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�. Œ °µ· ´ 

�µ± § ´  ¢µ§³µ¦´µ¸ÉÓ ¶·µ¢¥¸É¨ ¶µ²´ÊÕ Ëµ·³ ²Ó´ÊÕ ¸¨³³¥É·¨§ Í¨Õ ±¢ ´Éµ¢µ° É¥µ·¨¨
Ô²¥±É·µ´  ¨ ¶µ§¨É·µ´ , ¨¸¶µ²Ó§ÊÖ ´µ¢ÊÕ ¶·µÍ¥¤Ê·Ê ±¢ ´Éµ¢ ´¨Ö. ‘³Ò¸² Ê· ¢´¥´¨° „¨· ±  ¢
´¥° ¨§³¥´Ö¥É¸Ö, ¨ ¡µ²¥¥ ´¥É ´¥µ¡Ìµ¤¨³µ¸É¨ ´¨ £µ¢µ·¨ÉÓ µ ¸µ¸ÉµÖ´¨ÖÌ ¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°,
´¨ ¶·¥¤¶µ² £ ÉÓ ¤²Ö ± ¦¤µ° Î ¸É¨ÍÒ, ¢ µ¸µ¡¥´´µ¸É¨ ´¥°É· ²Ó´µ°, ¸ÊÐ¥¸É¢µ¢ ´¨¥ ® ´É¨Î ¸É¨ÍÒ¯,
¸µµÉ¢¥É¸É¢ÊÕÐ¥° ®¤Ò·±¥¯ ¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°.

The possibility to carry out completely the formal symmetrization of the quantum theory for an
electron and a positron using a new procedure of quantization is shown. The understanding of the
Dirac equation is changed and there is no necessity for the states with negative energy, as well as to
assume for each particle, especially for neutral one, the existence of ®antiparticle¯, which corresponds
to ®hole¯ with negative energy.

ˆ´É¥·¶·¥É Í¨Ö É ± ´ §Ò¢ ¥³ÒÌ ®¸µ¸ÉµÖ´¨° ¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°¯,
¶·¥¤²µ¦¥´´ Ö „¨· ±µ³ [1], ¶·¨¢µ¤¨É, ± ± ¨§¢¥¸É´µ, ± ¸¨³³¥É·¨Î´µ³Ê µ¶¨-
¸ ´¨Õ Ô²¥±É·µ´µ¢ ¨ ¶µ§¨É·µ´µ¢. ‚ ¦´ Ö ¸Éµ·µ´  ¸¨³³¥É·¨¨ Ëµ·³ ²¨§³  ¸µ-
¸Éµ¨É ± ± · § ¢ Éµ³, ÎÉµ ¤µ É¥Ì ¶µ·, ¶µ±  ³µ¦´µ ¶·¨³¥´ÖÉÓ É¥µ·¨Õ, µ¡Ìµ¤Ö
É·Ê¤´µ¸É¨ ¸µ ¸Ìµ¤¨³µ¸ÉÓÕ, µ´ ¤ ¥É ¤¥°¸É¢¨É¥²Ó´µ ¸µ¢¥·Ï¥´´µ ¸¨³³¥É·¨Î-
´Ò¥ ·¥§Ê²ÓÉ ÉÒ. ‚ Éµ ¦¥ ¢·¥³Ö ¨¸±Ê¸¸É¢¥´´Ò¥ ¶·¨¥³Ò, ¶·¥¤² £ ¥³Ò¥ ¤²Ö
¶·¨¤ ´¨Ö É¥µ·¨¨ ¸¨³³¥É·¨Î´µ° Ëµ·³Ò, ±µÉµ·Ò¥ ¸µ£² ¸µ¢ ²¨¸Ó ¡Ò ¸ ¥¥ ¸µ-
¤¥·¦ ´¨¥³, ´¥ ¢¶µ²´¥ Ê¤µ¢²¥É¢µ·¨É¥²Ó´Ò ¶µÉµ³Ê, ÎÉµ ²¨¡µ ¨¸Ìµ¤´ Ö Ëµ·-
³Ê²¨·µ¢±  ´¥ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´µ°, ²¨¡µ ¸¨³³¥É·¨§ Í¨Ö ¶µ²ÊÎ ¥É¸Ö ¢ ·¥-
§Ê²ÓÉ É¥ É ±¨Ì ¶·µÍ¥¤Ê·, ± ±, ´ ¶·¨³¥·, ¸µ±· Ð¥´¨¥ ¡¥¸±µ´¥Î´ÒÌ ±µ´¸É ´É,
±µÉµ·ÒÌ, ¶µ ¢µ§³µ¦´µ¸É¨, ¸²¥¤µ¢ ²µ ¡Ò ¨§¡¥£ ÉÓ. �µÔÉµ³Ê ³Ò ¶µ¶ÒÉ ²¨¸Ó
¶µ°É¨ ´µ¢Ò³ ¶ÊÉ¥³, ´¥¶µ¸·¥¤¸É¢¥´´µ ¢¥¤ÊÐ¨³ ± Í¥²¨. —Éµ ± ¸ ¥É¸Ö Ô²¥±-
É·µ´µ¢ ¨ ¶µ§¨É·µ´µ¢, Éµ ´  ÔÉµ³ ¶ÊÉ¨ ³µ¦´µ µ¦¨¤ ÉÓ Éµ²Ó±µ Ëµ·³ ²Ó´µ£µ
Ê¶·µÐ¥´¨Ö, µ¤´ ±µ ¤²Ö  ´ ²µ£¨Î´ÒÌ · ¸Ï¨·¥´¨° É¥µ·¨¨ ´  ¤·Ê£¨¥ ¸²ÊÎ ¨
´ ³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´Ò³, ÎÉµ¡Ò ¡Ò²µ Ê¸É· ´¥´µ ¸ ³µ ¶µ´ÖÉ¨¥ ¸µ¸ÉµÖ´¨°
¸ µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°. �¨¦¥ ³Ò Ë ±É¨Î¥¸±¨ Ê¢¨¤¨³, ÎÉµ É ±¨³ µ¡· §µ³
³µ¦´µ ¸ ³Ò³ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¶µ¸É·µ¨ÉÓ É¥µ·¨Õ ´¥°É· ²Ó´ÒÌ Ô²¥³¥´-
É ·´ÒÌ Î ¸É¨Í, ´¥ ¸µ¤¥·¦ ÐÊÕ ¸µ¸ÉµÖ´¨° c µÉ·¨Í É¥²Ó´µ° Ô´¥·£¨¥°.

∗� ¶¥Î É ´µ ¢ ¦Ê·´ ²¥ ®Nuovo Cimento¯ (1937. V. 14. P. 171Ä184). �¥·¥¢µ¤ ¸ ¨É ²ÓÖ´¸±µ£µ
‚. ‘. ‡ ³¨· ²µ¢ , ·¥¤ ±Í¨Ö É¥±¸É  ¶¥·¥¢µ¤  ‚. ‘. ‡ ³¨· ²µ¢ , �. ‚. ƒ ¶µ´µ¢  ¨ ‚. ‚. •·ÊÐ¥¢ .
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1. Š ± ¨§¢¥¸É´µ, ±¢ ´Éµ¢ÊÕ Ô²¥±É·µ¤¨´ ³¨±Ê ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸ ¶µ³µ-
ÐÓÕ ¶·µÍ¥¤Ê·Ò ±¢ ´Éµ¢ ´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ¢±²ÕÎ ÕÐ¥° ¢ ¸¥¡Ö, ¸ µ¤-
´µ° ¸Éµ·µ´Ò, ¢µ²´µ¢Ò¥ Ê· ¢´¥´¨Ö Ô²¥±É·µ´  „¨· ± ,   ¸ ¤·Ê£µ° Å Ê· ¢´¥´¨Ö
Œ ±¸¢¥²² , ¢ ±µÉµ·ÒÌ ¶²µÉ´µ¸ÉÓ § ·Ö¤  ¨ Éµ±  ¶·¥¤¸É ¢²¥´Ò ´¥±µÉµ·Ò³¨
¢Ò· ¦¥´¨Ö³¨, µ¡· §µ¢ ´´Ò³¨ ¸ ¶µ³µÐÓÕ Ô²¥±É·µ´´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨.
”µ·³ , ±µÉµ· Ö ¶·¨¤ ¥É¸Ö ÔÉ¨³ ¢Ò· ¦¥´¨Ö³, ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ ¤µ¡ ¢²Ö¥É
´¥ÎÉµ ´µ¢µ¥ ± Ê· ¢´¥´¨Ö³ „¨· ± , ¨ Éµ²Ó±µ ¸ ¥¥ ¶µ³µÐÓÕ ³µ¦¥É ¡ÒÉÓ ¶µ²Ê-
Î¥´   ¸¨³³¥É·¨Ö ¶µ µÉ´µÏ¥´¨Õ ± § ·Ö¤Ê, ±µÉµ· Ö ¢ ¸ ³¨Ì Ê· ¢´¥´¨ÖÌ „¨· ± 
µÉ¸ÊÉ¸É¢Ê¥É. �¤´ ±µ, ¶µ¸±µ²Ó±Ê ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢µ§´¨± ÕÉ  ¢Éµ³ É¨Î¥¸±¨ ¶·¨
¶·¨³¥´¥´¨¨ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶ , ¨§ ±µÉµ·µ£µ µ´¨ ¢Ò¢µ¤ÖÉ¸Ö ¢³¥¸É¥ ¸
Ê· ¢´¥´¨Ö³¨ Œ ±¸¢¥²²  ¨ „¨· ± , ´ Ï¥° § ¤ Î¥° ¡Ê¤¥É ¨§ÊÎ¨ÉÓ µ¸´µ¢ ´¨¥
ÔÉµ£µ ¶·¨´Í¨¶  ¨ ¢µ§³µ¦´µ¸ÉÓ ¥£µ § ³¥´Ò ¤·Ê£¨³, ¡µ²¥¥ ¶µ¤Ìµ¤ÖÐ¨³.

‚¥²¨Î¨´Ò, Ö¢´µ Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ Ê· ¢´¥´¨ÖÌ Œ ±¸¢¥²² Ä„¨· ± , µÉ´µ-
¸ÖÉ¸Ö ± ¤¢Ê³ É¨¶ ³: ¸ µ¤´µ° ¸Éµ·µ´Ò, ¨³¥ÕÉ¸Ö Ô²¥±É·µ³ £´¨É´Ò¥ ¶µÉ¥´Í¨-
 ²Ò, ±µÉµ·Ò¥ ¢¢µ¤ÖÉ¸Ö ¢ ¸µ£² ¸¨¨ ¸ ¶·¨´Í¨¶µ³ ¸µµÉ¢¥É¸É¢¨Ö ¸ ¨¸¶µ²Ó§µ¢ -
´¨¥³ ±² ¸¸¨Î¥¸±µ° ¨´É¥·¶·¥É Í¨¨, ¸ ¤·Ê£µ° ¸Éµ·µ´Ò Å ¢µ²´Ò ³ É¥·¨¨, ±µÉµ-
·Ò¥ µ¶¨¸Ò¢ ÕÉ Î ¸É¨ÍÒ, ¶µ¤Î¨´ÖÕÐ¨¥¸Ö ¸É É¨¸É¨±¥ ”¥·³¨, ¨ ¨³¥ÕÉ ¸³Ò¸²
Éµ²Ó±µ ¢ ± Î¥¸É¢¥ ±¢ ´Éµ¢ÒÌ ¢¥²¨Î¨´. �¤´ ±µ É ± Ö ¸¨ÉÊ Í¨Ö, ¶·¨ ±µÉµ·µ°
Ê· ¢´¥´¨Ö ¨ ¢¸Ö ¶·µÍ¥¤Ê·  ±¢ ´Éµ¢ ´¨Ö µ± §Ò¢ ÕÉ¸Ö § ¢¨¸ÖÐ¨³¨ µÉ ¢ ·¨ -
Í¨µ´´µ£µ ¶·¨´Í¨¶ , ¨³¥ÕÐ¥£µ Éµ²Ó±µ ±² ¸¸¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ, ¢·Ö¤ ²¨
³µ¦¥É ¸Î¨É ÉÓ¸Ö Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ°. 	µ²¥¥ ¥¸É¥¸É¢¥´´µ ¨¸± ÉÓ ¢ ÔÉµ³ ¸²ÊÎ ¥
É ±µ¥ µ¡µ¡Ð¥´¨¥ ¢ ·¨ Í¨µ´´ÒÌ ³¥Éµ¤µ¢, ÎÉµ¡Ò ¶¥·¥³¥´´Ò¥, Ë¨£Ê·¨·ÊÕÐ¨¥
¢ ËÊ´±Í¨¨ ‹ £· ´¦ , ¸ ¸ ³µ£µ ´ Î ²  ¨³¥²¨ ¸¢µ¥ ±µ´¥Î´µ¥ ¸³Ò¸²µ¢µ¥ §´ -
Î¥´¨¥ ¨ ¶·¥¤¸É ¢²Ö²¨ ¡Ò ¸µ¡µ°, É ±¨³ µ¡· §µ³, ¢¥²¨Î¨´Ò, ´¥ µ¡Ö§ É¥²Ó´µ
±µ³³ÊÉ¨·ÊÕÐ¨¥ ¤·Ê£ ¸ ¤·Ê£µ³. ˆ³¥´´µ ÔÉ¨³ ¶ÊÉ¥³ ³Ò ¨ ¡Ê¤¥³ ¸²¥¤µ¢ ÉÓ.
�´ ¢ ¦¥´, ¶·¥¦¤¥ ¢¸¥£µ, ¤²Ö ¶µ²¥°, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì ¸É É¨¸É¨±¥ ”¥·³¨. —Éµ
¦¥ ± ¸ ¥É¸Ö Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö, Éµ ¸µµ¡· ¦¥´¨Ö ¶·µ¸ÉµÉÒ ¶µ§¢µ²ÖÕÉ
¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ §¤¥¸Ó ´¨Î¥£µ ´¥ ´ ¤µ ¤µ¡ ¢²ÖÉÓ ± ¸É ·Ò³ ³¥Éµ¤ ³. �·¨
ÔÉµ³ ³Ò ´¥ ¡Ê¤¥³ ¶·¥¤¶·¨´¨³ ÉÓ ± ±¨Ì-²¨¡µ ¶µ¶ÒÉµ± ¸¨¸É¥³ É¨Î¥¸±µ£µ ¨§Ê-
Î¥´¨Ö ²µ£¨Î¥¸±¨Ì ¢µ§³µ¦´µ¸É¥°, µÉ±·Ò¢ ¥³ÒÌ ¶·¥¤² £ ¥³µ° ´µ¢µ° ÉµÎ±µ°
§·¥´¨Ö,   µ£· ´¨Î¨³¸Ö ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶·µÍ¥¤Ê·Ò ±¢ ´Éµ¢ ´¨Ö ¢µ²´ ³ É¥·¨¨,
ÎÉµ µ¤´µ, ± ± ³´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö, ¨³¥¥É ¶·¨±² ¤´ÊÕ Í¥´´µ¸ÉÓ ¢ ´ ¸ÉµÖÐ¥¥
¢·¥³Ö. �É  ¶·µÍ¥¤Ê·  ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¥¸É¥¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ ³¥Éµ¤ 
‰µ·¤ ´ Ä‚¨£´¥·  [2] ¨ ¶µ§¢µ²Ö¥É ´¥ Éµ²Ó±µ ¶·¨¤ ÉÓ ¸¨³³¥É·¨Î´ÊÕ Ëµ·³Ê
Ô²¥±É·µ´-¶µ§¨É·µ´´µ° É¥µ·¨¨, ´µ ¨ ¶µ¸É·µ¨ÉÓ ¸ÊÐ¥¸É¢¥´´µ ´µ¢ÊÕ É¥µ·¨Õ ¤²Ö
Î ¸É¨Í, ´¥ ¨³¥ÕÐ¨Ì Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤ , É ±¨Ì, ± ±, ´ ¶·¨³¥·, ´¥°É·µ´Ò
¨ £¨¶µÉ¥É¨Î¥¸±¨¥ ´¥°É·¨´µ. �µ¸±µ²Ó±Ê, ¶µ-¢¨¤¨³µ³Ê, ¶µ±  ´¥¢µ§³µ¦´µ É·¥-
¡µ¢ ÉÓ µÉ Ô±¸¶¥·¨³¥´É   ·£Ê³¥´Éµ¢ ¢ ¶µ²Ó§Ê ÔÉµ° ´µ¢µ° É¥µ·¨¨, ± ±, ¢¶·µÎ¥³,
¨ Éµ°, ±µÉµ· Ö ¢µ§´¨± ¥É ¶·¨ ¶·µ¸Éµ³ µ¡µ¡Ð¥´¨¨ Ê· ¢´¥´¨° „¨· ±  ´  ´¥°-
É· ²Ó´Ò¥ Î ¸É¨ÍÒ, Éµ ¸²¥¤Ê¥É µÉ³¥É¨ÉÓ Éµ²Ó±µ, ÎÉµ ´µ¢ Ö É¥µ·¨Ö ¢¢µ¤¨É ¢
ÔÉµ°, ¶µ±  ³ ²µ ¨§ÊÎ¥´´µ° µ¡² ¸É¨ ³¥´ÓÏ¥¥ Î¨¸²µ £¨¶µÉ¥É¨Î¥¸±¨Ì ¢¥²¨Î¨´.
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�¸É ¢²ÖÖ Î¨É É¥²Õ ¸ ³µ³Ê ¶·µ¢¥¸É¨ µÎ¥¢¨¤´µ¥ µ¡µ¡Ð¥´¨¥ ¶µ¸²¥¤ÊÕÐ¨Ì
Ëµ·³Ê² ´  ´¥¶·¥·Ò¢´Ò¥ ¸¨¸É¥³Ò, ±µÉµ·Ò³¨ ³Ò ¢ ¤ ²Ó´¥°Ï¥³ ¨ ¡Ê¤¥³ § -
´¨³ ÉÓ¸Ö, ¨§²µ¦¨³ ¤²Ö ´ £²Ö¤´µ¸É¨ ¨¸¶µ²Ó§Ê¥³ÊÕ ³¥Éµ¤¨±Ê ±¢ ´Éµ¢ ´¨Ö ¤²Ö
¸²ÊÎ Ö ¤¨¸±·¥É´ÒÌ ¸¨¸É¥³. ˆÉ ±, ¶Ê¸ÉÓ ¨³¥¥É¸Ö Ë¨§¨Î¥¸± Ö ¸¨¸É¥³ , µ¶¨¸Ò-
¢ ¥³ Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨ ¢¥²¨Î¨´ ³¨ (¸¨³³¥É·¨Î´Ò³¨ Ô·³¨Éµ¢Ò³¨ ³ É·¨-
Í ³¨) q1, q2, ..., qn. �¶·¥¤¥²¨³ ËÊ´±Í¨Õ ‹ £· ´¦ 

L = i
∑
r,s

(Arsq̇r q̇s + Brsqrqs) (1)

¨ ¶µ²µ¦¨³

δ

∫
Ldt = 0, (2)

¶µ¤· §Ê³¥¢ Ö, ÎÉµ ¢ ÔÉ¨Ì Ëµ·³Ê² Ì Ars ¨ Brs Ö¢²ÖÕÉ¸Ö µ¡ÒÎ´Ò³¨ ¤¥°¸É¢¨-
É¥²Ó´Ò³¨ Î¨¸² ³¨ (¶¥·¢Ò¥ Å ±µ´¸É ´É ³¨, ¢Éµ·Ò¥ ³µ£ÊÉ § ¢¨¸¥ÉÓ µÉ ¢·¥-
³¥´¨), Ê¤µ¢²¥É¢µ·ÖÕÐ¨³¨ ¸µµÉ´µÏ¥´¨Ö³

Ars = Asr, Brs = −Bsr, (3)

¨, ±·µ³¥ Éµ£µ, det ‖Ars‖ �= 0.
…¸²¨ ¡Ò q ¡Ò²¨ ±µ³³ÊÉ¨·ÊÕÐ¨³¨ ¢¥²¨Î¨´ ³¨, Éµ ¢ ·¨ Í¨µ´´Ò° ¶·¨´-

Í¨¶ (2) ´¥ ¨³¥² ¡Ò ¸³Ò¸² , ¶µ¸±µ²Ó±Ê Ê¤µ¢²¥É¢µ·Ö²¸Ö ¡Ò Éµ¦¤¥¸É¢¥´´µ. �¤-
´ ±µ ¤²Ö ´¥±µ³³ÊÉ¨·ÊÕÐ¨Ì ¢¥²¨Î¨´ Ê¸²µ¢¨¥ (2) ¢ ± ¦¤Ò° ³µ³¥´É ¢·¥³¥´¨
§ ¸É ¢²Ö¥É µ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó Ô·³¨Éµ¢Ê ³ É·¨ÍÊ

i
∑

r

[
δqr(

∑
s

Arsq̇s + Brsqs) −
∑

s

(Arsq̇s + Brsqs)δqr

]
= 0,

± ± ¡Ò ´¨ ¡Ò²¨ ¢Ò¡· ´Ò δqr. �Éµ ¢µ§³µ¦´µ, ¥¸²¨ ¢Ò· ¦¥´¨Ö
∑

s(Arsq̇s +
Brsqs) ¶·µ¶µ·Í¨µ´ ²Ó´Ò ¥¤¨´¨Î´µ° ³ É·¨Í¥ É ±¨³ µ¡· §µ³, ÎÉµ ¸ ¶µ³µÐÓÕ
± ±µ°-Éµ ¶µ¤Ìµ¤ÖÐ¥° ³µ¤¨Ë¨± Í¨¨ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶  (2) (´ ¶·¨³¥·,
Î¥·¥§ É·¥¡µ¢ ´¨¥ µ¡· Ð¥´¨Ö ¢ ´Ê²Ó ¸Ê³³Ò ¤¨ £µ´ ²Ó´ÒÌ Î²¥´µ¢∗) ¸²¥¤ÊÕÐ¨¥
¢Ò· ¦¥´¨Ö ³µ¦´µ ¡Ò²µ ¡Ò · ¸¸³ É·¨¢ ÉÓ ± ± Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö:

∑
s

(Arsq̇s + Brsqs) = 0, r = 1, 2, ..., n. (4)

∗”¨§¨Î¥¸±µ¥ ¶·¨²µ¦¥´¨¥, ¶·¨¢¥¤¥´´µ¥ ¤ ²¥¥, ¶·¥¤¶µ² £ ¥É ¡µ²¥¥ ¸É·µ£µ¥ µ£· ´¨Î¥´¨¥,  
¨³¥´´µ: ¤²Ö ¶·µ¨§¢µ²Ó´µ° ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ qr ¨ q̇r ¸ ± ±¨³-²¨¡µ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³
¤µ²¦´µ ¸ÊÐ¥¸É¢µ¢ ÉÓ ¤·Ê£µ¥, · ¢´µ¥ ¶µ ¢¥²¨Î¨´¥ ¨ µ¡· É´µ¥ ¶µ §´ ±Ê.
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ŒÒ ÌµÉ¨³ ¶µ± § ÉÓ, ÎÉµ ÔÉ¨ Ê· ¢´¥´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò É ±, ÎÉµ
µ´¨ µ¡ÒÎ´Ò³ µ¡· §µ³

q̇r = −2πi

h
(qrH − Hqr)

§ ¢¨¸ÖÉ µÉ £ ³¨²ÓÉµ´¨ ´ 

H = −i
∑
r,s

Brsqrqs, (5)

¸É·µ£ Ö Ëµ·³  ±µÉµ·µ£µ ¡Ê¤¥É ÊÉµÎ´¥´  ´¨¦¥, ¥¸²¨ ³¥¦¤Ê qr § ¤ ÉÓ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö  ´É¨±µ³³ÊÉ Í¨¨. �µ¤¸É ¢²ÖÖ ¢ (4) ¶µ¸²¥¤ÊÕÐ¨¥
Ê· ¢´¥´¨Ö, ¶µ²ÊÎ ¥³

∑
s

Brsqs =
2π

h

∑
s,l,m

ArsBlm(qsqlqm − qlqmqs) =

=
2π

h

∑
s,l,m

ArsBlm[(qsql + qlqs)qm − ql(qsqm + qmqs)] =

=
2π

h

∑
l,m

Blm

{
qm

[∑
s

Ars(qsql + qlqs)

]
+

[∑
s

Ars[(qsql + qlqs)]qm

]}
.

’µ£¤  ¤µ¸É ÉµÎ´µ ¶µ²µ¦¨ÉÓ

∑
s

Ars(qsql + qlqs) =
h

4π
δrl, (6)

ÎÉµ¡Ò (4) ¡Ò²¨ Ê¤µ¢²¥É¢µ·¥´Ò. �¡µ§´ Î Ö Î¥·¥§ ‖A−1
rs ‖ ³ É·¨ÍÊ, µ¡· É´ÊÕ ±

‖Ars‖, ³µ¦´µ § ¶¨¸ ÉÓ (6) ¢ ¢¨¤¥

qrqs + qsqr =
h

4π
A−1

rs . (6
′
)

‚ µ¸µ¡µ³ ¸²ÊÎ ¥, ±µ£¤  A ¨³¥¥É ¤¨ £µ´ ²Ó´ÊÕ Ëµ·³Ê

Ars = arδrs

¶µ²ÊÎ¨³, ¸µµÉ¢¥É¸É¢¥´´µ,

qrqs + qsqr =
h

4πar
δrs. (7)

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶·¨²µ¦¥´¨¥ ÔÉµ° ¸Ì¥³Ò ± Ê· ¢´¥´¨Ö³ „¨· ± .
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2. Š ± ¨§¢¥¸É´µ, ¨§ Ê· ¢´¥´¨° „¨· ±  ¡¥§ ¢´¥Ï´¥£µ ¶µ²Ö[
W

c
+ (α, p) + βmc

]
ψ = 0 (8)

³µ¦´µ ¨¸±²ÕÎ¨ÉÓ ³´¨³ÊÕ ¥¤¨´¨ÍÊ (¶·¨Î¥³ ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´Ò³
µ¡· §µ³), ¢Ò¡¨· Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ¡· §µ³ µ¶¥· Éµ·Ò α ¨ β. ŒÒ § ¤ ¤¨³
É ±µ¥ ¶·¥¤¸É ¢²¥´¨¥, ¢ ±µÉµ·µ³ Ê· ¢´¥´¨Ö (8) ¤¥°¸É¢¨É¥²Ó´Ò, Î¥É±µ µ£µ¢µ-
·¨¢, ÎÉµ Ëµ·³Ê²Ò, ±µÉµ·Ò¥ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ, ´¥¸¶· ¢¥¤²¨¢Ò ¢ µ¡Ð¥³
¸²ÊÎ ¥ ¡¥§ ¤µ¶µ²´¨É¥²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨°. �¡µ§´ Î Ö, ± ± µ¡ÒÎ´µ, Î¥·¥§
σx, σy , σz ¨ ρ1, ρ2, ρ3 ¤¢  ´¥§ ¢¨¸¨³ÒÌ ¡ §¨¸  ³ É·¨Í � Ê²¨, ¶µ²µ¦¨³

αx = ρ1σx, αy = ρ3, αz = ρ1σz, β = −ρ1σy. (9)

C ¶µ³µÐÓÕ ÔÉ¨Ì ¢¥²¨Î¨´, · §¤¥²¨¢ (8) ´  ih/(2π) ¨ ¶µ²µ¦¨¢ β
′
= −iβ, µ =

2πmc/h, ¶µ²ÊÎ ¥³ ¤¥°¸É¢¨É¥²Ó´Ò¥ Ê· ¢´¥´¨Ö[
1
c

∂

∂t
− (α, grad) + β′µ

]
ψ = 0. (8

′
)

Š ± ¸²¥¤¸É¢¨¥, Ê· ¢´¥´¨Ö (8) · ¸¶ ¤ ÕÉ¸Ö ´  ¤¢¥ · §¤¥²Ó´Ò¥ £·Ê¶¶Ò, ¢
±µÉµ·ÒÌ µ¤´  ¤¥°¸É¢Ê¥É ´  ·¥ ²Ó´ÊÕ,   ¤·Ê£ Ö Å ´  ³´¨³ÊÕ Î ¸ÉÓ ψ. �µ²µ-
¦¨³ ψ = U + iV ¨ · ¸¸³µÉ·¨³ ¤¥°¸É¢¨É¥²Ó´Ò¥ Ê· ¢´¥´¨Ö (8

′
), ¤¥°¸É¢ÊÕÐ¨¥

´  U : [
1
c

∂

∂t
− (α, grad) + β′µ

]
U = 0. (10)

�É¨ Ê· ¢´¥´¨Ö ¸ ³¨ ¶µ ¸¥¡¥∗, Éµ ¥¸ÉÓ ¡¥§ · ¸¸³µÉ·¥´¨Ö ¨¤¥´É¨Î´ÒÌ Ê· ¢-
´¥´¨°, ¸¢Ö§Ò¢ ÕÐ¨Ì V , ³µ£ÊÉ ¡ÒÉÓ ¢Ò¢¥¤¥´Ò ¨§ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶ ,
¨§²µ¦¥´´µ£µ · ´¥¥, ¨ ¶µ¤¢¥·£´ÊÉÒ µ¶¨¸ ´´µ° ¢ÒÏ¥ ¶·µÍ¥¤Ê·¥ ±¢ ´Éµ¢ ´¨Ö,
¢ Éµ ¢·¥³Ö ± ± Ô²¥³¥´É ·´Ò³¨ ³¥Éµ¤ ³¨ ´¨Î¥£µ ¶µ¤µ¡´µ£µ ¸¤¥² ÉÓ ¡Ò²µ ¡Ò
´¥²Ó§Ö.

‚ ± Î¥¸É¢¥ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶ , ¨§ ±µÉµ·µ£µ ³µ¦´µ ¢Ò¢¥¸É¨ (10),
¶·¨³¥³ ¸²¥¤ÊÕÐ¨°:

δ

∫
i
hc

2π
U∗

[
1
c

∂

∂t
− (α, grad) + β′µ

]
Udqdt = 0. (11)

∗�µ¢¥¤¥´¨¥ U ¢ ± ±µ°-²¨¡µ ÉµÎ±¥ ¶·µ¸É· ´¸É¢  ¶µ µÉ´µÏ¥´¨Õ ± µÉ· ¦¥´¨Õ ³µ¦´µ µ¶·¥-
¤¥²¨ÉÓ Ê¤µ¡´Ò³ µ¡· §µ³, ¶·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥, ÎÉµ Ê¦¥ ¶µ ¤·Ê£¨³ ³µÉ¨¢ ³ µ¤´µ¢·¥³¥´´µ¥

¨§³¥´¥´¨¥ §´ ±  Ê ¢¸¥Ì Ur ´¥ ³¥´Ö¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸². ‚ ´ Ï¥° ¸Ì¥³¥ U
′
(q) = RU(−q), £¤¥

R = iρ1σy , §´ Î¨É, R2 = −1. �´ ²µ£¨Î´µ, ¥¸²¨ µ¡· É¨ÉÓ µ¸Ó ¢·¥³¥´¨, U
′
(q, t) = iρ2U(q,−t).
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‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ Ê¸²µ¢¨Ö (3) ¢ ¨Ì ¥¸É¥¸É¢¥´´µ³ µ¡µ¡Ð¥´¨¨ ´  ´¥¶·¥·Ò¢-
´Ò¥ ¸¨¸É¥³Ò ¢Ò¶µ²´ÖÕÉ¸Ö. “Î¨ÉÒ¢ Ö (7), ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö
 ´É¨±µ³³ÊÉ Í¨¨:

Ui(q)Uk(q
′
) + Uk(q

′
)Ui(q) =

1
2
δikδ(q − q

′
), (12)

¢ Éµ ¢·¥³Ö ± ± Ô´¥·£¨Ö (5) ¶·¨´¨³ ¥É ¢¨¤

H =
∫

U∗[−c(α, p) − βmc2]Udq. (13)

�¥²ÖÉ¨¢¨¸É¸± Ö ¨´¢ ·¨ ´É´µ¸ÉÓ (12) ¨ (13) ´¥ É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´µ° ¤¥-
³µ´¸É· Í¨¨, ¶µ¸±µ²Ó±Ê, ¤µ¶µ²´ÖÖ ÔÉ¨ Ê· ¢´¥´¨Ö  ´ ²µ£¨Î´Ò³¨, µÉ´µ¸ÖÐ¨-
³¨¸Ö ± V ,   É ±¦¥  ´É¨±µ³³ÊÉ Í¨µ´´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨ ³¥¦¤Ê U ¨ V :
Ur(q)Vs(q

′
) + Vs(q

′
)Ur(q) = 0, ³Ò ¢´µ¢Ó ¶µ²ÊÎ ¥³ ´¥ ÎÉµ ¨´µ¥, ± ± µ¡ÒÎ´ÊÕ

¸Ì¥³Ê ‰µ·¤ ´ Ä‚¨£´¥·  ¤²Ö Ê· ¢´¥´¨° „¨· ±  ¢ µÉ¸ÊÉ¸É¢¨¥ ¶µ²Ö.
�¤´ ±µ ¸ÊÐ¥¸É¢¥´´µ Éµ, ÎÉµ µ¶·¥¤¥²¥´´ Ö Î ¸ÉÓ ÔÉ¨Ì Ëµ·³ ²Ó´ÒÌ ¢Ò· -

¦¥´¨°, µÉ´µ¸ÖÐ Ö¸Ö ± U (¨²¨ ± V ), ³µ¦¥É ¸ ³  ¶µ ¸¥¡¥ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ±
É¥µ·¥É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ´¥±µÉµ·µ° ³ É¥·¨ ²Ó´µ° ¸¨¸É¥³Ò, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸
µ¡Ð¨³¨ ¶·¨´Í¨¶ ³¨ ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨. ’µÉ Ë ±É, ÎÉµ É ±µ° ·¥¤ÊÍ¨·µ¢ ´-
´Ò° Ëµ·³ ²¨§³ ´¥ ¶µ¤Ìµ¤¨É ¤²Ö µ¶¨¸ ´¨Ö ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ µÉ·¨Í É¥²Ó´ÒÌ
Ô²¥±É·µ´µ¢, ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´ ¸ ´ ²¨Î¨¥³ Ê ´¨Ì Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  ¨
´¥ ¶·¥¶ÖÉ¸É¢Ê¥É ÊÉ¢¥·¦¤¥´¨Õ, ÎÉµ ¶·¨ ´Ò´¥Ï´¥³ ¸É ÉÊ¸¥ ´ Ï¨Ì §´ ´¨° (12)
¨ (13) ¤ ÕÉ ¸ ³µ¥ ¶·µ¸Éµ¥ É¥µ·¥É¨Î¥¸±µ¥ µ¶¨¸ ´¨¥ ¸¨¸É¥³Ò ´¥°É· ²Ó´ÒÌ
Î ¸É¨Í. �·¥¨³ÊÐ¥¸É¢µ³ É ±µ£µ µ¶¨¸ ´¨Ö ¶µ ¸· ¢´¥´¨Õ ¸ Ô²¥³¥´É ·´µ° ¨´-
É¥·¶·¥É Í¨¥° Ê· ¢´¥´¨° „¨· ±  Ö¢²Ö¥É¸Ö, ± ± ³Ò Ê¢¨¤¨³ ¢¸±µ·¥, Éµ, ÎÉµ ¢
´¥³ ´¥É ´¨± ±¨Ì µ¸´µ¢ ´¨° ¶·¥¤¶µ² £ ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨¥  ´É¨´¥°É·µ´µ¢ ¨²¨
 ´É¨´¥°É·¨´µ. ’ ±¨¥ Î ¸É¨ÍÒ ¤¥°¸É¢¨É¥²Ó´µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¢ É¥µ·¨¨ Ô³¨¸¸¨¨
¶µ²µ¦¨É¥²Ó´ÒÌ β-Î ¸É¨Í [3], ´µ ÔÉ  É¥µ·¨Ö ³µ¦¥É ¡ÒÉÓ µÎ¥¢¨¤´Ò³ µ¡· §µ³
³µ¤¨Ë¨Í¨·µ¢ ´  É ±, ÎÉµ Ô³¨¸¸¨Ö ± ± ¶µ²µ¦¨É¥²Ó´ÒÌ, É ± ¨ µÉ·¨Í É¥²Ó´ÒÌ
β-Î ¸É¨Í ¡Ê¤¥É ¸µ¶·µ¢µ¦¤ ÉÓ¸Ö ¨¸¶Ê¸± ´¨¥³ Éµ²Ó±µ ´¥°É·¨´µ.

‚¢¨¤Ê ¨´É¥·¥¸ , ±µÉµ·Ò° ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¢ÒÏ¥µ§´ Î¥´´ Ö £¨¶µÉ¥§ 
¤²Ö Ê· ¢´¥´¨° (12) ¨ (13), ¶µ²¥§´µ ¨§ÊÎ¨ÉÓ ¨Ì ¡µ²¥¥ ¶µ¤·µ¡´µ. „²Ö ÔÉµ£µ
· §²µ¦¨³ U ¢´ÊÉ·¨ ±Ê¡  ¸µ ¸Éµ·µ´µ° L ¶µ ´ ¡µ·Ê ¶¥·¨µ¤¨Î¥¸±¨Ì ËÊ´±Í¨°

fγ(q) =
1

L3/2
e2πi(γ,q), (14)

γ = (γx, γy, γz), γx =
n1

L
, γy =

n2

L
, γz =

n3

L
,

n1, n2, n3 = 0,±1,±2, ...,

¶µ² £ Ö

Ur(q) =
∑

γ

ar(γ)fγ(q). (15)
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Š ± ¸²¥¤¸É¢¨¥ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ U , ¶µ²ÊÎ¨³

ar(γ) = ār(−γ). (16)

…¸²¨ ¸Î¨É ÉÓ, ÎÉµ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ γ �= 0, ¨§ (12) ¸²¥¤Ê¥É

ar(γ)ās(γ) + ās(γ)ar(γ) =
1
2
δrs,

ar(γ)as(γ) + as(γ)ar(γ) = 0, (17)

ār(γ)ās(γ) + ās(γ)ār(γ) = 0.

‚¸¥ ÔÉ¨ ¢¥²¨Î¨´Ò, ±·µ³¥ Éµ£µ,  ´É¨±µ³³ÊÉ¨·ÊÕÉ ¸ a(γ
′
) ¨ ā(γ

′
) ¤²Ö γ

′
,

µÉ²¨Î´ÒÌ ± ± µÉ γ, É ± ¨ µÉ −γ.
‘µµÉ´µÏ¥´¨¥ (13) ¤²Ö Ô´¥·£¨¨ § ¶¨¸Ò¢ ¥É¸Ö É¥¶¥·Ó ¢ ¢¨¤¥

H =
∑

γ

4∑
r,s=1

[−hc(γ, αrs) − mc2βrs]ār(γ)as(γ). (18)

ˆ³¶Ê²Ó¸ ¢¤µ²Ó µ¸¨ x ¸µµÉ¢¥É¸É¢Ê¥É, ± ± ¢¸¥£¤ , ¸ ÉµÎ´µ¸ÉÓÕ ¤µ Ë ±Éµ· 
ih/(2π) Ê´¨É ·´µ³Ê ¸¤¢¨£Ê ¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨

Mx =
∫

U∗pxUdq =
∑

γ

∑
r=1

hγxār(γ)ar(γ), (19)

¨  ´ ²µ£¨Î´µ ¤²Ö My ¨ Mz.
„²Ö ± ¦¤µ£µ §´ Î¥´¨Ö γ ¢ (18) Ë¨£Ê·¨·Ê¥É Ô·³¨Éµ¢  Ëµ·³ , ±µÉµ· Ö ¨³¥¥É

Ö¢´Ò³ µ¡· §µ³ ¤¢  ¶µ²µ¦¨É¥²Ó´ÒÌ ¨ ¤¢  µÉ·¨Í É¥²Ó´ÒÌ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨Ö, ¢¸¥ · ¢´Ò¥ ¶µ  ¡¸µ²ÕÉ´µ° ¢¥²¨Î¨´¥ §´ Î¥´¨Õ c

√
m2c2 + h2γ2.

ŒÒ ³µ¦¥³ ¶µÔÉµ³Ê ¢§ÖÉÓ ¢³¥¸Éµ (18)

H =
∑

γ

c
√

m2c2 + h2γ2[b̄1(γ)b1(γ) + b̄2(γ)b2(γ) −

− b̄3(γ)b3(γ) − b̄4(γ)b4(γ)], (18′)

£¤¥ br ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° ¶µ¤Ìµ¤ÖÐ¨¥ ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ ar, ¶µ²ÊÎ¥´-
´Ò¥ Ê´¨É ·´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³. ˆ§ (16) É ±¦¥ ¸²¥¤Ê¥É, ÎÉµ br(γ) ²¨´¥°´µ
¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ b̄r(−γ).

ˆ§ Éµ£µ, ÎÉµ Ô·³¨Éµ¢  Ëµ·³ , ±µÉµ· Ö Ë¨£Ê·¨·Ê¥É ¢ (18) ¤²Ö ¤ ´´µ£µ
§´ Î¥´¨Ö γ, µ¸É ¥É¸Ö ´¥¨§³¥´´µ°, ¢¢¨¤Ê · ¢¥´¸É¢ (16) ¨ (17), ¶·¨ § ³¥´¥ γ ´ 
−γ, ¸²¥¤Ê¥É, c ÊÎeÉµ³ (17), ÎÉµ ³µ¦´µ ¶µ²µ¦¨ÉÓ

b3(γ) = b̄1(−γ), b4(γ) = b̄2(−γ). (20)
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‚¢µ¤Ö ¤²Ö ¶·µ¸ÉµÉÒ ´µ¢Ò¥ ¶¥·¥³¥´´Ò¥

B1(γ) =
√

2b1(γ), B2(γ) =
√

2b2(γ), (21)

¶µ²ÊÎ ¥³, É ±¨³ µ¡· §µ³,

H =
∑

γ

c
√

m2c2 + h2γ2

2∑
r=1

[
nr(γ) − 1

2

]
, (22)

Mx =
∑

γ

hγx

2∑
r=1

[
nr(γ) − 1

2

]
. (23)

�·¨ ÔÉµ³ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ nr(γ) = Br(γ)Br(γ) · ¢´µ ´Ê²Õ ¨²¨ ¥¤¨´¨Í¥,
¨, ±·µ³¥ Éµ£µ, ÊÎ¨ÉÒ¢ ¥É¸Ö, ÎÉµ

Br(γ)Bs(γ
′
) + Bs(γ

′
)Br(γ) = δγγ′δrs,

Br(γ)Bs(γ
′
) + Bs(γ

′
)Br(γ) = 0, (24)

Br(γ)Bs(γ
′
) + Bs(γ

′
)Br(γ) = 0.

”µ·³ ²Ó´µ ÉµÉ ¦¥ ·¥§Ê²ÓÉ É ¶µ²ÊÎ¨²¸Ö ¡Ò ¶µ ¸Ì¥³¥ ‰µ·¤ ´ Ä‚¨£´¥· 
¤²Ö ±µÔËË¨Í¨¥´Éµ¢ · §²µ¦¥´¨Ö ¢µ²´Ò ³ É¥·¨¨ ¸ ¤¢Ê³Ö ±µ³¶µ´¥´É ³¨.

�É¨ Ëµ·³Ê²Ò ¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´Ò, §  ¨¸±²ÕÎ¥´¨¥³ ¤·Ê£µ£µ É¨¶  ¸É -
É¨¸É¨±¨, É¥³, ±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö ¶·¨ ±¢ ´Éµ¢ ´¨¨ Ê· ¢´¥´¨° Œ ±¸¢¥²² .
�¤´ ±µ ¢³¥¸Éµ ´¥³ É¥·¨ ²Ó´ÒÌ ±¢ ´Éµ¢ §¤¥¸Ó ¶µÖ¢²ÖÕÉ¸Ö Î ¸É¨ÍÒ ¸ ±µ´¥Î-
´µ° ³ ¸¸µ° ¶µ±µÖ, ¨³¥ÕÐ¨¥ ¤¢¥ ¢µ§³µ¦´Ò¥ ¶µ²Ö·¨§ Í¨¨. ‡¤¥¸Ó, É ± ¦¥,
± ± ¨ ¢ ¸²ÊÎ ¥ ¨§²ÊÎ¥´¨Ö, ¶·¨¸ÊÉ¸É¢ÊÕÉ ¶µ²µ¢¨´±¨ ±¢ ´Éµ¢ ¶µ±µÖ Ô´¥·£¨¨
¨ ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö, ÌµÉÖ, ¢ µÉ²¨Î¨¥ µÉ ¨§²ÊÎ¥´¨Ö, ¨Ì §´ ± ¶·µÉ¨¢µ¶µ-
²µ¦¥´ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³Ê §´ ±Ê ¶·¨ ¤·Ê£µ° ¸É É¨¸É¨±¥. �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ
´¥ ¶·¨¢µ¤¨É ± µ¸µ¡Ò³ É·Ê¤´µ¸ÉÖ³, ¨ ¶·¨ ´Ò´¥Ï´¥³ ¸µ¸ÉµÖ´¨¨ É¥µ·¨¨ ÔÉ¨
¢¥²¨Î¨´Ò ¤µ²¦´Ò · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¶·µ¸ÉÒ¥  ¤¤¨É¨¢´Ò¥ ±µ´¸É ´ÉÒ, ´¥
¨³¥ÕÐ¨¥ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ Ë¨§¨Î¥¸±µ£µ ¸³Ò¸² .

�¶¨¸ ´¨¥ ÔÉ¨Ì Î ¸É¨Í ¸ ¶µ³µÐÓÕ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°, É ± ¦¥, ± ± ¨
¢ ¸²ÊÎ ¥ ±¢ ´Éµ¢ ¸¢¥É , ´¥ Ê¤ ¥É¸Ö µ¸ÊÐ¥¸É¢¨ÉÓ ¢ Ê¤µ¡´µ° Ëµ·³¥, ´µ ¢ ´ Ï¥³
¸²ÊÎ ¥ ´ ²¨Î¨¥ ³ ¸¸Ò ¶µ±µÖ ¶µ§¢µ²Ö¥É · ¸¸³µÉ·¥ÉÓ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ ¶·¨-
¡²¨¦¥´¨¥, ¢ ±µÉµ·µ³, ¥¸É¥¸É¢¥´´µ, ¸¶· ¢¥¤²¨¢Ò ¢¸¥ ¶µ²µ¦¥´¨Ö Ô²¥³¥´É ·´µ°
±¢ ´Éµ¢µ° ³¥Ì ´¨±¨. �Éµ ¶·¨¡²¨¦¥´¨¥ ³µ¦¥É ¨³¥ÉÓ ¶· ±É¨Î¥¸±¨° ¨´É¥·¥¸,
¶·¥¦¤¥ ¢¸¥£µ, ¤²Ö ÉÖ¦¥²ÒÌ Î ¸É¨Í (É ±¨Ì ± ± ´¥°É·µ´Ò).

‘ ³Ò° ¶·µ¸Éµ° ¸¶µ¸µ¡ ¶¥·¥Ìµ¤  ¢ ±µ´Ë¨£Ê· Í¨µ´´µ¥ ¶·µ¸É· ´¸É¢µ ¸µ-
¸Éµ¨É ¢ ¸µ¶µ¸É ¢²¥´¨¨ ¸ µ¸Í¨²²ÖÉµ·µ³ ¶²µ¸±µ° ¢µ²´Ò

1
L3/2

e2πi(γ,q)δσσr (r = 1, 2),
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µÉ¢¥Î ÕÐ¥° Éµ³Ê ¦¥ §´ Î¥´¨Õ ±µ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö ¨ ¨³¥ÕÐ¥° ¤¢  ¢µ§³µ¦-
´ÒÌ §´ Î¥´¨Ö ¶µ²Ö·¨§ Í¨¨, ÊÎ¨ÉÒ¢ ÕÐ¨Ì ±µ²¨Î¥¸É¢µ µ¸Í¨²²ÖÉµ·µ¢. Œµ¦´µ
¶µ°É¨ ¤ ²ÓÏ¥ ¨ ¢ ¸µ£² ¸¨¨ ¸ ³¥Éµ¤µ³ ‰µ·¤ ´ Ä‚¨£´¥·  ¶·¥¤¸É ¢¨ÉÓ ¸ ¶µ³µ-
ÐÓÕ ±µ³¶²¥±¸´µ° ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¨ ¸ ¤¢Ê³Ö §´ Î¥´¨Ö³¨ Φ = (Φ1, Φ2)
Ê¦¥ ´¥ µ¤´Ê Î ¸É¨ÍÊ,   Ë¨§¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, ¸µ¤¥·¦ ÐÊÕ ´¥µ¶·¥¤¥²¥´´µ¥
Î¨¸²µ É ±¨Ì Î ¸É¨Í. „²Ö ÔÉµ£µ ¤µ¸É ÉµÎ´µ ¶µ²µ¦¨ÉÓ

Φ1(q) =
∑

γ

1
L3/2

e2πi(γ,q)B1(γ),

Φ2(q) =
∑

γ

1
L3/2

e2πi(γ,q)B2(γ).
(25)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¨¡²¨¦¥´¨¨ (|γ| � mc/h) ±µ´¸É ´ÉÒ br(γ), ±µ-
Éµ·Ò¥ Ë¨£Ê·¨·ÊÕÉ ¢ (18

′
), Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±µ³¡¨´ Í¨Ö³¨ ar(γ) ¸ ´¥

§ ¢¨¸ÖÐ¨³¨ µÉ γ ±µÔËË¨Í¨¥´É ³¨.
�É¨ ±µÔËË¨Í¨¥´ÉÒ § ¢¨¸ÖÉ Éµ²Ó±µ µÉ ³ É·¨ÍÒ β, ¶µÔÉµ³Ê, ¢¢¨¤Ê (9),

³µ¦´µ ¶·¥¤¶µ²µ¦¨ÉÓ ¸µµÉ´µÏ¥´¨Ö

b1(γ) =
a3(γ) − ia2(γ)√

2
, b3(γ) =

a3(γ) + ia2(γ)√
2

,

b2(γ) =
a4(γ) + ia1(γ)√

2
, b4(γ) =

a4(γ) − ia1(γ)√
2

,

¸ ÊÎ¥Éµ³ ±µÉµ·ÒÌ,   É ±¦¥ (16), Ê¤µ¢²¥É¢µ·ÖÕÉ¸Ö ¢Ò· ¦¥´¨Ö (20). ˆ§ (15) ¨
(25) ¸²¥¤Ê¥É, É ±¨³ µ¡· §µ³, ÎÉµ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¨¡²¨¦¥´¨¨

Φ1(q) = U3(q) − iU2(q), Φ2(q) = U4(q) + iU1(q). (26)

�É³¥É¨³ µ¡¸ÉµÖÉ¥²Ó¸É¢µ Î¨¸Éµ Ëµ·³ ²Ó´µ£µ Éµ²± , ÎÉµ Φ = (Φ1, Φ2) ¸µ-
¢¶ ¤ ¥É ¸ ÉµÎ´µ¸ÉÓÕ ¤µ Ë ±Éµ· 

√
2 ¸ ¶ ·µ° ¡µ²ÓÏ¨Ì ±µ³¶µ´¥´É ·¥Ï¥´¨°

Ê· ¢´¥´¨Ö (10), ±µÉµ·Ò¥ ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö µ¡ÒÎ´Ò³ µ¡· §µ³, É. ¥. ¡¥§ µ£· -
´¨Î¥´¨Ö ¤²Ö ´¨Ì ¶·¨´¨³ ÉÓ Éµ²Ó±µ ¤¥°¸É¢¨É¥²Ó´Ò¥ §´ Î¥´¨Ö. —Éµ¡Ò ÔÉµ

¶µ± § ÉÓ, ¤µ¸É ÉµÎ´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¶·¥µ¡· §µ¢ ´¨¥ ψ =
1√
2
(1 − iρ2σ2)U

¶µ§¢µ²Ö¥É ¶¥·¥°É¨ µÉ ¸Ì¥³Ò (9) ± µ¡ÒÎ´µ° ¤¨· ±µ¢¸±µ° (α = ρ1σ; β = ρ3) ¨
ÎÉµ ¶·¨ ÔÉµ³ ¶µ²ÊÎ ¥É¸Ö

ψ3 =
1√
2
Φ1, ψ4 =

1√
2
Φ2.

ˆ§¢¥¸É´µ, ÎÉµ ¢ É ±µ° ¸Ì¥³¥ ψ3 ¨ ψ4 ¤¥°¸É¢¨É¥²Ó´µ Ö¢²ÖÕÉ¸Ö ¡µ²ÓÏ¨³¨
±µ³¶µ´¥´É ³¨. �Éµ ¸Ìµ¤¸É¢µ, ÌµÉÖ ¨ ¶µÖ¸´Ö¥É § ±µ´ ¶·¥µ¡· §µ¢ ´¨Ö Φ ¶µ
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µÉ´µÏ¥´¨Õ ± ¶·µ¸É· ´¸É¢¥´´Ò³ ¢· Ð¥´¨Ö³, ´¥ ¨³¥¥É, ¥¸É¥¸É¢¥´´µ, ³¥¸É  ¶µ
µÉ´µÏ¥´¨Õ ± µ¡Ð¨³ ¶·¥µ¡· §µ¢ ´¨Ö³ ‹µ·¥´Í .

CÊÐ¥¸É¢µ¢ ´¨¥ ¶·µ¸ÉÒÌ Ëµ·³Ê² É¨¶  (26) ³µ£²µ ¡Ò § ¸É ¢¨ÉÓ ¤Ê³ ÉÓ,
ÎÉµ, ¶µ ±· °´¥° ³¥·¥ ¢¶²µÉÓ ¤µ ´¥±µÉµ·µ£µ ¶·¨¡²¨¦¥´¨Ö, ³µ¦´µ µ¡µ°É¨¸Ó
¡¥§ ¶¥·¥Ìµ¤  ± ¶²µ¸±¨³ ¢µ²´ ³. ‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ É ±µ° ¶¥·¥Ìµ¤ ±µ´Í¥¶-
ÉÊ ²Ó´µ ¢¸¥£¤  ´¥µ¡Ìµ¤¨³, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ¸µ±· Ð¥´¨¥ ®¶µ²µ¢¨´µ± ±¢ ´Éµ¢
¶µ±µÖ¯. �µ¸²¥ É ±µ£µ ¸µ±· Ð¥´¨Ö ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ ¨³¥¥É ¢ ¶¥·¢µ³
¶·¨¡²¨¦¥´¨¨ µÎ¥¢¨¤´ÊÕ Ëµ·³Ê

H =
∫

Φ̃
(

mc2 +
1

2m
p2

)
Φdq (27)

¨ µÉ²¨Î ¥É¸Ö, ¸²¥¤µ¢ É¥²Ó´µ, ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ µÉ (13).
3. Š ± ³Ò Ê¦¥ µÉ³¥Î ²¨, ¸Ì¥³Ò (12) ´¥¤µ¸É ÉµÎ´o ¤²Ö µ¶¨¸ ´¨Ö § ·Ö-

¦¥´´ÒÌ Î ¸É¨Í, µ¤´ ±µ ¤µ¡ ¢²¥´¨¥ ¢Éµ·µ° Î¥É¢¥·±¨ ·¥ ²Ó´ÒÌ ¢¥²¨Î¨´ Vr,
 ´ ²µ£¨Î´ÒÌ Ur, ¶µ§¢µ²Ö¥É ¸´µ¢  ¶µ²ÊÎ¨ÉÓ µ¡ÒÎ´ÊÕ Ô²¥±É·µ¤¨´ ³¨±Ê ¢ ¸¨³-
³¥É·¨Î´µ° Ëµ·³¥ µÉ´µ¸¨É¥²Ó´µ Ô²¥±É·µ´  ¨ ¶µ§¨É·µ´ . ˆÉ ±, · ¸¸³µÉ·¨³
¤¢  É¨¶  ¤¥°¸É¢¨É¥²Ó´ÒÌ ¢¥²¨Î¨´, ¶·¥¤¸É ¢²ÖÕÐ¨Ì, ¸µµÉ¢¥É¸É¢¥´´µ, ³ É¥-
·¨ ²Ó´Ò¥ Î ¸É¨ÍÒ ¨ Ô²¥±É·µ³ £´¨É´µ¥ ¶µ²¥. ‚¥²¨Î¨´Ò ¶¥·¢µ£µ É¨¶  ¡Ê¤ÊÉ
¨´É¥·¶·¥É¨·µ¢ ÉÓ¸Ö ¶µ ¸Ì¥³¥, ¨§²µ¦¥´´µ° ¢ ¶. 1, Éµ£¤  ± ± ¢¥²¨Î¨´Ò ¤·Ê£µ£µ
É¨¶ , Éµ ¥¸ÉÓ Ô²¥±É·µ³ £´¨É´Ò¥ ¶µÉ¥´Í¨ ²Ò ϕ ¨ A = (Ax, Ay, Az), ³µ¦´µ
¶µ´¨³ ÉÓ ± ± ±² ¸¸¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò, ¶µ¤¢¥·£´ÊÉÒ¥ ±¢ ´Éµ¢ ´¨Õ ¶µ ¶· ¢¨²Ê
ƒ¥°§¥´¡¥·£  ¸ ¶·¨¢²¥Î¥´¨¥³ ¶·¨´Í¨¶  ¸µµÉ¢¥É¸É¢¨Ö. ‘µ¢µ±Ê¶´µ¸ÉÓ Ê· ¢´¥-
´¨° Œ ±¸¢¥²²  ¨ „¨· ±  ³µ¦´µ ¶µ²ÊÎ¨ÉÓ (¸ ÊÎ¥Éµ³ µÉ³¥Î¥´´ÒÌ µ¸µ¡¥´´µ¸É¥°
¤²Ö ¶µ¸²¥¤´¨Ì) ¨§ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶ 

δ

∫
Ldqdt = 0,

£¤¥ L ¥¸ÉÓ ¸Ê³³  É·¥Ì ¸² £ ¥³ÒÌ:

L = L
′
+ L

′′
+ L

′′′
.

‚ ÔÉµ° ¸Ê³³¥ ¶¥·¢Ò° Î²¥´ µÉ´µ¸¨É¸Ö ± ¢µ²´¥ ³ É¥·¨¨

L
′
= i

hc

2π

{
U∗

[
1
c

∂

∂t
− (α, grad) + β

′
µ

]
U+

+V ∗
[
1
c

∂

∂t
− (α, grad) + β

′
µ

]
V

}
, (28)

  ¢Éµ·µ° Å ± ¶µ²Õ ¨§²ÊÎ¥´¨Ö, µÉ´µ¸¨É¥²Ó´µ ±µÉµ·µ£µ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ
µ´µ ¶µ¤¢¥·£´ÊÉµ ±¢ ´Éµ¢ ´¨Õ ¶µ ³¥Éµ¤Ê ”¥·³¨ [4]:

L
′′

=
1
8π

(E2 − H2) − 1
8π

(
1
c
ϕ̇ + div A

)2

. (29)



252 Œ�‰����� �.

�·¨ ÔÉµ³ ´¥µ¡Ìµ¤¨³µ ÊÎ¨ÉÒ¢ ÉÓ ¤µ¶µ²´¨É¥²Ó´µ¥ Ê¸²µ¢¨¥

1
c
ϕ̇ + div A = 0. (30)

‚ ¤¥°¸É¢¨É¥²Ó´µ¸É¨ · ¢¥´¸É¢µ (29) µÉ²¨Î ¥É¸Ö µÉ Éµ£µ, ±µÉµ·µ¥ ¡Ò²µ
¶¥·¢µ´ Î ²Ó´µ ¨¸¶µ²Ó§µ¢ ´µ ”¥·³¨, µ¤´ ±µ Éµ²Ó±µ ´  ¢¥²¨Î¨´Ê, ¶·¥¤¸É ¢²Ö-
ÕÐÊÕ ¸µ¡µ° ¶µ²´Ò° ¨´É¥£· ². �´µ ¢¥¤¥É ± É ±µ³Ê µ¶·¥¤¥²¥´¨Õ ±µ²¨Î¥¸É¢ 
¤¢¨¦¥´¨Ö P0, ¸µ¶·Ö¦¥´´µ£µ ϕ, ±µÉµ·µ¥ ´¥³¥¤²¥´´µ ¶·¨¢µ¤¨É ± Ê´¨ÎÉµ¦¥´¨Õ
µ¤´µ° ¨§ ¤¢ÊÌ ¶·µ¤µ²Ó´ÒÌ ¢µ²´ ¡¥§ ¶¥·¥Ìµ¤  ± · §²µ¦¥´¨Õ ¶µ ¶²µ¸±¨³ ¢µ²-
´ ³. �µ ÔÉµ° ¶·¨Î¨´¥ ¢Éµ·µ° Î²¥´ ¢ ¢Ò· ¦¥´¨¨ (29) ¤²Ö L

′′
Ê³´µ¦ ¥É¸Ö ´ 

¶·µ¨§¢µ²Ó´ÊÕ ¶µ¸ÉµÖ´´ÊÕ, µÉ²¨Î´ÊÕ µÉ ´Ê²Ö, ÎÉµ ´¥ ¨³¥¥É ¸ÊÐ¥¸É¢¥´´µ£µ
§´ Î¥´¨Ö.

—Éµ ± ¸ ¥É¸Ö Î²¥´  L
′′′

, Éµ µ´ ¢Ò¡¨· ¥É¸Ö É ±, ÎÉµ¡Ò ψ = U + iV Ê¤µ-
¢²¥É¢µ·Ö²  Ê· ¢´¥´¨Ö³ „¨· ±  (8) ¢µ ¢´¥Ï´¥³ ¶µ²¥[

W

c
+

e

c
ϕ +

(
α, p +

e

c
A

)
+ βmc

]
ψ = 0.

�Éµ ¶· ±É¨Î¥¸±¨ µ¤´µ§´ Î´µ § ¸É ¢²Ö¥É ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ

L
′′′

= ieU∗[ϕ + (α,A)]V − ieV ∗[ϕ + (α,A)]U. (31)

’µ£¤  ¨§ ¢ ·¨ Í¨¨ Ô²¥±É·µ³ £´¨É´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¢µ§´¨± ÕÉ ¸²¥¤ÊÕÐ¨¥
¢Ò· ¦¥´¨Ö ¤²Ö ¶²µÉ´µ¸É¥° § ·Ö¤  ¨ Éµ± :

ρ = −ie(U∗V − V ∗U) = −e
ψ̃ψ − ψ∗ψ̄

2
,

I = ie(U∗αV − V ∗αU) = e
ψ̃αψ − ψ∗αψ̄

2
.

(32)

�µ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö µÉ²¨Î ÕÉ¸Ö µÉ µ¡ÒÎ´ÒÌ Éµ²Ó±µ ´  ¡¥¸±µ´¥Î´Ò¥
¶µ¸ÉµÖ´´Ò¥. ‘µ±· Ð¥´¨¥ É ±¨Ì ¡¥¸±µ´¥Î´ÒÌ ¶µ¸ÉµÖ´´ÒÌ Å ¸²¥¤¸É¢¨¥ ¸¨³-
³¥É·¨§ Í¨¨ É¥µ·¨¨, ÎÉµ ´¥Ö¢´µ Ê¦¥ ¢±²ÕÎ¥´µ ¢ ¢Ò¡· ´´ÊÕ Ëµ·³Ê ¢ ·¨ Í¨-
µ´´µ£µ ¶·¨´Í¨¶ . „¥°¸É¢¨É¥²Ó´µ, § ³¥´  ³¥¸É ³¨ Ur ¨ Vr, ±µÉµ·Ò¥ ¸¨³³¥-
É·¨Î´µ ¢Ìµ¤ÖÉ ¢ L

′
, Ô±¢¨¢ ²¥´É´a § ³¥´¥ §´ ±  Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤ .

‚¥²¨Î¨´Ò U ¨ V ¶µ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³  ´É¨±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µ-
Ï¥´¨Ö³:

Ur(q)Us(q
′
) + Us(q

′
)Ur(q) =

1
2
δ(q − q

′
)δrs,

Vr(q)Vs(q
′
) + Vs(q

′
)Vr(q) =

1
2
δ(q − q

′
)δrs,

Ur(q)Vs(q
′
) + Vs(q

′
)Ur(q) = 0,



‘ˆŒŒ…’�ˆ—��Ÿ ’…��ˆŸ �‹…Š’���� ˆ ��‡ˆ’���� 253

ÎÉµ Ô±¢¨¢ ²¥´É´µ µ¡ÒÎ´µ° ¸Ì¥³¥ ‰µ·¤ ´ Ä‚¨£´¥· , ¥¸²¨ ¶µ²µ¦¨ÉÓ ψ =
U + iV . �²¥±É·µ³ £´¨É´Ò¥ ¶µÉ¥´Í¨ ²Ò ϕ, Ax, Ay, Az ¨ ¸µ¶·Ö¦¥´´Ò¥ ¨³
¨³¶Ê²Ó¸Ò ¶µ²Ö, ´ ¶·µÉ¨¢, Ê¤µ¢²¥É¢µ·ÖÕÉ µ¡ÒÎ´Ò³ ±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µ-

Ï¥´¨Ö³, ´ ¶·¨³¥· P0(q)ϕ(q
′
) − ϕ(q

′
)P0(q) =

h

2πi
δ(q − q

′
), ¶·¨Î¥³

P0 = − 1
4πc

(
1
c
ϕ̇ + div A

)
,

(33)

Px = − 1
4πc

Ex, Py = − 1
4πc

Ey, Pz = − 1
4πc

Ez.

�´¥·£¨Ö ¸µ¸Éµ¨É ¨§ É·¥Ì Î ¸É¥°: H = H
′
+H

′′
+H

′′′
. �¥·¢Ò° Î²¥´ H

′
¢Ò-

¢µ¤¨É¸Ö ¨§ L
′

¶µ Ê¦¥ ¨§²µ¦¥´´Ò³ ¶· ¢¨² ³. ‚Éµ·µ° ¶µ²ÊÎ ¥É¸Ö ¶µ ±² ¸¸¨Î¥-
¸±¨³ ¶· ¢¨² ³ H

′′
=

∫
[P0ϕ̇+(P, Ȧ)−L

′′
]dq, ¥¸²¨ ¶µ²µ¦¨ÉÓ P = (Px, Py, Pz).

—Éµ ± ¸ ¥É¸Ö Î²¥´  H
′′′

, Éµ ¥£µ ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¨§ L
′′′

, ¸²¥¤ÊÖ ¡¥§ · §´¨ÍÒ
Éµ³Ê ¨²¨ ¤·Ê£µ³Ê ³¥Éµ¤Ê (¢ ´ Ï¥³ ¸²ÊÎ ¥ H

′′′
= −

∫
L

′′′
dq), ¨, É ±¨³ µ¡· §µ³,

¤µ²¦´µ ¡ÒÉÓ § ¤ ´µ, ÎÉµ L
′′′

Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ± ± ¢¥²¨Î¨´ ¶µ²Ö ³ É¥·¨¨,
É ± ¨ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö. �ÉµÉ Ë ±É ¥Ð¥ · § ¤µ± §Ò¢ ¥É ´¥µ¡Ìµ¤¨-
³µ¸ÉÓ ¸µµÉ´µÏ¥´¨Ö (5). “· ¢´¥´¨¥ ´¥¶·¥·Ò¢´µ¸É¨ (30) ¸¶· ¢¥¤²¨¢µ ¢¸¥£¤ ,
¶µ¸±µ²Ó±Ê ¸ ¸ ³µ£µ ´ Î ²  Ê¤µ¢²¥É¢µ·Ö²µ¸Ó ¢³¥¸É¥ ¸ Ê· ¢´¥´¨¥³ ¤²Ö ¤¨¢¥·-
£¥´Í¨¨ div E = 4πρ. ˆ§ (33) ¸²¥¤Ê¥É, ÎÉµ ±¨´¥³ É¨± , µ¶·¥¤¥²¥´´ Ö ÔÉ¨³¨
¸µµÉ´µÏ¥´¨Ö³¨, ³µ¦¥É ¡ÒÉÓ Ê¶·µÐ¥´  ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨°

P0(q) = 0,
(34)

div P +
1
c
ρ = 0,

É. ¥. ¶·¨ Ë¨±¸ Í¨¨ ¤¢ÊÌ ¶µ²¥¢ÒÌ ¢¥²¨Î¨´ ¨, ¸²¥¤µ¢ É¥²Ó´µ, ´¥µ¶·¥¤¥²¥´´µ-
¸É¨ §´ Î¥´¨° ¢¥²¨Î¨´, ¨³ ¸µ¶·Ö¦¥´´ÒÌ. �¥·¢µ¥ Ê¸²µ¢¨¥ ¢ (34) ¶·¨¢µ¤¨É ±
¨¸±²ÕÎ¥´¨Õ P0 ¨ ϕ ¨§ ¢Ò· ¦¥´¨Ö ¤²Ö H . �Éa µ¶¥· Í¨Ö ²¥£±µ ¶·µ¢µ¤¨É¸Ö ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ (33) ¨ ¶·¨¢µ¤¨É ± Ëµ·³Ê²¥

H =
∫ {

ψ̃[−c(α, p) − βmc2]ψ − (A, I) + 2πcP 2 +
1
8π

|rot A|2
}

dq. (35)

—Éµ ± ¸ ¥É¸Ö ¢µ¶·µ¸  µ ·¥²ÖÉ¨¢¨¸É¸±µ° ¨´¢ ·¨ ´É´µ¸É¨, Éµ ³Ò ¢¨¤¨³, ÎÉµ
ψ = U + iV Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³ „¨· ± , ¶·¨Î¥³ Ê· ¢´¥´¨Ö Œ ±¸¢¥²² 
¸ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö ¶²µÉ´µ¸É¥° § ·Ö¤  ¨ Éµ± , Ê¤µ¢²¥É¢µ·ÖÕÐ¨³¨ ¶· ¢¨² ³
·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶·¥µ¡· §µ¢ ´¨°, É ±¦¥ ¶·µ¤µ²¦ ÕÉ ¢Ò¶µ²´ÖÉÓ¸Ö. �É¨ ¤¢ 
µ¡¸ÉµÖÉ¥²Ó¸É¢  µ¡¥¸¶¥Î¨¢ ÕÉ ¨´¢ ·¨ ´É´µ¸ÉÓ É¥µ·¨¨, ÎÉµ Ê¦¥ ´¥Ö¢´µ ¸µ¤¥·-
¦¨É¸Ö ¢ ·¥§Ê²ÓÉ É Ì ƒ¥°§¥´¡¥·£  ¨ � Ê²¨ [5].

�¥·¥°¤¥³ É¥¶¥·Ó ± ¨´É¥·¶·¥É Í¨¨ ¶µ²ÊÎ¥´´µ£µ Ëµ·³ ²¨§³ .
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4. � ¸±² ¤Ò¢ Ö U ¨  ´ ²µ£¨Î´µ V ¶µ Ê¦¥ · ¸¸³µÉ·¥´´µ³Ê ´ ¡µ·Ê ¶¥·¨-
µ¤¨Î¥¸±¨Ì ËÊ´±Í¨°, ´ Ìµ¤¨³ ¢ ± Î¥¸É¢¥ µÎ¥¢¨¤´µ£µ µ¡µ¡Ð¥´¨Ö (22) ¶µ¸²¥
¸µ±· Ð¥´¨Ö ¢±² ¤  ®¶µ²µ¢¨´µ± ±¢ ´Éµ¢ ¶µ±µÖ¯

H
′
=

∑
γ

c
√

m2c2 + h2γ2

2∑
r=1

[B̄r(γ)Br(γ) + B̄
′

r(γ)B
′

r(γ)], (36)

£¤¥ Br ¨ B
′

r µÉ´µ¸ÖÉ¸Ö, ¸µµÉ¢¥É¸É¢¥´´µ, ± · §²µ¦¥´¨Ö³ ¤²Ö U ¨ V , ¶·¨Î¥³ Br

¨ B
′

r ¨ ¨³ ¸µ¶·Ö¦¥´´Ò¥ ¢¥²¨Î¨´Ò ¶µ¤Î¨´ÖÕÉ¸Ö µ¡ÒÎ´Ò³  ´É¨±µ³³ÊÉ Í¨µ´-
´Ò³ ¸µµÉ´µÏ¥´¨Ö³. ‚¢µ¤Ö ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö γ Î¥ÉÒ·¥ Ê¤µ¡´Ò¥ ¸¶¨´µ¢Ò¥
±µ³¶²¥±¸´Ò¥ ËÊ´±Í¨¨ ξs(γ) (s = 1, 2, 3, 4), ±µÉµ·Ò¥ µ¡· §ÊÕÉ ¶µ²´ÊÕ ¸¨-
¸É¥³Ê, ³µ¦´µ ¶µ²µ¦¨ÉÓ

U =
1√
2

∑
γ

{B1(γ)ξ1(γ) + B2(γ)ξ2(γ) +

+ B̄1(−γ)ξ3(γ) + B̄2(−γ)ξ4(γ)}fγ(q),

(37)

V =
1√
2

∑
γ

{B′

1(γ)ξ1(γ) + B
′

2(γ)ξ2(γ) +

+ B̄
′

1(−γ)ξ3(γ) + B̄
′

2(−γ)ξ4(γ)}fγ(q),

¸ ÊÎ¥Éµ³ Éµ£µ, ÎÉµ ¢Ò¶µ²´ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö

ξ3(γ) = ξ̄1(−γ), ξ4(γ) = ξ̄2(−γ). (38)

ˆ§ ¢Ò· ¦¥´¨Ö ¤²Ö ¶²µÉ´µ¸É¨ ¶µ²´µ£µ Ô²¥±É·¨Î¥¸±µ£µ § ·Ö¤  (32) ¸²¥¤Ê¥É

Q = − ie

2

∫
[U∗(q)V (q) − V ∗(q)U(q)]dq = − ie

2

∑
γ

×

×
2∑

r=1

[Br(γ)B̄
′

r(γ) + B̄r(γ)B
′

r(γ) − B̄
′

r(γ)Br(γ) − B
′

r(γ)B̄r(γ)]. (39)

…¸²¨ É¥¶¥·Ó ¶µ²µ¦¨ÉÓ

Cel
r =

Br + iB
′

r√
2

, Cpos
r =

Br − iB
′

r√
2

, (40)
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Éµ ¢Ò· ¦¥´¨Ö (36) ¨ (39) ¤²Ö Ô´¥·£¨¨ ¨ § ·Ö¤  ³µ¦´µ ¶·¨¢¥¸É¨ ± ¢¨¤Ê

H
′
=

∑
γ

c
√

m2c2 + h2γ2

2∑
r=1

(C̄el
r Cel

r + C̄pos
r Cpos

r ), (41)

Q = e
∑

γ

2∑
r=1

[
−

(
C̄el

r Cel
r − 1

2

)
+C̄pos

r Cpos
r − 1

2

]
=

= e
∑

γ

2∑
r=1

(−C̄el
r Cel

r + C̄pos
r Cpos

r ). (42)

“´¨ÎÉµ¦¥´¨¥ ¢±² ¤  ®¶µ²µ¢¨´µ± ±¢ ´Éµ¢ ¶µ±µÖ¯ ¶·µ¨¸Ìµ¤¨É, É ±¨³ µ¡· -
§µ³,  ¢Éµ³ É¨Î¥¸±¨, ¶µ¸±µ²Ó±Ê µÎ¥¢¨¤´µ, ÎÉµ ¸´ Î ²  ¶·µ¨§¢µ¤¨É¸Ö ¢´ÊÉ·¥´-
´¥¥ ¸Ê³³¨·µ¢ ´¨¥. ‘µ¢µ±Ê¶´µ¸ÉÓ ¢Ò· ¦¥´¨° (41) ¨ (42) ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ°
¸¨¸É¥³Ê µ¸Í¨²²ÖÉµ·µ¢, Ô±¢¨¢ ²¥´É´ÊÕ ¤¢µ°´µ° ¸¨¸É¥³¥ Î ¸É¨Í, ¶µ¤Î¨´ÖÕ-
Ð¨Ì¸Ö ¸É É¨¸É¨±¥ ”¥·³¨, ¸ ³ ¸¸µ° ¶µ±µÖ m ¨ § ·Ö¤µ³ ±e; ¶¥·¥³¥´´Ò¥ Cpos

µÉ´µ¸ÖÉ¸Ö ± ¶µ§¨É·µ´ ³, Cel Å ± Ô²¥±É·µ´ ³.
“¸É· ´¥´¨¥ ¶·µ¤µ²Ó´µ£µ Ô²¥±É·¨Î¥¸±µ£µ ¶µ²Ö ¸ ¶µ³µÐÓÕ ¢Éµ·µ£µ ¢Ò· -

¦¥´¨Ö ¨§ (34) ¢¸É·¥Î ¥É ¢ ¸¨³³¥É·¨Î´µ° É¥µ·¨¨ É·Ê¤´µ¸É¨ ¨§-§  ´¥¢µ§³µ¦-
´µ¸É¨ ¶·¥¤¸É ¢¨ÉÓ ρ, ¢Ìµ¤ÖÐ¥¥ ¢ (32), ¢ ¤¨ £µ´ ²Ó´µ° Ëµ·³¥. �¥§Ê²ÓÉ É,
µ¤´ ±µ, Ìµ·µÏµ ¨§¢¥¸É¥´ (ÌµÉÖ Î ¸É¨Î´µ ¨ ¨²²Õ§µ·¥´ ¨§-§  É·Ê¤´µ¸É¥° ¸µ
¸Ìµ¤¨³µ¸ÉÓÕ) ¢ µ¡ÒÎ´µ° Ô²¥±É·µ¤¨´ ³¨±¥, ¢ ±µÉµ·µ° ρ ¢Ò¡¨· ¥É¸Ö ¢ Ëµ·³¥
ρ = −eψ̃ψ. ’µ ¦¥ ¸ ³µ¥ ¶µ²ÊÎ¨É¸Ö, ¥¸²¨ ¨¸Ìµ¤¨ÉÓ ¨§ ¢Ò· ¦¥´¨Ö ρ = eψ∗ψ̄,
¶µÉµ³Ê ÎÉµ µ´µ ¶µ²´µ¸ÉÓÕ Ô±¢¨¢ ²¥´É´µ ¶·¥¤Ò¤ÊÐ¥³Ê ¶·¨ ¶¥·¥³¥´¥ ³¥¸É ³¨
Ô²¥±É·µ´  ¨ ¶µ§¨É·µ´ . �Éµ ¸µµÉ¢¥É¸É¢Ê¥É Éµ³Ê, ÎÉµ ¶µ§¨É·µ´ · ¸¸³ É·¨¢ -
¥É¸Ö ± ± ·¥ ²Ó´ Ö Î ¸É¨Í ,   Ô²¥±É·µ´ Å ¢ ± Î¥¸É¢¥ ¶µ§¨É·µ´´µ° ®¤Ò·±¨¯.
�·¥¤¸É ¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³, ÎÉµ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ, ±µÉµ·Ò¥ ¨³¥ÕÉ µ¤¨´
¨ ÉµÉ ¦¥ ¢¨¤ ¢ ÔÉ¨Ì ¤µ¶µ²´¨É¥²Ó´ÒÌ ¸Ì¥³ Ì, ¤µ²¦´Ò ¡Ò²¨ ¡Ò ¸µÌ· ´¨ÉÓ¸Ö
¨ ¢ ¸¨³³¥É·¨Î´µ° É¥µ·¨¨. ŒÒ ¶·¥¤¶µ² £ ¥³ É ±¦¥, ÎÉµ ¢Ò¶µ²´¥´  ¶·µÍ¥-
¤Ê·  Ê¤ ²¥´¨Ö ¢±² ¤µ¢ ¢ A ¨ P , ±µÉµ·Ò¥ ¨´¢ ·¨ ´É´Ò ± ¶·¥µ¡· §µ¢ ´¨Ö³
¢· Ð¥´¨Ö.

‚Ò· ¦¥´¨¥ (35) ¤²Ö H ³µ¤¨Ë¨Í¨·Ê¥É¸Ö ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨: ¢µ-¶¥·¢ÒÌ,
¶µ¤· §Ê³¥¢ ¥É¸Ö, ÎÉµ A ¨ P ¢ ÔÉµ³ ¢Ò· ¦¥´¨¨ ¥¸ÉÓ Éµ²Ó±µ Î ¸ÉÓ ÔÉ¨Ì ¢¥±-
Éµ·µ¢ ¡¥§ µÉ¡·µÏ¥´´ÒÌ Î²¥´µ¢; ¢µ-¢Éµ·ÒÌ, ¤µ¡ ¢²Ö¥É¸Ö ¸² £ ¥³µ¥, ±µÉµ·µ¥
¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° Ô²¥±É·µ¸É É¨Î¥¸±ÊÕ Ô´¥·£¨Õ. �Éµ ¸² £ ¥³µ¥ ¨³¥¥É · §-
´ÊÕ Ëµ·³Ê ¢ µ¡ÒÎ´µ° ¸Ì¥³¥ (Ô²¥±É·µ´ ¨ Ô²¥±É·µ´´ Ö ¤Ò·± ) ¨ ¢ ¤µ¶µ²-
´¨É¥²Ó´µ° (É. ¥. ¶µ§¨É·µ´ ¨ ¶µ§¨É·µ´´ Ö ¤Ò·±  Å ·¥¤.). ‚ ¶¥·¢µ³ ¸²ÊÎ ¥
¸µÌ· ´Ö¥É¸Ö ¢§ ¨³µ¤¥°¸É¢¨¥, µ¶¨¸Ò¢ ÕÐ¥¥ ¸ ³µ¤¥°¸É¢¨¥ ± ¦¤µ° Î ¸É¨ÍÒ:

Hels =
e2

2

∫ ∫
1

|q − q′ | ψ̃(q)ψ(q)ψ̃(q
′
)ψ(q

′
)dqdq

′
,
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¢µ ¢Éµ·µ³ ¸²ÊÎ ¥, ¸µµÉ¢¥É¸É¢¥´´µ,

Hels =
e2

2

∫ ∫
1

|q − q′ |ψ
∗(q)ψ̄(q)ψ∗(q

′
)ψ̄(q

′
)dqdq

′
.

‘ ¶µ³µÐÓÕ (37) ¨ (40) ³µ¦´µ ¢Ò· §¨ÉÓ Ô²¥±É·µ¸É É¨Î¥¸±ÊÕ Ô´¥·£¨Õ ± ±
ËÊ´±Í¨Õ C. �É¨ Ô²¥±É·µ¸É É¨Î¥¸±¨¥ Î²¥´Ò, ¨³¥ÕÐ¨¥ Ë¨§¨Î¥¸±¨° ¸³Ò¸²,
¨¤¥´É¨Î´Ò ¢ µ¡µ¨Ì ¸Ì¥³ Ì; ¢ Î ¸É´µ¸É¨, É¥ ¨§ ´¨Ì, ±µÉµ·Ò¥ ¸ ±µ·¶Ê¸±Ê²Ö·´µ°
ÉµÎ±¨ §·¥´¨Ö ¤µ²¦´Ò ¨´É¥·¶·¥É¨·µ¢ ÉÓ¸Ö ± ± µÉÉ ²±¨¢ ´¨¥ ¨ ¶·¨ÉÖ¦¥´¨¥
³¥¦¤Ê Î ¸É¨Í ³¨ µ¤´µ£µ ¨²¨ · §´ÒÌ É¨¶µ¢.

� ±µ´¥Í, ÎÉµ ± ¸ ¥É¸Ö ¢§ ¨³µ¤¥°¸É¢¨Ö ¸ ¶µ²¥³ ¨§²ÊÎ¥´¨Ö: ¥¤¨´¸É¢¥´´µ¥
· §²¨Î¨¥ ³¥¦¤Ê ¸¨³³¥É·¨Î´µ° É¥µ·¨¥° ¨ µ¡ÒÎ´µ° ¸¢Ö§ ´µ ¸ ¸µ±· Ð¥´¨¥³ ¢
¢Ò· ¦¥´¨¨ ¤²Ö ¶²µÉ´µ¸É¨ Éµ±  ¢µ§´¨± ÕÐ¨Ì ´¥µ¶·¥¤¥²¥´´ÒÌ ±µ´¸É ´É, ±µ-
Éµ·Ò¥ µÉ´µ¸ÖÉ¸Ö ± µÉ¤¥²Ó´Ò³ µ¸Í¨²²ÖÉµ· ³; ¶·¨ ÔÉµ³ µ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨
¢¸¥ ¸µµÉ´µÏ¥´¨Ö, ¨³¥ÕÐ¨¥ ¶· ±É¨Î¥¸±¨° ¸³Ò¸².
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