/2 + µp2

2/2− ω10 − ω20 − iε
×

× exp (ip1r1 + ip2r2 − i(ω10 + ω20)t). (91)
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�µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¸Ê¶¥·¶µ§¨Í¨¨ ¶²µ¸±¨Ì ¢µ²´
´¥°É·µ´  ¨  Éµ³ 

δψ =
∫
F (p1,p2, t)d3p1d

3p2 exp (ip1r1 − ip2
1t/2) exp (ip2r2 − ip2

2t/2), (92)

¥¸²¨ ¢¢¥¸É¨ § ¢¨¸ÖÐÊÕ µÉ ¢·¥³¥´¨  ³¶²¨ÉÊ¤Ê

F (k1 → p1,k2 → p2, t) =

=
b

(2π)2
exp (i(ω1 + ω2 − ω10 − ω20)t)
ω1 + ω2 − ω10 − ω20 − iε

δ(p1 + p2 − k1 − k2), (93)

£¤¥ ω1 = p2
1/2, ω2 = µp2

2/2. ‚Ò· ¦¥´¨¥ (93) Ô±¢¨¢ ²¥´É´µ

ib

(2π)2
δ(p1 + p2 − k1 − k2)

t∫
−∞

exp (i(ω1 + ω2 − ω10 − ω20)t′)dt′,

¨ ¢ ¶·¥¤¥²¥ t → ∞ µ´µ ¶¥·¥Ìµ¤¨É ¢

F (k1 → p1,k2 → p2) =

=
ib

2π
δ(p1 + p2 − k1 − k2)δ(ω1 + ω2 − ω10 − ω20), (94)

ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É § ±µ´ ³ ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ .
�µ¤¸É ¢¨¢ (94) ¢ (92) ¨ ¤ ²¥¥ ¢ (88), ¶µ²ÊÎ¨³

δψ =
ib

2π

∫
δ(ω1 + ω2 − ω10 − ω20)d3p1 ×

× exp (ip1r1 − ip2
1t/2) exp (ip2r2 − ip2

2t/2), (95)

£¤¥ p2 = k1 + k2 − p1.
�·£Ê³¥´É δ-ËÊ´±Í¨¨ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

2(ω1 + ω2 − ω10 − ω20) = (1 + µ)
(
p1 −

µ

1 + µ
P
)2

− (k1 − µk2)2

1 + µ
, (96)

£¤¥ ¢¢¥¤¥´ ¶µ²´Ò° ¨³¶Ê²Ó¸ P = k1 + k2. �¥·¥Ìµ¤Ö µÉ ¶¥·¥³¥´´µ° p1 ±
¶¥·¥³¥´´µ° q = p1 − µP/(1 + µ), ÎÉµ Ô±¢¨¢ ²¥´É´µ ¶¥·¥Ìµ¤Ê ¢ ¸¨¸É¥³Ê
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Í¥´É·  ³ ¸¸, ¨, ¨´É¥£·¨·ÊÖ ¶µ q, ¶·¥µ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ (95) ± ¢¨¤Ê

δψ =
ibq

2π(1 + µ)2
×

×
∫

dΩq exp
(
iqΩ

r1 − r2

1 + µ
+ i

µr1 + r2

1 + µ
P − i

k2
1 + µk2

2

2
t

)
, (97)

£¤¥ q = |k1 − µk2|, a qΩ Å ¢¥±Éµ· ¤²¨´µ° q, Ê± §Ò¢ ÕÐ¨° ¢ ´ ¶· ¢²¥´¨¨ Ω.
’ ±¨³ µ¡· §µ³, ¢¥·µÖÉ´µ¸ÉÓ · ¸¸¥ÖÉÓ¸Ö ¢ ´ ¶· ¢²¥´¨¨ Ωq ¢ ¨´É¥·¢ ² dΩq

¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸

dW (q → qΩ) =
∣∣∣∣ bq

2π(1 + µ)2

∣∣∣∣
2

dΩq. (98)

�Éµ ¢Ò· ¦¥´¨¥ ³µ¦´µ ¶·¥µ¡· §µ¢ ÉÓ µ¡· É´µ ± ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥. „²Ö
ÔÉµ£µ ´Ê¦´µ Éµ²Ó±µ ¶·µ¨§¢¥¸É¨ § ³¥´Ê

qdΩq

(1 + µ)2
= 2d3qδ

(
(1 + µ)q − (k1 − µk2)2

1 + µ

)
= d3p1δ(ω1 + ω2 − ω10 − ω20),

µÉ±Ê¤  ²¥£±µ ¶µ²ÊÎ¨ÉÓ ¤¢ ¦¤Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ ¢¥·µÖÉ´µ¸ÉÓ · ¸¸¥Ö´¨Ö
d2W/dω1dΩ1 ¶·¨ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ ´ Î ²Ó´ÒÌ ¨³¶Ê²Ó¸µ¢ k1 ¨ k2 ´¥°-
É·µ´  ¨  Éµ³  ¸µµÉ¢¥É¸É¢¥´´µ. …¸²¨ ¦¥ ³Ò ÌµÉ¨³ ¢ÒÎ¨¸²¨ÉÓ · ¸¸¥Ö´¨¥ ¢ £ §¥
¶·¨ § ¤ ´´µ° É¥³¶¥· ÉÊ·¥, Éµ ³Ò ¤µ²¦´Ò ¶µ²ÊÎ¥´´ÊÕ ¢¥·µÖÉ´µ¸ÉÓ Ê¸·¥¤´¨ÉÓ
¶µ ³ ±¸¢¥²²µ¢¸±µ³Ê · ¸¶·¥¤¥²¥´¨Õ M(k2

2/T ) ´ Î ²Ó´ÒÌ ¨³¶Ê²Ó¸µ¢  Éµ³ .
‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ · ¸Î¥ÉÒ ¤²Ö ¶µ²´µ° ¢¥·µÖÉ´µ¸É¨ · ¸¸¥Ö´¨Ö ´¥°É·µ´  ¡Ò²¨
¶·µ¢¥¤¥´Ò ¤²Ö µ¤´µ Éµ³´µ£µ £ §  4He ¨ ¶·¥¤¸É ¢²¥´Ò ¢ · ¡µÉ¥ [22]. �¥§Ê²Ó-
É ÉÒ µÉ²¨Î ÕÉ¸Ö µÉ ¸É ´¤ ·É´ÒÌ ¨ É·¥¡ÊÕÉ Ô±¸¶¥·¨³¥´É ²Ó´µ° ¶·µ¢¥·±¨.

3.3. �¥Ê¶·Ê£µ¥ · ¸¸¥Ö´¨¥ ´  ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³¥. ˆ§²µ¦¥´´Ò° ¢ÒÏ¥
¶µ¤Ìµ¤ ± · ¸¸¥Ö´¨Õ ´  ¶µ¤¢¨¦´µ³  Éµ³¥ ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´ ¨ ¤²Ö
· ¸Î¥É  · ¸¸¥Ö´¨Ö ´¥°É·µ´  ´  ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³¥.

� ¸¸³µÉ·¨³ ¢§ ¨³µ¤¥°¸É¢¨¥ ´¥°É·µ´  ¸ ¶·µ¨§¢µ²Ó´µ° ¸¨¸É¥³µ°, ±µÉµ· Ö
³µ¦¥É ¸µ¢¥·Ï ÉÓ ±¢ ´Éµ¢Ò¥ ¶¥·¥Ìµ¤Ò. „²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¥·µÖÉ´µ¸É¨ · ¸¸¥Ö-
´¨Ö ´¥µ¡Ìµ¤¨³µ ·¥Ï¨ÉÓ “˜ ¤²Ö µ¡µ¨Ì ÊÎ ¸É´¨±µ¢ ¶·µÍ¥¸¸  Å ´¥°É·µ´  ¨
¸¨¸É¥³Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤[

i
∂

∂t
+

∆
2

−H2 +
u(r1 − r2, t)

2

]
ψ(r1, r2, t) = 0, (99)

£¤¥ u(r1 − r2) = 4πbδ(r1 − r2); ±µµ·¤¨´ É  r1 µÉ´µ¸¨É¸Ö ± ´¥°É·µ´Ê; r2 Å
± · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³¥; H2 Å £ ³¨²ÓÉµ´¨ ´ ¸¨¸É¥³Ò, ±µÉµ·Ò° ¤²Ö ¶·µ-
¸ÉµÉÒ ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ ¨³¥ÕÐ¨³ ¤¨¸±·¥É´Ò° ¸¶¥±É·. �¥Ï¥´¨¥ ÔÉµ£µ Ê· ¢-
´¥´¨Ö µ¶ÖÉÓ ¡Ê¤¥³ ¨¸± ÉÓ ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢ ¢¨¤¥ (87), £¤¥ ´ Î ²Ó´µ¥



•ˆŒˆ—…‘Šˆ‰ ‘„‚ˆƒ 
…‰’��

›• �…‡�
�
‘�‚ 1347

·¥Ï¥´¨¥ ¸¢µ¡µ¤´µ£µ Ê· ¢´¥´¨Ö (99) ¡¥§ ¶µÉ¥´Í¨ ²  ¢§ ¨³µ¤¥°¸É¢¨Ö ¥¸ÉÓ

Ψ0(r1, r2, t) = Φn(r2) exp (ikr1 − i(Ek + En)t), (100)

  Φn(r) ¨ En Å ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ¨ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ £ ³¨²ÓÉµ´¨ ´ 
H2. ‘µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ¤²Ö ´¥°É·µ´  ¶·¥¤¸É ¢²Ö¥É¸Ö ¶µ-¶·¥¦´¥³Ê ¶²µ¸±µ°
¢µ²´µ°, ¨ ´ Î ²Ó´ Ö Ô´¥·£¨Ö ´¥°É·µ´  · ¢´  En = k2/2.

�µ¤¸É ´µ¢±  (87) ¢ (99) ¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Õ ¤²Ö δψ, ·¥Ï¥´¨¥ ±µÉµ·µ£µ
¶·¨¢µ¤¨É¸Ö ± ¢¨¤Ê (88) c ËÊ´±Í¨¥° ƒ·¨´ 

G(r1 − r′1, r2, r′2, t− t′) =

=
∑
n

∫
exp (ip(r1 − r′1)− iω(t− t′))Φn(r2)Φ∗

n(r′2)
Ep + En − ω − iε

d3pdω

(2π)4
. (101)

�µ¤¸É ´µ¢±  (101) ¨ (100) ¢ (88) ¶·¨¢µ¤¨É ±

δψ =
2πb
(2π)4

∑
n

∫
d3pdωd3r′1d

3r′2dt
′

Ep + En − ω − iε
×

× exp (ip(r1 − r′1)− iω(t− t′))Φn(r2)Φ∗(r′2)×

× δ(r′1 − r′2)Φn0(r
′
2) exp (ikr′1 − i(Ek + En0)t

′) =

=
b

(2π)2
∑
n

∫
d3pMn,n0(k − p)

Ep + En − Ek − En0 − iε
×

× Φn(r2) exp (ipr1 − i(Ek + En0)t), (102)

£¤¥

Mn,n0(q) =
∫

d3rΦn0(r) exp (iqr)Φ∗
n(r) (103)

¥¸ÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É ¶¥·¥Ìµ¤ .
‚Ò· ¦¥´¨¥ (102) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¸Ê¶¥·¶µ§¨Í¨Õ ¶·µ¨§¢¥¤¥´¨Ö ¸¢µ-

¡µ¤´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¸¨¸É¥³Ò ¨ ´¥°É·µ´ 

δψ(r1, r2, t) =
∑
n

∫
d3pF (n,p, t)Φn(r2) exp (ipr1 − i(Ep + En)t) (104)

¸  ³¶²¨ÉÊ¤µ°

F (n,p, t) =
b

(2π)2
Mn,n0(k − p)

exp (i(Ep + En − Ek − En0)t)
Ep + En − Ek − En0 − iε

, (105)
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±µÉµ·ÊÕ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

F (n,p, t) =
ib

(2π)2
Mn,n0(k − p)×

×
t∫

−∞

dt′ exp (i(Ep + En − Ek − En0)t
′). (106)

‚Ò· ¦¥´¨¥ (106) ¨³¥¥É ¶·¥¤¥²

lim
t→∞

F (n,p, t) = Fn0→n(k → p) =

=
ib

2π
Mn,n0(k − p)δ(Ep + En − Ek − En0), (107)

¸µµÉ¢¥É¸É¢ÊÕÐ¨° § ±µ´Ê ¸µÌ· ´¥´¨Ö Ô´¥·£¨¨.
�µ¤¸É ´µ¢±  (107) ¢ (104) ¶·¨¢µ¤¨É ±

δψ(r1, r2, t) =
∑
n

∫
dΩp

ibp

2π
Mn,n0(k − pΩ)Φn(r2)×

× exp (ipΩr1 − i(Ep + En)t), (108)

£¤¥ Ep = Ek +En0 −En; p =
√
2Ep ¨ pΩ Å ¢¥±Éµ· ¤²¨´µ° p, Ê± §Ò¢ ÕÐ¨°

¢ ´ ¶· ¢²¥´¨¨ Ω.
’ ±¨³ µ¡· §µ³, ¢¥·µÖÉ´µ¸ÉÓ · ¸¸¥ÖÉÓ¸Ö ¶µ¤ Ê£²µ³ Ω · ¢´ 

dW (n0 → n,k → pΩ) =
∣∣∣∣ bp2πMn,n0(k − pΩ)

∣∣∣∣
2

dΩp, (109)

¸µµÉ¢¥É¸É¢¥´´µ ¤¢ ¦¤Ò ¤¨ËË¥·¥´Í¨ ²Ó´ Ö ¢¥·µÖÉ´µ¸ÉÓ

d2

dEpdΩ
W (n0 → n,k → p) =

= p

∣∣∣∣ b2πMn,n0(k − p)
∣∣∣∣
2

δ(Ep + En − Ek − En0). (110)

…¸²¨ ¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò ´ ¸ ´¥ ¨´É¥·¥¸ÊÕÉ, Éµ ´Ê¦´µ ¶·µ¸Ê³³¨·µ¢ ÉÓ (110)
¶µ ¢¸¥³ n ¨ Ê¸·¥¤´¨ÉÓ ¶µ n0.

3.4. ®„¥Ë¥±É¯ ¡¥§· §³¥·´ÒÌ ¢¥·µÖÉ´µ¸É¥°. �µ²ÊÎ¥´´Ò¥  ³¶²¨ÉÊ¤Ò ¢¥-
·µÖÉ´µ¸É¥° Ö¢²ÖÕÉ¸Ö ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ · ¸¸¥Ö´¨Ö S, µ¶¨¸Ò-
¢ ÕÐ¥° ¶¥·¥Ìµ¤Ò ³¥¦¤Ê ¸¢µ¡µ¤´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨∗. ˆÌ £² ¢´ Ö µ¸µ¡¥´´µ¸ÉÓ

∗
Ê¦´µ µ£µ¢µ·¨ÉÓ¸Ö, ÎÉµ ¸µµÉ¢¥É¸É¢ÊÕÐ Ö ³ É·¨Í  · ¸¸¥Ö´¨Ö ´¥ ¸µ¢¶ ¤ ¥É ¸ Ë §µ¢Ò³
³´µ¦¨É¥²¥³ exp (2iδ) ¶·¨ · ¸Ìµ¤ÖÐ¥°¸Ö ¸Ë¥·¨Î¥¸±µ° ¢µ²´¥.
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§ ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ µ´¨ ¡¥§· §³¥·´Ò ¨ ¶·¨¢µ¤ÖÉ ± ¡¥§· §³¥·´Ò³ ¦¥ ¶µ²-
´Ò³ ¢¥·µÖÉ´µ¸ÉÖ³ · ¸¸¥Ö´¨Ö.

‚¢¥¤¥´¨¥ ¡¥§· §³¥·´ÒÌ ¢¥·µÖÉ´µ¸É¥° ¤²Ö µ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ
¤ ´´ÒÌ µ¡´ ¦ ¥É µ¤´µ ¨´É¥·¥¸´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ. �± §Ò¢ ¥É¸Ö, ÎÉµ ¸ ¡¥§-
· §³¥·´Ò³¨ ¢¥·µÖÉ´µ¸ÉÖ³¨ ¢µ§´¨± ¥É É·Ê¤´µ¸ÉÓ ¶·¨ µ¶¨¸ ´¨¨ ¶·µ¶Ê¸± ´¨Ö
´¥°É·µ´µ¢ Î¥·¥§ µ¡· §¥Í. ‚ ¸É ´¤ ·É´µ° É¥µ·¨¨ ¶·µ¶Ê¸± ´¨¥ µ¡· §Í  µ¶¨-
¸Ò¢ ¥É¸Ö Ô±¸¶µ´¥´Í¨ ²Ó´µ° ËÊ´±Í¨¥°

T = exp (−N0σL),

£¤¥ L Å Éµ²Ð¨´  µ¡· §Í ; N0 Å ¶²µÉ´µ¸ÉÓ  Éµ³µ¢; σ Å ¶µ²´µ¥ ¸¥Î¥´¨¥
· ¸¸¥Ö´¨Ö. �·¨ ÔÉµ³ ±µ³¡¨´ Í¨Ö N0σL ¡¥§· §³¥·´ . …¸²¨ ³Ò § ³¥´¨³ ¸¥-
Î¥´¨¥ σ, ¨³¥ÕÐ¥¥ · §³¥·´µ¸ÉÓ ¶²µÐ ¤¨, ´  ¡¥§· §³¥·´ÊÕ ¢¥²¨Î¨´Ê W , Éµ
±µ³¡¨´ Í¨Ö N0WL ¸É ´µ¢¨É¸Ö · §³¥·´µ°, ¥¥ ¢¥²¨Î¨´  § ¢¨¸¨É µÉ ¢Ò¡µ· 
¥¤¨´¨ÍÒ ¤²¨´Ò, ¨ ¢¥²¨Î¨´  exp (−N0WL) µ± §Ò¢ ¥É¸Ö ´¥µ¶·¥¤¥²¥´´µ°. ŒÒ
¢Ò´Ê¦¤¥´Ò ¢¢µ¤¨ÉÓ ¤µ¶µ²´¨É¥²Ó´Ò° ¶ · ³¥É· (µ¡µ§´ Î¨³ ¥£µ A) ¸ · §³¥·-
´µ¸ÉÓÕ ¶²µÐ ¤¨. �¤´ ±µ ¶·¨ ÔÉµ³ ´¥µ¡Ìµ¤¨³µ ¢ÒÖ¸´¨ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸²
ÔÉµ£µ ¶ · ³¥É· .

…¸²¨ ´¥°É·µ´ Å ¶²µ¸± Ö ¢µ²´ , Éµ µ¸² ¡²¥´¨¥ ´¥°É·µ´´µ£µ ¶µÉµ± 
µ¶·¥¤¥²Ö¥É¸Ö ¶µ²´Ò³ ±µ²¨Î¥¸É¢µ³ · ¸¸¥¨¢ É¥²¥° ´  ¶ÊÉ¨ ¢µ²´Ò. �µ²´µ¥
±µ²¨Î¥¸É¢µ · ¸¸¥¨¢ É¥²¥° ¢ µ¡· §Í¥ · ¢´µ N = N0V , £¤¥ V = LA Å µ¡Ñ¥³
µ¡· §Í , ¶µÔÉµ³Ê ¢ ± Î¥¸É¢¥ A ¸²¥¤Ê¥É ¶·¨´ÖÉÓ ¶µ¶¥·¥Î´Ò¥ · §³¥·Ò µ¡· §Í .

µ Ô±¸¶¥·¨³¥´É ¶µ± §Ò¢ ¥É, ÎÉµ ¶·µ¶Ê¸± ´¨¥ µ¡· §Í  ´¥ § ¢¨¸¨É µÉ ¥£µ ¶µ-
¶¥·¥Î´ÒÌ · §³¥·µ¢, ¶µÔÉµ³Ê ¶µ¶¥·¥Î´Ò¥ · §³¥·Ò µ¡· §Í  ´¥ ³µ£ÊÉ ¡ÒÉÓ ¶·¨-
´ÖÉÒ ¢ ± Î¥¸É¢¥ ¶ · ³¥É·  A, ¨, §´ Î¨É ´¥°É·µ´ ´¥ ³µ¦¥É µ¶¨¸Ò¢ ÉÓ¸Ö ¡¥¸-
±µ´¥Î´µ° ¶²µ¸±µ° ¢µ²´µ°.

‚ ¸É ´¤ ·É´µ° É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¶ · ³¥É·µ³ A ¸²Ê¦¨É ±¢ ¤· É ¤²¨´Ò
¢µ²´Ò ´¥°É·µ´  Å λ2. �Éµ ³µ¦¥É ¡ÒÉÓ µ¡µ¸´µ¢ ´µ Éµ²Ó±µ É¥³, ÎÉµ Wλ2 =
4πb2 Å µ¡ÒÎ´µ¥ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ´¥°É·µ´ . 
¨± ±¨Ì Ë¨§¨Î¥¸±¨Ì µ¡µ¸´µ-
¢ ´¨° ¤²Ö ÔÉµ£µ ´¥É. Š·µ³¥ Éµ£µ, ÔÉµ ¶·¨¢µ¤¨É ± Ê± § ´´µ³Ê ¢µ ¢¢¥¤¥´¨¨
¶ · ¤µ±¸Ê, ¸µ£² ¸´µ ±µÉµ·µ³Ê ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ¢ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ µ± §Ò-
¢ ¥É¸Ö §´ Î¨É¥²Ó´µ ¡µ²ÓÏ¥ £¥µ³¥É·¨Î¥¸±¨Ì · §³¥·µ¢ Ö¤· .

…¸²¨ ´¥°É·µ´ Å ´¥ ¡¥¸±µ´¥Î´ Ö ¶²µ¸± Ö ¢µ²´ , Éµ µ´ ¶·¥¤¸É ¢²Ö¥É ¸µ-
¡µ° ¶ ±¥É ¸ µ£· ´¨Î¥´´µ° ¶²µÐ ¤ÓÕ ¢µ²´µ¢µ£µ Ë·µ´É . ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·µ-
¶Ê¸± ´¨¥ Î¥·¥§ µ¡· §¥Í µ¶·¥¤¥²Ö¥É¸Ö ±µ²¨Î¥¸É¢µ³ · ¸¸¥¨¢ É¥²¥° N = N0V
¢´ÊÉ·¨ µ¡Ñ¥³  V , µÌ¢ ÉÒ¢ ¥³µ£µ ¶ ±¥Éµ³, ¨ ¢ ± Î¥¸É¢¥ A ¸²¥¤Ê¥É ¢§ÖÉÓ ¶µ¶¥-
·¥Î´Ò¥ · §³¥·Ò ¢µ²´µ¢µ£µ Ë·µ´É  ¶ ±¥É . ‚µ§³µ¦´µ, ÎÉµ A ¶·µ¶µ·Í¨µ´ ²Ó´µ
λ2: A = αλ2, £¤¥ α Å ±µÔËË¨Í¨¥´É ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨, Éµ£¤  ¶·µ¶Ê¸± ´¨¥
T ´¥°É·µ´  µ¡· §Íµ³ Éµ²Ð¨´µ° L ¸É ´µ¢¨É¸Ö · ¢´Ò³

T = exp (−4πα|b|2N0L), (111)

± ± ¨ ¢ µ¡ÒÎ´µ³ ¶µ¤Ìµ¤¥, ´µ ¶µ²´µ¥ ¸¥Î¥´¨¥ µ± §Ò¢ ¥É¸Ö · ¢´Ò³ 4π|b′|2, £¤¥
b′ Å ¶¥·¥´µ·³¨·µ¢ ´´ Ö  ³¶²¨ÉÊ¤  b: b′ =

√
αb.
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‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢µ²´µ¢µ° ¶ ±¥É ´¥ ¤µ²¦¥´ · ¸¶²Ò¢ ÉÓ¸Ö. …¸²¨ µ´
· ¸¶²Ò¢ ¥É¸Ö, Éµ ¶·µ¶Ê¸± ´¨¥ µ¡· §Í  ¤µ²¦´µ Ê³¥´ÓÏ ÉÓ¸Ö ¶·¨ ¶¥·¥³¥Ð¥´¨¨
¥£µ µÉ ¨¸ÉµÎ´¨±  ± ¤¥É¥±Éµ·Ê ¨ Ê¢¥²¨Î¨¢ ÉÓ¸Ö ¶·¨ ¶·¨¡²¨¦¥´¨¨ ± ¨¸ÉµÎ´¨±Ê.

µ É ±µ£µ ÔËË¥±É  ¶µ±  ´¨±Éµ ´¥ ´ ¡²Õ¤ ².

ˆ§¢¥¸É´µ, ÎÉµ ´µ·³¨·µ¢ ´´Ò° ¶ ±¥É, Ê¤µ¢²¥É¢µ·ÖÕÐ¨° µ¤´µ·µ¤´µ³Ê “˜,
¢ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¥ ¶µ¸É·µ¨ÉÓ ´¥²Ó§Ö, ´¥´µ·³¨·Ê¥³Ò° Å ³µ¦´µ. �·¨³¥-
·µ³ Éµ³Ê ¸²Ê¦¨É ´¥¸¨´£Ê²Ö·´Ò° ¢µ²´µ¢µ° ¶ ±¥É ¤¥ d·µ°²Ö [23]:

ψ = exp (ikr − iωt)
sin (s|r − vt|)

|r − vt| , (112)

¢ ±µÉµ·µ³ ω = k2/2+ s2/2 ¨ v = k ¢ ¥¤¨´¨Í Ì �
2/m = 1. � ±¥É (112) ¶·¥¤-

¸É ¢²Ö¥É ¸µ¡µ° ¸Ë¥·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ d¥¸¸¥²Ö j0(sr) exp (−is2t/2), Í¥´É·
±µÉµ·µ° ¤¢¨¦¥É¸Ö ¸µ ¸±µ·µ¸ÉÓÕ v. �¤´ ±µ, ¢¸²¥¤¸É¢¨¥ ´¥´µ·³¨·Ê¥³µ¸É¨,
Ë·µ´ÉÊ ¶ ±¥É  (112) ´¥²Ó§Ö ¸µ¶µ¸É ¢¨ÉÓ ±µ´¥Î´Ò° ¶µ¶¥·¥Î´Ò° · §³¥· A.

�·¨³¥·µ³ ´µ·³¨·Ê¥³µ£µ ¶ ±¥É  ¸²Ê¦¨É ¸¨´£Ê²Ö·´Ò° ¢µ²´µ¢µ° ¶ ±¥É
¤¥ d·µ°²Ö [23]:

ψ(s;v; r; t) = C exp (ivr − iωt)
exp (−s|r − vt|)

|r − vt| , (113)

£¤¥ C =
√
s/2π Å ´µ·³¨·µ¢µÎ´ Ö ¶µ¸ÉµÖ´´ Ö, µ¶·¥¤¥²Ö¥³ Ö ¸ ¶µ³µÐÓÕ

¸µµÉ´µÏ¥´¨Ö ∫
d3r|ψ(s,v, r, t)|2 = 1, (114)

s Å ¶ · ³¥É·, ±µÉµ·Ò° Ì · ±É¥·¨§Ê¥É Ï¨·¨´Ê ¶ ±¥É  ¢ ¨³¶Ê²Ó¸´µ³ ¨ µ¡· É-
´ÊÕ Ï¨·¨´Ê ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥; v Å ¸±µ·µ¸ÉÓ ´¥°É·µ´  ¨ ω =
(v2 − s2)/2. ‚¥²¨Î¨´  ω ³¥´ÓÏ¥ ¶µ²´µ° Ô´¥·£¨¨ ´¥°É·µ´  ´  s2/2. Œµ¦´µ
¸Î¨É ÉÓ, ÎÉµ ÔÉ  Î ¸ÉÓ Ô´¥·£¨¨ ´¥µ¡Ìµ¤¨³  ¤²Ö Éµ£µ, ÎÉµ¡Ò ¶µ¤¤¥·¦¨¢ ÉÓ ¶ -
±¥É ¢ ´¥· ¸¶²Ò¢ ÕÐ¥³¸Ö ¸µ¸ÉµÖ´¨¨. ‘¨´£Ê²Ö·´Ò° ¶ ±¥É ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ°

¸Ë¥·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ • ´±¥²Ö H
(1)
0 (isr) ³´¨³µ£µ  ·£Ê³¥´É , ¤¢¨¦ÊÐÊÕ¸Ö

¸µ ¸±µ·µ¸ÉÓÕ v. �µ¶¥·¥Î´µ¥ ¸¥Î¥´¨¥ ÔÉµ£µ ¶ ±¥É  ³µ¦´µ Ì · ±É¥·¨§µ¢ ÉÓ
¢¥²¨Î¨´µ° An = π/s2, ¨ ¥¸²¨, ´ ¶·¨³¥·, ¢¥²¨Î¨´  s ¶·µ¶µ·Í¨µ´ ²Ó´  k, É. ¥.
s = ξk = 2πξ/λ, Éµ ¶µ¶¥·¥Î´µ¥ ¸¥Î¥´¨¥ ´¥°É·µ´  An = πλ2/(2πξ)2 ¶·µ¶µ·-
Í¨µ´ ²Ó´µ λ2, ¨ ±µÔËË¨Í¨¥´É ¶¥·¥´µ·³¨·µ¢±¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö b · ¢¥´√
α = 1/2

√
πξ.

‚µ²´µ¢µ° ¶ ±¥É ´¥ Ö¢²Ö¥É¸Ö ¶²µ¸±µ° ¢µ²´µ°, ¶·¨  ´ ²¨§¥ · ¸¸¥Ö´¨Ö ±µÉµ-
·µ° ³Ò ¶·¨Ï²¨ ± ¶·µÉ¨¢µ·¥Î¨Õ. �µÔÉµ³Ê ´Ê¦´µ ´ Î¨´ ÉÓ ¢¸¥ ¨¸¸²¥¤µ¢ ´¨¥
§ ´µ¢µ, ¶·¨´¨³ Ö ¨§´ Î ²Ó´µ, ÎÉµ ´¥°É·µ´ ´¥ ¶²µ¸± Ö ¢µ²´ ,   ¢µ²´µ¢µ° ¶ -
±¥É! �¤´ ±µ ¢µ²´µ¢µ° ¶ ±¥É ³µ¦¥É · ¸¸¥¨¢ ÉÓ¸Ö ¶·¨¡²¨§¨É¥²Ó´µ É ± ¦¥,
± ± ¨ ¶²µ¸± Ö ¢µ²´ , ¨ ¶µÉµ³Ê µÉ²¨Î¨¥ ³µ¦¥É ´µ¸¨ÉÓ ´¥ ¶·¨´Í¨¶¨ ²Ó´Ò°
Ì · ±É¥·,   µÉ´µ¸¨ÉÓ¸Ö Éµ²Ó±µ ± ± É¥£µ·¨¨ ± Î¥¸É¢  ¶·¨¡²¨¦¥´¨Ö.
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�¨¸. 14. ‡ ¢¨¸¨³µ¸ÉÓ ¶µ²´µ£µ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ¢ 4He (µ = m/M = 0, 25) µÉ
τ = T/E, · ¸¸Î¨É ´´ Ö ¸µ£² ¸´µ ¸É ´¤ ·É´µ° É¥µ·¨¨ (ÉµÎ¥Î´ Ö ±·¨¢ Ö) ¨ É¥µ·¨¨,
¨§²µ¦¥´´µ° §¤¥¸Ó (¸¶²µÏ´ Ö ±·¨¢ Ö) ¢ ¶·¥¤¶µ²µ¦¥´¨¨ ¶µ¸ÉµÖ´¸É¢  An. „²Ö Ê¤µ¡¸É¢ 
¸· ¢´¥´¨Ö ¤¢¥ ±·¨¢Ò¥ ¶·¨¢¥¤¥´Ò ± µ¤¨´ ±µ¢µ³Ê §´ Î¥´¨Õ ¶·¨ T/E = 2

’¥³ ´¥ ³¥´¥¥ ¶¥·¥Ìµ¤ µÉ ¶²µ¸±µ° ¢µ²´Ò ± ¶ ±¥ÉÊ ³µ¦¥É ¶µÉ·¥¡µ¢ ÉÓ ¶¥-
·¥¸³µÉ·  ¨´É¥·¶·¥É Í¨¨ ³´µ£¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¶µ¸±µ²Ó±Ê ¶¥-
·¥´µ·³¨·µ¢±   ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö, µ ±µÉµ·µ° ¡Ò²µ ¸± § ´µ ¢ÒÏ¥, µ§´ Î ¥É,
ÎÉµ ¤ ´´Ò¥ · ¸¸¥Ö´¨Ö ¸µ¤¥·¦ É ¢ ¸¥¡¥ ¨´Ëµ·³ Í¨Õ ´¥ Éµ²Ó±µ µ · ¸¸¥¨¢ É¥²¥,
´µ ¨ µ · ¸¸¥¨¢ ¥³µ° Î ¸É¨Í¥. ‚ Î ¸É´µ¸É¨, ´¥µ¡Ìµ¤¨³µ ¢ÒÖ¸´¨ÉÓ, § ¢¨¸¨É ²¨
¶ · ³¥É· An µÉ λ, ¨ ¥¸²¨ § ¢¨¸¨É, Éµ ± ±. ˆ¸c²¥¤µ¢ ´¨Ö ¸ ¢µ²´µ¢Ò³ ¶ ±¥Éµ³
¤¥ d·µ°²Ö (113) ¶µ±  µÎ¥´Ó ´¥³´µ£µÎ¨¸²¥´´Ò [24, 25], ¨ ´¥±µÉµ·Ò¥ ·¥§Ê²Ó-
É ÉÒ ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ ¢ ¶µ²Ó§Ê Éµ£µ, ÎÉµ An ´¥ § ¢¨¸¨É µÉ λ. �µÔÉµ³Ê ¶·¨
· ¸Î¥É¥ [22] · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ´  4He ¡Ò²µ ¶·¨´ÖÉµ, ÎÉµ An = const. 
 
·¨¸. 14 ¶µ± § ´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¨ ¶·µ¢µ¤¨É¸Ö ¸· ¢´¥´¨¥ ¸ ¨§¢¥¸É´Ò³¨
·¥§Ê²ÓÉ É ³¨ [26] ¸É ´¤ ·É´µ° É¥µ·¨¨. ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¨³¥¥É¸Ö Éµ²Ó±µ
µ¤´  ¶Ê¡²¨± Í¨Ö [27] ¶µ ¨§³¥·¥´¨Õ · ¸¸¥Ö´¨Ö ´¥°É·µ´µ¢ ¢ ¨¤¥a²Ó´ÒÌ £ § Ì.
ˆ§ ÔÉ¨Ì ¨§³¥·¥´¨° ¸²¥¤Ê¥É, ÎÉµ ¸É ´¤ ·É´ Ö É¥µ·¨Ö ¶· ¢¨²Ó´µ µ¶¨¸Ò¢ ¥É ¸¥-
Î¥´¨¥ · ¸¸¥Ö´¨Ö. �±¸¶¥·¨³¥´ÉÒ ¶·µ¢µ¤¨²¨¸Ó ¸ ´¥°É·µ´ ³ É¥¶²µ¢ÒÌ Ô´¥·£¨°.
ŒÒ ¶² ´¨·Ê¥³ ¨§³¥·¥´¨¥ É¥³¶¥· ÉÊ·´µ° § ¢¨¸¨³µ¸É¨ ¶·µ¶Ê¸± ´¨Ö 4He ¤²Ö
Ê²ÓÉ· Ìµ²µ¤´ÒÌ ´¥°É·µ´µ¢. �µ ·¥§Ê²ÓÉ É ³ ¶² ´¨·Ê¥³ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¨
Ô±¸¶¥·¨³¥´Éµ¢ [27] ³µ¦´µ ¡Ê¤¥É µ±µ´Î É¥²Ó´µ µ¶·¥¤¥²¨ÉÓ § ¢¨¸¨³µ¸ÉÓ ¶²µ-
Ð ¤¨ ¶µ¶¥·¥Î´µ£µ ¸¥Î¥´¨Ö ´¥°É·µ´  An µÉ ¥£µ ¤²¨´Ò ¢µ²´Ò.

3.5.  ¥§Õ³¥. ŒÒ ¶µ± § ²¨, ± ± ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ µ¶¨¸Ò¢ ÉÓ · ¸¸¥Ö-
´¨¥ ´  Ö§Ò±¥ ¢¥·µÖÉ´µ¸É¨,   ´¥ ¸¥Î¥´¨Ö. ˆ§²µ¦¥´´ Ö §¤¥¸Ó É¥µ·¨Ö, ¢µ-¶¥·¢ÒÌ,
¡µ²¥¥ ²µ£¨Î´ , ¨, ¢µ-¢Éµ·ÒÌ, ¸µ¤¥·¦¨É ¶·¨´Í¨¶¨ ²Ó´Ò° ·¥§Ê²ÓÉ É. �´  ¸
´¥µ¡Ìµ¤¨³µ¸ÉÓÕ ¶·¨¢µ¤¨É ± ±µ´¥Î´µ³Ê · §³¥·Ê ¢µ²´µ¢µ° ËÊ´±Í¨¨ ¸ ³µ£µ
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´¥°É·µ´ . ‚ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö ¢¥¤¥É¸Ö ¶µ¨¸± Ë¨§¨Î¥¸±¨Ì ÔËË¥±Éµ¢, ¢ ±µÉµ-
·ÒÌ ¶·µÖ¢²ÖÕÉ¸Ö ¸¢µ°¸É¢  ¢µ²´µ¢µ£µ ¶ ±¥É . ‚ · ¡µÉ¥ [24] ¤¥² ¥É¸Ö ¶µ¶ÒÉ± 
´ °É¨ ¶µ¤£· ´¨Î´µ¥ ¶·µ¶Ê¸± ´¨¥ §¥·± ² ¶·¨ ¶ ¤¥´¨¨ ´  ´¨Ì ´¥°É·µ´µ¢ ¶µ¤
Ê£²µ³ ¶µ²´µ£µ µÉ· ¦¥´¨Ö,   ¢ · ¡µÉ¥ [25] ¨¸¸²¥¤ÊÕÉ¸Ö ¶µ¶· ¢±¨ ± ¨´É¥·-
Ë¥·¥´Í¨¨ ´¥°É·µ´µ¢ ´  Éµ´±¨Ì ¸²µÖÌ ¢¥Ð¥¸É¢ . ˆ¸¸²¥¤µ¢ ´¨Ö ¢ Ê± § ´´ÒÌ
µ¡² ¸ÉÖÌ ¶µ±  ¥Ð¥ ¤ ²¥±¨ µÉ § ¢¥·Ï¥´¨Ö, ¨ ¶µÉµ³Ê ³Ò ´¥ ¡Ê¤¥³ ¨Ì §¤¥¸Ó
µ¡¸Ê¦¤ ÉÓ. 
µ ÌµÉ¥²µ¸Ó ¡Ò µÉ³¥É¨ÉÓ, ÎÉµ ¢¸¥ ¢ÒÏ¥¨§²µ¦¥´´µ¥ Ö¢²Ö¥É¸Ö ¶·µ-
¤µ²¦¥´¨¥³ ¨ · §¢¨É¨¥³ É¥Ì ¨¤¥°, ±µÉµ·Ò¥ ·µ¤¨²¨¸Ó ¢ ·¥§Ê²ÓÉ É¥ ¡¥¸¥¤ ¸
U.M.�¸É ´¥¢¨Î¥³.

‡%Š‹C—…�ˆ…

‚ ¤ ´´µ° · ¡µÉ¥ · ¸¸³µÉ·¥´Ò É·¨ É¥³Ò, ¨³¥ÕÐ¨¥ ´¥¶µ¸·¥¤¸É¢¥´´µ¥ µÉ-
´µÏ¥´¨¥ ± · ¡µÉ ³ U.M.�¸É ´¥¢¨Î  ¨ ´ ÊÎ´Ò³ ¤¨¸±Ê¸¸¨Ö³ ¸ ´¨³. �±¸¶¥·¨-
³¥´ÉÒ ¶µ Ì¨³¨Î¥¸±¨³ ¸¤¢¨£ ³ µ± § ²¨¸Ó ¤µ¢µ²Ó´µ ¸²µ¦´Ò³¨, ¨ ·¥§Ê²ÓÉ ÉÒ
¶µ ¨§³¥·¥´¨Õ · ¤¨Ê¸µ¢ ¶·¨ ¢µ§¡Ê¦¤¥´¨¨ Ö¤¥· ¶µ¸²¥ § Ì¢ É  ´¥°É·µ´µ¢ ¸µ-
¤¥·¦ É ¤µ¢µ²Ó´µ ¡µ²ÓÏÊÕ ´¥µ¶·¥¤¥²¥´´µ¸ÉÓ. •µÎ¥É¸Ö ´ ¤¥ÖÉÓ¸Ö, ÎÉµ ¡µ²¥¥
¸µ¢¥·Ï¥´´Ò¥ ¨¸ÉµÎ´¨±¨ ´¥°É·µ´µ¢ ¶µ§¢µ²ÖÉ ¶µ²ÊÎ¨ÉÓ ¡µ²¥¥ ¶·¥Í¨§¨µ´´Ò¥
·¥§Ê²ÓÉ ÉÒ, ¨ Éµ£¤  · ¡µÉ , ¨´¨Í¨¨·µ¢ ´´ Ö U.M.�¸É ´¥¢¨Î¥³, ¶·µ¤µ²¦¨É¸Ö
´  ´µ¢µ³ Ô±¸¶¥·¨³¥´É ²Ó´µ³ Ê·µ¢´¥.

—Éµ ± ¸ ¥É¸Ö ¤¢ÊÌ ¤·Ê£¨Ì É¥³, Éµ ¨¸¸²¥¤µ¢ ´¨Ö Éµ²Ó±µ ´ Î¨´ ÕÉ¸Ö, ¨ ¡Ê-
¤¥É ¶· ¢¨²Ó´µ, ¥¸²¨ Ê¸¶¥Ì¨ µ± ¦ÊÉ¸Ö ¸¢Ö§ ´´Ò³¨ ¸ ¨³¥´¥³ U.M.�¸É ´¥¢¨Î ,
Éµ£¤  ± ± µÉ¢¥É¸É¢¥´´µ¸ÉÓ §  ¢¸¥ ´¥¤µÎ¥ÉÒ, ¥¸²¨ µ´¨ ¡Ê¤ÊÉ µ¡´ ·Ê¦¥´Ò, ²µ-
¦¨É¸Ö Í¥²¨±µ³ ¨ ¶µ²´µ¸ÉÓÕ ´   ¢Éµ·  ¤ ´´µ° ¸É ÉÓ¨, ±µÉµ·Ò° ´  ¸¢µ° ¸É· Ì
¨ ·¨¸± ·¥Ï¨²¸Ö ¢Ò´¥¸É¨ ·¥§Ê²ÓÉ ÉÒ ¸¢µ¨Ì · §³ÒÏ²¥´¨° ¨ ¡¥¸¥¤ ´  ¸Ê¤ ´ -
ÊÎ´µ° µ¡Ð¥¸É¢¥´´µ¸É¨ ¡¥§ µ¤µ¡·¥´¨Ö U.M.�¸É ´¥¢¨Î .

6·¨²µ¦¥´¨¥

%‹ƒ…D % �„��Œ… ��ƒ�  %‘‘…Ÿ�ˆŸ

� ¸¸³µÉ·¨³ ¤²Ö ¶·µ¸ÉµÉÒ µ¤´µ³¥·´Ò° ¶µÉ¥´Í¨ ², ¸µ¸É ¢²¥´´Ò° ¨§ ¤¢ÊÌ
¶µÉ¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·µ¢, ± ± ¶µ± § ´µ ´  ·¨¸. 15, ¨ ´ °¤¥³ ¤²Ö ´¥£µ µÉ· -
¦¥´¨¥ ¨ ¶·µ¶Ê¸± ´¨¥ ¢µ²´Ò, ¶ ¤ ÕÐ¥° ¸²¥¢ . d ·Ó¥·Ò ³µ¦´µ · §´¥¸É¨ ´ 
¡¥¸±µ´¥Î´µ ³ ²µ¥ · ¸¸ÉµÖ´¨¥ ε, ¶·¨ ÔÉµ³ Ë¨§¨Î¥¸±¨° ¶·µÍ¥¸¸ ¶·µ¶Ê¸± ´¨Ö
¨ µÉ· ¦¥´¨Ö ´¥ ³¥´Ö¥É¸Ö, ¶µ¸±µ²Ó±Ê ¶·µ¶Ê¸± ´¨¥ ¸µ§¤ ´´µ° É ±¨³ µ¡· §µ³
¡¥¸±µ´¥Î´µ Ê§±µ° Ð¥²¨ · ¢´µ ¥¤¨´¨Í¥. �¤´ ±µ ³ É¥³ É¨±  ¶·¨ ÔÉµ³ ¸¨²Ó´µ
Ê¶·µÐ ¥É¸Ö.

�¡µ§´ Î¨³  ³¶²¨ÉÊ¤Ò µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö µÉ¤¥²Ó´ÒÌ ¡ ·Ó¥·µ¢ Î¥-
·¥§ ρi, τi ¸µµÉ¢¥É¸É¢¥´´µ, £¤¥ i = 1, 2,    ³¶²¨ÉÊ¤Ò µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö
µ¡µ¨Ì ¢³¥¸É¥ Å Î¥·¥§ ρ12 ¨ τ12. 
¥°É·µ´ ¶·¨ µÉ· ¦¥´¨¨ µÉ ¢¸¥° ¸¨¸É¥³Ò
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�¨¸. 15. ‚ ¶µÉ¥´Í¨ ²¥, ¸µ¸ÉµÖÐ¥³ ¨§ ¤¢ÊÌ ¡ -
·Ó¥·µ¢, ³µ¦´µ ¢¢¥¸É¨ ¡¥¸±µ´¥Î´µ Ê§±ÊÕ Ð¥²Ó
ε ³¥¦¤Ê ¡ ·Ó¥· ³¨. �É· ¦¥´¨¥ ¨ ¶·µ¶Ê¸± ´¨¥
¸¨¸É¥³Ò ¡ ·Ó¥·µ¢ ¢Ò· ¦ ¥É¸Ö Î¥·¥§  ³¶²¨ÉÊ¤Ò
µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö µÉ¤¥²Ó´ÒÌ ¡ ·Ó¥·µ¢
¨ ÊÎ¨ÉÒ¢ ¥É ³´µ£µ±· É´Ò¥ µÉ· ¦¥´¨Ö ¢ Ð¥²¨

³µ¦¥É µÉ· §¨ÉÓ¸Ö ¸· §Ê µÉ ¶¥·¢µ£µ,   ³µ¦¥É É ±¦¥ ¶·µ´¨±´ÊÉÓ ¢ Ð¥²Ó Î¥-
·¥§ ¶¥·¢Ò° ¡ ·Ó¥·, ´¥¸±µ²Ó±µ · § (¶·µ¨§¢µ²Ó´µ¥ Î¨¸²µ) µÉ· §¨ÉÓ¸Ö µÉ µ¡µ¨Ì
¡ ·Ó¥·µ¢ ¨ ¸´µ¢  ¢¥·´ÊÉÓ¸Ö ´ ²¥¢µ Î¥·¥§ ¶¥·¢Ò° ¡ ·Ó¥·:

ρ12 = ρ1 + τ1

∞∑
n=0

(ρ2ρ1)nρ2τ1 = ρ1 +
τ2
1 ρ2

1− ρ1ρ2
, (115)

ÎÉµ ¤µ± §Ò¢ ¥É ¸¶· ¢¥¤²¨¢µ¸ÉÓ (58). �´ ²µ£¨Î´Ò³ µ¡· §µ³ ¶µ²ÊÎ ¥É¸Ö  ³-
¶²¨ÉÊ¤  ¶·µ¶Ê¸± ´¨Ö. 
¥°É·µ´ ³µ¦¥É ¶µ¸²¥¤µ¢ É¥²Ó´µ ¶·µ°É¨ Î¥·¥§ µ¡ 
¡ ·Ó¥· ,   ³µ¦¥É, ¶¥·¥¤ É¥³ ± ± ¶·¥µ¤µ²¥ÉÓ ¢Éµ·µ° ¡ ·Ó¥·, ´¥¸±µ²Ó±µ · §
(¶·µ¨§¢µ²Ó´µ¥ Î¨¸²µ) ¶¥·¥µÉ· §¨ÉÓ¸Ö ¢ Ð¥²¨ ³¥¦¤Ê ´¨³¨:

τ12 = τ2

∞∑
n=0

(ρ2ρ1)nτ1 =
τ1τ2

1− ρ1ρ2
. (116)

� ¸¸³µÉ·¨³ É¥¶¥·Ó  ³¶²¨ÉÊ¤Ò µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö µÉ¤¥²Ó´µ£µ, ´ -
¶·¨³¥· ¶¥·¢µ£µ, ¡ ·Ó¥· . �¡µ§´ Î¨³  ³¶²¨ÉÊ¤Ò µÉ· ¦¥´¨Ö ¨ ¶·µ¶Ê¸± ´¨Ö
¶µÉ¥´Í¨ ²Ó´µ£µ ¸± Î± , ±µ£¤  ¢µ²´  ¶ ¤ ¥É ´  ¸± Îµ± ¨§ ¢ ±ÊÊ³ , Î¥·¥§ ρ01,
τ01 ¸µµÉ¢¥É¸É¢¥´´µ,   ±µ£¤  ¨§´ÊÉ·¨ ¶µÉ¥´Í¨ ²  Å Î¥·¥§ ρ10, τ10 ¸µµÉ¢¥É-
¸É¢¥´´µ. �¡ÒÎ´µ¥ ¸Ï¨¢ ´¨¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ ´  ¸± Î±¥ ¤ ¥É

ρ01 = −ρ10 =
k0 − k1

k0 + k1
, τ01 =

2k0

k0 + k1
, τ10 =

2k1

k0 + k1
, (117)

£¤¥ k0 Å ¢µ²´µ¢µ¥ Î¨¸²µ ´¥°É·µ´  ¢ ¢ ±ÊÊ³¥,   k1 =
√
k2
0 − u1 Å ¢µ²´µ¢µ¥

Î¨¸²µ ´¥°É·µ´  ¢´ÊÉ·¨ ¡ ·Ó¥· .

”µ·³Ê²  ¤²Ö µÉ· ¦¥´¨Ö µÉ µ¤´µ£µ ¡ ·Ó¥·  ¶µ²ÊÎ ¥É¸Ö É ± ¦¥, ± ± (115) Å
´¥°É·µ´ ¶·¨ µÉ· ¦¥´¨¨ µÉ ¡ ·Ó¥·  ³µ¦¥É µÉ· §¨ÉÓ¸Ö ¸· §Ê µÉ ¶¥·¢µ£µ ¸± Î± ,
  ³µ¦¥É É ±¦¥ ¶·µ´¨±´ÊÉÓ ¢´ÊÉ·Ó ¡ ·Ó¥· , ´¥¸±µ²Ó±µ · § (¶·µ¨§¢µ²Ó´µ¥ Î¨-
¸²µ) µÉ· §¨ÉÓ¸Ö µÉ µ¡µ¨Ì ¸± Î±µ¢, ¶·¨µ¡·¥É Ö ¶·¨ ÔÉµ³ Ë §µ¢Ò° ³´µ¦¨É¥²Ó
exp (2ik1d), £¤¥ d Å Ï¨·¨´  ¡ ·Ó¥· , ¨ ¸´µ¢  ¢¥·´ÊÉÓ¸Ö ´ ²¥¢µ Î¥·¥§ ¶¥·-
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¢Ò° ¸± Îµ±:

ρ1 = ρ01 + τ10

∞∑
n=0

(ρ10 e2ik1dρ10)n e2ik1dρ10τ01 =

= ρ01 +
τ01τ10 exp (2ik1d)ρ10

1− ρ2
10 exp (2ik1d)

. (118)

“Î¨ÉÒ¢ Ö ¸µµÉ´µÏ¥´¨Ö (117), ¶µ²ÊÎae³ ¢Ò· ¦¥´¨¥ (42).
�´ ²µ£¨Î´Ò³ µ¡· §µ³ ¶µ²ÊÎ ¥É¸Ö Ëµ·³Ê²  ¶·µ¶Ê¸± ´¨Ö. 
¥°É·µ´ ³µ¦¥É

¶µ¸²¥¤µ¢ É¥²Ó´µ ¶·µ°É¨ Î¥·¥§ µ¡  ¸± Î± ,   ³µ¦¥É, ¶¥·¥¤ É¥³ ± ± ¶·¥µ¤µ²¥ÉÓ
¢Éµ·µ° ¸± Îµ± ¶µÉ¥´Í¨ ² , ´¥¸±µ²Ó±µ · § (¶·µ¨§¢µ²Ó´µ¥ Î¨¸²µ) ¶¥·¥µÉ· -
§¨ÉÓ¸Ö ¢´ÊÉ·¨ ¡ ·Ó¥·  ³¥¦¤Ê ¸± Î± ³¨:

τ1 = τ10 exp (ik1d)
∞∑
n=0

(ρ2
10 exp (2ik1d))nτ1 =

τ10 exp (ik1d)τ01
1− ρ2

10 exp (2ik1d)
. (119)

“Î¨ÉÒ¢ Ö ¸´µ¢  ¸µµÉ´µÏ¥´¨Ö (117), ¶µ²ÊÎ ¥³ ¢Éµ·ÊÕ Ëµ·³Ê²Ê (42).
�É¨ ¢Ò· ¦¥´¨Ö ¸¶· ¢¥¤²¨¢Ò ± ± ¤²Ö ¡ ·Ó¥·  u1 > 0, É ± ¨ ¤²Ö Ö³Ò

u1 < 0. …¸²¨ ´  ¶· ¢µ³ ±µ´Í¥ ¡ ·Ó¥·  Ê¸É ´µ¢¨ÉÓ ¡¥¸±µ´¥Î´Ò° ¶µÉ¥´Í¨ ² ¸
µÉ· ¦¥´¨¥³ ρ10 = −1, Éµ Ëµ·³Ê²  (118) ¶¥·¥°¤¥É ¢ (37).

6µ¸²¥¸²µ¢¨¥

‚ § ¢¥·Ï¥´¨¥ ÌµÉ¥²µ¸Ó ¡Ò µÉ³¥É¨ÉÓ ¨ ¥Ð¥ ´¥±µÉµ·Ò¥ ¨¤¥¨ ¨ ¶ · ¤µ±¸Ò,
±µÉµ·Ò¥ ³Ò · ¸¸³ É·¨¢ ²¨ ¸ U.M.�¸É ´¥¢¨Î¥³. Ÿ ¶µ³´Õ, ´¥§ ¤µ²£µ ¤µ ¥£µ
¢´¥§ ¶´µ° ±µ´Î¨´Ò ³Ò µ¡¸Ê¦¤ ²¨ ¶ · ¤µ±¸ �²Ó¡¥·¸ . ‘µ£² ¸´µ ÔÉµ³Ê ¶ · -
¤µ±¸Ê ¸¢¥É¨³µ¸ÉÓ ´¥¡  ¢ µ¤´µ·µ¤´µ° ¡¥¸±µ´¥Î´µ° ‚¸¥²¥´´µ° ¤µ²¦´  ¡ÒÉÓ
¡¥¸±µ´¥Î´µ°. „¥°¸É¢¨É¥²Ó´µ, ±µ²¨Î¥¸É¢µ Ô´¥·£¨¨, ¶·¨Ìµ¤ÖÐ¥° µÉ §¢¥§¤, ´ -
Ìµ¤ÖÐ¨Ì¸Ö ´  · ¸¸ÉµÖ´¨¨ r, Ê¡Ò¢ ¥É ¶·µ¶µ·Í¨µ´ ²Ó´µ 1/r2, ´µ Î¨¸²µ §¢¥§¤ ¸
· ¸¸ÉµÖ´¨¥³ r ¢µ§· ¸É ¥É ¶·µ¶µ·Í¨µ´ ²Ó´µ r3, ¶µÔÉµ³Ê ¶µ²´ Ö Ô´¥·£¨Ö ¶·¨
r → ∞ ¸É ´µ¢¨É¸Ö ¡¥¸±µ´¥Î´µ°.

Å U· , Å £µ¢µ·¨² Ö, Å ¶·¥¤¸É ¢Ó ¸¥¡¥, ÎÉµ ËµÉµ´Ò ´¥ · ¸¶·µ¸É· ´Ö-
ÕÉ¸Ö, ¨Ì ¶²µÉ´µ¸ÉÓ ¢ ¶·µ¸É· ´¸É¢¥ ±µ´¥Î´ , Éµ£¤  ´¨± ±µ£µ ¶ · ¤µ±¸  ´¥É.
„ ²¥¥, ¶·¥¤¸É ¢¨³ ¸¥¡¥, ÎÉµ ËµÉµ´Ò ¤¢¨¦ÊÉ¸Ö, ´µ µ¡² ¸ÉÓ ¨Ì · ¸¶·µ¸É· ´¥-
´¨Ö µ£· ´¨Î¥´ , Éµ£¤  ³Ò ³µ¦¥³ ¢¨¤¥ÉÓ Éµ²Ó±µ ËµÉµ´Ò ¨§ ´ Ï¥£µ µ±·Ê¦¥´¨Ö,
¢ ±µÉµ·µ³ § ¶¥·ÉÒ ´ Ï¨ ËµÉµ´Ò, ¨ µ¶ÖÉÓ ´¨± ±µ£µ ¶ · ¤µ±¸  ´¥É.

Å 
Ê, Å µÉ¢¥Î ² µ´, Å ¢ ÔÉµ³ ¶² ´¥ µ¡Ð Ö É¥µ·¨Ö µÉ´µ¸¨É¥²Ó´µ¸É¨
²ÊÎÏ¥ É¢µ¥°, ¶µ¸±µ²Ó±Ê µ´  ¸· §Ê µ£· ´¨Î¨¢ ¥É ¶·µ¸É· ´¸É¢µ ±µ´¥Î´Ò³ µ¡Ñ-
¥³µ³,   É¥¡¥ ´Ê¦´µ ÎÉµ-Éµ ¶·¨¤Ê³Ò¢ ÉÓ, ÎÉµ¡Ò § ¶¥·¥ÉÓ ËµÉµ´Ò ¢ µ£· ´¨Î¥´-
´µ³ µ¡Ñ¥³¥.

Å Šµ´¥Î´µ, µ¡Ð Ö É¥µ·¨Ö ¶·¨¢²¥± É¥²Ó´ , ± ± ¸± §± , ¢ ±µÉµ·ÊÕ Ìµ-
Î¥É¸Ö ¢¥·¨ÉÓ, ´µ ¨ ³´¥ ´¨Î¥£µ ¶·¨¤Ê³Ò¢ ÉÓ ´¥ ´ ¤µ. ˆ§¢¥¸É´ , ´ ¶·¨³¥·,



•ˆŒˆ—…‘Šˆ‰ ‘„‚ˆƒ 
…‰’��

›• �…‡�
�
‘�‚ 1355

²µ± ²¨§ Í¨Ö �´¤¥·¸µ´ . ”µÉµ´ · ¸¸¥¨¢ ¥É¸Ö ¢ Ì µÉ¨Î¥¸±µ° ¸·¥¤¥ ¨ µ± §Ò¢ -
¥É¸Ö ²µ± ²¨§µ¢ ´´Ò³. ’ ±¨³ µ¡· §µ³, µ¡² ¸ÉÓ ²µ± ²¨§ Í¨¨ ¨ ¥¸ÉÓ É  µ¡² ¸ÉÓ,
¢ ±µÉµ·µ° § ¶¥·É ËµÉµ´.

Å ‚ µ¡Ð¥° É¥µ·¨¨ ¥¸ÉÓ ±· ¸´µ¥ ¸³¥Ð¥´¨¥,   ÎÉµ ¥¸ÉÓ ¢ É¢µ¥°?
Å “ ³¥´Ö Éµ¦¥ ¥¸ÉÓ ±· ¸´µ¥ ¸³¥Ð¥´¨¥, ¨ ¶·¨Î¥³ ¸µ¢¥·Ï¥´´µ ¥¸É¥¸É¢¥´-

´µ¥. �·¥¤¸É ¢Ó ¸¥¡¥ ²¨´¨Õ ¢µ¤µ·µ¤ . �´  ´¥ ¡¥¸±µ´¥Î´µ Ê§± Ö, µ´  µ¶¨¸Ò-
¢ ¥É¸Ö ²µ·¥´Í¥¢¸±¨³ · ¸¶·¥¤¥²¥´¨¥³ ¨ ¶·µ¸É¨· ¥É¸Ö ¤ ²¥±µ µÉ Í¥´É·  ¨ ¢
µ¡² ¸ÉÓ ³ ²ÒÌ, ¨ ¢ µ¡² ¸ÉÓ ¡µ²ÓÏ¨Ì ¤²¨´ ¢µ²´. � ¸¸¥Ö´¨¥ ¡µ²¥¥ ±µ·µÉ±¨Ì
¤²¨´ ¢µ²´ ¡µ²¥¥ ¨´É¥´¸¨¢´µ, §´ Î¨É, ¤²¨´  ²µ± ²¨§ Í¨¨ ±µ·µÎ¥. �µÔÉµ³Ê µÉ
¤ ²Ó´¨Ì §¢¥§¤ ³Ò ¢¨¤¨³ Éµ²Ó±µ ±· ¸´Ò° Ì¢µ¸É Éµ° ¦¥ ¢µ¤µ·µ¤´µ° ²¨´¨¨.

Å 
Ê ÎÉµ ¦, Éµ£¤  É¥¡¥ µ¸É ²µ¸Ó ¸¢Ö§ ÉÓ ¶µ¸ÉµÖ´´ÊÕ • ¡¡²  ¸ ¤²¨´µ°
²µ± ²¨§ Í¨¨, Å ¸± § ² µ´ ¨ ¶µµ¡¥Ð ² ¸ ³ ´ ¤ ÔÉ¨³ ¶µ¤Ê³ ÉÓ. ŒÒ ¤µ£µ¢µ-
·¨²¨¸Ó ¶·µ¤µ²¦¨ÉÓ µ¡¸Ê¦¤¥´¨¥ µ¸¥´ÓÕ, ´µ ¶·µ¤µ²¦¥´¨¥ ´¥ ¸µ¸ÉµÖ²µ¸Ó.

dÒ² ¥Ð¥ µ¤¨´ ¶ · ¤µ±¸, ±µÉµ·Ò° µ´ ¢¸¥³ ¶·¥¤² £ ² ·¥Ï¨ÉÓ: ¨§²ÊÎ ¥É ²¨
Ô²¥±É·µ´, ±µ£¤  Ê¸±µ·Ö¥É¸Ö ¢ ¶µ²¥ ÉÖ¦¥¸É¨? …¸²¨ ¤ , Éµ ´¥É ¶·¨´Í¨¶  Ô±¢¨¢ -
²¥´É´µ¸É¨, ¨ · ¢´µÊ¸±µ·¥´´ÊÕ ¸¨¸É¥³Ê ³µ¦´µ µÉ²¨Î¨ÉÓ µÉ £· ¢¨É Í¨¨. …¸²¨
¦¥ ´¥É, ´ ¶·¨³¥·, µ´ ´¨±µ£¤  ´¥ ¨§²ÊÎ ¥É, ±µ£¤  ¤¢¨¦¥É¸Ö ¶µ £¥µ¤¥§¨Î¥¸±µ°,
Éµ ¢µ§´¨± ¥É ¢µ¶·µ¸:   ¨§²ÊÎ ¥É ²¨ Ô²¥±É·µ´, ²¥¦ Ð¨° ´  ¸ÉÊ²¥? �´ ¢¥¤Ó
Éµ£¤  ´ Ìµ¤¨É¸Ö ´¥ ´  £¥µ¤¥§¨Î¥¸±µ°. �¥Ï¥´¨Ö ÔÉµ£µ ¶ · ¤µ±¸  Ö ´¥ §´ Õ ¤µ
¸¨Ì ¶µ·.
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