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TOPOLOGICAL CHARGE AND TOPOLOGICAL
SUSCEPTIBILITY IN CONNECTION

WITH TRANSLATION AND GAUGE INVARIANCE
A. M. Kotzinian 1, O. Yu. Shevchenko 2, A. N. Sissakian 3

Joint Institute for Nuclear Research, Dubna

It is shown that the evaluation of the expectation value (EV) of topological charge density over
θ vacuum is reduced to investigation of the ChernÄSimons term EV. An equation for this quantity
is established and solved. EV of the topological charge density at an arbitrary θ occurs to be equal
to zero at least in the pure YangÄMills (YM) and QCD in the chiral limit (QCDχ) theories. As a
consequence, topological susceptibilities of both YM and (known result) QCDχ vacua deˇned in a
Wick sense are equal to zero, whereas, when deˇned in a Dyson sense, they can differ from zero by
the quantities proportional to the respective condensates of the chromomagnetic ˇeld. Thus, the usual
WittenÄVeneziano formula for the η′-meson mass is modiˇed.

�µ± § ´µ, ÎÉµ ¢ÒÎ¨¸²¥´¨¥ ¢¥²¨Î¨´Ò µ¦¨¤ ´¨Ö Éµ¶µ²µ£¨Î¥¸±µ£µ § ·Ö¤  ¶µ θ-¢ ±ÊÊ³Ê ¸¢µ¤¨É¸Ö
± ¨¸¸²¥¤µ¢ ´¨Õ µ¦¨¤ ´¨Ö ¶µ θ-¢ ±ÊÊ³Ê Î¥·´-¸ °³µ´µ¢¸±µ£µ Î²¥´ . “· ¢´¥´¨¥ ¤²Ö ÔÉµ° ¢¥²¨Î¨´Ò
¶µ²ÊÎ¥´µ ¨ ·¥Ï¥´µ. �¦¨¤ ´¨¥ ¶µ θ-¢ ±ÊÊ³Ê ¶²µÉ´µ¸É¨ Éµ¶µ²µ£¨Î¥¸±µ£µ § ·Ö¤  ¶·¨ ¶·µ¨§¢µ²Ó-
´µ³ §´ Î¥´¨¨ ¶ · ³¥É·  θ µ± §Ò¢ ¥É¸Ö · ¢´Ò³ ´Ê²Õ, ¶µ ±· °´¥° ³¥·¥, ¢ Î¨¸Éµ ± ²¨¡·µ¢µÎ´µ°
É¥µ·¨¨ Ÿ´£ ÄŒ¨²²¸  ¨ Š•„ ¢ ±¨· ²Ó´µ³ ¶·¥¤¥²¥. ‚¸²¥¤¸É¢¨¥ ÔÉµ£µ Éµ¶µ²µ£¨Î¥¸±¨¥ ¢µ¸¶·¨¨³Î¨-
¢µ¸É¨ ± ± ¢ ±ÊÊ³  É¥µ·¨¨ Ÿ´£aÄŒ¨²²¸a, É ± ¨ ¢ ±ÊÊ³  (¨§¢¥¸É´Ò° ·¥§Ê²ÓÉ É) Š•„ ¢ ±¨· ²Ó´µ³
¶·¥¤¥²¥ µ± §Ò¢ ÕÉ¸Ö · ¢´Ò³¨ ´Ê²Õ, ¥¸²¨ µ´¨ µ¶·¥¤¥²¥´Ò ¢ ®¢¨±µ¢¸±µ³¯ ¸³Ò¸²¥, ¢ Éµ ¢·¥³Ö ± ±
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢µ¸¶·¨¨³Î¨¢µ¸É¨, µ¶·¥¤¥²¥´´Ò¥ ¢ ®¤ °¸µ´µ¢¸±µ³¯ ¸³Ò¸²¥, ³µ£ÊÉ µÉ²¨Î ÉÓ¸Ö µÉ
´Ê²Ö ¢±² ¤ ³¨, ¶·µ¶µ·Í¨µ´ ²Ó´Ò³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ±µ´¤¥´¸ É ³ Ì·µ³µ³ £´¨É´µ£µ ¶µ²Ö. ’ ±¨³
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The effects connected with the nontrivial topological conˇgurations of the gauge ˇelds
attract a great attention in modern physics. In this respect the QCD topological susceptibility
χQCD =

∫
d4x〈Tq(x)q(0)〉 is the quantity of a special importance because it enters as a key

object in a lot of physical tasks, in particular, in such important puzzles as a famous U(1)
problem [1Ä5] (see [6] for a recent review) and the ®spin crisis¯ [7]. In the equation for
χ, q(x) is the topological charge density q(x) = (g2/32π2)F a

µν(x)F̃µν
a (x) related with the

ChernÄSimons current, Kµ(x) by q(x) = ∂µKµ(x), where Kµ = (g2/32π2)εµνρσAa
ν(F a

ρσ−
(g/3)fabcA

b
ρA

c
σ).

It is well known that topological susceptibility χQCD is equal to zero in all orders of
perturbation theory and, also, that this quantity is just zero in the presence of even one
massless quark (Crewther theorem [2]).
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In this paper the consideration based on the fundamental translation and gauge symmetries
will be performed which will allow us to draw some unexpected conclusions about the
topological charge and susceptibility.

Let us prove the following statement.
EV of the topological charge density (θ|q(0)|θ) = (1/V T )(θ|Q|θ) over θ vacuum with an

arbitrary θ is equal to zero if EV of operator Kµ(0) over θ vacuum exists, i. e., |(θ|Kµ(0)|θ)| <
∞, where symbol |θ) denotes the θ-vacuum state normalized to unity:

(θ|θ) = 1. (1)

This statement directly follows from translation invariance of θ vacuum:

(θ|q(0)|θ) = (θ|∂µKµ(0)|θ) =

= −i(θ|[P̂µ, Kµ(0)]|θ) = −i(Pµ
θ − Pµ

θ )(θ|Kµ(0)|θ) = 0. (2)

The key point here is the condition |(θ|Kµ(0)|θ)| < ∞ which, as we will see below, in
A0 = 0 gauge is equivalent to the condition

|(θ|WCS(0)|θ)| < ∞, (3)

where WCS(t) ≡
∫

d3xK0(x) is the ChernÄSimons operator (see [8] for review). However, as
we will see, within the conventional formulation of θ-vacuum theory a rather amazing situation
arises. On the one hand, the condition (3) is not satisˇed due to the gauge noninvariance of
the operator WCS with respect to the ®large¯, topologically nontrivial gauge transformations.
Nevertheless, despite EV 〈θ′|WCS(0)|θ〉 is more singular function than δ(θ′ − θ) at θ′ → θ
(namely, it behaves as δ′(θ′ − θ) in this limit), the EV of the topological charge density over
θ vacuum is just zero again.

Since we deal with the gauge-invariant quantity (EV of the topological charge), let us
choose the Weyl gauge A0 = 0, which allows us to essentially simplify a consideration.
Choosing the periodic boundary conditions in the space directions (topology of a hypercylinder
oriented along the time axis), one has∫

d3x ∂iKi(t,x) = 0, (4)

and the expression for the topological charge Q ≡
∫

d4xq(x) =
∫

d4x∂µKµ becomes (see,
for example, [8, 9]) Q = WCS(t = ∞) − WCS(t = −∞).

EV (θ|Ô|θ) of an arbitrary operator Ô over θ vacuum is deˇned as (see, for example,
[8, 9])

(θ|Ô|θ) = 〈θ|Ô|θ〉/〈θ|θ〉, (5)

where |θ〉 is, simultaneously, the eigenfunction of the full QCD Hamiltonian H and of the
unitary operator Tν of the large gauge transformations with a winding number ν:

H |θ〉 = Eθ|θ〉, (6)

Tν |θ〉 = e−iθν |θ〉; (7)
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i. e., the state |θ〉 is, up to a phase multiplier, gauge-invariant against the large gauge trans-
formations. Notice also that on the contrary to (1) the states |θ〉 are normalized as

〈θ′|θ〉 = δ(θ′ − θ), (8)

so that the prescription (5) reads

〈θ′|Ô|θ〉 = (θ|Ô|θ)δ(θ′ − θ); (9)

i. e., (θ|Ô|θ) is just the limit at θ′ → θ of the multiplier at δ function in the expression for
〈θ′|Ô|θ〉.

Since we are interested in the quantity

(θ|q(0)|θ) = (V T )−1(θ|Q|θ), (10)

we will keep the normalization factor (V T )−1. Using (4) and the Heisenberg equations, one
easily gets

(V T )−1〈θ′|Q|θ〉 = (V T )−1

∫
dt ei(Eθ′−Eθ)t〈θ′|

∫
d3xq(0,x)|θ〉 =

= 2π(V T )−1δ(Eθ′ − Eθ)〈θ′|ẆCS(0)|θ′〉 =

= 2π(V T )−1δ(Eθ′ − Eθ)〈θ′| − i[WCS(0), H ]|θ〉 =

= 2πi(V T )−1δ(Eθ′ − Eθ)(Eθ′ − Eθ)〈θ′|WCS(0)|θ〉, (11)

and, thus, the task now is to evaluate EV 〈θ′|WCS(0)|θ〉.
The remarkable property of the ChernÄSimons term is its transformation law under

topologically nontrivial (often called ®large¯ [8]) gauge transformations Ai → AΩν

i =
ΩνAiΩ−1

ν + ∂iΩνΩ−1
ν (i = 1, 2, 3; Ω = Ω(x)), with topological index (winding num-

ber) ν. Namely, the quantity WCS[A] is not gauge-invariant under such transformations but
transforms as

WCS[A] → WCS[AΩν ] = WCS[A] + ν; (12)

i. e., it only shifts by the winding number ν of the respective gauge transformation.
The compatibility of the quantum

WCS[AΩν ] = TνWCS[A]T +
ν = WCS(A) + [Tν, WCS(A)]T−1

ν (13)

and classical (12) gauge transformation laws of the ChernÄSimons term gives rise to the
commutation law 1

[Tν, WCS(t)] = [Tν , WCS(0)] = νTν . (14)

Now one already can evaluate 〈θ′|WCS(0)|θ〉. Indeed, due to the unitarity of the operator
Tν and Eq. (7), one has

〈θ′|[Tν , WCS(0)]|θ〉 =
(

e−iνθ′ − e−iνθ
)
〈θ′|WCS(0)|θ〉. (15)

1Here one uses [Tν , H] = 0.
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On the other hand, the commutation law (14) together with Eqs. (7), (8) give

〈θ′|[Tν , WCS(0)]|θ〉 = ν e−iνθδ(θ − θ′). (16)

Comparing (15) and (16), one gets the basic for what follows equation

1
ν

(
e−iν(θ′−θ) − 1

)
〈θ′|WCS(0)|θ〉 = δ(θ′ − θ). (17)

So, one has to solve the equation

1
ν

(
e−iνz − 1

)
f(z, θ) = δ2π(z), (18)

where z ≡ θ′ − θ; f(z, θ) ≡ 〈θ′|WCS(0)|θ〉, and δ2π(z) ≡ δ(θ′ − θ) is 2π-periodic δ function.
Expanding f(z, θ) and δ2π(z) in the Fourier series:

f(z, θ) =
1
2π

∞∑
n=−∞

f̃n(θ) einz, δ2π(z) =
1
2π

∞∑
n=−∞

einz , (19)

one easily obtains instead of (18) the difference equation for Fourier image f̃

f̃n+ν(θ) − f̃n(θ) = ν (20)

with the solution

f̃n(θ) = n + C(θ), (21)

where C(θ) is some arbitrary function of θ.
Thus, the general solution 1 of Eq. (17) reads 2

〈θ′|WCS(0)|θ〉 = −iδ′(θ′ − θ) + C(θ)δ(θ′ − θ), (22)

where δ′(θ′ − θ) = (i/2π)
∑

n ein(θ′−θ).
Since

lim
θ′→θ

(
2π

T
δ (Eθ′ − Eθ)

)
(Eθ′ − Eθ) = (Eθ − Eθ) = 0, (23)

the term C(θ)δ(θ′ − θ) in the solution (22) does not contribute to the coefˇcient at δ(θ′ − θ)
in the r. h. s. of (11) and, thus,

(V T )−1〈θ′|Q|θ〉 = 2π(V T )−1δ′(θ′ − θ) [(Eθ′ − Eθ) δ(Eθ′ − Eθ)] . (24)

1It is of importance that (22) is the solution of (17) only if the winding number ν is an arbitrary integer number
(the existence of the fractional winding numbers was advocated in [2]). Otherwise, one cannot perform the necessary
change n − ν → n in the sum

∑
n ei(n−ν)z .

2Notice that for any gauge-invariant operator [Tν , Og.inv] = 0 and, therefore, Eq. (17) is replaced by
[exp (−iνθ′) − exp (−iνθ)]〈θ′|Og.inv|θ〉 = 0 with the general solution 〈θ′|Og.inv|θ〉 = C(θ)δ(θ′ − θ).
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Considering θ′ as a variable whereas θ is kept ˇxed, one gets

(V T )−1〈θ′|Q|θ〉 = −2π(V T )−1δ(θ′ − θ)
∂E(θ′)

∂θ′
×

× [δ′(Eθ′ − Eθ)(Eθ′ − Eθ) + δ (Eθ′ − Eθ)], (25)

At ˇrst sight, the expression in the square brackets is equal to zero, since usually xδ′(x) =
−δ(x). However, this is not correct conclusion and one has to properly work with the genera-
lized function (Eθ′−Eθ)δ′(Eθ′ −Eθ) when one takes the limit θ′ → θ, i. e., (Eθ′ − Eθ) → 0.
Indeed, let us consider the generalized function

∆(x) ≡ xδ′(x). (26)

Then

∆(0) =

∞∫
−∞

dxδ(x)∆(x) ≡
∞∫

−∞

dxδ(x)[xδ′(x)] = −
∞∫

∞

dxδ(x)[δ(x) + xδ′(x)] =

= −
∞∫

∞

dxδ(x)∆(x) −
∞∫

∞

dxδ(x)δ(x) = −∆(0) − δ(0),

and, thus 1,

∆(0) ≡ [xδ′(x)]
∣∣∣
x=0

= −1
2
δ(0). (27)

In particular,

lim
θ′→θ

[(Eθ′ − Eθ)δ′(Eθ′ − Eθ)] = −1
2
δ(E = 0) = −1

2
T

2π
. (28)

In accordance with the general prescription (9) and Eqs. (10), (25), (28), one obtains

(θ|q(0)|θ) = −∂Eθ

∂θ

2π

V T

[
−1

2
T

2π
+

T

2π

]
= −1

2
∂ε(θ)
∂θ

, (29)

where

ε(θ) ≡ Eθ/V (30)

is the energy density of θ vacuum.
On the other hand, it is well known that the energy density ε(θ) is deˇned via the

functional integral as (see, for example, [5, 9])

ε(θ) = i(V T )−1 ln Wθ, (31)

1The quantity ∆(x) is equal to −δ(x) as a generalized function only in the convolution with a function F (x),
satisfying the condition xF ′(x)|x=0 = 0. However, this is just not the case for the choice F (x) = δ(x).
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where

W (θ) ≡
∫

DAD[ψ̄, ψ] exp i [SQCD + θQ] . (32)

In this picture, one has

(θ|q(0)|θ) = (V T )−1(θ|Q|θ) = −i(V T )−1 ∂W [θ]
∂θ

W−1[θ] = −∂ε(θ)
∂θ

, (33)

whereas the second derivative of ε(θ) with respect to θ just produces the topological suscep-
tibility Å the connected part of the two-point correlator of the topological charge densities at
zero momentum:

χθ =
∫

d4x(θ|Tq(x)q(0)|θ)conn = −(V T )−1 ∂2 ln Wθ

∂θ2
= i

∂2ε(θ)
∂θ2

, (34)

and χQCD = χ0.
It is easy to see now that the only way to reconcile Eqs. (29) and (33) is to put

(θ|q(0)|θ) = −∂ε(θ)
∂θ

= 0. (35)

Then one can see that the topological susceptibility deˇned by (34) is also equal to zero:

χθ = χ0 = 0. (36)

Let us now attempt to realize the obtained result. At ˇrst glance, Eq. (36) is in a severe
contradiction with a standard point of view [2Ä6] that the quantity χ must differ from zero
because it is directly connected with the solution of U(1) problem and mass of η′ meson is
explicitly expressed via topological susceptibility. However, the situation perhaps is not so
bad because of two important circumstances.

First point is that there exists the principal difference between purely gauge YM and
QCD with quarks theories. At ˇrst sight, nothing changes in the derivation of Eq. (35) if
one considers the full QCD case. However, one must be careful here because only in YM
theory the topological charge density q is renormalization group (RG) invariant: qB = qR ≡ q
[10]. On the contrary [10] (see also [4] and references therein), the topological charge density
operator in QCD with quarks is not RG-invariant and mixes under renormalizations with the
divergence of the �avor singlet anomalous current Jµ5. So, one cannot at once conclude that
Eq. (35) holds in QCD with massive quarks, and one can with conˇdence use here only the
information given by the unrenormalizable anomalous Ward identities. In particular, these
identities predict the well-known result that 1 the topological charge density EV over θ vacuum
is just zero in massless QCD. So, one arrives at the important conclusion. Eq. (35) and, as
an immediate consequence, Eq. (36) are not necessarily valid in the full QCD case but are
valid at least in the pure gauge YM theory (where topological charge is RG-invariant operator

1The simplest way to see this is to notice that, if even one quark mass is equal to zero, then the all θ-dependence
in the functional integral representation of all Green functions can be just removed by the simple chiral transformation
of the fermionic variables.
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and there are no chiral Ward identities), and, also, in the chiral limit QCD (QCDχ), where
all θ-dependence is trivial and just removed, performing the respective chiral transformations,

so that 1 〈θ|q(0)|θ〉
∣∣∣
QCDχ

= 〈0|q(0)|0〉
∣∣∣
QCDχ

= 0.

The second point is that there exist two different topological susceptibilities in accordance
with the different sense of the time-ordering operation in the respective correlators.

Let us remind that the functional integral representation (31)Ä(34) for a correlator means
that the respective T product in this correlator must be realized as the Wick (TW ) time-
ordering operation, in which all the derivatives are applied after the calculation of the ˇeld
convolutions (see [5] for the excellent review on this question). On the contrary, the Dyson
T -ordering of two arbitrary operators A(x) and B(y) (no matter composite or not) simply
looks as

TD[A(x)B(y)] = θ(x0 − y0)A(x)B(y) + θ(y0 − x0)B(y)A(x). (37)

So, actually Eq. (36) has to be read as 2

χW
θ

∣∣∣
YM,QCDχ

= χW
0

∣∣∣
YM,QCDχ

= 0, (38)

where

χW
θ ≡

∫
d4x[(θ|TW [q(x)q(0)]|θ)conn = i

∂2ε

∂θ2
, (39)

but it does not mean at all that the Dyson topological susceptibilities in these theories

χD
θ =

∫
d4x[(θ|TDq(x)q(0)|θ) − (θ|q(0)|θ)2] =

∫
d4x(θ|TDq(x)q(0)|θ)conn (40)

are also equal to zero.
Indeed, the connection between Wick and Dyson susceptibilities was found in [5], using

the stationary perturbation theory in powers of θ, with a result

χW
0 = i

∂2ε

∂θ2

∣∣∣
θ=0

= χD
0 + i(0|

(
g2

8π2
Ba

)2

|0); (41)

i. e., these susceptibilities differ by the condensate of the chromomagnetic ˇeld Ba. Thus,
even despite that, in accordance with (38), the quantities χW

0 are equal to zero, the Dyson
topological susceptibilities χD

0 can differ from zero by the nonzero values of the chromomag-
netic condensates:

χD
0

∣∣∣
YM,QCDχ

= −i(0|
(

g2

8π2
Ba

)2

|0)
∣∣∣
YM,QCDχ

. (42)

1The fact that VEV of q(0) over nonperturbative but topologically trivial, CP -invariant vacuum |0) is just zero
is obvious, since q(x) is a pseudoscalar.

2The result χW
0

∣
∣
∣
QCDχ

= 0 is well known and has been intensely exploited (see, for example, [2Ä7]).
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On the other hand, it is well known that Dyson T product of two arbitrary operators can
be represented as the sum over intermediate states with a result

∫
d4x eikx(0|TD(A(x)B(0))|0)conn =

∑
n

(0|A(0)|n(k))(n(k)|B(0)|0)
i

k2 − m2
n

+

+ two particle contributions (k2 = k2
0 − k2). (43)

As was shown by Witten [3] (see [10], Sec. 5.1, for review), only the one particle contributions
survive in the sum over intermediate states in the large Nc limit. So,

χD
0

∣∣
QCD

=
∫

d4x (0|TDq(x)q(0)|0)conn

∣∣
QCD

=

= lim
k→0


 ∑

n=mesons

|(0|q(0)|n(k))|2 i

k2 − m2
+

∑
l=glueballs

|(0|q(0)|l(k))|2 i

k2 − m2


 =

= χD
0

∣∣
YM

+
∑

n=mesons

|(0|q(0)|n)|2 −i

m2
n

, (44)

and, in the leading order of χPT where [6]

(0|q(0)|η′) = (0| 1
2Nf

∂µJ5
µ|η′) =

1
2Nf

fη′m2
η′ , (45)

one gets instead of WittenÄVeneziano [3, 4] formula 1

m2
η′ = −i

4N2
f

f2
η′

(χD
0

∣∣
YM

− χD
0

∣∣
QCDχ

) =

=
4N2

f

f2
η′

[
(0|

(
g2

8π2
Ba

)2

|0)
∣∣∣∣
QCDχ

− (0|
(

g2

8π2
Ba

)2

|0)
∣∣∣∣
YM

]
. (46)

It is of importance and seems to be a serious argument in support of our model-independent
consideration (based on the general principles of translational and gauge invariance) that very
similar results concerning η′-meson mass were obtained within the different QCD-inspired
models. These are Cheshire cat principle model [12] and, also, squeezed gluon vacuum
[13] and monopole vacuum [14] models (compare 2 Eq. (46) with Eq. (14) of Ref. [12] and,
especially, with Eqs. (22) and (26) of Refs. [13] and [14], respectively).

Thus, we get a rather unexpected result: topological susceptibilities of both YM and
(known result) QCDχ vacua deˇned in a Wick sense are equal to zero, whereas the Dyson
topological susceptibilities are just proportional to the respective chromomagnetic condensates.
The last circumstance allows one to get the mass formula (46) for the η′ meson which directly

1One can show (it will be published elsewhere) that the second term in Eq. (46) is just equal to zero and only
QCDχ chromomagnetic condensate survives in the mass formula.

2Comparing these formulas, one has to use that αs = g2/4π and f
η
′ =
√

2Nf fπ .
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expresses its mass via the difference of the respective chromomagnetic condensates with and
without quark inclusion.
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