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�·¥¤¸É ¢²¥´ µ¡§µ· ¸µ¢·¥³¥´´µ£µ ¸µ¸ÉµÖ´¨Ö ¨¸¸²¥¤µ¢ ´¨° ¶·µ¡²¥³Ò Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢
Ìµ²µ¤´ÒÌ Ö¤· Ì ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨, Ì · ±É¥·¨§ÊÕÐ¨³¨¸Ö · §²¨Î´µ° £¥µ³¥É·¨Î¥¸±µ° Ëµ·³µ°.
‚ · ³± Ì ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¨ ¢ ¶·µ¸É· ´¸É¢¥ É·¥Ì ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢,
Ö¢²ÖÕÐ¨Ì¸Ö ¶ · ³¥É· ³¨ £ ³¨²ÓÉµ´¨ ´  ³µ¤¥²¨, · ¸¸³µÉ·¥´Ò Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê · §²¨Î-
´Ò³¨ Ëµ·³ ³¨ Ö¤· . ‚ § ¢¨¸¨³µ¸É¨ µÉ §´ Î¥´¨° ÔÉ¨Ì ¶ · ³¥É·µ¢ · ¢´µ¢¥¸´ Ö Ëµ·³  Ö¤·  ³µ¦¥É
¡ÒÉÓ ¸Ë¥·¨Î¥¸±µ°, ¤¥Ëµ·³¨·µ¢ ´´µ°  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° ¨ ´¥ ±¸¨ ²Ó´µ°. �µ± § ´µ, ÎÉµ
´  Ë §µ¢µ° ¤¨ £· ³³¥ Ö¤· , ± ±µ¢µ° Ö¢²Ö¥É¸Ö É·¥Ê£µ²Ó´¨± Š ¸É¥´ , ¸Ë¥·¨Î¥¸± Ö Ë §  µÉ¤¥²Ö-
¥É¸Ö µÉ ¤¥Ëµ·³¨·µ¢ ´´ÒÌ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´ÒÌ Ë § ²¨´¨¥° Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¶¥·¢µ£µ ·µ¤ .
�´ ²µ£¨Î´Ò³ µ¡· §µ³ ¨ ¤¢¥ ¤¥Ëµ·³¨·µ¢ ´´Ò¥ Ë §Ò ¸ · §´Ò³¨ §´ ± ³¨  ±¸¨ ²Ó´µ° ¤¥Ëµ·³ Í¨¨
· §¤¥²ÖÕÉ¸Ö ³¥¦¤Ê ¸µ¡µ° ²¨´¨¥° Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¶¥·¢µ£µ ·µ¤ . �É¨ ²¨´¨¨ ¸Ìµ¤ÖÉ¸Ö ¢ É·µ°´µ°
ÉµÎ±¥, ¢ ±µÉµ·µ° ¨³¥¥É ³¥¸Éµ Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤ . � ¸¸³µÉ·¥´ ¢µ¶·µ¸ µ ¤¨´ ³¨Î¥-
¸±¨Ì ¸¨³³¥É·¨ÖÌ ¢ ±·¨É¨Î¥¸±¨Ì ÉµÎ± Ì. �¡¸Ê¦¤ ¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´ Ö ¨´Ëµ·³ Í¨Ö µ Ö¤· Ì,
¸¢µ°¸É¢  ±µÉµ·ÒÌ ¡²¨§±¨ ± ¶·¥¤¸± § ´´Ò³ ¤²Ö ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢. �µ± -
§ ´µ, ÎÉµ Ë §µ¢Ò° ¶¥·¥Ìµ¤ µÉ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° ± ´¥ ±¸¨ ²Ó´µ° ¤¥Ëµ·³ Í¨¨ Ö¢²Ö¥É¸Ö
Ë §µ¢Ò³ ¶¥·¥Ìµ¤µ³ ¢Éµ·µ£µ ·µ¤ . ‚ · ³± Ì ³µ¤¥²¨ �µ· ÄŒµÉÉ¥²Ó¸µ´  ¶µ²ÊÎ¥´µ ¶·¨¡²¨¦¥´-
´µ¥ ·¥Ï¥´¨¥, µ¶¨¸Ò¢ ÕÐ¥¥ Ö¤·µ ¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  µÉ ¸Ë¥·¨Î¥¸±µ°
Ëµ·³Ò ± ´¥ ±¸¨ ²Ó´µ ¤¥Ëµ·³¨·µ¢ ´´µ°.

Review of the modern status of investigations of the problem of phase transitions in cold
nuclei between nuclear states of a different geometrical shape is presented. In the framework of the
Interacting Boson Model phase transitions between different nuclear shapes are considered in the space
of the three control parameters which are parameters of the Hamiltonian of the model. Depending on
the values of these parameters equilibrium shape of a nucleus can be spherical, axially deformed or
triaxial. It is shown that on the phase diagram of a nucleus, which is Casten triangle, in fact, spherical
phase is separated from the axially deformed phases by the lines of the ˇrst order phase transitions.
Also two deformed phases with different signs of axial deformation are separated one from the other,
by the line of the ˇrst order phase transition. These lines come together in the triple point where the
second order phase transition takes place. A question of dynamical symmetries in the critical points
is considered. Experimental information on nuclei whose properties are close to those predicted for
the critical points of the phase transitions is discussed. It is shown that the phase transition from
axially symmetric to triaxial deformation is a second order phase transition. In the framework of
the BohrÄMottelson model an approximate solution describing nucleus near the critical point of the
spherical-triaxially deformed phase transition is found.

∗E-mail: jolos@thsun1.jinr.ru



’��‰��Ÿ ’�—Š� �� ”�‡�‚�‰ „ˆ�ƒ��ŒŒ… 409

� Ï¥° ¢´ÊÎ±¥, ’ ´¥Î±¥ ‚µ·µ´µ¢µ°,
¶µ¸¢ÖÐ ¥É¸Ö

„²Ö µ¶¨¸ ´¨Ö ¸¢µ°¸É¢  Éµ³´ÒÌ Ö¤¥·, ¸É·Ê±ÉÊ·Ò ¨Ì ´¨§±µ²¥¦ Ð¨Ì ¨ ¢Ò¸µ-
±µ²¥¦ Ð¨Ì ¸µ¸ÉµÖ´¨° · §· ¡µÉ ´  ¨§µÐ·¥´´ Ö É¥µ·¥É¨Î¥¸± Ö É¥Ì´¨± , É·¥-
¡ÊÕÐ Ö ¤²Ö ¸¢µ¥° ·¥ ²¨§ Í¨¨ ¡µ²ÓÏµ£µ µ¡Ñ¥³  ¢ÒÎ¨¸²¥´¨°. �  ÔÉµ³ ¶ÊÉ¨
³µ¦¥É ¡ÒÉÓ ¤µ¸É¨£´ÊÉµ ¤¥É ²Ó´µ¥ µ¶¨¸ ´¨¥ ¸É·Ê±ÉÊ·Ò Ö¤¥·. �¤´ ±µ ¤²Ö
Éµ£µ, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ ± Î¥¸É¢¥´´ÊÕ ± ·É¨´Ê Éµ£µ ¨²¨ ¨´µ£µ Ö¢²¥´¨Ö, ³Ò ´¥-
·¥¤±µ µ¡· Ð ¥³¸Ö ± ¶·µ¸ÉÒ³ ³µ¤¥²Ö³. ’ ±¨Ì ³µ¤¥²¥° ´¥³´µ£µ: ³ £¨Î¥¸±µ¥
Ö¤·µ, µ¤´µÎ ¸É¨Î´ Ö ³µ¤¥²Ó µ¡µ²µÎ¥±, £ ·³µ´¨Î¥¸±¨° µ¸Í¨²²ÖÉµ·,  ±¸¨ ²Ó´µ-
¸¨³³¥É·¨Î´Ò° ·µÉ Éµ·, ³µ¤¥²Ó γ-´¥¸É ¡¨²Ó´µ£µ Ö¤· . Œµ¦´µ ¶·¨¢¥¸É¨ ¶·¨-
³¥·Ò Ö¤¥·, ¤µ¸É ÉµÎ´µ Ìµ·µÏµ µ¶¨¸Ò¢ ¥³ÒÌ ÔÉ¨³¨ ³µ¤¥²Ö³¨. �¤´ ±µ ¡µ²Ó-
Ï¨´¸É¢µ ¨§ ¨§¢¥¸É´ÒÌ Ö¤¥· ¸²¥¤Ê¥É µÉ´µ¸¨ÉÓ ± ¶·µ³¥¦ÊÉµÎ´Ò³ µ¡² ¸ÉÖ³,
´ Ìµ¤ÖÐ¨³¸Ö ³¥¦¤Ê µ¡² ¸ÉÖ³¨, µ¶¨¸Ò¢ ¥³Ò³¨ Ê± § ´´Ò³¨ ³µ¤¥²Ö³¨. ’ -
±¨³ µ¡· §µ³, ¸ ÉµÎ±¨ §·¥´¨Ö ´ Ï¨Ì ¶·¥¤¸É ¢²¥´¨° µ ¸É·Ê±ÉÊ·¥ Ö¤¥· ¶¥·¥-
Î¨¸²¥´´Ò¥ ¢ÒÏ¥ ³µ¤¥²¨ µÉ´µ¸ÖÉ¸Ö ± ¶·¥¤¥²Ó´Ò³ ¸²ÊÎ Ö³. „²Ö ¶¥·¥Ìµ¤´ÒÌ
¦¥ ³¥¦¤Ê ÔÉ¨³¨ ¶·¥¤¥²Ó´Ò³¨ ¸²ÊÎ Ö³¨ µ¡² ¸É¥° ¶·µ¸ÉÒÌ ± Î¥¸É¢¥´´ÒÌ ³µ-
¤¥²¥°, ¤µ¶Ê¸± ÕÐ¨Ì ¸ÊÐ¥¸É¢µ¢ ´¨¥  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨°, ´¥É. � Î ÉÒ¥
¢ ¶µ¸²¥¤´¨¥ £µ¤Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨¸¸²¥¤µ¢ ´¨Ö ¸¢µ°¸É¢ Ö¤¥·, Ê¤ ²¥´´ÒÌ
µÉ ¤µ²¨´Ò ¸É ¡¨²Ó´µ¸É¨, ²¨ÏÓ Ê¢¥²¨Î¨¢ ÕÉ Î¨¸²µ ¶¥·¥Ìµ¤´ÒÌ Ö¤¥·. ’ ±¨³
µ¡· §µ³, ·¥§±µ ¢µ§· ¸É ¥É ¶µÉ·¥¡´µ¸ÉÓ ¢ · §· ¡µÉ±¥ ¶·µ¸ÉÒÌ ³µ¤¥²¥° ¨³¥´´µ
¤²Ö ¶¥·¥Ìµ¤´ÒÌ µ¡² ¸É¥°.

‚ ¶µ¸²¥¤´¨¥ £µ¤Ò ¸ÊÐ¥¸É¢¥´´Ò° ¶·µ£·¥¸¸ ¡Ò² ¤µ¸É¨£´ÊÉ ¢ ÔÉµ³ ´ ¶· ¢²¥-
´¨¨ ¢ · ¡µÉ Ì [1,2], ¢ ±µÉµ·ÒÌ ¡Ò²¨ ¶·¥¤²µ¦¥´Ò ®±·¨É¨Î¥¸±¨¥¯ ¸¨³³¥É·¨¨
± ± µ¸´µ¢  ¤²Ö  ´ ²¨§  ¸¢µ°¸É¢ Ö¤¥·, ¶·¨´ ¤²¥¦ Ð¨Ì ¶¥·¥Ìµ¤´Ò³ µ¡² ¸ÉÖ³.
�É¨ · ¡µÉÒ µÉ±·Ò¢ ÕÉ ´µ¢Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö ·¥ ²¨§ Í¨¨  ´ ²¨É¨Î¥¸±µ£µ
¶µ¤Ìµ¤  ± µ¶¨¸ ´¨Õ ¸É·Ê±ÉÊ·Ò Ö¤¥· ¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± Ë §µ¢µ£µ ¶¥-
·¥Ìµ¤  ¢Éµ·µ£µ ·µ¤  ¨ ¢ µ¡² ¸É¨ ¸µ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ë § ¤²Ö Ë §µ¢ÒÌ ¶¥·¥Ìµ-
¤µ¢ ¶¥·¢µ£µ ·µ¤ . ‡ É¥³ ¢ · ¡µÉ¥ [3] ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢ Ö¤¥·´µ³ ¸²ÊÎ ¥
Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤  ³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ Éµ²Ó±µ ¢ ¨§µ²¨·µ¢ ´´µ°
ÉµÎ±¥ ´  Ë §µ¢µ° ¤¨ £· ³³¥ Ö¤· , ÎÉµ ´ Ìµ¤¨É¸Ö ¢ ¶µ²´µ³ ¸µµÉ¢¥É¸É¢¨¨ ¸
Ë¥´µ³¥´µ²µ£¨Î¥¸±µ° É¥µ·¨¥° Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢Éµ·µ£µ ·µ¤ , · §· ¡µÉ ´-
´µ° ‹ ´¤ Ê. �¥ÎÓ ¨¤¥É µ É ± ´ §Ò¢ ¥³µ° É·µ°´µ° ÉµÎ±¥. �ÉµÉ ·¥§Ê²ÓÉ É
Ê± §Ò¢ ¥É ´  ¢µ§³µ¦´µ¸ÉÓ ¶·¨³¥´¥´¨Ö ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ Ë §µ¢ÒÌ ¶¥·¥-
Ìµ¤µ¢ ¤²Ö µ¶¨¸ ´¨Ö ¨§³¥´¥´¨Ö Ëµ·³Ò  Éµ³´ÒÌ Ö¤¥·, Ö¢²ÖÕÐ¨Ì¸Ö ±µ´¥Î´Ò³¨
Ë¥·³¨-¸¨¸É¥³ ³¨.

‚ ±² ¸¸¨Î¥¸±µ° Ë¨§¨±¥ ´ ¨¡µ²¥¥ ¨§¢¥¸É´Ò° ¶·¨³¥· É·µ°´µ° ÉµÎ±¨ ¤¥-
³µ´¸É·¨·Ê¥É Ë §µ¢ Ö ¤¨ £· ³³  ¢µ¤Ò. �  ¤¨ £· ³³¥, £¤¥ ¶µ µ¸Ö³ µÉ²µ¦¥´Ò
¤ ¢²¥´¨¥ ¨ É¥³¶¥· ÉÊ· , É·¨ ²¨´¨¨, · §¤¥²ÖÕÐ¨¥ £ §µµ¡· §´ÊÕ ¨ ¦¨¤±ÊÕ,
¦¨¤±ÊÕ ¨ É¢¥·¤ÊÕ ¨ É¢¥·¤ÊÕ ¨ £ §µµ¡· §´ÊÕ Ë §Ò, ¸Ìµ¤ÖÉ¸Ö ¢ µ¤´µ° ÉµÎ±¥
¶·¨ É¥³¶¥· ÉÊ·¥ 273,15 K. ‚ Ë¨§¨±¥ ¸¶²µÏ´ÒÌ ¸·¥¤ Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò
µ¡ÒÎ´µ ¢Ò§¢ ´Ò ¨§³¥´¥´¨¥³ É¥³¶¥· ÉÊ·Ò. Šµ£¤  ²¥¤ É ¥É, ÔÉµ ¶·µ¨¸Ìµ¤¨É
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¶·¨ µ¶·¥¤¥²¥´´µ° É¥³¶¥· ÉÊ·¥ ¨ ¸ ·¥§±¨³ ¨§³¥´¥´¨¥³ ¸É·Ê±ÉÊ·Ò ¸µ¸ÉµÖ-
´¨Ö: ±·¨¸É ²²¨Î¥¸± Ö ¸É·Ê±ÉÊ·  · §·ÊÏ ¥É¸Ö É¥¶²µ¢Ò³ ¤¢¨¦¥´¨¥³ ³µ²¥±Ê²
¢µ¤Ò. �Éµ ¶·¨³¥· Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¶¥·¢µ£µ ·µ¤ : ¶·¨ É¥³¶¥· ÉÊ·¥ ¸·¥¤Ò,
· ¢´µ° É¥³¶¥· ÉÊ·¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ , ¤¢¥ Ë §Ò Å É¢¥·¤ Ö ¨ ¦¨¤± Ö Å ¸µ-
¸ÊÐ¥¸É¢ÊÕÉ, ¨ É·¥¡Ê¥É¸Ö É ± ´ §Ò¢ ¥³ Ö ¸±·ÒÉ Ö É¥¶²µÉ  ¶² ¢²¥´¨Ö, ÎÉµ¡Ò
µ¸ÊÐ¥¸É¢¨ÉÓ Ë §µ¢Ò° ¶¥·¥Ìµ¤. ‚ ¸²ÊÎ ¥ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢Éµ·µ£µ ·µ¤ 
¸µ¸ÉµÖ´¨¥ ¸¨¸É¥³Ò ¨§³¥´Ö¥É¸Ö ´¥¶·¥·Ò¢´Ò³ µ¡· §µ³ ¡¥§ ¸µ¸ÊÐ¥¸É¢µ¢ ´¨Ö
· §²¨Î´ÒÌ Ë §. ‚³¥¸Éµ ÔÉµ£µ ¤¢¥ Ë §Ò ¢ ÉµÎ±¥ ¶¥·¥Ìµ¤  ¸É ´µ¢ÖÉ¸Ö ´¥· §²¨-
Î¨³Ò³¨. •µ·µÏµ ¨§¢¥¸É´Ò³ ¶·¨³¥·µ³ Ö¢²Ö¥É¸Ö Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢ ¦¥²¥§¥,
¶·¨ ±µÉµ·µ³ Ë¥··µ³ £´¨É´µ¥ ¸µ¸ÉµÖ´¨¥ ¨¸Î¥§ ¥É ¶·¨ É¥³¶¥· ÉÊ·¥ ŠÕ·¨ ¨
¸¨¸É¥³  ¸É ´µ¢¨É¸Ö ¶ · ³ £´¨É´µ°.

” §µ¢Ò¥ ¶¥·¥Ìµ¤Ò ¢ ±² ¸¸¨Î¥¸±¨Ì ¸¨¸É¥³ Ì ¶·µ¨¸Ìµ¤ÖÉ ¨§-§  ±µ´±Ê·¥´-
Í¨¨ ³¥¦¤Ê Ê¶µ·Ö¤µÎ¥´´Ò³ ¤¢¨¦¥´¨¥³ ¨ É¥¶²µ¢Ò³¨ Ë²Ê±ÉÊ Í¨Ö³¨. ‚ ±¢ ´Éµ-
¢µ° ¸¨¸É¥³¥ Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò ³µ£ÊÉ ¶·µ¨¸Ìµ¤¨ÉÓ ¨ ¶·¨ ´Ê²¥¢µ° É¥³¶¥· ÉÊ·¥
¶µ¤ ¢µ§¤¥°¸É¢¨¥³ ¤·Ê£¨Ì ³¥Ì ´¨§³µ¢.

‚ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨ £¥µ³¥É·¨Î¥¸± Ö Ëµ·³   Éµ³´µ£µ Ö¤·  Ö¢²Ö¥É¸Ö ·¥-
§Ê²ÓÉ Éµ³ ¢§ ¨³µ¤¥°¸É¢¨Ö ¸µ¸É ¢²ÖÕÐ¨Ì ¥£µ ´Ê±²µ´µ¢. �·¨ ¨§³¥´¥´¨¨ Î¨¸² 
¶·µÉµ´µ¢ ¨ ´¥°É·µ´µ¢ Ëµ·³  Ö¤·  ³µ¦¥É ¨§³¥´ÖÉÓ¸Ö. ˆ´É¥·¥¸ ± ¨§ÊÎ¥´¨Õ
Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢, ¸¢Ö§ ´´ÒÌ ¸ ¨§³¥´¥´¨¥³ Ëµ·³Ò Ö¤· , ¢µ§·µ¤¨²¸Ö ¢ ¶µ-
¸²¥¤´¥¥ ¢·¥³Ö ¡² £µ¤ ·Ö ´¥¤ ¢´µ ¢Ò¶µ²´¥´´Ò³ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¨¸¸²¥-
¤µ¢ ´¨Ö³ ¸É·Ê±ÉÊ·Ò ¶¥·¥Ìµ¤´ÒÌ Ö¤¥·, Ì · ±É¥·¨§ÊÕÐ¨³¸Ö ¢Ò¸µ±µ° ÉµÎ´µ-
¸ÉÓÕ ¨§³¥·¥´¨Ö ¢¥·µÖÉ´µ¸É¥° Ô²¥±É·µ³ £´¨É´ÒÌ ¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê ¸µ¸ÉµÖ´¨-
Ö³¨ Ö¤· . �¸µ¡¥´´µ ¨´É¥·¥¸´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¤²Ö 134Ba ¨ 152Sm.

� §²¨Î´Ò¥ £¥µ³¥É·¨Î¥¸±¨¥ Ëµ·³Ò Ö¤·  ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± · §²¨Î-
´Ò¥ Ë §Ò, ¢ ±µÉµ·ÒÌ µ´µ ³µ¦¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ. Š ± ¡Ò²µ ¶µ± § ´µ ¢ [3], ÔÉ¨
Ë §Ò (¨Ì É·¨: ¸Ë¥·¨Î¥¸±µ¥ Ö¤·µ, ®¢ÒÉÖ´ÊÉµ¥¯ Ö¤·µ ¨ ®¸¶²Õ¸´ÊÉµ¥¯ Ö¤·µ) ¸Ìµ-
¤ÖÉ¸Ö ¢ µ¤´µ° ÉµÎ±¥ (É·µ°´µ° ÉµÎ±¥) ¢ ÉµÎ´µ³ ¸µµÉ¢¥É¸É¢¨¨ ¸ Éµ° ± ·É¨´µ°,
±µÉµ· Ö ¸²¥¤Ê¥É ¨§ É¥µ·¨¨ ‹ ´¤ Ê, · §· ¡µÉ ´´µ° ¤²Ö ¸¶²µÏ´ÒÌ ¸·¥¤.

‚ É¥µ·¥É¨Î¥¸±µ³ ¶² ´¥ ±µ²²¥±É¨¢´µ¥ ¤¢¨¦¥´¨¥ ¢ Ö¤· Ì, ¸¢Ö§ ´´µ¥ ¸
¨§³¥´¥´¨¥³ Ëµ·³Ò Ö¤· , ³µ¦¥É ¨¸¸²¥¤µ¢ ÉÓ¸Ö ± ± ¢ · ³± Ì £¥µ³¥É·¨Î¥-
¸±¨Ì ³µ¤¥²¥°, É ± ¨ ´  µ¸´µ¢¥ ³µ¤¥²¥°, ¨¸¶µ²Ó§ÊÕÐ¨Ì  ²£¥¡· ¨Î¥¸±ÊÕ É¥Ì-
´¨±Ê, ±µÉµ· Ö ¸¢Ö§Ò¢ ¥É · §²¨Î´Ò¥ Ëµ·³Ò Ö¤·  ¸ µ¶·¥¤¥²¥´´Ò³¨ ³ É¥³ É¨Î¥-
¸±¨³¨ ¸¨³³¥É·¨Ö³¨. �·¨³¥·µ³ É ±µ° ³µ¤¥²¨ Ö¢²Ö¥É¸Ö ³µ¤¥²Ó ¢§ ¨³µ¤¥°¸É¢Ê-
ÕÐ¨Ì ¡µ§µ´µ¢. ‚ ÔÉµ° ³µ¤¥²¨ ¸Ë¥·¨Î¥¸±¨³ Ö¤· ³ µÉ¢¥Î ¥É £·Ê¶¶  ¸¨³³¥É·¨¨
U(5), ¤¥Ëµ·³¨·µ¢ ´´Ò³ ®¢ÒÉÖ´ÊÉÒ³¯ Ö¤· ³ Å £·Ê¶¶  ¸¨³³¥É·¨¨ SU(3),
  ®¸¶²Õ¸´ÊÉÒ³¯ Ö¤· ³ Å ¸µ¶·Ö¦¥´´ Ö £·Ê¶¶  SU(3). �¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥
¸¨³³¥É·¨¨ Ö¢²ÖÕÉ¸Ö ¶·¥¤¥²Ó´Ò³¨ ¸²ÊÎ Ö³¨. �·µ¨§¢µ²Ó´Ò³ ¦¥ Ëµ·³ ³ Ö¤· 
¸µµÉ¢¥É¸É¢ÊÕÉ ÉµÎ±¨ ¢´ÊÉ·¨ · ¸Ï¨·¥´´µ£µ É·¥Ê£µ²Ó´¨±  Š ¸É¥´ , Ö¢²ÖÕÐ¥-
£µ¸Ö ¶µ ¸ÊÐ¥¸É¢Ê Ë §µ¢µ° ¤¨ £· ³³µ° Ö¤· .

‚ · ³± Ì £¥µ³¥É·¨Î¥¸±µ° ³µ¤¥²¨,  ´ ²¨§¨·ÊÖ Ê· ¢´¥´¨Ö �µ· ÄŒµÉÉ¥²Ó¸µ-
´  ¤²Ö ¸¶¥Í¨ ²Ó´µ ¢Ò¡· ´´ÒÌ ¶µÉ¥´Í¨ ²µ¢, ¶µ¤Ìµ¤ÖÐ¨Ì ¤²Ö µ¶¨¸ ´¨Ö ¸¢µ°¸É¢
¶¥·¥Ìµ¤´ÒÌ Ö¤¥·, ”. Ÿ±¥²²µ ¶µ± § ² [1,2], ÎÉµ ³µ¦´µ ¢¢¥¸É¨ ¢ · ¸¸³µÉ·¥´¨¥
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¶·¥¤¸É ¢²¥´¨¥ µ ®±·¨É¨Î¥¸±¨Ì¯ ¸¨³³¥É·¨ÖÌ, ¶µ·µ¦¤ ÕÐ¨Ì  ´ ²¨É¨Î¥¸±¨¥
·¥Ï¥´¨Ö ¤²Ö µ¶¨¸ ´¨Ö Ö¤¥· ¶¥·¥Ìµ¤´ÒÌ µ¡² ¸É¥°.

�É¨ ¨¸¸²¥¤µ¢ ´¨Ö ¶·µ¤¥³µ´¸É·¨·µ¢ ²¨, ÎÉµ ¶·µ¸ÉÒ¥ ± Î¥¸É¢¥´´Ò¥ ³µ-
¤¥²¨, µ¶¨¸Ò¢ ÕÐ¨¥ ¸¢µ°¸É¢  ¶¥·¥Ìµ¤´ÒÌ Ö¤¥·, ³µ¦´µ ¶µ¸É·µ¨ÉÓ, µ¶¨· Ö¸Ó
´   ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ®±·¨É¨Î¥¸±¨³¯ ¸¨³³¥É·¨Ö³, ¨
¶·¨³¥´ÖÖ ±² ¸¸¨Î¥¸±ÊÕ É¥µ·¨Õ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ± ±µ²²¥±É¨¢´Ò³ ³µ¤¥²Ö³
Ö¤· .

1. ”…��Œ…��‹�ƒˆ—…‘Š�Ÿ ’…��ˆŸ ”�‡�‚›• �…�…•�„�‚

�·¥¦¤¥ Î¥³ ¶¥·¥°É¨ ± · ¸¸³µÉ·¥´¨Õ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê · §²¨Î-
´Ò³¨ Ëµ·³ ³¨ Ö¤· , ±· É±µ ´ ¶µ³´¨³, ± ± É ±µ°  ´ ²¨§ µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢
±² ¸¸¨Î¥¸±µ° ¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¥ [10]. ‚ ¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¥ É ±µ¥
· ¸¸³µÉ·¥´¨¥ µ¸´µ¢Ò¢ ¥É¸Ö ´  É¥·³µ¤¨´ ³¨Î¥¸±µ³ ¶µÉ¥´Í¨ ²¥ Φ(P, T ; ξ), § -
¢¨¸ÖÐ¥³ µÉ ¢´¥Ï´¨Ì ¶ · ³¥É·µ¢ Å ¤ ¢²¥´¨Ö P ¨ É¥³¶¥· ÉÊ·Ò T Å ¨ ¶ · -
³¥É·  ¶µ·Ö¤±  ξ. ‚ É¥µ·¨¨ ‹ ´¤ Ê Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢Éµ·µ£µ ·µ¤  ¶ · ³¥É·
¶µ·Ö¤±  ξ Ì · ±É¥·¨§Ê¥É ¸¨³³¥É·¨Õ ¸¨¸É¥³Ò, ´ ¶·¨³¥· ±·¨¸É ²² . ’¥·³µ-
¤¨´ ³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² Φ ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´ Î¥·¥§ ¸¢µ¡µ¤´ÊÕ Ô´¥·£¨Õ
¸¨¸É¥³Ò F :

Φ(P, T ; ξ) = F + PV (1)

¨²¨ Î¥·¥§ ¶µ²´ÊÕ Ô´¥·£¨Õ E:

Φ(P, T ; ξ) = E − ST + PV, (2)

£¤¥ V Å µ¡Ñ¥³, § ´¨³ ¥³Ò° · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³µ°,   S Å Ô´É·µ¶¨Ö ¸¨-
¸É¥³Ò. ’¥·³µ¤¨´ ³¨Î¥¸±¨° ¶µÉ¥´Í¨ ² Φ(P, T ; ξ = ξ0) ¢ · ¢´µ¢¥¸´µ° ±µ´Ë¨-
£Ê· Í¨¨ ξ0 Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´µ° ËÊ´±Í¨¥° P ¨ T . �¤´ ±µ ¶·µ¨§¢µ¤´Ò¥ Φ ´¥
µ¡Ö§ ´Ò ¡ÒÉÓ ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨. �É¸ÊÉ¸É¢¨¥ ´¥¶·¥·Ò¢´µ¸É¨ Ê ¶·µ-
¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¨²¨ ¢Éµ·µ£µ ¶µ·Ö¤±  ¶·¨¢µ¤¨É ± Ë §µ¢Ò³ ¶¥·¥Ìµ¤ ³ ¶¥·-
¢µ£µ ¨²¨ ¢Éµ·µ£µ ·µ¤  ¸µµÉ¢¥É¸É¢¥´´µ. � ¶·¨³¥·, ¢ ¸²ÊÎ ¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ 
¶¥·¢µ£µ ·µ¤  ¶·µ¨§¢µ¤´ Ö ¶¥·¢µ£µ ¶µ·Ö¤±  µÉ É¥·³µ¤¨´ ³¨Î¥¸±µ£µ ¶µÉ¥´Í¨-
 ²  ∂Φ(P, T ; ξ0)/∂T ¨³¥¥É ¨§²µ³. �µÔÉµ³Ê É¥¶²µ¥³±µ¸ÉÓ Cp = −T∂2Φ/∂T 2

Ì · ±É¥·¨§Ê¥É¸Ö ¸¨´£Ê²Ö·´µ¸ÉÓÕ ¢ ÉµÎ±¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ , É. ¥. ¶·¨¢µ¤¨É
± ´¥´Ê²¥¢µ° ¸±·ÒÉµ° É¥¶²µÉ¥ ¶¥·¥Ìµ¤ . �Éµ ¸µµÉ¢¥É¸É¢Ê¥É ¸¨ÉÊ Í¨¨, ±µ£¤ 
¶ · ³¥É· ¶µ·Ö¤±  ξ0, Ì · ±É¥·¨§ÊÕÐ¨°, ´ ¶·¨³¥·, ¸¨³³¥É·¨Õ ±·¨¸É ²² ,
¨§³¥´Ö¥É¸Ö ¸± Î±µ³ ¢ ÉµÎ±¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ .

� ¸¸³µÉ·¨³ Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤  ³¥¦¤Ê ¡µ²¥¥ ¸¨³³¥É·¨Î´µ°
(ξ0 = 0) ¨ ³¥´¥¥ ¸¨³³¥É·¨Î´µ° (ξ0 �= 0) Ë § ³¨. „²Ö ÔÉµ£µ ¢µ¸¶µ²Ó§Ê¥³¸Ö
· §²µ¦¥´¨¥³ É¥·³µ¤¨´ ³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ²  ¶µ ¸É¥¶¥´Ö³ ξ:

Φ(P, T ; ξ) = Φ0(P, T ) + A(P, T )ξ2 + B(P, T )ξ3 + C(P, T )ξ4 + . . . (3)
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� ¢´µ¢¥¸´ Ö ±µ´Ë¨£Ê· Í¨Ö ¨§³¥´Ö¥É §´ Î¥´¨¥ ξ µÉ ξ = 0 ± ξ �= 0, ¥¸²¨
A(P, T ) ¨§³¥´Ö¥É ¸¢µ¥ §´ Î¥´¨¥ µÉ ¶µ²µ¦¨É¥²Ó´µ£µ ± µÉ·¨Í É¥²Ó´µ³Ê. ‘²¥-
¤µ¢ É¥²Ó´µ, ¢ ÉµÎ±¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  A(P, T ) ¤µ²¦´µ µ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó.
’ ±¨³ µ¡· §µ³, ¶¥·¢µ¥ Ê¸²µ¢¨¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¨³¥¥É ¢¨¤

A(P, T ) = 0. (4)

„²Ö Éµ£µ ÎÉµ¡Ò ÉµÎ±  Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¡Ò²  Ê¸Éµ°Î¨¢µ°, É. ¥. ÎÉµ¡Ò ¢ ´¥°
Φ ± ± ËÊ´±Í¨Ö ξ ¨³¥²  ³¨´¨³Ê³ ¶·¨ ξ = 0, ´¥µ¡Ìµ¤¨³µ, ÎÉµ¡Ò ¢ ÔÉµ° ÉµÎ±¥
µ¡· Ð ²¸Ö ¢ ´Ê²Ó ¨ Î²¥´ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¶µ ξ. ’ ±¨³ µ¡· §µ³, ¢Éµ·µ¥
Ê¸²µ¢¨¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¨³¥¥É ¢¨¤

B(P, T ) = 0. (5)

ŠµÔËË¨Í¨¥´É C(P, T ) ¤µ²¦¥´ ¡ÒÉÓ ¶µ²µ¦¨É¥²Ó´Ò³, ÎÉµ¡Ò µ¡¥¸¶¥Î¨¢ ÉÓ
Ê¸Éµ°Î¨¢µ¸ÉÓ ³¥´¥¥ ¸¨³³¥É·¨Î´µ° ±µ´Ë¨£Ê· Í¨¨ ¸ ξ �= 0. ‚µ§³µ¦´Ò ¤¢ 
¸²ÊÎ Ö. …¸²¨ ±µÔËË¨Í¨¥´É B(P, T ) Éµ¦¤¥¸É¢¥´´µ · ¢¥´ ´Ê²Õ, Éµ µ¸É ¥É¸Ö
Éµ²Ó±µ µ¤´µ Ê¸²µ¢¨¥ A(P, T ) = 0 ¨, ¸²¥¤µ¢ É¥²Ó´µ, Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ-
·µ£µ ·µ¤  ¶·µ¨¸Ìµ¤¨É ¢¤µ²Ó ²¨´¨¨ ¢ ¶²µ¸±µ¸É¨ P ⊗ T . ‚ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥
Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤  ¶·µ¨¸Ìµ¤¨É ¢ ¨§µ²¨·µ¢ ´´µ° ÉµÎ±¥, Ê¤µ¢²¥-
É¢µ·ÖÕÐ¥° Ê¸²µ¢¨Ö³ (4) ¨ (5). �É  ÉµÎ±  ³µ¦¥É ¡ÒÉÓ Éµ²Ó±µ ¶¥·¥¸¥Î¥´¨¥³
¤¢ÊÌ ¨²¨ ¡µ²ÓÏ¥£µ Î¨¸²  ±·¨¢ÒÌ, ¢¤µ²Ó ±µÉµ·ÒÌ µ¸ÊÐ¥¸É¢²ÖÕÉ¸Ö Ë §µ¢Ò¥
¶¥·¥Ìµ¤Ò ¶¥·¢µ£µ ·µ¤ . ‚ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥ Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¶·µ¨¸Ìµ¤¨É ¢
É·µ°´µ° ÉµÎ±¥, ¢ ±µÉµ·µ° ¸Ìµ¤ÖÉ¸Ö É·¨ Ë §Ò, µ¤´  ¨§ ±µÉµ·ÒÌ, Ë §  I, ¨³¥¥É
¡µ²¥¥ ¢Ò¸µ±ÊÕ ¸¨³³¥É·¨Õ (ξ0 = 0), Éµ£¤  ± ± Ë §Ò II ¨ III ¨³¥ÕÉ ¡µ²¥¥
´¨§±ÊÕ ¸¨³³¥É·¨Õ ¨ · §²¨Î ÕÉ¸Ö, ´ ¶·¨³¥·, Éµ²Ó±µ §´ ±µ³ ξ0 (ξ0 �= 0).

2. Š�ƒ…�…�’�›… ‘�‘’�Ÿ�ˆŸ

� Ï¥ · ¸¸³µÉ·¥´¨¥ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê · §²¨Î´Ò³¨ Ëµ·³ ³¨ Ö¤· 
¡Ê¤¥É ¢ §´ Î¨É¥²Ó´µ° ¸É¥¶¥´¨ µ¶¨· ÉÓ¸Ö ´  ³µ¤¥²Ó ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ-
§µ´µ¢. ‚ ÔÉµ³ · §¤¥²¥ ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ ³µ¤¥²Ó ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ-
´µ¢ ¸¢Ö§ ´  ¸ ¢´ÊÉ·¥´´¥° £¥µ³¥É·¨Î¥¸±µ° ¸É·Ê±ÉÊ·µ° Ö¤· . ‚ ¶·¨´Í¨¶¥, ÔÉµ
¸¢µ°¸É¢µ ¢¸¥Ì ³µ¤¥²¥°, ¨³¥ÕÐ¨Ì µ¶·¥¤¥²¥´´ÊÕ £·Ê¶¶µ¢ÊÕ ¸É·Ê±ÉÊ·Ê. � ²¨-
Î¨¥ £¥µ³¥É·¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ê ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ µ¸µ¡¥´´µ
¢ ¦´µ, É ± ± ± µ´¨ ¶µ§¢µ²ÖÕÉ ¸¢Ö§ ÉÓ ÔÉÊ ³µ¤¥²Ó ¸ µ¶¨¸ ´¨¥³ ±µ²²¥±É¨¢´ÒÌ
¸µ¸ÉµÖ´¨° Ö¤¥· ¶·¨ ¶µ³µÐ¨ ¶¥·¥³¥´´ÒÌ, Ì · ±É¥·¨§ÊÕÐ¨Ì Ëµ·³Ê Ö¤·  [4].

ˆ§ÊÎ¥´¨¥ £¥µ³¥É·¨Î¥¸±¨Ì ¸¢µ°¸É¢ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢
¸¢Ö§ ´µ ¸ ¢¢¥¤¥´¨¥³ ¢ · ¸¸³µÉ·¥´¨¥ ±µ£¥·¥´É´ÒÌ (¢´ÊÉ·¥´´¨Ì) ¸µ¸ÉµÖ´¨°.
‘ÊÐ¥¸É¢Ê¥É ³´µ£µ § ¤ Î, ±µÉµ·Ò¥ ¨¸¸²¥¤ÊÕÉ¸Ö ¸ ¶µ³µÐÓÕ ³¥Éµ¤  ±µ£¥·¥´É-
´ÒÌ ¸µ¸ÉµÖ´¨°. ‡ ¤ Î , ±µÉµ· Ö · ¸¸³ É·¨¢ ¥É¸Ö ´¨¦¥, ²¨ÏÓ µ¤´  ¨§ ´¨Ì.

„²Ö § ¤ ´´µ° £·Ê¶¶Ò ¸ ³ É¥³ É¨Î¥¸±µ° ¸É·Ê±ÉÊ·µ° g · §· ¡µÉ ´  ³ É¥-
³ É¨Î¥¸± Ö ¶·µÍ¥¤Ê· , ¸ ¶µ³µÐÓÕ ±µÉµ·µ° ³µ¦´µ ¶·¨¸µ¥¤¨´¨ÉÓ ± ¤ ´´µ°
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£·Ê¶¶¥ £¥µ³¥É·¨Î¥¸±µ¥ ¶·µ¸É· ´¸É¢µ. �É  ¶·µÍ¥¤Ê·  ¸µ¸Éµ¨É ¢ · §²µ¦¥´¨¨
 ²£¥¡·Ò g ´  ¤¢¥ Î ¸É¨. �¨¦¥ ³Ò ¸²¥¤Ê¥³ ¨§²µ¦¥´¨Õ ¤ ´´µ£µ ¶µ¤Ìµ¤  ¢ [5].
�Éµ · §²µ¦¥´¨¥ ³µ¦´µ ¸¨³¢µ²¨Î¥¸±¨ § ¶¨¸ ÉÓ É ±:

g = h ⊗ p, (6)

£¤¥ h Ö¢²Ö¥É¸Ö ¶µ¤ ²£¥¡·µ° g ¨, ¸²¥¤µ¢ É¥²Ó´µ, µ¶¥· Éµ·Ò, ¶·¨´ ¤²¥¦ Ð¨¥
h, § ³±´ÊÉÒ µÉ´µ¸¨É¥²Ó´µ ¶¥·¥¸É ´µ¢µÎ´ÒÌ ¸µµÉ´µÏ¥´¨°, Éµ£¤  ± ± µ¶¥· -
Éµ·Ò, ¢Ìµ¤ÖÐ¨¥ ¢ µ¸É Éµ± p, ´¥ µ¡· §ÊÕÉ  ²£¥¡·Ò. �µ¤ ²£¥¡·  h ´ §Ò¢ ¥É¸Ö
 ²£¥¡·µ° ¸É ¡¨²Ó´µ¸É¨. ƒ¥µ³¥É·¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ³µ¦´µ ¸¢Ö§ ÉÓ ¸ ± ¦¤Ò³
Ô²¥³¥´Éµ³ ¨§ p. ˆÌ Î¨¸²µ ¸µ¢¶ ¤ ¥É ¸ Î¨¸²µ³ £¥´¥· Éµ·µ¢ ¢ p. ‘ ¶·¥¤¸É -
¢²¥´¨¥³  ²£¥¡·Ò g ¸¢Ö§ ´ ¡ §¨¸ ¸µ¸ÉµÖ´¨° |Λ〉. ‘·¥¤¨ ÔÉ¨Ì ¡ §¨¸´ÒÌ ¸µ¸Éµ-
Ö´¨° ¥¸ÉÓ ¸µ¸ÉµÖ´¨¥ |Λext〉, µ¡² ¤ ÕÐ¥¥ É¥³ ¸¢µ°¸É¢µ³, ÎÉµ ¶µ ¸· ¢´¥´¨Õ
¸ ¤·Ê£¨³¨ ¡ §¨¸´Ò³¨ ¸µ¸ÉµÖ´¨Ö³¨ ¥£µ ³µ¦´µ  ´´¨£¨²¨·µ¢ ÉÓ ³ ±¸¨³ ²Ó´µ
¢µ§³µ¦´Ò³ Î¨¸²µ³ £¥´¥· Éµ·µ¢ ¨§  ²£¥¡·Ò ¸É ¡¨²Ó´µ¸É¨ h.

ƒ¥µ³¥É·¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ηi ³µ¦´µ µ¶·¥¤¥²¨ÉÓ, ¢¢µ¤Ö ® ²£¥¡· ¨Î¥-
¸±¨¥¯ ±µ£¥·¥´É´Ò¥ ¸µ¸ÉµÖ´¨Ö ¸ ¶µ³µÐÓÕ ¸²¥¤ÊÕÐ¥£µ µ¶·¥¤¥²¥´¨Ö:

|ηi〉 = exp

(∑
i

ηipi

)
|Λext〉, (7)

£¤¥ pi Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ ¨§ p. �É³¥É¨³, ÎÉµ É ± ± ±  ²£¥¡·  g ³µ¦¥É ¨³¥ÉÓ
´¥¸±µ²Ó±µ ¶µ¤ ²£¥¡·, Éµ ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ´¥¸±µ²Ó±µ ±µ£¥·¥´É´ÒÌ ¸µ¸Éµ-
Ö´¨°, É. ¥. ¨³¥ÉÓ ´¥¸±µ²Ó±µ ¢µ§³µ¦´ÒÌ £¥µ³¥É·¨Î¥¸±¨Ì ·¥ ²¨§ Í¨°. �¡ÒÎ´µ
· ¸¸³ É·¨¢ ¥É¸Ö ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ Ö  ²£¥¡·  ¸É ¡¨²Ó´µ¸É¨.

„²Ö  ²£¥¡·Ò U(6), ²¥¦ Ð¥° ¢ µ¸´µ¢¥ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ-
§µ´µ¢, ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´ Ö  ²£¥¡·  ¸É ¡¨²Ó´µ¸É¨ Å ÔÉµ U(5) ⊗ U(1),
¸µ¤¥·¦ Ð Ö ¸²¥¤ÊÕÐ¨¥ £¥´¥· Éµ·Ò  ²£¥¡·Ò U(6):

(d+d̄)lµ, l = 0, 1, 2, 3, 4, s+s, (8)

£¤¥ d̄µ = (−1)µd−µ. �¸É Éµ± p ¸µ¤¥·¦¨É £¥´¥· Éµ·Ò

d+
µ s (9)

¨ ¨Ì Ô·³¨Éµ¢µ-¸µ¶·Ö¦¥´´Ò¥. ’ ± ± ± £¥´¥· Éµ·µ¢ (9) ¶ÖÉÓ, Éµ £¥µ³¥É·¨Î¥¸±µ¥
¶·µ¸É· ´¸É¢µ, ¸¢Ö§ ´´µ¥ ¸ ³µ¤¥²ÓÕ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, Ö¢²Ö¥É¸Ö ¶Ö-
É¨³¥·´Ò³ ±µ³¶²¥±¸´Ò³ ¶·µ¸É· ´¸É¢µ³.

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¤ ´´Ò³ ¢ÒÏ¥ µ¶·¥¤¥²¥´¨¥³ Ô±¸É·¥³ ²Ó´Ò³ Ö¢²Ö¥É¸Ö
¸²¥¤ÊÕÐ¥¥ ¸µ¸ÉµÖ´¨¥:

|Λext〉 =
1√
N !

(s+)N |0〉, (10)
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£¤¥ N Å ³ ±¸¨³ ²Ó´µ¥ Î¨¸²µ ¡µ§µ´µ¢, Ì · ±É¥·¨§ÊÕÐ¥¥ ¢Ò¤¥²¥´´µ¥ ¶·¥¤¸É -
¢²¥´¨¥ U(6). ‘µ¸ÉµÖ´¨¥ (10)  ´´¨£¨²¨·Ê¥É¸Ö ¢¸¥³¨ µ¶¥· Éµ· ³¨ dµ. ’ ±¨³
µ¡· §µ³, ® ²£¥¡· ¨Î¥¸±µ¥¯ ±µ£¥·¥´É´µ¥ ¸µ¸ÉµÖ´¨¥ ¨³¥¥É ¢¨¤

|N, ηµ〉 = exp

(∑
µ

ηµd+
µ s +
∑

µ

η∗
µs+d̄µ

)
|Λext〉. (11)

�¤´ ±µ ¢ ¶· ±É¨Î¥¸±¨Ì Í¥²ÖÌ ¡µ²¥¥ Ê¤µ¡´µ ¨¸¶µ²Ó§µ¢ ÉÓ ¤²Ö µ¡¸Ê¦¤¥´¨Ö
£¥µ³¥É·¨Î¥¸±¨Ì ¸¢µ°¸É¢ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¤·Ê£µ° ´ ¡µ·
±µ£¥·¥´É´ÒÌ ¸µ¸ÉµÖ´¨° Å ¶·µ¥±É¨¢´Ò¥ ¸µ¸ÉµÖ´¨Ö. �´¨ ¡Ò²¨ ¢¢¥¤¥´Ò ¢ [6Ä
8]. �·µ¥±É¨¢´Ò¥ ±µ£¥·¥´É´Ò¥ ¸µ¸ÉµÖ´¨Ö, ±µÉµ·Ò¥ ¥Ð¥ ´ §Ò¢ ÕÉ ¢´ÊÉ·¥´´¨³¨
¸µ¸ÉµÖ´¨Ö³¨, ¨³¥ÕÉ ¢¨¤

|N ; αµ〉 =

(
s+ +
∑

µ

αµd+
µ

)N

|0〉, (12)

£¤¥ |0〉 Å ¡µ§µ´´Ò° ¢ ±ÊÊ³. �¥·¥³¥´´Ò¥ αµ ´¥¶µ¸·¥¤¸É¢¥´´µ ¸¢Ö§ ´Ò ¸ ¶¥·¥-
³¥´´Ò³¨, µ¶¨¸Ò¢ ÕÐ¨³¨ Ëµ·³Ê ¶µ¢¥·Ì´µ¸É¨ Ö¤·  ¢ ³µ¤¥²¨ �µ· ÄŒµÉÉ¥²Ó-
¸µ´ . �´¨ Ö¢²ÖÕÉ¸Ö ±µ³¶²¥±¸´Ò³¨ ¢¥²¨Î¨´ ³¨. ‘µ¸ÉµÖ´¨Ö (12) ³µ¦´µ ¨¸-
¶µ²Ó§µ¢ ÉÓ ¤²Ö ¨§ÊÎ¥´¨Ö ± ± ¸É É¨Î¥¸±¨Ì, É ± ¨ ¤¨´ ³¨Î¥¸±¨Ì ¸¢µ°¸É¢ Ö¤· .
„²Ö ¨§ÊÎ¥´¨Ö Éµ²Ó±µ ¸É É¨Î¥¸±¨Ì ¸¢µ°¸É¢ ¤µ¸É ÉµÎ´µ ¢§ÖÉÓ ¢ ± Î¥¸É¢¥ αµ

¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² .
‚³¥¸Éµ ¶ÖÉ¨ ¢¥Ð¥¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ αµ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ É·¨ Ê£² 

�°²¥·  (θ1, θ2, θ3), µ¶·¥¤¥²ÖÕÐ¨¥ µ·¨¥´É Í¨Õ ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò ¢ ² ¡µ· -
Éµ·´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¨ ¤¢¥ ¢´ÊÉ·¥´´¨¥ ¶¥·¥³¥´´Ò¥ β ¨ γ:

αµ =
∑

ν

D2
µν(θ1, θ2, θ3)aν , (13)

£¤¥ D2
µν Å ËÊ´±Í¨Ö ‚¨£´¥· ,  

a0 = β cos γ,

a±2 =
1√
2
β sin γ, (14)

a±1 = 0.

’ ±¨³ µ¡· §µ³, ´µ·³¨·µ¢ ´´µ¥ ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥ § ¶¨¸Ò¢ ¥É¸Ö É ±:

|N ; β, γ〉 =
1√

N !(1 + β2)N

(
B+
)N |0〉, (15)

£¤¥

B+ = s+ + β

(
cos γd+

0 +
1√
2

sin γ(d+
2 + d+

−2)
)

. (16)



’��‰��Ÿ ’�—Š� �� ”�‡�‚�‰ „ˆ�ƒ��ŒŒ… 415

�¨¦¥ ¡Ê¤¥É ¶µ± § ´µ [7], ÎÉµ ¸µ¸ÉµÖ´¨¥ (15) µ¡² ¤ ¥É ¤¢Ê³Ö µÎ¥´Ó ¢ ¦´Ò³¨
¸¢µ°¸É¢ ³¨. ‚µ-¶¥·¢ÒÌ, µ´µ ¸µ¤¥·¦¨É ¢¸¥ ¡ §¨¸´Ò¥ ¸µ¸ÉµÖ´¨Ö ³µ¤¥²¨ ¢§ ¨-
³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¨ ¶µ²´Ò° ¡ §¨¸ ³µ¦¥É ¡ÒÉÓ ¶µ¸É·µ¥´ ¸ ¶µ³µÐÓÕ
ÔÉµ£µ ¸µ¸ÉµÖ´¨Ö. ‚µ-¢Éµ·ÒÌ, ¢ ÔÉµ³ ¸µ¸ÉµÖ´¨¨ Ë²Ê±ÉÊ Í¨¨ ±¢ ¤·Ê¶µ²Ó´µ£µ
µ¶¥· Éµ·  ³ ²Ò ¶µ ¸· ¢´¥´¨Õ ¸µ ¸·¥¤´¨³ §´ Î¥´¨¥³ ÔÉµ£µ µ¶¥· Éµ·  ¤²Ö · ¢-
´µ¢¥¸´ÒÌ §´ Î¥´¨° β ¨ γ, ±µÉµ·Ò¥ ³¨´¨³¨§¨·ÊÕÉ ±¢ ¤·Ê¶µ²Ó-±¢ ¤·Ê¶µ²Ó´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥.

� §¨¸´Ò¥ ¸µ¸ÉµÖ´¨Ö ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ Ì · ±É¥·¨§Ê-
ÕÉ¸Ö ¶µ²´Ò³ Î¨¸²µ³ ¢¸¥Ì ¡µ§µ´µ¢ N , ¶µ²´Ò³ Î¨¸²µ³ ±¢ ¤·Ê¶µ²Ó´ÒÌ ¡µ§µ´µ¢
nd, Î¨¸²µ³ ±¢ ¤·Ê¶µ²Ó´ÒÌ ¡µ§µ´µ¢, ´¥ ¸¢Ö§ ´´ÒÌ ¢ ¶ ·Ò, ¨³¥ÕÐ¨¥ Ê£²µ¢µ°
³µ³¥´É ´Ê²Ó, Å τ , Î¨¸²µ³ É·¨¶²¥Éµ¢ ¸ ´Ê²¥¢Ò³ ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³,
¶µ¸É·µ¥´´ÒÌ ¨§ ±¢ ¤·Ê¶µ²Ó´ÒÌ ¡µ§µ´µ¢, Å n∆, ¶µ²´Ò³ Ê£²µ¢Ò³ ³µ³¥´Éµ³ J
¨ ¥£µ ¶·µ¥±Í¨¥° M . „²Ö ± ¦¤µ£µ §´ Î¥´¨Ö nd τ ³µ¦¥É ¶·¨´¨³ ÉÓ ¸²¥¤ÊÕÐ¨¥
§´ Î¥´¨Ö:

τ = nd, nd − 2, . . . , 0 ¨²¨ 1. (17)

‚µ§³µ¦´Ò¥ §´ Î¥´¨Ö n∆ µ¶·¥¤¥²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨¥³

τ = 3n∆ + λ, (18)

£¤¥ n∆ ¨ λ Å ´¥µÉ·¨Í É¥²Ó´Ò¥ Í¥²Ò¥ Î¨¸² . �µ²´Ò° Ê£²µ¢µ° ³µ³¥´É J
¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:

J = 2λ, 2λ − 2, 2λ − 3, . . . , λ. (19)

‹Õ¡µ¥ ¨§ ¡ §¨¸´ÒÌ ¸µ¸ÉµÖ´¨° ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ³µ¦´µ
¶µ¸É·µ¨ÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ Ê¸·¥¤´¥´¨¥³ ±µ£¥·¥´É´µ£µ ¸µ¸ÉµÖ´¨Ö:

|N, nd, τ, n∆, J, M〉 =
∫

dΩ

∞∫
0

β4dβ

π/3∫
0

sin 3γdγ×

× fNndτn∆JM (β, γ, Ω)|N ; β, γ, Ω〉, (20)

£¤¥ Ω = (θ1, θ2, θ3),  

|N ; β, γ, Ω〉 = exp (ıθ1Ĵz) exp (ıθ2Ĵy) exp (ıθ3Ĵz)|N ; β, γ〉. (21)

‘µ¸ÉµÖ´¨¥ |N, nd, τ, n∆, J, M〉, ¶µ¸É·µ¥´´µ¥ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³µ´µ¶µ²Ó´ÒÌ
¨ ±¢ ¤·Ê¶µ²Ó´ÒÌ ¡µ§µ´µ¢, ¨³¥¥É ¢¨¤

|N, nd, τ, n∆, J, M〉 =

= N−1/2(s+)N−nd(d+ · d+)1/2(Nd−τ)|τ, τ, τ, n∆, J, M〉, (22)
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£¤¥
N = (N − nd)!(nd − τ)!!(nd + τ + 3)!!/(2τ + 3)!!, (23)

  ÉµÎ±  ¢ (22) µ¡µ§´ Î ¥É ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ µ¶¥· Éµ·µ¢. ‚ÒÎ¨¸²¨³
¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥ ¢¥±Éµ·µ¢ (20) ¨ (22), ¨¸¶µ²Ó§ÊÖ ¸²¥¤ÊÕÐ¨¥ ¸¢µ°¸É¢ 
±µ£¥·¥´É´ÒÌ ¸µ¸ÉµÖ´¨°:

s|N ; β, γ, Ω〉 =

√
N

1 + β2
|N − 1; β, γ, Ω〉, (24)

dµ|N ; β, γ, Ω〉 = β

√
N

1 + β2
×

×
(

D2
µ0(Ω) cos γ + (D2

µ2(Ω) + D2
µ−2(Ω))

1√
2

sin γ

)
|N − 1; β, γ, Ω〉. (25)

�µ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

〈N, n′
d, τ

′, n′
∆, J ′, M ′|N, nd, τ, n∆, J, M〉 =

=
√

N !
∫

dΩ

∞∫
0

β4dβ

π/3∫
0

sin 3γdγ fNndτn∆JM (β, γ, Ω)×

×N−1/2 (β2)n′
d

(1 + β2)N/2
Ψτ ′,n′

∆,J′,M ′(γ, Ω), (26)

£¤¥ ËÊ´±Í¨¨

Ψτ,n∆,J,M (γ, Ω) =
∑
K

Φτ,n∆,J
K (γ)DJ

MK(Ω) (27)

Ö¢²ÖÕÉ¸Ö Ìµ·µÏµ ¨§¢¥¸É´Ò³¨ ËÊ´±Í¨Ö³¨ £ ·³µ´¨Î¥¸±µ£µ ±¢ ¤·Ê¶µ²Ó´µ£µ ¢¨-
¡· Éµ·  [9]. �É¨ ËÊ´±Í¨¨ ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò ¨ Ëµ·³¨·ÊÕÉ ¶µ²´Ò° ¡ §¨¸ ¢
Î¥ÉÒ·¥Ì³¥·´µ³ ¶·µ¸É· ´¸É¢¥ (γ, Ω). ’¥¶¥·Ó ´¥µ¡Ìµ¤¨³µ ´ °É¨ É ±ÊÕ ËÊ´±-
Í¨Õ fNndτn∆JM (β, γ, Ω), ÎÉµ¡Ò ¸²¥¢  µÉ §´ ±  · ¢¥´¸É¢  ¢ (26) ¶µ²ÊÎ¨ÉÓ
¤¥²ÓÉ -ËÊ´±Í¨Õ. ‚ fNndτn∆JM (β, γ, Ω) § ¢¨¸¨³µ¸ÉÓ µÉ β ³µ¦¥É ¡ÒÉÓ µÉ¤¥-
²¥´ :

fNndτn∆JM (β, γ, Ω) = gτ
N,nd

(β)Ψ̃τn∆JM (γ, Ω). (28)

”Ê´±Í¨¨ Ψ̃τn∆JM (γ, Ω) ¨ gτ
N,nd

(β) ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ ¸²¥¤ÊÕÐ¨³ ¸µµÉ-
´µÏ¥´¨Ö³ µ·Éµ£µ´ ²Ó´µ¸É¨:

∫
dΩ

π/3∫
0

sin 3γdγΨ̃τn∆JM (γ, Ω)Ψτ ′n′
∆J′M ′(γ, Ω) =

= δττ ′δn∆n′
∆
δJJ′δMM ′ (29)
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¨
√

N !

∞∫
0

β4dβgτ
N,nd

(β)
βn′

d

(1 + β2)N/2
= δndn′

d
. (30)

’ ± ± ± ËÊ´±Í¨¨ Ψ Ëµ·³¨·ÊÕÉ ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò° ´ ¡µ· ¢µ²´µ¢ÒÌ
ËÊ´±Í¨°, Éµ ¤Ê ²Ó´Ò° µ·Éµ£µ´ ²Ó´Ò° ¡ §¨¸ Ψ̃, Ê¤µ¢²¥É¢µ·ÖÕÐ¨° (29), ¤µ²-
¦¥´ ¸ÊÐ¥¸É¢µ¢ ÉÓ ´  ¸ ³µ³ ¤¥²¥ ¤²Ö É ±¨Ì §´ Î¥´¨° τ ¨ τ ′, ¶·¨ ±µÉµ·ÒÌ ¢µ§-
³µ¦´µ Éµ²Ó±µ µ¤´µ §´ Î¥´¨¥ n∆, Ψ̃ = Ψ, É. ¥. ËÊ´±Í¨¨ Ψ µ·Éµ´µ·³¨·µ¢ ´´Ò.

”Ê´±Í¨¨ gτ
Nnd

, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ (30), ³µ¦´µ ¶µ¸É·µ¨ÉÓ, ¨¸¶µ²Ó§ÊÖ ¶µ-

²¨´µ³Ò ‹ £¥··  L
τ+3/2
n (β2), ±µÉµ·Ò¥ ¢Ìµ¤ÖÉ ¢ · ¤¨ ²Ó´Ò¥ ¢µ²´µ¢Ò¥ ËÊ´±Í¨¨

¶ÖÉ¨³¥·´µ£µ µ¸Í¨²²ÖÉµ· :

gτ
Nnd

(β) = exp (−Nβ2)βτ (1 + β2)N/2C

l̄∑
n=l

(
n

l

)
Lτ+3/2

n (Nβ2), (31)

£¤¥

C =
2(−1)lN l+τ+5/2

√
N !Γ(l + τ + 5/2)

,

l =
1
2
(nd − τ),

l̄ =
1
2
(N − τ)

(32)

¨ Γ(l + τ + 5/2) Ö¢²Ö¥É¸Ö Γ-ËÊ´±Í¨¥°. �·¨ N → ∞

gτ
Nnd

(β) ∼ βnd exp (−Nβ2/2). (33)

’ ±¨³ µ¡· §µ³, ¢ÒÏ¥ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ²Õ¡µ¥ ¸µ¡¸É¢¥´´µ¥ ¸µ¸ÉµÖ´¨¥ £ -
³¨²ÓÉµ´¨ ´  ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ³µ¦¥É ¡ÒÉÓ ¸¶·µ¥±É¨·µ-
¢ ´µ ¨§ ¢´ÊÉ·¥´´¥£µ ¸µ¸ÉµÖ´¨Ö (15) c ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¢¥-
¸µ¢µ° ËÊ´±Í¨¨ f ¨ Ê¸·¥¤´¥´¨Ö ¶µ Ê£² ³ µ·¨¥´É Í¨¨ ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò
±µµ·¤¨´ É, ±µÉµ·Ò¥ § ¤ ÕÉ¸Ö Ê£² ³¨ �°²¥· , ¨ ¶¥·¥³¥´´Ò³ Ëµ·³Ò β ¨ γ.

„²Ö Éµ£µ ÎÉµ¡Ò ¡ÒÉÓ ¶µ²¥§´Ò³ ¶·¨ µ¶¨¸ ´¨¨ ¸¢µ°¸É¢ Ö¤· , ¸¢Ö§ ´´ÒÌ
¸ ±¢ ¤·Ê¶µ²Ó´Ò³¨ ¸É¥¶¥´Ö³¨ ¸¢µ¡µ¤Ò, ¢µ²´µ¢µ° ¢¥±Éµ· (15) ¤µ²¦¥´ µ¶¨¸Ò-
¢ ÉÓ, ¢ ¶·¨´Í¨¶¥, ¸µ¸ÉµÖ´¨Ö ¸ ¡µ²ÓÏ¨³¨ §´ Î¥´¨Ö³¨ ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ³¥´É 
¨ µ¤´µ¢·¥³¥´´µ ¸ ´¥¡µ²ÓÏµ° ¢¥²¨Î¨´µ° Ë²Ê±ÉÊ Í¨° µÉ´µ¸¨É¥²Ó´µ ¸·¥¤´¥£µ
§´ Î¥´¨Ö ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ³¥´É . ‚ ¶·¥¤¥²Ó´µ³ ¸²ÊÎ ¥, ±µ£¤  Ë²Ê±ÉÊ Í¨¨
¨¸Î¥§ ÕÉ, É ±µ¥ ¸µ¸ÉµÖ´¨¥ ¸É ´µ¢¨É¸Ö ¸µ¡¸É¢¥´´Ò³ ¢¥±Éµ·µ³ µ¤´µ° ¨§ ±µ³-
¶µ´¥´É ±¢ ¤·Ê¶µ²Ó´µ£µ µ¶¥· Éµ· .

‚ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ±¢ ¤·Ê¶µ²Ó´Ò° µ¶¥· Éµ· ´ ¨¡µ²¥¥
µ¡Ð¥£µ ¢¨¤  § ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Qµ = d+
µ s + s+d̄µ + χ(d+d̄)2µ, (34)
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£¤¥ χ Å ¶ · ³¥É·. �·¨ χ = 0 Qµ ¸É ´µ¢¨É¸Ö £¥´¥· Éµ·µ³ £·Ê¶¶Ò O(6),   ¶·¨

χ = ±
√

7
2

Å £¥´¥· Éµ·µ³ £·Ê¶¶Ò SU(3). Š¢ ¤·Ê¶µ²Ó´Ò° ³µ³¥´É ´µ·³¨·µ-

¢ ´´µ£µ ¸µ¸ÉµÖ´¨Ö Ψ µÉ´µ¸¨É¥²Ó´µ µ¸¨ z µ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³ 〈Ψ|Q0|Ψ〉.
„²Ö Éµ£µ ÎÉµ¡Ò ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥ (15) ¡Ò²µ ¸µ¡¸É¢¥´´Ò³ ¢¥±Éµ·µ³ µ¶¥-
· Éµ·  Q0, µ¶¥· Éµ· B+ ¤µ²¦¥´ Ê¤µ¢²¥É¢µ·ÖÉÓ ¸²¥¤ÊÕÐ¥³Ê Ê¸²µ¢¨Õ:

[Q0, B
+] ∼ B+. (35)

Šµ³³ÊÉ Éµ· [Q0, B
+] · ¢¥´

[Q0, B
+] = β cos γs+ +

(
1 −
√

2
7
χβ cos γ

)
d+
0 +

+

√
2
7
χβ sin γ

1√
2
(d+

2 + d+
−2). (36)

�·¨ γ �= 0 Ê¸²µ¢¨Ö ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸µ¡¸É¢¥´´µ° ³µ¤Ò µ¶¥· Éµ·  Q0 ¨³¥ÕÉ
¢¨¤

β cos γ =

√
2
7
χ,

(37)

β2 cos2 γ = 1 −
√

2
7
β cos γ,

µÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉµ χ = ±
√

7
2

. …¸²¨ γ = 0, Éµ Ê¸²µ¢¨¥ ¸ÊÐ¥¸É¢µ¢ ´¨Ö

¸µ¡¸É¢¥´´µ° ³µ¤Ò ¶·¨´¨³ ¥É ¢¨¤

β2 = 1 −
√

2
7
χβ, (38)

¨²¨

β =
1
2

(
−
√

2
7
χ +

√
2
7
χ2 + 4

)
≡ β0. (39)

’ ±¨³ µ¡· §µ³, ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ §´ Î¥´¨Ö ¶ · ³¥É·  χ, É. ¥. ¤²Ö ¶·µ¨§¢µ²Ó-
´µ£µ ±¢ ¤·Ê¶µ²Ó´µ£µ µ¶¥· Éµ·  ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, ¸ÊÐ¥-
¸É¢Ê¥É ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥ |N ; β0, γ0〉 ¸ γ0 = 0 ¨ β0, µ¶·¥¤¥²¥´´Ò³ Ê· ¢´¥-
´¨¥³ (39). �Éµ ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥ Ö¢²Ö¥É¸Ö ¸µ¡¸É¢¥´´Ò³ ¢¥±Éµ·µ³ µ¶¥· -

Éµ·  Q0 ¸ ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ Nβ0. ‚ Î ¸É´µ³ ¸²ÊÎ ¥ χ = ±
√

7
2

¨³¥¥É¸Ö
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¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ¢´ÊÉ·¥´´¨Ì ¸µ¸ÉµÖ´¨°, Ö¢²ÖÕÐ¨Ì¸Ö ¸µ¡¸É¢¥´´Ò³¨ ¢¥±Éµ-

· ³¨ µ¶¥· Éµ·  Q0. ‚¸¥ µ´¨ Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Õ β cos γ = ± 1√
2

¨ ¨³¥ÕÉ

¸µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥
1√
2
N .

…¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ ¸µ¸ÉµÖ´¨¥ ¸ Ìµ·µÏµ µ¶·¥¤¥²¥´´Ò³ ±¢ -
¤·Ê¶µ²Ó´Ò³ ³µ³¥´Éµ³, É. ¥. ¸µ¡¸É¢¥´´µ¥ ¸µ¸ÉµÖ´¨¥ µ¶¥· Éµ·  Q0 ¨²¨ ¡²¨§±µ¥
± ´¥³Ê ¸µ¸ÉµÖ´¨¥, ¡Ê¤¥É ¢Ò¤¥²ÖÉÓ¸Ö ±¢ ¤·Ê¶µ²Ó-±¢ ¤·Ê¶µ²Ó´Ò³ ¢§ ¨³µ¤¥°-
¸É¢¨¥³. �Éµ ¶·¥¤¶µ² £ ¥É, ÎÉµ ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥ ³µ¦¥É ¡ÒÉÓ µÌ · ±É¥-
·¨§µ¢ ´µ É ±¦¥ ¨ ± ± ¸µ¸ÉµÖ´¨¥, ³¨´¨³¨§¨·ÊÕÐ¥¥ ¸·¥¤´¥¥ §´ Î¥´¨¥ ±¢ ¤·Ê-
¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö −κQ · Q, £¤¥ ÉµÎ±  µ¡µ§´ Î ¥É ¸± ²Ö·´µ¥ ¶·µ¨§¢¥-
¤¥´¨¥,   κ > 0 Å ±µ´¸É ´É  ¢§ ¨³µ¤¥°¸É¢¨Ö.

‘·¥¤´¥¥ §´ Î¥´¨¥ ±¢ ¤·Ê¶µ²Ó-±¢ ¤·Ê¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¢ ¸µ¸ÉµÖ-
´¨¨ |N ; β, γ〉 · ¢´µ

〈N ; β, γ| − κQ · Q|N ; β, γ〉 = − κN

1 + β2

(
5 + (1 + χ2)β2

)
−

− 2κN(N − 1)β2

(1 + β2)2

(
2 − 2

√
2
7
χβ cos 3γ +

1
7
χ2β2

)
. (40)

�Éµ ¢Ò· ¦¥´¨¥ ¨³¥¥É ³¨´¨³Ê³ ¶·¨ γ = 0, ¥¸²¨ χ < 0, ¨²¨ ¶·¨ γ = π/3,
¥¸²¨ χ > 0. …¸²¨ ³¨´¨³Ê³ ²µ± ²¨§µ¢ ´ ¶·¨ γ = 0, Éµ ¶·¨ γ = π/3 ´ Ìµ-
¤¨É¸Ö ³ ±¸¨³Ê³, ¨ ´ µ¡µ·µÉ. ‚Ò¡¨· Ö χ < 0, ´ Ìµ¤¨³, ÎÉµ ±¢ ¤·Ê¶µ²Ó´µ¥
¢§ ¨³µ¤¥°¸É¢¨¥ ³¨´¨³ ²Ó´µ, ¥¸²¨ β Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Õ

4(N − 1)

√
2
7
χβ3 −

(
8
(

1 − 1
7
χ2

)
N − 6

7
χ2

)
β2−

− 12(N − 1)

√
2
7
χβ + 2

(
4(N − 2) + χ2

)
= 0. (41)

�·¨ N → ∞ (41) Ê¶·µÐ ¥É¸Ö ¨ ¶·¨´¨³ ¥É ¢¨¤√
2
7
β3 − 2

(
1 − 1

7
χ2

)
β2 − 3

√
2
7
χβ + 2 = 0, (42)

¨²¨ (√
2
7
χβ − 2

)(
β2 +

√
2
7
χβ − 1

)
= 0, (43)

É. ¥. ³¨´¨³Ê³ Ô´¥·£¨¨ ±¢ ¤·Ê¶µ²Ó´µ£µ ¢§ ¨³µ¤¥°¸É¢¨Ö ¤µ¸É¨£ ¥É¸Ö ¶·¨
β = β0, µ¶·¥¤¥²¥´´µ³ Ê· ¢´¥´¨¥³ (39). �Éµ §´ Î¥´¨¥ β Ê¤µ¢²¥É¢µ·Ö¥É ¨
Ê¸²µ¢¨Õ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸µ¡¸É¢¥´´µ° ³µ¤Ò µ¶¥· Éµ·  Q0. ’ ±¨³ µ¡· §µ³, ¸
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ÉµÎ´µ¸ÉÓÕ ¤µ ¶µ¶· ¢±¨ ¶µ·Ö¤±  1/N ¸µ¡¸É¢¥´´µ¥ ¸µ¸ÉµÖ´¨¥ µ¶¥· Éµ·  Q0

µ¤´µ¢·¥³¥´´µ ³¨´¨³¨§¨·Ê¥É ±¢ ¤·Ê¶µ²Ó-±¢ ¤·Ê¶µ²Ó´µ¥ ¢§ ¨³µ¤¥°¸É¢¨¥.
…¸²¨ ¨¸¶µ²Ó§Ê¥É¸Ö ¡µ²¥¥ µ¡Ð¨° £ ³¨²ÓÉµ´¨ ´ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕ-

Ð¨Ì ¡µ§µ´µ¢, Î¥³ ¸µ¤¥·¦ Ð¨° Éµ²Ó±µ Î²¥´ ¸ ±¢ ¤·Ê¶µ²Ó-±¢ ¤·Ê¶µ²Ó´Ò³ ¢§ -
¨³µ¤¥°¸É¢¨¥³, Éµ ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥, ³¨´¨³¨§¨·ÊÕÐ¥¥ ¸·¥¤´¥¥ §´ Î¥´¨¥
É ±µ£µ £ ³¨²ÓÉµ´¨ ´ , ¶¥·¥¸É ¥É ¡ÒÉÓ ¸µ¡¸É¢¥´´Ò³ ¢¥±Éµ·µ³ µ¶¥· Éµ·  Q0.
‚ ÔÉµ³ ¸²ÊÎ ¥ ¨´É¥·¥¸´µ §´ ÉÓ, ± ± ¢¥²¨±¨ Ë²Ê±ÉÊ Í¨¨ ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ-
³¥´É  ¢ É ±µ³ ¸µ¸ÉµÖ´¨¨. ‘·¥¤´¥¥ §´ Î¥´¨¥ ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ³¥´É  ¨ ¥£µ
Ë²Ê±ÉÊ Í¨¨ ¢ ¶·µ¨§¢µ²Ó´µ³ ¢´ÊÉ·¥´´¥³ ¸µ¸ÉµÖ´¨¨ |N ; β, γ〉 ¤ ÕÉ¸Ö ¢Ò· ¦¥-
´¨Ö³¨

〈N ; β, γ|Q0|N ; β, γ〉 =
N

1 + β2

(
2β cos γ −

√
2
7
χβ2 cos 2γ

)
, (44)

〈∆Q0〉N ;βγ ≡
√
〈N ; β, γ|(Q0)2|N ; β, γ〉 − 〈N ; β, γ|Q0|N ; β, γ〉2 =

=

(
1 − 2

√
2
7
χβ cos γ − 1

2
β2

(
1 − 4

7
χ2 + 3 cos 2γ

)
+

+ 2

√
2
7
χβ3 cos 3γ +

1
2
β4

(
1 +

2
7
χ2 + cos 2γ−

−2
7

2

cos 4γ

))1/2/(
β
√

N

∣∣∣∣∣2 cos γ −
√

2
7
χ cos 2γ

∣∣∣∣∣
)

. (45)

�·¨ γ = 0 ¶µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ¸¢µ¤¨É¸Ö ±

〈∆Q0〉N ;β,γ=0 =
|1 −
√

2/7χβ − β2|
β
√

N |2 −
√

2/7χβ|
. (46)

ˆ§ (46) ¢¨¤´µ, ÎÉµ Ë²Ê±ÉÊ Í¨¨ ¨¸Î¥§ ÕÉ, ±µ£¤  β ¶·¨´¨³ ¥É §´ Î¥´¨¥, µÉ-
¢¥Î ÕÐ¥¥ ¸µ¡¸É¢¥´´µ° ³µ¤¥ µ¶¥· Éµ·  Q0, ± ± ÔÉµ ¨ ¤µ²¦´µ ¡ÒÉÓ. ‚¡²¨§¨
¸µ¡¸É¢¥´´µ° ³µ¤Ò Ë²Ê±ÉÊ Í¨¨ ¢¥¤ÊÉ ¸¥¡Ö ± ± 1/β

√
N . ’ ±¨³ µ¡· §µ³, Ë²Ê±-

ÉÊ Í¨¨ Ê¡Ò¢ ÕÉ ¸ ·µ¸Éµ³ ³ ±¸¨³ ²Ó´µ£µ Î¨¸²  ¡µ§µ´µ¢ N . �¨¦¥ ³Ò ¡Ê-
¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¢´ÊÉ·¥´´¥¥ ¸µ¸ÉµÖ´¨¥ (15) ¤²Ö  ´ ²¨§  Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢
³¥¦¤Ê · §²¨Î´Ò³¨ Ëµ·³ ³¨ Ö¤· .

3. ’��‰��Ÿ ’�—Š� �� ”�‡�‚�‰ „ˆ�ƒ��ŒŒ… Ÿ„��

‚ ÔÉµ³ · §¤¥²¥ ³Ò ¶·¨³¥´¨³ Ë¥´µ³¥´µ²µ£¨Î¥¸±ÊÕ É¥µ·¨Õ ‹ ´¤ Ê ±  ´ -
²¨§Ê Ë §µ¢µ° ¤¨ £· ³³Ò Ö¤·  Å ¸¨¸É¥³Ò, ¸µ¸ÉµÖÐ¥° ¨§ ±µ´¥Î´µ£µ Î¨¸² 
Ë¥·³¨µ´µ¢, £¤¥ Ë § ³¨ Ö¢²ÖÕÉ¸Ö · §²¨Î´Ò¥ Ëµ·³Ò Ö¤· . �µ¸±µ²Ó±Ê Ëµ·³ 
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Ö¤·  ¢ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨, É. ¥. ¶·¨ É¥³¶¥· ÉÊ·¥ T = 0, µ¶·¥¤¥²Ö¥É¸Ö ¥£µ
´Ê±²µ´´Ò³ ¸µ¸É ¢µ³, É. ¥. Î¨¸²µ³ ¶·µÉµ´µ¢ ¨ ´¥°É·µ´µ¢, Éµ · §´Ò¥ Ë §Ò
µÉ¢¥Î ÕÉ Ë ±É¨Î¥¸±¨ · §´Ò³ Ö¤· ³. ’ ±¨³ µ¡· §µ³, Î¨¸²µ ¶·µÉµ´µ¢ ¨ Î¨-
¸²µ ´¥°É·µ´µ¢ ¢ Ö¤·¥ Ö¢²ÖÕÉ¸Ö ±µ´É·µ²Ó´Ò³¨ ¶ · ³¥É· ³¨. ‚³¥¸Éµ Î¨¸² 
¶·µÉµ´µ¢ ¨ ´¥°É·µ´µ¢ ¢ ± Î¥¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ ³µ¦´µ ¨¸¶µ²Ó§µ-
¢ ÉÓ ¶ · ³¥É·Ò ³µ¤¥²Ó´µ£µ £ ³¨²ÓÉµ´¨ ´ , ¨¸¶µ²Ó§Ê¥³µ£µ ¤²Ö µ¶¨¸ ´¨Ö Ö¤· .
…¸É¥¸É¢¥´´µ, ÔÉ¨ ¶ · ³¥É·Ò µ¶·¥¤¥²ÖÕÉ¸Ö Î¨¸²µ³ ¶·µÉµ´µ¢ ¨ ´¥°É·µ´µ¢.

ˆÉ ±, ³Ò ¡Ê¤¥³ ¶·¨³¥´ÖÉÓ Ë¥´µ³¥´µ²µ£¨Î¥¸±ÊÕ É¥µ·¨Õ ‹ ´¤ Ê ±  ´ ²¨§Ê
Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢ ±µ´¥Î´µ° ±¢ ´Éµ¢µ° ¸¨¸É¥³¥, ± ±µ¢µ° Ö¢²Ö¥É¸Ö  Éµ³´µ¥
Ö¤·µ. � ¢ ± Î¥¸É¢¥ ³µ¤¥²¨ ¤²Ö µ¶¨¸ ´¨Ö  Éµ³´ÒÌ Ö¤¥· ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ
³µ¤¥²Ó ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢. ŒÒ Ê¦¥ £µ¢µ·¨²¨ ¢ · §¤. 1, ÎÉµ ³µ¤¥²Ó
¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¡² £µ¤ ·Ö ¥¥ Î¥É±µ µ¶·¥¤¥²¥´´µ° ¸É·Ê±ÉÊ·¥ ¶µ-
§¢µ²Ö¥É ¢¢¥¸É¨ ¢ · ¸¸³µÉ·¥´¨¥ ±² ¸¸¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥, Ì · ±É¥·¨§ÊÕÐ¨¥
£¥µ³¥É·¨Î¥¸±ÊÕ Ëµ·³Ê Ö¤· . �Éµ Ê£²Ò �°²¥·  θi (i = 1, 2, 3) ¨ ¢´ÊÉ·¥´´¨¥
¶¥·¥³¥´´Ò¥ β ¨ γ.

‚¢¥¤¥³ ¢ · ¸¸³µÉ·¥´¨¥ ¸É ´¤ ·É´Ò° ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±¨° £ ³¨²ÓÉµ´¨ ´
³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢

Ĥ(N, η, χ) = ηn̂d − 1 − η

N
Q̂χ · Q̂χ. (47)

‡¤¥¸Ó n̂d =
∑

µ d+
µ dµ Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ Î¨¸²  ±¢ ¤·Ê¶µ²Ó´ÒÌ ¡µ§µ´µ¢,  

µ¶¥· Éµ· ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ³¥´É  Q̂χ ¡Ò² ¢¢¥¤¥´ ¢ · §¤. 1. ‚¥²¨Î¨´  N
Ì · ±É¥·¨§Ê¥É ¸Ê³³ ·´µ¥ Î¨¸²µ s- ¨ d-¡µ§µ´µ¢ ¨ · ¢´  ¶µ²µ¢¨´¥ Î¨¸²  ¢ -
²¥´É´ÒÌ ´Ê±²µ´µ¢. � · ³¥É·Ò η ¨ χ ¨£· ÕÉ ·µ²Ó ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢
¶µ¤µ¡´µ ¤ ¢²¥´¨Õ P ¨ É¥³¶¥· ÉÊ·¥ T ¢ ±² ¸¸¨Î¥¸±µ³ ¸²ÊÎ ¥, · ¸¸³µÉ·¥´´µ³
¢ · §¤. 1. �´¨ ¨§³¥´ÖÕÉ¸Ö ¢ ¸²¥¤ÊÕÐ¨Ì ¶·¥¤¥² Ì. � · ³¥É· η ¶·¨´¨³ ¥É
§´ Î¥´¨Ö ³¥¦¤Ê ´Ê²¥³ ¨ ¥¤¨´¨Í¥° η ∈ [0, 1]. �·¨ η = 0 ³Ò ¨³¥¥³ ¶·¥¤¥²Ó-
´Ò° ¸²ÊÎ ° β-¤¥Ëµ·³¨·µ¢ ´´µ£µ Ö¤· , ±µÉµ·Ò° ¢±²ÕÎ ¥É ¸²ÊÎ ¨ ¢ÒÉÖ´ÊÉµ£µ
 ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ£µ Ö¤· , ¸¶²Õ¸´ÊÉµ£µ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ£µ Ö¤· 
¨ γ-´¥¸É ¡¨²Ó´µ£µ Ö¤· . ˆ³ µÉ¢¥Î ÕÉ ¸²¥¤ÊÕÐ¨¥ ¶·¥¤¥²Ò ¤¨´ ³¨Î¥¸±¨Ì ¸¨³-
³¥É·¨°: SU(3), SU(3) ¨ O(6) ¸µµÉ¢¥É¸É¢¥´´µ. �·¨ η = 1 ³Ò ¨³¥¥³ ¶·¥¤¥²Ó-
´Ò° ¸²ÊÎ ° ¸Ë¥·¨Î¥¸±µ£µ Ö¤· , µ¶¨¸Ò¢ ¥³µ£µ ¶ÖÉ¨³¥·´Ò³ £ ·³µ´¨Î¥¸±¨³
µ¸Í¨²²ÖÉµ·µ³. �Éµ ¸²ÊÎ ° U(5) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨. � · ³¥É· χ ¨§³¥-
´Ö¥É¸Ö ¢ ¶·¥¤¥² Ì χ ∈ [−

√
7/2,

√
7/2]. �·¨ η = 0 ¨ χ = −

√
7/2 ³Ò ¨³¥¥³

¸²ÊÎ ° SU(3) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨; ¶·¨ η = 0 ¨ χ =
√

7/2 Å SU(3) ¤¨-
´ ³¨Î¥¸±ÊÕ ¸¨³³¥É·¨Õ,   ¶·¨ η = 0 ¨ χ = 0 Å O(6)-¶·¥¤¥². �Éµ ¤¢Ê³¥·´µ¥
¶ · ³¥É·¨Î¥¸±µ¥ ¶·µ¸É· ´¸É¢µ ¶·¥¤¸É ¢²Ö¥É¸Ö · ¸Ï¨·¥´´Ò³ É·¥Ê£µ²Ó´¨±µ³
Š ¸É¥´  [3], ¶·¨¢¥¤¥´´Ò³ ´  ·¨¸. 1.

‚³¥¸Éµ É¥·³µ¤¨´ ³¨Î¥¸±µ£µ ¶µÉ¥´Í¨ ² , ¨¸¶µ²Ó§Ê¥³µ£µ ¢ ±² ¸¸¨Î¥¸±µ°
¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¥, ³Ò ¡Ê¤¥³  ´ ²¨§¨·µ¢ ÉÓ ¸·¥¤´¥¥ §´ Î¥´¨¥ £ ³¨²ÓÉµ-
´¨ ´  ¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ (12) ± ± ËÊ´±Í¨Õ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢
η ¨ χ:



422 „†�‹�‘ �. ‚.

E(N, η, χ; β, γ) = 〈N ; β, γ|Ĥ(N, η, χ)|N ; β, γ〉. (48)

�µ¤¸É ¢²ÖÖ ¢ (48) £ ³¨²ÓÉµ´¨ ´ (47) ¨ ¨¸¶µ²Ó§ÊÖ É¥Ì´¨±Ê ¢ÒÎ¨¸²¥´¨°, µ¶¨-
¸ ´´ÊÕ ¢ · §¤. 2, ¶µ²ÊÎ ¥³

E(N, η, χ; β, γ) = −5(1 − η) +
1

(1 + β2)2
×

×
(

(Nη − (1 − η)(4N + χ2 − 8))β2 + 4(N − 1)(1 − η)

√
2
7
χβ3 cos 3γ+

+
(

Nη − (1 − η)
(

2N + 5
7

χ2 − 4
))

β4

)
. (49)

‚³¥¸Éµ ¶ · ³¥É·  ¶µ·Ö¤±  ξ ¢ (49) ³Ò ¨³¥¥³ ¢´ÊÉ·¥´´¨¥ ¶¥·¥³¥´´Ò¥ β ¨ γ.
‡ ¤ Î  ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ¡Ò ³¨´¨³¨§¨·µ¢ ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ËÊ´±Í¨µ´ ²
E(N, η, χ; β, γ), ¢ ·Ó¨·ÊÖ β ¨ γ ¤²Ö ± ¦¤µ£µ §´ Î¥´¨Ö η ¨ χ. �·µ¸É Ö Ëµ·³ 
§ ¢¨¸¨³µ¸É¨ (49) µÉ γ ¶µ§¢µ²Ö¥É ²¥£±µ µ¶·¥¤¥²¨ÉÓ Éµ §´ Î¥´¨¥ γ, ±µÉµ·µ¥
µÉ¢¥Î ¥É ³¨´¨³Ê³Ê E(N, η, χ; β, γ). �¡µ§´ Î¨³ ÔÉµ §´ Î¥´¨¥ γ Î¥·¥§ γ0. �·¨
χ < 0 γ0 = 0. �·¨ χ > 0 γ0 = π/3. ‚ µ¡µ¨Ì ¸²ÊÎ ÖÌ χ cos 3γ = −|χ|.

‡´ Î¥´¨¥ ËÊ´±Í¨µ´ ²  Ô´¥·£¨¨ ¢ ÉµÎ±¥ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ³Ò ¡Ê¤¥³
É· ±Éµ¢ ÉÓ ± ± ¶·¨¡²¨¦¥´´µ¥ §´ Î¥´¨¥ Ô´¥·£¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö Ö¤· .
Š ± ¨ ¢ ±² ¸¸¨Î¥¸±µ³ ¸²ÊÎ ¥, ÔÉ  ¢¥²¨Î¨´  ¤µ²¦´  ¡ÒÉÓ ´¥¶·¥·Ò¢´µ° ËÊ´±-
Í¨¥° ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ η ¨ χ. �Éµ ¤¥°¸É¢¨É¥²Ó´µ É ±, ÌµÉÖ ¶µ²µ¦¥-
´¨¥ £²µ¡ ²Ó´µ£µ ³¨´¨³Ê³  ¢ ¶²µ¸±µ¸É¨ ¶¥·¥³¥´´ÒÌ β ¨ γ ³µ¦¥É ¨§³¥´ÖÉÓ¸Ö
¸± Î±µ³. �¤´ ±µ ¶·µ¨§¢µ¤´Ò¥ E(N, η, χ; β0, γ0) ¶µ ±µ´É·µ²Ó´Ò³ ¶ · ³¥É· ³
³µ£ÊÉ ¨³¥ÉÓ ÉµÎ±¨ · §·Ò¢ . � §·Ò¢Ò Ê ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¨²¨ ¢Éµ·µ£µ ¶µ-
·Ö¤±  µÉ¢¥Î ÕÉ Ë §µ¢Ò³ ¶¥·¥Ìµ¤ ³ ¶¥·¢µ£µ ¨²¨ ¢Éµ·µ£µ ·µ¤  ¸µµÉ¢¥É¸É¢¥´´µ.
�Éµ µÉ¢¥Î ¥É ¸¨ÉÊ Í¨¨, ±µ£¤  ¶ · ³¥É·Ò ¶µ·Ö¤±  β0 ¨ γ0 ¨§³¥´ÖÕÉ¸Ö ¸± Î±µ³
¢ ÉµÎ±¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ .

�µ¤Ìµ¤ ‹ ´¤ Ê ¶µ²´µ¸ÉÓÕ ¶·¨³¥´¨³ ±  ´ ²¨§Ê Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê
· §²¨Î´Ò³¨ Ëµ·³ ³¨ Ö¤·  ¢ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, É. ¥. ±  ´ -
²¨§Ê Ô´¥·£¥É¨Î¥¸±µ£µ ËÊ´±Í¨µ´ ²  (49). � §² £ Ö (49) ¶µ ¸É¥¶¥´Ö³ β ¨ ¶µ² -
£ Ö γ = 0, ¶µ²ÊÎ ¥³

E(N, η, χ; β, γ = 0) = −5(1 − η) +
(
Nη − (1 − η)(4N + χ2 − 8)

)
β2−

− 4(N − 1)(1 − η)

√
2
7
|χ|β3+

+
(

(1 − η)
(

8N − 2N − 9
7

χ2 − 12
)
− Nη

)
β4 + . . . (50)

ˆ§ ÔÉµ£µ ¢Ò· ¦¥´¨Ö ¢¨¤´µ, ÎÉµ ¢ µ¡Ð¥³ ¸²ÊÎ ¥  ´ ²µ£ ±µÔËË¨Í¨¥´É  B(η, χ)
´¥ · ¢¥´ ´Ê²Õ. ‘²¥¤µ¢ É¥²Ó´µ, Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤  ³¥¦¤Ê ¸Ë¥-
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·¨Î¥¸±µ° ¨ ¤¥Ëµ·³¨·µ¢ ´´µ° Ëµ·³ ³¨ ³µ¦¥É ¨³¥ÉÓ ³¥¸Éµ Éµ²Ó±µ ¢ ¨§µ-
²¨·µ¢ ´´µ° ÉµÎ±¥ ´  η ⊗ χ-¶²µ¸±µ¸É¨ (É. ¥. ¢ É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´ ). �´ -
²¨§ ¶µ± §Ò¢ ¥É, ÎÉµ ¤¥°¸É¢¨É¥²Ó´µ ¥¸ÉÓ Éµ²Ó±µ µ¤´  É ± Ö ÉµÎ± . �É  ÉµÎ± 

�¨¸. 1. � ¸Ï¨·¥´´Ò° É·¥Ê£µ²Ó´¨± Š -
¸É¥´  (ζ = 0)

²¥¦¨É ´  ¶·Ö³µ°, ¸µ¥¤¨´ÖÕÐ¥° U(5)-
¨ O(6)-¶·¥¤¥²Ò ¤¨´ ³¨Î¥¸±¨Ì ¸¨³³¥-
É·¨° ¢ É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´ , É. ¥. ¶·¨
χ = 0. ‡´ Î¥´¨¥ η ¢ ÔÉµ° ÉµÎ±¥
· ¢´µ ηtrip(N) = (4N − 8)/(5N − 8)
(¸³. ·¨¸. 1). Š ± ¶µ± § ´µ ´  ·¨¸. 1,
É·µ°´ Ö ÉµÎ±  · ¸¶µ²µ¦¥´  ´  ¸ÉÒ±¥
¸Ë¥·¨Î¥¸±µ° Ë §Ò (β0 = 0), ´ Ìµ¤Ö-
Ð¥°¸Ö ¢ µ¡² ¸É¨ η > ηtrip, ¨ ¤¢ÊÌ ¤¥-
Ëµ·³¨·µ¢ ´´ÒÌ Ë §, · ¸¶µ²µ¦¥´´ÒÌ
¶·¨ η < ηtrip. �·¨ ÔÉµ³ ¶·¨ χ < 0 ³Ò
¨³¥¥³ ¢ÒÉÖ´ÊÉµ¥ Ö¤·µ,   ¶·¨ χ > 0 Å
¸¶²Õ¸´ÊÉµ¥ Ö¤·µ. „¢¥ ¤¥Ëµ·³¨·µ¢ ´-
´Ò¥ Ë §Ò · §¤¥²¥´Ò ²¨´¨¥° χ = 0. ‡ 
¨¸±²ÕÎ¥´¨¥³ É·µ°´µ° ÉµÎ±¨ ¢ µ¸É ²Ó-
´µ° µ¡² ¸É¨ É·¥Ê£µ²Ó´¨±  Š ¸É¥´  Ë -
§µ¢Ò¥ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê ¸Ë¥·¨Î¥¸±µ° ¨ ¤¥Ëµ·³¨·µ¢ ´´Ò³¨ Ë § ³¨ ¨ ³¥¦¤Ê
¤¢Ê³Ö ¤¥Ëµ·³¨·µ¢ ´´Ò³¨ Ë § ³¨ Ö¢²ÖÕÉ¸Ö Ë §µ¢Ò³¨ ¶¥·¥Ìµ¤ ³¨ ¶¥·¢µ£µ
·µ¤  ¢ ¶µ²´µ³ ¸µµÉ¢¥É¸É¢¨¨ ¸ É¥µ·¨¥° ‹ ´¤ Ê.

�·¨ χ �= 0, É. ¥. ¢¥§¤¥ §  ¨¸±²ÕÎ¥´¨¥³ ²¨´¨¨, ¸µ¥¤¨´ÖÕÐ¥° U(5)- ¨
O(6)-¶·¥¤¥²Ò ´  ·¨¸. 1, ¶¥·¥Ìµ¤ µÉ ¤¥Ëµ·³¨·µ¢ ´´µ° ± ¸Ë¥·¨Î¥¸±µ° Ë §¥
¶·µ¨¸Ìµ¤¨É ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. Šµ£¤  η, Ê¢¥²¨Î¨¢ Ö¸Ó, ¤µ¸É¨£ ¥É §´ Î¥´¨Ö
(4N +χ2−8)/(5N +χ2−8), Ê Ô´¥·£¥É¨Î¥¸±µ£µ ËÊ´±Í¨µ´ ²  E(N, η, χ; β, γ)
¶µÖ¢²Ö¥É¸Ö ³¨´¨³Ê³ ¶·¨ β = 0 (±µÔËË¨Í¨¥´É A(η, χ) ¸É ´µ¢¨É¸Ö ¶µ²µ¦¨-
É¥²Ó´Ò³). ‘´ Î ² , µ¤´ ±µ, ÔÉµ Éµ²Ó±µ ²µ± ²Ó´Ò° ³¨´¨³Ê³. ƒ²µ¡ ²Ó´Ò° ³¨-
´¨³Ê³ ¶·µ¤µ²¦ ¥É ´ Ìµ¤¨ÉÓ¸Ö ¶·¨ β0 �= 0. �·¨ §´ Î¥´¨¨ η = ηc(N, χ),
£¤¥

ηc(N, χ) =
4 + (2/7)χ2

5 + (2/7)χ2
+ O

(
1
N

)
, (51)

£²Ê¡¨´Ò ¸Ë¥·¨Î¥¸±µ£µ ¨ ¤¥Ëµ·³¨·µ¢ ´´µ£µ ³¨´¨³Ê³µ¢ ¸· ¢´¨¢ ÕÉ¸Ö. Šµ-
´¥Î´µ, ¶·¨ χ = 0 ³Ò ¨³¥¥³ ηc(N, χ = 0) = ηtrip(N). ’ ±¨³ µ¡· §µ³, ¶·¨
χ �= 0 ³Ò ³µ¦¥³ ¶·¨ µ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ η ¨³¥ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ËÊ´±-
Í¨µ´ ² ¸ ¤¢Ê³Ö ³¨´¨³Ê³ ³¨. �Éµ µ§´ Î ¥É, ÎÉµ ¶·¨ χ �= 0 ¸Ë¥·¨Î¥¸± Ö ¨
¤¥Ëµ·³¨·µ¢ ´´ Ö Ë §Ò ³µ£ÊÉ ¸µ¸ÊÐ¥¸É¢µ¢ ÉÓ. ‚ É·µ°´µ° ¦¥ ÉµÎ±¥, É. ¥. ¶·¨
χ = 0, ¤¢µ°´µ£µ ³¨´¨³Ê³  Ê E(N, η, χ; β, γ) ´¥ ¢µ§´¨± ¥É.

—Éµ ± ¸ ¥É¸Ö ¶¥·¥Ìµ¤  µÉ ¸¶²Õ¸´ÊÉµ° ± ¢ÒÉÖ´ÊÉµ° ¤¥Ëµ·³¨·µ¢ ´´µ°
Ëµ·³¥, Éµ ¢ ÔÉµ³ ¸²ÊÎ ¥ ± ·É¨´Ò ¸ ¤¢Ê³Ö ³¨´¨³Ê³ ³¨ É ±¦¥ ´¥ ¢µ§´¨± ¥É.
�µ²µ¦¥´¨¥ ³¨´¨³Ê³  ¨§³¥´Ö¥É¸Ö ¸± Î±µ³ µÉ γ = 0 ± γ = π/3 ¶·¨ ¨§³¥´¥´¨¨



424 „†�‹�‘ �. ‚.

§´ ±  χ. �·¨ χ = 0 E(N, η, χ; β, γ) ´¥ § ¢¨¸¨É µÉ γ. �ÉµÉ ¶¥·¥Ìµ¤ Ö¢²Ö¥É¸Ö,
µ¤´ ±µ, Ë §µ¢Ò³ ¶¥·¥Ìµ¤µ³ ¶¥·¢µ£µ ·µ¤ , É ± ± ± ¶·¨ η < ηtrip ³¨´¨³Ê³
Ô´¥·£¥É¨Î¥¸±µ£µ ËÊ´±Í¨µ´ ²  ¨§³¥´Ö¥É ¸¢µ¥ ¶µ²µ¦¥´¨¥ ¸± Î±µ³.

ˆÉ ±, ¢ · ¸¸³µÉ·¥´´µ³ ¢ÒÏ¥ ¸²ÊÎ ¥ · §²¨Î¨¥ ³¥¦¤Ê Ë §µ¢Ò³¨ ¶¥·¥Ìµ-
¤ ³¨ ¶¥·¢µ£µ ¨ ¢Éµ·µ£µ ·µ¤  Ö·±µ ¶·µÖ¢²Ö¥É¸Ö ¢ ¶µ¢¥¤¥´¨¨ Ô´¥·£¥É¨Î¥¸±µ£µ
ËÊ´±Í¨µ´ ²  ¢ µ¡² ¸É¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ . ‚ ¸²ÊÎ ¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¶¥·-
¢µ£µ ·µ¤  Ô´¥·£¥É¨Î¥¸±¨° ËÊ´±Í¨µ´ ² ¨³¥¥É ¤¢  ³¨´¨³Ê³ , Éµ£¤  ± ± ¢ ¸²ÊÎ ¥
Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¢Éµ·µ£µ ·µ¤  ¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨´¨³Ê³ ¶² ¢´µ ¶¥·¥Ìµ-
¤¨É ¢ ¸Ë¥·¨Î¥¸±¨°. ‚ ¶¥·¢µ³ ¸²ÊÎ ¥ ³µ¦´µ £µ¢µ·¨ÉÓ µ ¸µ¸ÊÐ¥¸É¢µ¢ ´¨¨ ¸Ë¥-
·¨Î¥¸±µ° ¨ ¤¥Ëµ·³¨·µ¢ ´´µ° Ë § ¢ µ¡² ¸É¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ . ‚µ ¢Éµ·µ³
¸²ÊÎ ¥ ¢ µ¡² ¸É¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  · §²¨Î¨¥ ³¥¦¤Ê ¸Ë¥·¨Î¥¸±µ° ¨ ¤¥Ëµ·³¨-
·µ¢ ´´µ° Ë § ³¨ ¨¸Î¥§ ¥É. �´ ²¨§, µ¶¨¸ ´´Ò° ¢ ÔÉµ³ · §¤¥²¥, ¶µ± § ², ÎÉµ
Ë¥´µ³¥´µ²µ£¨Î¥¸± Ö É¥µ·¨Ö Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ‹ ´¤ Ê ¶·¨³¥´¨³  ¨ ± ¨¸¸²¥-
¤µ¢ ´¨Õ ¸¨ÉÊ Í¨¨ ¢ ±µ´¥Î´µ° ±¢ ´Éµ¢µ° ¸¨¸É¥³¥, ± ±µ¢µ° Ö¢²Ö¥É¸Ö  Éµ³´µ¥
Ö¤·µ. �ÉµÉ ¶µ¤Ìµ¤ ¶µ§¢µ²Ö¥É ¶µ´ÖÉÓ, ¶µÎ¥³Ê Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤ 
µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢ ¨§µ²¨·µ¢ ´´µ° ÉµÎ±¥ ¨ ¶µÎ¥³Ê ´  Ë §µ¢µ° ¤¨ £· ³³¥ ¥¸ÉÓ
¤¢¥ ²¨´¨¨ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¶¥·¢µ£µ ·µ¤ , ±µÉµ·Ò¥ ®¢¸É·¥Î ÕÉ¸Ö¯ ¢ ÉµÎ±¥
Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¢Éµ·µ£µ ·µ¤ . �É¨ ¶¥·¥Ìµ¤Ò ¶·µ¨¸Ìµ¤ÖÉ ³¥¦¤Ê Ë § ³¨
¸ ¢Ò¸µ±µ° (¸Ë¥·¨Î¥¸±µ°) ¨ ´¨§±µ° ( ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ°) ¸¨³³¥É·¨Ö³¨
¨ ³¥¦¤Ê Ë § ³¨, · §²¨Î ÕÐ¨³¨¸Ö §´ ±µ³ ¶ · ³¥É·  ¶µ·Ö¤±  (¢ÒÉÖ´ÊÉ Ö ¨
¸¶²Õ¸´ÊÉ Ö  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò¥ Ëµ·³Ò).

4. „ˆ��Œˆ—…‘Šˆ… ‘ˆŒŒ…’�ˆˆ ‚�‹ˆ‡ˆ Š�ˆ’ˆ—…‘Šˆ•
’�—…Š. ���‹ˆ’ˆ—…‘Š�… ��ˆ‘��ˆ…

�·¥¤Ò¤ÊÐ¥¥ · ¸¸³µÉ·¥´¨¥ ¢ÒÖ¢¨²µ ¸¥³¥°¸É¢µ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± ¢ É·¥-
Ê£µ²Ó´¨±¥ Š ¸É¥´ , µÉ¢¥Î ÕÐ¨Ì Ë §µ¢Ò³ ¶¥·¥Ìµ¤ ³ ¶¥·¢µ£µ ¨ ¢Éµ·µ£µ ·µ¤ .
�Éµ É·µ°´ Ö ÉµÎ± , · ¸¶µ²µ¦¥´´ Ö ¶·¨ χ = 0 ¨ η = ηtrip, ¨ ²¨´¨¨, · §-
¤¥²ÖÕÐ¨¥ ¸Ë¥·¨Î¥¸±ÊÕ ¨ ¤¥Ëµ·³¨·µ¢ ´´Ò¥ Ë §Ò ¶·¨ χ �= 0. �É¨ ²¨´¨¨
Ö¢²ÖÕÉ¸Ö ¸¥³¥°¸É¢ ³¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¶¥·¢µ£µ ·µ¤ .
‚ ÔÉµ³ · §¤¥²¥ ³Ò · ¸¸³µÉ·¨³ ³µ¤¥²¨, ¶·¥¤²µ¦¥´´Ò¥ ¤²Ö  ´ ²¨É¨Î¥¸±µ£µ
µ¶¨¸ ´¨Ö ¸¢µ°¸É¢ Ö¤¥· ¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± [1,2].

Š ± ¨§¢¥¸É´µ, £ ³¨²ÓÉµ´¨ ´ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¶·¨
µ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·µ¢ ¸¢µ¤¨É¸Ö ± ²¨´¥°´µ° ±µ³¡¨´ Í¨¨ µ¶¥-
· Éµ·µ¢ Š §¨³¨·  ¤²Ö µ¶·¥¤¥²¥´´µ° Í¥¶µÎ±¨ ·¥¤Ê±Í¨¨ £·Ê¶¶Ò U(6). ‚ ÔÉµ³
¸²ÊÎ ¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö £ ³¨²ÓÉµ´¨ ´  ³µ£ÊÉ
¡ÒÉÓ ´ °¤¥´Ò  ´ ²¨É¨Î¥¸±¨. Š ¸µ¦ ²¥´¨Õ, É ±µ° ¶ÊÉÓ ´ Ìµ¦¤¥´¨Ö  ´ ²¨-
É¨Î¥¸±µ£µ ·¥Ï¥´¨Ö ´¥ Ê¤ ¥É¸Ö ·¥ ²¨§µ¢ ÉÓ ¤²Ö §´ Î¥´¨° ¶ · ³¥É·µ¢ £ ³¨²Ó-
Éµ´¨ ´ , µÉ¢¥Î ÕÐ¨Ì ±·¨É¨Î¥¸±¨³ ÉµÎ± ³. �´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ³µ¦´µ,
µ¤´ ±µ, ´ °É¨, µ¸´µ¢Ò¢ Ö¸Ó ´  Ê· ¢´¥´¨¨ �µ· ÄŒµÉÉ¥²Ó¸µ´ . ‘ ÉµÎ±¨ §·¥´¨Ö
³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ÔÉ¨ Ê· ¢´¥´¨Ö µÉ¢¥Î ÕÉ ¶·¥¤¥²Ê N → ∞,
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£¤¥ N Å ³ ±¸¨³ ²Ó´µ ¢µ§³µ¦´µ¥ Î¨¸²µ ¡µ§µ´µ¢. ˆ ÌµÉÖ Î¨¸²µ ¡µ§µ´µ¢, É. ¥.
Î¨¸²µ ¶ · ¢ ²¥´É´ÒÌ ´Ê±²µ´µ¢, µ£· ´¨Î¥´µ, É¥³ ´¥ ³¥´¥¥ É ±¨¥ ·¥Ï¥´¨Ö
É ±¦¥ ¨´É¥·¥¸´Ò, É ± ± ± ¶µ§¢µ²ÖÕÉ ¢ÒÖ¢²ÖÉÓ µ¸µ¡¥´´µ¸É¨ ¢ ¶µ¢¥¤¥´¨¨ ¶¥-
·¥Ìµ¤´ÒÌ Ö¤¥·.

� ¸¸³µÉ·¨³ ¸´ Î ²  ¢µ§³µ¦´µ¸ÉÓ ¶µ²ÊÎ¥´¨Ö  ´ ²¨É¨Î¥¸±µ£µ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö �µ· ÄŒµÉÉ¥²Ó¸µ´  ¢¡²¨§¨ É·µ°´µ° ÉµÎ±¨. � ¸¸³µÉ·¨³ £ ³¨²ÓÉµ´¨ ´
�µ·  [11]

H = − �2

2B

(
1
β4

∂

∂β
β4 ∂

∂β
+

1
β2 sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
−

− 1
4β2

3∑
k=1

I2
k

sin2(γ − (2π/3)k)

)
+ V (β, γ). (52)

�ÉµÉ £ ³¨²ÓÉµ´¨ ´ ¤¥°¸É¢Ê¥É ¢ ¶ÖÉ¨³¥·´µ³ ¶·µ¸É· ´¸É¢¥, ±µµ·¤¨´ É ³¨ ±µ-
Éµ·µ£µ Ö¢²ÖÕÉ¸Ö ¢´ÊÉ·¥´´¨¥ ¶¥·¥³¥´´Ò¥ β, γ ¨ É·¨ Ê£²  �°²¥·  θi (i = 1, 2, 3).
�¶¥· Éµ·Ò Ik Å ÔÉµ µ¶¥· Éµ·Ò ¶·µ¥±Í¨° Ê£²µ¢µ£µ ³µ³¥´É  ´  µ¸¨ ¢´ÊÉ·¥´-
´¥° ¸¨¸É¥³Ò ±µµ·¤¨´ É. ‚ É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´  É·µ°´ Ö ÉµÎ±  ´ Ìµ¤¨É¸Ö ´ 
²¨´¨¨ χ = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¸·¥¤´¥¥ µÉ £ ³¨²ÓÉµ´¨ ´  ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢Ê-
ÕÐ¨Ì ¡µ§µ´µ¢ ¢ ±µ£¥·¥´É´µ³ ¸µ¸ÉµÖ´¨¨ ´¥ § ¢¨¸¨É µÉ γ. �µÔÉµ³Ê ³Ò ¶·¥¤-
¶µ²µ¦¨³, ÎÉµ ¶µÉ¥´Í¨ ² V (β, γ) § ¢¨¸¨É Éµ²Ó±µ µÉ β, É. ¥. V (β, γ) = U(β).
‚ ÔÉµ³ ¸²ÊÎ ¥ ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψ(β, γ, θi) Ë ±Éµ·¨§Ê¥É¸Ö:

Ψ(β, γ, θi) = f(β)Φ(γ, θi). (53)

’µ£¤  Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  · ¸¶ ¤ ¥É¸Ö ´  ¤¢  Ê· ¢´¥´¨Ö: µ¤´µ ¤²Ö ËÊ´±-
Í¨¨ Φ(γ, θi) ¨ ¤·Ê£µ¥ ¤²Ö ËÊ´±Í¨¨ f(β):[
− 1

sin 3γ

∂

∂γ
sin 3γ

∂

∂γ
+

1
4

3∑
k=1

I2
k

sin2(γ − (2π/3)k)

]
Φ(γ, θi) = ΛΦ(γ, θi), (54)

£¤¥
Λ = τ(τ + 3), τ = 0, 1, 2, . . . , (55)[

− �2

2B

(
1
β4

∂

∂β
β4 ∂

∂β
− Λ

β2

)
+ U(β)

]
f(β) = Ef(β). (56)

‚¥²¨Î¨´  Λ Ö¢²Ö¥É¸Ö, ¶µ ¸ÊÐ¥¸É¢Ê, ¸µ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ ±¢ ¤· É  µ¶¥· -
Éµ·  ¢· Ð¥´¨Ö ¢ ¶ÖÉ¨³¥·´µ³ ¶·µ¸É· ´¸É¢¥. ‚¢µ¤Ö ¡¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò
ε = (2B/�2)E ¨ u(β) = (2B/�2)U(β), Ê· ¢´¥´¨¥ (56) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ
¸²¥¤ÊÕÐ¨³ µ¡· §µ³:[

− 1
β4

∂

∂β
β4 ∂

∂β
+

Λ
β2

+ u(β)
]

f(β) = εf(β). (57)
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‚¢¥¤¥³ ´µ¢ÊÕ ËÊ´±Í¨Õ ϕ(β):

f(β) = β−3/2ϕ(β). (58)

”Ê´±Í¨Ö ϕ(β) Ê¤µ¢²¥É¢µ·Ö¥É Ê· ¢´¥´¨Õ

d2ϕ

dβ2
+

1
β

dϕ

dβ
+
[
ε − u(β) − (τ + 3/2)2

β2

]
ϕ = 0. (59)

�·¨³¥´¨³ ÔÉµ Ê· ¢´¥´¨¥ ± ¨§ÊÎ¥´¨Õ ¸¢µ°¸É¢ Ö¤¥· ¢¡²¨§¨ É·µ°´µ° ÉµÎ±¨.
‚ ÔÉµ° µ¡² ¸É¨ ³¨´¨³Ê³ ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ ¶·¨ β = 0 ¶² ¢´µ ¶¥·¥Ìµ¤¨É
¢ ³¨´¨³Ê³ ¶·¨ ´¥´Ê²¥¢µ³ §´ Î¥´¨¨ β. ‚ É·µ°´µ° ÉµÎ±¥ ¶µÉ¥´Í¨ ² Ö¢²Ö¥É¸Ö
¶²µ¸±¨³. �É  ¸¨ÉÊ Í¨Ö É¨¶¨Î´  ¤²Ö Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢. —Éµ¡Ò µ¶¨¸ ÉÓ ¥¥,
¶·¥¤¶µ²µ¦¨³, ÎÉµ u(β) Ö¢²Ö¥É¸Ö ¶µÉ¥´Í¨ ²µ³ ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò

u(β) = 0, β � βw,

u(β) = ∞, β � βw.
(60)

‚ ÔÉµ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (59) ¸¢µ¤¨É¸Ö ± Ê· ¢´¥´¨Õ ¤²Ö ËÊ´±Í¨¨ �¥¸¸¥²Ö ¸
¨´¤¥±¸µ³ ν = τ + 3/2:

d2ϕ

dz2
+

1
z

dϕ

dz
+
[
1 − (τ + 3/2)2

z2

]
ϕ = 0, z = βk, (61)

£¤¥ k = ε1/2. ƒ· ´¨Î´µ¥ Ê¸²µ¢¨¥ ϕ(βw) = 0 µ¶·¥¤¥²Ö¥É ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö

En,τ =
�2

2B
k2

n,τ , kn,τ =
xn,τ

βw
, (62)

£¤¥ xn,τ Å n-° ´Ê²Ó ËÊ´±Í¨¨ Jτ+3/2(z). ‘µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨³¥ÕÉ ¢¨¤

ϕ(β) = Cn,τJτ+3/2(kn,τβ), (63)

fn,τ (β) = Cn,τβ−3/2Jτ+3/2(kn,τβ). (64)

�µ·³¨·µ¢µÎ´ Ö ±µ´¸É ´É  Cn,τ µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³

∞∫
0

β4dβf2(β) = 1. (65)

‚ ¨Éµ£¥ § ¤ Î  ·¥Ï¥´  ÉµÎ´µ. �µ¸±µ²Ó±Ê ËÊ´±Í¨Ö �¥¸¸¥²Ö ¢ (64) ¨³¥¥É ¶µ²Ê-
Í¥²Ò° ¨´¤¥±¸, ³µ¦´µ £µ¢µ·¨ÉÓ µ ¸¨³³¥É·¨¨, ¶·¨¸ÊÐ¥° · ¸¸³µÉ·¥´´µ° § ¤ Î¥.
”Ê´±Í¨¨ �¥¸¸¥²Ö Ëµ·³¨·ÊÕÉ ¡ §¨¸ ¶·¥¤¸É ¢²¥´¨Ö ¥¢±²¨¤µ¢µ° £·Ê¶¶Ò. ‚ ¤ ´-
´µ³ ¸²ÊÎ ¥ · ¸¸³ É·¨¢ ¥É¸Ö ¤¢¨¦¥´¨¥ ¢ ¶ÖÉ¨³¥·´µ³ ¶·µ¸É· ´¸É¢¥, ¶µÔÉµ³Ê
¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ¸¨³³¥É·¨Õ ·¥ ²¨§Ê¥É £·Ê¶¶  E(5).

ˆ³¥Ö ´Ê²¨ ËÊ´±Í¨¨ �¥¸¸¥²Ö xn,τ , ³Ò ³µ¦¥³ · ¸¸Î¨É ÉÓ ¢¸¥ ´ ¡²Õ¤ ¥-
³Ò¥: Ô´¥·£¨¨ ¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¨ ¢¥·µÖÉ´µ¸É¨ E2-¶¥·¥Ìµ¤µ¢. ‚ É ¡². 1
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’ ¡²¨Í  1. �´¥·£¨¨ ¢µ§¡Ê¦¤¥´¨Ö
´¨§±µ²¥¦ Ð¨Ì ¸µ¸ÉµÖ´¨° ¢ ¸²ÊÎ ¥
E(5)-¸¨³³¥É·¨¨

n = 1 n = 2 n = 3

τ = 0 0 3,03 7,58
τ = 1 1 4,80 10,11
τ = 2 2,20 6,78 12,86
τ = 3 3,59 8,97 15,81
ÅÅÅÅÅÄ
�·¨³¥Î ´¨¥. �´¥·£¨Ö ¶¥·¢µ£µ ¢µ§-
¡Ê¦¤¥´´µ£µ ¸µ¸ÉµÖ´¨Ö ¶·¨´ÖÉ 
· ¢´µ° ¥¤¨´¨Í¥.

¶·¨¢¥¤¥´Ò Ô´¥·£¨¨ ¢µ§¡Ê¦¤¥´¨Ö ´¨§±µ²¥-
¦ Ð¨Ì ¸µ¸ÉµÖ´¨° ¤²Ö ´¥¸±µ²Ó±¨Ì §´ Î¥-
´¨° τ ¨ n. ‚¸¥ Ô´¥·£¨¨ ´µ·³¨·µ¢ -
´Ò ´  Ô´¥·£¨Õ ¶¥·¢µ£µ ¢µ§¡Ê¦¤¥´´µ£µ
¸µ¸ÉµÖ´¨Ö. ‘²¥¤Ê¥É ¶µ¤Î¥·±´ÊÉÓ, ÎÉµ
¢¸¥ µÉ´µÏ¥´¨Ö Ô´¥·£¨° ¢ ¤ ´´µ° ³µ-
¤¥²¨ Ë¨±¸¨·µ¢ ´Ò ¨ ´¥ ¸µ¤¥·¦ É ¸¢µ¡µ¤-
´ÒÌ ¶ · ³¥É·µ¢. �¥µ¶·¥¤¥²¥´´µ° Ö¢²Ö-
¥É¸Ö Éµ²Ó±µ Ï± ² , ±µÉµ·ÊÕ ³µ¦´µ Ë¨±-
¸¨·µ¢ ÉÓ, ¶·¨· ¢´Ö¢ Ô´¥·£¨Õ ¶¥·¢µ£µ ¢µ§-
¡Ê¦¤¥´´µ£µ ¸µ¸ÉµÖ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´µ
¨§³¥·¥´´µ° Ô´¥·£¨¨. �¸µ¡¥´´µ ¨´É¥·¥¸´Ò
¸²¥¤ÊÕÐ¨¥ µÉ´µÏ¥´¨Ö Ô´¥·£¨°, ±µÉµ·Ò¥
³µ¦´µ ¶µ²ÊÎ¨ÉÓ, ¢µ¸¶µ²Ó§µ¢ ¢Ï¨¸Ó ¤ ´´Ò³¨ ¨§ É ¡². 1: E41,2/E21,1 = 2, 20;
E21,2/E21,1 = 2, 20 ¨ E02,0/E21,1 = 3, 03, £¤¥ ¸µ¸ÉµÖ´¨Ö µ¡µ§´ Î¥´Ò ¸²¥¤ÊÕ-
Ð¨³ µ¡· §µ³: In,τ .

‚¥·µÖÉ´µ¸É¨ Ô²¥±É·¨Î¥¸±¨Ì ±¢ ¤·Ê¶µ²Ó´ÒÌ ¶¥·¥Ìµ¤µ¢ ³µ£ÊÉ ¡ÒÉÓ ´ °-
¤¥´Ò ¢ ·¥§Ê²ÓÉ É¥ · ¸Î¥É  ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  E2-¶¥·¥Ìµ¤ 
Tµ(E2):

Tµ(E2) = e2,effβ

(
D2

µ0 cos γ +
1√
2
(D2

µ2 + D2
µ−2) sin γ

)
, (66)

£¤¥ e2,eff Å ÔËË¥±É¨¢´Ò° § ·Ö¤. �¥§Ê²ÓÉ ÉÒ · ¸Î¥Éµ¢ ¶·¨¢¥¤¥´´ÒÌ ¢¥·µÖÉ´µ-
¸É¥° E2-¶¥·¥Ìµ¤µ¢ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 2Ä4. ‡´ Î¥´¨Ö B(E2; In,τ → I ′n′,τ ′)
¤ ´Ò ¢ ¥¤¨´¨Í Ì B(E2; 2+

1,1 → 0+
1,0). �¶ÖÉÓ, ± ± ¨ ¢ ¸²ÊÎ ¥ Ô´¥·£¨° ¢µ§-

¡Ê¦¤¥´¨Ö, µÉ´µÏ¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢ ´¥ ¸µ¤¥·-
¦ É ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢. ˆ§ §´ Î¥´¨° µÉ´µÏ¥´¨°, ¶µ± § ´´ÒÌ ¢ É ¡². 2,
´ ¨¡µ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò: B(E2; 4+

1,2 →
2+
1,1)/B(E2; 2+

1,1 → 0+
1,0) = 1, 68; B(E2; 2+

1,2 → 2+
1,1)/B(E2; 2+

1,1 → 0+
1,0) = 1, 68

¨ B(E2; 0+
2,0 → 2+

1,1)/B(E2; 2+
1,1 → 0+

1,0) = 0, 86.
ŒÒ · ¸¸³µÉ·¥²¨ ¢ÒÏ¥ ¸¨ÉÊ Í¨Õ, ±µ£¤  ¶µÉ¥´Í¨ ² ¢¥¤¥É ¸¥¡Ö ± ± ¤µ¸É -

ÉµÎ´µ ¶²µ¸± Ö ËÊ´±Í¨Ö β. �µ-¢¨¤¨³µ³Ê, ÔÉµ É¨¶¨Î´ Ö ¸¨ÉÊ Í¨Ö ¤²Ö Ë §µ¢ÒÌ
¶¥·¥Ìµ¤µ¢. ’¥³ ´¥ ³¥´¥¥ ¨´É¥·¥¸´µ · ¸¸³µÉ·¥ÉÓ ¸²ÊÎ ° ¤·Ê£µ° ¶ · ³¥É·¨§ -
Í¨¨ ¶µÉ¥´Í¨ ² , ±µ£¤  ³¨´¨³Ê³ ¸¤¢¨£ ¥É¸Ö µÉ ÉµÎ±¨ β = 0 ± β = β0 �= 0. ‘
ÔÉµ° Í¥²ÓÕ ¢³¥¸Éµ (60) ¢µ¸¶µ²Ó§Ê¥³¸Ö ¤²Ö u(β) ¤·Ê£µ°  ¶¶·µ±¸¨³ Í¨¥°:

u(β) =
1

16β4
00

(
β4

0

β2
+ β2

)
(67)

¨ ¶µ¤¸É ¢¨³ (67) ¢ Ê· ¢´¥´¨¥ (57). ŒÒ ¶µ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:[
− 1

β4

∂

∂β
β4 ∂

∂β
+

Λ + (β0/(2β00))4

β2
+

1
16β4

00

β2

]
f(β) = εf(β). (68)
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’ ¡²¨Í  4. �¥±µÉµ·Ò¥ ¸¢µ°¸É¢  ·¥Ï¥´¨°, ¶µ²ÊÎ¥´´ÒÌ ¢ ¸²ÊÎ ¥ E(5) ¤¨´ ³¨Î¥¸±µ°
¸¨³³¥É·¨¨, ¢ ¶·¨¡²¨¦¥´¨¨, µ¡µ§´ Î¥´´µ³ Î¥·¥§ X(5), ¨ ¢ ¶·¥¤¥² Ì U(5), O(6) ¨
SU(3) ¤¨´ ³¨Î¥¸±¨Ì ¸¨³³¥É·¨°

‘¢µ°¸É¢  E(5) X(5) U(5) O(6) SU(3)

Š·¨É¨Î¥¸±¨° ¨´¤¥±¸ ν τ + 3/2

(
I(I + 1)

3
+

9

4

)1/2

R = (E41 − E01)/(E21 − E01) 2,20 2,91 2,00 2,50 3,33

R′ = (E02 − E01)/(E21 − E01) 3,03 5,67

�·¨³¥Î ´¨¥. ‚ ¸²ÊÎ ÖÌ U(5), O(6) ¨ SU(3) ¤¨´ ³¨Î¥¸±¨Ì ¸¨³³¥É·¨° ¢¥²¨Î¨´  R′ ´¥
Ê± § ´ , ¶µ¸±µ²Ó±Ê µ´  § ¢¨¸¨É µÉ ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢.

�µÉ¥´Í¨ ² (67) ¨³¥¥É ³¨´¨³Ê³ ¶·¨ β = β0,   ¶ · ³¥É· β00 Ì · ±É¥·¨§Ê¥É
 ³¶²¨ÉÊ¤Ê ´Ê²¥¢ÒÌ ±µ²¥¡ ´¨° ¢ ÔÉµ³ ¶µÉ¥´Í¨ ²¥. ‚¡²¨§¨ β = β0

u(β) ≈ 1
β4

00

(β − β0)2. (69)

‘ ¶µ³µÐÓÕ ¶µ¤¸É ´µ¢±¨

f(β) = exp
(
− β2

8β2
00

)(
β

β00

)2s

ϕ, (70)

£¤¥

s =
3
4


√√√√1 +

4
9

[
Λ +
(

β0

2β00

)4
]
− 1

 , (71)

¨ ¢¢¥¤¥´¨Ö ´µ¢µ° ¶¥·¥³¥´´µ° z

z = (β0/(2β00))2 (72)

Ê· ¢´¥´¨¥ (68) ¸¢µ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ ¤²Ö ËÊ´±Í¨¨ ϕ:[
z

d2

dz2
+
(

1
2

+
5
2
s − z

)
d

dz
+ εβ2

00 −
1
4
− s

]
ϕ = 0. (73)

�¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (73) Ö¢²Ö¥É¸Ö ¢Ò·µ¦¤¥´´ Ö £¨¶¥·£¥µ³¥É·¨Î¥¸± Ö ËÊ´±-
Í¨Ö

ϕ = F

(
1 − n,

5
2
s +

1
2
, z

)
, (74)

£¤¥ n ¶·¨´¨³ ¥É §´ Î¥´¨Ö n = 1, 2, 3 . . .
‘µ¡¸É¢¥´´µ¥ §´ Î¥´¨¥ ε µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³

εβ2
00 −

1
4
− s = n − 1. (75)
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�¥·¥Ìµ¤Ö µÉ ε ± E ¨ ¢¢µ¤Ö ¢ · ¸¸³µÉ·¥´¨¥ ¸ ¶µ³µÐÓÕ ¸É ´¤ ·É´µ£µ ¸µµÉ´µ-
Ï¥´¨Ö ¦¥¸É±µ¸ÉÓ C ¢¡²¨§¨ ³¨´¨³Ê³  ¶µÉ¥´Í¨ ² :

β2
00 =

�

2
√

BC
, (76)

¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ E:

E = �

√
C

B

(
n + s − 3

4

)
. (77)

‚¡²¨§¨ ³¨´¨³Ê³  ¨¸Ìµ¤´Ò° ¶µÉ¥´Í¨ ² U(β), ¨³¥ÕÐ¨° · §³¥·´µ¸ÉÓ Ô´¥·£¨¨,
¶·¨¡²¨¦¥´´µ · ¢¥´

U(β) ≈ 1
2
C(β − β0)2. (78)

�·¨ β0 = 0 ¢Ò· ¦¥´¨¥ (77) ¶·¨¢µ¤¨É ± Ô±¢¨¤¨¸É ´É´µ³Ê ¸¶¥±É·Ê ¢µ§¡Ê¦¤¥´-
´ÒÌ ¸µ¸ÉµÖ´¨° ¸ Ì · ±É¥·´µ° Î ¸ÉµÉµ° �ω = (1/2)�

√
C/B. ‚ µ¡Ð¥³ ¸²ÊÎ ¥

¤²Ö Ô´¥·£¨° ¢µ§¡Ê¦¤¥´¨Ö E�(Iπ
n,τ ) ´ ¨¡µ²¥¥ ¨´É¥·¥¸´ÒÌ ¸µ¸ÉµÖ´¨° ³Ò ¶µ²Ê-

Î ¥³ ¸²¥¤ÊÕÐ¨¥ ·¥§Ê²ÓÉ ÉÒ:

E�(2+
1,1) =

1
4

�

√
C

B

(√
25 + 4(β0/(2β00))4 −

√
9 + 4(β0/(2β00))4

)
, (79)

E�(4+
1,2) = E�(2+

1,2) =

=
1
4

�

√
C

B

(√
49 + 4(β0/(2β00))4 −

√
9 + 4(β0/(2β00))4

)
, (80)

E�(0+
2,0) =

1
4

�

√
C

B
. (81)

�·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  β0/(2β00) µÉ´µÏ¥´¨¥ (80) ¶·¨¡²¨¦ ¥É¸Ö ± ¢¥²¨-
Î¨´¥ 2,5, ÎÉµ ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ê O(6) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨.

‚ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò · ¸¸³ É·¨¢ ¥³Ò° ¶µÉ¥´Í¨ ²
¸µ¤¥·¦¨É ¸¢µ¡µ¤´Ò° ¶ · ³¥É· β0/(2β00) Å µÉ´µÏ¥´¨¥ ¢¥²¨Î¨´Ò · ¢´µ-
¢¥¸´µ° ¤¥Ëµ·³ Í¨¨ ±  ³¶²¨ÉÊ¤¥ ´Ê²¥¢ÒÌ ±µ²¥¡ ´¨°. �µÔÉµ³Ê ·¥§Ê²ÓÉ ÉÒ
¢ÒÎ¨¸²¥´¨° § ¢¨¸ÖÉ µÉ ÔÉµ£µ ¶ · ³¥É· . ŒÒ ³µ¦¥³ § Ë¨±¸¨·µ¢ ÉÓ ¢¥²¨-
Î¨´Ê β0/(2β00) É ±, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ Ô´¥·£¨¨
¢µ§¡Ê¦¤¥´¨Ö 0+

2,0-¸µ¸ÉµÖ´¨Ö ¨ § É¥³ · ¸¸Î¨É ÉÓ µ¸É ²Ó´Ò¥ Ô´¥·£¨¨. ”¨±¸¨-

·Ê¥³, ´ ¶·¨³¥·, β0/(2β00) É ±, ÎÉµ¡Ò ¤²Ö E�(0+
2,0)/E�(2+

1,1) ¶µ²ÊÎ¨ÉÓ §´ Î¥-

´¨¥ 3,03, ± ± ¢ ¸²ÊÎ ¥ ¸ ¶·Ö³µÊ£µ²Ó´µ° Ö³µ°. ’µ£¤  ¤²Ö E�(4+
1,2)/E�(2+

1,1) =
E�(2+

1,2)/E�(2+
1,1) ¶µ²ÊÎ ¥³ 2,21, ÎÉµ ¶· ±É¨Î¥¸±¨ ¸µ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ Éµ³

¤²Ö ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò.
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Š ± ¢¨¤´µ ¨§ ¢Ò· ¦¥´¨Ö (77), ¢¸¥ Ô´¥·£¥É¨Î¥¸±¨¥ ¨´É¥·¢ ²Ò ¢ ±¢ §¨·µ-
É Í¨µ´´µ° ¶µ²µ¸¥, ¶µ¸É·µ¥´´µ° ´  0+

2,0-¸µ¸ÉµÖ´¨¨, ¸µ¢¶ ¤ ÕÉ ¸ ¨´É¥·¢ ² ³¨
¢ ¶µ²µ¸¥, ¶µ¸É·µ¥´´µ° ´  µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨. �É¨³ ¤ ´´Ò° ¶µÉ¥´Í¨ ² µÉ-
²¨Î ¥É¸Ö µÉ ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò.

�É³¥É¨³, ÎÉµ ¢ ¤ ´´µ³ ¸²ÊÎ ¥, ¢ ¶·µÉ¨¢µ¶µ²µ¦´µ¸ÉÓ ¸²ÊÎ Õ ¸ ¶µÉ¥´Í¨-
 ²µ³ ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò, ÌµÉÖ  ´ ²¨É¨Î¥¸±µ¥ ·¥Ï¥´¨¥ ¨ ´ °¤¥´µ, ´µ µ¤¨´
¨§ ¨´¤¥±¸µ¢ ¢Ò·µ¦¤¥´´µ° £¨¶¥·£¥µ³¥É·¨Î¥¸±µ° ËÊ´±Í¨¨ 5/2s+1/2 Ö¢²Ö¥É¸Ö
¢ µ¡Ð¥³ ¸²ÊÎ ¥ ¨·· Í¨µ´ ²Ó´Ò³ Î¨¸²µ³. �µÔÉµ³Ê É ± Ö  ¶¶·µ±¸¨³ Í¨Ö ´¥
¶·¨¢µ¤¨É ± ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨.

�¸´µ¢Ò¢ Ö¸Ó ¶µ-¶·¥¦´¥³Ê ´  Ê· ¢´¥´¨¨ �µ· ÄŒµÉÉ¥²Ó¸µ´ , ¨¸¸²¥¤Ê¥³
¶µ¢¥¤¥´¨¥ Ö¤·  ¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¶¥·¢µ£µ ·µ¤ 
µÉ ¸Ë¥·¨Î¥¸±µ° ± ¤¥Ëµ·³¨·µ¢ ´´µ°  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° Ëµ·³¥. � Î´¥³
´ Ï¥ · ¸¸³µÉ·¥´¨¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ¸ Ê· ¢´¥´¨Ö (52). �Ê¤¥³
¶·¥¤¶µ² £ ÉÓ, ÎÉµ ¶µÉ¥´Í¨ ² V (β, γ) ¨³¥¥É £²Ê¡µ±¨° ³¨´¨³Ê³ ¶·¨ γ = 0. ‚
ÔÉµ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ £ ³¨²ÓÉµ´¨ ´µ³ (52) ¨³¥¥É ¢¨¤

Ψ(β, γ, θi) = ϕIK(β, γ)DI
MK(θi), (82)

£¤¥ DI
MK(θi) Å ËÊ´±Í¨Ö ‚¨£´¥· . �·¨ γ = 0 ·µÉ Í¨µ´´Ò° Î²¥´ ¢ (52) ³µ¦¥É

¡ÒÉÓ ¶¥·¥¶¨¸ ´ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

3∑
k=1

I2
k

sin2(γ − (2π/3)k)
=

4
3
(I2

1 + I2
2 + I2

3 ) + I2
3

(
1
γ2

− 4
3

)
. (83)

‚¢¥¤Ö, ± ± ¨ ¢ÒÏ¥, ¶·¨¢¥¤¥´´ÊÕ Ô´¥·£¨Õ ε = (2B/�2)E ¨ ¶µÉ¥´Í¨ ² u(β, γ) =
(2B/�2)v(β, γ), ³Ò ¶·¨Ìµ¤¨³ ± Ê· ¢´¥´¨Õ{

− 1
β4

∂

∂β
β4 ∂

∂β
− 1

β2

1
γ

∂

∂γ
γ

∂

∂γ
+

1
4β2

[
4
3
I(I + 1)+

+K2

(
1
γ2

− 4
3

)]
+ u(β, γ)

}
ϕIK(β, γ) = εϕIK(β, γ), (84)

£¤¥ K Å ¶·µ¥±Í¨Ö Ê£²µ¢µ£µ ³µ³¥´É  ´  µ¸Ó  ±¸¨ ²Ó´µ° ¸¨³³¥É·¨¨.
� ¸¸³µÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±µ£¤  u(β, γ) = u(β) + v(γ). ’µ£¤  Ê· ¢´¥´¨¥

(84) ¶·¨¡²¨¦¥´´µ · ¸¶ ¤ ¥É¸Ö ´  ¤¢  Ê· ¢´¥´¨Ö[
− 1

β4

∂

∂β
β4 ∂

∂β
+

I(I + 1)
3β2

+ u(β)
]

ρI(β) = εβρI(β), (85)

[
− 1
〈β2〉

1
γ

∂

∂γ
γ

∂

∂γ
+

1
4〈β2〉K

2]
(

1
γ2

− 4
3

)
+ v(γ)
]

ωK(γ) = εγωK(γ), (86)

£¤¥ ε = εβ + εγ ; ϕIK = ρI(β)ωK(γ) ¨ 〈β2〉 Å ¸·¥¤´¥¥ µÉ β2 ¶µ ρI(β).
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�·¥¤¶µ²µ¦¨³ É¥¶¥·Ó, ÎÉµ u(β) Ö¢²Ö¥É¸Ö ¶·Ö³µÊ£µ²Ó´µ° Ö³µ°, ± ± ¢ (60),
  v(γ) Å ¶µÉ¥´Í¨ ² £ ·³µ´¨Î¥¸±µ£µ µ¸Í¨²²ÖÉµ·  ¸ ³¨´¨³Ê³µ³ ¶·¨ γ = 0.
‚ ÔÉµ³ ¸²ÊÎ ¥ µ¡  Ê· ¢´¥´¨Ö (85) ¨ (86) ³µ£ÊÉ ¡ÒÉÓ ·¥Ï¥´Ò. „²Ö ¶µÉ¥´-
Í¨ ²  u(β), ¢§ÖÉµ£µ ¢ ¢¨¤¥ ¶·Ö³µÊ£µ²Ó´µ° Ö³Ò, ³Ò ¶·¨Ìµ¤¨³ ¸ ¶µ³µÐÓÕ

¶µ¤¸É ´µ¢±¨ ρI(β) = β−3/2 ˜ρI(β) ± Ê· ¢´¥´¨Õ

d2ρ̃I

dz2
+

1
z

dρ̃I

dz
+
(

1 − ν2

z2

)
ρ̃I = 0 (87)

¨
ρ̃I(βw) = 0, (88)

�¨¸. 2. ‘¶¥±É· ´¨§±µ²¥¦ Ð¨Ì ¢µ§¡Ê¦¤¥´-
´ÒÌ ¸µ¸ÉµÖ´¨° Ö¤·  ¢¡²¨§¨ ±·¨É¨Î¥¸±µ°
ÉµÎ±¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  µÉ ¸Ë¥·¨Î¥¸±µ°
Ëµ·³Ò ± ¤¥Ëµ·³¨·µ¢ ´´µ° ¸  ±¸¨ ²Ó´µ°
¸¨³³¥É·¨¥°. �´¥·£¨Ö ¶¥·¢µ£µ ¢µ§¡Ê¦¤¥´-
´µ£µ ¸µ¸ÉµÖ´¨Ö ¶·¨´ÖÉ  · ¢´µ° ¥¤¨´¨Í¥.
�µ± § ´Ò Éµ²Ó±µ ¸µ¸ÉµÖ´¨Ö ¸ ´¥¢µ§¡Ê¦-
¤¥´´µ° γ-³µ¤µ°

£¤¥ z = βk, k = √
εβ ¨

ν =
(

I(I + 1)
3

+
9
4

)1/2

. (89)

�¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (87) Ö¢²Ö¥É¸Ö
ËÊ´±Í¨Ö �¥¸¸¥²Ö

ρn,I(β) = cn,Iβ
−3/2Jν(kn,Iβ),

(90)

εβ;n,I = (kn,I)2, kn,I =
xn,I

βw
,

£¤¥ xn,I Å n-° ´Ê²Ó ËÊ´±Í¨¨ Jν(z);
cn,I Å ´µ·³¨·µ¢µÎ´ Ö ±µ´¸É ´É .
�´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·, ¶µ²ÊÎ¥´-
´Ò° ¨§ (90), ¶µ± § ´ ´  ·¨¸. 2, £¤¥
¢¸¥ Ô´¥·£¨¨ Ê± § ´Ò ¢ ¥¤¨´¨Í Ì
Ô´¥·£¨¨ ¶¥·¢µ£µ ¢µ§¡Ê¦¤¥´´µ£µ ¸µ-
¸ÉµÖ´¨Ö. “·µ¢´¨ ¸£·Ê¶¶¨·µ¢ ´Ò ¢
¸¥³¥°¸É¢  ¸ µ¤¨´ ±µ¢Ò³ §´ Î¥´¨¥³
n. ˆ´É¥·¥¸´µ, ÎÉµ µÉ´µÏ¥´¨¥ Rn ≡
(En,4−En,0)/(En,2−En,0) § ¢¨¸¨É
µÉ n. ’ ±, R1 = 2, 91,   § É¥³ Rn

Ê¡Ò¢ ¥É ¸ Ê¢¥²¨Î¥´¨¥³ n. ‚ÒÏ¥ ¨¸-
¶µ²Ó§µ¢ ´µ ¸²¥¤ÊÕÐ¥¥ µ¡µ§´ Î¥´¨¥

¤²Ö Ô´¥·£¨° Ê·µ¢´¥°: En,I . �´¥·£¨¨ ¢µ§¡Ê¦¤¥´¨Ö ¸µ¸ÉµÖ´¨°, ²¥¦ Ð¨Ì ¢ µ¸´µ-
¢ ´¨¨ · §²¨Î´ÒÌ ¢¨¡· Í¨µ´´ÒÌ ¸¥³¥°¸É¢, É ±¦¥ Ë¨±¸¨·µ¢ ´Ò ¢ É ±µ³ ¶µ¤-
Ìµ¤¥. � ¶·¨³¥·, (E2,0 − E1,0)/(E1,2 − E1,0) = 5, 67.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¢µ§¡Ê¦¤¥´¨¥ γ-³µ¤Ò. �µ¤¸É ¢¨³ ¢ (86) ¸²¥¤ÊÕÐ¥¥
¢Ò· ¦¥´¨¥ ¤²Ö v(γ):

v(γ) =
1
2
(3a)2γ2. (91)



’��‰��Ÿ ’�—Š� �� ”�‡�‚�‰ „ˆ�ƒ��ŒŒ… 433

’
 ¡

²¨
Í 

5.
‘

· 
¢´

¥´
¨

¥
Ô±

¸¶
¥·

¨
³

¥´
É 

²Ó
´

Ò
Ì

µÉ
´

µÏ
¥´

¨
°

Ô´
¥·

£¨
°

¨
¶

·¨
¢¥

¤¥
´

´
Ò

Ì
¢¥

·µ
ÖÉ

´
µ¸

É¥
°

E
2
-¶

¥·
¥Ì

µ¤
µ¢

¢
1
3
4
B

a
¸

¶
·¥

¤¸
± 

§ 
´

¨
Ö³

¨
¤²

Ö
E

(5
)

¤¨
´

 ³
¨

Î¥
¸±

µ°
¸¨

³
³

¥É
·¨

¨

R
4
/
2

E
(0

+ 2
,0

)

E
(2

+ 1
,1

)

E
(0

+ 2
,0

)

E
(0

+ 1
,3

)

B
(E

2
;4

+ 1
,2

→
2
+ 1
,1

)

B
(E

2
;2

+ 1
,1

→
0
+ 1
,0

)

B
(E

2
;0

+ 2
,0

→
2
+ 1
,1

)

B
(E

2
;2

+ 1
,1

→
0
+ 1
,0

)

B
(E

2
;0

+ 2
,0

→
2
+ 1
,2

)

B
(E

2
;0

+ 2
,0

→
2
+ 1
,1

)

B
(E

2
;0

+ 1
,3

→
2
+ 1
,1

)

B
(E

2
;0

+ 1
,3

→
2
+ 1
,2

)

E
(5

)
2,

19
3,

68
1,

04
1,

38
0,

51
0

0

1
3
4
B

a
2,

31
3,

57
1,

23
1,

56
(1

8)
0,

42
(1

2)
0,

18
(8

)
0,

03
7(

3)

’
 ¡

²¨
Í 

6.
‘

· 
¢´

¥´
¨

¥
Ô±

¸¶
¥·

¨
³

¥´
É 

²Ó
´

Ò
Ì

§´
 Î

¥´
¨

°
¶

·¨
¢¥

¤¥
´

´
Ò

Ì
¢¥

·µ
ÖÉ

´
µ¸

É¥
°

E
2
-¶

¥·
¥Ì

µ¤
µ¢

¢
1
5
2
Sm

¸
¶

·¥
¤-

¸±
 §

 ´
¨

Ö³
¨

¤²
Ö

X
(5

)-
¶

·¥
¤¥

² 

B
(E

2
;4

+ 1
→

2
+ 1

)
B

(E
2
;2

+ 2
→

2
+ 1

)
B

(E
2
;0

+ 2
→

2
+ 1

)
B

(E
2
;2

+ 2
→

0
+ 2

)
B

(E
2
;4

+ 2
→

2
+ 2

)

X
(5

)
1,

58
0,

09
0

0,
02

1
0,

79
1,

20

1
5
2
S

m
1,

45
0,

04
2

0,
00

7
0,

77
1,

42

�
·¨

³
¥Î

 ´
¨¥

.
‚

¸¥
¶·

¨¢
¥¤

¥´
´Ò

¥
¢¥

·µ
ÖÉ

´µ
¸É

¨
¤ 

´Ò
¢

¥¤
¨´

¨Í
 Ì

B
(E

2
;2

+ 1
→

0
+ 1

).



434 „†�‹�‘ �. ‚.

’µ£¤  Ê· ¢´¥´¨¥ (86) ¸É ´µ¢¨É¸Ö · ¤¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ¤²Ö ¤¢Ê³¥·´µ£µ µ¸-
Í¨²²ÖÉµ·  ¸µ ¸²¥¤ÊÕÐ¨³ ·¥Ï¥´¨¥³:

εγ =
3a√
〈β2〉

(nγ + 1) − K2

3〈β2〉 , nγ = 0, 1, 2, . . . (92)

…¸²¨ nγ = 0, Éµ K = 0. …¸²¨ nγ = 1, Éµ K = ±2. …¸²¨ nγ = 2, Éµ
K = 0,±4. ”Ê´±Í¨Ö ω(γ) ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

ωnγ ,K(γ) = cn,Kγ|K/2| exp (−3aγ2/2)L|K|
n (3aγ2),

(93)
n = (nγ − |K|)/2,

£¤¥ L
|K|
n Å ¶µ²¨´µ³ ‹ £¥·· ,   cn,K Å ´µ·³¨·µ¢µÎ´ Ö ±µ´¸É ´É . ‡´ Î¥´¨Ö

I ¤²Ö § ¤ ´´ÒÌ n ¨ nγ µ¶·¥¤¥²ÖÕÉ¸Ö ¢¥²¨Î¨´µ° K . „²Ö K = 0 I = 0, 2, 4, . . .
„²Ö K �= 0 I = K, K + 1, K + 2, . . . �µ²´ Ö ¢µ²´µ¢ Ö ËÊ´±Í¨Ö Ψ(βγ, θi)
¤µ²¦´  ¡ÒÉÓ ¸¨³³¥É·¨§µ¢ ´ :

Ψ(β, γ, θi) =
1√
2

[
ϕI,K(β, γ)DI

MK(θi)+

+ (−1)I+KϕI,−K(β, γ)DI
M−K(θi)

]
. (94)

�¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¶·¨¢¥¤¥´´ÒÌ ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢ ¶µ± § ´Ò
¢ É ¡². 5. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö �µ· , µ ±µÉµ·µ³ Ï²  ·¥ÎÓ ¢ÒÏ¥, ¶·¥¤´ -
§´ Î¥´µ ¤²Ö µ¶¨¸ ´¨Ö Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ³¥¦¤Ê ¸Ë¥·¨Î¥¸±µ° ¨  ±¸¨ ²Ó´µ
¤¥Ëµ·³¨·µ¢ ´´µ° Ëµ·³ ³¨. ‚ [2] ÔÉµ ·¥Ï¥´¨¥ ¡Ò²µ µ¡µ§´ Î¥´µ Î¥·¥§ X(5).
ˆ´É¥·¥¸´µ ¸· ¢´¨ÉÓ ¸¢µ°¸É¢  ÔÉµ£µ ·¥Ï¥´¨Ö ¸ ·¥§Ê²ÓÉ É ³¨, ¶·¨¢¥¤¥´´Ò³¨ ¢
´ Î ²¥ ÔÉµ£µ · §¤¥²  ¤²Ö ¸²ÊÎ Ö E(5) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨ (¸³. É ¡². 6).

� ¸¸³µÉ·¨³ ¨´¤¥±¸ ν ËÊ´±Í¨¨ �¥¸¸¥²Ö, ´Ê²¨ ±µÉµ·µ° µ¶·¥¤¥²ÖÕÉ Ô´¥·-
£¨¨ ¢µ§¡Ê¦¤¥´¨Ö. ‚ ¸²ÊÎ ¥ E(5) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨ ÔÉµ ¶µ²ÊÍ¥²Ò¥
Î¨¸² , ¸¢Ö§ ´´Ò¥ ¸ ¸¥´Óµ·¨É¨ τ , ±¢ ´Éµ¢Ò³ Î¨¸²µ³ ¶µ¤ ²£¥¡·Ò SO(5). „²Ö
·¥Ï¥´¨Ö, µ¡µ§´ Î¥´´µ£µ Î¥·¥§ X(5), ÔÉµ ¨·· Í¨µ´ ²Ó´µ¥ Î¨¸²µ. �µ ÔÉµ°
¶·¨Î¨´¥ ·¥Ï¥´¨¥, µ¡µ§´ Î¥´´µ¥ Î¥·¥§ X(5), ´¥ µÉ¢¥Î ¥É ¤¨´ ³¨Î¥¸±µ° ¸¨³-
³¥É·¨¨ ¢ µ¡ÒÎ´µ³ ¸³Ò¸²¥.

5. Ÿ„��, ‘‚�‰‘’‚� Š�’��›• �‹ˆ‡Šˆ Š ��…„‘Š�‡��ˆŸŒ
„‹Ÿ Š�ˆ’ˆ—…‘Šˆ• ’�—…Š

‚ · §¤. 4 ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¤¢   ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨Ö, ¶·¥¤² £ ¥³ÒÌ ¤²Ö
µ¶¨¸ ´¨Ö ¸¢µ°¸É¢ Ö¤¥· ¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢. �¤´µ
·¥Ï¥´¨¥, µÉ¢¥Î ÕÐ¥¥ E(5) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨, µ¶¨¸Ò¢ ¥É Ö¤· , ²µ± -
²¨§µ¢ ´´Ò¥ ¢¡²¨§¨ É·µ°´µ° ÉµÎ±¨. ‚Éµ·µ¥ ·¥Ï¥´¨¥, µ¡µ§´ Î¥´´µ¥ ± ± X(5),
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¶·¥¤²µ¦¥´µ ¤²Ö µ¶¨¸ ´¨Ö Ö¤¥· ¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ 
µÉ ¸Ë¥·¨Î¥¸±µ° Ëµ·³Ò ±  ±¸¨ ²Ó´µ ¤¥Ëµ·³¨·µ¢ ´´µ°. ‚µ§´¨± ¥É ¥¸É¥¸É¢¥´-
´Ò° ¢µ¶·µ¸, ¸ÊÐ¥¸É¢ÊÕÉ ²¨ Ö¤· , ¸¢µ°¸É¢  ±µÉµ·ÒÌ ¡²¨§±¨ ± ¶·¥¤¸± § ´´Ò³
¤²Ö E(5)- ¨ X(5)-·¥Ï¥´¨°.

‚ [21] ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¸¢µ°¸É¢  134Ba ´ Ìµ¤ÖÉ¸Ö ¢ Ìµ·µÏ¥³ ¸µµÉ¢¥É-
¸É¢¨¨ ¸ ¶·¥¤¸± § ´¨Ö³¨ ¤²Ö ¶·¥¤¥²  E(5) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨. �·¥¦¤¥
Î¥³ ¶¥·¥°É¨ ´¥¶µ¸·¥¤¸É¢¥´´µ ± ¸· ¢´¥´¨Õ, ´¥µ¡Ìµ¤¨³µ ¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥
ÉµÉ Ë ±É, ÎÉµ 134

56 Ba78 ¨³¥¥É Éµ²Ó±µ ¤¥¸ÖÉÓ ¢ ²¥´É´ÒÌ ´Ê±²µ´µ¢ (¶·µÉµ´Ò Å
Î ¸É¨ÍÒ,   ´¥°É·µ´Ò Å ¤Ò·±¨) ¨, ¸²¥¤µ¢ É¥²Ó´µ, ¤ ²¥± µÉ ¶·¥¤¥²Ó´µ£µ ¸²Ê-
Î Ö N → ∞, ±µÉµ·µ³Ê Ë ±É¨Î¥¸±¨ ¸µµÉ¢¥É¸É¢Ê¥É ·¥Ï¥´¨¥, ¶µ²ÊÎ¥´´µ¥ ¤²Ö
Ê· ¢´¥´¨Ö �µ· ÄŒµÉÉ¥²Ó¸µ´ . —Éµ¡Ò ¶·¨´ÖÉÓ ¢µ ¢´¨³ ´¨¥ ±µ´¥Î´µ¸ÉÓ Î¨¸² 
¢ ²¥´É´ÒÌ ´Ê±²µ´µ¢, ´Ê¦´µ ¢Ò¶µ²´¨ÉÓ · ¸Î¥ÉÒ, µ¸´µ¢Ò¢ Ö¸Ó ´  £ ³¨²ÓÉµ´¨-
 ´¥ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¤²Ö N = 5, χ = 0 ¨ η = ηtrip. �Éµ, ¢
¸¢µÕ µÎ¥·¥¤Ó, ¶µ§¢µ²¨É ¶·µ¢¥·¨ÉÓ, ± ± ¸± ¦ÊÉ¸Ö ´  ·¥§Ê²ÓÉ É Ì µÉ±²µ´¥´¨Ö
η µÉ ηtrip.

‘· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éµ¢ É ±¨Ì · ¸Î¥Éµ¢ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò-
³¨ ¤²Ö 134Ba, µÉ´µ¸ÖÐ¨³¨¸Ö ± Ô´¥·£¨Ö³ ¨ ¢¥·µÖÉ´µ¸ÉÖ³ E2-¶¥·¥Ìµ¤µ¢,
¶µ± §Ò¢ ¥É, ÎÉµ ¢ Í¥²µ³ ¸µµÉ¢¥É¸É¢¨¥ µÎ¥´Ó Ìµ·µÏ¥¥. �Éµ µÉ´µ¸¨É¸Ö ¨ ±
±²ÕÎ¥¢Ò³ ¢¥²¨Î¨´ ³, É ±¨³ ± ± ´ ¨¡µ²¥¥ Ì · ±É¥·´Ò¥ µÉ´µÏ¥´¨Ö Ô´¥·-
£¨° R4/2 ≡ E(4+

1,2)/E(2+
1,1), E(0+

2,0)/E(2+
1,1) ¨ E(0+

2,0)/E(0+
1,3) ¨ ´ ¨¡µ-

²¥¥ Ì · ±É¥·´Ò¥ µÉ´µÏ¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢
B(E2; 4+

1,2 → 2+
1,1)/B(E2; 2+

1,1 → 0+
1,0), B(E2; 0+

2,0 → 2+
1,1)/B(E2; 2+

1,1 → 0+
1,0),

B(E2; 0+
2,0 → 2+

1,2)/B(E2; 0+
2,0 → 2+

1,1) ¨ B(E2; 0+
1,3→2+

1,1)/B(E2; 0+
1,3→2+

1,2).
�É¨ µÉ´µÏ¥´¨Ö Ô´¥·£¨° ¨ ¶·¨¢¥¤¥´´ÒÌ ¢¥·µÖÉ´µ¸É¥° ¶¥·¥Ìµ¤µ¢ Ë¨±¸¨·Ê-
ÕÉ¸Ö ¸¨³³¥É·¨¥° ¨ ´¥ ¸µ¤¥·¦ É ¸¢µ¡µ¤´ÒÌ ¶ · ³¥É·µ¢. ‘· ¢´¥´¨¥ ¸ Ô±¸¶¥-
·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö ¢¸¥Ì ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¢¥²¨Î¨´ ¶·¨¢¥¤¥´µ ¢
É ¡². 5. ˆ§ É ¡². 5 ¢¨¤´µ, ÎÉµ µÉ´µÏ¥´¨¥ R4/2 ¢µ¸¶·µ¨§¢µ¤¨É¸Ö Ìµ·µÏµ ¨ ¶·¨-
´¨³ ¥É ± ± · § ¶·µ³¥¦ÊÉµÎ´µ¥ §´ Î¥´¨¥ ³¥¦¤Ê ¶·¥¤¥²Ó´Ò³¨ ¸²ÊÎ Ö³¨ U(5)
(R4/2 = 2, 0) ¨ O(6) (R4/2 = 2, 5) ¸¨³³¥É·¨¨. �¸µ¡¥´´µ ¨´É¥·¥¸´µ, ± ± Ê± -
§ É¥²Ó E(5)-¸¨³³¥É·¨¨, µÉ´µÏ¥´¨¥ B(E2; 0+

2,0 → 2+
1,1)/B(E2; 2+

1,1 → 0+
1,0). ‚

¶·¥¤¥²¥ U(5)-¸¨³³¥É·¨¨ ÔÉµ µÉ´µÏ¥´¨¥ · ¢´µ 1,6. ‚ ¶·¥¤¥²¥ O(6)-¸¨³³¥É·¨¨
¶¥·¥Ìµ¤ 0+

2,0 → 2+
1,1 § ¶·¥Ð¥´ ± ± ¶¥·¥Ìµ¤ ¸ ∆σ = 2. �·¥¤¸± § ´¨¥

E(5)-¸¨³³¥É·¨¨ Å 0,5,   Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ Å 0, 42 ± 0, 12. �· -
¢¨²µ µÉ¡µ·  ¤²Ö · ¸¶ ¤  0+

1,3-Ê·µ¢´Ö,   ¨³¥´´µ: ¢ ¸²ÊÎ ¥ E(5)-¸¨³³¥É·¨¨

¶¥·¥Ìµ¤ · §·¥Ï¥´ Éµ²Ó±µ ¢ ¸µ¸ÉµÖ´¨¥ 2+
1,2, É ±¦¥ ¶µ¤É¢¥·¦¤¥´µ Ô±¸¶¥·¨³¥´-

É ²Ó´µ. �¤´ ±µ ¢ ÔÉµ³ ¸²ÊÎ ¥ ¡Ò²µ ¡Ò ¦¥² É¥²Ó´µ ¨³¥ÉÓ ¨ Ô±¸¶¥·¨³¥´É ²Ó-
´Ò¥ §´ Î¥´¨Ö ¸ ³¨Ì ¢¥²¨Î¨´ ¢¥·µÖÉ´µ¸É¥° ¶¥·¥Ìµ¤µ¢,   ´¥ Éµ²Ó±µ ¨Ì µÉ´µÏ¥-
´¨¥. �±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ Ô´¥·£¨¨ 0+

2,0-¸µ¸ÉµÖ´¨Ö É ±¦¥ ´ Ìµ¤¨É¸Ö ¢
Ìµ·µÏ¥³ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶·¥¤¸± § ´¨¥³ E(5)-¸¨³³¥É·¨¨.

ˆ´É¥·¥¸´µ, ¢ ± ±µ° ¸É¥¶¥´¨ ´¥¡µ²ÓÏ¨¥ · ¸Ìµ¦¤¥´¨Ö ³¥¦¤Ê É¥µ·¥É¨Î¥-
¸±¨³¨ ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ·¥§Ê²ÓÉ É ³¨, ¶·¨¢¥¤¥´´Ò³¨ ¢ É ¡². 5, ³µ£ÊÉ



436 „†�‹�‘ �. ‚.

¡ÒÉÓ ¸±µ··¥±É¨·µ¢ ´Ò ´¥¡µ²ÓÏ¨³¨ ¨§³¥´¥´¨Ö³¨ ¶ · ³¥É·µ¢ χ ¨ η. ’ ±¨¥
· ¸Î¥ÉÒ ¶µ± § ²¨, ÎÉµ 134Ba ²¨¡µ ÉµÎ´µ ²µ± ²¨§µ¢ ´ ¢ É·µ°´µ° ÉµÎ±¥, ²¨¡µ
¸¤¢¨´ÊÉ ¢ ¸Éµ·µ´Ê O(6)-¸¨³³¥É·¨¨.

ˆ³¥ÕÉ¸Ö ¨ ¤·Ê£¨¥ Ö¤· , ¸¢µ°¸É¢  ±µÉµ·ÒÌ ¡²¨§±¨ ± ¶·¥¤¸± § ´¨Ö³
E(5)-¸¨³³¥É·¨¨. �Éµ ´¥±µÉµ·Ò¥ ¨§ ¨§µÉµ¶µ¢ Zn ¨ Pd. �¤´ ±µ ´Ê¦´  ¤µ¶µ²-
´¨É¥²Ó´ Ö Ô±¸¶¥·¨³¥´É ²Ó´ Ö ¨´Ëµ·³ Í¨Ö, µ¸µ¡¥´´µ µ ¢¥·µÖÉ´µ¸ÉÖÌ
E2-¶¥·¥Ìµ¤µ¢, ¢±²ÕÎ Ö ¨ ¨Ì  ¡¸µ²ÕÉ´Ò¥ §´ Î¥´¨Ö.

� ¸¸³µÉ·¨³ É¥¶¥·Ó µ¡² ¸ÉÓ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  µÉ ¸Ë¥·¨Î¥¸±µ° Ëµ·³Ò ±
 ±¸¨ ²Ó´µ ¤¥Ëµ·³¨·µ¢ ´´µ°. ‚ [13] ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¸¢µ°¸É¢  152Sm µÎ¥´Ó
¡²¨§±¨ ± ¶µ²ÊÎ¥´´Ò³ ¤²Ö X(5)-·¥Ï¥´¨Ö. �É´µÏ¥´¨¥ R4/2 ¢ 152Sm, · ¢´µ¥
R4/2 = 3, 01, ¡²¨§±µ ± ¶µ²ÊÎ¥´´µ³Ê ¤²Ö X(5)-·¥Ï¥´¨Ö, £¤¥ R4/2 = 2, 91.
‚ Éµ ¦¥ ¢·¥³Ö Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ R4/2 ¤²Ö ¶µ²µ¸Ò, ¶µ¸É·µ¥´-
´µ° ´  0+

2,0-¸µ¸ÉµÖ´¨¨, ¸ÊÐ¥¸É¢¥´´µ ³¥´ÓÏ¥ Å 2,69. X(5)-·¥§Ê²ÓÉ É Å
2,80. �Éµ £µ¢µ·¨É µ Éµ³, ÎÉµ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥ 152Sm ¡µ²¥¥ ¤¥Ëµ·³¨-
·µ¢ ´µ, Î¥³ 0+

2,0-¸µ¸ÉµÖ´¨¥, ÎÉµ ¶µ¤É¢¥·¦¤ ¥É ¶·¥¤¶µ²µ¦¥´¨¥ µ ¸µ¸ÊÐ¥¸É¢µ-
¢ ´¨¨ ¸Ë¥·¨Î¥¸±µ° ¨ ¤¥Ëµ·³¨·µ¢ ´´µ° Ë § ¢ ÔÉµ³ Ö¤·¥. �¤´ ±µ ÔÉ¨ ¸µ¸ÉµÖ-
´¨Ö ¸ · §²¨Î´µ° Ëµ·³µ° ¨³¥ÕÉ ±µ²²¥±É¨¢´Ò¥ ¶µ ¢¥²¨Î¨´¥ ¸¢Ö§Ò¢ ÕÐ¨¥ ¨Ì
E2-¶¥·¥Ìµ¤Ò, ÎÉµ ¶·¥¤¶µ² £ ¥É ¸³¥Ï¨¢ ´¨¥ Ë §. � §²¨Î¨¥ ¢ ¤¥Ëµ·³ Í¨ÖÌ
³¥¦¤Ê £·Ê¶¶ ³¨ ¸µ¸ÉµÖ´¨°, ¶µ¸É·µ¥´´ÒÌ ´  0+

1 - ¨ 0+
2 -Ê·µ¢´ÖÌ, ¶µ¤É¢¥·¦¤ -

¥É¸Ö É¥³, ÎÉµ B(E2; 2+
2 → 0+

2 ) ´  25 % ³¥´ÓÏ¥, Î¥³ B(E2; 2+
1 → 0+

1 ). �¡Ð¥¥
¸µ£² ¸¨¥ ³¥¦¤Ê Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¨ É¥µ·¥É¨Î¥¸±¨³¨ ·¥§Ê²ÓÉ -
É ³¨, ¶µ²ÊÎ¥´´Ò³¨ ¢ X(5)-¶·¥¤¥²¥, ¤µ¸É ÉµÎ´µ Ìµ·µÏ¥¥ ± ± ¢ µÉ´µÏ¥´¨¨
Ô´¥·£¨° ¢µ§¡Ê¦¤¥´¨Ö, É ± ¨ ¤²Ö ¢¥·µÖÉ´µ¸É¥° ¶¥·¥Ìµ¤µ¢. � ¶·¨³¥·, Ô±¸¶¥·¨-
³¥´É ²Ó´µ¥ §´ Î¥´¨¥ µÉ´µÏ¥´¨Ö E(0+

2 )/E(2+
1 ) · ¢´µ 5,62, Éµ£¤  ± ± É¥µ·¥-

É¨Î¥¸±¨° ·¥§Ê²ÓÉ É ¸µ¸É ¢²Ö¥É 5,67. ‘ÊÐ¥¸É¢¥´´µ · ¸Ìµ¤ÖÉ¸Ö ¶·¥¤¸± § ´¨Ö ¨
Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¤²Ö ¢¥²¨Î¨´Ò E(2+

2 )−E(0+
2 ): Ô±¸¶¥·¨³¥´É ²Ó´µ¥

§´ Î¥´¨¥ § ³¥É´µ ³¥´ÓÏ¥ ¶·¥¤¸± § ´´µ£µ.

�·¨¢¥¤¥´´Ò¥ ¢¥·µÖÉ´µ¸É¨ E2-¶¥·¥Ìµ¤µ¢ ¢´ÊÉ·¨ £·Ê¶¶ ¸µ¸ÉµÖ´¨° ¸ n = 1
¨ n = 2 ´ Ìµ¤ÖÉ¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, ÎÉµ
¤¥³µ´¸É·¨·Ê¥É § ¢¨¸¨³µ¸ÉÓ µÉ Ê£²µ¢µ£µ ³µ³¥´É  I , ¶·µ³¥¦ÊÉµÎ´ÊÕ ³¥¦¤Ê
¢¨¡· Í¨µ´´Ò³ ¨ ·µÉ Í¨µ´´Ò³ ¶·¥¤¥² ³¨. �·¥¤¸± § ´Ò É ±¦¥ ¢¥·µÖÉ´µ¸É¨
¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê £·Ê¶¶ ³¨ ¸µ¸ÉµÖ´¨° c n = 1 ¨ n = 2. �¥·¥Ìµ¤Ò I → I + 2
¶·¥¤¸± § ´Ò ±µ²²¥±É¨¢´Ò³¨, ÎÉµ ´ Ìµ¤¨É¸Ö ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó-
´Ò³¨ ¤ ´´Ò³¨. �¸É ²Ó´Ò¥ ¶¥·¥Ìµ¤Ò ³¥´¥¥ ±µ²²¥±É¨¢´Ò. �¤´ ±µ · ¸¸Î¨É ´-
´Ò¥  ¡¸µ²ÕÉ´Ò¥ §´ Î¥´¨Ö B(E2) ¤²Ö ¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê ¸µ¸ÉµÖ´¨Ö³¨ ¸ n = 1
¨ n = 2 ¢ É·¨ · §  ¡µ²ÓÏ¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ, ÌµÉÖ µÉ´µÏ¥´¨Ö ¢¥·µÖÉ´µ-
¸É¥° Ìµ·µÏµ ¸µ£² ¸ÊÕÉ¸Ö. �¥±µÉµ·Ò¥ ¨§ §´ Î¥´¨° ¢¥·µÖÉ´µ¸É¥° ¶¥·¥Ìµ¤µ¢
¶·¨¢¥¤¥´Ò ¢ É ¡². 6.

’ ±¨³ µ¡· §µ³, ³Ò ¶µ± § ²¨, ÎÉµ Ö¤·  134Ba ¨ 152Sm ¶µ ¸¢µ¨³ ¸¢µ°¸É¢ ³
¡²¨§±¨ ± ¶·¥¤¸± § ´¨Ö³ ¤²Ö Ö¤¥·, ´ Ìµ¤ÖÐ¨Ì¸Ö ¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±
Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ¢Éµ·µ£µ ¨ ¶¥·¢µ£µ ·µ¤  ¸µµÉ¢¥É¸É¢¥´´µ.
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6. �‹ƒ…���ˆ—…‘Š�… �…˜…�ˆ…
„‹Ÿ �…�…•�„��‰ ��‹�‘’ˆ SO(6) ↔ U(5)

Š ± ¡Ò²µ ¶µ± § ´µ ¢ [14], ¤¨ £µ´ ²¨§ Í¨Ö £ ³¨²ÓÉµ´¨ ´ , µ¶¨¸Ò¢ ÕÐ¥£µ
¶¥·¥Ìµ¤´ÊÕ µ¡² ¸ÉÓ, ³µ¦¥É ¡ÒÉÓ µ¸ÊÐ¥¸É¢²¥´ , ¥¸²¨ ¨¸¶µ²Ó§µ¢ ÉÓ  ËË¨´´ÊÕ
 ²£¥¡·Ê ŜU(1, 1). „²Ö ¶µ¸É·µ¥´¨Ö ŜU(1, 1) · ¸¸³µÉ·¨³ ¸´ Î ²  ´¥±µ³¶ ±É-
´ÊÕ  ²£¥¡·Ê SU(1, 1). …¥ £¥´¥· Éµ·Ò S±, S0 Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³
±µ³³ÊÉ Í¨µ´´Ò³ ¸µµÉ´µÏ¥´¨Ö³:[

S0, S±] = ±S±,
[
S+, S−] = −2S0. (95)

�¶¥· Éµ· Š §¨³¨·  ÔÉµ°  ²£¥¡·Ò ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ĉ2 (SU(1, 1)) = S0(S0 − 1) − S+S−. (96)

�¡µ§´ Î¨³ Î¥·¥§ |kµ〉 ¡ §¨¸´Ò° ¢¥±Éµ·, µÉ¢¥Î ÕÐ¨° ´¥¶·¨¢µ¤¨³µ³Ê ¶·¥¤-
¸É ¢²¥´¨Õ £·Ê¶¶Ò SU(1, 1). ‡¤¥¸Ó k Å ²Õ¡µ¥ ¶µ²µ¦¨É¥²Ó´µ¥ ¢¥Ð¥¸É¢¥´´µ¥
Î¨¸²µ,   µ = k, k + 1, k + 2, . . . ’µ£¤ 

Ĉ2 (SU(1, 1)) |kµ〉 = k(k − 1)|kµ〉, (97)

S0|kµ〉 = µ|kµ〉. (98)

ˆ§¢¥¸É´µ, ÎÉµ ¡ §¨¸´Ò¥ ¸µ¸ÉµÖ´¨Ö ·¥¤Ê±Í¨µ´´ÒÌ Í¥¶µÎ¥± U(5) ⊃ SO(5) ¨
SO(6) ⊃ SO(5) Ö¢²ÖÕÉ¸Ö µ¤´µ¢·¥³¥´´µ ¡ §¨¸ ³¨ ·¥¤Ê±Í¨µ´´ÒÌ Í¥¶µÎ¥±
SUd(1, 1) ⊃ U(1) ¨ SUsd(1, 1) ⊃ U(1) ¸µµÉ¢¥É¸É¢¥´´µ. „²Ö ¸²ÊÎ Ö U(5) ⊃
SO(5) ³Ò ¨³¥¥³

|Nndνn∆IM〉 =
∣∣∣∣N, kd =

1
2

(
ν +

5
2

)
, µd =

1
2

(
nd +

5
2

)
, n∆IM

〉
, (99)

£¤¥ NndνIM Å ±¢ ´Éµ¢Ò¥ Î¨¸²  £·Ê¶¶ U(6), U(5), SO(5), SO(3) ¨ SO(2)
¸µµÉ¢¥É¸É¢¥´´µ, n∆ Å ¤µ¶µ²´¨É¥²Ó´µ¥ ±¢ ´Éµ¢µ¥ Î¨¸²µ, ´¥µ¡Ìµ¤¨³µ¥ ¶·¨
·¥¤Ê±Í¨¨ SO(5) → SO(3); kd ¨ µd Å ±¢ ´Éµ¢Ò¥ Î¨¸²  SUd(1, 1) ¨ U(1)
¸µµÉ¢¥É¸É¢¥´´µ.

‚ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ £¥´¥· Éµ·Ò SUd(1, 1) ¨³¥ÕÉ ¢¨¤

S+(d) =
1
2
(d+ · d+), S−(d) =

1
2
(d̄ · d̄), (100)

S0(d) =
1
4

∑
ν

(d+
ν dν + dνd+

ν ). (101)

�¶¥· Éµ· Š §¨³¨·  £·Ê¶¶Ò SO(5) É ±¦¥ ³µ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´ Î¥·¥§ µ¶¥-
· Éµ· Š §¨³¨·  £·Ê¶¶Ò SUd(1, 1)

Ĉ2 (SU(1, 1)) = S0(S0 − 1) − 1
4
(d+ · d+)(d̄ · d̄) (102)
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¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Ĉ2 (SO(5)) = 4Ĉ2

(
SUd(1, 1)

)
− 5

4
. (103)

ƒ¥´¥· Éµ·Ò £·Ê¶¶Ò SU(1, 1) ³µ£ÊÉ ¡ÒÉÓ ¶µ¸É·µ¥´Ò ¨ ¸ ¶µ³µÐÓÕ µ¶¥· Éµ·µ¢
³µ´µ¶µ²Ó´ÒÌ ¡µ§µ´µ¢

1
2
s+s+,

1
2
ss,

1
4
(s+s + ss+). (104)

�¡µ§´ Î¨³ ÔÉÊ ¶µ¸²¥¤´ÕÕ  ²£¥¡·Ê Î¥·¥§ SUs(1, 1). �¡Ñ¥¤¨´ÖÖ £¥´¥· Éµ·Ò
(100), (101) ¨ (104), ³µ¦´µ ¶µ¸É·µ¨ÉÓ µ¡Ñ¥¤¨´¥´´ÊÕ  ²£¥¡·Ê SUsd(1, 1):

S+(sd) =
1
2
(
d+d+ ± s+s+

)
, S−(sd) =

1
2
(
d̄d̄ ± ss

)
, (105)

S0(sd) =
1
4

∑
ν

(d+
ν dν + dνd+

ν ) +
1
4
(s+s+ + ss). (106)

� §¨¸´Ò¥ ¢¥±Éµ·Ò ·¥¤Ê±Í¨µ´´µ° Í¥¶µÎ±¨ U(6) ⊃ SO(6) ⊃ SO(5) ⊃ SO(3)
Ö¢²ÖÕÉ¸Ö µ¤´µ¢·¥³¥´´µ ¡ §¨¸´Ò³¨ ¢¥±Éµ· ³¨ SUsd(1, 1) ¨ SUd(1, 1). �É³¥-
É¨³, ÎÉµ §´ ± ¢ (105) ³µ¦¥É ¡ÒÉÓ ¢Ò¡· ´ ¶·µ¨§¢µ²Ó´µ.

Œ¥¦¤Ê ¡ §¨¸´Ò³¨ ¢¥±Éµ· ³¨ SO(6) ¨ SUsd(1, 1) ¨³¥¥É ³¥¸Éµ ¸²¥¤ÊÕÐ¥¥
¸µµÉ´µÏ¥´¨¥:

|Nσνn∆IM〉 =
∣∣∣∣N, ksd =

1
2
(σ + 3), µsd =

1
2
(N + 3), kd =

=
1
2

(
ν +

5
2

)
, n∆IM

〉
, (107)

£¤¥ σ Å ±¢ ´Éµ¢µ¥ Î¨¸²µ SO(6). Ÿ¸´µ, ÎÉµ ¢µ²´µ¢Ò¥ ¢¥±Éµ·Ò SO(6) ³µ£ÊÉ
¡ÒÉÓ ¢Ò· ¦¥´Ò ± ± ·¥§Ê²ÓÉ É ¸¢Ö§¨ ¡ §¨¸´ÒÌ ¢¥±Éµ·µ¢ SUd(1, 1) ¨ SUs(1, 1):

|NσναIM〉 =
∑

µd,µs

Cksdµsd

kdµdksµs |N, kdµd; ksµs; n∆IM〉, (108)

£¤¥ Cksdµsd

kdµdksµs Å SU(1, 1)-±µÔËË¨Í¨¥´É Š²¥¡Ï Äƒµ·¤µ´ . �¶¥· Éµ·Ò Š §¨-

³¨·  £·Ê¶¶ SO(6) ¨ SUsd(1, 1) ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³ Ĉ2

(
SUsd(1, 1)

)
=

(1/4)Ĉ2 (SO(6)) + 3/4.
C¤¥² ¥³ ¸²¥¤ÊÕÐ¨° Ï £ ± ¤¨ £µ´ ²¨§ Í¨¨ £ ³¨²ÓÉµ´¨ ´  ³µ¤¥²¨ ¢§ ¨-

³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¶·¨ χ = 0. � ¸¸³µÉ·¨³ ¡¥¸±µ´¥Î´ÊÕ  ²£¥¡·Ê µ¶¥· -
Éµ·µ¢

S±
n = c2n+1

s S±(s) + c2n+1
d S±(d), (109)
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S0
n = c2n

s S0(s) + c2n
d S0(d), (110)

£¤¥ cs ¨ cd Ö¢²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ¶ · ³¥É· ³¨,   n = 0,±1,±2, . . . �É³¥-
É¨³, ÎÉµ ¸²ÊÎ ° cs = cd µÉ¢¥Î ¥É ¶·¥¤¥²Ê SO(6) ¤¨´ ³¨Î¥¸±µ° ¸¨³³¥É·¨¨.

ƒ¥´¥· Éµ·Ò (109) ¨ (110) Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ±µ³³ÊÉ Í¨µ´´Ò³
¸µµÉ´µÏ¥´¨Ö³:[

S+
m, S−

n

]
= −2S0

m+n+1,
[
S0

m, S±
n

]
= ±S±

m+n. (111)

’ ±¨³ µ¡· §µ³, µ¶¥· Éµ·Ò Sµ
m(µ = 0,±; m = 0,±1,±2, . . .) Ëµ·³¨·ÊÕÉ  Ë-

Ë¨´´ÊÕ  ²£¥¡·Ê ‹¨ ŜU(1, 1).
�¨¦ °Ï¨° ¢¥¸µ¢µ° ¢¥±Éµ· |lw〉 ÔÉµ°  ²£¥¡·Ò Ê¤µ¢²¥É¢µ·Ö¥É Ê¸²µ¢¨Ö³

S−(s)|lw〉 = 0, S−(d)|lw〉 = 0. (112)

’ ± ± ± ¶µ²´µ¥ Î¨¸²µ ¡µ§µ´µ¢ N ±µ´¥Î´µ,   ¡ §¨¸ ¤µ²¦¥´ ¸µµÉ¢¥É¸É¢µ¢ ÉÓ
·¥¤Ê±Í¨µ´´µ° Í¥¶µÎ±¥ SO(5) ⊃ SO(3), Éµ ¨³¥¥É ³¥¸Éµ ¸²¥¤ÊÕÐ¥¥ ¸µµÉ´µ-
Ï¥´¨¥:

|lw〉 =
∣∣∣∣N ; kd =

1
2

(
ν +

5
2

)
, µd =

1
2

(
nd +

5
2

)
; ks =

=
1
2

(
νs +

1
2

)
, µs =

1
2

(
ns +

1
2

)
; n∆IM

〉
(113)

¸ nd = ν ¨ ns = νs = 0 ¨²¨ 1.
ˆ¸¶µ²Ó§ÊÖ £¥´¥· Éµ·Ò ŜU(1, 1), ³Ò ³µ¦¥³ ¶µ¸É·µ¨ÉÓ £ ³¨²ÓÉµ´¨ ´ ³µ-

¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, µÉ¢¥Î ÕÐ¨° ¶¥·¥Ìµ¤Ê U(5) ↔ SO(6):

Ĥ = gS+
0 S−

0 + αS0
1 + γĈ2 (SO(5)) + δĈ2 (SO(3)) , (114)

£¤¥ g, α, γ, δ Å ¢¥Ð¥¸É¢¥´´Ò¥ ¶ · ³¥É·Ò. ƒ ³¨²ÓÉµ´¨ ´ (114) Ô±¢¨¢ ²¥´É¥´
£ ³¨²ÓÉµ´¨ ´Ê SO(6), ¥¸²¨ cs = cd, ¨ £ ³¨²ÓÉµ´¨ ´Ê U(5), ¥¸²¨ cs = 0,  
cd �= 0.

‘µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ £ ³¨²ÓÉµ´¨ ´  (114) ¨³¥ÕÉ ¢¨¤

|k; νsνn∆IM〉 = NS+
x1

S+
x2

· · ·S+
xk
|lw〉, (115)

£¤¥ N Å ´µ·³¨·µ¢µÎ´ Ö ±µ´¸É ´É ,  

S+
xi

=
cs

1 − c2
sxi

S+(s) +
cd

1 − c2
dxi

S+(d). (116)

‚¥²¨Î¨´Ò xi µ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³µ° Ê· ¢´¥´¨°:

α

xi
=

gc2
s(νs + 1/2)
1 − c2

sxi
+

gc2
d(νd + 5/2)
1 − c2

dxi
−
∑
j �=i

2
xi − xj

, i = 1, 2, . . . , k. (117)
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‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö E(k) £ ³¨²ÓÉµ´¨ ´  (114) µ¶·¥¤¥²ÖÕÉ¸Ö ¸µµÉ´µ-
Ï¥´¨Ö³¨

E(k) = h(k) + γν(ν + 1) + δI(I + 1) + αΛ0
1, (118)

h(k) =
k∑

i=1

α

xi
, (119)

Λ0
1 =

1
2

[
c2
s

(
νs +

1
2

)
+ c2

d

(
ν +

5
2

)]
. (120)

Š¢ ´Éµ¢µ¥ Î¨¸²µ k ¸²¥¤ÊÕÐ¨³ µ¡· §µ³ ¸¢Ö§ ´µ ¸ ¶µ²´Ò³ Î¨¸²µ³ ¡µ§µ´µ¢ N :

N = 2k + νs + ν. (121)

‚µ²´µ¢Ò¥ ËÊ´±Í¨¨ (115) ¨ ¸µµÉ´µÏ¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ¸µ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö (117)Ä(121), ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö µ¶¨¸ ´¨Ö ¸¢µ°¸É¢ Ö¤¥· ¢
µ¡² ¸É¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ¢Éµ·µ£µ ·µ¤ .

7. ‘•…Œ� Q-”�����‚ ˆ ‘‚�‰‘’‚� Ÿ„…� ‚ ��‹�‘’ˆ
”�‡�‚�ƒ� �…�…•�„� �’ ‘”…�ˆ—…‘Š�‰ ”��Œ›

Š �Š‘ˆ�‹œ�� „…”��Œˆ��‚����‰

‘Ì¥³  Q-Ëµ´µ´µ¢ ¡Ò²  ¶·¥¤²µ¦¥´  ¨ · §¢¨É  ¢ · ¡µÉ Ì [15Ä18]. �´ 
µ¸´µ¢Ò¢ ¥É¸Ö ´  ¸²¥¤ÊÕÐ¨Ì ¸µµ¡· ¦¥´¨ÖÌ. �¸´µ¢´Ò¥ ¸µ¸ÉµÖ´¨Ö Ö¤¥· ¨³¥ÕÉ
µÎ¥´Ó ¸²µ¦´ÊÕ ¸É·Ê±ÉÊ·Ê. „²Ö µ¶¨¸ ´¨Ö µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ¸·¥¤´¥£µ ¨²¨
ÉÖ¦¥²µ£µ Ö¤·  É·¥¡Ê¥É¸Ö µ£·µ³´µ¥ ±µ´Ë¨£Ê· Í¨µ´´µ¥ ¶·µ¸É· ´¸É¢µ. �µÔÉµ³Ê
¶µ²´µ¥ µ¶¨¸ ´¨¥ ¢µ²´µ¢µ° ËÊ´±Í¨¨ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö ²¥¦¨É §  ¶·¥¤¥-
² ³¨ ¢µ§³µ¦´µ¸É¥° ¸ÊÐ¥¸É¢ÊÕÐ¨Ì É¥µ·¥É¨Î¥¸±¨Ì ¶µ¤Ìµ¤µ¢. ‚ Éµ ¦¥ ¢·¥³Ö
¢µ§¡Ê¦¤¥´´Ò¥ ¸µ¸ÉµÖ´¨Ö ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¸ ¤µ¸É ÉµÎ´µ Ìµ·µÏ¥° ÉµÎ´µ-
¸ÉÓÕ, ¥¸²¨ ¤¥°¸É¢µ¢ ÉÓ µ¤´µÎ ¸É¨Î´Ò³¨ µ¶¥· Éµ· ³¨ ´  ¢µ²´µ¢ÊÕ ËÊ´±Í¨Õ
µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. ˆ³¥´´µ É ±µ° ¸¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö ¢µ²´µ¢ÒÌ ËÊ´±Í¨°
¢µ§¡Ê¦¤¥´´ÒÌ ¸µ¸ÉµÖ´¨° ¨ ·¥ ²¨§Ê¥É¸Ö ¢ ¸Ì¥³¥ Q-Ëµ´µ´µ¢. ‚ ÔÉµ³ ¶µ¤Ìµ¤¥
´¨§±µ²¥¦ Ð¨¥ ±µ²²¥±É¨¢´Ò¥ ¸µ¸ÉµÖ´¨Ö Î¥É´µ-Î¥É´ÒÌ Ö¤¥· ¶·¥¤¸É ¢²¥´Ò ± ±
·¥§Ê²ÓÉ É ³´µ£µ±· É´µ£µ ¤¥°¸É¢¨Ö ±¢ ¤·Ê¶µ²Ó´µ£µ µ¶¥· Éµ·  ´  µ¸´µ¢´µ¥ ¸µ-
¸ÉµÖ´¨¥ Ö¤· :

|I+, n〉 = N (I,n)(Q . . .Q︸ ︷︷ ︸
n

)I |0+
1 〉, (122)

£¤¥ |0+
1 〉 Å ¢¥±Éµ· µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. ‚µ²´µ¢Ò¥ ¢¥±Éµ·Ò (122) Ëµ·³¨·ÊÕÉ

¡ §¨¸ ¤²Ö · §²µ¦¥´¨Ö ¸µ¡¸É¢¥´´ÒÌ ¢¥±Éµ·µ¢ £ ³¨²ÓÉµ´¨ ´  ³µ¤¥²¨ ¢§ ¨³µ-
¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢. ‚µ§´¨± ¥É ¢µ¶·µ¸: ± ± ³´µ£µ ¡ §¨¸´ÒÌ ¸µ¸ÉµÖ´¨°
É ±µ£µ É¨¶  ¶µÉ·¥¡Ê¥É¸Ö, ÎÉµ¡Ò µ¶¨¸ ÉÓ ¸µ¡¸É¢¥´´Ò¥ ¢¥±Éµ·Ò £ ³¨²ÓÉµ´¨ ´ 
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¸ ¤µ¸É ÉµÎ´µ° ÉµÎ´µ¸ÉÓÕ? �Ò²µ ¶µ± § ´µ, ÎÉµ ¸µ¡¸É¢¥´´Ò¥ ¢¥±Éµ·Ò ¨· ¸É-
¸µ¸ÉµÖ´¨° ³µ£ÊÉ ¡ÒÉÓ µ¶¨¸ ´Ò ¸ Ìµ·µÏ¥° ÉµÎ´µ¸ÉÓÕ (²ÊÎÏ¥ Î¥³ 90 % µÉ
´µ·³Ò ¸µ¸ÉµÖ´¨Ö) ¢µ ¢¸¥³ É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´  ¸ ¶µ³µÐÓÕ ¶·µ¸Éµ£µ Ê´¨¢¥·-
¸ ²Ó´µ£µ ¢Ò· ¦¥´¨Ö, ¸µ¤¥·¦ Ð¥£µ Éµ²Ó±µ µ¤´Ê Q-Ëµ´µ´´ÊÕ ±µ´Ë¨£Ê· Í¨Õ

|I+, 1〉 = N (I,1)(Q . . .Q︸ ︷︷ ︸
I/2

)I |0+
1 〉. (123)

‡ É¥³ ¡Ò²µ ¶µ± § ´µ, ÎÉµ ¢µ§¡Ê¦¤¥´´µ¥ 2+-¸µ¸ÉµÖ´¨¥, ±µÉµ·µ¥ Ö¢²Ö¥É¸Ö ¤¢ÊÌ-
Ëµ´µ´´Ò³ ¸µ¸ÉµÖ´¨¥³ ¢ ¶·¥¤¥²¥ £ ·³µ´¨Î¥¸±¨Ì ±¢ ¤·Ê¶µ²Ó´ÒÌ ±µ²¥¡ ´¨°
(¸Ë¥·¨Î¥¸±¨¥ Ö¤· ) ¨ γ-¢¨¡· Í¨µ´´Ò³ ¸µ¸ÉµÖ´¨¥³ ¢ ¶·¥¤¥²¥  ±¸¨ ²Ó´µ ¤¥-
Ëµ·³¨·µ¢ ´´µ£µ Ö¤· , ³µ¦¥É ¡ÒÉÓ µ¶¨¸ ´µ ¸ ÉµÎ´µ¸ÉÓÕ ²ÊÎÏ¥ 90 % ¢µ ¢¸¥³
É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´  ¸ ¶µ³µÐÓÕ ¸²¥¤ÊÕÐ¥° Q-Ëµ´µ´´µ° ±µ´Ë¨£Ê· Í¨¨:

|2+
QQ〉 = N (2,2)

[
(QQ)(2) −

〈0+
1 |(QQQ)(0)|0+

1 〉
〈0+

1 |(QQ)(0)|0+
1 〉

Q

]
|0+

1 〉. (124)

‚¥±Éµ· (124) µ·Éµ£µ´ ²¥´ ¢¥±Éµ·Ê (123) ¸ I = 2. —Éµ¡Ò µ¶¨¸ ÉÓ ¸² ¡Ò°
· ¸¶ ¤ 2+

γ -¸µ¸ÉµÖ´¨Ö ¢ µ¸´µ¢´µ¥ ¸µ¸ÉµÖ´¨¥, ´¥µ¡Ìµ¤¨³µ ÊÎ¥¸ÉÓ ´¥¡µ²ÓÏµ¥
¸³¥Ï¨¢ ´¨¥ ¢¥±Éµ·µ¢ (124) ¨ (123) ¸ I = 2. �µ¸²¥¤´¨° ¢¥±Éµ· ¸µ¸ÉµÖ´¨Ö
¨³¥¥É ¢¨¤

|2+
Q〉 = N (2,Q)Q|0+

1 〉. (125)

C ÊÎ¥Éµ³ É ±µ° ¶·¨³¥¸¨ 2+
γ -¸µ¸ÉµÖ´¨¥ ¡Ê¤¥É µ¶¨¸Ò¢ ÉÓ¸Ö ¸ ÉµÎ´µ¸ÉÓÕ µ±µ²µ

98 % µÉ ´µ·³Ò.
‚Éµ·µ¥ ¢µ§¡Ê¦¤¥´´µ¥ 0+-¸µ¸ÉµÖ´¨¥ (0+

2 ), ±µÉµ·µ¥ ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ±
¤¢ÊÌËµ´µ´´µ¥ ¸µ¸ÉµÖ´¨¥ ¢ ¸Ë¥·¨Î¥¸±µ³ ¶·¥¤¥²¥ ¨ ± ± β-¢¨¡· Í¨µ´´µ¥ ¸µ-
¸ÉµÖ´¨¥ ¢ ¶·¥¤¥²¥  ±¸¨ ²Ó´µ ¤¥Ëµ·³¨·µ¢ ´´µ£µ Ö¤· , ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É -
¢²¥´µ ¢µ ¢¸¥³ É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´  ± ± ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö ¸²¥¤ÊÕÐ¨Ì
¢¥±Éµ·µ¢:

|0+
QQ〉 =

(
(QQ)0 − 〈0+

1 |(QQ)0|0+
1 〉
)√

〈0+
1 |(QQ)0(QQ)0|0+

1 〉 − 〈0+
1 |(QQ)0|0+

1 〉2
|0+

1 〉 (126)

¨

|0+
QQQ〉 =

(
(QQQ)0 − 〈0+

1 |(QQQ)0|0+
1 〉
)√

〈0+
1 |(QQQ)0(QQQ)0|0+

1 〉 − 〈0+
1 |(QQQ)0|0+

1 〉2
|0+

1 〉. (127)

‚µ²´µ¢Ò¥ ¢¥±Éµ·Ò (126) ¨ (127) ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò, ´µ ´¥µ·Éµ£µ´ ²Ó´Ò.
�¤´ ±µ µ´¨ ³µ£ÊÉ ¡ÒÉÓ µ·Éµ£µ´ ²¨§µ¢ ´Ò ¸É ´¤ ·É´Ò³ µ¡· §µ³. ‚¥±Éµ·, µ·-

Éµ£µ´ ²Ó´Ò° |0+
QQ〉, µ¡µ§´ Î¨³ ˜|0+

QQQ〉. ‚ µ¡Ð¥³ ¸²ÊÎ ¥

|0+
2 〉 = cos ϕ|0+

QQ〉 + sin ϕ ˜|0+
QQQ〉. (128)
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�¤´ ±µ ¶·¨ ¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ |χ|, É. ¥. ´  ²¨´¨¨, ¸¢Ö§Ò¢ ÕÐ¥° ¢ É·¥Ê£µ²Ó-
´¨±¥ Š ¸É¥´  ¸Ë¥·¨Î¥¸±¨¥ Ö¤·  ¸  ±¸¨ ²Ó´µ ¤¥Ëµ·³¨·µ¢ ´´Ò³¨, ¶·¥µ¡² ¤ ¥É
¶¥·¢ Ö ±µ³¶µ´¥´É  ¢ (128) §  ¨¸±²ÕÎ¥´¨¥³ µ¡² ¸É¨ ¢¡²¨§¨ ¤¥Ëµ·³¨·µ¢ ´´µ£µ
¶·¥¤¥² . ‚Éµ· Ö ±µ³¶µ´¥´É  ¸É ´µ¢¨É¸Ö µ¸´µ¢´µ° ¶·¨ χ = 0.

ˆÉ ±, ¢ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¢µ ¢¸¥³ É·¥Ê£µ²Ó´¨±¥ Š -
¸É¥´  µ¶·¥¤¥²¥´  Q-Ëµ´µ´´ Ö ¸É·Ê±ÉÊ·  ´ ¨¡µ²¥¥ ¨¸¸²¥¤µ¢ ´´ÒÌ ´¨§±µ²¥-
¦ Ð¨Ì ±µ²²¥±É¨¢´ÒÌ ¸µ¸ÉµÖ´¨°. �É  ¸É·Ê±ÉÊ·  ¤µ¸É ÉµÎ´µ ¶·µ¸É  ¨ ¸µ¤¥·-
¦¨É µ¤´Ê-¤¢¥ ±µ³¶µ´¥´ÉÒ, ´¥µ¡Ìµ¤¨³Ò¥ ¤²Ö µ¶¨¸ ´¨Ö ¸ ÉµÎ´µ¸ÉÓÕ ´¥ ´¨¦¥
90 % µÉ ´µ·³Ò. Šµ´¥Î´µ, ¶·¨ ¨§³¥´¥´¨¨ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ η ¨ χ
¨§³¥´Ö¥É¸Ö ¸É·Ê±ÉÊ·  µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö. ’ ±¨³ µ¡· §µ³, ¨¸¶µ²Ó§ÊÖ ¸Ì¥³Ê
Q-Ëµ´µ´µ¢, ³Ò ³µ¦¥³ ¨¸¸²¥¤µ¢ ÉÓ ¸¢µ°¸É¢  Ö¤¥· ¨ ¢ µ¡² ¸É¨ Ë §µ¢ÒÌ ¶¥·¥-
Ìµ¤µ¢.

ˆ³¥Ö ¶·µ¸ÉÒ¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¢µ²´µ¢ÒÌ ¢¥±Éµ·µ¢ ´ ¨¡µ²¥¥ ¨¸¸²¥¤µ¢ ´-
´ÒÌ ´¨§±µ²¥¦ Ð¨Ì ±µ²²¥±É¨¢´ÒÌ ¸µ¸ÉµÖ´¨° Ö¤¥· ¢ É¥·³¨´ Ì ±¢ ¤·Ê¶µ²Ó´µ£µ
µ¶¥· Éµ·  Q ¨ ¢µ²´µ¢µ£µ ¢¥±Éµ·  µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö Ö¤· , ³Ò ³µ¦¥³ ¶µ-
²ÊÎ¨ÉÓ ¸µµÉ´µÏ¥´¨Ö ³¥¦¤Ê · §²¨Î´Ò³¨ ´ ¡²Õ¤ ¥³Ò³¨.

� ¸¸³µÉ·¨³ ¶µ¢¥¤¥´¨¥ ¶·¨¢¥¤¥´´ÒÌ ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢ ¶·¨ Ë -
§µ¢µ³ ¶¥·¥Ìµ¤¥ U(5) ↔ SU(3). ‚ µ¡² ¸É¨ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  ÔÉµ£µ É¨¶ 
Ö¤·  Ö¢²ÖÕÉ¸Ö ³Ö£±¨³¨ µÉ´µ¸¨É¥²Ó´µ β-±µ²¥¡ ´¨° ¨ ¦¥¸É±¨³¨ ¶µ µÉ´µÏ¥-
´¨Õ ± γ-±µ²¥¡ ´¨Ö³. �µÔÉµ³Ê ¤²Ö ¢µ²´µ¢µ£µ ¢¥±Éµ·  0+

2 -¸µ¸ÉµÖ´¨Ö ³µ¦´µ
¨¸¶µ²Ó§µ¢ ÉÓ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

|0+
2 〉 = |0+

QQ〉. (129)

�·¨ µ¶¨¸ ´¨¨ 2+
1 - ¨ 2+

2 -¸µ¸ÉµÖ´¨° ³Ò ÊÎÉ¥³ ¸³¥Ï¨¢ ´¨¥ 2+
Q- ¨ 2+

QQ-±µ³¶µ-
´¥´É:

|2+
1 〉 =

1√
1 + R1

|2+
µ,Q〉 + sign (〈0+

1 |(QQQ)0|0+
1 〉)
√

R1

1 + R1
|2+

µ,QQ〉, (130)

|2+
2 〉 = −sign (〈0+

1 |(QQQ)0|0+
1 〉)
√

R1

1 + R1
|2+

µ , Q〉 +
1√

1 + R1

|2+
µ,QQ〉, (131)

£¤¥

R1 =
B(E2; 2+

2 → 0+
1 )

B(E2; 2+
1 → 0+

1 )
. (132)

‡´ ± ¢¥²¨Î¨´Ò 〈0+
1 |(QQQ)0|0+

1 〉 ¸µ¢¶ ¤ ¥É ¸µ §´ ±µ³ ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ-
³¥´É  ¶¥·¢µ£µ 2+-¸µ¸ÉµÖ´¨Ö. �µ·³¨·µ¢µÎ´Ò¥ ±µÔËË¨Í¨¥´ÉÒ ¤ ÕÉ¸Ö ¢Ò· -
¦¥´¨Ö³¨

N (2,Q) =
(

1√
5
〈0+

1 |(QQ)0|0+
1 〉
)−1/2

, (133)
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N (2,QQ) =
(

1√
5

[
〈0+

1 |((QQ)2(QQ)2)0|0+
1 〉−

− 〈0+
1 |(QQQ)0|0+

1 〉2
〈0+

1 |(QQ)0|0+
1 〉

])−1/2

. (134)

�  µ¸´µ¢¥ ¶·¥¤¸É ¢²¥´´ÒÌ ¢ÒÏ¥ Ëµ·³Ê² ¤²Ö ¢¥±Éµ·µ¢ ¸µ¸ÉµÖ´¨° ¸ ¶µ-
³µÐÓÕ ¶·Ö³ÒÌ ¢ÒÎ¨¸²¥´¨° ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶·¨-
¢¥¤¥´´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢ µ¶¥· Éµ·  ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ³¥´É  Q2µ:

〈2+
γ ‖ Q ‖ 0+

2 〉 = −sign (〈0+
1 |(QQQ)0|0+

1 〉)
√

R1

1 + R1

√
A+

+
51/4

√
1 + R1

(T − 1)B√
N1N2

, (135)

〈2+
γ ‖ Q ‖ 0+

1 〉 = −sign (〈0+
1 |(QQQ)0|0+

1 〉)×

×
√

R1

1 + R1

√√
5〈0+

1 |(QQ)0|0+
1 〉, (136)

£¤¥

T =
〈0+

1 |(QQQ)0(QQ)0|0+
1 〉〈0+

1 |(QQ)0|0+
1 〉

〈0+
1 |(QQ)20|0+

1 〉〈0+
1 |(QQQ)0|0+

1 〉
, (137)

A =
√

5
(
〈0+

1 |(QQ)20|0+
1 〉

〈0+
1 |(QQ)0|0+

1 〉
− 〈0+

1 |(QQ)0|0+
1 〉
)

, (138)

B =
〈0+

1 |(QQ)20|0+
1 〉〈0+

1 |(QQQ)0|0+
1 〉

〈0+
1 |(QQ)0|0+

1 〉
, (139)

N1 =
2
√

5
7

〈0+
1 |(QQ)20|0+

1 〉 −
〈0+

1 |(QQQ)0|0+
1 〉2

〈0+
1 |(QQ)0|0+

1 〉
, (140)

N2 = 〈0+
1 |(QQ)20|0+

1 〉 − 〈0+
1 |(QQ)0|0+

1 〉2. (141)

ˆ¸¶µ²Ó§ÊÖ (135)Ä(141), ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É ¤²Ö µÉ´µÏ¥´¨Ö
¶·¨¢¥¤¥´´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éµ¢:

〈2+
γ ‖ Q ‖ 0+

2 〉
〈2+

γ ‖ Q ‖ 0+
1 〉

=
√

K4 − 1 − T − 1√
R1

K4

(
7

2
√

5
〈0+

1 |(QQQ)0|0+
1 〉2

〈0+
1 |(QQ)0|0+

1 〉3

)1/2

×

×
[
(K4 − 1)

(
K4 −

7
2
√

5
〈0+

1 |(QQQ)0|0+
1 〉2

〈0+
1 |(QQ)0|0+

1 〉3

)]−1/2

, (142)
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£¤¥

K4 =
〈0+

1 |(QQ)20|0+
1 〉

〈0+
1 |(QQ)0|0+

1 〉2
; (143)

〈2+
1 ‖ Q ‖ 0+

2 〉
〈2+

1 ‖ Q ‖ 0+
1 〉

=
√

K4 − 1+(T−1)
√

R1K4

(
7

2
√

5
〈0+

1 |(QQQ)0|0+
1 〉2

〈0+
1 |(QQ)0|0+

1 〉3

)1/2

×

×
[
(K4 − 1)

(
K4 −

7
2
√

5
〈0+

1 |(QQQ)0|0+
1 〉2

〈0+
1 |(QQ)0|0+

1 〉3

)]−1/2

. (144)

‘· ¢´¨¢ Ö (142) ¨ (144), ¶·¨Ìµ¤¨³ ± ¸µµÉ´µÏ¥´¨Õ, ¸µ¤¥·¦ Ð¥³Ê Éµ²Ó±µ
Ô±¸¶¥·¨³¥´É ²Ó´µ ¨§³¥·Ö¥³Ò¥ ¢¥²¨Î¨´Ò:∣∣∣∣∣ 〈2+

γ ‖ Q ‖ 0+
2 〉

〈2+
γ ‖ Q ‖ 0+

1 〉

∣∣∣∣∣ =√K4 − 1 − 1
R1

(∣∣∣∣ 〈2+
1 ‖ Q ‖ 0+

2 〉
〈2+

1 ‖ Q ‖ 0+
1 〉

∣∣∣∣−√K4 − 1
)

, (145)

¨²¨

R1

∣∣∣∣∣ 〈2+
γ ‖ Q ‖ 0+

2 〉
〈2+

γ ‖ Q ‖ 0+
1 〉

∣∣∣∣∣ = (1 + R1)
√

K4 − 1 −
∣∣∣∣ 〈2+

1 ‖ Q ‖ 0+
2 〉

〈2+
1 ‖ Q ‖ 0+

1 〉

∣∣∣∣ . (146)

‚ É¥·³¨´ Ì ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢ ¶µ¸²¥¤´¥¥ ¸µµÉ´µÏ¥´¨¥ ³µ¦¥É ¡ÒÉÓ
¶¥·¥¶¨¸ ´µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

R1

√
B(E2; 2+

γ → 0+
2 )

B(E2; 2+
γ → 0+

1 )
= (1 + R1)

√
〈0+

1 |(QQ)0(QQ)0|0+
1 〉

〈0+
1 |(QQ)0|0+

1 〉2
− 1−

−

√
B(E2; 2+

1 → 0+
2 )

B(E2; 2+
1 → 0+

1 )
. (147)

‚µ¸¶µ²Ó§Ê¥³¸Ö ¶·¨¡²¨¦¥´´Ò³ ¸µµÉ´µÏ¥´¨¥³

〈0+
1 |(QQ)20|0+

1 〉
〈0+

1 |(QQ)0|0+
1 〉2

− 1 ≈
(
〈0+

1 |(QQ)0|0+
2 〉

〈0+
1 |(QQ)0|0+

1 〉

)2

. (148)

’µ£¤ 

B(E2; 2+
1 → 0+

2 )
B(E2; 2+

1 → 0+
1 )

=
(
〈2+

1 ‖ Q ‖ 0+
2 〉

〈2+
1 ‖ Q ‖ 0+

1 〉

)2

=

=
(
〈2+

1 , µ|Qµ|0+
2 〉

〈2+
1 , µ|Qµ|0+

1 〉

)2

=
(
〈0+

1 |(−1)µQ−µQµ|0+
2 〉

〈0+
1 |(−1)µQ−µQµ|0+

1 〉

)2

=

=
(
〈0+

1 |(QQ)0|0+
2 〉

〈0+
1 |(QQ)0|0+

1 〉

)2

≈ 〈0+
1 |(QQ)0(QQ)0|0+

1 〉
〈0+

1 |(QQ)0|0+
1 〉2

− 1. (149)
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�µ¤¸É ¢²ÖÖ ÔÉµÉ ·¥§Ê²ÓÉ É ¢ (147), ¶µ²ÊÎ ¥³√
B(E2; 2+

γ → 0+
2 )

B(E2; 2+
γ → 0+

1 )
=

√
B(E2; 2+

1 → 0+
2 )

B(E2; 2+
1 → 0+

1 )
(150)

¨²¨

B(E2; 2+
γ → 0+

2 )

B(E2; 2+
1 → 0+

1 )
=

B(E2; 0+
2 → 2+

1 )
5B(E2; 2+

1 → 0+
1 )

R1. (151)

�É´µÏ¥´¨¥, ¸ÉµÖÐ¥¥ ¸¶· ¢  ¢ (151), § ³¥É´µ Ê¡Ò¢ ¥É ¢ ¶¥·¥Ìµ¤´µ° µ¡² ¸É¨
¶·¨ ¤¢¨¦¥´¨¨ µÉ ¸Ë¥·¨Î¥¸±¨Ì Ö¤¥· ± ±·¨É¨Î¥¸±µ° ÉµÎ±¥,   § É¥³ · ¸É¥É ¶·¨
¶·¨¡²¨¦¥´¨¨ ±  ±¸¨ ²Ó´µ ¤¥Ëµ·³¨·µ¢ ´´Ò³ Ö¤· ³ ¡² £µ¤ ·Ö ¸³¥Ï¨¢ ´¨Õ
¸µ¸ÉµÖ´¨° (QQ)2|0+

1 〉 ¨ (QQQ)2|0+
1 〉, ±µÉµ·µ¥ Ê¢¥²¨Î¨¢ ¥É¸Ö ¨§-§  Éµ£µ, ÎÉµ

β-³µ¤  ¸É ´µ¢¨É¸Ö ¡µ²¥¥ ¦¥¸É±µ°, ± ± ÔÉµ ¶µ± § ´µ ¢ [17]. ‚ 152Sm R1 =
0, 025,   B(E2; 0+

2 → 2+
1 )/B(E2; 2+

1 → 0+
1 ) = 0, 229. �µ¤¸É ¢²ÖÖ ÔÉ¨ ¤ ´´Ò¥

¢ (151), ¶µ²ÊÎ ¥³

B(E2; 2+
γ → 0+

2 )
B(E2; 2+

γ → 0+
1 )

= 0, 0011, (152)

Éµ£¤  ± ± Ô±¸¶¥·¨³¥´É ²Ó´µ¥ §´ Î¥´¨¥ ÔÉµ° ¢¥²¨Î¨´Ò 0,0012.

8. �…�Š‘ˆ�‹œ�›… Ÿ„��

‚ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì ¡Ò²¨ · ¸¸³µÉ·¥´Ò ³¥Éµ¤Ò  ´ ²¨§  ¸¢µ°¸É¢ Ö¤¥·
¢ ±·¨É¨Î¥¸±¨Ì ÉµÎ± Ì Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢. �Ò²¨ ´ °¤¥´Ò ¶·µ¸ÉÒ¥  ´ ²¨É¨Î¥-
¸±¨¥ ·¥Ï¥´¨Ö ¤²Ö ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ U(5) ↔ SU(3) [1] ¨
U(5) ↔ O(6) [2]. �·µ¢¥¤¥´ ¤¥É ²Ó´Ò°  ´ ²¨§ Ë §µ¢ÒÌ ¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê Ö¤-
· ³¨ · §²¨Î´µ° Ëµ·³Ò ¢ · ³± Ì ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ [3,19].
�´ ²¨§ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶µ± § ², ÎÉµ ¨³¥ÕÉ¸Ö Ö¤· , ¸¢µ°¸É¢  ±µÉµ-
·ÒÌ ¡²¨§±¨ ± ¸¢µ°¸É¢ ³, ¶·¥¤¸± § ´´Ò³ ¤²Ö Ö¤¥·´ÒÌ ¸¨¸É¥³, ²µ± ²¨§µ¢ ´´ÒÌ
¢ ±·¨É¨Î¥¸±¨Ì ÉµÎ± Ì [20, 21]. �¤´ ±µ ¤µ ¸¨Ì ¶µ· ´¥ · ¸¸³ É·¨¢ ²¨¸Ó ¢µ§-
³µ¦´µ¸É¨ ¶¥·¥Ìµ¤  ± ´¥ ±¸¨ ²Ó´Ò³ Ö¤· ³. �¥²Ó§Ö, µ¤´ ±µ, ¨¸±²ÕÎ¨ÉÓ, ÎÉµ
¢ ·Ö¤¥ µ¡² ¸É¥° ± ·ÉÒ ´Ê±²¨¤µ¢, µ¸µ¡¥´´µ ¡² £µ¤ ·Ö · ¸Ï¨·¥´¨Õ µ¡² ¸É¨
¨¸¸²¥¤Ê¥³ÒÌ Ö¤¥· ¢ ¸¢Ö§¨ ¸ ¶µÖ¢²¥´¨¥³ · ¤¨µ ±É¨¢´ÒÌ ¶ÊÎ±µ¢, ³µ£ÊÉ ¸ÊÐ¥-
¸É¢µ¢ ÉÓ ´¥ ±¸¨ ²Ó´Ò¥ ¤¥Ëµ·³¨·µ¢ ´´Ò¥ Ö¤·  ¨²¨, ¶µ ±· °´¥° ³¥·¥, Ö¤· ,
¶·µÖ¢²ÖÕÐ¨¥ ³Ö£±µ¸ÉÓ µÉ´µ¸¨É¥²Ó´µ ¶¥·¥Ìµ¤  ± ´¥ ±¸¨ ²Ó´µ° ¤¥Ëµ·³ Í¨¨.
–¥²ÓÕ ¤ ´´µ£µ · §¤¥²  [22] Ö¢²Ö¥É¸Ö ¢±²ÕÎ¥´¨¥ ¢ · ¸¸³µÉ·¥´¨¥ Ë §µ¢ÒÌ
¶¥·¥Ìµ¤µ¢ ³¥¦¤Ê · §²¨Î´Ò³¨ Ëµ·³ ³¨ Ö¤·  É ±¦¥ ¨ ´¥ ±¸¨ ²Ó´µ° Ëµ·³Ò.
�´ ²¨§ ¡Ê¤¥É ¶·µ¢¥¤¥´ ¢ · ³± Ì ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, É ± ± ±
ÔÉ  ³µ¤¥²Ó µ¸µ¡¥´´µ Ê¤µ¡´  ¤²Ö · ¸¸³µÉ·¥´¨Ö ¸¨¸É¥³ ¸ ±µ´¥Î´Ò³ Î¨¸²µ³
Î ¸É¨Í.
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”µ·³Ê Ö¤·  ¢ µ¸´µ¢´µ³ ¸µ¸ÉµÖ´¨¨ Ê¤µ¡´µ µ¶¨¸Ò¢ ÉÓ, ± ± ÔÉµ Ê¦¥ µÉ³¥-
Î ²µ¸Ó ¢ÒÏ¥, ¨¸¶µ²Ó§ÊÖ É·¨ Ê£²  �°²¥· , Ì · ±É¥·¨§ÊÕÐ¨¥ µ·¨¥´É Í¨Õ Ö¤· 
¢ ² ¡µ· Éµ·´µ° ¸¨¸É¥³¥ ±µµ·¤¨´ É, ¨ ¶¥·¥³¥´´Ò¥ ¤¥Ëµ·³ Í¨¨ β ¨ γ. ‘
¶µ³µÐÓÕ ¶µ¸²¥¤´¨Ì ¸É·µ¨É¸Ö ±µ£¥·¥´É´µ¥ ¸µ¸ÉµÖ´¨¥ |N, β, γ〉 [7]

|N, β, γ〉 =
1√

N !(1 + β2)N
(B+)N |0〉, (153)

£¤¥

B+ ≡ s+ + β

(
cos γd+

0 +
1√
2

sin γ(d+
2 + d+

−2)
)

, (154)

s+ Å µ¶¥· Éµ· ·µ¦¤¥´¨Ö ³µ´µ¶µ²Ó´µ£µ ¡µ§µ´ ; d+
µ Å µ¶¥· Éµ· ·µ¦¤¥´¨Ö

±¢ ¤·Ê¶µ²Ó´µ£µ ¡µ§µ´ ; |0〉 Å ¡µ§µ´´Ò° ¢ ±ÊÊ³.

“¸·¥¤´ÖÖ £ ³¨²ÓÉµ´¨ ´ ¶µ ¸µ¸ÉµÖ´¨Õ (153), ³Ò ¶µ²ÊÎ ¥³ Ô´¥·£¨Õ ¤¥-
Ëµ·³ Í¨¨ Ö¤·  E(N ; β, γ)

E(N ; β, γ) = 〈N, β, γ|Ĥ |N, β, γ〉, (155)

£¤¥ Ĥ Å £ ³¨²ÓÉµ´¨ ´ Ö¤· .

ƒ ³¨²ÓÉµ´¨ ´ Ö¤·  ¢µ§Ó³¥³ É¥¶¥·Ó ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Ĥ = ηn̂d − 1 − η

N
Q̂χ · Q̂χ +

∑
r

cr((d+d+)ld
+)r · ((d̄d̄)ld̄)r, (156)

£¤¥ n̂d = d+ · d̄ Å µ¶¥· Éµ· Î¨¸²  d-¡µ§µ´µ¢; Q̂χ = (d+s + sd̄)2 + χ(d+d̄)2 Å
±¢ ¤·Ê¶µ²Ó´Ò° µ¶¥· Éµ·.

’µÎ±µ° ³¥¦¤Ê µ¶¥· Éµ· ³¨ ¢ (156) µ¡µ§´ Î¥´µ ¸± ²Ö·´µ¥ ¶·µ¨§¢¥¤¥´¨¥.
�¥·¢Ò¥ ¤¢  ¸² £ ¥³ÒÌ ¢ (156) Ö¢²ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³¨. �µ¸²¥¤´¥¥ ¸² £ ¥³µ¥
¢§ÖÉµ ¨§ · ¡µÉÒ [23]. �² £µ¤ ·Ö ¢±²ÕÎ¥´¨Õ ¢ £ ³¨²ÓÉµ´¨ ´ ÔÉµ£µ Î²¥´  Ô´¥·-
£¨Ö ¤¥Ëµ·³ Í¨¨ ³µ¦¥É ¨³¥ÉÓ ³¨´¨³Ê³, µÉ¢¥Î ÕÐ¨° ´¥ ±¸¨ ²Ó´µ° Ëµ·³¥.
Šµ´¸É ´ÉÒ ¢§ ¨³µ¤¥°¸É¢¨Ö cr(r = 0, 2, 3, 4, 6) µ¶·¥¤¥²¥´Ò ´¨¦¥.

“¸·¥¤´ÖÖ £ ³¨²ÓÉµ´¨ ´ (156) ¶µ ±µ£¥·¥´É´µ³Ê ¸µ¸ÉµÖ´¨Õ (153) ¨ ´ ² £ Ö
´  ±µ´¸É ´ÉÒ cr ¸²¥¤ÊÕÐ¨¥ Ê¸²µ¢¨Ö:

1
5
c2 −

1
7
c3 +

3
49

c4 +
14
55

c6 = 0, (157)

2
35

c0 +
1
7
c3 +

3
35

c4 −
8

385
c6 = ζ(1 − η)

1
N(N − 1)

, (158)
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³Ò ¶µ²ÊÎ ¥³ É ±µ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ ¤¥Ëµ·³ Í¨¨ E(N, η, χ, ζ; β, γ):

E(N, η, χ, ζ; β, γ) = −5(1 − η) +
1

(1 + β2)2
×

×
{

(Nη − (1− η)(4N + χ2 − 8))β2 +
(

Nη + (1 − η)
(

4 − 2N + 5
7

χ2

))
β4+

+ 4(N − 1)(1 − η)

√
2
7
χβ3 cos 3γ + ζ(N − 2)(1 − η)

β6 cos2 3γ

1 + β2

}
. (159)

�Ê¤¥³ ¶·¥¤¶µ² £ ÉÓ, ÎÉµ ¶ · ³¥É· ζ ¶µ²µ¦¨É¥²¥´. ‚ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö, · ¸-
¸³µÉ·¥´´µ£µ ¢ [19], ¶µ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ § ¢¨¸¨É ´¥ µÉ ¤¢ÊÌ,   µÉ É·¥Ì ±µ´-
É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ η, χ ¨ ζ. ’ ±¨³ µ¡· §µ³, · ¸¸³µÉ·¥´¨¥ ´¥ ±¸¨ ²Ó´ÒÌ
Ëµ·³ Ö¤·  É·¥¡Ê¥É É·¥Ì³¥·´µ£µ ¶·µ¸É· ´¸É¢  ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢.

ˆ¸¸²¥¤µ¢ ´¨¥ ÉµÎ¥± ¸É Í¨µ´ ·´µ¸É¨ E(N, η, χ, ζ; β, γ) ¶µ± § ²µ, ÎÉµ ¶·¨
³ ²ÒÌ §´ Î¥´¨ÖÌ η Ô´¥·£¨Ö ¤¥Ëµ·³ Í¨¨ E(N, η, χ, ζ; β, γ) ¨³¥¥É ³¨´¨³Ê³,
µÉ¢¥Î ÕÐ¨° ´¥ ±¸¨ ²Ó´µ° ¤¥Ëµ·³¨·µ¢ ´´µ° Ëµ·³¥ Ö¤· , ¥¸²¨ ±µ´É·µ²Ó´Ò¥
¶ · ³¥É·Ò η, χ, ζ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¤¢Ê³ Ê¸²µ¢¨Ö³:

Nη < (1 − η)
(

4N + χ2 − 8 − 8(N − 1)2χ2

7(N − 2)ζ

)
, (160)

(
(1 − η)

(
4N + χ2 − 8 − 8(N − 1)2χ2

7(N − 2)ζ

)
− Nη

)3/2

4(1−η)(N−1)
(
2−1

7
χ2

)√
Nη+(1−η)

(
4N−4N+3

7
χ2+

8(N−1)2χ2

7(N−2)ζ

) >

> 2
N − 1
N − 2

√
2
7
χ2

1
ζ
. (161)

ƒ· ´¨ÍÒ, ¢ ¶·¥¤¥² Ì ±µÉµ·ÒÌ ³µ£ÊÉ ¨§³¥´ÖÉÓ¸Ö ¶ · ³¥É·Ò η, χ ¨ ζ, µ¶·¥-
¤¥²ÖÕÉ É·¥Ê£µ²Ó´ÊÕ ¶·¨§³Ê, ¢ µ¸´µ¢ ´¨¨ ±µÉµ·µ°, É. ¥. ¢ ¶²µ¸±µ¸É¨ ζ = 0,
²¥¦¨É · ¸Ï¨·¥´´Ò° É·¥Ê£µ²Ó´¨± Š ¸É¥´  [19] (¸³. ·¨¸. 1). ’ ±¨³ µ¡· §µ³,
Ê¸²µ¢¨Ö (160) ¨ (161) µ¶·¥¤¥²ÖÕÉ ¶µ¢¥·Ì´µ¸ÉÓ ¢ ¶·µ¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ
¶ · ³¥É·µ¢, µÉ¤¥²ÖÕÐÊÕ µ¡² ¸ÉÓ ¶ · ³¥É·µ¢, ¶·¨ ±µÉµ·ÒÌ ¸ÊÐ¥¸É¢Ê¥É ´¥ ±-
¸¨ ²Ó´Ò° ¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨´¨³Ê³, µÉ µ¡² ¸É¨, ¢ ±µÉµ·µ° ´¥ ±¸¨ ²Ó´ Ö
¤¥Ëµ·³ Í¨Ö µÉ¸ÊÉ¸É¢Ê¥É.

“¸²µ¢¨¥ (160) ´ ±² ¤Ò¢ ¥É ´  η µ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ:

η <

4N − 8 + χ2 − 8(N − 1)2χ2

7(N − 2)ζ

5N − 8 + χ2 − 8(N − 1)2χ2

7(N − 2)ζ

, (162)
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  Ê¸²µ¢¨¥ (161) ´ ±² ¤Ò¢ ¥É ´  ζ µ£· ´¨Î¥´¨¥ ¸´¨§Ê, ±µÉµ·µ¥ ¶·¨ N → ∞
¶·¨´¨³ ¥É ¢¨¤

ζ

(
1 − 2χ2

7ζ

)
> 8

√
χ2

7
. (163)

ˆ§ (163) ¢¨¤´µ, ÎÉµ ´¨¦´ÖÖ £· ´¨Í  ¤²Ö ζ µ¶·¥¤¥²Ö¥É¸Ö ¢ µ¸´µ¢´µ³ ¢¥²¨Î¨´µ°
χ. � ¶·¨³¥·, ¶·¨ χ, ¡²¨§±µ³ ± ´Ê²Õ, ¨ η, Ê¤µ¢²¥É¢µ·ÖÕÐ¥³ (162), ´¥ ±¸¨-
 ²Ó´Ò° ¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨´¨³Ê³ ¶µÖ¢²Ö¥É¸Ö ¶·¨ §´ Î¥´¨ÖÌ ζ, ¡²¨§±¨Ì ±
´Ê²Õ. �·¨ |χ| =

√
7/2 ³¨´¨³ ²Ó´µ¥ §´ Î¥´¨¥ ζ, ´¥µ¡Ìµ¤¨³µ¥ ¤²Ö ¶µÖ¢²¥-

´¨Ö ´¥ ±¸¨ ²Ó´µ£µ ³¨´¨³Ê³ , ¸µ¸É ¢²Ö¥É ≈ 4, 18. ’ ±¨³ µ¡· §µ³, ¶µÖ¢²¥´¨¥
Ö¤¥· ¸ ´¥ ±¸¨ ²Ó´µ° ¤¥Ëµ·³ Í¨¥° ¨²¨ ³Ö£±¨Ì µÉ´µ¸¨É¥²Ó´µ µÉ±²µ´¥´¨° µÉ
 ±¸¨ ²Ó´µ° ¸¨³³¥É·¨¨ ´ ¨¡µ²¥¥ ¢¥·µÖÉ´µ, ± ± ÔÉµ ¨ ¶·¥¤¶µ² £ ²µ¸Ó µ¡ÒÎ´µ,
É ³, £¤¥ χ ≈ 0. �Éµ, ´ ¶·¨³¥·, ¨§µÉµ¶Ò ‚ , �t ¨ Os.

…¸²¨ Ê¸²µ¢¨Ö ¶µÖ¢²¥´¨Ö ´¥ ±¸¨ ²Ó´µ£µ ¤¥Ëµ·³¨·µ¢ ´´µ£µ ³¨´¨³Ê³  ´¥
¢Ò¶µ²´ÖÕÉ¸Ö, Éµ ³¨´¨³Ê³ ²µ± ²¨§Ê¥É¸Ö ¶·¨ γ = 0 (χ < 0) ¨²¨ γ = π/3
(χ > 0). �£· ´¨Î¥´¨¥, ´ ² £ ¥³µ¥ ´  η É·¥¡µ¢ ´¨¥³ ¸ÊÐ¥¸É¢µ¢ ´¨Ö  ±¸¨ ²Ó´µ-
¸¨³³¥É·¨Î´µ£µ ³¨´¨³Ê³ , ¨³¥¥É ¢¨¤

Nη < (1 − η)

{
4N + χ2 − 8 − 8(N − 1)2χ2

7(N − 2)ζ
+

+ 3βminζ(N − 2)

∣∣∣∣∣ β3
min

1 + β2
min

− 2
(N − 1)
(N − 2)

√
2
7
χ2

1
ζ

∣∣∣∣∣+
+ ζ(N − 2)

(
β3

min

1 + β2
min

− 2
(N − 1)
(N − 2)

√
2
7
χ2

1
ζ

)2}
, (164)

£¤¥ βmin Å §´ Î¥´¨¥ β ¢ ³¨´¨³Ê³¥. ‘· ¢´¨¢ Ö (164) c Ê¸²µ¢¨¥³ (160), ¢¨-
¤¨³, ÎÉµ ¶·¨ Ê¢¥²¨Î¥´¨¨ η µÉ ´Ê²Ö ¶·¨ ´¥±µÉµ·µ³ §´ Î¥´¨¨ ÔÉµ£µ ¶ · ³¥É· 
¶¥·¥¸É ¥É ¢Ò¶µ²´ÖÉÓ¸Ö Ê¸²µ¢¨¥ (160), ´µ ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥ (164). ’ ±¨³
µ¡· §µ³, ¶·¨ Ê¢¥²¨Î¥´¨¨ η ¤¥Ëµ·³¨·µ¢ ´´Ò° ´¥ ±¸¨ ²Ó´Ò° ³¨´¨³Ê³ ¶¥·¥-
Ìµ¤¨É ¢ ¤¥Ëµ·³¨·µ¢ ´´Ò°  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò° ³¨´¨³Ê³. �¨¦¥ ¡Ê¤¥É
¶µ± § ´µ, ÎÉµ ÔÉµ Ë §µ¢Ò° ¶¥·¥Ìµ¤ ¢Éµ·µ£µ ·µ¤ . ‚ ÔÉµ³ ¸²ÊÎ ¥ ´¥É ¸µ¸ÊÐ¥-
¸É¢µ¢ ´¨Ö ¤¥Ëµ·³¨·µ¢ ´´ÒÌ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° ¨ ´¥ ±¸¨ ²Ó´µ° Ë §.
‚¤µ²Ó ²¨´¨¨ ¶¥·¥Ìµ¤  ¨¸Î¥§ ¥É · §²¨Î¨¥ ³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö Ë § ³¨. �·¨
¤ ²Ó´¥°Ï¥³ Ê¢¥²¨Î¥´¨¨ η (χ �= 0) ¶µÖ¢²Ö¥É¸Ö ³¨´¨³Ê³ ¶·¨ β = 0, ´µ ³¨´¨-
³Ê³ ¶·¨ ´¥´Ê²¥¢µ³ β ¶·µ¤µ²¦ ¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ. ƒ²Ê¡¨´Ò µ¡µ¨Ì ³¨´¨³Ê³µ¢
¸· ¢´¨¢ ÕÉ¸Ö ¶·¨ η = ηcrit [19].

� ¸¸³µÉ·¨³ ¡µ²¥¥ ¤¥É ²Ó´µ ¶¥·¥Ìµ¤ µÉ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° Ëµ·³Ò
Ö¤·  ± ´¥ ±¸¨ ²Ó´µ°. �·¨ Ê¸²µ¢¨¨ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ´¥ ±¸¨ ²Ó´µ£µ ¤¥Ëµ·³¨·µ-
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¢ ´´µ£µ ³¨´¨³Ê³ 

E(N, η, χ, ζ; β, γmin) = Nη − (1 − η)
(

1 +
2N + 5

7
χ2

)
−

− 1
1 + β2

{
Nη + (1 − η)

(
4N − 4N + 3

7
χ2

)
+ (1 − η)

8(N − 1)2χ2

7(N − 2)ζ

}
+

+
1

(1 + β2)2
2(1 − η)(N − 1)

(
2 − 1

7
χ2

)
. (165)

…¸²¨ ¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨´¨³Ê³  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò° (ζ ´¥¤µ¸É ÉµÎ´µ
¢¥²¨±µ), Éµ

E(N, η, χ, ζ; β, γ = 0 ¨²¨ π/3) = Nη − (1 − η)
(

1 +
2N + 5

7
χ2

)
−

− 1
1 + β2

{
Nη + (1 − η)

(
4N − 4N + 3

7
χ2

)
+ (1 − η)

8(N − 1)2χ2

7(N − 2)ζ

}
+

+
1

(1 + β2)2
2(1 − η)(N − 1)

(
2 − 1

7
χ2

)
+

+ (1 − η)ζ(N − 2)

(
β3

1 + β2
− 2

(N − 1)
(N − 2)

√
2
7
χ2

1
ζ

)2
1

1 + β2
. (166)

„¥É ²Ó´µ¥ · ¸¸³µÉ·¥´¨¥ ¶µ± § ²µ, ÎÉµ ¥¸²¨

β3

1 + β2
< 2

(N − 1)
(N − 2)

√
2
7
χ2

1
ζ
, (167)

Éµ ¸ÊÐ¥¸É¢Ê¥É Éµ²Ó±µ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò° ¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨´¨³Ê³.
�µ²µ¦¥´¨¥ ÔÉµ£µ ³¨´¨³Ê³  ¶µ β ³µ¦´µ ´ °É¨, ¶·¨· ¢´Ö¢ ´Ê²Õ ¶·µ¨§¢µ¤´ÊÕ
µÉ ¢Ò· ¦¥´¨Ö (166) ¶µ β.

…¸²¨
β3

1 + β2
> 2

(N − 1)
(N − 2)

√
2
7
χ2

1
ζ

(168)

(ÔÉµ Ê¸²µ¢¨¥ Ô±¢¨¢ ²¥´É´µ (161)), Éµ ¢³¥¸Éµ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ£µ ¤¥-
Ëµ·³¨·µ¢ ´´µ£µ ³¨´¨³Ê³  ¶µÖ¢²Ö¥É¸Ö ´¥ ±¸¨ ²Ó´Ò° ¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨-
´¨³Ê³. �µ²µ¦¥´¨¥ ÔÉµ£µ ³¨´¨³Ê³  ³µ¦´µ ´ °É¨, ¶·¨· ¢´Ö¢ ´Ê²Õ ¶·µ¨§¢µ¤-
´ÊÕ µÉ ¢Ò· ¦¥´¨Ö (165) ¶µ β. ‚ ÉµÎ±¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤  µÉ  ±¸¨ ²Ó´µ-
¸¨³³¥É·¨Î´µ° ¤¥Ëµ·³ Í¨¨ ± ´¥ ±¸¨ ²Ó´µ°

β3

1 + β2
= 2

(N − 1)
(N − 2)

√
2
7
χ2

1
ζ
. (169)
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ˆ§ ¸· ¢´¥´¨Ö ¢Ò· ¦¥´¨° (165) ¨ (166) ¢¨¤´µ, ÎÉµ Ô´¥·£¨Ö ¤¥Ëµ·³ Í¨¨ ¢ ÉµÎ±¥
Ë §µ¢µ£µ ¶¥·¥Ìµ¤  Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´µ° ËÊ´±Í¨¥° ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢.
�µ¸±µ²Ó±Ê ¢Ò· ¦¥´¨Ö (165) ¨ (166) · §²¨Î ÕÉ¸Ö ¸² £ ¥³Ò³, ±¢ ¤· É¨Î´Ò³ ¶µ(

β3

1 + β2
− 2

(N − 1)
(N − 2)

√
2
7
χ2

1
ζ

)
, (170)

Éµ ¨ ¶¥·¢Ò¥ ¶·µ¨§¢µ¤´Ò¥ µÉ Ô´¥·£¨¨ ¤¥Ëµ·³ Í¨¨ ¶µ ±µ´É·µ²Ó´Ò³ ¶ · ³¥É· ³
´¥¶·¥·Ò¢´Ò ¢ ÉµÎ±¥ Ë §µ¢µ£µ ¶¥·¥Ìµ¤ . �¤´ ±µ ¢Éµ·Ò¥ ¶·µ¨§¢µ¤´Ò¥ É¥·¶ÖÉ
· §·Ò¢ ¢ ÔÉµ° ÉµÎ±¥. ’ ±¨³ µ¡· §µ³, ¶¥·¥Ìµ¤ µÉ  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° ±
´¥ ±¸¨ ²Ó´µ° ¤¥Ëµ·³ Í¨¨ Ö¢²Ö¥É¸Ö Ë §µ¢Ò³ ¶¥·¥Ìµ¤µ³ ¢Éµ·µ£µ ·µ¤ .

� ¸¸³µÉ·¨³ ¶µ¢¥¤¥´¨¥ Ö¤¥· ¢¡²¨§¨ ±·¨É¨Î¥¸±µ° ÉµÎ±¨ ¶µ η ¶·¨ §´ Î¥-
´¨ÖÌ ζ, µ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ¶µÖ¢²¥´¨¥ ´¥ ±¸¨ ²Ó´µ£µ ³¨´¨³Ê³ . ˆ¸¶µ²Ó§Ê¥³ ¤²Ö
ÔÉ¨Ì Í¥²¥° Ê· ¢´¥´¨¥ �µ· ÄŒµÉÉ¥²Ó¸µ´ 

{
− �2

2B

[
1
β4

∂

∂β

(
β4 ∂

∂β

)
+

1
β2

×

×
(

1
sin 3γ

∂

∂γ

(
sin 3γ

∂

∂γ

)
− 1

4

3∑
k=1

Î2
k

sin2(γ − (2π/3)k)

)]
+

+V (β, γ) − E

}
Ψ(β, γ, θi) = 0, (171)

£¤¥ θi Å É·¨ Ê£²  �°²¥· . �µÉ¥´Í¨ ² V (β, γ) ¢µ§Ó³¥³ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

V (β, γ) = u(β) +
1
2
Dβ6 cos2 3γ. (172)

�·¥¤¶µ²µ¦¨³, ÎÉµ ±µÔËË¨Í¨¥´É ¦¥¸É±µ¸É¨ D ¤µ¸É ÉµÎ´µ ¢¥²¨±, ÎÉµ¡Ò · ¸-
¸³ É·¨¢ ÉÓ Éµ²Ó±µ ±µ²¥¡ ´¨Ö ³ ²µ°  ³¶²¨ÉÊ¤Ò µÉ´µ¸¨É¥²Ó´µ γ = π/6. ’µ£¤ 
Ê· ¢´¥´¨¥ (171) ¶·¨¡²¨¦¥´´µ § ¶¨Ï¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

{
− �2

2B

[
1
β4

∂

∂β

(
β4 ∂

∂β

)
+

1
β2

(
∂2

∂x2
− 9DB

�2
β8x2 − I(I + 1) +

3
4
I2
1

)]
+

+u(β) − E

}
Ψ(β, x, θi) = 0, (173)

£¤¥ x = γ − π/6. ˆ§ (173) ¢¨¤´µ, ÎÉµ § ¢¨¸¨³µ¸ÉÓ ¶µ²´µ° ¢µ²´µ¢µ° ËÊ´±Í¨¨
µÉ x ¨ θi ³µ¦¥É ¡ÒÉÓ µÉ¤¥²¥´ :
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Ψ(β, x, θi) = f(β) exp
(
−Bω

2�
β4x2

)
×

× 1√√
πn!2n

Hn

(
xβ2

√
Bω

�

)
DI

MK(θi), (174)

£¤¥ ω = 3(D/B)1/2; Hn Å ¶µ²¨´µ³ �·³¨É ; n = 0, 1, 2, ...; K Å ¶·µ¥±Í¨Ö
Ê£²µ¢µ£µ ³µ³¥´É  ´  µ¸Ó 1 ¢´ÊÉ·¥´´¥° ¸¨¸É¥³Ò ±µµ·¤¨´ É. ‘ ÉµÎ±¨ §·¥´¨Ö
³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¶·¥¤¶µ²µ¦¥´¨¥ µ Éµ³, ÎÉµ ³¨´¨³Ê³ ¶µ
γ ²µ± ²¨§µ¢ ´ ¶·¨ γ = π/6, µ§´ Î ¥É, ÎÉµ χ = 0. �µ ¶·¨ χ = 0 ´¥ ±¸¨-
 ²Ó´Ò° ³¨´¨³Ê³ ¢µ§´¨± ¥É Ê¦¥ ¶·¨ ´¥¡µ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ζ. �µ¸É ζ ²¨ÏÓ
Ê¢¥²¨Î¨¢ ¥É Ô´¥·£¨Õ 0+

τ -¸µ¸ÉµÖ´¨Ö.
“· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ f(β) ¨³¥¥É ¢¨¤{
− �2

2B

1
β4

∂

∂β

(
β4 ∂

∂β

)
+

1
β2

�2

2B

(
I(I + 1) − 3

4
K2

)
+

+u(β) + �ω

(
n +

1
2

)
β2 − E

}
f(β) = 0. (175)

‘²¥¤ÊÖ [2],  ¶¶·µ±¸¨³¨·Ê¥³ ÔËË¥±É¨¢´ÊÕ ¶µÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ ± ± ËÊ´±-
Í¨Õ β ¶·Ö³µÊ£µ²Ó´µ° Ö³µ°:

u(β) + �ω

(
n +

1
2

)
β2 → �ω

(
n +

1
2

)
〈β2〉, β � βw,

(176)

u(β) + �ω

(
n +

1
2

)
β2 → ∞, β > βw.

‚ ÔÉµ³ ¸²ÊÎ ¥
f(β) = β−3/2ClIKJν(klIKβ), (177)

£¤¥ ν =
√

I(I + 1) − (3/4)K2 + 9/4; klIK = xlIK/βw; xlIK Å l-° ±µ·¥´Ó

Jν(z); l = 1, 2, 3, . . . ; ClIK =
√

2/βwJ
′

ν(xlIK) ¨

ElIKn =
�2

2Bβ2
w

x2
lIK + �ωn〈lIKn|β2|lIKn〉. (178)

�¶¥· Éµ· ±¢ ¤·Ê¶µ²Ó´µ£µ ³µ³¥´É , ´¥µ¡Ìµ¤¨³Ò° ¤²Ö · ¸Î¥É  ¢¥·µÖÉ´µ-
¸É¥° E2-¶¥·¥Ìµ¤µ¢, ¨³¥¥É ¢¨¤

Q2µ = e2β

(
D2

µ0 cos γ +
1√
2
(D2

µ2 + D2
µ−2) sin γ

)
, (179)

£¤¥ e2 Å ÔËË¥±É¨¢´Ò° § ·Ö¤. ‚ ´ Ï¨Ì · ¸Î¥É Ì µ´, µ¤´ ±µ, ´¥ ¨¸¶µ²Ó§µ¢ ²¸Ö,
¶µ¸±µ²Ó±Ê ¢ÒÎ¨¸²Ö²¨¸Ó Éµ²Ó±µ µÉ´µÏ¥´¨Ö ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢.
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�¥§Ê²ÓÉ ÉÒ · ¸Î¥É  µÉ´µÏ¥´¨° Ô´¥·£¨° ´¥¸±µ²Ó±¨Ì ´¨§±µ²¥¦ Ð¨Ì ¸µ-
¸ÉµÖ´¨° ¨ ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢ ¨ ¨Ì ¸· ¢´¥´¨¥ ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²Ê-
Î¥´´Ò³¨ ¢ ¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨ [2], ¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨
¤²Ö 134Ba ¶·¨¢¥¤¥´Ò ¢ É ¡². 7, 8. 134Ba ¢Ò¡· ´ ¤²Ö ¸· ¢´¥´¨Ö ± ± Ö¤·µ,
´ ¨¡µ²¥¥ ¡²¨§±µ¥ ± ¶¥·¥Ìµ¤´µ° µ¡² ¸É¨ ¶µ β-¤¥Ëµ·³ Í¨¨ ¨ µ¤´µ¢·¥³¥´´µ
γ-´¥¸É ¡¨²Ó´µ¥ [13].

’ ¡²¨Í  7. ‘· ¢´¥´¨¥ µÉ´µÏ¥´¨° Ô´¥·£¨° ´¨§±µ²¥¦ Ð¨Ì ¸µ¸ÉµÖ´¨°, · ¸¸Î¨É ´´ÒÌ
¢ ´ ¸ÉµÖÐ¥³ · §¤¥²¥ (Th), ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨ ¢ ¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨,
¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö 134Ba

E(4+
1 )/E(2+

1 ) E(6+
1 )/E(2+

1 ) E(2+
2 )/E(2+

1 ) E(0+
β )/E(2+

1 )

Th 2,35 3,98 1,84 3,91
134Ba 2,31 3,66 1,93 3,57

E(5) 2,20 3,59 2,20 3,03

’ ¡²¨Í  8. ‘· ¢´¥´¨¥ µÉ´µÏ¥´¨° ¢¥·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢, · ¸¸Î¨É ´´ÒÌ ¢ ´ -
¸ÉµÖÐ¥³ · §¤¥²¥ (Th), ¸ ·¥§Ê²ÓÉ É ³¨, ¶µ²ÊÎ¥´´Ò³¨ ¢ ¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨, ¨
Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ ¤²Ö 134Ba

B(E2; 4+
1 → 2+

1 )

B(E2; 2+
1 → 0+

1 )

B(E2; 2+
2 → 2+

1 )

B(E2; 2+
1 → 0+

1 )

B(E2; 0+
β → 2+

1 )

B(E2; 2+
1 → 0+

1 )

B(E2; 0+
β → 2+

2 )

B(E2; 0+
β → 2+

1 )

Th 1,59 1,62 0,75 0
134Ba 1,56(18) 2,2± 0,7 0,42(12) 0,18(8)

E(5) 1,68 1,68 0,86 0

ˆ§ É ¡². 7 ¨ 8 ¢¨¤´µ, ÎÉµ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥ ¢ ´ ¸ÉµÖÐ¥³ · §¤¥²¥,
´ Ìµ¤ÖÉ¸Ö ¢ Ìµ·µÏ¥³ ¸µ£² ¸¨¨ ¸ ¤ ´´Ò³¨ ¤²Ö 134‚ . ‚ Éµ ¦¥ ¢·¥³Ö µ´¨ ¡²¨§±¨
± ·¥§Ê²ÓÉ É ³, ¶µ²ÊÎ¥´´Ò³ ¢ ¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨, ÌµÉÖ ¨ ¨³¥ÕÉ¸Ö ´¥±µ-
Éµ·Ò¥ µÉ²¨Î¨Ö. � ¶·¨³¥·, µÉ´µÏ¥´¨¥ E(2+

2 )/E(2+
1 ) ¢ 134‚  ¡²¨¦¥ ± ·¥§Ê²Ó-

É É ³ ¤ ´´µ° · ¡µÉÒ, Éµ£¤  ± ± ¢¥²¨Î¨´  E(0+
β )/E(2+

1 ) ²ÊÎÏ¥ µ¶¨¸Ò¢ ¥É¸Ö ¢
¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨. E(5)-¸¨³³¥É·¨Ö ¶·¥¤¶µ² £ ¥É ´¥§ ¢¨¸¨³µ¸ÉÓ ¶µÉ¥´-
Í¨ ²Ó´µ° Ô´¥·£¨¨ µÉ γ, Éµ£¤  ± ± ¢ ´ Ï¥³ · ¸Î¥É¥ ¶·¥¤¶µ² £ ¥É¸Ö, ÎÉµ Ô´¥·£¨Ö
¤¥Ëµ·³ Í¨¨ ¶·¨ § ¤ ´´µ³ β ¨³¥¥É ³¨´¨³Ê³ ¶·¨ γ = π/6. ’ ±¨³ µ¡· §µ³,
É·Ê¤´µ ¸¤¥² ÉÓ ¢Ò¡µ· ³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö ¶·¥¤¶µ²µ¦¥´¨Ö³¨, µ¸´µ¢Ò¢ Ö¸Ó ´ 
¨³¥ÕÐ¨Ì¸Ö ¤ ´´ÒÌ ¤²Ö 134‚ . ‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ÊÎ¥É ±µ´¥Î´µ¸É¨ Î¨¸² 
¢ ²¥´É´ÒÌ ´Ê±²µ´µ¢ µÎ¥´Ó ¢ ¦¥´ ¨ ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥ ¢ ³µ¤¥²¨ ¢§ ¨-
³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¤²Ö N = 5, ´¥¸±µ²Ó±µ µÉ²¨Î ÕÉ¸Ö µÉ ¶µ²ÊÎ¥´´ÒÌ ¢
· ³± Ì ³µ¤¥²¨ �µ· ÄŒµÉÉ¥²Ó¸µ´  ¢ ¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨. �¤´ ±µ ´ Ï¨
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·¥§Ê²ÓÉ ÉÒ ¸²¥¤Ê¥É ¸· ¢´¨¢ ÉÓ ¸ E(5)-¶·¥¤¥²µ³ ³µ¤¥²¨ �µ· ÄŒµÉÉ¥²Ó¸µ´ ,
É ± ± ± ¢ µ¡µ¨Ì ¸²ÊÎ ÖÌ ¢ µ¸´µ¢¥ ²¥¦¨É µ¤¨´ ¨ ÉµÉ ¦¥ £ ³¨²ÓÉµ´¨ ´.

ˆÉ ±, ¨¸¶µ²Ó§ÊÖ ³µ¤¥²Ó ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, ³Ò · ¸¸³µÉ·¥²¨
Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò ³¥¦¤Ê · §²¨Î´Ò³¨ Ëµ·³ ³¨ Ö¤·  ¢ ¶·µ¸É· ´¸É¢¥ É·¥Ì
±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ η, χ ¨ ζ. ‚ § ¢¨¸¨³µ¸É¨ µÉ §´ Î¥´¨° ÔÉ¨Ì ¶ · -
³¥É·µ¢ · ¢´µ¢¥¸´ Ö Ëµ·³  Ö¤·  ³µ¦¥É ¡ÒÉÓ ¸Ë¥·¨Î¥¸±µ°, ¤¥Ëµ·³¨·µ¢ ´´µ°
 ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ° ¨ ´¥ ±¸¨ ²Ó´µ°. �Ò²µ ¶µ± § ´µ, ÎÉµ ¶·¨ χ ≈ 0 ´¥-
¡µ²ÓÏµ¥ Ê¢¥²¨Î¥´¨¥ ¶ · ³¥É·  ζ ³µ¦¥É ¶·¨¢¥¸É¨ ± ¶µÖ¢²¥´¨Õ ´¥ ±¸¨ ²Ó´µ£µ
³¨´¨³Ê³ . „ ²¥¥, µ¸´µ¢Ò¢ Ö¸Ó ´  £ ³¨²ÓÉµ´¨ ´¥ ³µ¤¥²¨ �µ· ÄŒµÉÉ¥²Ó¸µ´ ,
³Ò · ¸¸³µÉ·¥²¨ ¸²ÊÎ °, ±µ£¤  Ô´¥·£¨Ö ¤¥Ëµ·³ Í¨¨ ¨³¥¥É ³¨´¨³Ê³ ¶·¨ γ =
π/6, ´µ ¸¨¸É¥³  β-´¥¸É ¡¨²Ó´ . ‚ ÔÉµ³ ¸²ÊÎ ¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö Ô´¥·£¨° ¨ ¢¥-
·µÖÉ´µ¸É¥° E2-¶¥·¥Ìµ¤µ¢ ¡²¨§±¨ ± ¶µ²ÊÎ¥´´Ò³ ¢ ¶·¥¤¥²¥ E(5)-¸¨³³¥É·¨¨
(β- ¨ γ-´¥¸É ¡¨²Ó´µ¸ÉÓ), ÌµÉÖ ¨ ´¥¸±µ²Ó±µ µÉ²¨Î ÕÉ¸Ö µÉ ¶µ¸²¥¤´¨Ì. ‚ Éµ
¦¥ ¢·¥³Ö ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¡²¨§±¨ ± Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ ¤²Ö 134‚ .
’ ±¨³ µ¡· §µ³, ¢±²ÕÎ¥´¨¥ ¢ · ¸¸³µÉ·¥´¨¥ ´¥ ±¸¨ ²Ó´µ° ¤¥Ëµ·³ Í¨¨ · ¸-
Ï¨·Ö¥É µ¡² ¸ÉÓ, ¢ ±µÉµ·µ° ³µ£ÊÉ ´ ¡²Õ¤ ÉÓ¸Ö · §²¨Î´Ò¥ Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò.
“Î¥É ´¥ ±¸¨ ²Ó´µ¸É¨ ³µ¦¥É µ± § ÉÓ¸Ö ¶µ²¥§´Ò³ ¨ ¶·¨ ¨´É¥·¶·¥É Í¨¨ Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, µÉ´µ¸ÖÐ¨Ì¸Ö ± Ö¤· ³, ±µÉµ·Ò¥ ¶·¨´ÖÉµ ¸Î¨É ÉÓ γ-´¥-
¸É ¡¨²Ó´Ò³¨.

9. ”��Œ� Ÿ„��, ‘’��ˆ‹œ�›… Š��”ˆƒ“��–ˆˆ
ˆ ”��Œ�‹ˆ‡Œ ’…��ˆˆ Š�’�‘’��”

‚ ÔÉµ³ · §¤¥²¥ µ¡§µ·  ³Ò ¨¸¸²¥¤Ê¥³ ¸¢µ°¸É¢  Ô´¥·£¥É¨Î¥¸±µ° ¶µ¢¥·Ì-
´µ¸É¨ (¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨), É. ¥. ¸·¥¤´¥£µ µÉ £ ³¨²ÓÉµ´¨ ´  Ö¤· , ± ±
ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ, µ¶¨¸Ò¢ ÕÐ¨Ì Ëµ·³Ê, ¨ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢, ¨¸-
¶µ²Ó§ÊÖ ¡µ²¥¥ µ¡Ð¨° Ëµ·³ ²¨§³, Î¥³ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì,   ¨³¥´´µ Ëµ·-
³ ²¨§³ É¥µ·¨¨ ± É ¸É·µË, ±µÉµ· Ö ¡ §¨·Ê¥É¸Ö ´  ³ É¥³ É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ É Ì
ËÊ´±Í¨µ´ ²Ó´µ£µ  ´ ²¨§  [24]. ‚ µ¡Ð¥³ ¸²ÊÎ ¥ Ê¸·¥¤´¥´¨¥ £ ³¨²ÓÉµ´¨ ´ 
µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶µ ´¥±µÉµ·µ° ¶·µ¡´µ° ËÊ´±Í¨¨. �·¨ ÔÉµ³ ¸²¥¤Ê¥É µÉ³¥É¨ÉÓ,
ÎÉµ Î¥³ ¡µ²¥¥ µ¡Ð¨° ¢¨¤ ¨³¥¥É ¶·µ¡´ Ö ËÊ´±Í¨Ö, É¥³ ¡µ²ÓÏ¨³ ¡Ê¤¥É ¶·µ-
¸É· ´¸É¢µ ¨¸¸²¥¤Ê¥³ÒÌ ·¥Ï¥´¨°. …¸²¨ £ ³¨²ÓÉµ´¨ ´ ¨³¥¥É, ± ± ¢ ¸²ÊÎ ¥ ³µ-
¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢,  ²£¥¡· ¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê, Éµ ²ÊÎÏ¨³¨
¶·µ¡´Ò³¨ ËÊ´±Í¨Ö³¨ ¡Ê¤ÊÉ ±µ£¥·¥´É´Ò¥ ¸µ¸ÉµÖ´¨Ö. ˆ³¥´´µ ´  ´¨Ì ¨ ¡ §¨-
·µ¢ ²µ¸Ó ´ Ï¥ ¶·¥¤Ò¤ÊÐ¥¥ · ¸¸³µÉ·¥´¨¥. ŒÒ Ê¦¥ ¶µ± § ²¨, ÎÉµ ±µ£¥·¥´É´Ò¥
¸µ¸ÉµÖ´¨Ö ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¸µ¤¥·¦ É ¢ ± Î¥¸É¢¥ ±µ³¶µ-
´¥´É ¶µ²´Ò° ¡ §¨¸ ¸µ¸ÉµÖ´¨°, ¸ ¶µ³µÐÓÕ ±µÉµ·µ£µ ¸É·µÖÉ¸Ö ¸µ¡¸É¢¥´´Ò¥
¢¥±Éµ·Ò £ ³¨²ÓÉµ´¨ ´ .

‚ ¤ ´´µ³ · §¤¥²¥, ¢ µÉ²¨Î¨¥ µÉ · ¸¸³µÉ·¥´¨Ö ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì,
³Ò ¶·µ ´ ²¨§¨·Ê¥³ ´ ¨¡µ²¥¥ µ¡Ð¥£µ ¢¨¤  £ ³¨²ÓÉµ´¨ ´ ³µ¤¥²¨ ¢§ ¨³µ¤¥°-
¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢. ‚ Éµ ¦¥ ¢·¥³Ö ¡Ê¤¥É ¶µ± § ´µ, ÎÉµ, ´¥¸³µÉ·Ö ´  ¡µ²¥¥
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µ¡Ð¨° ¢¨¤ £ ³¨²ÓÉµ´¨ ´ , · ¢´µ¢¥¸´Ò¥ ±µ´Ë¨£Ê· Í¨¨ ³µ¦´µ ¡Ê¤¥É µ¶¨¸Ò-
¢ ÉÓ, ± ± ¨ ¢ÒÏ¥, ¶·¨ ¶µ³µÐ¨ Éµ²Ó±µ ¤¢ÊÌ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢. � Ï¥
· ¸¸³µÉ·¥´¨¥ ¡Ê¤¥É ¶·µ¢µ¤¨ÉÓ¸Ö ¶µ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. �  ¶¥·¢µ³ ÔÉ ¶¥ ´ °-
¤¥³ ¢¸¥ ±·¨É¨Î¥¸±¨¥ ÉµÎ±¨, É. ¥. ¢¸¥ ÉµÎ±¨ · ¢´µ¢¥¸¨Ö, ¨ ¢ÒÖ¸´¨³, ± ±¨¥ ¨§
´¨Ì Ö¢²ÖÕÉ¸Ö ÉµÎ± ³¨ ³µ·¸µ¢¸±µ£µ É¨¶ ,   ± ±¨¥ ´¥É. �µ µ¶·¥¤¥²¥´¨Õ ¢
ÉµÎ± Ì ³µ·¸µ¢¸±µ£µ É¨¶  ¶µ¢¥·Ì´µ¸ÉÓ ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ ³µ¦¥É ¡ÒÉÓ
 ¶¶·µ±¸¨³¨·µ¢ ´  ±¢ ¤· É¨Î´µ° Ëµ·³µ°. ‚ ´¥³µ·¸µ¢¸±¨Ì ÉµÎ± Ì Ô´¥·£¥É¨-
Î¥¸± Ö ¶µ¢¥·Ì´µ¸ÉÓ  ¶¶·µ±¸¨³¨·Ê¥É¸Ö ËÊ´±Í¨¥° ± É ¸É·µËÒ [24], ±µÉµ· Ö
¸É·µ¨É¸Ö ¶·¨ ¶µ³µÐ¨ ·µ¸É±  ± É ¸É·µËÒ ¨ ¢µ§³ÊÐ¥´¨Ö. ‚ ¸²ÊÎ ¥, ±µ£¤  Î¨-
¸²µ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ ´¥ ¶·¥¢ÒÏ ¥É ¶ÖÉ¨, ¢¸¥ ± ´µ´¨Î¥¸±¨¥ ·µ¸É±¨
± É ¸É·µË ¨ ¢µ§³ÊÐ¥´¨Ö ¨§¢¥¸É´Ò (µ´¨ ¶·¨¢¥¤¥´Ò ¢ ³µ´µ£· Ë¨¨ [24]).

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¨¸¶µ²Ó§µ¢ ÉÓ ¸²¥¤ÊÕÐ¨° µ¡Ð¨° £ ³¨²ÓÉµ´¨ ´ ³µ-
¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢, § ¢¨¸ÖÐ¨° µÉ ¸¥³¨ · §³¥·´ÒÌ ¶ · ³¥-
É·µ¢ [25]:

HIBM =
(

ε − u0(N − 1)
2

)
n̂d +

∑
L=0,2,4

1
2
cL

√
2L + 1((d+d+)L(d̄d̄)L)0+

+
v2√
2

(
((d+d+)2d̄)0s + h. c.

)
+

v0

2
(
(d+d+)0ss + h. c.

)
+

+
(

u2√
5
− u0

2

)
n̂ds

+s. (180)

„²Ö ¸· ¢´¥´¨Ö ¶·¨¢¥¤¥³ · ¸¸³µÉ·¥´´Ò° ¢ÒÏ¥ £ ³¨²ÓÉµ´¨ ´ ¸ ±¢ ¤·Ê¶µ²Ó-
±¢ ¤·Ê¶µ²Ó´Ò³ ¢§ ¨³µ¤¥°¸É¢¨¥³, § ¢¨¸ÖÐ¨° Éµ²Ó±µ µÉ ¤¢ÊÌ ¡¥§· §³¥·´ÒÌ
±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ ¨ § ¶¨¸ ´´Ò° ¢ ´µ·³ ²Ó´µ³ ¢¨¤¥:

H =
(

η +
4
N

(1 − η) − χ2 (1 − η)
N

)
n̂d − χ2 (1 − η)

N
(d+d+)0(d̄d̄)0+

+
3
√

5
14

χ2 (1 − η)
N

((d+d+)2(d̄d̄)2)0 −
6
7
χ2 (1 − η)

N
((d+d+)4(d̄d̄)4)0−

− 2
√

5χ
(1 − η)

N

(
((d+d+)2d̄)0s + h. c.

)
−
√

5
(1 − η)

N

(
(d+d+)0ss + h. c.

)
−

− 2(1 − η)
N

n̂ds
+s. (181)

’ ± ± ± £ ³¨²ÓÉµ´¨ ´ (181) ¡¥§· §³¥·´Ò°, Éµ, ¸· ¢´¨¢ Ö ¢Ò· ¦¥´¨Ö (180) ¨
(181) ¨ ¸µ¶µ¸É ¢²ÖÖ ±µÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ µ¤¨´ ±µ¢Ò³¨ µ¶¥· Éµ· ³¨ ¢ µ¡µ¨Ì
£ ³¨²ÓÉµ´¨ ´ Ì, ³µ¦´µ £µ¢µ·¨ÉÓ Éµ²Ó±µ µ ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨ ±µÔËË¨Í¨-
¥´Éµ¢, ´µ ¸ µ¡Ð¨³ ±µÔËË¨Í¨¥´Éµ³ ¶·µ¶µ·Í¨µ´ ²Ó´µ¸É¨. ’ ±µ¥ ¸· ¢´¥´¨¥
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¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¨³ ·¥§Ê²ÓÉ É ³:

v0 ∼ −2
√

5
(1 − η)

N
; v2 ∼ 2

√
5χ

(1 − η)
N

;

c0 ∼ −2χ2 (1 − η)
N

; c2 ∼ 3
7
χ2 (1 − η)

N
; c4 ∼ −4

7
χ2 (1 − η)

N
; (182)(

u2√
5
− u0

2

)
∼ −2(1 − η)

N
;
(

ε − u0(N − 1)
2

)
∼ η + (4 − χ2)

(1 − η)
N

.

„²Ö ¸·¥¤´¥£µ µÉ £ ³¨²ÓÉµ´¨ ´  (180) ¶µ ±µ£¥·¥´É´µ³Ê ¸µ¸ÉµÖ´¨Õ ¶µ²ÊÎ ¥É¸Ö
¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

E(β, γ) = 〈N, βγ|HIBM|N, βγ〉 =
Nεβ2

(1 + β2)
+

N(N − 1)
(1 + β2)2

×

×
(
a1β

4 + a2β
3 cos 3γ + a3β

2 +
u0

2

)
, (183)

£¤¥

a1 =
1
10

c0 +
1
7
c2 +

9
35

c4,

a2 = − 2√
35

v2, a3 =
1√
5
(v0 + u2).

’ ±¨³ µ¡· §µ³, E(β, γ) § ¢¨¸¨É µÉ ¶ÖÉ¨ · §³¥·´ÒÌ ¶ · ³¥É·µ¢ ε, u0, a1, a2

¨ a3.
�·¨³¥´¨³ É¥¶¥·Ó  ¶¶ · É É¥µ·¨¨ ± É ¸É·µË ±  ´ ²¨§Ê ¢Ò· ¦¥´¨Ö (183).

‚ µ¡Ð¥³ ¸²ÊÎ ¥ É ±µ°  ´ ²¨§ ¢±²ÕÎ ¥É ¸²¥¤ÊÕÐ¨¥ Ï £¨.
i) �¶·¥¤¥²ÖÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ ±µ´É·µ²Ó´Ò¥ ¶ · ³¥É·Ò ¨ ·µ¸É±¨ ± É -

¸É·µË. �¤´µ¢·¥³¥´´µ ´ Ìµ¤ÖÉ¸Ö ±·¨É¨Î¥¸±¨¥ ÉµÎ±¨, É. ¥. ÉµÎ±¨ · ¢´µ¢¥¸¨Ö.
ˆ§ ´¨Ì ¢Ò¤¥²Ö¥É¸Ö ±·¨É¨Î¥¸± Ö ÉµÎ±  ¸ ³ ±¸¨³ ²Ó´Ò³ ¢Ò·µ¦¤¥´¨¥³. �´ 
´ §Ò¢ ¥É¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³ ±µ·´¥³. ‡ É¥³ ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö E(β, γ)
· §² £ ¥É¸Ö ¢ ·Ö¤ ’¥°²µ·  ¢¡²¨§¨ ËÊ´¤ ³¥´É ²Ó´µ£µ ±µ·´Ö. �µ¸É±µ³ ± -
É ¸É·µËÒ ¤²Ö £ ³¨²ÓÉµ´¨ ´  ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ Ö¢²Ö¥É¸Ö
¶¥·¢Ò° Î²¥´ ¢ ÔÉµ³ · §²µ¦¥´¨¨, ±µÉµ·Ò° ´¥²Ó§Ö Ê´¨ÎÉµ¦¨ÉÓ ¶µ¤¡µ·µ³ ±µ´-
É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢.

ii) �¶·¥¤¥²Ö¥É¸Ö ¡¨ËÊ·± Í¨µ´´µ¥ ³´µ¦¥¸É¢µ, É. ¥. £¥µ³¥É·¨Î¥¸±µ¥ ³¥¸Éµ
ÉµÎ¥± ¢ ¶·µ¸É· ´¸É¢¥ ¸ÊÐ¥¸É¢¥´´ÒÌ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢, ¢ ±µÉµ·ÒÌ ¶·µ-
¨¸Ìµ¤¨É ¶¥·¥Ìµ¤ ¨§ µ¤´µ£µ ²µ± ²Ó´µ£µ ³¨´¨³Ê³  ¢ ¤·Ê£µ°. �¨ËÊ·± Í¨µ´´µ¥
³´µ¦¥¸É¢µ µ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ¢¨¥³ det H = 0, £¤¥ H Å ³ É·¨Í  ¢Éµ·ÒÌ ¶·µ-
¨§¢µ¤´ÒÌ ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ ¢ ±·¨É¨Î¥¸±¨Ì ÉµÎ± Ì, É. ¥.

Hij =
∂2E(xk)
∂xi∂xj

∣∣∣∣∣
xc
1,xc

2

(184)
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¸ x1 = β, x2 = γ,   ¨´¤¥±¸ c Ê ¶¥·¥³¥´´ÒÌ µ§´ Î ¥É, ÎÉµ µ´¨ µÉ´µ¸ÖÉ¸Ö
± ±·¨É¨Î¥¸±µ° ÉµÎ±¥. �É³¥É¨³, ÎÉµ ¥¸²¨ £· ¤¨¥´É ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨
¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ´ Ìµ¦¤¥´¨Ö ±·¨É¨Î¥¸±¨Ì ÉµÎ¥±, Éµ ³ É·¨Í  H ¨¸¶µ²Ó§Ê-
¥É¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ¨Ì ¶·¨·µ¤Ò, ¥¸²¨ det H �= 0, É. ¥. ±·¨É¨Î¥¸± Ö ÉµÎ± 
Ö¢²Ö¥É¸Ö ³¨´¨³Ê³µ³, ³ ±¸¨³Ê³µ³ ¨²¨ ¸¥¤²µ¢µ° ÉµÎ±µ°. �µ ÔÉµ° ¶·¨Î¨´¥
³ É·¨Í  H ´ §Ò¢ ¥É¸Ö ³ É·¨Í¥° ¸É ¡¨²Ó´µ¸É¨. �¤´ ±µ ¥¸²¨ det H = 0, Éµ
¶·¨·µ¤  ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± ¨§³¥´Ö¥É¸Ö. „¥É¥·³¨´ ´É ³ É·¨ÍÒ ¸É ¡¨²Ó´µ¸É¨
· ¢¥´ ¶·µ¨§¢¥¤¥´¨Õ ¥¥ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. �µÖ¢²¥´¨¥ ´Ê²¥¢ÒÌ ¸µ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨° Ê ³ É·¨ÍÒ ¸É ¡¨²Ó´µ¸É¨ µ§´ Î ¥É, ÎÉµ ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¢
±·¨É¨Î¥¸±µ° ÉµÎ±¥ ´¥ ³µ¦¥É ¡ÒÉÓ  ¶¶·µ±¸¨³¨·µ¢ ´  ±¢ ¤· É¨Î´µ° ËÊ´±Í¨¥°
µÉ ¶¥·¥³¥´´ÒÌ β ¨ γ.

iii) �¶·¥¤¥²Ö¥É¸Ö ³ ±¸¢¥²²µ¢¸±µ¥ ³´µ¦¥¸É¢µ, É. ¥. £¥µ³¥É·¨Î¥¸±µ¥ ³¥¸Éµ
ÉµÎ¥± ¢ ¶·µ¸É· ´¸É¢¥ ¸ÊÐ¥¸É¢¥´´ÒÌ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢, ¤²Ö ±µÉµ·ÒÌ
¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¨³¥¥É µ¤´µ ¨ Éµ ¦¥ §´ Î¥´¨¥ ¢ ¤¢ÊÌ ¨²¨ ¡µ²ÓÏ¥³ Î¨¸²¥
±·¨É¨Î¥¸±¨Ì ÉµÎ¥±. �Éµ ³´µ¦¥¸É¢µ ³µ¦¥É ¡ÒÉÓ µ¶·¥¤¥²¥´µ ¸ ¶µ³µÐÓÕ Ê· ¢-
´¥´¨Ö Š² Ê§¨Ê¸ ÄŠ² ¶¥°·µ´ . ‚ ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢ ¥¸ÉÓ
Éµ²Ó±µ ¤¢  ¸ÊÐ¥¸É¢¥´´ÒÌ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É· . �¡µ§´ Î¨³ ¨Ì Î¥·¥§ r1, r2.
’µ£¤  ¥¸²¨ ¤²Ö §´ Î¥´¨° ±·¨É¨Î¥¸±¨Ì ¶ · ³¥É·µ¢ r0

1 , r
0
2 ¨³¥¥É¸Ö p ±·¨É¨Î¥-

¸±¨Ì ÉµÎ¥± x(1), x(2), . . . , x(p), ¢ ±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¶·¨´¨³ ¥É
µ¤´µ ¨ Éµ ¦¥ ±·¨É¨Î¥¸±µ¥ §´ Î¥´¨¥, Éµ Ê· ¢´¥´¨¥ Š² Ê§¨Ê¸ ÄŠ² ¶¥°·µ´ 
§ ¶¨Ï¥É¸Ö É ±:

ε(1) = ε(2) = · · · = ε(p), (185)∑
α

(
∂E(x(k))

∂r0
α

− ∂E(x(k+1))
∂r0

α

)
δr0

α = 0. (186)

‡¤¥¸Ó x(k) Å ÉµÎ±  ¢ ¶·µ¸É· ´¸É¢¥ ¶¥·¥³¥´´ÒÌ (β, γ).
iv) �¶·¥¤¥²Ö¥É¸Ö ¸¥¶ · É·¨¸  ¤²Ö ³µ¤¥²¨ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨Ì ¡µ§µ´µ¢,

É. ¥. £¥µ³¥É·¨Î¥¸±µ¥ ³¥¸Éµ ÉµÎ¥± ¢ ¶·µ¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢,
· §¤¥²ÖÕÐ¥¥ ÔÉµ ¶·µ¸É· ´¸É¢µ ´  µ¡² ¸É¨, µÉ¢¥Î ÕÐ¨¥ · §²¨Î´Ò³ ¸É ¡¨²Ó-
´Ò³ Ëµ·³ ³.

� Î´¥³ ¸ ´ Ìµ¦¤¥´¨Ö ±·¨É¨Î¥¸±¨Ì ÉµÎ¥± ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨. Š·¨-
É¨Î¥¸±¨¥ ÉµÎ±¨ µ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨

∂E(β, γ)
∂β

= 0 ¨
∂E(β, γ)

∂γ
= 0. (187)

‹¥£±µ µ¶·¥¤¥²¨ÉÓ, ÎÉµ ±·¨É¨Î¥¸±¨¥ ÉµÎ±¨ ´ Ìµ¤ÖÉ¸Ö ´  ²¨´¨ÖÌ γc = 0 (¢ÒÉÖ-
´ÊÉ Ö Ëµ·³  Ö¤· ) ¨ γc = π/3 (¸¶²Õ¸´ÊÉ Ö Ëµ·³  Ö¤· ). Œµ¦´µ ¸Î¨É ÉÓ ¢¸¥
±·¨É¨Î¥¸±¨¥ ÉµÎ±¨ · ¸¶µ²µ¦¥´´Ò³¨ ´  ¤¥± ·Éµ¢µ° µ¸¨ x, ¶·¨ ÔÉµ³ §´ Î¥´¨Ö
x > 0 µÉ¢¥Î ÕÉ γc = 0,   §´ Î¥´¨Ö x < 0 Å γc = π/3. „²Ö ¶¥·¥³¥´´µ° β
¨ γc = 0 ±·¨É¨Î¥¸±¨¥ ÉµÎ±¨ Ö¢²ÖÕÉ¸Ö ±µ·´Ö³¨ ¸²¥¤ÊÕÐ¥£µ  ²£¥¡· ¨Î¥¸±µ£µ
Ê· ¢´¥´¨Ö:
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β

[
a2β

3 + 2
(

a3 − 2a1 −
ε

N − 1

)
β2 − 3a2β +

+2
(

u0 − a3 −
ε

N − 1

)]
= 0. (188)

ˆ§ (188) ¢¨¤´µ, ÎÉµ βc = 0 Ö¢²Ö¥É¸Ö ±·¨É¨Î¥¸±µ° ÉµÎ±µ° ¶·¨ ²Õ¡ÒÌ §´ Î¥-
´¨ÖÌ ¶ · ³¥É·µ¢. ‘²¥¤µ¢ É¥²Ó´µ, ÉµÎ±  β =0 Ö¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³ ±µ·-
´¥³. � §²µ¦¥´¨¥ ’¥°²µ·  ¤²Ö ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ E(β) = E(β, γc = 0)
¢¡²¨§¨ ËÊ´¤ ³¥´É ²Ó´µ£µ ±µ·´Ö ¨³¥¥É ¢¨¤

E(β) =
N(N − 1)u0

2
+ N(N − 1)

[
(a3 − u0 + w)β2 + a2β

3+

+
(

a1 − 2a3 +
3
2
u0 − w

)
β4

]
+ O(β5), (189)

£¤¥ w ≡ ε/(N − 1). Š¢ ¤· É¨Î´Ò° Î²¥´ ¢ (189) µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¥¸²¨
±µ´É·µ²Ó´Ò¥ ¶ · ³¥É·Ò Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Õ

a3 − u0 + w = 0. (190)

‚ ÔÉµ³ ¸²ÊÎ ¥ ±µ·¥´Ó βc = 0 Ö¢²Ö¥É¸Ö ¤¢ ¦¤Ò ¢Ò·µ¦¤¥´´Ò³, É ± ± ± µ¡· -
Ð ¥É¸Ö ¢ ´Ê²Ó ¨ ¢Éµ· Ö ¶·µ¨§¢µ¤´ Ö E(β). ”Ê´¤ ³¥´É ²Ó´Ò° ±µ·¥´Ó ¡Ê¤¥É
É·¥Ì±· É´µ ¢Ò·µ¦¤¥´´Ò³, ¥¸²¨ ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥ (190) ¨, ±·µ³¥ Éµ£µ,

a2 = 0. (191)

Œµ¦´µ ¶µ¶ÒÉ ÉÓ¸Ö µ¡· É¨ÉÓ ¢ ´Ê²Ó Î²¥´ ¸ β4 ¢ · §²µ¦¥´¨¨ (189). „²Ö ÔÉµ£µ
´¥µ¡Ìµ¤¨³µ, ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó Ê¸²µ¢¨¥

a1 − 2a3 +
3
2
u0 − w = 0. (192)

�¤´ ±µ ¥¸²¨ ±µ´É·µ²Ó´Ò¥ ¶ · ³¥É·Ò Ê¤µ¢²¥É¢µ·ÖÕÉ Ê¸²µ¢¨Ö³ (190)Ä(192), Éµ
¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö (183) ¸É ´µ¢¨É¸Ö ´¥§ ¢¨¸¨³µ° µÉ β ¨ γ:

E = εN + a1N(N − 1). (193)

‘²¥¤µ¢ É¥²Ó´µ, ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¸É ´µ¢¨É¸Ö ¶¥·¥µ¶·¥¤¥²¥´´µ°, ¥¸²¨
³Ò Ë¨±¸¨·Ê¥³ É·¨ ¶ · ³¥É· . ’ ±¨³ µ¡· §µ³, ·µ¸Éµ± ± É ¸É·µËÒ Ì · ±É¥-
·¨§Ê¥É¸Ö Î²¥´µ³, ¶·µ¶µ·Í¨µ´ ²Ó´Ò³ β4, É ± ± ± ÔÉµÉ Î²¥´ ´¥²Ó§Ö µ¡· É¨ÉÓ ¢
´Ê²Ó. „²Ö Ì · ±É¥·¨¸É¨±¨ ¶µ¢¥·Ì´µ¸É¨ ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ µ¸É ¥É¸Ö ¤¢ 
¡¥§· §³¥·´ÒÌ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É· 

r1 =
a3 − u0 + w

2a1 + w − a3
, r2 = − 2a2

2a1 + w − a3
. (194)
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ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨¥ (182), ³Ò ³µ¦¥³ ¢Ò· §¨ÉÓ r1 ¨ r2 Î¥·¥§ η ¨ χ:

r1 =
ηN − (1 − η)[4(N − 2) + χ2]
ηN + (1 − η)(4N − (11/7)χ2)

, (195)

r2 = −8

√
2
7

χ(N − 1)(1 − η)
ηN + (1 − η)(4N − (11/7)χ2)

. (196)

�·¨ η = 1 r1 = 1,   ¶·¨ η = 0 r1 = −1. Œµ¦´µ £µ¢µ·¨ÉÓ µ ¸µµÉ¢¥É¸É¢¨¨
³¥¦¤Ê r1 ¨ η. � · ³¥É· r2 ¶·µ¶µ·Í¨µ´ ²¥´ χ.

ˆ¸¶µ²Ó§ÊÖ ±µ´É·µ²Ó´Ò¥ ¶ · ³¥É·Ò r1 ¨ r2 ¨ ¢ÒÎ¨É Ö ¶µ¸ÉµÖ´´Ò° Î²¥´,
¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ ¢ ¡¥§· §³¥·´ÒÌ
¥¤¨´¨Í Ì:

ε(β, γ) ≡ 2
E(β, γ) − (u0/2)N(N − 1)
N(N − 1)(2a1 + w − a3)

=

=
1

(1 + β2)2
(
β4 + r1β

2(β2 + 2) − r2β
3 cos 3γ

)
. (197)

‚ É¥·³¨´ Ì ´µ¢ÒÌ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ ±·¨É¨Î¥¸±¨¥ ÉµÎ±¨ µ¶·¥¤¥²ÖÕÉ¸Ö
·¥Ï¥´¨Ö³¨ ¸²¥¤ÊÕÐ¥£µ  ²£¥¡· ¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö:

β(r2β
3 + 4β2 − 3r2β + 4r1) = 0. (198)

‘²¥¤ÊÖ µ¶¨¸ ´´µ³Ê ¢ÒÏ¥ Ï £Ê ii) µ¡Ð¥° ¶·µÍ¥¤Ê·Ò, ³Ò µ¶·¥¤¥²¨³ ¡¨ËÊ·± -
Í¨µ´´µ¥ ³´µ¦¥¸É¢µ.

Š ± ¢¨¤´µ ¨§ (198), ±·¨É¨Î¥¸± Ö ÉµÎ±  βc = 0 ¤¢ ¦¤Ò ¢Ò·µ¦¤¥´ , ¥¸²¨
¨ Éµ²Ó±µ ¥¸²¨ r1 = 0. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¢¸Ö µ¸Ó r2 Ö¢²Ö¥É¸Ö ¡¨ËÊ·± Í¨µ´´Ò³
³´µ¦¥¸É¢µ³. „¢¥ ¤·Ê£¨Ì ±·¨É¨Î¥¸±¨Ì ÉµÎ±¨ ¶·¨ r1 = 0 ²µ± ²¨§µ¢ ´Ò ¶·¨

β = β(±)
r2

=
1
r2

(
−2 ±
√

4 + 3r2
2

)
. (199)

�·¨ ÔÉµ³ β
(+)
r2 Ö¢²Ö¥É¸Ö ³¨´¨³Ê³µ³,   β

(−)
r2 Å ³ ±¸¨³Ê³µ³.

�·¨ r2 = 0 ¨ r1 �= 0 ³Ò ¨³¥¥³ ¸²ÊÎ ° γ-´¥¸É ¡¨²Ó´µ£µ ¶µÉ¥´Í¨ ² , É ±
± ± ¢ (197) ¨¸Î¥§ ¥É § ¢¨¸¨³µ¸ÉÓ µÉ γ. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¨³¥¥É¸Ö É·¨ ±·¨É¨Î¥¸±¨Ì

ÉµÎ±¨, µ¤´  ¶·¨ βc = 0 ¨ ¤¢¥ ¤·Ê£¨Ì ¶·¨ β = β
(±)
r1 , £¤¥

β(±)
r1

= ±
√
−r1. (200)

’µÎ±  βc = 0 µÉ¢¥Î ¥É ³ ±¸¨³Ê³Ê,   ¢ ÉµÎ± Ì β
(±)
r1 · ¸¶µ²µ¦¥´Ò ³¨´¨³Ê³Ò.

�µ²Êµ¸Ó r1 < 0 Ö¢²Ö¥É¸Ö ¡¨ËÊ·± Í¨µ´´Ò³ ³´µ¦¥¸É¢µ³. �µ²¥¥ ¸²µ¦´Ò°  ´ -
²¨§ É·¥¡Ê¥É¸Ö ¤²Ö ´ Ìµ¦¤¥´¨Ö ¡¨ËÊ·± Í¨µ´´ÒÌ ³´µ¦¥¸É¢, ²¥¦ Ð¨Ì ¢´¥ µ¸¥°
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r1 ¨ r2. �É¨ ³´µ¦¥¸É¢  Ö¢²ÖÕÉ¸Ö ²¨´¨Ö³¨ ´  ¶²µ¸±µ¸É¨ (r1, r2), µ¶·¥¤¥²Ö¥-
³Ò³¨ Ê· ¢´¥´¨Ö³¨

r1 = r11 ≡ − (9r2
2 + 16)3/2

54r2
2

− 32
27r2

2

− 1 (201)

¨

r1 = r12 ≡ (9r2
2 + 16)3/2

54r2
2

− 32
27r2

2

− 1. (202)

�µ¸É·µ¥´¨¥ ³ ±¸¢¥²²µ¢¸±µ£µ ³´µ¦¥¸É¢  ¸ ¶µ³µÐÓÕ Ê· ¢´¥´¨° (185) ¨
(186) ¤ ¥É ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É. ‹¨´¨¨

r1 = r
(±)
13 = −1

2
± 1

2

√
1 +

1
2
r2
2 (203)

¢ ¤¢Ê³¥·´µ³ ¶·µ¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ µ¡· §ÊÕÉ ³ ±¸¢¥²²µ¢¸±µ¥
³´µ¦¥¸É¢µ, É. ¥. ³´µ¦¥¸É¢µ ÉµÎ¥±, ¤²Ö ±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¨³¥¥É
µ¤´µ ¨ Éµ ¦¥ §´ Î¥´¨¥ ¶µ ±· °´¥° ³¥·¥ ¢ ¤¢ÊÌ ±·¨É¨Î¥¸±¨Ì ÉµÎ± Ì. �µ¤³´µ-

¦¥¸É¢µ r
(+)
13 µÉ¢¥Î ¥É ¢Ò·µ¦¤¥´´Ò³ ³¨´¨³Ê³ ³,   ¶µ¤³´µ¦¥¸É¢µ r

(−)
13 ¸µµÉ-

¢¥É¸É¢Ê¥É ¢Ò·µ¦¤¥´´Ò³ ³ ±¸¨³Ê³ ³. Š·¨É¨Î¥¸±¨¥ §´ Î¥´¨Ö β, µÉ¢¥Î ÕÐ¨¥
(203), ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨¥³

β = β
(±)
13 ≡ r2

±
√

1 + (1/2)r2
2 + 1

. (204)

’ ±¨³ µ¡· §µ³, ³Ò µ¶·¥¤¥²¨²¨ ¡¨ËÊ·± Í¨µ´´µ¥ ¨ ³ ±¸¢¥²²µ¢¸±µ¥ ³´µ¦¥¸É¢ 
ÉµÎ¥± ¢ ¤¢Ê³¥·´µ³ ¶·µ¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ r1 ¨ r2. �É¨ ÉµÎ±¨
µ¡· §ÊÕÉ ¸¥¶ · É·¨¸Ò, ±µÉµ·Ò¥ ¤¥²ÖÉ ¶·µ¸É· ´¸É¢µ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢
´  Ï¥¸ÉÓ µ¡² ¸É¥°. ‚´ÊÉ·¨ ± ¦¤µ° ¨§ ÔÉ¨Ì µ¡² ¸É¥° É¨¶¨Î´ Ö Ëµ·³  ¶µÉ¥´Í¨-
 ²  µ¸É ¥É¸Ö ¸É ¡¨²Ó´µ°. �¤´ ±µ ¶·¨ ¶·µÌµ¦¤¥´¨¨ Î¥·¥§ ¸¥¶ · É·¨¸Ò ± Î¥-
¸É¢¥´´ Ö ¶·¨·µ¤  ¶µÉ¥´Í¨ ²Ó´µ° Ô´¥·£¨¨ ¨§³¥´Ö¥É¸Ö. � £²Ö¤´µ¥ ¶·¥¤¸É ¢²¥-
´¨¥ µ Éµ³, ± ± ¨§³¥´Ö¥É¸Ö Ëµ·³  Ö¤·  ¶·¨ ¨§³¥´¥´¨¨ ¢¥²¨Î¨´ ±µ´É·µ²Ó´ÒÌ
¶ · ³¥É·µ¢, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ, µÉ¸²¥¦¨¢ Ö ¨§³¥´¥´¨¥ Ëµ·³Ò ¶·¨ ¤¢¨¦¥´¨¨
¢¤µ²Ó µ¤´µ° ¨§ ²¨´¨° ¢ ¶·µ¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢. ”¨±¸¨·Ê¥³,
´ ¶·¨³¥·, r2 = 4

√
2/3 ¨ ¡Ê¤¥³ ¨§³¥´ÖÉÓ r1. �·¨ r1 > r12 (¸³. (202)) µ¸´µ¢-

´µ¥ ¸µ¸ÉµÖ´¨¥ ¨³¥¥É ¸Ë¥·¨Î¥¸±ÊÕ Ëµ·³Ê. �·¨ r12 > r1 > r
(+)
13 Ê ¶µÉ¥´Í¨-

 ²Ó´µ° Ô´¥·£¨¨ ¶µÖ¢²Ö¥É¸Ö ¢Éµ·µ° ³¨´¨³Ê³, µÉ¢¥Î ÕÐ¨° ¤¥Ëµ·³¨·µ¢ ´´µ°
¢ÒÉÖ´ÊÉµ° Ëµ·³¥ Ö¤· . �¤´ ±µ ¸Ë¥·¨Î¥¸±¨° ³¨´¨³Ê³ µ¸É ¥É¸Ö ¡µ²¥¥ £²Ê¡µ-
±¨³. ‚ ÔÉµ° µ¡² ¸É¨ §´ Î¥´¨° ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ ³µ¦¥É ´ ¡²Õ¤ ÉÓ¸Ö

Ö¢²¥´¨¥ ¸µ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ëµ·³. „²Ö 0 < r1 < r
(+)
13 ³¨´¨³Ê³, ¸µµÉ¢¥É¸É¢Ê-

ÕÐ¨° ¤¥Ëµ·³¨·µ¢ ´´µ° ¢ÒÉÖ´ÊÉµ° Ëµ·³¥ Ö¤· , ¸É ´µ¢¨É¸Ö ¡µ²¥¥ £²Ê¡µ±¨³,
´µ ¸Ë¥·¨Î¥¸±¨° ³¨´¨³Ê³ ¶·µ¤µ²¦ ¥É ¸ÊÐ¥¸É¢µ¢ ÉÓ. �µ-¶·¥¦´¥³Ê ³µ¦¥É

¨³¥ÉÓ ³¥¸Éµ Ö¢²¥´¨¥ ¸µ¸ÊÐ¥¸É¢µ¢ ´¨Ö Ëµ·³. �·¨ r
(−)
13 < r1 < 0 ¸Ë¥·¨Î¥¸±¨°
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³¨´¨³Ê³ ¨¸Î¥§ ¥É ¨ ¶µÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¨³¥¥É Éµ²Ó±µ ¤¥Ëµ·³¨·µ¢ ´´Ò°
³¨´¨³Ê³, µÉ¢¥Î ÕÐ¨° ¢ÒÉÖ´ÊÉµ° Ëµ·³¥ Ö¤· .

…¸²¨ ¢ ¶·µ¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢ ³Ò ¡Ê¤¥³ ¤¢¨£ ÉÓ¸Ö ¢¤µ²Ó
²¨´¨¨ r2 = 0, Éµ ¶·¨ r1 > 0 ¶µÉ¥´Í¨ ² ¡Ê¤¥É ¨³¥ÉÓ Éµ²Ó±µ ¸Ë¥·¨Î¥¸±¨°
³¨´¨³Ê³,   ¶·¨ r1 < 0 Å ¤¥Ëµ·³¨·µ¢ ´´Ò° γ-´¥¸É ¡¨²Ó´Ò° ³¨´¨³Ê³. �ÉµÉ
¸²ÊÎ ° µÉ¢¥Î ¥É ¤¢¨¦¥´¨Õ ¢¤µ²Ó ²¨´¨¨ χ = 0 ¢ É·¥Ê£µ²Ó´¨±¥ Š ¸É¥´ , Éµ£¤ 
± ± ¶·¥¤Ò¤ÊÐ¨° ¸²ÊÎ ° ¸µµÉ¢¥É¸É¢Ê¥É ¤¢¨¦¥´¨Õ ¢¤µ²Ó ²¨´¨¨ ¸ χ < 0.

�·¨ ¤¢¨¦¥´¨¨ ¢¤µ²Ó ²¨´¨¨ r1 = −2 ¶·¨ r2 < 0 ³Ò ¨³¥¥³ ¤¥Ëµ·³¨·µ¢ ´-
´Ò° ³¨´¨³Ê³, ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ¸¶²Õ¸´ÊÉµ° Ëµ·³¥ Ö¤· ,   ¶·¨ r2 > 0 ¨³¥¥³
¤¥Ëµ·³¨·µ¢ ´´Ò° ³¨´¨³Ê³, µÉ¢¥Î ÕÐ¨° ¢ÒÉÖ´ÊÉµ° Ëµ·³¥ Ö¤· . ‚ É·¥Ê£µ²Ó-
´¨±¥ Š ¸É¥´  ÔÉµÉ ¸²ÊÎ ° ¸µµÉ¢¥É¸É¢Ê¥É ¤¢¨¦¥´¨Õ ¢¤µ²Ó ²¨´¨¨ η = const.
ŒÒ ³µ¦¥³ ¸± § ÉÓ, ÎÉµ Ë §µ¢Ò¥ ¶¥·¥Ìµ¤Ò ¨³¥ÕÉ ³¥¸Éµ, ±µ£¤  ÉµÎ±  ¢ ¶·µ-
¸É· ´¸É¢¥ ±µ´É·µ²Ó´ÒÌ ¶ · ³¥É·µ¢, µ¶·¥¤¥²Ö¥³ Ö ¶ · ³¥É· ³¨ £ ³¨²ÓÉµ´¨-
 ´ , ¶¥·¥¸¥± ¥É µ¤´Ê ¨§ ¸¥¶ · É·¨¸.

„ ´´ Ö · ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ ¶µ¤¤¥·¦±¥ �””ˆ.
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