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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°, „Ê¡´ 

‚ µ¡§µ·¥ µ¡¸Ê¦¤ ÕÉ¸Ö ¶·¥¨³ÊÐ¥¸É¢  Ë ¤¤¥¥¢¸±µ° ¤¨ËË¥·¥´Í¨ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ § -
¤ Î¨ É·¥Ì ±¢ ´Éµ¢ÒÌ Î ¸É¨Í, ¤ ¥É¸Ö ¢¢¥¤¥´¨¥ ¢ É¥µ·¨Õ ¸¶² °´-ËÊ´±Í¨°,  ´ ²¨§¨·ÊÕÉ¸Ö ¨§¢¥¸É-
´Ò¥ ¨ ¶·¥¤² £ ÕÉ¸Ö ´µ¢Ò¥ ¸¶² °´- ²£µ·¨É³Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³
¡ §¨¸¥. �¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¶·µ¡²¥³ ³ ¶µÉµÎ¥Î´µ° ¸¶² °´- ¶¶·µ±¸¨³ Í¨¨ ¨ É¥¸É¨·µ¢ -
´¨Ö ¸¶² °´- ²£µ·¨É³µ¢.

In the review, the advantages of the Faddeev differential formulation of three-body problem are
discussed, an introduction into the spline-function theory is given, known and new spline-algorithms
for solving the Faddeev equations in the bispherical basis are analyzed and proposed. A special
attention is paid to the problems of the point-by-point spline-approximation and a testing of the
spline-algorithms.

‘¢¥É²µ° ¶ ³ÖÉ¨
‘. �. Œ¥·±Ê·Ó¥¢ 
¶µ¸¢ÖÐ ¥É¸Ö

‚‚…„…�ˆ…

Š ± ¨§¢¥¸É´µ, ¨¸¸²¥¤µ¢ ´¨Ö ‹. „. ” ¤¤¥¥¢  [1, 2] ¨ �. Ÿ. Ÿ±Ê¡µ¢¸±µ£µ [3]
µ± § ²¨¸Ó ËÊ´¤ ³¥´Éµ³ ¤²Ö ¸É ´µ¢²¥´¨Ö ³ É¥³ É¨Î¥¸±¨ ±µ··¥±É´µ° É¥µ·¨¨
· ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±µ²Ó±¨Ì Î ¸É¨Í [4,5], ¶µ¤Î¨´ÖÕÐ¨Ì¸Ö § ±µ´ ³ ±¢ ´-
Éµ¢µ° ³¥Ì ´¨±¨ [6]. „¨ËË¥·¥´Í¨ ²Ó´ Ö Ëµ·³Ê²¨·µ¢±  ÔÉµ° É¥µ·¨¨ ´¥· §-
·Ò¢´µ ¸¢Ö§ ´  ¸ ¨³¥´¥³ ¶·µË¥¸¸µ·  ‘É ´¨¸² ¢  �¥É·µ¢¨Î  Œ¥·±Ê·Ó¥¢ . …£µ
µ¸´µ¢µ¶µ² £ ÕÐ¨° ¢±² ¤ [7Ä15] ¢ ¸¶¥±É· ²Ó´ÊÕ É¥µ·¨Õ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ” ¤¤¥¥¢  [5Ä18] ¤²Ö ¸¨¸É¥³ ´¥¸±µ²Ó±¨Ì ´¥°É· ²Ó´ÒÌ [7] ¨ § -
·Ö¦¥´´ÒÌ [8Ä15] Î ¸É¨Í ¨ ¥£µ ¢±² ¤ [7, 19Ä24] ¢ · §¢¨É¨¥ Î¨¸²¥´´ÒÌ ³¥-
Éµ¤µ¢ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨° ´¥¢µ§³µ¦´µ ¶¥·¥µÍ¥´¨ÉÓ. Š ÔÉ¨³ ³¥Éµ-
¤ ³ µÉ´µ¸ÖÉ¸Ö  ²£µ·¨É³Ò [5, 7, 19Ä22, 25Ä29], ¸É ·ÉÊÕÐ¨¥ ¸ ±² ¸¸¨Î¥¸±µ°
±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ [31, 32],
¨  ²£µ·¨É³Ò [24, 33Ä47], µ¸´µ¢ ´´Ò¥ ´  ¸¶² °´-ËÊ´±Í¨ÖÌ [32, 48Ä52]. ‘· ¢-
´¨É¥²Ó´Ò°  ´ ²¨§ ¸¶² °´- ²£µ·¨É³µ¢ [33Ä39] ·¥Ï¥´¨Ö ¤¢Ê³¥·´ÒÌ Ê· ¢´¥-
´¨° ” ¤¤¥¥¢  ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥ ¨ µ¶¨¸ ´¨¥ ´µ¢ÒÌ ³µ¤¨Ë¨± -
Í¨° ÔÉ¨Ì  ²£µ·¨É³µ¢ Å £² ¢´ Ö Í¥²Ó ´ ¸ÉµÖÐ¥° · ¡µÉÒ, ´ ¶¨¸ ´´µ° ¢ ¶ -
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³ÖÉÓ µ ‘. �. Œ¥·±Ê·Ó¥¢¥ ¨ ¶·µ¤µ²¦ ÕÐ¥° ¸¥·¨Õ µ¡§µ·µ¢ [53Ä56], ¶µ¸¢Ö-
Ð¥´´ÒÌ ¸µµÉ¢¥É¸É¢¥´´µ ¤ ²Ó´µ¤¥°¸É¢ÊÕÐ¨³ ¶µÉ¥´Í¨ ² ³ [53], ´¨§±µÔ´¥·-
£¥É¨Î¥¸±¨³  ¸¨³¶ÉµÉ¨± ³ [54],  ´ ²¨É¨Î¥¸±¨³ ³¥Éµ¤ ³ [55] ¨ µ¸µ¡Ò³ · §-
²µ¦¥´¨Ö³ [56] ¢ ¶·µ¡²¥³¥ ´¥¸±µ²Ó±¨Ì ±¢ ´Éµ¢ÒÌ Î ¸É¨Í. �´ ²¨§ ¸¶² °´-
 ²£µ·¨É³µ¢ [24, 40Ä47] ·¥Ï¥´¨Ö É·¥Ì³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¶·¥¤¶µ² £ ¥É¸Ö ¤ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ µ¡§µ·¥. �µ²ÓÏ¨´¸É¢µ µ¡µ§´ Î¥-
´¨°, ¶·¨´ÖÉÒÌ ¢ ¶·¥¤Ò¤ÊÐ¨Ì µ¡§µ· Ì [53Ä56] ¨ ¤·Ê£¨Ì · ¡µÉ Ì [35Ä37,57Ä69]
 ¢Éµ· , ¶µ¸¢ÖÐ¥´´ÒÌ ËÊ´±Í¨µ´ ²Ó´Ò³ ¨  ¸¨³¶ÉµÉ¨Î¥¸±¨³ · §²µ¦¥´¨Ö³ ¤²Ö
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥, ¸µÌ· ´¥´Ò ¢ ´ ¸ÉµÖÐ¥³
µ¡§µ·¥.

„ ´´Ò° ¢ · §¤. 1 ±· É±¨° Ì·µ´µ²µ£¨Î¥¸±¨° µ¡§µ· · §¢¨É¨Ö ±¢ ´Éµ¢µ°
É¥µ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±µ²Ó±¨Ì Î ¸É¨Í, ¸É ·ÉÊÕÐ¥° ¸ µ¸´µ¢µ¶µ² -
£ ÕÐ¨Ì · ¡µÉ ‹. „. ” ¤¤¥¥¢  [1, 2] ¨ �. Ÿ. Ÿ±Ê¡µ¢¸±µ£µ [3], ¶·¥¤¸É ¢²Ö¥É¸Ö
´¥µ¡Ìµ¤¨³Ò³ ¶µ ¤¢Ê³ ¶·¨Î¨´ ³: ¢µ-¶¥·¢ÒÌ, ¤²Ö ¶µÖ¸´¥´¨Ö ¶·¥¨³ÊÐ¥¸É¢
Ê· ¢´¥´¨° ” ¤¤¥¥¢ ÄŸ±Ê¡µ¢¸±µ£µ ¶µ ¸· ¢´¥´¨Õ ¸ ³´µ£µÎ ¸É¨Î´Ò³ Ê· ¢´¥-
´¨¥³ ˜·¥¤¨´£¥·  ¨ ´¥±µÉµ·Ò³¨ ¥£µ ¶¥·¥Ëµ·³Ê²¨·µ¢± ³¨; ¢µ-¢Éµ·ÒÌ, ¤²Ö
¶µ¸²¥¤ÊÕÐ¥£µ ¸· ¢´¨É¥²Ó´µ£µ  ´ ²¨§  ¸¶² °´- ²£µ·¨É³µ¢ ·¥Ï¥´¨Ö ¤¢Ê³¥·-
´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥ É·¥Ì Î ¸É¨Í.

„²Ö ¸· ¢´¥´¨Ö  ²£µ·¨É³µ¢ ´¥µ¡Ìµ¤¨³µ ¢¢¥¤¥´¨¥ ¢ É¥µ·¨Õ ¸¶² °´µ¢.
� §¤. 2 ¶·¥¤² £ ¥É¸Ö Î¨É É¥²Õ ± ± Ô²¥³¥´É ·´µ¥ ¢¢¥¤¥´¨¥, ´ ¶¨¸ ´´µ¥ ¢ ¢¨¤¥
¨§²µ¦¥´¨Ö ¨§¢¥¸É´ÒÌ, ´µ ¨§¡· ´´ÒÌ, ¶·¨´Í¨¶¨ ²Ó´µ ¢ ¦´ÒÌ ¸ ¢ÒÎ¨¸²¨É¥²Ó-
´µ° ÉµÎ±¨ §·¥´¨Ö ¸¢µ°¸É¢ ¸¶² °´µ¢ [32,48Ä52].

—Éµ¡Ò ³ ±¸¨³ ²Ó´µ · ¸Ï¨·¨ÉÓ ±·Ê£ ¢µ§³µ¦´ÒÌ Î¨É É¥²¥°, ¢ · §¤. 3 µ¶¨-
¸ ´Ò Éµ²Ó±µ  ²£µ·¨É³Ò ·¥Ï¥´¨Ö ¸ ³µ° ¶·µ¸Éµ° ¤¢Ê³¥·´µ° É·¥ÌÎ ¸É¨Î´µ°
§ ¤ Î¨,   ¨³¥´´µ § ¤ Î¨ ´  ¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ-
´µ¢ ¸ ´Ê²¥¢Ò³ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³. ’ ±µ¥ µ£· ´¨Î¥´¨¥ ´¨ ¢ ±µ¥°
³¥·¥ ´¥ ¸Ê¦ ¥É µ¡Ð´µ¸ÉÓ ¶µ¸²¥¤ÊÕÐ¨Ì ¢Ò¢µ¤µ¢, ´µ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É
¨ ¶µ¸²¥¤µ¢ É¥²Ó´µ¥ µ¶¨¸ ´¨¥, ¨ ¶µ´¨³ ´¨¥ ¶·¥¨³ÊÐ¥¸É¢ ¨ ´¥¤µ¸É É±µ¢ ¨§-
¢¥¸É´ÒÌ ¤¨¸±·¥É´ÒÌ  ´ ²µ£µ¢ [7,19Ä27,33Ä47] ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢ . „²Ö ÔÉ¨Ì  ´ ²µ£µ¢ ¤µ ¸¨Ì ¶µ· ´¥ Ê¸É ´µ¢²¥´Ò ´¨ ±·¨É¥·¨°, ´¨ ¤µ-
¸É ÉµÎ´Ò¥ Ê¸²µ¢¨Ö ± ±µ°-²¨¡µ ¸Ìµ¤¨³µ¸É¨ ¢ÒÎ¨¸²Ö¥³µ£µ ´  § ¤ ´´µ° ¸¥É±¥
Ê§²µ¢ ·¥Ï¥´¨Ö ± ¨¸±µ³µ³Ê. „µ É¥Ì ¶µ· ¶µ±  É¥µ·¥³Ò ¸Ìµ¤¨³µ¸É¨ ´¥ ¤µ-
± § ´Ò, ¶·¥¤¸É ¢²Ö¥É¸Ö  ±ÉÊ ²Ó´Ò³ ¨ ´¥µ¡Ìµ¤¨³Ò³ Î¨¸²¥´´µ¥ É¥¸É¨·µ¢ ´¨¥
¤¨¸±·¥É´ÒÌ  ´ ²µ£µ¢ ´  ¶µÉµÎ¥Î´ÊÕ ¸Ìµ¤¨³µ¸ÉÓ.

‚ ¶. 3.7 ¶·¥¤¸É ¢²¥´Ò µ·¨£¨´ ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ µ¤´µ£µ ¨§ ¢µ§³µ¦´ÒÌ
É¥¸Éµ¢ ¤¢ÊÌ ¸¶² °´- ²£µ·¨É³µ¢ [36,37]. ’¥¸É § ±²ÕÎ ¥É¸Ö ¢ ¶µÉµÎ¥Î´µ³ ¸· ¢-
´¥´¨¨ ¢ÒÎ¨¸²¥´´ÒÌ ·¥Ï¥´¨° § ¤ Î¨ É·¥Ì Î ¸É¨Í ¸ ¶µÉ¥´Í¨ ² ³¨ Í¥´É·µ-
¡¥¦´µ£µ É¨¶  ¸ ¨§¢¥¸É´Ò³¨ ÉµÎ´Ò³¨ ·¥Ï¥´¨Ö³¨ [66] ÔÉµ° ¦¥ § ¤ Î¨. ’ ±¨³
µ¡· §µ³, ¤¥³µ´¸É·¨·Ê¥É¸Ö ¶·¨±² ¤´ Ö §´ Î¨³µ¸ÉÓ ÉµÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°
” ¤¤¥¥¢  ± ± ÔÉ ²µ´´ÒÌ ¤²Ö µÉ² ¤±¨ ¨  ´ ²¨§  Î¨¸²¥´´ÒÌ  ²£µ·¨É³µ¢.

‚ · §¤. 4 ¢Ò¢µ¤ÖÉ¸Ö ´µ¢Ò¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¨ µ¤´µ³¥·´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¢µ§´¨± ÕÐ¥£µ ¶·¨ · ¸Ï¨·¥-
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´¨¨ [64Ä67] ¤¨ËË¥·¥´Í¨ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ § ¤ Î¨ É·¥Ì Î ¸É¨Í ´  ¸²ÊÎ °
¢§ ¨³µ¤¥°¸É¢¨° Í¥´É·µ¡¥¦´µ£µ É¨¶ .

‚ ´ ¸ÉµÖÐ¥³ µ¡§µ·¥ µ¸µ¡µ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´µ É¥³ ¢µ¶·µ¸ ³, ±µÉµ·Ò¥
Ë¨§¨±¨-É¥µ·¥É¨±¨, ¨§-§  ¦¥² ´¨Ö ¨³¥ÉÓ ¤¥²µ ¸ ³ ±¸¨³ ²Ó´µ ¶·µ¸Éµ° Î¨¸²¥´-
´µ° ¸Ì¥³µ°, µ¡ÒÎ´µ ´¥ µ¡¸Ê¦¤ ÕÉ. ‘Ëµ·³Ê²¨·Ê¥³ ¤¢  É ±¨Ì ¢µ¶·µ¸ : ¸µµÉ-
¢¥É¸É¢Ê¥É ²¨ ¢ÒÎ¨¸²¥´´µ¥ ·¥Ï¥´¨¥ ¨¸±µ³µ³Ê Ë¨§¨Î¥¸±µ³Ê ·¥Ï¥´¨Õ, ± ±µ¢Ò
¶µ·Ö¤±¨ ¶µÉµÎ¥Î´µ° ¸Ìµ¤¨³µ¸É¨ ¢ÒÎ¨¸²Ö¥³µ£µ ·¥Ï¥´¨Ö ¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ
± ÉµÎ´µ³Ê ·¥Ï¥´¨Õ ¨ ¥£µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¶·µ¨§¢µ¤´Ò³ ¢ · §´ÒÌ µ¡² ¸ÉÖÌ
¨§³¥´¥´¨Ö  ·£Ê³¥´Éµ¢?

„²Ö ¡µ²ÓÏ¥° Ö¸´µ¸É¨  ´ ²¨§  ¤µ¢µ²Ó´µ µ¡Ñ¥³´µ£µ ³ É¥·¨ ²  µ¡¸Ê¦¤ ¥-
³Ò¥ ¸¢µ°¸É¢  ¸¶² °´µ¢ ¨ ¸¶² °´- ²£µ·¨É³µ¢ ¶µÖ¸´ÖÕÉ¸Ö  ¢Éµ·¸±¨³¨ § ³¥Î -
´¨Ö³¨, ³¥Éµ¤¨Î¥¸±¨³¨ ¶·¨³¥· ³¨ ¨ ·¨¸Ê´± ³¨.

1. ˆ�’…ƒ��‹œ�›… ˆ „ˆ””…�…�–ˆ�‹œ�›…
“��‚�…�ˆŸ ”�„„……‚�

Š ± ¶µ¤·µ¡´µ ¶µÖ¸´¥´µ ¢ ³µ´µ£· Ë¨¨ [4], µ¸´µ¢´µ¥ ¶·¥¶ÖÉ¸É¢¨¥, § ¤¥·-
¦ ¢Ï¥¥ µ¡µ¡Ð¥´¨¥ ¸¶¥±É· ²Ó´µ° É¥µ·¨¨ ¤²Ö µ¶¥· Éµ·  ˜·¥¤¨´£¥· 

H = H0 + V , V =
∑
i<j

Vij

´  ¸²ÊÎ ° É·¥Ì ¨ ¡µ²¥¥ ±¢ ´Éµ¢ÒÌ Î ¸É¨Í p1, p2, . . . , pN ¸µ ¸¢µ¡µ¤´Ò³ £ ³¨²Ó-
Éµ´¨ ´µ³ H0 ¨ ¶ ·´Ò³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ Vij , i < j = 1, 2, . . . , N , ¸¢Ö§ ´µ
¸ ´¥Ë·¥¤£µ²Ó³µ¢µ¸ÉÓÕ Ê· ¢´¥´¨° ‹¨¶¶³ ´ Ä˜¢¨´£¥·  ¤²Ö ¸µ¸ÉµÖ´¨° · ¸¸¥-
Ö´¨Ö ¨ ¤²Ö ·¥§µ²Ó¢¥´ÉÒ R ≡ (H − z)−1:

R(z) = R0(z) − R0(z)V R(z), R0(z) ≡ (H0 − z)−1. (1)

‚ 60-Ì ££. ÔÉÊ É·Ê¤´µ¸ÉÓ ¢¶¥·¢Ò¥ ¶·¥µ¤µ²¥² ‹. „. ” ¤¤¥¥¢, ¶·¥¤²µ¦¨¢Ï¨°
¢ [1, 2] Ë·¥¤£µ²Ó³µ¢Ò ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¸¨cÉ¥³Ò (p1, p2, p3) É·¥Ì
Î ¸É¨Í p1, p2 ¨ p3 ¸ ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨³¨ ¶µÉ¥´Í¨ ² ³¨ Vi ¢ ± ¦¤µ° ¶ ·¥
(pj , pk), (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2) ¨ ¶µ²´µ° Ô´¥·£¨¥° E. ‚ ¶·¥¤²µ-
¦¥´´µ³ ¶µ¤Ìµ¤¥ ¶ ·´Ò¥ ¶µÉ¥´Í¨ ²Ò Å § · ´¥¥ § ¤ ´´Ò¥ ËÊ´±Í¨¨, ¶ ·´Ò¥
t-³ É·¨ÍÒ ti Å ·¥Ï¥´¨Ö ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö Ê· ¢´¥´¨°

ti(z) = Vi − ViR0(z)ti(z), i = 1, 2, 3, z = E + i0, (2)

  É·¨ ±µ³¶µ´¥´ÉÒ Ti É·¥ÌÎ ¸É¨Î´µ° T -³ É·¨ÍÒ T = T1 +T2 +T3 Å ·¥Ï¥´¨Ö
¸¨¸É¥³Ò É·¥Ì Ê· ¢´¥´¨°

Ti(z) = ti(z) − ti(z)R0(z)
∑
k �=i

Tk, i = 1, 2, 3. (3)
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‚ ¨³¶Ê²Ó¸´µ³ ¶·¥¤¸É ¢²¥´¨¨ Ê· ¢´¥´¨Ö (2) ¨ (3) Ö¢²ÖÕÉ¸Ö Ï¥¸É¨³¥·-
´Ò³¨ ¨´É¥£· ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨. “£²µ¢ Ö ·¥¤Ê±Í¨Ö É ±¨Ì Ê· ¢´¥´¨° ¶µ-
¤·µ¡´µ µ¶¨¸ ´  ¢ [4] ¨ ¢Ò¶µ²´Ö¥É¸Ö ¢ ¤¢  ÔÉ ¶ . ‘´ Î ²  ËÊ´±Í¨¨ Vi, ti
¨ Ti § ³¥´ÖÕÉ¸Ö ¨Ì ·Ö¤ ³¨ ¶µ ¡¨¸Ë¥·¨Î¥¸±¨³ £ ·³µ´¨± ³ Y�m

ab (k̂i, q̂i), § -
¢¨¸ÖÐ¨³ µÉ ¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ É·¥Ì³¥·´ÒÌ ¨³¶Ê²Ó¸µ¢ Ÿ±µ¡¨ ki ¨ qi. ‡ -
É¥³ ¶µ²ÊÎ¨¢Ï¨¥¸Ö Ê· ¢´¥´¨Ö ¶·µ¥Í¨·ÊÕÉ¸Ö ´  É ±¨¥ £ ·³µ´¨±¨. ‚ ¨Éµ£¥ ¢¸¥
Ê£²µ¢Ò¥ ¶¥·¥³¥´´Ò¥ µÉ¤¥²ÖÕÉ¸Ö Ö¢´µ ¨ ¶µ²ÊÎ ÕÉ¸Ö ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥-
´¨Ö ¤²Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É ³ É·¨Í ti ¨ Ti. ‚ ¸ ³µ³ ¶·µ¸Éµ³ ¸²Ê-
Î ¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ ´Ê²¥¢Ò³ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³ ¨
S-¢µ²´µ¢Ò³¨ ¶µÉ¥´Í¨ ² ³¨ ¥¤¨´¸É¢¥´´Ò¥ ´¥É·¨¢¨ ²Ó´Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´-
ÉÒ t ≡ 〈Y00|ti|Y00〉 ¨ T̃ ≡ 〈Y00|Ti|Y00〉 ¶ ·´ÒÌ t-³ É·¨Í ¨ ±µ³¶µ´¥´É ³ É·¨ÍÒ
T ¶µ¤Î¨´ÖÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ µ¤´µ³¥·´µ³Ê ¨´É¥£· ²Ó´µ³Ê Ê· ¢´¥´¨Õ

t

(
k, k′; z − 3q2

4m

)
=

= V1(k − k′) +

∞∫
0

ds s2 V1(k − s)
z − s/m − 3q2/4m

t

(
s, k′; z − 3q2

4m

)
(4)

¨ ¤¢Ê³¥·´µ³Ê ¨´É¥£· ²Ó´µ³Ê Ê· ¢´¥´¨Õ

T̃ (k, q, k′, q′; z) = t

(
k, k′; z − 3q2

4m

)
δ(q − q′)+

+ 2

∞∫
0

s2 ds

∞∫
0

dp p2 t

(
k, s; z − 3p2

4m

)
T̃ (s, p, k′, q′; z)

z − s/m − 3p2/4m
. (5)

‚ · ¡µÉ¥ [2] ‹. „. ” ¤¤¥¥¢ ¶·¥¤²µ¦¨² ¤²Ö T -³ É·¨ÍÒ · §¡¨¥´¨¥

T =
3∑

i,j=1

Mij (6)

¨ Ê· ¢´¥´¨Ö ¤²Ö ¥¥ ¤¥¢ÖÉ¨ ±µ³¶µ´¥´É Mij

Mij(z) = ti(z) δij − ti(z)R0(z)
∑
k �=i

Mkj(z), i, j, k = 1, 2, 3. (7)

�± § ²µ¸Ó, ÎÉµ Ê¦¥ ¶µ¸²¥ µ¤´µ° ¨É¥· Í¨¨ ÔÉ¨ Ê· ¢´¥´¨Ö ¸É ´µ¢ÖÉ¸Ö ±µ³¶ ±É-
´Ò³¨, ·¥§µ²Ó¢¥´É  R ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¨Ì ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥:

R(z) = R0(z) − R0(z)
3∑

i,j=1

Mij(z)R0(z) , (8)

  ¶µ ¥¥ ¸¢µ°¸É¢ ³ µ¶·¥¤¥²ÖÕÉ¸Ö ¢¸¥ ¸¶¥±É· ²Ó´Ò¥ ¸¢µ°¸É¢  µ¶¥· Éµ·  H .
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Š²ÕÎ¥¢Ò³ ¶·¨¥³µ³ Ë ¤¤¥¥¢¸±µ£µ ¶µ¤Ìµ¤  ¡Ò²¨ · §¡¨¥´¨Ö T -³ É·¨ÍÒ ´ 
±µ³¶µ´¥´ÉÒ Ti ¨ Mij ,   ¶·¨´Í¨¶¨ ²Ó´µ ¢ ¦´Ò³¨ ³µ³¥´É ³¨ Å ¤µ± § É¥²Ó-
¸É¢µ µ¤´µ§´ Î´µ° · §·¥Ï¨³µ¸É¨ ¸¨¸É¥³ Ê· ¢´¥´¨° (3) ¨ (7) ¨ ¤µ± § É¥²Ó¸É¢µ
Ô±¢¨¢ ²¥´É´µ¸É¨ µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò (7) Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· 

(H0 + V )Ψ = EΨ. (9)

‚¶µ¸²¥¤¸É¢¨¨ · §¡¨¥´¨¥ (6) ¨ ¸¨¸É¥³  (7) µ± § ²¨¸Ó µ¸µ¡µ ¶²µ¤µÉ¢µ·´Ò³
¸·¥¤¸É¢µ³ ¤²Ö ¨§ÊÎ¥´¨Ö T -³ É·¨ÍÒ.

‚ 1967 £. O. Ÿ. Ÿ±Ê¡µ¢¸±¨°, ¨¸¶µ²Ó§ÊÖ É¥ ¦¥ ¶·¨¥³Ò, ·¥ ²¨§µ¢ ² ¢ [3]
´¥¶µ¸·¥¤¸É¢¥´´µ¥ µ¡µ¡Ð¥´¨¥ Ê· ¢´¥´¨° (3) ¨ (7) ´  ¸²ÊÎ ° Î¥ÉÒ·¥Ì ¨ ¡µ²¥¥
Î ¸É¨Í ¸ ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨³¨ ¶ ·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨.

�¢Éµ·Ò ¶µ¸²¥¤µ¢ ¢Ï¨Ì  ²ÓÉ¥·´ É¨¢´ÒÌ ¶µ¤Ìµ¤µ¢ [70Ä75] ± § ¤ Î¥ ´¥-
¸±µ²Ó±¨Ì Î ¸É¨Í ´¥ ¶·¨¢¥²¨ ´¨± ±¨Ì ¤µ± § É¥²Ó¸É¢ Ô±¢¨¢ ²¥´É´µ¸É¨ ¶·¥¤-
²µ¦¥´´ÒÌ ¨³¨ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¨¸Ìµ¤´Ò³ Ê· ¢´¥´¨Ö³ ˜·¥¤¨´£¥· .
„µ± § É¥²Ó¸É¢µ É ±µ° Ô±¢¨¢ ²¥´É´µ¸É¨ Ö¢²Ö¥É¸Ö ´¥¶·¥³¥´´Ò³ Ê¸²µ¢¨¥³ ³ -
É¥³ É¨Î¥¸±µ° ±µ··¥±É´µ¸É¨ É¥µ·¨¨ ¨ ¢Ò£µ¤´µ µÉ²¨Î ¥É É¥µ·¨Õ ” ¤¤¥¥¢ Ä
Ÿ±Ê¡µ¢¸±µ£µ µÉ ¢¸¥Ì ¤·Ê£¨Ì ¨§¢¥¸É´ÒÌ ± ´ ¸ÉµÖÐ¥³Ê ¢·¥³¥´¨ ¨´É¥£· ²Ó´ÒÌ
Ëµ·³Ê²¨·µ¢µ± § ¤ Î¨ ´¥¸±µ²Ó±¨Ì ±¢ ´Éµ¢ÒÌ Î ¸É¨Í.

‘Éµ¨É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ ¨³¥´´µ ¡² £µ¤ ·Ö ³ É¥³ É¨Î¥¸±µ° ±µ··¥±É´µ¸É¨
Ê· ¢´¥´¨° ” ¤¤¥¥¢ ÄŸ±Ê¡µ¢¸±µ£µ ÔÉ  § ¤ Î  ¥Ð¥ ¢ 60-Ì ££. ¸É ²  ¢Ò¤¥²ÖÉÓ¸Ö
¢ µ¸µ¡ÊÕ ¨ ¤µ¢µ²Ó´µ Ï¨·µ±ÊÕ µ¡² ¸ÉÓ ¨¸¸²¥¤µ¢ ´¨°, ¢ ±µÉµ·µ° ¢µ§³µ¦´ 
³ É¥³ É¨Î¥¸±¨ ¸É·µ£ Ö ¨ ¡¥§³µ¤¥²Ó´ Ö, ¥¸²¨ ´¥ ¸Î¨É ÉÓ µ¶·¥¤¥²¥´¨Ö ¶ ·´ÒÌ
¢§ ¨³µ¤¥°¸É¢¨°, ¶µ¸É ´µ¢±  ¶·µ¡²¥³Ò.

‘²¥¤ÊÕÐ¨³ ¨ µ¸µ¡¥´´µ ¸²µ¦´Ò³ ÔÉ ¶µ³ · §¢¨É¨Ö É¥µ·¨¨ ³ ²µÎ ¸É¨Î´ÒÌ
¸¨¸É¥³ µ± § ²µ¸Ó µ¡µ¡Ð¥´¨¥ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ ÄŸ±Ê¡µ¢¸±µ£µ
´  ¸²ÊÎ ° ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°, ±µ£¤  Ö¤·  ÔÉ¨Ì Ê· ¢´¥´¨° ¸É ´µ¢ÖÉ¸Ö
´¥Ë·¥¤£µ²Ó³µ¢Ò³¨. ‚ 1967 £. „¦. ‚. �µ¡² ¢ · ¡µÉ¥ [76] ¶·¥¤²µ¦¨² ³µ¤¨Ë¨-
Í¨·µ¢ ÉÓ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¶ÊÉ¥³ ¢±²ÕÎ¥´¨Ö ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨°
¢ ¸¢µ¡µ¤´ÊÕ ·¥§µ²Ó¢¥´ÉÊ R0. �µ ¶µ²ÊÎ¥´´ Ö É ±¨³ µ¡· §µ³ ±Ê²µ´µ¢¸± Ö
·¥§µ²Ó¢¥´É  Rc

0 µ¸É ¢ ² ¸Ó ´¥¨§¢¥¸É´µ°. �µÔÉµ³Ê ³µ¤¨Ë¨± Í¨Ö �µ¡²  µ± -
§ ² ¸Ó Î¨¸Éµ Ëµ·³ ²Ó´Ò³ ¶·¨¥³µ³, ´¥ ¶µ§¢µ²¨¢Ï¨³ ´ °É¨ ÉµÎ´µ¥ ·¥Ï¥´¨¥
¨¸Ìµ¤´µ° É·¥ÌÎ ¸É¨Î´µ° § ¤ Î¨. ’¥³ ´¥ ³¥´¥¥ ¢ ¤ ²Ó´¥°Ï¥³ £² ¢´ Ö ¨¤¥Ö �µ-
¡²  (Ö¢´µ¥ ¢Ò¤¥²¥´¨¥ ±Ê²µ´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥°) µ± § ² ¸Ó ¢¥¸Ó³  ¶²µ¤µ-
É¢µ·´µ°.

‚ ³¥Éµ¤¥ [77,78], ¶·¥¤²µ¦¥´´µ³ �. Œ. ‚¥¸¥²µ¢µ°, ¶·µ¢µ¤¨É¸Ö ¶·Ö³ Ö ·¥-
£Ê²Ö·¨§ Í¨Ö Ö¤¥· Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸ Ê¸É· ´¥´¨¥³ ¨Ì ´ ¨¡µ²¥¥ ¸¨´£Ê²Ö·-
´ÒÌ ¸² £ ¥³ÒÌ. ‘ ÔÉµ° Í¥²ÓÕ ¨§ ¨¸Ìµ¤´ÒÌ Ö¤¥· ¢Ò¤¥²ÖÕÉ¸Ö Î ¸É¨, ¸µ¤¥·-
¦ Ð¨¥ ±Ê²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ § ·Ö¦¥´´µ° Î ¸É¨ÍÒ ¨ Í¥´É·  ³ ¸¸ ¶ ·Ò
¤·Ê£¨Ì Î ¸É¨Í ¸ ¸Ê³³ ·´Ò³ § ·Ö¤µ³ ÔÉµ° ¶ ·Ò. ‡ É¥³ ¢Ò¤¥²¥´´Ò¥ Î ¸É¨
µ¡· Ð ÕÉ¸Ö,   Ö¤·  ´µ¢ÒÌ Ê· ¢´¥´¨° ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¤¢ÊÌÎ ¸É¨Î´Ò¥ ·¥-
Ï¥´¨Ö. ‚ ¨Éµ£¥ ¶µ²ÊÎ ÕÉ¸Ö Ê· ¢´¥´¨Ö ¸ ±µ³¶ ±É´Ò³¨ Ö¤· ³¨, ´µ ²¨ÏÓ ¥¸²¨
¶µ²´ Ö Ô´¥·£¨Ö E ´¥ ¶·¥¢ÒÏ ¥É ¶µ·µ£ · §¢ ²  ´  É·¨ Î ¸É¨ÍÒ.
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�¶¨¸ ´´ Ö ¶·µÍ¥¤Ê·  ¢Ò¤¥²¥´¨Ö ±Ê²µ´µ¢¸±¨Ì ¸¨´£Ê²Ö·´µ¸É¥° Ö¢´µ ¨²¨
´¥Ö¢´µ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¢ · ¡µÉ Ì [79Ä81], µ¤´ ±µ µ¡µ¡Ð¨ÉÓ ¥¥ ¤²Ö Ô´¥·£¨°,
¶·¥¢ÒÏ ÕÐ¨Ì ¶µ·µ£ · §¢ ²  ´  É·¨ Î ¸É¨ÍÒ, ¢ µ¡Ð¥³ ¸²ÊÎ ¥ É ± ¨ ´¥ Ê¤ ²µ¸Ó.
’¥³ ´¥ ³¥´¥¥ ¶µ¶ÒÉ±¨ ¶¥·¥Ëµ·³Ê²¨·µ¢ ÉÓ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢ 
¸ ±Ê²µ´µ¢¸±¨³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ É ±, ÎÉµ¡Ò ¶µ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö Ë ¤-
¤¥¥¢¸±µ£µ É¨¶  ¨³¥²¨ ±µ³¶ ±É´Ò¥ Ö¤·  ¶·¨ ²Õ¡µ° Ô´¥·£¨¨, ¶·µ¤µ²¦ ÕÉ¸Ö.
� ¶·¨³¥·, ¢ ¸²ÊÎ ¥ É·¥Ì µ¤´µ¨³¥´´µ § ·Ö¦¥´´ÒÌ Î ¸É¨Í É ± Ö ¶¥·¥Ëµ·³Ê-
²¨·µ¢±  ¶·¥¤¸É ¢²¥´  ¢ ´¥¤ ¢´¨Ì · ¡µÉ Ì [82,83].

� ·Ö¤Ê ¸ Ê¶µ³Ö´ÊÉÒ³¨ ¢ÒÏ¥ É·Ê¤´µ¸ÉÖ³¨ É¥µ·¥É¨Î¥¸±µ£µ Ì · ±É¥·  ´¥-
¶·µ¸ÉÒ³ µ± § ²µ¸Ó ¨ ¶· ±É¨Î¥¸±µ¥ ·¥Ï¥´¨¥ É·¥ÌÎ ¸É¨Î´ÒÌ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨°. �¸´µ¢´Ò¥ ¶·¨Î¨´Ò, § É·Ê¤´ÖÕÐ¨¥ ¨Ì Î¨¸²¥´´Ò°  ´ ²¨§, ¶µÖ¸-
´¨³ ´  ¶·¨³¥·¥ Ê· ¢´¥´¨° (4), (5).

�¥·¢Ò° ¨ ´¥¨§¡¥¦´Ò° ÔÉ ¶ ·¥ ²¨§ Í¨¨ ¨´É¥£· ²Ó´µ° Ëµ·³Ê²¨·µ¢±¨ Å
¢ÒÎ¨¸²¥´¨¥ ¢¸¶µ³µ£ É¥²Ó´ÒÌ µ¡Ñ¥±Éµ¢ Å ¶ ·´ÒÌ t-³ É·¨Í. ˆÌ ¡¨¸Ë¥·¨-
Î¥¸±¨¥ ±µ³¶µ´¥´ÉÒ § ¢¨¸ÖÉ µÉ É·¥Ì ¶¥·¥³¥´´ÒÌ ¨ ¶µ¤Î¨´¥´Ò, ¢µµ¡Ð¥ £µ-
¢µ·Ö, ¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ § Í¥¶²ÖÕÐ¨Ì¸Ö ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. —¨¸²¥´-
´µ¥ ¨´É¥£·¨·µ¢ ´¨¥ ¤ ¦¥ ±µ´¥Î´µ° ¶µ¤¸¨¸É¥³Ò É ±¨Ì Ê· ¢´¥´¨° ¸É ´µ¢¨É¸Ö
µ¸µ¡¥´´µ ¸²µ¦´Ò³ ¶·¨ E > 0, ±µ£¤  ¨Ì Ö¤·  ¨³¥ÕÉ ¸¨´£Ê²Ö·´µ¸ÉÓ ŠµÏ¨
(¸³. (4)). „µ¸É¨£´ÊÉ Ö ¶·¨ ÔÉµ³ ÉµÎ´µ¸ÉÓ µ¶·¥¤¥²Ö¥É ÉµÎ´µ¸ÉÓ ¢¸¥Ì ¶µ-
¸²¥¤ÊÕÐ¨Ì ¢ÒÎ¨¸²¥´¨°. �  ¸²¥¤ÊÕÐ¥³ ÔÉ ¶¥ ¶·¨Ìµ¤¨É¸Ö µ¶ÖÉÓ µ£· ´¨Î¨ÉÓ¸Ö
·¥Ï¥´¨¥³ ®µ¡·¥§ ´´µ°¯ ¸¨¸É¥³Ò, ´µ Ê¦¥ ¤¢Ê³¥·´ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¤²Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É É·¥Ì ³ É·¨Í Ti. �É¨ Ê· ¢´¥´¨Ö (¸³. (5))
¸µ¤¥·¦ É ´ °¤¥´´Ò¥ · ´¥¥ ¶ ·Í¨ ²Ó´Ò¥ ¶ ·´Ò¥ t-³ É·¨ÍÒ. „ ¦¥ ¶·¨ ¸ ³µ°
¶·µ¸Éµ° ¤¨¸±·¥É¨§ Í¨¨, § ±²ÕÎ ÕÐ¥°¸Ö ¢  ¶¶·µ±¸¨³ Í¨¨ ¨´É¥£· ²µ¢ ±¢ -
¤· ÉÊ·´Ò³¨ ¸Ê³³ ³¨ ƒ Ê¸¸ , ¤¢Ê³¥·´Ò¥ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¸¢µ¤ÖÉ¸Ö ±
²¨´¥°´Ò³ ¸¨¸É¥³ ³ Ê· ¢´¥´¨° ¸ ´¥· §·¥¦¥´´Ò³¨ ³ É·¨Í ³¨ ¡µ²ÓÏµ° · §-
³¥·´µ¸É¨. „µ¸É¨¦¥´¨¥ Ê¤µ¢²¥É¢µ·¨É¥²Ó´µ° ÉµÎ´µ¸É¨ ¶·¨ Î¨¸²¥´´µ³ µ¡· Ð¥-
´¨¨ É ±¨Ì ³ É·¨Í Å ¤µ¢µ²Ó´µ ¸²µ¦´ Ö ¶·µ¡²¥³  [84]. �·¨ Ô´¥·£¨ÖÌ, ¶·¥-
¢ÒÏ ÕÐ¨Ì ¶µ·µ£ É·¥ÌÎ ¸É¨Î´µ£µ · §¢ ² , ¢µ§´¨± ¥É ¥Ð¥ µ¤´  ¸ÊÐ¥¸É¢¥´´ Ö
É·Ê¤´µ¸ÉÓ: ¢ ÔÉµ³ ¸²ÊÎ ¥ Ö¤·  ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¸µ¤¥·¦ É ®¤¢¨¦ÊÐ¨-
¥¸Ö¯ ¸¨´£Ê²Ö·´µ¸É¨ [4].

ˆ´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö § ³¥É´µ Ê¶·µÐ ÕÉ¸Ö ¶·¨ ¸¥¶ · ¡¥²Ó´µ°  ¶¶·µ±-
¸¨³ Í¨¨ ¤¢ÊÌÎ ¸É¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ [4]. ’ ± Ö  ¶¶·µ±¸¨³ Í¨Ö ´¥¶·¨£µ¤´ 
¤²Ö ¤ ²Ó´µ¤¥°¸É¢ÊÕÐ¨Ì ¶µÉ¥´Í¨ ²µ¢, ¢ Î ¸É´µ¸É¨ ±Ê²µ´µ¢¸±¨Ì, ´µ ¡µ²ÓÏ Ö
Î ¸ÉÓ Ö¢²¥´¨° ¢  Éµ³´µ° ¨ Ö¤¥·´µ° Ë¨§¨±¥ ¶·µ¨¸Ìµ¤¨É ¸ ÊÎ ¸É¨¥³ § ·Ö¦¥´-
´ÒÌ Î ¸É¨Í. �·¨ ´ ²¨Î¨¨ ¢ ¶µÉ¥´Í¨ ² Ì ±Ê²µ´µ¢¸±¨Ì ¸² £ ¥³ÒÌ Ö¤·  ¨´-
É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ´¥±µ³¶ ±É´Ò,   ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ ´  ÔÉµÉ
¸²ÊÎ ° Ê· ¢´¥´¨Ö ¶·¨¢µ¤ÖÉ ± µÎ¥´Ó ¸²µ¦´Ò³ § ¤ Î ³ Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ-
¢ ´¨Ö.

�µ ÔÉ¨³ ¶·¨Î¨´ ³ ·¥Ï¥´¨¥ ¶·µ¡²¥³Ò ÊÎ¥É  ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°-
¸É¢¨° ¸É ²µ ¸²¥¤ÊÕÐ¨³ ÔÉ ¶µ³ · §¢¨É¨Ö É¥µ·¨¨. �  ÔÉµ³ ÔÉ ¶¥ ¨¸¸²¥¤µ¢ -
´¨Ö ‘. �. Œ¥·±Ê·Ó¥¢  [8Ä15] ¸Ò£· ²¨ ·¥Ï ÕÐÊÕ ·µ²Ó,   µ¤´¨³ ¨§ ±²ÕÎ¥¢ÒÌ
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³µ³¥´Éµ¢ µ± § ²¸Ö ¢Ò¡µ· ±µµ·¤¨´ É´µ£µ (±µ´Ë¨£Ê· Í¨µ´´µ£µ) ¶·µ¸É· ´¸É¢ 
R6 ¢³¥¸Éµ ¨³¶Ê²Ó¸´µ£µ. �Éµ ¶·µ¸É· ´¸É¢µ µ¡· §ÊÕÉ Ï¥¸É¨³¥·´Ò¥ ¢¥±Éµ·Ò
ri ≡ (xi,yi). ˆÌ É·¥Ì³¥·´Ò¥ ±µ³¶µ´¥´ÉÒ Å ¶·¨¢¥¤¥´´Ò¥ ¢¥±Éµ·Ò Ÿ±µ¡¨ xi

¨ yi, ±µÉµ·Ò¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ · ¤¨Ê¸Ò-¢¥±Éµ·Ò ai ¨ ³ ¸¸Ò mi Î ¸É¨Í pi,
i = 1, 2, 3, ¶µ Ëµ·³Ê² ³ (1.9) ³µ´µ£· Ë¨¨ [5]:

xk ≡
√

2µij(aj − ai), µij ≡ mimj

mi + mj
;

yk ≡
√

2µk,ij

(
miai + mjaj

mi + mj
− ak

)
, µk,ij ≡ mk(mi + mj)

m1 + m2 + m3
,

(10)

£¤¥ ¨´¤¥±¸Ò i, j, k µ¡· §ÊÕÉ Í¨±²¨Î¥¸±ÊÕ ¶¥·¥¸É ´µ¢±Ê É·¨ ¤Ò ¨´¤¥±¸µ¢
(1, 2, 3): ¨´¤¥±¸ i ¶¥·¥Ìµ¤¨É ¢ k, j Å ¢ i,   k Å ¢ j. ”µ·³Ê²Ò (10) ¶·¨-
´ÖÉÒ ¢ ³¥Éµ¤¥ £¨¶¥·£ ·³µ´¨± [85] ¨ ¶·¥¤Ò¤ÊÐ¨Ì µ¡§µ· Ì [55, 56]. �¥·¥¤±µ
(¸³., ´ ¶·¨³¥·, Ëµ·³Ê²Ê (1) µ¡§µ·´µ° · ¡µÉÒ [18]) ¢¸¥ ¢¥±Éµ·Ò yi ¢¢µ¤ÖÉ¸Ö ¸
¶·µÉ¨¢µ¶µ²µ¦´Ò³ §´ ±µ³. � ·Ö¤Ê ¸ ®¤¥± ·Éµ¢Ò³¨¯ ±µµ·¤¨´ É ³¨ (10) Î ¸Éµ
¨¸¶µ²Ó§ÊÕÉ¸Ö £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±µµ·¤¨´ ÉÒ (r, Ωi), £¤¥ r ≡ (x2

i + y2
i )1/2 Å

£¨¶¥·· ¤¨Ê¸,   Ωi ≡ (x̂i, ŷi, ϕi) Å ´ ¡µ· ¨§ ¶ÖÉ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢:
x̂i ¨ ŷi Å ¶ ·Ò ¸Ë¥·¨Î¥¸±¨Ì Ê£²µ¢ ¢¥±Éµ·µ¢ xi ¨ yi,   ϕi ≡ arctg (yi/xi).
� §´Ò¥ (k �= i) ±µµ·¤¨´ É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö 〈ri| ¨ 〈rk|, £¤¥ 〈ri| = 〈xi,yi| ¨²¨
〈ri| = 〈ri, Ωi|, ±¨´¥³ É¨Î¥¸±¨ ¸¢Ö§ ´Ò [55,59]. ‘¢Ö§Ó § ¢¨¸¨É µÉ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¥£µ ±¨´¥³ É¨Î¥¸±µ£µ Ê£² :

γki ≡ gki arctg [mj(m1 + m2 + m3)/mkmi]1/2. (11)

�µ µ¶·¥¤¥²¥´¨Õ ¤²Ö ¢¸¥Ì (k, i) = (1, 2), (3, 1), (2, 3)

gki = −gik = 1, 0 � γki � π/2,
∑
(k,i)

γki = π. (12)

‚ · ¡µÉ Ì [8Ä15] ‘. �. Œ¥·±Ê·Ó¥¢ µ¡µ¡Ð¨² ¶µ¤Ìµ¤ [1, 2] ‹. „. ” ¤¤¥¥¢ 
´  ¸²ÊÎ ° £ ³¨²ÓÉµ´¨ ´µ¢ H ¸ ¶ ·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨, ¸µ¤¥·¦ Ð¨³¨ ¤ ²Ó-
´µ¤¥°¸É¢¨¥ ±Ê²µ´µ¢¸±µ£µ É¨¶ , ¨ ¨¸¸²¥¤µ¢ ²  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¸¢µ°¸É¢  ·¥-
§µ²Ó¢¥´ÉÒ R ¨ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° Ψ. “¤ Î´µ µ¡Ñ¥¤¨´¥´´Ò¥ ¶µ¤Ìµ¤Ò
‹. „. ” ¤¤¥¥¢  ¨ ‘. �. Œ¥·±Ê·Ó¥¢  ¶·¥¤¸É ¢²¥´Ò ¨³¨ ¢ ³µ´µ£· Ë¨¨ [5].

�²ÓÉ¥·´ É¨¢´Ò° ± Í¥¶µÎ±¥ Ê· ¢´¥´¨° (2)Ä(8) ¶ÊÉÓ [5] µ¸´µ¢ ´ ´  ±µ³-
¶ ±É´ÒÌ Ê· ¢´¥´¨ÖÌ

Rij(z) =[Ri(z) − R0(z)]δij − RiVi

∑
k �=i

Rkj ,

Ri(z) ≡ (H0 + Vi − z)−1

(13)
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¤²Ö ¤¥¢ÖÉ¨ ±µ³¶µ´¥´É Rij(z) ·¥§µ²Ó¢¥´ÉÒ R(z):

R(z) = R0(z) +
∑
ij

Rij(z); Rij(z) ≡ −R0(z)Mij(z)R0(z), i, j = 1, 2, 3,

¨ ¶·¨¢µ¤¨É ± ¤¨ËË¥·¥´Í¨ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¥ § ¤ Î¨ É·¥Ì Î ¸É¨Í. Š²ÕÎ¥-
¢Ò¥ Ê· ¢´¥´¨Ö (13) µ¡² ¤ ÕÉ § ³¥Î É¥²Ó´Ò³ ¸¢µ°¸É¢µ³: ¨Ì ·¥Ï¥´¨Ö ¶µ¤Î¨-
´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³

(H0 − z)Rij(z) + Vi

3∑
k=1

Rkj(z) = Iδij ,

  ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ µ¤´µ·µ¤´Ò¥ Ê· ¢´¥´¨Ö

(H0 − E)Ψi = −ViΨ = −Vi

3∑
k=1

Ψk, i = 1, 2, 3, (14)

§ ¶¨¸ ´´Ò¥ ¢ ¨Ì ¸µ¡¸É¢¥´´ÒÌ ±µµ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ (i-¥ Ê· ¢´¥´¨¥ Å
¢ i-Ì ±µµ·¤¨´ É Ì, ´ ¶·¨³¥· (xi,yi) ¨²¨ (r, Ωi)), ´ §Ò¢ ÕÉ¸Ö ¤¨ËË¥·¥´Í¨-
 ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢ . ˆÌ ¸Ê³³  ¶·¨¢µ¤¨É ± ¨¸Ìµ¤´µ³Ê Ê· ¢´¥´¨Õ
˜·¥¤¨´£¥·  (9) ¤²Ö ËÊ´±Í¨¨ Ψ, ±µÉµ· Ö ¢Ò· ¦ ¥É¸Ö ¸Ê³³µ° ¥¥ É·¥Ì Ë ¤¤¥-
¥¢¸±¨Ì ±µ³¶µ´¥´É Ψi:

Ψ = Ψ1 + Ψ2 + Ψ3. (15)

—Éµ¡Ò § ¢¥·Ï¨ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ Ëµ·³Ê²¨·µ¢±Ê § ¤ Î¨ É·¥Ì Î ¸É¨Í,
Ê· ¢´¥´¨Ö (14) ¸²¥¤µ¢ ²µ ¤µ¶µ²´¨ÉÓ ¶µ¤Ìµ¤ÖÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨
¤²Ö ±µ³¶µ´¥´É Ψi. ƒ² ¢´µ° ¶·µ¡²¥³µ° µ± § ²¸Ö ¢Ò¢µ¤ ¨³¥´´µ É¥Ì  ¸¨³-
¶ÉµÉ¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ ¡µ²ÓÏ¨Ì · ¸¸ÉµÖ´¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨,
±µÉµ·Ò¥ ¶µ§¢µ²ÖÕÉ ¶µ²ÊÎ¨ÉÓ ¶µ²´Ò° ´ ¡µ· ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥· .
�É  ¶·µ¡²¥³  ¡Ò²  ·¥Ï¥´  ‘. �. Œ¥·±Ê·Ó¥¢Ò³ ¸´ Î ²  ¢ · ¡µÉ¥ [7] ¤²Ö ¸²Ê-
Î Ö ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨Ì ¶ ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ Vi = V s

i ,   § É¥³ ¢ Í¨±²¥ · -
¡µÉ [8Ä15] ¤²Ö ¶µÉ¥´Í¨ ²µ¢ Vi = V s

i + ni/xi ¸ ±Ê²µ´µ¢¸±¨³ ¤ ²Ó´µ¤¥°¸É¢¨¥³
ni/xi. ‚ · ¡µÉ¥ [8] ¤²Ö ³µ¤¨Ë¨± Í¨¨ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (14) ´  ÔÉµÉ ¸²ÊÎ °
¨¸¶µ²Ó§µ¢ ²¸Ö ¶·¨¥³, ¡²¨§±¨° ± ¨¤¥¥ �µ¡²  [76] µ ¢±²ÕÎ¥´¨¨ ±Ê²µ´µ¢¸±µ£µ
¤ ²Ó´µ¤¥°¸É¢¨Ö ¢ ¸¢µ¡µ¤´ÊÕ ËÊ´±Í¨Õ ƒ·¨´ . C´ Î ²  ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö
Vi ¶·¨ ¶µ³µÐ¨ £² ¤±¨Ì ®¸·¥§µ±¯ χi · §¡¨¢ ²¨¸Ó ´  ±µ·µÉ±µ¤¥°¸É¢ÊÕÐ¨¥ V̂i

¨ ¤ ²Ó´µ¤¥°¸É¢ÊÕÐ¨¥ V
(0)
i Î ¸É¨:

Vi = V̂i + V
(0)
i , V̂i ≡ V s

i +
ni

xi
χi, V

(0)
i ≡ ni

xi
(1 − χi), i = 1, 2, 3.
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‡ É¥³ ¢Ò¢µ¤¨²¨¸Ó ³µ¤¨Ë¨Í¨·µ¢ ´´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢ 

(Has
0 − E)Ψi = −V̂iΨ = −V̂i

3∑
k=1

Ψk,

Has
0 ≡ H0 +

3∑
k=1

V
(0)
k , i = 1, 2, 3,

(16)

¢ ±µÉµ·ÒÌ ¤ ²Ó´µ¤¥°¸É¢ÊÕÐ¨¥ Î ¸É¨ V
(0)
i ¶µÉ¥´Í¨ ²µ¢ ¢±²ÕÎ ²¨¸Ó ¶µ µ¶·¥¤¥-

²¥´¨Õ ¢  ¸¨³¶ÉµÉ¨Î¥¸±¨° É·¥ÌÎ ¸É¨Î´Ò° £ ³¨²ÓÉµ´¨ ´ Has
0 . ‚ ·Ö¤¥ ¸²ÊÎ ¥¢,

´ ¶·¨³¥· ±µ£¤  ¢¸¥ Î ¸É¨ÍÒ § ·Ö¦¥´Ò µ¤´µ¨³¥´´µ, ¡µ²¥¥ Ê¤µ¡´Ò ¤¨ËË¥·¥´-
Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö �µ¡² Ä” ¤¤¥¥¢  [15]

(Hc − E)Ψi = −V s
i Ψ = −V s

i

3∑
k=1

Ψk,

Hc ≡ H0 +
3∑

k=1

nk

xk
, i = 1, 2, 3,

(17)

£¤¥ ¢ µÉ²¨Î¨¥ µÉ Ê· ¢´¥´¨° (16) ¢¸¥ ±Ê²µ´µ¢¸±µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ ¢±²ÕÎ¥´µ ¢
®´¥¢µ§³ÊÐ¥´´Ò°¯ £ ³¨²ÓÉµ´¨ ´ Hc.

…¸²¨ ¢§ ¨³µ¤¥°¸É¢¨Ö Vi ¡Ò¸É·µ ¢µ§· ¸É ÕÉ (Vi(xi) � 1, xi � bi) ¢ µ¡² -
¸ÉÖÌ ³ ²ÒÌ (xi � bi) · ¸¸ÉµÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨, Éµ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ-
´¥´ÉÒ Ψi(xi,yi) ¡Ò¸É·µ Ê¡Ò¢ ÕÉ. �µÔÉµ³Ê ¢ ÔÉ¨Ì µ¡² ¸ÉÖÌ ¶·¨ ·¥ ²¨§ Í¨¨
²Õ¡µ° ¸Ì¥³Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¨¸Ìµ¤´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (14) ¶·¨-
Ìµ¤¨É¸Ö µ¤´µ¢·¥³¥´´µ µ¶¥·¨·µ¢ ÉÓ ¨ ¸ ¤µ¢µ²Ó´µ ¡µ²ÓÏ¨³¨ §´ Î¥´¨Ö³¨ ¢§ ¨-
³µ¤¥°¸É¢¨°, ¨ ¸ ¤µ¢µ²Ó´µ ³ ²Ò³¨ ¨¸±µ³Ò³¨ §´ Î¥´¨Ö³¨ Ë ¤¤¥¥¢¸±¨Ì ±µ³-
¶µ´¥´É, ÎÉµ § ³¥É´µ § É·Ê¤´Ö¥É ¢ÒÎ¨¸²¥´¨¥ ¸ ¶·¨¥³²¥³µ° ÉµÎ´µ¸ÉÓÕ. �ÉÊ
É·Ê¤´µ¸ÉÓ ³µ¦´µ ¶·¥µ¤µ²¥ÉÓ, ¨¸¶µ²Ó§ÊÖ ¸Ëµ·³Ê²¨·µ¢ ´´Ò¥ ¨ ¨¸¸²¥¤µ¢ ´´Ò¥
¢ · ¡µÉ Ì [86,87] ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ ³µ¤¥²¨ É¢¥·¤µ£µ
±µ· . ‚ ÔÉµ° ³µ¤¥²¨ ¸Ê³³  (15) É·¥Ì Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψi ¶µ² £ ¥É¸Ö
· ¢´µ° ´Ê²Õ ¢ ²Õ¡µ° ¨§ É·¥Ì µ¡² ¸É¥° xi � bi, ¢ ±µÉµ·ÒÌ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥
¶ ·´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥ Vi ¤µ¸É ÉµÎ´µ ¢¥²¨±µ:

Ψ =
3∑

k=1

Ψk = 0, xi � bi, i = 1, 2, 3. (18)

�µÔÉµ³Ê ¢ ÔÉ¨Ì µ¡² ¸ÉÖÌ Ê· ¢´¥´¨Ö (14) ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¶· ¢Ò¥ Î ¸É¨ ¨ ¶·¨-
´¨³ ÕÉ ¢¨¤ ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¸¢µ¡µ¤´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· :

(H0 − E)Ψi = 0, xi � bi, i = 1, 2, 3. (19)
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‡ É¥³ ¤µ± §Ò¢ ¥É¸Ö, ÎÉµ ¶·¨ ¢¸¥Ì xi > bi ±µ³¶µ´¥´ÉÒ Ψi µ¶·¥¤¥²ÖÕÉ¸Ö ¨¸-
Ìµ¤´Ò³¨ Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢  (14),   ¨Ì ¸Ê³³  ¤ ¥É ´¥É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥
Ψ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (9). ‘ ¢ÒÎ¨¸²¨É¥²Ó´µ° ÉµÎ±¨ §·¥´¨Ö ¶·¥¨³ÊÐ¥¸É¢µ
¶µ²ÊÎ¥´´ÒÌ É ±¨³ µ¡· §µ³ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ³µ¤¥²¨ É¢¥·¤µ£µ ±µ· 

(H0 − E)Ψi =
{

−Vi(Ψ1 + Ψ2 + Ψ3), xi > bi,
0, xi � bi,

i = 1, 2, 3, (20)

µÎ¥¢¨¤´µ: ¢µ-¶¥·¢ÒÌ, ÔÉ¨ Ê· ¢´¥´¨Ö ´¥ ¸µ¤¥·¦ É ¢§ ¨³µ¤¥°¸É¢¨° ¨³¥´´µ ¢ É¥Ì
µ¡² ¸ÉÖÌ, ¢ ±µÉµ·ÒÌ ¨Ì ¢ÒÎ¨¸²¥´¨¥ É·¥¡Ê¥É µ¶¥· Í¨° ¸ ¡µ²ÓÏ¨³¨ Î¨¸² ³¨,
¨, ¢µ-¢Éµ·ÒÌ, ¢ É¥Ì ¦¥ µ¡² ¸ÉÖÌ ¨¸±µ³Ò¥ ËÊ´±Í¨¨ ¶µ¤Î¨´¥´Ò ¸¢µ¡µ¤´µ³Ê
Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (19), ¢¥¸Ó ¸¶¥±É· ±µÉµ·µ£µ ¨§¢¥¸É¥´.

Šµ³¶²¥±¸´Ò° ¸±¥°²¨´£ ³´µ£µÎ ¸É¨Î´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¸²ÊÎ ¥
 ´ ²¨É¨Î¥¸±¨Ì ¶ ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¤ ¢´µ ¨§¢¥¸É¥´ ± ± ÔËË¥±É¨¢´Ò° ³¥Éµ¤
¨¸¸²¥¤µ¢ ´¨Ö ³´µ£µÎ ¸É¨Î´ÒÌ ·¥§µ´ ´¸µ¢. Šµ³¶²¥±¸´Ò° ¸±¥°²¨´£ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¢ Éµ³ ¦¥ ¸²ÊÎ ¥ ¢¶¥·¢Ò¥ ¶·¥¤²µ¦¥´ ¢ ´¥¤ ¢´¥° · ¡µÉ¥ [30], ¢ ±µÉµ-
·µ° ¶µ²ÊÎ¥´´Ò¥ ³ ¸ÏÉ ¡¨·µ¢ ´´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¤²Ö
¢ÒÎ¨¸²¥´¨Ö ¶µ²µ¦¥´¨° ·¥§µ´ ´¸µ¢ ¢ ³µ¤¥²Ó´µ° ¸¨¸É¥³¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ
¡µ§µ´µ¢ ¸ ´Ê±²µ´´Ò³¨ ³ ¸¸ ³¨.

‘ÊÐ¥¸É¢µ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´µ¸ÉÓ ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  (14), (16), (17) ¨ (20) Ê¸É ´µ¢²¥´Ò ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨ E
± ± ¢ ¸²ÊÎ ¥ ´¥°É· ²Ó´ÒÌ, É ± ¨ ¢ ¸²ÊÎ ¥ § ·Ö¦¥´´ÒÌ Î ¸É¨Í [5], ¢§ ¨³µ¤¥°-
¸É¢ÊÕÐ¨Ì ¶µ¸·¥¤¸É¢µ³ ²µ± ²Ó´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¤µ¢µ²Ó´µ Ï¨·µ±µ£µ ±² ¸¸ .
‚ ÔÉµ³ § ±²ÕÎ ¥É¸Ö ¶¥·¢µ¥ ¨ ´¥¸µ³´¥´´µ¥ ¸ É¥µ·¥É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö
¶·¥¨³ÊÐ¥¸É¢µ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶µ ¸· ¢´¥´¨Õ ¸ ¨´É¥£· ²Ó´Ò³¨
Ê· ¢´¥´¨Ö³¨ (2), (3), ¤²Ö ±µÉµ·ÒÌ, ± ± ¶µÖ¸´Ö²µ¸Ó ¢ÒÏ¥, ¶·µ¡²¥³  ±µ··¥±É-
´µ£µ ÊÎ¥É  ±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¤µ ¸¨Ì ¶µ· ´¥ ·¥Ï¥´  ¢ ¶µ²´µ³
µ¡Ñ¥³¥. ‚Éµ·µ¥, É ±¦¥ ´¥ ¢Ò§Ò¢ ÕÐ¥¥ ¸µ³´¥´¨° ¶·¥¨³ÊÐ¥¸É¢µ µ¡Ê¸² ¢²¨-
¢ ¥É¸Ö µÉ¸ÊÉ¸É¢¨¥³ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ ” ¤¤¥¥¢  ± ±¨Ì-²¨¡µ
¢¸¶µ³µ£ É¥²Ó´ÒÌ ¨ É·¥¡ÊÕÐ¨Ì ¶·¥¤¢ ·¨É¥²Ó´µ£µ  ´ ²¨§  µ¡Ñ¥±Éµ¢, ± ±¨³¨ ¢
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ Ö¢²ÖÕÉ¸Ö ¶ ·´Ò¥ t-³ É·¨ÍÒ. „¥°¸É¢¨É¥²Ó´µ, ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢ , ±·µ³¥ ¨¸±µ³ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É
Ψi, ¸µ¤¥·¦ É ²¨ÏÓ ¨´¢ ·¨ ´É´Ò° ± ¢Ò¡µ·Ê ´ ¡µ·  ¢¥±Éµ·µ¢ Ÿ±µ¡¨ µ¶¥· Éµ·
H0, ¸¶¥±É· ²Ó´Ò¥ ¸¢µ°¸É¢  ±µÉµ·µ£µ Ìµ·µÏµ ¨§ÊÎ¥´Ò, ¨ ¶ ·´Ò¥, ¶·¨Î¥³ § -
· ´¥¥ § ¤ ´´Ò¥, ¢§ ¨³µ¤¥°¸É¢¨Ö. �² £µ¤ ·Ö É ±µ³Ê ¸É·µ¥´¨Õ Ï¥¸É¨³¥·´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ´¥ ¸Éµ²Ó ¸²µ¦´µ° µ± § ² ¸Ó ¨ ¨Ì
·¥¤Ê±Í¨Ö (Ê£²µ¢µ°  ´ ²¨§) ± ¤¢Ê³¥·´Ò³ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥-
´¨Ö³ [5,7, 55] ¢ µ¡² ¸É¨

R2
+ ≡ {xi, yi : xi � 0, yi � 0} = {r, ϕi : r � 0, 0 � ϕi � π/2}

± µ¤´µ³¥·´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³ [55, 57, 58] ´  ¶µ²Êµ¸¨ R1
+ ≡

{r : r � 0} ¨ ¢ Î ¸É´µ³, ´µ µ¸µ¡µ ¢ ¦´µ³ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ
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¶µÉ¥´Í¨ ²µ¢ ± É·¥Ì³¥·´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³ [16,17] ¢ µ¡² ¸É¨

R3 ≡ {xi, yi, θi : xi � 0, yi � 0, 0 � θi � π},

£¤¥ θi Å Ê£µ² ³¥¦¤Ê ¢¥±Éµ· ³¨ Ÿ±µ¡¨ xi ¨ yi. „²Ö ·¥¤Ê±Í¨¨ ¢ ¶¥·¢µ³ ¸²Ê-
Î ¥ ¨¸¶µ²Ó§ÊÕÉ¸Ö · §²µ¦¥´¨Ö ¨¸±µ³ÒÌ Ï¥¸É¨³¥·´ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É
Ψi ¶µ ¡ §¨¸Ê ¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³µ´¨± Y�m

ab (xi,yi), ¢µ-¢Éµ·µ³ Å ¶µ ¡ §¨¸Ê
£¨¶¥·£ ·³µ´¨± Y�m

Lab(xi,yi, ϕi),   ¢-É·¥ÉÓ¥³ Å ¶µ D-¡ §¨¸Ê, ¸µ¸É ¢²¥´´µ³Ê
¨§ D-ËÊ´±Í¨° ‚¨£´¥·  D�∗

mm′ ¨²¨ ¦¥ ¨§ ¨Ì µ¶·¥¤¥²¥´´ÒÌ ²¨´¥°´ÒÌ ±µ³¡¨-
´ Í¨° D�σ∗

mm′ , µ¡² ¤ ÕÐ¨Ì § ¤ ´´µ° ¶·µ¸É· ´¸É¢¥´´µ° Î¥É´µ¸ÉÓÕ σ = ±1 ¨
Î ¸Éµ ¨¸¶µ²Ó§Ê¥³ÒÌ ¢  ¤¨ ¡ É¨Î¥¸±µ³ ¶µ¤Ìµ¤¥ [88]. �µ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²Ó-
É É¥ ·¥¤Ê±Í¨¨ ¤¢Ê³¥·´Ò¥, µ¤´µ³¥·´Ò¥ ¨ É·¥Ì³¥·´Ò¥ Ê· ¢´¥´¨Ö ´ §Ò¢ ÕÉ¸Ö
¸µµÉ¢¥É¸É¢¥´´µ Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³, £¨¶¥·¸Ë¥·¨Î¥¸±µ³
¡ §¨¸¥ ¨ Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢  ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É 
¨²¨ ¦¥ Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢  ¢ D-¡ §¨¸¥.

‘²¥¤ÊÕÐ¥¥, µ¸µ¡µ ¢ ¦´µ¥ ¤²Ö ¶µ¸É ´µ¢±¨ ¨ Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö § ¤ Î¨
É·¥Ì Î ¸É¨Í ¶·¥¨³ÊÐ¥¸É¢µ ¨¸Ìµ¤´ÒÌ Ï¥¸É¨³¥·´ÒÌ ¨ ¢¸¥Ì ¶¥·¥Î¨¸²¥´´ÒÌ
·¥¤ÊÍ¨·µ¢ ´´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ¶·¨ ²Õ¡ÒÌ §´ -
Î¥´¨ÖÌ  ·£Ê³¥´Éµ¢ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° Å ¡µ²¥¥ ¶·µ¸ÉÒ¥ ËÊ´±Í¨¨, Î¥³
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �ÉµÉ ¨§¢¥¸É´Ò° Ë ±É [5]
¸Éµ¨É ¶µÖ¸´¨ÉÓ ¡µ²¥¥ ¶µ¤·µ¡´µ. ˆ¸Ìµ¤´Ò¥ ¨ ·¥¤ÊÍ¨·µ¢ ´´Ò¥ Ê· ¢´¥´¨Ö ” ¤-
¤¥¥¢  ¨ ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ´¨Ì ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¸µ¡-
¸É¢¥´´ÒÌ ±µµ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ,   Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¨, ¸²¥-
¤µ¢ É¥²Ó´µ, ¸Ê³³  É·¥Ì ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° Å Éµ²Ó±µ ¢ µ¤´µ³ ¨§ ´¨Ì.
‚§ ¨³µ¤¥°¸É¢¨¥ Vk(xk) ¢ ¸µ¡¸É¢¥´´µ³ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈rk| § -
¢¨¸¨É Éµ²Ó±µ µÉ µ¤´µ£µ ¢¥±Éµ·  Ÿ±µ¡¨,   ¢ ´¥¸µ¡¸É¢¥´´µ³ (k �= i) ¶·¥¤-
¸É ¢²¥´¨¨ 〈ri|  ·£Ê³¥´É xk ¨ ¸ ³µ ¢§ ¨³µ¤¥°¸É¢¨¥ § ¢¨¸ÖÉ Ê¦¥ µÉ µ¡µ¨Ì
¢¥±Éµ·µ¢ Ÿ±µ¡¨ ¨ ¶µÔÉµ³Ê Vk(xk) ¸É ´µ¢¨É¸Ö ¡µ²¥¥ ¸²µ¦´µ° ËÊ´±Í¨¥°:
〈ri|Vk〉 = Vk(xk(xi,yi)). �µ Éµ° ¦¥ ¶·¨Î¨´¥ ·¥Ï¥´¨¥ Ψ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¢ ¢Ò¡· ´´µ³ ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri| Å ¡µ²¥¥ ¸²µ¦´ Ö
ËÊ´±Í¨Ö, Î¥³ ²Õ¡ Ö ¨§ ¥£µ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É. „¥°¸É¢¨É¥²Ó´µ, ¸Ê³³ 
Ψ(ri) ¸µ¤¥·¦¨É ¤¢¥ ±µ³¶µ´¥´ÉÒ,  ·£Ê³¥´ÉÒ ±µÉµ·ÒÌ rj ¨ rk § ¢¨¸ÖÉ µÉ ri:

〈ri|Ψ〉 = Ψ(ri) = Ψi(ri) +
∑
k �=i

K(γki)Ψk(rk) =

= Ψi(ri) +
∑
k �=i

Ψk(rk(ri)). (21)

‡¤¥¸Ó ¨ ¤ ²¥¥ K Å ¨´¢ ·¨ ´É´Ò° µÉ´µ¸¨É¥²Ó´µ ¢Ò¡µ·  ±µµ·¤¨´ É´µ£µ ¶·¥¤-
¸É ¢²¥´¨Ö µ¶¥· Éµ· ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö [55,59]:

K(γ) = P exp (−iγ J), J = −i(x∇y − y∇x),
γ = γki, x = xi, y = yi, ∀k �= i = 1, 2, 3,

(22)
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£¤¥ P Å µ¶¥· Éµ· ¨´¢¥·¸¨¨ Pf(ri) ≡ f(−ri) Ï¥¸É¨³¥·´µ£µ  ·£Ê³¥´É  ri

¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨¨ f ,   J Å µ¶¥· Éµ· ¨´Ë¨´¨É¥§¨³ ²Ó´µ£µ ¶µ¢µ·µÉ  ¢
¶²µ¸±µ¸É¨ P É·¥Ì Î ¸É¨Í. �¥µ¡Ìµ¤¨³µ µ¸µ¡µ µÉ³¥É¨ÉÓ, ÎÉµ · §¡¨¥´¨¥ (21),
(22) ¤µ¶Ê¸± ¥É ¸²¥¤ÊÕÐÊÕ ¨´É¥·¶·¥É Í¨Õ: É ± ± ± Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 
Ô±¢¨¢ ²¥´É´µ Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢ , Éµ ¨§ ¥£µ ²Õ¡µ£µ ·¥Ï¥´¨Ö Ψ(ri) ³µ¦´µ
¢Ò¤¥²¨ÉÓ ¸· ¢´¨É¥²Ó´µ ¶·µ¸Éµ¥ ¸² £ ¥³µ¥ Ψi ¨ ¤µ¢µ²Ó´µ ¸²µ¦´ÊÕ ¸Ê³³Ê ¤¢ÊÌ
µ¸É ¢Ï¨Ì¸Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É. Š ¸µ¦ ²¥´¨Õ, Ë¨§¨Î¥¸±¨ ¶·µ§· Î´ Ö
¨´É¥·¶·¥É Í¨Ö Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É ´¥¨§¢¥¸É´ .

1.1. “· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥. Š ± ¨§¢¥¸É´µ [7] ¨
± ± ¶µ¤·µ¡´µ ¶µÖ¸´Ö²µ¸Ó ¢ [55], ¢ ¸²ÊÎ ¥ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ¢±²ÕÎ¥´-
´ÒÌ ¢ ±µ´¥Î´µ³ Î¨¸²¥ ¢µ²´, ¸¨¸É¥³  Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³
¡ §¨¸¥ ±µ´¥Î´ , ¢ Éµ ¢·¥³Ö ± ± Ï¥¸É¨³¥·´µ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¶·µ¥Í¨-
·µ¢ ´¨¥³ ´  ÔÉµÉ ¦¥ ¡ §¨¸ ¸¢µ¤¨É¸Ö ± ¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ ¤¢Ê³¥·´ÒÌ ¨´-
É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �µÔÉµ³Ê ¢ ÔÉµ³ É¨¶¨Î´µ³ ¤²Ö Ö¤¥·´µ°
Ë¨§¨±¨ ´¨§±¨Ì Ô´¥·£¨° ¸²ÊÎ ¥ ´¥§ ·Ö¦¥´´ÒÌ Î ¸É¨Í Ë ¤¤¥¥¢¸±¨¥ ¡¨¸Ë¥·¨-
Î¥¸±¨¥ Ê· ¢´¥´¨Ö, ¤µ¶µ²´¥´´Ò¥ ¨§¢¥¸É´Ò³¨ [5] ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ · ¸¸³ -
É·¨¢ ¥³µ³Ê É·¥ÌÎ ¸É¨Î´µ³Ê ¶·µÍ¥¸¸Ê £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨, µ± §Ò¢ ÕÉ¸Ö
´ ¨¡µ²¥¥ ¶·µ¸Éµ° ¤²Ö Î¨¸²¥´´µ£µ  ´ ²¨§  ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ° ±· ¥-
¢µ° § ¤ Î¥°. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±µµ·¤¨´ É (r, Ωi) Ê· ¢-
´¥´¨Ö ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ µ¡² ¤ ÕÉ ¥Ð¥ µ¤´¨³, ¨ ´¥³ ²µ¢ ¦-
´Ò³ ¤²Ö ¨Ì ¶· ±É¨Î¥¸±µ£µ ¶·¨³¥´¥´¨Ö, ¶·¥¨³ÊÐ¥¸É¢µ³. ’µ²Ó±µ ¶·¨ É ±µ³
¢Ò¡µ·¥ ±µµ·¤¨´ É ¨´É¥£· ²Ó´Ò¥ µ¶¥· Éµ·Ò h�

aba′b′ , ¸µ¤¥·¦ Ð¨¥¸Ö ¢ ÔÉ¨Ì ¨´-
É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ, Ö¢²ÖÕÉ¸Ö ²µ± ²Ó´Ò³¨ ¶µ ¶¥·¥³¥´´µ° r
¨ ´¥²µ± ²Ó´Ò³¨ ¶µ µ¤´µ° ¨§ ¶¥·¥³¥´´ÒÌ ϕi. �² £µ¤ ·Ö ²µ± ²Ó´µ¸É¨ ¢¸¥Ì
µ¸É ²Ó´ÒÌ µ¶¥· Éµ·µ¢ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¶µ¸²¥ ¤¨¸±·¥-
É¨§ Í¨¨ ¸¢µ¤ÖÉ¸Ö ± ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ · §·Ö¦¥´´µ°,   ¨³¥´´µ
²¥´ÉµÎ´µ°, ³ É·¨Í¥° [84], ÎÉµ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É Î¨¸²¥´´Ò°  ´ ²¨§ É -
±µ° ¸¨¸É¥³Ò. �¥³ ²µ¢ ¦´Ò³ ¤²Ö ¤¨¸±·¥É¨§ Í¨¨ ¨ ¸µ±· Ð¥´¨Ö µ¡Ñ¥³  ¢ÒÎ¨-
¸²¥´¨° Ö¢²Ö¥É¸Ö §´ ´¨¥  ´ ²¨É¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ö¤¥· µ¶¥· Éµ·µ¢ h�

aba′b′ ¨ ¨Ì
´ ¨¡µ²¥¥ ¶·µ¸ÉÒÌ ¶·¥¤¸É ¢²¥´¨°. �É¨ ¸¢µ°¸É¢  ¨ Ê¤µ¡´Ò¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
±µ³¶ ±É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¨¸¸²¥¤µ¢ ´Ò ¢ ¸É ÉÓÖÌ [57Ä59] ¨ ¢ µ·¨£¨´ ²Ó´µ³
· §¤. 2 µ¡§µ·´µ° · ¡µÉÒ [55].

—Éµ¡Ò ¶·¨¢¥¸É¨ ¶·¨³¥· Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥,
· ¸¸³µÉ·¨³ ¸ ³Ò° ¶·µ¸Éµ° ¸²ÊÎ °. �Ê¸ÉÓ Î ¸É¨ÍÒ p1, p2 ¨ p3 Å Éµ¦¤¥¸É¢¥´-
´Ò¥ ¡µ§µ´Ò ¢ ¸µ¸ÉµÖ´¨¨ ¸ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³ � = 0. �Ê¸ÉÓ ¶ ·´Ò¥
¢§ ¨³µ¤¥°¸É¢¨Ö ¢±²ÕÎ¥´Ò ²¨ÏÓ ¢ S-¢µ²´ Ì:

Vi(xi) = Vi(xi)I0
i , I0

i ≡ |Y00(x̂i)〉〈Y00(x̂i)|, i = 1, 2, 3,

£¤¥ xi Å · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ¡µ§µ´ ³¨ pj ¨ pk,   I0
i Å ¶·µ¥±Éµ· ´  ¨Ì

S-¢µ²´µ¢µ¥ ¸µ¸ÉµÖ´¨¥, ¢Ò· ¦¥´´Ò° Î¥·¥§ ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ Y00(x̂i). ’µ-
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£¤  ¶µ¤¸É ´µ¢±µ°

Ψi = 2r−2 cosecϕiU(r, ϕi)Y00
00 (xi,yi), i = 1, 2, 3, (23)

ÊÎ¨ÉÒ¢ ÕÐ¥° ¸¨³³¥É·¨Õ ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψ µÉ´µ¸¨É¥²Ó´µ ²Õ¡ÒÌ ¶¥·¥¸É -
´µ¢µ± ¡µ§µ´µ¢, Ê· ¢´¥´¨Ö (14) ¸¢µ¤ÖÉ¸Ö ± µ¤´µ³Ê Ê· ¢´¥´¨Õ

[
∂2

r +
1
r
∂r −

1
r2

∂2
ϕ + E

]
U(r, ϕ) =

= V1(r cos ϕ)[U(r, ϕ) + 2〈r, ϕ|h0|U(r, ϕ′)〉], (24)

¢ ±µÉµ·µ³ ³ É·¨Î´Ò° Ô²¥³¥´É µ¶¥· Éµ·  h0 ≡ h0
0000 Å ¨´É¥£· ²

〈r, ϕ|h0|U(r, ϕ′)〉 ≡ 2√
3

C+(ϕ)∫
C−(ϕ)

dϕ′ U(r, ϕ′), ϕ ≡ ϕ2, (25)

¸ ¶·¥¤¥² ³¨, § ¢¨¸ÖÐ¨³¨ µÉ  ·£Ê³¥´É  ϕ ≡ ϕ1:

C−(ϕ) =
∣∣∣π
3
− ϕ

∣∣∣ , C+(ϕ) =
π

2
−
∣∣∣π
6
− ϕ

∣∣∣ . (26)

‘µ£² ¸´µ (23) ¢¸¥ É·¨ Ë ¤¤¥¥¢¸±¨¥ ±µ³¶µ´¥´ÉÒ Ψi,   §´ Î¨É, ¨ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¥¥ ¨³ ·¥Ï¥´¨¥ (15) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (9) ·¥£Ê²Ö·´Ò ¶·¨ r = 0 ¨
ϕi = 0, π/2, ¥¸²¨

U(0, ϕ) = 0, ∀ϕ, U(r, 0) = U(r, π/2) = 0; ∀r. (27)

�¸µ¡µ §´ Î¨³Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö  ´ ²¨§ Ê· ¢´¥´¨Ö (24) ¶·¨ Ë¨§¨Î¥¸±¨ ¤µ¶Ê-
¸É¨³ÒÌ (¢ ¸³Ò¸²¥ ¸µÌ· ´¥´¨Ö Éµ±  ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨) Ê¸²µ¢¨ÖÌ:

√
r U → 0, r → 0;

√
ϕU → 0, ϕ → 0;

√
π/2 − ϕU → 0, ϕ → π/2.

‚ ¸²ÊÎ ¥ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ¸µ¤¥·¦ Ð¨Ì Í¥´É· ²Ó´Ò¥ ¶µÉ¥´Í¨ ²Ò
¢ ± Î¥¸É¢¥ ¸² £ ¥³ÒÌ, ¶µ¸É ´µ¢±  § ¤ Î¨ É·¥Ì Î ¸É¨Í ¢ ¢¨¤¥ ¡¥¸±µ´¥Î´µ° ¸¨-
¸É¥³Ò Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨§-
¢¥¸É´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ´¥ § ¢¥·Ï¥´ . „¥²µ ¢ Éµ³, ÎÉµ ´  ¶· ±É¨±¥
¢µ§³µ¦´µ Î¨¸²¥´´µ¥ ¨´É¥£·¨·µ¢ ´¨¥ ²¨ÏÓ ±µ´¥Î´µ° ¶µ¤¸¨¸É¥³Ò ¡¥¸±µ´¥Î-
´µ° ¸¨¸É¥³Ò É ±¨Ì Ê· ¢´¥´¨°. ‚µ¶·µ¸ µ ¸Ìµ¤¨³µ¸É¨ ¢ÒÎ¨¸²Ö¥³µ£µ ¸¶¥±É· 
± ÉµÎ´µ³Ê ¶·¨ Ê¢¥²¨Î¥´¨¨ · §³¥·´µ¸É¨ ¶µ¤¸¨¸É¥³Ò, É. ¥. Î¨¸²  ÊÎ¨ÉÒ¢ ¥³ÒÌ
¶ ·´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´, É¥µ·¥É¨Î¥¸±¨ ´¥ ¨¸¸²¥¤µ¢ ´. ‚ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ
· ¸Î¥ÉÒ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° ¨ Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ
´  ¸¢Ö§ ´´µ° ¶ ·¥ ¤¢ÊÌ ¤·Ê£¨Ì Î ¸É¨Í (¸³., ´ ¶·¨³¥·, [26Ä29,38]) ¤¥³µ´¸É·¨-
·ÊÕÉ ¤µ¢µ²Ó´µ ¡Ò¸É·ÊÕ ¸Ìµ¤¨³µ¸ÉÓ.
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1.2. “· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥. �¥§ ¢¨¸¨³µ µÉ
Éµ£µ, Ö¢²ÖÕÉ¸Ö ²¨ ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Í¥´É· ²Ó´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ ¨²¨
¦¥ ¤¥°¸É¢ÊÕÉ ¢ ±µ´¥Î´µ³ Î¨¸²¥ ¶ ·Í¨ ²Ó´ÒÌ ¢µ²´, ¸¨¸É¥³  Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥, ¢µµ¡Ð¥ £µ¢µ·Ö, ¸µ¤¥·¦¨É ¡¥¸±µ´¥Î´µ¥ Î¨-
¸²µ § Í¥¶²ÖÕÐ¨Ì¸Ö µ¤´µ³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �É¨ Ê· ¢´¥-
´¨Ö ¢Ò¢µ¤ÖÉ¸Ö ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨ [55]: ¶·µ¥±É¨·µ¢ ´¨¥³ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢
¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ´  ¨§¢¥¸É´Ò¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ [57,59] ¨´É¥£· ²Ó-
´ÒÌ µ¶¥· Éµ·µ¢ ¨²¨ ¦¥ ¶·µ¥±É¨·µ¢ ´¨¥³ ¨¸Ìµ¤´ÒÌ Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  (14) ´  ¶µ¤Ìµ¤ÖÐ¨° ¡ §¨¸ É·¥ÌÎ ¸É¨Î´ÒÌ £¨¶¥·£ ·³µ´¨± [85]. „²Ö
Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ²ÊÎ¥´´ÒÌ Ê· ¢´¥´¨° ¶·¨Ìµ¤¨É¸Ö µ£· ´¨Î¨ÉÓ¸Ö
¨Ì ±µ´¥Î´µ° ¶µ¤¸¨¸É¥³µ° ¨ ·¥Ï¨ÉÓ ¸´ Î ²  ¤¢¥ ¢¸¶µ³µ£ É¥²Ó´Òe § ¤ Î¨. �¥·-
¢ Ö ¨§ ´¨Ì Å ¢ÒÎ¨¸²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ ¶µÉ¥´Í¨ ²µ¢ ¢ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¥³ µ¤´µ³¥·´µ³ Ê£²µ¢µ³ ¡ §¨¸¥ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° W̃La′b′ ¨´É¥£· ²Ó´ÒÌ
µ¶¥· Éµ·µ¢ h�

aba′b′ . ‚Éµ· Ö § ¤ Î  Å ¢ÒÎ¨¸²¥´¨¥ ±µÔËË¨Í¨¥´Éµ¢ �¥°´ ² Ä
�¥¢ ¨ [85], Ö¢²ÖÕÐ¨Ì¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¤²Ö ÔÉ¨Ì µ¶¥· Éµ·µ¢ Î¨¸² ³¨ [55,59].
�·¥¤²µ¦¥´´Ò° ¢ [59] ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö ÔÉ¨Ì Î¨¸¥² ¤µ¸É ÉµÎ´µ ¶·µ¸É ¨
§ ±²ÕÎ ¥É¸Ö ¢ ·¥Ï¥´¨¨ ±µ´¥Î´ÒÌ ´¥µ¤´µ·µ¤´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥-
´¨° ¸ ´¥¢Ò·µ¦¤¥´´Ò³¨ ³ É·¨Í ³¨. ‚ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ ¸µ¡¸É¢¥´´Ò¥ Î¨¸² 
¨ ËÊ´±Í¨¨ µ¶¥· Éµ·µ¢ h�

aba′b′ ¨§¢¥¸É´Ò ¢ Ö¢´µ³ ¢¨¤¥ [55]. � ¶·¨³¥·, ¤²Ö
µ¶¥· Éµ·  (25) ¶·¨ ²Õ¡µ³ ϕ

〈ϕ|h0|W̃L(ϕ′)〉 = λnW̃L(ϕ), n = 1, 2, . . . , L = 2(n − 1);

W̃L(ϕ) ≡ 2√
π

sin 2nϕ, λn =
sin 2nπ/3
n sin 2π/3

.
(28)

ˆ¸¶µ²Ó§µ¢ ´¨¥ £¨¶¥·£ ·³µ´¨± ¨ ËÊ´±Í¨° W̃Lab ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ
µ± § ²µ¸Ó ¢¥¸Ó³  ¶²µ¤µÉ¢µ·´Ò³ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ´¥±µÉµ·ÒÌ  ´ ²¨É¨Î¥¸±¨Ì
¸¢µ°¸É¢ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ¨ ¨¸Ìµ¤´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (14), ´ ¶·¨³¥· ¤²Ö ¶µ¸É·µ¥´¨Ö [60,
61] Ëµ±µ¢¸±¨Ì · §²µ¦¥´¨° Ë ¤¤¥¥¢¸±¨Ì ¡¨¸Ë¥·¨Î¥¸±¨Ì ±µ³¶µ´¥´É ¢ µ±·¥¸É-
´µ¸É¨ ÉµÎ±¨ É·µ°´µ£µ Ê¤ ·  (r → 0), ¤²Ö ¢Ò¢µ¤  Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨° ²µ¦´ÒÌ
·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  c S-¢µ²´µ¢Ò³¨ [55] ¨²¨ Í¥´É· ²Ó´Ò³¨ [62,63]
¶µÉ¥´Í¨ ² ³¨ ¶·µ¨§¢µ²Ó´µ° Ëµ·³Ò ¨ ¤²Ö  ´ ²¨§  ÉµÎ´ÒÌ ·¥Ï¥´¨° [56,64Ä67]
¢ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° Í¥´É·µ¡¥¦´µ£µ É¨¶  Vi(xi) ∼ x2

i , i = 1, 2, 3. Š ±
¶µ± § ´µ ¢ [65, 66], ¥¸²¨ É ±¨¥ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢±²ÕÎ¥´Ò ¢ ±µ´¥Î´µ³ Î¨¸²¥
¶ ·Í¨ ²Ó´ÒÌ ¢µ²´, Éµ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ¨³¥ÕÉ
¢¨¤ µ¤´µ·µ¤´µ° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´µ° ¶µ¸ÉµÖ´´µ°
p2 · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ r ¨ Ωi ¨ ±µÔËË¨Í¨¥´Éµ¢ · §²µ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì
±µ³¶µ´¥´É Ψi ¶µ ¡ §¨¸Ê £¨¶¥·£ ·³µ´¨±. ’µ²Ó±µ ¶·¨ p2 = (t + 2)2 ¨ Í¥²µ³ t
É ±¨¥ · §²µ¦¥´¨Ö Ö¢²ÖÕÉ¸Ö ±µ´¥Î´Ò³¨ ¸Ê³³ ³¨ ¨ ¶·¨¢µ¤ÖÉ ± ÉµÎ´Ò³ ·¥Ï¥-
´¨Ö³ Ê· ¢´¥´¨° ” ¤¤¥¥¢ . � ¶·¨³¥·, ¢ ¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°
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Í¥´É·µ¡¥¦´µ£µ É¨¶ 

Vi(xi) =
c

x2
i

I0
i =

c

(r cos ϕi)2
I0
i , i = 1, 2, 3, (29)

¶·¨ ²Õ¡µ° ¶µ²µ¦¨É¥²Ó´µ° Ô´¥·£¨¨ E ¨ §´ Î¥´¨ÖÌ c = 4, t = 4 ¨ p2 = 36
±· ¥¢ Ö § ¤ Î  (24)Ä(27) ¨³¥¥É µÎ¥´Ó ¶·µ¸Éµ¥ ÉµÎ´µ¥ ·¥Ï¥´¨¥ [64]

U(r, ϕ) = Jp(z) sin 2ϕF1(ϕ), z ≡ r
√

E,

F1(ϕ) ≡ 2√
π

cosec 2ϕ

[
sin 2ϕ − 4

5
sin 4ϕ − sin 6ϕ

]
,

(30)

±µÉµ·µ³Ê ¸µ£² ¸´µ (15) ¨ (23) ¸µµÉ¢¥É¸É¢Ê¥É ÉµÎ´µ¥, ´µ ¤µ¢µ²Ó´µ ¸²µ¦´µ¥
·¥Ï¥´¨¥ y· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (9)

Ψ(r1) = z−2Jp(z)[F1(ϕ1) + F1(ϕ2) + F1(ϕ3)],

ϕk = arccos
[
cos2(γk1 − ϕ1) +

1
2
(u − 1) sin 2γk1 sin 2ϕ1

]1/2

, k = 2, 3.
(31)

„¥°¸É¢¨É¥²Ó´µ, ¶·¨¢¥¤¥´´ Ö Ë ¤¤¥¥¢¸± Ö ±µ³¶µ´¥´É  (30) § ¢¨¸¨É µÉ ¤¢ÊÌ
¶¥·¥³¥´´ÒÌ r ¨ ϕ, ¶·¨Î¥³ § ¢¨¸¨³µ¸ÉÓ µÉ £¨¶¥·· ¤¨Ê¸  r µ¶¨¸Ò¢ ¥É¸Ö ¨§-
¢¥¸É´µ° ËÊ´±Í¨¥° �¥¸¸¥²Ö J6,   § ¢¨¸¨³µ¸ÉÓ µÉ £¨¶¥·Ê£²  ϕ Å ²¨´¥°´µ°
±µ³¡¨´ Í¨¥° É·¥Ì ¶¥·¢ÒÌ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° (28) µ¶¥· Éµ·  h0. �¥Ï¥-
´¨¥ (31) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  § ¢¨¸¨É Ê¦¥ ´¥ µÉ ¤¢ÊÌ,   µÉ É·¥Ì ¶¥·¥³¥´´ÒÌ
r, ϕ1 ≡ ϕ ¨ u ≡ cos θ, £¤¥ θ Å Ê£µ² ³¥¦¤Ê Ö±µ¡¨¥¢¸±¨³¨ ¢¥±Éµ· ³¨ x1 ¨ y1.
�·¨¢¥¤¥´´µ¥ ¸· ¢´¥´¨¥ ¥Ð¥ · § ¶µÖ¸´Ö¥É ÉµÉ Ë ±É, ÎÉµ § ¤ ÎÊ É·¥Ì Î ¸É¨Í
¢Ò£µ¤´¥¥ ·¥Ï ÉÓ ¢ · ³± Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

‡  ¨¸±²ÕÎ¥´¨¥³ ¢§ ¨³µ¤¥°¸É¢¨° µ¸Í¨²²ÖÉµ·´µ£µ (¸³. [55]) ¨ Í¥´É·µ¡¥¦-
´µ£µ É¨¶µ¢ ¸¨¸É¥³  Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ´¥Ê¤µ¡´ 
¤²Ö Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö ¨§-§  ¥¥ ¡¥¸±µ´¥Î´µ£µ · ´£ . „²Ö É ±¨Ì ¸¨¸É¥³ ¢µ-
¶·µ¸ µ ¸Ìµ¤¨³µ¸É¨ ¢ÒÎ¨¸²Ö¥³µ£µ ¸¶¥±É·  ±µ´¥Î´µ° ¶µ¤¸¨¸É¥³Ò ± ÉµÎ´µ³Ê
Ö¢²Ö¥É¸Ö µÉ±·ÒÉÒ³. „µ¸Éµ¢¥·´Ò° Î¨¸²¥´´Ò°  ´ ²¨§ É ±µ° ¸Ìµ¤¨³µ¸É¨ ¥Ð¥
´¥ ¢Ò¶µ²´¥´, ´µ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢¶µ²´¥ ¢µ§³µ¦´Ò³ ¢ · ³± Ì ´¥¤ ¢´µ ¶·¥¤²µ-
¦¥´´µ£µ ¶µ¤Ìµ¤  [89Ä92] ± ¨´É¥£·¨·µ¢ ´¨Õ ¡µ²ÓÏ¨Ì ¸¨¸É¥³ µ¡Ò±´µ¢¥´´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �ÉµÉ ¶µ¤Ìµ¤ Å ¨§ÖÐ´µ¥ µ¡Ñ¥¤¨´¥´¨¥ ´¥¶·¥-
·Ò¢´µ£µ  ´ ²µ£  ³¥Éµ¤  �ÓÕÉµ´  ¨ ¢ ·¨ Í¨µ´´µ£µ ¶·¨´Í¨¶  ˜¢¨´£¥· .

‚ · ¸¸³ É·¨¢ ¥³µ° ´¨¦¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ° Ëµ·³Ê²¨·µ¢±¥ [16] § ¤ Î¨
É·¥Ì Î ¸É¨Í c Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ Ê¶µ³¨´ ¢Ï Ö¸Ö ¶·µ-
¡²¥³  ¸Ìµ¤¨³µ¸É¨ ¶·µ¸Éµ ´¥ ¢µ§´¨± ¥É, ¶µÉµ³Ê ÎÉµ ¨¸Ìµ¤´Ò¥ Ï¥¸É¨³¥·´Ò¥
Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  Ê¤ ¥É¸Ö ÉµÎ´µ ¸¢¥¸É¨ ± ±µ´¥Î´Ò³ ¸¨¸É¥³ ³ É·¥Ì³¥·´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸µ ¸³¥Ð¥´´Ò³¨  ·£Ê³¥´É ³¨.

1.3. “· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ D-¡ §¨¸¥. …¸²¨ ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö µ¶¨-
¸Ò¢ ÕÉ¸Ö Í¥´É· ²Ó´Ò³¨ ¶µÉ¥´Í¨ ² ³¨, ´ ¶·¨³¥· ±Ê²µ´µ¢¸±¨³¨, Éµ ¶µ²´Ò°
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É·¥ÌÎ ¸É¨Î´Ò° £ ³¨²ÓÉµ´¨ ´ H ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ ¶µ²µ¦¥´¨Ö ¶²µ¸-
±µ¸É¨ P É·¥Ì Î ¸É¨Í. �µÔÉµ³Ê É·¨ Ê£²  �°²¥· , § ¤ ÕÐ¨¥ µ·¨¥´É Í¨Õ ¶²µ¸-
±µ¸É¨ P , ³µ¦´µ ÉµÎ´µ µÉ¤¥²¨ÉÓ µÉ µ¸É ²Ó´ÒÌ É·¥Ì ¢´ÊÉ·¥´´¨Ì ±µµ·¤¨´ É q,
µ¶¨¸Ò¢ ÕÐ¨Ì ¢§ ¨³´µ¥ · ¸¶µ²µ¦¥´¨¥ É·¥Ì Î ¸É¨Í ¢ ÔÉµ° ¶²µ¸±µ¸É¨. C ÔÉµ°
Í¥²ÓÕ ¥Ð¥ ¢ 30-Ì ££.,   ¨³¥´´µ ¢ · ¡µÉ Ì [93, 94], ¡Ò²µ ¶·¥¤²µ¦¥´µ ¨¸¶µ²Ó-
§µ¢ ÉÓ · §²µ¦¥´¨¥ ¨¸±µ³µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨ Ψ ¶µ ±µ´¥Î´µ³Ê ¡ §¨¸Ê ¨§
D-ËÊ´±Í¨° ‚¨£´¥· , § ¢¨¸ÖÐ¨Ì µÉ Ê£²µ¢ �°²¥· . „¥É ²Ó´µ¥ µ¶¨¸ ´¨¥ É ±µ°
·¥¤Ê±Í¨¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ±Ê²µ´µ¢¸±¨³¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ ± ±µ´¥Î-
´Ò³ ¸¨¸É¥³ ³ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ¤ ´µ ¢ µ¡§µ·´µ° · ¡µÉ¥ [88],   ¶µ¤·µ¡-
´Ò° ¢Ò¢µ¤ Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢¸¥Ì µ¶¥· Éµ·µ¢, ¸µ¤¥·¦ Ð¨Ì¸Ö ¢ É ±¨Ì ¸¨-
¸É¥³ Ì ¶·¨ ¢Ò¡µ·¥ ¢ ± Î¥¸É¢¥ ¢´ÊÉ·¥´´¨Ì ¸Ë¥·µ¨¤ ²Ó´ÒÌ, £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì
¨ ¤¥± ·Éµ¢ÒÌ ±µµ·¤¨´ É, ¶·¨¢¥¤¥´ ¸µµÉ¢¥É¸É¢¥´´µ ¢ · ¡µÉ Ì [95], [96], [97].

’µÎ´µ¥ µÉ¤¥²¥´¨¥ É·¥Ì Ê£²µ¢ �°²¥·  µÉ ¢´ÊÉ·¥´´¨Ì ®¤¥± ·Éµ¢ÒÌ¯ ±µ-
µ·¤¨´ É qi = (xi, yi, θi) ¢ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ ” ¤¤¥¥¢  (14) ¸
Í¥´É· ²Ó´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ ¢¶¥·¢Ò¥ ¢Ò¶µ²´¥´µ ¢ · ¡µÉ¥ [16]. �µ²ÊÎ¥´´Ò¥
É ±¨³ µ¡· §µ³ É·¥Ì³¥·´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¨¸¸²¥¤µ-
¢ ²¨¸Ó ¢ ¶µ¸²¥¤µ¢ ¢Ï¨Ì µ¡§µ· Ì [17,18]. �·¨ ¢Ò¢µ¤¥ ÔÉ¨Ì Ê· ¢´¥´¨° ±²ÕÎ¥-
¢Ò³¨ ¡Ò²¨ ¤¢  ¶· ¢¨² . �¥·¢µ¥ Å ± ¦¤ Ö Ë ¤¤¥¥¢¸± Ö ±µ³¶µ´¥´É  Ψi Å ·Ö¤
¶µ D-ËÊ´±Í¨Ö³ ‚¨£´¥·  D�∗

mm′ . ‚Éµ·µ¥ Å ¶·¨ ¤ ´´µ³ i  ·£Ê³¥´ÉÒ ËÊ´±-
Í¨° D�∗

mm′ Å Ê£²Ò �°²¥· , Ì · ±É¥·¨§ÊÕÐ¨¥ ¶µ²µ¦¥´¨¥ ¶µ¤¢¨¦´µ° ¸¨¸É¥³Ò
±µµ·¤¨´ É Sx

i ¸ µ¸ÓÕ OZ, ±µ²²¨´¥ ·´µ° ¢¥±Éµ·Ê xi.
‚Ò¡µ· Ê£²µ¢ �°²¥·  ¢ ± Î¥¸É¢¥ ¢´¥Ï´¨Ì ±µµ·¤¨´ É ¨ ¢Ò¡µ· ¸¨¸É¥³ Sx

i

´¥ Ö¢²ÖÕÉ¸Ö ¥¤¨´¸É¢¥´´Ò³¨. ‘µ£² ¸´µ [17] ¢³¥¸Éµ Ê£²µ¢ �°²¥·  ³µ¦´µ ¨¸-
¶µ²Ó§µ¢ ÉÓ ²Õ¡ÊÕ ¤·Ê£ÊÕ É·¥Ì³¥·´ÊÕ ¶ · ³¥É·¨§ Í¨Õ g £·Ê¶¶Ò É·¥Ì³¥·´ÒÌ
¢· Ð¥´¨° SO(3). Š ± µÉ³¥Î ²µ¸Ó ¢ [69], ¤²Ö ¢Ò¢µ¤  · §²µ¦¥´¨° ±µ³¶µ´¥´É
Ψi ¢¡²¨§¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ÉµÎ¥± ¶ ·´ÒÌ Ê¤ ·µ¢ (xi → 0, yi > 0) Ê¤µ¡´¥¥
¢ ± Î¥¸É¢¥ ¶µ¤¢¨¦´ÒÌ ¸¨¸É¥³ ±µµ·¤¨´ É ¢Ò¡· ÉÓ ¸¨¸É¥³Ò Sy

i ¸ µ¸Ö³¨ OZ,
±µ²²¨´¥ ·´Ò³¨ ¢¥±Éµ· ³ yi.

‚ ¸²ÊÎ ¥ � = 0 ¶·¨ ²Õ¡µ° ¶ · ³¥É·¨§ Í¨¨ g ËÊ´±Í¨Ö D0∗
00 Å ±µ´¸É ´É ,

¶µÔÉµ³Ê ¸¨¸É¥³  Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (14) ¶µ¤¸É ´µ¢±µ°

Ψi(qi) = f(qi)Ui(qi)D0
00(g), i = 1, 2, 3,

·¥¤ÊÍ¨·Ê¥É¸Ö ± ¸¨¸É¥³¥ É·¥Ì É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨°

[H̃0(qi) − E] Ui(qi) = −f−1(qi)Vi(x(qi))
3∑

k=1

f(qk)Uk(qk). (32)

‡¤¥¸Ó µ¶¥· Éµ· H̃0, ¶µ·µ¦¤¥´´Ò° µ¶¥· Éµ·µ³ H0, ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ
´ ¡µ·  qi É·¥Ì ±µµ·¤¨´ É ¢ ¶²µ¸±µ¸É¨ Î ¸É¨Í ¨ ¢ § ¢¨¸¨³µ¸É¨ µÉ ¢Ò¡µ· 
³´µ¦¨É¥²Ö f ¨ É·¥Ì µÉ´µ¸¨É¥²Ó´ÒÌ ±µµ·¤¨´ É q = qi ¤²Ö ± ¦¤µ° ¶ ·Ò
(pj , pk) Î ¸É¨Í ¨³¥¥É · §´Ò° ¢¨¤.
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Š ± ¶·¨³¥· ¶·¨¢¥¤¥³ ¨¸¶µ²Ó§µ¢ ´´ÊÕ ¢ · ¡µÉ Ì [44Ä46] Ëµ·³Ê²¨·µ¢±Ê
±· ¥¢µ° § ¤ Î¨ ¤²Ö µ¸´µ¢´µ£µ (� = 0) ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ¸¨¸É¥³Ò É·¥Ì
Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢, ²Õ¡Ò¥ ¤¢  ¨§ ±µÉµ·ÒÌ ³µ£ÊÉ ¨³¥ÉÓ Éµ²Ó±µ µ¤´µ ¸¢Ö-
§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ ¸ Ê£²µ¢Ò³ ³µ³¥´Éµ³ b = 0, Ô´¥·£¨¥° e > E ¨ ¢µ²´µ¢µ°
ËÊ´±Í¨¥° ψ. ‚ ÔÉµ³ ¸²ÊÎ ¥ É·¨ Ê· ¢´¥´¨Ö (32) Ô±¢¨¢ ²¥´É´Ò µ¤´µ³Ê É·¥Ì-
³¥·´µ³Ê Ê· ¢´¥´¨Õ, ±µÉµ·µ¥ ¶·¨ ¢Ò¡µ·¥

f = 1/xy, q = (x, y, u) ≡ (x1, y1, u),
u ≡ cos θ, θ = (x1y1)/(x1y1), U ≡ U1

§ ¶¨¸Ò¢ ¥É¸Ö ± ±

[H̃0(q) − E]U(q) = −xyV1(x)
{

[I + P+ + P−]
U(q)
xy

}
,

H̃0(q) ≡ −∂2
x − ∂2

y − x2 + y2

x2y2
∂u(1 − u2)∂u,

(33)

£¤¥ µ¶¥· Éµ·Ò P± = K(±π/3) Í¨±²¨Î¥¸±µ° ¨  ´É¨Í¨±²¨Î¥¸±µ° ¶¥·¥¸É -
´µ¢±¨ É·¥Ì ¡µ§µ´µ¢ § ³¥´ÖÕÉ x, y ¨ u ´  x±, y± ¨ u±:

P±[U(q)/xy] = U(x±, y±, u±)/(x±y±),

2x± = [x2 ∓ 2
√

3uxy + 3y2]1/2, 2y± = [3x2 ± 2
√

3uxy + y2]1/2,

u± = [±
√

3(x2 − y2) − 2uxy]/(4x±y±).

ˆ¸±µ³ Ö ËÊ´±Í¨Ö U ¶µ¤Î¨´Ö¥É¸Ö µ¤´µ·µ¤´Ò³ ±· ¥¢Ò³ Ê¸²µ¢¨Ö³

U(x, y, u) = 0, x = 0, ∀(y, u); y = 0, ∀(x, u),

µ¡¥¸¶¥Î¨¢ ÕÐ¨³ ·¥£Ê²Ö·´µ¸ÉÓ Ë ¤¤¥¥¢¸±¨Ì ±µ³¶µ´¥´É Ψi, ¨  ¸¨³¶ÉµÉ¨Î¥-
¸±µ³Ê ¶·¨ r → ∞ Ê¸²µ¢¨Õ

U ∼ ψ(x) exp (−y
√

e − E) + A0(ϕ, u)r−1/2 exp (−r
√
−E), ∀(u, ϕ),

¢Ò¤¥²ÖÕÐ¥³Ê ¨§ ¢¸¥Ì ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (33) ¥¤¨´¸É¢¥´´µ¥ ·¥-
Ï¥´¨¥, ¶·¨ ±µÉµ·µ³ ¸Ê³³  (15) Ö¢²Ö¥É¸Ö ¢µ²´µ¢µ° ËÊ´±Í¨¥° Ψ É·¥Ì¡µ§µ´-
´µ£µ ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ¸ Ô´¥·£¨¥° E < e ¨  ³¶²¨ÉÊ¤µ° A0 ¢¨·ÉÊ ²Ó´µ£µ
· §¢ ²  É ±µ£µ ¸µ¸ÉµÖ´¨Ö ´  É·¨ ¸¢µ¡µ¤´ÒÌ ¡µ§µ´ .

‚ ´¥¤ ¢´¥° · ¡µÉ¥ [47] Ê· ¢´¥´¨¥ (33) ¢¶¥·¢Ò¥ ¨¸¶µ²Ó§µ¢ ´µ ¤²Ö Î¨¸²¥´-
´µ£µ  ´ ²¨§  Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö  Éµ³  £¥²¨Ö 4He ´  ¤¨³¥·¥ £¥²¨Ö (¸¢Ö§ ´´µ³
¸µ¸ÉµÖ´¨¨ ¤¢ÊÌ  Éµ³µ¢ 4He) ¶·¨ Ê²ÓÉ· ´¨§±¨Ì Ô´¥·£¨ÖÌ.

� ¸ÉµÖÐ¨° · §¤¥² § ¢¥·Ï¨³ ¢ÒÉ¥± ÕÐ¨³¨ ¤·Ê£ ¨§ ¤·Ê£  ¢Ò¢µ¤ ³¨. „¨Ë-
Ë¥·¥´Í¨ ²Ó´ Ö Ëµ·³Ê²¨·µ¢±  § ¤ Î¨ É·¥Ì Î ¸É¨Í ¢ ¢¨¤¥ ·¥¤ÊÍ¨·µ¢ ´´ÒÌ
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Ê· ¢´¥´¨° ” ¤¤¥¥¢ , ¤µ¶µ²´¥´´ÒÌ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨-
Ö³¨, ¸µÎ¥É ¥É ¢¸¥ ¸¨²Ó´Ò¥ ¸Éµ·µ´Ò ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¶·µ¸ÉµÉµ°
Î¨¸²¥´´ÒÌ ³¥Éµ¤µ¢ ·¥Ï¥´¨Ö ¨ Ê¤µ¡´  ¤²Ö ± Î¥¸É¢¥´´µ£µ ¨ Î¨¸²¥´´µ£µ ¨¸-
¸²¥¤µ¢ ´¨Ö Ï¨·µ±µ£µ ±·Ê£  Ö¢²¥´¨° ¢  Éµ³´µ° ¨ Ö¤¥·´µ° Ë¨§¨±¥. �µÔÉµ³Ê
¶µ¸É·µ¥´¨¥ ´ ¤¥¦´ÒÌ ¨ ÔËË¥±É¨¢´ÒÌ Î¨¸²¥´´ÒÌ  ²£µ·¨É³µ¢ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥ Ö¢²Ö¥É¸Ö  ±ÉÊ ²Ó´µ° ¶·µ¡²¥-
³µ°. �¤´  ¨§ £· ´¥° ¥¥ ·¥Ï¥´¨Ö Å ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ Ê¦¥ ¨§¢¥¸É´ÒÌ  ²-
£µ·¨É³µ¢. ’ ±µ°  ´ ²¨§ ´¥¢µ§³µ¦¥´ ¡¥§ ¢¢¥¤¥´¨Ö ¢ É¥µ·¨Õ ¸¶² °´-ËÊ´±Í¨°.

2. �‘��‚�›… ‘‚…„…�ˆŸ � ‘�‹�‰��•

�¥·¥¤ µ¡¸Ê¦¤¥´¨¥³ µ¸´µ¢´ÒÌ µ¶·¥¤¥²¥´¨° ¨ ¸¢µ°¸É¢ ¸¶² °´µ¢ [32, 48Ä
52] ¸Éµ¨É µÉ³¥É¨ÉÓ, ´ ¢¥·´µ¥, ´¥¸²ÊÎ °´µ¥ ¸µ¢¶ ¤¥´¨¥: ¶¥·¨µ¤ ¸É ´µ¢²¥´¨Ö
¨ ¨´É¥´¸¨¢´µ£µ · §¢¨É¨Ö É¥µ·¨¨ ³ ²µÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ¸µ¢¶ ² ¸ ´ Î ²µ³
¨¸¸²¥¤µ¢ ´¨° ¢ �µ¢µ¸¨¡¨·¸±µ³ ´ ÊÎ´µ³ Í¥´É·¥ �� ‘‘‘� ¶µ É¥µ·¨¨ ¸¶² °´-
ËÊ´±Í¨° ¨ ¥¥ ¶·¨²µ¦¥´¨Ö³ ¢ ¢ÒÎ¨¸²¨É¥²Ó´µ° ³ É¥³ É¨±¥ ¨ ¨´¦¥´¥·´µ³
¤¥²¥. �É¨ ¨¸¸²¥¤µ¢ ´¨Ö, ± ± Ê¶µ³¨´ ÕÉ  ¢Éµ·Ò ¨§¢¥¸É´µ° ³µ´µ£· Ë¨¨ [48] ¶µ
³¥Éµ¤ ³ ¸¶² °´-ËÊ´±Í¨°, ®¶µ²Ó§µ¢ ²¨¸Ó ´¥¨§³¥´´µ° ¶µ¤¤¥·¦±µ°  ± ¤¥³¨±µ¢
ƒ. ˆ. Œ ·ÎÊ± , ‘. ‹. ‘µ¡µ²¥¢  ¨ �. �. Ÿ´¥´±µ¯.

�µ ¸· ¢´¥´¨Õ ¸ ±² ¸¸¨Î¥¸±¨³  ¶¶ · Éµ³ ¶·¨¡²¨¦¥´¨Ö ³´µ£µÎ²¥´ -
³¨ [32] ¸¶² °´Ò µ¡² ¤ ÕÉ ¶µ ±· °´¥° ³¥·¥ ¤¢Ê³Ö £² ¢´Ò³¨ ¶·¥¨³ÊÐ¥¸É¢ ³¨:
¸¶² °´Ò ¨³¥ÕÉ ²ÊÎÏ¨¥  ¶¶·µ±¸¨³ É¨¢´Ò¥ ¸¢µ°¸É¢ ,    ²£µ·¨É³Ò, µ¸´µ¢ ´-
´Ò¥ ´  ¸¶² °´- ¶¶·µ±¸¨³ Í¨¨, µÉ²¨Î ÕÉ¸Ö ¶·µ¸ÉµÉµ°, £¨¡±µ¸ÉÓÕ ¨ Ê¤µ¡-
¸É¢µ³ ·¥ ²¨§ Í¨¨ ´  ±µ³¶ÓÕÉ¥· Ì. ‘¶² °´Ò, ¶µ²ÊÎ¨¢ · ¸¶·µ¸É· ´¥´¨¥ ¢
60-Ì ££. ¸´ Î ²  ± ± ¸·¥¤¸É¢µ ¨´É¥·¶µ²ÖÍ¨¨ ¸²µ¦´ÒÌ ±·¨¢ÒÌ, ¸É ²¨ ³µÐ´Ò³
¸¶µ¸µ¡µ³ ·¥Ï¥´¨Ö · §´µµ¡· §´ÒÌ § ¤ Î ¢ÒÎ¨¸²¨É¥²Ó´µ° ³ É¥³ É¨±¨. Š É -
±¨³ § ¤ Î ³ µÉ´µ¸ÖÉ¸Ö ¶· ±É¨Î¥¸±¨ ¢¸¥ § ¤ Î¨, ¢µ§´¨± ÕÐ¨¥ ¶·¨ Î¨¸²¥´´µ³
¨¸¸²¥¤µ¢ ´¨¨ ¶·µ¡²¥³Ò ´¥¸±µ²Ó±¨Ì Î ¸É¨Í, ´ ¶·¨³¥· § ¤ Î  ¨´É¥·¶µ²ÖÍ¨¨
ËÊ´±Í¨°, ±·¨¢ÒÌ ¨ ¶µ¢¥·Ì´µ¸É¥°, § ¤ ´´ÒÌ É ¡²¨Í ³¨, § ¤ Î¨ Î¨¸²¥´´µ£µ
¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¨´É¥£·¨·µ¢ ´¨Ö,   É ±¦¥ Î¨¸²¥´´Ò°  ´ ²¨§ ¨´É¥£· ²Ó-
´ÒÌ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨°. �·¨ ·¥Ï¥´¨¨ ¢¸¥Ì ¶¥·¥-
Î¨¸²¥´´ÒÌ § ¤ Î Ìµ·µÏµ § ·¥±µ³¥´¤µ¢ ²¨ ¸¥¡Ö ¸¶² °´Ò ´¥¢Ò¸µ±¨Ì ¸É¥¶¥´¥°
(¶¥·¢µ°, É·¥ÉÓ¥° ¨ ¶ÖÉµ°). „²Ö Î¨¸²¥´´µ£µ  ´ ²¨§  É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨°
´ ¨¡µ²¥¥ Ï¨·µ±µ ¶·¨³¥´ÖÕÉ¸Ö ¸¶² °´Ò É·¥ÉÓ¥° ¨ ¶ÖÉµ° ¸É¥¶¥´¥°. ˆ¸¶µ²Ó§ÊÖ
¨Ì, Ê¤ ¥É¸Ö µ¶É¨³ ²Ó´Ò³ µ¡· §µ³ ¸µÎ¥É ÉÓ Ê¤µ¢²¥É¢µ·¨É¥²Ó´Ò° ¶µ·Ö¤µ±  ¶-
¶·µ±¸¨³ Í¨¨ ¨¸±µ³ÒÌ ·¥Ï¥´¨° ¸ ³¨´¨³ ²Ó´Ò³ Î¨¸²µ³ Î¨¸²¥´´ÒÌ µ¶¥· Í¨°.

2.1. ‘¥É±¨, ±µ²¥¡ ´¨Ö ¨ ±² ¸¸Ò ËÊ´±Í¨°. � Î´¥³ ¸ µ¶·¥¤¥²¥´¨° ¸¥Éµ±
¶µ µ¤´µ° ¨ ¤¢Ê³ ¶¥·¥³¥´´Ò³. ‚ ± Î¥¸É¢¥ É ±µ¢ÒÌ ¨¸¶µ²Ó§Ê¥³ £¨¶¥·· ¤¨Ê¸ r
¨ µ¤¨´ ¨§ É·¥Ì (i = 1, 2, 3) £¨¶¥·Ê£²µ¢ ϕ ≡ ϕi. �¥µ¡Ìµ¤¨³µ µÉ³¥É¨ÉÓ, ÎÉµ ¢¸¥
¶·¨¢¥¤¥´´Ò¥ ´¨¦¥ µ¶·¥¤¥²¥´¨Ö ¨ ¸¢µ°¸É¢  ¸¥Éµ± ¨ ¸¶² °´µ¢ ´¥ § ¢¨¸ÖÉ ´¨
µÉ Ë¨§¨Î¥¸±µ£µ ¸³Ò¸²  ¶¥·¥³¥´´ÒÌ, ´¨ µÉ ¨´É¥·¢ ²µ¢ ¨Ì ¨§³¥´¥´¨Ö.
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�Ê¸ÉÓ ´  µÉ·¥§± Ì 0 � r � R < ∞ ¨ 0 � ϕ � π/2 § ¤ ´Ò ´¥±µÉµ·Ò¥,
¢µµ¡Ð¥ £µ¢µ·Ö, ´¥·¥£Ê²Ö·´Ò¥ µ¤´µ³¥·´Ò¥ · §¡¨¥´¨Ö (¸¥É±¨):


r : 0 = r0 < r1 < . . . < rN = R, 
ϕ : 0 = ϕ0 < ϕ1 < . . . < ϕM = π/2,

¶µ·µ¦¤ ÕÐ¨¥ ¢ ¶·Ö³µÊ£µ²Ó´¨±¥ B2 ≡ [0, R] ⊗ [0, π/2] ¸ £· ´¨Í¥° G ÖÎ¥°±¨
B2

ij ≡ [ri, ri+1]⊗ [ϕj , ϕj+1] ¨ ¤¢Ê³¥·´ÊÕ ¸¥É±Ê 
rϕ ≡ 
r ⊗
ϕ Ê§²µ¢ (ri, ϕj).
�Ê¸ÉÓ h ¨ g Å ³ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö Ï £µ¢ hi ¨ gj ¸¥Éµ± 
r ¨ 
ϕ,

hi ≡ ri+1 − ri, i = 0, . . . , N − 1; gj ≡ ϕj+1 − ϕj , j = 0, . . . , M − 1.

�¤´µ³¥·´ Ö ¸¥É± , ¢¸¥ Ï £¨ ±µÉµ·µ° µ¤¨´ ±µ¢Ò¥, ´ §Ò¢ ¥É¸Ö · ¢´µ³¥·´µ°
¨²¨ ·¥£Ê²Ö·´µ°. Š·µ³¥ ¸¥Éµ± 
r ¨ 
ϕ ¶µÉ·¥¡ÊÕÉ¸Ö ¨Ì · ¸Ï¨·¥´¨Ö δr ¨ δϕ

δr : r−3 < r−2 < r−1 < r0 < . . . < rN < rN+1 < rN+2 < rN+3,

δϕ : ϕ−3 < ϕ−2 < ϕ−1 < ϕ0 < . . . < ϕM < ϕM+1 < ϕM+2 < ϕM+3

¤µ¶µ²´¨É¥²Ó´Ò³¨ Ê§² ³¨ ri, ϕj ¸ ´µ³¥· ³¨ i, j < 0; i > N , j > M . �µÉ·¥¡Ê-
ÕÉ¸Ö ¨ £ Ê¸¸µ¢Ò ¸¥É±¨ 
̃r, 
̃ϕ, ¸µ¸É ¢²¥´´Ò¥ ¨§ Ê§²µ¢ r±i ¨ ϕ±

j ¤¢ÊÌÉµÎ¥Î´µ°
±¢ ¤· ÉÊ·´µ° Ëµ·³Ê²Ò ƒ Ê¸¸  [98] ¤²Ö ± ¦¤µ£µ µÉ·¥§±  [ri, ri+1] ¨ [ϕj , ϕj+1]:


̃r : r̃i = r−i , r̃i+1 = r+
i , r±i ≡ ri +

hi

2

(
1 ± 1√

3

)
, i = 0, . . . , N − 1;


̃ϕ : ϕ̃j = ϕ−
j , ϕ̃j+1 = ϕ+

j , ϕ±
j ≡ ϕj +

gj

2

(
1 ± 1√

3

)
, j = 0, . . . , M − 1.

„¢Ê³¥·´Ò¥ · ¸Ï¨·¥´´ Ö ¨ £ Ê¸¸µ¢  ¸¥É±¨ µ¶·¥¤¥²ÖÕÉ¸Ö ± ± ¶·Ö³Ò¥ ¶·µ¨§¢¥-
¤¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì µ¤´µ³¥·´ÒÌ ¸¥Éµ±: δrϕ ≡ δr ⊗ δϕ ¨ 
̃rϕ ≡ 
̃r ⊗ 
̃ϕ.

�·¨³¥·. �Ê¸ÉÓ R = 1,   N = 4, Éµ£¤  ´  µÉ·¥§±¥ [0, R] = [0, 1] ·¥£Ê²Ö·´ Ö
¸¥É±  
r ¨³¥¥É Ï £ h = R/N = 1/4 ¨ ¸µ¸Éµ¨É ¨§ ¶ÖÉ¨ (N + 1 = 5) Ê§²µ¢:


r : ri = hi, i = 0, . . . , N = 4, R = 1, h = R/N = 1/4. (34)

�¥£Ê²Ö·´µ¥ · ¸Ï¨·¥´¨¥ δr ¸¥É±¨ 
r ¸µ¤¥·¦¨É µ¤¨´´ ¤Í ÉÓ Ê§²µ¢:

δr : ri = hi , i = −3, . . . , N + 3 = 7, N = 4, R = 1, h = R/N = 1/4 , (35)

¶·¨Î¥³ É·¨ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê§²  (i = −3,−2,−1) · ¸¶µ²µ¦¥´Ò ´  Î¨¸²µ¢µ°
µ¸¨ ²¥¢¥¥ ÉµÎ±¨ r0 = 0, É·¨ ¤·Ê£¨Ì ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê§²  (i = 5, 6, 7) Å
¶· ¢¥¥ ÉµÎ±¨ r4 = 1,   ¶ÖÉÓ µ¸´µ¢´ÒÌ Ê§²µ¢ (i = 0, . . . , 4) Å Ê§²Ò ¨¸Ìµ¤´µ°
¸¥É±¨ 
r. �Éµ° ¸¥É±¥ ¸µµÉ¢¥É¸É¢Ê¥É £ Ê¸¸µ¢  ¸¥É±  
̃r ¨§ 2N = 8 Ê§²µ¢:


̃r : r̃i = r−i , r̃i+1 = r+
i , r±i ≡ h

(
i +

1
2
± 1

2
√

3

)
,

i = 0, . . . , N − 1 = 3, N = 4, R = 2, h = R/N = 1/4.

(36)
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�  ¸¥É±¥ 
r ËÊ´±Í¨Õ F ∈ C0([0, R]) Ê¤µ¡´µ Ì · ±É¥·¨§µ¢ ÉÓ ´ ¨¡µ²Ó-
Ï¨³ §´ Î¥´¨¥³ ω(F,
r) ¥¥ ±µ²¥¡ ´¨° ωi(F ) ´  ± ¦¤µ³ ¨§ µÉ·¥§±µ¢ [ri, ri+1].
Šµ²¥¡ ´¨¥ ωi(F ) Å ÔÉµ ³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨¥ |F (r′) − F (r′′)| ¤²Ö r′, r′′ ∈
[ri, ri+1]. �Ê¸ÉÓ CkCp

�r
([0, R]) Å ±² ¸¸ ËÊ´±Í¨°, É ±¨Ì, ÎÉµ

F (r) ∈ Ck([0, R]), F (r) ∈ Cp([ri, ri+1]), i = 0, . . . , N − 1.

  Lp([0, R]) Å ¶·µ¸É· ´¸É¢µ ¨§³¥·¨³ÒÌ ´  [0, R] ËÊ´±Í¨° F , ¤²Ö ±µÉµ·ÒÌ
ËÊ´±Í¨Ö |F |p ¨§³¥·¨³  ¶µ ‹¥¡¥£Ê:

||F (r)||Lp([0,R]) ≡


 R∫

0

dr |F (r)|p



1/p

< ∞.

Š² ¸¸ ËÊ´±Í¨° F (r), ¨³¥ÕÐ¨Ì ´  [0, R]  ¡¸µ²ÕÉ´µ ´¥¶·¥·Ò¢´ÊÕ ¶·µ¨§¢µ¤-
´ÊÕ ¶µ·Ö¤±  k − 1 ¨ k-Õ ¶·µ¨§¢µ¤´ÊÕ ¨§ Lp([0, R]), 1 � p � ∞, µ¡µ§´ Î¨³
¸¨³¢µ²µ³ Wk

p ([0, R]). ‘¨³¢µ²µ³ CkWq
�r,p, p > k, µ¡µ§´ Î¨³ ËÊ´±Í¨¨ ±² ¸¸ 

Ck([0, R]), ¶·¨´ ¤²¥¦ Ð¨¥ ´  ± ¦¤µ³ µÉ·¥§±¥ ±² ¸¸Ê Wq
p([ri, ri+1]) ¡µ²¥¥

£² ¤±¨Ì ËÊ´±Í¨°. � ±µ´¥Í, ¶Ê¸ÉÓ H1
2([0, R]) Å ¶·µ¸É· ´¸É¢µ ËÊ´±Í¨°, µ¡² -

¤ ÕÐ¨Ì ¶¥·¢Ò³¨ ¶·µ¨§¢µ¤´Ò³¨, ±¢ ¤· ÉÒ ±µÉµ·ÒÌ ¨´É¥£·¨·Ê¥³Ò ´  [0, R].
� ¶µ³´¨³, ÎÉµ ||F ||C = ||F ||∞, ¥¸²¨ F ∈ C0([0, R]).

Šµ²¥¡ ´¨Ö ¨ ±² ¸¸Ò ËÊ´±Í¨° F (r, ϕ) ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ
 ´ ²µ£¨¨ ¸ ËÊ´±Í¨Ö³¨ µ¤´µ° ¶¥·¥³¥´´µ°. ‚ ¶·µ¸É· ´¸É¢¥ Lp(B2) ¨§³¥·¨³ÒÌ
´  B2 ËÊ´±Í¨° ´µ·³  µ¶·¥¤¥²¥´  ± ±

||F (r, ϕ)||Lp ≡




R∫
0

dr

π/2∫
0

dϕ |F (r, ϕ)|p




1/p

.

—¥·¥§ Cp,q(B2) µ¡µ§´ Î¨³ ³´µ¦¥¸É¢µ ËÊ´±Í¨° F (r, ϕ), ¨³¥ÕÐ¨Ì ´  B2 ´¥-
¶·¥·Ò¢´Ò¥ Î ¸É´Ò¥ ¨ ¸³¥Ï ´´Ò¥ ¶·µ¨§¢µ¤´Ò¥ D(s,t)F ≡ F (s,t) ≡ ∂s

r∂t
ϕF ,

s � p, t � q. �Ê¸ÉÓ Wk
p (B2) Å ±² ¸¸ ËÊ´±Í¨°, ¨³¥ÕÐ¨Ì ´  B2  ¡¸µ²ÕÉ´µ

´¥¶·¥·Ò¢´Ò¥ ¶·µ¨§¢µ¤´Ò¥ F (p,q), p + q = k ¨§ Lp(B2), 1 � p � ∞. �µ
 ´ ²µ£¨¨ ¸µ ¸²ÊÎ ¥³ µ¤´µ° ¶¥·¥³¥´´µ° ¨¸¶µ²Ó§Ê¥³ µ¡µ§´ Î¥´¨Ö CkCp

δ (B2)
¨ CkWq

δ,p(B2), q > k, ¨ É. ¤. ¤²Ö ±² ¸¸µ¢ ËÊ´±Í¨°, ±µÉµ·Ò¥ ¨³¥ÕÉ ¡µ²¥¥

¢Ò¸µ±ÊÕ £² ¤±µ¸ÉÓ ¢ ÖÎ¥°± Ì Bij , Î¥³ ¢µ ¢¸¥° µ¡² ¸É¨ B2.
2.2. �¶·¥¤¥²¥´¨Ö ¸¶² °´µ¢. �Ê¸ÉÓ n ¨ ν Å Í¥²Ò¥ Î¨¸² , ¶·¨Î¥³ 0 � ν �

n + 1. ”Ê´±Í¨Ö Snν(r) ´ §Ò¢ ¥É¸Ö ¸¶² °´µ³ ¸É¥¶¥´¨ n ¤¥Ë¥±É  ν ¸ Ê§² ³¨
´  ¸¥É±¥ 
r ¨ ±µÔËË¨Í¨¥´É ³¨ ai

α, ¥¸²¨ Snν(r) ∈ Cn−ν
[0,R] ¨ ´  ± ¦¤µ³ µÉ·¥§±¥

[ri, ri+1]

Snν(r) =
n∑

α=0

ai
α(r − ri)α. (37)
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�·µ¨§¢µ¤´Ò¥ S
(p)
nν ¶µ·Ö¤±  p = n − ν + 1, . . . , n É¥·¶ÖÉ · §·Ò¢Ò ¢ ÉµÎ± Ì ri.

„²Ö µ¶·¥¤¥²¥´´µ¸É¨ ¶µ² £ ¥É¸Ö, ÎÉµ ¢ ÔÉ¨Ì ÉµÎ± Ì S
(p)
nν ´¥¶·¥·Ò¢´  ¸¶· ¢ .

‘¶² °´Ò Smµ(ϕ) ¸ Ê§² ³¨ ´  ¸¥É±¥ 
ϕ ¢¢µ¤ÖÉ¸Ö  ´ ²µ£¨Î´Ò³ µ¡· §µ³.
”Ê´±Í¨Ö Snmνµ(r, ϕ) ´ §Ò¢ ¥É¸Ö ¤¢Ê³¥·´Ò³ ¸¶² °´µ³ ¸É¥¶¥´¨ n ¨ ¤¥-

Ë¥±É  ν, 0 � ν � n + 1, ¶µ r ¨ ¸É¥¶¥´¨ m ¨ ¤¥Ë¥±É  µ, 0 � µ � m + 1, ¶µ ϕ,
¥¸²¨ Snmνµ(r, ϕ) ∈ Cn−ν,m−µ(B2) ¨ ¢ ± ¦¤µ° ÖÎ¥°±¥ B2

ij

Snmνµ(r, ϕ) =
n∑

α=0

m∑
β=0

aij
αβ(r − ri)α(ϕ − ϕj)β , ∀aij

αβ = const. (38)

�µ µ¶·¥¤¥²¥´¨Õ (37) ´  ± ¦¤µ³ µÉ·¥§±¥ [ri, ri+1] ¸¶² °´Ò S31 ¨ S32 Å
¶µ²¨´µ³Ò É·¥ÉÓ¥° ¸É¥¶¥´¨, ¶·¨Î¥³ ¨Ì ¶·µ¨§¢µ¤´Ò¥ S′

32, S′
31 ¨ S′′

31 ´¥¶·¥-
·Ò¢´Ò ¢¸Õ¤Ê ´  [0, R],   ¶·µ¨§¢µ¤´ Ö S′′

32 É¥·¶¨É · §·Ò¢ ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì
ri, i = 1, . . . , N − 1, ¸¥É±¨ 
r. ‘¶² °´Ò S31 ¨ S3311 ´ §Ò¢ ÕÉ¸Ö ±Ê¡¨Î¥¸±¨³
¨ ¡¨±Ê¡¨Î¥¸±¨³ ¸¶² °´ ³¨ ±² ¸¸  C2,   ¸¶² °´Ò S32 ¨ S3322 Å Ô·³¨Éµ¢Ò³¨
±Ê¡¨Î¥¸±¨³ ¨ ¡¨±Ê¡¨Î¥¸±¨³ ¸¶² °´ ³¨. ‡´ Î¥´¨Ö ¸¶² °´  ¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ
¢ Ê§² Ì ¸¥É±¨ ´ §Ò¢ ÕÉ ¨Ì Ê§²µ¢Ò³¨ §´ Î¥´¨Ö³¨.

2.3. ŠÊ¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨ ²µ± ²Ó´µ¸ÉÓ ¸¶² °´µ¢.
„²Ö ¸¶² °´µ¢ S3ν ¨ S33νν ¢³¥¸Éµ ¶·¥¤¸É ¢²¥´¨° (37) ¨ (38) Ê¤µ¡´µ ¨¸¶µ²Ó§µ-
¢ ÉÓ Ô±¢¨¢ ²¥´É´Ò¥ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö, ±µÔËË¨Í¨¥´ÉÒ
±µÉµ·ÒÌ Ö¢²ÖÕÉ¸Ö Ê§²µ¢Ò³¨ §´ Î¥´¨Ö³¨ ¸¶² °´µ¢ ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ. �·¨¢¥-
¤¥³ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö. �Ê¸ÉÓ r ∈ [ri, ri+1] ¨

Si ≡ S3ν(ri), ni ≡ S′
3ν(ri), Ni ≡ S′′

3ν(ri), s ≡ (r − ri)/hi.

’µ£¤  ¢ ¸²ÊÎ ¥ ν = 1 ¸Ê³³Ê (37) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

S31(r) = η1(s)Si + η2(s)Si+1 − (h2
i /6)[η3(s)Ni + η4(s)Ni+1], (39)

η1(s) ≡ 1 − s, η2(s) ≡ s, η3(s) ≡ s(1 − s)(2 − s), η4(s) ≡ s(1 − s2) (40)

¨²¨ ¦¥ ¢ µ¡µ¨Ì ¸²ÊÎ ÖÌ ν = 1 ¨ ν = 2 Å ¢ ¢¨¤¥

S3ν(r) = ξ1(s)Si + ξ2(s)Si+1 + hi[ξ3(s)ni + ξ4(s)ni+1], (41)

ξ1 ≡(1 − s)2(1 + 2s), ξ2 ≡ s2(3 − 2s),

ξ3 ≡ s(1 − s)2, ξ4 ≡ −s2(1 − s).
(42)

�·¨ ²Õ¡ÒÌ Si, Ni ¨ ni, i = 0, . . . , N , ¶·¥¤¸É ¢²¥´¨¥ (39), (40) ¨²¨ (41), (42)
µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶µ²´¥´¨¥ ¸µµÉ¢¥É¸É¢¥´´µ Ê¸²µ¢¨° S31, S

′′
31 ∈ C0([0, R]) ¨²¨

Ê¸²µ¢¨° S3ν , S′
3ν ∈ C0([0, R]), ν = 1, 2.

�¡¸Ê¤¨³ ¸¶² °´ S31. �·¨ § ¶¨¸¨ (39) ¨²¨ (41) ¶·µ¨§¢µ¤´ Ö S′
31 ¨²¨

S′′
31 ¸µµÉ¢¥É¸É¢¥´´µ, ¢µµ¡Ð¥ £µ¢µ·Ö, · §·Ò¢´  ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
r.
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�µÔÉµ³Ê ¢ µ¡o¨Ì ¸²ÊÎ ÖÌ Ê¸²µ¢¨¥ S31 ∈ C2([0, R]) ¸¢µ¤¨É¸Ö ± N − 1 Ê¸²µ¢¨Õ
´¥¶·¥·Ò¢´µ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·µ¨§¢µ¤´ÒÌ ¢ ÔÉ¨Ì Ê§² Ì:

S
(k)
31 (ri − 0) = S

(k)
31 (ri + 0), i = 1, . . . , N − 1, (43)

£¤¥ k = 1 ¨ k = 2 ¸µµÉ¢¥É¸É¢¥´´µ ¤²Ö ¸Ê³³ (39) ¨ (41). …¸²¨ ÔÉ¨ ¸µµÉ-
´µÏ¥´¨Ö ¤µ¶µ²´¨ÉÓ ¤¢Ê³Ö µ£· ´¨Î¥´¨Ö³¨, ´ ²µ¦¥´´Ò³¨ ´  ¸¶² °´ ¨²¨ ¥£µ
¶·µ¨§¢µ¤´Ò¥ ¢ ¢¨¤¥ ±· ¥¢ÒÌ Ê¸²µ¢¨° µ¤´µ£µ ¨§ ¤¢ÊÌ (p = 1, 2) É¨¶µ¢:

S
(p)
31 (r) = F (p)(r), r = 0, R; p = 1, 2, (44)

£¤¥ F (p)(0) ¨ F (p)(R) ¨§¢¥¸É´Ò, Éµ ¶µ²ÊÎ¨É¸Ö ¸¨¸É¥³  ¨§ N +1 Ê· ¢´¥´¨° ¤²Ö
N + 1 ´¥¨§¢¥¸É´ÒÌ Ni ¨²¨ ¦¥ ni. Œ É·¨Í  A É ±µ° ¸¨¸É¥³Ò É·¥Ì¤¨ £µ´ ²Ó-
´ Ö ¨ ´¥¢Ò·µ¦¤¥´´ Ö, É ± ± ± ¨³¥¥É ¤¨ £µ´ ²Ó´µ¥ ¶·¥µ¡² ¤ ´¨¥ ¶·¨ ²Õ¡µ°
¸¥É±¥ 
r. �µÔÉµ³Ê ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ Ni ¨²¨ ni µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö ± ±
²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ¢¸¥Ì ±µÔËË¨Í¨¥´Éµ¢ Sk. ˆ§-§  É ±µ°
¸¢Ö§¨ ¸¶² °´ S31 Ö¢²Ö¥É¸Ö ´¥²µ± ²Ó´Ò³ ¸¶² °´µ³ ¢ Éµ³ ¸³Ò¸²¥, ÎÉµ ¥£µ §´ -
Î¥´¨Ö ¢ ÉµÎ± Ì, µÉ²¨Î´ÒÌ µÉ Ê§²µ¢ ¸¥É±¨ 
r, § ¢¨¸ÖÉ µÉ ¢¸¥° ¸µ¢µ±Ê¶´µ¸É¨
¢¥²¨Î¨´ Si, i = 0, . . . , N ,   ¢ ¸²ÊÎ ¥ ±· ¥¢ÒÌ Ê¸²µ¢¨° (44) Å ¥Ð¥ ¨ µÉ ±· ¥-
¢ÒÌ §´ Î¥´¨° ¶·µ¨§¢µ¤´ÒÌ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¶µ·Ö¤± . ’¥³ ´¥ ³¥´¥¥ ¸¶² °´
S31 µ¡² ¤ ¥É Ö·±µ ¢Ò· ¦¥´´Ò³¨ ²µ± ²Ó´Ò³¨ ¸¢µ°¸É¢ ³¨, µ¡Ê¸²µ¢²¥´´Ò³¨
¤¨ £µ´ ²Ó´Ò³ ¶·¥µ¡² ¤ ´¨¥³ ³ É·¨ÍÒ A. ‹µ± ²Ó´Ò¥ ¸¢µ°¸É¢  ¶·µÖ¢²ÖÕÉ¸Ö
¢ Éµ³, ÎÉµ ¸ÊÐ¥¸É¢¥´´µ¥ ¢²¨Ö´¨¥ ´  ¢¥²¨Î¨´Ê S31(r) µ± §Ò¢ ÕÉ ²¨ÏÓ É¥ §´ -
Î¥´¨Ö Si, ±µÉµ·Ò¥ § ¤ ´Ò ¢ Ê§² Ì ri, ¡²¨§±¨Ì ± r. �µÔÉµ³Ê ¸¶² °´ S31(r) ¢
ÉµÎ± Ì, Ê¤ ²¥´´ÒÌ µÉ ±µ´Íµ¢ µÉ·¥§±  [0, R], Ê¸Éµ°Î¨¢ ¶µ µÉ´µÏ¥´¨Õ ± µÏ¨¡-
± ³ ¢ § ¤ ´¨¨ ±· ¥¢ÒÌ Ê¸²µ¢¨° (44). ‘¢µ°¸É¢  ²µ± ²Ó´µ¸É¨ ¨ Ê¸Éµ°Î¨¢µ¸É¨
¸¶² °´  S31 ¶·¥¤¸É ¢²ÖÕÉ ¡µ²ÓÏµ° ¶· ±É¨Î¥¸±¨° ¨´É¥·¥¸.

�·¨³¥·. � ¸¸³µÉ·¨³ ¸²ÊÎ °, ±µ£¤  ¸¶² °´ (39) ¨ ¥£µ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤-
´Ò¥ · ¢´Ò ´Ê²Õ ¶·¨ r = 0, R, É. ¥. S0, SN = 0 ¨ N0, NN = 0. ‡ ¶¨Ï¥³
Ê· ¢´¥´¨Ö (43) ¸ p = 1 ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  i = 1, . . . , N − 1:

νiNi−1 + 2Ni + (1 − νi)Ni+1 = di ≡
6νi

hi−1

[
Si+1 − Si

hi
− Si − Si−1

hi−1

]
, (45)

£¤¥ νi ≡ hi−1/(hi + hi−1). …¸²¨ A Å ³ É·¨Í  É ±µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°, Éµ

S′′
31(ri) = Ni =

N−1∑
k=1

A−1
ik dk = 6

N−1∑
k=1

Br
ikSk, i = 1, . . . , N − 1, (46)

Br
ik = νk−2(hk−1hk−2)−1A−1

i,k−1 − (hkhk−1)−1A−1
ik + νk+1h

−2
k A−1

i,k+1, (47)

£¤¥ ¶µ µ¶·¥¤¥²¥´¨Õ A−1
i0 , A−1

iN ≡ 0,   i, k = 1, . . . , N − 1. ’ ± ± ± A ¨³¥¥É
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¤¨ £µ´ ²Ó´µ¥ ¶·¥µ¡² ¤ ´¨¥, Éµ |A−1
ij | � 2−|i−j| ¤²Ö ¢¸¥Ì i ¨ j ¨ ¶µÔÉµ³Ê∣∣∣∣∣∣Ni −

i+k∑
j=i−k

A−1
jk dk

∣∣∣∣∣∣ � 3(1/2)k−1 max
i=1,...,N−1

di.

‘²¥¤µ¢ É¥²Ó´µ, ¥¸²¨ ¶·¥´¥¡·¥£ ÉÓ ¨´Ëµ·³ Í¨¥° (±µÔËË¨Í¨¥´É ³¨ di) ¢ Ê§² Ì
rj , Ê¤ ²¥´´ÒÌ µÉ ri ´  |j − i| > k, Éµ ¤µ¶Ê¸± ¥³ Ö ¶·¨ ÔÉµ³ ¶µ£·¥Ï´µ¸ÉÓ ¢
µ¶·¥¤¥²¥´¨¨ Mi ¡Ê¤¥É ¶µ·Ö¤±  (1/2)k−1.

�¡¸Ê¤¨³ É¥¶¥·Ó Ô·³¨Éµ¢ ±Ê¡¨Î¥¸±¨° ¸¶² °´ (37), ¶·¥¤¸É ¢²¥´´Ò° ¸Ê³-
³µ° (41) ¸ ν = 2. �·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ Si ¨ ni É ±µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ¡¥¸¶¥-
Î¨¢ ¥É ´Ê¦´ÊÕ £² ¤±µ¸ÉÓ: S32(r) ∈ C1([0, R]). ’ ± ± ± ±µÔËË¨Í¨¥´ÉÒ Si ¨
ni ´¥§ ¢¨¸¨³Ò, Éµ ¸¶² °´ S32 Å ²µ± ²Ó´Ò°,   ¥£µ ¶·µ¨§¢µ¤´ Ö S′′

32, ¢µµ¡Ð¥
£µ¢µ·Ö, · §·Ò¢´  ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨, ¶·¨Î¥³

|S′′
32(ri + 0) − S′′

32(ri − 0)| = O(h−2), h → 0, i = 1, . . . , N − 1.

ŠÊ¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸¶² °´µ¢ S3µ(ϕ) ¸ Ê§² ³¨ ´ 
¸¥É±¥ 
ϕ  ´ ²µ£¨Î´Ò ¶·¥¤¸É ¢²¥´¨Ö³ (39)Ä(42). …¸²¨ ¶µ²µ¦¨ÉÓ

Sj ≡ S3µ(ϕj), mj ≡ S′
3µ(ϕj), Mj ≡ S′′

3µ(ϕj), t ≡ (ϕ − ϕj)/gj

¨ ¨¸¶µ²Ó§µ¢ ÉÓ ËÊ´±Í¨¨ (40) ¨ (42) ¶¥·¥³¥´´µ° s = t, Éµ ´  ± ¦¤µ³ µÉ-
·¥§±¥ [ϕj , ϕj+1] ¤²Ö ¸¶² °´  S3µ, µ = 1, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¤¢  ±Ê¸µÎ´µ-
¶µ²¨´µ³¨ ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö

S31(ϕ) = η1(t)Sj + η2(t)Sj+1 − (g2
j /6)[η3(t)Mj + η4(t)Mj+1], (48)

S3µ(ϕ) = ξ1(t)Sj + ξ2(t)Sj+1 + gj [ξ3(t)m′
j + ξ4(t)m′

j+1], (49)

¢ ±µÉµ·ÒÌ Mj ¨ mj Å ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ ±µÔËË¨Í¨¥´Éµ¢ Sj . “¸²µ¢¨Ö
´¥¶·¥·Ò¢´µ¸É¨ ¶·µ¨§¢µ¤´µ° S′

31(ϕ) ¸¶² °´  (48) ¶µÌµ¦¨ ´  · ¢¥´¸É¢  (45):

µjMj−1 + 2Mj + (1 − µj)Mj+1 =
6µj

gj−1

(
Sj+1 − Sj

gj
− Sj − Sj−1

gj−1

)
, (50)

£¤¥ j = 1, . . . , M − 1 ¨ µj ≡ gj−1/(gj−1 + gj). �Ê¸ÉÓ A Å ³ É·¨Í  ÔÉ¨Ì
Ê¸²µ¢¨° ¢ ¸²ÊÎ ¥ S31(ϕ), S′′

31(ϕ) = 0 ¶·¨ ϕ = 0, π/2, É. ¥. ¢ ¸²ÊÎ ¥ S0, SM = 0
¨ M0, MN = 0. ’µ£¤   ´ ²µ£¨ Ëµ·³Ê² (46) ¨ (47) § ¶¨¸Ò¢ ÕÉ¸Ö ± ±

S′′
31(ϕj) = Mj = 6

M−1∑
k=1

Bϕ
jkSk, j = 1, . . . , M − 1, M0 = MM = 0; (51)

Bϕ
jk = µk−2(gk−1gk−2)−1A−1

j,k−1 − (gkgk−1)−1A−1
jk + µk+1g

−2
k A−1

j,k+1, (52)
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£¤¥ j, k = 1, . . . , M − 1 ¨ ¶µ µ¶·¥¤¥²¥´¨Õ A−1
j0 , A−1

jM = 0.
‚ µÉ²¨Î¨¥ µÉ ±µÔËË¨Í¨¥´Éµ¢ Si ¨ Mi ¸¶² °´  S31 ±µÔËË¨Í¨¥´ÉÒ Sj ¨

mj Ô·³¨Éµ¢µ£µ ¸¶² °´  S32(ϕ), § ¤ ´´µ£µ Ëµ·³Ê²µ° (49) ¸ µ = 2, ´¥§ ¢¨-
¸¨³Ò.

‚ ± ¦¤µ° ÖÎ¥°±¥ B2
ij ¢³¥¸Éµ ¶·¥¤¸É ¢²¥´¨Ö (38) ¸¶² °´  S3311 £µ· §¤µ

Ê¤µ¡´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ ³ É·¨Î´µ¥ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥

S(r, ϕ) ≡ S3311(r, ϕ) = P(s)TPT (t),
P(q) ≡ (η1(q), η2(q), ση3(q), ση4(q)).

(53)

‡¤¥¸Ó σ ≡ (h2
i /6) ¶·¨ q = s ≡ (r − ri)/h2

i ¨ σ ≡ (g2
j /6) ¶·¨ q = t ≡

(ϕ−ϕj)/gj , ËÊ´±Í¨¨ η1, . . . , η4 § ¤ ´Ò · ¢¥´¸É¢ ³¨ (42),   Ô²¥³¥´ÉÒ ³ É·¨ÍÒ
T Å ¶µ±  ´¥¨§¢¥¸É´Ò¥ ±µÔËË¨Í¨¥´ÉÒ, ¸µ¢¶ ¤ ÕÐ¨¥ ¸µ §´ Î¥´¨Ö³¨ ¸¶² °´ 
¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ ¢ ¢¥·Ï¨´ Ì (rn, ϕm) ÖÎ¥°±¨ B2

ij :

Tkp = Snm = S(rn, ϕm), Tk,p+2 = Nnm = ∂2
rS(rn, ϕm),

Tk+2,p = Mnm = ∂2
ϕS(rn, ϕm), Tk+2,p+2 = Knm = ∂2

r∂2
ϕS(rn, ϕm),

(54)

£¤¥ k = 1 (2), ¥¸²¨ n = i (i + 1),   p = 1 (2), ¥¸²¨ m = j (j + 1). �·¨
²Õ¡ÒÌ Sij , Nij , Mij ¨ Kij ¶·¥¤¸É ¢²¥´¨¥ (53), (54) µ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶µ²-
´¥´¨¥ Ê¸²µ¢¨° S, ∂2

ϕS, ∂2
rS ∈ C0(B2). “¸²µ¢¨Ö ´¥¶·¥·Ò¢´µ¸É¨ ¶·µ¨§¢µ¤-

´ÒÌ ∂rS, ∂ϕS, ∂r∂ϕS ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì (ri, ϕj), i = 1, . . . , N − 1, j =
1, . . . , M − 1, ¸¥É±¨ 
rϕ ¢ ¸µ¢µ±Ê¶´µ¸É¨ ¸ ²¨´¥°´Ò³¨ µ£· ´¨Î¥´¨Ö³¨, ´ ²µ-
¦¥´´Ò³¨ ´  ¸¶² °´ ´  £· ´¨Í¥ G µ¡² ¸É¨ B2, ¶µ§¢µ²ÖÕÉ µ¤´µ§´ Î´µ ¢Ò· §¨ÉÓ
¢¸¥ Mij , Nij ¨ Kij Î¥·¥§ Sij . ’ ±¨¥ ¢Ò· ¦¥´¨Ö (¸¢Ö§¨) Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨,
  ¢Ìµ¤ÖÐ¨¥ ¢ ´¨Ì ±µÔËË¨Í¨¥´ÉÒ µ¶·¥¤¥²ÖÕÉ¸Ö Éµ²Ó±µ ¸¥É±µ° 
rϕ ¨ £· -
´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨. ‘µ£² ¸´µ (38) ¨ (53) ¶·¨ ²Õ¡µ³ Ë¨±¸¨·µ¢ ´´µ³ §´ Î¥-
´¨¨ µ¤´µ£µ  ·£Ê³¥´É  ¡¨±Ê¡¨Î¥¸±¨° ¸¶² °´ ¸É ´µ¢¨É¸Ö ±Ê¡¨Î¥¸±¨³ ¸¶² °´µ³
¤·Ê£µ° ¶¥·¥³¥´´µ°. �Éµ ¸¢µ°¸É¢µ ¶µ§¢µ²Ö¥É ´ °É¨ Mij , Nij ¨ Kij ´ ¨¡µ²¥¥
Ô±µ´µ³´Ò³ ¸¶µ¸µ¡µ³. �µÖ¸´¨³ ¥£µ ¶·¨³¥·µ³, ¨¸¶µ²Ó§µ¢ ´´Ò³ ¢ [35].

�·¨³¥·. �Ê¸ÉÓ ´  G ¸¶² °´ (53) ¶µ¤Î¨´¥´ É·¨¢¨ ²Ó´Ò³ Ê¸²µ¢¨Ö³

S, ∂2
rS, ∂2

ϕS, ∂r∂ϕS = 0, r = 0, R, ϕ ∈ [0, π/2];

r ∈ [0, R], ϕ = 0, π/2.
(55)

�Ê¸ÉÓ ϕ = ϕj , £¤¥ j Å µ¤´µ ¨§ Î¨¸¥² 1, . . . , M − 1. “¸²µ¢¨Ö ´¥¶·¥·Ò¢´µ¸É¨
¶·µ¨§¢µ¤´µ° ∂rS ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì (ri, ϕj), i = 1, . . . , N − 1, ¢Ò¡· ´´µ£µ
µÉ·¥§±  r ∈ [0, R], ϕ = ϕj ¤ ÕÉ ¸¨¸É¥³Ê ¨§ N − 1 Ê· ¢´¥´¨°

νiNi−1,j +2Nij +(1−νi)Ni+1,j =
6νi

hi−1

(
Si+1,j − Sij

hi
− Sij − Si−1,j

hi−1

)
, (56)

±µÉµ· Ö µÉ²¨Î ¥É¸Ö µÉ ¸¨¸É¥³Ò (45) ²¨ÏÓ ´ ²¨Î¨¥³ Ê£²µ¢µ£µ ¨´¤¥±¸  j, ´Ê-
³¥·ÊÕÐ¥£µ ´¥¨§¢¥¸É´Ò¥ Nij ¨ Sij . ‘µ£² ¸´µ (55) ∂2

rS(r) = 0 ¶·¨ r = r0 ¨
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r = rN . �µÔÉµ³Ê ¢ ¸¨¸É¥³¥ (56) ¶µ²µ¦¨³ N0j , NNj = 0 ¨ ¶µ²ÊÎ¨³ ¸¨¸É¥³Ê
Ê· ¢´¥´¨° ¸ ³ É·¨Í¥° A, ¸µ¢¶ ¤ ÕÐ¥° ¸ ³ É·¨Í¥° A ¢ · ´¥¥ · ¸¸³µÉ·¥´´µ³
µ¤´µ³¥·´µ³ ¸²ÊÎ ¥ (45). �µÔÉµ³Ê ¶·¨ ¢Ò¡· ´´µ³ ¨ ²Õ¡µ³ ¤·Ê£µ³ j

Nij = 6
N−1∑
k=1

Br
ikSkj , i = 1, . . . , N − 1; N0j = 0, NNj = 0, (57)

£¤¥ ³ É·¨Í  Br ´¥ § ¢¨¸¨É µÉ j = 1, . . . , M − 1 ¨ § ¤ ´  · ¢¥´¸É¢ ³¨ (47).
ŠµÔËË¨Í¨¥´ÉÒ Mij ¸¶² °´  (53) µ¶·¥¤¥²¨³ ¨§ Ê¸²µ¢¨° ´¥¶·¥·Ò¢´µ¸É¨

¶·µ¨§¢µ¤´µ° ∂ϕS ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì (ri, ϕj) ± ¦¤µ£µ (i = 1, . . . , N − 1)
µÉ·¥§±  r = ri ϕ ∈ [0, π/2]. �É¨ Ê¸²µ¢¨Ö ¶µ·µ¦¤ ÕÉ ¸¨¸É¥³Ò

µjMi,j−1 + 2Mij + (1 − µi)Mi,j+1 =

=
6µj

gj−1

(
Si,j+1 − Sij

gj
− Sij − Si,j−1

gj−1

)
, (58)

£¤¥ j = 1, . . . , M − 1 ¤²Ö ± ¦¤µ£µ i = 1, . . . , N − 1. ˆ¸±²ÕÎ¨¢ ¨§ ± ¦¤µ°
É ±µ° ¸¨¸É¥³Ò ¨§¢¥¸É´Ò¥ ¢ ¸¨²Ê Ê¸²µ¢¨° (55) ±µÔËË¨Í¨¥´ÉÒ Mi0, MiM = 0,
¶µ²ÊÎ ¥³ ¸¨¸É¥³Ò ¸ µ¤¨´ ±µ¢µ° ³ É·¨Í¥° A. ’ ± ± ± ¸¨¸É¥³  (50) ¨³¥¥É ÉÊ
¦¥ ³ É·¨ÍÊ, Éµ ¶·¨ ± ¦¤µ³ i = 1, . . . , N − 1 ¸ÊÐ¥¸É¢Ê¥É ¤¢Ê³¥·´Ò°  ´ ²µ£
¸¢Ö§¨ (51), (52):

Mij = 6
M−1∑
k=1

Bϕ
jkSik, j = 1, . . . , M − 1; Mi0 = 0, MiM = 0. (59)

�¸É ¥É¸Ö ´ °É¨ ±µÔËË¨Í¨¥´ÉÒ Kij ¸¶² °´  (53) ¨§ Ê¸²µ¢¨° ´¥¶·¥·Ò¢-
´µ¸É¨ ¶·µ¨§¢µ¤´µ° ∂r∂ϕS ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
rϕ. „²Ö ± ¦¤µ£µ
j = 1, . . . , M − 1 É ±¨¥ Ê¸²µ¢¨Ö Å ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¶µ ¨´¤¥±¸Ê
i = 1, . . . , N − 1, ±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö ¨§ ¸¨¸É¥³ (58) § ³¥´µ°

Nij → Kij , Sij → Mij , i = 0, . . . , N.

Š ¦¤ÊÕ (j = 1, . . . , M − 1) ¨§ É ±¨Ì ¸¨¸É¥³ ¤µ¶µ²´¨³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨
¶¥·¢Ò³ ¨ ¶µ¸²¥¤´¨³ Ê· ¢´¥´¨Ö³¨

2K0j + K1j = 6M1j/h2
0, KN−1,j + 2KNj = 6MN−1,j/h2

N−1,

±µÉµ·Ò¥ ¸²¥¤ÊÕÉ ¨§ Ê¸²µ¢¨° (55),   ¨³¥´´µ ¨§ · ¢¥´¸É¢  ∂r∂ϕS(r, ϕj) = 0 ¶·¨
r = r0, rN . ‚¸¥ (j = 1, . . . , M−1) ¶µ²ÊÎ¥´´Ò¥ É ±¨³ µ¡· §µ³ ¸¨¸É¥³Ò ¨³¥ÕÉ
µ¤¨´ ±µ¢ÊÕ ³ É·¨ÍÊ A ¸ ¤¨ £µ´ ²Ó´Ò³ ¶·¥µ¡² ¤ ´¨¥³. �µÔÉµ³Ê ¶·¨ ²Õ¡µ°
¸¥É±¥ 
ϕ ±µÔËË¨Í¨¥´ÉÒ Kij µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ
Mij ,   §´ Î¨É, ¢ ¸¨²Ê ¸¢Ö§¥° (59) ¨ Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ Sij :

Kij = 6
N−1∑
k=1

Brϕ
ik Mkj = 36

N−1∑
k=1

Brϕ
ik

M−1∑
p=1

Bϕ
jpSkp. (60)
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�·¨¢¥¤¥´´Ò° ¶·¨³¥· ¤¥³µ´¸É·¨·Ê¥É ¢ ¦´Ò¥ ¤²Ö ¶· ±É¨Î¥¸±µ£µ ¶·¨³¥-
´¥´¨Ö ¸¢µ°¸É¢  ¶·¥¤¸É ¢²¥´¨Ö (53), (54) ¸¶² °´  S3311: ¶·¨ ²Õ¡µ° ¸¥É±¥

rϕ ¢¸¥ Nij , Mij ¨ Kij µ¤´µ§´ Î´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Sij . �µ²¥¥ Éµ£µ,
¤²Ö ¢Ò¢µ¤  É ±¨Ì ¸¢Ö§¥° ´¥µ¡Ìµ¤¨³µ ´ °É¨ ¢¸¥£µ É·¨ ³ É·¨ÍÒ: Br,Bϕ ¨
Brϕ. �¥ ³¥´ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ¸¢µ°¸É¢  ²µ± ²Ó´µ¸É¨ ¨ Ê¸Éµ°Î¨¢µ-
¸É¨ ¸¶² °´  S3311, µ¡Ê¸²µ¢²¥´´Ò¥ É¥³, ÎÉµ µ¶·¥¤¥²¥´¨¥ ¥£µ ±µÔËË¨Í¨¥´Éµ¢
Nij , Mij ¨ Kij ¸¢µ¤¨É¸Ö ± ´¥§ ¢¨¸¨³Ò³ ¸¥·¨Ö³ ¶µ¸É·µ¥´¨° ±µÔËË¨Í¨¥´Éµ¢
Ni = S′′

31(ri) ¨²¨ Mj = S′′
31(ϕj) µ¤´µ³¥·´ÒÌ ¸¶² °´µ¢ ¨ ´  ± ¦¤µ³ ¨§ É·¥Ì

ÔÉ ¶µ¢ µ¡· Ð ¥É¸Ö ³ É·¨Í  ¸ ¤¨ £µ´ ²Ó´Ò³ ¶·¥µ¡² ¤ ´¨¥³.
‚ ± ¦¤µ° ÖÎ¥°±¥ B2

ij ¸¶² °´Ò S3311 ¨ S3322 ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ± ±

S(r, ϕ) ≡ S33νν(r, ϕ) = P(s)TPT (t),
P(q) ≡ (ξ1(q), ξ2(q), σξ3(q), σξ4(q)) .

(61)

‡¤¥¸Ó σ ≡ hi ¶·¨ q = s ≡ (r − ri)/h2
i ¨ σ ≡ gj ¶·¨ q = t ≡ (ϕ − ϕj)/gj;

ξ1, . . . , ξ4 Å ËÊ´±Í¨¨ (42),   Ô²¥³¥´ÉÒ ³ É·¨ÍÒ T Å Ê§²µ¢Ò¥ §´ Î¥´¨Ö
¸¶² °´  ¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ ¡µ²¥¥ ´¨§±µ£µ, Î¥³ ¢ ¶·¥¤¸É ¢²¥´¨¨ (54), ¶µ-
·Ö¤± :

Tkp = Snm = S(rn, ϕm), Tk,p+2 = nnm = ∂rS(rn, ϕm),
Tk+2,p = mnm = ∂ϕS(rn, ϕm), Tk+2,p+2 = knm = ∂r∂ϕS(rn, ϕm),

(62)

£¤¥ k = 1 (2), ¥¸²¨ n = i (i + 1),   p = 1 (2), ¥¸²¨ m = j (j + 1).
�·¨ ²Õ¡ÒÌ ±µÔËË¨Í¨¥´É Ì nnm, mnm ¨ knm ¨ ¨´¤¥±¸¥ ν = 1, 2 ¶·¥¤¸É -

¢²¥´¨¥ (61), (62) µ¡¥¸¶¥Î¨¢ ¥É ´¥¶·¥·Ò¢´µ¸ÉÓ ¸¶² °´  S ≡ S33νν , ν = 1, 2,
¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ ∂rS, ∂ϕS ¢¸Õ¤Ê ¢ B2. ‘²¥¤µ¢ É¥²Ó´µ, ÔÉµ ¶·¥¤¸É ¢²¥´¨¥
¢¥·´µ ¤²Ö ²Õ¡µ£µ Ô·³¨Éµ¢µ£µ ¸¶² °´  S3322. …£µ ±µÔËË¨Í¨¥´ÉÒ nij , mij ¨ kij

´¥ § ¢¨¸ÖÉ µÉ ±µÔËË¨Í¨¥´Éµ¢ Sij . „²Ö ¸¶² °´  S = S3311 Ê¸²µ¢¨¥ S ∈ C2(B2)
¸¢µ¤¨É¸Ö ± Ê¸²µ¢¨Ö³ ´¥¶·¥·Ò¢´µ¸É¨ ¶·µ¨§¢µ¤´ÒÌ ∂2

rS, ∂2
ϕS ¨ ∂2

r∂2
ϕS ´  ¢´Ê-

É·¥´´¨Ì µÉ·¥§± Ì ¸¥É±¨ 
rϕ. �É¨ ¸µµÉ´µÏ¥´¨Ö ¢ ¸µ¢µ±Ê¶´µ¸É¨ ¸ ±· ¥¢Ò³¨
Ê¸²µ¢¨Ö³¨ ¶µ§¢µ²ÖÕÉ µ¤´µ§´ Î´µ ¶·¥¤¸É ¢¨ÉÓ ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ nij , mij ¨
kij ± ± ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ Ê§²µ¢ÒÌ §´ Î¥´¨° Sij ¸¶² °´  S. � ¨¡µ²¥¥
Ô±µ´µ³´Ò° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö É ±¨Ì ±µ³¡¨´ Í¨°  ´ ²µ£¨Î¥´ ¸¶µ¸µ¡Ê, ¶µÖ¸-
´¥´´µ³Ê ¢ÒÏ¥ ¶·¨³¥·µ³: ¸´ Î ²  ±µÔËË¨Í¨¥´ÉÒ nij ¨ mij ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§
±µÔËË¨Í¨¥´ÉÒ Sij ´¥§ ¢¨¸¨³Ò³ µ¡· §µ³, § É¥³ ¸É·µÖÉ¸Ö ±µÔËË¨Í¨¥´ÉÒ kij

± ± ²¨´¥°´Ò¥ ±µ³¡¨´ Í¨¨ Ê¦¥ ´ °¤¥´´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ mij .
2.4. � §²µ¦¥´¨Ö ¸¶² °´µ¢ ¥¤¨´¨Î´µ£µ ¤¥Ë¥±É  ¶µ ËÊ´¤ ³¥´É ²Ó´Ò³

¸¶² °´ ³. ‘´ Î ²  µ¶¨Ï¥³ ¨§¢¥¸É´µ¥ ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¥° § ¤ Î¨: ¶Ê¸ÉÓ
±·µ³¥ ¸¥É±¨ 
r ¨³¥¥É¸Ö ¤·Ê£ Ö ¸¥É±  
ξ : −∞ < ξ1 < ξ2 < . . . ξN−n ¨
¢ ¶·µ¸É· ´¸É¢¥ Sn1(
ξ) ¸¶² °´µ¢ c Ê§² ³¨ ´  ÔÉµ° ¸¥É±¥ ´¥µ¡Ìµ¤¨³µ ¶µ-
¸É·µ¨ÉÓ ¸¶² °´ Sn1, Ê¤µ¢²¥É¢µ·ÖÕÐ¨° ¨´É¥·¶µ²ÖÍ¨µ´´Ò³ Ê¸²µ¢¨Ö³

Sn1(ri) = Fi, ri ∈ 
i, i = 0, . . . , N, (63)
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£¤¥ Fi Å § ¤ ´´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² . ’ ±µ° ¸¶² °´ ´ §Ò¢ ¥É¸Ö ¨´É¥·¶µ-
²ÖÍ¨µ´´Ò³,   ¨¸Î¥·¶Ò¢ ÕÐ¨° µÉ¢¥É ´  ¢µ¶·µ¸ µ · §·¥Ï¨³µ¸É¨ ¶µ¸É ¢²¥´-
´µ° § ¤ Î¨ ¤ ¥É ¸²¥¤ÊÕÐ¨° ±·¨É¥·¨°. „²Ö Éµ£µ ÎÉµ¡Ò ¸ÊÐ¥¸É¢µ¢ ² ¥¤¨´-
¸É¢¥´´Ò° ¨´É¥·¶µ²ÖÍ¨µ´´Ò° ¸¶² °´ Sn1, ´¥µ¡Ìµ¤¨³µ ¨ ¤µ¸É ÉµÎ´µ, ÎÉµ¡Ò
ri−1 < ξ < ri+n, i = 1, . . . , N − n. �Ê¸ÉÓ ÔÉ¨ Ê¸²µ¢¨Ö ¢Ò¶µ²´¥´Ò,   ¸¨¸É¥³ 
¸¶² °´µ¢ fk ∈ Sn1(
ξ), k = 0, . . . , N , ¶µ¤Î¨´Ö¥É¸Ö Ê¸²µ¢¨Ö³ ¨´É¥·¶µ²ÖÍ¨¨

fk(ri) = δki, ri ∈ 
r. (64)

„²Ö ¶·µ¸É· ´¸É¢  Sn1(
ξ) É ±¨¥ ¸¶² °´Ò ´ §Ò¢ ÕÉ¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³¨,
¶µÉµ³Ê ÎÉµ µ¡· §ÊÕÉ ¢ ´¥³ ¶µ²´Ò° ¡ §¨¸: ¥¸²¨ Sn1 ∈ Sn1(
ξ) ¨ Sn1(ri) = Fi

¤²Ö ri ∈ 
r, Éµ ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´µ¥ · §²µ¦¥´¨¥

Sn1(r) =
N∑

k=0

Fkfk(r). (65)

…¸²¨ 
r = 
ξ, Éµ ¸ÊÐ¥¸É¢Ê¥É ´¥ µ¤¨´,   ³´µ¦¥¸É¢µ ¸¶² °´µ¢ Sn1, Ê¤µ-
¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Ö³ (63),   ¶µ²´ Ö ¸¨¸É¥³  ËÊ´¤ ³¥´É ²Ó´ÒÌ ¸¶² °´µ¢,
¶µ¤Î¨´¥´´ÒÌ Ê¸²µ¢¨Ö³ (64), ¸µ¤¥·¦¨É ¡µ²¥¥ Î¥³ N + 1 ¸¶² °´ fk. „²Ö
¶µ¸É·µ¥´¨Ö ¥¤¨´¸É¢¥´´µ£µ ¨´É¥·¶µ²ÖÍ¨µ´´µ£µ ¸¶² °´  ±·µ³¥ Ê¸²µ¢¨° (63)
É·¥¡Ê¥É¸Ö § ¤ ÉÓ ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê¸²µ¢¨Ö.

�·¨³¥·. �Ê¸ÉÓ n = 3 ¨ Ê¸²µ¢¨Ö (63) ¤µ¶µ²´¥´Ò £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨
S′′

31(r0) = F ′′(r0) ¨ S′′
31(r0) = F ′′(rN ), £¤¥ F ′′(r0) ¨ F ′′(rN ) Å ¨§¢¥¸É´Ò¥

¤¥°¸É¢¨É¥²Ó´Ò¥ Î¨¸² . ’µ£¤  ¢ ¶·µ¸É· ´¸É¢¥ S31(
r) ¸¶² °´µ¢, ¶µ¤Î¨´¥´´ÒÌ
µ¡µ¨³ É¨¶ ³ Ê¸²µ¢¨°, ¡ §¨¸ µ¡· §ÊÕÉ N + 3 ¸²¥¤ÊÕÐ¨Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ
¸¶² °´  fk. ‘¶² °´Ò ¸ ´µ³¥· ³¨ k = 0, . . . , N Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³ (64)
¨, ±·µ³¥ Éµ£µ, ¨³¥ÕÉ ´Ê²¥¢Ò¥ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢ ±µ´Í¥¢ÒÌ ÉµÎ± Ì:

fk(ri) = δki, f ′′
k (r0) = f ′′

k (rN ) = 0, i, k = 0, . . . , N. (66)

�¸É ¢Ï¨¥¸Ö ¸¶² °´Ò fk, k = −1 ¨ k = N + 1, · ¢´Ò ´Ê²Õ ¢µ ¢¸¥Ì Ê§² Ì
¸¥É±¨ 
r,   ¢ ¥¥ ±· °´¨Ì ÉµÎ± Ì ¨³¥ÕÉ ¥¤¨´¨Î´Ò¥ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤´Ò¥:

fk(ri) = 0, f ′′
k (rj) = δ|k|−1,j , i = 0, . . . , N, j = 0, N.

� §²µ¦¥´¨¥ ¨¸±µ³µ£µ ¨´É¥·¶µ²ÖÍ¨µ´´µ£µ ¸¶² °´  ¨³¥¥É ¢¨¤

S31(r) =
N∑

k=0

Fkfk(r) + F ′′(r0)f−1(r) + F ′′(rN )fN+1(r).

�·¨³¥·. …¸²¨ F ′′(r0) = F ′′(rN ) = 0, Éµ ¶µ²´ÊÕ ¸¨¸É¥³Ê µ¡· §ÊÕÉ
¸¶² °´Ò fk, k = 0, . . . , N , ¸µ ¸¢µ°¸É¢ ³¨ (66). „²Ö ¸²ÊÎ Ö (34), ±µ£¤  R = 1
¨ N = 4, É ± Ö ¸¨¸É¥³  ¸µ¸Éµ¨É ¨§ ¶ÖÉ¨ ¸¶² °´µ¢ ¨ ¨§µ¡· ¦¥´  ´  ·¨¸. 1, a,  
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�¨¸. 1. ”Ê´¤ ³¥´É ²Ó´Ò¥ ¸¶² °´Ò fi(r) ¢ ¸²ÊÎ ¥ (34): a) ¸¶²µÏ´Ò¥ ±·¨¢Ò¥ Å
c¶² °´Ò fi; Í¨Ë·  ´ ¤ ±·¨¢µ° Å ´µ³¥· i ¸¶² °´  fi; ¡) ¸¶²µÏ´ Ö ±·¨¢ Ö Å ¸¶² °´
f2(r); ÏÉ·¨Ìµ¢ Ö ±·¨¢ Ö Å ¸¶² °´ f4(r) ¢ ¸²ÊÎ ¥ N = 8

¥¥ ¸¶² °´ f2 ¶·¥¤¸É ¢²¥´ ¸¶²µÏ´µ° ±·¨¢µ° ´  ·¨¸. 1, ¡, ´  ÔÉµ³ ¦¥ ·¨¸Ê´±¥
ÏÉ·¨Ìµ¢µ° ±·¨¢µ° ¶µ± § ´ £· Ë¨± ¸¶² °´  f4 ¸¨¸É¥³Ò, µ¡· §µ¢ ´´µ° ¤¥¢Ö-
ÉÓÕ ËÊ´¤ ³¥´É ²Ó´Ò³¨ ¸¶² °´ ³¨, ¢ ¸²ÊÎ ¥ · ¢´µ³¥·´µ° (h = 1/8) ¸¥É±¨ 
r

¨§ ¤¥¢ÖÉ¨ (N + 1 = 9) Ê§²µ¢. �¡  ·¨¸Ê´±  ¨²²Õ¸É·¨·ÊÕÉ µ¸´µ¢´Ò¥ ¸¢µ°¸É¢ 
ËÊ´¤ ³¥´É ²Ó´ÒÌ ±Ê¡¨Î¥¸±¨Ì ¸¶² °´µ¢: ± ¦¤Ò° ¸¶² °´ fk Å µ¸Í¨²²¨·ÊÕ-
Ð Ö ËÊ´±Í¨Ö, ´¥ · ¢´ Ö ´Ê²Õ ´  ¢¸¥³ µÉ·¥§±¥ [0, R] §  ¨¸±²ÕÎ¥´¨¥³ Ê§²µ¢
ri ¸ i �= k,  ³¶²¨ÉÊ¤  ¥¥ µ¸Í¨²²ÖÍ¨° ¡Ò¸É·µ Ê¡Ò¢ ¥É ¶·¨ Ê¤ ²¥´¨¨  ·£Ê³¥´É 
r µÉ ¶µ²µ¦¥´¨Ö £² ¢´µ£µ ³ ±¸¨³Ê³  (r = rk), ¶·µ¨§¢µ¤´Ò¥ f ′

k ¨ f ′′
k Å Éµ¦¥

µ¸Í¨²²¨·ÊÕÐ¨¥ ËÊ´±Í¨¨, ¶·¨Î¥³ ¶·µ¨§¢µ¤´ Ö f ′
k ¢ ÉµÎ±¥ r = rk · ¢´  ´Ê²Õ,

  ¢ ³ ²µ° µ±·¥¸É´µ¸É¨ ÔÉµ° ÉµÎ±¨ (¸³. ·¨¸. 1, ¡) ·¥§±µ ¢µ§· ¸É ¥É ¶µ ³µ¤Ê²Õ
¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥É±¨.

�² £µ¤ ·Ö ¶·µ¸ÉµÉ¥ ¶·¥¤¸É ¢²¥´¨Ö (65) ·¥Ï¥´¨Ö Sn1 ¨´É¥·¶µ²ÖÍ¨µ´´µ°
§ ¤ Î¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¸¶² °´Ò Ï¨·µ±µ ¶·¨³¥´ÖÕÉ¸Ö ¢ É¥µ·¥É¨Î¥¸±¨Ì ¨¸-
¸²¥¤µ¢ ´¨ÖÌ ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ, ´µ ¨§-§  ¶¥·¥Î¨¸²¥´´ÒÌ µ¸Í¨²²ÖÍ¨µ´´ÒÌ
¸¢µ°¸É¢, ¶µ·µ¦¤ ÕÐ¨Ì ¡µ²ÓÏ¨¥ µÏ¨¡±¨ µ±·Ê£²¥´¨Ö, ´¥Ê¤µ¡´Ò ¸ ¢ÒÎ¨¸²¨-
É¥²Ó´µ° ÉµÎ±¨ §·¥´¨Ö. „¥°¸É¢¨É¥²Ó´µ, ¶·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  Ê§²µ¢ ¸¥É±¨ 
r

Î¨¸²¥´´µ¥ ¸Ê³³¨·µ¢ ´¨¥ ·Ö¤  (65) ¢ ²Õ¡µ° ÉµÎ±¥ r, µÉ²¨Î´µ° µÉ Ê§²µ¢µ°,
§ É·Ê¤´Ö¥É¸Ö ¨ É¥³, ÎÉµ Î¨¸²µ ¥£µ §´ ±µ¶¥·¥³¥´´ÒÌ ¸² £ ¥³ÒÌ · ¸É¥É, ¨ É¥³,
ÎÉµ ¨Ì ³µ¤Ê²¨ ¡Ò¸É·µ Ê¡Ò¢ ÕÉ.

2.5. � §²µ¦¥´¨Ö ¸¶² °´µ¢ ¶µ ¡ §¨¸´Ò³ ¸¶² °´ ³ c ±µ´¥Î´Ò³¨ ´µ-
¸¨É¥²Ö³¨. � ¸¸³µÉ·¥´´µ¥ ±Ê¸µÎ´µ-³´µ£µÎ²¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ±Ê¡¨Î¥¸±¨Ì
¸¶² °´µ¢ ¢µ ³´µ£¨Ì ¸²ÊÎ ÖÌ Ö¢²Ö¥É¸Ö Ê¤µ¡´Ò³ ¸·¥¤¸É¢µ³ ± ± ¶·¨ ·¥Ï¥-
´¨¨ É¥µ·¥É¨Î¥¸±¨Ì ¢µ¶·µ¸µ¢, É ± ¨ ¢ ¢ÒÎ¨¸²¨É¥²Ó´µ³ µÉ´µÏ¥´¨¨. ‚ Í¥²µ³
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·Ö¤¥ ¶·¨²µ¦¥´¨° ¢³¥¸Éµ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ±Ê¡¨Î¥-
¸±¨Ì ¸¶² °´µ¢ ¨²¨ ¨Ì · §²µ¦¥´¨° ¶µ ËÊ´¤ ³¥´É ²Ó´Ò³ ¸¶² °´ ³ ¡µ²¥¥ ÔË-
Ë¥±É¨¢´Ò³ ¨ Ê¤µ¡´Ò³ µ± §Ò¢ ¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ±Ê¡¨Î¥¸±¨Ì ¸¶² °´µ¢ Î¥·¥§
¡ §¨¸´Ò¥ ¸¶² °´Ò. “¤µ¡¸É¢µ µ¡¥¸¶¥Î¨¢ ¥É¸Ö ¢ ¶¥·¢ÊÕ µÎ¥·¥¤Ó É¥³, ÎÉµ ¡ -
§¨¸´Ò¥ ¸¶² °´Ò Å Ë¨´¨É´Ò¥ ËÊ´±Í¨¨, µÉ²¨Î´Ò¥ µÉ ´Ê²Ö Éµ²Ó±µ ´  ¸¢µ¨Ì
¨´É¥·¢ ² Ì-´µ¸¨É¥²ÖÌ. ˆ³¥¥É¸Ö ¤¢  Ô±¢¨¢ ²¥´É´ÒÌ µ¶·¥¤¥²¥´¨Ö ¡ §¨¸´ÒÌ
¸¶² °´µ¢:  ±¸¨µ³ É¨Î¥¸±µ¥ ¨ ±µ´¸É·Ê±É¨¢´µ¥. ˆ§²µ¦¨³ ¶µ¸²¥¤´¥¥ ¤²Ö ±Ê¡¨-
Î¥¸±¨Ì ¡ §¨¸´ÒÌ ¸¶² °´µ¢ ±² ¸¸  C2([0, R]).

�Ê¸ÉÓ ´  µÉ·¥§±¥ [r−3, rN+3] § ¤ ´  · ¸Ï¨·¥´´ Ö ¸¥É±  δr. ‘¶² °´
S31(r), · ¢´Ò° ´Ê²Õ ¢´¥ ¨´É¥·¢ ²  (ri−2, ri+2), ¨³¥ÕÐ¨° Ê§²Ò ¢ ¶ÖÉ¨ ÉµÎ-
± Ì r = rp, p = i ± 2, i ± 1, i, ¨ ¶·¨´¨³ ÕÐ¨° ¢ ¸·¥¤´¥° ÉµÎ±¥ r = ri

§´ Î¥´¨¥

S31(ri) ≡ 1 − 1
ri+1 − ri−1

(
h2

i

ri+1 − ri−2
+

h2
i−1

ri+2 − ri−1

)
, (67)

´ §Ò¢ ¥É¸Ö ´µ·³ ²¨§µ¢ ´´Ò³ ±Ê¡¨Î¥¸±¨³ ¡ §¨¸´Ò³ ¸¶² °´µ³ ±² ¸¸  C2 ¨²¨
¸µ±· Ð¥´´µ B-¸¶² °´µ³ ¨ µ¡µ§´ Î ¥É¸Ö ¸¨³¢µ²µ³ Bi(r). �  ± ¦¤µ³ (i =
−1, . . . , N + 1) ¶·µ³¥¦ÊÉ±¥ [ri−2, ri+2] ¸ÊÐ¥¸É¢Ê¥É Éµ²Ó±µ µ¤¨´ ¸¶² °´ Bi.
—Éµ¡Ò ¢ ÔÉµ³ Ê¡¥¤¨ÉÓ¸Ö, ¶µ¸É·µ¨³ ¸¶² °´ Bi. �µ µ¶·¥¤¥²¥´¨Õ Bi Å ¸¶² °´
S31. ‡´ Î¨É, ´  ± ¦¤µ³ (p = i − 2, . . . , p = i + 1) ¨§ ¶ÖÉ¨ ¶·µ³¥¦ÊÉ±µ¢
[rp, rp+1] ¤²Ö Bi ¢¥·´µ ¶·¥¤¸É ¢²¥´¨¥ (39), (40):

Bi(r) = Bipη1(s) + Bi,p+1η2(s) + (h2
p/6)[B′′

ipη3(s) + B′′
i,p+1η4(s)], (68)

£¤¥ s ≡ (r − rp)/hp ¨ ¤²Ö ¸µ±· Ð¥´¨Ö § ¶¨¸¨ µ¡µ§´ Î¥´µ

Bip ≡ Bi(rp), B′
ip ≡ ∂rBi(rp), B′′

ip ≡ ∂2
rBi(rp) ≡ Np.

’ ±¦¥ ¶µ µ¶·¥¤¥²¥´¨Õ ´  ±µ´Í Ì ¨´É¥·¢ ² -´µ¸¨É¥²Ö (ri−2, ri+2)

∂q
rBi(rk) ≡ B

(q)
ik = 0, q = 0, 1, 2, k = i ± 2. (69)

�¸É ²Ó´Ò¥ Ê§²µ¢Ò¥ §´ Î¥´¨Ö B
(p)
ik ¸¶² °´  Bi (p = 0) ¨ ¥£µ ¶·µ¨§¢µ¤´ÒÌ

(p = 1, 2) ¥¤¨´¸É¢¥´´Ò³ µ¡· §µ³ µ¶·¥¤¥²ÖÕÉ¸Ö · ¢¥´¸É¢ ³¨ (67) ¨ (69) ¨
Ê¸²µ¢¨Ö³¨ ´¥¶·¥·Ò¢´µ¸É¨ ¥£µ ¶¥·¢µ° ¶·µ¨§¢µ¤´µ° ¢ É·¥Ì Ê§² Ì ri ¨ ri±1:

B
(p)
ii = δp0 − (1 − 4δp1 + 5δp2)(ri+1 − ri−1)×

×(h2−p
i /(ri+1 − ri−2) + (−1)ph2

i−1/(ri+2 − ri−1)),

B
(p)
i,i−1 = hp−2(1 + 2δp1 + 5δp2)(ri − ri−2)(ri+1 − ri−2),

B
(p)
i,i+1 = hp−2

i+1 (1 − 4δp1 + 5δp2)(ri+2 − ri)(ri+2 − ri−1).

(70)
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�¨¸. 2. B-¸¶² °´Ò Bi(r) ¸ Ê§² ³¨ ´  ¸¥É±¥ (34) (¸¶²µÏ´Ò¥ ±·¨¢Ò¥), ¥¥ µ¸´µ¢´Ò¥
(±·Ê¦±¨) ¨ ¤µ¶µ²´¨É¥²Ó´Ò¥ (±¢ ¤· ÉÒ) Ê§²Ò: a) Í¨Ë·  ´ ¤ ±·¨¢µ° Å ´µ³¥· i ¸¶² °´ 
Bi; ¡) ¸¶²µÏ´ Ö ±·¨¢ Ö Å ¸¶² °´ B2(r); ÏÉ·¨Ìµ¢ Ö ±·¨¢ Ö Å hB′

2(r); ²µ³ ´ Ö
²¨´¨Ö Å h2B′′

2 (r)/2; ·µ³¡Ò Å £ Ê¸¸µ¢Ò Ê§²Ò

„²Ö ²Õ¡µ° ¸¥É±¨ δr Ëµ·³Ê²Ò (68) ¨ (70) µ¤´µ§´ Î´µ µ¶·¥¤¥²ÖÕÉ ¸¶² °´ Bi

¢¸Õ¤Ê ´  µÉ·¥§±¥ [r−3, rN+3]. …¸²¨ ¸¥É±  δr ·¥£Ê²Ö·´ Ö, Éµ Ê§²µ¢Ò¥ §´ Î¥´¨Ö
B-¸¶² °´µ¢ ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ ´¥ § ¢¨¸ÖÉ µÉ ´µ³¥·  Ê§² :

4Bi,i±1 = Bii =
2
3
; B′

i,i±1 = ± 1
2h

, B′′
ii = 0;

2B′′
i,i±1 = −B′′

ii =
2
h2

(71)

¨ ¶µÔÉµ³Ê Ëµ·³Ê²  (68) ¸É ´µ¢¨É¸Ö ¶·¥¤¥²Ó´µ ¶·µ¸Éµ°: ´  µÉ·¥§±¥ [rp, rp+1],
p = i − 2, . . . , i + 1, ¸¶² °´ Bi § ¢¨¸¨É µÉ  ·£Ê³¥´É  s = (r − rp)/h ± ±

Bi =
1
6
s3, Bi =

1
2
s(−s2 + s + 1) +

1
6
,

Bi =
1
2
s2(s − 1) +

2
3
, Bi =

1
6
(1 − s)3.

�·¨³¥·. „²Ö µ¡¸Ê¦¤¥´¨Ö Ë¨´¨É´ÒÌ ¸¢µ°¸É¢ B-¸¶² °´µ¢ ¨ ¨Ì ¶·µ¨§¢µ¤-
´ÒÌ · ¸¸³µÉ·¨³ ¸²ÊÎ ° (35), ±µ£¤  ¨³¥¥É¸Ö ¢¸¥£µ ¸¥³Ó B-¸¶² °´µ¢. ˆÌ £· -
Ë¨±¨ ¨§µ¡· ¦¥´Ò ´  ·¨¸. 2, a,   ´  ·¨¸. 2, ¡ ¶·¥¤¸É ¢²¥´Ò ¸¶² °´ B2 (¸¶²µÏ-
´ Ö ±·¨¢ Ö) ¨ ¥£µ ³ ¸ÏÉ ¡¨·µ¢ ´´Ò¥ ¶·µ¨§¢µ¤´Ò¥: hB′

2 Å ÏÉ·¨Ìµ¢ Ö ±·¨¢ Ö
¨ h2B′′

2 /2 Å ²µ³ ´ Ö ²¨´¨Ö. �ÖÉÓ µ¸´µ¢´ÒÌ Ê§²µ¢ (ri = hi, i = 0, . . . , 4)
¸¥É±¨ (35) µÉ³¥Î¥´Ò ±·Ê¦± ³¨, ¤µ¶µ²´¨É¥²Ó´Ò¥ Ê§²Ò ¶µ± § ´Ò ±¢ ¤· É ³¨,
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  ·µ³¡ ³¨ ¶µ³¥Î¥´Ò Ê§²Ò £ Ê¸¸µ¢µ° ¸¥É±¨ (36). Š ± ¢¨¤´µ, ± ¦¤Ò° ¸¶² °´
Bi ¨ µ¡¥ ¥£µ ¶·µ¨§¢µ¤´Ò¥ B′

i ¨ B′′
i · ¢´Ò ´Ê²Õ ¢´¥ ¨´É¥·¢ ² -´µ¸¨É¥²Ö

(ri−2, ri+2). �  ÔÉµ³ ¨´É¥·¢ ²¥ Bi �= 0, B′
i = 0 Éµ²Ó±µ ¢ Ê§²¥ ri,   B′′

i = 0
Éµ²Ó±µ ¢ ¤¢ÊÌ ÉµÎ± Ì a±

i = ri ± 2h/3. ‚ ²Õ¡µ³ Ê§²¥ ri ´¥ · ¢´Ò ´Ê²Õ §´ -
Î¥´¨Ö É·¥Ì B-¸¶² °´µ¢ Bk, k = i, i ± 1, ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ B′′

k . ‚ ²Õ¡µ°
ÉµÎ±¥ ¨´É¥·¢ ²  (ri, ri+1) ´¥ µ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó Éµ²Ó±µ Î¥ÉÒ·¥ B-¸¶² °´ 
Bk, k = i − 1, . . . , i + 2,   ¨Ì ¶·µ¨§¢µ¤´Ò¥ B′

k ¨ B′′
k µÉ²¨Î´Ò µÉ ´Ê²Ö §  ¨¸-

±²ÕÎ¥´¨¥³ ¸²ÊÎ ¥¢ k = i, r = rk ¨ k = i, r = a±
k . �Ê²¨ ¢Éµ·µ° ¶·µ¨§¢µ¤´µ°

B′′
k , ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥ ¸µ¢¶ ¤ ÕÉ ¸ Ê§² ³¨ £ Ê¸¸µ¢µ° ¸¥É±¨ 
̃r.

‘¨¸É¥³  ¢¸¥Ì ¸¶² °´µ¢ Bi µ¡² ¤ ¥É ¸¢µ°¸É¢ ³¨

N+1∑
i=−1

Bi(r) = 1, r ∈ [0, R] =⇒
i+1∑

p=i−1

∂n
r Bp(ri) = 0, ∀i, n = 1, 2,

¨ Ö¢²Ö¥É¸Ö ¶µ²´Ò³ ¡ §¨¸µ³ ¢ ²¨´¥°´µ³ ¶·µ¸É· ´¸É¢¥ S31(
r) ¸¶² °´µ¢ S31

c Ê§² ³¨ ´  ¸¥É±¥ 
r. ‹Õ¡µ° ¸¶² °´ ¨§ ÔÉµ£µ ¶·µ¸É· ´¸É¢  Å ²¨´¥°´ Ö
±µ³¡¨´ Í¨Ö B-¸¶² °´µ¢ ¨ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥³ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Xi:

S31(r) =
N+1∑
i=−1

XiBi(r), 0 � r � R. (72)

� §¨¸´Ò¥ ¸¶² °´Ò Bj(ϕ) ¸ Ê§² ³¨ ´  ¸¥É±¥ δϕ ¸É·µÖÉ¸Ö  ´ ²µ£¨Î´µ.
—Éµ¡Ò µÉ²¨Î ÉÓ ¨Ì µÉ ¸¶² °´µ¢ Bi(r), ¶µ² £ ¥³ B̄j(ϕ) ≡ Bj(ϕ).

�·µ¨§¢¥¤¥´¨Ö Bi(r)B̄j(ϕ) µ¡· §ÊÕÉ ¡ §¨¸ ¶·µ¸É· ´¸É¢  ¸¶² °´µ¢
S3311(r, ϕ) ¸ Ê§² ³¨ ´  ¸¥É±¥ 
rϕ: ²Õ¡µ° ¡¨±Ê¡¨Î¥¸±¨° ¸¶² °´ S3311(r, ϕ)
³µ¦´µ µ¤´µ§´ Î´µ ¶·¥¤¸É ¢¨ÉÓ ¤¢µ°´µ° ¸Ê³³µ° ¸ ±µÔËË¨Í¨¥´É ³¨ Xnm:

S3311(r, ϕ) =
N+1∑
n=−1

M+1∑
m=−1

XnmBn(r)B̄m(ϕ), (r, ϕ) ∈ B2. (73)

ˆ§-§  É ±µ£µ ¶·¥¤¸É ¢²¥´¨Ö ¨ Ë¨´¨É´µ¸É¨ B-¸¶² °´µ¢ ¸¶² °´ S = S3311 ¨
¢¸¥ ¥£µ Î ¸É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ¢ Ê§² Ì ¸¥É±¨ 
rϕ Å ¸Ê³³Ò ¤¥¢ÖÉ¨ ¸² £ ¥³ÒÌ:

∂p
r ∂q

ϕS3311(ri, ϕj) =
i+1∑

n=i−1

j+1∑
m=j−1

XnmB
(p)
ni B̄

(q)
mj , p, q = 0, 1, 2. (74)

’ ± ± ± ±µÔËË¨Í¨¥´ÉÒ Si ¨ ni ≡ S′
i Ô·³¨Éµ¢µ£µ ¸¶² °´  (41) ´¥ § ¢¨¸ÖÉ

¤·Ê£ µÉ ¤·Ê£ , Éµ ¡ §¨¸´Ò¥ Ô·³¨Éµ¢Ò ±Ê¡¨Î¥¸±¨¥ ¸¶² °´Ò ¸É·µÖÉ¸Ö ¨ ¢Ò£²Ö¤ÖÉ
¡µ²¥¥ ¶·µ¸Éµ, Î¥³ B-¸¶² °´Ò ±² ¸¸  C2. �Ê¸ÉÓ ¶·¨ ´¥±µÉµ·µ³ i, ¶µ¤Î¨´¥´-
´µ³ ´¥· ¢¥´¸É¢ ³ 0 � i � N , ËÊ´±Í¨¨ φi(r) ¨ ψi(r) Å Ô·³¨Éµ¢Ò ±Ê¡¨Î¥¸±¨¥
¸¶² °´Ò ¸µ ¸²¥¤ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¢ Ê§²¥ rp:

φip = δip, φ′
ip = 0; ψip = 0, ψ′

ip = δ′ip, p = i, i ± 1. (75)
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’µ£¤  ¨§ (41) ¨ (42) ¸²¥¤Ê¥É, ÎÉµ φi ¨ ψi · ¢´Ò ´Ê²Õ ¢´¥ ¸¢µ¥£µ ¨´É¥·¢ ² -
´µ¸¨É¥²Ö (ri−1, ri+1),   ´  ¶µ¤³´µ¦¥¸É¢ Ì [ri−1, ri) ¨ [ri, ri+1] ÔÉµ£µ ¨´É¥·¢ ² 
¸µ¢¶ ¤ ÕÉ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ËÊ´±Í¨Ö³¨ (42):

φi(r) = ξ2(s), ψi(r) = hi−1 ξ4(s), s =
r − ri−1

hi−1
, r ∈ [ri−1, ri);

φi(r) = ξ1(s), ψi(r) = hi ξ3(s), s =
r − ri

hi
, r ∈ [ri, ri+1].

(76)

‡´ Î¨É, Ê¸²µ¢¨Ö (75) µ¤´µ§´ Î´µ µ¶·¥¤¥²ÖÕÉ ¸¨¸É¥³Ê ¸¶² °´µ¢ φi, ψi, i =
0, . . . , N , ´  µÉ·¥§±¥ [r−1, rN+1]. �É  ¸¨¸É¥³  Å ¶µ²´Ò° ¡ §¨¸ ¢ ¶·µ¸É· ´¸É¢¥
¸¶² °´µ¢ S32 ¸ Ê§² ³¨ ´  Éµ° ¦¥ ¸¥É±¥ 
r. „¥°¸É¢¨É¥²Ó´µ, ¢¸²¥¤¸É¢¨¥ (75)
¨ (76) ¤²Ö ²Õ¡µ£µ ¸¶² °´  S32 ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´µ¥ ¶·¥¤¸É ¢²¥´¨¥

S32(r) =
N∑

i=0

Siφi(r) +
N∑

i=0

niψi(r), r ∈ [0, R], (77)

¨²¨ ¢ µ¡µ§´ Î¥´¨ÖÌ · ¡µÉÒ [38]

S32(r) =
2N+1∑
n=0

Xnsn(r), X2i ≡ Si, X2i+1 ≡ ni,

s2i(r) ≡ φi(r), s2i+1(r) ≡ ψi(r).

(78)

�·¨³¥·. �¨¸. 3 ¨²²Õ¸É·¨·Ê¥É Ë¨´¨É´Ò¥ ¸¢µ°¸É¢  ¸¶² °´µ¢ sn(r). Š·Ê¦-
± ³¨ µÉ³¥Î¥´Ò ¶ÖÉÓ µ¸´µ¢´ÒÌ Ê§²µ¢ · ¢´µ³¥·´µ° ¸¥É±¨ (35),   ·µ³¡ ³¨ Å
Ê§²Ò £ Ê¸¸µ¢µ° ¸¥É±¨ (36). �  ·¨¸. 3, a, ¢ ¨§µ¡· ¦¥´Ò ¶µ²´Ò¥ ¸¨¸É¥³Ò ¸¶² °-
´µ¢ ¸ Î¥É´Ò³¨ ¨ ´¥Î¥É´Ò³¨ ´µ³¥· ³¨ n ¸µµÉ¢¥É¸É¢¥´´µ. �  ·¨¸. 3, ¡, £ ¸¶²µÏ-
´Ò³¨ ±·¨¢Ò³¨ ¶·¥¤¸É ¢²¥´Ò ¸¶² °´Ò s4 ¨ s3,   ÏÉ·¨Ìµ¢Ò³¨ ¨ ²µ³ ´Ò³¨
²¨´¨Ö³¨ Å ¨Ì ³ ¸ÏÉ ¡¨·µ¢ ´´Ò¥ ¶¥·¢Ò¥ (hs′4, hs′3/8) ¨ ¢Éµ·Ò¥ (h2 s′′4/24,
h2s′′3/16) ¶·µ¨§¢µ¤´Ò¥. Š ± ¢¨¤´µ, ¢ ± ¦¤µ³ Ê§²¥ ri µÉ²¨Î¥´ µÉ ´Ê²Ö Éµ²Ó±µ
¸¶² °´ sn ¸ Î¥É´Ò³ ¨´¤¥±¸µ³ n = 0, 2, . . .,   ¢ ²Õ¡µ° ÉµÎ±¥ ¶µ¤Ò´É¥·¢ ² 
(ri, ri+1) ´¥ · ¢´Ò ´Ê²Õ Éµ²Ó±µ Î¥ÉÒ·¥ ¸¶² °´  s2k = φk, k = i, i + 1;
s2i±1 = ψi ¨ ¨Ì ¶·µ¨§¢µ¤´Ò¥.

� §¨¸´Ò¥ Ô·³¨Éµ¢Ò ¸¶² °´Ò sm(ϕ), m = 0, . . . , 2M , ¸É·µÖÉ¸Ö ´  µÉ·¥§±¥
[ϕ−1, ϕM+1], É ± ¦¥ ± ± ¨ ¸¶² °´Ò sn(r). „ ²¥¥ ¶µ² £ ¥³ s̄m(ϕ) ≡ sm(ϕ).

‘¨¸É¥³  ËÊ´±Í¨° sn(r)s̄m(ϕ) Å ¶µ²´Ò° ¡ §¨¸ ¢ ¶·µ¸É· ´¸É¢¥ Ô·³¨Éµ¢ÒÌ
¡¨±Ê¡¨Î¥¸±¨Ì ¸¶² °´µ¢ (38) ¸ Ê§² ³¨ ´  ¸¥É±¥ 
rϕ: ²Õ¡µ° É ±µ° ¸¶² °´ Å
¤¢µ°´ Ö ¸Ê³³  ¸ µ¤´µ§´ Î´µ µ¶·¥¤¥²Ö¥³Ò³¨ ±µÔËË¨Í¨¥´É ³¨ Xnm:

S3322(r, ϕ) =
2N+1∑
n=0

2M+1∑
m=0

Xnmsn(r)s̄m(ϕ), (r, ϕ) ∈ B2. (79)
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�¨¸. 3. �·³¨Éµ¢Ò ¸¶² °´Ò sn(r) ¸ Ê§² ³¨ ´  ¸¥É±¥ (34) (¸¶²µÏ´Ò¥ ±·¨¢Ò¥), ¥¥ µ¸´µ¢-
´Ò¥ Ê§²Ò (±·Ê¦±¨), £ Ê¸¸µ¢Ò Ê§²Ò (·µ³¡Ò): a) ¨ ¢) Í¨Ë·  ´ ¤ ±·¨¢µ° Å ´µ³¥· n
¸¶² °´  sn; ÏÉ·¨Ìµ¢Ò¥ ±·¨¢Ò¥ Å ¸¶² °´Ò ¸ Ô±¸É·¥³ ²Ó´Ò³¨ Î¥É´Ò³¨ ¨ ´¥Î¥É´Ò³¨
´µ³¥· ³¨; ¡) ¨ £) ¸¶²µÏ´Ò¥ ±·¨¢Ò¥ Å ¸¶² °´Ò s4(r) ¨ s3(r); ÏÉ·¨Ìµ¢Ò¥ ±·¨¢Ò¥ Å
hs′4(r) ¨ hs′3(r)/8; ²µ³ ´Ò¥ ²¨´¨¨ Å h2s′′4 (r)/24 ¨ h2s′′3 (r)/16

ˆ§-§  Ë¨´¨É´ÒÌ ¸¢µ°¸É¢ ËÊ´±Í¨° sn ¨ s̄m ¸¶² °´ ¨ ¥£µ ¶·µ¨§¢µ¤´Ò¥ ¢ ²Õ¡µ°
¢´ÊÉ·¥´´¥° ÉµÎ±¥ (r, ϕ) ÖÎ¥°±¨ Bij Å ¸Ê³³Ò Î¥ÉÒ·¥Ì ¸² £ ¥³ÒÌ:

∂p
r ∂q

ϕS3322(r, ϕ) =
2i+2∑

n=2i−1

2j+2∑
m=2j−1

Xnm s(p)
n (r)s̄(q)

m (ϕ), p, q = 0, 1, 2. (80)

2.6. ‡ ¤ Î¨ ¨´É¥·¶µ²ÖÍ¨¨ ¨ Î¨¸²¥´´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö. ˆ´É¥·¶µ-
²ÖÍ¨µ´´Ò³ Ô·³¨Éµ¢Ò³ ¸¶² °´µ³ S32(r; F ) ¤²Ö ËÊ´±Í¨¨ F ´ §Ò¢ ¥É¸Ö ¸¶² °´,
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¶µ¤Î¨´¥´´Ò° Ê¸²µ¢¨Ö³

S32(ri; F ) = Fi, S′
32(ri; F ) = F ′

i , i = 0, . . . , N,

£¤¥ Fi ¨ F ′
i Å § ¤ ´´Ò¥ Ê§²µ¢Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨¨ F ¨ ¥¥ ¶·µ¨§¢µ¤´µ°. …¸²¨

¶µ²µ¦¨ÉÓ Si = Fi ¨ ni = F ′
i , Éµ ´  ± ¦¤µ³ µÉ·¥§±¥ [ri, ri+1] ¸¶² °´ S32(r; F )

µ¤´µ§´ Î´µ µ¶·¥¤¥²¨É¸Ö Ëµ·³Ê² ³¨ (41) ¨ (42) ¸ ν = 2.
„²Ö ¶µ¸É·µ¥´¨Ö ¶·¥¤¸É ¢²¥´¨Ö (39) ¨²¨ (41), ν = 1, ¸¶² °´  S31(r; F ),

¨´É¥·¶µ²¨·ÊÕÐ¥£µ ËÊ´±Í¨Õ F , É·¥¡Ê¥É¸Ö ³¥´ÓÏ Ö ¨´Ëµ·³ Í¨Ö: Ê§²µ¢Ò¥
§´ Î¥´¨Ö ËÊ´±Í¨¨ ¨ ¤¢  ±· ¥¢ÒÌ Ê¸²µ¢¨Ö. �µ¸É·µ¥´¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¶µ ¶·µ-
¸Éµ° ¸Ì¥³¥: ¸´ Î ²  ¶µ² £ ¥É¸Ö Si = Fi, i = 0, . . . , N , § É¥³ ¢¸¥ ±µÔËË¨Í¨-
¥´ÉÒ Ni µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ¶µ²ÊÎ¥´´µ° ¤µ¶µ²´¥´¨¥³ Ê· ¢-
´¥´¨° (45) ¤¢Ê³Ö ¤¨¸±·¥É´Ò³¨  ´ ²µ£ ³¨ ±· ¥¢ÒÌ Ê¸²µ¢¨°. �·¨ £· ´¨Î´ÒÌ
Ê¸²µ¢¨ÖÌ (44) ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´Ò° ¸¶² °´ S31(r; F ).

’µÎ´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨° F (p) ¸¶² °´µ³ S3ν(r; F ), ν = 1, 2,

εpν ≡ ||S(p)
3ν (r; F ) − F (p)(r)||∞ (81)

§ ¢¨¸¨É µÉ £² ¤±µ¸É¨ ËÊ´±Í¨¨ F . � ¶·¨³¥·, ¤²Ö ¸¶² °´  S32(r; F ) ¨³¥ÕÉ
³¥¸Éµ ´¥Ê²ÊÎÏ ¥³Ò¥ µÍ¥´±¨

ε02 = 3hω(F ′)/8, F ∈ C1([0, R]); ε02 = h2ω(F ′′)/32, F ∈ C1C2
�r

.

�µ·Ö¤±¨ ¶µ£·¥Ï´µ¸É¥°  ¶¶·µ±¸¨³ Í¨° ¸¶² °´ ³¨ S3ν(r; F ), ν = 1, 2, ¢ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¥³ ±² ¸¸¥ C3−νW4

�r ,∞([0, R]) Ö¢²ÖÕÉ¸Ö ´ ¨¢Ò¸Ï¨³¨:

εpν � Kpν h4−p ||F (4)||∞ , p = 0, 1, 2; ν = 1, 2 , (82)

£¤¥ Kpν Å ¨§¢¥¸É´Ò¥ ±µ´¸É ´ÉÒ, ¶·¨Î¥³ É ±¨¥, ÎÉµ ¢¸¥ ÔÉ¨ µÍ¥´±¨ §  ¨¸-
±²ÕÎ¥´¨¥³ ¸²ÊÎ ¥¢ ν = 1, p = 2, 3 Å ´¥Ê²ÊÎÏ ¥³Ò¥. „ ²Ó´¥°Ï¥¥ Ê¢¥²¨Î¥´¨¥
£² ¤±µ¸É¨ ËÊ´±Í¨¨ ´¥ ¶·¨¢µ¤¨É ± ¶µ¢ÒÏ¥´¨Õ ¶µ·Ö¤±   ¶¶·µ±¸¨³ Í¨¨ ¶µ
´µ·³¥ ´  ¢¸¥³ µÉ·¥§±¥ [0, R]. �¤´ ±µ ¥¸²¨ F ∈ Ck([ri, ri+1]), k > 4, Éµ ¶·¨
¨´É¥·¶µ²ÖÍ¨¨ ¸¶² °´µ³ S32 ¶µÉµÎ¥Î´Ò¥ µÍ¥´±¨  ¶¶·µ±¸¨³ Í¨¨ ¶·µ¨§¢µ¤-
´ÒÌ F ′, F ′′′ ¨ F ′′ Ê²ÊÎÏ ÕÉ¸Ö ´  ¶µ·Ö¤µ± ¢ ¸¥·¥¤¨´¥ r̄i µÉ·¥§±  [ri, ri+1] ¨ ¢
¤¢ÊÌ ¶·¨´ ¤²¥¦ Ð¨Ì ¥³Ê £ Ê¸¸µ¢ÒÌ Ê§² Ì r±i ¸µµÉ¢¥É¸É¢¥´´µ:

F ′(r̄i) = S′
32(r̄i; F ) − h4

i

1920
F (4)(r̄i) + O(h5

i ),

F ′′′(r̄i) = S′′′
32(r̄i; F ) +

1
40

h2F (5)(r̄i) + O(h3
i ),

F ′′(r±i ) = S′′
32(r

±
i ; F ) ±

√
3

540
h3

i F
(5)(r±i ) + O(h4

i ).

(83)

‚ ¸²ÊÎ ¥ ¨´É¥·¶µ²ÖÍ¨¨ ËÊ´±Í¨¨ F ¸¶² °´µ³ S31 ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö ¥¥
¶·µ¨§¢µ¤´ÒÌ F ′, F ′′′ ¨ F ′′ É ±¦¥ Ê²ÊÎÏ ¥É¸Ö ´  ¶µ·Ö¤µ± ¢ É¥Ì ¦¥ ÉµÎ± Ì, ´µ
¶·¨ ¡µ²¥¥ ¦¥¸É±¨Ì Ê¸²µ¢¨ÖÌ: F ∈ W5

∞([0, R]),   ¸¥É±  
r Å ·¥£Ê²Ö·´ Ö.



Œ…’�„› ‘�‹�‰�-”“�Š–ˆ‰ 291

�¶¨Ï¥³ ¥Ð¥ µ¤¨´ ¨§¢¥¸É´Ò° ¸²ÊÎ °, ±µ£¤  ¶µ·Ö¤µ± ¶µÉµÎ¥Î´µ°  ¶¶·µ±-
¸¨³ Í¨¨ ¶·µ¨§¢µ¤´ÒÌ ¨´É¥·¶µ²¨·Ê¥³µ° ¸¶² °´µ³ S31 ¨ ¤µ¸É ÉµÎ´µ £² ¤±µ°
ËÊ´±Í¨¨ F ∈ Ck([0, R]), k > 8, ³µ¦´µ § ³¥É´µ Ê²ÊÎÏ¨ÉÓ, ´µ Éµ²Ó±µ ¢ Ê§² Ì
ri · ¢´µ³¥·´µ° ¸¥É±¨ 
r. �Ê¸ÉÓ ¸¶² °´ S31 ¨´É¥·¶µ²¨·Ê¥É ËÊ´±Í¨Õ F ´ 
É ±µ° ¸¥É±¥, ¶·¨Î¥³ ÔÉ  ËÊ´±Í¨Ö Ê¤µ¢²¥É¢µ·Ö¥É ¶¥·¨µ¤¨Î¥¸±¨³ £· ´¨Î´Ò³
Ê¸²µ¢¨Ö³ ∂p

r S31(F ; 0) = ∂p
r S31(F ; 0), p = 1, 2, ¨²¨ ´  ±µ´Í Ì µÉ·¥§±  [0, R]

¨§¢¥¸É´Ò ¥¥ ¶·µ¨§¢µ¤´Ò¥ ¢Éµ·µ£µ ¨ Î¥É¢¥·Éµ£µ ¶µ·Ö¤±µ¢, ¨²¨ ¦¥ ¢ É¥Ì ¦¥
ÉµÎ± Ì ¨§¢¥¸É´Ò ¥¥ ¶¥·¢ Ö ¨ ¶ÖÉ Ö ¶·µ¨§¢µ¤´Ò¥. ’µ£¤  ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì
ri ¢¥·´Ò Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨

F ′
i = S′

i + O(h4) =
Si+1 − Si

h
− h

2Ni+1 + Ni

6
+ O(h4),

F ′′
i =

1
12

(Ni−1 + 10Ni + Ni+1) −
h4

360
F

(4)
i − h6

6048
F

(8)
i + O(h8),

F ′′′
i =

1
2h

(Ni+1 − Ni−1) −
h2

12
F

(5)
i +

h4

360
F

(7)
i + O(h6),

F
(4)
i =

1
h2

(Ni+1 − 2Ni + Ni−1) +
h4

720
F

(8)
i + O(h6).

(84)

�¥·¢ Ö ¨§ ´¨Ì µ§´ Î ¥É, ÎÉµ µ¡ÒÎ´ Ö Ëµ·³Ê²  ¤²Ö ¶·µ¨§¢µ¤´µ° ¶¥·¢µ£µ ¶µ-
·Ö¤±   ¶¶·µ±¸¨³¨·Ê¥É ¶·µ¨§¢µ¤´ÊÕ ËÊ´±Í¨¨ F ¢ Ê§²¥ · ¢´µ³¥·´µ° ¸¥É±¨ ¸
ÉµÎ´µ¸ÉÓÕ O(h4), ÎÉµ ´  ¶µ·Ö¤µ± ¢ÒÏ¥, Î¥³ ¢ ¸²ÊÎ ¥ ´¥· ¢´µ³¥·´µ° ¸¥É±¨.
�µ¸²¥¤´ÖÖ Ëµ·³Ê²  Ö¢²Ö¥É¸Ö ´ ¨¡µ²¥¥ ´¥µ¦¨¤ ´´µ°. „¥°¸É¢¨É¥²Ó´µ, ¶·µ¨§-
¢µ¤´ Ö ∂4

rS · ¢´  ´Ê²Õ, ¥¸²¨ r �= ri, ¨ ´¥ µ¶·¥¤¥²¥´  ¶·¨ r = ri, ´µ · §-
¤¥²¥´´ Ö · §´µ¸ÉÓ ¢Éµ·µ£µ ¶µ·Ö¤± , ¸µ¸É ¢²¥´´ Ö ¨§ Ê§²µ¢ÒÌ §´ Î¥´¨° Nk,
k = i, i ± 1, ¢Éµ·µ° ¶·µ¨§¢µ¤´µ° ¸¶² °´  ¶·¨¡²¨¦ ¥É ¶·µ¨§¢µ¤´ÊÕ ∂4

rF ¸
³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ° ¤²Ö ¸¶² °´  É·¥ÉÓ¥° ¸É¥¶¥´¨ ÉµÎ´µ¸ÉÓÕ O(h4).

‘¶² °´Ò S33νν(r, ϕ; F ), ν = 1, 2, ¨´É¥·¶µ²¨·ÊÕÐ¨¥ ¢ µ¡² ¸É¨ B2 ËÊ´±-
Í¨Õ F (r, ϕ) ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ, µ¶·¥¤¥²ÖÕÉ¸Ö ¶µ  ´ ²µ£¨¨ ¸ µ¤´µ³¥·´Ò³ ¸²Ê-
Î ¥³. ˆ´É¥·¶µ²ÖÍ¨µ´´Ò° ¸¶² °´ S3322(r, ϕ; F ) Å ËÊ´±Í¨Ö, ¶·¥¤¸É ¢¨³ Ö ¢
¢¨¤¥ (61), (62) ¨²¨ (79) ¨ Ê¤µ¢²¥É¢µ·ÖÕÐ Ö Ê¸²µ¢¨Ö³ ¨´É¥·¶µ²ÖÍ¨¨

D(p,q)S3322(ri, ϕj ; F ) = F
(p,q)
ij ≡ ∂p

r ∂q
ϕF (ri, ϕj), p, q = 0, 1,

£¤¥ F
(p,q)
ij Å § ¤ ´´Ò¥ ¢ ± ¦¤µ³ Ê§²¥ ¸¥É±¨ 
rϕ §´ Î¥´¨Ö ËÊ´±Í¨¨ F ¨ ¥¥

¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± . �µ¸É·µ¥´¨¥ ¸¶² °´  S3322(r, ϕ; F ) ¸¢µ¤¨É¸Ö ±

¶µ¤¸É ´µ¢±¥ Sij = Fij , nij = F
(1,0)
ij , mij = F

(0,1)
ij ¨ kij = F

(1,1)
ij ¢ Ëµ·-

³Ê²Ò (61) ¨ (62). „²Ö ¶µ¸É·µ¥´¨Ö ¨´É¥·¶µ²ÖÍ¨µ´´µ£µ ¸¶² °´  S3311(r, ϕ; F )
¶µ Ëµ·³Ê² ³ (53), (54) ¨²¨ (73) É·¥¡Ê¥É¸Ö ³¥´ÓÏ Ö ¨´Ëµ·³ Í¨Ö. „µ¸É ÉµÎ´µ
§ ¤ ÉÓ ¢¸¥ (N + 1)(M + 1) Ê§²µ¢Ò¥ §´ Î¥´¨Ö ¸¶² °´  S3311(r, ϕ; F ):

S3311(ri, ϕj ; F ) = Fij , ∀(ri, ϕj) ∈ 
rϕ (85)
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¨ ¶µ¤Î¨´¨ÉÓ ¥£µ ¤µ¶µ²´¨É¥²Ó´Ò³ 2(N+M+2) Ê¸²µ¢¨Ö³ ´  £· ´¨Í¥ G µ¡² ¸É¨
B2, ´ ¶·¨³¥· ¤¢Ê³¥·´Ò³  ´ ²µ£ ³ Ê¸²µ¢¨° (44) c p = 1 ¨²¨ p = 2:

D(p,0)S3311(ri, ϕj ; F ) = F
(p,0)
ij , i = 0, N, j = 0, . . . , M ;

D(0,p)S3311(ri, ϕj ; F ) = F
(0,p)
ij , i = 0, . . . , N, j = 0, M ;

D(p,p)S3311(ri, ϕj ; F ) = F
(p,p)
ij , i = 0, N, j = 0, . . . , M.

(86)

�·¨ Ê¸²µ¢¨ÖÌ (85) ¨ (86) ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´Ò° ¨´É¥·¶µ²ÖÍ¨µ´´Ò° ¸¶² °´
S3311(r, ϕ; F ). …£µ ±µÔËË¨Í¨¥´ÉÒ Nij , Mij ¨ Kij ¶µ¸²¥¤µ¢ É¥²Ó´µ ¢Ò· -
¦ ÕÉ¸Ö Î¥·¥§ § ¤ ´´Ò¥ Ê§²µ¢Ò¥ §´ Î¥´¨Ö Sij = Fij ËÊ´±Í¨¨ F ¨ §´ Î¥´¨Ö
¥¥ ¶·µ¨§¢µ¤´ÒÌ ´  £· ´¨Í¥ G. �·¨³¥·, ¶µÖ¸´ÖÕÐ¨° É ±µ¥ ¶µ¸É·µ¥´¨¥ ¢
¸²ÊÎ ¥ (55), ¶·¨¢¥¤¥´ ¢ · §¤. 1.

�µ£·¥Ï´µ¸É¨ ¨´É¥·¶µ²ÖÍ¨¨ ËÊ´±Í¨¨ F (r, ϕ) ¸¶² °´µ³ S33νν(r, ϕ; F )
Ö¢²ÖÕÉ¸Ö ´ ¨²ÊÎÏ¨³¨ ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ±² ¸¸¥ C3−ν,3−νW44

�,∞(B2):

||D(p,q)[S33νν(r, ϕ; F ) − F (r, ϕ)]||∞ � Kpνh4−p||D(4,q)F ||∞+

+ Kqνg4−q||D(p,4)F ||∞ + KpνKqνh4−pq4−q||D(4,4)F ||∞, (87)

£¤¥ Kpν ¨ Kqν Å ±µ´¸É ´ÉÒ; ν − 1, 2,   p, q = 0, . . . , 3. „ ²Ó´¥°Ï¥¥ Ê¢¥-
²¨Î¥´¨¥ £² ¤±µ¸É¨ ËÊ´±Í¨° ´¥ ¶·¨¢µ¤¨É ± Ê²ÊÎÏ¥´¨Õ  ¶¶·µ±¸¨³ Í¨¨ ¢µ
¢¸¥° µ¡² ¸É¨ B2. �¤´ ±µ ¶µÉµÎ¥Î´Ò¥ µÍ¥´±¨ ³µ£ÊÉ ¡ÒÉÓ Ê²ÊÎÏ¥´Ò. …¸²¨
F ∈ Ck,k(B2

ij), k > 4, Éµ, ± ± ¸²¥¤Ê¥É ¨§ (83), ´  ¸·¥¤´¨Ì (r = r̄i ¨²¨ ϕ = ϕ̄j)

¨ £ Ê¸¸µ¢ÒÌ (r = r±i ¨²¨ ϕ = ϕ±
j ) µÉ·¥§± Ì (ÉµÎ± Ì) ÖÎ¥°±¨ B2

ij ¶µ£·¥Ï´µ¸É¨
¶·¨¡²¨¦¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ ¨´É¥·¶µ²ÖÍ¨µ´´Ò³ ¸¶² °´µ³ S3322 ´  ¶µ·Ö¤µ±
¢ÒÏ¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶µ£·¥Ï´µ¸É¥° ¶µ ´µ·³¥ (87). �µ£·¥Ï´µ¸ÉÓ ´  ¶µ·Ö-
¤µ± ¢ÒÏ¥ ¤²Ö D(1,0)F ¨ D(3,q)F , q = 0, 1, 2, Å ´  µÉ·¥§±¥ r = r̄i; ¤²Ö D(p,3)F
¨ D(0,1)F Å ´  µÉ·¥§±¥ ϕ = ϕ̄j ; ¤²Ö D(2,q)F , q = 0, 1, Å ´  µÉ·¥§±¥ r = r±i ;
¤²Ö D(p,2)F , p = 0, 1, Å ´  µÉ·¥§±¥ ϕ = ϕ±

j ; ¤²Ö D(p,p)F , p = 1, 3, Å ¢ µ¤´µ°

ÉµÎ±¥ (r̄i, ϕ̄j) ¨, ´ ±µ´¥Í, ¤²Ö D(2,2)F Å ¢ Î¥ÉÒ·¥Ì ÉµÎ± Ì (r±i , ϕ±
j ). �·¨

¨´É¥·¶µ²ÖÍ¨¨ ¸¶² °´µ³ S3311 É ±µ¥ ¦¥ Ê²ÊÎÏ¥´¨¥ ÉµÎ´µ¸É¨ ¨³¥¥É ³¥¸Éµ ¶·¨
¡µ²¥¥ ¦¥¸É±¨Ì Ê¸²µ¢¨ÖÌ: F ∈ Ck,k(B2), k > 6, ¨ ÌµÉÖ ¡Ò µ¤´  ¨§ ¸¥Éµ± 
r ¨

ϕ Å ·¥£Ê²Ö·´ Ö. …¸²¨ ·¥£Ê²Ö·´  ¸¥É±  
r, Éµ ¶µ£·¥Ï´µ¸É¨ ¶·¨¡²¨¦¥´¨Ö
¶·µ¨§¢µ¤´ÒÌ ¨´É¥·¶µ²ÖÍ¨µ´´Ò³ ¸¶² °´µ³ S3311 ´  ¶µ·Ö¤µ± ¢ÒÏ¥ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¶µ£·¥Ï´µ¸É¥° ¶µ ´µ·³¥ (87): ¶·¨ r = r̄i, r

±
i ¨ ²Õ¡ÒÌ ϕ = ϕj .

…¸²¨ ¦¥ ·¥£Ê²Ö·´  ¸¥É±  
ϕ, Å Éµ ¶·¨ ϕ = ϕ̄j , ϕ
±
i ¨ ²Õ¡ÒÌ r = ri.

„µ± ¦¥³, ÎÉµ ¶µÉµÎ¥Î´Ò¥ µÍ¥´±¨ ³µ¦´µ Ê²ÊÎÏ¨ÉÓ ¥Ð¥ ¢ ¤¢ÊÌ ¸²ÊÎ ÖÌ.
�Ê¸ÉÓ F ∈ Ck,k(B2), k > 8, µ¤´  ¨§ ¸¥Éµ± 
r ¨²¨ 
ϕ Å · ¢´µ³¥·´ Ö,  
£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¶µ r ¨ ϕ Å ¶¥·¨µ¤¨Î¥¸±¨¥. ’µ£¤ , ´µ Éµ²Ó±µ ¤²Ö ¢´ÊÉ·¥´-
´¨Ì Ê§²µ¢ ¸¥É±¨ 
rϕ, ¨³¥ÕÉ¸Ö Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ°
ÉµÎ´µ¸É¨, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¤¢Ê³¥·´Ò³¨  ´ ²µ£ ³¨ Ëµ·³Ê² (84). �Éµ ÊÉ¢¥·-
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¦¤¥´¨¥ ¸¶· ¢¥¤²¨¢µ, ¶µÉµ³Ê ÎÉµ ¶·¨ ± ¦¤µ³ r = ri ¨²¨ ¦¥ ϕ = ϕj ¡¨±Ê¡¨Î¥-
¸±¨° ¸¶² °´ S = S3311 ¸É ´µ¢¨É¸Ö ¸¶² °´µ³ µ¸É ¢Ï¥°¸Ö µ¤´µ° ¶¥·¥³¥´´µ°
Si(ϕ) = S31(ϕ) = S(ri, ϕ) ¨²¨ ¦¥ Sj(r) = S31(r) = S(r, ϕj). —Éµ¡Ò ¤ ÉÓ
¶·¨³¥·Ò  ´ ²µ£µ¢ Ëµ·³Ê² (84), ¶µ²µ¦¨³ ¤²Ö ±· É±µ¸É¨ § ¶¨¸¨ S = S3311 ¨

τnm ≡ O(hn + gm), h, g → 0.

�·¨³¥·. �Ê¸ÉÓ ¸¥É±  
r Å ·¥£Ê²Ö·´ Ö,   ¸¥É±  
ϕ Å ¶·µ¨§¢µ²Ó´ Ö.
”µ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨ ¶µ r ¢ ÉµÎ±¥ (ri, ϕj)
¶µ²ÊÎ ÕÉ¸Ö ¨§ Ëµ·³Ê² (84) § ³¥´µ° Sk → Skj , Nk → Nkj , É. ¥. ¤µ¡ ¢²¥-
´¨¥³ ¨´¤¥±¸  j, ´Ê³¥·ÊÕÐ¥£µ µ¤´µ³¥·´Ò¥ ¸¶² °´Ò Sj(r) ≡ S(r, ϕj). ‚µ
¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
rϕ ¢³¥¸Éµ µ¡ÒÎ´µ° Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö

∂2
rF (ri, ϕj) = Nij + τ22 , Nij ≡ ∂2

ϕS(ri, ϕj),

¢Ò£µ¤´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³Ê²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ´  ¤¢  ¶µ-
·Ö¤±  ¶µ Ï £Ê h ÉµÎ´µ¸É¨

∂2
rF (ri, ϕj) = ∂̄2

rS(ri, ϕj) + τ44,

∂̄2
rS(ri, ϕj) ≡

1
12

(Ni−1,j + 10Nij + Nij).
(88)

�·¨³¥·. �Ê¸ÉÓ É¥¶¥·Ó, ´ µ¡µ·µÉ, ¸¥É±  
ϕ Å ·¥£Ê²Ö·´ Ö,   ¸¥É±  
r Å
¶·µ¨§¢µ²Ó´ Ö. ”µ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨ ¶µ ϕ ¢
ÉµÎ±¥ (ri, ϕj) ¶µ²ÊÎ ÕÉ¸Ö ¨§ Ëµ·³Ê² (84) § ³¥´µ° Sk → Sik ¨ Nk → Mik, É. ¥.
¤µ¡ ¢²¥´¨¥³ ¨´¤¥±¸  i, ´Ê³¥·ÊÕÐ¥£µ µ¤´µ³¥·´Ò¥ ¸¶² °´Ò Si(ϕ) ≡ S(ri, ϕ).
‘· ¢´¨³ Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö µ¡ÒÎ´µ° ¨ ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨. ‚µ
¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
rϕ ¢³¥¸Éµ Ëµ·³Ê²Ò

∂2
ϕF (ri, ϕj) = Mij + τ42, Mij = ∂2

ϕS(ri, ϕj),

¢Ò£µ¤´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³Ê²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ´  ¤¢  ¶µ-
·Ö¤±  ¶µ Ï £Ê g ÉµÎ´µ¸É¨

∂2
ϕF (ri, ϕj) = ∂̄2

ϕS(ri, ϕj) + τ44,

∂̄2
ϕS(ri, ϕj) ≡

1
12

(Mi−1,j + 10Mij + Mij),
(89)

  ¢³¥¸Éµ Ëµ·³Ê²Ò

∂3
ϕF (ri, ϕj) = ∂3

ϕS(ri, ϕj) + τ41, ∂3
ϕS(ri, ϕj) = (Mi,j+1 − Mij)/g (90)

¢Ò£µ¤´¥¥ ¶·¨³¥´ÖÉÓ Ëµ·³Ê²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ´  ¶µ·Ö¤µ±
¶µ Ï £Ê g ÉµÎ´µ¸É¨

∂3
ϕF (ri, ϕj) = ∂̄3

ϕS(ri, ϕj) + τ42, ∂̄3
ϕS(ri, ϕj) ≡

1
2g

(Mi,j+1 − Mi,j−1). (91)
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’µ²Ó±µ ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
rϕ µ¶·¥¤¥²¥´o ¶·¨¡²¨¦¥´¨¥ ¤²Ö ¶·µ¨§-
¢µ¤´µ° Î¥É¢¥·Éµ£µ ¶µ·Ö¤± :

∂4
ϕF (ri, ϕj) = ∂̄4

ϕS(ri, ϕj) + τ44,

∂̄4
ϕS(ri, ϕj) ≡

1
g2

(Mi,j+1 − 2Mij + Mi,j−1),
(92)

¨ Éµ²Ó±µ ¢ ÔÉ¨Ì ¦¥ Ê§² Ì Ëµ·³Ê² 

∂ϕF (ri, ϕj) = ∂̄ϕS(ri, ϕj) + τ44,

∂̄ϕS(ri, ϕj) ≡ ∂ϕS(ri, ϕj) = (Si,j+1 − Sij)/g − (g/6)(2Mij + Mi,j+1)
(93)

¶µ§¢µ²Ö¥É ¶·¨¡²¨§¨ÉÓ ¶¥·¢ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¸ ²ÊÎÏ¥° ´  ¶µ·Ö¤µ± ¶µ Ï £Ê g
ÉµÎ´µ¸ÉÓÕ, Î¥³ ¢ ¸²ÊÎ ¥ ´¥· ¢´µ³¥·´µ° ¸¥É±¨ 
ϕ.

‡ ³¥Î ´¨Ö. ‘¶² °´Ò ±² ¸¸  C2 Ï¨·µ±µ ¶·¨³¥´ÖÕÉ¸Ö ¢ ¢ÒÎ¨¸²¨É¥²Ó´µ°
¶· ±É¨±¥ ¶µ ¶·µ¸Éµ° ¶·¨Î¨´¥: ¤²Ö ¤µ¸É ÉµÎ´µ £² ¤±¨Ì ËÊ´±Í¨° µÍ¥´±¨ (82) ¨
(87) ¶·¨¡²¨¦¥´¨Ö ¨´É¥·¶µ²ÖÍ¨µ´´Ò³¨ ¸¶² °´ ³¨ ±² ¸¸  C2 ¸· ¢´¨³Ò ¸ ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¨³¨ µÍ¥´± ³¨ ¤²Ö Ô·³¨Éµ¢ÒÌ ¨´É¥·¶µ²ÖÍ¨µ´´ÒÌ ¸¶² °´µ¢, ´µ
¤²Ö ¶µ¸É·µ¥´¨Ö ¸¶² °´µ¢ S31(r; F ) ¨ S3311(r, ϕ; F ) ´¥ É·¥¡Ê¥É¸Ö § ¤ ´¨¥ ¶·µ-
¨§¢µ¤´ÒÌ ¢ Ê§² Ì ¸¥É±¨ Å µ¡¸ÉµÖÉ¥²Ó¸É¢µ ±· °´¥ ¢ ¦´µ¥ ¤²Ö ·¥Ï¥´¨Ö ³´µ£¨Ì
¶· ±É¨Î¥¸±¨Ì § ¤ Î, ¢ Î ¸É´µ¸É¨ ¤²Ö ¶µ¸É·µ¥´¨Ö ¤¨¸±·¥É´ÒÌ ¸¶² °´- ´ ²µ£µ¢
Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

3. „ˆ‘Š�…’�›… ���‹�ƒˆ “��‚�…�ˆ‰ ”�„„……‚�
‚ �ˆ‘”…�ˆ—…‘Š�Œ ��‡ˆ‘…

‘´ Î ²  ´ ¶µ³´¨³ ´¥µ¡Ìµ¤¨³Ò¥ µ¶·¥¤¥²¥´¨Ö ¨§ É¥µ·¨¨ ³ É·¨Í [84] ¨
µ¡ÐÊÕ ¸Ì¥³Ê ³¥Éµ¤  ¸¶² °´-±µ²²µ± Í¨¨ [32,48,52].

�  ·¨¸. 4,  , ¡ ´¥±µÉµ· Ö ±¢ ¤· É´ Ö ³ É·¨Í  A ¶·¥¤¸É ¢²¥´  ± ± ·¥Ï¥É± 
¨§ µÉ·¥§±µ¢ £µ·¨§µ´É ²Ó´ÒÌ ¨ ¢¥·É¨± ²Ó´ÒÌ ¶·Ö³ÒÌ (¸É·µ± ¨ ¸Éµ²¡Íµ¢). �µ
µ¶·¥¤¥²¥´¨Õ Ê§²Ò ÔÉµ° ·¥Ï¥É±¨ (ÉµÎ±¨ ¶¥·¥¸¥Î¥´¨Ö µÉ·¥§±µ¢), ¶µ³¥Î¥´´Ò¥
·µ³¡ ³¨ ¨ ±·Ê¦± ³¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ A. ‚¸¥
µ¸É ²Ó´Ò¥ · ¢´Ò ´Ê²Õ. Œ É·¨Í , ¨³¥ÕÐ Ö ´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ, ´ §Ò¢ ¥É¸Ö
· §·¥¦¥´´µ°. � §·¥¦¥´´ Ö ³ É·¨Í , ¨§µ¡· ¦¥´´ Ö ´  ·¨¸. 4,  , ¡Ê¤¥É É·¥Ì-
¤¨ £µ´ ²Ó´µ° ³ É·¨Í¥°, ¥¸²¨ ¥¥ Ô²¥³¥´ÉÒ, ¶·¥¤¸É ¢²¥´´Ò¥ ·µ³¡ ³¨, ¨ Ô²¥-
³¥´ÉÒ, Ê± § ´´Ò¥ ¸É·¥²± ³¨, µ± ¦ÊÉ¸Ö ´Ê²¥¢Ò³¨. �  ·¨¸. 4, ¢, £ ¨§µ¡· ¦¥´µ
¶·µ¨§¢¥¤¥´¨¥ A × X ±¢ ¤· É´µ° ³ É·¨ÍÒ A ´  ¡²µ±-¸Éµ²¡¥Í X. Œ É·¨Í 
A ¶·¥¤¸É ¢²¥´  ±¢ ¤· É´µ° ¸¥É±µ°, ± ¦¤ Ö ¥¥ ÖÎ¥°±  (¡²µ±), ¶µ³¥Î¥´´ Ö ¡Ê-
±¢µ°, Å ±¢ ¤· É´ Ö ³ É·¨Í  · §³¥·´µ¸ÉÓÕ M � 1 ¸ ÌµÉÖ ¡Ò µ¤´¨³ µÉ²¨Î´Ò³
µÉ ´Ê²Ö Ô²¥³¥´Éµ³,   ¶Ê¸É Ö ÖÎ¥°±  Å ³ É·¨Í , · §³¥·´µ¸ÉÓ ±µÉµ·µ° É  ¦¥,
´µ ¢¸¥ Ô²¥³¥´ÉÒ ´Ê²¥¢Ò¥. ‘µ¢µ±Ê¶´µ¸ÉÓ ¢¸¥Ì ÖÎ¥¥±, ¶µ¶ ·´µ ¸µ¶·¨± ¸ Õ-
Ð¨Ì¸Ö ¸Éµ·µ´ ³¨, ± ±µÉµ·Ò³ ³µ¦´µ ¶·µ¢¥¸É¨ ¶¥·¶¥´¤¨±Ê²Ö·´ÊÕ £µ·¨§µ´-
É ²Ó´ÊÕ (¢¥·É¨± ²Ó´ÊÕ) ¶·Ö³ÊÕ, ´ §Ò¢ ¥É¸Ö ¡²µ±-¸É·µ±µ° (¡²µ±-¸Éµ²¡Íµ³).
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�¨¸. 4. �·¨³¥·Ò · §·¥¦¥´´ÒÌ ³ É·¨Í A (a, ¡) ¨ ¨Ì ¶·µ¨§¢¥¤¥´¨° A × X ´  ¡²µ±-
¸Éµ²¡¥Í X (¢, £)

� ¶·¨³¥·, ¶¥·¢ Ö ¡²µ±-¸É·µ±  ³ É·¨ÍÒ A ´  ·¨¸. 4, ¢ ¥¸ÉÓ D1,R1,0,0,0,
  ´ ¡µ· ¶ÖÉ¨ ¡²µ±µ¢ Xi Å ¡²µ±-¸Éµ²¡¥Í X. ‚¸¥ ÖÎ¥°±¨, ¶·µÉ¨¢µ¶µ²µ¦-
´Ò¥ Ê£²Ò ±µÉµ·ÒÌ ²¥¦ É ´  µ¤´µ° ¶·Ö³µ°, µ¡· §ÊÕÉ ¡²µ±-¤¨ £µ´ ²Ó. „²Ö
³ É·¨ÍÒ A ´  ·¨¸. 4, ¢ £² ¢´ÊÕ ¡²µ±-¤¨ £µ´ ²Ó µ¡· §ÊÕÉ ¡²µ±¨ D1, . . . ,D5,
¡²µ±¨ L2, . . . ,L5 ¸µ¸É ¢²ÖÕÉ ´¨¦´ÕÕ ¡²µ±-¤¨ £µ´ ²Ó, a ¡²µ±¨ R1, . . . ,R4 Å
¢¥·Ì´ÕÕ ¡²µ±-¤¨ £µ´ ²Ó. ‚¸¥ µ¸É ¢Ï¨¥¸Ö ¡²µ±-¤¨ £µ´ ²¨ ´Ê²¥¢Ò¥, ¶µÔÉµ³Ê
³ É·¨Í  A ´ §Ò¢ ¥É¸Ö ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ°. ’ ± ± ± ¶·¨ |i − j| > 3M
¢¸¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ Aij · ¢´Ò ´Ê²Õ, Éµ ÔÉ  ³ É·¨Í  A Å ²¥´ÉµÎ´ Ö,  
Ï¨·¨´  ¥¥ ²¥´ÉÒ Å 3M . Œ É·¨Í  A ´  ·¨¸. 4, £ Éµ¦¥ ²¥´ÉµÎ´ Ö, ´µ Ê¦¥ ¢
µ¡Ð¥³ ¸²ÊÎ ¥ ¡²µÎ´µ-¶ÖÉ¨¤¨ £µ´ ²Ó´ Ö ³ É·¨Í .

�Ê¸ÉÓ ËÊ´±Í¨Ö F (r, ϕ) ¢ µ¡² ¸É¨ B2 Ê¤µ¢²¥É¢µ·Ö¥É ´¥±µÉµ·µ³Ê ¤¨ËË¥-
·¥´Í¨ ²Ó´µ³Ê (¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ³Ê) Ê· ¢´¥´¨Õ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤-
´ÒÌ,   ´  £· ´¨Í¥ G ÔÉµ° µ¡² ¸É¨ ¶µ¤Î¨´Ö¥É¸Ö ´¥±µÉµ·Ò³ £· ´¨Î´Ò³ Ê¸²µ-
¢¨Ö³. ‘µ¢µ±Ê¶´µ¸ÉÓ Ê· ¢´¥´¨Ö ¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´ §Ò¢ ¥É¸Ö ±· ¥¢µ° § -
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¤ Î¥°. ‚ ³¥Éµ¤¥ ¸¶² °´-±µ²²µ± Í¨¨ ¨¸±µ³µ¥ ·¥Ï¥´¨¥ F (r, ϕ) ±· ¥¢µ° § ¤ Î¨
¢ µ¡² ¸É¨ B2 § ³¥´Ö¥É¸Ö ¸¶² °´µ³ X(r, ϕ) = S(r, ϕ) ¸ ´¥¨§¢¥¸É´Ò³¨ ±µÔË-
Ë¨Í¨¥´É ³¨, ´µ ¸ Ê§² ³¨ ´  § ¤ ´´µ° ¸¥É±¥ 
rϕ ∈ B2. ‡ É¥³ ¸¶² °´ ¶µ¤Î¨-
´Ö¥É¸Ö Éµ° ¦¥ ±· ¥¢µ° § ¤ Î¥, ´µ ²¨ÏÓ ´  ¢Ò¡· ´´µ³ ¤¨¸±·¥É´µ³ ³´µ¦¥¸É¢¥

c

rϕ ∈ B2 ÉµÎ¥± (rc
i , ϕ

c
j), ´ §Ò¢ ¥³ÒÌ Ê§² ³¨ ±µ²²µ± Í¨¨. ’ ±¨³ µ¡· §µ³ ¢Ò-

¢µ¤¨É¸Ö ±µ´¥Î´ Ö ¸¨¸É¥³  ²¨´¥°´ÒÌ Ê· ¢´¥´¨° AX = Q. ‚ ´¥° X Å ¸Éµ²¡¥Í
¨§ ´¥¨§¢¥¸É´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ ¸¶² °´ , A Å ¢¸¥£¤  ¨§¢¥¸É´ Ö ³ É·¨Í , Q Å
²¨¡µ ¨§¢¥¸É´Ò° ¸Éµ²¡¥Í, ²¨¡µ Q ≡ E BX, £¤¥ E Å ¨¸±µ³µ¥ ¸µ¡¸É¢¥´´µ¥ §´ -
Î¥´¨¥,   B Å ¨§¢¥¸É´ Ö, ´µ ´¥ ¢¸¥£¤  ¥¤¨´¨Î´ Ö ³ É·¨Í . ‘¨¸É¥³  AX = Q
´ §Ò¢ ¥É¸Ö ¤¨¸±·¥É´Ò³  ´ ²µ£µ³ ¨¸Ìµ¤´µ° ±· ¥¢µ° § ¤ Î¨. ˆ§ ¢¸¥Ì ¤¨¸±·¥É-
´ÒÌ  ´ ²µ£µ¢ µ¶É¨³ ²Ó´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ÉµÉ, ¢ ±µÉµ·µ³ Î¨¸²  Ê§²µ¢ ¸¥É±¨,
¨¸±µ³ÒÌ ±µÔËË¨Í¨¥´Éµ¢, ´¥´Ê²¥¢ÒÌ Ô²¥³¥´Éµ¢ ¨ · §³¥·´µ¸ÉÓ ³ É·¨Í A ¨
B ³¨´¨³ ²Ó´Ò,   ¶µ·Ö¤±¨  ¶¶·µ±¸¨³ Í¨¨ D(p,q)F ≈ D(p,q)S ´ ¨¢Ò¸Ï¨¥ ¤²Ö
¢Ò¡· ´´µ£µ ¸¶µ¸µ¡  ¤¨¸±·¥É¨§ Í¨¨.

„ ²¥¥ ¶µ¸²¥ ¶µ¸É ´µ¢±¨ ¢ µ¡² ¸É¨ B2 ¸ ³µ° ¶·µ¸Éµ° ¤¢Ê³¥·´µ° ±· -
¥¢µ° ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ° § ¤ Î¨ É·¥Ì Î ¸É¨Í ±· É±µ µ¶¨¸Ò¢ ÕÉ¸Ö ¨
¸· ¢´¨¢ ÕÉ¸Ö ¤¥¢ÖÉÓ  ²£µ·¨É³µ¢ ¥¥ ¤¨¸±·¥É¨§ Í¨¨. �¥·¢Ò° ¨§ ´¨Ì µ¸´µ¢ ´
´  É·¥ÌÉµÎ¥Î´µ° ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ [32] ¶·µ¨§¢µ¤´ÒÌ ∂2

rF
¨ ∂2

ϕF ¨¸±µ³µ° ËÊ´±Í¨¨ F (r, ϕ). ‚Éµ·µ°  ²£µ·¨É³ Å µ¡Ñ¥¤¨´¥´¨¥ É ±µ°
 ¶¶·µ±¸¨³ Í¨¨ ¶µ ¶¥·¥³¥´´µ° r ¨ ³¥Éµ¤  ¸¶² °´-±µ²²µ± Í¨¨ ¶µ ¶¥·¥³¥´-
´µ° ϕ. ‚¸¥ µ¸É ²Ó´Ò¥  ²£µ·¨É³Ò Å · §²¨Î´Ò¥ ·¥ ²¨§ Í¨¨ ³¥Éµ¤  ¸¶² °´-
±µ²²µ± Í¨¨ [32,48,52].

3.1. �µ¸É ´µ¢±  ¸ ³ÒÌ ¶·µ¸ÉÒÌ ±· ¥¢ÒÌ § ¤ Î. �·¨³¥´ÖÖ ±¢ ´Éµ¢ÊÕ
É¥µ·¨Õ · ¸¸¥Ö´¨Ö [5] ¨ ¸²¥¤ÊÖ · ¡µÉ ³ [35,36], ¸Ëµ·³Ê²¨·Ê¥³ ±· ¥¢Ò¥ § ¤ Î¨
¤²Ö ¸¨¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¢ ¸²ÊÎ ¥ � = 0 ¨ ´¥ ¸¨´£Ê²Ö·´ÒÌ
S-¢µ²´µ¢ÒÌ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°. �Ê¸ÉÓ x ≡ x1 ¨

V1(x) ∈ C2
(0,∞), lim

x→0
xV1(x) = 0, lim

x→∞
x2V1(x) = 0, (94)

  ¶ ·´Ò° S-¢µ²´µ¢µ° £ ³¨²ÓÉµ´¨ ´ −∂2
x+V1(x) ¨³¥¥É Éµ²Ó±µ µ¤´µ ¸¢Ö§ ´´µ¥

¸µ¸ÉµÖ´¨¥ ¸ Ô´¥·£¨¥° e ¨ · ¤¨ ²Ó´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¥° u(x).
�µ¤¸É ´µ¢±µ° U(r, ϕ) = r−1/2F (r, ϕ) ¸¢¥¤¥³ Ê· ¢´¥´¨¥ (24) ± Ê· ¢´¥-

´¨Õ, ´¥ ¸µ¤¥·¦ Ð¥³Ê µ¶¥· Éµ· ∂r. ‚ ¨´É¥£· ²Ó´ÊÕ Î ¸ÉÓ ¶µ²ÊÎ¨¢Ï¥£µ¸Ö
Ê· ¢´¥´¨Ö, ¸²¥¤ÊÖ µ¡Ð¥° É¥µ·¨¨ [5], ¤µ¡ ¢¨³ ËÊ´±Í¨Õ F in, µ¶¨¸Ò¢ ÕÐÊÕ
´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ É·¥ÌÎ ¸É¨Î´µ° ¸¨¸É¥³Ò. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ Ê· ¢´¥-
´¨¥

[
∂2

r +
1
r2

(
1
4

+ ∂2
ϕ

)
+ E − V1(r cos ϕ)

]
F (r, ϕ) =

= 2V1(r cos ϕ)〈r, ϕ|h0|F (r, ϕ′) + F in(r, ϕ′)〉, (95)
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¢ ±µÉµ·µ³ ¤¥°¸É¢¨¥ µ¶¥· Éµ·  h0 µ¶·¥¤¥²¥´µ Ëµ·³Ê² ³¨ (25) ¨ (26):

2〈r, ϕ|h0|F (r, ϕ′)〉 ≡ 4√
3

C+(ϕ)∫
C−(ϕ)

dϕ′F (r, ϕ′). (96)

ˆ§¢¥¸É´µ, ÎÉµ Ê· ¢´¥´¨¥ (95) ¸ ¶µÉ¥´Í¨ ²µ³, ¶µ¤Î¨´¥´´Ò³ Ê¸²µ¢¨Ö³ (94),
¨³¥¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ ¢ C2(R2

+) Å ±² ¸¸¥ ËÊ´±Í¨°, Ê¤µ¢²¥É¢µ·ÖÕ-
Ð¨Ì ¶·¨ r → ∞ ¢¶µ²´¥ µ¶·¥¤¥²¥´´Ò³ Ê¸²µ¢¨Ö³, ±µÉµ·Ò¥ ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ
Ë¨§¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¨²¨ Ë¨§¨Î¥¸±¨³¨  ¸¨³¶ÉµÉ¨± ³¨. „²Ö
§ ¤ Î¨ ´  ¸¢Ö§ ´´µ¥ (E < e < 0) É·¥ÌÎ ¸É¨Î´µ¥ ¸µ¸ÉµÖ´¨¥ F in ≡ 0,   Ë¨§¨-
Î¥¸± Ö  ¸¨³¶ÉµÉ¨±  ¸µ¤¥·¦¨É £² ¤±ÊÕ ËÊ´±Í¨Õ A0:

F (r, ϕ) = exp (−r
√

|E|)A0(ϕ;
√
−E)

[
1 + O(r−5/2)

]
, r → ∞, ∀ϕ. (97)

„²Ö § ¤ Î¨ S-¢µ²´µ¢µ£µ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ, ´ ²¥É ÕÐ¥° ¸ ¨³¶Ê²Ó¸µ³ q ´ 
¶ ·Ê ¤·Ê£¨Ì Î ¸É¨Í, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢ ¸¢Ö§ ´´µ³ ¸µ¸ÉµÖ´¨¨ ¸ ¢µ²´µ¢µ° ËÊ´±-
Í¨¥° u(x), E = q2 + e, ´ Î ²Ó´µ¥ ¸µ¸ÉµÖ´¨¥ µ¶¨¸Ò¢ ¥É¸Ö ËÊ´±Í¨¥°

F in(x; q) = q−1√ru(x) sin (qy), x = r cosϕ, y = r sin ϕ,

  Ë¨§¨Î¥¸± Ö  ¸¨³¶ÉµÉ¨±  [7] ¸µ¤¥·¦¨É § · ´¥¥ ´¥¨§¢¥¸É´Ò¥  ³¶²¨ÉÊ¤Ò A ¨
A0 Ê¶·Ê£µ£µ · ¸¸¥Ö´¨Ö (2 → 2) ¨ · §¢ ²  (2 → 3):

F (r, ϕ) =
[
A(q) + O(y−1)

]√
ru(x) exp (iqy)+

+
[
A0(ϕ; q) + O(r−1)

]
exp (ir

√
E), r → ∞. (98)

�¥·¥Î¨¸²¨³ Ê¸²µ¢¨Ö ´  £· ´¨Í Ì ϕ = 0, π/2 ¨ ¢ ÉµÎ±¥ r = 0, µ¶·¥¤¥-
²ÖÕÐ¨¥¸Ö µ£· ´¨Î¥´¨Ö³¨ ´  £² ¤±µ¸ÉÓ ¨¸±µ³µ£µ ·¥Ï¥´¨Ö F ¨ ¶µÉ¥´Í¨ ² 
V1 ¨ ¶µÔÉµ³Ê Ö¢²ÖÕÐ¨¥¸Ö µ¡Ð¨³¨ ¤²Ö § ¤ Î ´  ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¨ § ¤ Î
· ¸¸¥Ö´¨Ö. ˆ§ ¸µµÉ´µÏ¥´¨° F = r1/2U ∈ C2(R2

+) ¨ Ê¸²µ¢¨° (27) ¸²¥¤Ê¥É,
ÎÉµ

|r−5/2F (r, ϕ)| < ∞, r → 0, ∀ϕ;

|ϕ−1F (r, ϕ)| < ∞, ϕ → 0; |(π/2 − ϕ)−1F (r, ϕ)| < ∞, ϕ → π/2, ∀r.

�µÔÉµ³Ê ¨³¥ÕÉ ³¥¸Éµ ÉµÎ´Ò¥ · ¢¥´¸É¢ 

F (r, 0) = F (r, π/2) = 0, 0 � r � R, ∀R < ∞; (99)

F (0, ϕ) = 0, 0 � ϕ � π/2; (100)

∂2
rF (r, ϕ) = 0, r = 0, 0 � ϕ � π/2; (101)

∂r∂ϕF (r, ϕ) = 0, r = 0, 0 � ϕ � π/2. (102)
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‚ ¸¨²Ê (94), (96) ¨ (99) Ê· ¢´¥´¨¥ (95) ¶·¨ ϕ → 0, π/2 ¢Ò·µ¦¤ ¥É¸Ö ¢ · ¢¥´-
¸É¢ 

∂2
ϕF (r, ϕ) = 0, ϕ = 0, π/2, ∀r. (103)

’¥¶¥·Ó ¸Ëµ·³Ê²¨·Ê¥³ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¶·¨ r → ∞. �É¨ Ê¸²µ¢¨Ö
§ ¢¨¸ÖÉ µÉ É¨¶  ¨¸¸²¥¤Ê¥³µ° É·¥ÌÎ ¸É¨Î´µ° ±µ´Ë¨£Ê· Í¨¨. „²Ö § ¤ Î¨ ´ 
¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ ¨§  ¸¨³¶ÉµÉ¨±¨ (97) ¶µ²ÊÎ ¥³ ¶·¨¡²¨¦¥´´Ò¥ · ¢¥´¸É¢ 

F (R, ϕ) = 0, ∀ϕ ∈ [0, π/2]; (104)

∂2
rF (R, ϕ) = ∂r∂ϕF (R, ϕ) = 0, ∀ϕ ∈ [0, π/2], (105)

±µÉµ·Ò¥ ¢ ¶·¥¤¥²¥ R → ∞ ¸É ´µ¢ÖÉ¸Ö ÉµÎ´Ò³¨. „²Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ´¥µ¡-
Ìµ¤¨³µ · ¸¸³µÉ·¥ÉÓ ¤¢  ¸²ÊÎ Ö. …¸²¨ q2 � |e|, Éµ E � 0 ¨ ¢Éµ·µ¥ ¸² £ ¥³µ¥
 ¸¨³¶ÉµÉ¨±¨ (98) Ô±¸¶µ´¥´Í¨ ²Ó´µ Ê¡Ò¢ ¥É, ¶µÔÉµ³Ê ¶·¥´¥¡·¥£ ¥³ ¨³. „¨Ë-
Ë¥·¥´Í¨·ÊÖ ÔÉµ ¤µ³¨´¨·ÊÕÐ¥¥ ¸² £ ¥³µ¥ ¶µ ϕ, ¶µ²ÊÎ ¥³  ¸¨³¶ÉµÉ¨±Ê ∂ϕF
¶·¨ r → ∞. ˆ¸±²ÕÎ¨¢ ¨§  ¸¨³¶ÉµÉ¨± ËÊ´±Í¨° F ¨ ∂ϕF ´¥¨§¢¥¸É´ÊÕ  ³-
¶²¨ÉÊ¤Ê A, ´ Ìµ¤¨³ £· ´¨Î´µ¥ Ê¸²µ¢¨¥

∂ϕF (r, ϕ) + x

[
tg ϕ

∂xu(x)
u(x)

− iq

]
F (r, ϕ) = 0, r → ∞, ∀ϕ ∈ [0, π/2]. (106)

�Ê¸ÉÓ q2 > −e, Éµ£¤  E > 0, Ô´¥·£¥É¨Î¥¸±¨ ¢µ§³µ¦¥´ ¶·µÍ¥¸¸ (2 → 3)
¨ ¢ (98) Ê¦¥ ´¥²Ó§Ö ¶·¥´¥¡·¥ÎÓ ¢Éµ·Ò³ ¸² £ ¥³Ò³, µ¶¨¸Ò¢ ÕÐ¨³ · §¢ ².
„¨ËË¥·¥´Í¨·ÊÖ ¸Ê³³Ê (98), ¢ÒÎ¨¸²¨³  ¸¨³¶ÉµÉ¨±¨ ¶·µ¨§¢µ¤´ÒÌ ∂n

r F , n =
1, 2. ˆ¸±²ÕÎ¨¢ ¨§  ¸¨³¶ÉµÉ¨± ËÊ´±Í¨° ∂n

r F , n = 0, 1, 2, ´¥¨§¢¥¸É´Ò¥ A ¨
A0, ¶µ²ÊÎ¨³, ¶·¥´¥¡·¥£ Ö Î²¥´ ³¨ ¶µ·Ö¤±  O(r−1/2), £· ´¨Î´µ¥ Ê¸²µ¢¨¥{[

iu
√

E − a1

]
∂2

r + [Eu + a2]∂r −
[
Ea1 + ia2

√
E
]}

F = 0,

an ≡ exp (−iqy)∂n
r [u(x) exp (iqy)] , n = 1, 2, r → ∞, ∀ϕ.

(107)

ˆÉ ±, ±· ¥¢ Ö § ¤ Î  ´  ¸¢Ö§ ´´µ¥ É·¥Ì¡µ§µ´´µ¥ ¸µ¸ÉµÖ´¨¥ Å µ¤´µ·µ¤´µ¥
(F in ≡ 0) Ê· ¢´¥´¨¥ (95) ¸ Ê¸²µ¢¨Ö³¨ (99)Ä(105),   ±· ¥¢ Ö § ¤ Î  · ¸¸¥Ö-
´¨Ö Å ´¥µ¤´µ·µ¤´µ¥ (F in �= 0) Ê· ¢´¥´¨¥ (95) ¸ Ê¸²µ¢¨Ö³¨ (99)Ä(103) ¨
(106), ¥¸²¨ E < 0, ¨ ¸ Ê¸²µ¢¨Ö³¨ (99)Ä(103) ¨ (107), ¥¸²¨ E > 0.

—¨¸²¥´´µ¥ ·¥Ï¥´¨e Ê· ¢´¥´¨Ö (95) ¢µ§³µ¦´µ ²¨ÏÓ ¶·¨ ±µ´¥Î´ÒÌ (r ≤
R < ∞) §´ Î¥´¨ÖÌ £¨¶¥·· ¤¨Ê¸  r. �µÔÉµ³Ê ¤ ²¥¥ ¨ Ê· ¢´¥´¨¥ (95), ¨
£· ´¨Î´Ò¥ Ê¸²µ¢¨Ö · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ µ¡² ¸É¨ B2. �¥·¢Ò¥ É·¨  ²£µ·¨É³ 
¤¨¸±·¥É¨§ Í¨¨ § ¤ Î¨ ´  ¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ µ¶¨Ï¥³, ¸²¥¤ÊÖ · ¡µÉ¥ [35].

3.2. �²£µ·¨É³ 1: ±µ´¥Î´µ-· §´µ¸É´ Ö  ¶¶·µ±¸¨³ Í¨Ö ¶µ r ¨ ϕ. �Ê¸ÉÓ
¸¥É±¨ 
r ¨ 
ϕ Å ·¥£Ê²Ö·´Ò¥,   Xij ≡ X(ri, ϕj) Å Ê§²µ¢Ò¥ §´ Î¥´¨Ö ´¥±µ-
Éµ·µ° ËÊ´±Í¨¨ X . �µ¤Î¨´¨³ ¥¥ ¢³¥¸Éµ ËÊ´±Í¨¨ F ±· ¥¢µ° § ¤ Î¥ (95), (99),
(100), (104), ´µ ´  ¸¥É±¥ 
rϕ. “¤µ¡´µ ¸´ Î ²  Ê¤µ¢²¥É¢µ·¨ÉÓ Ê¸²µ¢¨Ö³ (99),
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(100) ¨ (104), É. ¥. ¶µ²µ¦¨ÉÓ · ¢´Ò³¨ ´Ê²Õ §´ Î¥´¨Ö Xij ¢ £· ´¨Î´ÒÌ Ê§² Ì
¸¥É±¨ 
rϕ:

Xi0 = XiM = 0, i = 0, . . . , N, X0j = XNj = 0, j = 0, . . . , M. (108)

�¸É ²µ¸Ó ´ °É¨ §´ Î¥´¨Ö Xij ¢µ ¢¸¥Ì ¢´ÊÉ·¥´´¨Ì Ê§² Ì (ri, ϕj). ‚ ÔÉ¨Ì Ê§² Ì
¨¸¶µ²Ó§Ê¥³ É·¥ÌÉµÎ¥Î´ÊÕ ±µ´¥Î´µ-· §´µ¸É´ÊÕ  ¶¶·µ±¸¨³ Í¨Õ [31,32]

∂2
rF (ri, ϕj) → ∂2

rX(ri, ϕj) = (Xi−1,j − 2Xij + Xi+1,j)/h2 + O(h2), (109)

∂2
ϕF (ri, ϕj) → ∂2

ϕX(ri, ϕj) = (Xi,j−1 − 2Xij + Xi,j+1)/g2 + O(g2), (110)

  ¨´É¥£· ² (96)  ¶¶·µ±¸¨³¨·Ê¥³ Ëµ·³Ê²µ° É· ¶¥Í¨° [98]:

2〈ri, ϕj |h0|F 〉 → 2〈ri, ϕj |h0|X〉 =
4√
3

M−1∑
k=1

h0
jkXik + O(g3). (111)

‚ ÔÉµ° Ëµ·³Ê²¥ ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ j-° ¸É·µ±¨ (j = 1, . . . , −1) ³ É·¨ÍÒ h0

¤µ¢µ²Ó´µ ¶·µ¸Éµ § ¢¨¸ÖÉ µÉ Ï £  g:

2h0
jk = g

[
a2

jδn1δk,n−1 + (1 + 2aj − a2
j)δkn

]
, k = n, n − 1,

2h0
jk = g

[
b2
jδm,M+1δk,M+1 + (1 + 2bj − b2

j δkm)
]
, k = m, m + 1,

h0
jk = g, k = n + 1, . . . , m − 1,

£¤¥ Í¥²Ò¥ ¨ ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸²  m, n ¨ aj , bj µ¶·¥¤¥²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

n−1 � C−(ϕj)/g � n, m � C+(ϕj)/g � m + 1;

aj ≡ C−(ϕj)/g − n, bj ≡ C+(ϕj)/g − m.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ (95) ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì (ri, ϕj). ‚Ò¶µ²´¨³ § ³¥´Ò
F → X ¨ (109)Ä(111) ¨ µÉ¡·µ¸¨³ µ¸É ÉµÎ´Ò¥ Î²¥´Ò O(h2), O(g2) ¨ O(g3).
‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ ±µ´¥Î´µ-· §´µ¸É´Ò°  ´ ²µ£ ¨¸Ìµ¤´µ° ±· ¥¢µ° § ¤ Î¨,
É. ¥. ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ Xij :

M−1∑
k=1

(
Li

jkXi−1,k + Di
jkXik + Ri

jkXi+1,k

)
= 0, (112)

£¤¥ i = 1, . . . , N − 1; j, k = 1, . . . , M − 1,   Î¨¸²µ Ê· ¢´¥´¨° (N − 1)(M − 1)
· ¢´µ Î¨¸²Ê ´¥¨§¢¥¸É´ÒÌ Xij . „ ²¥¥ Î¨¸²µ¢Ò¥ ±µÔËË¨Í¨¥´ÉÒ

Li
jk ≡ Ri

jk = δjk/h2,
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Di
jk ≡ (−2/h2 + 1/4r2

i + E − Vij)δjk+

+ (δj−1,k − 2δjk + δj+1,k)/(r2
i g2) − (4/

√
3)Vijh

0
jk, (113)

£¤¥ Vij ≡ V1(ri cos ϕj), ¸Î¨É ¥³ Ô²¥³¥´É ³¨ ±¢ ¤· É´ÒÌ ³ É·¨Í Li = Ri ¨
Di · §³¥·´µ¸ÉÓÕ M − 1. ‘µ¡· ¢ Xij ¢ ¸Éµ²¡¥Í X ≡ (X1,X2, . . . ,XN−1)T ,
¸µ¸É ¢²¥´´Ò° ¨§ ¡²µ±-¸Éµ²¡Íµ¢ Xi ≡ (Xi1, . . . , Xi,M−1)T , ¶·¥¤¸É ¢¨³ ¸¨-
¸É¥³Ê (112) µ¤´µ·µ¤´Ò³ ³ É·¨Î´Ò³ Ê· ¢´¥´¨¥³ AX = 0 ¨²¨ Ô±¢¨¢ ²¥´É´Ò³
Ê· ¢´¥´¨¥³ ÃX = EBX, £¤¥ B = −I,   I Å ¥¤¨´¨Î´ Ö ³ É·¨Í :

AX = 0; ÃX = EBX, Ã ≡ A− EB. (114)

Œ É·¨ÍÒ A ¨ Ã ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´Ò¥, A § ¢¨¸¨É µÉ E,   Ã ´¥ § ¢¨¸¨É.
�·µ¨§¢¥¤¥´¨¥ AX ¢ ¸²ÊÎ ¥ (34), ±µ£¤  N = 4, ¨§µ¡· ¦¥´µ ´  ·¨¸. 4, ¢.

�¥·¥°¤¥³ ±  ´ ²¨§Ê  ²£µ·¨É³ . “± § ´´Ò¥ ¢ (109) ¨ (110) µÍ¥´±¨ µ¸É -
ÉµÎ´ÒÌ Î²¥´µ¢, ¢µµ¡Ð¥ £µ¢µ·Ö, ¢¥·´Ò [32] ¶·¨ Ê¸²µ¢¨¨ X ∈ C4(B2) ¨ Éµ²Ó±µ
¢ ¸²ÊÎ ¥ · ¢´µ³¥·´ÒÌ ¸¥Éµ± 
r ¨ 
ϕ. �·¨ Éµ³ ¦¥ Ê¸²µ¢¨¨, ´µ ¢ ¸²ÊÎ ¥ ´¥-
· ¢´µ³¥·´ÒÌ ¸¥Éµ± ¶µ·Ö¤µ± ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨ ¶µ´¨¦ ¥É¸Ö
´  ¥¤¨´¨ÍÊ, ´µ ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö (111) µ¸É ¥É¸Ö ¶·¥¦´¥°. �µÔÉµ³Ê ¤¨¸-
±·¥É´Ò°  ´ ²µ£ (112) ¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö (95) ¡²¨§µ± ± ÔÉµ³Ê Ê· ¢´¥´¨Õ,
´µ ²¨ÏÓ ¢ Ê§² Ì ¸¥É±¨ 
rϕ ¸ ÉµÎ´µ¸ÉÓÕ τnn, £¤¥ n = 2 ¢ ¸²ÊÎ ¥ · ¢´µ³¥·´ÒÌ
¨ n = 1 ¢ ¸²ÊÎ ¥ ´¥· ¢´µ³¥·´ÒÌ ¸¥Éµ±. �¤´ ±µ ¨§ É ±µ° ¡²¨§µ¸É¨ ¥Ð¥ ´¥ ¸²¥-
¤Ê¥É ¡²¨§µ¸ÉÓ ÉµÎ´µ£µ ·¥Ï¥´¨Ö F ± ´ °¤¥´´µ° ¸¥ÉµÎ´µ° ËÊ´±Í¨¨ X . Œµ¦´µ
²¨ÏÓ ¶·¥¤¶µ² £ ÉÓ, ÎÉµ ¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥Éµ± |Fij −Xij | = τnn ¤²Ö ¢¸¥Ì i, j
¨ n = 2 ¨²¨ n = 1. ’ ± Ö ¸Ìµ¤¨³µ¸ÉÓ É¥µ·¥É¨Î¥¸±¨ ¤µ ¸¨Ì ¶µ· ´¥ ¤µ± § ´ 
´¨ ¶·¨ ± ±µ³ µÉ´µÏ¥´¨¨ h/g, ´µ ´ ¡²Õ¤ ¥É¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ. �¸´µ¢´ Ö
É·Ê¤´µ¸ÉÓ ¤µ± § É¥²Ó¸É¢  ¸Ìµ¤¨³µ¸É¨ µ¡Ê¸²µ¢²¥´  ´ ²¨Î¨¥³ ¢ Ê· ¢´¥´¨¨ (95)
´¥²µ± ²Ó´µ£µ (¨´É¥£· ²Ó´µ£µ) Î²¥´ . ˆ§-§  ´¥£µ ³ É·¨Í  h0 ¨ ¢¸¥ ¸µ¤¥·¦ -
Ð¨¥ ¥¥ ± ± ¸² £ ¥³µ¥ ¤¨ £µ´ ²Ó´Ò¥ ¡²µ±¨ Di ³ É·¨ÍÒ A Å ´¥· §·¥¦¥´´Ò¥
³ É·¨ÍÒ. �µÔÉµ³Ê ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¢³¥¸Éµ Ëµ·³Ê² (110) ¨ (111) ¤·Ê£¨Ì
 ¶¶·µ±¸¨³ Í¨° ¶µ ¶¥·¥³¥´´µ° ϕ, ´ ¶·¨³¥· ±µ´¥Î´µ-· §´µ¸É´ÒÌ  ¶¶·µ±¸¨-
³ Í¨° ¡µ²¥¥ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  [32], ÔÉ¨ ¡²µ±¨ µ¸É ´ÊÉ¸Ö ´¥· §·¥¦¥´´Ò³¨
³ É·¨Í ³¨, ´µ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ¥ ¸É·µ¥´¨¥ ¨ · §³¥·´µ¸ÉÓ ³ É·¨ÍÒ A
´¥ ¨§³¥´ÖÉ¸Ö. “¢¥²¨Î¥´¨¥ ¶µ·Ö¤±   ¶¶·µ±¸¨³ Í¨¨ µ¶¥· Éµ·  ∂2

r ¨¸¶µ²Ó§µ¢ -
´¨¥³ n-ÉµÎ¥Î´ÒÌ ±µ´¥Î´ÒÌ · §´µ¸É¥° Ëµ·³Ê² c n > 3 ¶·¨¢µ¤¨É ± ³¥´¥¥ · §-
·¥¦¥´´µ° ³ É·¨Í¥ A ¸ Ï¨·¨´µ° ²¥´ÉÒ n(M −1). ‹Õ¡ Ö ±µ´¥Î´µ-· §´µ¸É´ Ö
 ¶¶·µ±¸¨³ Í¨Ö ¨³¥¥É ¸ÊÐ¥¸É¢¥´´Ò° ´¥¤µ¸É Éµ±: ¥¸²¨ ¸Éµ²¡¥Í X ´ °¤¥´, ´µ
¶·¨¡²¨¦¥´¨¥ ËÊ´±Í¨¨ F É·¥¡Ê¥É¸Ö ¨ ¢´¥ Ê§²µ¢ ¸¥É±¨ 
rϕ, Éµ ¢ µ¡² ¸É¨ B2

¶·¨Ìµ¤¨É¸Ö ·¥Ï ÉÓ µÉ¤¥²Ó´ÊÕ § ¤ ÎÊ ¨´É¥·¶µ²ÖÍ¨¨ Ê¦¥ ¨§¢¥¸É´µ°, ´µ Éµ²Ó±µ
´  ÔÉµ° ¸¥É±¥, ËÊ´±Í¨¨ X .

Œ¥Éµ¤ ·¥Ï¥´¨Ö ±µ´¥Î´ÒÌ ¸¨¸É¥³ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢ , µ¸´µ¢ ´´Ò° ´  ±² ¸¸¨Î¥¸±µ° É·¥ÌÉµÎ¥Î´µ° ±µ´¥Î´µ-· §´µ¸É´µ°  ¶-
¶·µ±¸¨³ Í¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ µ¶¥· Éµ·µ¢ (109) ¨ (110), ¡Ò² · §¢¨É ¢ · -
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¡µÉ¥ [7] ¨ ¶·¨³¥´¥´ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î ´  ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö É·¥Ì ´Ê±²µ-
´µ¢ [19],   É ±¦¥ § ¤ Î nd- ¨ pd-· ¸¸¥Ö´¨Ö [20Ä22]. �µ§¦¥ ÔÉµÉ ¦¥ ³¥Éµ¤ ¨¸-
¶µ²Ó§µ¢ ²¸Ö ¢ ¸¥·¨¨ · ¡µÉ [25Ä29] ¤²Ö Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö ¤¢Ê³¥·´ÒÌ
¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶µ²ÊÎ¥´´ÒÌ ¶·µ¥±É¨·µ¢ ´¨¥³ Ê· ¢´¥-
´¨° (20) ´  ¡¨¸Ë¥·¨Î¥¸±¨° ¡ §¨¸. ‚ · ¡µÉ Ì [25Ä27] · ¸¸Î¨ÉÒ¢ ²¨¸Ó Ô´¥·£¨¨
¸¢Ö§¨ µ¸´µ¢´µ£µ ¨ ¢µ§¡Ê¦¤¥´´µ£µ ¸µ¸ÉµÖ´¨° É·¥Ì  Éµ³µ¢ 4He (É·¨³¥·  £¥²¨Ö)
¨ Ë §Ò · ¸¸¥Ö´¨Ö  Éµ³  £¥²¨Ö ´  ¤¨³¥·¥ £¥²¨Ö.

‚ ´¥¤ ¢´¨Ì · ¡µÉ Ì [28, 29] ¶·¥¤¸É ¢²¥´Ò Ë §Ò · ¸¸¥Ö´¨Ö  Éµ³  3He ´ 
¤¨³¥·¥ £¥²¨Ö, ¢¶¥·¢Ò¥ ¶µ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³ É ±¨Ì ¦¥ ¤¢Ê³¥·-
´ÒÌ Ê· ¢´¥´¨° ´  ¸¥É±¥ 
rϕ c N = M = 405. �¥¸³µÉ·Ö ´  ¶·¥¤¥²Ó´ÊÕ
¶·µ¸ÉµÉÊ ³¥Éµ¤  ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨, ¥£µ ¨¸¶µ²Ó§µ¢ ´¨¥ ¤²Ö
·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸² ¡µ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¨²¨ § ¤ Î¨ · ¸¸¥Ö´¨Ö, ±µ£¤ 
 ¸¨³¶ÉµÉ¨±¨ ¨¸±µ³ÒÌ ËÊ´±Í¨° ³¥¤²¥´´µ Ê¡Ò¢ ÕÉ ¨²¨ ¦¥ µ¸Í¨²²¨·ÊÕÉ, É·¥-
¡Ê¥É ¸¥Éµ± ¸ ¡µ²ÓÏ¨³ Î¨¸²µ³ Ê§²µ¢. � ¶·¨³¥·, ¤²Ö · ¸Î¥É  [27] ÔÉ¨³ ³¥Éµ¤µ³
Ô´¥·£¨¨ ¸¢Ö§¨ µ¸´µ¢´µ£µ ¨ ¢µ§¡Ê¦¤¥´´µ£µ ¸µ¸ÉµÖ´¨Ö É·¨³¥·  ¸ ÉµÎ´µ¸ÉÓÕ ¤µ
¤¢ÊÌ §´ Î Ð¨Ì Í¨Ë· ¶·¨Ï²µ¸Ó ¨¸¶µ²Ó§µ¢ ÉÓ ¸¥É±¨ 
rϕ ¸ ¤µ¢µ²Ó´µ ¡µ²ÓÏ¨³
Î¨¸²µ³ Ê§²µ¢ Å N = M = 555 ¨ N = M = 805 ¸µµÉ¢¥É¸É¢¥´´µ.

‡ ¡¥£ Ö ¢¶¥·¥¤, µÉ³¥É¨³, ÎÉµ ¸¶² °´- ¶¶·µ±¸¨³ Í¨Ö ÌµÉÖ ¡Ò ¶µ Ê£²µ-
¢µ° ¶¥·¥³¥´´µ° ¶µ§¢µ²Ö¥É ¢ §´ Î¨É¥²Ó´µ° ³¥·¥ ¨§¡ ¢¨ÉÓ¸Ö µÉ ¶¥·¥Î¨¸²¥´´ÒÌ
´¥¤µ¸É É±µ¢ ±µ´¥Î´µ-· §´µ¸É´µ°  ¶¶·µ±¸¨³ Í¨¨.

3.3. �²£µ·¨É³ 2: ¸¶² °´- ¶¶·µ±¸¨³ Í¨Ö ¶µ ¶¥·¥³¥´´µ° ϕ. �Ê¸ÉÓ ¸¥É± 

r Å · ¢´µ³¥·´ Ö,   ¸¥É±  
ϕ Å ¶·µ¨§¢µ²Ó´ Ö. Š ± ¨ ¢  ²£µ·¨É³¥ 1,
¢³¥¸Éµ ·¥Ï¥´¨Ö F § ¤ Î¨ (95), (99), (100), (104) ¡Ê¤¥³ ¨¸± ÉÓ ËÊ´±Í¨Õ X ,
¶µ¤Î¨´ÖÕÐÊÕ¸Ö ÔÉµ° § ¤ Î¥ ´  ¸¥É±¥ 
rϕ. �µ É¥¶¥·Ó ¸Î¨É ¥³, ÎÉµ ´  ± ¦¤µ³
(i = 1, . . . , N − 1) µÉ·¥§±¥ r = ri, 0 � ϕ � π/2 ËÊ´±Í¨Ö X Å ±Ê¡¨Î¥¸±¨°
¸¶² °´ Si ±² ¸¸  C2(B2) ¸ Ê§² ³¨ ´  ¸¥É±¥ 
ϕ ¨ ´µ³¥·µ³ i. ‘· §Ê µÉ³¥-
É¨³, ÎÉµ ¢ µÉ²¨Î¨¥ µÉ  ²£µ·¨É³  1 ¶µÉ·¥¡ÊÕÉ¸Ö ¤µ¶µ²´¨É¥²Ó´Ò¥ £· ´¨Î´Ò¥
Ê¸²µ¢¨Ö (103), ´µ, ± ± ¨ ¶·¥¦¤¥, ¤²Ö ∂2

rF ¨¸¶µ²Ó§Ê¥É¸Ö § ³¥´  (109),   ¨§ Ê¸²µ-
¢¨° (99) ¨ (100) ¸²¥¤ÊÕÉ · ¢¥´¸É¢  (108), µ§´ Î ÕÐ¨¥, ÎÉµ ± ¦¤Ò° ¸¶² °´
Si(ϕ) · ¢¥´ ´Ê²Õ ¢ Ê§² Ì ϕ0 = 0 ¨ ϕM = π/2.

�µ µ¶·¥¤¥²¥´¨Õ ¶·¨ ± ¦¤µ³ i ¨¸±µ³Ò¥ §´ Î¥´¨Ö Xij Ö¢²ÖÕÉ¸Ö Ê§²µ¢Ò³¨
§´ Î¥´¨Ö³¨ Sij = Si(ϕj) ¸¶² °´  Si, ¶·¨Î¥³ Si0, SiM = 0. �¡µ§´ Î¨³
Mij ≡ S′′

i (ϕj), Éµ£¤  Ö¢´µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¶² °´  Si(ϕ) ¶µ²ÊÎ¨É¸Ö ¨§ (48)
§ ³¥´µ°

S31(ϕ) → Si(ϕ), Si → Xij , Mj → Mij , (115)

É. ¥. ¤µ¡ ¢²¥´¨¥³ ¨´¤¥±¸  i, ´Ê³¥·ÊÕÐ¥£µ ¸¶² °´Ò. ’¥¶¥·Ó ´¥¨§¢¥¸É´Ò ¨
Xij ≡ Sij , ¨ Mij . ˆ¸±²ÕÎ¨³ Mij , ¨¸¶µ²Ó§ÊÖ Ê¸²µ¢¨Ö ´¥¶·¥·Ò¢´µ¸É¨ ¶·µ¨§-
¢µ¤´µ° S′

i ¤²Ö ± ¦¤µ£µ i. �É¨ Ê¸²µ¢¨Ö ¨ · ¢¥´¸É¢  (108) ¤ ÕÉ ¸¨¸É¥³Ê (58)
¨§ M − 1 Ê· ¢´¥´¨°, ±µÉµ· Ö ¢Ò¢µ¤¨É¸Ö ¨§ ¸¨¸É¥³Ò (50) § ³¥´µ° (115). ‘¨-
¸É¥³Ê (58) ¤µ¶µ²´¨³ · ¢¥´¸É¢ ³¨ Si0, SiM = 0 ¨ · ¢¥´¸É¢ ³¨ Mi0, MiM = 0,
¸²¥¤ÊÕÐ¨³¨ ¨§ (103). �¸É ¢Ï¨¥¸Ö Mij ¸ ¨´¤¥±¸ ³¨ i = 1, . . . , N − 1 ¨
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j = 1, . . . , M − 1 ¢Ò· §¨³ Î¥·¥§ Xij = Sij ¶µ Ëµ·³Ê² ³ (52) ¨ (59):

∂2
ϕX(ri, ϕj) = ∂2

ϕSi(ϕj) = Mij = 6
M−1∑
k=1

Bϕ
jkXik. (116)

ˆ´É¥£· ² (96) ¶·¨ r = ri, i �= 0, N , ¨ ϕ = ϕj , j = 1, . . . , M − 1, ¶·¥¤¸É -
¢¨³ ¸Ê³³µ° ¨´É¥£· ²µ¢ ¶µ µÉ·¥§± ³, £¤¥ ¨´É¥£·¨·Ê¥³ Ö ËÊ´±Í¨Ö X(ri, ϕ

′) =
Si(ϕ′) Ö¢²Ö¥É¸Ö ±Ê¡¨Î¥¸±¨³ ¶µ²¨´µ³µ³ (48). � °¤¥³ ¨´É¥£· ²Ò µÉ ËÊ´±-
Í¨° (40) ¶µ É ±¨³ µÉ·¥§± ³. ‚Ò· §¨³ ¢ ¶µ²ÊÎ¨¢Ï¥°¸Ö ¸Ê³³¥ Mij Î¥·¥§ Xij

· ¢¥´¸É¢ ³¨ (116). ’µ£¤  ¶µ²ÊÎ¨³

2〈ri, ϕj |h0|Si(ϕ′)〉 =
4√
3

C+(ϕj)∫
C−(ϕj)

dϕ′Si(ϕ′) =
4√
3

M−1∑
k=1

h0
jkXik. (117)

�¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ j-° ¸É·µ±¨ ³ É·¨ÍÒ h0 É ±µ¢Ò:

h0
jk = jk, k = 1, . . . , n − 2, m + 2, . . . , M − 1;

h0
j,n−1 = gn−1a1 + Cj,n−1, n �= 1;

h0
j,m+1 = gmb2 + Cj,m+1, m �= M − 1;

h0
jn = gn−1a2 + gn/2 + Cjn, h0

jm = gm(b1 + 1/2) + Cjm;

h0
jk = (gk−1 + gk)/2 + Cjk, k = n + 1, . . . , m − 1.

(118)

‡¤¥¸Ó ¤²Ö ¸µ±· Ð¥´¨Ö § ¶¨¸¨ ¢¢¥¤¥´  ³ É·¨Í  C:

Cjk ≡ g3
n−1

[
a3B

ϕ
n−1,k + a4B

ϕ
n,k

]
+

+ g3
m

[
b3B

ϕ
m,k + b4B

ϕ
m=1,k

]
− 1

4

m−1∑
p=n

g3
p

[
Bϕ

pk + Bϕ
p+1,k

]
,

£¤¥ j, k = 1, . . . , M − 1, Í¥²Ò¥ Î¨¸²  n ¨ m µ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²µ¢¨°

C−(ϕj) ∈ [ϕn−1, ϕn], C+(ϕj) ∈ [ϕm, ϕm+1],

  ai ¨ bi Å ¨´É¥£· ²Ò ¶µ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µÉ·¥§± ³

[(C−(ϕj) − ϕn−1)/gn−1, 1] , [0, (C+(ϕj) − ϕm)/gm]

µÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨° ηi, § ¤ ´´ÒÌ · ¢¥´¸É¢ ³¨ (40).
’¥¶¥·Ó ¢ ¨¸Ìµ¤´µ³ Ê· ¢´¥´¨¨ (95) § ³¥´¨³ F ´  X . �µ²ÊÎ¥´´µ¥ Ê· ¢-

´¥´¨¥ § ¶¨Ï¥³ ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
rϕ. ‚ ÔÉ¨Ì Ê§² Ì § ³¥´¨³ ¶·µ-
¨§¢µ¤´Ò¥ ¨ ¨´É¥£· ² ¶· ¢Ò³¨ Î ¸ÉÖ³¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ëµ·³Ê² (109), (116)
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¨ (117). �É¡·µ¸¨³ ¸² £ ¥³µ¥ ¶µ·Ö¤±  O(h2), ¶µ·µ¦¤¥´´µ¥ µ¸É ÉµÎ´Ò³ Î²¥-
´µ³ ¸Ê³³Ò (109). �µ²ÊÎ¥´´Ò° É ±¨³ µ¡· §µ³ ¤¨¸±·¥É´Ò°  ´ ²µ£ ¨¸Ìµ¤´µ°
±· ¥¢µ° § ¤ Î¨ Å É  ¦¥, ÎÉµ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³  ²£µ·¨É³¥, ¸¨¸É¥³  ²¨´¥°-
´ÒÌ Ê· ¢´¥´¨° (112). �É  ¸¨¸É¥³  É¥³ ¦¥ Ê¶µ·Ö¤µÎ¥´¨¥³ ´¥¨§¢¥¸É´ÒÌ Xij

¢ ¸Éµ²¡¥Í X ¸¢µ¤¨É¸Ö ± ³ É·¨Î´µ³Ê Ê· ¢´¥´¨Õ AX = 0 ¸ ³ É·¨Í¥° A Éµ°
¦¥ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ° ¸É·Ê±ÉÊ·Ò (¸³. ·¨¸. 4, ¢ ¤²Ö ¸²ÊÎ Ö N = 4). …¥
¡²µ±¨ Li ¨ Ri ¶·¥¦´¨¥ (¸³. (113)), ´µ ¡²µ±¨ Di ¤·Ê£¨¥:

Di
jk = (−2/h2 + 1/4r2

i )δjk + Gi
jk.

‡¤¥¸Ó ¤²Ö ¸µ±· Ð¥´¨Ö § ¶¨¸¨ ¢¢¥¤¥´Ò ³ É·¨ÍÒ Gi, i = 1, . . . , N − 1:

Gi
jk ≡ 6r−2

i Bϕ
jk + (E − Vij)δjk − 4√

3
Vijh

0
jk, (119)

£¤¥ j, k = 1, . . . , M − 1,   Bϕ ¨ h0 Å ³ É·¨ÍÒ (52) ¨ (118).
‘· ¢´¨³ µ¶¨¸ ´´Ò°  ²£µ·¨É³ ¸ ¶·¥¤Ò¤ÊÐ¨³. ‚µµ¡Ð¥ £µ¢µ·Ö, Fij �= Xij ¨

F (ri, ϕ) ´¥ Ö¢²Ö¥É¸Ö ¸¶² °´µ³ Si(ϕ). �·¥¤¶µ²µ¦¨³, ÎÉµ F ∈ C4(B2) ¨ Fij =
Xij . ’µ£¤  ¸¶² °´ Si(ϕ) ¨´É¥·¶µ²¨·Ê¥É ÉµÎ´µ¥ ·¥Ï¥´¨¥ F ´  µÉ·¥§±¥ r = ri,
ϕ ∈ [0, π/2]. �  ÔÉµ³ µÉ·¥§±¥ ∂n

ϕ(F −Si) = O(gn), n = 0, 2, ¶·¨ ²Õ¡µ° ¸¥É±¥

ϕ. �µÔÉµ³Ê ÉµÎ´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ ¨´É¥£· ²  2〈ri, ϕ|h|F 〉 ¶· ¢µ° Î ¸ÉÓÕ
Ëµ·³Ê²Ò (117) · ¢´  O(g4), ÎÉµ ´  ¶µ·Ö¤µ± ¢ÒÏ¥ ÉµÎ´µ¸É¨ O(g3) Ëµ·³Ê²Ò
É· ¶¥Í¨° (111). ‘²¥¤µ¢ É¥²Ó´µ, É¥¶¥·Ó Ê¦¥ ´  ± ¦¤µ³ µÉ·¥§±¥ r = ri, ϕ ∈
[0, π/2],   ´¥ Éµ²Ó±µ ¢ Ê§² Ì ¸¥É±¨ 
rϕ, ± ± ¢ ¶·¥¤Ò¤ÊÐ¥³  ²£µ·¨É³¥, ³µ¦´µ
µ¦¨¤ ÉÓ ÉµÎ´µ¸ÉÓ τ22, ¶·¨Î¥³ Ê¦¥ ¨ ¤²Ö ´¥· ¢´µ³¥·´ÒÌ ¸¥Éµ± 
ϕ. �·µ¡²¥³ 
¨´É¥·¶µ²ÖÍ¨¨ ËÊ´±Í¨¨ X Î ¸É¨Î´µ ·¥Ï ¥É¸Ö ´  ¶·µ³¥¦ÊÉµÎ´µ³ ÔÉ ¶¥, ±µ£¤ 
¶µ Ëµ·³Ê² ³ (52) ¨ (116) ¢ÒÎ¨¸²ÖÕÉ¸Ö ±µÔËË¨Í¨¥´ÉÒ Mij ¸¶² °´µ¢ Si.
ˆ¸¶µ²Ó§ÊÖ Mij ¨ Xij , ³µ¦´µ £² ¤±µ ¢µ¸¶µ²´¨ÉÓ ËÊ´±Í¨Õ X ¸¶² °´ ³¨ Si,
´µ Éµ²Ó±µ ´  ¢¸¥Ì µÉ·¥§± Ì r = ri, ϕ ∈ [0, π/2].

‡ ³¥Î ´¨Ö. ‚µ§³µ¦´Ò ¨ µÉ²¨Î´Ò¥ µÉ µ¶¨¸ ´´µ£µ ¢ ·¨ ´ÉÒ µ¡Ñ¥¤¨´¥-
´¨Ö · §´µ¸É´ÒÌ  ¶¶·µ±¸¨³ Í¨° ¶µ r ¸µ ¸¶² °´- ¶¶·µ±¸¨³ Í¨¥° ¶µ ϕ. � -
¶·¨³¥·, ¢ · ¡µÉ¥ [99] ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢ · ³± Ì ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ” ¤¤¥¥¢   ³¶²¨ÉÊ¤ nd- ¨ pd-· §¢ ²  ¶·¨ Ô´¥·£¨ÖÌ ¸Éµ²±´µ¢¥´¨Ö
14,1 ¨ 42,0 ŒÔ‚ ¨¸¶µ²Ó§µ¢ ² ¸Ó ¸¶² °´- ¶¶·µ±¸¨³ Í¨Ö ¶µ ϕ ¨  ¶¶·µ±¸¨-
³ Í¨Ö �Ê³¥·µ¢  [32] ¶µ r. ‚ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö nd- ³¶²¨ÉÊ¤Ò ¢ ¸²ÊÎ ¥
NN -¢§ ¨³µ¤¥°¸É¢¨Ö É¨¶  MT IÄIII ¨§Ê³¨É¥²Ó´µ ¸µ¢¶ ¤ ÕÉ ¸ ¥¥ §´ Î¥´¨Ö³¨,
¶·¥¤¸É ¢²¥´´Ò³¨ · ´¥¥ ¢ [100Ä102], ´µ §´ Î¥´¨Ö pd- ³¶²¨ÉÊ¤Ò § ³¥É´µ µÉ-
²¨Î ÕÉ¸Ö µÉ §´ Î¥´¨°, ¶·¨¢¥¤¥´´ÒÌ ¢ [101].

3.4. �²£µ·¨É³ 3:  ¶¶·µ±¸¨³ Í¨Ö ¸¶² °´ ³¨ S3311(r, ϕ). ‚ ¨§² £ ¥³µ³
´¨¦¥ ¶µ¤Ìµ¤¥ [35] ± ·¥Ï¥´¨Õ ±· ¥¢µ° § ¤ Î¨ (95), (99)Ä(103) µ¡¥ ¸¥É±¨ 
r ¨

ϕ Å ¶·µ¨§¢µ²Ó´Ò¥,   ¨¸±µ³ Ö ËÊ´±Í¨Ö X ¸Î¨É ¥É¸Ö ¸¶² °´µ³ S3311(r, ϕ),
¶·¥¤¸É ¢²¥´´Ò³ ¢ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´µ³ ¢¨¤¥ (53). �µÔÉµ³Ê, ¢ µÉ²¨Î¨¥ µÉ
 ²£µ·¨É³  2, É¥¶¥·Ó ´¥¨§¢¥¸É´Ò ´¥ Éµ²Ó±µ Xij = S(ri, ϕj), Mij ≡ ∂2

ϕS(ri, ϕj),



304 �“�›˜…‚ ‚. ‚.

´µ ¨ ±µÔËË¨Í¨¥´ÉÒ Nij ≡ ∂2
ϕS(ri, ϕj) ¨ Kij = ∂2

r∂2
ϕS(ri, ϕj). ’¥³ ´¥ ³¥´¥¥

¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ¨ ¢¶¥·¢Ò¥ ¶·¥¤²µ¦¥´´ Ö ¢ · ¡µÉ¥ [35] ¶µ¸²¥¤µ¢ -
É¥²Ó´µ¸ÉÓ ¨¸±²ÕÎ¥´¨Ö ´¥¨§¢¥¸É´ÒÌ Mij ¨ Nij , ¶·¨¢µ¤ÖÐ Ö ± ¤¨¸±·¥É´µ³Ê
 ´ ²µ£Ê (114) ¸ µ¸µ¡µ° ³ É·¨Í¥° A. �É  ³ É·¨Í  ¨³¥¥É ÉÊ ¦¥ · §³¥·´µ¸ÉÓ
¨ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê, ÎÉµ ¨ ³ É·¨ÍÒ A  ²£µ·¨É³µ¢ 1 ¨ 2.
�É³¥É¨³, ÎÉµ É¥¶¥·Ó, ¢ µÉ²¨Î¨¥ µÉ  ²£µ·¨É³  2, ¶µÉ·¥¡ÊÕÉ¸Ö ¢¸¥ £· ´¨Î´Ò¥
Ê¸²µ¢¨Ö (99)Ä(105), ¨ ¶·¨¸ÉÊ¶¨³ ± ¸Ì¥³ É¨Î¥¸±µ³Ê µ¶¨¸ ´¨Õ.

‡ ³¥´¨¢ ¢ ÔÉ¨Ì Ê¸²µ¢¨ÖÌ F ´  X = S ≡ S3322, ¶µ²ÊÎ¨³ ¤²Ö ¸¶² °´  X
É¥ ¦¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (55), ÎÉµ ¨ ¢ ¶·¨³¥·¥, · ¸¸³µÉ·¥´´µ³ ¢ · §¤. 2:

Xij ≡ Sij = Mij = Nij = 0, i = 0, N, ∀j; ∀i, j = 0, M.

ˆ¸¶µ²Ó§ÊÖ ÔÉµÉ ¶·¨³¥·, ³µ¦´µ ¢Ò· §¨ÉÓ Nij Î¥·¥§ Xij Ëµ·³Ê² ³¨ (57), ´µ
ÔÉ  ¸¢Ö§Ó ¤ ²¥¥ ´¥ ¶µÉ·¥¡Ê¥É¸Ö,   ¸¢Ö§Ó (59) µ± ¦¥É¸Ö ±²ÕÎ¥¢µ°.

‚ Ê· ¢´¥´¨¨ (95) § ³¥´¨³ F ´  X ≡ S. �µ²ÊÎ¥´´µ¥ ¸µµÉ´µÏ¥´¨¥ § ¶¨-
Ï¥³ ¢µ ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ 
rϕ. �·µ¨§¢µ¤´Ò¥ ∂2

ϕS(ri, ϕj), É. ¥. ±µÔËË¨-
Í¨¥´ÉÒ Mij , ¢Ò· §¨³ Î¥·¥§ ´¥¨§¢¥¸É´Ò¥ Xij Ëµ·³Ê² ³¨ (59). ˆ´É¥£· ²Ó´Ò°
µ¶¥· Éµ· (96) § ³¥´¨³ ±¢ ¤· ÉÊ·´µ° ¸Ê³³µ° (117), ¢ ±µÉµ·µ° ³ É·¨Í  h0

¶·¥¦´ÖÖ ¨ § ¤ ´  Ëµ·³Ê² ³¨ (118). ‚ ¨Éµ£¥ ¶µ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

∂2
rS(ri, ϕj) = Nij = −

M−1∑
k=1

ai
jkXjk,

i = 1, . . . , N − 1; j = 1, . . . , M − 1,

(120)

£¤¥ ai
jk ≡ 1/4r2

i + Gi
jk ,   ³ É·¨ÍÒ Gi ¶·¥¦´¨¥ ¨ µ¶·¥¤¥²¥´Ò ¸µµÉ´µÏ¥-

´¨Ö³¨ (119). ’¥¶¥·Ó ´¥¨§¢¥¸É´Ò¥ Nij ¢ ¢¨¤¥ (120) ¶µ¤¸É ¢¨³ ¢ Ê¸²µ¢¨Ö
´¥¶·¥·Ò¢´µ¸É¨ (56), ¤µ¶µ²´¥´´Ò¥ · ¢¥´¸É¢ ³¨ N0j , NNj = 0. ‚ ·¥§Ê²ÓÉ É¥
¶µ²ÊÎ¨³ ¤¨¸±·¥É´Ò°  ´ ²µ£ ¨¸Ìµ¤´µ° ±· ¥¢µ° § ¤ Î¨ Å ¸¨¸É¥³Ê ²¨´¥°´ÒÌ
Ê· ¢´¥´¨° (112). ‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ Î¨¸²µ¢Ò¥ ±µÔËË¨Í¨¥´ÉÒ ¢ÒÎ¨¸²ÖÕÉ¸Ö
¶µ ¡µ²¥¥ ¸²µ¦´Ò³, Î¥³ ¢  ²£µ·¨É³ Ì 1 ¨ 2, Ëµ·³Ê² ³

Li
jk ≡ νi(ai−1

jk + 6δjk/h2
i−1), i = 2, . . . , N − 1,

Di
jk ≡ 2 ai

jk + 6δjk/(hi−1hi), i = 1, . . . , N − 1,

Ri
jk ≡ (1 − νi)(ai+1

jk + 6δjk/h2
i ), i = 1, . . . , N − 2, j, k = 1, . . . , M − 1.

�·¨ Éµ³ ¦¥ ¶µ·Ö¤±¥ § ¶¨¸¨ ´¥¨§¢¥¸É´ÒÌ Xij , ÎÉµ ¨ ¢  ²£µ·¨É³¥ 1, ¶µ²Ê-
Î¥´´ Ö ¸¨¸É¥³  ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ¸ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ° ³ É·¨Í¥° (¸³.
·¨¸. 4, ¢ ¤²Ö ¸²ÊÎ Ö N = 6). ’ ±µ° ¢¨¤ ³ É·¨ÍÒ µ¡Ê¸²µ¢²¥´ ¸É·Ê±ÉÊ·µ° Ê· ¢-
´¥´¨° (56),   ¨³¥´´µ É¥³, ÎÉµ ± ¦¤µ¥ i-e Ê· ¢´¥´¨¥ ¸µ¤¥·¦¨É ´¥¨§¢¥¸É´Ò¥
Nnj ¨ Xnj ¸µ §´ Î¥´¨Ö³¨ · ¤¨ ²Ó´µ£µ ¨´¤¥±¸  n = i, i ± 1 ¨ ´¥ § ¢¨¸¨É
µÉ Ê£²µ¢µ£µ ¨´¤¥±¸  j. �µ¸²¥ Éµ£µ ± ± ±µÔËË¨Í¨¥´ÉÒ Xij ´ °¤¥´Ò, ±µÔË-
Ë¨Í¨¥´ÉÒ Mij ¨ Nij ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê² ³ (52), (59) ¨ (120). ‡ É¥³
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¶µ Ëµ·³Ê² ³ (60) µ¶·¥¤¥²ÖÕÉ¸Ö ±µÔËË¨Í¨¥´ÉÒ Kij . „ ²¥¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
¸¶² °´  X ¨¸¶µ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ (53). ’ ±¨³ µ¡· §µ³, ¢µ ¢¸¥° µ¡² ¸É¨
B2,   ´¥ Éµ²Ó±µ, ± ± ¢  ²£µ·¨É³¥ 2, ´  µÉ·¥§± Ì r = ri, ϕ ∈ [0, π/2] Ê¤ -
¥É¸Ö ¶µ¸É·µ¨ÉÓ ËÊ´±Í¨Õ X ¢ ¢¨¤¥ ¸¶² °´  (53), Ê¤µ¢²¥É¢µ·ÖÕÐ¥£µ ¢ Ê§² Ì
¸¥É±¨ 
rϕ Ê· ¢´¥´¨Õ (95) ¨ ¢¸¥³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ (99)Ä(105). �ÉÊ § ¤ ÎÊ
³µ¦´µ ¤¨¸±·¥É¨§¨·µ¢ ÉÓ ¨´Ò³ µ¡· §µ³,   ¨³¥´´µ § ³¥´¨¢ c ¸ ³µ£µ ´ Î ²  ¢
Ê· ¢´¥´¨¨ (95) Ê§²µ¢Ò¥ §´ Î¥´¨Ö ¢Éµ·ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¸¶² °´  X ±µÔËË¨Í¨-
¥´É ³¨ Nij ¨ Mij , ¢Ò· ¦¥´´Ò³¨ Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ Xij ¶µ Ëµ·³Ê² ³ (57)
¨ (59). �·¨ É ±µ³ ¶µ¸É·µ¥´¨¨ ¸Éµ²¡¥Í X ¶µ¤Î¨´¨É¸Ö Ê· ¢´¥´¨Õ (114) ¸
´¥· §·¥¦¥´´µ° ³ É·¨Í¥° A, ´µ µ¦¨¤ ¥³ Ö ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö F ≈ X
µ¸É ´¥É¸Ö ¶·¥¦´¥°. �¡¸Ê¤¨³ ¥¥.

‚µµ¡Ð¥ £µ¢µ·Ö, F ´¥ Ö¢²Ö¥É¸Ö ¡¨±Ê¡¨Î¥¸±¨³ ¸¶² °´µ³ X . �·¥¤¶µ²µ¦¨³,
ÎÉµ F ∈ C4,4(B2) ¨ Fij = Xij ¤²Ö ¢¸¥Ì i, j. ’µ£¤  X ¨´É¥·¶µ²¨·Ê¥É F ¢ B2 ¨

F − X = τ44, ∂2
r (F − X) = τ24, ∂2

ϕ(F − X) = τ42

¢¸Õ¤Ê ¢ B2,   ´¥ Éµ²Ó±µ ´  ¸¥É±¥ 
rϕ ¨²¨ ´  µÉ·¥§± Ì r = ri, ϕ ∈ [0, π/2],
± ± ¢  ²£µ·¨É³¥ 1 ¨²¨ 2. ‘²¥¤µ¢ É¥²Ó´µ, ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ  ²£µ·¨É³ 3 ¨
¥£µ Ê¶µ³Ö´ÊÉ Ö ¢¥·¸¨Ö ¡Ê¤ÊÉ ¨³¥ÉÓ ¢µ ¢¸¥° µ¡² ¸É¨ B2 ÉµÎ´µ¸ÉÓ F −X = τ22.

�·¥¤²µ¦¨³ ¤¢¥ ³µ¤¨Ë¨± Í¨¨ µ¶¨¸ ´´µ£µ  ²£µ·¨É³  3, ¢ ±µÉµ·ÒÌ ¤²Ö
 ¶¶·µ±¸¨³ Í¨¨ F ≈ S3311 ³µ¦´µ µ¦¨¤ ÉÓ ¡µ²¥¥ ¢Ò¸µ±ÊÕ, Î¥³ τ22, ÉµÎ´µ¸ÉÓ
τ23 ¨ τ24, ´µ ²¨ÏÓ ¶µ ¶¥·¥³¥´´µ° ϕ ¨ ´¥ ¢µ ¢¸¥° µ¡² ¸É¨ B2.

�²£µ·¨É³ 3′. ‚  ²£µ·¨É³ Ì 1Ä3 Ê§²Ò ±µ²²µ± Í¨¨ (ÉµÎ±¨, ¢ ±µÉµ·ÒÌ § -
¶¨¸Ò¢ ²µ¸Ó ·¥Ï ¥³µ¥ Ê· ¢´¥´¨¥ (95)) ¸µ¢¶ ¤ ²¨ ¸ Ê§² ³¨ ¸¥É±¨ 
rϕ. �Ê¸ÉÓ,
± ± ¨ · ´¥¥, X ≡ S3311, ´µ ¸¥É±  
ϕ Å ·¥£Ê²Ö·´ Ö. ‚ ± Î¥¸É¢¥ Ê§²µ¢ ±µ²²µ-
± Í¨¨ ¢µ§Ó³¥³ ÉµÎ±¨ (ri, ϕ

−
j ), £¤¥ i = 1, . . . , N − 1,   ϕ−

j Å £ Ê¸¸µ¢Ò Ê§²Ò,
¶·¨´ ¤²¥¦ Ð¨¥ µÉ·¥§± ³ [ϕj , ϕj+1], j = 0, . . . , M − 1. ‚ ¸¨²Ê (52), (53) ¨
(59) ¢ ± ¦¤µ³ Ê§²¥ (ri, ϕ

−
j ) ¨³¥¥É ³¥¸Éµ ¸¢Ö§Ó Éµ£µ ¦¥ É¨¶ , ÎÉµ ¨ ¸¢Ö§Ó (59):

∂2
ϕX(ri, ϕ

−
j ) = (1 − t)Mij + t Mi,j+1 = 6

M∑
k=1

B̃ϕ
jkXik,

B̃ϕ
jk ≡ (1 − t)Bϕ

jk + t Bϕ
j+1,k, t ≡ (ϕj − ϕ−

j )/gj.

�µÔÉµ³Ê ¢Ò¢µ¤ ³ É·¨Î´µ£µ Ê· ¢´¥´¨Ö (114) ¤²Ö ´¥¨§¢¥¸É´µ£µ ¸Éµ²¡Í  X ´¨-
Î¥³ ´¥ µÉ²¨Î eÉ¸Ö µÉ Ê¦¥ µ¶¨¸ ´´µ£µ ¢  ²£µ·¨É³¥ 3 ¨ ¸¢µ¤¨É¸Ö ± § ³¥´¥

Bϕ → B̃ϕ, Vij ≡ V (ri cos ϕj) → Vij ≡ V (ri cosϕ−
j ).

…¸²¨ F ¨´É¥·¶µ²¨·Ê¥É¸Ö ¸¶² °´µ³ X , Éµ ´  µÉ·¥§± Ì ϕ = ϕ±
j , r ∈ [0, R]

ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö ∂2
ϕ(F − X) = τ23 ´  ¶µ·Ö¤µ± ¶µ Ï £Ê g ¢ÒÏ¥, Î¥³

ÉµÎ´µ¸ÉÓ τ22 ¶·¨ ϕ �= ϕ−
j . �µÔÉµ³Ê ¢ µ¶¨¸ ´´µ³  ²£µ·¨É³¥ ³µ¦´µ µ¦¨¤ ÉÓ,

ÎÉµ F = X + τ23 ´  Ê± § ´´ÒÌ µÉ·¥§± Ì ¨ F = X + τ22 ¶·¨ ϕ �= ϕj .
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�²£µ·¨É³ 3′′. Š ± ¨ ¢  ²£µ·¨É³¥ 3, ¨Ð¥É¸Ö ¸¶² °´ X = S3311, Ê§²Ò
±µ²²µ± Í¨¨ ¸µ¢¶ ¤ ÕÉ ¸ Ê§² ³¨ ¸¥É±¨ 
rϕ, ´µ É¥¶¥·Ó ¸¥É±  
ϕ Å ·¥£Ê²Ö·-
´ Ö. �·¨ É ±µ° ¸¥É±¥ ¢³¥¸Éµ Ëµ·³Ê²Ò ∂2

ϕX = Mij ¢Ò£µ¤´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ
¸µµÉ¢¥É¸É¢ÊÕÐÊÕ Ëµ·³Ê²Ê ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö (89) ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨:

∂2
ϕX(ri, ϕj) = Mij → (Mi,j−1 + 10Mij + Mi,j+1)/12 = 6

M∑
k=1

B̄ϕ
jkXik,

B̄ϕ
ik ≡ (1/12)

[
Bϕ

j−1,k + 10Bϕ
jk + Bϕ

j+1,k

]
.

„²Ö ÔÉµ£µ ¢  ²£µ·¨É³¥ 3 ¤µ¸É ÉµÎ´µ § ³¥´¨ÉÓ Bϕ ´  B̄ϕ. ’µ£¤  ¶µ²ÊÎ¨É¸Ö
Ê· ¢´¥´¨¥ (114) ¸ ³ É·¨Í¥° A Éµ° ¦¥ · §³¥·´µ¸É¨ ¨ ¸É·Ê±ÉÊ·Ò, ÎÉµ ¨ ¢
 ²£µ·¨É³ Ì 1Ä3′. …¸²¨ F ¨´É¥·¶µ²¨·Ê¥É¸Ö ¸¶² °´µ³ X , Éµ ¸µ£² ¸´µ (89) ¢
Ê§² Ì (ri, ϕj) ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö ∂2

ϕF ≈ ∂̄2
ϕX ¥¸ÉÓ τ24, ÎÉµ ´  ¤¢  ¶µ·Ö¤± 

¶µ Ï £Ê g ¢ÒÏ¥, Î¥³ ÉµÎ´µ¸ÉÓ τ22 ¢´¥ ÔÉ¨Ì Ê§²µ¢. �µÔÉµ³Ê ³µ¦´µ µ¦¨¤ ÉÓ,
ÎÉµ F = X + τ24 ¢ Ê§² Ì (ri, ϕj) ¨ F = X + τ22 ¢´¥ ÔÉ¨Ì Ê§²µ¢.

‡ ³¥Î ´¨Ö. ‚ µÉ²¨Î¨¥ µÉ ¢¸¥Ì µ¶¨¸Ò¢ ¥³ÒÌ ¤ ²¥¥  ²£µ·¨É³µ¢ ¢  ²-
£µ·¨É³ Ì 1Ä3′′ ¤¨¸±·¥É´Ò°  ´ ²µ£ (114) ¨¸Ìµ¤´µ° § ¤ Î¨ ´  É·¥ÌÎ ¸É¨Î´µ¥
¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ Ö¢²Ö¥É¸Ö µ¡Ò±´µ¢¥´´µ°,   ´¥ µ¡µ¡Ð¥´´µ° § ¤ Î¥° ´ 
¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ E. Š·µ³¥ ÔÉµ£µ,  ²£µ·¨É³Ò 2Ä3′′ µ¡² ¤ ÕÉ ¸¢µ°¸É¢µ³
²µ± ²Ó´µ¸É¨ ¶µ ¶¥·¥³¥´´µ° ϕ. „²Ö ¶µÖ¸´¥´¨° · ¸¸³µÉ·¨³ ¨¤¥ ²Ó´Ò° ¸²ÊÎ °.
�Ê¸ÉÓ ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö (114) Éµ²Ó±µ µ¤´µ ´¥¨§¢¥¸É´µ¥ Xik ¢ÒÎ¨¸²¥´µ
¸ µÏ¨¡±µ° δ, ¶µ·µ¦¤¥´´µ°, ´ ¶·¨³¥·, µ±·Ê£²¥´¨¥³. ’µ£¤  ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ
Mij , ´ °¤¥´´Ò¥ ¶µ Ëµ·³Ê² ³ (59), ¡Ê¤ÊÉ ¨³¥ÉÓ µÏ¨¡±¨ εj , µ£· ´¨Î¥´´Ò¥ ´¥-
· ¢¥´¸É¢ ³¨ εj � O(δ|2−|k−j|), j = 1, . . . , M − 1, ¨ ¶µÔÉµ³Ê Ê¡Ò¢ ÕÐ¨¥ ¸
Ê¢¥²¨Î¥´¨¥³ · §´µ¸É¨ |j − k|. ‘²¥¤µ¢ É¥²Ó´µ, ¥¸²¨ ¸¶² °´ X = S3311 ¢ÒÎ¨-
¸²Ö¥É¸Ö ¢ ÉµÎ±¥ (r, ϕ) ¶µ Ëµ·³Ê² ³ (53), (54) ¨ (59), Éµ µÏ¨¡±  µ±·Ê£²¥´¨Ö
¡Ê¤¥É ¶µ¤ ¢²ÖÉÓ¸Ö ± ± O(δ 2−|k−j|) ¶µ ³¥·¥ Ê¤ ²¥´¨Ö ÉµÎ±¨ (r, ϕ) µÉ ÉµÎ±¨
(ri, ϕk). ‚ ¸²ÊÎ ¥ ´¥ ¸¨´£Ê²Ö·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ (94) £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö
∂2

ϕF ¨§¢¥¸É´Ò ÉµÎ´µ. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¶·¨Ìµ¤¨É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨¡²¨¦¥´-
´Ò¥ Ê¸²µ¢¨Ö, ¶µ²ÊÎ¥´´Ò¥ ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì  ¸¨³¶ÉµÉ¨± ¶ÊÉ¥³ µÉ¡· ¸Ò¢ -
´¨Ö µ¸É ÉµÎ´µ£µ Î²¥´ . � ¸¸³µÉ·¨³ ¨¤¥ ²Ó´Ò° ¸²ÊÎ °. �Ê¸ÉÓ ¨§-§  µÉ¡·µÏ¥´-
´µ£µ µ¸É ÉµÎ´µ£µ Î²¥´  Éµ²Ó±µ µ¤¨´ ±µÔËË¨Í¨¥´É Mi0 § ¤ ´ ¸ µÏ¨¡±µ° δ.
’µ£¤  ¨§-§  ¸¢Ö§¨ (59) ¨ ¸¢µ°¸É¢ ³ É·¨ÍÒ Bϕ ¢±² ¤ ÔÉµ° µÏ¨¡±¨ ¢ ¢¥²¨Î¨´Ê
X(r, ϕ) ¡Ê¤¥É Ê¡Ò¢ ÉÓ ± ± O(δ 2−k) ¶·¨ Ê¤ ²¥´¨¨ ÉµÎ±¨ (r, ϕ) µÉ £· ´¨Î´µ°
ÉµÎ±¨ (ri, ϕ0).

3.5. �²£µ·¨É³ 4: ¶·¨¡²¨¦¥´¨¥ ¸¶² °´o³ S3311, · §²µ¦¥´´Ò³ ¶µ
B-¸¶² °´ ³. �²£µ·¨É³ ¶·¥¤²µ¦¥´ ¢ [36] ¨ µ¸´µ¢ ´ ´  ¶·¥¤¸É ¢²¥´¨¨ ¨¸±µ-
³µ£µ ¸¶² °´  X = S ≡ S3311 ¢ ¢¨¤¥ · §²µ¦¥´¨Ö (73) ¶µ ¸¨¸É¥³ ³ B-¸¶² °´µ¢
Bi(r) ¨ B̄j(ϕ) ¸ Ê§² ³¨ ´  ¶·µ¨§¢µ²Ó´ÒÌ ¸¥É± Ì δr ¨ δϕ. ˆ¸¶µ²Ó§µ¢ ´¨¥ É ±µ£µ
¶·¥¤¸É ¢²¥´¨Ö ¢³¥¸Éµ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´µ£µ ¶·¨¢µ¤¨É ± ¡µ²¥¥ ¶·µ¸Éµ°,
Î¥³ ¢  ²£µ·¨É³ Ì 3, 3′ ¨ 3′′, ¸Ì¥³¥ ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ É·¥ÌÎ -
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¸É¨Î´Ò¥ ¸µ¸ÉµÖ´¨Ö ¨, ¸ ³µ¥ £² ¢´µ¥, ¶µ§¢µ²Ö¥É ¥¤¨´µµ¡· §´µ ·¥Ï¨ÉÓ § ¤ ÎÊ
· ¸¸¥Ö´¨Ö ¶·¨ ²Õ¡µ° Ô´¥·£¨¨ E.

‘²¥¤ÊÖ [36], µ¶¨Ï¥³ ¢Ò¢µ¤ ¤¨¸±·¥É´µ£µ  ´ ²µ£  (114) § ¤ Î¨ ´  ¸¢Ö-
§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö (95), (99)Ä(105). ‚³¥¸Éµ ¥¥ ·¥Ï¥´¨Ö F ¨Ð¥³ ¸¶² °´
X = S ≡ S3311 ¢ ¢¨¤¥ (73). � ¸¸³µÉ·¨³ ¨´É¥£· ² (96) ¢ Ê§² Ì ¸¥É±¨ 
rϕ:

2〈ri, ϕj |h0|X〉 =
4√
3

i+1∑
n=i−1

Bni

M+1∑
m=−1

Xnm

C+(ϕj)∫
C−(ϕj)

dϕ′B̄m(ϕ′) =

=
4√
3

i+1∑
n=i−1

Bni

M+1∑
m=−1

h0
jmXnm. (121)

‡¤¥¸Ó · ¤¨ ²Ó´Ò° ¨´¤¥±¸ n, ¡² £µ¤ ·Ö Ë¨´¨É´Ò³ ¸¢µ°¸É¢ ³ ¸¶² °´µ¢ Bi(r),
¢¸¥£¤  ¶·µ¡¥£ ¥É ²¨ÏÓ É·¨ §´ Î¥´¨Ö (n = i, i ± 1), Ô²¥³¥´ÉÒ h0

jk ´¥· §·¥-

¦¥´´µ° ³ É·¨ÍÒ h0 · §³¥·´µ¸ÉÓÕ (M + 1)(M + 3) ´¥ § ¢¨¸ÖÉ µÉ ¨´¤¥±¸ 
i ¨ µ¶·¥¤¥²ÖÕÉ¸Ö Éµ²Ó±µ ¸¥É±µ° 
ϕ. ˆ¸¶µ²Ó§ÊÖ (68), (69) ¨ (70), ´¥É·Ê¤´µ
¢Ò· §¨ÉÓ ¢¸¥ ±µÔËË¨Í¨¥´ÉÒ h0

jk Î¥·¥§ ¨´É¥£· ²Ò µÉ ËÊ´±Í¨° (40). �µ²ÊÎ¥´-
´Ò¥ ¤µ¢µ²Ó´µ £·µ³µ§¤±¨¥ ¢Ò· ¦¥´¨Ö [36] ¶·¥¤¥²Ó´µ Ê¶·µÐ ÕÉ¸Ö ¢ ¸²ÊÎ ¥
·¥£Ê²Ö·´µ° ¸¥É±¨ δϕ ¸ M = 3m, m � 1. ‚ ÔÉµ³ ¨¸±²ÕÎ¨É¥²Ó´µ Ê¤µ¡´µ³
¸²ÊÎ ¥ C±(ϕj) ∈ 
ϕ ¶·¨ ²Õ¡µ³ j,   ´¥´Ê²¥¢Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ

h0
jk = g, k �= k±, k± ± 1; h0

jk =
1
2
g, k = k±; h0

jk =
g

24
, k = k± ± 1,

¨³¥ÕÉ ¨´¤¥±¸Ò j ¨ k = k−, . . . , k+, É ±¨¥, ÎÉµ

k± = 2m± j, 1 � j � m;
k− = 2m − j, k+ = 4m − j, m < j � 2m;

k− = j − 2m, k+ = 4m − j, 2m < j � 3m − 1.

‡ ³¥´¨³ F ´  X ¢ £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ (100), (103)Ä(105), µ¤¨´ ±µ¢ÒÌ
¤²Ö § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¨ § ¤ Î¨ · ¸¸¥Ö´¨Ö. �µ²µ¦¨¢ r = r0, ϕ =
ϕj , j = 0, . . . , M , ¶µ²ÊÎ¨³ 2(M + 3) Ê· ¢´¥´¨Ö. ‡ ¶¨Ï¥³ ¨Ì ¢ µ¶·¥¤¥²¥´´µ³
¶µ·Ö¤±¥. �¥·¢Ò° ¡²µ± ¨§ M +3 Ê· ¢´¥´¨° ¶µ¸É·µ¨³ É ±: ¶¥·¢µ¥ Ê· ¢´¥´¨¥ Å
£· ´¨Î´µ¥ Ê¸²µ¢¨¥ (102) ¢ ÉµÎ±¥ (r0, ϕ0), ¤ ²¥¥ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸ 
j · ¸¶µ²µ¦¨³ M +1 Ê· ¢´¥´¨°, ¸²¥¤ÊÕÐ¨Ì ¨§ · ¢¥´¸É¢  (102), § ¶¨¸ ´´µ£µ ¢
ÉµÎ± Ì (r0, ϕj), j = 0, . . . , M . �µ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ Å Ê¸²µ¢¨¥ (102) ¢ ÉµÎ±¥
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(r0, ϕM ). �¥·¢Ò° ¡²µ± ¶µ¸É·µ¥´ ¢ ¢¨¤¥

1∑
n=−1

B′
n0

1∑
m=−1

B̄′
m0Xnm = 0,

1∑
n=−1

B′′
n0

j+1∑
m=j−1

B̄mjXnm = 0, j = 0, . . . , M,

1∑
n=−1

B′
n0

M+1∑
m=M−1

B̄′
nMXnm = 0

¨²¨ ¢ ³ É·¨Î´µ³ ¢¨¤¥

C−1X−1 + C0X0 + C1X1 = 0, Xi ≡ (Xi,−1, Xi0, . . . , Xi,M+1)T . (122)

Š¢ ¤· É´Ò¥ ³ É·¨ÍÒ Cn, n = 0,±1, · §³¥·´µ¸ÉÓÕ M + 3 · §·¥¦¥´Ò: ¨Ì
¶¥·¢Ò¥ ¤¢¥ ¨ ¶µ¸²¥¤´¨¥ ¤¢¥ ¸É·µ±¨ ¨³¥ÕÉ ¶µ É·¨ ´¥´Ê²¥¢ÒÌ Ô²¥³¥´É ,   ¢¸¥
µ¸É ²Ó´Ò¥ ¸É·µ±¨ ¸µ¤¥·¦ É ¶µ Î¥ÉÒ·¥ ´¥´Ê²¥¢ÒÌ Ô²¥³¥´É . ‚ ¸²ÊÎ ¥ M = 4
ÔÉ¨ ³ É·¨ÍÒ § ¶µ²´¥´Ò É ± ¦¥, ± ± ¨ ³ É·¨Í , ¨§µ¡· ¦¥´´ Ö ´  ·¨¸. 4,  ,
´  ±µÉµ·µ³ ±·Ê¦± ³¨ ¨ ·µ³¡ ³¨ µÉ³¥Î¥´Ò ¥¥ ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ. �µ²ÊÎ¨³
¸²¥¤ÊÕÐ¨¥ M +3 Ê· ¢´¥´¨Ö, É. ¥. ¢Éµ·µ° ¡²µ±. �¥·¢µ¥ ¨ ¶µ¸²¥¤´¥¥ Ê· ¢´¥´¨Ö
ÔÉµ£µ ¡²µ±  Å £· ´¨Î´µ¥ Ê¸²µ¢¨¥ (103), § ¶¨¸ ´´µ¥ ¸µµÉ¢¥É¸É¢¥´´µ ¢ ÉµÎ-
± Ì (r0, ϕ0) ¨ (r0, ϕM ). �¸É ²Ó´Ò¥ Ê· ¢´¥´¨Ö, ¶µ·µ¦¤ ¥³Ò¥ Ê¸²µ¢¨¥³ (100),
§ ¶¨¸ ´´Ò³ ¢ ÉµÎ± Ì (r0, ϕj), · ¸¶µ²µ¦¨³ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸ 
j = 0, . . . , M . ‡ ³¥É¨³, ÎÉµ ¢Éµ·µ° ¡²µ±

C̃−1X−1 + C̃0X0 + C̃1X1 = 0,

É ± ¦¥ ± ± ¨ ¶¥·¢Ò° ¡²µ± (122), µ¡· §ÊÕÉ µ¤´µ·µ¤´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ´¥-
¨§¢¥¸É´ÒÌ ¸Éµ²¡Íµ¢ Xn, n = 0,±1,   ³ É·¨ÍÒ C̃n ¨³¥ÕÉ ÉÊ ¦¥ ¸É·Ê±ÉÊ·Ê
(¸³. ·¨¸. 4,  ), ÎÉµ ¨ ³ É·¨ÍÒ Cn. „¢  ´ °¤¥´´ÒÌ ¡²µ±  ´ §µ¢¥³ ¡²µ± ³¨
£· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = r0 = 0.

‚³¥¸Éµ ËÊ´±Í¨¨ F ¶µ¤Î¨´¨³ ¸¶² °´ (73) Ê· ¢´¥´¨Õ (95) ¢µ ¢´ÊÉ·¥´´¨Ì
Ê§² Ì (ri, ϕj). ˆ¸¶µ²Ó§ÊÖ (74) ¨ (121), ¤²Ö ± ¦¤µ£µ i = 1, . . . , N − 1 ¨³¥¥³

i+1∑
n=i−1

Bni




j+1∑
m=j−1

B̄mj

[
B′′

ni

Bni
+

1
r2
i

(
1
4

+
B̄′′

mj

B̄mj

)
+ E − Vij

]
Xnm−

− 4√
3
Vij

M+1∑
k=−1

h0
jkXnk

}
= Vij〈ri, ϕj |h0|F in〉 ≡ Qij , (123)
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£¤¥ j = 1, . . . , M − 1,   Vij ¨ Qij Å Ê§²µ¢Ò¥ §´ Î¥´¨Ö ¶µÉ¥´Í¨ ²  ¨ ´¥µ¤-
´µ·µ¤´µ£µ Î²¥´ . —Éµ¡Ò ¤²Ö ± ¦¤µ£µ i = 1, . . . , N − 1 ¶µ¸É·µ¨ÉÓ ¡²µ± ¨§
M +3 Ê· ¢´¥´¨°, § ¶¨Ï¥³ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (99) ¨ (103) ¨ Ê· ¢´¥´¨Ö (123)
¢ µ¶·¥¤¥²¥´´µ³ ¶µ·Ö¤±¥. �µ²ÊÎ¥´´Ò¥ ¡²µ±¨ ´ §µ¢¥³ ¢´ÊÉ·¥´´¨³¨. �¥·¢µ¥
Ê· ¢´¥´¨¥ i-£µ ¢´ÊÉ·¥´´¥£µ ¡²µ±  Å Ê¸²µ¢¨¥ (103) ¢ ÉµÎ±¥ (ri, ϕ0):

i+1∑
n=i−1

Bni

1∑
m=−1

B̄′
m0Xnm = 0, (124)

¢Éµ·µ¥ Ê· ¢´¥´¨¥ ¸²¥¤Ê¥É ¨§ Ê¸²µ¢¨Ö (99), § ¶¨¸ ´´µ£µ ¢ Éµ° ¦¥ ÉµÎ±¥:

i+1∑
n=i−1

Bni

1∑
m=−1

B̄m0Xnm = 0. (125)

„ ²¥¥ § ¶¨Ï¥³ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  j ¥Ð¥ M − 1 Ê· ¢´¥´¨° (123),
µÉ¢¥Î ÕÐ¨Ì ¢Ò¡· ´´µ³Ê §´ Î¥´¨Õ ¨´¤¥±¸  i. �·¥¤¶µ¸²¥¤´¥¥ ¨ ¶µ¸²¥¤-
´¥¥ Ê· ¢´¥´¨Ö ¡²µ±  ¤ ¤ÊÉ ¸µµÉ¢¥É¸É¢¥´´µ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (99) ¨ (103),
§ ¶¨¸ ´´Ò¥ ¢ ÉµÎ±¥ (ri, ϕM ). �É¨ Ê· ¢´¥´¨Ö ¶µ²ÊÎ ÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ
¨§ Ê· ¢´¥´¨° (125) ¨ (124) § ³¥´µ° ¨´¤¥±¸µ¢ 0 → M ¨ (m = 0,±1) →
(m = M, M ± 1). “· ¢´¥´¨Ö i-£µ ¢´ÊÉ·¥´´¥£µ ¡²µ±  § ¶¨Ï¥³ ¢ ³ É·¨Î´µ³
¢¨¤¥

LiXi−1 + DiXi + RiXi+1 = Qi,

Qi ≡ (0, 0, Qi1, . . . , Qi,M−1, 0, 0)T .

(126)

Š¢ ¤· É´Ò¥ ³ É·¨ÍÒ Li, Di ¨ Ri · §³¥·´µ¸ÉÓÕ M + 3 ¸µ¤¥·¦ É ³ É·¨ÍÊ h0

¨ ¶µÔÉµ³Ê ´¥ · §·¥¦¥´Ò ¢ µÉ²¨Î¨¥ µÉ ¢¸¥Ì ³ É·¨Í Cn ¨ C̃n.
�µ¸²¥¤´¨¥ ¤¢  ¡²µ±  Ê· ¢´¥´¨° ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

CN−1XN−1 + CNXN + CN+1XN+1 = QN ,

C̃N−1XN−1 + C̃NXN + C̃N+1XN+1 = Q̃N
(127)

¨ µ¶·¥¤¥²¨³ ± ± ¡²µ±¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = rN . „²Ö § ¤ Î¨ ´  ¸¢Ö§ ´-
´Ò¥ ¸µ¸ÉµÖ´¨Ö ÔÉ¨ ¡²µ±¨ ´ Ìµ¤¨³ É ±¨³ ¦¥ µ¡· §µ³, ± ± ¨ ¡²µ±¨ £· ´¨Î´ÒÌ
Ê¸²µ¢¨° ¶·¨ r = r0, c Éµ° ²¨ÏÓ · §´¨Í¥°, ÎÉµ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (104) ¨ (105)
§ ¶¨¸Ò¢ ¥³ ¢ ÉµÎ± Ì (rN , ϕj), j = 0, . . . , M . Œ É·¨ÍÒ QN ¨ Q̃N µ± ¦ÊÉ¸Ö
´Ê²¥¢Ò³¨. „²Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¢ ± Î¥¸É¢¥ ¶·¥¤¶µ¸²¥¤´¥£µ ¡²µ±  ¨¸¶µ²Ó§Ê¥³
¢´ÊÉ·¥´´¨° ¡²µ± ¸ ´µ³¥·µ³ i = N . �µ¸²¥¤´¨¥ M +3 Ê· ¢´¥´¨Ö, É. ¥. ¶µ¸²¥¤-
´¨° ¡²µ±, ¶µ¸É·µ¨³ É ±: ¶¥·¢µ¥ Ê· ¢´¥´¨¥ Å Ê¸²µ¢¨¥ (103) ¢ ÉµÎ±¥ (rN , ϕ0),
¤ ²¥¥ ¢ ¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  j · ¸¶µ²µ¦¨³ M + 1 Ê· ¢´¥´¨°, ¸²¥-
¤ÊÕÐ¨Ì ¨§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (106) ¨²¨ (107) (¢ § ¢¨¸¨³µ¸É¨ µÉ §´ Î¥´¨Ö
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Ô´¥·£¨¨), § ¶¨¸ ´´ÒÌ ¢ ÉµÎ± Ì (rN , ϕj), j = 2, . . . , M . �µ¸²¥¤´¥¥ Ê· ¢´¥-
´¨¥ Å Ê¸²µ¢¨¥ (103) ¢ ÉµÎ±¥ (rN , ϕM ). ’ ± ± ± £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (106) ¨
(107) ´¥ ¸µ¤¥·¦ É µ¸Í¨²²¨·ÊÕÐ¨Ì ³´µ¦¨É¥²¥° ¶¥·¥¤ ´¥¨§¢¥¸É´µ° ËÊ´±Í¨¥°
¨ ¥¥ Î ¸É´Ò³¨ ¶·µ¨§¢µ¤´Ò³¨, Éµ ¶·¨ µ¶¨¸ ´´µ° ¢ÒÏ¥ ¤¨¸±·¥É¨§ Í¨¨ § ¤ Î¨
· ¸¸¥Ö´¨Ö ¢ µ¡² ¸É¨ B2 ´¥ ¢µ§´¨± ¥É ¤µ¶µ²´¨É¥²Ó´ÒÌ µ£· ´¨Î¥´¨° ´  ¢Ò¡µ·
¸¥É±¨ 
rϕ.

’¥¶¥·Ó § ¶¨Ï¥³ ¢¸¥ ´ °¤¥´´Ò¥ ¡²µ±¨ Ê· ¢´¥´¨° ¢ ¸²¥¤ÊÕÐ¥³ ¶µ·Ö¤±¥:
¸´ Î ²  ¶¥·¢Ò°, § É¥³ ¢Éµ·µ° ¡²µ± £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = r0, ¤ ²¥¥ ¢
¶µ·Ö¤±¥ ¢µ§· ¸É ´¨Ö ¨´¤¥±¸  i = 1, . . . , N −1 · ¸¶µ²µ¦¨³ ¢´ÊÉ·¥´´¨¥ ¡²µ±¨.
�µ²ÊÎ¥´´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¢ ¸²ÊÎ ¥ § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ¤µ-
¶µ²´¨³ ¡²µ± ³¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (127) ¶·¨ r = rN ,   ¢ ¸²ÊÎ ¥ § ¤ Î¨
· ¸¸¥Ö´¨Ö Å ¢´ÊÉ·¥´´¨³ ¡²µ±µ³ i = N ¨ ¡²µ±µ³ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (103),
(106) ¨²¨ (103), (107). �·¨ É ±µ³ ¶µ·Ö¤±¥ § ¶¨¸¨ Ê· ¢´¥´¨° ¨¸Ìµ¤´Ò¥ § ¤ Î¨
¸¢µ¤ÖÉ¸Ö ± ¸¨¸É¥³ ³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ ±µÔËË¨Í¨¥´Éµ¢
Xnm ¸¶² °´  (73). Œ É·¨ÍÒ A ÔÉ¨Ì ¸¨¸É¥³ · §·¥¦¥´Ò,   ¶· ¢Ò¥ Î ¸É¨ AX
¢ ¸²ÊÎ ¥ N = 4 ¸¨³¢µ²¨Î¥¸±¨ ¨§µ¡· ¦¥´Ò ´  ·¨¸. 4, £. ˆ¸±²ÕÎ¨¢ ¨§ ¤¢ÊÌ
¶¥·¢ÒÌ ¨ ¶µ¸²¥¤´¨Ì ¡²µ±µ¢ Ê· ¢´¥´¨° ¸µµÉ¢¥É¸É¢¥´´µ ´¥¨§¢¥¸É´Ò¥ ¸Éµ²¡ÍÒ
X−1 ¨ XN+1, ¶µ²ÊÎ¨³ ¸¨¸É¥³Ê ¸ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ° ³ É·¨Í¥° (¸³.
·¨¸. 4, ¢).

�É³¥É¨³, ÎÉµ ¤¨¸±·¥É´Ò°  ´ ²µ£ ¨¸Ìµ¤´µ° § ¤ Î¨ ´  ¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥
¶·¥¤¸É ¢²Ö¥É¸Ö ³ É·¨Î´Ò³¨ Ê· ¢´¥´¨Ö³¨ (114), ¢µ ¢Éµ·µ³ ¨§ ´¨Ì ³ É·¨Í  B,
¢ µÉ²¨Î¨¥ µÉ ¢¸¥Ì  ²£µ·¨É³µ¢ 1−3′′, ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¨Î´µ° ¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
Ô´¥·£¨¨ E ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö ¶·¨Ìµ¤¨É¸Ö ·¥Ï ÉÓ ´¥ µ¡ÒÎ´ÊÕ,   ¡µ²¥¥
¸²µ¦´ÊÕ µ¡µ¡Ð¥´´ÊÕ § ¤ ÎÊ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö.

‘Ëµ·³Ê²¨·Ê¥³ µ¸´µ¢´Ò¥ ¢Ò¢µ¤Ò. ˆÉ ±, Ê· ¢´¥´¨¥ (95) ¶·¨  ¶¶·µ±¸¨³ -
Í¨¨ ¨¸±µ³µ° ËÊ´±Í¨¨ F ¡¨±Ê¡¨Î¥¸±¨³ ¸¶² °´µ³ ±² ¸¸  C2, · §²µ¦¥´´Ò³ ¶µ
¡ §¨¸´Ò³ ¸¶² °´ ³, ¸¢µ¤¨É¸Ö ± ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ²¥´ÉµÎ´µ° ³ -
É·¨Í¥°, ÎÉµ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É ·¥Ï¥´¨¥. �¦¨¤ ¥³ Ö ÉµÎ´µ¸ÉÓ  ²£µ·¨É³ 
É  ¦¥, ÎÉµ ¤²Ö  ²£µ·¨É³  3,   ¨³¥´´µ: F −X = τ22 ¢¸Õ¤Ê ¢ B2, ´µ µ¡Ñ¥³ ¢Ò-
Î¨¸²¥´¨° §´ Î¨É¥²Ó´µ ³¥´ÓÏ¥, ¢ Î ¸É´µ¸É¨ ´¥ É·¥¡Ê¥É¸Ö ¢ÒÎ¨¸²ÖÉÓ ³ É·¨ÍÒ
Bϕ ¨ Brϕ. “§²µ¢Ò¥ §´ Î¥´¨Ö B-¸¶² °´µ¢, ¨Ì ¶·µ¨§¢µ¤´ÒÌ ¨ ËÊ´±Í¨° V ¨
Q ¢ÒÎ¨¸²ÖÕÉ¸Ö ¡Ò¸É·µ, ¶µ¸É·µ¥´¨¥ ²¥´ÉµÎ´µ° ³ É·¨ÍÒ É·¥¡Ê¥É Ì· ´¥´¨Ö ¢
µ¶¥· É¨¢´µ° ¶ ³ÖÉ¨ ±µ³¶ÓÕÉ¥·  ¸· ¢´¨É¥²Ó´µ ³ ²µ£µ µ¡Ñ¥³  ¨´Ëµ·³ Í¨¨:
³ É·¨ÍÒ h0 ¨ ³ ¸¸¨¢  Ê§²µ¢ ¸¥É±¨ 
rϕ.

‘Éµ¨É µÉ³¥É¨ÉÓ, ÎÉµ ¢ ¸²ÊÎ ¥ ·¥£Ê²Ö·´ÒÌ ¸¥Éµ± δr ¨ δϕ  ²£µ·¨É³ ¸É -
´µ¢¨É¸Ö ¶·¥¤¥²Ó´µ ¶·µ¸ÉÒ³: ¥£µ ±²ÕÎ¥¢Ò¥ Ëµ·³Ê²Ò (73) ¨ (74) ¡² £µ¤ ·Ö
· ¢¥´¸É¢ ³ (71) ¸µ¤¥·¦ É ³¨´¨³Ê³ § · ´¥¥ ¨§¢¥¸É´ÒÌ Î¨¸²µ¢ÒÌ ³´µ¦¨É¥²¥°.
„¥°¸É¢¨É¥²Ó´µ, ¢ Ê§² Ì (ri, ϕj) ¸ ³ ¸¶² °´ Å ¸Ê³³ 

S(ri, ϕj) =
1
36

i+1∑
p=i−1

(1 + 3δpi)
j+1∑

s=j−1

(1 + 3δsj)Xps, (128)
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  ¥£µ ¢Éµ·Ò¥ Î ¸É´Ò¥ ¶·µ¨§¢µ¤´Ò¥ Å ¸Ê³³Ò

∂2
rS(ri, ϕj) = Nij =

1
6h2

i+1∑
p=i−1

(1 − 3δpi)
j+1∑

s=j−1

(1 + 3δsj)Xps,

∂2
ϕS(ri, ϕj) = Mij =

1
6g2

i+1∑
p=i−1

(1 + 3δpi)
j+1∑

s=j−1

(1 − 3δsj)Xps.

(129)

‘Éµ²Ó ¦¥ ¶·µ¸ÉÒ ¨ ¶·¥¤¸É ¢²¥´¨Ö µ¸É ²Ó´ÒÌ ¶·µ¨§¢µ¤´ÒÌ. � ¶·¨³¥·,

∂ϕS(ri, ϕj) =
1

12g

i+1∑
p=i−1

(1 + 3δpi)(Xp,j+1 − Xp,j−1),

∂3
ϕS(ri, ϕj) =

1
6g3

i+1∑
p=i−1

(1 + 3δpi)[ 3(Xpj − Xp,j+1)+

+(Xp,j+2 − Xp,j−1)].

(130)

’¥¶¥·Ó ¶·¥¤¸É ¢¨³ ¤¢¥ ¶·µ¸ÉÒ¥ ³µ¤¨Ë¨± Í¨¨  ²£µ·¨É³  4, ¢ ±µÉµ·ÒÌ ¢Ò-
¢µ¤ ¢¸¥Ì ¡²µ±µ¢ Ê· ¢´¥´¨° ¨ Ê¶µ·Ö¤µÎ¥´¨¥ µ¸ÊÐ¥¸É¢²ÖÕÉ¸Ö ¶µ Ê¦¥ µ¶¨¸ ´´µ°
¸Ì¥³¥, ´µ ¨³¥ÕÉ¸Ö ¶·¨´Í¨¶¨ ²Ó´Ò¥ µÉ²¨Î¨Ö. �¡¸Ê¤¨³ Éµ²Ó±µ ¨Ì.

�²£µ·¨É³ 4′. �Ê¸ÉÓ µ¡¥ ¸¥É±¨ δr ¨ δϕ Å ·¥£Ê²Ö·´Ò¥. ‚¸¥ ¡²µ±¨ £· -
´¨Î´ÒÌ Ê¸²µ¢¨° ¶µ¸É·µ¨³ É¥³ ¦¥ ¸¶µ¸µ¡µ³, ÎÉµ ¨ ¢  ²£µ·¨É³¥ 4. „²Ö ÔÉµ£µ
¨¸¶µ²Ó§Ê¥³ É¥ ¦¥ Ëµ·³Ê²Ò (74), ´µ ¢ ¨Ì Ê¶·µ¸É¨¢Ï¥³¸Ö §  ¸Î¥É ·¥£Ê²Ö·´µ¸É¨
¸¥Éµ± ¢¨¤¥ (128) ¨ (129). —Éµ¡Ò ¢Ò¢¥¸É¨ ¡²µ±¨ Ê· ¢´¥´¨°, ¶µ¤Î¨´¨³ ¨¸±µ-
³Ò° ¸¶² °´ X ¢³¥¸Éµ ËÊ´±Í¨¨ F Ê· ¢´¥´¨Õ (95), ´µ Ê¦¥ ´¥ ¢µ ¢´ÊÉ·¥´´¨Ì
Ê§² Ì ¸¥É±¨ 
rϕ,   ¢ ÉµÎ± Ì

(rc
i , ϕ

c
j) = (r−i−1, ϕ

−
j−1),

i = 1, . . . , N − 1, j = 1, . . . , M − 1.

…¸²¨ ¢ Ê§²¥ r = ri µÉ²¨Î´Ò µÉ ´Ê²Ö É·¨ ¸¶² °´  Bk(r), k = i, i ± 1, ¨ ¨Ì
¶·µ¨§¢µ¤´Ò¥, Éµ ¢ £ Ê¸¸µ¢µ³ Ê§²¥ r = r−i ´¥ · ¢¥´ ´Ê²Õ ¨ ¸¶² °´ Bi−2(r) ¨
¢¸¥ ¥£µ ¶·µ¨§¢µ¤´Ò¥ (¸³. ·¨¸. 2). ‚ £ Ê¸¸µ¢µ³ Ê§²¥ ϕ = ϕ−

j ´¥ · ¢´Ò ´Ê²Õ

Î¥ÉÒ·¥ ¸¶² °´  B̄k(ϕ), k = j − 2, j ± 1. �µÔÉµ³Ê Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨-
·µ¢ ´¨Ö ¸¶² °´  S ¢ Ê§²¥ (rc

i , ϕ
c
j) ¸µ¤¥·¦ É Ï¥¸É´ ¤Í ÉÓ,   ´¥ ¤¥¢ÖÉÓ, ± ± ¢

¸Ê³³ Ì (74), ±µÔËË¨Í¨¥´Éµ¢ Xnm ¨ ¶·µ¨§¢µ¤´Ò¥ B-¸¶² °´µ¢, ´µ Ê¦¥ ¢
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£ Ê¸¸µ¢ÒÌ Ê§² Ì:

∂p
r ∂q

ϕS(rc
i , ϕ

c
j) =

i+1∑
n=i−2

j+1∑
m=j−2

XnmB
(p)
ni B̄

(q)
mj , p, q = 0, 1, 2,

B
(p)
ni ≡ B

(p)
ni (r−i−1), B̄

(q)
mj ≡ B̄

(q)
mj(ϕ

−
j−1).

�µ Éµ° ¦¥ ¶·¨Î¨´¥ É¥¶¥·Ó ± ¦¤Ò° i-° ¡²µ± Ê· ¢´¥´¨° ¸µ¤¥·¦¨É Î¥ÉÒ·¥,   ´¥
É·¨, ± ± · ´ÓÏ¥ (¸³. (126)), ´¥¨§¢¥¸É´ÒÌ ¸Éµ²¡Í  Xk:

L̄iXi−2 + LiXi−1 + DiXi + RiXi+1 = Qi,

£¤¥ L̄i = Li−1 Å ´¥´Ê²¥¢ Ö ³ É·¨Í ,   ³ É·¨ÍÒ Li,Di ¨ Ri ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ
¶·¥¦´¨³ Ëµ·³Ê² ³ (123), ¢ ±µÉµ·ÒÌ Vij ≡ V (r−i−1 cosϕ−

j ). ‘É·µ¥´¨¥ ³ É·¨Í

A ¨ Ã ¶µ²ÊÎ¥´´ÒÌ ¤¨¸±·¥É´ÒÌ  ´ ²µ£µ¢ (114) ¢ ¸²ÊÎ ¥ N = 5 ¶µÖ¸´Ö¥É
·¨¸. 4, £. �  ´¥³, ± ± ¨ ¤²Ö  ²£µ·¨É³  4, ¢¸¥ ¶Ê¸ÉÒ¥ ±²¥É±¨ ¨ ³ É·¨ÍÒ R̄i

´Ê²¥¢Ò¥,   ³ É·¨ÍÒ L̄i, ¢ µÉ²¨Î¨¥ µÉ  ²£µ·¨É³  4, ´¥´Ê²¥¢Ò¥. —Éµ¡Ò µÍ¥´¨ÉÓ
µ¦¨¤ ¥³ÊÕ ÉµÎ´µ¸ÉÓ, ¶·¥¤¶µ²µ¦¨³, ÎÉµ F = X ¢ Ê§² Ì ±µ²²µ± Í¨¨ (rc

i , ϕ
c
j).

’µ£¤  ¢ ÔÉ¨Ì Ê§² Ì ∂2
r (F − X) = τ34 ¨ ∂2

ϕ(F − X) = τ43, ¶µÔÉµ³Ê ¨¸Ìµ¤-
´µ¥ Ê· ¢´¥´¨¥ (95) ¡Ê¤¥É µÉ²¨Î ÉÓ¸Ö µÉ ¸¢µ¥£µ ¤¨¸±·¥É´µ£µ  ´ ²µ£  (114) ´ 
¢¥²¨Î¨´Ê τ33. ‘²¥¤µ¢ É¥²Ó´µ, ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ F = X + τ33 ¢ Ê§² Ì
±µ²²µ± Í¨¨, ´µ F = X + τ22 ¢µ ¢¸¥Ì ¤·Ê£¨Ì ÉµÎ± Ì µ¡² ¸É¨ B2.

�²£µ·¨É³ 4′′. �¸´µ¢´ Ö ¨¤¥Ö ÔÉµ£µ  ²£µ·¨É³  ¢¶¥·¢Ò¥ ¢Ò¸± § ´  ¢ [37],
  ¥£µ ¶µ¤·µ¡´µ¥ µ¶¨¸ ´¨¥ ¶·¨¢µ¤¨É¸Ö ´¨¦¥. �Ê¸ÉÓ µ¡¥ ¸¥É±¨ δr ¨ δϕ Å ·¥£Ê-
²Ö·´Ò¥,   S = S3311 Å ¸¶² °´ ¸ Ê§² ³¨ ´  ¸¥É±¥ 
rϕ. ‚ ¶·µ¸É· ´¸É¢¥ É ±¨Ì
¸¶² °´µ¢ ¢¢¥¤¥³ µ¶¥· Éµ·Ò ∂̄n

ϕ. �Ê¸ÉÓ ∂̄n
ϕS = ∂n

ϕS, ¥¸²¨ n = 0, 1 ¨ ∀(r, ϕ)
¨²¨ ¦¥ ¥¸²¨ n = 2, 3, ´µ (r, ϕ) /∈ 
rϕ. ‚ µ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥, É. ¥. ¢ ± ¦¤µ³ ¨§
Ê§²µ¢ (ri, ϕj), µ¶·¥¤¥²¨³ µ¶¥· Éµ·Ò ∂̄n

ϕS ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ Ëµ·³Ê² ³¨ ¤¨Ë-
Ë¥·¥´Í¨·µ¢ ´¨Ö ¶µ¢ÒÏ¥´´µ° ÉµÎ´µ¸É¨ (89)Ä(93). ’ ±¨³ ¦¥ ¸¶µ¸µ¡µ³ ¢¢¥¤¥³
µ¶¥· Éµ·Ò ∂̄n

r S. �µ µ¶·¥¤¥²¥´¨Õ ∂̄n
ϕS �= ∂n

ϕS Éµ²Ó±µ ¶·¨ n = 2, 3, 4 ¨ Éµ²Ó±µ
¢ Ê§² Ì ¸¥É±¨ 
r. �Ê¸ÉÓ ¨¸±µ³Ò° ¸¶² °´ X = S = S3311 Å ¸Ê³³  (73). ’µ-
£¤  ¢ ± ¦¤µ³ Ê§²¥ ¢¥·´Ò Ëµ·³Ê²Ò ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö (74). —Éµ¡Ò ¢Ò· §¨ÉÓ
Ê§²µ¢Ò¥ §´ Î¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ ∂̄2

rS ¨ ∂̄q
ϕS Î¥·¥§ ±µÔËË¨Í¨¥´ÉÒ Xnm, ¢ Ëµ·-

³Ê² Ì (88)Ä(93) § ³¥´¨³ ±µÔËË¨Í¨¥´ÉÒ Nij ¨ Mij ¨Ì ¶·¥¤¸É ¢²¥´¨Ö³¨ (129).
’µ£¤  ¢ ± ¦¤µ³ ¢´ÊÉ·¥´´¥³ Ê§²¥ (ri, ϕi) ¶µ²ÊÎ¨³

∂̄2
rS =

j+1∑
s=j−1

1 + 3δsj

72h2
[Xi−2,s + 8Xi−1,s − 18Xis + 8Xi+1,s + Xi+2,s],

∂̄2
ϕS =

i+1∑
p=i−1

1 + 3δpi

72g2
[Xp,j−2 + 8Xp,j−1 − 18Xpj + 8Xp,j+1 + Xp,j+2],

(131)
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  ¶·µ¨§¢µ¤´Ò¥ ¶µ ϕ É·¥ÉÓ¥£µ ¨ Î¥É¢¥·Éµ£µ ¶µ·Ö¤±µ¢ ¶·¥¤¸É ¢¨³ ± ±

∂̄3
ϕS =

i+1∑
p=i−1

1 + 3δpi

12g3
[2(Xp,j−1 − Xp,j+1) + (Xi,j+2 − Xi,j−2)],

∂̄4
ϕS =

i+1∑
p=i−1

1 + 3δpi

g4
[Xi,j−2 − 4Xi,j−1 + 6Xi,j − 4Xi,j+1 + Xi,j+2].

(132)

�µ¢Éµ·¨³ ¢¸¥ ¶µ¸É·µ¥´¨Ö, ¶µÖ¸´ÖÕÐ¨¥  ²£µ·¨É³ 4. ‚¸¥ ¡²µ±¨ £· ´¨Î´ÒÌ
Ê¸²µ¢¨° µ¸É ¢¨³ ¶·¥¦´¨³¨, ´µ ¶·¨ § ¶¨¸¨ Ê· ¢´¥´¨Ö (95) ¢µ ¢´ÊÉ·¥´´¨Ì Ê§-
² Ì ¸¥É±¨ 
rϕ µ¡ÒÎ´Ò¥ ¶·µ¨§¢µ¤´Ò¥ ∂2

rS ¨ ∂2
rS § ³¥´¨³ ¶·µ¨§¢µ¤´Ò³¨ ∂̄2

rS
¨ ∂̄2

rS. ‘µ£² ¸´µ (131) ¢ ± ¦¤µ³ ¢´ÊÉ·¥´´¥³ Ê§²¥ É ±¨¥ ¶·µ¨§¢µ¤´Ò¥ ¸µ¤¥·-
¦ É ¶ÖÉ´ ¤Í ÉÓ,   ´¥ ¤¥¢ÖÉÓ, ± ± µ¡ÒÎ´Ò¥ ¶·µ¨§¢µ¤´Ò¥, ´¥¨§¢¥¸É´ÒÌ Xnm,
¶·¨Î¥³ ¨´¤¥±¸Ò ¸Ê³³¨·µ¢ ´¨Ö n ¨ m ¶·¨´¨³ ÕÉ ¢ µÉ²¨Î¨¥ µÉ ¸Ê³³ (129) ¨
§´ Î¥´¨Ö n = i± 2 ¨ m = j ± 2. �µÔÉµ³Ê ± ¦¤Ò° i-° ¡²µ± Ê· ¢´¥´¨° É¥¶¥·Ó
¸µ¤¥·¦¨É ´¥ É·¨, ± ± ¢  ²£µ·¨É³¥ 4,   ¶ÖÉÓ ´¥¨§¢¥¸É´ÒÌ ¸Éµ²¡Íµ¢ Xk:

L̄iXi−2 + LiXi−1 + DiXi + RiXi+1 + R̄iXi+2 = Qi,

  ³ É·¨Í  A ¶µ²ÊÎ¥´´µ£µ É ±¨³ µ¡· §µ³ ¤¨¸±·¥É´µ£µ  ´ ²µ£  ¨³¥¥É ¶ÖÉÓ ¶µ²-
´µ¸ÉÓÕ § ¶µ²´¥´´ÒÌ ¡²µ±-¤¨ £µ´ ²¥°. …¥ ¸É·µ¥´¨¥ ¢ ¸²ÊÎ ¥ N = 5 ¶µÖ¸´Ö¥É
·¨¸. 4, £, ´  ±µÉµ·µ³ ¢¸¥ ³ É·¨ÍÒ L̄i ¨ R̄i ´¥´Ê²¥¢Ò¥. �Í¥´¨³ µ¦¨¤ ¥³ÊÕ
ÉµÎ´µ¸ÉÓ. �·¥¤¶µ²µ¦¨³, ÎÉµ F = X ¢ Ê§² Ì ±µ²²µ± Í¨¨ (ri, ϕj). ’µ£¤  ¢
ÔÉ¨Ì Ê§² Ì ∂̄2

r (F − X) = τ44 ¨ ∂̄2
ϕ(F − X) = τ44, ¶µÔÉµ³Ê ¨¸Ìµ¤´µ¥ Ê· ¢´¥-

´¨¥ (95) ¡Ê¤¥É µÉ²¨Î ÉÓ¸Ö µÉ ¸¢µ¥£µ ¤¨¸±·¥É´µ£µ  ´ ²µ£  (114) ´  ¢¥²¨Î¨´Ê
τ44. ‘²¥¤µ¢ É¥²Ó´µ, ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ ¢ Ê§² Ì ±µ²²µ± Í¨¨ F = X + τ44.

3.6. �²£µ·¨É³ 5: ¶·¨¡²¨¦¥´¨¥ ¸¶² °´µ³ S3322, · §²µ¦¥´´Ò³ ¶µ Ô·-
³¨Éµ¢Ò³ ¸¶² °´ ³ sn ¨ s̄m. �¡¸Ê¦¤ ¥³Ò° ´¨¦¥  ²£µ·¨É³ ¤¨¸±·¥É¨§ Í¨¨
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ ¢ ¥£µ ´ Î ²Ó´µ° ¢¥·¸¨¨ µ¶¨-
¸ ´ ¢ [34], ¡Ò² · §¢¨É ¢ [38] ¨ ¨³¥¥É ¤¢  ¶·¨´Í¨¶¨ ²Ó´ÒÌ µÉ²¨Î¨Ö µÉ Ê¦¥
· ¸¸³µÉ·¥´´ÒÌ  ²£µ·¨É³µ¢ 2Ä4′′. ‚µ-¶¥·¢ÒÌ, ¢³¥¸Éµ ¡ §¨¸´ÒÌ ¸¶² °´µ¢ (68)
±² ¸¸  C2 ¨¸¶µ²Ó§ÊÕÉ¸Ö Ô·³¨Éµ¢Ò ¡ §¨¸´Ò¥ ¸¶² °´Ò (76) ¨ · §²µ¦¥´¨Ö (78),
(79). ‚µ-¢Éµ·ÒÌ, Ê§²Ò ±µ²²µ± Í¨¨ ¢¸¥£¤  ¸µ¢¶ ¤ ÕÉ ¸ £ Ê¸¸µ¢Ò³¨ Ê§² ³¨.
—Éµ¡Ò ¸µ±· É¨ÉÓ µ¶¨¸ ´¨¥ ¤·Ê£¨Ì µ¸µ¡¥´´µ¸É¥°  ²£µ·¨É³  5, ¶·¨³¥´¨³ ¥£µ
¸´ Î ²  É¥³ ¦¥ ¸ ³Ò³ µ¡· §µ³, ± ± ÔÉµ ¤¥² ²µ¸Ó ¢ · ¡µÉ¥ [38], ± µ¤´µ³¥·´µ°
±· ¥¢µ° § ¤ Î¥ ˜·¥¤¨´£¥·  ¸ Í¥²Ò³ ¶ · ³¥É·µ³ b = 0, 1, . . . ¨ ¨¸±µ³Ò³¨
¸µ¡¸É¢¥´´Ò³¨ §´ Î¥´¨¥³ E < 0 ¨ ËÊ´±Í¨¥° F (r):

[−∂2
r+b(b + 1)r−2 + V1(r) − E]F (r) = 0, 0 < r < ∞;

F (0) = 0; F (r) → exp (−r
√
−E), r → ∞.

(133)

�Ê¸ÉÓ r ∈ [0, R], R < ∞,   
r Å ¶·µ¨§¢µ²Ó´ Ö ¸¥É± . �·¨³¥³ £· ´¨Î´Ò¥
Ê¸²µ¢¨Ö F (0) = 0 ¨ ∂rF (r) = −

√
|E|F (r), £¤¥ r = R. ˆ¸¶µ²Ó§ÊÖ (75),
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¶µ¤Î¨´¨³ ¨¸±µ³Ò° ¸¶² °´ X(r) = S32(r), ¶·¥¤¸É ¢²¥´´Ò° ¸Ê³³µ° (78), ÔÉ¨³
Ê¸²µ¢¨Ö³. ’ ± ± ± X(0) = 0, Éµ X0 = 0 ¨ ¸¶² °´ s0 ¨¸±²ÕÎ ¥É¸Ö ¨§ ÔÉµ°
¸Ê³³Ò. “¸²µ¢¨¥ X ′ = −

√
|e|X ¶·¨ r = R ¤ ¥É ¸¢Ö§Ó X2N+1 = −

√
|E|X2N

¨ Ê¤µ¢²¥É¢µ·Ö¥É¸Ö § ³¥´µ° s2N → s2N −
√
|E| s2N+1 ¨ ¨¸±²ÕÎ¥´¨¥³ ¸¶² °´ 

s2N+1. „²Ö ¸²ÊÎ Ö (34), ±µ£¤  N = 4, ¸¶² °´Ò s0, s2N = s8 ¨ s2N+1 = s9

¨§µ¡· ¦¥´Ò ÏÉ·¨Ìµ¢Ò³¨ ±·¨¢Ò³¨ ´  ·¨¸. 3, a, ¡. �µ¸²¥ ¨¸±²ÕÎ¥´¨Ö ¨ § ³¥´Ò
¸¶² °´µ¢ ¸Ê³³  (78) ¶·¨³¥É ¢¨¤

X(r) =
2N∑
n=1

Xnsn(r). (134)

’ ± ± ± F ∼ rb+1, r → 0, Éµ F ′(0) = 0, ¥¸²¨ b > 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢ ¸Ê³³¥
¸²¥¤Ê¥É ¶µ²µ¦¨ÉÓ X1 = 0, É. ¥. ¨¸±²ÕÎ¨ÉÓ ¸¶² °´ s1. „²Ö ¸²ÊÎ Ö (34) ÔÉµÉ
¸¶² °´ ¨§µ¡· ¦¥´ ´  ·¨¸. 3, ¢ ÏÉ·¨Ìµ¢µ° ±·¨¢µ°.

ˆÉ ±, Ô·³¨Éµ¢ ¸¶² °´ X , ¶·¥¤¸É ¢²¥´´Ò° ¸Ê³³µ° (78), ¶µ¤Î¨´Ö¥É¸Ö £· -
´¨Î´Ò³ Ê¸²µ¢¨Ö³ ¤²Ö ËÊ´±Í¨° F ¨ ∂rF ¨¸±²ÕÎ¨É¥²Ó´µ ¶·µ¸ÉÒ³ ¸¶µ¸µ-
¡µ³, ´µ Î¨¸²µ µ¸É ¢Ï¨Ì¸Ö ¶µ¸²¥ ÔÉµ£µ ´¥¨§¢¥¸É´ÒÌ ±µÔËË¨Í¨¥´Éµ¢ Xn,
n = 1, . . . , 2N , ¸Ê³³Ò (134) ¶·¨³¥·´µ ¢¤¢µ¥ ¶·¥¢ÒÏ ¥É Î¨¸²µ Ê§²µ¢ N + 1
¸¥É±¨ 
r ¨ ¸µ¢¶ ¤ ¥É ¸ Î¨¸²µ³ 2N Ê§²µ¢ r̃i £ Ê¸¸µ¢µ° ¸¥É±¨ 
̃r. ‘¶² °´ (134)
¢Ò£µ¤´µ ¶µ¤Î¨´¨ÉÓ ¢³¥¸Éµ ËÊ´±Í¨¨ F Ê· ¢´¥´¨Õ (133) ¨³¥´´µ ¢ £ Ê¸¸µ¢ÒÌ
Ê§² Ì, ¶µÉµ³Ê ÎÉµ Éµ£¤  ¸µ£² ¸´µ (83) ³µ¦´µ µ¦¨¤ ÉÓ ¶µ¢ÒÏ¥´¨Ö ÉµÎ´µ¸É¨
¶·¨¡²¨¦¥´¨Ö F ′′ ≈ X ′′ ¸µ ¢Éµ·µ£µ ¤µ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¶µ Ï £Ê h. �µ²¥¥
Éµ£µ, ¥¸²¨ F (5)(r̃i) = 0 ¤²Ö ¢¸¥Ì i, Éµ ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ F ′′ = X ′′ + O(h)4

¶·¨ r ∈ [0, R]. �·¨ ¢Ò¡µ·¥ £ Ê¸¸µ¢ÒÌ Ê§²µ¢ ¢ ± Î¥¸É¢¥ Ê§²µ¢ ±µ²²µ± Í¨¨ ¤²Ö
¸Éµ²¡Í  X = (X1, . . . , X2N) ¶µ²ÊÎ ¥É¸Ö ¤¨¸±·¥É´Ò°  ´ ²µ£ (114) ¨¸Ìµ¤´µ°
§ ¤ Î¨ (133) c ¶ÖÉ¨¤¨ £µ´ ²Ó´µ° ³ É·¨Í¥° A. ‚ Ê§² Ì r̃i ¸ ´µ³¥· ³¨ i = 1, 2
¨ i = 2N − 1, 2N µÉ²¨Î´Ò µÉ ´Ê²Ö É·¨ ¸¶² °´  sn,   ¢µ ¢¸¥Ì µ¸É ²Ó´ÒÌ Ê§-
² Ì Å Î¥ÉÒ·¥ ¸¶² °´ . �µÔÉµ³Ê ¶¥·¢Ò¥ ¨ ¶µ¸²¥¤´¨¥ ¶ ·Ò ¸É·µ± ³ É·¨ÍÒ A
¸µ¤¥·¦ É ¶µ É·¨ ´¥´Ê²¥¢ÒÌ Ô²¥³¥´É ,   ¢¸¥ µ¸É ²Ó´Ò¥ Å ¶µ Î¥ÉÒ·¥. „²Ö ¸²Ê-
Î Ö (34) ¸É·µ¥´¨¥ ³ É·¨ÍÒ A ¶µÖ¸´Ö¥É ·¨¸. 4, ¡. �¶¨¸ ´´ Ö ¸Ì¥³  ¤¨¸±·¥É¨§ -
Í¨¨ Ê· ¢´¥´¨Ö (133) Å ¶·¨³¥· ·¥ ²¨§ Í¨¨ ¨§¢¥¸É´µ£µ ³¥Éµ¤  µ·Éµ£µ´ ²Ó´µ°
¸¶² °´-±µ²²µ± Í¨¨ [48,52].

�·¥¤²µ¦¥´´µ¥ ¢ µ¡¸Ê¦¤ ¥³µ° · ¡µÉ¥ [38] ¶·¥µ¡· §µ¢ ´¨¥

r → ξ = 1 − exp (−λr), λ = Re λ, (135)

¸ § · ´¥¥ ´¥¨§¢¥¸É´Ò³ ¤¥°¸É¢¨É¥²Ó´Ò³ ¶ · ³¥É·µ³ λ ¸¢µ¤¨É § ¤ ÎÊ (133) ±
¡µ²¥¥ ¸²µ¦´µ° § ¤ Î¥ ´  µÉ·¥§±¥ 0 � ξ � 1:

{λ2(1 − ξ)[(1 − ξ)∂2
ξ − ∂ξ] − b(b + 1)ξ−2 − V1(r(ξ)) + E}f(ξ) = 0,

f(ξ) ∼ ξb+1, ξ → 0; f(ξ) ∼ (1 − ξ)
√
−E/λ, ξ → 1,

(136)
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´µ ¨³¥¥É ¤¢  ¤µ¸Éµ¨´¸É¢ : ´µ¢ Ö ´¥¨§¢¥¸É´ Ö ËÊ´±Í¨Ö f Ê¡Ò¢ ¥É ¶·¨ ξ →
0 ± ± Í¥² Ö ¸É¥¶¥´Ó ξ,   ¥¥  ¸¨³¶ÉµÉ¨±  ¶·¨ ξ → 1, ±µ£¤  r → ∞, ´¥
¸µ¤¥·¦¨É Ô±¸¶µ´¥´ÉÒ ¸ ¡¥¸±µ´¥Î´µ Ê¡Ò¢ ÕÐ¨³  ·£Ê³¥´Éµ³. �µÔÉµ³Ê ¶·¨
·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨¨ f Ê¤ ¥É¸Ö ¶·¥µ¤µ²¥ÉÓ É¨¶¨Î´Ò¥ É·Ê¤´µ¸É¨
Î¨¸²¥´´µ£µ ¨´É¥£·¨·µ¢ ´¨Ö Ê· ¢´¥´¨Ö (133),   ¨³¥´´µ ¨§¡ ¢¨ÉÓ¸Ö µÉ µÏ¨¡µ±
µ±·Ê£²¥´¨Ö ¨ ¡µ²¥¥ ÉµÎ´µ ÊÎ¥¸ÉÓ ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨¨ V1(r) ¶·¨ ¡µ²ÓÏ¨Ì r.

�·¨ b � 3 ¨ λ =
√
−E/n, n = 1, 2, 3, ¸É ·Ï¨¥ ¸² £ ¥³Ò¥ µ¡µ¨Ì  ¸¨³-

¶ÉµÉ¨± ËÊ´±Í¨¨ f , ± ± ¨ ¸¶² °´Ò S32, Ö¢²ÖÕÉ¸Ö ±Ê¡¨Î¥¸±¨³¨ ¶µ²¨´µ³ ³¨.
�µÔÉµ³Ê, ´µ Éµ²Ó±µ ¶·¨ Ê± § ´´ÒÌ b ¨ λ, ¸¶² °´ S32(ξ), ¨´É¥·¶µ²¨·ÊÕÐ¨°
ËÊ´±Í¨Õ f , ÉµÎ´µ ¢µ¸¶·µ¨§¢µ¤¨É ¥¥ ¶µ¢¥¤¥´¨¥ ¢¡²¨§¨ £· ´¨Í ξ = 0 ¨ ξ = 1.
„²Ö µ·¨£¨´ ²  F ËÊ´±Í¨¨ f É ±µ£µ ¸¶² °´  ´¥ ¸ÊÐ¥¸É¢Ê¥É, É ± ± ± F Ê¡Ò¢ ¥É
¶·¨ r → R Ô±¸¶µ´¥´Í¨ ²Ó´µ. “· ¢´¥´¨¥ (133) ¸µ¤¥·¦¨É µ¤´Ê ¶·µ¨§¢µ¤´ÊÕ
∂2

rF ,   Ê· ¢´¥´¨¥ (136) ¸µ¤¥·¦¨É µ¡¥ ¶·µ¨§¢µ¤´ÒÌ ∂rf ¨ ∂2
rf . ‘µ£² ¸´µ (83)

ÉµÎ´µ¸ÉÓ ¨Ì  ¶¶·µ±¸¨³ Í¨¨ ¶·µ¨§¢µ¤´Ò³¨ ¨´É¥·¶µ²ÖÍ¨µ´´µ£µ ¸¶² °´  S32

¶µ¢ÒÏ ¥É¸Ö ´  ¶µ·Ö¤µ± ¢ · §´ÒÌ ÉµÎ± Ì: r̄i �= r̃i. �µÔÉµ³Ê ¥¸²¨ ¸¶² °´
X = S32 ¶µ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ (136) ¢³¥¸Éµ ËÊ´±Í¨¨ f ¢ Ê§² Ì £ Ê¸¸µ¢µ°
¸¥É±¨ 
̃rϕ, Éµ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ³µ¦´µ µ¦¨¤ ÉÓ, ÎÉµ f = X +O(h3), ¤ ¦¥ ¥¸²¨
f (5)(r±i ) = 0 ¤²Ö ¢¸¥Ì i.

�¥·¥°¤¥³ ± § ¤ Î¥ É·¥Ì Î ¸É¨Í. ‚ µ¡¸Ê¦¤ ¥³µ³  ²£µ·¨É³e 5, ¢ µÉ-
²¨Î¨¥ µÉ  ²£µ·¨É³  3, ¤²Ö ¢Ò¢µ¤  ¤¨¸±·¥É´µ£µ  ´ ²µ£  ¶·µ¸É¥°Ï¥° § ¤ Î¨
´  É·¥ÌÎ cÉ¨Î´µ¥ ¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ É·¥¡Ê¥É¸Ö £µ· §¤µ ³¥´ÓÏ¥ £· ´¨Î´ÒÌ
Ê¸²µ¢¨°: Ê· ¢´¥´¨¥ (95) ¤µ¸É ÉµÎ´µ ¤µ¶µ²´¨ÉÓ ¶·¥¦´¨³¨ ÉµÎ´Ò³¨ Ê¸²µ¢¨Ö³¨
F = 0 ´  £· ´¨Í Ì r = 0 ¨ ϕ = 0, π/2 ¨ ´ ²µ¦¨ÉÓ ¶·¨¡²¨¦¥´´µ¥ Ê¸²µ¢¨¥
∂rF = −

√
|E|F , r = R, ¸²¥¤ÊÕÐ¥¥ ¨§ (97). ˆ¸±µ³Ò° ¸¶² °´ X = S3322,

¶·¥¤¸É ¢²¥´´Ò° ¢ ¢¨¤¥ (79), ¸´ Î ²  ¶µ¤Î¨´Ö¥É¸Ö ¢¸¥³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³.
‚ ¨Éµ£¥ ¶µ²ÊÎ ¥É¸Ö · §²µ¦¥´¨¥

X(r, ϕ) =
2N∑
n=1

2M∑
m=1

Xnmsn(r)s̄m(ϕ), (137)

£¤¥ ¸¨³¢µ²µ³ s2N µ¡µ§´ Î¥´  · §´µ¸ÉÓ s2N −s2N+1

√
−E,   ¸¨³¢µ²µ³ s̄2M Å

¸¶² °´ s̄2M+1. ‡ É¥³ ¸¶² °´ (137) ¶µ¤Î¨´Ö¥É¸Ö ¢³¥¸Éµ ËÊ´±Í¨¨ F Ê· ¢´¥-
´¨Õ (95) ¢µ ¢¸¥Ì Ê§² Ì (r̃i, ϕ̃j) £ Ê¸¸µ¢µ° ¸¥É±¨ 
̃rϕ ¨ ¸ ¶µ³µÐÓÕ Ë¨´¨É´ÒÌ
¸¢µ°¸É¢ (80) ÔÉµ£µ ¸¶² °´  ¢Ò¢µ¤¨É¸Ö ¸¨¸É¥³  ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

2i+1∑
n=2i−1


sni

2i+1∑
m=2j−1

s̄mj

[
s′′ni

sni
+

1
r̃2
i

(
s̄′′mi

s̄mi
+

1
4

)
+ E − Vij

]
Xnm =

=
4√
3
Vij

2i+1∑
n=2i−1

sni

2M∑
k=1

h0
jkXnk, i = 1, . . . , 2N ; j = 1, . . . , 2M. (138)
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‡¤¥¸Ó sni, s
′′
ni ¨ s̄mj , s̄

′′
mi Å §´ Î¥´¨Ö ¸¶² °´µ¢ sn, s̄m ¨ ¨Ì ¢Éµ·ÒÌ ¶·µ¨§¢µ¤-

´ÒÌ ¢ £ Ê¸¸µ¢ÒÌ Ê§² Ì r̃i ¨ ϕ̃j , Vij ≡ V1(r̃i cos ϕ̃j), ¶·¨ ± ¦¤µ³ j Ô²¥³¥´ÉÒ h0
jk

³ É·¨ÍÒ h0, É. ¥. ¤¨¸±·¥É´µ£µ  ´ ²µ£  ¨´É¥£· ²  Ê· ¢´¥´¨Ö (95), ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ¨´É¥£· ²Ò µÉ ¸¶² °´µ¢ s̄m(ϕ) ¶µ µÉ·¥§±Ê [C−(ϕ̃j), C+(ϕ̃j)].

‚¸²¥¤¸É¢¨¥ Ë¨´¨É´ÒÌ ¸¢µ°¸É¢ ¸¶² °´  (137) ¢ ¸¨¸É¥³¥ (138) ¶·¨ ± ¦¤µ³
i = 1, . . . , 2N · ¤¨ ²Ó´Ò° ¨´¤¥±¸ n ¶·¨´¨³ ¥É Éµ²Ó±µ Î¥ÉÒ·¥ §´ Î¥´¨Ö. �µ-
ÔÉµ³Ê ¥¸²¨ ¢¸¥ ´¥¨§¢¥¸É´Ò¥ ¸µ¡· ÉÓ ¢ ¡²µ±-¸Éµ²¡¥Í X ≡ (X1, . . . ,X2N )T ,
¸µ¸É ¢²¥´´Ò° ¨§ ¡²µ±µ¢ Xi ≡ (Xi1, . . . , Xi,2M )T , Éµ ¨§ ¸¨¸É¥³Ò (138) ¶µ-
²ÊÎ¨É¸Ö ³ É·¨Î´Ò° ¤¨¸±·¥É´Ò°  ´ ²µ£ (114) ¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö (95) ¸
¡²µÎ´µ-¶ÖÉ¨¤¨ £µ´ ²Ó´µ° ³ É·¨Í¥° A · §³¥·´µ¸ÉÓÕ 4NM . ‚ ¸²ÊÎ ¥ N = 4
¶·¥¤¸É ¢²¥´¨¥ µ ¥¥ ¸É·µ¥´¨¨ ¤ ¥É ·¨¸. 4, ¡, ´  ±µÉµ·µ³ ± ¦¤Ò° ±·Ê¦µ± Å
§ ¶µ²´¥´´ Ö ±¢ ¤· É´ Ö ³ É·¨Í  · §³¥·´µ¸ÉÓÕ 2M ,   ¢¸¥ ´¥µÉ³¥Î¥´´Ò¥ Ê§²Ò
·¥Ï¥É±¨ Å ´Ê²¥¢Ò¥ ¡²µ±¨ ¸ Éµ° ¦¥ · §³¥·´µ¸ÉÓÕ.

�·¥µ¡· §µ¢ ´¨¥ (135) Ê· ¢´¥´¨Ö (95) ´¥ § É· £¨¢ ¥É  ·£Ê³¥´É ϕ ¨ ¶µ-
ÔÉµ³Ê ¨³¥¥É É¥ ¦¥ ¶·¥¨³ÊÐ¥¸É¢  ¨ ´¥¤µ¸É É±¨, ÎÉµ ¨ ¢ · ´¥¥ · ¸¸³µÉ·¥´´µ³
¸²ÊÎ ¥ µ¤´µ³¥·´µ£µ Ê· ¢´¥´¨Ö (133).

�¥¸µ³´¥´´Ò¥ ¤µ¸É¨¦¥´¨Ö  ¢Éµ·µ¢ · ¡µÉÒ [38] Å ¶·¥¤²µ¦¥´´µ¥ ¨³¨ ¶·¥-
µ¡· §µ¢ ´¨¥ (135) ¨ É¥´§µ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ³ É·¨ÍÒ A ¤¨¸±·¥É´µ£µ  ´ ²µ£ 
¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �¸µ¡¥´´µ Í¥´´Ò³¨ ¢ ³¥Éµ¤¨Î¥¸±µ³
µÉ´µÏ¥´¨¨ Ö¢²ÖÕÉ¸Ö Î¥É±µ ¨§²µ¦¥´´Ò¥  ¢Éµ· ³¨ ¨Ì µ¶ÒÉ ³ ¸ÏÉ ¡¨·µ¢ ´¨Ö
£ Ê¸¸µ¢ÒÌ ¸¥Éµ± 
̃rϕ ¨ ·¥§Ê²ÓÉ ÉÒ ¶·¥Í¨§¨µ´´ÒÌ ¤²Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° · ¸Î¥Éµ¢ ¸² ¡µ¸¢Ö§ ´´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ ¸µ¸ÉµÖ´¨° ¢ ¸²ÊÎ ¥
¤ ²Ó´µ¤¥°¸É¢ÊÕÐ¨Ì ¶µÉ¥´Í¨ ²µ¢.

‡ ³¥Î ´¨Ö. ‚ · ¡µÉ¥ [38] ¡ §¨¸´Ò¥ ¸¶² °´Ò sn ¸ Î¥É´Ò³ ¨ ´¥Î¥É´Ò³
¨´¤¥±¸µ³ n = 2i, 2i + 1 ¨ ¨Ì ¶·µ¨§¢µ¤´Ò¥ ¢ÒÎ¨¸²Ö²¨¸Ó ´  ¨Ì ¨´É¥·¢ ²¥-
´µ¸¨É¥²¥ (ri−1, ri+1) ¶µ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. ‘´ Î ²  µ¶·¥¤¥²Ö²¨¸Ó ¢¸¶µ³µ£ -
É¥²Ó´Ò¥ ËÊ´±Í¨¨ φ(t) ¨ ψ(t)  ·£Ê³¥´É  t ∈ [−1, 1] ¨ ¨Ì ¶·µ¨§¢µ¤´Ò¥:

φ(t) = a2(1 + 2|t|), φ′(t) = 6at, φ′′(t) = 6(2a + 1),

ψ(t) = a2t, ψ′(t) = a(3a + 2), ψ′′(t) = 2 sgn (3a + 1),

£¤¥ a ≡ |t| − 1. ‡ É¥³ ¶¥·¥³¥´´ Ö t § ³¥´Ö² ¸Ó ËÊ´±Í¨¥° t(r):

t(r) = d(r − ri),
{

d = 1/hi−1, ri−1 � r < ri,
d = 1/hi , ri � r < ri+1.

� ±µ´¥Í, ¢ÒÎ¨¸²Ö²¨¸Ó ¸ ³¨ ¸¶² °´Ò sn ¨ ¨Ì ¶·µ¨§¢µ¤´Ò¥:

s2i(r) = φ(t(r)), s′2i(r) = d∂tφ(t(r)), s′′2i(r) = 6d2∂2
t φ(t(r)),

s2i+1(r) = d−1ψ(t(r)), s′2i+1(r) = ∂tψ(t(r)), s′′2i+1(r) = d∂2
t ψ(t(r)).

‡ ³¥É¨³, ÎÉµ ¨§²µ¦¥´´ Ö ¸Ì¥³  ¢ÒÎ¨¸²¥´¨Ö ¡ §¨¸´ÒÌ ¸¶² °´µ¢ ¶·¥¤¸É -
¢²Ö¥É¸Ö ¤µ¢µ²Ó´µ Ô±µ´µ³´µ°, ´µ ¨³¥¥É ´¥¤µ¸É Éµ±: ±Ê¸µÎ´µ-²¨´¥°´Ò¥ ËÊ´±-
Í¨¨ t(r),   §´ Î¨É, ¨ ¸¶² °´Ò sn ´¥¤¨ËË¥·¥´Í¨·Ê¥³Ò ¢ Ê§²¥ ri, ¥¸²¨ hi �=
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hi+1. �µÔÉµ³Ê ÔÉÊ ¸Ì¥³Ê ´¥ ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶¥·¢µ°
¶·µ¨§¢µ¤´µ° ¸¶² °´  (137) ¢ Ê§² Ì ´¥·¥£Ê²Ö·´µ° ¸¥É±¨ 
r.

�¢Éµ·Ò  ²£µ·¨É³  5 ¢ [38] ´ ¸É ¨¢ ÕÉ ´  Éµ³, ÎÉµ ÔÉµÉ  ²£µ·¨É³ ¢¸¥-
£¤  µ¡¥¸¶¥Î¨¢ ¥É ¶·¨¡²¨¦¥´¨¥ F = X + τ44 ¸ ÉµÎ´µ¸ÉÓÕ Î¥É¢¥·Éµ£µ ¶µ-
·Ö¤±  ¶µ ± ¦¤µ³Ê ¨§ Ï £µ¢ h ¨ g, ¢µµ¡Ð¥ £µ¢µ·Ö, ´¥·¥£Ê²Ö·´ÒÌ ¸¥Éµ± 
r

¨ 
ϕ. ‡ ³¥É¨³, ÎÉµ ¸µ£² ¸´µ (83) ¶·¨ ¢Ò¡µ·¥ £ Ê¸¸µ¢ÒÌ Ê§²µ¢ ¢ ± Î¥¸É¢¥
Ê§²µ¢ ±µ²²µ± Í¨¨ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ³µ¦´µ µ¦¨¤ ÉÓ ²¨ÏÓ ÉµÎ´µ¸ÉÓ τ33. ’¥µ-
·¥É¨Î¥¸±¨ ÉµÎ´µ¸ÉÓ  ²£µ·¨É³  5 ¤¨¸±·¥É¨§ Í¨¨ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ
Ê· ¢´¥´¨Ö (95) ´¥ Ê¸É ´µ¢²¥´ . �µÔÉµ³Ê Ê± § ´´µ¥ ¶·µÉ¨¢µ·¥Î¨¥ ¢ µÍ¥´±¥
ÉµÎ´µ¸É¨ ´¥µ¡Ìµ¤¨³µ · §·¥Ï¨ÉÓ ¶ÊÉ¥³ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢, ±µÉµ·Ò¥
³µ¦´µ ¢Ò¶µ²´¨ÉÓ ¶µ µ¶¨¸Ò¢ ¥³µ° ´¨¦¥ ³¥Éµ¤¨±¥ ¸· ¢´¥´¨Ö  ²£µ·¨É³µ¢.

3.7. ‘· ¢´¥´¨¥ ¨ Î¨¸²¥´´Ò°  ´ ²¨§  ²£µ·¨É³µ¢. „²Ö Î¨¸²¥´´ÒÌ · ¸-
Î¥Éµ¢ µ¸µ¡µ ¢ ¦´Ò ²µ± ²Ó´Ò¥ ¸¢µ°¸É¢   ²£µ·¨É³µ¢. Š ± µÉ³¥Î ²µ¸Ó ¢ÒÏ¥,
 ²£µ·¨É³Ò 2Ä3′′ µ¡² ¤ ÕÉ ²µ± ²Ó´Ò³¨ ¸¢µ°¸É¢ ³¨ ¶µ  ·£Ê³¥´ÉÊ ϕ ¢ ¸¨²Ê
¸É·µ¥´¨Ö ³ É·¨ÍÒ Bϕ. �´ ²µ£¨Î´Ò¥ ²µ± ²Ó´Ò¥ ¸¢µ°cÉ¢   ²£µ·¨É³µ¢ 4Ä5 ¶µ
µ¡e¨³ ¶¥·¥³¥´´Ò³ r ¨ ϕ µ¡¥¸¶¥Î¨¢ ÕÉ¸Ö Ë¨´¨É´Ò³¨ ¸¢µ°¸É¢ ³¨ ¡ §¨¸´ÒÌ
¸¶² °´µ¢. ‚µ ¢¸¥Ì  ²£µ·¨É³ Ì 1Ä4′′ Î¨¸²µ ´¥¨§¢¥¸É´ÒÌ ¶µ ¶µ·Ö¤±Ê ¢¥²¨Î¨´Ò
· ¢´µ NM ¨ ¢Î¥É¢¥·µ ³¥´ÓÏ¥, Î¥³ ¢  ²£µ·¨É³¥ 5. ‚  ²£µ·¨É³ Ì 1Ä4 ³ -
É·¨Í  A ¤¨¸±·¥É´µ£µ  ´ ²µ£  (114) ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´ Ö, ¢  ²£µ·¨É³¥
4′ Å ¡²µÎ´µ-Î¥ÉÒ·¥Ì¤¨ £µ´ ²Ó´ Ö, ¢  ²£µ·¨É³ Ì 4′′ ¨ 5 ³ É·¨Í  A ¨³¥¥É
¶ÖÉÓ ¶µ²´µ¸ÉÓÕ § ¶µ²´¥´´ÒÌ ¡²µ±-¤¨ £µ´ ²¥°. ’µ²Ó±µ ¢  ²£µ·¨É³¥ 4′′, ´µ
²¨ÏÓ ¢ Ê§² Ì ¸¥É±¨ 
rϕ, ³µ¦´µ µ¦¨¤ ÉÓ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ÊÕ ÉµÎ´µ¸ÉÓ
¶·¨¡²¨¦¥´¨Ö τ44 ¢¸¥Ì ¶·µ¨§¢µ¤´ÒÌ ∂n

z F , z = r, ϕ, n = 0, 1, 2, 4, ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨³¨ ¶·µ¨§¢µ¤´Ò³¨ ∂̄n

z X ¢ÒÎ¨¸²Ö¥³µ£µ ¸¶² °´  X = S3311. �²£µ·¨É³ 5,
¢ µÉ²¨Î¨¥ µÉ  ²£µ·¨É³µ¢ 3Ä4′′,  ¤ ¶É¨·µ¢ ´ ²¨ÏÓ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸¶² °´ 
X = S3322, ¶·¨¡²¨¦ ÕÐ¥£µ ¨¸±µ³µ¥ ·¥Ï¥´¨¥ F ¢ Ê§² Ì £ Ê¸¸µ¢µ° ¸¥É±¨

̃rϕ. ‚  ²£µ·¨É³¥ 5, µ¶ÖÉÓ ¦¥ ¢ µÉ²¨Î¨¥ µÉ  ²£µ·¨É³µ¢ 3Ä4′′, ¢µ¶·µ¸ µ
¶·¨¡²¨¦¥´¨¨ ¶·µ¨§¢µ¤´ÒÌ ·¥Ï¥´¨Ö F ¶¥·¢µ£µ, ¢Éµ·µ£µ ¨ É·¥ÉÓ¥£µ ¶µ·Ö¤±µ¢
µ¸É ²¸Ö µÉ±·ÒÉÒ³.

‘· ¢´¥´¨¥ £² ¢´ÒÌ Ì · ±É¥·¨¸É¨±  ²£µ·¨É³µ¢ § ¢¥·Ï¨³ ¸²¥¤ÊÕÐ¨³ ¢ ¦-
´Ò³ § ³¥Î ´¨¥³. ’¥µ·¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´µ¸É¨ [5] ·¥Ï¥´¨Ö ¨´-
É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸ ¨§¢¥¸É´Ò³¨ ±· ¥¢Ò³¨ Ê¸²µ-
¢¨Ö³¨ ¤µ± § ´  ¢ ±² ¸¸¥ ËÊ´±Í¨° C2,2(R2

+). ˆ³¥´´µ ¢ ´¥³ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö
²µ£¨Î´Ò³ ¨¸± ÉÓ ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥, ÎÉµ ¨ ¤¥² ¥É¸Ö c ¨¸¶µ²Ó§µ¢ ´¨¥³
 ²£µ·¨É³µ¢ 1Ä4′′. �·¨ ·¥ ²¨§ Í¨¨  ²£µ·¨É³  5 ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥ ¢Ò-
Î¨¸²Ö¥É¸Ö ¢ ±² ¸¸¥ C1,1(R2

+) ³¥´¥¥ £² ¤±¨Ì ËÊ´±Í¨° ¨, ¡µ²¥¥ Éµ£µ, ¨¸¶µ²Ó-
§ÊÕÉ¸Ö ´¥ ¢¸¥ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¶·¨ ³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨.
�µÔÉµ³Ê ¤²Ö  ²£µ·¨É³  5 µ¸É ¥É¸Ö ¢µ¶·µ¸ µ Éµ³, ± ±µ¥ µÉ´µÏ¥´¨¥ ¨³¥¥É ¢Ò-
Î¨¸²¥´´µ¥ ·¥Ï¥´¨¥ ± ÉµÎ´µ³Ê, ¢ Î ¸É´µ¸É¨ Ö¢²Ö¥É¸Ö ²¨ ¢ÒÎ¨¸²¥´´µ¥ ·¥Ï¥´¨¥
¥¤¨´¸É¢¥´´Ò³.

�·¨³¥· · ¸Î¥É  ¸¢Ö§ ´´µ£µ ¸µ¸ÉµÖ´¨Ö [35]. „²Ö ¸· ¢´¥´¨Ö ÔËË¥±É¨¢-
´µ¸É¨  ²£µ·¨É³µ¢ 1Ä3 ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ É·¥Ì Éµ¦¤¥-
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¸É¢¥´´ÒÌ ¡µ§µ´µ¢ Ê· ¢´¥´¨¥ (95) ·¥Ï ²µ¸Ó ¢ ¸²ÊÎ ¥ ¶µÉ¥´Í¨ ²  V1(a23) =
V10 exp (−a2

23/d2), £¤¥ a23 Å · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨ p2 ¨ p3. ‡´ Î¥´¨Ö
¶ · ³¥É·µ¢ V10 = 51,5 ŒÔ‚ ¨ d = 1,6 ”³ ¡· ²¨¸Ó ¨§ · ¡µÉÒ [103], ¢ ±µ-
Éµ·µ° ¡Ò²  ¶µ²ÊÎ¥´  ¤µ¸É ÉµÎ´µ ÉµÎ´ Ö µÍ¥´±  Ô´¥·£¨¨ ¸¢Ö§¨ ¸¨¸É¥³Ò É·¥Ì
Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í: B = −E = (9,7811 ± 0,0024) ŒÔ‚. „²Ö ¢ÒÎ¨¸²¥-
´¨° ¶µ² £ ²µ¸Ó R = 30 ”³ · ƒÔ‚1/2 ¨ �

2/m = 41,4696 ŒÔ‚ · ”³2, ¸¥É± 

r ¡· ² ¸Ó ·¥£Ê²Ö·´µ°,   ¸¥É±  
ϕ Å ±Ê¸µÎ´µ-·¥£Ê²Ö·´µ°,   ¨³¥´´µ É ±µ°,
ÎÉµ ·¥£Ê²Ö·´Ò¥ · §¡¨¥´¨Ö µÉ·¥§±µ¢ [0, π/6], [π/6, π/3], [π/3, π/2] ¸µ¤¥·¦ ²¨
m, 1,5m ¨ 2m Ê§²µ¢. �¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° É ±µ¢Ò: ÎÉµ¡Ò §´ Î¥´¨¥ Ô´¥·-
£¨¨ ¸¢Ö§¨, ¢ÒÎ¨¸²¥´´µ¥  ²£µ·¨É³ ³¨ 1, 2 ¨ 3 ± ± ´Ê²Ó ¤¥É¥·³¨´ ´É  detA
³ É·¨ÍÒ A, µ± § ²µ¸Ó ¢ ¨´É¥·¢ ²¥ (9,7811± 0,0024) ŒÔ‚, ´¥µ¡Ìµ¤¨³µ ¡· ÉÓ
É ±ÊÕ ¸¥É±Ê 
rϕ, ÎÉµ (N + 1, M + 1) = (71, 43), (71, 25), (35, 25).

Š ± ¢¨¤´µ ¨§ ÔÉ¨Ì Î¨¸¥², ¸¶² °´- ¶¶·µ±¸¨³ Í¨Ö ¶µ§¢µ²Ö¥É ¶·¨³¥·´µ
¢¤¢µ¥ ¸µ±· É¨ÉÓ Î¨¸²µ ÉµÎ¥± ¸¥É±¨ ¶µ ¸· ¢´¥´¨Õ ¸ ±µ´¥Î´µ-· §´µ¸É´µ°. �²-
£µ·¨É³Ò 2, 3 ¨³¥ÕÉ ¨ ¤·Ê£¨¥ ¶·¥¨³ÊÐ¥¸É¢ , µ¡Ê¸²µ¢²¥´´Ò¥ ¨Ì ²µ± ²Ó´Ò³¨
¸¢µ°¸É¢ ³¨ ¶µ ¶¥·¥³¥´´µ° ϕ, ¢µ§³µ¦´µ¸ÉÓÕ ¢Ò¡µ·  ¶·µ¨§¢µ²Ó´ÒÌ ¸¥Éµ± 
ϕ

¨ 
r ¨ ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´µ° ¸É·Ê±ÉÊ·µ° ³ É·¨ÍÒ A.
�Í¥´¨³, ´ ¸±µ²Ó±µ É ± Ö · §·¥¦¥´´µ¸ÉÓ ³ É·¨ÍÒ A (¸³. ·¨¸. 4, ¢) ¶µ-

§¢µ²Ö¥É µ¶É¨³¨§¨·µ¢ ÉÓ ¢ÒÎ¨¸²¥´¨¥ Ô´¥·£¨¨ E ¸¢Ö§ ´´µ£µ É·¥ÌÎ ¸É¨Î´µ£µ
¸µ¸ÉµÖ´¨Ö ± ± ´Ê²Ö det A. ‘ ÔÉµ° Í¥²ÓÕ · ¸¸³µÉ·¨³ Í¨±²¨Î¥¸±¨° ³ É·¨Î-
´Ò°  ´ ²µ£ ¸Ì¥³Ò ¨¸±²ÕÎ¥´¨Ö ƒ Ê¸¸  ¶·¨ ´¥±µÉµ·µ³ ¤ ´´µ³ §´ Î¥´¨¨ E.
�¥·¢Ò° Ï £ Í¨±²  ¶µ ´µ³¥·Ê i ¥¥ ¡²µ±-¸É·µ±¨ ¨§µ¡· §¨³ ± ±

T =
∣∣∣∣ D1 R1 0

L2 D2 0

∣∣∣∣→ U =

=
∣∣∣∣ U11 U12 U13

0 U22 U23

∣∣∣∣→ T =
∣∣∣∣ U22 U23 0

L3 D3 R3

∣∣∣∣ .
�  ÔÉµ³ Ï £¥ ¶·Ö³µÊ£µ²Ó´ Ö ³ É·¨Í  T § ¶µ²´Ö¥É¸Ö ¢ÒÎ¨¸²¥´´Ò³¨ ´¥´Ê²¥-
¢Ò³¨ ¡²µ± ³¨ ¶¥·¢ÒÌ ¡²µ±-²¨´¨° ³ É·¨ÍÒ A. ƒ Ê¸¸µ¢Ò³ ¨¸±²ÕÎ¥´¨¥³ [84]
¸ ¢Ò¡µ·µ³ £² ¢´µ£µ Ô²¥³¥´É  ¶µ ¸É·µ± ³ ³ É·¨Í  T ¶·¥µ¡· §Ê¥É¸Ö ¢ ®· -
¡µÎÊÕ¯ ³ É·¨ÍÊ U. …¥ ¡²µ± U21 Å ´Ê²¥¢ Ö ³ É·¨Í  0,   ¡²µ± U11 Å
¢¥·Ì´ÖÖ É·¥Ê£µ²Ó´ Ö ³ É·¨Í . ‡´ Î¥´¨¥ d1 ¶·µ¨§¢¥¤¥´¨Ö ¤¨ £µ´ ²Ó´ÒÌ Ô²¥-
³¥´Éµ¢ ¡²µ±  U11 § ¶µ³¨´ ¥É¸Ö. ‡ É¥³ ³ É·¨Í  T § ¶µ²´Ö¥É¸Ö ¡²µ± ³¨
T11 = U22, T21 = U23 ¨ ¢ÒÎ¨¸²¥´´Ò³¨ ¡²µ± ³¨ É·¥ÉÓ¥° ¡²µ±-¸É·µ±¨ ³ -
É·¨ÍÒ A ¨ ¶·¨´¨³ ¥É ÉµÉ ¦¥ ¢¨¤, ÎÉµ ¨ ¢ ´ Î ²¥ Ï £ . �  ¢Éµ·µ³ Ï £¥
§ ¶µ³¨´ ¥É¸Ö ¶·µ¨§¢¥¤¥´¨¥ d1 d2, £¤¥ d2 Å ¶·µ¨§¢¥¤¥´¨¥ ¤¨ £µ´ ²Ó´ÒÌ Ô²¥-
³¥´Éµ¢ ´µ¢µ£µ ¡²µ±  U11. �µ¢Éµ·¨¢ µ¶¨¸ ´´Ò° Í¨±² N − 1 · §, ¶µ²ÊÎ ¥³
detA = d1d2 · · ·dN−1. �¶¨¸ ´´Ò°  ²£µ·¨É³ ¶·¥¤² £ ¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö
¢ÒÎ¨¸²¥´¨Ö ¤¥É¥·³¨´ ´É  ¡²µÎ´µ-É·¥Ì¤¨ £µ´ ²Ó´ÒÌ ³ É·¨Í A ¸ ¡µ²ÓÏµ°
· §³¥·´µ¸ÉÓÕ (N − 1)(M − 1). �²£µ·¨É³ ¶µ§¢µ²Ö¥É § ³¥É´µ ¸Ô±µ´µ³¨ÉÓ
µ¶¥· É¨¢´ÊÕ ¶ ³ÖÉÓ ±µ³¶ÓÕÉ¥· , ¶µÉµ³Ê ÎÉµ ´  ± ¦¤µ³ Ï £¥ ¥£µ Í¨±²  ¢
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µ¡Ð¥³ ¡²µ±¥ µ¶¥· É¨¢´µ° ¶ ³ÖÉ¨ ±µ³¶ÓÕÉ¥·  ¤µ¸É ÉµÎ´µ Ì· ´¨ÉÓ ³ É·¨ÍÊ
T, ¸µ¤¥·¦ ÐÊÕ ¢¸¥£µ 6(M − 1)2 Ô²¥³¥´Éµ¢ ¨ ¢ÒÎ¨¸²ÖÉÓ ³ É·¨ÍÊ U ¸ É ±¨³
¦¥ Î¨¸²µ³ Ô²¥³¥´Éµ¢. �²£µ·¨É³ ´¥¸²µ¦´µ µ¡µ¡Ð¨ÉÓ ¨ ´  ¸²ÊÎ ° ¡²µÎ´µ-
¶ÖÉ¨¤¨ £µ´ ²Ó´µ° ³ É·¨ÍÒ (¸³. ·¨¸. 4, £), ´µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨¤¥É¸Ö Ì· ´¨ÉÓ
³ É·¨ÍÒ T ¨ U ¨§ É·¥Ì ¡²µ±-¸É·µ± ¨ ¶ÖÉ¨ ¡²µ±-¸Éµ²¡Íµ¢.

‚ ¸²ÊÎ ¥ ²¥´ÉµÎ´ÒÌ ³ É·¨Í  ¢Éµ· ´ ¸ÉµÖÐ¥£µ µ¡§µ·  ¶·¥¤¶µÎ¨É ¥É ¨¸-
¶µ²Ó§µ¢ ÉÓ ¨ ¤·Ê£¨¥ Í¨±²¨Î¥¸±¨¥ ³ É·¨Î´Ò¥  ´ ²µ£¨ ¨§¢¥¸É´ÒÌ ³¥Éµ¤µ¢ ·¥-
Ï¥´¨Ö ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° [84], ¶µÉµ³Ê ÎÉµ ¸¤¥² ´´Ò° ¨³ ¢Ò¢µ¤ ¨§
Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¸ ³¥Éµ¤µ³ ‹ ´ÍµÏ   ¡¸µ²ÕÉ´µ ¸µ¢¶ ¤ ¥É ¸ ³´¥-
´¨¥³  ¢Éµ·µ¢ ³µ´µ£· Ë¨¨ [84]: ®...¢ ÔÉµ³ ³¥Éµ¤¥ ¶µ±  ¥Ð¥ ¸²¨Ï±µ³ ³´µ£µ
´¥Ö¸´µ£µ, ¨ ¥£µ ¶· ±É¨Î¥¸±µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ¸±µ·¥¥ ¶µÌµ¦¥ ´  ¨¸±Ê¸¸É¢µ, Î¥³
´  µ¡µ¸´µ¢ ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö¯ [84, c. 245].

�·¨³¥·. �²£µ·¨É³µ³ 3′′ ´  ¸¥É±¥ 
ϕ ¨§ ¸¥³¨ Ê§²µ¢ ·¥Ï ² ¸Ó § ¤ Î 

(∂2
ϕ − E)F (ϕ) = 0, ∂n

ϕF = 0, n = 0, 2, ϕ = 0, π/2.

Š ± µ± § ²µ¸Ó, ¢ÒÎ¨¸²¥´´µ¥ ³¨´¨³ ²Ó´µ¥ ¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ Ẽ = 4,03
¡²¨§±µ ± ÉµÎ´µ³Ê E = 4, ´µ ¢ÒÎ¨¸²¥´´Ò° ¸¶² °´ X = S31(ϕ) § ³¥É´µ
µÉ²¨Î ¥É¸Ö µÉ ÉµÎ´µ£µ ·¥Ï¥´¨Ö F = sin 2ϕ ¶·¨ ϕ ∈ [π/3, π/2]. ‚ ÔÉµ°
µ¡² ¸É¨ |X/F − 1| ≈ 0,3. ‚Ò¢µ¤ ± ¸ ¥É¸Ö ²Õ¡µ£µ Î¨¸²¥´´µ£µ  ²£µ·¨É³ :
¨§ ¡²¨§µ¸É¨ ¢ÒÎ¨¸²¥´´µ£µ ¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö ± ÉµÎ´µ³Ê ¥Ð¥ ´¥ ¸²¥¤Ê¥É
· ¢´µ³¥·´ Ö ¶µ  ·£Ê³¥´É ³ ¡²¨§µ¸ÉÓ ¢ÒÎ¨¸²¥´´µ° ¸µ¡¸É¢¥´´µ° ËÊ´±Í¨¨ ±
ÉµÎ´µ°. �·¨¢¥¤¥´´Ò° ¶·¨³¥· ¨²²Õ¸É·¨·Ê¥É µ¸µ¡ÊÕ §´ Î¨³µ¸ÉÓ ¢µ¶·µ¸  µ
¶µÉµÎ¥Î´µ° ¸Ìµ¤¨³µ¸É¨ Î¨¸²¥´´µ£µ  ²£µ·¨É³ .

Œ¥Éµ¤¨±  µÍ¥´±¨ ÉµÎ´µ¸É¨  ²£µ·¨É³µ¢. �¶¨¸ ´¨¥ ¶·¥¤² £ ¥³µ° ³¥Éµ-
¤¨±¨ ´ Î´¥³ ¸ µ¶·¥¤¥²¥´¨°. �Ê¸ÉÓ (E, F ) Å ÉµÎ´µ¥ ·¥Ï¥´¨¥ § ¤ Î¨ ´  ¸¢Ö-
§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ (95), (99)Ä(105),   (Ẽ, X) Å ·¥Ï¥´¨¥ ¥¥ ¤¨¸±·¥É´µ£µ  ´ -
²µ£ , ¨´É¥·¶µ²¨·µ¢ ´´µ¥ ¢ B2 ¨ ´µ·³¨·µ¢ ´´µ¥ Ê¸²µ¢¨¥³ X = F ¢ ± ±µ°-Éµ
µ¤´µ° ÉµÎ±¥ (r, ϕ) ∈ B2. „²Ö ¢¸¥Ì · ¸¸³µÉ·¥´´ÒÌ  ²£µ·¨É³µ¢ §  ¨¸±²ÕÎ¥´¨¥³
 ²£µ·¨É³  4′′ ¢¢¥¤¥³ ¤¥¸ÖÉ¨Î´Ò¥ ²µ£ ·¨Ë³Ò χ ¨ χn µÉ´µ¸¨É¥²Ó´µ° ÉµÎ´µ¸É¨
¶·¨¡²¨¦¥´¨° E ≈ Ẽ ¨ ∂n

ϕF ≈ ∂n
ϕX :

χ(ζ) ≡
∣∣∣log

∣∣∣Ẽ/E − 1
∣∣∣∣∣∣ , χn(r, ϕ; ζ) ≡ log

∣∣∣∣ |∂n
ϕX(r, ϕ)|

|∂n
ϕF (r, ϕ)| + δ

− 1
∣∣∣∣ , (139)

£¤¥ n = 0, . . . , 3, ζ Å ´ ¡µ· ¢ ·Ó¨·Ê¥³ÒÌ ¶ · ³¥É·µ¢ ¸¥É±¨ 
rϕ,   δ Å
³ Ï¨´´Ò° ´Ê²Ó. „²Ö  ²£µ·¨É³  4′′ ¨¸¶µ²Ó§Ê¥³ ÉÊ ¦¥ ËÊ´±Í¨Õ χ ¨ ËÊ´±Í¨¨
χn, n = 0, . . . , 4, ¸µ¤¥·¦ Ð¨¥ ∂̄n

ϕX = ∂̄n
ϕS ¢³¥¸Éµ ∂n

ϕX = ∂n
ϕS:

χ(ζ) ≡
∣∣∣ log

∣∣∣Ẽ/E − 1
∣∣∣∣∣∣ , χn(r, ϕ; ζ) ≡ log

∣∣∣∣∣ |∂̄n
ϕX(r, ϕ)|

|∂n
ϕF (r, ϕ)| + δ

− 1

∣∣∣∣∣ . (140)
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�Ê¸ÉÓ ¶·¨ ¤ ´´µ³ r ∈ (0, R) ¨ ζ ²µ³ ´ Ö Pn(ϕ; r, ζ) ¸µ¥¤¨´Ö¥É ¢¸¥ ÉµÎ±¨
(ϕj , χn(r, ϕj ; ζ)), j = 0, . . . , M ,  ¡¸Í¨¸¸Ò ±µÉµ·ÒÌ ϕj Å Ê§²Ò ¸¥É±¨ 
ϕ,  
²µ³ ´ Ö Qn(ϕ; r, ζ) ¶·µÌµ¤¨É Î¥·¥§ ¢¸¥ ÉµÎ±¨ (ϕk, χn(r, ϕk; ζ)), k = 0, . . .,
 ¡¸Í¨¸¸Ò ±µÉµ·ÒÌ ϕk ´¥ ¸µ¢¶ ¤ ÕÉ ¸ Ê§² ³¨ ϕj ¸¥É±¨ 
ϕ.

‘Ëµ·³Ê²¨·Ê¥³ £¨¶µÉ¥§Ê ¸Ìµ¤¨³µ¸É¨ ¨¸¸²¥¤Ê¥³µ£µ  ²£µ·¨É³  ¶·¨ ¤ ´´µ³
r ∈ (0, R) ¨ g → 0: ¶Ê¸ÉÓ ¸ÊÐ¥¸É¢ÊÕÉ ´ ¸Éµ²Ó±µ ¡µ²ÓÏ¨¥ R ¨ N , ÎÉµ ¶·¨
¢ ·Ó¨·µ¢ ´¨¨ Î¨¸²  Ê§²µ¢ ζ = M + 1 = Mk + 1, k = 1, . . ., M1 < M2 < . . .,
¸¥É±¨ 
ϕ ¶·¨ ¢¸¥Ì Mm > Mk ¨ ´¥±µÉµ·ÒÌ ¶µ²µ¦¨É¥²Ó´ÒÌ Î¨¸² Ì p, pn ¨
qn ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨¡²¨¦¥´´Ò¥ · §´µ¸É´Ò¥ ¸µµÉ´µÏ¥´¨Ö

χ(Mm) − χ(Mk) = p log
Mm

Mk
,

Pn(ϕ; r, Mm) − Pn(ϕ; r, Mk) = pn log
Mm

Mk
,

Qn(ϕ; r, Mm) − Qn(ϕ; r, Mk) = qn log
Mm

Mk
.

(141)

’µ£¤  ¶·¨ É¥Ì ¦¥ Ê¸²µ¢¨ÖÌ ´  N ¨ R ¢¸¥ Ê± § ´´Ò¥ · §´µ¸É¨ ËÊ´±Í¨° Pn ¨
Qn § ¢¨¸ÖÉ Éµ²Ó±µ µÉ (r, ϕ), ´µ ´¥ § ¢¨¸ÖÉ µÉ k ¨ m:

Pn(r, ϕ; Mm) − Pn(r, ϕ; Mk) = log |P̃n(r, ϕ)|,
Qn(ϕ; r, Mm) − Qn(ϕ; r, Mk) = log |Q̃n(r, ϕ)|,

(142)

¨ ¶µÔÉµ³Ê ¶·¨ g → 0 ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ µÍ¥´±¨ ¸Ìµ¤¨³µ¸É¨:

Ẽ = E + O(gp);

∂n
ϕF (r, ϕ) = ∂n

ϕX(r, ϕ) + P̃n(r, ϕ)gpn , ϕ ∈ 
ϕ;

∂n
ϕF (r, ϕ) = ∂n

ϕX(r, ϕ) + Q̃n(r, ϕ)gqn , ϕ /∈ 
ϕ.

(143)

�µ·Ö¤±¨ pn ¨ qn ¸Ìµ¤¨³µ¸É¨ ¢ Ê§² Ì ¸¥É±¨ 
ϕ ¨ ¢´¥ ¥¥ Ê§²µ¢ ¸µµÉ¢¥É¸É¢¥´´µ
µ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‘´ Î ²  ¶·¨ ¤ ´´ÒÌ N , R ¨ r ¢ÒÎ¨¸²Ö-
ÕÉ¸Ö ËÊ´±Í¨¨ χ, χn, Pn ¨ Qn ¤²Ö ´¥±µÉµ·µ° ¢µ§· ¸É ÕÐ¥° ¶µ¸²¥¤µ¢ É¥²Ó-
´µ¸É¨ M1 < M2, . . . ¶ · ³¥É·  M ¸¥É±¨ 
ϕ. ‡ É¥³ ´¥µ¡Ìµ¤¨³µ Ê¡¥¤¨ÉÓ¸Ö
¢ Éµ³, ÎÉµ ¢Ò¶µ²´ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö (142). ‘ ³Ò° ¶·µ¸Éµ° ¤²Ö ÔÉµ£µ ¸¶µ-
¸µ¡ Å ¢¨§Ê ²Ó´µ¥ ¸· ¢´¥´¨¥ £· Ë¨±µ¢ ËÊ´±Í¨° Pn ¨²¨ Qn ¶·¨ µ¤¨´ ±µ¢ÒÌ
n, ´µ · §´ÒÌ M = Mk. …¸²¨ Ëµ·³  ±·¨¢ÒÌ ´¥ § ¢¨¸¨É µÉ M , Éµ ¸µµÉ´µÏ¥-
´¨Ö (142) ¢¥·´Ò. ’µ£¤  µ¸É ¥É¸Ö ¢Ò¡· ÉÓ ¶·µ¨§¢µ²Ó´Ò³ µ¡· §µ³ ÉµÎ±Ê ϕ ¨
· §·¥Ï¨ÉÓ Ê· ¢´¥´¨Ö (141) µÉ´µ¸¨É¥²Ó´µ Î¨¸¥² p, pn ¨ qn. …¸²¨ ¸ ·µ¸Éµ³ Mm

¨ Mk ÔÉ¨ Î¨¸²  ¡Ê¤ÊÉ ¸Ìµ¤¨ÉÓ¸Ö ± Í¥²Ò³, Éµ ¢Ò¸± § ´´ Ö £¨¶µÉ¥§  ¸Ìµ¤¨³µ-
¸É¨ ¸É ´¥É Î¨¸²¥´´µ ¤µ± § ´´µ° É¥µ·¥³µ° µ ¸¶· ¢¥¤²¨¢µ¸É¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì
¸µµÉ´µÏ¥´¨° (143).

‡ ³¥Î ´¨Ö. …¸²¨ ÉµÎ´µ¥ ·¥Ï¥´¨¥ (E, F ) ´¥¨§¢¥¸É´µ, Éµ ¢ (139)Ä(142)
¢³¥¸Éµ (E, F ) ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¨¡²¨¦¥´´µ¥, ´µ ¤µ¸É ÉµÎ´µ ¡²¨§±µ¥ ±
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ÉµÎ´µ³Ê ·¥Ï¥´¨¥, ¢ÒÎ¨¸²¥´´µ¥ ¶·¨ ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ÒÌ §´ Î¥´¨ÖÌ ¢¸¥Ì
É·¥Ì ¶ · ³¥É·µ¢ N , M ¨ R. �µ·Ö¤±¨ ¸Ìµ¤¨³µ¸É¨  ²£µ·¨É³  ¶·¨ Ë¨±¸¨-
·µ¢ ´´µ³ ϕ ¨ h → 0 ³µ¦´µ µ¶·¥¤¥²¨ÉÓ, ¶·¨³¥´ÖÖ Ê¦¥ µ¶¨¸ ´´Ò° ¸¶µ¸µ¡,
´µ µ¶¥·¨·ÊÖ  ´ ²µ£ ³¨ ËÊ´±Í¨° χn, ±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö § ³¥´µ° ∂n

ϕ → ∂n
r

¢ Ëµ·³Ê² Ì (139),   ¤²Ö  ²£µ·¨É³  4′′ § ³¥´µ° ∂̄n
ϕ → ∂̄n

r ¢ Ëµ·³Ê² Ì (140).
Œµ¦´µ Î¨¸²¥´´µ µ¶·¥¤¥²¨ÉÓ ¶µ·Ö¤±¨ ¸Ìµ¤¨³µ¸É¨ ¢ ¸²ÊÎ ¥ h, g → 0. „²Ö
ÔÉµ£µ Ê¤µ¡´µ ¢¢¥¸É¨ ËÊ´±Í¨¨ χnm, · ¢´Ò¥ ¶· ¢Ò³ Î ¸ÉÖ³ µ¶·¥¤¥²¥´¨° (139)
¨²¨ (140) ¶µ¸²¥ § ³¥´ ∂n

r → ∂n
r ∂m

ϕ ¨²¨ ∂̄n
r → ∂̄n

r ∂̄m
ϕ .

‘· ¢´¥´¨¥  ²£µ·¨É³µ¢ 4 ¨ 4′′. —Éµ¡Ò ¶·µ¤¥³µ´¸É·¨·µ¢ ÉÓ µ¶¨¸ ´´ÊÕ
³¥Éµ¤¨±Ê, µ¶·¥¤¥²¨³ ¶µ·Ö¤±¨ ¸Ìµ¤¨³µ¸É¨ p, pn ¨ qn  ²£µ·¨É³µ¢ 4 ¨ 4′′ ¢
¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° (29) ¸ ¶ · ³¥É·µ³ c = 4. ‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥-
´¨¥ (95) ¸µ¤¥·¦¨É ¶µÉ¥´Í¨ ² V1 = 4/(r cos ϕ)2 ¨ ¢ ¸¨²Ê ¸¢Ö§¨ U = r−1/2F ¨
Ëµ·³Ê² (30) ¨³¥¥É ¶·¨ ²Õ¡µ° Ô´¥·£¨¨ E > 0 ÉµÎ´µ¥ ·¥Ï¥´¨¥

F (r, ϕ) =
√

zJ6(z)
[
sin 2ϕ − 4

5
sin 4ϕ − sin 6ϕ

]
, z ≡ r

√
E, (144)

· ¢´µ¥ ´Ê²Õ ¶·¨ z ≡ r
√

E = j6,1, £¤¥ j6,1 Å ¶¥·¢Ò° ´Ê²Ó ËÊ´±Í¨¨ �¥¸-
¸¥²Ö J6. ˆ¸¶µ²Ó§Ê¥³ ÔÉµÉ Ë ±É, ÎÉµ¡Ò ¸Ëµ·³Ê²¨·µ¢ ÉÓ µ¤´µ§´ Î´µ · §·¥-
Ï¨³ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ ¢ µ¡² ¸É¨ B2 ¸ £· ´¨Í ³¨ r = 0 ¨ r = R ≡ j6,1.
ˆ¸±µ³µ¥ ·¥Ï¥´¨¥ (E, F ), µÉ¢¥Î ÕÐ¥¥ ¸µ¡¸É¢¥´´µ³Ê §´ Î¥´¨Õ E = 1, ¶µ¤-
Î¨´¨³ ¶·¥¦´¨³ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ (99)Ä(104). „µ¶µ²´¨É¥²Ó´Ò¥ ± ´¨³ µ¤-
´µ·µ¤´Ò¥ Ê¸²µ¢¨Ö (105), ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö ¨¸¶µ²Ó§µ¢ ´¨Ö  ²£µ·¨É³µ¢ 4 ¨
4′′, É¥¶¥·Ó ´¥ ¢Ò¶µ²´ÖÕÉ¸Ö: ¶·µ¨§¢µ¤´Ò¥ ∂2

rF ¨ ∂r∂ϕF ËÊ´±Í¨¨ (144) ¶·¨
r = R = j6,1 µÉ²¨Î´Ò µÉ ´Ê²Ö. �µÔÉµ³Ê  ²£µ·¨É³Ò 4 ¨ 4′′ ¸²¥¤Ê¥É ³µ¤¨-
Ë¨Í¨·µ¢ ÉÓ. „²Ö ÔÉµ£µ ¶µ¤Î¨´¨³ ¨¸±µ³Ò° ¸¶² °´ (73) ´¥ Ê¸²µ¢¨Ö³ (105),
± ± · ´¥¥,   Ê· ¢´¥´¨Õ (95) ¢ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê§² Ì ±µ²²µ± Í¨¨ (r±N−1, ϕj),
£¤¥ r±N−1 Å £ Ê¸¸µ¢Ò Ê§²Ò,   j = 0, . . . , M . �¡¸Ê¦¤ ¥³Ò¥ ´¨¦¥ ·¥§Ê²ÓÉ ÉÒ
¶µ²ÊÎ¥´Ò ³µ¤¨Ë¨Í¨·µ¢ ´´Ò³¨ É ±¨³ µ¡· §µ³  ²£µ·¨É³ ³¨ 4 ¨ 4′′. ‘´ -
Î ²  ÔÉ¨³¨  ²£µ·¨É³ ³¨ ¢ÒÎ¨¸²Ö²µ¸Ó ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥ (Ẽ, X). ˆ¸-
¶µ²Ó§µ¢ ² ¸Ó µ¤´  ¨ É  ¦¥ ¸¥É±  
r ¸ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³ Î¨¸²µ³ Ê§²µ¢
N+1 = 101, ´ °¤¥´´Ò³ ¶ÊÉ¥³ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éµ¢ ¨§ Ê¸²µ¢¨Ö £¨¶µÉ¥§Ò
¸Ìµ¤¨³µ¸É¨,   Î¨¸²µ Ê§²µ¢ M + 1 ¸¥É±¨ 
ϕ ¶µ¸²¥¤µ¢ É¥²Ó´µ Ê¢¥²¨Î¨¢ ²µ¸Ó:
M = Mk = 9, 30, 102, 300, 999; k = 1, . . . , 5. Š ¦¤Ò° · § ¶·¨¡²¨¦¥´´µ¥ ¨
ÉµÎ´µ¥ ·¥Ï¥´¨Ö (Ẽ, X) ¨ (E = 1, F ) ¨¸¶µ²Ó§µ¢ ²¨¸Ó ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ËÊ´±-
Í¨° χ ¨ χn ¶·¨ r = r50 ¨ δ = 10−13 ¶µ Ëµ·³Ê² ³ (139) ¨²¨ (140). ‚
 ²£µ·¨É³¥ 4 ¶·µ¨§¢µ¤´Ò¥ ¸¶² °´  ¢ÒÎ¨¸²Ö²¨¸Ó ¶µ Ëµ·³Ê² ³ (129) ¨ (130),  
¢  ²£µ·¨É³¥ 4′′ Å ¶µ Ëµ·³Ê² ³ (131) ¨ (132).

�¡¸Ê¤¨³ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨°. …¸²¨ M = Mk = 9, 30, 102, 300, 999, Éµ
χ(M) ≈ 2, 3, 4, 5, 6 ¤²Ö  ²£µ·¨É³  4 ¨ χ(M) ≈ 3, 6, 8, 10, 12 ¤²Ö  ²£µ·¨É³  4′′.
‘²¥¤µ¢ É¥²Ó´µ, ¶·¨ ¤µ¸É ÉµÎ´µ ¡µ²ÓÏµ³ M � M2 = 30 ËÊ´±Í¨Ö χ Ê¤µ¢²¥-
É¢µ·Ö¥É · ¢¥´¸É¢Ê (141) ¸ p = 2 ¨ p = 4 ¤²Ö  ²£µ·¨É³µ¢ 4 ¨ 4′′.
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�¨¸. 5. ‹µ³ ´Ò¥ ²¨´¨¨ Pn(ϕ; r50, M): 1 ¨ 2 Å  ²£µ·¨É³ 4, M = 102 ¨ M =
999; 3 ¨ 4 Å  ²£µ·¨É³ 4′′, M = 102 ¨ M = 999; ±¢ ¤· ÉÒ ¨ ±·Ê¦±¨ Å ÉµÎ±¨
(ϕk, χ(r50, ϕk; M)), ϕk = πk/58, k = 1, . . . , 29, ¤²Ö  ²£µ·¨É³µ¢ 4 ¨ 4′′

� ¸¸³µÉ·¨³ £· Ë¨±¨ ËÊ´±Í¨° χn, ¨§µ¡· ¦¥´´Ò¥ ´  ·¨¸. 5. –¨Ë· ³¨
1, 2, 3, 4 µ¡µ§´ Î¥´Ò ²µ³ ´Ò¥ ²¨´¨¨ P (ϕ; r50, M): 1, 2 Å ¤²Ö M = 102, 999
¨  ²£µ·¨É³  4,   3, 4 Å ¤²Ö M = 102, 999 ¨  ²£µ·¨É³  4′′. Š¢ ¤· É ³¨
( ²£µ·¨É³ 4, M = 102) ¨ ±·Ê¦± ³¨ ( ²£µ·¨É³ 4′′, M = 999) µÉ³¥Î¥´Ò
ÉµÎ±¨ (ϕk = kπ/58, χn(r50, ϕk; M)). ’µÎ±¨ ϕk, k = 1, . . ., ´¥ ¸µ¢¶ ¤ ÕÉ
¸ Ê§² ³¨ ¸¥É±¨ 
ϕ. Š·Ê¦±¨ ¨ ±¢ ¤· ÉÒ ²¥¦ É ´  ²µ³ ´ÒÌ Qn. �É¨ ²µ³ ´Ò¥
´¥ ¨§µ¡· ¦¥´Ò, ÎÉµ¡Ò ¨§¡¥¦ ÉÓ § £·µ³µ¦¤¥´¨Ö ·¨¸Ê´±µ¢. �·¨ ± ¦¤µ³ n =
0, 1, 2, 3 ¢¸¥ ±·¨¢Ò¥ 1, 2, 3 ¨ 4 ¨³¥ÕÉ µ¤´Ê ¨ ÉÊ ¦¥ Ëµ·³Ê. ‘²¥¤µ¢ É¥²Ó´µ, ¶·¨
²Õ¡µ³ ϕ ¢¸¥ ËÊ´±Í¨¨ Pn ¶µ¤Î¨´ÖÕÉ¸Ö · ¢¥´¸É¢ ³ (142). � ¶·¨³¥·, ¸µ£² ¸´µ
·¨¸. 5, a ¶·¨ ϕ = 1/8 ¨ n = 0 · §´µ¸ÉÓ

dn ≡ Pn(ϕ; r50, 999)− Pn(ϕ; r50, 102)
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¶·¨³¥·´µ · ¢´  5 − 3 = 2 ¤²Ö  ²£µ·¨É³  4 ¨ 11 − 7 = 4 ¤²Ö  ²£µ·¨É³  4′′.
�µÔÉµ³Ê p0 = 2 ¤²Ö ¶¥·¢µ£µ ¨§ ´¨Ì ¨ p0 = 4 ¤²Ö ¢Éµ·µ£µ. ˆ¸¶µ²Ó§ÊÖ ·¨¸. 5, ¡Ä
£, ¢ÒÎ¨¸²¨³ µ¸É ²Ó´Ò¥ · §´µ¸É¨ dn, n = 1, 2, 3. ˆ³¥¥³ p1 = 2, p2 = 2 ¨
p3 = 1 ¤²Ö  ²£µ·¨É³  4 ¨ p1 = 4, p2 = 4 ¨ p3 = 2 ¤²Ö  ²£µ·¨É³  4′′. „²Ö
ÔÉµ£µ ¦¥  ²£µ·¨É³ , ¨¸¶µ²Ó§ÊÖ ·¨¸. 6, ´  ±µÉµ·µ³ 1 Å ²µ³ ´ Ö P4(r50, ϕ; 102),
  2 Å ²µ³ ´ Ö P4(r50, ϕ; 999), ´ Ìµ¤¨³ d4 = p4 = 4.

�¨¸. 6. ‹µ³ ´ Ö ²¨´¨Ö P4(ϕ; r50, M): 1 Å
¶·¨ M = 102 ¨ 2 Å ¶·¨ M = 999

Š ± ¢¨¤´µ ¨§ ·¨¸. 5, ¤²Ö  ²£µ-
·¨É³  4 ÉµÎ±¨, µÉ³¥Î¥´´Ò¥ ±¢ ¤· -
É ³¨, ¡²¨§±¨ ± ¸µµÉ¢¥É¸É¢ÊÕÐ¨³
²µ³ ´Ò³ 1 ¶·¨ ¢¸¥Ì n = 0, 1, 2, 3;
¤²Ö  ²£µ·¨É³  4′′ ÉµÎ±¨, µÉ³¥Î¥´-
´Ò¥ ±·Ê¦± ³¨, ¡²¨§±¨ ± ²µ³ ´µ° 4
²¨ÏÓ ¶·¨ n = 0,   ¶·¨ n = 2, 3
ÔÉ¨ ÉµÎ±¨ ¡²¨§±¨ ± ²µ³ ´Ò³ 2, ¢Ò-
Î¨¸²¥´´Ò³  ²£µ·¨É³µ³ 4 ¢ ¸²ÊÎ ¥
M = 999. ‘²¥¤µ¢ É¥²Ó´µ, ¤²Ö  ²-
£µ·¨É³  4 ¢¸¥ ¶µ·Ö¤±¨  ¶¶·µ±¸¨-
³ Í¨¨ ¢ Ê§² Ì ϕj ¨ ¢´¥ Ê§²µ¢ ¸µ-
¢¶ ¤ ÕÉ: qn = pn, n = 0, 1, 2, 3;
¤²Ö  ²£µ·¨É³  4′′ Éµ²Ó±µ q0 = p0,
  ¶µ·Ö¤±¨ q2 = 2 ¨ q3 = 1 É¥ ¦¥,
ÎÉµ ¨ ¢  ²£µ·¨É³¥ 4. ˆ§ ·¨¸. 5, ¢
¤²Ö  ²£µ·¨É³  4′′ ´ Ìµ¤¨³ p1 = 4 ¨
q1 = 3. „²Ö  ²£µ·¨É³  4′′ ¢¸¥ ´ °-
¤¥´´Ò¥ ¶µ·Ö¤±¨ qn, n = 0, 1, 2, 3,
µ± § ²¨¸Ó · ¢´Ò³¨ · §´µ¸ÉÖ³ ËÊ´±Í¨° Qn(ϕ; r50, M) ¸ M = 999 ¨ M = 102.

�µ²¥¥ ¤¥É ²Ó´µ¥ ¶·¥¤¸É ¢²¥´¨¥ µ ÉµÎ´µ¸É¨  ¶¶·µ±¸¨³ Í¨¨ ¢´¥ Ê§²µ¢
¸¥É±¨ 
ϕ ¨ ¢ ¥¥ Ê§² Ì ¤ ¥É  ´ ²¨§ ¶µ¢¥¤¥´¨Ö ËÊ´±Í¨° χn ´  ¢Ò¡· ´´µ³
µÉ·¥§±¥ [ϕj , ϕj+1]. Š ± ¶·¨³¥· · ¸¸³µÉ·¨³ ¸²ÊÎ ° M = 102 ¨ j = 10,
±µ£¤  ϕ10 = 0,1386 ¨ ϕ11 = 0,1540. �  ·¨¸. 7, a, ¡ ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨
ËÊ´±Í¨° χn, ¢ÒÎ¨¸²¥´´Ò¥  ²£µ·¨É³ ³¨ 4 ¨ 4′′ ¨ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¨´¤¥±¸µ³
n = 0, 1, 2, 3, 4 µÉ³¥Î¥´´Ò¥ ±·Ê¦± ³¨, É·¥Ê£µ²Ó´¨± ³¨, ±¢ ¤· É ³¨, ·µ³¡ ³¨
¨ ±·¥¸É ³¨.

�¡¸Ê¤¨³ ·¨¸. 7, a. ƒ· Ë¨±¨ ËÊ´±Í¨° χ0 ¨ χ1 ¡²¨§±¨ ¤·Ê£ ± ¤·Ê£Ê, ¶µÔÉµ³Ê
p0 = p1 = 2 ¨ ´  ¢¸¥³ µÉ·¥§±¥ [ϕ10, ϕ11] µ¡  ¶·¨¡²¨¦¥´¨Ö X ≈ F ¨ ∂ϕX ≈ F
¨³¥ÕÉ ¢Éµ·µ° ¶µ·Ö¤µ± ÉµÎ´µ¸É¨ ¶µ Ï £Ê g. ”Ê´±Í¨Ö χ2 ´¥ ¨³¥¥É ³¨´¨³Ê³µ¢
¢ £ Ê¸¸µ¢ÒÌ ÉµÎ± Ì ϕ−

10 = 0,1418 . . . ¨ ϕ+
10 = 0,1507 . . ., ´µ ËÊ´±Í¨Ö χ3

¨³¥¥É ·¥§±¨° ³¨´¨³Ê³ ¢ ¸·¥¤´¥° ÉµÎ±¥ ϕ̄10 = 0,1463. ‚ ÔÉµ° ÉµÎ±¥ ÉµÎ´µ¸ÉÓ
¶·¨¡²¨¦¥´¨Ö ∂3

ϕF ≈ ∂3
ϕX ·¥§±µ Ê²ÊÎÏ ¥É¸Ö, ± ± ¨ ¢ ¸²ÊÎ ¥, ±µ£¤  ¸¶² °´

S31(ϕ) = X(r50, ϕ) ¨´É¥·¶µ²¨·Ê¥É ËÊ´±Í¨Õ F (r50, ϕ).
’¥¶¥·Ó µ¡¸Ê¤¨³ ·¨¸. 7, ¡. ‚ ¸·¥¤´¥° ÉµÎ±¥ ϕ̄10 µ¡¥ ËÊ´±Í¨¨ χ1 ¨ χ3 ¨³¥ÕÉ

·¥§±¨¥ ³¨´¨³Ê³Ò. ”Ê´±Í¨Ö χ2 ¨³¥¥É ³¨´¨³Ê³Ò ¢ £ Ê¸¸µ¢ÒÌ Ê§² Ì ϕ±
10. ‚
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�¨¸. 7. ”Ê´±Í¨¨ χn(r50, ϕ; M = 102) ´  µÉ·¥§±¥ [ϕ10, ϕ11] = [0,1386, 0,1540]: a)  ²-
£µ·¨É³ 4; ¡)  ²£µ·¨É³ 4′′. • Å χ0; � Å χ1; � Å χ2; � Å χ3; + Å ÉµÎ±¨
(ϕj , χ4(r50, ϕj ; 102)), j = 10, 11

ÔÉ¨Ì É·¥Ì ÉµÎ± Ì ÉµÎ´µ¸ÉÓ ¶·¨¡²¨¦¥´¨° ∂n
ϕX ≈ ∂n

ϕF , n = 1, 2, 3, Ê²ÊÎÏ ¥É¸Ö
´  ¶µ·Ö¤µ± ¶µ Ï £Ê g ¶µ ¸· ¢´¥´¨Õ ¸µ ¢¸¥³¨ ¤·Ê£¨³¨ ÉµÎ± ³¨ ¨´É¥·¢ ² 
(ϕ10, ϕ11). ‘²¥¤µ¢ É¥²Ó´µ, ¤µ¸É¨£ ¥³ Ö ¢  ²£µ·¨É³¥ 4′′ ÉµÎ´µ¸ÉÓ O(g4) ¶·¨-
¡²¨¦¥´¨Ö X ≈ F ´ ¸Éµ²Ó±µ ¢Ò¸µ± ,   ¢ÒÎ¨¸²¥´´Ò° ¸¶² °´ X(r50, ϕ) ´ -
¸Éµ²Ó±µ ¡²¨§µ± ± ¨´É¥·¶µ²ÖÍ¨µ´´µ³Ê ¸¶² °´Ê S31(ϕ; F (r50, ϕ)), ÎÉµ Ê¤ ¥É¸Ö
¢µ¸¶·µ¨§¢¥¸É¨ ¢¸¥ µ¸µ¡¥´´µ¸É¨ ¶·¨¡²¨¦¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ ¨´É¥·¶µ²ÖÍ¨µ´-
´Ò³ ¸¶² °´µ³. �¸É ²µ¸Ó · ¸¸³µÉ·¥ÉÓ ÉµÎ±¨ ¸  ¡¸Í¨¸¸ ³¨ ϕ10, ϕ11. „¢¥ ¨§
´¨Ì, µÉ³¥Î¥´´Ò¥ ·µ³¡ ³¨, ¡²¨§±¨ ± ±·¨¢µ° χ2, ¶µ³¥Î¥´´µ° ±¢ ¤· É ³¨. ‘²¥-
¤µ¢ É¥²Ó´µ, ¢ Ê§² Ì ϕ10, ϕ11 ÉµÎ´µ¸ÉÓ  ¶¶·µ±¸¨³ Í¨¨ É·¥ÉÓ¥° ¶·µ¨§¢µ¤´µ°
Ê²ÊÎÏ ¥É¸Ö ´ ¸Éµ²Ó±µ, ÎÉµ ¸· ¢´¨¢ ¥É¸Ö ¸ ÉµÎ´µ¸ÉÓÕ ¶·¨¡²¨¦¥´¨Ö ¢Éµ·µ°
¶·µ¨§¢µ¤´µ° ¢´¥ Ê§²µ¢. �¸É ²Ó´Ò¥ µ¡¸Ê¦¤ ¥³Ò¥ ÉµÎ±¨, µÉ³¥Î¥´´Ò¥ É·¥Ê£µ²Ó-
´¨± ³¨, ±¢ ¤· É ³¨ ¨ ±·¥¸É ³¨, ¡²¨§±¨ ± ±·¨¢µ° χ1, ÎÉµ ¥Ð¥ · § ¶µ¤É¢¥·-
¦¤ ¥É · ¢¥´¸É¢µ ¶µ·Ö¤±µ¢ pn, n = 0, 1, 2, 4,  ¶¶·µ±¸¨³ Í¨° ∂n

ϕF ≈ ∂n
ϕX ¢

Ê§² Ì ¸¥É±¨ 
ϕ.

4. ��‚›… �’�‹���›… �…˜…�ˆŸ

�·µ¤µ²¦ Ö ¨¸¸²¥¤µ¢ ´¨Ö [62] ¨ [67], ¶·¥¤¸É ¢¨³ ¤¢  É¨¶  Ê´¨¢¥·¸ ²Ó´ÒÌ
ÔÉ ²µ´´ÒÌ ·¥Ï¥´¨°: ²µ¦´Ò¥, ´¥ § ¢¨¸ÖÐ¨¥ µÉ Ëµ·³Ò Í¥´É· ²Ó´ÒÌ ¶µÉ¥´-
Í¨ ²µ¢ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ·¥Ï¥´¨Ö µ¤´µ³¥·´µ° ±· ¥¢µ° § ¤ Î¨
˜·¥¤¨´£¥· , µÉ¢¥Î ÕÐ¨¥ ee § · ´¥¥ § ¤ ´´µ³Ê ¨ ¸±µ²Ó Ê£µ¤´µ ¸²µ¦´µ³Ê ¤¨¸-
±·¥É´µ³Ê ¸¶¥±É·Ê ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°.
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4.1. ‹µ¦´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ‹µ¦´Ò³¨ ·¥Ï¥´¨Ö³¨
Si(ri) ≡ Ψi(ri), i = 1, 2, 3, Ê· ¢´¥´¨° (14) ¶·¨´ÖÉµ ´ §Ò¢ ÉÓ ·¥Ï¥´¨Ö, µ¡· -
Ð ÕÐ¨¥ ¢ ´Ê²Ó ¨ ¶· ¢ÊÕ, ¨ ²¥¢ÊÕ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨°:

(H0 − E)Si = 0, Si +
∑
k �=i

Sk = 0, i = 1, 2, 3. (145)

�µ µ¶·¥¤¥²¥´¨Õ ±µ³¶µ´¥´ÉÒ Si(ri) ²µ¦´µ£µ ·¥Ï¥´¨Ö Å É·¥Ì³¥·´µ£µ ¸Éµ²¡Í 
S ≡ (S1, S2, S3)T Å ¶µ¤Î¨´ÖÕÉ¸Ö ¸¢µ¡µ¤´µ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· ,   ¨Ì
¸Ê³³  ¢ ²Õ¡µ³ ¨§ É·¥Ì ±µµ·¤¨´ É´µ³ ¶·¥¤¸É ¢²¥´¨¨ Éµ¦¤¥¸É¢¥´´µ · ¢´ 
´Ê²Õ. ‘²¥¤µ¢ É¥²Ó´µ, ²µ¦´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  µÉ¢¥Î ÕÉ É·¨¢¨-
 ²Ó´µ³Ê (Ψ ≡ 0) ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (9). ‹µ¦´Ò¥ ·¥Ï¥´¨Ö ´¥
§ ¢¨¸ÖÉ µÉ Ëµ·³Ò ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°, ÎÉµ ¨ µ¡Ê¸² ¢²¨¢ ¥É ¨Ì Ê´¨¢¥·-
¸ ²Ó´µ¸ÉÓ ¢ ± Î¥¸É¢¥ ÔÉ ²µ´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ . �´ ²¨§ ¤·Ê£¨Ì
¸¢µ°¸É¢ ²µ¦´ÒÌ ·¥Ï¥´¨° ¨ ¨Ì ¨§¢¥¸É´ÒÌ Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¤ ´ ¢ µ¡-
§µ·¥ [55]. Š ± ¨§¢¥¸É´µ [62], ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨°
²µ¦´Ò¥ ·¥Ï¥´¨Ö, µ¡² ¤ ÕÐ¨¥ § · ´¥¥ § ¤ ´´Ò³ ´ ¡µ·µ³ ε = (�, m, E, σ)
¸µÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éµ¢ÒÌ Î¨¸¥², ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥, ¢µµ¡Ð¥ £µ¢µ·Ö,
¡¥¸±µ´¥Î´µ£µ · §²µ¦¥´¨Ö ¶µ £¨¶¥·£ ·³µ´¨± ³ Y �m

Lab.
‚Ò¢¥¤¥³ ´µ¢µ¥, ¡µ²¥¥ Ê¤µ¡´µ¥ ¨ Ê´¨¢¥·¸ ²Ó´µ¥ ¤²Ö ¶·¨²µ¦¥´¨° µ¶¥-

· Éµ·´µ¥ ¶·¥¤¸É ¢²¥´¨¥ S = Ps S0 ²µ¦´µ£µ ·¥Ï¥´¨Ö ± ± µ¡· §  ·¥Ï¥´¨Ö
S0 ≡ (S10, S20, S30)T ¸¢µ¡µ¤´µ£µ ³ É·¨Î´µ£µ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

(H0 − EI)S0 = 0, H0 = diag (H0, H0, H0), I = diag (I, I, I).

’ ± ± ± ¥£µ ¸¶¥±É· ¨§¢¥¸É¥´, Éµ µ¸É ¥É¸Ö ´ °É¨ µ¶¥· Éµ· Ps. „²Ö ÔÉµ£µ ¢¢¥¤¥³
³ É·¨Î´Ò° µ¶¥· Éµ· K ±¨´¥³ É¨Î¥¸±µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¸ Ô²¥³¥´É ³¨

Kii ≡ I/3, Kik ≡ K(γki)/3, k �= i = 1, 2, 3,

¨, ¨c¶µ²Ó§ÊÖ ¶· ¢¨²  (21) ¤¥°¸É¢¨Ö µ¶¥· Éµ·  K(γ), § ¶¨Ï¥³ Ê¸²µ¢¨Ö (145),
µ¶·¥¤¥²ÖÕÐ¨¥ ²µ¦´µ¥ ·¥Ï¥´¨¥, ¢ ³ É·¨Î´µ³ ¢¨¤¥:

(H0 − EI)S = 0, KS = 0. (146)

‚ ¸¨²Ê (11), (12) ¨ (22) µ¶¥· Éµ· K(γ) µ¡² ¤ ¥É £·Ê¶¶µ¢Ò³¨ ¸¢µ°¸É¢ ³¨:

K(γki)K(γik) = K(γki)K(−γki) = I, K(γki)K(γjk) = K(γji),

±·µ³¥ Éµ£µ, [H0, K(γ)]− = 0 ¶·¨ ²Õ¡µ³ γ. ‡´ Î¨É, K Å ±µ³³ÊÉ¨·ÊÕÐ¨°
¸ H0 µ·Éµ£µ´ ²Ó´Ò° ¶·µ¥±Éµ·: [KH0]− = 0, KK = K. �¶¥· Éµ· Ps ≡
I − K ¨³¥¥É É¥ ¦¥ ¸¢µ°¸É¢ , ¶µÔÉµ³Ê µ¡· § S = Ps S0 ²Õ¡µ£µ ¸µ¡¸É¢¥´´µ£µ
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¤²Ö µ¶¥· Éµ·  H0 ¢¥±Éµ·  S0 ¶µ¤Î¨´Ö¥É¸Ö µ¡µ¨³ Ê¸²µ¢¨Ö³ (146) ¨ Ö¢²Ö¥É¸Ö
²µ¦´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° ” ¤¤¥¥¢ , ÎÉµ ¨ É·¥¡µ¢ ²µ¸Ó ¤µ± § ÉÓ.

‡ ³¥Î ´¨Ö. �·¨ E > 0 ¨ ¢Ò¡µ·¥

S0i(r, Ωi) = z−2JL+2(z)Y �m
Lab(Ωi),

z ≡ r
√

E, (−1)a+b = (−1)σ, i = 1, 2, 3,

²µ¦´µ¥ ·¥Ï¥´¨¥ S ¸µ¢¶ ¤ ¥É ¸ ¶µ²ÊÎ¥´´Ò³ ¢ [62] ·¥£Ê²Ö·´Ò³ ²µ¦´Ò³ ·¥-
Ï¥´¨¥³ ¨ µ¡² ¤ ¥É ±¢ ´Éµ¢Ò³¨ Î¨¸² ³¨ L, �, m, σ, E. ‚ Î ¸É´µ³ ¸²ÊÎ ¥
É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ³ É·¨Í  K ¢Ò·µ¦¤ ¥É¸Ö ¢ ¤¨ £µ´ ²Ó´ÊÕ, ¶·¨-
Î¥³ 3Kii = I + P+ + P−, i = 1, 2, 3, ¶µÔÉµ³Ê ¤¨ £µ´ ²Ó´µ° ¸É ´µ¢¨É¸Ö ¨
³ É·¨Í  Ps. Š ¦¤Ò° ¥¥ ¤¨ £µ´ ²Ó´Ò° Ô²¥³¥´É P s

ii = (2I − P+ − P−)/3
´¥ ÎÉµ ¨´µ¥, ± ± ¨§¢¥¸É´Ò° µ·Éµ£µ´ ²Ó´Ò° ¶·µ¥±Éµ· P s, ¨¸¶µ²Ó§µ¢ ´´Ò° ¢
· ¡µÉ¥ [104] ¤²Ö ¢Ò¢µ¤  µ¶¥· Éµ·´µ£µ ¶·¥¤¸É ¢²¥´¨Ö S = P sS01 ²µ¦´ÒÌ ·¥-
Ï¥´¨° ¢ ¸²ÊÎ ¥ É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¨ � = 0. „µ± § ´´µ¥ µ¶¥· Éµ·´µ¥
¶·¥¤¸É ¢²¥´¨¥ S = PsS0 µ¡µ¡Ð ¥É ¨§¢¥¸É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [62, 104] ²µ¦-
´ÒÌ ·¥Ï¥´¨° ´  ¸²ÊÎ ° ¶·µ¨§¢µ²Ó´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  � ¨ ¶·µ¨§¢µ²Ó´µ£µ
¸µ¡¸É¢¥´´µ£µ ¢¥±Éµ·  S0 ¨ ´  ¸²ÊÎ ° ´¥Éµ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í.

“· ¢´¥´¨Ö ” ¤¤¥¥¢  (14) ¨³¥ÕÉ ·¥£Ê²Ö·´Ò¥ (Si(r) = 0, r = 0) ²µ¦´Ò¥
·¥Ï¥´¨Ö Éµ²Ó±µ ¶·¨ E > 0. � ¸¸³µÉ·¨³ ¨¸¶µ²Ó§µ¢ ´´Ò¥ ¢ [25Ä27] Ê· ¢´¥´¨Ö
” ¤¤¥¥¢  (18)Ä(20) ¢ ³µ¤¥²¨ É¢¥·¤µ£µ ±µ· . �Ê¸ÉÓ H ≡

⋂
Hi Å ¶¥·¥¸¥Î¥´¨¥

É·¥Ì µ¡² ¸É¥° Hi ¶·µ¸É· ´¸É¢  R6, ¢ ± ¦¤µ° ¨§ ±µÉµ·ÒÌ xi � bi. ’µ£¤  ¢
H Ê· ¢´¥´¨Ö (18) ¨ (19) Ô±¢¨¢ ²¥´É´Ò Ê¸²µ¢¨Ö³ (145). ‘²¥¤µ¢ É¥²Ó´µ, ¥¸²¨
E > 0, Éµ ¢ ³µ¤¥²¨ É¢¥·¤µ£µ ±µ·  ¶µ ±· °´¥° ³¥·¥ ¢ µ¡² ¸É¨ H ¸ÊÐ¥¸É¢ÊÕÉ
·¥£Ê²Ö·´Ò¥ ²µ¦´Ò¥ ·¥Ï¥´¨Ö. ˆ¸¸²¥¤µ¢ ´¨¥ ¨Ì ·µ²¨ ¨ ¢²¨Ö´¨Ö ´  Ê¸Éµ°Î¨-
¢µ¸ÉÓ Î¨¸²¥´´ÒÌ  ²£µ·¨É³µ¢ ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³ ¨ ´¥µ¡Ìµ¤¨³Ò³. ‚
· ¸Î¥É Ì [25Ä27] Ì · ±É¥·¨¸É¨± ¸¨¸É¥³Ò É·¥Ì  Éµ³µ¢ 4He ·¥£Ê²Ö·´Ò¥ ²µ¦´Ò¥
·¥Ï¥´¨Ö Ê· ¢´¥´¨° (20) ´¥ ¢µ§´¨± ²¨ ¶µ ¶·µ¸Éµ° ¶·¨Î¨´¥: ¢ÒÎ¨¸²Ö²¨¸Ó ·¥£Ê-
²Ö·´Ò¥ ±µ³¶µ´¥´ÉÒ Ψi ¶·¨ E < 0,   ¸²ÊÎ ° E > 0, ±µ£¤  ¶µ¸²¥ ¸Éµ²±´µ¢¥´¨Ö
¢¸¥ É·¨  Éµ³  £¥²¨Ö ³µ£ÊÉ ¡ÒÉÓ ¸¢µ¡µ¤´Ò³¨, ¥Ð¥ ´¥ · ¸¸³ É·¨¢ ²¸Ö.

4.2. Šµ²² ¶¸¨·ÊÕÐ¨¥ ÔÉ ²µ´´Ò¥ ·¥Ï¥´¨Ö. ˆ¸¸²¥¤µ¢ ´¨¥ ¸¶¥±É·  Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  (14) ¢ ¸²ÊÎ ¥ ¢§ ¨³µ¤¥°¸É¢¨° Í¥´É·µ¡¥¦´µ£µ É¨¶  µ¸µ¡µ ¨´-
É¥·¥¸´µ ´¥ Éµ²Ó±µ ¨§-§  ´ ²¨Î¨Ö ÉµÎ´ÒÌ ·¥Ï¥´¨°, ´µ ¨ ¨§-§  µ¸µ¡ÒÌ ·¥Ï¥´¨°,
µ¶¨¸Ò¢ ÕÐ¨Ì ±µ²² ¶¸ É·¥Ì Î ¸É¨Í.

Š ± ¨§¢¥¸É´µ [6], ¶·¨ ²Õ¡µ° ¤¥°¸É¢¨É¥²Ó´µ° ±µ´¸É ´É¥ c ¢§ ¨³µ¤¥°¸É¢¨Ö
V = c/x2 Í¥´É·µ¡¥¦´µ£µ É¨¶ , £¤¥ x Å · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨, § -
¤ Î  ¤¢ÊÌ Î ¸É¨Í ¨³¥¥É Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³µ¥ ·¥Ï¥´¨¥. ‚ ¸²ÊÎ ¥ ´Ê²¥¢µ£µ
¶µ²´µ£µ Ê£²µ¢µ£µ ³µ³¥´É  (b = 0) ¤¢ÊÌ Î ¸É¨Í ´ ¨¡µ²¥¥ ¨´É¥·¥¸´µ¥ ·¥Ï¥-
´¨¥ ¸ÊÐ¥¸É¢Ê¥É ¶·¨ c < −1/4 ¨ µ¶¨¸Ò¢ ¥É ±µ²² ¶¸ Å ¶ ¤¥´¨¥ Î ¸É¨Í ¢ ¨Ì
Í¥´É· ³ ¸¸. ‚ ±µ²² ¶¸¥ Ô´¥·£¨Ö ¸¢Ö§¨ Î ¸É¨Í ¡¥¸±µ´¥Î´µ ¢¥²¨± ,   ¸·¥¤´¥¥
· ¸¸ÉµÖ´¨¥ ³¥¦¤Ê ´¨³¨ · ¢´µ ´Ê²Õ.
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’¥µ·¥³  ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´µ¸É¨ Ë¨§¨Î¥¸±¨ ¤µ¶Ê¸É¨³ÒÌ ·¥Ï¥-
´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  (14) ¤²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í p1, p2 ¨ p3 ¸ ¢§ ¨³µ-
¤¥°¸É¢¨Ö³¨ Vi Í¥´É·µ¡¥¦´µ£µ É¨¶  ¢ ± ¦¤µ° ¶ ·¥ Î ¸É¨Í pj ¨ pk ¢ ¶µ²´µ³
µ¡Ñ¥³¥ ´¥ ¤µ± § ´ . �¥·¢Ò³ ÔÉ ¶µ³ ¥¥ ¤µ± § É¥²Ó¸É¢  µ± § ²µ¸Ó ¶µ¸É·µ¥´¨¥
ÉµÎ´ÒÌ ·¥Ï¥´¨° [64Ä66], ¶·¥¤¸É ¢¨³ÒÌ ¢ ¢¨¤¥ ¶·µ¨§¢¥¤¥´¨° ËÊ´±Í¨¨ �¥¸-
¸¥²Ö Jt+2 ¨ ±µ´¥Î´ÒÌ ²¨´¥°´ÒÌ ±µ³¡¨´ Í¨° £¨¶¥·£ ·³µ´¨±. ‘¢µ°¸É¢  É ±¨Ì
·¥Ï¥´¨° ¨ ¶·µ¸ÉÒ¥  ²£¥¡· ¨Î¥¸±¨¥ ¸¶µ¸µ¡Ò ¨Ì ¢ÒÎ¨¸²¥´¨Ö ¶µ¤·µ¡´µ µ¡¸Ê-
¦¤ ²¨¸Ó ¢ µ¡§µ· Ì [55,56] ¨ ¢ ´¥¤ ¢´¥° · ¡µÉ¥ [66].

Š ± ¢¶¥·¢Ò¥ § ³¥É¨² �¢¨Ï ¨ [105], Ê· ¢´¥´¨¥ ” ¤¤¥¥¢  (14) ¤²Ö ¸¨-
¸É¥³Ò É·¥Ì Éµ¦¤¥¸É¢¥´´ÒÌ ¡µ§µ´µ¢ ¸ � = 0 ¨ ¢§ ¨³µ¤¥°¸É¢¨Ö³¨ (29) ¸¢µ¤¨É¸Ö
± ¸µ¢µ±Ê¶´µ¸É¨ ¤¢ÊÌ µ¤´µ³¥·´ÒÌ ±· ¥¢ÒÌ § ¤ Î. �É¨ § ¤ Î¨ ¸¢Ö§ ´Ò ²¨ÏÓ
¶µ¸ÉµÖ´´µ° · §¤¥²¥´¨Ö p2 £¨¶¥·· ¤¨Ê¸  r ¨ £¨¶¥·Ê£²  ϕ ≡ ϕ1. �¥·¢ Ö § -
¤ Î  Å Ê· ¢´¥´¨¥ �¥¸¸¥²Ö ¸ É·¨¢¨ ²Ó´Ò³ £· ´¨Î´Ò³ Ê¸²µ¢¨¥³ ¶·¨ r = 0,  
¢Éµ· Ö § ¤ Î  Å ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥

(
−∂2

ϕ +
c

cos2 ϕ

)
U(ϕ; p2) +

c

cos2 ϕ
τ

C+(ϕ)∫
C−(ϕ)

dϕ′U(ϕ′; p2) = p2U(ϕ; p2) (147)

¸ ±µÔËË¨Í¨¥´Éµ³ τ = 4/
√

3, ¶·¥¤¥² ³¨ ¨´É¥£· ²  (26) ¨ Ê¸²µ¢¨Ö³¨

U(0; p2) = 0, U(π/2; p2) = 0. (148)

�µ ¨§¢¥¸É´µ³Ê ±·¨É¥·¨Õ [64] ÉµÎ´Ò¥ (N < ∞) ·¥Ï¥´¨Ö

U(ϕ; p2) =
N∑

n=1

Bn

(
2√
π

sin 2nϕ

)
(149)

§ ¤ Î¨ (147), (148) ¸ÊÐ¥¸É¢ÊÕÉ Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  p2 = (t + 2)2,
t = 2, 4, . . ., N = t/2 + 1 < ∞,   ¶µ²µ¦¨É¥²Ó´Ò° ¶ · ³¥É· c ¢§ ¨³µ¤¥°-
¸É¢¨° (29) ¨ ¨¸±µ³Ò¥ ±µÔËË¨Í¨¥´ÉÒ Bn Ê¤µ¢²¥É¢µ·ÖÕÉ ¢¶µ²´¥ µ¶·¥¤¥²¥´-
´µ° µ¡µ¡Ð¥´´µ°  ²£¥¡· ¨Î¥¸±µ° ¶·µ¡²¥³¥ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. Š·¨É¥·¨°
¨³¥¥É ¢ ¦´µ¥ ¸²¥¤¸É¢¨¥ [55]: ¥¸²¨ § ¤ Î  (147), (148) ¨³¥¥É ·¥Ï¥´¨¥ ¶·¨
¤ ´´µ³ c ¨ ´¥±µÉµ·µ³ p2, µÉ²¨Î´µ³ µÉ 4, 6, . . ., ´ ¶·¨³¥· ¶·¨ p2 < 0, Éµ ÔÉµ
·¥Ï¥´¨¥ Å ¡¥¸±µ´¥Î´Ò° (N = ∞) ·Ö¤ (149). …£µ ¸¢µ°¸É¢  ´¥¨§¢¥¸É´Ò.

—¨¸²¥´´µ § ¤ Î  (147), (148) ¢¶¥·¢Ò¥ ·¥Ï¥´  ¢ [105], ´µ Éµ²Ó±µ ¤²Ö
c = −6,−5, . . . , 0 ¨, ± ¸µ¦ ²¥´¨Õ, ¶·¨ ´¥¢¥·´µ³ §´ Î¥´¨¨ τ = 1 ±µÔËË¨-
Í¨¥´É  τ = 4/

√
3. ‚ [67] ¢Ò¶µ²´¥´ Î¨¸²¥´´Ò°  ´ ²¨§ § ¢¨¸¨³µ¸É¨ ¸¶¥±É· 

{p2(c)} ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° § ¤ Î¨ (147), (148) c τ = 4/
√

3 µÉ ¶ · ³¥É· 
c ¢ Î ¸É´µ³ ¸²ÊÎ ¥ ∂2

ϕ U(ϕ) = 0 ¶·¨ ϕ = 0, π/2. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¸¶¥±É·
{p2, U} ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° p2 ¨ µÉ¢¥Î ÕÐ¨Ì ¨³ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° U
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´¥¨§¢¥¸É¥´. �¥·¢Ò° ÔÉ ¶ ¨¸¸²¥¤µ¢ ´¨Ö ¸¶¥±É·  {p2, U} Å ¶·¥¤¸É ¢²¥´´Ò°
´¨¦¥  ´ ²¨§ ¸¶¥±É·  {p2, Φ} ¸µµÉ¢¥É¸É¢ÊÕÐ¥° µ¤´µ·µ¤´µ° (τ = 0) § ¤ Î¨:[

∂2
ϕ + p2 − c

(cos ϕ)2

]
Φ(ϕ; p2) = 0, ϕ ∈ [0, π/2], (150)

Φ(0; p2) = 0, Φ(π/2; p2) = 0, Φ(ϕ; p2) ∈ C2
[0,π/2). (151)

�·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ Φ Î¥·¥§ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö. „²Ö ¶µ-
¸É·µ¥´¨Ö ËÊ´¤ ³¥´É ²Ó´µ° ¸¨¸É¥³Ò ·¥Ï¥´¨° (”‘�) {Φ±

0 } Ê· ¢´¥´¨Ö (150)
¢ ³ ²µ° ¶µ²Êµ±·¥¸É´µ¸É¨ ·¥£Ê²Ö·´µ° ÉµÎ±¨ ϕ = 0 ¶µ²µ¦¨³ ¢ ´¥³ Φ(ϕ) =
ϕσ(1 + o(1)). “¸É·¥³¨¢ ϕ ± ´Ê²Õ, ¶µ²ÊÎ¨³ Ì · ±É¥·¨¸É¨Î¥¸±µ¥ Ê· ¢´¥´¨¥
σ(σ − 1) = 0. …£µ ·¥Ï¥´¨Ö³ σ = 1 ¨ σ = 0 µÉ¢¥Î ÕÉ ¨¸±µ³Ò¥ ËÊ´±Í¨¨ Φ+

0

¨ Φ−
0 ¸  ¸¨³¶ÉµÉ¨± ³¨

Φ+
0 (ϕ; p2) ∼ ϕ, Φ−

0 (ϕ; p2) ∼ const �= 0, ϕ → 0. (152)

—Éµ¡Ò ´ °É¨ ”‘� {Φ±} ¨¸¸²¥¤Ê¥³µ£µ Ê· ¢´¥´¨Ö (150) ¢ ³ ²µ° ¶µ²Ê-
µ±·¥¸É´µ¸É¨ ¥£µ µ¸µ¡µ° ·¥£Ê²Ö·´µ° ÉµÎ±¨ ϕ = π/2, Ê¤µ¡´µ ¸´ Î ²  ¶µ²µ¦¨ÉÓ
s ≡ (π/2 − ϕ) ¨ Φ(ϕ) = v(s) = sσ(1 + o(1)). ’µ£¤  ¶µ²ÊÎ¨É¸Ö Ì · ±É¥·¨¸É¨-
Î¥¸±µ¥ Ê· ¢´¥´¨¥ σ(σ − 1) = c. …£µ ±µ·´Ö³ σ = 1/2 ± ν, £¤¥ ν ≡

√
c + 1/4,

¸µµÉ¢¥É¸É¢ÊÕÉ ¨¸±µ³Ò¥ ·¥Ï¥´¨Ö Φ± c  ¸¨³¶ÉµÉ¨± ³¨

Φ±(ϕ; p2) ∼ s1/2±ν , c �= −1/4, s ≡ (π/2 − ϕ) → 0;

Φ+(ϕ; p2) ∼ s1/2, Φ−(ϕ; p2) ∼ s1/2 ln s, c = −1/4, s → 0.
(153)

�·¥¤¶µ²µ¦¨³, ÎÉµ µ¡¥ ”‘� {Φ±
0 } ¨ {Φ±} ¸ÊÐ¥¸É¢ÊÕÉ ´¥ Éµ²Ó±µ ¢¡²¨§¨

ÉµÎ¥± ϕ = 0 ¨ ϕ = π/2, ´µ ¨ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2]. ’µ£¤  ²Õ¡µ¥ ·¥-
Ï¥´¨¥ Ê· ¢´¥´¨Ö (150) ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ´  ÔÉµ³ µÉ·¥§±¥ ¢ ¢¨¤¥ ²¨´¥°´ÒÌ
±µ³¡¨´ Í¨° ¸ ´¥±µÉµ·Ò³¨ ±µÔËË¨Í¨¥´É ³¨ A0, B0 ¨ A, B:

Φ(ϕ; p2) = A0Φ+
0 (ϕ; p2) − B0Φ−

0 (ϕ; p2) = AΦ+(ϕ; p2) − BΦ−(ϕ; p2). (154)

ˆ¸¶µ²Ó§ÊÖ  ¸¨³¶ÉµÉ¨±¨ (152) ¨ (153), ¢Ò¡¥·¥³ ¨§ ¢¸¥Ì ¢µ§³µ¦´ÒÌ ·¥Ï¥-
´¨° (154) Éµ²Ó±µ ·¥Ï¥´¨Ö, ¶µ¤Î¨´¥´´Ò¥ Ê¸²µ¢¨Ö³ (151), É. ¥. · ¢´Ò¥ ´Ê²Õ
¶·¨ ϕ = 0 ¨ ¶·¨ ϕ = π/2. —Éµ¡Ò Ê¤µ¢²¥É¢µ·¨ÉÓ ¶¥·¢µ³Ê ¨§ ´¨Ì, ¢ Ëµ·³Ê²¥
Φ = A0Φ+

0 −B0Φ−
0 ¶·¨¤¥É¸Ö ¶µ²µ¦¨ÉÓ B0 = 0 ¨ ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ³µ¦´µ

¢Ò¡· ÉÓ A0 = 1. ’µ£¤  ¶µ²ÊÎ¨³ Φ = Φ+
0 ¨ Φ ∼ ϕ ¶·¨ ϕ → 0. ‚Éµ·µ¥ ¨§

Ê¸²µ¢¨° (151) ¶µ·µ¦¤ ¥É ¸¶¥±É· ²Ó´µ¥ Ê· ¢´¥´¨¥ Φ+
0 (π/2; p2) = 0, µ¶·¥¤¥-

²ÖÕÐ¥¥ ¤µ¶Ê¸É¨³Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2. �·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Ëµ·³Ê²Ò
Φ = AΦ+ − BΦ− ¢µ§³µ¦´Ò ¤¢  ¸²ÊÎ Ö: ¶·¨ ϕ = π/2 ¢ ´Ê²Ó µ¡· Ð ¥É¸Ö
Éµ²Ó±µ ËÊ´±Í¨Ö Φ+ ¨²¨ ¦¥ µ¡¥ ËÊ´±Í¨¨ Φ±. ‚ ¸¨²Ê (153) ¶¥·¢Ò° ¸²ÊÎ °
¨³¥¥É ³¥¸Éµ ¶·¨ c � 0, ±µ£¤  ν � 1/2,   ¢Éµ·µ° Å ¶·¨ −1/4 < c < 0, ±µ£¤ 



Œ…’�„› ‘�‹�‰�-”“�Š–ˆ‰ 329

ν = Re ν < 1/2, ¨ ¶·¨ c < −1/4, ±µ£¤  ν = Im ν = ı̇|ν|. �µÔÉµ³Ê ¶·¨ c � 0
¸²¥¤Ê¥É ¶µ²µ¦¨ÉÓ A = 1 ¨ B = 0, Éµ£¤  ËÊ´±Í¨Ö Φ = Φ+ ¡Ê¤¥É · ¢´µ° ´Ê²Õ
¶·¨ ϕ = π/2,   ¸¶¥±É· {p2} µ¶·¥¤¥²¨É¸Ö Ê· ¢´¥´¨¥³ Φ+(0; p2) = 0.

�Ê¸ÉÓ É¥¶¥·Ó c < 0. ’µ£¤  ²Õ¡µ³Ê § · ´¥¥ § ¤ ´´µ³y p2 µÉ¢¥Î ¥É
¥¤¨´¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ = AΦ+ − BΦ− ¸ ±µÔËË¨Í¨¥´É ³¨
A = Φ−(0; p2) ¨ B = Φ+(0; p2). ”Ê´±Í¨Ö Φ = AΦ+ − BΦ− ¸ § · ´¥¥
§ ¤ ´´Ò³¨ A ¨ B ¡Ê¤¥É ¸µ¡¸É¢¥´´µ° Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  p2 Ö¢²Ö-
¥É¸Ö ±µ·´¥³ Ê· ¢´¥´¨Ö Φ−(0; p2)/Φ+(0; p2) = A/B. ‚ Î ¸É´µ¸É¨, ·¥Ï¥´¨¥ Φ
³µ¦¥É ¸µ¢¶ ¤ ÉÓ ¸ ËÊ´±Í¨¥° Φ+, ¥¸²¨ A = 1, B = 0 ¨ p2 Å ±µ·¥´Ó Ê· ¢-
´¥´¨Ö Φ+(0; p2) = 0, ¨²¨ ¸µ¢¶ ¤ ÉÓ ¸ ËÊ´±Í¨¥° Φ−, ¥¸²¨ A = 0, B = −1 ¨
Φ−(0; p2) = 0.

Š ± ¡Ò²µ ¶µ± § ´µ, ¥¸²¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö Φ±
0 ¨ Φ± Ê· ¢´¥-

´¨Ö (150) ¸ÊÐ¥¸É¢ÊÕÉ ´  ¢¸¥³ µÉ·¥§±¥ [0, π/2], Éµ ²Õ¡µ¥ ·¥Ï¥´¨¥ Φ ¨¸¸²¥-
¤Ê¥³µ° § ¤ Î¨ (150), (151) ¨³¥¥É  ¸¨³¶ÉµÉ¨±Ê Φ ∼ ϕ, ϕ → 0,   ¢¸¥ ee
¢µ§³µ¦´Ò¥ ¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ±µ³¶²¥±¸´Ò¥ ¸¶¥±É·Ò {p2; Φ} µ¶·¥¤¥²ÖÕÉ¸Ö
¸²¥¤ÊÕÐ¨³ µ¡· §µ³. …¸²¨ c � 0, Éµ

Φ+(0; p2) = 0, Φ(ϕ; p2) = Φ+
0 (ϕ; p2) = AΦ+(ϕ; p2) (155)

¨ ¢ ¸¨²Ê (153) ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2 ·¥Ï¥´¨¥ Φ ´¥ µ¸Í¨²²¨·Ê¥É:

Φ(ϕ; p2) ∼ s1/2+ν , s ≡ (π/2 − ϕ) → 0. (156)

…¸²¨ c < 0, Éµ ¶·¨ ²Õ¡µ³ § · ´¥¥ § ¤ ´´µ³ p2 ¨³¥¥É¸Ö ·¥Ï¥´¨¥

Φ(ϕ; p2) = AΦ+(ϕ; p2) − BΦ−(ϕ; p2) (157)

¸ ±µÔËË¨Í¨¥´É ³¨ A ≡ Φ−(0; p2) ¨ B ≡ Φ+(0; p2). ‚ ¸²ÊÎ ¥ −1/4 � c < 0
ÔÉµ ·¥Ï¥´¨¥ ¨³¥¥É ´¥µ¸Í¨²²¨·ÊÕÐÊÕ  ¸¨³¶ÉµÉ¨±Ê

Φ(ϕ; p2) ∼ s1/2+ν
(
A − Bs−2ν

)
, ϕ → π/2, (158)

¨ ´¥µ£· ´¨Î¥´´Ò¥ ¢ ÉµÎ±¥ ϕ = π/2 ¶·µ¨§¢µ¤´Ò¥,   ¢ ¸²ÊÎ ¥ c < −1/4, ±µ£¤ 
ν = i|ν|, ¥£µ  ¸¨³¶ÉµÉ¨±  ¡Ò¸É·µ µ¸Í¨²²¨·Ê¥É:

Φ(ϕ; p2) ∼ s1/2[A cos (|ν| ln s) − ı̇B sin (|ν| ln s)], ϕ → π/2, (159)

  ¶·µ¨§¢µ¤´Ò¥ ´¥ ¨³¥ÕÉ µ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥²µ¢ ¶·¨ ϕ → π/2.
‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¶·¨ § ¤ ´´ÒÌ A, B ¨ c ± ¦¤µ³Ê ±µ·´Õ p2 Ê· ¢´¥´¨Ö

P (c, p2) =
A

B
, P (c, p2) ≡ Φ−(0; p2)

Φ+(0; p2)
(160)

µÉ¢¥Î ¥É ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö (157), ¶µÔÉµ³Ê ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ A = 1, B = 0
¨ A = 0 ¨ B = −1 ¸¶¥±É· µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê² ³¨

Φ+(0; p2) = 0, Φ(ϕ; p2) = Φ+(ϕ; p2), A = 1, B = 0;

Φ−(0; p2) = 0, Φ(ϕ; p2) = Φ−(ϕ; p2), A = 0, B = −1.
(161)
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…¸²¨ µÉ´µÏ¥´¨¥ A/B ´¥ ¶·¨´ ¤²¥¦¨É ³´µ¦¥¸É¢Ê ¨§³¥´¥´¨Ö ËÊ´±Í¨¨
P (c, p2), Éµ Ê· ¢´¥´¨¥ (160) ´¥ ¨³¥¥É ±µ·´¥°,   ËÊ´±Í¨Ö (157) Å ´¥¸µ¡-
¸É¢¥´´ Ö.

�·¥¤¸É ¢²¥´¨¥ ÉµÎ´µ£µ ·¥Ï¥´¨Ö Φ Î¥·¥§ ·Ö¤Ò ƒ Ê¸¸ . �µ²µ¦¨¢ ¢ ¨¸¸²¥-
¤Ê¥³µ³ Ê· ¢´¥´¨¨ (150)

Φ(ϕ; p2) = ξσ/2(1 − ξ)1/2w(ξ), ξ = (cos ϕ)2, σ(σ − 1) = c, (162)

¸¢¥¤¥³ ¥£µ ± £¨¶¥·£¥µ³¥É·¨Î¥¸±µ³Ê Ê· ¢´¥´¨Õ ƒ Ê¸¸  [106]

ξ(1 − ξ)∂2
ξ w(ξ) + [γ − (α + β + 1)ξ]×

× ∂ξw(ξ) − αβw(ξ) = 0, ξ ∈ [0, π/2], (163)

¸ ·¥£Ê²Ö·´Ò³¨ µ¸µ¡Ò³¨ ÉµÎ± ³¨ ξ = 0 ¨ ξ = 1 ¨ ¶ · ³¥É· ³¨

α = (σ + 1+p)/2, β = (σ + 1 − p)/2 = α − p,

σ = 1/2 + ν; γ = 1 + ν.
(164)

’ ± ± ± ”‘� {w±} Ê· ¢´¥´¨Ö (163) ¨§¢¥¸É´  [98] ¶·¨ ²Õ¡ÒÌ α, β, γ ¨
ξ ∈ [0, 1], Éµ ¨¸±µ³Ò¥ ·¥Ï¥´¨Ö Φ± ´¥¸²µ¦´µ ¡Ê¤¥É ´ °É¨ ¶µ ¸²¥¤ÊÕÐ¨³ ¨§
· ¢¥´¸É¢ (162) Ëµ·³Ê² ³

Φ±(ϕ; p2) = sin ϕ (cos ϕ)σw±(ξ), ξ = (cos ϕ)2, (165)

  § É¥³ ¶µ Ëµ·³Ê² ³ (155)Ä(161) µ¶·¥¤¥²¨ÉÓ ¨ ¨¸¸²¥¤µ¢ ÉÓ ¢¸¥ ¢µ§³µ¦´Ò¥
ÉµÎ´Ò¥ ¸¶¥±É·Ò {p2, Φ}. �·¨¸ÉÊ¶¨³ ± ¶µ¸É·µ¥´¨Õ ”‘� {Φ±}, ¶µ²µ¦¨¢

α± ≡ 3
4
± ν

2
+

p

2
, β± ≡ α± − p. (166)

• ‘²ÊÎ ° A. �¨ µ¤´µ ¨§ Î¨¸¥² γ−α−β, α−β = p ¨ γ ´¥ Ö¢²Ö¥É¸Ö Í¥²Ò³.
’ ± ± ± γ − α − β = −1/2, Éµ ¶¥·¢µ¥ Ê¸²µ¢¨¥ ¢Ò¶µ²´Ö¥É¸Ö ¢¸¥£¤ . ‚Éµ·µ¥ ¨
É·¥ÉÓ¥ Ê¸²µ¢¨Ö ¶µ¤Î¨´ÖÕÉ ¶ · ³¥É·Ò p ¨ c ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ´¥· ¢¥´¸É¢ ³

p �= ±n, n = 0, 1, . . . ; c �=
(

n2 − 1
4

)
= −1

4
,
3
4
,
15
4

, . . .

�·¨ É ±¨Ì µ£· ´¨Î¥´¨ÖÌ ”‘� {w±} Ê· ¢´¥´¨Ö (163) § ¤ ´  ¢ [98] Ëµ·³Ê-
² ³¨ (15.5.3) ¨ (15.5.4). ‘µ£² ¸´µ (165) ¥° µÉ¢¥Î ¥É ”‘� Ê· ¢´¥´¨Ö (150)

Φ±(ϕ; p2) = sin ϕ (cos ϕ)1/2±ν
2F 1

(
α±, β±, 1 ± ν; cos2 ϕ

)
, (167)

£¤¥ ¶µ ¶·¨§´ ±Ê �  ¡¥ ·Ö¤Ò ƒ Ê¸¸  · ¸Ìµ¤ÖÉ¸Ö ± ± O(1/ sin ϕ) ¶·¨ ϕ → 0, É. ¥
¶·¨ ξ → 1. �µ¸²¥ ²¨´¥°´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö [98]

2F 1(α, β, γ; ξ) = (1 − ξ)γ−α−β
2F 1(γ − α, γ − β, γ; ξ)
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ÔÉ  ”‘� ¶·¨´¨³ ¥É ¢¨¤

Φ±(ϕ; p2) = (cos ϕ)1/2±ν
2F 1

(
1/2 − α±, 1/2 − β±, 1 ± ν; cos2 ϕ

)
, (168)

£¤¥ ·Ö¤Ò ƒ Ê¸¸  ¸Ìµ¤ÖÉ¸Ö ¨ ¢ ÉµÎ±¥ ϕ = 0, É. ¥. ¶·¨ ξ = 1. �µÔÉµ³Ê ± ´¨³
³µ¦´µ ¶·¨³¥´¨ÉÓ ¨§¢¥¸É´ÊÕ Ëµ·³Ê²Ê [98]

2F1(α, β, γ; 1) =
Γ(γ)Γ(γ − α − β)
Γ(γ − α)Γ(γ − β)

, Re (α + β − γ) > 1.

’µ£¤  ¶µ²ÊÎ É¸Ö ¢Ò· ¦¥´¨Ö

Φ±(0; p2) =
√

π
Γ(1 ± ν)

Γ(α±)Γ(β±)
. (169)

�µÔÉµ³Ê Φ±(0; p2) = 0 Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  α± ¨²¨ β± Å ¶µ²Õ¸ 
z = zn = −n = 0, 1, . . . £ ³³ -ËÊ´±Í¨¨ Γ(z). ‚¸¥ ÔÉ¨ ¶µ²Õ¸  ¶·µ¸ÉÒ¥. �µ
Ê¸²µ¢¨Õ γ = 1 + ν Å ´¥Í¥²µ¥, ¸²¥¤µ¢ É¥²Ó´µ, ¥¸²¨ α± Å Í¥²µ¥, Éµ β± Å
´¥Í¥²µ¥, ²¨¡µ ´ µ¡µ·µÉ. �µÔÉµ³Ê µ¤¨´ ¨§ ·Ö¤µ¢ (167) µ¡·Ò¢ ¥É¸Ö ¶·¨

p2 = p2
n(c) ≡

(
2n − 1

2
± ν

)2

, n = 1, 2, . . . , (170)

¨ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¶µ²¨´µ³ Ÿ±µ¡¨ P
(1/2,±ν)
n−1 (cos 2ϕ). …¸²¨ α± ¨²¨ β± Å

¶µ²ÊÍ¥²µ¥, Éµ µ¤¨´ ¨§ ·Ö¤µ¢ (168) µ¡·Ò¢ ¥É¸Ö ¶·¨

p2 = p2
n(c) ≡

(
2n − 3

2
± ν

)2

, n = 1, 2, . . . , (171)

¨ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¶µ²¨´µ³ P
(−1/2,±ν)
n−1 (cos 2ϕ).

Š·µ³¥ ¤¢ÊÌ Ê± § ´´ÒÌ ¸²ÊÎ ¥¢ (170) ¨ (171) ¢¸¥ ·Ö¤Ò (167) ¨ (168) ¡¥¸±µ-
´¥Î´Ò¥. ”µ·³Ê²Ò (167) Ê¤µ¡´Ò ± ±  ¸¨³¶ÉµÉ¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨°
Φ± ¶·¨ ϕ → π/2, ´µ ´¥ ¤²Ö ¨Ì ¢ÒÎ¨¸²¥´¨Ö. „²Ö ¢ÒÎ¨¸²¥´¨Ö ¸²¥¤Ê¥É ¨¸-
¶µ²Ó§µ¢ ÉÓ Ëµ·³Ê²Ò (168), ¶µÉµ³Ê ÎÉµ ¢ ´¨Ì ¢¸¥ ·Ö¤Ò ¸Ìµ¤ÖÉ¸Ö ¢¸Õ¤Ê. ‘Ê³-
³¨·µ¢ ´¨¥ ¤ ¦¥ ¸Ìµ¤ÖÐ¨Ì¸Ö ·Ö¤µ¢ ƒ Ê¸¸  ¸ ·µ¸Éµ³ |p| ¸É ´µ¢¨É¸Ö ¢¸¥ ¡µ²¥¥
¸²µ¦´µ° ¢ÒÎ¨¸²¨É¥²Ó´µ° ¶·µ¡²¥³µ°. …¥ ³µ¦´µ Î ¸É¨Î´µ ·¥Ï¨ÉÓ, ¨¸¶µ²Ó§ÊÖ
¢³¥¸Éµ ËÊ´±Í¨° (168) ¨Ì  ¸¨³¶ÉµÉ¨±¨ ¶·¨ ϕ �= π/2 ¨ |p| → ∞

Φ±(ϕ; p2) =
Γ(1 ± ν)
√

πp

Γ(α∓)
Γ(α±)

cos
(
ps − π

4
∓ π

2
ν
) [

1 + O(|p−1|)
]
, (172)

±µÉµ·Ò¥ ¸²¥¤ÊÕÉ ¨§ ¨§¢¥¸É´ÒÌ ¶·¨ |λ| → ∞  ¸¨³¶ÉµÉ¨± ·Ö¤µ¢ ƒ Ê¸¸  [106]

2F1

(
a + λ, b − λ, c,

1 − z

2

)
, a = b =

1
4
± ν

2
,

λ =
p

2
, c = 1 ± ν, z = − cos 2ϕ �= 1.
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• ‘²ÊÎ ° �. � · ³¥É· γ Å Í¥²µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ Î¨¸²µ, · ¢´µ¥ 1+m,  
¶ · ³¥É·Ò α ¨ β ´¥ · ¢´Ò k, £¤¥ k = 0, 1, . . . , m− 1. � ¢¥´¸É¢µ γ = 1 + ν =
m + 1 c m = 0, 1, . . . ¢µ§³µ¦´µ Éµ²Ó±µ ¶·¨ §´ Î¥´¨ÖÌ c, § ¶·¥Ð¥´´ÒÌ ¢
¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥,   ¨³¥´´µ ±µ£¤  c = m2−1/4. �£· ´¨Î¥´¨Ö ´  ¶ · ³¥É·Ò
α ¨ β ¶µ·µ¦¤ ÕÉ Ê¸²µ¢¨¥

p �= ±
(

2k − m − 3
2

)
, k = 0, 1, . . . , m − 1.

�·¨ É ±¨Ì ¶ · ³¥É· Ì ”‘� {w±} Ê· ¢´¥´¨Ö (163) µ¶·¥¤¥²¥´  ¢ [98] Ëµ·³Ê-
² ³¨ (15.5.18) ¨ (15.5.19). …° µÉ¢¥Î ¥É ”‘� (165) Ê· ¢´¥´¨Ö (150)

Φ+(ϕ; p2) = sin ϕ (cos ϕ)1/2+m×

× 2F 1

(
3
4

+
m + p

2
,
3
4

+
m − p

2
; m + 1; (cos ϕ)2

)
,

(173)

Φ−(ϕ; p2) = sin ϕ (cos ϕ)1/2+m

[ ∞∑
n=1

An(cos ϕ)2n +
m∑

n=1

Bn(cos ϕ)−2n

]
+

+ 2Φ+(ϕ; p2) ln (cos ϕ),

£¤¥ ¶µ ¶·¨§´ ±Ê �  ¡¥ ·Ö¤ ƒ Ê¸¸  ¨ ·Ö¤ ¸ ±µÔËË¨Í¨¥´É ³¨ An · ¸Ìµ¤ÖÉ¸Ö
Éµ²Ó±µ ¶·¨ ϕ → 0 ± ± O(1/ sin ϕ). „²Ö Φ+ ¢¥·´µ ¶·¥¤¸É ¢²¥´¨¥ (168), ¢
±µÉµ·µ³ ·Ö¤ ƒ Ê¸¸  ¸Ìµ¤¨É¸Ö ¢¸Õ¤Ê. ŠµÔËË¨Í¨¥´ÉÒ An ¨ Bn ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ¶¸¨-ËÊ´±Í¨Õ, ´µ ¢¸¥ Bn · ¢´Ò ´Ê²Õ ¢ µ¸µ¡µ³ ¸²ÊÎ ¥ c = −1/4.

‚ µ¡µ¨Ì ¸²ÊÎ ÖÌ � ¨ � ËÊ´±Í¨¨ Φ± ¨³¥ÕÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥  ¸¨³¶Éµ-
É¨±¨ (153). �µÔÉµ³Ê ¤²Ö µ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¢µ§³µ¦´ÒÌ ÉµÎ´ÒÌ ¸¶¥±É·µ¢ § -
¤ Î¨ (150), (151) ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ Ëµ·³Ê²Ò (155)Ä(161), § ³¥´¨¢ ¢ ´¨Ì
ËÊ´±Í¨¨ Φ± ¨ ¨Ì §´ Î¥´¨Ö ¶·¨ ϕ = 0 ´ °¤¥´´Ò³¨ Ö¢´Ò³¨ ¢Ò· ¦¥´¨-
Ö³¨ (167)Ä(173). �¶¨Ï¥³ ¶µ²ÊÎ¥´´Ò¥ É ±¨³ ¸¶µ¸µ¡µ³ ÉµÎ´Ò¥ ¸¶¥±É·Ò.

’µÎ´Ò¥ ¸¶¥±É·Ò
• ‘²ÊÎ ° c � 0, ν � 1/2. ‘µ£² ¸´µ (155) p2 Å ´Ê²Ó ËÊ´±Í¨¨ Φ+(0; p2),  

Φ = Φ+, £¤¥ Φ+ Å ¶µ²¨´µ³ P
(1/2,ν)
n−1 . ‚ ¸¨²Ê (169) ¢¸¥ É ±¨¥ ´Ê²¨ ¶·µ¸ÉÒ¥ ¨

§ ¤ ´Ò Ëµ·³Ê²µ° (170),   ¨Ì ³´µ¦¥¸É¢µ ¸Î¥É´µ. �µÔÉµ³Ê ¸ÊÐ¥¸É¢Ê¥É Éµ²Ó±µ
¸Î¥É´Ò° (n = 1, 2, . . .) ´¥¢Ò·µ¦¤¥´´Ò° ¨ ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É·

p2
n(c) =

(
2n − 1

2
+ ν

)2

,

Φ(ϕ; p2
n) = sin ϕ (cos ϕ)1/2+νP

(1/2,ν)
n−1 (cos 2ϕ).

(174)
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…£µ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Å Ô²¥³¥´ÉÒ ¡¥¸±µ´¥Î´µ° ¨ ¢µ§· ¸É ÕÐ¥° ¶µ ´µ-
³¥·Ê n ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ³µ´µÉµ´´µ · ¸ÉÊÐ¨Ì ËÊ´±Í¨°  ·£Ê³¥´É  c:

{p2
n(c)}∞n=1 : p2

n+1(c) > p2
n(c) > 4n2,

p2
n(c) > p2

n(c′), c > c′, n = 1, 2, . . .
(175)

• ‘²ÊÎ ° c ∈ [−1/4, 0), ν ∈ [0, 1/2). ‘µ£² ¸´µ (157) ¨ (168) ¸ÊÐ¥¸É¢Ê¥É
¸¶²µÏ´µ° ±µ³¶²¥±¸´Ò° ¸¶¥±É·: ²Õ¡µ³Ê § · ´¥¥ § ¤ ´´µ³Ê ¸µ¡¸É¢¥´´µ³Ê
§´ Î¥´¨Õ p2 µÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö

Φ(ϕ; p2) = sin ϕ (cos ϕ)1/2+ν
{
A2F1[α+ − 1/2, β+ − 1/2, 1 + ν; (cos ϕ)2]−

− B(cos ϕ)−2ν
2F1[α− − 1/2, β− − 1/2, 1− ν; (cos ϕ)2]

}
, (176)

£¤¥ A = Φ−(0; p2), B = Φ+(0; p2),   Φ±(0; p2) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê-
² ³ (169). ‚ µ¸µ¡µ³ ¸²ÊÎ ¥ c = −1/4 ¤²Ö ËÊ´±Í¨¨ Φ− ¢ Ëµ·³Ê²¥ (168)
¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥ (173). ‚ ¸²ÊÎ ¥ ϕ < π/2 ¨ c �= −1/4
 ¸¨³¶ÉµÉ¨±  ·¥Ï¥´¨Ö (157) ¨²¨ (176) ¶·¨ |p| → ∞ ¶µ²ÊÎ ¥É¸Ö § ³¥´µ° ËÊ´±-
Í¨° Φ± ¢ Ëµ·³Ê²¥ (157) ¨Ì  ¸¨³¶ÉµÉ¨± ³¨ (172) ¨ ¨³¥¥É ¢¨¤

Φ(ϕ; p2) = − sin πν

πp
Γ(1 + ν)Γ(1 − ν)×

× sin pϕ
[
1 + O(|p−1|)

]
, ϕ < π/2. (177)

�Ê¸ÉÓ É¥¶¥·Ó A, B ¨ c ∈ [−1/4, 0) § ¤ ´Ò. ’µ£¤  ¸¶¥±É· µ¶·¥¤¥²Ö¥É¸Ö
Ê· ¢´¥´¨¥³ (160), ¢ ±µÉµ·µ³ ¢ ¸¨²Ê (169) ËÊ´±Í¨Ö P ¢Ò· ¦ ¥É¸Ö Î¥·¥§ µÉ´µ-
Ï¥´¨Ö £ ³³ -ËÊ´±Í¨°:

P (c, p2) =
A

B
, P (c, p2) ≡ Φ−(0; p2)

Φ+(0; p2)
=

Γ(1 − ν)
Γ(1 + ν)

Γ(α+)
Γ(α−)

Γ(β+)
Γ(β−)

. (178)

Š ¦¤µ³Ê ±µ·´Õ p2 ÔÉµ£µ Ê· ¢´¥´¨Ö µÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±-
Í¨Ö (176). ˆ¸¸²¥¤Ê¥³, ¶·¨ ± ±¨Ì A ¨ B ¨³¥¥É¸Ö ÌµÉÖ ¡Ò µ¤¨´ ±µ·¥´Ó.

C´ Î ²  · ¸¸³µÉ·¨³ É·¨ Î ¸É´ÒÌ ¸²ÊÎ Ö. ‘µ£² ¸´µ (161) ¢ ¶¥·¢µ³ ¸²ÊÎ ¥
A = 1, B = 0, Φ+(0; p2) = 0 ¨ ¨³¥¥É¸Ö Éµ²Ó±µ ´¥¢Ò·µ¦¤¥´´Ò° ¨ ¤¥°¸É¢¨-
É¥²Ó´Ò° ¸¶¥±É· (174). ‚µ ¢Éµ·µ³ ¸²ÊÎ ¥ A = 0, B = −1, Φ−(0; p2) = 0 ¨
¸ÊÐ¥¸É¢Ê¥É ¤·Ê£µ°, ´µ É ±¦¥ ¥¤¨´¸É¢¥´´Ò° ¨ ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É·, ±µÉµ-
·Ò° ¶µ²ÊÎ ¥É¸Ö ¶·¨ ¢Ò¡µ·¥ §´ ±  ³¨´Ê¸ ¢ (170) ¨ ¨³¥¥É ¢¨¤

p2
n(c) =

(
2n− 1

2
− ν

)2

,

Φ(ϕ; p2
n) = sin ϕ (cos ϕ)1/2−νP

(1/2,−ν)
n−1 (cos 2ϕ).

(179)
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�¥·¢Ò° ¨²¨ ¢Éµ·µ° ¸²ÊÎ ° ·¥ ²¨§Ê¥É¸Ö, ¥¸²¨ p2 Å ¢¥Ð¥¸É¢¥´´Ò° ¶µ²Õ¸
2n−1/2+ν ¨²¨ ¦¥ ¢¥Ð¥¸É¢¥´´Ò° ´Ê²Ó 2n−1/2−ν ËÊ´±Í¨¨ P . �¸É ¢Ï¨°¸Ö
É·¥É¨° ¸²ÊÎ ° ¨³¥¥É ³¥¸Éµ ¶·¨ A = Φ−(0; p2) �= 0, B = Φ+(0; p2) �= 0
¨ p2 = p̃2

n = p2
n, £¤¥ p2

n Å ¢¥Ð¥¸É¢¥´´Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (171),  
Φ± Å µÉ¢¥Î ÕÐ¨¥ ¨³ ËÊ´±Í¨¨. ‡´ Î¥´¨Ö p̃2

n ¶¥·¥³¥¦ ÕÉ¸Ö ¨ ¸ ¶µ²Õ¸ ³¨, ¨
¸ ´Ê²Ö³¨ ËÊ´±Í¨¨ P . Š ¦¤µ³Ê p̃2

n µÉ¢¥Î ¥É µ¤´  ¢¥Ð¥¸É¢¥´´ Ö ¸µ¡¸É¢¥´´ Ö
ËÊ´±Í¨Ö Φ, µ¶·¥¤¥²¥´´ Ö Ëµ·³Ê²µ° (157).

’¥¶¥·Ó · ¸¸³µÉ·¨³ µ¡Ð¨° ¸²ÊÎ °. �Ê¸ÉÓ Im p2 = 0, É. ¥. p2 � 0 ¨²¨ ¦e
p2 < 0. ’µ£¤  Im P = 0 ¶µ µ¶·¥¤¥²¥´¨Õ (178). �µÔÉµ³Ê ¶·¨ Im (A/B) �= 0
Ê· ¢´¥´¨¥ P = A/B ´¥ ¨³¥¥É ±µ·´¥°. „ ²¥¥ ¶µ² £ ¥³ Im (A/B) = 0. �·¨
p2 � 0 ËÊ´±Í¨Ö P ´¥ µ£· ´¨Î¥´  ´¨ ¸´¨§Ê, ´¨ ¸¢¥·ÌÊ, ¶µÔÉµ³Ê ¶·¨ ²Õ¡µ³
¢¥Ð¥¸É¢¥´´µ³ µÉ´µÏ¥´¨¨ A/B Ê· ¢´¥´¨¥ P = A/B ¨³¥¥É ÌµÉÖ ¡Ò µ¤¨´
¢¥Ð¥¸É¢¥´´Ò° ±µ·¥´Ó p2. �Ê¸ÉÓ É¥¶¥·Ó p2 < 0 ¨ p = ı̇|p|. —Éµ¡Ò µ¶·¥¤¥²¨ÉÓ
¸¢µ°¸É¢  ËÊ´±Í¨¨ P ¶·¨ p = i|p|, ¶µÉ·¥¡ÊÕÉ¸Ö ¨§¢¥¸É´Ò¥ · ¢¥´¸É¢  [98]

Γ(z∗) = Γ∗(z),
∣∣∣∣Γ(x + iy)

Γ(x)

∣∣∣∣
2

=
∞∏

n=0

(
1 +

y2

(x + n2)

)−1

, z = x + iy,

¨ · ¢¥´¸É¢  (α±)∗ = β±, ¸²¥¤ÊÕÐ¨¥ ¨§ (166). ‚ ¸¨²Ê Ê± § ´´ÒÌ · ¢¥´¸É¢

P (c, p2) =
Γ(1 − ν)
Γ(1 + ν)

|Γ(α−)|2
|Γ(α+)|2 ,

P (c,−∞) =
Γ(1 − ν)
Γ(1 + ν)

∞∏
n=0

(
3 − ν + 2n

3 + ν + 2n

)n

,

0 < P (c,−∞) < P (c, p2) < P (c, p̃2) � P (c, 0), p2 < p̃2 < 0.

‡´ Î¨É, ¶·¨ p2 � 0 ËÊ´±Í¨Ö P ´¥ ¨³¥¥É ¶µ²Õ¸µ¢ ¨ Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´µ°,
µ£· ´¨Î¥´´µ° ¸´¨§Ê ¨ ¸¢¥·ÌÊ ¨ ³µ´µÉµ´´µ Ê¡Ò¢ ÕÐ¥° ¶·¨ ²Õ¡µ³ Ë¨±¸¨-
·µ¢ ´´µ³ c ∈ [−1/4, 0) ¨ Ê³¥´ÓÏ ÕÐ¥³¸Ö p2. ‘²¥¤µ¢ É¥²Ó´µ, Ê· ¢´¥´¨¥
P = A/B ¨³¥¥É ¥¤¨´¸É¢¥´´Ò°, ¶·¨Î¥³ ´¥¶µ²µ¦¨É¥²Ó´Ò°, ±µ·¥´Ó p2 � 0
Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  P (c,−∞) � A/B � P (c, 0).

• ‘²ÊÎ ° c < −1/4, ν = ı̇|ν|. ‘ÊÐ¥¸É¢ÊÕÉ ¸¶¥±É·Ò, µ¶¨¸Ò¢ ¥³Ò¥ Ëµ·³Ê-
² ³¨ (174), (176)Ä(179), ¢ ±µÉµ·ÒÌ É¥¶¥·Ó ν = ı̇|ν|. �µÔÉµ³Ê · ´¥¥ ¤¥°¸É¢¨-
É¥²Ó´Ò¥ ¸¶¥±É·Ò (174) ¨ (179) É¥¶¥·Ó Ö¢²ÖÕÉ¸Ö ¤¨¸±·¥É´Ò³¨ ±µ³¶²¥±¸´Ò³¨
¸¶¥±É· ³¨,   ¨Ì ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ö¢²ÖÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ ±µ³¶²¥±¸-
´Ò³¨ ¶µ²Õ¸ ³¨ ¨ ´Ê²Ö³¨ ËÊ´±Í¨¨ P , § ¤ ´´µ° Ëµ·³Ê²µ° (178).

�µ²¥¥ ¶µ¤·µ¡´µ ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° Im p2 = 0, ±µ£¤  p2 � 0 ¨²¨ ¦¥ p2 < 0
¨ p = ı̇|p|. ’ ± ± ± ν = ı̇|ν|, Éµ ¶ · ³¥É·Ò (166) µ¡² ¤ ÕÉ ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°-
¸É¢ ³¨: (α+)∗ = α−, (β+)∗ = β− ¶·¨ p2 � 0 ¨ (α+)∗ = β−, (α−)∗ = β+ ¶·¨
p = i|p|. �µÔÉµ³Ê ¨§ (168) ¨ (169) ¸²¥¤Ê¥É, ÎÉµ (Φ±)∗ = Φ∓. ‘²¥¤µ¢ É¥²Ó´µ,
ËÊ´±Í¨¨ Re Φ+ ¨ Im Φ+ µ¡· §ÊÕÉ ¢¥Ð¥¸É¢¥´´ÊÕ ”‘�,   ·¥Ï¥´¨¥ (176) c
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A = Φ−(0; p2) ¨ B = Φ+(0; p2) Ö¢²Ö¥É¸Ö Î¨¸Éµ ³´¨³Ò³:

Φ(ϕ; p2) = ı̇Φ−(0; p2)
[
Φ+(ϕ; p2) − Φ−(ϕ; p2)/P (c, p2)

]
=

= 2ImΦ−(0; p2)
{
Re Φ+(ϕ; p2) + ctg [(1/2) argP ] Im Φ+(ϕ; p2)

}
. (180)

ˆ§-§  · ¢¥´¸É¢ (Φ±)∗ = Φ∓ ËÊ´±Í¨Ö P ¸É ´µ¢¨É¸Ö É ±µ°, ÎÉµ |P | = 1 ¨

argP (c, p2) = 2
[
arg Γ(1 − ν) + arg Γ(α+) + arg Γ(β+)

]
+ 2πn,

£¤¥ Í¥²µ¥ n µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö arg P ∈ (−π, π]. �·¨ ²Õ¡µ³ Ë¨±¸¨-
·µ¢ ´´µ³ c ËÊ´±Í¨Ö argP (c, p2)  ·£Ê³¥´É  p2 Ö¢²Ö¥É¸Ö µ¤´µ§´ Î´µ° ¨ ¶·¨-
´¨³ ¥É ¢¸¥ §´ Î¥´¨Ö ¨§ ¨´É¥·¢ ²  (−π, π]. �µÔÉµ³Ê ¶·¨ ²Õ¡ÒÌ § · ´¥¥ § -
¤ ´´ÒÌ A ¨ B, É ±¨Ì, ÎÉµ |A/B| = 1, Ê· ¢´¥´¨¥ (178) ¨³¥¥É ·µ¢´µ µ¤¨´
¢¥Ð¥¸É¢¥´´Ò° ±µ·¥´Ó p2, ±µÉµ·µ³Ê µÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥´¨¥ (176).
…¸²¨ |A/B| �= 1, Éµ ´¥É ´¨ ±µ·´¥°, ´¨ ·¥Ï¥´¨°.

�¸´µ¢´Ò¥ ¢Ò¢µ¤Ò ´ ¸ÉµÖÐ¥£µ ¶ · £· Ë  ¸Ëµ·³Ê²¨·Ê¥³ ¢ ¢¨¤¥ ¤µ± § ´-
´µ° É¥µ·¥³Ò ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´µ¸É¨ ·¥Ï¥´¨° § ¤ Î¨ (150), (151).

’¥µ·¥³  1. ‡ ¤ Î  (150), (151) ¶·¨ ²Õ¡µ³ c � 0 ¨³¥¥É Éµ²Ó±µ ¢¥Ð¥-
¸É¢¥´´Ò¥ ·¥Ï¥´¨Ö (174), ¶·¨ ²Õ¡µ³ c < 0 ¨ ²Õ¡µ³ ±µ³¶²¥±¸´µ³ p2 ¥¥
¥¤¨´¸É¢¥´´Ò³ ¨, ¢µµ¡Ð¥ £µ¢µ·Ö, ±µ³¶²¥±¸´Ò³ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö ËÊ´±-
Í¨Ö (176) ¸ A = Φ−(0; p2) ¨ B = Φ+(0; p2), ±µÉµ· Ö ¢ ¸²ÊÎ ¥ Im p2 = 0
¶·¨´¨³ ¥É ¢¨¤ (180). …¸²¨ A, B Å § ¤ ´´Ò¥ ±µ´¸É ´ÉÒ,   Im p2 = 0,
Éµ ¶·¨ ²Õ¡ÒÌ c ∈ [−1/4, 0) ¨ p2 > 0 ¢¸¥£¤  ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´µ¥ ·¥Ï¥-
´¨¥ (176); ¥¸²¨ c ∈ [−1/4, 0) ¨ p2 < 0, Éµ É ±µ¥ ·¥Ï¥´¨¥ ¨³¥¥É¸Ö ¶·¨
Ê¸²µ¢¨¨ P (c,−∞) < A/B < P (c, 0);   ¥¸²¨ c < −1/4 Å Éµ ¶·¨ Ê¸²µ¢¨¨
|A/B| = 1.

�·¥¤¸É ¢²¥´¨¥ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö Φ Î¥·¥§ ËÊ´±Í¨¨ �¥¸¸¥²Ö. ˆ¸-
¶µ²Ó§ÊÖ § ³¥´Ê ϕ → s = π/2 − ϕ, Φ(ϕ) → v(s) ¨ · §²µ¦¥´¨¥

1
(sin s)2

=
1
s2

+
1
3

+ ε(s), ε(s) ≡ s2

(
1
15

+
2

189
s2 + . . .

)
,

¸¢¥¤¥³ ¨¸Ìµ¤´ÊÕ § ¤ ÎÊ (150), (151) ± § ¤ Î¥ Ï·¥¤¨´£¥·µ¢¸±µ£µ É¨¶ [
∂2

s + k2 − c

s2
− cε(s)

]
v(s) = 0, v(0) = 0, v

(π

2

)
= 0,

k2 ≡ p2 − c

3
, s ∈ [0, π/2].

(181)

‚ ¶µ²ÊÎ¥´´µ° § ¤ Î¥ ´¥¸¨´£Ê²Ö·´µ¥ ¸² £ ¥³µ¥ c ε(s) ¶µÉ¥´Í¨ ²  c/s2 + c ε(s)
³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ¢µ§³ÊÐ¥´¨¥, ¥¸²¨ µ´µ ´ ³´µ£µ ³¥´ÓÏ¥ ³µ¤Ê²Ö ¶µ²-
´µ° Ô´¥·£¨¨ |k2|. ’ ± ± ± ε(s) Å ³µ´µÉµ´´µ · ¸ÉÊÐ Ö ËÊ´±Í¨Ö, Éµ

0 � ε(s) � ε
(π

2

)
=

2
3
− 4

π2
= 0,261 . . .
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�µÔÉµ³Ê Ê¶µ³Ö´ÊÉµ¥ ´¥· ¢¥´¸É¢µ ¨³¥¥É ¢¨¤ |p2| � |c|/3 ¨ Ö¢²Ö¥É¸Ö, ´ ¢¥·´µ¥,
¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¤²Ö ¶·¨³¥´¥´¨Ö É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° [6]. —Éµ¡Ò ·¥ -
²¨§µ¢ ÉÓ ¥¥ ¢ ¶¥·¢µ³ ¶µ·Ö¤±¥, ¢ Ê· ¢´¥´¨¨ (181) ¶µ²µ¦¨³ ε(s) ≡ 0, z = ks ¨
v(s) =

√
z Zν(z). ’µ£¤  ¶µ²ÊÎ¨É¸Ö Ê· ¢´¥´¨¥ �¥¸¸¥²Ö [98](

z2∂2
z + z∂z + z2 − ν2

)
Zν(z) = 0 (182)

¸, ¢µµ¡Ð¥ £µ¢µ·Ö, ±µ³¶²¥±¸´Ò³¨ ¨´¤¥±¸µ³ ν ≡
√

c + 1/4 ¨  ·£Ê³¥´Éµ³ z =
ks, |z| ∈ [0, |k|π/2], ¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

lim
z→0

√
zZν(z) → 0, Zν

(
k

π

2

)
= 0. (183)

’ ± ± ± ”‘� {Z±
ν } Ê· ¢´¥´¨Ö �¥¸¸¥²Ö ¨§¢¥¸É´  ¶·¨ ²Õ¡ÒÌ ±µ³¶²¥±¸´ÒÌ ν

¨ z, Éµ ¥£µ ²Õ¡µ¥ ·¥Ï¥´¨¥ Zν ¢¸¥£¤  ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ Ëµ·³Ê²µ°

Zν(z) = AZ+
ν (z) − BZ−

ν (z),

  § É¥³ ¶µ²ÊÎ¨ÉÓ ´Ê¦´µ¥ ·¥Ï¥´¨¥ Zν(z), ¢Ò¡¨· Ö ±µ´¸É ´ÉÒ A ¨ B.
ˆÉ ±, ¢ ¶·¨¡²¨¦¥´¨¨ ε(s) ≡ 0 ·¥Ï¥´¨¥ Φ ¨ ”‘� {Φ±} § ¤ Î¨ (150),

(151) ¸¢Ö§ ´Ò ¸ ·¥Ï¥´¨¥³ Zν ¨ ”‘� {Z±
ν } § ¤ Î¨ (182), (183) Ëµ·³Ê² ³¨

Φ(ϕ; p2) =
√

zZν(z), Φ(0; p2) = 0, Φ
(π

2
; p2
)

= Zν

(
k

π

2

)
= 0,

Φ±(ϕ; p2) =
√

zZ±
ν (z), p2 =

c

3
+ k2, z = ks, s =

(π

2
− ϕ

)
.

(184)

�·¨ ²Õ¡ÒÌ ±µ³¶²¥±¸´ÒÌ ν ¨ z ËÊ´±Í¨¨ �¥¸¸¥²Ö Jν ¨ Yν ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò
¨ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉµÉ¨±¨ [98]:

Jν(z) ∼ zν, ν �= −1,−2, . . . , |z| → 0;

Y0(z) ∼ ln z; Yν(z) ∼ z−ν , Re ν > 0, |z| → 0;
(185)

Jν(z) ∼
√

2
πz

cos z̃, Yν(z) ∼
√

2
πz

sin z̃, z̃ ≡ z−ν
π

2
−π

4
, |z| → ∞. (186)

—Éµ¡Ò ¶·¨¡²¨¦¥´´ Ö ”‘� {Φ± =
√

zZ±
ν } ¨³¥²  ¶·¨ ϕ → π/2 ÉµÎ´Ò¥

 ¸¨³¶ÉµÉ¨±¨ (153), µ¶·¥¤¥²¨³ ”‘� {Z±
ν } Ê· ¢´¥´¨Ö �¥¸¸¥²Ö (182) ¸²¥¤Ê-

ÕÐ¨³ µ¡· §µ³: Z+
ν ≡ Jν ¨ Z−

ν ≡ Yν , ¥¸²¨ c � −1/4, ¨ Z±
ν ≡ J±ν ¨²¨

Z+
ν ≡ Re Jν ¨ Z−

ν ≡ Im Jν , ¥¸²¨ c < −1/4. ‚ ¸¨²Ê (183)Ä(185) ¶·¨¡²¨¦¥´´µ¥
·¥Ï¥´¨¥ Φ =

√
z Zν ¶µ¤Î¨´Ö¥É¸Ö É·¥¡Ê¥³Ò³ Ê¸²µ¢¨Ö³ (151). �·¨ ¢Ò¢µ¤¥

Ëµ·³Ê² (155)Ä(161), µ¶¨¸Ò¢ ÕÐ¨Ì ¢¸¥ ÉµÎ´Ò¥ ¸¶¥±É·Ò {p2, Φ}, ¨¸¶µ²Ó§µ-
¢ ²¨¸Ó Éµ²Ó±µ  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¸µµÉ´µÏ¥´¨Ö (153). ‚Ò¡· ´´Ò¥ ËÊ´±Í¨¨√

zZ±ν ¶µ¤Î¨´ÖÕÉ¸Ö ÔÉ¨³ ¸µµÉ´µÏ¥´¨Ö³. �µÔÉµ³Ê ¥¸²¨ ¢ Ëµ·³Ê² Ì (155)Ä
(161) § ³¥´¨ÉÓ ÉµÎ´Ò¥ ËÊ´±Í¨¨ Φ+ ¨ Φ− ¨Ì ¶·¨¡²¨¦¥´¨Ö³¨

√
zZν ¨

√
zZ−ν ,
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Éµ ¶µ²ÊÎ É¸Ö Ëµ·³Ê²Ò, µ¶·¥¤¥²ÖÕÐ¨¥ ¢¸¥ ¢µ§³µ¦´Ò¥ ¶·¨¡²¨¦¥´´Ò¥ ¶·¨
|p2| � |c|/3 ¸¶¥±É·Ò {p2, Φ =

√
zZν}. ˆ¸¸²¥¤Ê¥³ ÔÉ¨ ¸¶¥±É·Ò.

• ‘²ÊÎ ° c � 0, ν � 1/2. ‘µ£² ¸´µ (155) ¨ (184) p2 Å ±µ·¥´Ó Ê· ¢´¥´¨Ö

Φ+
(π

2
; p2
)

= Jν(z) = 0, z = k
π

2
, p2 =

c

3
+ k2. (187)

‡´ Î¨É, ¢¥¸Ó ¸¶¥±É· {p2, Φ} µ¶·¥¤¥²Ö¥É¸Ö ´Ê²Ö³¨ jνn, n � 1, ËÊ´±Í¨¨ Jν ¨
¶µÔÉµ³Ê Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³, ¸Î¥É´Ò³ (n = 1, 2, . . .) ¨ ´¥¢Ò·µ¦¤¥´´Ò³:

p2
n(c) =

c

3
+
(

2
π

jνn

)2

, Φ(ϕ; p2
n) =

√
znJν(zn),

zn ≡ jνn

(
1 − 2

π
ϕ

)
.

(188)

�µ²ÊÎ¥´´Ò° ¸¶¥±É· {p2
n(c)}∞n=1 ¨³¥¥É ¸¢µ°¸É¢  (175),   ¶µ¸²¥ § ³¥´Ò ´Ê-

²¥° jνn ´Ê²Ö³¨ ¸É ·Ï¥£µ Î²¥´   ¸¨³¶ÉµÉ¨±¨ (186) ËÊ´±Í¨¨ Jν ¸É ´µ¢¨É¸Ö
¸¶¥±É·µ³, µÉ²¨Î ÕÐ¨³¸Ö µÉ ÉµÎ´µ£µ ¸¶¥±É·  (174) ¸² £ ¥³Ò³ c/3:

p2
n(c) =

c

3
+
(

2n− 1
2

+ ν

)2

, n = 1, 2, . . . (189)

• ‘²ÊÎ ° c ∈ [−1/4, 0), ν ∈ [0, 1/2). ‚ ¸¨²Ê (157) ¨ (184) ¸ÊÐ¥¸É¢Ê¥É
¸¶²µÏ´µ° (²Õ¡µ¥ p2) ±µ³¶²¥±¸´Ò° ¸¶¥±É·

∀p2, Φ(ϕ; p2) =
√

z
[
Yν

(
k

π

2

)
Jν(z) − Jν

(
k

π

2

)
Yν(z)

]
. (190)

Š ± ¸²¥¤Ê¥É ¨§ (160) ¨ (184), ¶·¨ § · ´¥¥ § ¤ ´´ÒÌ A ¨ B ¸¶¥±É· § ¤ ¥É¸Ö
±µ·´Ö³¨ Ê· ¢´¥´¨Ö P = A/B ¤²Ö k ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° Ëµ·³Ê²µ° ¤²Ö Φ:

P (c, p2) ≡ Jν

(
k

π

2

)
/Yν

(
k

π

2

)
=

A

B
,

Φ(ϕ; p2) =
√

z [AJν(z) − BYν(z)]
(191)

¨ ¶µÔÉµ³Ê ¸ÊÐ¥¸É¢Ê¥É Éµ£¤  ¨ Éµ²Ó±µ Éµ£¤ , ±µ£¤  ¨³¥ÕÉ¸Ö É ±¨¥ ±µ·´¨.
� ¶·¨³¥·, ¶·¨ A = 1 ¨ B = 0 ¨³¥¥É¸Ö ²¨ÏÓ ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É· (188),

  ¥¸²¨ A = 0 ¨ B = −1, Éµ ¢¥¸Ó ¸¶¥±É· µ¶·¥¤¥²Ö¥É¸Ö ´Ê²Ö³¨ yνn ËÊ´±Í¨¨
Yν ¨ ¶µÔÉµ³Ê Ö¢²Ö¥É¸Ö ¸Î¥É´Ò³ (n = 1, 2, . . .), ´¥¢Ò·µ¦¤¥´´Ò³, ´µ, ¢µµ¡Ð¥
£µ¢µ·Ö, ±µ³¶²¥±¸´Ò³ ¸¶¥±É·µ³:

p2
n(c) =

c

3
+
(

2
π

yνn

)2

, Φ(ϕ; p2
n) =

√
znYν(zn),

zn ≡ yνn

(
1 − 2

π
ϕ

)
.

(192)



338 �“�›˜…‚ ‚. ‚.

…¸²¨ ¢ (192) µ¸É ¢¨ÉÓ Éµ²Ó±µ ¢¥Ð¥¸É¢¥´´Ò¥ ´Ê²¨ yνn = Re yνn, Éµ ¶µ²ÊÎ É¸Ö
Ëµ·³Ê²Ò, µ¶·¥¤¥²ÖÕÐ¨¥ ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É·. �¶¶·µ±¸¨³ Í¨Ö É ±¨Ì ´Ê-
²¥° ´Ê²Ö³¨ ¸É ·Ï¥£µ Î²¥´   ¸¨³¶ÉµÉ¨±¨ (186) ËÊ´±Í¨¨ Yν ¤ ¥É ¤¥°¸É¢¨É¥²Ó-
´Ò° ¸¶¥±É·

p2
n(c) =

c

3
+
(

2n− 3
2

+ ν

)2

, n = 1, 2, . . . (193)

• ‘²ÊÎ ° c < −1/4, ν = ı̇|ν|. ’¥¶¥·Ó ¢³¥¸Éµ Z+
ν = Jν ¨ Z−

ν = Yν

¨¸¶µ²Ó§Ê¥³ Z±
ν = J±ν . �µÔÉµ³Ê ¤²Ö ¢Ò¢µ¤  Ëµ·³Ê², µ¶·¥¤¥²ÖÕÐ¨Ì ¸¶¥±É·

¶·¨ É¥Ì ¦¥ µ£· ´¨Î¥´¨ÖÌ ´  A ¨ B, ÎÉµ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ¤µ¸É ÉµÎ´µ ¢
(187)Ä(189) ¶µ²µ¦¨ÉÓ ν = ı̇|ν|,   ¢ (190) ¨ (191) § ³¥´¨ÉÓ Yν ´  J−ν , ν = ı̇|ν|.
’µ£¤  ¤²Ö ´ Ìµ¦¤¥´¨Ö ¸¶¥±É·  ¶µ²ÊÎ É¸Ö ¸²¥¤ÊÕÐ¨¥ ¶· ¢¨² .

„ ´´µ³Ê p2 µÉ¢¥Î ¥É, ¢µµ¡Ð¥ £µ¢µ·Ö, ±µ³¶²¥±¸´ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö

∀p2, Φ(ϕ; p2) =
√

z
[
J−ν

(
k

π

2

)
Jν(z) − Jν

(
k

π

2

)
J−ν(z)

]
, (194)

  ¥¸²¨ A ¨ B § ¤ ´Ò § · ´¥¥, Éµ ¸¶¥±É· µ¶·¥¤¥²Ö¥É¸Ö Ëµ·³Ê² ³¨

P (c, p2) ≡ J−ν(kπ/2)
Jν(kπ/2)

=
A

B
, Φ(ϕ; p2) =

√
z [AJν(z) − BJ−ν(z)]

¨ ´¥ ¸ÊÐ¥¸É¢Ê¥É, ¥¸²¨ Ê· ¢´¥´¨¥ P = A/B ¤²Ö k ´¥ ¨³¥¥É ·¥Ï¥´¨°.
’ ± ± ± É¥¶¥·Ó ν = ı̇|ν|, Éµ ¶·¨ A = 1 ¨ B = 0 · ´¥¥ ¤¥°¸É¢¨É¥²Ó´Ò¥

¸¶¥±É·Ò (188) ¨ (189) ¸É ´µ¢ÖÉ¸Ö ±µ³¶²¥±¸´Ò³¨ ¸¶¥±É· ³¨. …¸²¨ ¦¥ A = 0
¨ B = −1, Éµ ±µ³¶²¥±¸´Ò° ¸¶¥±É· µ¶·¥¤¥²Ö¥É¸Ö ´Ê²Ö³¨ j−ν,n ËÊ´±Í¨¨ J−ν :

p2
n(c) =

c

3
+
(

2
π

j−ν,n

)2

, Φ(ϕ; p2
n) =

√
znJ−ν(zn),

zn ≡ j−ν,n

(
1 − 2

π
ϕ

)
.

(195)

�·¨  ¶¶·µ±¸¨³ Í¨¨ ÔÉ¨Ì ´Ê²¥° ´Ê²Ö³¨ ¸É ·Ï¥£µ Î²¥´   ¸¨³¶ÉµÉ¨±¨ (186)
ËÊ´±Í¨¨ J−ν ¶µ²ÊÎ ¥É¸Ö ±µ³¶²¥±¸´µ-¸µ¶·Ö¦¥´´Ò° ¸¶¥±É·Ê (189) ¸¶¥±É·

p2
n(c) =

c

3
+
(

2n − 1
2
− ν

)2

, n = 1, 2, . . . (196)

�¸´µ¢´Ò¥ ¢Ò¢µ¤Ò ¢Ò¶µ²´¥´´µ£µ  ´ ²¨§  § ¤ Î¨ (150), (151) ¸Ëµ·³Ê²¨-
·Ê¥³ ¢ ¢¨¤¥ É¥µ·¥³Ò µ ¸¶¥±É·¥ ¥¥ ¡µ²ÓÏ¨Ì ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°.

’¥µ·¥³  2. …¸²¨ |p|2 � |c|/3, Éµ § ¤ Î  (150), (151) ¢ ¶·¨¡²¨¦¥´¨¨
ε(s) = 0 ¶·¨ c � 0 ¨³¥¥É Éµ²Ó±µ ¤¨¸±·¥É´Ò° ¤¥°¸É¢¨É¥²Ó´Ò° ¸¶¥±É· (188),
¶·¨ c < 0 ¸ÊÐ¥¸É¢ÊÕÉ ±µ³¶²¥±¸´Ò¥ ¸¶²µÏ´Ò¥ ¸¶¥±É·Ò (190), (194) ¨ ¤¨¸-
±·¥É´Ò¥ ¸¶¥±É·Ò (192), (195). �·¨¡²¨¦¥´´Ò¥ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (189),
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(193) ¨ (196) µÉ²¨Î ÕÉ¸Ö µÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ÉµÎ´ÒÌ §´ Î¥´¨° (171), (174)
¨ (179) ¶·¥´¥¡·¥¦¨³µ ³ ²Ò³ ¶·¨ n → ∞ ¸² £ ¥³Ò³ c/3.

”¨§¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É· . ‚ ±¢ ´Éµ¢µ° ³¥-
Ì ´¨±¥ [6] § ¤ Î  (150), (151) Ö¢²Ö¥É¸Ö µ¤´µ·µ¤´µ° ±· ¥¢µ° § ¤ Î¥° ˜·¥-
¤¨´£¥·  ¤²Ö ¢µ²´µ¢µ° ËÊ´±Í¨¨ Φ ±¢ ´Éµ¢µ° Î ¸É¨ÍÒ, µ¡² ¤ ÕÐ¥° ¶µ²´µ°
Ô´¥·£¨¥° p2, Ê£²µ¢Ò³ ³µ³¥´Éµ³ b = 0 ¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¥° ¸ ¸¨´£Ê²Ö·´Ò³ ¢
ÉµÎ±¥ ϕ = π/2 ¸¨²µ¢Ò³ ¶µ²¥³ ¶µ¸·¥¤¸É¢µ³ ¶µÉ¥´Í¨ ² 

V (ϕ; c) =
c

(cos ϕ)2
, 0 � ϕ � π/2, c = Re c. (197)

‘¢Ö§ ´´µ¥ ¸µ¸ÉµÖ´¨¥ É ±µ° Î ¸É¨ÍÒ µ¶¨¸Ò¢ ¥É¸Ö ¤¥°¸É¢¨É¥²Ó´µ° Ô´¥·£¨¥° p2

¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¥¥ ¢µ²´µ¢µ° ËÊ´±Í¨¥° Φ, ´µ·³¨·µ¢ ´´µ° Ê¸²µ¢¨¥³

||Φ||2 ≡
π/2∫
0

dϕ|Φ(ϕ; p2)|2 = 1.

�·¨ É ±µ³ Ê¸²µ¢¨¨ ¢¥²¨Î¨´  |Φ(ϕ; p2)|2 ¨³¥¥É ¸³Ò¸² ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨,
  ¶·µ¨§¢¥¤¥´¨¥ |Φ(ϕ; p2)|2dϕ ¥¸ÉÓ ¢¥·µÖÉ´µ¸ÉÓ µ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ´  µÉ·¥§±¥
[ϕ, ϕ + dϕ] ¡¥¸±µ´¥Î´µ ³ ²µ° ¤²¨´Ò dϕ. �µ É¥µ·¥³¥ 1 ¢ µÉÉ ²±¨¢ ÕÐ¥³
(c > 0) ¶µ²¥ (197) ¸¶¥±É· (174) ¸¢Ö§ ´´ÒÌ ¸µ¸ÉµÖ´¨° Î ¸É¨ÍÒ ¤¨¸±·¥É´Ò°
¨ µ£· ´¨Î¥´ ¸´¨§Ê ¢¥²¨Î¨´µ° p2

1(c) = (3/2 + ν)2,   ¢ ¶·¨ÉÖ£¨¢ ÕÐ¥³ (c <
0) ¶µ²¥ ¸¶¥±É· ³µ¦¥É ¡ÒÉÓ ± ± ¤¨¸±·¥É´Ò³, É ± ¨ ¸¶²µÏ´Ò³, ¶·¨Î¥³ ´¥
µ£· ´¨Î¥´´Ò³ ´¨ ¸´¨§Ê, ´¨ ¸¢¥·ÌÊ.

�µ± ¦¥³, ÎÉµ ¶·¨ c < 0 ¨ p2 → ±∞ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ (176) ¨ (180)
¸¶²µÏ´µ£µ ¸¶¥±É·  ¨³¥ÕÉ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò¥ µ¸µ¡¥´´µ¸É¨.

• ‘²ÊÎ ° c ∈ [−1/4, 0). ‚ ¸¨²Ê (177) ´µ·³¨·µ¢ ´´ Ö ¢µ²´µ¢ Ö ËÊ´±-
Í¨Ö (176) ¨³¥¥É  ¸¨³¶ÉµÉ¨±Ê

Φ(ϕ; p2) ∼
{ √

2/π sin pϕ, p2 → +∞,
2|p| exp [−|p|(π/2 − ϕ)], p2 → −∞,

ϕ ∈ [0, π/2). (198)

‘²¥¤µ¢ É¥²Ó´µ, ¥¸²¨ Ô´¥·£¨Ö p2 ¶µ²µ¦¨É¥²Ó´ Ö ¨ ¢µ§· ¸É ¥É, Éµ Î¨¸²µ ´Ê²¥°
ËÊ´±Í¨¨ Φ Ê¢¥²¨Î¨¢ ¥É¸Ö ± ± Í¥² Ö Î ¸ÉÓ ¤·µ¡¨ |p|/2, ¥¸²¨ ¦¥ Ô´¥·£¨Ö µÉ-
·¨Í É¥²Ó´ Ö ¨ Ê³¥´ÓÏ ¥É¸Ö, Éµ Ê³¥´ÓÏ ¥É¸Ö ¨ ¤²¨´  δ µÉ·¥§±  [π/2− δ, π/2],
´  ±µÉµ·µ³ ËÊ´±Í¨Ö Φ § ³¥É´µ µÉ²¨Î ¥É¸Ö µÉ ´Ê²Ö. ‡´ Î¨É, ¢µ²´µ¢ Ö ËÊ´±-
Í¨Ö Φ ¨ ¶²µÉ´µ¸ÉÓ |Φ|2 ²µ± ²¨§ÊÕÉ¸Ö ¢ ¡¥¸±µ´¥Î´µ ³ ²µ° ¶µ²Êµ±·¥¸É´µ¸É¨
ÉµÎ±¨ ϕ = π/2. ‹µ± ²¨§ Í¨Ö ¶²µÉ´µ¸É¨ ¢Ò£²Ö¤¨É ± ± ¸³¥Ð¥´¨¥ ¶µ²µ¦¥´¨Ö
ϕ0 ¥¥ £² ¢´µ£µ ³ ±¸¨³Ê³  ± ÉµÎ±¥ ϕ = π/2 ¶·¨ Ê³¥´ÓÏ¥´¨¨ p2. ’ ± ± ±
ËÊ´±Í¨Ö Φ §´ ±µ¶µ¸ÉµÖ´´  ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2, Éµ ¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨
|Φ|2 ´¥ ¨³¥¥É ´¨ ¤·Ê£¨Ì ³ ±¸¨³Ê³µ¢, ´¨ ´Ê²¥°, · ¸¶µ²µ¦¥´´ÒÌ ¶· ¢¥¥ ÉµÎ±¨
ϕ0. ‹µ± ²¨§ Í¨Ö ¶²µÉ´µ¸É¨ ¢¥·µÖÉ´µ¸É¨ µ§´ Î ¥É ±µ²² ¶¸, É. ¥. ¶ ¤¥´¨¥ ¨²¨
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¸ÉÖ£¨¢ ´¨¥ Î ¸É¨ÍÒ ¢ ÉµÎ±Ê ϕ = π/2 ¶·¨ p2 = −∞. Šµ²² ¶¸ Ö¢²Ö¥É¸Ö µ¸µ-
¡Ò³ ¸µ¸ÉµÖ´¨¥³, É ± ± ± ¢ ´¥³ Ô´¥·£¨Ö ¸¢Ö§¨ B = −p2 Î ¸É¨ÍÒ ¡¥¸±µ´¥Î´µ
¢¥²¨± ,   ¸·¥¤´¥¥ · ¸¸ÉµÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í¥° ¨ ¸¨´£Ê²Ö·´µ° ÉµÎ±µ° ϕ = π/2
¶µ²Ö (197) ¡¥¸±µ´¥Î´µ ³ ²µ. Šµ²² ¶¸ ¶·µ¨¸Ìµ¤¨É ¶·¨ ¸±µ²Ó Ê£µ¤´µ ³ ²µ° ¶µ
³µ¤Ê²Õ ±µ´¸É ´É¥ ¸¢Ö§¨ c ÔÉµ£µ ¶µ²Ö.

• ‘²ÊÎ ° c < −1/4. ”µ·³Ê²Ò (198) ¸¶· ¢¥¤²¨¢Ò ¤²Ö ´µ·³¨·µ¢ ´´µ°
¢µ²´µ¢µ° ËÊ´±Í¨¨ (180). �µÔÉµ³Ê ¶·¨ p2 → ±∞ ÔÉ  ËÊ´±Í¨Ö, µ¸Í¨²²¨·ÊÖ,
²µ± ²¨§Ê¥É¸Ö ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2. ˆ§-§  µ¸Í¨²²ÖÍ¨° ¢¡²¨§¨ ÉµÎ±¨ ϕ = π/2
¶²µÉ´µ¸ÉÓ ¢¥·µÖÉ´µ¸É¨ |Φ|2, ±·µ³¥ £² ¢´µ£µ ³ ±¸¨³Ê³ , ¨³¥¥É ¸¶· ¢  µÉ ´¥£µ
¡¥¸±µ´¥Î´µ ³´µ£µ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ ϕ → π/2 ³ ±¸¨³Ê³µ¢. ’ ± ± ± ¶µ²µ¦¥´¨¥
£² ¢´µ£µ ³ ±¸¨³Ê³  ϕ0 ¸³¥Ð ¥É¸Ö ¶·¨ p2 → −∞ ± ÉµÎ±¥ ϕ = π/2, Éµ
¶·µ¨¸Ìµ¤¨É ±µ²² ¶¸.

�¨¸. 8 ¨²²Õ¸É·¨·Ê¥É ±µ²² ¶¸ ¢ ¤¢ÊÌ µ¶¨¸ ´´ÒÌ ¸²ÊÎ ÖÌ. Š·¨¢Ò³¨ ´ 
·¨¸. 8, a, ¡ ¨§µ¡· ¦¥´Ò ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨ ¶·¨ c = −1/8 ∈ [−1/4, 0) ¨ c =
−25/4 < −1/4,   ´  ·¨¸. 8, ¢, £ ¶·¥¤¸É ¢²¥´Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶²µÉ´µ¸É¨
¢¥·µÖÉ´µ¸É¨. –¨Ë·  ´ ¤ ±·¨¢µ° Å µÉ¢¥Î ÕÐ¥¥ ¥° §´ Î¥´¨¥ Ô´¥·£¨¨ p2.

�·¨±² ¤´ Ö §´ Î¨³µ¸ÉÓ ¨¸¸²¥¤µ¢ ´´ÒÌ ¸¶¥±É·µ¢. ‚¸²¥¤¸É¢¨¥ É¥µ·¥³Ò 1
¶·¨ c < 0 ¨³¥¥É¸Ö Ê´¨± ²Ó´ Ö ¢µ§³µ¦´µ¸ÉÓ ³µ¤¥²¨·µ¢ ÉÓ ¤¨¸±·¥É´Ò° ¸¶¥±É·
{p2

n, Φ(ϕ; p2
n)} ¤¢Ê³Ö ¸¶µ¸µ¡ ³¨. „²Ö ¶·¨³¥·  µ¶¨Ï¥³ ¸¶µ¸µ¡Ò ³µ¤¥²¨·µ¢ -

´¨Ö (¤¨§ °´ ) ¤¥°¸É¢¨É¥²Ó´µ£µ ¸¶¥±É·  ¢ ¸²ÊÎ ¥ c ∈ [−1/4, 0).
• ‘¶µ¸µ¡ 1. �µ²µ¦¨³ p2

n = fn(c), £¤¥ n = 1, 2, . . .,   fn(c) Å ²Õ¡Ò¥,
´µ § · ´¥¥ § ¤ ´´Ò¥ ËÊ´±Í¨¨ ¶ · ³¥É·  c. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸µ¡¸É¢¥´´Ò¥
ËÊ´±Í¨¨ Φ(ϕ; p2 = fn(c)) ¢¸¥£¤  ¸ÊÐ¥¸É¢ÊÕÉ ¨ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶µ Ëµ·³Ê²¥ (176)
¸ ±µÔËË¨Í¨¥´É ³¨ A = g−(0; fn(c)) ¨ B = g+(0; fn(c)). �·¨³¥·Ò § · ´¥¥
§ ¤ ´´ÒÌ ¸¶¥±É·µ¢ p2

n = fn(c) Å Ô±¢¨¤¨¸É ´É´Ò° ¸¶¥±É· fn = −n ¨ ¸¶¥±É·
fn = c/n2, ¶µ¤µ¡´Ò° ±Ê²µ´µ¢¸±µ³Ê ¨ ¨³¥ÕÐ¨° ÉµÎ±Ê ¸£ÊÐ¥´¨Ö f∞ = 0.

• ‘¶µ¸µ¡ 2. ‘´ Î ²  § ¤ ¥É¸Ö ´¥ ¸¶¥±É· ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°,   ¤¨¸-
±·¥É´µ¥ ³´µ¦¥¸É¢µ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°, µÉ¢¥Î ÕÐ¨Ì § · ´¥¥ ´¥¨§¢¥¸É´Ò³
¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³. ‚ Ëµ·³Ê²¥ (176) ¶µ²µ¦¨³ A = An(c) ¨ B = Bn(c),
£¤¥ An(c) ¨ Bn(c) Å ²Õ¡Ò¥ § · ´¥¥ § ¤ ´´Ò¥ ËÊ´±Í¨¨ ¶ · ³¥É·  c, ¶µ¤-
Î¨´ÖÕÐ¨¥¸Ö ¶·¨ ± ¦¤µ³ n = 1, 2, . . . ¢³¥¸Éµ A ¨ B ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨Ö³
É¥µ·¥³Ò 1. ‡ É¥³ ¢ÒÎ¨¸²¨³ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö p2

n(c) ± ± ±µ·´¨ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨° P (c; p2

n(c)) = An(c)/Bn(c) ¨ ´ °¤¥³ µÉ¢¥Î ÕÐÊÕ
± ¦¤µ³Ê ±µ·´Õ ¸µ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ (176) ¸ A = An(c), B = Bn(c) ¨
p2 = p2

n(c).
‡ ³¥Î ´¨Ö. …¸²¨ c < −1/4, Éµ ³µ¤¥²¨·µ¢ ´¨¥ µ¤´µ¶ · ³¥É·¨Î¥¸±µ£µ

¸¶¥±É·  {p2, Φ} ¢µ§³µ¦´µ µ¡µ¨³¨ ¸¶µ¸µ¡ ³¨, ´µ ¢³¥¸Éµ (176) ¸²¥¤Ê¥É ¨¸-
¶µ²Ó§µ¢ ÉÓ (180). „²Ö ³µ¤¥²¨·µ¢ ´¨Ö ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±µ£µ ¸¶¥±É·  § ¤ ÕÉ¸Ö
ËÊ´±Í¨¨ fn(c, t) ¨²¨ An(c, t) ¨ Bn(c, t) ¤¢ÊÌ ¶ · ³¥É·µ¢ c ¨ t.

C³µ¤¥²¨·µ¢ ´´Ò¥ ¸¶¥±É·Ò ¶·¥¤² £ ¥É¸Ö ¨¸¶µ²Ó§µ¢ ÉÓ ± ± ÔÉ ²µ´´Ò¥ ¤²Ö
É¥¸Éµ¢  ²£µ·¨É³µ¢ Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö µ¤´µ³¥·´ÒÌ ¨ µ¤´µ·µ¤´ÒÌ ±· ¥¢ÒÌ
§ ¤ Î ˜·¥¤¨´£¥·  ¶µ ³¥Éµ¤¨±¥, µ¶¨¸ ´´µ° ¢ ¶. 3.7. ‘ Éµ° ¦¥ Í¥²ÓÕ ³µ¦´µ
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�¨¸. 8. ‚µ²´µ¢Ò¥ ËÊ´±Í¨¨ Φ(ϕ; p2) ¨ ¶²µÉ´µ¸É¨ |Φ(ϕ; p2)|2 ¶·¨ §´ Î¥´¨ÖÌ
p2, Ê± § ´´ÒÌ Í¨Ë· ³¨ ´ ¤ ±·¨¢Ò³¨, ¢ ¸²ÊÎ ¥ c = −1/8 (a, ¢) ¨ ¢ ¸²ÊÎ ¥
c = −25/4 (¡, £)

¨¸¶µ²Ó§µ¢ ÉÓ ± ± ÔÉ ²µ´´Ò¥ ÉµÎ´Ò¥ ¨ ¸³µ¤¥²¨·µ¢ ´´Ò¥ ¸¶¥±É·Ò § ¤ Î¨ �¥¸-
¸¥²Ö (182), (183). Œµ¤¥²¨·µ¢ ´¨¥ ¸¶¥±É·µ¢ ÔÉµ° § ¤ Î¨ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö É¥³¨
¦¥ ¸¶µ¸µ¡ ³¨ 1 ¨ 2, ´µ ¢³¥¸Éµ ·Ö¤µ¢ ƒ Ê¸¸  ¨¸¶µ²Ó§ÊÕÉ¸Ö ËÊ´±Í¨¨ �¥¸-
¸¥²Ö ¨ ¨Ì ´Ê²¨. ‘Ê³³¨·µ¢ ´¨¥ ·Ö¤µ¢ ƒ Ê¸¸  ¸ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ § ³¥É´µ
Ê¸²µ¦´Ö¥É¸Ö ¸ ·µ¸Éµ³ |p|, ËÊ´±Í¨¨ �¥¸¸¥²Ö, ¨ ¨Ì ´Ê²¨ ¤ ¦¥ ¢ ÔÉµ³ ¸²ÊÎ ¥
³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¸ ¢Ò¸µ±µ° ÉµÎ´µ¸ÉÓÕ Î¨¸²¥´´Ò³¨ ³¥Éµ¤ ³¨ [98] ¨²¨ ´ °É¨
¶·¨¡²¨¦¥´´µ, ¨¸¶µ²Ó§ÊÖ ¶µ¤·µ¡´Ò¥ É ¡²¨ÍÒ [98], ¤¢ÊÌ¸Éµ·µ´´¨¥ µÍ¥´±¨ ¨
· §²¨Î´Ò¥  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö [98,106].

�·¨ c ∈ [−1/4, 0) ²Õ¡ Ö ¸µ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Φ(ϕ; pn(c)) ¨³¥¥É ¡¥¸±µ-
´¥Î´ÊÕ ¶·µ¨§¢µ¤´ÊÕ ¢ ÉµÎ±¥ ϕ = π/2 (¸³. ·¨¸. 8,  ),   ¢ ¸²ÊÎ ¥ c < −1/4
¡Ò¸É·µ µ¸Í¨²²¨·Ê¥É ¶·¨ ϕ → 0 (¸³. ·¨¸. 8, ¡). ˆ§-§  ÔÉ¨Ì µ¸µ¡¥´´µ¸É¥° Î¨-
¸²¥´´µ¥ ·¥Ï¥´¨¥ § ¤ Î¨ (150), (151) Ö¢²Ö¥É¸Ö ¤µ¢µ²Ó´µ ¸²µ¦´µ° ¢ÒÎ¨¸²¨-
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É¥²Ó´µ° ¶·µ¡²¥³µ°, É·¥¡ÊÕÐ¥° ¢Ò¸µ±µ° ¶µÉµÎ¥Î´µ° ¸Ìµ¤¨³µ¸É¨ ¨ Ê¸Éµ°Î¨-
¢µ¸É¨  ²£µ·¨É³  ¶µ µÉ´µÏ¥´¨Õ ± µÏ¨¡± ³ µ±·Ê£²¥´¨Ö. Ÿ¸´µ, ÎÉµ  ²£µ·¨É³,
¶µ§¢µ²ÖÕÐ¨° ¢µ¸¶·µ¨§¢¥¸É¨ Ê¶µ³Ö´ÊÉÒ¥ ¢ÒÏ¥ µ¸µ¡¥´´µ¸É¨ ¶µ¢¥¤¥´¨Ö ¸µ¡-
¸É¢¥´´µ° ËÊ´±Í¨¨ Φ(ϕ; pn(c)) ¨ § · ´¥¥ § ¤ ´´Ò¥ µ¸µ¡¥´´µ¸É¨ ¶µ¢¥¤¥´¨Ö
¸µ¡¸É¢¥´´µ£µ §´ Î¥´¨Ö pn(c) = fn(c) ¶·¨ ¨§³¥´ÖÕÐ¥³¸Ö ¶ · ³¥É·¥ c, ³µ¦´µ
¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö ¤µ¸Éµ¢¥·´µ£µ  ´ ²¨§  µ¤´µ³¥·´ÒÌ ±· ¥¢ÒÌ § ¤ Î ˜·¥¤¨´-
£¥·  ¸ ³¥´¥¥ ¸¨´£Ê²Ö·´Ò³¨, Î¥³ ËÊ´±Í¨Ö (197), ¶µÉ¥´Í¨ ² ³¨.

‡�Š‹	—…�ˆ…

‡ ¢¥·Ï¨³ µ¡§µ· Ëµ·³Ê²¨·µ¢±µ° ´¥±µÉµ·ÒÌ ´ ¨¡µ²¥¥ ¢ ¦´ÒÌ ¶·µ¡²¥³ ¨
¢µ§³µ¦´ÒÌ ¸¶µ¸µ¡µ¢ ¨Ì ·¥Ï¥´¨Ö.

‚µ§³µ¦´Ò³ ¨ ¢¶µ²´¥ ²µ£¨Î´Ò³ ÔÉ ¶µ³ · §¢¨É¨Ö É¥µ·¨¨ · ¸¸¥Ö´¨Ö É·¥Ì
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ¶·¥¤¸É ¢²Ö¥É¸Ö ¢µ§¢· É ± ¨´É¥£· ²Ó´Ò³ Ê· ¢´¥´¨Ö³ ” ¤-
¤¥¥¢  ¨ ¨Ì ·¥£Ê²Ö·¨§ Í¨Ö ¸ ¶µ³µÐÓÕ ¶µ¸É·µ¥´¨Ö ¶µ¤Ìµ¤ÖÐ¨Ì ¨´É¥£· ²Ó´ÒÌ
µ¡· §µ¢ Ö¢´ÒÌ ±µµ·¤¨´ É´ÒÌ  ¸¨³¶ÉµÉ¨± ¢µ²´µ¢ÒÌ ËÊ´±Í¨° ¨ ¨Ì ±µ³¶µ´¥´É,
´ °¤¥´´ÒÌ ‘. �. Œ¥·±Ê·Ó¥¢Ò³.

„²Ö ¸¨¸É¥³ É·¥Ì Ö¤¥·´ÒÌ Î ¸É¨Í É¨¶¨Î´Ò¥ ¶ ·´Ò¥ ¢§ ¨³µ¤¥°¸É¢¨Ö Å ¸Ê-
¶¥·¶µ§¨Í¨¨ ´¥²µ± ²Ó´ÒÌ Ö¤¥·´ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ ±Ê²µ´µ¢¸±¨Ì Í¥´É· ²Ó-
´ÒÌ ¶µÉ¥´Í¨ ²µ¢. „²Ö É ±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¤µ¸É ÉµÎ´µ µ¡Ð¥£µ É¨¶  ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ´¥²Ó§Ö ÉµÎ´µ ·¥¤ÊÍ¨·µ¢ ÉÓ
± É·¥Ì³¥·´Ò³ Ê· ¢´¥´¨Ö³, ´µ ¢¶µ²´¥ ¢µ§³µ¦´  ·¥¤Ê±Í¨Ö ± ¤¢Ê³¥·´Ò³ ¨´-
É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³. �µÔÉµ³Ê É¥µ·¨Ö É ±¨Ì Ê· ¢´¥´¨°, ´¥-
¸µ³´¥´´µ, § ¸²Ê¦¨¢ ¥É ¤ ²Ó´¥°Ï¥£µ · §¢¨É¨Ö. �  ÔÉµ³ ¶ÊÉ¨ µ¸µ¡µ §´ Î¨-
³Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ±µµ·¤¨´ É´ÒÌ  ¸¨³¶ÉµÉ¨± ·¥Ï¥-
´¨° ¡¥¸±µ´¥Î´µ° ¨ µÉ¢¥Î ÕÐ¥° ¥° ·¥¤ÊÍ¨·µ¢ ´´µ° ¶µ ¶ ·Í¨ ²Ó´Ò³ ³µ³¥´-
É ³ ¤¢Ê³¥·´ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨°. „²Ö ¶·µÍ¥¸¸µ¢ (2 → 3) ¨ (3 → 3) ¢ ¸²ÊÎ ¥
±Ê²µ´µ¢¸±¨Ì ¢§ ¨³µ¤¥°¸É¢¨° ¨ r → ∞ É ±µ°  ´ ²¨§ ¤ ´ ¢ · ¡µÉ¥ [107].
…¥  ¢Éµ·Ò ¤µ± § ²¨, ÎÉµ  ¸¨³¶ÉµÉ¨±¨ ·¥Ï¥´¨° ¡¥¸±µ´¥Î´µ° ¨ ®µ¡·¥§ ´´µ°¯
¸¨¸É¥³ ËÊ´±Í¨µ´ ²Ó´µ µ¤¨´ ±µ¢Ò ¢ ¸²ÊÎ ¥ (2 → 3) ¨ ËÊ´±Í¨µ´ ²Ó´µ · §²¨-
Î ÕÉ¸Ö ¢ ¸²ÊÎ ¥ (3 → 3).

ˆ´É¥·¥¸´µ° ¶·µ¡²¥³µ° Ö¢²Ö¥É¸Ö ¸· ¢´¥´¨¥  ¸¨³¶ÉµÉ¨± ·¥Ï¥´¨° ¡¥¸±µ-
´¥Î´µ° ¨ µÉ¢¥Î ÕÐ¥° ¥° ·¥¤ÊÍ¨·µ¢ ´´µ° ¶µ £¨¶¥·³µ³¥´ÉÊ ¸¨¸É¥³ µ¤´µ³¥·-
´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥. Š ± ¶µ± § ´µ ¢ [61], ¢
¸²ÊÎ ¥ S-¢µ²´µ¢ÒÌ ¢§ ¨³µ¤¥°¸É¢¨° ¨ r → 0 ·¥Ï¥´¨Ö ¡¥¸±µ´¥Î´µ° ¨ ®µ¡·¥-
§ ´´µ°¯ ¸¨¸É¥³ ËÊ´±Í¨µ´ ²Ó´µ µ¤¨´ ±µ¢Ò, ¥¸²¨ ± ¦¤Ò° ¶µÉ¥´Í¨ ² Å ·Ö¤
¶µ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¥£µ  ·£Ê³¥´É , ¨ ËÊ´±Í¨µ´ ²Ó´µ · §²¨Î´Ò, ¥¸²¨ µ¤¨´ ¨Ì
·Ö¤µ¢ ¸µ¤¥·¦¨É ÌµÉÖ ¡Ò µ¤´Ê ´¥Î¥É´ÊÕ ¸É¥¶¥´Ó  ·£Ê³¥´É .

�·¥¤¸É ¢²¥´´Ò¥ ¢ µ¡§µ·¥ ¸¥ÉµÎ´Ò¥  ²£µ·¨É³Ò Î¨¸²¥´´µ£µ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±µ³ ¡ §¨¸¥ · §²¨Î ÕÉ¸Ö ¸É·µ¥´¨¥³ ¸¥Éµ±, É¨-
¶µ³, £² ¤±µ¸ÉÓÕ ¨ ÉµÎ´µ¸ÉÓÕ  ¶¶·µ±¸¨³ É¨¢´ÒÌ · §²µ¦¥´¨° ¨¸±µ³ÒÌ ·¥Ï¥-
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´¨° ¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ,   ¢ ¨Éµ£¥ Å ¸É·µ¥´¨¥³ ¨ · §³¥·´µ¸ÉÓÕ ³ É·¨Í A ¤¨¸-
±·¥É´ÒÌ  ´ ²µ£µ¢ ¨ ¶µ·Ö¤± ³¨ ¶µÉµÎ¥Î´µ° ¸Ìµ¤¨³µ¸É¨. Š ± ¡Ò²µ ¶µ± § ´µ,
¶·¥¤²µ¦¥´´Ò¥ ´µ¢Ò¥  ²£µ·¨É³Ò 3′, 3′′, 4′ ¨ 4′′ ¶¥·¸¶¥±É¨¢´Ò ¨ ´ ¸Éµ²Ó±µ Ô±µ-
´µ³¨Î´Ò, ÎÉµ ¨Ì ·¥ ²¨§ Í¨Ö ¤ ¦¥ ´  ¶¥·¸µ´ ²Ó´ÒÌ ±µ³¶ÓÕÉ¥· Ì ´¥ ¢Ò§Ò¢ ¥É
¶·¨´Í¨¶¨ ²Ó´ÒÌ § É·Ê¤´¥´¨°, µ¸µ¡¥´´µ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ Í¨±²¨Î¥¸±µ£µ ³ -
É·¨Î´µ£µ  ´ ²µ£  ¸Ì¥³Ò ¨¸±²ÕÎ¥´¨Ö ƒ Ê¸¸ . ‚¸¥  ²£µ·¨É³Ò  ´ ²¨§¨·µ¢ ²¨¸Ó
²¨ÏÓ ¢ Î ¸É´µ³ ¸²ÊÎ ¥, ±µ£¤  ¤¢Ê³¥·´Ò¥ ¸¨¸É¥³Ò ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¸µ¸ÉµÖÉ ¨§ µ¤´µ£µ Ê· ¢´¥´¨Ö. �¡µ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ´¥¸±µ²Ó±¨Ì
§ Í¥¶²ÖÕÐ¨Ì¸Ö Ê· ¢´¥´¨° ´¥ ¢Ò§Ò¢ ¥É ¶·¨´Í¨¶¨ ²Ó´ÒÌ § É·Ê¤´¥´¨°. �¸´µ¢-
´ Ö ¢µ§´¨± ÕÐ Ö ¶·¨ ÔÉµ³ µ¡µ¡Ð¥´¨¨ ¶·µ¡²¥³  § ±²ÕÎ ¥É¸Ö ¢ Ô±µ´µ³´µ³ ¨
Ê¤µ¡´µ³ ¸ ¢ÒÎ¨¸²¨É¥²Ó´µ° ÉµÎ±¨ §·¥´¨Ö ¶µ·Ö¤±¥ § ¶µ²´¥´¨Ö ³ É·¨ÍÒ A.
� §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ § ¶µ²´¥´¨Ö ¶·¥¤²µ¦¥´Ò ¢ · ¡µÉ¥ [23], ¢Ò¶µ²´¥´´µ°
¸ ÊÎ ¸É¨¥³ ‘. �. Œ¥·±Ê·Ó¥¢ . “¤ Î´Ò³ µ± § ²¸Ö ¨ ¤·Ê£µ° ¶µ¤Ìµ¤ [38, 44],
µ¸´µ¢ ´´Ò° ´  É¥´§µ·´µ³ ¶·¥¤¸É ¢²¥´¨¨ ¡²µ±µ¢ ³ É·¨ÍÒ A. ‚µ§³µ¦´µ¥
·¥Ï¥´¨¥ [38] ¥Ð¥ µ¤´µ° ¸ÊÐ¥¸É¢¥´´µ° ¶·µ¡²¥³Ò,   ¨³¥´´µ ¤¨¸±·¥É¨§ Í¨¨
¨´É¥£· ²Ó´ÒÌ ¸² £ ¥³ÒÌ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ , § -
±²ÕÎ ¥É¸Ö ¢ ¨¸¶µ²Ó§µ¢ ´¨¨ ³´µ£µÉµÎ¥Î´µ° ±¢ ¤· ÉÊ·´µ° Ëµ·³Ê²Ò ƒ Ê¸¸ .

�¥³ ²µ¢ ¦´Ò³ Ô²¥³¥´Éµ³ ¸É· É¥£¨¨ ¶µ¸É·µ¥´¨Ö µ¶É¨³ ²Ó´µ£µ ¸¶² °´-
 ²£µ·¨É³  Ö¢²Ö¥É¸Ö ¶µ¤Î¨´¥´¨¥ ¸¶² °´  ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ³Ê Î¨¸²Ê ¨§-
¢¥¸É´ÒÌ ²¨´¥°´ÒÌ ±µ³¡¨´ Í¨°, ¸¢Ö§Ò¢ ÕÐ¨Ì ÉµÎ´µ¥ ·¥Ï¥´¨¥ ¨ ¥£µ ¶·µ-
¨§¢µ¤´Ò¥ · §´µ£µ ¶µ·Ö¤±  ´  ¢¸¥Ì £· ´¨Í Ì µ¡² ¸É¨ ¨§³¥´¥´¨Ö  ·£Ê³¥´-
Éµ¢. ˆ¸¶µ²Ó§µ¢ ´¨¥ É ±¨Ì ¸¢Ö§¥° ´¥ Éµ²Ó±µ ¶·¨¢µ¤¨É ± ¡µ²¥¥ ¶·µ¸ÉÒ³ ¸µ-
µÉ´µÏ¥´¨Ö³ ¤²Ö ±µÔËË¨Í¨¥´Éµ¢ ¸¶² °´ , Î¥³ ·¥Ï ¥³µ¥ Ê· ¢´¥´¨¥, § ¶¨-
¸ ´´µ¥ ¢ ¡²¨§±¨Ì ± £· ´¨Í ³ Ê§² Ì ±µ²²µ± Í¨¨, ´µ ¨ Ê²ÊÎÏ ¥É ¶µÉµÎ¥Î´µ¥
¸¶² °´-¶·¨¡²¨¦¥´¨¥ ¢ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ µ¡² ¸ÉÖÌ ±µ´Ë¨£Ê· Í¨µ´´µ£µ
¶·µ¸É· ´¸É¢  R6. Š ´¨³, ´¥¸µ³´¥´´µ, µÉ´µ¸ÖÉ¸Ö µ±·¥¸É´µ¸É¨ ÉµÎ¥± É·µ°-
´µ£µ (r = 0) ¨ ¶ ·´ÒÌ (xi = 0, yi > 0) Ê¤ ·µ¢ ¨ µ±·¥¸É´µ¸ÉÓ ¶·Ö³µ°
xi = 0, yi > 0, ¶·µÌµ¤ÖÐ¥° Î¥·¥§ ¢¸¥ É·¨ Î ¸É¨ÍÒ. ‚Ò¢µ¤  ¸¨³¶ÉµÉ¨±
ÉµÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ É ±¨Ì µ¡² ¸ÉÖÌ ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥
Éµ²Ó±µ  ±ÉÊ ²Ó´Ò³ ¸ Î¨¸Éµ É¥µ·¥É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö, ´µ ¨ ´¥µ¡Ìµ¤¨³Ò³
¤²Ö µ¶É¨³¨§ Í¨¨ ¸¶² °´- ²£µ·¨É³µ¢. „¢  · §´ÒÌ ¶µ¤Ìµ¤  ± ¢Ò¢µ¤Ê  ¸¨³¶Éµ-
É¨± ¢ ÉµÎ±¥ É·µ°´µ£µ Ê¤ · , ¶·¥¤²µ¦¥´´Ò¥ ¸µµÉ¢¥É¸É¢¥´´µ ¢ · ¡µÉ¥ [16] ¨
· ¡µÉ Ì [60, 61], µ¡¸Ê¦¤ ²¨¸Ó ¨ ¸µ¶µ¸É ¢²Ö²¨¸Ó ¢ ¶·¥¤Ò¤ÊÐ¥³ µ¡§µ·¥ [56].
�²ÓÉ¥·´ É¨¢´Ò° µ¶¨¸ ´´µ³Ê ¢ [16] ¸¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö  ¸¨³¶ÉµÉ¨± ·¥£Ê²Ö·-
´ÒÌ ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ÉµÎ± Ì ¶ ·´ÒÌ ¸µ-
Ê¤ ·¥´¨° ´¥¤ ¢´µ ¶·¥¤²µ¦¥´ ¢ [69].

‚ § ±²ÕÎ¥´¨¥  ¢Éµ· ¸Î¨É ¥É ¸¢µ¨³ ¤µ²£µ³ µÉ³¥É¨ÉÓ, ÎÉµ ¡¥§ µ¡¸Ê¦¤¥-
´¨° ¢ 80-Ì ££.  ²£µ·¨É³µ¢ 1Ä4 ¸ ‘. �. Œ¥·±Ê·Ó¥¢Ò³ ¨ ‚. Œ. ‘Ê¸²µ¢Ò³ ¥³Ê ¡Ò
´¥ Ê¤ ²µ¸Ó ¶·¥¤¸É ¢¨ÉÓ ¢ · §¤. 3 ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¤¨¸±·¥É´ÒÌ  ´ ²µ£µ¢
¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ° ±· ¥¢µ° § ¤ Î¨ É·¥Ì Î ¸É¨Í. �¸µ¡ Ö ¡² £µ¤ ·-
´µ¸ÉÓ ¢Ò· ¦ ¥É¸Ö ƒ. „. �µ¸Ë¥²Ó¤Ê ¨ �. ‚. ˜¥²²¨´£¥·£µÊÉÊ §  Ô±§¥³¶²Ö· ¨Ì
¤µ±² ¤  [38], ¶·¥¤µ¸É ¢²¥´´Ò°  ¢Éµ·Ê ´ ¸ÉµÖÐ¥£µ µ¡§µ· .
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