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ON THE MASS SPECTRA OF THE PSEUDOSCALAR
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In the framework of the relativistic independent quark model with the QCD-motivated static potential,
the masses of the ground states of pseudoscalar mesons and their radial excitations are calculated for both
observed mesons and unobserved ones. The strength of the spinÄspin interaction and the magnitude of the
mean ˇeld contribution are estimated for both the light and heavy 0−+ mesons. The calculated masses
are in agreement with experimental values within an accuracy of 30 ÷ 40 MeV, and the predictions are
obtained for the mass values of a number of unobserved yet radial excitations of pseudoscalar mesons.

‚ · ³± Ì ·¥²ÖÉ¨¢¨¸É¸±µ° ³µ¤¥²¨ ´¥§ ¢¨¸¨³ÒÌ ±¢ ·±µ¢ ¸ Š•„-³µÉ¨¢¨·µ¢ ´´Ò³ ¸É É¨Î¥¸±¨³
¶µÉ¥´Í¨ ²µ³ ¢ÒÎ¨¸²¥´Ò ³ ¸¸Ò µ¸´µ¢´ÒÌ ¸µ¸ÉµÖ´¨° ¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢ ¨ ¨Ì · ¤¨ ²Ó´ÒÌ
¢µ§¡Ê¦¤¥´¨° ± ± ¤²Ö ¨§¢¥¸É´ÒÌ, É ± ¨ ¤²Ö ´¥¨§¢¥¸É´ÒÌ ¥Ð¥ ¸µ¸ÉµÖ´¨°. �Í¥´¥´Ò ¢¥²¨Î¨´  ¸¶¨´-
¸¶¨´µ¢µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¨ §´ Î¥´¨¥ ¢±² ¤  ¸·¥¤´¥£µ ¶µ²Ö ¤²Ö ²¥£±¨Ì ¨ ¤²Ö ÉÖ¦¥²ÒÌ 0−+-³¥§µ´µ¢.
‚ÒÎ¨¸²¥´´Ò¥ ³ ¸¸Ò ¸µ£² ¸ÊÕÉ¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ ¸ ¶µ£·¥Ï´µ¸ÉÓÕ 30÷40 ŒÔ‚.
�µ²ÊÎ¥´Ò É ±¦¥ ¶·¥¤¸± § ´¨Ö §´ Î¥´¨° ³ ¸¸ ¤²Ö ·Ö¤  ´¥ µÉ±·ÒÉÒÌ ¶µ±  · ¤¨ ²Ó´ÒÌ ¢µ§¡Ê¦¤¥´¨°
¶¸¥¢¤µ¸± ²Ö·´ÒÌ ³¥§µ´µ¢.

INTRODUCTION

Among a variety of phenomenological hadron models which are used for the interpretation
of the extensive amount of data [1], the relativistic model of quasi-independent quarks seems
to be one of the most interesting for the description of the hadron spectroscopical properties
[2]. In the framework of this model the spectroscopical characteristics can be calculated with
sufˇcient precision by means of the consideration of a system of independent quarks (or
quasi-independent ones with weak residual interaction), which move in a certain mean ˇeld.
It is possible that the independent quark model is the relevant approximation to the QCD
bound state problem as well as that the parton model is an adequate approximation for the
perturbative QCD in hard processes.

In the papers [3Ä6] the translation invariant version of the relativistic independent quark
model was developed for the description of spectroscopical properties of both light and heavy
vector mesons. In order to determine the quark or antiquark motion in the mean ˇeld inside the
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meson, the Dirac equation with a static QCD-motivated potential was used. The model does
not contradict the ˇrst principles of QCD and allows one in a simple fashion, to carry out the
numerical calculations of meson characteristics, such as their masses, the average separations
between quarks and antiquarks and the e+e−-decay widths of vector mesons. The value of the
conˇning potential coefˇcient σ evaluated on the basis of 1−− meson mass spectra was found
to be (0.197 ± 0.005) GeV2 for quarkÄantiquark interaction independently of their �avours.
Besides that, the obtained value of the quasi-Coulombic potential strength αs decreases with
the diminution of the quark and antiquark mean distances [6], which corresponds to the QCD
asymptotic freedom behaviour.

In the present paper we calculate the pseudoscalar mesons mass spectra using the potential
parameters and the quark masses obtained in Ref. 6 on the basis of the spectroscopical data
for 1−− mesons. In order to obtain the consistent treatment of 1−− and 0−+ mesons, it is
nessasary to take into account the spinÄspin interaction between quark and antiquark as well
as the mean ˇeld energy for meson mass evaluations in the framework of the considered
model. Note that the account of these terms is most important in the case of the pseudoscalar
mesons. It is well known that the explicit inclusion of contact particleÄparticle interaction
lies beyond the mean ˇeld approximation. But as has been found in the present paper, the
magnitude of spinÄspin interaction is small enough compared with the mean ˇeld contribution,
so its account has been performed with the help of perturbation theory. Then the calculations
produced for two families of 1−− and 0−+ mesons are on the same level of accuracy as for
1−− mesons [6].

When we apply the model for the description of pseudoscalar meson mass spectra, we
separate the π-meson mass problem from the beginning; i. e., we perform the ˇtting of
the model parameters including the spinÄspin interaction terms without the π-meson mass.
When the values of model parameters have been obtained, we ˇnd the value of the π-meson
mass with the help of the determination of the appropriate value of mean ˇeld contribution.
Evaluated magnitudes of spinÄspin interaction turn out to be sufˇciently small not only for
the heavy mesons, but for the light ones, as well. It should be noted that, as usual in
other variants of quark model (see, e. g., [7, 8]), the magnitude of spinÄspin interaction is
considerably large, especially for light mesons.

We exclude from our consideration η and η′ mesons, too, because at present sufˇciently
large uncertainty takes place for their constituent content due both to the strong mixing
between the (ūu + d̄d)/

√
2 and s̄s states (and states with charm quark and antiquark), and

to the possible contributions from gluonic degrees of freedom. Taking into account these
observations, we perform the calculations of pseudoscalar meson masses both for the ground
states and for their radial excitations.

In the framework of the model [3Ä6] the mass Mm of the q̄q meson can be evaluated as

Mm = E0m + E1(nr
1, j1) + E2(nr

2, j2), (1)

where Ei(nr
i , ji), i = 1, 2, are the energy spectral functions or the mass terms for the i-th

quark (antiquark) which represent the relativistic effective energy of the i-th quark/antiquark
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moving in the mean ˇeld inside the meson. Here, nr
i and ji are the radial quantum number

and the quantum number of the angular moment, correspondingly, for the i-th constituent
moreover, nr

1 = nr
2 = n−1 for n2S+1LJ state. The term E0m contains the mean ˇeld energy

and the possible nonpotential corrections, which cannot be taken into account in the frame
of mean ˇeld approximation. This term has purely phenomenological origin (cf. [9]) and has
nonzero value only for ground states of some mesons. The terms Ei(nr

i , ji), which represent
the energies of the constituents in the mean ˇeld, should be determined from the solution of
the Dirac equation:√

λi + m2
i ψi(ri) = [(αipi) + βi(mi + V0) + V1] ψi(ri), (2)

with Ei(nr
i , ji) =

√
λi + m2

i , V0(r) = σr/2 and V1(r) = −2αs/3r, where the model
parameters mi, σ and αs have meanings of the quark mass, string tension and the strong
coupling constant at small distances, correspondingly, and λi are found from the solution of
the radial equation of the model. Note that the addition of some constant to the scalar linear
conˇning potential V0(r) is equivalent to the addition of the same constant to the quark mass
and vice versa, while the addition of some constant to the vector quasi-Coulombic potential
V1(r) is equivalent to the energy shift of the opposite sign.

It is well known that the solutions of Eq. (2) with the total angular momentum j and its
projection m can be represented as

ψ(r) ∝
(

f(r)Ωm
jl (n)

−ig(r)(σn)Ωm
jl (n)

)
,

where n = r/r, the subscript i here and below is omitted.
Further on we restrict ourselves only to the evaluation of the S-wave q̄q-mesons charac-

teristics (i. e., pseudoscalar and vector mesons, ji = j2 = 1/2), because they are described by
the simplest version of the model and the results obtained can be compared with the extensive
set of accurate data [1], especially for heavy vector mesons. Using Eq. (2), one can derive
the second-order equation for the ®large¯ component f(r), and then, making a substitution

ϕ(r) = rf(r)
[
V0(r) − V1(r) + m +

√
λ + m2

]−1/2

,

one comes on to the model S-wave radial equation for ϕ(r) in the following form:

ϕ
′′

+ λϕ =


 − 4αs

√
λ + m2

3r
−

(
2αs

3r

)2

+ mσr +
(σr

2

)2

−

−

[
σr

2

(
m +

√
λ + m2

)
+

(σr

4

)2

+
5αsσ

6
− α2

s

3r2

]
[
2αs

3
+ r

(
m +

√
λ + m2

)
+

σr2

2

]2




ϕ. (3)
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It should be noted that the terms Ei(nr
i , ji), i = 1, 2, and E0m in Eq. (1) represent the

main contributions to the energy of the system due to the interaction of the constituents
with the mean ˇeld and the mean ˇeld energy, respectively. However, it is obvious that the
constituent energies Ei(nr

i , 1/2) are the same for the 1−− and 0−+ mesons with the identical
radial quantum numbers, and the mass differences are the result of the spinÄspin interaction
and the different values of the E0m terms for some mesons.

In order to estimate the spinÄspin interaction between quark and antiquark, we take into
account the following expression for the interaction of this type, which has been used in the
relativized quark model [10]:

VS1S2 =
32παsS1S2

9E1E2
δ3(r), (4)

where S1 and S2 are the spin operators and E1 and E2 are the energies of quark and
antiquark, respectively. Evaluation of the expectation value of this operator in the ˇrst
order of perturbation theory for the wave functions of quark and antiquark shows that this
expectation value is a slowly varying function versus E1 and E2 and depends mainly on the
total spin of quarkÄantiquark system and the strong coupling constant αs. So one may use the
modiˇed mass formula for S-wave 1−− and 0−+ mesons, which takes into account spinÄspin
interaction between quark and aniquark, in the following form:

Mm = E0m + E1(nr
1, 1/2) + E2(nr

2, 1/2) + 4〈S1S2〉q1 q̄2VSS , (5)

where VSS is proportional to αs with some constant v0S . As our calculations show, the E0m

values are the same and equal zero for the majority of mesons from 0−+ and 1−− families,
both for ground states and for their radial excitations. The exclusions take place only for
some special cases, which will be discussed below.

During evaluation of spinÄspin interaction contribution and determination of the model
parameters, one should take into account systematic errors of the considered model in meson
masses calculations. These errors are due to theoretical approximations (note that the isotopic
mass splitting for u and d quarks is neglected) and experimental errors of meson masses
values. These estimations give the systematic errors of this model at the level of 30÷40 MeV.
Although in some cases for vector heavy mesons the contributions of spinÄspin interaction
are less than the model precision, nevertheless for pseudoscalar mesons, especially for light
ones, the spinÄspin contributions should be taken into account. It is known that in the
case of isoscalar mesons, which are neutral with respect to �avour quantum numbers, the
additional terms due to the annihilation interaction for quark and antiquark appear [9Ä11].
But in the framework of the model under consideration there is a possibility of including
these contributions into E0m terms.

When evaluating the masses for the pseudoscalar mesons, we follow the procedure
described above and the results obtained in Ref. 6. The string tension has been put to
(0.20±0.01) GeV2 and the joint ˇtting of vector and pseudoscalar mesons mass spectra leads
to the presented below values of model parameters:
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Evaluated masses in MeV for the ground states and the radial excitations of the pseudoscalar q̄q′

mesons in comparison with the data from Ref. 1

Meson Mexp
n M th

n Meson Mexp
n M th

n Meson Mexp
n M th

n

π 138± 3.1 120 π′ 1300±100 1290 π′′ 1801±13 1810

K 495± 3 500 K′ Å 1400 K′′ Å 1850

D 1867.7± 0.5 1850 D′ Å 2450 D′′ Å 2880

Ds 1968.6± 0.6 1990 D′
s Å 2560 D′′

s Å 2950

ηc 2979.8± 2.1 2990 η′
c 3594±5 3600 η′′

c Å 3970

B 5279± 1.8 5250 B′ Å 5650 B′′ Å 6070

Bs 5369.6± 2 5370 B′
s Å 5750 B′′

s Å 6130

Bc 6400± 100 6450 B′
c Å 6800 B′′

c Å 7150

ηb 9300± 40 9330 η′
b Å 9960 η′′

b Å 10320

m̄u,d = (0.01 ± 0.008) GeV, αu,d
s = 0.60 ± 0.15,

ms = (0.17 ± 0.05) GeV, αs
s = 0.47 ± 0.10,

mc = (1.40 ± 0.05) GeV, αc
s = 0.35 ± 0.03,

mb = (4.75 ± 0.10) GeV, αb
s = 0.25 ± 0.02.

Moreover, we have found that a suitable ˇt within the model accuracy for masses of
pseudoscalar mesons, which are composed of quark and antiquark with u, d, s, c or b �avours
[1], is provided by the following values of E0m parameter:

E0(ηc) = E0(J/Ψ) = −150 MeV, E0(K) = −200 MeV,

E0(π) = E0(ηb) = E0(Υ) = −450 MeV.

The values of E0m for the ground states 0−+ and 1−− mesons, which were not pointed
out above, as well as for the radial excitations of 0−+ and 1−− mesons within the model
accuracy may be set to zero. Besides that, the magnitude of the spinÄspin interaction constant
v0S is equal to 100 MeV.

The results obtained for meson masses M th
m are presented in the table. Let us consider the

ηb-meson mass value, which can be estimated in the framework of this model. In the cases of
ηb and Υ mesons, in order to calculate their masses with the expression (5) one should take
nonzero and equal value of E0m term. The same situation occurs for ηc and J/Ψ mesons. So
the ηb-meson mass must be less than the Υ-meson mass due to spinÄspin interaction and its
value must be of the order of 9.3 GeV. The same conclusion has been made in the framework
of other models too; for instance, in Ref. 10 the value of ηb-meson mass is 9.4 GeV. The ηb

meson has been observed for the ˇrst time recently [1] and the experimental value of its mass
is equal to 9.3 GeV.

It is useful to compare the mass values of the radial excitations evaluated with the formula
(5) and shown in the table with the values obtained in the framework of other theoretical
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approaches [10, 12Ä14]. In Ref. 12 on the basis of ˇnite energy sum rules and the 1/Nc

expansion, the mass formula for the radial excitations of π meson was found in the following
form: m2

πn
= nm2

π′ , n = 1, 2, ..., where mπ′ is the mass value of π′, the ˇrst radial excitation
of π meson. According to this formula, the mass values for the three ˇrst π-meson excitations
are 1.3 [1], 1.84 and 2.25 GeV. In Refs. 13, 14 the mass values for the radial excitatious for
light mesons were obtained with the help of the radial Regge trajectories. For instance, the
masses for π-meson radial excitations are 1.37, 1.8, 2.07 GeV. In Ref. 10 the evaluation of the
radial excitations masses was performed by means of the rest-frame Schréodinger-type equation
with the one-gluon-exchange-plus-linear-conˇnement potential with relativistic corrections. It
is worth listing the obtained in Ref. 10 values for some pseudoscalar mesons excitations:
π-meson excitations are 1.3, 1.88 GeV, K-meson excitations are 1.45, 2.0 GeV, D-meson
excitation is 2.58 GeV, Ds-meson excitation is 2.67 GeV, B-meson excitation is 5.9 GeV,
Bs-meson excitation is 5.98 GeV and Bc-meson excitation is 6.85 GeV. Note that, if the
second π-meson radial excitation has its mass value in the 1800 MeV region, than the second
ρ-meson radial excitation must lie in the 1900 MeV region. The up-to-date situation with the
spectroscopical identiˇcation of the second ρ-meson radial excitation is discussed in Ref. 15.

We come to the conclusion that the values of masses for the pseudoscalar mesons obtained
with suitable accuracy in the framework of our model do not contradict similar values obtained
with the help of other methods and, moreover, in some cases they are in better agreement
with the existing data. The calculated mass values can be used for search of unobserved
radial excitations of pseudoscalar mesons.
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