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�¡Ñ¥¤¨´e´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

� §¢¨¢ ¥É¸Ö ¨ ¶·¨³¥´Ö¥É¸Ö ± ·Ö¤Ê ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¸ § ¤ ´´Ò³¨, § ¢¨¸ÖÐ¨³¨ µÉ ¸±µ-
·µ¸É¥° ¸¢Ö§Ö³¨ ¶·¥¤²µ¦¥´´Ò° ”. �. �¥·¥§¨´Ò³ ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ± ´µ´¨Î¥¸±µ£µ Ëµ·³ ²¨§³ .
Œ¥Éµ¤ ¶·¨³¥´¨³ ± ± ¤²Ö ´¥¢Ò·µ¦¤¥´´ÒÌ, É ± ¨ ¤²Ö ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¨ ´µ¢ ¨ ¡ §¨·Ê-
¥É¸Ö ´  ¢¢¥¤¥´¨¨ µ¡µ¡Ð¥´´µ° ² £· ´¦¥¢µ° ËÊ´±Í¨¨, ¢±²ÕÎ ÕÐ¥° ¸ ³´µ¦¨É¥²Ö³¨ ‹ £· ´¦ 
Ê· ¢´¥´¨Ö ¸¢Ö§¥°, ¨ ¶µ¸É·µ¥´¨¨ ¸ ¥¥ ¶µ³µÐÓÕ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢. �¸´µ¢´ Ö ¨¤¥Ö ³¥Éµ¤ 
¸µ¸Éµ¨É ¢ · §·¥Ï¥´¨¨ ¸µ¢³¥¸É´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤²Ö µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ ¨ ¸¢Ö§¥°, ¨§
±µÉµ·µ° ¢¸¥ ¸±µ·µ¸É¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ÔÉ¨ ¨³¶Ê²Ó¸Ò ¨ ±µµ·¤¨´ ÉÒ. ‚Ò·µ¦¤¥´´µ¸ÉÓ ¨²¨ ´¥-
¢Ò·µ¦¤¥´´µ¸ÉÓ É ±µ° ¸¨¸É¥³Ò µ¶·¥¤¥²Ö¥É¸Ö ´¥ ¶¥·¢µ´ Î ²Ó´Ò³ ² £· ´¦¨ ´µ³,   ¢µ§³µ¦´µ¸ÉÓÕ
µ¤´µ§´ Î´µ£µ · §·¥Ï¥´¨Ö ÔÉµ° ¸¢Ö§¨ µÉ´µ¸¨É¥²Ó´µ ¸±µ·µ¸É¥°. �¥¶µ¸·¥¤¸É¢¥´´µ ÔÉ  ¶·µÍ¥¤Ê· ,
´¥¸³µÉ·Ö ´  · §·¥Ï¥´¨¥ ² £· ´¦¥¢ÒÌ ¸¢Ö§¥°, ´¥ ¢¥¤¥É ± ·¥¤ÊÍ¨·µ¢ ´¨Õ Ë §µ¢µ£µ ¶·µ¸É· ´¸É¢ ,
  ¶¥·¢¨Î´Ò¥ £ ³¨²ÓÉµ´µ¢Ò ¸¢Ö§¨ ¢µ§´¨± ÕÉ §¤¥¸Ó ± ± ·¥§Ê²ÓÉ É  ²£µ·¨É³¨Î¥¸±¨ Ö¸´µ£µ ¶¥·¥Ìµ¤ 
µÉ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ ± ± ´µ´¨Î¥¸±¨³. �É¨³ ³¥Éµ¤µ³ ¸É·µ¨É¸Ö ± ´µ´¨Î¥¸±¨° Ëµ·³ ²¨§³
¤²Ö ´¥¢Ò·µ¦¤¥´´µ° ³¥Ì ´¨Î¥¸±µ° ¸¨¸É¥³Ò ¸ £µ²µ´µ³´µ° ¸¢Ö§ÓÕ, ¤²Ö ² £· ´¦¥¢µ° ËÊ´±Í¨¨,
²¨´¥°´µ° ¶µ ¸±µ·µ¸ÉÖ³,   É ±¦¥ ¤²Ö ³ É¥·¨ ²Ó´µ° ·¥²ÖÉ¨¢¨¸É¸±µ° Î ¸É¨ÍÒ ¢ ± ²¨¡·µ¢±¥ ¸µ¡-
¸É¢¥´´µ£µ ¢·¥³¥´¨, ·¥²ÖÉ¨¢¨¸É¸±µ° ¸É·Ê´Ò ¸ ² £· ´¦¥¢Ò³¨ ¸¢Ö§Ö³¨, § ¢¨¸ÖÐ¨³¨ µÉ ¸±µ·µ¸É¥°.
„²Ö ¢¥±Éµ·´µ£µ ³ ¸¸¨¢´µ£µ ¶µ²Ö ¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ¸ Ê¸²µ¢¨¥³ ‹µ·¥´Í  ³¥Éµ¤ ¶·¨¢µ¤¨É
± ¨§¢¥¸É´Ò³ ·¥§Ê²ÓÉ É ³, ´µ  ²£µ·¨É³¨Î¥¸±¨ ¥¤¨´µµ¡· §´Ò³ ¶·¨¥³µ³.

The conventional canonical treatment of constrained systems deals with the constraints which
follow only from the initial singular Lagrangian. However, there are problems where the Lagrange
constraints are introduced ®by hand¯ in addition to the Lagrangian or when, from the very beginning
of the Hamiltonization procedure, some of the constraints, that follow from the Lagrangian, are taken
into account manifestly. For example, the Lorentz gauge in electrodynamics cannot be canonically
implemented. The purpose of the review is to show that such noncanonical constraints can be treated
by the Berezin method. The method provides a uniˇed consideration of the singular and nonsingular
Lagrangians with constraints that depend on velocities and time. The approach is applied to concrete
examples: a special Lagrangian linear in velocities, relativistic particle in proper time gauge, a
relativistic string in orthonormal gauge, vector massive and Maxwell ˇelds in Lorentz gauge.

1. ‚‚…„…�ˆ…

Œ¥Éµ¤ „¨· ±  [1] ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³  ¤²Ö ¢Ò·µ¦¤¥´-
´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¢ Ë¨§¨±¥ Î ¸É¨Í ¨ ¶µ²¥° µ¸¢¥Ð¥´ ¢ µ¡Ï¨·´µ° ²¨É¥-
· ÉÊ·¥ (¸³., ´ ¶·¨³¥·, [2Ä5]), ¢ ±µÉµ·µ°, ´¥¸³µÉ·Ö ´  £·µ³µ§¤±ÊÕ ¶·µÍ¥¤Ê·Ê
±² ¸¸¨Ë¨± Í¨¨ £ ³¨²ÓÉµ´µ¢ÒÌ ¸¢Ö§¥° ´  ¶¥·¢¨Î´Ò¥, ¢Éµ·¨Î´Ò¥, ¶¥·¢µ£µ ¨
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¢Éµ·µ£µ ·µ¤ ,   É ±¦¥ É¥Ì´¨Î¥¸±¨ ¸²µ¦´µ¥ ¶µ¸É·µ¥´¨¥ ¸±µ¡µ± „¨· ± , µ´
· ¸¸³ É·¨¢ ¥É¸Ö ± ± ¥¤¨´¸É¢¥´´µ ¢µ§³µ¦´Ò°. ’¥³ ´¥ ³¥´¥¥ µ± §Ò¢ ¥É¸Ö, ÎÉµ
¢ ¸²ÊÎ ¥ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¸µ ¸¢Ö§Ö³¨, § ¢¨¸ÖÐ¨³¨ µÉ ¸±µ·µ¸É¥°, ± ±, ´ -
¶·¨³¥·, ¢ Ô²¥±É·µ¤¨´ ³¨±¥ ¸ Ê¸²µ¢¨¥³ ‹µ·¥´Í , ±µ£¤  ¨§-§  ¢Ò·µ¦¤¥´´µ¸É¨
² £· ´¦¨ ´  ´¥ ¢¸¥ ¸±µ·µ¸É¨, ¢Ìµ¤ÖÐ¨¥ ¢ Ê· ¢´¥´¨Ö ¸¢Ö§¨, ³µ£ÊÉ ¡ÒÉÓ ¢Ò-
· ¦¥´Ò Î¥·¥§ ¨³¶Ê²Ó¸Ò, É ±¨¥ ¸¢Ö§¨ ¢µµ¡Ð¥ ´¥ ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥´¥¸¥´Ò ¢
£ ³¨²ÓÉµ´µ¢ Ëµ·³ ²¨§³ ¨ ¶µ²ÊÎ¨²¨ ´ §¢ ´¨¥ ®´¥± ´µ´¨Î¥¸±¨Ì¯ [6]. ‡  ¶µ-
¸²¥¤´¥¥ ¢·¥³Ö ¸¤¥² ´ ¸ÊÐ¥¸É¢¥´´Ò° Ï £ ¢ · §¢¨É¨¨  ²ÓÉ¥·´ É¨¢´µ£µ ¶µ¤Ìµ¤ 
± ÔÉµ° ¶·µ¡²¥³¥, ¢ Î ¸É´µ¸É¨, ¢ · ¡µÉ¥ ” ¤¤¥¥¢  ¨ „¦ ±¨¢  [7] ¡Ò² ¶·¥¤²µ¦¥´
¨ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö  ±É¨¢´µ · §¢¨¢ ¥É¸Ö [8] ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ± ´µ´¨Î¥¸±µ£µ
Ëµ·³ ²¨§³ , µ¸´µ¢ ´´Ò° ´  ¸µ¢·¥³¥´´µ³  ¶¶ · É¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ëµ·³
¨ ¸¨³¶²¥±É¨Î¥¸±µ° £¥µ³¥É·¨¨ [9].

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ ¨§² £ ¥É¸Ö ¤·Ê£µ° ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ± ´µ´¨Î¥¸±µ£µ
Ëµ·³ ²¨§³ , ¶·¥¤²µ¦¥´´Ò° ¢ 1974 £. ”. �. �¥·¥§¨´Ò³ [10] ¨ ¶·¨³¥´¥´´Ò°
¨³ ¤²Ö ¤¢ÊÌ ² £· ´¦¥¢ÒÌ ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³, · ¸¸³µÉ·¥´¨Õ ±µÉµ·ÒÌ ¶µ-
¸¢ÖÐ¥´Ò ¶. 2.1 ¨ 2.2. ‚ · §¤. 2 ¨§² £ ¥É¸Ö ¸ ³ ³¥Éµ¤ ¸ ³µ¤¨Ë¨± Í¨¥°, ± ¸ -
ÕÐ¥°¸Ö ¶¥·¥Ìµ¤  µÉ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ ± ± ´µ´¨Î¥¸±¨³ ¨ ¢µ§´¨± ÕÐ¨Ì
¶·¨ ÔÉµ³ ¶¥·¢¨Î´ÒÌ £ ³¨²ÓÉµ´µ¢ÒÌ ¸¢Ö§¥°. ‘É·µ¨É¸Ö £ ³¨²ÓÉµ´µ¢ Ëµ·³ -
²¨§³ ¤²Ö ·Ö¤  ¢Ò·µ¦¤¥´´ÒÌ ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¸µ ¸¢Ö§Ö³¨ ¢ ·¥²ÖÉ¨¢¨¸É-
¸±µ° Ë¨§¨±¥, É ±¨Ì ± ± ³ ¸¸¨¢´ Ö ·¥²ÖÉ¨¢¨¸É¸± Ö Î ¸É¨Í , ·¥²ÖÉ¨¢¨¸É¸± Ö
¸É·Ê´ , ¢¥±Éµ·´µ¥ ³ ¸¸¨¢´µ¥ ¨ Ô²¥±É·µ³ £´¨É´µ¥ ¶µ²¥ ¸ Ê¸²µ¢¨¥³ ‹µ·¥´Í .
‚¸¥ ² £· ´¦¥¢Ò ¸¢Ö§¨ ¢ ÔÉ¨Ì ¶·¨³¥· Ì µÉ´µ¸ÖÉ¸Ö ± ®´¥± ´µ´¨Î¥¸±¨³¯, Éa±
±a± § ¢¨¸ÖÉ µÉ ¸±µ·µ¸É¥° ¨ ± ´µ´¨Î¥¸±¨³ ¶ÊÉ¥³ ´¥ ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥´¥¸¥´Ò ¢
£ ³¨²ÓÉµ´µ¢ Ëµ·³ ²¨§³. �·¥¤² £ ¥³Ò° ¦¥ ³¥Éµ¤ Ö¢´µ ¨¸¶µ²Ó§Ê¥É ÔÉ¨ ¸¢Ö§¨
¶·¨ ¶µ¸É·µ¥´¨¨ µ¡µ¡Ð¥´´µ£µ ² £· ´¦¨ ´  ¨ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢.

„·Ê£µ° µ¸µ¡¥´´µ¸ÉÓÕ ÔÉµ£µ ³¥Éµ¤  Ö¢²Ö¥É¸Ö Éµ, ÎÉµ ¢Ò·µ¦¤¥´´µ¸ÉÓ ¨²¨
´¥¢Ò·µ¦¤¥´´µ¸ÉÓ ² £· ´¦¥¢µ° ¸¨¸É¥³Ò µ¶·¥¤¥²Ö¥É¸Ö ´¥ ¨¸Ìµ¤´Ò³ ² £· ´¦¨-
 ´µ³ L(q, q̇, t), ¤²Ö ±µÉµ·µ£µ ¶·¥µ¡· §µ¢ ´¨¥ ‹¥¦ ´¤· 

pk =
∂L(q, q̇, t)

∂q̇k
, q = (q1, q2, ..., qn), q̇k =

dqk

dt
, (1.1)

³µ¦¥É ¨ ´¥ ¡ÒÉÓ · §·¥Ï¨³Ò³ µÉ´µ¸¨É¥²Ó´µ ¸±µ·µ¸É¥° q̇k,   ¢µ§³µ¦´µ¸ÉÓÕ
µ¤´µ§´ Î´µ£µ ·¥Ï¥´¨Ö ¤·Ê£µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ¢±²ÕÎ ÕÐ¥° ¢ ¸¥¡Ö ¢ Éµ³
Î¨¸²¥ ¨ Ê· ¢´¥´¨Ö ¸¢Ö§¥°. �µÔÉµ³Ê É·¥¡µ¢ ´¨¥ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ¨¸Ìµ¤´µ£µ
² £· ´¦¨ ´ 

det
∥∥∥∥ ∂2L

∂q̇i∂q̇j

∥∥∥∥ �= 0 (1.2)

¢ ÔÉµ³ ³¥Éµ¤e Ö¢²Ö¥É¸Ö ¨§²¨Ï´¨³. ‚µ ¢¸¥Ì · ¸¸³µÉ·¥´´ÒÌ ¤ ²¥¥ ¶·¨³¥· Ì,
¢´¥ § ¢¨¸¨³µ¸É¨ µÉ ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨Ö (1.2), ¸É·µ¨É¸Ö ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´ 
¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥.
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�²£µ·¨É³ ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò ¤²Ö ² £· ´¦¨ ´µ¢ ¸ ®´¥-
± ´µ´¨Î¥¸±¨³¨¯ ¸¢Ö§Ö³¨ · ¸¸³µÉ·¥´ ¢ · §¤. 2. �µ¸²¥¤ÊÕÐ¨¥ · §¤¥²Ò ¶µ¸¢Ö-
Ð¥´Ò Ê± § ´´Ò³ ¢ÒÏ¥ ¶·¨³¥· ³ ¨ ¸µ¤¥·¦ É µ¡¸Ê¦¤¥´¨¥ ¶µ²ÊÎ¥´´ÒÌ ·¥§Ê²Ó-
É Éµ¢, ±µÉµ·Ò¥ ¢ ¸²ÊÎ ¥ ·¥²ÖÉ¨¢¨¸É¸±µ° ³ É¥·¨ ²Ó´µ° ÉµÎ±¨ ¨ ¸É·Ê´Ò µÉ²¨-
Î ÕÉ¸Ö µÉ ¶µ²ÊÎ¥´´ÒÌ · ´¥¥ ¢ ¸É ´¤ ·É´µ³ ¶µ¤Ìµ¤¥, £¤¥ £ ³¨²ÓÉµ´¨ ´Ò ¤²Ö
ÔÉ¨Ì ¸¨¸É¥³ µ± §Ò¢ ²¨¸Ó Éµ¦¤¥¸É¢¥´´µ · ¢´Ò³¨ ´Ê²Õ, ¢ ¶·¥¤² £ ¥³µ³ ³¥-
Éµ¤¥ µ´¨ ¶·¨´¨³ ÕÉ ´Ê²¥¢µ¥ §´ Î¥´¨¥ Éµ²Ó±µ ´  ¶¥·¢¨Î´ÒÌ £ ³¨²ÓÉµ´µ¢ÒÌ
¸¢Ö§ÖÌ. „²Ö ³ ¸¸¨¢´µ£µ ¢¥±Éµ·´µ£µ ¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²¥° ¸ ± ²¨¡·µ¢µÎ-
´Ò³ Ê¸²µ¢¨¥³ ‹µ·¥´Í  ¶µ¸É·µ¥´´Ò° É ±¨³ ¶ÊÉ¥³ ± ´µ´¨Î¥¸±¨° Ëµ·³ ²¨§³
(· §¤. 5) ¸µ¢¶ ¤ ¥É ¸ µ¡Ð¥¶·¨´ÖÉÒ³ [6,11,12].

‚µ¶·µ¸Ò ¶µ¸É·µ¥´¨Ö ±¢ ´Éµ¢µ° É¥µ·¨¨ ¤²Ö ¶µ²ÊÎ¥´´ÒÌ £ ³¨²ÓÉµ´µ¢ÒÌ
¸¨¸É¥³ ´¥ µ¡¸Ê¦¤ ÕÉ¸Ö, ¶µ¸±µ²Ó±Ê ¶·µ¡²¥³  ¶·¨¤ ´¨Ö ¸³Ò¸²  ´¥²¨´¥°´Ò³
£ ³¨²ÓÉµ´¨ ´ ³ ¸ ´¥±µ³³ÊÉ¨·ÊÕÐ¨³¨ µ¶¥· Éµ· ³¨ §¤¥¸Ó ¢¸É ¥É ¢µ ¢¸¥° ¸¢µ¥°
¸²µ¦´µ¸É¨.

2. Œ�„ˆ”ˆ–ˆ��‚���›‰ Œ…’�„ �…�…‡ˆ��

� ¸¸³µÉ·¨³ ¸¨¸É¥³Ê ¸ ËÊ´±Í¨¥° ‹ £· ´¦  L(q, q̇, t) ¨ ´¥±µÉµ·Ò³ ´ ¡µ·µ³
¸¢Ö§¥°

ϕi(q, q̇, t) = 0, q = (q1, q2, ..., qn), i = 1, 2, ..., m, m ≤ n. (2.1)

‚¸¥ ¸¢Ö§¨ ¡Ê¤¥³ ¸Î¨É ÉÓ § ¢¨¸ÖÐ¨³¨ µÉ ¸±µ·µ¸É¥°. …¸²¨ ¸·¥¤¨ ´¨Ì ¥¸ÉÓ Ê· ¢-
´¥´¨Ö ϕ(q, t) = 0, Éµ § ³¥´Ö¥³ ¨Ì ¸µµÉ´µÏ¥´¨Ö³¨, ¶µ²ÊÎ ÕÐ¨³¨¸Ö ¤¨ËË¥-
·¥´Í¨·µ¢ ´¨¥³ ÔÉ¨Ì ¸¢Ö§¥° ¶µ ¢·¥³¥´¨:

n∑
j=1

∂ϕ(q, t)
∂qj

q̇j +
∂ϕ(q, t)

∂t
= 0. (2.2)

‘µ£² ¸´µ µ¡Ð¥³Ê ³¥Éµ¤Ê ‹ £· ´¦  [13] ³¨´¨³Ê³ ¤¥°¸É¢¨Ö ¶·¨ Ê¸²µ¢¨¨,
ÎÉµ É· ¥±Éµ·¨¨ ¸¨¸É¥³Ò Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ ¸¢Ö§¥°, ·¥ ²¨§Ê¥É¸Ö ´ 
É· ¥±Éµ·¨ÖÌ, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ¶·¨´Í¨¶Ê ´ ¨³¥´ÓÏ¥£µ ¤¥°¸É¢¨Ö ¡¥§ ¸¢Ö§¥°,
´µ ¸ µ¡µ¡Ð¥´´µ° ËÊ´±Í¨¥° ‹ £· ´¦ 

L(q, q̇, t) = L(q, q̇, t) +
m∑

i=1

λi(t)ϕi(q, q̇, t), (2.3)

£¤¥ λi(t) Å ³´µ¦¨É¥²¨ ‹ £· ´¦ , ¶µ¤²¥¦ Ð¨¥ µ¶·¥¤¥²¥´¨Õ ¨§ Ê¸²µ¢¨° § -
¤ Î¨. �µ¢Ò³ ¢ ¶µ¤Ìµ¤¥ ± É ±µ° ¢ ·¨ Í¨µ´´µ° § ¤ Î¥ Ö¢²Ö¥É¸Ö ¶·¥¤²µ¦¥´¨¥
�¥·¥§¨´  ¢¢¥¸É¨ §¤¥¸Ó £ ³¨²ÓÉµ´µ¢Ò ¶¥·¥³¥´´Ò¥ p̃k, qk

p̃k =
∂L
∂q̇k

=
∂L

∂q̇k
+

m∑
i=1

λi(t)
∂ϕi

∂q̇k
, k = 1, 2, ..., n. (2.4)



8 �����˜�‚ �. Œ.

ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ p̃k µ¡µ¡Ð¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨. �Î¥¢¨¤´µ, ÎÉµ p̃k ¡Ê¤ÊÉ
¸µ¢¶ ¤ ÉÓ ¸ ± ´µ´¨Î¥¸±¨³¨ ¨³¶Ê²Ó¸ ³¨ (1.1) Éµ²Ó±µ ¶·¨ λi(t) = 0. ‘µ£² ¸´µ
µ¡Ð¥° ¸Ì¥³¥ ¶¥·¥Ìµ¤  ± £ ³¨²ÓÉµ´µ¢Ê µ¶¨¸ ´¨Õ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¢ ¸²Ê-
Î ¥ ´¥¢Ò·µ¦¤¥´´µ¸É¨ É¥¶¥·Ó Ê¦¥ µ¡µ¡Ð¥´´µ£µ ² £· ´¦¨ ´  (2.3) ¶¥·¥³¥´´Ò¥
p̃k, qk Ê¤µ¢²¥É¢µ·ÖÕÉ £ ³¨²ÓÉµ´µ¢Ò³ Ê· ¢´¥´¨Ö³

dp̃k

dt
= − ∂H

∂qk
,

dqk

dt
=

∂H
∂pk

, k = 1, 2, ..., m, (2.5)

¸ ËÊ´±Í¨¥° ƒ ³¨²ÓÉµ´ , ¶µ¸É·µ¥´´µ° ¸ ¶µ³µÐÓÕ ¨³¶Ê²Ó¸µ¢ (2.4),

H =
n∑

k=1

p̃k q̇k − L(q, q̇, t). (2.6)

�¤´ ±µ ±·µ³¥ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö (2.5) ¤µ²¦´Ò É ±¦¥ Ê¤µ¢²¥É¢µ·ÖÉÓ¸Ö Ê· ¢-
´¥´¨Ö ¸¢Ö§¥° (2.1), ¶µÔÉµ³Ê ³¥Éµ¤ �¥·¥§¨´  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò · ¸¸³ É·¨-
¢ ÉÓ n Ê· ¢´¥´¨° (2.4) ¨ m Ê· ¢´¥´¨° ¸¢Ö§¥° (2.1) ± ± ¸¨¸É¥³Ê ¨§ n + m
Ê· ¢´¥´¨° µÉ´µ¸¨É¥²Ó´µ n + m ¶¥·¥³¥´´ÒÌ q̇k ¨ λi. …¸²¨ ÔÉ  ¸¨¸É¥³  ´¥¢Ò-
·µ¦¤¥´´ , Éµ µ´  µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥É q̇k ¨ λi ± ± ËÊ´±Í¨¨ µÉ p̃i, qi, t. ‚
ÔÉµ³ ¸²ÊÎ ¥ ¶¥·¥Ìµ¤ ¢ Ë §µ¢µ¥ ¶·µ¸É· ´¸É¢µ (É. ¥. µÉ ² £· ´¦¥¢ÒÌ ¶¥·¥³¥´´ÒÌ
q, q̇ ± £ ³¨²ÓÉµ´µ¢Ò³ q, p̃) ³µ¦´µ µ¸ÊÐ¥¸É¢¨ÉÓ ´¥§ ¢¨¸¨³µ µÉ Éµ£µ, Ö¢²Ö¥É¸Ö
²¨ ¨¸Ìµ¤´Ò° ² £· ´¦¨ ´ L(q, q̇, t) ¢Ò·µ¦¤¥´´Ò³ ¨²¨ ´¥É. ‚ Ë §µ¢µ³ ¶·µ-
¸É· ´¸É¢¥ ¨¸Ìµ¤´ Ö ¸¨¸É¥³  µ¶¨¸Ò¢ ¥É¸Ö £ ³¨²ÓÉµ´µ¢Ò³¨ Ê· ¢´¥´¨Ö³¨ (2.5)
¨ ¨Ì Î¨¸²µ · ¢´µ 2n. �  ÔÉµ³ ÔÉ ¶¥ ´¨± ±¨Ì ¸¢Ö§¥° ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥
´¥ ¢µ§´¨± ¥É, É ± ± ± ¨¸Ìµ¤´Ò¥ ² £· ´¦¥¢Ò ¸¢Ö§¨ (2.1) ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¤²Ö
´ Ìµ¦¤¥´¨Ö q̇k = q̇k(p̃, q, t) ¨ λi = λi(p̃, q, t) ¨ ¶µ¤¸É ´µ¢±  ¢ (2.1) ¢¥²¨Î¨´
q̇k(p̃, q, t) µ¡· Ð ¥É ¨Ì ¢ Éµ¦¤¥¸É¢µ. ’ ±¨³ µ¡· §µ³, ÌµÉÖ ¸¢Ö§¨ ´ ³¨ ÊÎÉ¥´Ò,
Ê³¥´ÓÏ¥´¨Ö Î¨¸²  ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò ¸¨¸É¥³Ò ´¥ ¶·µ¨¸Ìµ¤¨É, µ¤´ ±µ, ± ±
¡Ò²µ § ³¥Î¥´µ ¥Ðe �¥·¥§¨´Ò³ [10], ¶µ²ÊÎ¥´´ Ö É ±¨³ ¶ÊÉ¥³ £ ³¨²ÓÉµ´µ¢ 
¸¨¸É¥³  (2.5) ¤µ²¦´  ¨³¥ÉÓ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö ¨²¨ ¨´¢ ·¨ ´É´Ò¥ ¸µµÉ´µ-
Ï¥´¨Ö, ·¥£Ê²Ö·´Ò° ¸¶µ¸µ¡ ´ Ìµ¦¤¥´¨Ö ±µÉµ·ÒÌ ¨³ ´¥ ¡Ò² ¤ ´.

‡¤¥¸Ó ³Ò ¶µ± ¦¥³, ÎÉµ É ±µ° ´ ¡µ· m ¸µÌ· ´ÖÕÐ¨Ì¸Ö ¢¥²¨Î¨´ ³µ¦¥É
¡ÒÉÓ ¶µ²ÊÎ¥´, ¥¸²¨ ¶·¨· ¢´ÖÉÓ ´Ê²Õ ³´µ¦¨É¥²¨ ‹ £· ´¦ , ¢Ò· ¦¥´´Ò¥ ± ±
ËÊ´±Í¨¨ ± ´µ´¨Î¥¸±¨Ì ¨³¶Ê²Ó¸µ¢ pk, ±µµ·¤¨´ É q ¨ ¢·¥³¥´¨. Š ± Ê¦¥ µÉ-
³¥Î ²µ¸Ó ¶·¨ µ¶·¥¤¥²¥´¨¨ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ p̃k ¢ (2.4), µ´¨ ¡Ê¤ÊÉ ¸µ-
¢¶ ¤ ÉÓ ¸ ± ´µ´¨Î¥¸±¨³¨ ¶·¨ λi = 0, ¶µÔÉµ³Ê ¶¥·¥Ìµ¤ µÉ ¶¥·¢ÒÌ ±µ ¢Éµ·Ò³
¢Ò· ¦ ¥É¸Ö É·¥¡µ¢ ´¨¥³

λi(p̃, q, t)/p̃=p = 0, i = 1, 2, ..., m. (2.7)

ˆ³¥´´µ ÔÉ¨ · ¢¥´¸É¢ , ± ± ¡Ê¤¥É ¢¨¤´µ ¨§ ¤ ²Ó´¥°Ï¨Ì ¶·¨³¥·µ¢, ¨ ¤ ÕÉ
¶¥·¢¨Î´Ò¥ £ ³¨²ÓÉµ´µ¢Ò ¸¢Ö§¨ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥.

�·¥¤² £ ¥³Ò°  ²£µ·¨É³ ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´µ¢  µ¶¨¸ ´¨Ö ¸¨¸É¥³ ¸µ
¸¢Ö§Ö³¨ ´ Ìµ¤¨É ¸¢µ¥ µ¡µ¸´µ¢ ´¨¥ ¢ · ³± Ì ± ´µ´¨Î¥¸±µ£µ ¶µ¤Ìµ¤  „¨· ± ,
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±µ£¤  ³´µ¦¨É¥²¨ λi ¢ µ¡µ¡Ð¥´´µ³ ² £· ´¦¨ ´¥ (2.3) É· ±ÉÊÕÉ¸Ö ± ± ¤µ¶µ²-
´¨É¥²Ó´Ò¥ ±µµ·¤¨´ ÉÒ, ¤²Ö ±µÉµ·ÒÌ ¸µ¶·Ö¦¥´´Ò¥ ¨³¶Ê²Ó¸Ò Éµ¦¤¥¸É¢¥´´µ
· ¢´Ò ´Ê²Õ:

p̃λi =
∂L
∂λ̇i

= 0 . (2.8)

„ ²¥¥, ¶µ „¨· ±Ê, ´¥µ¡Ìµ¤¨³µ ¶µÉ·¥¡µ¢ ÉÓ, ÎÉµ¡Ò ¢Ò¶µ²´Ö²¨¸Ó Ê¸²µ¢¨Ö

dp̃λi

dt
= − ∂H

∂λi
= 0, i = 1, 2, ..., m. (2.9)

�É¨ Ê· ¢´¥´¨Ö µÎ¥¢¨¤´µ ¤ ÕÉ ² £· ´¦¥¢Ò ¸¢Ö§¨ (2.1),   £ ³¨²ÓÉµ´µ¢Ò Ê· ¢-
´¥´¨Ö ¤²Ö λi ¨³¥ÕÉ ¢¨¤

dλi

dt
=

∂H
∂p̃λi

= 0 ,

É ± ± ± £ ³¨²ÓÉµ´¨ ´ (2.6) ´¥ § ¢¨¸¨É µÉ p̃λi ¢ ¸¨²Ê (2.8).
�¥·¢¨Î´Ò¥ ¸¢Ö§¨ (2.8) Ö¢²ÖÕÉ¸Ö ¸¢Ö§Ö³¨ ¶¥·¢µ£µ ·µ¤ , ¶µÔÉµ³Ê ¢ · ¸-

¸³ É·¨¢ ¥³µ³ ¶µ¤Ìµ¤¥ ¨³¥¥É¸Ö ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§¢µ² [1], Ê¸É· ´¨ÉÓ ±µ-
Éµ·Ò° ³Ò ³µ¦¥³, ¢Ò¡· ¢ m ± ²¨¡·µ¢µÎ´ÒÌ Ê¸²µ¢¨°, § ¤ ¢ ¥³ÒÌ Ê· ¢´¥´¨-
Ö³¨ (2.7). �É¨ Ê· ¢´¥´¨Ö ¤¥°¸É¢¨É¥²Ó´µ ³µ¦´µ É· ±Éµ¢ ÉÓ ± ± ± ²¨¡·µ¢µÎ-
´Ò¥ Ê¸²µ¢¨Ö, ¶µ¸±µ²Ó±Ê ¸±µ¡±¨ �Ê ¸¸µ´  λj ¨ pλi ´¥ · ¢´Ò ´Ê²Õ,   ¸ ³¨
Ê¸²µ¢¨Ö (2.7) ¸µ£² ¸µ¢ ´Ò ¸ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ¢ ¸¨²Ê £ ³¨²ÓÉµ´µ¢ÒÌ
Ê· ¢´¥´¨° ¤²Ö λi.

Š ± ¡Ê¤¥É ¢¨¤´µ ¨§ ¤ ²Ó´¥°Ï¨Ì ¶·¨³¥·µ¢, Ê¸²µ¢¨Ö (2.7) ¤ ÕÉ ¶¥·¢¨Î´Ò¥
£ ³¨²ÓÉµ´µ¢Ò ¸¢Ö§¨ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥.

ˆÉ ±, ¨§ ¨§²µ¦¥´´µ£µ ¸²¥¤Ê¥É, ÎÉµ ¢ ¶·¥¤² £ ¥³µ³  ²£µ·¨É³¥ ¶µ¸É·µ¥´¨Ö
£ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³  É·¥¡µ¢ ´¨¥ ´¥¢Ò·µ¦¤¥´´µ¸É¨ ¨¸Ìµ¤´µ£µ ² £· ´-
¦¨ ´  (2.1) µ± §Ò¢ ¥É¸Ö ¨§²¨Ï´¨³. ‚³¥¸Éµ ´¥£µ ¢µ§´¨± ¥É É·¥¡µ¢ ´¨¥ µ¤´µ-
§´ Î´µ° · §·¥Ï¨³µ¸É¨ ¸µ¢³¥¸É´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¸¢Ö§¥° (2.1) ¨ Ê· ¢´¥-
´¨° (2.4), µ¶·¥¤¥²ÖÕÐ¨Ì µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò p̃k, µÉ´µ¸¨É¥²Ó´µ q̇k ¨ λi.

�¥·¥°¤¥³ É¥¶¥·Ó ± · ¸¸³µÉ·¥´¨Õ ±µ´±·¥É´ÒÌ ¶·¨³¥·µ¢.
2.1. �¥¢Ò·µ¦¤¥´´Ò° ² £· ´¦¨ ´ ¸ £µ²µ´µ³´µ° ¸¢Ö§ÓÕ∗. � ¸¸³µÉ·¨³

¢ n-³¥·´µ³ ¥¢±²¨¤µ¢µ³ ¶·µ¸É· ´¸É¢¥ ³ ¸¸¨¢´ÊÕ ´¥·¥²ÖÉ¨¢¨¸É¸±ÊÕ Î ¸É¨ÍÊ,
´ Ìµ¤ÖÐÊÕ¸Ö ¢ ¶µÉ¥´Í¨ ²Ó´µ³ ¶µ²¥ V (q) ´  £¨¶¥·¶µ¢¥·Ì´µ¸É¨ ϕ(q) = const:

L =
m

2

n∑
i=1

q̇2
i − V (q), ϕ(q) = c, q = (q1, q2, ..., qn). (2.10)

∗Š ± ¶µ± § ´µ ¢ · ¡µÉ¥ [14], ¤²Ö ² £· ´¦¥¢ÒÌ ¸¨¸É¥³ ¸ ´¥£µ²µ´µ³´Ò³¨ ¸¢Ö§Ö³¨ ´¥µ¡Ìµ¤¨³ 
±² ¸¸¨Ë¨± Í¨Ö, ÊÎ¨ÉÒ¢ ÕÐ Ö ®¸É¥¶¥´Ó ´¥£µ²µ´µ³´µ¸É¨¯, ¢ Î ¸É´µ¸É¨, ® ¡¸µ²ÕÉ´ Ö ´¥£µ²µ´µ³-
´µ¸ÉÓ¯ ¢µ§´¨± ¥É ¶·¨ ´¥¨´¢o²ÕÉ¨¢´µ¸É¨ ¤ ¦¥ ²¨´¥°´ÒÌ ¸¢Ö§¥°.
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‘É ´¤ ·É´Ò° ¶ÊÉÓ ¢¥¤¥É ± £ ³¨²ÓÉµ´¨ ´Ê

pi =
∂L

∂qi
= mq̇i , H =

1
2m

n∑
i=1

p2
i + V (q) , ϕ(q) = c , (2.11)

£¤¥ ËÊ´±Í¨Ö ϕ(q) µ± §Ò¢ ¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²µ³ ÔÉµ° ¸¨¸É¥³Ò, ¶µ¸±µ²Ó±Ê
¸±µ¡±  �Ê ¸¸µ´ 

{ϕ, H} =
n∑

i=1

(
∂ϕ

∂qi

∂H

∂pi
− ∂ϕ

∂pi

∂H

∂qi

)
=

n∑
i=1

∂ϕ(q)
∂qi

q̇i

¸ ÊÎ¥Éµ³

dϕ(q)
dt

=
n∑

i=1

∂ϕ(q)
∂qi

q̇i = 0 (2.12)

· ¢´  ´Ê²Õ.
�µ¸²¥¤Ê¥³ ¶·¥¤² £ ¥³µ³Ê  ²£µ·¨É³Ê ¨, ¢§Ö¢ ¸µ£² ¸´µ (2.2) ¸¢Ö§Ó ¢ ¶·µ-

¤¨ËË¥·¥´Í¨·µ¢ ´´µ³ ¢¨¤¥, ¶µ¸É·µ¨³ µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´ (2.3)

L = L + λ
n∑

i=1

∂ϕ

∂qi
q̇i

¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò

p̃k =
∂L
∂q̇k

= mq̇k + λ∂kϕ, £¤¥ ∂kϕ =
∂ϕ

∂qk
. (2.13)

�·¨¸µ¥¤¨´ÖÖ ± (2.13) Ê· ¢´¥´¨¥ ¸¢Ö§¨ (2.12), ´ Ìµ¤¨³ λ ¨ q̇k ± ± ËÊ´±Í¨¨ p̃k

¨ qk. „²Ö ÔÉµ£µ, ¶·µ¥±É¨·ÊÖ (2.13) ´  ¢¥±Éµ· ∂ϕ, ¨³¥¥³

(p̃∂ϕ) = λ(∂ϕ)2 =⇒ λ =
(p̃ ∂ϕ)
(∂ϕ)2

, (2.14)

  §´ Ö λ, ¨§ (2.13) ´ Ìµ¤¨³

q̇k =
1
m

[
p̃k − (p̃∂ϕ)

(∂ϕ)2
∂kϕ

]
. (2.15)

�Éµ ¢Ò· ¦¥´¨¥, ± ± ¨ ¤µ²¦´µ ¡ÒÉÓ, Éµ¦¤¥¸É¢¥´´µ Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢-
´¥´¨Õ ¸¢Ö§¨ (2.12), ¶µ¸±µ²Ó±Ê ´ °¤¥´µ ¨§ ¸¨¸É¥³Ò, ¢±²ÕÎ ¢Ï¥° Ê· ¢´¥-
´¨¥ (2.12).

’¥¶¥·Ó ¸É·µ¨³ £ ³¨²ÓÉµ´¨ ´ ¸ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ ¸¢Ö§¨ · §·¥Ï¥´Ò ¨ ´ 
´¨Ì ¢Ò¶µ²´Ö¥É¸Ö · ¢¥´¸É¢µ L = L:

H =
n∑

k=1

p̃kq̇k − L =
1

2m

[
p̃2 − (p̃∂ϕ)2

(∂ϕ)2

]
+ V (q). (2.16)
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’¥¶¥·Ó ³Ò ³µ¦¥³ ¶µÉ·¥¡µ¢ ÉÓ ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨° (2.7) ¨ É¥³ ¸ ³Ò³ ¶¥-
·¥°É¨ µÉ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ (2.13) ± ± ´µ´¨Î¥¸±¨³ (2.11). ‚ ·¥§Ê²ÓÉ É¥
¨§ (2.14) ¢µ§´¨± ¥É ¶¥·¢¨Î´ Ö £ ³¨²ÓÉµ´µ¢  ¸¢Ö§Ó

λ(p̃, q)/p̃=p = 0 =⇒ (p ∂ϕ) = 0. (2.17)

‘µ£² ¸´µ µ¡Ð¥¶·¨´ÖÉµ° ¶·µÍ¥¤Ê·¥ „¨· ±  [1] ´¥µ¡Ìµ¤¨³µ ´ Ìµ¦¤¥´¨¥
¢¸¥Ì ¸¢Ö§¥° ¢ ¸¨¸É¥³¥ (2.11), (2.17), µ¤´ ±µ ¢ · ¸¸³ É·¨¢ ¥³µ³ ¶·¨³¥·¥ �¥·¥-
§¨´Ò³ [10] ¡Ò² ¸· §Ê ¨¸¶µ²Ó§µ¢ ´ ¶¥·¢Ò° ¨´É¥£· ² ¸¨¸É¥³Ò (2.10), ±µÉµ·Ò°
É ±¦¥ Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²µ³ ¨ ´ Ï¥° ¸¨¸É¥³Ò (2.16), (2.17):

{
ϕ(q),H

}
=

n∑
n=1

(
∂ϕ

∂qi

∂H
∂pi

− ∂ϕ

∂p̃i

∂H
∂qi

)
=

n∑
n=1

∂iϕ

[
p̃i −

(p̃∂ϕ)
(∂ϕ)2

∂iϕ

]
≡ 0.

‡´ ´¨¥ ¶¥·¢µ£µ ¨´É¥£· ²  ¶µ§¢µ²Ö¥É ¶µ´¨§¨ÉÓ ¶µ·Ö¤µ± £ ³¨²ÓÉµ´µ¢µ° ¸¨-
¸É¥³Ò [13], ¨ ¤²Ö ¤ ´´µ° ¸¨¸É¥³Ò ÔÉµ ³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉµ µ¤´µ·µ¤´Ò³
± ´µ´¨Î¥¸±¨³ ¶·¥µ¡· §µ¢ ´¨¥³, ¸¶¥Í¨ ²Ó´Ò³ ¸²ÊÎ ¥³ ±µÉµ·µ£µ Ö¢²Ö¥É¸Ö ¸²¥-
¤ÊÕÐ¥¥ ¶·¥µ¡· §µ¢ ´¨¥ ±µµ·¤¨´ É:

ξ1 = ϕ(q1, q2, ..., qn), ξi = ξi(q1, q2, ..., qn), i = 2, 3, ..., n. (2.18)

‚ ÔÉµ³ ¸²ÊÎ ¥ ¸µ¶·Ö¦¥´´Ò¥ ± ξi ¨³¶Ê²Ó¸Ò πi = πi(q1, q2, ..., qn, p1, p2, ..., pn)
µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ Éµ¦¤¥¸É¢ 

n∑
i=1

pi dqi =
n∑

j=1

πj dξj , (2.19)

¸¶· ¢¥¤²¨¢µ£µ ¤²Ö µ¤´µ·µ¤´ÒÌ ± ´µ´¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°. �µ¤¸É ¢²ÖÖ ¢
¶· ¢ÊÕ Î ¸ÉÓ (2.19) dξi ¨§ (2.18) ¸ ÊÎ¥Éµ³ dξ1 = dϕ = 0 ¨ ¶·¨· ¢´¨¢ Ö ¢ µ¡e¨Ì
Î ¸ÉÖÌ ±µÔËË¨Í¨¥´ÉÒ ¶·¨ ´¥§ ¢¨¸¨³ÒÌ ¤¨ËË¥·¥´Í¨ ² Ì dqi, ¶µ²ÊÎ ¥³

pi =
n∑

j=2

πj
∂ξj

∂qi
.

’ ±¨³ µ¡· §µ³ ´  ¶µ¤³´µ£µµ¡· §¨¨ ϕ(q1, ..., qn) = c ¢¢µ¤ÖÉ¸Ö ²µ± ²Ó´Ò¥ ±µ-
µ·¤¨´ ÉÒ ξi ¨ ¸µ¶·Ö¦¥´´Ò¥ ¨³ ¨³¶Ê²Ó¸Ò πi, Î¨¸²µ É¥Ì ¨ ¤·Ê£¨Ì · ¢´µ n− 1.
‚ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ ¨³¥¥³

n∑
i=1

p2
i =

n∑
i=1

n∑
j,k=2

πjπk
∂ξj

∂qi

∂ξk

∂qi
=

n∑
j,k=2

gjkπjπk,

£¤¥

gjk =
n∑

i=1

∂ξj

∂qi

∂ξk

∂qi
.
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�Î¥¢¨¤´µ, ÎÉµ gik Å ÔÉµ ±µ³¶µ´¥´ÉÒ ³¥É·¨Î¥¸±µ£µ É¥´§µ·  ´  £¨¶¥·¶µ¢¥·Ì-
´µ¸É¨ ϕ(q) = c. ‚ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ £ ³¨²ÓÉµ´¨ ´ (2.16) ¶·¨´¨³ ¥É ¢¨¤

H =
1

2m

n∑
j,k=2

gjkπjπk + V (ξ1 = c, ξ2, ..., ξn). (2.20)

‘ÊÐ¥¸É¢¥´´µ, ÎÉµ É¥¶¥·Ó Î¨¸²µ ¶ · ¸µ¶·Ö¦¥´´ÒÌ ¶¥·¥³¥´´ÒÌ ξk , πk (k =
2, ..., n) ´  ¥¤¨´¨ÍÊ ³¥´ÓÏ¥, Î¥³ ¢ ¨¸Ìµ¤´µ° Ëµ·³Ê²¨·µ¢±¥, ÎÉµ ¨ µ§´ Î ¥É
·¥¤Ê±Í¨Õ ¸¨¸É¥³Ò.

�É³¥É¨³ ¥Ð¥ µ¤´Ê µ¸µ¡¥´´µ¸ÉÓ · ¸¸³ É·¨¢ ¥³µ£µ ³¥Éµ¤ , ±µÉµ· Ö ¡Ê¤¥É
¶·µÖ¢²ÖÉÓ¸Ö ¨ ¢ ¤ ²Ó´¥°Ï¨Ì ¶·¨³¥· Ì. �µ²ÊÎ¥´´Ò° £ ³¨²ÓÉµ´¨ ´ (2.16)
¢Ò·µ¦¤¥´ (¸¨´£Ê²Ö·¥´), ¶µ¸±µ²Ó±Ê £¥¸¸¨ ´

∂2H
∂p̃i∂p̃j

= m

[
δij −

∂iϕ∂jϕ

(∂ϕ)2

]

¨³¥¥É ¸µ¡¸É¢¥´´Ò° ¢¥±Éµ· ∂iϕ ¸ ´Ê²¥¢Ò³ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³. ’ ±µ°
£ ³¨²ÓÉµ´¨ ´ ´¥ ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥¦ ´¤·  ´¨ ¨§ ± ±µ°
ËÊ´±Í¨¨ ‹ £· ´¦ , ¢ Éµ ¢·¥³Ö ± ± ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´  (2.20) ´¥¢Ò·µ¦¤¥´´ 
¨ ¶µ²ÊÎ ¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥³ ‹¥¦ ´¤·  ¨§ ËÊ´±Í¨¨ ‹ £· ´¦ 

L =
m

2

n∑
j,k=2

gjk ξ̇j ξ̇k − V (c, ξ2, ξ3, ..., ξn), gjk =
∑
i=1

∂qi

∂ξj

∂qi

∂ξk
.

Œ¥Éµ¤ �¥·¥§¨´ , ± ± µÉ³¥Î ²µ¸Ó, ´¥ ¸¢µ¤¨É¸Ö Éµ²Ó±µ ± ¶·¥µ¡· §µ¢ ´¨Õ
‹¥¦ ´¤·  (2.13), ¢Ò·µ¦¤¥´´µ¸ÉÓ ¸¨¸É¥³Ò ¢ ÔÉµ³ ¶µ¤Ìµ¤¥ µ¶·¥¤¥²Ö¥É¸Ö ´¥¢µ§-
³µ¦´µ¸ÉÓÕ · §·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.12), (2.13). �µÔÉµ³Ê µ´ ¶µ§¢µ-
²Ö¥É µÉ ¢Ò·µ¦¤¥´´µ° £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò (2.16), (2.17) ¢¥·´ÊÉÓ¸Ö ± ² -
£· ´¦¥¢µ° ¸¨¸É¥³¥ (2.10) (¨´¢µ²ÕÉ¨¢´µ¸ÉÓ ³¥Éµ¤ ). „²Ö ÔÉµ£µ µ¶ÖÉÓ ¸É·µ¨É¸Ö
µ¡µ¡Ð¥´´Ò° (¶µ²´Ò°) £ ³¨²ÓÉµ´¨ ´, ¢±²ÕÎ ÕÐ¨° ¸ ³´µ¦¨É¥²¥³ ‹ £· ´¦ 
µ ¸¢Ö§Ó (2.17):

HT =
1

2m

[
p2 − (p∂ϕ)2

(∂ϕ)2

]
+ V (q) + µ(p∂ϕ),

¨ ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨°

˜̇q =
∂HT

∂pk
=

1
m

[
pk − (p∂ϕ)

(∂ϕ)2

]
+ µ∂kϕ,

(p ∂ϕ) = 0

(˜̇qk ¡Ê¤¥³ ´ §Ò¢ ÉÓ µ¡µ¡Ð¥´´µ° ¸±µ·µ¸ÉÓÕ) ³´µ¦¨É¥²Ó ‹ £· ´¦  µ ¨ ¨³-
¶Ê²Ó¸Ò pk ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ qk ¨ ˜̇qk:

µ =
(˜̇q∂ϕ)
(∂ϕ)2

, pk = m

[
˜̇qk − (˜̇q∂ϕ)

(∂ϕ)2
∂kϕ

]
.
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‚ ·¥§Ê²ÓÉ É¥ ² £· ´¦¨ ´ ¢ É¥·³¨´ Ì µ¡µ¡Ð¥´´ÒÌ ¸±µ·µ¸É¥° ¨³¥¥É ¢¨¤

L = (pq̃) −HT =
m

2

[
˜̇q
2 − (˜̇q∂ϕ)

(∂ϕ)2

]
− V (q).

„ ²¥¥, ¶¥·¥Ìµ¤Ö µÉ ˜̇qk ± qk ¨ ¨¸¶µ²Ó§ÊÖ Ê¸²µ¢¨¥

µ/˜̇q=q̇ = 0,

¶µ²ÊÎ ¥³ ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ´´ÊÕ ² £· ´¦¥¢Ê ¸¢Ö§Ó (q̇∂ϕ) = 0.
‚ § ±²ÕÎ¥´¨¥ µÉ³¥É¨³, ÎÉµ ± £ ³¨²ÓÉµ´¨ ´Ê (2.16) ³µ¦´µ ¶·¨°É¨ ± ´µ-

´¨Î¥¸±¨³ ¶ÊÉ¥³, · ¸¸³ É·¨¢ Ö µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´ ± ± ¨§´ Î ²Ó´µ ¤ ´-
´Ò°, ¢ ±µÉµ·µ³ λ(t) Ö¢²Ö¥É¸Ö ´ ·Ö¤Ê ¸ qk(t) ¤¨´ ³¨Î¥¸±µ° ¶¥·¥³¥´´µ°, ¸µ¶·Ö-
¦¥´´Ò° ¨³¶Ê²Ó¸ ±µÉµ·µ° (2.8) · ¢¥´ ´Ê²Õ. ’µ£¤  ¨³¥¥³ ¨³¶Ê²Ó¸Ò (2.13),  
¢Ò· ¦¥´¨¥ ¤²Ö ¸±µ·µ¸É¥° ¡Ê¤¥É É¥¶¥·Ó ¸µ¤¥·¦ ÉÓ ¶¥·¥³¥´´ÊÕ λ(t) (¸·. (2.15)):

q̇k =
1
m

[p̃k − λ∂kϕ] ,

µ´  ¦¥ ¢µ°¤¥É ¨ ¢ ËÊ´±Í¨Õ ƒ ³¨²ÓÉµ´ :

H =
1
m

[
p̃2 − 2λ(p̃∂ϕ) + λ2(∂ϕ)2

]
+ V (q). (2.21)

‘µ£² ¸µ¢ ´¨¥ ¸ Ê¸²µ¢¨¥³ (2.8) É·¥¡Ê¥É, ÎÉµ¡Ò

ṗλ = −∂H

∂λ
=

1
m

[
(p̃ ∂ϕ) − λ(∂ϕ)2

]
= 0,

µÉ±Ê¤  µ¶·¥¤¥²Ö¥³ λ, ¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ÕÐ¥¥ ¸ ¢Ò· ¦¥´¨¥³ (2.14),   ¶µ¤¸É -
¢²ÖÖ ¥£µ ¢ (2.21), ¶·¨Ìµ¤¨³ ± £ ³¨²ÓÉµ´µ¢¸±µ° ËÊ´±Í¨¨ (2.16). “¸²µ¢¨¥ (2.17)
´¥ ¶·µÉ¨¢µ·¥Î¨É ¢ÒÉ¥± ÕÐ¥³Ê ¨§ (2.21) Ê· ¢´¥´¨Õ ƒ ³¨²ÓÉµ´ 

λ̇(t) =
∂H

∂pλ
= 0.

2.2. ‹ £· ´¦¨ ´, ²¨´¥°´Ò° ¶µ ¸±µ·µ¸ÉÖ³. �²£µ·¨É³ �¥·¥§¨´  ÔËË¥±-
É¨¢¥´ ¨ ¶·¨ ¶µ¸É·µ¥´¨¨ £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò ¤²Ö ²¨´¥°´µ£µ ¶µ ¸±µ·µ¸ÉÖ³
(¸²¥¤µ¢ É¥²Ó´µ, ¢Ò·µ¦¤¥´´µ£µ) ² £· ´¦¨ ´  [7, 15]

L =
n∑

i=1

fi(q)q̇i − V (q), q = (q1, q2, ..., qn). (2.22)

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¸²¥¤ÊÕÐ¨¥ ¨§ É ±µ£µ ² £· ´¦¨ ´ , µ± §Ò¢ ÕÉ¸Ö
Ê· ¢´¥´¨Ö³¨ ¶¥·¢µ£µ ¶µ·Ö¤±  ¶µ ¢·¥³¥´¨:

n∑
k=1

(
∂fi

∂qk
− ∂fk

∂qi

)
q̇k +

∂V

∂qi
= 0 , (2.23)
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¶µÔÉµ³Ê µ´¨ ¤µ²¦´Ò · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ² £· ´¦¥¢Ò ¸¢Ö§¨ [4]. „²Ö µ¤´µ-
§´ Î´µ£µ · §·¥Ï¥´¨Ö (2.23) µÉ´µ¸¨É¥²Ó´µ ¸±µ·µ¸É¥° ¶·¨³¥³, ÎÉµ ³ É·¨Í 

fik =
∂fi

∂qk
− ∂fk

∂qi
, det ||fik|| �= 0

´¥¢Ò·µ¦¤¥´´ , Éµ£¤  ² £· ´¦¥¢Ò ¸¢Ö§¨ (2.23) ³µ¦´µ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

q̇i = −
n∑

k=1

f−1
ik (q)

∂V

∂qk
,

n∑
j=1

fij f−1
jk = δik. (2.24)

‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥ ¸¨¸É¥³  (2.23) ´¥ ³µ¦¥É ¡ÒÉÓ µÉ´¥¸¥´  ± É¨¶Ê ¸¨¸É¥³
ŠµÏ¨ÄŠµ¢ ²¥¢¸±µ° [15] ¨ ¢ É ±¨Ì § ¤ Î Ì ¢µ§´¨± ÕÉ ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¦-
´¥´¨Ö, ¸¢Ö§ ´´Ò¥, ´ ¶·¨³¥·, ¸ ¸ÊÐ¥¸É¢µ¢ ´¨¥³ Ê ¢Ò·µ¦¤¥´´µ° ³ É·¨ÍÒ fik

¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢ ui ¸ ´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨, ¢¥¤ÊÐ¨Ì, ± ±
ÔÉµ ¢¨¤´µ ¨§ (2.23), ± Ê¸²µ¢¨Õ ´  ¶µÉ¥´Í¨ ²

n∑
i=1

ui
∂V

∂qi
= 0 ,

 ´ ²¨§ ÔÉµ£µ ¸²ÊÎ Ö ¤ ´ ¢ · ¡µÉ¥ [15].
‘¨¸É¥³  (2.22) · ¸¸³ É·¨¢ ² ¸Ó É ±¦¥ ¢ · ¡µÉ¥ [7], £¤¥ ¡Ò² ¶·¥¤²µ¦¥´

´µ¢Ò° ¶µ¤Ìµ¤ ± ¶µ¸É·µ¥´¨Õ £ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³  ¤²Ö ²¨´¥°´ÒÌ ¶µ
¸±µ·µ¸ÉÖ³ ² £· ´¦¨ ´µ¢, §¤¥¸Ó ¦¥ ³Ò ¶µ¸²¥¤Ê¥³ ³¥Éµ¤Ê �¥·¥§¨´ , ±µÉµ·Ò°
¶·¨¢µ¤¨É ± ËÊ´±Í¨¨ ƒ ³¨²ÓÉµ´ , ¸µ¢¶ ¤ ÕÐ¥° ¸ ¶µ²ÊÎ¥´´µ° ± ´µ´¨Î¥¸±¨³
¶ÊÉ¥³ Éµ²Ó±µ ´  ¸¢Ö§ÖÌ, ´µ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö µ¡µ¨Ì £ ³¨²ÓÉµ´¨ ´µ¢
µ± §Ò¢ ÕÉ¸Ö µ¤´¨³¨ ¨ É¥³¨ ¦¥.

ˆÉ ±, · ¸¸³ É·¨¢ Ö Ê· ¢´¥´¨Ö (2.23) ± ± ² £· ´¦¥¢Ò ¸¢Ö§¨, ¸É·µ¨³ µ¡µ¡-
Ð¥´´Ò° ² £· ´¦¨ ´

L =
n∑

i=1

fi(q) q̇i − V (q) +
n∑

i,k=1

λk

(
fki q̇i +

∂V

∂qk

)
(2.25)

¨ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò

p̃i =
∂L
∂q̇k

= fi(q) +
n∑

k=1

λk fki. (2.26)

�² £µ¤ ·Ö ¸ÊÐ¥¸É¢µ¢ ´¨Õ f−1
ik ³Ò ³µ¦¥³ ¨§ (2.26) µ¶·¥¤¥²¨ÉÓ ³´µ¦¨É¥²¨

‹ £· ´¦ 

λk =
n∑

i=1

(p̃i − fi) f−1
ik . (2.27)
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„ ²¥¥, ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨° ¸¢Ö§¥° ¢ Ëµ·³¥ (2.24) ¨ ² £· ´¦¨ ´  (2.25),
¢§ÖÉµ£µ ´  ¸¢Ö§ÖÌ,

L = −
n∑

i,j=1

fi f−1
ij

∂V

∂qk
− V (q)

¸É·µ¨³ ËÊ´±Í¨Õ ƒ ³¨²ÓÉµ´ , ¢Ò· ¦¥´´ÊÕ Î¥·¥§ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò:

H =
n∑

i=1

p̃iq̇i − L =
n∑

i,j=1

(fi − p̃i) f−1
ij

∂V

∂qj
+ V (q). (2.28)

’¥¶¥·Ó, ± ± ¶·¥¤¶¨¸Ò¢ ¥É ³¥Éµ¤, ³µ¦´µ ¶µÉ·¥¡µ¢ ÉÓ ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨Ö
(2.7) ¨ É¥³ ¸ ³Ò³ ¶¥·¥°É¨ µÉ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ (2.26) ± ± ´µ´¨Î¥¸±¨³:

λk/p̃=p = 0 =⇒ pi = fi(q), (2.29)

ÎÉµ ¶·¨¢µ¤¨É ± ¶¥·¢¨Î´Ò³ £ ³¨²ÓÉµ´µ¢Ò³ ¸¢Ö§Ö³. �  ´¨Ì (2.28) ¸µ¢¶ ¤ ¥É ¸
± ´µ´¨Î¥¸±¨ ¶µ¸É·µ¥´´Ò³ £ ³¨²ÓÉµ´¨ ´µ³

pi =
∂L

∂qi
= fi(q), H =

n∑
i=1

pi q̇i − L = V (q),

¤²Ö ±µÉµ·µ£µ, ¸²¥¤ÊÖ · ¡µÉ¥ [16], ´¥µ¡Ìµ¤¨³µ ¸É·µ¨ÉÓ ¸±µ¡±¨ „¨· ± , ¶µ-
¸±µ²Ó±Ê µ¡ÒÎ´Ò¥ ¸±µ¡±¨ �Ê ¸¸µ´ 

q̇i = {qi, H} = 0

¶·¨¢µ¤ÖÉ ± ´¥¢¥·´µ³Ê ·¥§Ê²ÓÉ ÉÊ (¸·. (2.24)). ‚ · ¸¸³ É·¨¢ ¥³µ³ ¦¥ ³¥Éµ¤¥
¨§ (2.28) ¨³¥¥³

q̇i = {qi,H} =
∂H
∂pi

= −
n∑

j=1

f−1
ij

∂V

∂qj
, (2.30)

ÎÉµ ¸µ¢¶ ¤ ¥É ¸ (2.24) (¢ ¸¢Ö§¨ ¸ ÔÉ¨³ ¸³. É ±¦¥ [7]). � ¢¥´¸É¢  (2.29) É¥¶¥·Ó
¤µ²¦´Ò · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± µ¶·¥¤¥²¥´¨¥ ¨´¢ ·¨ ´É´µ£µ ³´µ£µµ¡· §¨Ö ¤²Ö
£ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò (2.28), ÎÉµ ¸²¥¤Ê¥É ¨§ £ ³¨²ÓÉµ´µ¢  Ê· ¢´¥´¨Ö

ṗk = − ∂H
∂qk

=

= −
n∑

i,j=1

[
∂fi

∂qk
f−1

ij

∂V

∂qj
+ (fi − pk)

∂

∂qk

(
f−1

ij

∂V

∂qj

)]
− ∂V

∂qk
, (2.31)
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±µÉµ·µ¥ ¸ ÊÎ¥Éµ³ (2.29), (2.30),   É ±¦¥ ¶·¥¤¸É ¢²¥´¨Ö ¶µ¸²¥¤´¥£µ Î²¥´  ¢
¶· ¢µ° Î ¸É¨ ¢ ¢¨¤¥

∂V

∂qk
=

n∑
i,j=1

fki f−1
ij

∂V

∂qj

§ ¶¨¸Ò¢ ¥É¸Ö ± ± ¶·µ¨§¢µ¤´ Ö ¶µ ¢·¥³¥´¨ µÉ · ¢¥´¸É¢  (2.29):

ṗk = −
n∑

i,j=1

[
∂fi

∂qk
+ fki

]
f−1

ij

∂V

∂qj
=

n∑
i=1

∂fk

∂qi
q̇i =

dfk(q)
dt

,

ÎÉµ ¨ µ§´ Î ¥É ±µ³³ÊÉ Í¨Õ ¸¢Ö§¥° ¸ £ ³¨²ÓÉµ´¨ ´µ³ (2.28):

{pk − fk(q),H}/pk=fk
= 0.

�·µ¤¥³µ´¸É·¨·Ê¥³ ´  ÔÉµ³ ¶·¨³¥·¥ ¸¢µ°¸É¢µ ¨´¢µ²ÕÉ¨¢´µ¸É¨ ¤²Ö ´ -
Ï¥£µ  ²£µ·¨É³ , É. ¥. ¶µ £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³¥ (2.28), (2.29), ´¥¸³µÉ·Ö ´ 
¢Ò·µ¦¤¥´´µ¸ÉÓ £ ³¨²ÓÉµ´¨ ´  (²¨´¥¥´ ¶µ ¨³¶Ê²Ó¸ ³), ³µ¦´µ ¶µ¸É·µ¨ÉÓ ¸µ-
µÉ¢¥É¸É¢ÊÕÐÊÕ ² £· ´¦¥¢Ê ¸¨¸É¥³Ê (2.22). „²Ö ÔÉµ£µ § ¶¨Ï¥³ ¸ ¶µ³µÐÓÕ
³´µ¦¨É¥²¥° ‹ £· ´¦  µi µ¡µ¡Ð¥´´Ò° (¶µ²´Ò°, ¶µ É¥·³¨´µ²µ£¨¨ „¨· ± )
£ ³¨²ÓÉµ´¨ ´

HT =
n∑

i,j=1

(fi − pj) f−1
ij

∂V

∂qj
+ V (q) +

n∑
i=1

µi (fi − pi)

¨ ¤²Ö µ¡µ¡Ð¥´´ÒÌ ¸±µ·µ¸É¥° ¶µ²ÊÎ ¥³ (¸·. (2.24))

˜̇qi =
∂H
∂pi

= −
n∑

j=1

f−1
ij

∂V

∂qj
− µi,

µÉ±Ê¤  µ¶·¥¤¥²ÖÕÉ¸Ö µi. „ ²¥¥, ¨¸¶µ²Ó§ÊÖ ¸¢Ö§Ó (2.29), ´  ±µÉµ·µ° HT =
V (q), ¸É·µ¨³ ² £· ´¦¨ ´, ¢Ò· ¦¥´´Ò° Î¥·¥§ µ¡µ¡Ð¥´´Ò¥ ¸±µ·µ¸É¨:

L =
n∑

i=1

pi
˜̇qi −HT =

n∑
i=1

fi(q) ˜̇qi − V (q),

  ¶¥·¥Ìµ¤Ö µÉ ˜̇qi ± q̇i ¸ ¶µ³µÐÓÕ Ê¸²µ¢¨Ö µi/q̃=q = 0, ¶µ²ÊÎ ¥³ ² £· ´¦¥¢Ê
¸¢Ö§Ó (2.24).

2.3. ‚Ò·µ¦¤¥´´Ò° ·¥¶ · ³¥É·¨§ Í¨µ´´µ-¨´¢ ·¨ ´É´Ò° ² £· ´¦¨ ´.
„²Ö ² £· ´¦¨ ´ 

L =
1
2
[
q̇2 q2 − (q̇q)2

]
, q = (q1, q2, ..., qn), (2.32)
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· ¸¸³ É·¨¢ ¥³Ò°  ²£µ·¨É³ ¶¥·¥Ìµ¤  ± £ ³¨²ÓÉµ´µ¢Ê Ëµ·³ ²¨§³Ê ¨§-§  ¸¶¥-
Í¨ ²Ó´µ° Ëµ·³Ò ² £· ´¦¥¢µ° ¸¢Ö§¨ L = 0 µ± §Ò¢ ¥É¸Ö Ô±¢¨¢ ²¥´É´Ò³ ¸É ´-
¤ ·É´µ³Ê ³¥Éµ¤Ê [4, 17].

‚Ò·µ¦¤¥´´µ¸ÉÓ ² £· ´¦¨ ´  (2.32) ¸²¥¤Ê¥É ¨§ ¢¨¤  ³ É·¨ÍÒ

∂2L

∂q̇i ∂q̇j
= q2δij − qi qj ,

¨³¥ÕÐ¥° µ¤¨´ ¸µ¡¸É¢¥´´Ò° ¢¥±Éµ· qi ¸ ´Ê²¥¢Ò³ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³. ˆ§
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö

q2 q̈i − (qq̈) qi + 2(qq̇) q̇i − 2q̇2 qi = 0

¶ÊÉ¥³ ¶·µ¥±Í¨¨ ´  ¢¥±Éµ· qi ¶µ²ÊÎ ¥³ Ê¦¥ Ê¶µ³¨´ ¢ÏÊÕ¸Ö ² £· ´¦¥¢Ê ¸¢Ö§Ó

2
[
(qq̇)2 − q̇2 q2

]
= −4L = 0,

µ¸µ¡¥´´µ¸ÉÓ ±µÉµ·µ° ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ µ´  ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¨¸Ìµ¤´Ò°
² £· ´¦¨ ´. �µÔÉµ³Ê ¶µ¸É·µ¥´´Ò° ¶µ ¶·¥¤² £ ¥³µ³Ê ·¥Í¥¶ÉÊ µ¡µ¡Ð¥´´Ò°
² £· ´¦¨ ´

L =
1 + λ

2
[
q̇2 q2 − (q̇q)2

]
= (1 + λ)L (2.33)

µÉ²¨Î ¥É¸Ö µÉ ¨¸Ìµ¤´µ£µ Éµ²Ó±µ ³´µ¦¨É¥²¥³, ´¥ § ¢¨¸ÖÐ¨³ µÉ ¶¥·¥³¥´´ÒÌ
qi ¨ q̇i, ¸²¥¤µ¢ É¥²Ó´µ, ¨ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò

p̃i =
∂L
∂q̇i

= (1 + λ)
[
q̇i q2 − (q̇q)qi

]
µÉ²¨Î ÕÉ¸Ö µÉ ± ´µ´¨Î¥¸±¨Ì ÔÉ¨³ ¦¥ ³´µ¦¨É¥²¥³, ¨³¥Ö ÉÊ ¦¥ ËÊ´±Í¨µ´ ²Ó-
´ÊÕ § ¢¨¸¨³µ¸ÉÓ µÉ qi ¨ q̇i.

Š ± ¨§¢¥¸É´µ [4, 17], ¢ ± ´µ´¨Î¥¸±µ³ ¶µ¤Ìµ¤¥ Ê ÔÉµ° ¸¨¸É¥³Ò ¸ÊÐ¥¸É¢Ê¥É
µ¤´  ¶¥·¢¨Î´ Ö £ ³¨²ÓÉµ´µ¢  ¸¢Ö§Ó

(p̃ q) = (1 + λ)
[
q2(q̇q) − q2(q̇q)

]
≡ 0

¨ µ¤´  ¢Éµ·¨Î´ Ö

p̃2 = q2
[
q2 q̇2 − (q̇q)2

]
(1 + λ)2 = 0,

¨§ ±µÉµ·ÒÌ ³´µ¦¨É¥²Ó ‹ £· ´¦  λ ± ± ËÊ´±Í¨Ö p̃ ¨ q µ¶·¥¤¥²¥´ ¡ÒÉÓ ´¥
³µ¦¥É. ’ ±¨³ µ¡· §µ³, ¤²Ö ¤ ´´µ£µ ¶·¨³¥·  ¶·¥¤² £ ¥³Ò° ³¥Éµ¤ µ± §Ò¢ ¥É¸Ö
´¥¶·¨³¥´¨³Ò³. ‘É ´¤ ·É´Ò° ¶·¨¥³ ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³ 
¤²Ö ² £· ´¦¨ ´  (2.32) ¡Ò² ¶·¨¢¥¤¥´ ¢ [17].
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3. ’�—…—��Ÿ �…‹Ÿ’ˆ‚ˆ‘’‘Š�Ÿ —�‘’ˆ–�

�·¨ · ¸¸³µÉ·¥´¨¨ ² £· ´¦¨ ´µ¢ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸¨¸É¥³ ¢ Î¥ÉÒ·¥Ì³¥·-
´µ³ ³¨·¥ Œ¨´±µ¢¸±µ£µ ³Ò ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ µ¡µ§´ Î¥´¨Ö: ³¥-
É·¨Î¥¸±¨° É¥´§µ· gµν ¨³¥¥É ¸¨£´ ÉÊ·Ê (+,−,−,−), ±µ´É· ¢ ·¨ ´É´Ò° ¢¥±Éµ·
xµ = (t,x), ±µ¢ ·¨ ´É´Ò° ¢¥±Éµ· xµ = gµνxν = (t,−x), µ¶¥· Éµ·Ò ¤¨ËË¥-
·¥´Í¨·µ¢ ´¨Ö

∂µ =
∂

∂xµ
=
(

∂

∂t
,

∂

∂x

)
, ∂µ = gµν∂ν =

(
∂

∂t
,− ∂

∂x

)
, � = ∂µ ∂µ, � = ∂2

i ,

¶µ ¶µ¢Éµ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ¶µ¤· §Ê³¥¢ ¥É¸Ö ¸Ê³³¨·µ¢ ´¨¥:

xµ yµ = gµνxµyν = (x y), xµxµ = x2, xiyi = (xy).

„²Ö ±·¨¢ÒÌ xµ(τ) ¨²¨ ¶µ¢¥·Ì´µ¸É¥° xµ(τ, σ), § ¤ ´´ÒÌ ¶ · ³¥É·¨Î¥¸±¨,
± ± µ¡ÒÎ´µ, ¢¢µ¤ÖÉ¸Ö µ¡µ§´ Î¥´¨Ö Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶µ ¶ · ³¥É· ³:

ẋµ(τ) =
∂xµ

∂τ
, ẋµ(τ, σ) =

∂xµ(τ, σ)
∂τ

, x
′µ(τ, σ) =

∂xµ(τ, σ)
∂σ

.

3.1. �¥²ÖÉ¨¢¨¸É¸± Ö Î ¸É¨Í  ¸ ³ ¸¸µ° ¢ ± ²¨¡·µ¢±¥ ¸µ¡¸É¢¥´´µ£µ ¢·¥-
³¥´¨. �¥¶ · ³¥É·¨§ Í¨µ´´µ-¨´¢ ·¨ ´É´Ò° ² £· ´¦¨ ´

L = −m
√

ẋ2(τ) (3.1)

¤µ¶µ²´Ö¥³ Ê¸²µ¢¨¥³

ẋ2(τ) = c2, (3.2)

£¤¥ c Å ¶µ²µ¦¨É¥²Ó´ Ö ±µ´¸É ´É .
‹ £· ´¦¨ ´ ¢Ò·µ¦¤¥´, ¶µ¸±µ²Ó±Ê ³ É·¨Í 

∂2L

∂ẋµ∂ẋν
= − m

(ẋ2)3/2

[
gµν ẋ2 − ẋµ ẋν

]
¨³¥¥É µ¤¨´ ¸µ¡¸É¢¥´´Ò° ¢¥±Éµ· ẋµ ¸ ´Ê²¥¢Ò³ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³.

‚Ò¡· ´´ Ö ² £· ´¦¥¢  ¸¢Ö§Ó ´¥ ³µ¦¥É ¡ÒÉÓ µ¡ÒÎ´Ò³ ¶ÊÉ¥³ ¶¥·¥´¥¸¥´  ¢
± ´µ´¨Î¥¸±¨° Ëµ·³ ²¨§³, É ± ± ± ¨§-§  ¢Ò·µ¦¤¥´´µ¸É¨ ² £· ´¦¨ ´  ´¥ ¢¸¥
¸±µ·µ¸É¨ ẋµ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¨³¶Ê²Ó¸Ò. „¥°¸É¢¨É¥²Ó´µ, Ê· ¢´¥´¨Ö

pµ = − ∂L

∂ẋµ
= m

ẋµ√
ẋ2

(3.3)

´¥ ´¥§ ¢¨¸¨³Ò, É ± ± ± ¨§ ´¨Ì ¸²¥¤Ê¥É ¶¥·¢¨Î´ Ö £ ³¨²ÓÉµ´µ¢  ¸¢Ö§Ó

p2 = m2. (3.4)
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‘²¥¤µ¢ É¥²Ó´µ, ² £· ´¦¥¢  ¸¢Ö§Ó (3.2) ¤µ²¦´  ¡ÒÉÓ µÉ´¥¸¥´  ± ®´¥± ´µ´¨-
Î¥¸±¨³¯, ¤²Ö ´¥¥ ¶·¨³¥´¨³ ´ Ï ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´¨ ´ . ‘É·µ¨³
µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´

L = −m
√

ẋ2(τ) − λ(τ)
m

2
[
ẋ2(τ) − c2

]
(3.5)

¨ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò

p̃µ = − ∂L
∂ẋµ

= m


 ẋµ√

ẋ2
µ

+ λ ẋµ


 , (3.6)

µÉ±Ê¤  ¸ ÊÎ¥Éµ³ Ê· ¢´¥´¨Ö ¸¢Ö§¨ ´ Ìµ¤¨³ λ ± ± ËÊ´±Í¨Õ ¨³¶Ê²Ó¸µ¢:

p̃2 = m2(1 + λc)2, λ =

√
p̃2 − m

c m
, (3.7)

¢Ò¡· ¢ ¶µ²µ¦¨É¥²Ó´Ò° §´ ± ±µ·´Ö ¢¢¨¤Ê Ê¸²µ¢¨Ö (3.10). �µ¤¸É ¢²ÖÖ ÔÉµ
¢Ò· ¦¥´¨¥ ¤²Ö λ ¢ (3.6), ´ Ìµ¤¨³ ¸±µ·µ¸É¨

ẋµ = c
p̃µ√
p2

=⇒ ẋ2 = c2. (3.8)

‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³ £ ³¨²ÓÉµ´¨ ´, ¢Ò· ¦¥´´Ò° Î¥·¥§ µ¡µ¡Ð¥´´Ò¥ ¨³-
¶Ê²Ó¸Ò:

H = −p̃µ ẋµ − L = c(m −
√

p̃2) (3.9)

(§¤¥¸Ó ÊÎÉ¥´µ, ÎÉµ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¨ L = −mc). � ±² ¤Ò¢ Ö Ê¸²µ¢¨Ö
(2.7), ¶µ²ÊÎ ¥³ ¶¥·¢¨Î´ÊÕ £ ³¨²ÓÉµ´µ¢Ê ¸¢Ö§Ó:

λ/p̃=p = 0 =⇒
√

p2 = m, (3.10)

Ô±¢¨¢ ²¥´É´ÊÕ ± ´µ´¨Î¥¸±µ° (3.4). �É³¥É¨³, ÎÉµ £ ³¨²ÓÉµ´¨ ´, ¶µ¸É·µ¥´´Ò°
¶µ ¨³¶Ê²Ó¸ ³ (3.3), Éµ¦¤¥¸É¢¥´´µ · ¢¥´ ´Ê²Õ:

H = −pµẋµ − L = −m
√

ẋ2 + m
√

ẋ2 = 0,

¢ Éµ ¢·¥³Ö ± ± ¶µ¸É·µ¥´´Ò° ´ ³¨ £ ³¨²ÓÉµ´¨ ´ (3.9) · ¢¥´ ´Ê²Õ Éµ²Ó±µ ´ 
¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¨ (3.10). ƒ ³¨²ÓÉµ´µ¢Ò Ê· ¢´¥´¨Ö

ẋµ = − ∂H
∂pµ

= c
pµ√
p2

= c
pµ

m
, ṗµ =

∂H
∂xµ

= 0 =⇒ ẍµ = 0
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¶µ²´µ¸ÉÓÕ Ô±¢¨¢ ²¥´É´Ò ² £· ´¦¥¢Ò³ Ê· ¢´¥´¨Ö³, ¸²¥¤ÊÕÐ¨³ ¨§ (3.1)
¨ (3.2):

ẍµ ẋ2 − ẋµ(ẍẋ) = c2 ẍµ = 0.

�¶ÖÉÓ µÉ³¥É¨³, ÎÉµ £ ³¨²ÓÉµ´¨ ´ (3.9) ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ ¨§ µ¡µ¡-
Ð¥´´µ£µ ² £· ´¦¨ ´  (3.5), ¥¸²¨ É ³ λ(τ) · ¸¸³ É·¨¢ ÉÓ ± ± ´¥§ ¢¨¸¨³ÊÕ
¤¨´ ³¨Î¥¸±ÊÕ ¶¥·¥³¥´´ÊÕ, ¸µ¶·Ö¦¥´´Ò° ¨³¶Ê²Ó¸ ± ±µÉµ·µ° · ¢¥´ ´Ê²Õ:

pλ = −∂L
∂λ̇

= 0, (3.11)

  µ¸É ²Ó´Ò¥ ¨³¶Ê²Ó¸Ò, É¥¶¥·Ó § ¢¨¸ÖÐ¨¥ µÉ λ, µ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨¥³ (3.6),
¨§ ±µÉµ·µ£µ ´ Ìµ¤¨³

√
ẋ2 =

√
p2 − m

λm
,

¨ ¤ ²¥¥, ¢Ò· ¦ Ö ẋµ Î¥·¥§ pµ ¨ λ, ¸É·µ¨³ L ± ± ËÊ´±Í¨Õ ±µµ·¤¨´ ÉÒ λ ¨
¨³¶Ê²Ó¸ :

ẋµ =
pµ

m

√
p2 − m

λ
√

p 2
, L = −1

2

[
p2 − m2

λm
− λmc2

]
,

ÎÉµ ¶µ§¢µ²Ö¥É ´ °É¨ £ ³¨²ÓÉµ´¨ ´

Ht = −pµ ẋµ − L = −1
2

[
(
√

p 2 − m)2

λm
+ λmc2

]
. (3.12)

„²Ö ´¥¶·µÉ¨¢µ·¥Î¨¢µ¸É¨ ¸ (3.11) ¶µÉ·¥¡Ê¥³, ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó · ¢¥´¸É¢µ

ṗλ = −∂Ht

∂λ
=

1
2

[
(
√

p 2 − m)2

λ2m
− mc2

]
= 0,

µÉ±Ê¤  ´ Ìµ¤¨³

λ2 =
(
√

p2 − m)2

m2c2
,

ÎÉµ ¶·¨ ¢Ò¡µ·¥ ¶µ²µ¦¨É¥²Ó´µ£µ ±µ·´Ö ¸µ¢¶ ¤ ¥É ¸ (3.7),   ¶µ¤¸É ´µ¢±  ÔÉµ°
¢¥²¨Î¨´Ò ¢ (3.12) ¶·¨¢µ¤¨É ± £ ³¨²ÓÉµ´¨ ´Ê (3.9).

‚ § ±²ÕÎ¥´¨¥ ¥Ð¥ · § ¶µ± ¦¥³ ¨´¢o²ÕÉ¨¢´µ¸ÉÓ ÔÉµ° ¶·µÍ¥¤Ê·Ò, É. ¥.
µÉ ¢Ò·µ¦¤¥´´µ° £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò (3.9), (3.10) ¶¥·¥°¤¥³ ± ¨¸Ìµ¤´µ°
² £· ´¦¥¢µ° (3.1). ˆ³¥¥³ ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´

Ht = c(m −
√

p 2) + µ(m −
√

p 2) ,
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£¤¥ µ Å ³´µ¦¨É¥²Ó ‹ £· ´¦ . „ ²¥¥, £ ³¨²ÓÉµ´µ¢µ Ê· ¢´¥´¨¥ ¤²Ö µ¡µ¡Ð¥´-
´µ° ¸±µ·µ¸É¨ ¨ Ê· ¢´¥´¨¥ ¸¢Ö§¨ (3.10)

˜̇xµ = −∂Ht

∂pµ
= (c + µ)

pµ√
p 2

,
√

p 2 = m

¶µ§¢µ²ÖÕÉ ¢Ò· §¨ÉÓ µ ¨ pµ Î¥·¥§ ˜̇xµ:

µ =
√

˜̇x
2 − c, pµ = m

˜̇xµ√
˜̇x
2
. (3.13)

“Î¨ÉÒ¢ Ö, ÎÉµ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¨ Ht = 0, ¶µ²ÊÎ ¥³

L = −pµ ˜̇xµ −Ht =
√

˜̇x
2
,

  ¶µ² £ Ö ¢ (3.13) µ/˜̇x=ẋ = 0, ¶·¨Ìµ¤¨³ ± ¨¸Ìµ¤´µ° ² £· ´¦¥¢µ° ¸¢Ö§¨ (3.2).
3.2. �¥²ÖÉ¨¢¨¸É¸± Ö Î ¸É¨Í  ¸ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³, Ë¨±¸¨·ÊÕ-

Ð¨³ τ ± ± ±µµ·¤¨´ É´µ¥ ¢·¥³Ö. � ¸¸³µÉ·¨³ ¶·¨³¥·, ±µ£¤  ² £· ´¦¥¢  ¸¢Ö§Ó
´¥ ¸µ¤¥·¦¨É ¸±µ·µ¸É¥°,   ¸²¥¤µ¢ É¥²Ó´µ, Ö¢²Ö¥É¸Ö ®± ´µ´¨Î¥¸±µ°¯:

L = −m
√

ẋ2(τ), x0(τ) =
P
m

τ,
P
m

= const. (3.14)

‚ ²µ·¥´Í-´¥±µ¢ ·¨ ´É´µ³ ¶µ¤Ìµ¤¥ ËÊ´±Í¨Õ ‹ £· ´¦  ¡² £µ¤ ·Ö ¤µ¶µ²-
´¨É¥²Ó´µ³Ê Ê¸²µ¢¨Õ, µ¶·¥¤¥²ÖÕÐ¥³Ê ẋ0 = P/m, § ¶¨¸Ò¢ ÕÉ ± ± ËÊ´±Í¨Õ
Éµ²Ó±µ ¶·µ¸É· ´¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ:

L = −m

√(
P
m

)2

− ẋ2(τ),

¢ É ±µ³ ¢¨¤¥ µ´  Ö¢²Ö¥É¸Ö ´¥¢Ò·µ¦¤¥´´µ°, É ± ± ± ³ É·¨Í 

∂2L

∂ẋi∂ẋj
=

m[(
P
m

)2

− ẋ2

]3/2

[(
P2

m2
− ẋ2

)
δij − ẋiẋj

]

¨³¥¥É ¤¥É¥·³¨´ ´É, ´¥ · ¢´Ò° ´Ê²Õ. ‚Ìµ¤ÖÐ¨¥ ¸Õ¤  ¶·µ¸É· ´¸É¢¥´´Ò¥ ¸±µ-
·µ¸É¨ µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ± ´µ´¨Î¥¸±¨¥ ¨³¶Ê²Ó¸Ò

pi =
∂L

∂xi
=

mxi√(
P
m

)2

− ẋ2

, ẋi =
P
m

pi√
p2 + m2

, (3.15)
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¨ ¸É·µ¨É¸Ö ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´  ± ± ËÊ´±Í¨Ö ¶·µ¸É· ´¸É¢¥´´ÒÌ ¨³¶Ê²Ó¸µ¢:

H =
P
m

√
p2 + m2. (3.16)

‹µ·¥´Í-±µ¢ ·¨ ´É´µ¥ ¶µ¸É·µ¥´¨¥ £ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³  ¢ É¥·³¨´ Ì Î¥-
ÉÒ·¥Ì¢¥±Éµ·µ¢ ¤²Ö É ±µ° ¸¨¸É¥³Ò ¶·µ¢µ¤¨²µ¸Ó ¢ · ³± Ì ³¥Éµ¤  „¨· ±  ¨ ¸
¶·¨³¥´¥´¨¥³ ± ´µ´¨Î¥¸±µ° § ³¥´Ò ¶¥·¥³¥´´ÒÌ ¢ · ¡µÉ Ì [4, 18], ¢ ·¥§Ê²Ó-
É É¥ ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´  ¨³¥²  µ¶ÖÉÓ ¢¨¤ (3.16) ¨ ´¥ § ¢¨¸¥²  µÉ ¢·¥³¥´´µ°
±µ³¶µ´¥´ÉÒ ¨³¶Ê²Ó¸  p0.

�·¨³¥´¨³ ´ Ï ³¥Éµ¤ ± ¸¨¸É¥³¥ (3.14), ¶·¥¤¢ ·¨É¥²Ó´µ ¶·µ¤¨ËË¥·¥´-
Í¨·µ¢ ¢ ¸µ£² ¸´µ (2.2) ¸¢Ö§Ó ¶µ τ , ¶µ¸±µ²Ó±Ê µ´  ´¥ § ¢¨¸¨É µÉ ¸±µ·µ¸É¥°.
ˆ³¥¥³ µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´

L = −m
√

ẋ2 − λm

(
ẋ0 − P

m

)
, (3.17)

¨§ ±µÉµ·µ£µ ¸²¥¤ÊÕÉ µ¡µ¡Ð¥´´ Ö ¢·¥³¥´´ Ö ±µ³¶µ´¥´É  ¨³¶Ê²Ó¸  p̃0 ¨ ± ´µ-
´¨Î¥¸±¨¥ ¶·µ¸É· ´¸É¢¥´´Ò¥ ±µ³¶µ´¥´ÉÒ pi (3.15)

p̃0 = m

(
ẋ0√

(ẋ0)2 − ẋ2
+ λ

)
, pi =

mẋi√
(ẋ0)2 − ẋ2

,

¢±²ÕÎ Ö ¢ ÔÉÊ ¸¨¸É¥³Ê ¥Ð¥ ¸¢Ö§Ó ẋ0 = P/m, ¶µ²ÊÎ ¥³ ¤²Ö ¨³¶Ê²Ó¸µ¢

p̃0 =
P√(

P
m

)2

− ẋ2

+ mλ, pi =
mẋi√(
P
m

)2

− ẋ2

,

µÉ±Ê¤  ³µ¦¥³ µ¶·¥¤¥²¨ÉÓ λ ¨ ẋi ± ± ËÊ´±Í¨¨ p̃0 ¨ pi:

λ =
p̃0 −

√
p2 + m2

m
, ẋi =

P
m

pi√
p2 + m2

. (3.18)

’¥¶¥·Ó ËÊ´±Í¨Ö ƒ ³¨²ÓÉµ´ , § ¢¨¸ÖÐ Ö µÉ ¢¸¥x Î¥ÉÒ·¥Ì ±µ³¶µ´¥´É ¢¥±-
Éµ·  (p̃0,p), ¨³¥¥É ¢¨¤

H = −p̃0ẋ
0 + (pẋ) − L =

P
m

(√
p2 + m2 − p̃0

)
. (3.19)

„ ²¥¥, ¶¥·¥Ìµ¤Ö ± ± ´µ´¨Î¥¸±µ³Ê ¨³¶Ê²Ó¸Ê p0, ¶µ² £ ¥³ λ/p̃0=p0 = 0 ¨ ¨§
¢Ò· ¦¥´¨Ö ¤²Ö λ ¢ (3.18) ¶µ²ÊÎ ¥³ £ ³¨²ÓÉµ´µ¢Ê ¸¢Ö§Ó

p0 =
√

p2 + m2. (3.20)
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ƒ ³¨²ÓÉµ´µ¢Ò Ê· ¢´¥´¨Ö ¤²Ö ±µµ·¤¨´ É ¨³¥ÕÉ ¢¨¤

ẋ0(τ) = − ∂H
∂p0

=
P
m

, ẋ(τ) =
∂H
∂p

=
P
m

p(τ)√
p2 + m2

,

¶¥·¢µ¥ ¨§ ´¨Ì ¸µ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ ² £· ´¦¥¢µ° ¸¢Ö§¨,   ¢Éµ·µ¥ ¸ ÊÎ¥Éµ³
ÔÉµ° ¸¢Ö§¨ § ¶¨¸Ò¢ ¥É¸Ö, ± ± µ¡ÒÎ´µ, Î¥·¥§ ±µµ·¤¨´ É´µ¥ ¢·¥³Ö x0:

dx
dx0

= v =
p√

p2 + m2
=⇒ p =

mv√
1 − v2

.

ƒ ³¨²ÓÉµ´µ¢  ¸¢Ö§Ó (3.20), ¢Ò· ¦¥´´ Ö Î¥·¥§ É·¥Ì³¥·´ÊÕ ¸±µ·µ¸ÉÓ v, ¤ ¥É
Ô´¥·£¨Õ ± ± ËÊ´±Í¨Õ ¸±µ·µ¸É¨ ¨ ³ ¸¸Ò ¶µ±µÖ Î ¸É¨ÍÒ:

p0 =
m√

1 − v2
,

  Ê· ¢´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸µ¢ ¶·¨¢µ¤ÖÉ ± §´ Î¥´¨Õ v = const:

ṗ0 =
∂H
∂ẋ0

= 0, ṗ = −∂H
∂ẋ

= 0.

Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¶·¨³¥· Ì, ¨´¢µ²ÕÉ¨¢´µ¸ÉÓ ³¥Éµ¤  ¶µ§¢µ²Ö¥É µÉ £ -
³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò (3.19), (3.20) ¢¥·´ÊÉÓ¸Ö ± ¨¸Ìµ¤´µ° ² £· ´¦¥¢µ° (3.17).
ˆ¸Ìµ¤Ö ¨§ ¶µ²´µ£µ £ ³¨²ÓÉµ´¨ ´ 

Ht =
(
P
m

+ µ(τ)
)(√

p2 + m2 − p0

)
,

¨³¥¥³ µ¡µ¡Ð¥´´Ò¥ ¸±µ·µ¸É¨ ˙̃xµ

˜̇x
0

= −∂Ht

∂p0
=

P
m

+ µ, ˙̃xi = −∂Ht

∂pi
=
(
P
m

+ µ

)
pi√

p2 + m2
,

µÉ±Ê¤  ¸ ÊÎ¥Éµ³ ¸¢Ö§¨ (3.20) ´ Ìµ¤¨³

µ = ˙̃x
0 − P

m
, pi =

m ˙̃xi√
˙̃x
2
, p0 =

m ˙̃x
0√

˙̃x
2
. (3.21)

”Ê´±Í¨Ö ‹ £· ´¦  ¸ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ ´  ¸¢Ö§¨ (3.20) Ht = 0, ¨³¥¥É ¢¨¤

L = −p0
˙̃x
0

+ (p ˙̃x) = −m( ˙̃x
0
)2√

˙̃x
2

+
m ˙̃x

2√
˙̃x
2

= −m

√
˙̃x
2
,

¨, ¶µ² £ Ö µ/˜̇x=ẋ = 0, ¶µ²ÊÎ ¥³ ¨§ (3.21) ¶·µ¤¨ËË¥·¥´Í¨·µ¢ ´´ÊÕ ² £· ´-
¦¥¢Ê ¸¢Ö§Ó

ẋ0 =
P
m

.
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4. P…‹Ÿ’ˆ‚ˆ‘’‘Š�Ÿ ‘’�“��

„¨´ ³¨±  ·¥²ÖÉ¨¢¨¸É¸±µ° ¸É·Ê´Ò µ¶·¥¤¥²Ö¥É¸Ö ¢Ò·µ¦¤¥´´Ò³ ² £· ´-
¦¨ ´µ³

L = −γ

σ2∫
σ1

√
(ẋx′)2 − ẋ2x′2 dσ, det

∥∥∥∥ ∂2L

∂ẋµ∂ẋν

∥∥∥∥ = 0. (4.1)

ˆ§ µ¶·¥¤¥²¥´¨Ö ± ´µ´¨Î¥¸±¨Ì ¨³¶Ê²Ó¸µ¢ ¸É·Ê´Ò

pµ(τ, σ) = − ∂L

∂ẋµ
= γ

(ẋx′)x′
µ − x′2ẋµ√

(ẋx′)2 − ẋ2x′2
(4.2)

¸²¥¤ÊÕÉ ¤¢¥ ¶¥·¢¨Î´Ò¥ £ ³¨²ÓÉµ´µ¢Ò ¸¢Ö§¨ [19]

ϕ1 = px′ = 0, ϕ2 = p2 + γ2 x′2 = 0 (4.3)

¨ Éµ¦¤¥¸É¢¥´´µ · ¢´Ò° ´Ê²Õ £ ³¨²ÓÉµ´¨ ´

H = −
σ2∫

σ1

(p ẋ)dσ − L = 0. (4.4)

‚ µ¡Ð¥¶·¨´ÖÉµ³ ¶µ¤Ìµ¤¥ ± É ±µ° ¸¨¸É¥³¥ ¸²¥¤ÊÕÉ  ²£µ·¨É³Ê „¨· ±  [1]
¨ ¸ ¶µ³µÐÓÕ ³´µ¦¨É¥²¥° ‹ £· ´¦  µi(τ, σ) ¸É·µÖÉ ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´,
±µÉµ·Ò° ¨³¥¥É ¢¨¤ ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ £ ³¨²ÓÉµ´µ¢ÒÌ ¸¢Ö§¥°:

HT =
∫ [

µ1(τ, σ)ϕ1(τ, σ) +
1
2γ

µ2(τ, σ)ϕ2(τ, σ)
]

dσ, (4.5)

  ¶µ¸±µ²Ó±Ê ¸¢Ö§¨ (4.3) ´ Ìµ¤ÖÉ¸Ö ¢ ¨´¢µ²ÕÍ¨¨ [19]:

{ϕ1(σ)ϕ1(σ′)} = [ϕ1(σ) + ϕ1(σ′)] δ′(σ − σ′),

{ϕ2(σ)ϕ2(σ′)} = [ϕ2(σ) + ϕ2(σ′)] δ′(σ − σ′),

{ϕ1(σ)ϕ2(σ′)} = [ϕ2(σ) + ϕ2(σ′)] δ′(σ − σ′),

¤¨´ ³¨±  ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, µ¶·¥¤¥²Ö¥³ Ö £ ³¨²ÓÉµ´¨ ´µ³ (4.5), ¨³¥¥É
ËÊ´±Í¨µ´ ²Ó´Ò° ¶·µ¨§¢µ², ¸¢Ö§ ´´Ò° ¸ ´¥µ¶·¥¤¥²¥´´Ò³¨ ³´µ¦¨É¥²Ö³¨ ‹ -
£· ´¦ , ¢Ìµ¤ÖÐ¨³¨ ¢ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

ẋν +
µ2

γ
pν + µ1 x′

ν = 0, ṗν + γ(µ2x
′
ν)′ + (µ1pν)′ = 0 . (4.6)
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‚ ² £· ´¦¥¢µ³ Ëµ·³ ²¨§³¥ ¶·µ¨§¢µ², µ¡Ê¸²µ¢²¥´´Ò° ·¥¶ · ³¥É·¨§ Í¨µ´´µ°
¨´¢ ·¨ ´É´µ¸ÉÓÕ ¤¥°¸É¢¨Ö ¸É·Ê´Ò

S = −γ

τ2∫
τ1

dτ

σ2∫
σ1

dσ
√

(ẋx′)2 − ẋ2x′2, τ → τ̃ = f1(τ, σ), σ → σ̃ = f2(τ, σ),

Î ¸É¨Î´µ Ë¨±¸¨·Ê¥É¸Ö ¢¢¥¤¥´¨¥³ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨° (µ·Éµ´µ·³ ²Ó´ Ö
± ²¨¡·µ¢±  [19, 20])

ẋ2 + x′2 = 0, (ẋx′) = 0, (4.7)

¡² £µ¤ ·Ö ±µÉµ·Ò³ ² £· ´¦¥¢Ò Ê· ¢´¥´¨Ö, ¸²¥¤ÊÕÐ¨¥ ¨§ (4.1), ¸¢µ¤ÖÉ¸Ö ±
²¨´¥°´Ò³ Ê· ¢´¥´¨Ö³ „'�² ³¡¥· 

ẍµ(τ, σ) − x′′
µ (τ, σ) = 0, (4.8)

  ¸ ³¨ Ê¸²µ¢¨Ö (4.7) É· ±ÉÊÕÉ¸Ö ± ± ¨´¢ ·¨ ´É´Ò¥ ¸µµÉ´µÏ¥´¨Ö [19, 21] ¤²Ö
Ê· ¢´¥´¨° (4.8), É. ¥. É ±¨¥ ¸µµÉ´µÏ¥´¨Ö, ±µÉµ·Ò¥, ¡Ê¤ÊÎ¨ Ê¤µ¢²¥É¢µ·¥´Ò ´ -
Î ²Ó´Ò³¨ ¤ ´´Ò³¨, ¢Ò¶µ²´ÖÕÉ¸Ö ¨ ¢ ¶µ¸²¥¤ÊÕÐ¨¥ ³µ³¥´ÉÒ ¢·¥³¥´¨ ¤²Ö
·¥Ï¥´¨° Ê· ¢´¥´¨Ö (4.8). ‚ £ ³¨²ÓÉµ´µ¢µ³ Ëµ·³ ²¨§³¥ (4.5) Ê¸²µ¢¨Ö³ (4.7)
¸µµÉ¢¥É¸É¢Ê¥É Ë¨±¸ Í¨Ö ³´µ¦¨É¥²¥°: µ1 = 0, µ2 = −1, ¶·¨ ±µÉµ·µ° ¨§ £ -
³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° (4.6) ¸²¥¤ÊÕÉ Ê· ¢´¥´¨Ö (4.8) ´  ±µµ·¤¨´ ÉÒ ¸É·Ê´Ò.

�·¨³¥´¨³ ´ Ï ³¥Éµ¤ ¶µ¸É·µ¥´¨Ö ± ´µ´¨Î¥¸±µ£µ Ëµ·³ ²¨§³  ¤²Ö ² £· ´-
¦¨ ´  (4.1) ¸ ®´¥± ´µ´¨Î¥¸±¨³¨¯ ¸¢Ö§Ö³¨ (4.7).

4.1. ƒ ³¨²ÓÉµ´¨ ´ ¨ £ ³¨²ÓÉµ´µ¢Ò ¸¢Ö§¨ ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±µ° ¸É·Ê´Ò ¢
µ·Éµ´µ·³ ²Ó´µ° ± ²¨¡·µ¢±¥. �¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´, ¢±²ÕÎ ÕÐ¨° ¸¢Ö§¨
(4.7), ¨³¥¥É ¢¨¤

L = −
σ2∫

σ1

dσ

[
γ
√

(ẋx′)2 − ẋ2x′2 + λ1
ẋ2 + x′2

2
+ λ2(ẋx′)

]
.

ˆ§ ´¥£µ ¶µ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ (¸·. (4.2))

p̃µ = − ∂L
∂ẋµ

= γ
(ẋx′)x′

µ − x′2ẋµ√
(ẋx′)2 − ẋ2x′2

+ λ1ẋµ + λ2x
′
µ. (4.9)

�·¨¢²¥± Ö ¸Õ¤  Ê· ¢´¥´¨Ö ¸¢Ö§¥° (4.7), ²¥£±µ ¶·¥µ¡· §Ê¥³ ¥£µ ¢ ²¨´¥°´Ò¥
Ê· ¢´¥´¨Ö µÉ´µ¸¨É¥²Ó´µ ẋµ ¨ x′

µ:

p̃µ = (γ + λ1) ẋµ + λ2x
′
µ, (4.10)
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µÉ±Ê¤  ¢Ò· ¦ ¥³ λi, ẋµ Î¥·¥§ p̃µ, x′
µ. �Éµ ¤µ¸É¨£ ¥É¸Ö ¶ÊÉ¥³ ¶·µ¥±Í¨¨ (4.10)

´  ¢¥±Éµ· x
′µ ¸ ÊÎ¥Éµ³ ¸¢Ö§¥°

(p̃x′) = λ2x
′2 =⇒ λ2 =

(p̃x′)
x′2 , (4.11)

  § É¥³, ¶µ¤¸É ¢²ÖÖ (4.11) ¢ (4.10) ¨ ¢µ§¢µ¤Ö ¢ ±¢ ¤· É, ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥
¤²Ö µ¶·¥¤¥²¥´¨Ö λ1

p̃2 = (γ + λ1)2(−x′2) +
(p̃x′)
x′2 .

‚Ò¡¨· Ö ¶µ²µ¦¨É¥²Ó´Ò° ±µ·¥´Ó ÔÉµ£µ ±¢ ¤· É´µ£µ Ê· ¢´¥´¨Ö, ´ Ìµ¤¨³

γ + λ1 =

√
(p̃x′)2 − x′2p̃2

−x′2 , x′2 < 0 (4.12)

(¶·¨ ¢Ò¡µ·¥ µÉ·¨Í É¥²Ó´µ£µ ±µ·´Ö ¨ Ê¸É·¥³²¥´¨¨ λ1 ± ´Ê²Õ ¶·¨¤¥³ ± ¶·µ-
É¨¢µ·¥Î¨Õ ¸ γ > 0). ’¥¶¥·Ó, µ¶·¥¤¥²¨¢ λ1 ¨ λ2, ¨§ (4.10) ¢Ò· ¦ ¥³ ẋµ Î¥·¥§
µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò ¨ ¶·µ¨§¢µ¤´Ò¥ ¶µ σ µÉ ±µµ·¤¨´ É ¸É·Ê´Ò:

ẋµ =
(p̃x′)x′

µ − x′2p̃µ√
(p̃x′)2 − x′2p̃2

. (4.13)

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¶· ¢ Ö Î ¸ÉÓ ÔÉµ£µ · ¢¥´¸É¢  Éµ¦¤¥¸É¢¥´´µ Ê¤µ-
¢²¥É¢µ·Ö¥É ¨¸Ìµ¤´Ò³ ² £· ´¦¥¢Ò³ ¸¢Ö§Ö³ (4.7), ¶µ¸±µ²Ó±Ê ¸¢Ö§¨ ¢Ìµ¤¨²¨ ¢
·¥Ï¥´´ÊÕ ´ ³¨ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (4.7), (4.10).

�µ¤¸É ¢²ÖÖ (4.13) ¢ ËÊ´±Í¨Õ ‹ £· ´¦ , ¶µ²ÊÎ ¥³ ¥¥ §´ Î¥´¨¥ ´  ¸¢Ö§ÖÌ

L = γ

σ2∫
σ1

x′2(τ, σ) dσ

¨ ¸É·µ¨³ ËÊ´±Í¨Õ ƒ ³¨²ÓÉµ´  ¸ µ¡µ¡Ð¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨

H = −
σ2∫

σ1

p̃µ ẋµ dσ − L = −
σ2∫

σ1

[√
(p̃x′)2 − x′2p̃2 + γx′2

]
dσ, (4.14)

±µÉµ· Ö ¢ µÉ²¨Î¨¥ µÉ ± ´µ´¨Î¥¸±µ° (4.4) ´¥ · ¢´  Éµ¦¤¥¸É¢¥´´µ ´Ê²Õ ¨,
± ± ¨ ¢ ¸²ÊÎ ¥ £ ³¨²ÓÉµ´¨ ´  ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±µ° Î ¸É¨ÍÒ (3.9), ¶·¨´¨³ ¥É
´Ê²¥¢µ¥ §´ Î¥´¨¥ ´  £ ³¨²ÓÉµ´µ¢ÒÌ ¸¢Ö§ÖÌ, ¢µ§´¨± ÕÐ¨Ì §¤¥¸Ó ¶·¨ ¶¥·¥Ìµ¤¥
µÉ µ¡µ¡Ð¥´´ÒÌ ¨³¶Ê²Ó¸µ¢ (4.9) ± ± ´µ´¨Î¥¸±¨³ (4.2).
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ˆ§ (4.11), (4.12) ¶µ²ÊÎ ¥³ ¶¥·¢¨Î´Ò¥ £ ³¨²ÓÉµ´µ¢Ò ¸¢Ö§¨

λ2/p̃=p =
(px′)
x′2 = 0 =⇒ (px′) = 0,

λ1/p̃=p = γ +

√
−x′2p2

−x′2 = 0 =⇒ p2 + γ2x′2 = 0,

(4.15)

¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ÕÐ¨¥ ¸ (4.3) ¢ ± ´µ´¨Î¥¸±µ³ ¶µ¤Ìµ¤¥. �  ÔÉ¨Ì ¸¢Ö§ÖÌ ´ Ï
£ ³¨²ÓÉµ´¨ ´ (4.14) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, É ± ± ± ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¸
¶µ³µÐÓÕ ¢Ò· ¦¥´¨Ö (4.12) ¢ ¢¨¤¥

H =

σ2∫
σ1

λ1x
′2(τ, σ) dσ.

ƒ ³¨²ÓÉµ´µ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¶¥·¢µ¥ ¨§ ±µÉµ·ÒÌ

ẋµ = − ∂H
∂pµ

=
(px′)x′

µ − x′2pµ√
(px′)2 − p2x′2

¸µ¢¶ ¤ ¥É ¸ (4.13),   ¢Éµ·µ¥ Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ ¢Éµ·µ£µ ¶µ·Ö¤±  ¶µ σ:

ṗµ =
∂H
∂xµ

− ∂

∂σ

(
∂H
∂x′µ

)
=

∂

∂σ

[
(px′)pµ + p2x′

µ√
(px′)2 − p2x′2

+ 2γx′
µ

]
,

¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸¢Ö§¥° (4.15) ¸¢µ¤ÖÉ¸Ö ± ²¨´¥°´Ò³ Ê· ¢´¥´¨Ö³ ·¥²ÖÉ¨¢¨¸É-
¸±µ° ¸É·Ê´Ò (4.8) ¢ µ·Éµ´µ·³ ²Ó´µ° ± ²¨¡·µ¢±¥

ẋµ =
1
γ

pµ, ṗµ = γx′′
µ. (4.16)

’ ±¨³ µ¡· §µ³, ¶µ²ÊÎ¥´´Ò¥ ÔÉ¨³ ³¥Éµ¤µ³ £ ³¨²ÓÉµ´¨ ´ ¨ ¶¥·¢¨Î´Ò¥ ¸¢Ö§¨
¢¥¤ÊÉ ± Ìµ·µÏµ ¨§¢¥¸É´Ò³ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö ·¥²ÖÉ¨¢¨¸É¸±µ° ¸É·Ê´Ò, ´¥
¸µ¤¥·¦ É ¢ µÉ²¨Î¨¥ µÉ (4.5) ËÊ´±Í¨µ´ ²Ó´µ£µ ¶·µ¨§¢µ² ,   ¸¢Ö§¨ ±µ³³ÊÉ¨-
·ÊÕÉ ¢ ¸² ¡µ³ ¸³Ò¸²¥ ¸ £ ³¨²ÓÉµ´¨ ´µ³ (4.14), ÎÉµ ¶·µÐ¥ ¢¸¥£µ ¤µ± § ÉÓ,
¤¨ËË¥·¥´Í¨·ÊÖ (4.15) ¶µ ¢·¥³¥´´µ³Ê ¶ · ³¥É·Ê ¨ ¨¸¶µ²Ó§ÊÖ £ ³¨²ÓÉµ´µ¢Ò
Ê· ¢´¥´¨Ö (4.16):

∂

∂τ
(px′) = (ṗx′) + (pẋ′) = γ(x′′x′) +

1
γ

(pp′) =
1
2γ

∂

∂σ

[
γ2x′2 + p2

]
= 0,

∂

∂τ

[
γ2x′2 + p2

]
= 2(pṗ) + 2γ2(ẋ′x′) = 2γ2 [(ẋx′′) + (ẋx′)] =

= 2γ2 ∂

∂σ
(ẋx′) = 2γ

∂

∂σ
(px′) = 0.
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�É¸Õ¤  É ±¦¥ ¸²¥¤Ê¥É, ÎÉµ (4.15) Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨
¤²Ö £ ³¨²ÓÉµ´µ¢ÒÌ Ê· ¢´¥´¨° (4.16), É. ¥. ¥¸²¨ µ´¨ ¢Ò¶µ²´ÖÕÉ¸Ö ¢ ´ Î ²Ó´Ò°
³µ³¥´É, Éµ ¡Ê¤ÊÉ ´  ·¥Ï¥´¨ÖÌ ¢Ò¶µ²´ÖÉÓ¸Ö ¢¸¥£¤ .

�É³¥É¨³ ¥Ð¥, ÎÉµ ¶µ²ÊÎ¥´´Ò° ÔÉ¨³ ¶·¨¥³µ³ £ ³¨²ÓÉµ´¨ ´ (4.14) ¢Ò·µ-
¦¤¥´, ¶µ¸±µ²Ó±Ê ³ É·¨Í  ¨§ Ô²¥³¥´Éµ¢

∂2H
∂pµ∂pν

=
x′2

[(px′)2 − p2x′2]3/2
×

×
{
x′2[p2δµν − pνpµ] + (px′)

[
pµx′

ν + pνx′
µ − (px′)δµν

]
− p2x′

µx′
ν

}
¨³¥¥É ¤¢  ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·  pµ, x′µ ¸ ´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨.
�¤´ ±µ, ± ± Ê¦¥ µÉ³¥Î ²µ¸Ó ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¶·¨³¥· Ì, ¶·¥¤² £ ¥³Ò°  ²£µ·¨É³
¶µ§¢µ²Ö¥É µÉ £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò (4.14), (4.15) ¢¥·´ÊÉÓ¸Ö ± ¨¸Ìµ¤´µ° ² -
£· ´¦¥¢µ°.

„²Ö ÔÉµ£µ µ¶ÖÉÓ ¸É·µ¨É¸Ö ¶µ²´Ò° £ ³¨²ÓÉµ´¨ ´

HT = −
√

(px′)2 − p2x′2 − γx′2 − µ1

2γ
(p2 + γ2x′2) − µ2(px′)

¨ ¢¢µ¤ÖÉ¸Ö µ¡µ¡Ð¥´´Ò¥ ¸±µ·µ¸É¨, ±µÉµ·Ò¥ ¸ ÊÎ¥Éµ³ ¸¢Ö§¥° ²¨´¥°´µ ¢Ò· ¦ -
ÕÉ¸Ö Î¥·¥§ ¨³¶Ê²Ó¸Ò ¨ ±µµ·¤¨´ ÉÒ:

˜̇xµ =
∂HT

∂pµ
= −1 + µ1

γ
pµ + µ2x

′
µ. (4.17)

„ ²¥¥ ´ Ìµ¤ÖÉ¸Ö ³´µ¦¨É¥²¨ µi:

( ˙̃xx′) = µ2x
′2, µ2 =

( ˙̃xx′)2

x′2 ,

(4.18)

˙̃x
2

=
(

1 + µ1

γ

)2

(−γ2x′2) +
( ˙̃xx′)2

x′2 , 1 + µ1 =

√
( ˙̃xx′)2 − ˙̃x

2
x′2

−x′2 ,

  § É¥³ ¨³¶Ê²Ó¸Ò ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ˜̇xµ ¨ x′
µ (¸·. (4.2)):

pµ = γ
( ˙̃xx′)x′

µ − x′2 ˙̃xµ√
( ˙̃xx′)2 − ˙̃x

2
x′2

.

”Ê´±Í¨Ö ‹ £· ´¦  ¸ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ ´  ¸¢Ö§ÖÌ H = 0, ¸µ¢¶ ¤ ¥É ¸
¨§´ Î ²Ó´µ° (4.1):

L = −
∫

pµ
˙̃x
µ −H = −γ

√
( ˙̃xx′)2 − ˙̃x

2
x′2 dσ,
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¶¥·¥Ìµ¤ µÉ µ¡µ¡Ð¥´´ÒÌ ¸±µ·µ¸É¥° ˜̇xµ ± ẋµ ¢Ò· ¦ ¥É¸Ö ¢ É·¥¡µ¢ ´¨¨, ÎÉµ¡Ò
µi/ ˙̃x=ẋ = 0, Éµ£¤  ¨§ (4.18) ¶µ²ÊÎ ¥³ ² £· ´¦¥¢Ò ¸¢Ö§¨

(ẋx′) = 0, ẋ2 + x′2 = 0

¨ É¥³ ¸ ³Ò³ ¶µ²´µ¸ÉÓÕ ¢µ¸¶·µ¨§¢µ¤¨³ ¨¸Ìµ¤´ÊÕ ² £· ´¦¥¢Ê ¸¨¸É¥³Ê.
4.2. �¥²ÖÉ¨¢¨¸É¸± Ö ¸É·Ê´  ¢ ¸¢¥Éµ¶µ¤µ¡´µ° ± ²¨¡·µ¢±¥. “¦¥ µÉ³¥Î -

²µ¸Ó, ÎÉµ µ·Éµ´µ·³ ²Ó´ Ö ± ²¨¡·µ¢±  (4.7) ¶µ²´µ¸ÉÓÕ ´¥ Ë¨±¸¨·Ê¥É ¶ · ³¥-
É·¨Î¥¸±µ¥ § ¤ ´¨¥ ±µµ·¤¨´ É ¸É·Ê´Ò xµ(τ, σ), µ¸É ¥É¸Ö ¶·µ¨§¢µ² ¢ ¢Ò¡µ·¥
¶ · ³¥É·µ¢ τ, σ, µ¶·¥¤¥²Ö¥³Ò° ¶·¥µ¡· §µ¢ ´¨Ö³¨

τ ± σ = f± (τ̄ ± σ̄),

É¥³ ¸ ³Ò³ ¢µ§³µ¦´Ò ¤µ¶µ²´¨É¥²Ó´Ò¥ ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö, Ë¨±¸¨·ÊÕÐ¨¥
ËÊ´±Í¨¨ f±. �¤´¨³ ¨§ É ±¨Ì Ê¸²µ¢¨° ³µ¦¥É ¡ÒÉÓ Ï¨·µ±µ ¨¸¶µ²Ó§Ê¥³ Ö
¢ É¥µ·¨¨ ·¥²ÖÉ¨¢¨¸É¸±µ° ¸É·Ê´Ò [19, 20] ¸¢¥Éµ¶µ¤µ¡´ Ö ± ²¨¡·µ¢± , ±µ£¤ 
±µµ·¤¨´ ÉÒ ¸É·Ê´Ò ¶µ¤Î¨´¥´Ò Ê¸²µ¢¨Õ

(nx) =
(nP)
πγ

τ + Q, (4.19)

£¤¥ nµ Å ¸¢¥Éµ¶µ¤µ¡´Ò° (¨§µÉ·µ¶´Ò°) ¶µ¸ÉµÖ´´Ò° ¢¥±Éµ· n2 = 0; Pµ Å
¶µ²´Ò° ¨³¶Ê²Ó¸ ¸É·Ê´Ò; Q Å ±µ´¸É ´É .

�µ¸É·µ¨³ ¤²Ö ÔÉµ° ¸¨¸É¥³Ò µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´, ¶·µ¤¨ËË¥·¥´Í¨·µ-
¢ ¢, ± ± Éµ£µ É·¥¡Ê¥É ³¥Éµ¤ (2.2), ¸¢Ö§Ó (4.19) ¶µ τ , ¶µ¸±µ²Ó±Ê µ´  ´¥ § ¢¨¸¨É
µÉ ¸±µ·µ¸É¥° ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥ ¤ ¥É ¢±² ¤  ¢ µ¡µ¡Ð¥´´Ò° ¨³¶Ê²Ó¸. ˆ³¥¥³
¸²¥¤ÊÕÐ¨° µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´:

L = −
σ2∫

σ1

{
γ
√

(ẋx′)2 − ẋ2x′2 +
λ1

2
(ẋ2 + x′2) +

+ λ2 (ẋx′) + λ3

[
(nẋ) − (nP)

πγ

]}
dσ (4.20)

¨ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò ¸ ÊÎ¥Éµ³ ¸¢Ö§¥° (4.7) (¸·. (4.10)):

p̃µ = − ∂L
∂ẋµ

/cb

= (γ + λ1)ẋµ + λ2x
′
µ + λ3nµ. (4.21)

�·µ¥±É¨·ÊÖ ÔÉ¨ · ¢¥´¸É¢  ´  x′
µ ¨ ÊÎ¨ÉÒ¢ Ö µ¶ÖÉÓ ¸¢Ö§¨ (4.7),   É ±¦¥ ¸²¥-

¤ÊÕÐ¥¥ ¨§ (4.19) · ¢¥´¸É¢µ (nx′) = 0, ¶µ²ÊÎ ¥³, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²Ê-
Î ¥ (4.11), ¢Ò· ¦¥´¨¥ ¤²Ö λ2

(p̃x′) = λ2 x′2 =⇒ λ2 =
(p̃x′)
x′2 , (4.22)
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¶·µ¥±Í¨Ö (4.21) ´  ¢¥±Éµ· nµ ¸ ÊÎ¥Éµ³ n2 = 0, (nẋ) = (nP)/πγ ¶·¨¢µ¤¨É ±
µ¶·¥¤¥²¥´¨Õ λ1:

(np̃) = (γ + λ1)(nẋ) = (γ + λ1)
(nP)
πγ

=⇒ γ + λ1 = πγ
(np̃)
(nP)

. (4.23)

„ ²¥¥, ¨§ (4.21)Ä(4.23) ¨ ¸¢Ö§¥° (4.7) ¶µ²ÊÎ ¥³

p̃2 = (γ + λ1)2 ẋ2 + 2(γ + λ1)λ3(nẋ) =

= −π2γ2 (np̃)2

(nP)2
x′2 +

(p̃x′)2

x′2 + 2λ3 (np̃) ,

µÉ±Ê¤  ´ Ìµ¤¨³

λ3 =
1

2(np̃)

[
p̃2 − (p̃x′)2

x′2 + π2γ2 (np̃)2

(nP)2
x′2
]

. (4.24)

�¶·¥¤¥²¨¢ ¢¸¥ λi, ¨§ (4.21) ¢Ò· ¦ ¥³ ẋµ Î¥·¥§ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò ¨
±µµ·¤¨´ ÉÒ:

ẋµ =
p̃µ − λ2x

′
µ − λ3nµ

γ + λ1
.

‹¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ÔÉµ ¢Ò· ¦¥´¨¥ Éµ¦¤¥¸É¢¥´´µ Ê¤µ¢²¥É¢µ·Ö¥É ¢¸¥³ Ê· ¢-
´¥´¨Ö³ ¸¢Ö§¨, É ± ± ± µ´µ ¡Ò²µ µ¶·¥¤¥²¥´µ ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (4.21) ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ ÔÉ¨Ì ¸¢Ö§¥°.

’¥¶¥·Ó ¶µ¸É·µ¨³ ËÊ´±Í¨Õ ƒ ³¨²ÓÉµ´ , ÊÎ¨ÉÒ¢ Ö, ÎÉµ ´  ¸¢Ö§ÖÌ ² £· ´-
¦¨ ´, ± ± ¨ · ´¥¥, ¸É ´µ¢¨É¸Ö · ¢´Ò³

L = γ

σ2∫
σ1

x′2(τ, σ)dσ,

H =

σ2∫
σ1

(p̃ẋ) dσ − L =

= −1
2

σ2∫
σ1

{
(nP)

πγ(np̃)

[
p̃2 − (p̃x′)2

x′2

]
+ γ

[
2 − π

(np̃)
(nP)

]
x′2
}

dσ. (4.25)

’ ±¨³ µ¡· §µ³, ¢ · ¸¸³ É·¨¢ ¥³µ° ± ²¨¡·µ¢±¥ £ ³¨²ÓÉµ´¨ ´ ¶µ ¸¢µ¥°
¸É·Ê±ÉÊ·¥ µÉ²¨Î ¥É¸Ö µÉ Ì · ±É¥·´ÒÌ ¤²Ö É¥µ·¨¨ ¸É·Ê´Ò ¢Ò· ¦¥´¨° ¸ · ¤¨-
± ² ³¨, µ¤´ ±µ µ´ ¶µ-¶·¥¦´¥³Ê Ö¢²Ö¥É¸Ö ¢Ò·µ¦¤¥´´Ò³, É ± ± ± ³ É·¨Í  ¨§
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Ô²¥³¥´Éµ¢

− πγ(np)
(nP)

∂2H
∂p̃µ∂p̃ν

=
nµnν

(np̃)

[
p̃2 − (p̃x′)2

x′2

]
− nµ

(np̃)

[
pν − (p̃x′)

x′2 x′
nu

]
−

− nν

(np̃)

[
pµ − (p̃x′)

x′2 x′
µ

]
+ δµν −

x′
µx′

ν

x′2

¨³¥¥É É·¨ ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·  nµ, p̃µ, x′µ ¸ ´Ê²¥¢Ò³¨ ¸µ¡¸É¢¥´´Ò³¨ §´ Î¥-
´¨Ö³¨. �Éµ³Ê ¸µµÉ¢¥É¸É¢Ê¥É ´ ²¨Î¨¥ É·¥Ì ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨°, ¢µ§´¨± -
ÕÐ¨Ì ¢ ´ Ï¥³ ³¥Éµ¤¥ ¡² £µ¤ ·Ö ¸¶µ¸µ¡Ê ¶¥·¥Ìµ¤  λi/p̃=p = 0 µÉ µ¡µ¡Ð¥´-
´ÒÌ ¨³¶Ê²Ó¸µ¢ (4.21) ± ± ´µ´¨Î¥¸±¨³. „¥°¸É¢¨É¥²Ó´µ, ¨§ (4.22)Ä(4.24) ¨³¥¥³
(¸·. (4.15))

ϕ1 = (px′) = 0, ϕ2 = p2 + γ2x′2 = 0, ϕ3 = (np) − (nP)
π

= 0. (4.26)

�  ÔÉ¨Ì ¸¢Ö§ÖÌ £ ³¨²ÓÉµ´¨ ´ (4.25) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ± ± ÔÉµ ¡Ò²µ ¨ ¢
¶·¥¤Ò¤ÊÐ¨Ì ¶·¨³¥· Ì, ¸ ³¨ ¦¥ ¸¢Ö§¨ (4.26) É¥¶¥·Ó ´¥ ´ Ìµ¤ÖÉ¸Ö ¢ ¨´¢µ²Õ-
Í¨¨ [19], ÎÉµ ¸²¥¤Ê¥É ¨§ ¸±µ¡µ± �Ê ¸¸µ´ , ¸µ¤¥·¦ Ð¨Ì ¸¢Ö§Ó ϕ3:

{ϕ1(σ), ϕ3(σ′)} =
(nP)

π
δ′(σ − σ′) �= 0,

{ϕ2(σ), ϕ3(σ′)} = 2γ2 (nx′) δ′(σ − σ′) = 0.

„ ²¥¥, ± ¶µ²ÊÎ¥´´Ò³ ¸¢Ö§Ö³ (4.26) ¶·¨¸µ¥¤¨´¨³ ¥Ð¥ ´ Î ²Ó´ÊÕ (´¥¶·µ¤¨Ë-
Ë¥·¥´Í¨·µ¢ ´´ÊÕ) ² £· ´¦¥¢Ê ¸¢Ö§Ó (4.19), ´¥ § ¢¨¸ÖÐÊÕ µÉ ¸±µ·µ¸É¥°,  
¶µÉµ³Ê Ö¢²ÖÕÐÊÕ¸Ö ®± ´µ´¨Î¥¸±µ°¯, ¶¥·¥Ìµ¤ÖÐÊÕ ¡¥§ ¨§³¥´¥´¨° ¢ £ ³¨²Ó-
Éµ´µ¢ Ëµ·³ ²¨§³. �Ò²µ ¶µ± § ´µ [19], ÎÉµ ϕ4 ´ Ìµ¤¨É¸Ö ¢ ¨´¢o²ÕÍ¨¨ ¸ ϕ3

¡² £µ¤ ·Ö ¨§µÉ·µ¶´µ¸É¨ ¢¥±Éµ·  nµ:

{ϕ3(σ), ϕ4(σ′)} = n2 δ′(σ − σ′) = 0,

¸²¥¤µ¢ É¥²Ó´µ, ϕ3, ϕ4 ¤µ²¦´Ò · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ± ²¨¡·µ¢µÎ´Ò¥ Ê¸²µ¢¨Ö
¶·¨ ¸¢Ö§ÖÌ ϕ1, ϕ2 [4]. “· ¢´¥´¨e ¤¢¨¦¥´¨Ö ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, ¸²¥¤ÊÕ-
Ðe¥ ¨§ (4.25), ¤²Ö ±µµ·¤¨´ É

ẋµ = − ∂H
∂pµ

= −nµ

2
(nP)

πγ(np)2

[
p2 − (px′)2

x′2

]
+

+
(nP)

πγ(np)

[
pµ − (px′)

x′2 x′
µ

]
− nµ

2
πγ

(nP)
x′2 (4.27)

¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ¥É ¸ · ´¥¥ ¶µ²ÊÎ¥´´Ò³ ¤²Ö ẋµ, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É ´¥¶·µÉ¨-
¢µ·¥Î¨¢µ¸ÉÓ ³¥Éµ¤ ,   ¨¸¶µ²Ó§µ¢ ´¨¥ ¸¢Ö§¥° (4.26) ¶µ§¢µ²Ö¥É ¶¥·¥¢¥¸É¨ (4.27)
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¢ ²¨´¥°´µ¥ Ê· ¢´¥´¨¥ (4.16)

ẋµ =
1
γ

pµ .

“· ¢´¥´¨¥ ¤²Ö ¨³¶Ê²Ó¸µ¢ ¨³¥¥É ¢¨¤

ṗµ =
∂H
∂xµ

− ∂

∂σ

(
∂H
∂x′µ

)
=

=
∂

∂σ

{
(nP)

2πγ(np)

[
(px′)2

(x′2)2
x′

µ − (px′)
x′2 pµ

]
+ γ

[
2 − π

(np)
(nP)

]
x′

µ

}
,

´  ¸¢Ö§ÖÌ (4.28) µ´µ ¶¥·¥Ìµ¤¨É µ¶ÖÉÓ ¢ ²¨´¥°´µ¥ Ê· ¢´¥´¨¥

ṗµ = γx′′
µ.

‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³ Ê· ¢´¥´¨¥ „'�² ³¡¥·  ¤²Ö ±µµ·¤¨´ É ·¥²ÖÉ¨¢¨¸É-
¸±µ° ¸É·Ê´Ò ¸ ¤µ¶µ²´¨É¥²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨ ¸¢¥Éµ¶µ¤µ¡´µ° ± ²¨¡·µ¢±¨ (4.19),
(4.26).

‚ · ¡µÉ¥ [4] ¡Ò²  ´ °¤¥´  ± ´µ´¨Î¥¸± Ö § ³¥´  ¶¥·¥³¥´´ÒÌ ¢ ¸¨¸É¥³¥
±µµ·¤¨´ É, ¢ ±µÉµ·µ° nµ = (1, 1, 0, 0), ¶µ§¢µ²ÖÕÐ Ö ·¥¤ÊÍ¨·µ¢ ÉÓ Ë §µ¢µ¥
¶·µ¸É· ´¸É¢µ £ ³¨²ÓÉµ´µ¢µ° ¸¨¸É¥³Ò (4.19), (4.25), (4.26) ¨ ¶µ²ÊÎ¨ÉÓ £ -
³¨²ÓÉµ´¨ ´ ¤²Ö ´¥§ ¢¨¸¨³ÒÌ (¶µ¶¥·¥Î´ÒÌ) ±µµ·¤¨´ É x⊥ = (0, 0, x2, x3);
p⊥ = (0, 0, p2, p3)

H =
1
2γ

σ2∫
σ1

(
p2
⊥ + γ2x′2

⊥
)
dσ.

4.3. �¥²ÖÉ¨¢¨¸É¸± Ö ¸É·Ê´  ¢ ± ²¨¡·µ¢±¥ �µ·²¨Ì . ‚ ÔÉµ° ± ²¨¡·µ¢-
±¥ [22] §  ¶µ¸ÉµÖ´´Ò° ¢¥±Éµ· nµ ¢ (4.19) ¢Ò¡¨· ¥É¸Ö Î¥ÉÒ·¥Ì¢¥±Éµ· ¶µ²´µ£µ
¨³¶Ê²Ó¸  ¸É·Ê´Ò Pµ, P2 > 0. Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶·¨³¥·¥, § ³¥´  ¶·µ¤¨Ë-
Ë¥·¥´Í¨·µ¢ ´´µ£µ ¶µ τ Ê¸²µ¢¨Ö

(Px) =
P2

πγ
τ + Q (4.28)

¢¥¤¥É ± µ¡µ¡Ð¥´´µ³Ê ² £· ´¦¨ ´Ê (¸·. (4.20))

L = −
σ2∫

σ1

{
γ
√

(ẋx′)2 − ẋ2x′2 +
λ1

2
(ẋ2 + x′2) +

+ λ2 (ẋx′) + λ3

[
(P ẋ) − P2

πγ

]}
dσ,
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¨§ ±µÉµ·µ£µ ¸²¥¤Ê¥É ¸ ÊÎ¥Éµ³ ¸¢Ö§¥° µ¡µ¡Ð¥´´Ò° ¨³¶Ê²Ó¸

p̃µ = (γ + λ1) ẋµ + λ2x
′
µ + λ3Pµ, (4.29)

¨ É ± ¦¥, ± ± ¢ (4.22), (4.23), ´ Ìµ¤¨³ · ¢¥´¸É¢ 

(p̃x′) = λ2x
′2, (p̃P) = P2

[
γ + λ1

πγ
+ λ3

]
, (4.30)

p̃2 = −(γ + λ1)2x′2 + 2λ3
γ + λ1

πγ
P2 +

(px′)2

x′2 + λ2
3P2, (4.31)

¶µ§¢µ²ÖÕÐ¨¥ ´ °É¨ λi:

γ + λ1 = πγ

√
(p̃x′)2

x′2 − p̃2 +
(p̃P)2

P2
/
√
P2 + π2γ2x′2,

(4.32)

λ2 =
(p̃x′)
x′2 , λ3 =

p̃P
P2

− γ + λ1

πγ
,

§´ ´¨¥ ±µÉµ·ÒÌ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¨§ (4.29) ¢Ò· §¨ÉÓ ¸±µ·µ¸É¨ Î¥·¥§ ¨³¶Ê²Ó¸Ò
¨ ±µµ·¤¨´ ÉÒ:

ẋµ =
p̃µ − λ2x

′
µ − λ3Pµ

γ + λ1
.

‘É·µ¨³ £ ³¨²ÓÉµ´¨ ´

H =
1
γ

σ2∫
σ1

{√
(p̃x′)2

x′2 − p̃2 +
(p̃P)2

P2
×

×
√

P2

π2
+ γ2x′2 − (pP)

π
− γ2x′2

}
dσ (4.33)

¨ ¶¥·¥Ìµ¤¨³ ± ± ´µ´¨Î¥¸±¨³ ¨³¶Ê²Ó¸ ³, É·¥¡ÊÖ, ÎÉµ¡Ò λi/p̃=p = 0, Éµ£¤ 
¢Ò· ¦¥´¨Ö (4.32) ¶·¨¢µ¤ÖÉ ± £ ³¨²ÓÉµ´µ¢Ò³ ¸¢Ö§Ö³ (¸·. (4.26))

ϕ1 = (p x′) = 0 , ϕ2 = p2 + γ2 x′2 = 0, ϕ3 = (pP) − P2

π
= 0 . (4.34)

‚Ò¡¥·¥³ É¥¶¥·Ó ¸¨¸É¥³Ê ®Í¥´É·  ³ ¸¸¯ ¸É·Ê´Ò, £¤¥ ¥¥ ¶µ²´Ò° ¨³¶Ê²Ó¸ · ¢¥´
Pµ = (P0, 0, 0, 0), Éµ£¤  ¨§ (4.28) ¤²Ö ¢·¥³¥´´µ° ±µµ·¤¨´ ÉÒ ¨³¥¥³

x0 =
P0

πγ
τ + Q/P0, x′

0 = 0, (4.35)
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  ¨§ (4.34) ¸ ÊÎ¥Éµ³ (4.35) ¸²¥¤ÊÕÉ ¸¢Ö§¨ ¤²Ö ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µ³¶µ´¥´É ¨
µ¶·¥¤¥²¥´¨¥ ¢·¥³¥´´µ° ±µ³¶µ´¥´ÉÒ ¨³¶Ê²Ó¸ 

(px′) = 0, p2 + γ2x′2 =
P2

0

π2
, p0 =

P0

π
. (4.36)

�É  Ë¨±¸ Í¨Ö ¢·¥³¥´´ÒÌ ±µ³¶µ´¥´É Ê ±µµ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸  ¶·¨¢µ¤¨É
£ ³¨²ÓÉµ´¨ ´ (4.33) ± ¢¨¤Ê

H =
1
γ

σ2∫
σ1

{√
p2 − (px′)2

x′2

√
P2

0

π2
− γ2x′2 − P2

0

π2
+ γ2x′2

}
dσ,

±µÉµ·Ò° ´  ¸¢Ö§ÖÌ ¤²Ö ¶·µ¸É· ´¸É¢¥´´ÒÌ ±µ³¶µ´¥´É (4.36) µ¶ÖÉÓ ¶·¨´¨³ ¥É
´Ê²¥¢µ¥ §´ Î¥´¨¥ ¨ ¢¥¤¥É ± ²¨´¥°´Ò³ Ê· ¢´¥´¨Ö³ ¢ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥ [23]

ẋi =
∂H
∂pi

=
1
γ

{
pi − xi(px′)2/x′2√

p2 − (px′)2/x′2

√
P2

0

π2
− γ2x′2

}
=

1
γ

pi,

ṗi = −∂H
∂xi

+
∂

∂σ

(
∂H
∂x′

i

)
=

=
1
γ

∂

∂σ

{
−γ2x′

i

√(
p2 − (px′)2

x′2

)
/

(
P2

0

π2
− γ2x′2

)
+ 2γ2x′

i

}
= γx′′

i .

5. Š����ˆ—…‘Šˆ‰ ”��Œ�‹ˆ‡Œ „‹Ÿ ‚…Š’����ƒ�
Œ�‘‘ˆ‚��ƒ� ˆ �‹…Š’��Œ�ƒ�ˆ’��ƒ� ��‹…‰

‘ “‘‹�‚ˆ…Œ ‹��…�–�

Š ± Ê¦¥ µÉ³¥Î ²µ¸Ó, ¢ ± ´µ´¨Î¥¸±µ³ ³¥Éµ¤¥ ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´µ¢ÒÌ
¸¨¸É¥³ ¶µ § ¤ ´´Ò³ ² £· ´¦¥¢Ò³ ¸¨¸É¥³ ³ ¸µ ¸¢Ö§Ö³¨ ¶µ¸²¥¤´¨¥ ´¥ ¤µ²¦´Ò
¸µ¤¥·¦ ÉÓ ¶·µ¨§¢µ¤´ÒÌ ¶µ ¢·¥³¥´¨ µÉ ±µµ·¤¨´ É, ±µÉµ·Ò¥ ´¥ ³µ£ÊÉ ¡ÒÉÓ
¢Ò· ¦¥´Ò Î¥·¥§ ¸µ¶·Ö¦¥´´Ò¥ ¨³¶Ê²Ó¸Ò. � ¶·¨³¥·, ¢ Ô²¥±É·µ¤¨´ ³¨±¥ ± -
²¨¡·µ¢µÎ´µ¥ Ê¸²µ¢¨¥ ‹µ·¥´Í 

∂µAµ = 0 =⇒ Ȧ0 = −divA (5.1)

´¥ ³µ¦¥É ¡ÒÉÓ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶¥·¥´¥¸¥´µ ¢ £ ³¨²ÓÉµ´µ¢ Ëµ·³ ²¨§³ [6],
¶µ¸±µ²Ó±Ê ² £· ´¦¨ ´ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö

L = −1
4

∫
Fµν Fµν d3x, Fµν = ∂µAν − ∂νAµ (5.2)
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´¥ ¸µ¤¥·¦¨É ¶·µ¨§¢µ¤´µ° ¶µ ¢·¥³¥´¨ µÉ ±µ³¶µ´¥´ÉÒ A0 ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¸µ-
¶·Ö¦¥´´Ò° ± ´¥° ¨³¶Ê²Ó¸ · ¢¥´ ´Ê²Õ. ’ ±µ¥ ¦¥ § É·Ê¤´¥´¨¥ ¢µ§´¨± ¥É ¨ ¤²Ö
² £· ´¦¨ ´  ¢¥±Éµ·´µ£µ ³ ¸¸¨¢´µ£µ ¶µ²Ö ¢ Ëµ·³¥ �·µ±  [24]. �·¨ ¶µ¸É·µ-
¥´¨¨ ± ´µ´¨Î¥¸±µ£µ Ëµ·³ ²¨§³  ÔÉ¨Ì ¶µ²¥° ¸ Ê¸²µ¢¨¥³ ‹µ·¥´Í  ¢µ ³´µ£¨Ì
¨¸¸²¥¤µ¢ ´¨ÖÌ, ´ Î¨´ Ö ¸ ¶¨µ´¥·¸±¨Ì · ¡µÉ „¨· ± , ”µ± , �µ¤µ²Ó¸±µ£µ [12],
  É ±¦¥ ¸²¥¤ÊÕÐ¥° ¨Ì ³¥Éµ¤Ê ³µ´µ£· Ë¨¨ [25], ¶·¨¡¥£ ÕÉ ± ³µ¤¨Ë¨± Í¨¨
¨¸Ìµ¤´µ° ² £· ´¦¥¢µ° ËÊ´±Í¨¨, ±µÉµ· Ö, ´¥ ³¥´ÖÖ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¤²Ö
ÔÉ¨Ì ¶µ²¥°, ¶µ§¢µ²Ö¥É µ¡µ°É¨ § É·Ê¤´¥´¨¥, ¸¢Ö§ ´´µ¥ ¸ µ¡· Ð¥´¨¥³ ¢ ´Ê²Ó
¢·¥³¥´´µ° ±µ³¶µ´¥´ÉÒ ± ´µ´¨Î¥¸±µ£µ ¨³¶Ê²Ó¸  ¶µ²Ö (¢¢¥¤¥´¨¥ ¢ ² £· ´¦¨ ´
Î²¥´ , Ë¨±¸¨·ÊÕÐ¥£µ ± ²¨¡·µ¢±Ê [26]). Š ± ¡Ò²µ ¢¨¤´µ ¨§ ¶·¥¤Ò¤ÊÐ¨Ì ¶·¨-
³¥·µ¢, ³¥Éµ¤ �¥·¥§¨´  ± ± · § ¨ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò ¢³¥¸Éµ ¨¸Ìµ¤´µ£µ ² -
£· ´¦¨ ´  · ¸¸³ É·¨¢ ÉÓ µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´ ¨ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò,
±µÉµ·Ò¥ ¢¸¥ ´¥ · ¢´Ò ´Ê²Õ,   § É¥³ ¶µ¸²¥ ¶µ¸É·µ¥´¨Ö ËÊ´±Í¨¨ ƒ ³¨²ÓÉµ´ 
¶¥·¥Ìµ¤¨ÉÓ ± ± ´µ´¨Î¥¸±¨³ ¨³¶Ê²Ó¸ ³.

� ¸¸³µÉ·¨³ ¶µ¸É·µ¥´¨¥ ÔÉ¨³ ³¥Éµ¤µ³ £ ³¨²ÓÉµ´¨ ´  ¤²Ö ¢¥±Éµ·´µ£µ ³ ¸-
¸¨¢´µ£µ ¶µ²Ö ¸ ² £· ´¦¨ ´µ³ �·µ± .

5.1. Œ ¸¸¨¢´µ¥ ¢¥±Éµ·´µ¥ ¶µ²¥. ”Ê´±Í¨Ö ‹ £· ´¦  ¸¢µ¡µ¤´µ£µ ¢¥±Éµ·-
´µ£µ ¶µ²Ö Uµ(x, t) ¸ ³ ¸¸µ° [25]

L = −1
4

fµν fµν +
m2

2
U2

µ, fµ = ∂µUν − ∂νUµ, (5.3)

§ ¶¨¸Ò¢ ¥É¸Ö ¢ ±µ³¶µ´¥´É Ì Î¥ÉÒ·¥Ì¢¥±Éµ·  Uµ = (U0,U) ¸²¥¤ÊÕÐ¨³ µ¡· -
§µ³:

L =
1
2

3∑
i=1

(
∂Ui

∂t
+

∂U0

∂xi

)2

− 1
2

3∑
i>j

(
∂Ui

∂xj
− ∂Uj

∂xi

)2

+
m2

2
(
U2

0 − U2
)
,

µÉ±Ê¤  ¢¨¤´µ, ÎÉµ µ´  ´¥ ¸µ¤¥·¦¨É ¶·µ¨§¢µ¤´µ° ¶µ ¢·¥³¥´¨ µÉ U0, ¶µÔÉµ³Ê
¸µ¶·Ö¦¥´´Ò° ± U0 ¨³¶Ê²Ó¸ π0 ¡Ê¤¥É · ¢¥´ ´Ê²Õ. ‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ¨§
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö

∂µfµν + m2Uν = 0 (5.4)

¶·¨ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¨ ¨Ì ¶µ ∂ν ¨ ¸Ê³³¨·µ¢ ´¨¨ ¶µ ν ¸ ÊÎ¥Éµ³  ´É¨¸¨³³¥-
É·¨Î´µ¸É¨ fµν = −fνµ ¢ÒÉ¥± ¥É ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥ (Ê¸²µ¢¨¥ ‹µ·¥´Í )

∂νUν = 0 =⇒ U̇0 = −(∇U), (5.5)

±µÉµ·µ¥ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ² £· ´¦¥¢  ¸¢Ö§Ó, ¶·¨¢µ¤ÖÐ Ö Ê· ¢´¥´¨Ö (5.4)
± ¢¨¤Ê Ê· ¢´¥´¨Ö Š²¥°´ Äƒµ·¤µ´  ¤²Ö ± ¦¤µ° ±µ³¶µ´¥´ÉÒ ¶µ²Ö

(� + m2)Uν = 0, � = ∂ν∂ν . (5.6)
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�·µ¤¥³µ´¸É·¨·Ê¥³ ´ Ï  ²£µ·¨É³ ¶µ¸É·µ¥´¨Ö £ ³¨²ÓÉµ´µ¢  Ëµ·³ ²¨§³ 
¤²Ö ² £· ´¦¥¢µ° ¸¨¸É¥³Ò (5.3), (5.5), µ¡µ¡Ð¥´´ Ö ËÊ´±Í¨Ö ‹ £· ´¦  ±µÉµ·µ°
¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

L = L − λ(∂µUµ) . (5.7)

� Ìµ¤¨³ µ¡µ¡Ð¥´´Ò¥ ¨³¶Ê²Ó¸Ò

π̃0 = − ∂L
∂U̇0

= λ, πi =
∂L
∂U̇i

= U̇i +
∂U0

∂xi
, (5.8)

¸·¥¤¨ ±µÉµ·ÒÌ ¶·µ¸É· ´¸É¢¥´´Ò° ¨³¶Ê²Ó¸ π̃i ¸µ¢¶ ¤ ¥É ¸ ± ´µ´¨Î¥¸±¨³ πi,
  ¢·¥³¥´´ Ö ±µ³¶µ´¥´É  µ¡µ¡Ð¥´´µ£µ ¨³¶Ê²Ó¸  µ± §Ò¢ ¥É¸Ö · ¢´µ° ³´µ¦¨-
É¥²Õ ‹ £· ´¦ . �·¨¸µ¥¤¨´ÖÖ É¥¶¥·Ó ± ¸¨¸É¥³¥ (5.8) ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ-
¢¨¥ (5.5), ³µ¦¥³ ¢¸¥ ¢·¥³¥´´Ò¥ ¶·µ¨§¢µ¤´Ò¥ µÉ ±µ³¶µ´¥´É ¶µ²Ö ¢Ò· §¨ÉÓ
Î¥·¥§ ¨³¶Ê²Ó¸Ò ¨ ¶·µ¸É· ´¸É¢¥´´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¶µ²Ö

U̇0 = −(∇U), U̇ = π − ∇U0. (5.9)

„ ²¥¥, ¢ÒÎ¨¸²ÖÖ ËÊ´±Í¨Õ ‹ £· ´¦  (5.7) ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ (5.9), ¶µ²ÊÎ ¥³

L =
1
2
π2 − 1

2
|rot U|2 +

m2

2
(
U2

0 − U2
)
,

£¤¥

|rot U|2 =
∑
i>j

(
∂Ui

∂xj
− ∂Uj

∂xi

)2

,

¨ ´ Ìµ¤¨³ ËÊ´±Í¨Õ ƒ ³¨²ÓÉµ´ 

H = −π̃0U̇0 + (πU̇) − L =

= π0(∇U) +
1
2
π2 − (π∇U0) +

1
2
|rot U|2 +

m2

2
(
U2 − U2

0

)
, (5.10)

¨§ ±µÉµ·µ° ¸²¥¤ÊÕÉ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

U̇0 = − ∂H
∂π̃0

= −(∇U), U̇ =
∂H
∂π

= π − ∇U0,

˙̃π0 =
∂H
∂U0

−
3∑

i=1

∂

∂xi

∂H
∂(∂U0/∂xi)

= −m2U0 + (∇π), (5.11)

π̇ = −∂H
∂U

+
3∑

i=1

∂

∂xi

∂H
∂(∂U/∂xi)

= −m2U + (∇π̃0) − rot rotU.
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Š ± µ¡ÒÎ´µ [25], ¤¨ËË¥·¥´Í¨·ÊÖ ¶µ ¢·¥³¥´¨ ¨ ¨¸±²ÕÎ Ö ¨§ ¶¥·¢ÒÌ ¤¢ÊÌ Ê· ¢-
´¥´¨° ¨³¶Ê²Ó¸ π, ¶µ²ÊÎ ¥³ ¤²Ö ±µ³¶µ´¥´É ¶µ²Ö Ê· ¢´¥´¨Ö Š²¥°´ Äƒµ·¤µ´ 
¸ ¶· ¢µ° Î ¸ÉÓÕ, § ¢¨¸ÖÐ¥° µÉ π̃0:

Ü0 −�U0 + m2U0 = − ˙̃π0, Ü −�U + m2U = −∇π̃0. (5.12)

ˆ§ ¢Éµ·µ° ¶ ·Ò Ê· ¢´¥´¨° (5.11) É ±¨³ ¦¥ ¶ÊÉ¥³, ¨¸¶µ²Ó§ÊÖ · ¢¥´¸É¢µ

rot rotU = ∇(∇U) −�U,

¶µ²ÊÎ ¥³ ¤²Ö ¶·µ¸É· ´¸É¢¥´´µ£µ ¨³¶Ê²Ó¸  ¸¢µ¡µ¤´µ¥ Ê· ¢´¥´¨¥ Š²¥°´ Äƒµ·-
¤µ´ 

π̈ −�π + m2π = 0, (5.13)

  ¤²Ö ¢·¥³¥´´µ° ±µ³¶µ´¥´ÉÒ µ¡µ¡Ð¥´´µ£µ ¨³¶Ê²Ó¸  Ê· ¢´¥´¨¥ „'�² ³¡¥· 

¨̃π0 −�π̃0 = 0. (5.14)

’¥¶¥·Ó, ± ± Éµ£µ É·¥¡Ê¥É ³¥Éµ¤ ¶·¨ ¶¥·¥Ìµ¤¥ ± ± ´µ´¨Î¥¸±µ³Ê ¨³¶Ê²Ó¸Ê
π0, ¶µ² £ ¥³

λ/π̃0=π0 = π0 = 0, (5.15)

Éµ£¤  ¨§ (5.12), (5.13) ¶µ²ÊÎ ¥³

(� + m2)U0 = 0, (� + m2)U = 0, (5.16)

  ¨§ É·¥ÉÓ¥£µ Ê· ¢´¥´¨Ö (5.11) ¢µ§´¨± ¥É ¸¢Ö§Ó, µ¶·¥¤¥²ÖÕÐ Ö ¢·¥³¥´´ÊÕ
±µ³¶µ´¥´ÉÊ ¶µ²Ö Î¥·¥§ ¤¨¢¥·£¥´Í¨Õ ¶·µ¸É· ´¸É¢¥´´µ£µ ¨³¶Ê²Ó¸ 

m2U0 = (∇π), (5.17)

±µÉµ· Ö ´¥ ¶·µÉ¨¢µ·¥Î¨É Ê· ¢´¥´¨Ö³ (5.13), (5.16) ¨ ¶·¨ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¨
¶µ ¢·¥³¥´¨ ¸ ÊÎ¥Éµ³ Ê¸²µ¢¨Ö ‹µ·¥´Í  ¶·¨¢µ¤¨É ± · ¢¥´¸É¢Ê

−m2(∇U) = (∇π̇),

É ±¦¥ ¸²¥¤ÊÕÐ¥³Ê ¶·¨ π0 = 0 ¨§ ¶µ¸²¥¤´¥£µ Ê· ¢´¥´¨Ö (5.11). �µÔÉµ³Ê
(5.17) ¶µ§¢µ²Ö¥É ´¥¶·µÉ¨¢µ·¥Î¨¢Ò³ µ¡· §µ³ ¨¸±²ÕÎ¨ÉÓ U0 ¨ ¶·¥¤¸É ¢¨ÉÓ ¨´-
É¥£· ²Ó´ÊÕ ËÊ´±Í¨Õ ƒ ³¨²ÓÉµ´  (¨¸¶µ²Ó§ÊÖ ¨´É¥£·¨·µ¢ ´¨¥ ¶µ Î ¸ÉÖ³ Î²¥´ 
−
∫
(π∇U0)d3x =

∫
U0(∇π)d3x) ± ± ¶µ²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´´ÊÕ ¢¥²¨Î¨´Ê,

¢Ò· ¦¥´´ÊÕ Éµ²Ó±µ Î¥·¥§ ¶·µ¸É· ´¸É¢¥´´Ò¥ ±µ³¶µ´¥´ÉÒ ¶µ²Ö ¨ ¨³¶Ê²Ó¸ :

H =
1
2

∫
d3x

[
π2 +

1
m2

(∇π)2 + |rot U|2 + m2U2

]
.
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�Éµ Ìµ·µÏµ ¨§¢¥¸É´Ò° ·¥§Ê²ÓÉ É, ¶·¨¢¥¤¥´´Ò°, ´ ¶·¨³¥·, ¢ [25] ¨ ¶µ¢Éµ-
·¥´´Ò° ´  ¸µ¢·¥³¥´´µ³ Ê·µ¢´¥ ¸ ¶·¨³¥´¥´¨¥³ ³¥Éµ¤  „¨· ±  c ´ Ìµ¦¤¥´¨¥³
¢¸¥Ì ¸¢Ö§¥° ¢ £ ³¨²ÓÉµ´µ¢µ³ Ëµ·³ ²¨§³¥ ¢ [5].

�É³¥É¨³ ¥Ð¥, ÎÉµ Ê· ¢´¥´¨Ö ¶µ²Ö (5.12), ¸µ¤¥·¦ Ð¨¥ ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ
µ¡µ¡Ð¥´´Ò° ¨³¶Ê²Ó¸, ¨ Ê· ¢´¥´¨¥ (5.14) ¤²Ö ÔÉµ£µ ¨³¶Ê²Ó¸  ´¥¶·µÉ¨¢µ·¥-
Î¨¢Ò µÉ´µ¸¨É¥²Ó´µ ¢Ò¶µ²´¥´¨Ö Ê¸²µ¢¨Ö ‹µ·¥´Í  (5.5). „¥°¸É¢¨É¥²Ó´µ, § ¶¨-
¸Ò¢ Ö ¨Ì ¢ Î¥ÉÒ·¥Ì³¥·´µ° Ëµ·³¥

(� + m2)Uµ = −∂µπ̃0, ∂µ∂µπ̃0 = 0, (5.18)

§ ³¥Î ¥³, ÎÉµ ¤¥°¸É¢¨¥ µ¶¥· Éµ·  ∂µ ´  ¶¥·¢µ¥ Ê· ¢´¥´¨¥ (5.18) µ¡· Ð ¥É ¢
´Ê²Ó ¥£µ ²¥¢ÊÕ Î ¸ÉÓ ¡² £µ¤ ·Ö Ê¸²µ¢¨Õ (5.5),   ¶· ¢ÊÕ Å ¡² £µ¤ ·Ö ¢Éµ·µ³Ê
Ê· ¢´¥´¨Õ (5.18).

�  ·µ²¨, ±µÉµ·ÊÕ ¨£· ¥É ¢·¥³¥´´ Ö ±µ³¶µ´¥´É  µ¡µ¡Ð¥´´µ£µ ¨³¶Ê²Ó¸ 
¢ £ ³¨²ÓÉµ´µ¢µ³ Ëµ·³ ²¨§³¥ ¤²Ö Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö, µ¸É ´µ¢¨³¸Ö ¢
¸²¥¤ÊÕÐ¥³ ¶µ¤· §¤¥²¥.

5.2. �²¥±É·µ³ £´¨É´µ¥ ¶µ²¥ ¸ ¢´¥Ï´¨³ Éµ±µ³ ¢ ± ²¨¡·µ¢±¥ ‹µ·¥´Í .
„²Ö ÔÉµ° ¸¨¸É¥³Ò ¨³¥¥³ µ¡µ¡Ð¥´´Ò° ² £· ´¦¨ ´

L = −1
4

fµν fµν − ̇µAµ − λ(∂µAµ),

£¤¥ fµν = ∂µAµ − ∂νAµ; ̇ µ Å ¢´¥Ï´¨° ¸µÌ· ´ÖÕÐ¨°¸Ö Éµ± ∂µ̇ µ = 0,
¢¥±Éµ·-¶µÉ¥´Í¨ ² Aµ ¶µ¤Î¨´Ö¥É¸Ö Ê¸²µ¢¨Õ ‹µ·¥´Í  ∂µAµ = 0.

‚·¥³¥´´ Ö ±µ³¶µ´¥´É  µ¡µ¡Ð¥´´µ£µ ¨³¶Ê²Ó¸ , ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²Ê-
Î ¥, µ¶·¥¤¥²Ö¥É ³´µ¦¨É¥²Ó ‹ £· ´¦ :

π̃0 = − ∂L
∂Ȧ0

= λ, (5.19)

  ¶·µ¸É· ´¸É¢¥´´Ò¥ ±µ³¶µ´¥´ÉÒ µ¡µ¡Ð¥´´µ£µ ¨³¶Ê²Ó¸  ¸µ¢¶ ¤ ÕÉ ¸ ± ´µ´¨-
Î¥¸±¨³¨:

π =
∂L
∂Ȧ

= Ȧ + ∇A0. (5.20)

ˆ§ Ê¸²µ¢¨Ö ‹µ·¥´Í ,   É ±¦¥ ¨§ (5.19) ¨ (5.20) ¢Ò· ¦ ¥³ ¢¸¥ ¢·¥³¥´´Ò¥
¶·µ¨§¢µ¤´Ò¥ ¨ λ Î¥·¥§ ¨³¶Ê²Ó¸Ò ¨ ¶·µ¸É· ´¸É¢¥´´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¶µ²Ö:

Ȧ0 = −(∇A), λ = π̃0, Ȧ = π − ∇A0.

‘É·µ¨³ £ ³¨²ÓÉµ´¨ ´

H =
∫

d3x
[
−π0Ȧ

0 + (πȦ) − L
]

=

=
∫

d3x

[
π0(∇A) +

1
2
π2 +

1
2
|rot A|2 + A0(∇π) + ̇µAµ

]
, (5.21)
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±µÉµ·Ò° ¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö

Ȧ0 = − ∂H
∂π̃0

= −(∇A), Ȧ =
∂H
∂π

= π − ∇A0,

˙̃π0 =
∂H
∂A0

= ̇0 + (∇π), (5.22)

π̇ = −∂H
∂A

+
3∑

i=1

∂

∂xi

∂H
∂(∂A/∂xi)

= ̇ + ∇π̃0 − rot rotA.

ˆ§ ÔÉ¨Ì Ê· ¢´¥´¨° ¸²¥¤ÊÕÉ Ê· ¢´¥´¨Ö „'�² ³¡¥·  ¤²Ö Aµ ¨ ¶·µ¸É· ´-
¸É¢¥´´µ£µ ¨³¶Ê²Ó¸  π

Ä0 = �A0 + ̇0 − ˙̃π0

Ä = �A + ̇ − ∇π̃0

}
=⇒ �Aµ = ̇µ − ∂µπ̃0,

(5.23)
�π = ˙̇ + ∇̇0,

  ¤²Ö π̃0 ¸¢µ¡µ¤´µ¥ Ê· ¢´¥´¨¥ „'�² ³¡¥· 

�π̃0 = 0. (5.24)

„µ ¢Ò¶µ²´¥´¨Ö ¶¥·¥Ìµ¤  ± ± ´µ´¨Î¥¸±µ³Ê ¢·¥³¥´´µ³Ê ¨³¶Ê²Ó¸Ê, ±µÉµ-
·Ò° ¸µ£² ¸´µ (5.19) §¤¥¸Ó Éµ¦¥ µ± §Ò¢ ¥É¸Ö · ¢´Ò³ ´Ê²Õ:

λ/π̃0=π0 = π0 = 0 (5.25)

(¶·¨ ÔÉµ³ ¢¸¥ Ê· ¢´¥´¨Ö (5.22), (5.23) ¶¥·¥Ìµ¤ÖÉ ¢ ¶· ¢¨²Ó´Ò¥ Ê· ¢´¥´¨Ö
Ô²¥±É·µ¤¨´ ³¨±¨ ¸ ¢´¥Ï´¨³ Éµ±µ³ ¨ ± ²¨¡·µ¢±µ° ‹µ·¥´Í ), µ¶ÖÉÓ, ± ± ¨ ¢
¸²ÊÎ ¥ ¢¥±Éµ·´µ£µ ¶µ²Ö, § ³¥Î ¥³, ÎÉµ (5.23), (5.24), ¸µ¤¥·¦ Ð¨¥ π̃0, ¶·¥¤¸É -
¢²ÖÕÉ ´¥¶·µÉ¨¢µ·¥Î¨¢ÊÕ µÉ´µ¸¨É¥²Ó´µ Ê¸²µ¢¨Ö ‹µ·¥´Í  ¸¨¸É¥³Ê Ê· ¢´¥´¨°,
¶µ¸±µ²Ó±Ê ¤¥°¸É¢¨¥ µ¶¥· Éµ·  ∂µ ´  Ê· ¢´¥´¨¥ (5.23)

�(∂µAµ) = ∂µ̇ µ − ∂µ∂µπ̃0 = 0

µ¡· Ð ¥É ¢ ´Ê²Ó µ¡¥ ¥£µ Î ¸É¨.
‘· ¢´¨³ £ ³¨²ÓÉµ´¨ ´ (5.21), ¸µ¤¥·¦ Ð¨° π̃0 ¢ ± Î¥¸É¢¥ ³´µ¦¨É¥²Ö

‹ £· ´¦ , ¸ £ ³¨²ÓÉµ´¨ ´µ³, ¶µ²ÊÎ¥´´Ò³ ¢ · ¡µÉ¥ „¨· ± , ”µ± , �µ¤µ²Ó-
¸±µ£µ [12], ¢ ±µÉµ·µ° ¨¸¶µ²Ó§µ¢ ²¸Ö ¨¸Ìµ¤´Ò° (µ¡µ¡Ð¥´´Ò°) ² £· ´¦¨ ´

L = −1
4
fµνfµν − 1

2
(∂µAµ)2 , (5.26)

Éµ£¤  ¢·¥³¥´´ Ö ±µ³¶µ´¥´É  ¨³¶Ê²Ó¸  µ± §Ò¢ ¥É¸Ö · ¢´µ° (¸·. (5.19))

π0 = ∂µAµ, (5.27)
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  £ ³¨²ÓÉµ´¨ ´ ¨³¥¥É ¢¨¤

H =
∫

d3x

[
π0(∇A) +

1
2
π2 − 1

2
π2

0 +
1
2
|rot A|2 + A0(∇π)

]
,

µÉ²¨Î ÕÐ¨°¸Ö µÉ ´ Ï¥£µ (5.21) µÉ·¨Í É¥²Ó´Ò³ ¢±² ¤µ³ ±¢ ¤· É  ¢·¥³¥´-
´µ° ±µ³¶µ´¥´ÉÒ ¨³¶Ê²Ó¸ . �¤´ ±µ §¤¥¸Ó ¡² £µ¤ ·Ö É·¥¡µ¢ ´¨Õ ¢Ò¶µ²´¥´¨Ö
Ê¸²µ¢¨Ö ‹µ·¥´Í  ¨§ (5.27) ¸²¥¤Ê¥É π0 = 0, ÎÉµ Ô±¢¨¢ ²¥´É´µ ´ Ï¥³Ê Ê¸²µ-
¢¨Õ ¶¥·¥Ìµ¤  ± ± ´µ´¨Î¥¸±µ³Ê ¨³¶Ê²Ó¸Ê (5.25). ‚ ·¥§Ê²ÓÉ É¥ £ ³¨²ÓÉµ´¨ ´Ò
¸µ¢¶ ¤ ÕÉ, ± ± ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¨§ ´¨Ì ¸²¥¤ÊÕÐ¨¥. ’ ±¨³ µ¡· §µ³,
³µ¦¥³ § ±²ÕÎ¨ÉÓ, ÎÉµ π̃0 ¨£· ¥É ¸µ£² ¸´µ (5.19) ·µ²Ó ³´µ¦¨É¥²Ö ‹ £· ´¦ ,
´µ ¶·¨ ÔÉµ³ ¶µ¤Î¨´Ö¥É¸Ö ¸¢µ¡µ¤´µ³Ê Ê· ¢´¥´¨Õ (5.24), ÎÉµ ´¥ ¶·µÉ¨¢µ·¥Î¨É
É·¥¡µ¢ ´¨Õ ¶µ²µ¦¨ÉÓ ¥£µ · ¢´Ò³ ´Ê²Õ ¢ µ±µ´Î É¥²Ó´µ³ ·¥§Ê²ÓÉ É¥.

‚ § ±²ÕÎ¥´¨¥ ¢ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ·µ²¨ π̃0 ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ · ¸-
¸³µÉ·¨³ ËÊ´±Í¨Õ ¤¥°¸É¢¨Ö ¤²Ö ´ Ï¥£µ £ ³¨²ÓÉµ´¨ ´  (5.21)

S =
∫

d4x

[
(πȦ) − π̃0Ȧ0 − π̃0(∇A) − 1

2
(
π2+ |rot A|2

)
+ (π∇A0) − ̇µAµ

]
,

¸ ¶µ³µÐÓÕ ±µÉµ·µ° ¶µ¸É·µ¨³ ±µ´É¨´Ê ²Ó´Ò° ¨´É¥£· ² ¤²Ö ¶·µ¨§¢µ¤ÖÐ¥£µ
ËÊ´±Í¨µ´ ²  ¢ ±¢ ´Éµ¢µ° É¥µ·¨¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö [27]

Z(̇) = N−1

∫
DAµDπµ exp

{
ı̇

∫
d4x

[
π(Ȧ + ∇A0) −

− π̃0(A0 + (∇A)) − 1
2
(
π2 + |rot A|2

)
− ̇µAµ

]}
,

£¤¥ N Å ´µ·³¨·ÊÕÐ¨° ³´µ¦¨É¥²Ó.
‚ ¶µ± § É¥²Ó Ô±¸¶µ´¥´ÉÒ π0 ¢Ìµ¤¨É ²¨´¥°´µ, ¨ ¶µ ´¥³Ê ²¥£±µ ¢Ò¶µ²´Ö-

¥É¸Ö ¨´É¥£·¨·µ¢ ´¨¥, ÎÉµ ¶·¨¢µ¤¨É ± ËÊ´±Í¨µ´ ²Ó´µ° δ-ËÊ´±Í¨¨∏
x,t

δ(Ȧ0 + ∇A).

ˆ´É¥£· ² ¶µ ¶·µ¸É· ´¸É¢¥´´Ò³ ¨³¶Ê²Ó¸ ³ π ¶µ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ

π = p + Ȧ + ∇A0

¨ ¨´É¥£·¨·µ¢ ´¨Ö ±¢ ¤· É¨Î´µ£µ ¶µ p ¢Ò· ¦¥´¨Ö ¢ ¶µ± § É¥²¥ Ô±¸¶µ´¥´ÉÒ
¶·¨¢µ¤¨É ²¨ÏÓ ± ¨§³¥´¥´¨Õ ´µ·³¨·µ¢µÎ´µ£µ ³´µ¦¨É¥²Ö N . ‚ ·¥§Ê²ÓÉ É¥
¶µ²ÊÎ ¥³ Ìµ·µÏµ ¨§¢¥¸É´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶·µ¨§¢µ¤ÖÐ¥£µ ËÊ´±Í¨µ´ ²  ¢
±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¥

Z(̇) = N−1
1

∫
DAµ

∏
x,t

δ(∂µAµ) ×

× exp
{

ı̇

∫
d4x

[
1
2
Aµ(gµν� − ∂µ∂ν)Aν − ̇µAµ

]}
.
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6. ‡�Š‹	—…�ˆ…

�¤´¨³ ¨§ ¸É¨³Ê²µ¢, ¶µ¤Éµ²±´Ê¢Ï¨Ì  ¢Éµ·  ± ´ ¶¨¸ ´¨Õ ÔÉµ° ¸É ÉÓ¨,
Ö¢²Ö²¸Ö ¶·¨¢¥¤¥´´Ò° ¢ ±´¨£¥ [28] ¶·¨§Ò¢ ƒ ²Ê : ®Šµ£¤  ±µ´±Ê·¥´Í¨Ö, É. ¥.
Ô£µ¨§³, ¶¥·¥¸É ´¥É ¶·µÍ¢¥É ÉÓ ¢ ´ Ê±¥, ±µ£¤  ¢³¥¸Éµ Éµ£µ, ÎÉµ¡Ò ¶µ¸Ò² ÉÓ
¢  ± ¤¥³¨¨ § ¶¥Î É ´´Ò¥ ¶ ±¥ÉÒ, ÊÎ¥´Ò¥ ´ Î´ÊÉ · ¡µÉ ÉÓ ¸µµ¡Ð , Éµ£¤  ± -
¦¤Ò° ¡Ê¤¥É ¸É · ÉÓ¸Ö µ¶Ê¡²¨±µ¢ ÉÓ ¸ ³Ò¥ ´¥§´ Î¨É¥²Ó´Ò¥ ¸¢¥¤¥´¨Ö Éµ²Ó±µ
¶µÉµ³Ê, ÎÉµ µ´¨ ´µ¢Ò, ¨ £µ¢µ·¨ÉÓ Å µ¸É ²Ó´µ£µ Ö ´¥ §´ Õ¯. „¥°¸É¢¨É¥²Ó´µ,
§¤¥¸Ó ¸ Ô¢·¨¸É¨Î¥¸±µ° Í¥²ÓÕ, ¡¥§ ¤µ¸É ÉµÎ´µ° ³ É¥³ É¨Î¥¸±µ° µ¡µ¸´µ¢ ´´µ-
¸É¨ ¨§² £ ¥É¸Ö ¨ ´  ¡µ²ÓÏµ³ Î¨¸²¥ ¶·¨³¥·µ¢ ¨²²Õ¸É·¨·Ê¥É¸Ö ³µ¤¨Ë¨Í¨·µ-
¢ ´´Ò° ³¥Éµ¤ �¥·¥§¨´  ¶µ¸É·µ¥´¨Ö ± ´µ´¨Î¥¸±µ£µ Ëµ·³ ²¨§³  ¤²Ö ² £· ´¦¥-
¢ÒÌ ¸¨¸É¥³ ¸ § ¤ ´´Ò³¨, § ¢¨¸ÖÐ¨³¨ µÉ ¸±µ·µ¸É¥° ¸¢Ö§Ö³¨. �  ÔÉ¨Ì ¶·¨³¥· Ì
³µ¦´µ ¡Ò²µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ³¥Éµ¤, µ¸´µ¢ ´´Ò° ´  ¥¤¨´µ³  ²£µ·¨É³¨Î¥¸±µ³
¶·¨¥³¥, ¶·¨¢µ¤¨É ± Ìµ·µÏµ ¨§¢¥¸É´Ò³ ¤²Ö É ±¨Ì ¸¨¸É¥³ £ ³¨²ÓÉµ´µ¢Ò³ Ê· ¢-
´¥´¨Ö³ ¤¢¨¦¥´¨Ö ¨ ¶¥·¢¨Î´Ò³ £ ³¨²ÓÉµ´µ¢Ò³ ¸¢Ö§Ö³. �·¨ ÔÉµ³ µ¸É ¥É¸Ö
µÉ±·ÒÉÒ³ ¢µ¶·µ¸ µ ¶·¨Î¨´¥ ¶µÖ¢²¥´¨Ö ¢ ·Ö¤¥ ¶·¨³¥·µ¢ ¢Ò·µ¦¤¥´´ÒÌ £ -
³¨²ÓÉµ´¨ ´µ¢, · ¢´ÒÌ ´Ê²Õ Éµ²Ó±µ ´  ¶µ¢¥·Ì´µ¸É¨ ¸¢Ö§¥°, ¢ Éµ ¢·¥³Ö ± ± ¢
± ´µ´¨Î¥¸±µ³ ¶µ¤Ìµ¤¥ µ´¨ µ± §Ò¢ ÕÉ¸Ö · ¢´Ò³¨ Éµ¦¤¥¸É¢¥´´µ ´Ê²Õ ¶µ ¶µ-
¸É·µ¥´¨Õ. �µÔÉµ³Ê É·¥¡Ê¥É¸Ö ¡µ²¥¥ £²Ê¡µ±µ¥ ¢ÒÖ¸´¥´¨¥ ¸¢Ö§¨ ¨§²µ¦¥´´µ£µ
¶µ¤Ìµ¤  ¸ µ¡Ð¥¶·¨´ÖÉÒ³ ³¥Éµ¤µ³ „¨· ± , ÌµÉÖ ¶µ¸²¥¤´¨°, ± ± µÉ³¥Î ²µ¸Ó
Ê¦¥ ¢µ ¢¢¥¤¥´¨¨, ®µÉ± §Ò¢ ¥É¸Ö · ¡µÉ ÉÓ¯ ¤²Ö ®´¥± ´µ´¨Î¥¸±¨Ì¯ ² £· ´¦¥-
¢ÒÌ ¸¢Ö§¥°, ¸µ¤¥·¦ Ð¨Ì ¸±µ·µ¸É¨, É ±¨Ì, ´ ¶·¨³¥·, ± ± Ê¸²µ¢¨¥ ‹µ·¥´Í  ¢
Ô²¥±É·µ¤¨´ ³¨±¥.

�  ¢¸¥ ÔÉ¨ ¢µ¶·µ¸Ò  ¢Éµ·, ± ¸µ¦ ²¥´¨Õ, ¶µ±  ³µ¦¥É µÉ¢¥É¨ÉÓ Éµ²Ó±µ
¸²µ¢ ³¨ § ±²ÕÎ¨É¥²Ó´µ° Ë· §Ò ¶·¨¢¥¤¥´´µ£µ ¢ÒÏ¥ ¶·¨§Ò¢  ƒ ²Ê .

‚Ò· ¦ Õ ¨¸±·¥´´ÕÕ ¡² £µ¤ ·´µ¸ÉÓ ‹. „. ” ¤¤¥¥¢Ê ¨ ‚. ‚. �¥¸É¥·¥´±µ § 
±·¨É¨Î¥¸±µ¥ µ¡¸Ê¦¤¥´¨¥ § É·µ´ÊÉÒÌ §¤¥¸Ó ¶·µ¡²¥³.
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