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„²Ö ¨§ÊÎ¥´¨Ö É·¥Ì³¥·´µ° ¨ ¤¢Ê³¥·´µ° £· ¢¨É¨·ÊÕÐ¨Ì ¸¨£³ -³µ¤¥²¥°, ¢µ§´¨± ÕÐ¨Ì ¢ ·¥-
§Ê²ÓÉ É¥ Éµ·µ¨¤ ²Ó´µ° ±µ³¶ ±É¨Ë¨± Í¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¶·¥¤¥²  ¡µ§µ´´µ£µ ¸¥±Éµ·  É¥-
µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò, · §· ¡µÉ ´ ´µ¢Ò° Ëµ·³ ²¨§³. �´ Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ³ É·¨Î-
´Ò³ µ¡µ¡Ð¥´¨¥³ Ìµ·µÏµ ¨§¢¥¸É´µ£µ ¢ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  Ëµ·³ ²¨§³  ¶µÉ¥´Í¨ ²µ¢
�·´¸É  ¨ ¸¢Ö§ ´´ÒÌ ¸ ´¨³¨ ¢¥²¨Î¨´ ´  ¸²ÊÎ ° · ¸¸³ É·¨¢ ¥³µ° ¸É·Ê´´µ-£· ¢¨É Í¨µ´´µ° ¸¨-
¸É¥³Ò. �·¨³¥´¥´¨¥ ´µ¢µ£µ Ëµ·³ ²¨§³  µ± § ²µ¸Ó µ¸µ¡¥´´µ ÔËË¥±É¨¢´Ò³ ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨
£·Ê¶¶Ò ¸±·ÒÉÒÌ ¸¨³³¥É·¨° É¥µ·¨¨ ¨ ¢ § ¤ Î Ì µ £¥´¥· Í¨¨ ´µ¢ÒÌ ±² ¸¸µ¢ ¥¥ ÉµÎ´ÒÌ ·¥Ï¥-
´¨° ¶·¨ ¶µ³µÐ¨ ÔÉ¨Ì ¸¨³³¥É·¨°. � ¶·¨³¥·, Ê¤ ²µ¸Ó Ê¸É ´µ¢¨ÉÓ Ö¢´Ò° ¢¨¤ µ¡Ð¥£µ ±µ´¥Î´µ£µ
¶·¥µ¡· §µ¢ ´¨Ö ¨§ ¶µ¤£·Ê¶¶Ò É·¥Ì³¥·´ÒÌ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¨ · §· ¡µÉ ÉÓ ´ ¨¡µ²¥¥ µ¡-
ÐÊÕ É¥Ì´¨±Ê £¥´¥· Í¨¨ É·¥Ì³¥·´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨°. „¢Ê³¥·´Ò¥ § ·Ö¦ ÕÐ¨¥
¸¨³³¥É·¨¨ ³µ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¢ · ³± Ì ·¥Ï¥´¨Ö µ¡· É´µ° § ¤ Î¨ É¥µ·¨¨ · ¸¸¥Ö´¨Ö; ¶·¨ ÔÉµ³
¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò É¥µ·¨¨ É ±¦¥ Ö¢²Ö¥É¸Ö µ¤´¨³ ¨§ Ô²¥³¥´Éµ¢ Ê¸É ´µ¢²¥´´µ£µ
´µ¢µ£µ Ëµ·³ ²¨§³ . ‚ Î ¸É´µ¸É¨, Ê¤ ¥É¸Ö ¢Ò¶¨¸ ÉÓ ¢ Ö¢´µ³ ¢¨¤¥ µ¡Ð¨° ±² ¸¸  ¸¨³¶ÉµÉ¨Î¥¸±¨-
¶²µ¸±¨Ì ¸µ²¨Éµ´´ÒÌ ·¥Ï¥´¨°, ¤µ¶Ê¸± ÕÐ¨Ì ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ¶·¥¤¥² ¢ Ëµ·³¥ Ô²¥³¥´É   ²-
£¥¡·Ò £·Ê¶¶Ò ƒ¥·µÎ . ˆ§²µ¦¥´¨Õ ¶¥·¥Î¨¸²¥´´ÒÌ µ¡Ð¨Ì ·¥§Ê²ÓÉ Éµ¢, ¶·µ¨²²Õ¸É·¨·µ¢ ´´ÒÌ
¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·¨³¥· ³¨, ¢ µ¸´µ¢´µ³ ¨ ¶µ¸¢ÖÐ¥´ ´ ¸ÉµÖÐ¨° µ¡§µ·.

A new formalism is developed for the study of 3D and 2D sigma-models coupled to gravity which
arise as result of the toroidal compactiˇcation of low-energy limit of the bosonic sector of heterotic
string theory. This formalism is the natural matrix generalization of the well-known formalism of the
Ernst potentials and related structures from EinsteinÄMaxwell theory to the ˇeld of the string gravity
system under consideration. It turned out that an application of the new formalism was especially
effective in the study of group of hidden symmetries of the theory and in the problems related to
generation of new classes of its exact solutions using these symmetries. For example, it was succeeded
in the ˇnding of explicit form of general ˇnite transformation of the three-dimensional charging
symmetry subgroup and in the developing of the most general technique of generation of three-
dimensional asymptotically �at solutions. The two-dimensional charging symmetries can be found in
the framework of solution of inverse scattering transform problem, whereas the corresponding null-
curvature representation of the theory is also one of the elements of the new formalism established. In
particular, it becomes possible to write down the general class of asymptotically �at soliton solutions
which possess an inˇnithesimal limit of the Geroch algebra form. This review is devoted to expound
the general results mentioned and to illustrate them using the corresponding examples.

∗E-mail: kechkin@depni.npi.msu.su



710 Š…—Šˆ� �. ‚.

‚‚…„…�ˆ…

ˆ§ÊÎ¥´¨¥ ¶·µ¸É· ´¸É¢ ±² ¸¸¨Î¥¸±¨Ì ·¥Ï¥´¨° · §²¨Î´ÒÌ ¶·¥¤¥²Ó´ÒÌ ·¥-
¦¨³µ¢ É¥µ·¨¨ ¸Ê¶¥·¸É·Ê´ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¸ ÉµÎ±¨ §·¥´¨Ö ¤ ²Ó´¥°Ï¥£µ
· §¢¨É¨Ö ± ± ¸ ³µ° ¸É·Ê´´µ° É¥µ·¨¨ [1Ä5], É ± ¨ ¥¥ ¥¸É¥¸É¢¥´´ÒÌ ¶·¨²µ-
¦¥´¨° Å Ë¨§¨±¨ Î¥·´ÒÌ ¤Ò· [6Ä10] ¨ ±µ¸³µ²µ£¨¨ [11Ä15]. ‚ ´ ¸ÉµÖ-
Ð¥° · ¡µÉ¥ ¤¥² ¥É¸Ö µ¡§µ· ´¥±µÉµ·ÒÌ ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ¶·¨ ¨§ÊÎ¥-
´¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¶·¥¤¥²  ¡µ§µ´´µ£µ ¸¥±Éµ·  É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ°
¸É·Ê´Ò ³¥Éµ¤ ³¨ É¥µ·¨¨ ¸¨³³¥É·¨° [16Ä21]. �¸µ¡¥´´µ¸ÉÓÕ ¨¸¶µ²Ó§Ê¥³µ£µ
¶µ¤Ìµ¤  Ö¢²Ö¥É¸Ö ¶µ¸²¥¤µ¢ É¥²Ó´µ¥ · §¢¨É¨¥ ¨ ¶·¨³¥´¥´¨¥ Ëµ·³ ²¨§³  ³ -
É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É , ¢ · ³± Ì ±µÉµ·µ£µ ¤ ´´ Ö É¥µ·¨Ö ¢Ò¸ÉÊ¶ ¥É
¢ ± Î¥¸É¢¥ ¸¢µ¥£µ ·µ¤  ®³ É·¨Î´µ§´ Î´µ£µ µ¡µ¡Ð¥´¨Ö¯ É¥µ·¨¨ �°´ÏÉ¥°´ Ä
Œ ±¸¢¥²²  [22Ä26].

�¥·¢Ò¥ ·¥§Ê²ÓÉ ÉÒ µ¡Ð¥£µ Ì · ±É¥·  ¢ µ¡² ¸É¨ ¨§ÊÎ¥´¨Ö ¸¨³³¥É·¨° ¡µ-
§µ´´µ£µ ¸¥±Éµ·  É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò (’ƒ‘) ¶·¨´ ¤²¥¦ É „. Œ Ì -
· ´¥ ¨ „¦. �. ˜¢ ·ÍÊ, ±µÉµ·Ò¥, ¢ Î ¸É´µ¸É¨, ¶µ± § ²¨, ÎÉµ ¶µ¸²¥ Éµ·µ¨¤ ²Ó-
´µ° ±µ³¶ ±É¨Ë¨± Í¨¨ ´  É·¨ ¨§³¥·¥´¨Ö · ¸¸³ É·¨¢ ¥³ Ö É¥µ·¨Ö ¸É ´µ¢¨É¸Ö
´¥²¨´¥°´µ° £· ¢¨É¨·ÊÕÐ¥° σ-³µ¤¥²ÓÕ [27]. �. ‘¥´, ¢ ¸¢µÕ µÎ¥·¥¤Ó, Ê¸É -
´µ¢¨², ÎÉµ Ê± § ´´ Ö σ-³µ¤¥²Ó µ¡² ¤ ¥É ¸¨³³¥É·¨Î¥¸±¨³ ¶·µ¸É· ´¸É¢µ³ ¶µ-
É¥´Í¨ ²µ¢, ¨ ¶¥·¢Ò³ ¶µ²ÊÎ¨² ¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò ¤²Ö ¤ ´´µ°
É¥µ·¨¨ [28]. �·¥¤¸É ¢²¥´¨¥ ‘¥´  ¨¸¶µ²Ó§µ¢ ²µ¸Ó ³´µ£¨³¨  ¢Éµ· ³¨ ¤²Ö ¶µ-
¸É·µ¥´¨Ö ´µ¢ÒÌ ±² ¸¸µ¢ ÉµÎ´ÒÌ ·¥Ï¥´¨° ± ± ¶·¨ ¶µ³µÐ¨ ´¥¶µ¸·¥¤¸É¢¥´´µ£µ
¨´É¥£·¨·µ¢ ´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ É¥Ì ¨²¨ ¨´ÒÌ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ, É ± ¨
¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ´¥±µÉµ·ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨ [29].
‘µµÉ¢¥É¸É¢ÊÕÐ Ö · ¡µÉ   ±É¨¢´µ ¶·µ¤µ²¦ ¥É¸Ö ¨ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö; ¶·¨
ÔÉµ³ ´ ¸ÉµÖÐ Ö ¶Ê¡²¨± Í¨Ö ¶µ¤¢µ¤¨É µ¶·¥¤¥²¥´´ÊÕ Î¥·ÉÊ ¶µ¤ ¢Éµ·Ò³ ¨§
Ê¶µ³Ö´ÊÉÒÌ ¶µ¤Ìµ¤µ¢ Å É ± ´ §Ò¢ ¥³Ò³ ®³¥Éµ¤µ³ £¥´¥· Í¨¨¯.

�¡· É¨³¸Ö É¥¶¥·Ó ± µ¶¨¸ ´¨Õ ¸É·Ê±ÉÊ·Ò · ¡µÉÒ. ‚ · §¤. 1 ¤¥² ¥É¸Ö
µ¡§µ· É¥Ì ·¥§Ê²ÓÉ Éµ¢ Œ Ì · ´Ò, ˜¢ ·Í  ¨ ‘¥´ , ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¡ §µ-
¢Ò³¨ ¤²Ö ¶µ¸²¥¤ÊÕÐ¥£µ ¨§²µ¦¥´¨Ö. ‚ · §¤. 2 Ê¸É ´ ¢²¨¢ ¥É¸Ö Ö¢´Ò° ¢¨¤
³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  É¥µ·¨¨ ¨ µ¶·¥¤¥²Ö¥³µ¥ ¨³¨ ¶·¥¤¸É ¢²¥´¨¥
´Ê²¥¢µ° ±·¨¢¨§´Ò [30]. ‚ · §¤. 3 Ëµ·³ ²¨§³ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´-
¸É  ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ´ Ìµ¦¤¥´¨Ö ¨ ±² ¸¸¨Ë¨± Í¨¨ ¶µ²´µ° £·Ê¶¶Ò É·¥Ì-
³¥·´ÒÌ ¸¨³³¥É·¨° É¥µ·¨¨. �·¨ ÔÉµ³ ¸´ Î ²  ´¥¶µ¸·¥¤¸É¢¥´´µ Ê¸É ´ ¢²¨-
¢ ¥É¸Ö ®Ö¢´Ò°¯ ²¨´¥°´Ò° ¸¥±Éµ· ´¥¶·¥·Ò¢´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨,
§ É¥³ Å ´¥±µÉµ·µ¥ ¤¨¸±·¥É´µ¥ ´¥²¨´¥°´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸¨³³¥É·¨¨, ¨,
´ ±µ´¥Í, ¶·¨¢µ¤¨É¸Ö ´¥²¨´¥°´Ò° ¸¥±Éµ· ®¨¸É¨´´µ ¸±·ÒÉÒÌ¯ ´¥¶·¥·Ò¢´ÒÌ
¸¨³³¥É·¨°, ¶µ²ÊÎ ¥³Ò° ¨§ ²¨´¥°´µ£µ ¸¥±Éµ·  ¶·¨³¥´¥´¨¥³ ´ °¤¥´´µ£µ ¤¨¸-
±·¥É´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö. �É³¥É¨³, ÎÉµ ´¥²¨´¥°´Ò° ¸¥±Éµ· ´¥¶·¥·Ò¢´ÒÌ
¸¨³³¥É·¨° · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¨ ¸µ¸Éµ¨É ¨§ ³ É·¨Î´ÒÌ µ¡µ¡Ð¥´¨° Ìµ-
·µÏµ ¨§¢¥¸É´ÒÌ ¢ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  ¶·¥µ¡· §µ¢ ´¨° �²¥·¸  ¨
• ··¨¸µ´  [31].
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‚ · §¤. 4 ¶·¥¤¸É ¢²¥´¨¥ �·´¸É  ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö µÉÒ¸± ´¨Ö Ö¢´µ£µ ¢¨¤ 
¶·¥µ¡· §µ¢ ´¨°, µ¡· §ÊÕÐ¨Ì £·Ê¶¶Ê É·¥Ì³¥·´ÒÌ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨°
(ƒ‡‘) É¥µ·¨¨. �É¨ ¶·¥µ¡· §µ¢ ´¨Ö ¶µ µ¶·¥¤¥²¥´¨Õ ¸µÌ· ´ÖÕÉ  ¸¨³¶ÉµÉ¨-
Î¥¸±ÊÕ ¶²µ¸±µ¸É´µ¸ÉÓ ·¥Ï¥´¨°, É. ¥. ¶¥·¥¢µ¤ÖÉ ·¥Ï¥´¨Ö ¸ É·¨¢¨ ²Ó´Ò³¨
 ¸¨³¶ÉµÉ¨Î¥¸±¨³¨ §´ Î¥´¨Ö³¨ ¢¸¥Ì ¶µ²¥° É·¥Ì³¥·´µ° σ-³µ¤¥²¨ ¢ ·¥Ï¥´¨Ö,
µ¡² ¤ ÕÐ¨¥ É¥³ ¦¥ ¸¢µ°¸É¢µ³. �¥§Ê²ÓÉ Éµ³ ¶·¨³¥´¥´¨Ö ¶·¥µ¡· §µ¢ ´¨° ¨§
ƒ‡‘ Ö¢²Ö¥É¸Ö, ¢ Î ¸É´µ¸É¨, ®£¥´¥· Í¨Ö¯ ±Ê²µ´µ¢¸±¨Ì § ·Ö¤µ¢ ¢ ¸²ÊÎ ¥ ¨§-
´ Î ²Ó´µ ´¥°É· ²Ó´µ£µ ¸¥³¥°¸É¢  ·¥Ï¥´¨°. ’ ± Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éµ ¨
¢ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²² , ¢ ±µÉµ·µ°, ´ ¶·¨³¥·, ´¥°É· ²Ó´µ¥ ·¥Ï¥-
´¨¥ Š¥··  ¶·¨ ¶µ³µÐ¨ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¶¥·¥¢µ¤¨É¸Ö ¢ µ¡² ¤ ÕÐ¥¥
Ô²¥±É·¨Î¥¸±¨³ ¨ ³ £´¨É´Ò³ § ·Ö¤ ³¨ ·¥Ï¥´¨¥ Š¥·· Ä�ÓÕ³¥´ . „ ²¥¥ ¢
· §¤. 4 µ¶·¥¤¥²Ö¥É¸Ö Ö¢´Ò° ¢¨¤ ´µ¢µ£µ ¶·¥¤¸É ¢²¥´¨Ö ’ƒ‘, ¢ · ³± Ì ±µÉµ-
·µ£µ £·Ê¶¶  § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¨³¥¥É ¶·µ¸É¥°ÏÊÕ Å ²¨´¥°´ÊÕ ¨ µ¤-
´µ·µ¤´ÊÕ Å ·¥ ²¨§ Í¨Õ. �Éµ ®²¨´¥ ·¨§ÊÕÐ¥¥¯ ¶·¥¤¸É ¢²¥´¨¥ µ± §Ò¢ ¥É¸Ö
´ ¨¡µ²¥¥ ¥¸É¥¸É¢¥´´Ò³ ¨ Ê¤µ¡´Ò³ ¢µ ¢¸¥Ì § ¤ Î Ì, ¸¢Ö§ ´´ÒÌ ¸ ¨¸¸²¥¤µ-
¢ ´¨¥³ ¶·µ¸É· ´¸É¢  É·¥Ì³¥·´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨° É¥µ·¨¨.
� §¤. 5 ¶µ¸¢ÖÐ¥´ · §¢¨É¨Õ ² £· ´¦¥¢µ° Î ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ Ëµ·³ ²¨§³ 
¨ ¨§ÊÎ¥´¨Õ ¥£µ ¸¢Ö§¨ ¸ · ´¥¥ Ê¸É ´µ¢²¥´´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ´Ê²¥¢µ° ±·¨-
¢¨§´Ò. �´ ²¨§¨·Ê¥É¸Ö ¸É·Ê±ÉÊ·  ¶µ²´µ° £·Ê¶¶Ò É·¥Ì³¥·´ÒÌ ¸¨³³¥É·¨° É¥-
µ·¨¨ ¸ ÉµÎ±¨ §·¥´¨Ö ¥¥ · §²µ¦¥´¨Ö ´  § ·Ö¦ ÕÐÊÕ ¨ ´¥§ ·Ö¦ ÕÐÊÕ Î -
¸É¨ [32].

‚ · §¤. 6 ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·¨³¥´¥´¨Ö · §· ¡µÉ ´´µ£µ µ¡Ð¥£µ Ëµ·-
³ ²¨§³  ¨ ¢¢¨¤Ê ³´µ£µÎ¨¸²¥´´ÒÌ ¶·¨²µ¦¥´¨°, ¸¢Ö§ ´´ÒÌ ¸ ¨§ÊÎ¥´¨¥³ ¸Ê-
¶¥·¸¨³³¥É·¨Î´ÒÌ ¸¢µ°¸É¢ ¸¥³¥°¸É¢ ±² ¸¸¨Î¥¸±¨Ì ¸É·Ê´´µ-£· ¢¨É Í¨µ´´ÒÌ
·¥Ï¥´¨° [33], ¸É·µ¨É¸Ö µ¡Ð¨° ±² ¸¸ Ô±¸É·¥³ ²Ó´ÒÌ ·¥Ï¥´¨° É¥µ·¨¨, µ¡µ¡-
Ð ÕÐ¨° ´  · ¸¸³ É·¨¢ ¥³Ò° ¸²ÊÎ ° ¸¥³¥°¸É¢µ ·¥Ï¥´¨° ˆ§· Ô²ÖÄ‚¨²Ó¸µ´ Ä
�¥·¥Ï  ¨§ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  [34,35]. �µ¸É·µ¥´´Ò° ±² ¸¸ ·¥Ï¥-
´¨° µ¡² ¤ ¥É Ö¢´µ° ¨´¢ ·¨ ´É´µ¸ÉÓÕ µÉ´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö ¶µ²´µ° £·Ê¶¶Ò
§ ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¨, ±·µ³¥ Éµ£µ, ¸µ¤¥·¦¨É ¢¸¥ ¨§¢¥¸É´Ò¥ ¨§ ²¨É¥· ÉÊ·Ò
·¥Ï¥´¨Ö ¶µ¤µ¡´µ£µ É¨¶  (¸³., ´ ¶·¨³¥·, [36, 37]). ‚ · §¤. 7 ¨ 8 Ëµ·³Ê²¨-
·ÊÕÉ¸Ö £¥´¥· Í¨µ´´Ò¥ ¶·µÍ¥¤Ê·Ò, ¢ · ³± Ì ±µÉµ·ÒÌ ¢ Ö¢´µ³ ¢¨¤¥ µ¶·¥¤¥-
²ÖÕÉ¸Ö ¸É·Ê´´µ-£· ¢¨É Í¨µ´´Ò¥ ¶·µ¤µ²¦¥´¨Ö ¶·µ¸É· ´¸É¢ ·¥Ï¥´¨° ´¥±µÉµ-
·ÒÌ Ìµ·µÏµ ¨§ÊÎ¥´´ÒÌ ®±² ¸¸¨Î¥¸±¨Ì¯ σ-³µ¤¥²Ó´ÒÌ ¸¨¸É¥³. ’ ±, ¢ · §¤. 7
¢ ± Î¥¸É¢¥ ¡ §Ò £¥´¥· Í¨¨ ¨¸¶µ²Ó§Ê¥É¸Ö £² ¢´ Ö ±¨· ²Ó´ Ö ³µ¤¥²Ó ¸ £·Ê¶-
¶µ° ¸¨³³¥É·¨¨ SL(2, R),   ¢ · §¤. 8 Å ¤µ¶Ê¸± ÕÐ Ö µ¤¨´ ¢¥±Éµ· Š¨²²¨´£ 
É¥µ·¨Ö �°´ÏÉ¥°´  ¸ ¶·µ¨§¢µ²Ó´Ò³ Î¨¸²µ³ ³ ±¸¢¥²²µ¢¸±¨Ì ¶µ²¥°. C ÊÎ¥-
Éµ³ ¥¸É¥¸É¢¥´´ÒÌ ¶·¨²µ¦¥´¨° · §¢¨Éµ£µ Ëµ·³ ²¨§³  ± Ë¨§¨±¥ Î¥·´ÒÌ ¤Ò·
Ê± §Ò¢ ¥É¸Ö Ö¢´ Ö ¶·µÍ¥¤Ê· , ¶¥·¥¢µ¤ÖÐ Ö ·¥Ï¥´¨¥ Š¥·· Ä�ÓÕ³¥´  ¨§ É¥µ-
·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  ¢ µ¡² ¸ÉÓ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° É¥µ·¨¨ £¥É¥·µÉ¨-
Î¥¸±µ° ¸É·Ê´Ò [38]. �µ²ÊÎ ÕÐ¥¥¸Ö ¶·¨ ÔÉµ³ ¸¥³¥°¸É¢µ ·¥Ï¥´¨°, µ¶¨¸Ò¢ Õ-
Ð¥¥ ¢· Ð ÕÐ¨°¸Ö § ·Ö¦¥´´Ò° ¨¸ÉµÎ´¨± ±¥··-´ÓÕ³¥´µ¢¸±µ£µ É¨¶ , ¸µ¤¥·¦¨É
¢ ± Î¥¸É¢¥ ¸¢µ¨Ì Î ¸É´ÒÌ ¸²ÊÎ ¥¢ Í¥²Ò° ´ ¡µ· Ï¨·µ±µ ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨°,



712 Š…—Šˆ� �. ‚.

¶µ¸É·µ¥´´ÒÌ ¢ · ¸¸³ É·¨¢ ¥³µ° ¸É·Ê´´µ-£· ¢¨É Í¨µ´´µ° É¥µ·¨¨ ¶·¨ ¶µ³µÐ¨
¡µ²¥¥ Ô²¥³¥´É ·´ÒÌ ³¥Éµ¤µ¢.

� §¤¥²Ò 9 ¨ 10 ¶µ¸¢ÖÐ¥´Ò ¨§ÊÎ¥´¨Õ É¥Ì ¸¢µ°¸É¢ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ°
’ƒ‘, Éµ·µ¨¤ ²Ó´µ ¸±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´µ° ´  ¤¢  ¨§³¥·¥´¨Ö, ±µÉµ·Ò¥ Ì -
· ±É¥·¨§ÊÕÉ ¥¥ ± ± ¨´É¥£·¨·Ê¥³ÊÕ ¸¨¸É¥³Ê ¢ ¸³Ò¸²¥ µ¡· É´µ° § ¤ Î¨ · ¸-
¸¥Ö´¨Ö 
¥²¨´¸±µ£µ ¨ ‡ Ì ·µ¢  [39, 40]. �·¨ ÔÉµ³ ¨¸¶µ²Ó§Ê¥É¸Ö Ê¸É ´µ¢²¥´-
´µ¥ · ´¥¥ ¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò É¥µ·¨¨ ¨ ¶ ·  ‹ ±¸ , ¢¢¥¤¥´´ Ö
„¦. �. ˜¢ ·Í¥³ ¢ [41] ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ¸¨³³¥É·¨° ¤¢Ê-
³¥·´ÒÌ ¸¨¸É¥³ · ¸¸³ É·¨¢ ¥³µ£µ É¨¶ . ‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ µ¸´µ¢´µ°  ±Í¥´É
¤¥² ¥É¸Ö ´  ¶µ¸É·µ¥´¨¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ±µ´¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥-
É·¨¨, ·¥ ²¨§Ê¥³ÒÌ ¢ · ³± Ì ¸µ²¨Éµ´´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° µ¡· É´µ° § ¤ Î¨
· ¸¸¥Ö´¨Ö [39, 40, 42Ä44],   ¨³¥´´µ: ¢ · §¤. 9 ¸É·µ¨É¸Ö ¸µ²¨Éµ´´Ò° µ¶¥· -
Éµ· ¸¨³³¥É·¨¨, µ¡² ¤ ÕÐ¨° ¨´Ë¨´¨É¥§¨³ ²Ó´Ò³ ¶·¥¤¥²µ³ ¨ ¸µÌ· ´ÖÕÐ¨°
¸¢µ°¸É¢µ  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¶²µ¸±µ¸É´µ¸É¨ ¨¸¶µ²Ó§Ê¥³µ£µ ¢ ± Î¥¸É¢¥ £¥´¥· -
Í¨µ´´µ° ¡ §Ò Ëµ´ . �µ¸É·µ¥´´µ¥ ¸µ²¨Éµ´´µ¥ ·¥Ï¥´¨¥ µ¶·¥¤¥²Ö¥É ±² ¸¸ ¤¢Ê-
³¥·´ÒÌ § ·Ö¦ ÕÐ¨Ì ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨, ¤µ¶Ê¸± ÕÐ¨Ì ¶·¥¤¥²Ó´Ò°
¶¥·¥Ìµ¤ ± ¨´Ë¨´¨É¥§¨³ ²Ó´µ³Ê Ô²¥³¥´ÉÊ, ¶·¨´ ¤²¥¦ Ð¥³Ê  ²£¥¡·¥ £·Ê¶¶Ò
ƒ¥·µÎ  ¤ ´´µ° ¸É·Ê´´µ-£· ¢¨É Í¨µ´´µ° ¸¨¸É¥³Ò [45]. ‚ · §¤. 10 ¶µ²ÊÎ¥´´Ò¥
µ¡Ð¨¥ ·¥§Ê²ÓÉ ÉÒ ¶·µ¨²²Õ¸É·¨·µ¢ ´Ò ¶µ¸É·µ¥´¨¥³ ¤¢ÊÌ¸µ²¨Éµ´´µ£µ ¸¥³¥°-
¸É¢   ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨°, µ¶¨¸Ò¢ ÕÐ¥£µ § ·Ö¦¥´´Ò° ¨¸ÉµÎ-
´¨± ±¥··-´ÓÕ³¥´µ¢¸±µ£µ É¨¶  ¢ Ê¤µ¡´ÒÌ ¤²Ö Ë¨§¨Î¥¸±µ£µ  ´ ²¨§  ±µµ·¤¨-
´ É Ì 
µ°¥·  ¨ ‹¨´¤±¢¨¸É . �É³¥É¨³, ÎÉµ ¡²¨¦ °Ï¨³ ±² ¸¸¨Î¥¸±¨³  ´ ²µ-
£µ³ ¶µ¸É·µ¥´´µ£µ ·¥Ï¥´¨Ö Ö¢²Ö¥É¸Ö ¸¥³¥°¸É¢µ ·¥Ï¥´¨° 
µ´´µ·  ¨§ É¥µ·¨¨
�°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  [46].

1. ’�…•Œ…���Ÿ σ-Œ�„…‹œ
‚ ’…��ˆˆ ƒ…’…��’ˆ—…‘Š�‰ ‘’�“�›

‚ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° ¡µ§µ´´Ò° ¸¥±Éµ· É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê-
´Ò µ¶¨¸Ò¢ ¥É¸Ö É¥µ·¨¥° ¶µ²Ö ¸ ¤¥°¸É¢¨¥³

SD =
∫

dDX |det GMN |1/2 e−Φ

(
RD − 1

4
F I

MNF IMN + Φ,MΦ,M−

− 1
12

HMNKHMNK

)
, (1)

£¤¥ GMN (M, N = 1, . . . , D) Å ³¥É·¨Î¥¸±µ¥ ¶µ²¥ ¸ ¸¨£´ ÉÊ·µ° −, +, . . . , +;
RD Å ¸± ²Ö· ±·¨¢¨§´Ò; Φ Å ¤¨² Éµ´;

F I
MN = ∂MAI

N − ∂NAI
M ,

(2)

HMNK = ∂MBNK − 1
2
AI

MF I
NK + cyclic MNK,
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AI
N Å ´ ¡µ· ¨§ n  ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° (¨´¤¥±¸ I ¶·µ¡¥£ ¥É §´ -

Î¥´¨Ö µÉ 1 ¤µ n),   BMN Å  ´É¨¸¨³³¥É·¨Î´µ¥ É¥´§µ·´µ¥ ¶µ²¥ Š ²¡ Ä
� ³µ´  [1]. �µ¸²¥¤µ¢ É¥²Ó´µ¥ ±¢ ´Éµ¢µ¥ · ¸¸³µÉ·¥´¨¥ É¥µ·¨¨ £¥É¥·µÉ¨Î¥-
¸±µ° ¸É·Ê´Ò ¶·¨¢µ¤¨É ± §´ Î¥´¨Ö³ D = 10 ¨ n = 16, µ¤´ ±µ ¶·¨ ±² ¸¸¨-
Î¥¸±µ³  ´ ²¨§¥ É¥µ·¨¨ (1), (2) ± ± · §³¥·´µ¸ÉÓ Ë¨§¨Î¥¸±µ£µ ¶·µ¸É· ´¸É¢ -
¢·¥³¥´¨, É ± ¨ Î¨¸²µ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥° ³µ£ÊÉ µ¸É ¢²ÖÉÓ¸Ö ¶·µ¨§¢µ²Ó-
´Ò³¨, ÎÉµ ¨ ¡Ê¤¥É ¶·¥¤¶µ² £ ÉÓ¸Ö ¤ ²¥¥ ¶·¨ µÉ¸ÊÉ¸É¢¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ÊÉµÎ´¥-
´¨°. �É³¥É¨³ É ±¦¥, ÎÉµ Î ¸É´Ò° ¸²ÊÎ ° D = 26 ¨ n = 0, ¸µµÉ¢¥É¸É¢ÊÕÐ¨°
¶µ¸²¥¤µ¢ É¥²Ó´µ° ±¢ ´Éµ¢µ° É¥µ·¨¨ ¡µ§µ´´µ° ¸É·Ê´Ò, É ±¦¥ ¡Ê¤¥É µÌ¢ ÉÒ-
¢ ÉÓ¸Ö ´ Ï¨³ · ¸¸³µÉ·¥´¨¥³.

� ¸ ¨´É¥·¥¸Ê¥É ¶µ¤¶·µ¸É· ´¸É¢µ ·¥Ï¥´¨° ’ƒ‘, ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¸²ÊÎ Õ
´¥§ ¢¨¸¨³µ¸É¨ ¶µ²¥° É¥µ·¨¨ µÉ ¶¥·¢ÒÌ d = D−3 ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´ÒÌ
±µµ·¤¨´ É, É. ¥. ’ƒ‘ ¸ ¶¥·¢Ò³¨ d Éµ·µ¨¤ ²Ó´µ ¸±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´Ò³¨
¨§³¥·¥´¨Ö³¨. ‚¢¥¤¥³ µ¡µ§´ Î¥´¨Ö Y a ¨ xµ (a = 1, . . . , d; µ = 1, 2, 3) ¤²Ö
±µµ·¤¨´ É Xa ¨ Xd+µ ¨ ¢µ¸¶µ²Ó§Ê¥³¸Ö ¤²Ö D-³¥·´µ£µ ²¨´¥°´µ£µ Ô²¥³¥´É 
¸²¥¤ÊÕÐ¥° ¶ · ³¥É·¨§ Í¨¥°:

ds2
D = (dY + V1µdxµ)T G(dY + V1νdxν) + e2φds2

3, (3)

£¤¥ ¶µ¤ Y ¶µ´¨³ ¥É¸Ö ¸Éµ²¡¥Í ¢Ò¸µÉµ° d ¸ ±µ³¶µ´¥´É ³¨ Y a, ¶µ¤ G Å
d × d-³ É·¨Í  ¸ ±µ³¶µ´¥´É ³¨ Gab ¨ ¶µ² £ ¥É¸Ö

φ = Φ − ln | det G|1/2. (4)

„ ²¥¥, µ¡µ§´ Î¨³ Î¥·¥§ A ¨ B ¸µµÉ¢¥É¸É¢¥´´µ d×n- ¨ d×d-³¥·´Ò¥ ³ É·¨ÍÒ
¸ ±µ³¶µ´¥´É ³¨ AI

a ¨ Bab,   Î¥·¥§ V1, V2 ¨ V3 Å ¸Éµ²¡ÍÒ ¢Ò¸µÉµ° d, d ¨
n ¸ ±µ³¶µ´¥´É ³¨

V1 mµ = G−1
mkGk d+µ,

V2 mµ = Bm d+µ − BmkV1 kµ +
1
2
AI

mV3 Iµ,

V3 Iµ = −AI
d+µ + AI

mV1 mµ;

(5)

¶µ²µ¦¨³ É ±¦¥

bµν = Bd+µd+ν − BmkV1mµV1kν − 1
2

[V1mµV2mν − V1mνV2mµ] . (6)

‚ ¨´É¥·¥¸ÊÕÐ¥³ ´ ¸ ¸²ÊÎ ¥ ´¥§ ¢¨¸¨³µ¸É¨ ¶µ²¥° É·¥Ì³¥·´µ° σ-³µ¤¥²¨ µÉ
±µµ·¤¨´ É Y a ´  · ¸¸³ É·¨¢ ¥³µ³ ¶µ¤¶·µ¸É· ´¸É¢¥ ·¥Ï¥´¨° É¥µ·¨¨ ³µ¦´µ
¡¥§ ´ ²µ¦¥´¨Ö ¤µ¶µ²´¨É¥²Ó´ÒÌ ¸¢Ö§¥° ´  µ¸É ÕÐ¨¥¸Ö ¶¥·¥³¥´´Ò¥ ¶µ²µ¦¨ÉÓ
bµν = 0 ¨ ¢¢¥¸É¨ ¶¸¥¢¤µ¸± ²Ö·´Ò¥ ¸Éµ²¡ÍÒ U , V ¨ W ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸
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¸µµÉ´µÏ¥´¨Ö³¨

∇U = e−2φ

{[
G + AAT −

(
B − 1

2
AAT

)
G−1

(
B +

1
2
AAT

)]
∇× V1−

−
(

B − 1
2
AAT

)
G−1∇× V2 −

(
G − B +

1
2
AAT

)
G−1A∇× V3

}
,

∇V = e−2φG−1

[(
B +

1
2
AAT

)
∇× V1 + ∇× V2 − A∇× V3

]
, (7)

∇W = e−2φ

{
−AT G−1

[(
G + B +

1
2
AAT

)
∇× V1 + ∇× V2

]
+

+ (1 + AT G−1A)∇× V3

}
.

“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ÔËË¥±É¨¢´µ¥ ¤¥°¸É¢¨¥ ¤²Ö ·¥§Ê²ÓÉ¨·ÊÕÐ¥°
É·¥Ì³¥·´µ° ¸¨¸É¥³Ò ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

S3 =
∫

d3x
√

det hµν(−R3 + L3), (8)

¢ ±µÉµ·µ³ ¸± ²Ö· ±·¨¢¨§´Ò R3 µ¶·¥¤¥²Ö¥É¸Ö 3-³¥É·¨±µ° hµν ,   ² £· ´¦¨ ´
É·¥Ì³¥·´ÒÌ ¶µ²¥° ³ É¥·¨¨ µ¶·¥¤¥²Ö¥É¸Ö ¢ É¥·³¨´ Ì ¢¢¥¤¥´´ÒÌ ¢¥²¨Î¨´ ¸²¥-
¤ÊÕÐ¨³ µ¡· §µ³:

L3 = tr
[
1
4
(J2

G − J2
B) +

1
2
∇AT G−1∇A

]
+ (∇φ)2 − 1

2
e2φ

{[
∇U+

+
(

B +
1
2
AAT

)
∇V + A∇W

]T
G−1

[
∇U +

(
B +

1
2
AAT

)
∇V +

+ A∇W

]
+ ∇V T G∇V + (∇W − AT∇V )T (∇W − AT∇V )

}
, (9)

£¤¥ JG = G−1∇G ¨ JB = G−1[∇B + 1/2(A∇AT − ∇AAT )] [27]. ’¥³ ¸ -
³Ò³ Ê¸É ´ ¢²¨¢ ¥É¸Ö, ÎÉµ ÔËË¥±É¨¢´ Ö É·¥Ì³¥·´ Ö É¥µ·¨Ö, ¶µ²ÊÎ ÕÐ Ö¸Ö ¢
·¥§Ê²ÓÉ É¥ Éµ·µ¨¤ ²Ó´µ° ±µ³¶ ±É¨Ë¨± Í¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ° ’ƒ‘, ¤¥°-
¸É¢¨É¥²Ó´µ µ¶¨¸Ò¢ ¥É¸Ö £· ¢¨É¨·ÊÕÐ¥° ´¥²¨´¥°´µ° σ-³µ¤¥²ÓÕ.

„²Ö ¨§ÊÎ¥´¨Ö ¸¢µ°¸É¢ ¸¨³³¥É·¨¨ ÔÉµ° σ-³µ¤¥²¨ �. ‘¥´ ¢¢¥² ¢ · ¸¸³µÉ·¥-
´¨¥ ³ É·¨ÍÊ M · §³¥·µ³ (2d + n) × (2d + n), µ¶·¥¤¥²Ö¥³ÊÕ ¸µµÉ´µÏ¥´¨¥³

M = NT G−1N − L, (10)

£¤¥

N =
(
1 X A

)
, X = G + B +

1
2
AAT (11)
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¨

L =


 0 1d 0

1d 0 0
0 0 −1n


 , (12)

  É ±¦¥ ³ É·¨ÍÊ-¸É·µ±Ê ψ ¤²¨´µ° 2d + n ¸²¥¤ÊÕÐ¥£µ ¢¨¤ :

ψ =
(
U V W

)
. (13)

Œ É·¨Í  M Ê¤µ¢²¥É¢µ·Ö¥É, ± ± ²¥£±µ Ê¡¥¤¨ÉÓ¸Ö, µ¶·¥¤¥²ÖÕÐ¨³ Ë ±Éµ·-
¶·µ¸É· ´¸É¢µ O(d, d + n)/O(d) × O(d + n) ¸µµÉ´µÏ¥´¨Ö³

MT LM = M, MT = M (14)

¨, ¡µ²¥¥ Éµ£µ, ¢ µ¡Ð¥³ ¢¨¤¥ ÔÉ¨ ¸µµÉ´µÏ¥´¨Ö · §·¥Ï ¥É. ’ ±¨³ µ¡· §µ³,
³ É·¨Í  M ¶ · ³¥É·¨§Ê¥É Ê± § ´´µ¥ Ë ±Éµ·-¶·µ¸É· ´¸É¢µ, Ö¢²ÖÖ¸Ó ¤²Ö ´¥£µ
³ É·¨Í¥° ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò. �¥É·Ê¤´µ ¤ ²¥¥ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¢
É¥·³¨´ Ì ¢¥²¨Î¨´ M , ψ ¨ φ É·¥Ì³¥·´Ò° ² £· ´¦¨ ´ (9) ¶·¨´¨³ ¥É ¸²¥¤ÊÕ-
Ð¨° ¢¨¤:

L3 = (∇φ)2 − 1
2

e2φ ∇ψM∇ψT +
1
8

tr (M−1 ∇M)2; (15)

ÔÉµÉ ·¥§Ê²ÓÉ É ¨¸¶µ²Ó§Ê¥É¸Ö ´ ³¨ ¢ ¤ ²Ó´¥°Ï¥³. �. ‘¥´ ¶µ± § ², ÎÉµ
¤ ´´ Ö σ-³µ¤¥²Ó ¶ · ³¥É·¨§Ê¥É, ¢ ¤¥°¸É¢¨É¥²Ó´µ¸É¨, Ë ±Éµ·-¶·µ¸É· ´¸É¢µ
O(d + 1, d + 1 + n)/O(d + 1) × O(d + 1 + n), ¨ ¶¥·¢Ò³ ¶µ¸É·µ¨² ¤²Ö ´¥¥
±µ´±·¥É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò (¸ ³ É·¨Í¥° ´Ê²¥¢µ° ±·¨¢¨§´Ò,
µ¶·¥¤¥²Ö¥³µ° ¢¥²¨Î¨´ ³¨ M , ψ ¨ φ [28]).

� §¢¨¢ ¥³Ò° ¤ ²¥¥  ²ÓÉ¥·´ É¨¢´Ò° Ëµ·³ ²¨§³ ¸¢Ö§ ´ ¸ ¶µ¸²¥¤µ¢ É¥²Ó-
´Ò³ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¤µ¶Ê¸± ¥³µ£µ · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¥° ¶·¥¤¸É ¢²¥´¨Ö
¢ É¥·³¨´ Ì ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É . �µ¢Ò° Ëµ·³ ²¨§³ µ± §Ò¢ ¥É¸Ö
µ¸µ¡¥´´µ Ê¤µ¡´Ò³ ¤²Ö ¨§ÊÎ¥´¨Ö ¨ ±² ¸¸¨Ë¨± Í¨¨ ¸±·ÒÉÒÌ ¸¨³³¥É·¨° É¥µ-
·¨¨,   É ±¦¥ ¶·¨ ¶µ¸É·µ¥´¨¨ ±² ¸¸µ¢ ¥¥ ÉµÎ´ÒÌ ·¥Ï¥´¨°, ¨´¢ ·¨ ´É´ÒÌ µÉ-
´µ¸¨É¥²Ó´µ ¤¥°¸É¢¨Ö Éµ° ¨²¨ ¨´µ° ¶µ¤£·Ê¶¶Ò ¶µ²´µ° £·Ê¶¶Ò ¥¥ ¸¨³³¥É·¨°.

2. Œ�’�ˆ—�›… ��’…�–ˆ�‹› ���‘’�

ˆ§²µ¦¥´¨¥ Ô²¥³¥´Éµ¢  ²ÓÉ¥·´ É¨¢´µ£µ Ëµ·³ ²¨§³  Ê¤µ¡´¥¥ ¢¸¥£µ ´ Î ÉÓ
¸ ¶µ¸É·µ¥´¨Ö ´µ¢µ£µ ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò, ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³
¶·¨¢µ¤ÖÐ¥£µ ± µ¶¨¸ ´¨Õ É¥µ·¨¨ ¢ É¥·³¨´ Ì ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É .
�µ¢ Ö ³ É·¨Í  ´Ê²¥¢µ° ±·¨¢¨§´Ò M ¶µ µ¶·¥¤¥²¥´¨Õ · §·¥Ï ¥É ¸µµÉ´µÏ¥´¨Ö

MT LM = L, MT = M, (16)
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µ¶·¥¤¥²ÖÕÐ¨¥ Ë ±Éµ·-¶·µ¸É· ´¸É¢µ O(d+1, d+1+n)/O(d+1)×O(d+1+n),
¶·¨Î¥³ Ô²¥³¥´É L £·Ê¶¶Ò O(d + 1, d + 1 + n) ¢Ò¡¨· ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

L =




0 1d+1 0
1d+1 0 0

0 0 −1n


 , (17)

É. ¥. ¶µ²ÊÎ ¥É¸Ö ¨§ µ¶·¥¤¥²¥´´µ£µ ¢ (12) Ô²¥³¥´É  L £·Ê¶¶Ò O(d, d + n) Ëµ·-
³ ²Ó´µ° § ³¥´µ° d → d + 1. ˆ³¥Ö ¢ ¢¨¤Ê ÔÉÊ § ³¥´Ê,   É ±¦¥ ³ É¥·¨ ²
¶·¥¤Ò¤ÊÐ¥£µ · §¤¥² , µ¶·¥¤¥²Ö¥³ ³ É·¨ÍÊ M ¸µµÉ´µÏ¥´¨¥³

M = N T G−1N −L, (18)

£¤¥

G =
1
2
N LN T , (19)

  N Å ´¥±µÉµ· Ö ³ É·¨Í  · §³¥·µ³ (d + 1) × [2(d + 1) + n]. ‚ ¸¨²Ê ¶·¥¤-
¶µ² £ ¥³µ° ´¥¢Ò·µ¦¤¥´´µ¸É¨ ³ É·¨ÍÒ G ¸É·µ±¨ ³ É·¨ÍÒ N Ö¢²ÖÕÉ¸Ö ²¨-
´¥°´µ ´¥§ ¢¨¸¨³Ò³¨. �Î¥¢¨¤´µ É ±¦¥, ÎÉµ ¶·¥µ¡· §µ¢ ´¨¥ N → CN ¸
²Õ¡µ° ´¥¢Ò·µ¦¤¥´´µ° ³ É·¨Í¥° C ¶¥·¥¢µ¤¨É ³ É·¨ÍÊ M ¢ ¸¥¡Ö ¨ Ö¢²Ö-
¥É¸Ö, É ±¨³ µ¡· §µ³, ± ²¨¡·µ¢µÎ´Ò³. �·¥¤¸É ¢¨³, ¤ ²¥¥, ³ É·¨ÍÊ N ¢ ¢¨¤¥
N =

(
NI NII NIII

)
, £¤¥ NI ¨ NII Å ±¢ ¤· É´Ò¥ ³ É·¨Î´Ò¥ ¡²µ±¨, ¨

µ¡¥¸¶¥Î¨³ ²¨´¥°´ÊÕ ´¥§ ¢¨¸¨³µ¸ÉÓ ¸É·µ± ³ É·¨ÍÒ N É·¥¡µ¢ ´¨¥³ ´¥¢Ò·µ-
¦¤¥´´µ¸É¨ ¡²µ±  NI. �µ²µ¦¨³ ¶µ¸²¥ ÔÉµ£µ C = N−1

I ¨ ¶·¨³¥´¨³ ± N
Ê± § ´´µ¥ ¢ÒÏ¥ ¶·¥µ¡· §µ¢ ´¨¥. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ §´ Î¥´¨¥ ³ É·¨ÍÒ N
¸ Ê¦¥ Ë¨±¸¨·µ¢ ´´µ° ± ²¨¡·µ¢±µ°:

N =
(
1 X A

)
, (20)

£¤¥ X = N−1
I NII, A = N−1

I NIII,   É ±¦¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ ³ -
É·¨ÍÒ G:

G =
1
2
(X + X T −AAT ). (21)

„ ²¥¥, ¨³¥Ö ¢ ¢¨¤Ê ¸µµÉ´µÏ¥´¨¥ (15), ¥¸É¥¸É¢¥´´µ ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ É·¥Ì-
³¥·´Ò° ² £· ´¦¨ ´ L3 ¢ É¥·³¨´ Ì M ¤µ²¦¥´ ¨³¥ÉÓ ¸²¥¤ÊÕÐ¨° ¢¨¤:

L3 =
1
8

tr (M−1 ∇M)2, (22)

¨§ ±µÉµ·µ£µ (¶·¨ ÊÎ¥É¥ ¸µµÉ´µÏ¥´¨° (18), (20) ¨ (21)) § ±²ÕÎ ¥³ É ±¦¥, ÎÉµ

L3 = tr
[
1
4
(∇X −∇AAT )G−1(∇X T −A∇AT )G−1 +

1
2
∇ATG−1∇A

]
. (23)
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“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶·¨ ¢Ò¡µ·¥ ¶ · ³¥É·¨§ Í¨¨ ³ É·¨Î´ÒÌ ¶µ-
É¥´Í¨ ²µ¢ X ¨ A ¢ ¢¨¤¥

X =

(
−e−2φ + V T XV + V T AW +

1
2
WT W V T X − UT

XV + U + AW X

)
,

(24)

A =
(

WT + V T A
A

)

É·¥Ì³¥·´Ò¥ ² £· ´¦¨ ´Ò (9) ¨ (23) ¤¥°¸É¢¨É¥²Ó´µ µ± §Ò¢ ÕÉ¸Ö Éµ¦¤¥¸É¢¥´-
´µ-· ¢´Ò³¨ [30]. ’¥³ ¸ ³Ò³ Ê± § ´´ Ö ¶ · ³¥É·¨§ Í¨Ö ¤µµ¶·¥¤¥²Ö¥É ´µ¢µ¥
¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò É¥µ·¨¨ (18), (20), (21) ¨ ¸¢Ö§ ´´µ¥ ¸ ´¨³
¶·¥¤¸É ¢²¥´¨¥ ¢ É¥·³¨´ Ì ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ X ¨ A.

�¸É ´µ¢¨³¸Ö ´  µ¡¸Ê¦¤¥´¨¨ ÔÉµ£µ ¶µ¸²¥¤´¥£µ ¶·¥¤¸É ¢²¥´¨Ö ¡µ²¥¥ ¶µ-
¤·µ¡´µ. �·¥¦¤¥ ¢¸¥£µ, ³ É·¨ÍÒ X ¨ A, ¨³¥ÕÐ¨¥ · §³¥·Ò (d + 1)× (d + 1) ¨
(d+1)×n ¸µµÉ¢¥É¸É¢¥´´µ, ¥¸É¥¸É¢¥´´µ ´ §Ò¢ ÉÓ ®³ É·¨Î´Ò³¨ ¶µÉ¥´Í¨ ² ³¨
�·´¸É ¯ · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¨. „¥°¸É¢¨É¥²Ó´µ, ¸µµÉ´µÏ¥´¨¥ (23) Ö¢²Ö¥É¸Ö
´¥¶µ¸·¥¤¸É¢¥´´Ò³ ¨ µÎ¥¢¨¤´Ò³ ³ É·¨Î´Ò³ µ¡µ¡Ð¥´¨¥³ ¸µµÉ´µÏ¥´¨Ö

L3 =
1

2f2

∣∣∇E − F̄∇F
∣∣2 − 1

f
|∇F|2 , (25)

¢ ±µÉµ·µ³ f = 1/2(E + Ē − |F|2), µ¶¨¸Ò¢ ÕÐ¥£µ ¢ É¥·³¨´ Ì (´¥³ É·¨Î´ÒÌ)
¶µÉ¥´Í¨ ²µ¢ �·´¸É  E ¨ F ² £· ´¦¨ ´ ¸É Í¨µ´ ·´µ° É¥µ·¨¨ �°´ÏÉ¥°´ Ä
Œ ±¸¢¥²² . 
µ²¥¥ Éµ£µ, ¢ Î ¸É´µ³ ¸²ÊÎ ¥ ’ƒ‘ ¸ d = 1 ¨ n = 2 ¸µ¢³¥¸É´Ò° ¸
Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö  ´§ Í ¸ ³ É·¨Î´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ �·´¸É , · ¢´Ò³¨

X =
(
E ′ −E ′′

E ′′ E ′

)
, A =

(
F ′ −F ′′

F ′′ F ′

)
, (26)

£¤¥ E = E ′ + iE ′′, F = F ′ + iF ′′, µ± §Ò¢ ¥É¸Ö Ô±¢¨¢ ²¥´É´Ò³ ¸É Í¨µ´ ·´µ°
É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²² . „¥°¸É¢¨É¥²Ó´µ, Ëµ·³Ê²Ò (26) µ¶·¥¤¥²ÖÕÉ ¢¥-
Ð¥¸É¢¥´´µ¥ ³ É·¨Î´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ±µ³¶²¥±¸´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  E ¨
F , ¢ Éµ ¢·¥³Ö ± ± · §³¥·´µ¸ÉÓ ÔÉµ£µ ¶·¥¤¸É ¢²¥´¨Ö µ¡¥¸¶¥Î¨¢ ¥É Î¨¸²¥´´µ¥
· ¢¥´¸É¢µ É·¥Ì³¥·´ÒÌ ² £· ´¦¨ ´µ¢ · ¸¸³ É·¨¢ ¥³µ° ´  Ê± § ´´µ³  ´§ Í¥
’ƒ‘ ¨ ¸É Í¨µ´ ·´µ° É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  [31].

3. Š‹�‘‘ˆ”ˆŠ�–ˆŸ ‘Š�›’›• ‘ˆŒŒ…’�ˆ‰

�¸´µ¢ ´´µ¥ ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  ¶·¥¤¸É -
¢²¥´¨¥ (23) ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É ¨§ÊÎ¥´¨¥ ¸±·ÒÉÒÌ ¸¨³³¥É·¨° · ¸¸³ É·¨-
¢ ¥³µ° É¥µ·¨¨ ¨ ¶·¨¢µ¤¨É ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ± ¨Ì ®Ô°´ÏÉ¥°´-³ ±¸¢¥²-
²µ¢¸±µ°¯ ±² ¸¸¨Ë¨± Í¨¨ [30,31]. „¥°¸É¢¨É¥²Ó´µ, µÎ¥¢¨¤´µ ¶·¥¦¤¥ ¢¸¥£µ, ÎÉµ
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¶·¥µ¡· §µ¢ ´¨¥

X → X + Λg, A → A (27)

¸ ¶µ¸ÉµÖ´´Ò³ (± ± ¨ ¢¸¥ ¶µ¸²¥¤ÊÕÐ¨¥ ¢ ÔÉµ³ · §¤¥²¥) ³ É·¨Î´Ò³ ¶ · ³¥É·µ³
Λg = −ΛT

g Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨¥°. „·Ê£¨¥ Ö¢´Ò¥ ¸¨³³¥É·¨¨ ¤ ÕÉ¸Ö ¶·¥µ¡· §µ-
¢ ´¨Ö³¨

X → ΛT
s XΛs, A → ΛT

s A (28)

¸ ´¥¢Ò·µ¦¤¥´´Ò³ ¶ · ³¥É·µ³ Λs, ¨

X → X , A → AΛr (29)

¸ ¶ · ³¥É·µ³ Λr, Ö¢²ÖÕÐ¨³¸Ö µ·Éµ£µ´ ²Ó´µ° ³ É·¨Í¥° (ΛT
r Λr = 1). Œ¥´¥¥

µÎ¥¢¨¤´  ¸¨³³¥É·¨Ö

X → X + AΛT
em +

1
2
ΛemΛT

em, A → A + Λem, (30)

´ ²¨Î¨¥ ±µÉµ·µ°, É¥³ ´¥ ³¥´¥¥, ²¥£±µ ¶·µ¢¥·Ö¥É¸Ö. �·¥µ¡· §µ¢ ´¨Ö (27)Ä(30),
µ¶·¥¤¥²ÖÕÐ¨¥ ²¨´¥°´Ò° ¸¥±Éµ· ¸¨³³¥É·¨° É¥µ·¨¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ ³ É·¨Î-
´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É , ¡Ê¤ÊÉ ¤ ²¥¥ ´ §Ò¢ ÉÓ¸Ö ®£· ¢¨É Í¨µ´´Ò³ ¸¤¢¨£µ³,
³ ¸ÏÉ ¡´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³, Ô²¥±É·µ³ £´¨É´Ò³ ¢· Ð¥´¨¥³¯ ¨ ®Ô²¥±É·µ-
³ £´¨É´Ò³ ¸¤¢¨£µ³¯ ¶µ  ´ ²µ£¨¨ ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¨³³¥É·¨Ö³¨ ¸É Í¨µ-
´ ·´µ° É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²² .

�¥É·Ê¤´µ É ±¦¥ ¶·µ¢¥·¨ÉÓ, ÎÉµ ² £· ´¦¨ ´ (23) ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨-
É¥²Ó´µ µÉµ¡· ¦¥´¨Ö

X → X−1, A → −X−1A, (31)

Ö¢²ÖÕÐ¥£µ¸Ö ´¥²¨´¥°´µ° ¤¨¸±·¥É´µ° ¸¨³³¥É·¨¥° É¥µ·¨¨. �Éµ µÉµ¡· ¦¥´¨¥
¶¥·¥¢µ¤¨É ¶·¥µ¡· §µ¢ ´¨¥ £· ¢¨É Í¨µ´´µ£µ ¸¤¢¨£  (27) ¢ ¶·¥µ¡· §µ¢ ´¨¥ ¸¨³-
³¥É·¨¨

X → (1 + XΛE)−1X , A → (1 + XΛE)−1A, (32)

¢ ±µÉµ·µ³ ΛT
E = −ΛE . �·¥µ¡· §µ¢ ´¨¥ (32) Ö¢²Ö¥É¸Ö ³ É·¨Î´Ò³ µ¡µ¡Ð¥-

´¨¥³ ´  ¸²ÊÎ ° · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¨ ¨§¢¥¸É´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸ 
¨§ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²² ; ¤ ²¥¥ µ´µ ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö ®³ É·¨Î´Ò³
¶·¥µ¡· §µ¢ ´¨¥³ �²¥·¸ ¯. � ±µ´¥Í, ®³ É·¨Î´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ • ··¨¸µ´ ¯
¶µ²ÊÎ ¥É¸Ö ¶·¨³¥´¥´¨¥³ µÉµ¡· ¦¥´¨Ö (31) ± ¶·¥µ¡· §µ¢ ´¨Õ Ô²¥±É·µ³ £´¨É-
´µ£µ ¸¤¢¨£  (30) ¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

X →
(

1 −AΛT
H +

1
2
XΛHΛT

H

)−1

X ,

A →
(

1 −AΛT
H +

1
2
XΛHΛT

H

)−1

(A−XΛH).

(33)
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Œ É·¨Î´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸  ¨ • ··¨¸µ´  ¸µ¸É ¢²ÖÕÉ ´¥²¨´¥°´Ò° ¨
®¨¸É¨´´µ ¸±·ÒÉÒ°¯ ¸¥±Éµ· ¸¨³³¥É·¨° ¨§ÊÎ ¥³µ° É¥µ·¨¨ ¢ ¶·¥¤¸É ¢²¥´¨¨
³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É .

�¥É·Ê¤´µ, ¤ ²¥¥, ¶·µ¢¥·¨ÉÓ, ÎÉµ ¶·¥µ¡· §µ¢ ´¨Ö (27)Ä(30) ¤¥°¸É¢ÊÕÉ ´ 
³ É·¨ÍÊ N ± ± µÉµ¡· ¦¥´¨Ö ¢¨¤ 

N → N C (34)

¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ¡· §µ³ ¶µ¤µ¡· ´´µ° ¶µ¸ÉµÖ´´µ° ³ É·¨Í¥° C. �·¨ ÔÉµ³
¢ ¸²ÊÎ ¥ £· ¢¨É Í¨µ´´µ£µ ¸¤¢¨£  ¨ ³ ¸ÏÉ ¡´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¸µµÉ¢¥É-
¸É¢¥´´µ C = Cg ¨ C = Cs, £¤¥

Cg =




1d+1 Λg 0
0 1d+1 0
0 0 1n


 , Cs =




ΛT −1
s 0 0
0 Λs 0
0 0 1n


 ; (35)

¢ ¸²ÊÎ ¥ ¦¥ Ô²¥±É·µ³ £´¨É´µ£µ ¢· Ð¥´¨Ö ¨ Ô²¥±É·µ³ £´¨É´µ£µ ¸¤¢¨£  C = Cr

¨ C = Cem ¸µµÉ¢¥É¸É¢¥´´µ ¸

Cr =




1d+1 0 0
0 1d+1

0 0 Λr


 , Cem =




1d+1
1
2
ΛT

emΛem Λem

0 1d+1 0

0 ΛT
em 1n


 . (36)

�µ¤ ¤¥°¸É¢¨¥³ Ê± § ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨°, ± ± µ¶ÖÉÓ ¦¥ ²¥£±µ Ê¸É ´µ¢¨ÉÓ,
³ É·¨Í  M ¶·¥µ¡· §Ê¥É¸Ö ¸É ´¤ ·É´Ò³ ¤²Ö ³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨¢¨§´Ò µ¡· -
§µ³:

M → CT MC, (37)

¶·¨Î¥³ É· ´¸Ëµ·³ Í¨µ´´ Ö ³ É·¨Í  C ¶·¨´¨³ ¥É µ¤´µ ¨§ Î¥ÉÒ·¥Ì ¶·¨¢¥¤¥´-
´ÒÌ ¢ÒÏ¥ §´ Î¥´¨°.

„ ²¥¥, ¤¨¸±·¥É´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (31) ¢ N -¶·¥¤¸É ¢²¥´¨¨ ¸¢µ¤¨É¸Ö ±
µÉµ¡· ¦¥´¨Õ N → X−1NL, ¢ Éµ ¢·¥³Ö ± ± ¥£µ ¤¥°¸É¢¨¥ ´  ³ É·¨ÍÊ M
¸µ¢¶ ¤ ¥É ¸ µÉµ¡· ¦¥´¨¥³ M → M−1,   ´  É· ´¸Ëµ·³ Í¨µ´´ÊÕ ³ É·¨ÍÊ Å
¸ µÉµ¡· ¦¥´¨¥³ C → CT −1. ‹¥£±µ ¢¨¤¥ÉÓ, ÎÉµ ³ É·¨ÍÒ ¶·¥µ¡· §µ¢ ´¨°
Ô²¥±É·µ³ £´¨É´µ£µ ¢· Ð¥´¨Ö ¨ ¨§³¥´¥´¨Ö ³ ¸ÏÉ ¡  ¶¥·¥Ìµ¤ÖÉ ¶·¨ ÔÉµ³ µÉµ-
¡· ¦¥´¨¨ ¢ ¸¥¡Ö (¢ É¥·³¨´ Ì ¶ · ³¥É·µ¢ ¶µ²ÊÎ ÕÉ¸Ö ¸µµÉ¢¥É¸É¢¥´´µ Éµ-
¦¤¥¸É¢¥´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ Λr → Λr ¨ ´¥¸ÊÐ¥¸É¢¥´´ Ö ·¥¶ · ³¥É·¨§ Í¨Ö
Λs → ΛT −1

s ),   ³ É·¨ÍÒ £· ¢¨É Í¨µ´´µ£µ ¨ Ô²¥±É·µ³ £´¨É´µ£µ ¸¤¢¨£µ¢ Å ¢
É· ´¸Ëµ·³ Í¨µ´´Ò¥ ³ É·¨ÍÒ ¶·¥µ¡· §µ¢ ´¨° �²¥·¸  ¨ • ··¨¸µ´ :

CE =




1d+1 0 0
ΛE 1d+1 0
0 0 1n


 , CH =




1d+1 0 0

1
2
ΛHΛT

H 1d+1 −ΛH

−ΛT
H 0 1n


 . (38)
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‹¥£±µ É ±¦¥ ¶·µ¢¥·¨ÉÓ, ÎÉµ ± ¦¤ Ö ¨§ É· ´¸Ëµ·³ Í¨µ´´ÒÌ ³ É·¨Í (35), (36)
¨ (38) Ê¤µ¢²¥É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Õ

CTLC = L, (39)

É. ¥. Ê± § ´´Ò¥ ³ É·¨ÍÒ ¤¥°¸É¢¨É¥²Ó´µ Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ £·Ê¶¶Ò
O(d+1, d+1+n), ¸µ¸É ¢²ÖÕÐ¥° ¶µ²´ÊÕ £·Ê¶¶Ê É·¥Ì³¥·´ÒÌ ¸±·ÒÉÒÌ ¸¨³³¥-
É·¨° É¥µ·¨¨. ˆ§ ¤ ²Ó´¥°Ï¥£µ ¨§²µ¦¥´¨Ö ¡Ê¤¥É ¸²¥¤µ¢ ÉÓ, ÎÉµ µ¡Ð¨° Ô²¥³¥´É
ÔÉµ° £·Ê¶¶Ò ¢ ¶·¥¤¸É ¢²¥´¨¨ ´Ê²¥¢µ° ±·¨¢¨§´Ò ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ ± ±
¶·µ¨§¢¥¤¥´¨¥ Ï¥¸É¨ ´ ¶¨¸ ´´ÒÌ ¢ÒÏ¥ É· ´¸Ëµ·³ Í¨µ´´ÒÌ ³ É·¨Í, ¸µ¸É -
¢²¥´´µ¥ ¢ ¶·µ¨§¢µ²Ó´µ³ ¶µ·Ö¤±¥.

4. ƒ�“��� ‡��Ÿ†��™ˆ• ‘ˆŒŒ…’�ˆ‰

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶·µ¨§¢µ²Ó´ÊÕ ±µ´Ë¨£Ê· Í¨Õ ¶µ²¥° É¥µ·¨¨, ¨³¥ÕÐÊÕ
´  ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨ ±µ´¥Î´Ò¥ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö ³ É·¨Î-
´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É , ±µÉµ·Ò¥ ³Ò µ¡µ§´ Î¨³ ± ± X∞ ¨ A∞. “É¢¥·¦-
¤ ¥É¸Ö, ÎÉµ ¸ ¶µ³µÐÓÕ µ¶·¥¤¥²¥´´µ° ¶µ¸²¥¤µ¢ É¥²Ó´µ¸É¨ ¸¶¥Í¨ ²Ó´ÒÌ ¶·¥-
µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨  ¸¨³¶ÉµÉ¨Î¥¸±¨¥ §´ Î¥´¨Ö ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢
�·´¸É  ³µ¦´µ ¶·¨¢¥¸É¨ ± ¨Ì ¶·µ¸É¥°Ï¥³Ê ¢¨¤Ê, ±µÉµ·Ò° µ¶·¥¤¥²Ö¥É¸Ö ¤ -
²¥¥ [31].

„¥°¸É¢¨É¥²Ó´µ, ¶·¨³¥´ÖÖ ¶·¥µ¡· §µ¢ ´¨¥ Ô²¥±É·µ³ £´¨É´µ£µ ¸¤¢¨£  ¸ ¶ -
· ³¥É·µ³ Λem = −A∞, ¤²Ö É· ´¸Ëµ·³¨·µ¢ ´´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì §´ Î¥´¨°
³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

X ′
∞ = X∞ − 1

2
A∞AT

∞, A′
∞ = 0. (40)

„ ²¥¥, ¨¸¶µ²Ó§ÊÖ ¶·¥µ¡· §µ¢ ´¨¥ £· ¢¨É Í¨µ´´µ£µ ¸¤¢¨£  ¸ ¶ · ³¥É·µ³ Λg =
1/2(X∞ − X T

∞), ¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¨³ §´ Î¥´¨Ö³  ¸¨³¶ÉµÉ¨± ³ É·¨Î´ÒÌ
¶µÉ¥´Í¨ ²µ¢ �·´¸É :

X ′′
∞ =

1
2
(
X∞ + X T

∞ −A∞AT
∞
)
, A′′

∞ = 0. (41)

‚¨¤´µ, ÎÉµ X ′′
∞ = G∞; ¶·¨³¥´ÖÖ ³ ¸ÏÉ ¡´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸¨³³¥É·¨¨ ¸

¶ · ³¥É·µ³

Λs =
(

e−φ∞ 0
−e−φ∞ Θ−1

∞

)
, (42)

¢ ±µÉµ·µ³ ¶µ¸ÉµÖ´´ Ö ³ É·¨Í  Θ Ê¤µ¢²¥É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Õ G∞ =
ΘT

∞Gv Θ∞ ¨ Gv = diag (−1; 1, . . . , 1), ¶·¨Ìµ¤¨³ µ±µ´Î É¥²Ó´µ ±  ¸¨³¶Éµ-
É¨Î¥¸±¨³ §´ Î¥´¨Ö³ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É , · ¢´Ò³

Xv = Σ, Av = 0, (43)
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£¤¥

Σ =
(
−12 0
0 1d−1

)
. (44)

�É¨ §´ Î¥´¨Ö Ö¢²ÖÕÉ¸Ö ¶·µ¸É¥°Ï¨³¨ ¨ ¤ ²¥¥ ¡Ê¤ÊÉ ´ §Ò¢ ÉÓ¸Ö ®¢ ±ÊÊ³´Ò³¨¯
¢¢¨¤Ê Éµ£µ Ë ±É , ÎÉµ µ´¨ ¸µµÉ¢¥É¸É¢ÊÕÉ ³´µ£µ³¥·´µ³Ê ¶·µ¸É· ´¸É¢Ê Œ¨´-
±µ¢¸±µ£µ ¸ É·¨¢¨ ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ ¢¸¥Ì ³ É¥·¨ ²Ó´ÒÌ ¶µ²¥°. �É³¥É¨³, ÎÉµ
µ¡· Ð¥´¨¥ ¶·¨¢¥¤¥´´µ° ¶·µÍ¥¤Ê·Ò ¶µ§¢µ²Ö¥É ¶¥·¥¢¥¸É¨ ±µ´Ë¨£Ê· Í¨Õ ¶µ²¥°
É¥µ·¨¨ ¸ ¢ ±ÊÊ³´Ò³¨ §´ Î¥´¨Ö³¨ ¨Ì  ¸¨³¶ÉµÉ¨± ¢ ±µ´Ë¨£Ê· Í¨Õ ¸ Ê¦¥ ¶·µ-
¨§¢µ²Ó´Ò³¨ §´ Î¥´¨Ö³¨  ¸¨³¶ÉµÉ¨± ÔÉ¨Ì ¶µ²¥°. ’ ±¨³ µ¡· §µ³, ±µ´¥Î´Ò¥
§´ Î¥´¨Ö  ¸¨³¶ÉµÉ¨± ¶µ²¥° É¥µ·¨¨ ³µ¦´µ ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ¶µ²µ¦¨ÉÓ
· ¢´Ò³¨ ¨Ì ¢ ±ÊÊ³´Ò³ §´ Î¥´¨Ö³. ‚ ¤ ²Ó´¥°Ï¥³ ±² ¸¸  ¸¨³¶ÉµÉ¨Î¥¸±¨-
¶²µ¸±¨Ì ·¥Ï¥´¨° ¡Ê¤¥É µ¶·¥¤¥²ÖÉÓ¸Ö ¶µ µÉ´µÏ¥´¨Õ ¨³¥´´µ ± ¢ ±ÊÊ³´Ò³
§´ Î¥´¨Ö³  ¸¨³¶ÉµÉ¨± ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É , É. ¥. ¡Ê¤¥É ¶·¥¤¶µ-
² £ ÉÓ¸Ö, ÎÉµ ¤²Ö ·¥Ï¥´¨° ¨§ Ê± § ´´µ£µ ±² ¸¸  ¢ µ±·¥¸É´µ¸É¨ ¶·µ¸É· ´-
¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨ ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨¡²¨¦¥´´Ò¥ · ¢¥´¸É¢  X ∼ Σ ¨
A ∼ 0.

�¥·¥°¤¥³ É¥¶¥·Ó ± ¨§ÊÎ¥´¨Õ É·¥Ì³¥·´µ° £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨°
¢ · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¨. �µ µ¶·¥¤¥²¥´¨Õ ÔÉ  £·Ê¶¶ , Ö¢²ÖÖ¸Ó ¶µ¤£·Ê¶¶µ°
£·Ê¶¶Ò ¸±·ÒÉÒÌ É·¥Ì³¥·´ÒÌ ¸¨³³¥É·¨°, ¸µ¸Éµ¨É ¨§ ¶·¥µ¡· §µ¢ ´¨°, ¸µÌ· -
´ÖÕÐ¨Ì ¸¢µ°¸É¢µ  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¶²µ¸±µ¸É´µ¸É¨ ·¥Ï¥´¨°. ’ ±¨³ µ¡· §µ³,
¢ ±ÊÊ³´ Ö ±µ´Ë¨£Ê· Í¨Ö ¶µ²¥° É¥µ·¨¨ ¸ X = Σ ¨ A = 0 Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´-
Éµ³ ¤ ´´µ° £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨°. �·¨ ÔÉµ³ Ö¢´Ò° ¢¨¤ ¶·¥µ¡· §µ¢ ´¨° ¨§
ƒ‡‘ ´¥É·Ê¤´µ Ê¸É ´µ¢¨ÉÓ, ¨¸¶µ²Ó§ÊÖ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥² .

„¥°¸É¢¨É¥²Ó´µ, ¨§ (29) ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¶·¥µ¡· §µ¢ ´¨Ö Ô²¥±É·µ-
³ £´¨É´ÒÌ ¢· Ð¥´¨° ¸µ¸É ¢²ÖÕÉ O(n)-¶µ¤£·Ê¶¶Ê ƒ‡‘ (Λr ∈ O(n)). „ ²¥¥,
³ ¸ÏÉ ¡´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¸ ¶ · ³¥É·µ³ Λs, ¶µ¤Î¨´¥´´Ò³ ¸µµÉ´µÏ¥´¨Õ

ΛT
s ΣΛs = Σ, (45)

É ±¦¥ ¸µ¸É ¢²ÖÕÉ ¶µ¤£·Ê¶¶Ê ƒ‡‘ (¨§µ³µ·Ë´ÊÕ O(d − 1, 2)). „¢¥ Ê± § ´´Ò¥
¶µ¤£·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ƒ‡‘ ¢Ò¸ÉÊ¶ ÕÉ ± ± Ö¢´Ò¥; ´¥Ö¢´Ò¥ ¶·¥µ¡· §µ-
¢ ´¨Ö ¸¢Ö§ ´Ò ¸µ ¸¶¥Í¨ ²Ó´Ò³ µ¡· §µ³ ´µ·³¨·µ¢ ´´Ò³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨
�²¥·¸  ¨ • ··¨¸µ´ .

„²Ö ¶µ¸É·µ¥´¨Ö ´µ·³¨·µ¢ ´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸  · ¸¸³µÉ·¨³ ¤¥°-
¸É¢¨¥ ¶·¥µ¡· §µ¢ ´¨Ö (32) ¸ ¶ · ³¥É·µ³ ΛE ´  ¶·µ¨§¢µ²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨-
¶²µ¸±µ¥ ·¥Ï¥´¨¥ ’ƒ‘; µÎ¥¢¨¤´µ, ÎÉµ ¢ ±ÊÊ³´µ¥ §´ Î¥´¨¥ ¶µÉ¥´Í¨ ²  A µ´µ
¸µÌ· ´Ö¥É. �·¨³¥´ÖÖ ± ·¥§Ê²ÓÉ ÉÊ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸  ¶·¥µ¡· §µ¢ ´¨¥
£· ¢¨É Í¨µ´´µ£µ ¸¤¢¨£  (27) ¸ ¶ · ³¥É·µ³

Λg = (1 + ΣΛE)−1ΣΛEΣ(1 − ΛEΣ)−1, (46)
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Ê¸É· ´¨³ ¶·¨µ¡·¥É¥´´ÊÕ  ´É¨¸¨³³¥É·¨Î´ÊÕ Î ¸ÉÓ ¢ ±ÊÊ³´µ£µ §´ Î¥´¨Ö ¶µ-
É¥´Í¨ ²  X . „ ²¥¥, ¶·¨µ¡·¥É¥´´ Ö ´¥É·¨¢¨ ²Ó´ Ö ¸¨³³¥É·¨Î´ Ö Î ¸ÉÓ Éµ£µ
¦¥ ¶µÉ¥´Í¨ ²  Ê¸É· ´Ö¥É¸Ö ³ ¸ÏÉ ¡´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ (28) ¸ ¶ · ³¥É·µ³

Λs = 1 − ΛEΣ. (47)

‚ ¨Éµ£¥ ¶µ²ÊÎ ¥³ ±µ³¡¨´ Í¨Õ ¨§ Ê± § ´´ÒÌ É·¥Ì ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨,
®¦¥¸É±µ ¶·¨¢Ö§ ´´ÊÕ¯ ± ¶·¥µ¡· §µ¢ ´¨Õ �²¥·¸  ¨ ¸µÌ· ´ÖÕÐÊÕ ¢ ±ÊÊ³´Ò¥
§´ Î¥´¨Ö ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É . �Éµ ¶·¥µ¡· §µ¢ ´¨¥ ¨ ¥¸ÉÓ ¶µ µ¶·¥-
¤¥²¥´¨Õ ´µ·³¨·µ¢ ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ �²¥·¸ :

X → (1 + ΣΛE)(1 + XΛE)−1X (1 − ΛEΣ) + ΣΛEΣ,

A → (1 + ΣΛE)(1 + XΛE)−1A.
(48)

�´ ²µ£¨Î´Ò³ µ¡· §µ³ ¸É·µ¨É¸Ö ¨ ´µ·³¨·µ¢ ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ • ··¨¸µ´ ,
  ¨³¥´´µ: · ¸¸³ É·¨¢ ¥É¸Ö ¤¥°¸É¢¨¥ ¶·¥µ¡· §µ¢ ´¨Ö • ··¨¸µ´  ¸ ¶ · ³¥É·µ³
ΛH ´  ¶·µ¨§¢µ²Ó´µ¥  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±µ¥ ·¥Ï¥´¨¥ ’ƒ‘. �µ²ÊÎ¥´´ Ö ´¥-
É·¨¢¨ ²Ó´ Ö  ¸¨³¶ÉµÉ¨±  ¶µÉ¥´Í¨ ²  A Ê¸É· ´Ö¥É¸Ö ¶·¥µ¡· §µ¢ ´¨¥³ Ô²¥±-
É·µ³ £´¨É´µ£µ ¸¤¢¨£  (30) ¸ ¶ · ³¥É·µ³

Λem =
(

1 +
1
2
ΣΛHΛT

H

)−1

ΣΛH , (49)

¢ Éµ ¢·¥³Ö ± ± ¢µ§´¨±Ï Ö ¸¨³³¥É·¨Î´ Ö Î ¸ÉÓ ´¥É·¨¢¨ ²Ó´µ°  ¸¨³¶ÉµÉ¨±¨
¶µÉ¥´Í¨ ²  X Å ³ ¸ÏÉ ¡´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ (28) ¸ ¶ · ³¥É·µ³

Λs =
(

1 +
1
2
ΣΛHΛT

H

)
. (50)

�¥§Ê²ÓÉ¨·ÊÕÐ Ö ±µ³¡¨´ Í¨Ö É·¥Ì Ê± § ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨°, Ö¢²ÖÕÐ Ö¸Ö ¶µ
¶µ¸É·µ¥´¨Õ § ·Ö¦ ÕÐ¥° ¸¨³³¥É·¨¥° É¥µ·¨¨, ¨ ¥¸ÉÓ ¶µ µ¶·¥¤¥²¥´¨Õ ´µ·³¨-
·µ¢ ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ • ··¨¸µ´ . �Éµ ¶·¥µ¡· §µ¢ ´¨¥ ¨³¥¥É ¸²¥¤ÊÕÐ¨°
¢¨¤:

X →
(

1 +
1
2
ΣΛHΛT

H

)(
1 −AΛT

H +
1
2
XΛHΛT

H

)−1

×

×
[
X +

(
A− 1

2
XΛH

)
ΛT

HΣ
]

+
1
2
ΣΛHΛT

HΣ,

(51)

A →
(

1 +
1
2
ΣΛHΛT

H

)(
1 −AΛT

H +
1
2
XΛHΛT

H

)−1

(A−XΛH) + ΣΛH .

‘µµÉ´µÏ¥´¨Ö (28), (29), (45), (48) ¨ (51) ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ƒ‡‘ ¢ ¥¥
¤¥°¸É¢¨¨ ´  ³ É·¨Î´Ò¥ ¶µÉ¥´Í¨ ²Ò �·´¸É  ¨ ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö
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£¥´¥· Í¨¨  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨° É¥µ·¨¨. �·¨ ÔÉµ³, µ¤´ ±µ, ´µ·-
³¨·µ¢ ´´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸  ¨ • ··¨¸µ´  µ± §Ò¢ ÕÉ¸Ö ´¥²¨´¥°´µ ·¥-
 ²¨§µ¢ ´´Ò³¨, ÎÉµ ´  ¶· ±É¨±¥ ¸ÊÐ¥¸É¢¥´´µ Ê¸²µ¦´Ö¥É ¶·µÍ¥¤Ê·Ê £¥´¥· Í¨¨.

„²Ö ¸´ÖÉ¨Ö Ê± § ´´µ° ¶·µ¡²¥³Ò ¨ ¤ ²Ó´¥°Ï¥£µ ¨§ÊÎ¥´¨Ö £·Ê¶¶Ò § ·Ö¦ -
ÕÐ¨Ì ¸¨³³¥É·¨° ¶¥·¥°¤¥³ µÉ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  ± ¶µÉ¥´Í¨ ² ³

Z1 = 2 (X + Σ)−1 − Σ, Z2 =
√

2 (X + Σ)−1 A. (52)

‹¥£±µ µ¶·¥¤¥²¨ÉÓ, ÎÉµ ¢ ¨Ì É¥·³¨´ Ì ¤¥°¸É¢¨¥ ¶µ¤£·Ê¶¶ Ô²¥±É·µ³ £´¨É´ÒÌ
¢· Ð¥´¨° ¨ ³ ¸ÏÉ ¡´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¨³¥¥É ¢¨¤

Z1 → Z1, Z2 → Z2Λr,
(53)

Z1 → Λ−1
s Z1ΛT −1

s , Z2 → Λ−1
s Z2.

„ ²¥¥, ´µ·³¨·µ¢ ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ �²¥·¸  ¥¸ÉÓ

Z1 → Z1ΛE , Z2 → Z2, (54)

£¤¥ ΛE = (1 − ΣΛE)(1 + ΣΛE)−1; ´¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¶ · ³¥É· ΛE
Ö¢²Ö¥É¸Ö Ô²¥³¥´Éµ³ £·Ê¶¶Ò O(d − 1, 2), É. ±. ΛT

E ΣΛE = Σ. ‘ ÊÎ¥Éµ³ ÔÉµ£µ
Ë ±É  Ê¤µ¡´µ ®´µ·³¨·µ¢ ÉÓ¯ ³ ¸ÏÉ ¡´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸ ¶ · ³¥É·µ³ Λs

¶·¨ ¶µ³µÐ¨ ¸²¥¤ÊÕÐ¥£µ §  ´¨³ ´µ·³¨·µ¢ ´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸  ¸ ¶ -
· ³¥É·µ³ ΛE = ΛT

s . �¥§Ê²ÓÉ¨·ÊÕÐ¥¥ ¶·¥µ¡· §µ¢ ´¨¥ ¤ ¥É¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

Z1 → Λ−1
s Z1, Z2 → Λ−1

s Z2 (55)

¨ ´ §Ò¢ ¥É¸Ö ¤ ²¥¥ ®´µ·³¨·µ¢ ´´Ò³ ³ ¸ÏÉ ¡´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³¯. � ±µ-
´¥Í, ´µ·³¨·µ¢ ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ • ··¨¸µ´  ¢ ´µ¢µ³ ¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

Z1 → Z1

(
1 − 1

2
ΣΛHΛT

H

)(
1 +

1
2
ΣΛHΛT

H

)−1

−

−
√

2Z2ΛT
H

(
1 +

1
2
ΣΛHΛT

H

)−1

,

(56)

Z2 →
√

2Z1

(
1 +

1
2
ΣΛHΛT

H

)−1

ΣΛH+

+ Z2

[
1 − ΛT

H

(
1 +

1
2
ΣΛHΛT

H

)−1

ΣΛH

]
.

’ ±¨³ µ¡· §µ³, ¤¥°¸É¢¨¥ ¢¸¥Ì Ê¸É ´µ¢²¥´´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¨§ £·Ê¶¶Ò § -
·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° É¥µ·¨¨ ´  ¶µÉ¥´Í¨ ²Ò Z1 ¨ Z2 Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ¨
µ¤´µ·µ¤´Ò³.
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‚¢¥¤¥³ É¥¶¥·Ó ¢ · ¸¸³µÉ·¥´¨¥ ±Ê²µ´µ¢¸±¨¥ § ·Ö¤µ¢Ò¥ Ì · ±É¥·¨¸É¨±¨
 ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ¶µ²¥° É¥µ·¨¨. �´¨ ³µ£ÊÉ ¡ÒÉÓ µ¡Ñ¥¤¨´¥´Ò ¢ ¶µ¸Éµ-
Ö´´Ò¥ ³ É·¨Î´Ò¥ ±µÔËË¨Í¨¥´ÉÒ Å § ·Ö¤µ¢Ò¥ ³ É·¨ÍÒ Q1 ¨ Q2, ¢Ìµ¤ÖÐ¨¥ ¢
 ¸¨³¶ÉµÉ¨Î¥¸±¨¥ · §²µ¦¥´¨Ö ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  ¢ ¸µµÉ¢¥É¸É¢¨¨
¸ ¢Ò· ¦¥´¨Ö³¨

X ∼ Σ − 2ΣQ1Σ
R

, A ∼ ΣQ2√
2R

, (57)

¢ ±µÉµ·ÒÌ É·¥Ì³¥·´ Ö · ¤¨ ²Ó´ Ö ±µµ·¤¨´ É  R → ∞. �·¨ É ±µ³ µ¶·¥¤¥²¥-
´¨¨ § ·Ö¤µ¢ÒÌ ³ É·¨Í ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥  ¸¨³¶ÉµÉ¨±¨ ¶µÉ¥´Í¨ ²µ¢ Z1 ¨ Z2

¶·¨´¨³ ÕÉ ¶·µ¸É¥°Ï¨° ¢¨¤:

Z1 ∼ Q1

R
, Z2 ∼ Q2

R
. (58)

ˆ§ ´¥£µ (¢ ¸¨²Ê ¶·Ö³µ° ¶·µ¶µ·Í¨µ´ ²Ó´µ° § ¢¨¸¨³µ¸É¨ ³¥¦¤Ê ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨³¨ ¢¥²¨Î¨´ ³¨) ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É, ÎÉµ ¢¥²¨Î¨´Ò Q1 ¨ Q2 ¶·¥µ¡· §ÊÕÉ¸Ö
¶µ¤ ¤¥°¸É¢¨¥³ ¶·¥µ¡· §µ¢ ´¨° ¨§ ƒ‡‘ ¢ ÉµÎ´µ¸É¨ É ± ¦¥, ± ± ¨ ¶µÉ¥´Í¨ ²Ò
Z1 ¨ Z2.

�ÉµÉ Ë ±É ¶µ§¢µ²Ö¥É Ê¸É ´µ¢¨ÉÓ ¢¨¤ µ¤´µ£µ ´¥É·¨¢¨ ²Ó´µ£µ ¨´¢ ·¨ ´É 
£·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° (± ± ¢ § ·Ö¤µ¢µ³, É ± ¨ ¢ ¶µÉ¥´Í¨ ²Ó´µ³
¶·¥¤¸É ¢²¥´¨¨),   ¨³¥´´µ: ÔËË¥±É¨¢´Ò° É·¥Ì³¥·´Ò° ² £· ´¦¨ ´, µÎ¥¢¨¤´µ,
Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ ƒ‡‘; ¶·¨ ÔÉµ³ ¥£µ §´ Î¥´¨¥ ´  ¶µÉ¥´Í¨ ² Ì �·´¸É 
¢¨¤  (57) ¥¸ÉÓ

L3 ∼ 1
R4

tr (QT
1 ΣQ1Σ + QT

2 ΣQ2). (59)

�µÔÉµ³Ê ¨ ¶µ¸ÉµÖ´´Ò° ±µÔËË¨Í¨¥´É ¶·¨ 1/R4 Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³, ±µ-
Éµ·Ò° ³µ¦¥É ¡ÒÉÓ É ±¦¥ ¶¥·¥¶¨¸ ´ ¢ ¢¨¤¥ I(Q) = tr (QT Σ Q Ξ), £¤¥ Q =
(Q1 Q2) ¨

Ξ =
(

Σ 0
0 1n

)
. (60)

�·¨ ÔÉµ³ ËÊ´±Í¨µ´ ²Ó´Ò° ¨´¢ ·¨ ´É £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° I(Z)
¶µ²ÊÎ ¥É¸Ö ¨§ ¥¥ § ·Ö¤µ¢µ£µ ¨´¢ ·¨ ´É  I(Q) § ³¥´µ° Q → Z , £¤¥ (d + 1) ×
(d + 1 + n)-³¥·´Ò° ³ É·¨Î´Ò° ¶µÉ¥´Í¨ ² Z µ¶·¥¤¥²Ö¥É¸Ö ± ±

Z =
(
Z1 Z2

)
. (61)

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶µ²ÊÎ¥´´Ò¥ · ´¥¥ ¶·¥µ¡· §µ¢ ´¨Ö ¨§ ƒ‡‘ ¶·¨´¨-
³ ÕÉ µ¸µ¡¥´´µ ¶·µ¸ÉÊÕ Ëµ·³Ê ¨³¥´´µ ¢ É¥·³¨´ Ì ³ É·¨Î´µ£µ ¶µÉ¥´Í¨ ²  Z .
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„¥°¸É¢¨É¥²Ó´µ, ´¥¶µ¸·¥¤¸É¢¥´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¶µ± §Ò¢ ÕÉ, ÎÉµ ¢¸¥ ÔÉ¨ ¶·¥-
µ¡· §µ¢ ´¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Z → Cl Z Cr, (62)

£¤¥ Cl ¨ Cr Å ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ É· ´¸Ëµ·³ Í¨µ´´Ò¥ ³ É·¨ÍÒ. �·¨ ÔÉµ³
³ É·¨Í  Cl µ± §Ò¢ ¥É¸Ö µÉ²¨Î´µ° µÉ Éµ¦¤¥¸É¢¥´´µ° Éµ²Ó±µ ¢ ¸²ÊÎ ¥ ´µ·³¨-
·µ¢ ´´µ£µ ³ ¸ÏÉ ¡´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö; ¥¥ §´ Î¥´¨¥ ¥¸ÉÓ

Cl(Λs) = Λ−1
s . (63)

�¥Éµ¦¤¥¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ Cr ¶µ²ÊÎ ÕÉ¸Ö ¢ µ¸É ÕÐ¥³¸Ö ¸²ÊÎ ¥
Ô²¥±É·µ³ £´¨É´µ£µ ¢· Ð¥´¨Ö,   É ±¦¥ ¤²Ö ´µ·³¨·µ¢ ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨°
�²¥·¸  ¨ • ··¨¸µ´ . ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢Ò±² ¤±¨ ¶·¨¢µ¤ÖÉ ± ¸²¥¤ÊÕÐ¥³Ê
·¥§Ê²ÓÉ ÉÊ:

Cr(Λr) =
(

1d+1 0

0 Λr

)
, Cr(ΛE) =

(
ΛE 0

0 1n

)
,

(64)

Cr(ΛH) =



(

1 − 1

2
ΣΛHΛT

H

)(
1 +

1

2
ΣΛHΛT

H

)−1 √
2

(
1 +

1

2
ΣΛHΛT

H

)−1

ΣΛH

−
√

2ΛT
H

(
1 +

1

2
ΣΛHΛT

H

)−1

1 − ΛT
H

(
1 +

1

2
ΣΛHΛT

H

)−1

ΣΛH


.

’ ±¦¥ ´¥¶µ¸·¥¤¸É¢¥´´µ ¶·µ¢¥·Ö¥É¸Ö, ÎÉµ ¶¥·¥Î¨¸²¥´´Ò¥ É· ´¸Ëµ·³ Í¨µ´´Ò¥
³ É·¨ÍÒ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸µµÉ´µÏ¥´¨Ö³

CT
l Σ Cl = Σ, CT

r ΞCr = Ξ, (65)

¢ ¸¨²Ê ±µÉµ·ÒÌ, ¢ ¸¢µÕ µÎ¥·¥¤Ó, ¨´¢ ·¨ ´É´µ¸ÉÓ ¢¥²¨Î¨´ I(Q) ¨ I(Z) µÉ´µ-
¸¨É¥²Ó´µ · ¸¸³ É·¨¢ ¥³ÒÌ ¶·¥µ¡· §µ¢ ´¨° µ± §Ò¢ ¥É¸Ö Ö¢´µ°.

�µ²µ¦¨³ É¥¶¥·Ó Cl = Cl(Λs) ¨ Cr = Cr(Λr)Cr(ΛE)Cr(ΛH). ŒÒ ¸µ¡¨-
· ¥³¸Ö ¶µ± § ÉÓ, ÎÉµ É ± µ¶·¥¤¥²¥´´Ò¥ ³ É·¨ÍÒ Cl ¨ Cr · §·¥Ï ÕÉ ¸µµÉ-
´µÏ¥´¨Ö (65) ¢ µ¡Ð¥³ ¢¨¤¥ ¶µ ±· °´¥° ³¥·¥ ¢ µ±·¥¸É´µ¸É¨ Éµ¦¤¥¸É¢¥´´µ£µ
¶·¥µ¡· §µ¢ ´¨Ö. „¥°¸É¢¨É¥²Ó´µ, ¶¥·¥Ìµ¤Ö ¸· §Ê ± ´¥É·¨¢¨ ²Ó´µ³Ê ¸²ÊÎ Õ
³ É·¨ÍÒ Cr, Ê¤µ¢²¥É¢µ·ÖÕÐ¥° ¢Éµ·µ³Ê ¨§ ¸µµÉ´µÏ¥´¨° (65), · ¸¸³µÉ·¨³
¥¥ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ¶·¥¤¥² Cr = 1 + γr, £¤¥ γr Å ¨´Ë¨´¨É¥§¨³ ²Ó´Ò°
¶ · ³¥É·, É ±µ°, ÎÉµ γT

r = −Ξ γr Ξ. �¥Ï Ö ÔÉµ Ê· ¢´¥´¨¥, ¶µ²ÊÎ ¥³

γr =

(
−2ΣλE

√
2ΣλH

−
√

2λT
H λr

)
, (66)

£¤¥ λE ¨ λr Å ¶ · ³¥É·Ò, Ê¤µ¢²¥É¢µ·ÖÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö³ λT
E = −Σ λE Σ ¨

λT
r = −λr. �µ  ´ ²µ£¨Î´Ò° ·¥§Ê²ÓÉ É ¶µ²ÊÎ ¥É¸Ö ¨ ¨§ ¤ ´´µ£µ ¢ÒÏ¥ µ¶·¥¤¥-

²¥´¨Ö ³ É·¨ÍÒ Cr ¢ É¥·³¨´ Ì ¶ · ³¥É·µ¢ ´µ·³¨·µ¢ ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨°,
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±µ£¤  ¢ ¨´Ë¨´¨É¥§¨³ ²Ó´µ³ ¸²ÊÎ ¥ ¶µ²µ¦¥´µ ΛE = 1 + λE , Λr = 1 + λr,
ΛH = λH ; ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¨ ¤µ± §Ò¢ ¥É ¸¤¥² ´´µ¥ ÊÉ¢¥·¦¤¥´¨¥. �µ Éµ-
£¤ , ¢ ± Î¥¸É¢¥ ¸²¥¤¸É¢¨Ö, § ±²ÕÎ ¥³, ÎÉµ ¸µµÉ´µÏ¥´¨Ö (62) ¨ (65) Ö¢²ÖÕÉ¸Ö
 ²ÓÉ¥·´ É¨¢´µ° ±µ³¶ ±É´µ° Ëµ·³µ° § ¶¨¸¨ Ê¸É ´µ¢²¥´´ÒÌ · ´¥¥ ¶·¥µ¡· §µ-
¢ ´¨° ¨§ ƒ‡‘. 
µ²¥¥ Éµ£µ, ¨§ ¶µ¤¸Î¥É  Î¨¸²  ´¥§ ¢¨¸¨³ÒÌ ¶ · ³¥É·µ¢ ´ °¤¥´-
´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸²¥¤Ê¥É, ÎÉµ µ´¨ ¸µ¸É ¢²ÖÕÉ ¶µ²´ÊÕ £·Ê¶¶Ê § ·Ö¦ ÕÐ¨Ì
¸¨³³¥É·¨°; ¢ ¸¨²Ê (65) ÔÉ  £·Ê¶¶  ¨§µ³µ·Ë´  O(2, d − 1) × O(2, d − 1 + n).
�É³¥É¨³ É ±¦¥, ÎÉµ ¤¨¸±·¥É´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (31) ¢ É¥·³¨´ Ì ³ É·¨Î´µ£µ
¶µÉ¥´Í¨ ²  Z § ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Z → −ΣZ Ξ. (67)

�·¨ ÔÉµ³ ¤¥°¸É¢¨¥ ¤ ´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ´  É· ´¸Ëµ·³ Í¨µ´´Ò¥ ³ É·¨ÍÒ
Cl ¨ Cr µ¶¨¸Ò¢ ¥É¸Ö µÉµ¡· ¦¥´¨Ö³¨ Cl → Σ Cl Σ ¨ Cr → ΞCr Ξ [31].

5. �‹…Œ…�’› ‹ˆ�…��ˆ‡“�™…ƒ� ��…„‘’�‚‹…�ˆŸ

‚ ÔÉµ³ · §¤¥²¥ · §¢¨¢ ¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥, ¢ · ³± Ì ±µÉµ·µ£µ £·Ê¶¶ 
É·¥Ì³¥·´ÒÌ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¨³¥¥É ²¨´¥°´ÊÕ ¨ µ¤´µ·µ¤´ÊÕ ·¥ ²¨§ -
Í¨Õ. ˆ¸¶µ²Ó§µ¢ ´¨¥ ¶µ¤µ¡´µ£µ ®²¨´¥ ·¨§ÊÕÐ¥£µ¯ ¶·¥¤¸É ¢²¥´¨Ö ¶µ§¢µ²Ö¥É
¶µ²ÊÎ ÉÓ ·¥§Ê²ÓÉ ÉÒ ¢ Ëµ·³¥, Ö¢´µ ¨´¢ ·¨ ´É´µ° ¶µ µÉ´µÏ¥´¨Õ ± ¤¥°¸É¢¨Õ
Ê± § ´´µ° £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨. „ ´´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ µ± §Ò-
¢ ¥É¸Ö µ¸µ¡¥´´µ ¢ ¦´Ò³ ¶·¨ ¨§ÊÎ¥´¨¨ ¨³¥ÕÐ¥£µ ¡µ²ÓÏµ¥ ¶·¨±² ¤´µ¥ §´ -
Î¥´¨¥ ±² ¸¸  É·¥Ì³¥·´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨° É¥µ·¨¨.

ˆ§ ·¥§Ê²ÓÉ Éµ¢ ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥²  ¸²¥¤Ê¥É, ÎÉµ ²¨´¥ ·¨§ÊÕÐ¥¥ ¶·¥¤-
¸É ¢²¥´¨¥ ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´µ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¢¢¥¤¥´´µ£µ ¶·¨ ¶µ³µÐ¨ ¸µ-
µÉ´µÏ¥´¨Ö (61) ³ É·¨Î´µ£µ ¶µÉ¥´Í¨ ²  Z . ‚ ¥£µ É¥·³¨´ Ì ¶µÉ¥´Í¨ ² N ,
µ¶·¥¤¥²ÖÕÐ¨° ³ É·¨ÍÊ M ´Ê²¥¢µ° ±·¨¢¨§´Ò É¥µ·¨¨ (¸³. ´ Î ²µ · §¤. 2),
³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥ N = (Σ + Z1)−1(D1 + ZD2), £¤¥ ¶µ¸ÉµÖ´´Ò¥
³ É·¨ÍÒ D1 ¨ D2 ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

D1 =
(
Σ 1 0

)
, D2 =

(
1 −Σ 0
0 0

√
2

)
. (68)

�¥¶µ¸·¥¤¸É¢¥´´µ° ¶·µ¢¥·±µ° ³µ¦´µ É ±¦¥ Ê¡¥¤¨ÉÓ¸Ö ¢ Éµ³, ÎÉµ ¨³¥ÕÉ ³¥¸Éµ
Éµ¦¤¥¸É¢ 

D1LDT
1 = 2Σ, D1LDT

2 = 0, D2LDT
2 = −2Ξ, (69)

¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ÕÐ¨¥ ¶·µÍ¥¸¸ ¶µ²ÊÎ¥´¨Ö ¶·¨¢µ¤¨³ÒÌ ¤ ²¥¥ ·¥§Ê²ÓÉ Éµ¢.
‘ ¨Ì ¶µ³µÐÓÕ ¨ ¶·¨ ÊÎ¥É¥ ¸µµÉ´µÏ¥´¨° (18) ¨ (19) ¤²Ö ³ É·¨ÍÒ ¶·¥¤¸É -
¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò ´¥É·Ê¤´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

M = DT
1 M1D1 + DT

1 M2D2 + DT
2 MT

2 D1 + DT
2 M3D2 − L, (70)
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¢ ±µÉµ·µ³ ¶µ¤ ³ É·¨Î´Ò³¨ ¶µÉ¥´Í¨ ² ³¨ Mα (α = 1, 2, 3) ¶µ´¨³ ÕÉ¸Ö ¢¥-
²¨Î¨´Ò

M1 = H−1, M2 = H−1Z, M3 = ZTH−1Z, (71)

¨ ¶µ² £ ¥É¸Ö H = Σ − ZΞZT . �µ¤¸É ´µ¢±  ¢Ò· ¦¥´¨° (70) ¨ (71) ¢ ¸µ-
µÉ´µÏ¥´¨¥ (22) ¶·¨¢µ¤¨É ¶µ¸²¥ ´¥¸²µ¦´µ°  ²£¥¡·Ò ± ¸²¥¤ÊÕÐ¥° Ëµ·³Ê²¥,
¶·¥¤¸É ¢²ÖÕÐ¥° É·¥Ì³¥·´Ò° ² £· ´¦¨ ´ É¥µ·¨¨ L3 ¢ É¥·³¨´ Ì ¥¥ ²¨´¥ ·¨-
§ÊÕÐ¥£µ ¶µÉ¥´Í¨ ²  Z:

L3 = tr [∇Z(Ξ −ZT ΣZ)−1∇ZT (Σ −ZΞZT )−1]. (72)

�É³¥É¨³, ÎÉµ ¶µ²ÊÎ¥´¨¥ ¤ ´´µ£µ ·¥§Ê²ÓÉ É  ¡µ²¥¥ ¶·Ö³µ²¨´¥°´Ò³ ¸¶µ¸µ¡µ³
¸¢Ö§ ´µ ¸µ §´ Î¨É¥²Ó´Ò³¨ ¢ÒÎ¨¸²¨É¥²Ó´Ò³¨ É·Ê¤´µ¸ÉÖ³¨. „ ²¥¥, ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨¥ ² £· ´¦¨ ´Ê (72) Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö É ±µ¢Ò:

∇2Z + 2∇ZΞZT (Σ −ZΞZT )−1∇Z = 0,
(73)

R3 µν = tr [Z,(µ(Ξ −ZT ΣZ)−1ZT
,ν)(Σ −ZΞZT )−1].

‹¥£±µ ¶µ´ÖÉÓ, ÎÉµ µ¶·¥¤¥²Ö¥³ Ö ¸µµÉ´µÏ¥´¨Ö³¨ (62) ¨ (65) £·Ê¶¶  § ·Ö-
¦ ÕÐ¨Ì ¸¨³³¥É·¨° Ö¢²Ö¥É¸Ö Ö¢´µ° ¸¨³³¥É·¨¥° É¥µ·¨¨ ¢ · ¸¸³ É·¨¢ ¥³µ³
¶·¥¤¸É ¢²¥´¨¨.

�¶·¥¤¥²¨³ ¤ ²¥¥ ¢¥±Éµ·´ÊÕ ³ É·¨ÍÊ Ω ¸µµÉ´µÏ¥´¨¥³

∇× Ω = −LM−1∇M, (74)

¸µ¢³¥¸É´Ò³ ´  ¶·µ¸É· ´¸É¢¥ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö É¥µ·¨¨. ’µ£¤  ¨§
(69)Ä(71) ´¥³¥¤²¥´´µ ¸²¥¤Ê¥É, ÎÉµ

Ω = DT
1 Ω1D1 −DT

1 Ω2D2 + DT
2 ΩT

2 D1 + DT
2 Ω3D2, (75)

£¤¥

∇× Ω1 = J, ∇× Ω2 = H−1∇Z − JZ,

∇× Ω3 = ∇ZTH−1Z − ZTH−1∇Z + ZT JZ,
(76)

¨ J = H−1(ZΞ∇ZT − ∇ZΞZT )H−1. �µ²ÊÎ¨¢Ï¨°¸Ö ´ ¡µ· É·¥Ì³¥·´ÒÌ
²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ¢¥±Éµ·´ÒÌ ³ É·¨Î´ÒÌ ¶µ²¥° Ωα, µ¶·¥¤¥²Ö¥³ÒÌ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¨³¨ ±µ¢ ·¨ ´É´µ-¸µÌ· ´ÖÕÐ¨³¨¸Ö ³ É·¨Î´Ò³¨ Éµ± ³¨, Ö¢²Ö¥É¸Ö
¶µ²´Ò³ ¶µ ¶µ¸É·µ¥´¨Õ. ”µ·³Ê²Ò (70) ¨ (75) µ¶¨¸Ò¢ ÕÉ ¶¥·¥Ìµ¤ µÉ µ¶·¥-
¤¥²Ö¥³ÒÌ ¶µÉ¥´Í¨ ²µ³ Z ¢¥²¨Î¨´ Mα ¨ Ωα ± ³ É·¨Í¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò
M ¨ ¸ ´¥° ¸¢Ö§ ´´µ° ¢¥±Éµ·´µ° ³ É·¨Í¥ Ω. �¡· É´Ò° ¶¥·¥Ìµ¤, ± ± ¢ ÔÉµ³
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´¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö, ¤ ¥É¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

M1 = ΠT
1 MΠ1 +

1
2
Σ, Ω1 = ΠT

1 ΩΠ1,

M2 = ΠT
1 MΠ2, Ω2 = −ΠT

1 ΩΠ2, (77)

M3 = ΠT
2 MΠ2 −

1
2
Ξ, Ω3 = ΠT

2 ΩΠ2,

¢ ±µÉµ·ÒÌ ¤²Ö Ê¤µ¡¸É¢  ¡Ò²¨ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ ¸¢Ö§ ´´Ò¥ ¸ ³ É·¨Í ³¨ D1

¨ D2 ®¶·µ¥±Í¨µ´Ò¥ µ¶¥· Éµ·Ò¯ Π1 ¨ Π2:

Π1 =
1
2
LDT

1 Σ, Π2 = −1
2
LDT

2 Ξ. (78)

„²Ö ÔÉ¨Ì µ¶¥· Éµ·µ¢ ¸¶· ¢¥¤²¨¢Ò ²¥£±µ ¶·µ¢¥·Ö¥³Ò¥ Éµ¦¤¥¸É¢ 

D1Π1 = 1, D1Π2 = 0, D2Π1 = 0, D2Π2 = 1, (79)

  É ±¦¥ ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ ¸µµÉ´µÏ¥´¨Ö

ΠT
1 LΠ1 =

1
2
Σ, ΠT

1 LΠ2 = 0, ΠT
2 LΠ2 = −1

2
Ξ. (80)

�µ± ¦¥³ É¥¶¥·Ó, ± ± ·¥§Ê²ÓÉ ÉÒ, ¶µ²ÊÎ¥´´Ò¥ ¢ É¥·³¨´ Ì ²¨´¥ ·¨§ÊÕ-
Ð¥£µ ¶·¥¤¸É ¢²¥´¨Ö, ³µ£ÊÉ ¡ÒÉÓ ¶¥·¥¢¥¤¥´Ò ´  Ö§Ò± Ë¨§¨Î¥¸±¨Ì ¶µ²¥° É¥-
µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò. ˆÉ ±, ¸´ Î ²  ¶µ ¨§¢¥¸É´µ³Ê §´ Î¥´¨Õ ²¨-
´¥ ·¨§ÊÕÐ¥£µ ¶µÉ¥´Í¨ ²  Z ¨ É·¥Ì³¥·´µ° ³¥É·¨±¨ hµν ¢ÒÎ¨¸²Ö¥É¸Ö ´ ¡µ·
³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ Mα ¨ Ωα. ‡ É¥³ ÔÉ¨ ¶µÉ¥´Í¨ ²Ò · §¡¨¢ ÕÉ¸Ö ´ 
¡²µ±¨ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸µ ¸²¥¤ÊÕÐ¥° ¸Ì¥³µ°:

M1,Ω1 ∼
(

1 × 1 1 × d
d × 1 d × d

)
, M2,Ω2 ∼

(
1 × 1 1 × d 1 × n
d × 1 d × d d × n

)
,

(81)

M3,Ω3 ∼


1 × 1 1 × d 1 × n

d × 1 d × d d × n
n × 1 n × d n × n


 .

�¡µ§´ Î Ö ¤ ²¥¥ Î¥·¥§ Mα,βγ ¡²µ± βγ ³ É·¨ÍÒ Mα, ¢¢µ¤¨³ ¸²¥¤ÊÕÐ¨°
´ ¡µ· ¸± ²Ö·´ÒÌ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢:

U1 = G0M1,22G0 + G0M2,22 + (M2,22)T G0 + M3,22,

U2 = G0M1,22 − G0M2,22G0 + (M2,22)T −M3,22G0,

U3 =
√

2(G0M2,23 + M3,23),

W1 = −M1,12G0 −M2,12 + (M2,21)T G0 + M3,12,

W2 = M1,12 −M2,12G0 + (M2,21)T −M3,12G0,

W3 =
√

2(M2,13 + M3,13),

(82)
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£¤¥ G0 = diag (−1, 1, . . . , 1) Å ¢ ±ÊÊ³´µ¥ §´ Î¥´¨¥ ³ É·¨ÍÒ G,   É ±¦¥ (´¥-
³ É·¨Î´Ò°) ¸± ²Ö·´Ò° ¶µÉ¥´Í¨ ² S0 = −M1,11 + 2M2,11 −M3,11. �µ ¢¢¥-
¤¥´´Ò³ ¢¥²¨Î¨´ ³ ¢ÒÎ¨¸²Ö¥³ ¸± ²Ö·´Ò¥ ¶µÉ¥´Í¨ ²Ò Sα = Uα +S−1

0 WT
1 Wα,

  ¶µ ³ É·¨Í¥ S1 Å ¸¢Ö§ ´´Ò¥ ¸ ´¥° ¢¥²¨Î¨´Ò

det S1 = (1 + S0W1U
−1
1 WT

1 ) det U1,
(83)

S−1
1 = U−1

1 − S−1
0 U−1

1 WT
1 W1U

−1
1

1 + S−1
0 W1U

−1
1 WT

1

.

� ±µ´¥Í, ´¥µ¡Ìµ¤¨³Ò° ¤²Ö ¤ ²Ó´¥°Ï¥£µ ´ ¡µ· ¢¥±Éµ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ Vα

¢¢µ¤¨³ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

V1 = [−Ω1,12G0 + Ω2,12 + (Ω2,21)T G0 + Ω3,12]T ,

V2 = [−Ω1,12 − Ω2,12G0 + (Ω2,21)T − Ω3,12G0]T ,

V3 =
√

2(Ω2,13 + Ω3,13)T .

(84)

“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¢ É¥·³¨´ Ì µ¶·¥¤¥²¥´´ÒÌ ¢¥²¨Î¨´ ³¥É·¨± 
Ë¨§¨Î¥¸±µ£µ ¶·µ¸É· ´¸É¢ -¢·¥³¥´¨ ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

ds2
D = (dY + V1µdxµ)T S−1

1 (dY + V1νdxν) + S0ds2
3, (85)

¢ Éµ ¢·¥³Ö ± ± ´ ¡µ· Ë¨§¨Î¥¸±¨Ì ¶µ²¥° ³´µ£µ³¥·´µ° ³ É¥·¨¨ µ¶¨¸Ò¢ ¥É¸Ö
¸²¥¤ÊÕÐ¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨:

eΦ = |S0 detS1|1/2 ,

Bmk =
1
2
(S−1

1 S2 − ST
2 S−1

1 )mk,

Bm d+ν =
{

V2ν +
1
2
(S−1

1 S2 − ST
2 S−1

1 )V1ν − S−1
1 S3V3ν

}
m

,

(86)

Bd+µ d+ν =
1
2
[V T

1µ(S−1
1 S2 − ST

2 S−1
1 )V1ν + V T

1µV2ν − V T
1νV2µ],

AI
m = (S−1

1 S3)mI ,

AI
d+µ = (−V3µ + ST

3 S−1
1 V1µ)I .

’ ±¨³ µ¡· §µ³, ¶¥·¥¢µ¤ ·¥§Ê²ÓÉ Éµ¢ ¸ Ö§Ò±  Z-¶·¥¤¸É ¢²¥´¨Ö ´  Ö§Ò± Ë¨§¨-
Î¥¸±¨Ì ¶µ²¥° É¥µ·¨¨ ¸¢µ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê: ¸´ Î ²  ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢¥²¨Î¨´Ò
Mα ¨ Ωα, § É¥³ ¶µÉ¥´Í¨ ²Ò S0, Uα ¨ Wα. „ ²¥¥ ¸²¥¤Ê¥É ¸É ¤¨Ö ¶µ²ÊÎ¥´¨Ö
¢ Ö¢´µ³ ¢¨¤¥ ¶µÉ¥´Í¨ ²µ¢ Sα ¨ Vα ¨, ´ ±µ´¥Í, ¸µ¡¸É¢¥´´µ ³¥É·¨±¨ ¨ ¶µ²¥°
¸É·Ê´´µ° ³ É¥·¨¨. ‘²¥¤Ê¥É É ±¦¥ µÉ³¥É¨ÉÓ, ÎÉµ ¶·¨ ¶µ³µÐ¨ ¸µµÉ´µÏ¥´¨°
(77) ¢¥²¨Î¨´Ò Mα ¨ Ωα ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ´¥¶µ¸·¥¤¸É¢¥´´µ ¨§ µ¡Ñ¥±-
Éµ¢ M ¨ Ω, Ö¢²ÖÕÐ¨Ì¸Ö µ¸´µ¢´Ò³¨ ¢ · ³± Ì ¶·¨³¥´¥´¨Ö ³¥Éµ¤  µ¡· É´µ°
§ ¤ Î¨ · ¸¸¥Ö´¨Ö (¢ ¸²ÊÎ ¥ ±µ³¶ ±É¨Ë¨± Í¨¨ É¥µ·¨¨ ´  ¤¢  ¨§³¥·¥´¨Ö).
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�µ²ÊÎ¥´´Ò¥ ¢ ÔÉµ³ · §¤¥²¥ ·¥§Ê²ÓÉ ÉÒ ³µ£ÊÉ ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö ¤µ-
¶µ²´¨É¥²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö £·Ê¶¶Ò ¸±·ÒÉÒÌ É·¥Ì³¥·´ÒÌ ¸¨³³¥É·¨° É¥µ·¨¨.
’ ±, ¨§ ¸µµÉ´µÏ¥´¨° (62), (65), (71) ¨ (76) ¢ÒÉ¥± ¥É, ÎÉµ ¤¥°¸É¢¨¥ £·Ê¶¶Ò § -
·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ´  ³ É·¨Î´Ò¥ ¶µÉ¥´Í¨ ²Ò Mα ¨ Ωα ¨³¥¥É ¸²¥¤ÊÕÐ¨°
¢¨¤:

M1 → C−1 T
l M1C

−1
l , Ω1 → C−1 T

l Ω1C
−1
l ,

M2 → C−1 T
l M2Cr, Ω2 → C−1 T

l Ω2Cr,
M3 → CT

r M3Cr, Ω3 → CT
r Ω3Cr.

(87)

‚ ¶·¥¤¸É ¢²¥´¨¨ ´Ê²¥¢µ° ±·¨¢¨§´Ò É· ´¸Ëµ·³ Í¨µ´´Ò¥ Ëµ·³Ê²Ò (87) ¢ ¸¢µ¥°
¸± ²Ö·´µ° Î ¸É¨ ¤µ²¦´Ò µ¶¨¸Ò¢ ÉÓ¸Ö ¶·¥µ¡· §µ¢ ´¨¥³ ¢¨¤  (37), ¢ Éµ ¢·¥³Ö
± ± ¢ ¢¥±Éµ·´µ° Å ¶·¥µ¡· §µ¢ ´¨¥³ Ω → C−1ΩC, ¶·¨Î¥³ ³ É·¨Í  ¶·¥µ¡· -
§µ¢ ´¨Ö C ¤µ²¦´  Ê¤µ¢²¥É¢µ·ÖÉÓ µ¸´µ¢´µ³Ê £·Ê¶¶µ¢µ³Ê ¸µµÉ´µÏ¥´¨Õ (39).
ˆ¸¶µ²Ó§ÊÖ ®¶·Ö³Ò¥¯ ¸µµÉ´µÏ¥´¨Ö (70) ¨ (75) ¨ ®µ¡· É´Ò¥¯ ± ´¨³ ¸µµÉ´µÏ¥-
´¨Ö (77),   É ±¦¥ Éµ¦¤¥¸É¢  (69), (79) ¨ (80), ´¥É·Ê¤´µ ¶µ± § ÉÓ, ÎÉµ ¸¤¥² ´´µ¥
ÊÉ¢¥·¦¤¥´¨¥ ¤¥°¸É¢¨É¥²Ó´µ ¨³¥¥É ³¥¸Éµ. �·¨ ÔÉµ³ É· ´¸Ëµ·³ Í¨µ´´Ò¥ ³ -
É·¨ÍÒ ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò Cl ¨ Cr µ± §Ò¢ ÕÉ¸Ö ¸¢Ö§ ´´Ò³¨ ¸
¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ³ É·¨Í ³ Cl ¨ Cr ²¨´¥ ·¨§ÊÕÐ¥£µ ¶·¥¤¸É ¢²¥´¨Ö ¸²¥¤Ê-
ÕÐ¨³ µ¡· §µ³:

Cl = 1 + Π1(C−1
l − 1)D1, Cr = 1 + Π2(Cr − 1)D2. (88)

ˆ¸¶µ²Ó§ÊÖ ¥Ð¥ · § Éµ¦¤¥¸É¢  (79), ²¥£±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¨³¥¥É ³¥¸Éµ ±µ³³Ê-
É Í¨Ö ³ É·¨Í Cl ¨ Cr:

[Cl, Cr] = 0; (89)

ÔÉµ Ë ±É ¥¸É¥¸É¢¥´´Ò°, ¢¢¨¤Ê Ëµ·³Ò É· ´¸Ëµ·³ Í¨µ´´µ£µ ¸µµÉ´µÏ¥´¨Ö (62).
�¶·¥¤¥²¨³ É¥¶¥·Ó µ¡ÐÊÕ ³ É·¨ÍÊ C ¶·¥µ¡· §µ¢ ´¨° ¨§ ƒ‡‘ Ëµ·³Ê²µ°

C = Cl Cr, (90)

¢ ±µÉµ·µ°, ¢ ¸¨²Ê (89), ¶µ·Ö¤µ± ³´µ¦¨É¥²¥° ´¥¸ÊÐ¥¸É¢¥´. �¥¶µ¸·¥¤¸É¢¥´´µ
¶·µ¢¥·Ö¥É¸Ö, ÎÉµ É ± µ¶·¥¤¥²¥´´ Ö É· ´¸Ëµ·³ Í¨µ´´ Ö ³ É·¨Í  C, ¶µ³¨³µ
µ¸´µ¢´µ£µ £·Ê¶¶µ¢µ£µ ¸µµÉ´µÏ¥´¨Ö (39), Ê¤µ¢²¥É¢µ·Ö¥É É ±¦¥ ¸¢Ö§ ´´µ³Ê ¸
®¸µÌ· ´¥´¨¥³¯ ¢ ±ÊÊ³´µ£µ ·¥Ï¥´¨Ö ¤µ¶µ²´¨É¥²Ó´µ³Ê £·Ê¶¶µ¢µ³Ê ¸µµÉ´µÏ¥-
´¨Õ

CT Mv C = Mv, (91)

¢ ±µÉµ·µ³

Mv =
(

Σ 0
0 Ξ

)
(92)
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¥¸ÉÓ ®¢ ±ÊÊ³´µ¥¯ §´ Î¥´¨¥ ³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨¢¨§´Ò É¥µ·¨¨. �¥É·Ê¤´µ
É ±¦¥ ¶µ± § ÉÓ, ÎÉµ ¤ ´´ Ö É· ´¸Ëµ·³ Í¨µ´´ Ö ³ É·¨Í  C µ¶¨¸Ò¢ ¥É ¢¸Õ
¸¢Ö§´ÊÕ ¸ Éµ¦¤¥¸É¢¥´´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ Î ¸ÉÓ ƒ‡‘. „¥°¸É¢¨É¥²Ó´µ, ¶µ² -
£ Ö Cl = 1 + γl ¨ Cr = 1 + γr ¨ ¨¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨Ö (88), § ±²ÕÎ ¥³, ÎÉµ
C = 1 + Γ, £¤¥ Γ = Γl + Γr ¨

Γl = −Π1γlD1, Γr = Π2γrD2. (93)

�µ ¤ ´´ Ö ³ É·¨Í  Γ Ö¢²Ö¥É¸Ö ¢ ¨´Ë¨´¨É¥§¨³ ²Ó´µ³ ¸²ÊÎ ¥ µ¡Ð¨³ ·¥Ï¥´¨¥³
¸²¥¤ÊÕÐ¥° ¨§ (39) ¨ (91) ¸¨¸É¥³Ò Ê· ¢´¥´¨°

ΓT = −LΓL, ΓT = −Mv ΓMv, (94)

µ¶·¥¤¥²ÖÕÐ¥°  ²£¥¡·Ê ¶µ²´µ° ƒ‡‘. �Éµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¨ ¤µ± §Ò¢ ¥É ¸¤¥² ´-
´µ¥ ÊÉ¢¥·¦¤¥´¨¥ (¶·¨ ¶·µ¢¥·±¥ ´Ê¦´µ ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨
 ²£¥¡· ¨Î¥¸±¨³¨ ¸¢µ°¸É¢ ³¨ ³ É·¨Í γl ¨ γr).

Œµ¦´µ ¤ ²¥¥ ¶µ± § ÉÓ, ÎÉµ µ¡Ð¥¥ ·¥Ï¥´¨¥ ¶¥·¢µ£µ ¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò
(94) ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Γ = Γl + Γr + Γm, (95)

£¤¥ ¢¥²¨Î¨´Ò Γl ¨ Γr ¤ ÕÉ¸Ö, ± ± ¨ ¶·¥¦¤¥, ¸µµÉ´µÏ¥´¨Ö³¨ (93), ¢ Éµ ¢·¥³Ö
± ± ³ É·¨Í  Γm µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¶·µ¨§¢µ²Ó´Ò° ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ¶ -
· ³¥É· γm · §³¥·µ³ (d + 1) × (d + 1 + n) ¶·¨ ¶µ³µÐ¨ ¸µµÉ´µÏ¥´¨Ö

Γm = 2
(
Π2ΞγT

mΠT
1 − Π1γmΞΠT

2

)
L. (96)

�Î¥¢¨¤´µ, ÎÉµ ¶·¥µ¡· §µ¢ ´¨Ö ¸¨³³¥É·¨¨, ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¶ · ³¥É·Ê Γm,
¸µ¸É ¢²ÖÕÉ Î ¸ÉÓ ¶µ²´µ° £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨, ¤µ¶µ²´¨É¥²Ó-
´ÊÕ ± £·Ê¶¶¥ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨°. „ ²¥¥, ¤¥°¸É¢¨¥ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ
¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨ ´  ³ É·¨ÍÊ ´Ê²¥¢µ° ±·¨¢¨§´Ò M µ¶¨¸Ò¢ ¥É¸Ö
¢Ò· ¦¥´¨¥³

δaM = ΓT
a M + MΓa, (97)

¢ ±µÉµ·µ³ ¨´¤¥±¸ a ¶·¨´¨³ ¥É §´ Î¥´¨Ö l, r ¨ m. ˆ¸¶µ²Ó§ÊÖ ¸µµÉ´µÏ¥´¨Ö
¶¥·¥Ìµ¤  (77), ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ ¤¥°¸É¢¨¥ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ¶·¥µ¡· §µ¢ -
´¨° ¸ ¶ · ³¥É· ³¨ γl, γr ¨ γm ¸´ Î ²  ´  ¶µÉ¥´Í¨ ²Ò Mα,   § É¥³ ¨ ´ 
¶µÉ¥´Í¨ ² Z . �¥§Ê²ÓÉ É ¶¥·¥¸Î¥É  É ±µ¢:

δlZ = γlZ, δrZ = Zγr,

δmZ = γm −ZΞγT
mΣZ;

(98)

¶·¨ ÔÉµ³ ¥£µ ´¥É·¨¢¨ ²Ó´ Ö Î ¸ÉÓ ¸¢Ö§ ´ , · §Ê³¥¥É¸Ö, ¸ ´¥§ ·Ö¦ ÕÐ¨³
m-¶·¥µ¡· §µ¢ ´¨¥³. �´µ ¸µµÉ¢¥É¸É¢Ê¥É, ± ± ²¥£±µ ¢¨¤¥ÉÓ, ¶·µÍ¥¤Ê·¥ Ê¸É· ´¥-
´¨Ö ¨²¨ £¥´¥· Í¨¨ ¶·µ¨§¢µ²Ó´ÒÌ  ¸¨³¶ÉµÉ¨±  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±µ£µ ·¥-
Ï¥´¨Ö, µ¶¨¸ ´´µ° ¢ ´ Î ²¥ · §¤. 3.
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“¸É ´µ¢¨³ É¥¶¥·Ó ±µ³³ÊÉ Í¨µ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¤²Ö  ²£¥¡·Ò £·Ê¶¶Ò
¸¨³³¥É·¨° É¥µ·¨¨, µ¡µ§´ Î¨¢ Î¥·¥§ T (γa) £¥´¥· Éµ·Ò ¢ T -¶·¥¤¸É ¢²¥´¨¨ (¶·¨
ÔÉµ³ ¢ÒÎ¨¸²¥´¨Ö Ê¤µ¡´µ ¶·µ¨§¢µ¤¨ÉÓ ¢ C-¶·¥¤¸É ¢²¥´¨¨). „²Ö ±µ³³ÊÉ Éµ·µ¢
£¥´¥· Éµ·µ¢ ¨§ £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° µÎ¥¢¨¤-
´Ò° ·¥§Ê²ÓÉ É:

[T (γ′
l), T (γ′′

l )] = T ([γ′
l, γ

′′
l ]),

[T (γ′
r), T (γ′′

r )] = T ([γ′
r, γ

′′
r ]),

(99)

É. ¥. § ³Ò± ´¨¥ ±µ³³ÊÉ Éµ·µ¢ ¨§ l- ¨ r-¶µ¤ ²£¥¡· ´  ¸¥¡Ö,   É ±¦¥

[T (γl), T (γr)] = 0, (100)

É. ¥. Ë ±É ±µ³³ÊÉ Í¨¨ ÔÉ¨Ì ¶µ¤ ²£¥¡·. „ ²¥¥, ®¸³¥Ï ´´Ò¥¯ ±µ³³ÊÉ Éµ·Ò
¨³¥ÕÉ ¢¨¤

[T (γl), T (γm)] = T (γ′
m), [T (γr), T (γm)] = T (γ′′

m), (101)

£¤¥ γ′
m = −γlγm ¨ γ′′

m = −γmγr. � ±µ´¥Í, ±µ³³ÊÉ Éµ·Ò £¥´¥· Éµ·µ¢ ¨§
´¥§ ·Ö¦ ÕÐ¥° Î ¸É¨ £·Ê¶¶Ò ¸¨³³¥É·¨¨ ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

[T (γ′
m), T (γ′′

m)] = T (γl) + T (γr), (102)

£¤¥ γl = (γ′′
mΞγ

′ T
m − γ′

mΞγ′′ T
m )Σ ¨ γr = Ξ(γ

′ T
m Σγ′′

m − γ′′T
m Σγ′

m). Š ± ÔÉµ£µ ¨
¸²¥¤µ¢ ²µ µ¦¨¤ ÉÓ, ¨¸Ìµ¤Ö ¨§ µ¡Ð¨Ì ¸µµ¡· ¦¥´¨°, ´¥§ ·Ö¦ ÕÐ¨¥ ¶·¥µ¡· -
§µ¢ ´¨Ö ¸¨³³¥É·¨¨ É¥µ·¨¨ ´¥ µ¡· §ÊÕÉ ± ±µ° ¡Ò Éµ ´¨ ¡Ò²µ ¶µ¤£·Ê¶¶Ò.

6. ƒ…�…��–ˆŸ �Š‘’�…Œ�‹œ�›• �…˜…�ˆ‰
ˆ‡���‹ŸÄ‚ˆ‹œ‘���Ä�…�…˜�

‚ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ · §· ¡µÉ ´´µ£µ ¢ · §¤. 2Ä5 Ëµ·³ ²¨§³  · ¸¸³µ-
É·¨³ ±² ¸¸ ¶µ²¥° É¥µ·¨¨, ¢ · ³± Ì ±µÉµ·µ£µ ³ É·¨Î´Ò¥ ¶µÉ¥´Í¨ ²Ò �·´¸É 
µ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

X = (1 + ζ)−1(1 + ζ)Σ, A =
√

2(1 + ζ)−1ζ B, (103)

£¤¥ ζ = ζ(xµ) Ö¢²Ö¥É¸Ö ³ É·¨Î´µ° ËÊ´±Í¨¥°,   B Å ³ É·¨Î´µ° ±µ´¸É ´Éµ°.
’ ± Ö ±µ´Ë¨£Ê· Í¨Ö ¶µ²¥°, ± ± ÔÉµ ¸²¥¤Ê¥É ¨§ ³ É¥·¨ ²  · §¤. 2, ¸²Ê¦¨É ´¥¶µ-
¸·¥¤¸É¢¥´´Ò³ µ¡µ¡Ð¥´¨¥³ ´  ¸²ÊÎ ° · ¸¸³ É·¨¢ ¥³µ° ¸É·Ê´´µ-£· ¢¨É Í¨µ´-
´µ° ¸¨¸É¥³Ò ¸¥³¥°¸É¢  ·¥Ï¥´¨° ˆ§· Ô²ÖÄ‚¨²Ó¸µ´ Ä�¥·¥Ï  (ˆ‚�) ¨§ É¥µ·¨¨
�°´ÏÉ¥°´ ÄŒ ±¸¢¥²² . „¥°¸É¢¨É¥²Ó´µ, § ³¥´  X → E ,A → F ,B → exp (iδ),
£¤¥ δ Å ¢¥Ð¥¸É¢¥´´Ò° Î¨¸²µ¢µ° ¶ · ³¥É·, ¶¥·¥¢µ¤¨É ¢Ò· ¦¥´¨Ö (103) ¢ Ëµ·-
³Ê²Ò, µ¶·¥¤¥²ÖÕÐ¨¥ ¶µÉ¥´Í¨ ²Ò �·´¸É  Ê± § ´´µ£µ ¸¥³¥°¸É¢  ·¥Ï¥´¨°. � ¸
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¨´É¥·¥¸ÊÕÉ ¸¢µ°¸É¢  ¸¨³³¥É·¨¨ · ¸¸³ É·¨¢ ¥³µ£µ ±² ¸¸  ¨ µÉ¢¥É ´  ¢µ¶·µ¸ µ
Éµ³, Ö¢²Ö¥É¸Ö ²¨ ¤ ´´ Ö ±µ´Ë¨£Ê· Í¨Ö ¶µ²¥° É¥µ·¨¨ ·¥Ï¥´¨¥³ ¥¥ Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö (73).

�·¥¦¤¥ ¢¸¥£µ § ³¥É¨³, ÎÉµ ¢ É¥·³¨´ Ì ²¨´¥ ·¨§ÊÕÐ¥£µ ¶µÉ¥´Í¨ ²  ¤ ´-
´ Ö ±µ´Ë¨£Ê· Í¨Ö ¶·¨´¨³ ¥É ¢¨¤

Z = Σ ζ
(
1 B

)
. (104)

ˆ¸¶µ²Ó§ÊÖ ÔÉµÉ Ë ±É ¨ ³ É¥·¨ ² · §¤. 4, ´¥É·Ê¤´µ Ê¸É ´µ¢¨ÉÓ, ÎÉµ ¶·¨ Ô²¥±-
É·µ³ £´¨É´ÒÌ ¢· Ð¥´¨ÖÌ ¢Ìµ¤ÖÐ¨¥ ¢ µ¶·¥¤¥²¥´¨¥ · ¸¸³ É·¨¢ ¥³µ£µ ±² ¸¸ 
¶µ²¥° ¢¥²¨Î¨´Ò ζ ¨ B ¶·¥µ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

ζ → ζ, B → BΛr. (105)

„ ²¥¥, ¤²Ö ´µ·³¨·µ¢ ´´ÒÌ ³ ¸ÏÉ ¡´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¨ ¶·¥µ¡· §µ¢ ´¨Ö
�²¥·¸  ¶µ²ÊÎ ¥³ ¸µµÉ¢¥É¸É¢¥´´µ

ζ → ΛT
s ζ, B → B,

(106)
ζ → ζΛE , B → Λ−1

E B,

¢ Éµ ¢·¥³Ö ± ± ¤²Ö ´µ·³¨·µ¢ ´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö • ··¨¸µ´  ·¥§Ê²ÓÉ É
É ±µ¢:

ζ → ζ

(
1 − 1

2
ΣΛHΛT

H −
√

2BΛT
H

)(
1 +

1
2
ΣΛHΛT

H

)−1

,

(107)

B →
(

1 +
1
2
ΣΛHΛT

H

)(
1 − 1

2
ΣΛHΛT

H −
√

2BΛT
H

)−1

×

×
{
B
[
1 − ΛT

H

(
1 +

1
2
ΣΛHΛT

H

)−1

ΣΛH

]
+
√

2
(

1 +
1
2
ΣΛHΛT

H

)−1

ΣΛH

}
.

‚¨¤´µ, ÎÉµ ¢µ ¢¸¥Ì ¶·¨¢¥¤¥´´ÒÌ Ëµ·³Ê² Ì ´¥ ´ ·ÊÏ ¥É¸Ö ¶·¨·µ¤  ³ É·¨Î-
´µ£µ ¶ · ³¥É·  B (¥£µ ´¥§ ¢¨¸¨³µ¸ÉÓ µÉ ±µµ·¤¨´ É xµ). ’ ±¨³ µ¡· §µ³,
· ¸¸³ É·¨¢ ¥³Ò°  ´§ Í (103) ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ ¶µ²´µ° £·Ê¶¶Ò § -
·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ’ƒ‘ ¶µ¤µ¡´µ ¸¢µ¥³Ê ¶·µµ¡· §Ê ¨§ É¥µ·¨¨ �°´ÏÉ¥°´ Ä
Œ ±¸¢¥²² . �¥É·Ê¤´µ, ´ ±µ´¥Í, ¶·µ¢¥·¨ÉÓ, ÎÉµ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö É¥µ·¨¨
¢Ò¶µ²´ÖÕÉ¸Ö, ¥¸²¨ É·¥Ì³¥·´ Ö ³¥É·¨±  hµν ¶²µ¸± Ö, ³ É·¨Î´ Ö ËÊ´±Í¨Ö ζ
£ ·³µ´¨Î¥¸± Ö (§ ³¥É¨³, ÎÉµ ²¨´¥°´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¨§ ƒ‡‘ ´¥ ´ ·ÊÏ ÕÉ
Ê¸²µ¢¨Ö £ ·³µ´¨Î´µ¸É¨),   ³ É·¨Î´ Ö ±µ´¸É ´É  B Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕÐ¥³Ê
Ê¸²µ¢¨Õ ¸¢Ö§¨:

BBT = −Σ. (108)
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“± § ´´µ¥ Ê¸²µ¢¨¥, ¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸µ¡µ°  ²£¥¡· ¨Î¥¸±µ¥ Ê· ¢´¥´¨¥ ´  ³ -
É·¨Î´Ò° ¶ · ³¥É· B, ¢ ¸²ÊÎ ¥ d = 1 (¨ ¶·¨ ¶·µ¨§¢µ²Ó´µ³ §´ Î¥´¨¨ n) ³µ-
¦¥É ¡ÒÉÓ µÎ¥¢¨¤´Ò³ µ¡· §µ³ · §·¥Ï¥´µ; ¢ ¸²ÊÎ ¥ ¦¥ d > 1 ¢¥Ð¥¸É¢¥´´ÒÌ
·¥Ï¥´¨° Ê · ¸¸³ É·¨¢ ¥³µ£µ Ê· ¢´¥´¨Ö ´¥ ¸ÊÐ¥¸É¢Ê¥É. � ¸ ¨´É¥·¥¸Ê¥É ¨´-
¢ ·¨ ´É´µ¥ µÉ´µ¸¨É¥²Ó´µ ƒ‡‘ µ¡µ¡Ð¥´¨¥  ´§ Í  (103), (104), ¶µ§¢µ²ÖÕÐ¥¥
µ¡µ°É¨ ¶·µ¡²¥³Ê Ê¸²µ¢¨Ö ¸¢Ö§¨ (108).

ˆ¸±µ³µ¥ µ¡µ¡Ð¥´¨¥ ¥¸É¥¸É¢¥´´Ò³ µ¡· §µ³ ¢µ§´¨± ¥É ¶·¨ ¶µ¸²¥¤µ¢ É¥²Ó-
´µ³ ¨¸¶µ²Ó§µ¢ ´¨¨ ²¨´¥ ·¨§ÊÕÐ¥£µ ¶·¥¤¸É ¢²¥´¨Ö [32]. � ¸¸³µÉ·¨³  ´§ Í ¸

Z = ΛQ, (109)

£¤¥ Λ = Λ(xµ) ¨ Q ¥¸ÉÓ ¸µµÉ¢¥É¸É¢¥´´µ ³ É·¨Î´Ò¥ ËÊ´±Í¨Ö ¨ ±µ´¸É ´É  ¸
· §³¥· ³¨ (d + 1) × K ¨ K × (d + 1 + n), ¶·¨Î¥³ K Å ¶µ±  ¶·µ¨§¢µ²Ó´Ò°
´ ÉÊ· ²Ó´Ò° ¶ · ³¥É·. �Î¥¢¨¤´µ, ÎÉµ ¶·¨ K = d + 1, ¶µ²µ¦¨¢ Λ = Σζ ¨
Q = (1 B), ³Ò ¢¥·´¥³¸Ö ± Ê¦¥ · ¸¸³µÉ·¥´´µ³Ê ¸²ÊÎ Õ, É ± ÎÉµ  ´§ Í (109)
¤¥°¸É¢¨É¥²Ó´µ µ¡µ¡Ð ¥É ±² ¸¸ ¶µ²¥° (103).

�·¨¸ÉÊ¶ Ö ± ¨§ÊÎ¥´¨Õ ´µ¢µ£µ  ´§ Í  (109), µÉ³¥É¨³ ¸· §Ê, ÎÉµ Ê· ¢´¥-
´¨Ö ¤¢¨¦¥´¨Ö É¥µ·¨¨ ¢Ò¶µ²´ÖÕÉ¸Ö, ¥¸²¨ ³¥É·¨±  hµν ¶²µ¸± Ö, ³ É·¨Î´ Ö
ËÊ´±Í¨Ö Λ £ ·³µ´¨Î¥¸± Ö ¨ ¥¸²¨, ±·µ³¥ Éµ£µ, ³ É·¨Î´ Ö ±µ´¸É ´É  Q Ê¤µ-
¢²¥É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Õ

QΞQT = 0, (110)

±µÉµ·µ¥ Ö¢²Ö¥É¸Ö µ¡µ¡Ð¥´¨¥³ Ê¸²µ¢¨Ö ¸¢Ö§¨ (108). ‘µ¢¥·Ï¥´´µ µÎ¥¢¨¤´µ,
ÎÉµ · ¸¸³ É·¨¢ ¥³Ò° ±² ¸¸ ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´Ò³ µÉ´µ¸¨É¥²Ó´µ
¤¥°¸É¢¨Ö £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° É¥µ·¨¨. „¥°¸É¢¨É¥²Ó´µ, µ¡Ð¥¥ ƒ‡‘-
¶·¥µ¡· §µ¢ ´¨¥ (62) ·¥ ²¨§Ê¥É¸Ö ´  µ¶·¥¤¥²ÖÕÐ¨Ì ¤ ´´Ò° ±² ¸¸ ·¥Ï¥´¨°
¢¥²¨Î¨´ Ì Λ ¨ Q ¢ ¢¨¤¥ µÉµ¡· ¦¥´¨Ö

Λ → ClΛ, Q → QCr, (111)

¸µÌ· ´ÖÕÐ¥£µ ± ± Ê¸²µ¢¨¥ £ ·³µ´¨Î´µ¸É¨ ËÊ´±Í¨¨ Λ, É ± ¨ Ê¸²µ¢¨¥ ¸¢Ö§¨
(110), ´ ²µ¦¥´´µ¥ ´  ¶ · ³¥É· Q.

„ ²¥¥, µÎ¥¢¨¤´µ, ÎÉµ ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ¸É·µ±¨ ³ É·¨ÍÒ Q ³µ¦´µ ¸Î¨-
É ÉÓ ²¨´¥°´µ ´¥§ ¢¨¸¨³Ò³¨. „¥°¸É¢¨É¥²Ó´µ, ¶Ê¸ÉÓ, ´ ¶·¨³¥·, ¥¥ K-Ö ¸É·µ± 
QK ¥¸ÉÓ ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö µ¸É ¢Ï¨Ì¸Ö ¸É·µ± Ql (l = 1, . . . ,K − 1), É. ¥.
¶Ê¸ÉÓ ¸ÊÐ¥¸É¢ÊÕÉ ±µ´¸É ´ÉÒ βl É ±¨¥, ÎÉµ QK =

∑K−1
l=1 βlQl. ’µ£¤  ¢ÒÎ¥·-

±¨¢ ´¨¥ ¨§ ³ É·¨ÍÒ Q ÔÉµ° ¸É·µ±¨ ¢³¥¸É¥ ¸ µ¤´µ¢·¥³¥´´Ò³ ¢ÒÎ¥·±¨¢ ´¨¥³
¨§ ³ É·¨ÍÒ Λ ¥¥ K-£µ ¸Éµ²¡Í  ¨ ¸¤¢¨£µ³ µ¸É ¢Ï¨Ì¸Ö ¸Éµ²¡Íµ¢ ¢ ¸µµÉ¢¥É-
¸É¢¨¨ ¸ Ëµ·³Ê²µ° Λl → Λl + βlΛK ¶¥·¥¢µ¤¨É  ´§ Í (109) ¢ ¸¥¡Ö. “± § ´´Ò¥
¢ÒÎ¥·±¨¢ ´¨¥ ¨ ¸¤¢¨£ ¸µµÉ¢¥É¸É¢ÊÕÉ § ³¥´¥ K → K − 1 ¢ · ¸¸³ É·¨¢ ¥³µ³
 ´§ Í¥; ¤¥² Ö ¶µ¤µ¡´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö, ¶µ²ÊÎ ¥³, ¢ ±µ´Í¥ ±µ´Íµ¢, ¸¨ÉÊ Í¨Õ
¸ K � d+1+n. Œµ¦´µ ¸Î¨É ÉÓ, µ¤´ ±µ, ÎÉµ ¨³¥¥É ³¥¸Éµ ¸É·µ£µ¥ ´¥· ¢¥´¸É¢µ
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K < d+1+n, É. ±. ¢ ¸²ÊÎ ¥ K = d+1+n ¨§ (110) ³Ò ¨³¥²¨ ¡Ò det Q = 0, É. ¥.
¸²ÊÎ ° ²¨´¥°´µ° § ¢¨¸¨³µ¸É¨ ³¥¦¤Ê ¸É·µ± ³¨ ³ É·¨ÍÒ Q, µÉ ±µÉµ·µ°, ± ±
³Ò ÔÉµ ¶·¥¤¶µ² £ ¥³, ´ ³ Ê¦¥ Ê¤ ²µ¸Ó ¨§¡ ¢¨ÉÓ¸Ö. �µ ÔÉµ° ¶·¨Î¨´¥ ³ É·¨Í 
Q µ± §Ò¢ ¥É¸Ö ¶·¥¤¸É ¢¨³µ° ¢ ¢¨¤¥ Q = (Q1 Q2), £¤¥ Q1 ¨ Q2 Å ³ É·¨ÍÒ ¸
· §³¥· ³¨ K × K ¨ K × (d + 1 + n − K) ¸µµÉ¢¥É¸É¢¥´´µ. �·¨ ÔÉµ³ ³ É·¨Í 
Q ¨³¥¥É K ²¨´¥°´µ ´¥§ ¢¨¸¨³ÒÌ ¸Éµ²¡Íµ¢; ¤ ²¥¥ · ¸¸³ É·¨¢ ¥É¸Ö ¸¨ÉÊ Í¨Ö,
±µ£¤  ¶¥·¢Ò¥ K ¸Éµ²¡Íµ¢ Ê± § ´´µ° ³ É·¨ÍÒ Ö¢²ÖÕÉ¸Ö ²¨´¥°´µ ´¥§ ¢¨¸¨-
³Ò³¨. ‚ ÔÉµ³, Ëµ·³ ²Ó´µ ´ ¨¡µ²¥¥ ¡²¨§±µ³ ± Ô°´ÏÉ¥°´-³ ±¸¢¥²²µ¢¸±µ³Ê,
¸²ÊÎ ¥ det Q1 �= 0 ¶·¨ ¶µ³µÐ¨ ´µ·³¨·µ¢ ´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö �²¥·¸  ¸
¶ · ³¥É·µ³ ΛE = Q1 ¨ ¶µ¸²¥¤ÊÕÐ¥£µ ¶¥·¥µ¶·¥¤¥²¥´¨Ö ΛQ1 → Λ ¶µ²ÊÎ ¥³
 ´§ Í (109) ¸

Q =
(
1 N

)
, (112)

£¤¥ ¡Ò²µ ¶µ²µ¦¥´µ N = Q−1
1 Q2. …¸²¨, ¤ ²¥¥, ¶·¥¤¶µ²µ¦¨ÉÓ, ÎÉµ K � 3,

Éµ ¤²Ö É·¥ÉÓ¥° ¸É·µ±¨ N3 ³ É·¨ÍÒ N ¨§ ¸µµÉ´µÏ¥´¨Ö (110) ´¥³¥¤²¥´´µ ¶µ-
²ÊÎ ¥³ Ê· ¢´¥´¨¥ N3N T

3 = −1, ´¥ ¨³¥ÕÐ¥¥ ¢¥Ð¥¸É¢¥´´ÒÌ ·¥Ï¥´¨°. „²Ö
§´ Î¥´¨° ¦¥ K � 2 Ê¸²µ¢¨¥ ¸¢Ö§¨ (110) ¶·¥¢· Ð ¥É¸Ö ¢  ²£¥¡· ¨Î¥¸±µ¥ Ê· ¢-
´¥´¨¥

NN T = 1K, (113)

Ê ±µÉµ·µ£µ ¢¥Ð¥¸É¢¥´´Ò¥ ·¥Ï¥´¨Ö Ê¦¥ ¥¸ÉÓ. ˆÉ ±, µ±µ´Î É¥²Ó´µ ¤²Ö Ô±¸É·¥-
³ ²Ó´µ£µ ±² ¸¸  ·¥Ï¥´¨° ˆ‚� ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ° ¸É·Ê´´µ-£· ¢¨É -
Í¨µ´´µ° É¥µ·¨¨ ¶µ²ÊÎ ¥³ µ¶·¥¤¥²ÖÕÐ¨¥ ¸µµÉ´µÏ¥´¨Ö (109), (112) ¨ (113)
¸µ §´ Î¥´¨Ö³¨ K = 1 ¨ 2.

‚ ¸²ÊÎ ¥ K = 1 ³ É·¨Î´µ¥ ¶µ²¥ Λ = Λ(1) Ö¢²Ö¥É¸Ö ¸Éµ²¡Íµ³ ¢Ò¸µÉµ°
d + 1,   ¶ · ³¥É· N = N (1) Å ¸É·µ±µ° ¤²¨´µ° d + n. �É  ¸É·µ± , ¶ · -
³¥É·¨§µ¢ ´´ Ö ± ± N (1) = (Ñ (1) N̄ (1)), £¤¥ Ñ (1) Å Î¨¸²µ,   N̄ (1) Å ¸É·µ± 
¤²¨´µ° d− 1 + n, Ê¤µ¢²¥É¢µ·Ö¥É ¸²¥¤ÊÕÐ¥³Ê  ²£¥¡· ¨Î¥¸±µ³Ê ¸µµÉ´µÏ¥´¨Õ:

N̄ (1)N̄ (1) T = 1 + (Ñ (1))2. (114)

„ ²¥¥, ¢ ¸²ÊÎ ¥ K = 2 ³ É·¨Í  Λ = Λ(2) ¨³¥¥É · §³¥· (d + 1)× 2,   ¶ · ³¥É·

N = N (2) ¸µ¸Éµ¨É ¨§ ¤¢ÊÌ µ·Éµ´µ·³¨·µ¢ ´´ÒÌ ¸É·µ± N (2)
1 , N (2)

2 ¤²¨´µ°
d − 1 + n:

N (2) =

(
N (2)

1

N (2)
2

)
,

(115)
N (2)

1 N (2) T
1 = N (2)

2 N (2) T
2 = 1, N (2)

1 N (2) T
2 = 0.

�·¨ ÔÉµ³ ¸²ÊÎ ° K = 1 µ¶·¥¤¥²¥´ ¤²Ö §´ Î¥´¨° d ¨ n É ±¨Ì, ÎÉµ d + n � 2,
¢ Éµ ¢·¥³Ö ± ± ¤²Ö ¸²ÊÎ Ö K = 2 ¢ ¸¨²Ê ¶·µ¢¥¤¥´´µ£µ  ´ ²¨§  d + n > 2.
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’ ±¨³ µ¡· §µ³, ¶¥·¢Ò° ¸²ÊÎ ° ·¥ ²¨§Ê¥É¸Ö, ¢ Î ¸É´µ¸É¨, ¶·¨ d + n = 2, É. ¥.
¢ · ³± Ì É¥µ·¨° ¸ d = n = 1 ¨ d = 2, n = 0. “É¢¥·¦¤ ¥É¸Ö, ÎÉµ Éµ²Ó±µ ¤²Ö
¤¢ÊÌ Ê± § ´´ÒÌ É¥µ·¨° ¸²ÊÎ ° K = 1 Ö¢²Ö¥É¸Ö ´¥§ ¢¨¸¨³Ò³ µÉ ¸²ÊÎ Ö K = 2.
’µÎ´¥¥, ÊÉ¢¥·¦¤ ¥É¸Ö, ÎÉµ ¶·¨ d+n > 2 ¸²ÊÎ ° K = 1 ³µ¦¥É ¡ÒÉÓ ·¥ ²¨§µ¢ ´
¢ · ³± Ì ¸²ÊÎ Ö K = 2; ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ®¸µµÉ´µÏ¥´¨Ö ¢²µ¦¥´¨Ö¯ ¶¥·¢µ£µ
¸²ÊÎ Ö ¢µ ¢Éµ·µ° ¨³¥ÕÉ ¢¨¤

Λ(2)
1 = Λ(1), Λ(2)

2 = Ñ (1)Λ(1),
(116)

N (2)
1 + Ñ (1)N (2)

2 = N̄ (1).

„¥°¸É¢¨É¥²Ó´µ, ¢ · ¸¸³ É·¨¢ ¥³µ³ ¢²µ¦¥´¨¨ N̄ (1) Ö¢²Ö¥É¸Ö ¢¥±Éµ·µ³ ¥¢±²¨-
¤µ¢  ¶·µ¸É· ´¸É¢  · §³¥·´µ¸ÉÓÕ d − 1 + n � 2; ´µ·³  ÔÉµ£µ ¢¥±Éµ·  · ¢´ √

1 + (Ñ (1))2. �Î¥¢¨¤´µ, ¤ ²¥¥, ÎÉµ ¢ Ê± § ´´µ³ ¶·µ¸É· ´¸É¢¥ ¸ÊÐ¥¸É¢Ê¥É

¶ ·  µ·Éµ´µ·³¨·µ¢ ´´ÒÌ ¢¥±Éµ·µ¢ N (2)
1 ¨ N (2)

2 É ±¨Ì, ÎÉµ ¢¥±Éµ· N̄ (1) ¨³¥¥É

¥¤¨´¨Î´ÊÕ ¶·µ¥±Í¨Õ ´  N (2)
1 ¨ ¶·µ¥±Í¨Õ ´  N (2)

2 , · ¢´ÊÕ Ñ (1). ˆ³¥´´µ
ÔÉµ° £¥µ³¥É·¨Î¥¸±µ° ¸¨ÉÊ Í¨¨ ¨ ¸µµÉ¢¥É¸É¢ÊÕÉ Ëµ·³Ê²Ò (116).

�¡¸Ê¤¨³ É¥¶¥·Ó ¢±· ÉÍ¥ ®¶·µÍ¥¤Ê·Ê · ¸±µ¤¨·µ¢ ´¨Ö¯ ¶µ²ÊÎ¥´´µ£µ ±² ¸¸ 
Ô±¸É·¥³ ²Ó´ÒÌ ·¥Ï¥´¨° ˆ‚� ¢ ¸É·Ê´´µ° É¥µ·¨¨, µ£· ´¨Î¨¢Ï¨¸Ó, · ¤¨ Ô±µ-
´µ³¨¨ ³¥¸É , ¢ÒÎ¨¸²¥´¨¥³ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ Ma ¨ Ωa. “± § ´´Ò¥
¢ÒÎ¨¸²¥´¨Ö ¶·¨¢µ¤ÖÉ ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ:

M1 = Σ, M2 = ΣΛQ, M3 = QT ΛT ΣΛQ,

Ω1 = 0, Ω2 = ΣΘ1Q, Ω3 = QT Θ2Q,
(117)

¢ ±µÉµ·µ³ ¢¥±Éµ·´Ò¥ ¶µ²Ö Θ1 ¨ Θ2 µ¶·¥¤¥²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

∇× Θ1 = ∇Λ, ∇× Θ2 = ∇ΛT ΣΛ − ΛT Σ∇Λ, (118)

¸µ¢³¥¸É´Ò³¨ ¢ ¸²ÊÎ ¥ ²Õ¡µ° ³ É·¨Î´µ° £ ·³µ´¨Î¥¸±µ° ËÊ´±Í¨¨ Λ. �Î¥-
¢¨¤´µ, ÎÉµ ¤²Ö ·¥Ï¥´¨° ¸ K = 1 ¢¥±Éµ·´µ¥ ¶µ²¥ Θ2 ¥¸ÉÓ Éµ¦¤¥¸É¢¥´´Ò°
´µ²Ó; ¤²Ö ·¥Ï¥´¨° ¦¥ ¸ K = 2 ÔÉµ ¶µ²¥ Ö¢²Ö¥É¸Ö  ´É¨¸¨³³¥É·¨Î´µ° 2×2-³ -
É·¨Í¥°. �·¨ ÔÉµ³ ´¥É·¨¢¨ ²Ó´ Ö 12-±µ³¶µ´¥´É  Ê± § ´´µ° ³ É·¨ÍÒ Ê¤µ¢²¥-

É¢µ·Ö¥É ¸µµÉ´µÏ¥´¨Õ ∇× Θ2,12 = ∇Λ(2) T
1 ΣΛ(2)

2 −∇Λ(2) T
2 ΣΛ(2)

1 .
‚ § ±²ÕÎ¥´¨¥ ÔÉµ£µ · §¤¥²  µÉ³¥É¨³, ÎÉµ ¶µ¸É·µ¥´´Ò° ±² ¸¸ ·¥Ï¥´¨°

Ö¢²Ö¥É¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨³ ¢ ¸²ÊÎ ¥, ±µ£¤  ¢ ± Î¥¸É¢¥ Λ ¢§ÖÉµ ·¥Ï¥-
´¨¥ Ê· ¢´¥´¨Ö ‹ ¶² ¸ , ¡¥¸±µ´¥Î´µ ³ ²µ¥ ¢ µ±·¥¸É´µ¸É¨ ¶·µ¸É· ´¸É¢¥´´µ°
¡¥¸±µ´¥Î´µ¸É¨. ‹¥£±µ É ±¦¥ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¢ ¸²ÊÎ ¥ ±Ê²µ´µ¢¸±µ£µ  ¸¨³¶ÉµÉ¨-
Î¥¸±µ£µ ¶µ¢¥¤¥´¨Ö ¢¥²¨Î¨´Ò Λ ¢¥±Éµ·´ Ö ³ É·¨Í  Θ1 £¥´¥·¨·Ê¥É ¢ ·¥Ï¥´¨¨
µ¸µ¡¥´´µ¸É¨ É¨¶  ¤¨· ±µ¢¸±¨Ì ¸É·Ê´, ¢ Éµ ¢·¥³Ö ± ± ¶µ²¥ Θ2 µÉ¢¥Î ¥É, ¢
Î ¸É´µ¸É¨, §  ¤¨¶µ²Ó´Ò¥ ³µ³¥´ÉÒ Ë¨§¨Î¥¸±¨Ì ¶µ²¥° É¥µ·¨¨.
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7. ƒ…�…��–ˆŸ ‚ ’…��ˆŸ• ‘ d + n = 2

‚ ÔÉµ³ ¨ ¸²¥¤ÊÕÐ¥³ §  ´¨³ · §¤¥² Ì ¨§ÊÎ ¥É¸Ö ¢µ§³µ¦´µ¸ÉÓ µ¡µ¡Ð¥-
´¨Ö ¶µ¤Ìµ¤ , ¨¸¶µ²Ó§µ¢ ´´µ£µ ¤²Ö ¶µ¸É·µ¥´¨Ö ±² ¸¸  Ô±¸É·¥³ ²Ó´ÒÌ ·¥Ï¥-
´¨° ˆ‚�, ´  ¸²ÊÎ ° ´¥É·¨¢¨ ²Ó´µ£µ §´ Î¥´¨Ö ¶ · ³¥É·  κ, µ¶·¥¤¥²Ö¥³µ£µ
¸µµÉ´µÏ¥´¨¥³

κ = QΞQT . (119)

� ¸¸³ É·¨¢ ¥³µ¥ µ¡µ¡Ð¥´¨¥ µ± §Ò¢ ¥É¸Ö Ô±¢¨¢ ²¥´É´Ò³ £¥´¥· Í¨µ´´µ° ¶·µ-
Í¥¤Ê·¥, ¸¢Ö§ ´´µ° ¸ µÉµ¡· ¦¥´¨¥³ ¶·µ¸É· ´¸É¢  ·¥Ï¥´¨° (¢µµ¡Ð¥ £µ¢µ·Ö,
´¥£ ·³µ´¨Î¥¸±µ° ¨ ´¥Ô±¸É·¥³ ²Ó´µ°) ÔËË¥±É¨¢´µ° ¸¨¸É¥³Ò, ¸¢Ö§ ´´µ° ¸ ³ -
É·¨Î´Ò³ ¶µÉ¥´Í¨ ²µ³ Λ, ¢ ¶·µ¸É· ´¸É¢µ ·¥Ï¥´¨° ¨§ÊÎ ¥³µ° É¥µ·¨¨.

‚ ´ ¸ÉµÖÐ¥³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö ¸²ÊÎ ° (¤¢ÊÌ) É¥µ·¨°, ¤²Ö ±µÉµ·ÒÌ
d + n = 2 ¨ ¶ · ³¥É· κ Ö¢²Ö¥É¸Ö Î¨¸²µ¢Ò³ (§¤¥¸Ó K = 1). �µ¤¸É ´µ¢± 
¸µµÉ´µÏ¥´¨° (109) ¨ (119) ¢ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö É¥µ·¨¨ (73) ¶µ± §Ò¢ ¥É,
ÎÉµ ÔÉ¨ Ê· ¢´¥´¨Ö ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨ ´ ²µ¦¥´¨¨ ´  ³ É·¨Î´Ò° ¶µÉ¥´Í¨ ² Λ
¨ É·¥Ì³¥·´ÊÕ ³¥É·¨±Ê hµν ¸²¥¤ÊÕÐ¨Ì ¤¨´ ³¨Î¥¸±¨Ì ¸µµÉ´µÏ¥´¨°:

∇2Λ + 2 κ∇ΛΛT
(
Σ − κ ΛΛT

)−1 ∇Λ = 0,
(120)

R3 µν = κ tr [Λ,(µ(1 − κ ΛT ΣΛ)−1ΛT
,ν)(Σ − κ ΛΛT )−1].

‚ ¸²ÊÎ ¥ κ = 0 ³Ò ¢µ§¢· Ð ¥³¸Ö ± Ê¦¥ · ¸¸³µÉ·¥´´µ³Ê ±² ¸¸Ê Ô±¸É·¥³ ²Ó-
´ÒÌ ·¥Ï¥´¨° ˆ‚�; ¥¸²¨ ¦¥ κ �= 0 (ÎÉµ ¨ ¡Ê¤¥É ¤ ²¥¥ ¶·¥¤¶µ² £ ÉÓ¸Ö), Éµ
Ê± § ´´Ò¥ ¸µµÉ´µÏ¥´¨Ö µ± §Ò¢ ÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö ¤²Ö É¥µ·¨¨ ¸
ÔËË¥±É¨¢´Ò³ ² £· ´¦¨ ´µ³, · ¢´Ò³

L3 = κ tr [∇Λ(1 − κ ΛT ΣΛ)−1∇ΛT (Σ − κ ΛΛT )−1]. (121)

ˆ§ÊÎ¥´¨¥ ¶µ²ÊÎ¨¢Ï¥°¸Ö ÔËË¥±É¨¢´µ° ¸¨¸É¥³Ò ³µ¦¥É ¶·µ¨§¢µ¤¨ÉÓ¸Ö µ¤-
´µ¢·¥³¥´´µ ¤²Ö µ¡¥¨Ì É¥µ·¨°, Ê¤µ¢²¥É¢µ·ÖÕÐ¨Ì Ê¸²µ¢¨Õ d + n = 2. ’µÎ´¥¥,
 ´§ Í ¤²Ö É¥µ·¨¨ ¸ d = n = 1 ¨ ³ É·¨Î´Ò³ ¶µÉ¥´Í¨ ²µ³ Λ = (Λ1 Λ2)T

· ¸¸³ É·¨¢ ¥É¸Ö ± ± ¸µ¢³¥¸É´µ¥ Ê¸¥Î¥´¨¥  ´§ Í  É¥µ·¨¨ ¸ d = 2, n = 0, µ¶¨-
¸Ò¢ ¥³µ¥ ³ É·¨Î´Ò³ ¶µÉ¥´Í¨ ²µ³ Λ = (Λ1 Λ2 0)T . „ ²¥¥, ´¥¸²µ¦´Ò°  ´ ²¨§
¶µ± §Ò¢ ¥É, ÎÉµ ² £· ´¦¨ ´ (121) ¶·¨´ ¤²¥¦¨É ± ±² ¸¸Ê ² £· ´¦¨ ´µ¢ (72) ¢
¸²ÊÎ ¥ κ < 0. „¥°¸É¢¨É¥²Ó´µ, ¨³¥Ö ¢ ¢¨¤Ê Ê± § ´´Ò° ¢Ò¡µ· §´ ±  ±µ´¸É ´ÉÒ
κ ¨ ¶·¨´ÖÉÊÕ Ê´¨Ë¨± Í¨Õ ¶·µÍ¥¤Ê·Ò · ¸¸³µÉ·¥´¨Ö ¤¢ÊÌ ¸É·Ê´´ÒÌ É¥µ·¨°,
¶¥·¥°¤¥³ ± ´µ¢µ° ¤¨´ ³¨Î¥¸±µ° ¶¥·¥³¥´´µ° (³ É·¨Í¥-¸É·µ±¥ ¤²¨´µ° 3)

ζ =
√
−κΛT , (122)

¨ µ¸ÊÐ¥¸É¢¨³ ¢²µ¦¥´¨¥ ¶µÉ¥´Í¨ ²  ζ ¢ ¶µÉ¥´Í¨ ² Z · §³¥·µ³ 2×3 ¢ ± Î¥¸É¢¥
¥£µ ¶¥·¢µ° ¸É·µ±¨, ¸¤¥² ¢ ¶·¨ ÔÉµ³ ¢Éµ·ÊÕ ¸É·µ±Ê Ê± § ´´µ£µ ¶µÉ¥´Í¨ ² 



738 Š…—Šˆ� �. ‚.

É·¨¢¨ ²Ó´µ°:

Z =

(
ζ

0

)
. (123)

“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶·µ¨§¢¥¤¥´´µ¥ ¢²µ¦¥´¨¥ É ±¦¥ Ö¢²Ö¥É¸Ö ¸µ-
¢³¥¸É´Ò³, ¥¸²¨ Z · ¸¸³ É·¨¢ ¥É¸Ö ¢ ± Î¥¸É¢¥ ²¨´¥ ·¨§ÊÕÐ¥£µ ¶µÉ¥´Í¨ ² 
¤²Ö É¥µ·¨¨ ¸ ÔËË¥±É¨¢´Ò³ ² £· ´¦¨ ´µ³ (72) ¨ µ¶·¥¤¥²ÖÕÐ¨³¨ ¶ · ³¥-
É· ³¨ d = n = 1.

�µ¸²¥¤ÊÕÐ¨¥ ¤¥°¸É¢¨Ö ¸¢Ö§ ´Ò ¸ ¢ÒÎ¨¸²¥´¨¥³ ¶µ ²¨´¥ ·¨§ÊÕÐ¥³Ê ¶µ-
É¥´Í¨ ²Ê (123) ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¥³Ê ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É  ¨ ¨Ì
¶µ¸²¥¤ÊÕÐ¥° ¶µ¤¸É ´µ¢±µ° ¢ ¸µµÉ´µÏ¥´¨¥ (23). “± § ´´Ò¥ ¢Ò±² ¤±¨ ¥¸É¥-
¸É¢¥´´Ò³ µ¡· §µ³ ¶·¨¢µ¤ÖÉ ± ¢¢¥¤¥´¨Õ ¸²¥¤ÊÕÐ¥£µ ´ ¡µ·  ¤¨´ ³¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ:

F =
1 − ζ2

1 − ζ2
2 + ζ2

3

(1 − ζ1)2
, V =

ζ2

1 − ζ1
, U =

ζ3

1 − ζ1
, (124)

¢ É¥·³¨´ Ì ±µÉµ·ÒÌ

L3 =
1

4F 2
∇F 2 +

1
F

(∇V 2 −∇U2). (125)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¶·¨´ÖÉµ° ¤µ£µ¢µ·¥´´µ¸ÉÓÕ ¶·¨ ¶·µ¨§¢µ²Ó´µ³ §´ Î¥´¨¨ ¶µ²Ö
U ² £· ´¦¨ ´ (125) µ¶¨¸Ò¢ ¥É  ´§ Í ¤²Ö É¥µ·¨¨ ¸ d = 2, n = 0; ¸²ÊÎ Õ ¦¥
É¥µ·¨¨ ¸ d = n = 1 µÉ¢¥Î ¥É Éµ¦¤¥¸É¢µ U ≡ 0.

�Î¥¢¨¤´µ¥ ¸Ìµ¤¸É¢µ ³¥¦¤Ê ² £· ´¦¨ ´µ³ (125) ¨ Ìµ·µÏµ ¨§¢¥¸É´Ò³ ÔË-
Ë¥±É¨¢´Ò³ ² £· ´¦¨ ´µ³ µ¡Ð¥° É¥µ·¨¨ µÉ´µ¸¨É¥²Ó´µ¸É¨ (�’�) ¶µ§¢µ²Ö¥É
Ê¸É ´µ¢¨ÉÓ ¶·¥¤¸É ¢²¥´¨¥ ´Ê²¥¢µ° ±·¨¢¨§´Ò ¤²Ö ¶µ²ÊÎ¨¢Ï¥°¸Ö ÔËË¥±É¨¢´µ°
¸¨¸É¥³Ò,   ¨³¥´´µ: ´¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¢ É¥·³¨´ Ì 2 × 2-³ É·¨ÍÒ

M =

(
f−1 f−1χ

r

f−1χ
l

f + f−1χ
l
χr

)
, (126)

¢ ±µÉµ·µ° ¶µ²µ¦¥´µ f =
√
|F |; χ

r
= V + U ¨ χ

l
= sign (F )(V −U), ² £· ´-

¦¨ ´ (125) ¶·¨´¨³ ¥É ± ´µ´¨Î¥¸±¨° ¤²Ö ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò
¢¨¤

L3 =
1
2

tr (M−1 ∇M)2. (127)

�Î¥¢¨¤´µ ¤ ²¥¥, ÎÉµ det M = 1; É ±¨³ µ¡· §µ³, ¢ ¸²ÊÎ ¥ É¥µ·¨¨ ¸ d = 2,
n = 0 · ¸¸³ É·¨¢ ¥³ Ö ÔËË¥±É¨¢´ Ö ¸¨¸É¥³  ¥¸ÉÓ £² ¢´ Ö ±¨· ²Ó´ Ö ³µ¤¥²Ó
(ƒŠŒ) ¸ £·Ê¶¶µ° ¸¨³³¥É·¨¨ Sl(2, R). ‚ ¸²ÊÎ ¥ ¦¥ É¥µ·¨¨ ¸ d = n = 1
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¨ ¶·¨ F > 0 (±µ£¤  MT = M) ¨§ÊÎ ¥³Ò°  ´§ Í µ± §Ò¢ ¥É¸Ö σ-³µ¤¥²ÓÕ
¸ ¸¨³³¥É·¨Î¥¸±¨³ ¶·µ¸É· ´¸É¢µ³ ¶µÉ¥´Í¨ ²µ¢ (Œ‘�) ¢¨¤  Sl(2, R)/SO(2)
(¶·¨ ÔÉµ³ ¸²ÊÎ ° F < 0 ¸¢µ¤¨É¸Ö ± µ¡¸Ê¦¤ ¥³µ³Ê ¶·¨ ¶µ³µÐ¨ ¸É ´¤ ·É´µ£µ
¶·¥µ¡· §µ¢ ´¨Ö 
µ´´µ· ).

„ ²¥¥, ¤²Ö ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨ ¢ ¸²ÊÎ ¥ £² ¢´µ° ±¨· ²Ó´µ° ³µ¤¥²¨
¨³¥¥³ ¸²¥¤ÊÕÐÊÕ µÎ¥¢¨¤´ÊÕ Ëµ·³Ê²Ê:

M → CT
l
MCr , (128)

¢ ±µÉµ·µ° É· ´¸Ëµ·³ Í¨µ´´Ò¥ ³ É·¨ÍÒ Cl,r Ö¢²ÖÕÉ¸Ö Ê´¨³µ¤Ê²Ö·´Ò³¨. ˆÌ
Ö¢´Ò° ¢¨¤ ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ ¨§ Ö¢´µ£µ ¢¨¤  M § ³¥´µ° ¶µÉ¥´Í¨ ²µ¢ f ,
χr ¨ χl ´  ¶µ¸ÉµÖ´´Ò¥ ¶ · ³¥É·Ò sl,r, αl,r ¨ βl,r ¸µµÉ¢¥É¸É¢¥´´µ. �·¨ ÔÉµ³
· ¸¸³µÉ·¥´¨Õ Œ‘� µÉ¢¥Î ¥É Î ¸É´Ò° ¸²ÊÎ ° χl = χr, sl = sr, αl = αr ¨
βl = βr. ‚ ¸²ÊÎ ¥ ƒŠŒ É· ´¸Ëµ·³ Í¨µ´´Ò¥ ³ É·¨ÍÒ Cl ¨ Cr Ö¢²ÖÕÉ¸Ö
´¥§ ¢¨¸¨³Ò³¨, ¨ ³µ¦´µ · ¸¸³µÉ·¥ÉÓ ¶·¥µ¡· §µ¢ ´¨¥ ¸ Cl = 12 ¨ µ¶·¥¤¥²¨ÉÓ
Ö¢´Ò° ¢¨¤ µ¤´µ¶ · ³¥É·¨Î¥¸±¨Ì ¶µ¤£·Ê¶¶ ¶·¥µ¡· §µ¢ ´¨°, ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì
¶ · ³¥É· ³ sr, αr ¨ βr. �¥§Ê²ÓÉ É µ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ¢Ò· ¦¥´¨Ö³¨:

f → srf, χr → s2
rχr, χl → χl; (129)

f → f, χr → χr + αr, χl → χl; (130)

f → f

1 + βrχr
, χr → χr

1 + βrχr
, χl →

χl + βr(f2 + χlχr)
1 + βrχr

. (131)

‚¨¤´µ, ÎÉµ ¶µ¤£·Ê¶¶Ò (129) ¨ (130) µ¶¨¸Ò¢ ÕÉ ³ ¸ÏÉ ¡´µ¥ ¶·¥µ¡· §µ¢ ´¨¥
¨ ¸¤¢¨£,   ¶µ¤£·Ê¶¶  (131) ¸µµÉ¢¥É¸É¢Ê¥É ¶·¥µ¡· §µ¢ ´¨Õ Ô²¥·¸µ¢¸±µ£µ É¨¶ .
Ÿ¸´µ É ±¦¥, ÎÉµ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¶·¥µ¡· §µ¢ ´¨Ö ¸ Cr = 12 ¨ ´¥É·¨¢¨ ²Ó´µ°
Cl ¶µ²ÊÎ ÕÉ¸Ö ¨§ ¶·¨¢¥¤¥´´ÒÌ § ³¥´µ° ¢¸Õ¤Ê ¨´¤¥±¸µ¢ r ¨ l ¸µµÉ¢¥É¸É¢¥´´µ
´  ¨´¤¥±¸Ò l ¨ r.

�·¥µ¡· §µ¢ ´¨Ö ¨§ £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¤µ²¦´Ò ¸µÌ· ´ÖÉÓ ´¥-
¨§³¥´´Ò³ ¢ ±ÊÊ³´µ¥ §´ Î¥´¨¥ ³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨¢¨§´Ò Mv = 12

(¸³. (126)). ˆ§ É· ´¸Ëµ·³ Í¨µ´´µ° Ëµ·³Ê²Ò (128) Éµ£¤  ´¥³¥¤²¥´´µ ¶µ²Ê-
Î ¥³, ÎÉµ ¢ ¸²ÊÎ ¥ ƒŠŒ ÔÉµ ¸µÌ· ´¥´¨¥ ¤µ¸É¨£ ¥É¸Ö ¶·¨ ¢Ò¶µ²´¥´¨¨ Ê¸²µ¢¨Ö
Cl = CT−1

r . �·¨ ÔÉµ³ ¢ É¥·³¨´ Ì ¶ · ³¥É·µ¢ É· ´¸Ëµ·³ Í¨µ´´ÒÌ ³ É·¨Í
Ê± § ´´µ¥ Ê¸²µ¢¨¥ ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

sl =
sr

s2
r + αrβr

, αl = − βr

s2
r + αrβr

, βl = − αr

s2
r + αrβr

. (132)

’ ±¨³ µ¡· §µ³, ¢ ¤ ´´µ³ ¸²ÊÎ ¥ ƒ‡‘ ¨§µ³µ·Ë´  Sl(2, R). ‚ ¸²ÊÎ ¥ ¦¥ Œ‘�
¸ ÊÎ¥Éµ³ ¸¤¥² ´´ÒÌ ¢ÒÏ¥ § ³¥Î ´¨° ƒ‡‘ µ± §Ò¢ ¥É¸Ö µ¤´µ¶ · ³¥É·¨Î¥¸±µ°;
¶µ ¸ÊÐ¥¸É¢Ê, ÔÉ  £·Ê¶¶  ¸µ¢¶ ¤ ¥É ¸ £·Ê¶¶µ° § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¸É Í¨-
µ´ ·´µ° �’�.
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‚µ§¢· Ð Ö¸Ó ± ÔËË¥±É¨¢´µ° ¸¨¸É¥³¥ Ê· ¢´¥´¨° (120), ¶·µ¢¥¤¥³ ¥¥ ·¥-
¤Ê±Í¨Õ ´  ¸¨¸É¥³Ê ¸ µ¤´µ° σ-³µ¤¥²Ó´µ° ¸É¥¶¥´ÓÕ ¸¢µ¡µ¤Ò ¢ · ³± Ì · ¸¸³µ-
É·¥´¨Ö ´µ¢µ£µ  ´§ Í 

Λ = ΨPT , (133)

¢ ±µÉµ·µ³ Ψ = Ψ(xµ) Ö¢²Ö¥É¸Ö (´¥³ É·¨Î´µ°) ËÊ´±Í¨¥°,   P Å ¶µ¸ÉµÖ´´µ°
¸É·µ±µ° ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ¤²¨´Ò (´ Î¨´ Ö ¸ ÔÉµ£µ ³µ³¥´É  É¥µ·¨¨ ¸ d = 2,
n = 0 ¨ d = n = 1 ¡Ê¤ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¶µ µÉ¤¥²Ó´µ¸É¨). �¥É·Ê¤´µ ¶µ-
± § ÉÓ, ÎÉµ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö µ± §Ò¢ ÕÉ¸Ö  ¢Éµ³ É¨Î¥¸±¨ ¢Ò¶µ²´¥´´Ò³¨,
¥¸²¨ Ê¤µ¢²¥É¢µ·ÖÕÉ¸Ö ¤¨´ ³¨Î¥¸±¨¥ ¸µµÉ´µÏ¥´¨Ö

∇2ψ = 0, R3µν = σψ,µψ,ν , (134)

µ¶¨¸Ò¢ ÕÐ¨¥ ¢§ ¨³µ¤¥°¸É¢ÊÕÐ¨¥ ³¨´¨³ ²Ó´Ò³ µ¡· §µ³ ¸ ±µ´¸É ´Éµ° ¸¢Ö§¨
σ ¶µ²¥ ¤¨² Éµ´´µ£µ É¨¶  ψ ¨ É·¥Ì³¥·´ÊÕ ³¥É·¨±Ê hµν , £¤¥

σ = κ τ, (135)

τ = PΣPT ¨

Ψ =
th (

√
σψ)√
σ

. (136)

�·¨ σ < 0 ¸µµÉ´µÏ¥´¨¥ (136) ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´µ ¢ ¢¨¤¥ Ψ =
tg (

√
−σψ)/

√
−σ, ¨, É ±¨³ µ¡· §µ³, µ´µ Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³. �·¨ σ = 0

µ´µ ¶µ´¨³ ¥É¸Ö ¢ ¶·¥¤¥²Ó´µ³ (¶µ ‹µ¶¨É ²Õ) ¸³Ò¸²¥ ¨ ¥¸ÉÓ ¶·µ¸Éµ Ψ = ψ.
�É³¥É¨³ ¸· §Ê, ÎÉµ ¸ ¶·µ¨§¢µ²Ó´Ò³ ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò (134) ³µ¦¥É ¡ÒÉÓ ¸¢Ö-
§ ´  ¢¥±Éµ·´ Ö ËÊ´±Í¨Ö ω, µ¶·¥¤¥²Ö¥³ Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸µµÉ´µÏ¥´¨¥³

∇× ω = ∇ψ. (137)

ˆ§ ¤ ²Ó´¥°Ï¥£µ ¨§²µ¦¥´¨Ö ¸²¥¤Ê¥É, ÎÉµ ¢¥²¨Î¨´Ò ψ, hµν ¨ ω ¶µ²´µ¸ÉÓÕ µ¶·¥-
¤¥²ÖÕÉ ¡ §Ê £¥´¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò, · §¢¨¢ ¥³µ° ´  ¶·µÉÖ¦¥´¨¨ µ¸É ¢-
Ï¥°¸Ö Î ¸É¨ ´ ¸ÉµÖÐ¥£µ · §¤¥² .

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ³µ¦´µ Ê± § ÉÓ ¸²¥¤ÊÕÐ¥¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° (134), ¨³¥ÕÐ¥¥ ³µ´µ¶µ²Ó´Ò° É¨¶:

ψ =
1√
2σ

ln
(

R + m
√

σ

R − m
√

σ

)
,

(138)
ds2

3 = dR2 + (R2 − σm2)(dθ2 + sin2 θdϕ2),

£¤¥ m Å ¶·µ¨§¢µ²Ó´Ò° ¢¥Ð¥¸É¢¥´´Ò° ¶ · ³¥É·. ‚ ÔÉµ³ ·¥Ï¥´¨¨ ¢Ò· -
¦¥´¨¥ ¤²Ö ¶µ²Ö ψ ¢ ¸²ÊÎ ¥ σ < 0 ³µ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´µ ¢ ¢¨¤¥ ψ =
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arctg [2m
√
−σR/(R2 + m2σ)]/

√
−2σ,   ¶·¨ σ = 0 µ´µ ¶µ´¨³ ¥É¸Ö ¸´µ¢ 

¢ ¶·¥¤¥²Ó´µ³ ¸³Ò¸²¥ ± ± ψ =
√

2m/R. „ ´´µ¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö  ¸¨³¶ÉµÉ¨-
Î¥¸±¨-¶²µ¸±¨³ ¨ § ·Ö¦¥´´Ò³; ¥£µ ±Ê²µ´µ¢¸± Ö  ¸¨³¶ÉµÉ¨±  ´¥ § ¢¨¸¨É µÉ ¢¥-
²¨Î¨´Ò ¶ · ³¥É·  σ. „ ²¥¥ ÔÉµ ·¥Ï¥´¨¥ ¡Ê¤¥É ¨¸¶µ²Ó§µ¢ ÉÓ¸Ö ¢ ± Î¥¸É¢¥ ±µ´-
±·¥É´µ° £¥´¥· Í¨µ´´µ° ¡ §Ò. ‚ ¡µ²¥¥ µ¡Ð¥° ¶µ¸É ´µ¢±¥ ¢¸¥ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨¥ · ¸¸Ê¦¤¥´¨Ö ¡Ê¤ÊÉ ¸¢Ö§ ´Ò ¸ ¶·µ¨§¢µ²Ó´Ò³  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨³ ¨
§ ·Ö¦¥´´Ò³ ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò (134), ¨³¥ÕÐ¨³ ÉÊ ¦¥ ±Ê²µ´µ¢¸±ÊÕ  ¸¨³¶-
ÉµÉ¨±Ê, ÎÉµ ¨ ·¥Ï¥´¨¥ (138). …¤¨´¸É¢¥´´µ° ´¥É·¨¢¨ ²Ó´µ° ±µ³¶µ´¥´Éµ°,
¸¢Ö§ ´´µ° ¸ ·¥Ï¥´¨¥³ (138) ¢¥±Éµ·´µ° ËÊ´±Í¨¨ ω, Ö¢²Ö¥É¸Ö

ωϕ =
√

2m cos θ. (139)

‚ · ³± Ì ®¡µ²¥¥ µ¡Ð¥° ¶µ¸É ´µ¢±¨¯ ¢ Ê± § ´´µ³ ¢ÒÏ¥ ¸³Ò¸²¥ Ëµ·³Ê²  (139)
µ¶¨¸Ò¢ ¥É ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ  ¸¨³¶ÉµÉ¨±Ê ¤ ´´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö ¢ µ±·¥¸É-
´µ¸É¨ ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨. ‚ µ¡µ¨Ì ¸²ÊÎ ÖÌ · ¸¸³ É·¨¢ ¥³µ¥
¢Ò· ¦¥´¨¥ ¨³¥¥É ¢¨¤, É¨¶¨Î´Ò° ¤²Ö ¤¨· ±µ¢¸±µ° ¸É·Ê´Ò.

‚ÒÎ¨¸²¥´¨¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì  ´§ ÍÊ (109), (133) ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ -
²µ¢ Mα, Ωα ¨ ¶µ¸²¥¤ÊÕÐ¥¥ Ê¶·µÐ ÕÐ¥¥ ±µ´¥Î´Ò° ·¥§Ê²ÓÉ É ¶·¥µ¡· §µ¢ -
´¨¥ P → PΣ ¤ ÕÉ

M1 = Σ +
sh2 (

√
σψ)

τ
PTP , Ω1 = 0,

M2 =
sh (

√
σψ) ch (

√
σψ)√

σ
PTQ, Ω2 = ωPTQ, (140)

M3 =
sh2 (

√
σψ)

κ
QTQ, Ω3 = 0.

„²Ö É¥µ·¨¨ ¸ d = n = 1 ¶µ¸ÉµÖ´´Ò¥ ³ É·¨ÍÒ-¸É·µ±¨ ¨³¥ÕÉ ¢¨¤ P = (P1,P2)
¨ Q = (Q1,Q2,Q3), ¢ Éµ ¢·¥³Ö ± ± Σ = −12. ‚ÒÎ¨¸²¥´¨¥ ¶µÉ¥´Í¨ ²µ¢ Vα

¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ:

V1 = (P1Q2 − P2Q1)ω, V2 = (P1Q2 + P2Q1)ω, V3 =
√

2P1Q3 ω. (141)

‚ ¸µµÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³¨ ¢Ò· ¦¥´¨Ö³¨ ¢ ¸²ÊÎ ¥, ±µ£¤  ¡ §  £¥´¥· Í¨¨ µ¶¨-
¸Ò¢ ¥É¸Ö ¸µµÉ´µÏ¥´¨Ö³¨ (138), (139) ¨²¨ ¨³¥¥É É ±µ¥ ¦¥  ¸¨³¶ÉµÉ¨Î¥¸±µ¥
¶µ¢¥¤¥´¨¥, ± ± Ê± § ´´ Ö, Ë¨§¨Î¥¸±¨¥ ¶µ²Ö É¥µ·¨¨ ¸µ¤¥·¦ É, ¢µµ¡Ð¥ £µ¢µ·Ö,
¤¨· ±µ¢¸±¨¥ ¸É·Ê´Ò, É. ¥. ¶·µ¶µ·Í¨µ´ ²Ó´Ò¥ cos θ  ¸¨³¶ÉµÉ¨±¨ ´  ¶·µ¸É· ´-
¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨. „²Ö Ê¸É· ´¥´¨Ö ¤¨· ±µ¢¸±¨Ì ¸É·Ê´, ±µÉµ·µ£µ ³Ò
¡Ê¤¥³ É·¥¡µ¢ ÉÓ µÉ · §¢¨¢ ¥³µ° ¢ ÔÉµ³ · §¤¥²¥ £¥´¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò,
´¥µ¡Ìµ¤¨³µ ¨ ¤µ¸É ÉµÎ´µ ¢Ò¶µ²´¥´¨Ö · ¢¥´¸É¢

Vα = 0. (142)
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�  Ö§Ò±¥ ¶ · ³¥É·µ¢ £¥´¥· Í¨¨ ÔÉ¨ · ¢¥´¸É¢  ·¥ ²¨§ÊÕÉ¸Ö ¶·¨ P1 = Q1 = 0
¨ ¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ §´ Î¥´¨ÖÌ µ¸É ÕÐ¨Ì¸Ö ¶ · ³¥É·µ¢ P2,Q2 ¨ Q3. ‚ ÔÉµ³
¸¶¥Í¨ ²Ó´µ³ ¸²ÊÎ ¥

S0 = 1, (143)

  ¢ÒÎ¨¸²¥´¨¥ ¶µÉ¥´Í¨ ²µ¢ Sα ¤ ¥É

S1 = −
[
ch (

√
σψ) + Q2

sh(
√

σψ)√
−κ

]2
,

S2 = −
[
Q3

sh (
√

σψ)√
−κ

]2
,

S3 = −
√

2Q3
sh (

√
σψ)√

−κ

[
ch (

√
σψ) + Q2

sh (
√

σψ)√
−κ

]
,

(144)

£¤¥ τ = −P2
2 ¨ κ = −Q2

2 + Q2
3. ‘µµÉ´µÏ¥´¨Ö (142)Ä(144) ¶µ²´µ¸ÉÓÕ µ¶·¥-

¤¥²ÖÕÉ ¸¢µ¡µ¤´ÊÕ µÉ ¤¨· ±µ¢¸±¨Ì ¸É·Ê´ ¶·µÍ¥¤Ê·Ê £¥´¥· Í¨¨ ¢ É¥µ·¨¨ ¸
d = n = 1.

‚ ¸²ÊÎ ¥ É¥µ·¨¨ ¸ d = 2, n = 0 Ê¤µ¡´µ ¶ · ³¥É·¨§µ¢ ÉÓ ³ É·¨ÍÒ-¸É·µ±¨
P ¨ Q ¢ ¢¨¤¥ P = (P1, P ) ¨ Q = (Q1, Q), £¤¥ P = (P2, P3) ¨ Q = (Q2, Q3).
‚ÒÎ¨¸²¥´¨¥ ¢¥±Éµ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ:

V1 = (P1Q
T −Q1σ3P

T )ω, V2 = (P1σ3Q
T + Q1P

T )ω. (145)

’·¥¡µ¢ ´¨¥ µÉ¸ÊÉ¸É¢¨Ö ¤¨· ±µ¢¸±¨Ì ¸É·Ê´ ¸´µ¢  ¶·¨¢µ¤¨É ± § ´Ê²¥´¨Õ ÔÉ¨Ì
¶µÉ¥´Í¨ ²µ¢, ±µÉµ·µ¥ ¤µ¸É¨£ ¥É¸Ö ¶·¨ P1 = Q1 = 0 ¨ ¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ
§´ Î¥´¨ÖÌ ¶ · ³¥É·µ¢ ¸É·µ± P ¨ Q. ‚ ¤ ´´µ³ ¸²ÊÎ ¥ µ¶ÖÉÓ ¶µ²ÊÎ ¥É¸Ö · -
¢¥´¸É¢µ (143),   ¤²Ö ¶µÉ¥´Í¨ ²µ¢ Sα ¢ÒÎ¨¸²¥´¨¥ ¨ Ê¶·µÐ ÕÐ Ö ±µ´¥Î´Ò°
·¥§Ê²ÓÉ É § ³¥´  P → σ3P ¤ ÕÉ

S1 = −σ3 + sh2 (
√

σψ)
[
PT P

τ
+

QT Q

κ

]
− sh (

√
σψ) ch (

√
σψ)√

σ
[PT Q + QPT ],

(146)

S2 = sh2 (
√

σψ)
[
−PT P

τ
+

QT Q

κ

]
σ3 +

sh (
√

σψ) ch (
√

σψ)√
σ

[QT P − PQT ]σ3,

£¤¥ τ = −P σ3P
T ¨ κ = −Q σ3Q

T . � ±µ´¥Í, ¤²Ö µ¸É ÕÐ¨Ì¸Ö ¸± ²Ö·´ÒÌ
¶µÉ¥´Í¨ ²µ¢ É¥µ·¨¨ ¶µ²ÊÎ ¥³

det S1 = −
[
ch (

√
σψ) +

sh (
√

σψ)√
σ

Qσ3P
T

]2
, S−1

1 = −σ2S
T
1 σ2

det S1
. (147)
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‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³ ¢Ò· ¦¥´¨Ö (143), (146) ¨ (147) ¤²Ö ¸± ²Ö·´ÒÌ ¶µÉ¥´Í¨ -
²µ¢, ±µÉµ·Ò¥ (¶·¨ ÊÎ¥É¥ É·¨¢¨ ²Ó´ÒÌ §´ Î¥´¨° ¢¥±Éµ·´ÒÌ ¶µÉ¥´Í¨ ²µ¢ V1 ¨
V2) ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ¸¢µ¡µ¤´ÊÕ µÉ ¤¨· ±µ¢¸±¨Ì ¸É·Ê´ £¥´¥· Í¨µ´´ÊÕ
¶·µÍ¥¤Ê·Ê ¤²Ö É¥µ·¨¨ ¸ d = 2, n = 0. ‚ Î ¸É´µ¸É¨, ¢¸¥ ¢Ò¶¨¸ ´´Ò¥ ¶µÉ¥´-
Í¨ ²Ò ¶·¨´¨³ ÕÉ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ±µ´±·¥É´Ò¥ §´ Î¥´¨Ö, ¥¸²¨ ¢ ± Î¥¸É¢¥
£¥´¥· Í¨µ´´µ° ¡ §Ò ¨¸¶µ²Ó§Ê¥É¸Ö ·¥Ï¥´¨¥ (138).

8. ƒ…�…��–ˆŸ ‚ ’…��ˆŸ• ‘ d + n > 2

‚ ¸²ÊÎ ¥ É¥µ·¨°, ¤²Ö ±µÉµ·ÒÌ d+n > 2, ¢¥²¨Î¨´  κ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î-
´µ° 2×2-³ É·¨Í¥°. ‚ ÔÉµ³ · §¤¥²¥ ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ ¢Ìµ¤ÖÐ¨° ¢ µ¶·¥¤¥²¥´¨¥
· ¸¸³ É·¨¢ ¥³µ£µ  ´§ Í  ¶ · ³¥É· Q ¶µ¤µ¡· ´´Ò³ É ±¨³ µ¡· §µ³, ÎÉµ ³ -
É·¨Í  κ µ± §Ò¢ ¥É¸Ö ´¥¢Ò·µ¦¤¥´´µ° ¨ ¨³¥ÕÐ¥° ¸¨£´ ÉÊ·Ê, · ¢´ÊÕ Σ̃ = −12.
“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¶·¨ Ê± § ´´µ³ ÊÉµÎ´¥´¨¨ ·¥§Ê²ÓÉ¨·ÊÕÐ Ö
¤¨´ ³¨Î¥¸± Ö ¸¨¸É¥³  ¶·¨´ ¤²¥¦¨É ± ±² ¸¸Ê É¥µ·¨° (72).

„¥°¸É¢¨É¥²Ó´µ, ¶µ¢Éµ·ÖÖ · ¸¸Ê¦¤¥´¨Ö ¶·¥¤Ò¤ÊÐ¥£µ · §¤¥² , ¤²Ö ÔËË¥±-
É¨¢´µ£µ ² £· ´¦¨ ´  · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³Ò ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° µ¡µ¡-
Ð ÕÐ¨° ¸µµÉ´µÏ¥´¨¥ (121) ·¥§Ê²ÓÉ É:

L3 = tr [∇Λκ(1 − ΛT ΣΛκ)−1∇ΛT (Σ − ΛκΛT )−1]. (148)

„ ²¥¥, ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¥°  ²£¥¡· ¨Î¥¸±µ° É¥µ·¥³Ò ¸²¥¤Ê¥É ¸ÊÐ¥¸É¢µ¢ ´¨¥
³ É·¨ÍÒ K É ±µ°, ÎÉµ

κ = KΣ̃KT . (149)

‚¢¥¤¥³ É¥¶¥·Ó ´µ¢Ò° ³ É·¨Î´Ò° ¶µÉ¥´Í¨ ²

Z̃ = KT ΛT (150)

¨ ¶µ²µ¦¨³ Ξ̃ = Σ. ’µ£¤  ¤²Ö ¤µ± § É¥²Ó¸É¢  ¸¤¥² ´´µ£µ ÊÉ¢¥·¦¤¥´¨Ö µ¸É -
¥É¸Ö Éµ²Ó±µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´ (148), § ¶¨¸ ´´Ò° ¢
É¥·³¨´ Ì ¢¥²¨Î¨´ Z̃ , Σ̃ ¨ Ξ̃, ¨³¥¥É ¢¨¤ (72). �·¨ ÔÉµ³ ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥
ÔËË¥±É¨¢´Ò¥ §´ Î¥´¨Ö Î¨¸¥² ¸±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´ÒÌ ¨§³¥·¥´¨° ¨ ¨¸Ìµ¤-
´ÒÌ  ¡¥²¥¢ÒÌ ¶µ²¥° ¶µ²ÊÎ¨¢Ï¥°¸Ö ¸¨¸É¥³Ò µ± §Ò¢ ÕÉ¸Ö · ¢´Ò³¨ d̃ = 1 ¨
ñ = d − 1.

�Î¥¢¨¤´µ, ÎÉµ ²¨´¥ ·¨§ÊÕÐ¨¥ ¶µÉ¥´Í¨ ²Ò ¨¸Ìµ¤´µ° ¨ ·¥§Ê²ÓÉ¨·ÊÕÐ¥°
É¥µ·¨° ¸¢Ö§ ´Ò ¸µµÉ´µÏ¥´¨¥³

Z = Z̃T T, (151)

¢ ±µÉµ·µ³ ¢¥²¨Î¨´  T ¨£· ¥É ·µ²Ó µ¶¥· Éµ·  ¸¨³³¥É·¨¨ ¨ ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³
¢Ò· ¦¥´¨¥³:

T = K−1Q. (152)
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‚Ìµ¤ÖÐ Ö ¢ (152) ³ É·¨Í  Q ³µ¦¥É ¡ÒÉÓ ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ¶ · ³¥É·¨§µ-
¢ ´  ¸µ£² ¸´µ

Q =

(
1 0 nT

1

0 1 nT
2

)
, (153)

£¤¥ n1 ¨ n2 Å ¸Éµ²¡ÍÒ ¢Ò¸µÉµ° (d + n − 1). Š ± ¡Ò²µ ¶µ± § ´µ ¢ · §¤. 6,
¢ ¸²ÊÎ ¥ ±² ¸¸  Ô±¸É·¥³ ²Ó´ÒÌ ·¥Ï¥´¨° ˆ‚� ÔÉ¨ ¸Éµ²¡ÍÒ ¸µ¸É ¢²ÖÕÉ µ·-
Éµ´µ·³¨·µ¢ ´´ÊÕ ¸¨¸É¥³Ê; ³ É¥·¨ ² ´ ¸ÉµÖÐ¥£µ · §¤¥²  ¸¢Ö§ ´ ¸ ¨´µ° £¥µ-
³¥É·¨¥° · ¸¸³ É·¨¢ ¥³µ£µ  ´§ Í . „ ²¥¥, ¢Ìµ¤ÖÐÊÕ ¢ ¸µµÉ´µÏ¥´¨¥ (152) ³ -
É·¨ÍÊ K ³µ¦´µ ¢ÒÎ¨¸²¨ÉÓ, ¶·¨¢µ¤Ö ± ± ´µ´¨Î¥¸±µ³Ê ¢¨¤Ê µ¶·¥¤¥²Ö¥³ÊÕ
¸µµÉ´µÏ¥´¨Ö³¨ (119) ¨ (153) ¸¨³³¥É·¨Î´ÊÕ ³ É·¨ÍÊ κ. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö
Î ¸É´µ£µ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (149) ¶µ²ÊÎ ¥³

K=



√

1 − nT
1 n1 0

− nT
1 n2√

1 − nT
1 n1

√
1 − nT

1 n1 − nT
2 n2 + (nT

1 n1)(nT
2 n2)−(nT

1 n2)2

1 − nT
1 n1


. (154)

‡ ³¥É¨³, ÎÉµ ¤²Ö ¶µ²ÊÎ¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ µ¡Ð¥£µ ·¥Ï¥´¨Ö ´Ê¦´µ ¢µ¸-
¶µ²Ó§µ¢ ÉÓ¸Ö ¶·¥µ¡· §µ¢ ´¨¥³ K → KC ¸ ³ É·¨Í¥° C, Ê¤µ¢²¥É¢µ·ÖÕÐ¥°
¸µµÉ´µÏ¥´¨Õ CT Σ̃C = Σ̃. �¤´ ±µ Ê± § ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ Ô±¢¨¢ ²¥´É´µ,
± ± ²¥£±µ ¶µ´ÖÉÓ, µÉµ¡· ¦¥´¨Õ Z̃ → Cl Z̃ ÔËË¥±É¨¢´µ£µ ²¨´¥ ·¨§ÊÕÐ¥£µ
¶µÉ¥´Í¨ ²  ¸ É· ´¸Ëµ·³ Í¨µ´´µ° ³ É·¨Í¥° Cl = CT−1 ¨ ¸µ¢¶ ¤ ¥É, É ±¨³
µ¡· §µ³, ¸ ®²¥¢µ°¯ ¶µ¤£·Ê¶¶µ° £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ÔËË¥±É¨¢´µ°
É¥µ·¨¨. �µÔÉµ³Ê ³µ¦´µ ¡¥§ ¶µÉ¥·¨ µ¡Ð´µ¸É¨ ¸Î¨É ÉÓ ³ É·¨ÍÊ K µ¶·¥¤¥-
²Ö¥³µ° ¸µµÉ´µÏ¥´¨¥³ (154) ¢ ¸²ÊÎ ¥, ±µ£¤  ¨¸¶µ²Ó§Ê¥³Ò° ¶·¨ £¥´¥· Í¨¨
§ É· ¢µÎ´Ò° ±² ¸¸ ·¥Ï¥´¨° ÔËË¥±É¨¢´µ° É¥µ·¨¨ ¨´¢ ·¨ ´É¥´ µÉ´µ¸¨É¥²Ó´µ
¤¥°¸É¢¨Ö Ê± § ´´µ° ¶µ¤£·Ê¶¶Ò ƒ‡‘. �É³¥É¨³, ÎÉµ ¢ ¸¨²Ê (152) Ê¸É ´µ¢²¥´´Ò¥
¢Ò· ¦¥´¨Ö (153) ¨ (154) ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ²¥¦ Ð¨° ¢ µ¸´µ¢¥ £¥´¥· Í¨-
µ´´µ£µ µÉµ¡· ¦¥´¨Ö (151) µ¶¥· Éµ· ¸¨³³¥É·¨¨ T .

� ¸¸³µÉ·¨³ É¥¶¥·Ó ±² ¸¸ É¥µ·¨° ¸ d = 2k + 1 (± ÔÉµ³Ê ±² ¸¸Ê ¶·¨´ ¤²¥-
¦ É ¨ ±·¨É¨Î¥¸±¨¥ É¥µ·¨¨ ± ± £¥É¥·µÉ¨Î¥¸±µ°, É ± ¨ ¡µ§µ´´µ° ¸É·Ê´Ò, ¤²Ö
±µÉµ·ÒÌ ¸µµÉ¢¥É¸É¢¥´´µ k = 3 ¨ k = 11), ¢ · ³± Ì ±µÉµ·µ£µ ³ É·¨Î´Ò°
¶µÉ¥´Í¨ ² Z̃ ³µ¦¥É ¡ÒÉÓ · §¡¨É ´  k + 1 ¤¢Ê³¥·´ÒÌ ³ É·¨Î´ÒÌ ¡²µ±µ¢:

Z̃ =
(
Z̃1, Z̃2, . . . , Z̃k+1

)
. (155)

“É¢¥·¦¤ ¥É¸Ö, ÎÉµ  ´§ Í ¸

Z̃P =

(
z′P −z′′P

z′′P z′′P

)
, (156)
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£¤¥ P = 1, 2, . . . , k + 1, Ö¢²Ö¥É¸Ö ¸µ¢³¥¸É´Ò³ ¨ ¨´¢ ·¨ ´É´Ò³ µÉ´µ¸¨É¥²Ó´µ
®²¥¢µ°¯ ¶µ¤£·Ê¶¶Ò £·Ê¶¶Ò § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨°. ‚¢¥¤¥³ É¥¶¥·Ó k + 1
±µ³¶²¥±¸´ÊÕ ËÊ´±Í¨Õ zP = z′P + iz′′P ¨ ¶µ²µ¦¨³ z̃ = (z̃1, z̃2, . . . , z̃k+1).
“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¢ · ³± Ì  ´§ Í  (156) Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
ÔËË¥±É¨¢´µ° É¥µ·¨¨ ¢ ÉµÎ´µ¸É¨ ¸µµÉ¢¥É¸É¢ÊÕÉ ² £· ´¦¨ ´Ê

L3 = 2
∇z̃(σ̃3 − z̃+z̃)−1∇z̃+

1 − z̃σ̃3z̃+
, (157)

¢ ±µÉµ·µ³ σ̃3 = diag (1,−1,−1, . . . ,−1). �¥É·Ê¤´µ ¤ ²¥¥ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¢
É¥·³¨´ Ì ±µ³¶²¥±¸´ÒÌ ¶µÉ¥´Í¨ ²µ¢

E =
1 − z̃1

1 + z̃1
, Fp =

√
2z̃p+1

1 + z̃1
, (158)

£¤¥ p = 1, 2, . . . , k, ² £· ´¦¨ ´ (157) ¶·¨´¨³ ¥É ¢¨¤

L3 =
1

2f2

∣∣∣∣∣∇E −
k∑

p=1

F̄p∇Fp

∣∣∣∣∣
2

− 1
f

k∑
p=1

|∇Fp|2 , (159)

£¤¥ f = 1/2(E + Ē −
∑k

1 |Fp|2). ’ ±¨³ µ¡· §µ³, · ¸¸³ É·¨¢ ¥³Ò°  ´§ Í
Ô±¢¨¢ ²¥´É¥´ ¸É Í¨µ´ ·´µ° É¥µ·¨¨ �°´ÏÉ¥°´  ¸ k ³ ±¸¢¥²²µ¢¸±¨³¨ ¶µ²Ö³¨
(¶·¨ ÔÉµ³ E ¨ Fp ¨³¥ÕÉ ¸³Ò¸² µ¡Ð¥¶·¨´ÖÉÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É ). „ ´´ Ö
É¥µ·¨Ö ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´  ¢ ± Î¥¸É¢¥ ¡ §Ò ¤²Ö £¥´¥· Í¨¨ É·¥Ì³¥·´ÒÌ
·¥Ï¥´¨° ¢ É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò ¸ 2k + 1 ¸±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´Ò³
¨§³¥·¥´¨¥³ ¨ ¸ ¶·µ¨§¢µ²Ó´Ò³ Î¨¸²µ³  ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ ¶µ²¥°.

„²Ö ¶µ²ÊÎ¥´¨Ö ¢ Ö¢´µ³ ¢¨¤¥ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì £¥´¥· Í¨µ´´ÒÌ ¸µµÉ´µÏ¥-
´¨° § ³¥É¨³, ÎÉµ ² £· ´¦¨ ´ (157) Ö¢²Ö¥É¸Ö µ¡· §µ³ ² £· ´¦¨ ´  (72) ¶·¨
µÉµ¡· ¦¥´¨¨

Z → z̃, Σ → −1, Ξ → −σ̃3. (160)

�Éµ µÉµ¡· ¦¥´¨¥, ± ± ²¥£±µ Ê¢¨¤¥ÉÓ, ¶¥·¥¢µ¤¨É ¶µÉ¥´Í¨ ²Ò Mα ¨ Ωα ¢
¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¢¥²¨Î¨´Ò

m̃1 = h̃−1, ∇× ω̃1 = j̃,

m̃2 = h̃−1z̃, ∇× ω̃2 = h̃−1∇z̃ − j̃ z̃, (161)

m̃3 = h̃−1z̃+z̃, ∇× ω̃3 = h̃−1(∇z̃+z̃ − z̃+∇z̃) + j̃ z̃+z̃,

£¤¥ h̃ = −(1 − z̃σ̃3z̃
+) ¨ j̃ = −h̃−2(z̃σ̃3∇z̃+ − ∇z̃σ̃3z̃

+). �Î¥¢¨¤´µ, ÎÉµ ´¥-
µ¡Ìµ¤¨³Ò¥ ¤²Ö £¥´¥· Í¨¨ ¶µÉ¥´Í¨ ²Ò M̃α ¨ Ω̃α ³µ£ÊÉ ¡ÒÉÓ ¶µ²ÊÎ¥´Ò ¨§
¢¥²¨Î¨´ m̃α ¨ ω̃α ¶·¨ ¶µ³µÐ¨ ¶·µÍ¥¤Ê·Ò, µ¡· É´µ° ± ¨¸¶µ²Ó§µ¢ ´´µ° ¶·¨
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¶¥·¥Ìµ¤¥ µÉ ¶µÉ¥´Í¨ ²  Z̃ ± ¢¥²¨Î¨´¥ z̃. �·¨³¥´ÖÖ ¤ ²¥¥ µ¸´µ¢´µ¥ ¸µµÉ´µ-
Ï¥´¨¥ (151) ¤²Ö £¥´¥· Í¨¨ ¢ É¥·³¨´ Ì µ¡¸Ê¦¤ ¥³ÒÌ ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢,
¶µ¸²¥ ´¥¸²µ¦´µ°  ²£¥¡·Ò ¶µ²ÊÎ ¥³

M1 = Σ + Σ M̃3 Σ, Ω1 = −Σ Ω̃3 Σ,

M2 = −Σ M̃T
2 T, Ω2 = −Σ Ω̃

T

2 T, (162)

M3 = −Ξ + T T M̃1T, Ω3 = −T T Ω̃1 T.

„²Ö ´ Ìµ¦¤¥´¨Ö Ö¢´µ£µ ¢¨¤  µ¶¨¸Ò¢ ÕÐ¨Ì ·¥§Ê²ÓÉ É £¥´¥· Í¨¨ ¶µÉ¥´Í¨ ²µ¢
S0, Wα, Uα ¨ Vα ¶ · ³¥É·¨§Ê¥³ ¡ §µ¢Ò° ¶µÉ¥´Í¨ ² Z̃ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

Z̃ =
(
Z̃I Z̃II

)
, (163)

£¤¥

Z̃I =

(
z̃ ′
1

z̃ ′′
1

)
, Z̃II =

(
−z̃ ′′

1 z̃ ′
1+p −z̃ ′′

1+p

z̃ ′
1 z̃ ′′

1+p z̃ ′
1+p

)
. (164)

� · ³¥É·¨§Ê¥³ ¤ ²¥¥ µ¶¥· Éµ· ¸¨³³¥É·¨¨ T ¸µ£² ¸´µ ¸¥£³¥´É Í¨¨

T = (TI TII TIII), (165)

¢ ±µÉµ·µ° Tβ = K−1Qβ (β = I, II, III) ¨

Q̃I =

(
1

0

)
, QII =

(
0 rT

1

1 rT
2

)
, Q̃III =

(
lT1

lT2

)
, (166)

  ¸Éµ²¡ÍÒ ra ¨ la (a = 1, 2) ¸µ¸É ¢²¥´Ò ¸µµÉ¢¥É¸É¢¥´´µ ¨§ ¶¥·¢ÒÌ 2k ¨ ¶µ¸²¥-
¤ÊÕÐ¨Ì n ±µ³¶µ´¥´É ¸Éµ²¡Í  na. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ¶µÉ¥´Í¨ ²µ¢ ¸± ²Ö·´µ£µ
É¨¶  ¶µ²ÊÎ ¥³

S0 = 1 − T T
I TI − h̃−1(Z̃I − TI)T (Z̃I − TI),

W1 = T T
I TII + h̃−1(Z̃I − TI)T (Z̃II − TII),

W2 = −[T T
I TII + h̃−1(Z̃I + TI)T (Z̃II + TII)]G0,

W3 =
√

2 [TI + h̃−1(Z̃I + TI)]T TIII, (167)

U1 = G0 + T T
II TII + h̃−1(Z̃II − TII)T (Z̃II − TII),

U2 = −[T T
II TII − h̃−1(Z̃II − TII)T (Z̃II + TII)]G0,

U3 =
√

2 [TII − h̃−1(Z̃II − TII)]T TIII.
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ˆ¸¶µ²Ó§ÊÖ ¤²Ö ¢¥±Éµ·´ÒÌ ³ É·¨Í Ω̃α ¶ · ³¥É·¨§ Í¨Õ

Ω̃1 = ω σ2, Ω̃2 = (Ω̃2,I Ω̃2,II), Ω̃3 =

(
0 Ω̃3,I II

Ω̃3,II I Ω̃3,II II

)
, (168)

£¤¥ ω = ω̃′′
1 (¢¥²¨Î¨´  ω̃1 Å Î¨¸Éµ ³´¨³ Ö) ¨

Ω̃2,I =

(
ω̃′

2,1

ω̃′′
2,1

)
, Ω̃2,II =

(
−ω̃′′

2,1 ω̃′
2,1+p −ω̃′′

2,1+p

ω̃′
2,1 ω̃′′

2,1+p ω̃′
2,1+p

)
, (169)

  É ±¦¥ Ω̃3,II I = −Ω̃
T

3,I II ¨ Ω̃3,I II =
(
−ω̃′′

3,1 1 ω̃′
3,1 1+p −ω̃′′

3,1 1+p

)
, ¤²Ö

¶µÉ¥´Í¨ ²µ¢ ¢¥±Éµ·´µ£µ É¨¶  ¶µ²ÊÎ ¥³

V1 = ω̃ T T
II σ2TI − Ω̃

T

2,IITI + T T
II Ω̃2,I − Ω̃

T

3,I II,

V2 = −G0(ω̃ T T
II σ2TI + Ω̃

T

2,IITI + T T
II Ω̃2,I + Ω̃

T

3,I II), (170)

V3 =
√

2(ω̃ σ2TI + Ω̃2,I)T TIII.

”µ·³Ê²Ò (167) ¨ (170) ¶µ²´µ¸ÉÓÕ µ¶¨¸Ò¢ ÕÉ ¶·µÍ¥¤Ê·Ê £¥´¥· Í¨¨ ·¥Ï¥-
´¨° É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò ¨¸Ìµ¤Ö ¨§ ·¥Ï¥´¨° ¸É Í¨µ´ ·´µ° É¥µ·¨¨
�°´ÏÉ¥°´  ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ Î¨¸²µ³ ³ ±¸¢¥²²µ¢¸±¨Ì ¶µ²¥°. �É³¥É¨³, ÎÉµ
¢ Î ¸É´µ³ ¸²ÊÎ ¥ n = 2J ¶·¨

T =
1√

1 − N2

(
1 0 r′p −r′′p l′j −l′′j

0 1 r′′p r′p l′′j l′j

)
, (171)

£¤¥ N2 =
∑k

1(r
′2
p + r′′2p ) +

∑J
1 (l

′2
j + l′′2j ), µ¶¥· Éµ· ¸¨³³¥É·¨¨ T Ö¢²Ö¥É¸Ö

¢¥Ð¥¸É¢¥´´Ò³ ³ É·¨Î´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ±µ³¶²¥±¸´µ° ¢¥²¨Î¨´Ò t = (1 −
N2)−1/2(1 rp lj), ¢ ±µÉµ·µ° rp = r′p + ir′′p ¨ lj = l′j + il′′j . ‹¥£±µ ¶µ´ÖÉÓ,
ÎÉµ ¢ Ê± § ´´µ³ Î ¸É´µ³ ¸²ÊÎ ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸¨³³¥É·¨¨ (151) ¸µÌ· ´Ö¥É
®±µ³¶²¥±¸´ÊÕ ¸É·Ê±ÉÊ·Ê¯, ±µÉµ·µ° µ¡² ¤ ²  ¡ §  £¥´¥· Í¨¨.

‚ ± Î¥¸É¢¥ ¨¸¶µ²Ó§Ê¥³µ° £¥´¥· Í¨µ´´µ° ¡ §Ò ³µ¦¥É ¡ÒÉÓ ¢§ÖÉ, ´ ¶·¨³¥·,
ÊÉµÎ´¥´´Ò°  ´§ Í, ¢ · ³± Ì ±µÉµ·µ£µ

z̃ = λ q̃, (172)

£¤¥ λ Å (´¥³ É·¨Î´Ò°) ±µ³¶²¥±¸´Ò° ¶µÉ¥´Í¨ ²,   q̃ Å ¶µ¸ÉµÖ´´ Ö ±µ³-
¶²¥±¸´ Ö ¸É·µ±  ¤²¨´µ° k + 1. ‘µµÉ¢¥É¸É¢ÊÕÐ¨° ÔËË¥±É¨¢´Ò° ² £· ´¦¨ ´,
± ± ´¥É·Ê¤´µ ¶µ± § ÉÓ, ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¥° Ëµ·³Ê²µ°:

L3 = 2I
|∇λ|2

(1 − I |λ|2)2 , (173)
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¢ ±µÉµ·µ° I = q̃σ̃3q̃
+. “É¢¥·¦¤ ¥É¸Ö, ¤ ²¥¥, ÎÉµ ËÊ´±Í¨Ö

λ =
1

R − ia cos θ
, (174)

£¤¥ a Å ¢¥Ð¥¸É¢¥´´ Ö ±µ´¸É ´É , ¨ ³¥É·¨± 

ds2
3 = ∆

(
dR2

R2 + a2 − I
+ dθ2

)
+ (R2 + a2 − I) sin2 θdϕ2, (175)

£¤¥ ∆ = R2 + a2 cos2 θ − I , µ¶¨¸Ò¢ ÕÉ ±µ´±·¥É´µ¥  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ¥
·¥Ï¥´¨¥ · ¸¸³ É·¨¢ ¥³µ° ¸¨¸É¥³Ò. �Éµ³Ê ·¥Ï¥´¨Õ ¸µµÉ¢¥É¸É¢ÊÕÉ ¶µÉ¥´-
Í¨ ²Ò

m̃1 = −
(

1 +
I

∆

)
, ω̃1 ϕ = −i

aI sin2 θ

∆
,

m̃2 = −q̃
R + ia cos θ

∆
, ω̃2 ϕ = q̃

(
− cos θ + ia sin2 θ

R + ia cos θ

∆

)
, (176)

m̃3 = −q̃+q̃
1
∆

, ω̃3 ϕ = −i q̃+q̃
a sin2 θ

∆
,

±µÉµ·Ò¥ ¢³¥¸É¥ ¸ Ê¸É ´µ¢²¥´´Ò³¨ µ¡Ð¨³¨ £¥´¥· Í¨µ´´Ò³¨ Ëµ·³Ê² ³¨ ¶µ²-
´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ¶µ²Ö £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò.

‚Ò¡· ´´µ¥ ¢ ± Î¥¸É¢¥ § É· ¢µÎ´µ£µ ·¥Ï¥´¨¥ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸-
¢¥²²  ¸µ¢¶ ¤ ¥É, ± ± ´¥É·Ê¤´µ Ê¸É ´µ¢¨ÉÓ, ¸ ¸¥³¥°¸É¢µ³ ·¥Ï¥´¨° Š¥·· Ä
�ÓÕ³¥´ Ä�“’ [46]. „¥°¸É¢¨É¥²Ó´µ, § ¶¨¸ ´´µ¥ ¢ É¥·³¨´ Ì ¶µÉ¥´Í¨ ²µ¢
�·´¸É , µ´µ ¨³¥¥É ¸²¥¤ÊÕÐ¨° Ìµ·µÏµ ¨§¢¥¸É´Ò° ¤²Ö Ê± § ´´µ£µ ·¥Ï¥´¨Ö
¢¨¤:

E = 1 − 2 q̃1

r + i(N − a cos θ)
, Fp =

√
2 q1+p

r + i(N − a cos θ)
, (177)

£¤¥ ¡Ò²  ¢¢¥¤¥´  ´µ¢ Ö · ¤¨ ²Ó´ Ö ±µµ·¤¨´ É  r = R + Re (q̃1). �¥É·Ê¤´µ
¶·µ¢¥·¨ÉÓ É ±¦¥, ÎÉµ ³¥É·¨±  ¸£¥´¥·¨·µ¢ ´´µ£µ ·¥Ï¥´¨Ö ´¥ ¸µ¤¥·¦¨É µ¸µ-
¡¥´´µ¸É¨ É¨¶  ¤¨· ±µ¢¸±µ° ¸É·Ê´Ò Å ¶ · ³¥É·µ¢ É¨¶  �“’ (É. ¥. ¢¥±Éµ·´Ò°
¶µÉ¥´Í¨ ² V1ϕ ´¥ ¸µ¤¥·¦¨É ¶·µ¸É· ´¸É¢¥´´µ°  ¸¨³¶ÉµÉ¨±¨, ¶·µ¶µ·Í¨µ´ ²Ó-
´µ° cos θ), ¥¸²¨ ¢Ò¶µ²´Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥ Q̃T

I TII = T T
I Q̃II. ‚ ¤µ¶Ê¸± ÕÐ¥³

±µ³¶²¥±¸´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸²ÊÎ ¥ (171) Ê± § ´´µ¥ ¸µµÉ´µÏ¥´¨¥ ¨³¥¥É ³¥-
¸Éµ ¶·¨ Im (q̃1) = 0 ¨ q̃1+p = rp Re (q̃1). „µ¶µ²´¨É¥²Ó´Ò¥ µ£· ´¨Î¥´¨Ö ´ 
µ¶¥· Éµ· ¸¨³³¥É·¨¨ ¨ ±Ê²µ´µ¢¸±¨¥ Ì · ±É¥·¨¸É¨±¨ § É· ¢µÎ´µ£µ ·¥Ï¥´¨Ö
¶µ§¢µ²ÖÕÉ Ê¸É· ´¨ÉÓ  ´ ²µ£¨Î´Ò¥ µ¸µ¡¥´´µ¸É¨ É ±¦¥ ¨§ ³ ±¸¢¥²²µ¢¸±¨Ì ¨
± ²¡-· ³µ´µ¢¸±µ£µ ¶µ²¥°.
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ˆ¸¶µ²Ó§µ¢ ¢Ï¨°¸Ö ¢ ± Î¥¸É¢¥ ±µ´±·¥É´µ° £¥´¥· Í¨µ´´µ° ¡ §Ò ±² ¸¸ ¶µ-
²¥° Š¥·· Ä�ÓÕ³¥´ Ä�“’ Ö¢²Ö¥É¸Ö, ¶µ¦ ²Ê°, ´ ¨¡µ²¥¥ ¨§¢¥¸É´Ò³ ¨ ¢ ¦´Ò³
¤²Ö ¶·¨²µ¦¥´¨° ¸É Í¨µ´ ·´Ò³ ¨  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´Ò³ ·¥Ï¥´¨¥³ Ê· ¢-
´¥´¨° É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²² . …£µ ¶·µ¤µ²¦¥´¨¥ ¢ ¸É·Ê´´ÊÕ µ¡² ¸ÉÓ,
¶µ¸É·µ¥´´µ¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶·¨´ ¤²¥¦¨É, ± ± ²¥£±µ ¶µ´ÖÉÓ, ± ¶µ¤-
¶·µ¸É· ´¸É¢Ê ·¥Ï¥´¨° É¥µ·¨¨, ¶µ²ÊÎ ÕÐ¥³Ê¸Ö ¶·¨ ¥¥ Éµ·µ¨¤ ²Ó´µ° ±µ³-
¶ ±É¨Ë¨± Í¨¨ ´  ¤¢  ¨§³¥·¥´¨Ö. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö ¤¢Ê³¥·´ Ö £· ¢¨É¨·ÊÕ-
Ð Ö σ-³µ¤¥²Ó µ¡² ¤ ¥É, ± ± ¢ÒÖ¸´Ö¥É¸Ö, ·Ö¤µ³ § ³¥Î É¥²Ó´ÒÌ ¸¢µ°¸É¢, ¸·¥¤¨
±µÉµ·ÒÌ ¶µÖ¢²¥´¨¥ É ± ´ §Ò¢ ¥³ÒÌ ®µ¡µ¡Ð¥´´ÒÌ¯ (É. ¥. § ¢¨¸ÖÐ¨Ì µÉ ±µ-
µ·¤¨´ É) ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨. �·¨²µ¦¥´¨Õ µ¡µ¡Ð¥´´ÒÌ ¸¨³³¥É·¨°
± § ¤ Î¥ µ £¥´¥· Í¨¨  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨° ¢ · ¸¸³ É·¨¢ ¥³µ°
¸É·Ê´´µ-£· ¢¨É Í¨µ´´µ° É¥µ·¨¨ ¢ µ¸´µ¢´µ³ ¨ ¶µ¸¢ÖÐ¥´  µ¸É ¢Ï Ö¸Ö Î ¸ÉÓ
´ ¸ÉµÖÐ¥£µ µ¡§µ· .

‡ ³¥É¨³ ¸· §Ê, ÎÉµ Éµ·µ¨¤ ²Ó´ Ö ±µ³¶ ±É¨Ë¨± Í¨Ö É¥µ·¨¨ ´  ¤¢  ¨§-
³¥·¥´¨Ö Ô±¢¨¢ ²¥´É´  ´ ²µ¦¥´¨Õ Ê¸²µ¢¨Ö  ±¸¨ ²Ó´µ° ¸¨³³¥É·¨¨ ´  ÔÉÊ É¥-
µ·¨Õ, ¶·¥¤¢ ·¨É¥²Ó´µ Éµ·µ¨¤ ²Ó´µ ¸±µ³¶ ±É¨Ë¨Í¨·µ¢ ´´ÊÕ ´  É·¨ ¨§³¥·¥-
´¨Ö. ˆ³¥Ö ¢ ¢¨¤Ê ÔÉµ µÎ¥¢¨¤´µ¥ µ¡¸ÉµÖÉ¥²Ó¸É¢µ ¨ ¨§²µ¦¥´´Ò° ¢ÒÏ¥ ³ É¥·¨ ²,
· ¸¸³µÉ·¨³ ¢  ±¸¨ ²Ó´µ-¸¨³³¥É·¨Î´µ³ ¸²ÊÎ ¥ ¤µ¶Ê¸± ÕÐÊÕ ¶·¥¤¸É ¢²¥´¨¥
´Ê²¥¢µ° ±·¨¢¨§´Ò ÔËË¥±É¨¢´ÊÕ É·¥Ì³¥·´ÊÕ σ-³µ¤¥²Ó. „²Ö ÔÉµ£µ ¢¢¥¤¥³
¸¨¸É¥³Ê Í¨²¨´¤·¨Î¥¸±¨Ì ±µµ·¤¨´ É (ρ, z, ϕ), ¶ · ³¥É·¨§Ê¥³ É·¥Ì³¥·´Ò° ²¨-
´¥°´Ò° Ô²¥³¥´É ¢ Ëµ·³¥ ‹ÓÕ¨¸  ¨ � ¶ ¶¥É·Ê

ds2
3 = eΥ(dρ2 + dz2) + ρ2dϕ2 (178)

¨ · ¸¸³µÉ·¨³ ¸¨ÉÊ Í¨Õ, ±µ£¤  ³¥É·¨Î¥¸±¨° ±µÔËË¨Í¨¥´É Υ ¨ ³ É·¨Í  ´Ê-
²¥¢µ° ±·¨¢¨§´Ò M Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ±µµ·¤¨´ É ρ ¨ z ¨ ´¥ § ¢¨¸ÖÉ µÉ
Ê£²µ¢µ° ±µµ·¤¨´ ÉÒ ϕ. ‘Î¨É Ö, ÎÉµ ÔËË¥±É¨¢´ Ö É·¥Ì³¥·´ Ö É¥µ·¨Ö µ¶¨¸Ò-
¢ ¥É¸Ö ² £· ´¦¨ ´µ³

L3 = c tr (M−1 ∇M)2, (179)

¢ ±µÉµ·µ³ ±µ´¸É ´É  c ¶µ±  µ¸É ¢²¥´  ¶·µ¨§¢µ²Ó´µ°, ¨ ¶¥·¥Ìµ¤Ö ± ¡µ²¥¥
Ê¤µ¡´Ò³ ±µµ·¤¨´ É ³ x± = ρ ± iz, ¤²Ö ®³ É¥·¨ ²Ó´µ° Î ¸É¨¯ Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö ¶µ²ÊÎ ¥³

(ρM−1M,+),− + (ρM−1M,−),+ = 0. (180)

„ ²¥¥, Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¶·¨¢µ¤ÖÉ ± ¸²¥¤ÊÕÐ¥° µ¶·¥¤¥²ÖÕÐ¥° ËÊ´±Í¨Õ
Υ ¸¨¸É¥³¥:

Υ,± = −2 cρ tr (M,±M−1
,± ). (181)
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‘Ì¥³  ·¥Ï¥´¨Ö ¶µ²ÊÎ¥´´µ° § ¤ Î¨, µÎ¥¢¨¤´µ, É ±µ¢ : ·¥Ï Ö Ê· ¢´¥´¨¥ (180),
´ Ìµ¤¨³ ³ É·¨ÍÊ M, ¶µ ±µÉµ·µ°, ¨¸¶µ²Ó§ÊÖ ¸¨¸É¥³Ê (181), ¢ÒÎ¨¸²Ö¥³ ËÊ´±-
Í¨Õ Υ. �É³¥É¨³, ÎÉµ Ê¸²µ¢¨¥³ ¸µ¢³¥¸É´µ¸É¨ Ê± § ´´µ° ¸¨¸É¥³Ò ± ± · § ¨
Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥ (180).

ˆ§ÊÎ¥´¨¥ ¸¨³³¥É·¨° Ê· ¢´¥´¨Ö (180) Ê¤µ¡´µ ¶·µ¢µ¤¨ÉÓ ¢ · ³± Ì É ±
´ §Ò¢ ¥³µ£µ ³¥Éµ¤  µ¡· É´µ° § ¤ Î¨ · ¸¸¥Ö´¨Ö. ‚ ¤ ´´µ³ ¸²ÊÎ ¥ ¥£µ ¶·¨³¥-
´¥´¨¥ ¸¢µ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê. ‚¢¥¤¥³ ¶ ·Ê ®Éµ±µ¢ÒÌ ¶¥·¥³¥´´ÒÌ¯

J± = M−1M,±; (182)

¢ ¨Ì É¥·³¨´ Ì Ê· ¢´¥´¨¥ (180) ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

(ρJ−),+ + (ρJ+),− = 0. (183)

…Ð¥ µ¤´µ Ê· ¢´¥´¨¥ ´  ÔÉ¨ Éµ±¨,   ¨³¥´´µ

J−,+ − J+,− + [J+ J−] = 0, (184)

¶µ²ÊÎ ¥É¸Ö ¶·¨ ÊÎ¥É¥ µ¶·¥¤¥²¥´¨° (182) ¨§ · ¢¥´¸É¢  M,+− = M,−+. „ ²¥¥,
®Éµ±µ¢Ò¥¯ Ê· ¢´¥´¨Ö (183), (184) Ö¢²ÖÕÉ¸Ö Ê¸²µ¢¨Ö³¨ ¸µ¢³¥¸É´µ¸É¨ ¶¥·¥-
µ¶·¥¤¥²¥´´µ° ²¨´¥°´µ° ¸¨¸É¥³Ò

Ψ(t; x±),± =
1

1 ∓ τ(t; x±)
Ψ(t; x±)J±, (185)

£¤¥

τ(t; x±) =
√

1 + tx− − σ
√

1 − tx+

√
1 + tx− + σ

√
1 − tx+

(186)

¶·¨ ¶·µ¨§¢µ²Ó´µ³ §´ Î¥´¨¨ ¶µ¸ÉµÖ´´µ£µ ®¸¶¥±É· ²Ó´µ£µ¯ ¶ · ³¥É·  t ¨ ¶·¨
σ = ±1. Œ É·¨Î´µ§´ Î´ Ö ËÊ´±Í¨Ö Ψ(t; x±), Ö¢²ÖÕÐ Ö¸Ö ·¥Ï¥´¨¥³ Ê± § ´-
´µ° ²¨´¥°´µ° ¸¨¸É¥³Ò, ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö µ¶·¥¤¥²¥´¨Ö ¢ ¨´Ë¨´¨É¥§¨³ ²Ó´µ°
Ëµ·³¥ ¸¨³³¥É·¨° Ê· ¢´¥´¨Ö (180).

�Ê¸ÉÓ ε Å ¨´Ë¨´¨É¥§¨³ ²Ó´ Ö ¶µ¸ÉµÖ´´ Ö ³ É·¨Í , ¶·¨´ ¤²¥¦ Ð Ö ±
 ²£¥¡·¥ Éµ° £·Ê¶¶Ò, Ô²¥³¥´Éµ³ ±µÉµ·µ° Ö¢²Ö¥É¸Ö M, ¨ ¶Ê¸ÉÓ η(t; ε, x±) Å
¨´Ë¨´¨É¥§¨³ ²Ó´µ¥ ³ É·¨Î´µ¥ ¶µ²¥, ¶µ²ÊÎ ÕÐ¥¥¸Ö ¨§ ε ¶·¥µ¡· §µ¢ ´¨¥³ ¶µ-
¤µ¡¨Ö ¸ Ô²¥³¥´Éµ³ Ψ(t; x±):

η(t; ε, x±) = Ψ(t; x±)−1εΨ(t; x±). (187)

“É¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ ¸²¥¤ÊÕÐ¥³: ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ´  ³ É·¨ÍÊ ´Ê²¥¢µ°
±·¨¢¨§´Ò ´¥ ´ ±² ¤Ò¢ ÕÉ¸Ö ´¨± ±¨¥ µ£· ´¨Î¥´¨Ö ¶µ³¨³µ £·Ê¶¶µ¢µ£µ (¸²ÊÎ °
£² ¢´ÒÌ ±¨· ²Ó´ÒÌ ³µ¤¥²¥°), ¨´Ë¨´¨É¥§¨³ ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥

M → M + δM, (188)
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£¤¥
δM = HMη(t; ε, x±) (189)

¨
H =

1√
(1 − tx+)(1 + tx−)

, (190)

Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨¥° ¸¨¸É¥³Ò. …¸²¨ ¦¥ ³ É·¨Í  M ¤µ²¦´  ¡ÒÉÓ ¥Ð¥ ¨ ¸¨³-
³¥É·¨Î´µ° (¸²ÊÎ ° σ-³µ¤¥²¨ ¸ ¸¨³³¥É·¨Î¥¸±¨³ ¶·µ¸É· ´¸É¢µ³ ¶µÉ¥´Í¨ ²µ¢),
Éµ ¨´Ë¨´¨É¥§¨³ ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (188) ¤µ²¦´µ ¡ÒÉÓ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³
µ¡· §µ³ ¢¨¤µ¨§³¥´¥´µ:

δM = H [Mη(t; ε, x±) + η(t; ε, x±)TM]. (191)

“± § ´´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¸¨³³¥É·¨¨, ± ± § ¢¨¸ÖÐ¨¥ µÉ ¶·µ¸É· ´¸É¢¥´´ÒÌ
±µµ·¤¨´ É, Ö¢²ÖÕÉ¸Ö µ¡µ¡Ð¥´´Ò³¨. Œµ¦´µ ¶µ± § ÉÓ, ÎÉµ µ´¨ µ¶·¥¤¥²ÖÕÉ
(Î¥·¥§ § ¢¨¸¨³µ¸ÉÓ µÉ ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É· ) ¸Î¥É´Ò° ´ ¡µ· ²¨´¥°´µ ´¥-
§ ¢¨¸¨³ÒÌ £¥´¥· Éµ·µ¢ ¸¨³³¥É·¨¨, µÉ ¸¶¥±É· ²Ó´µ£µ ¶ · ³¥É·  Ê¦¥ ´¥ § ¢¨-
¸ÖÐ¨Ì [41].

�¥·¥Ìµ¤Ö ± ¶µ¸É·µ¥´¨Õ ±µ´¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨ µ¡¸Ê¦¤ -
¥³µ£µ §¤¥¸Ó É¨¶ , · ¸¸³µÉ·¨³ ³´µ¦¥¸É¢µ ·¥Ï¥´¨° ²¨´¥°´µ° ¸¨¸É¥³Ò (185),
·¥£Ê²Ö·´ÒÌ ¶·¨ t = 0, σ = 1. 
Ê¤¥³ É ±¦¥ ¤²Ö ±· É±µ¸É¨ ¶µ²Ó§µ¢ ÉÓ¸Ö
µ¡µ§´ Î¥´¨¥³ Ψ(t) ≡ Ψ(t; x±). ‚¨¤´µ, ÎÉµ ¶·¨ t = 0 ¸¨¸É¥³  (185) ¶·¨µ¡·¥-
É ¥É Ô±¢¨¢ ²¥´É´Ò° ¸µµÉ´µÏ¥´¨Ö³ (182) ¢¨¤, ÎÉµ ¶·¨¢µ¤¨É ± ¥¸É¥¸É¢¥´´µ³Ê
µÉµ¦¤¥¸É¢²¥´¨Õ

M = Ψ(0). (192)

�¶·¥¤¥²¥´´ Ö ¸µµÉ´µÏ¥´¨¥³ (192) ³ É·¨Í  M µ± §Ò¢ ¥É¸Ö ¤µ²¦´Ò³ µ¡· §µ³
¸¢Ö§ ´´µ° ¸ Éµ± ³¨ J± ¨  ¢Éµ³ É¨Î¥¸±¨ Ê¤µ¢²¥É¢µ·ÖÕÐ¥° Ê· ¢´¥´¨Õ (180)
± ± µ¤´µ³Ê ¨§ Ê¸²µ¢¨° ¸µ¢³¥¸É´µ¸É¨ ¸¨¸É¥³Ò (185). ‚¸¥ ÔÉµ ¨ µ¡µ¸´µ¢Ò¢ ¥É
¸¤¥² ´´µ¥ µÉµ¦¤¥¸É¢²¥´¨¥.

�Ê¸ÉÓ É¥¶¥·Ó M0 Å Î ¸É´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (180), J0± Å ¢ÒÎ¨-
¸²¥´´Ò¥ ¶µ ÔÉµ³Ê ·¥Ï¥´¨Õ Éµ±¨,   Ψ0(t) Å ¸µµÉ¢¥É¸É¢ÊÕÐ¥¥ ¥³Ê ·¥Ï¥´¨¥
²¨´¥°´µ° ¸¨¸É¥³Ò (185). ‘¤¥² ¥³ ¢ ²¨´¥°´µ° ¸¨¸É¥³¥ § ³¥´Ê ³ É·¨Î´µ°
¶¥·¥³¥´´µ°, ¶µ²µ¦¨¢

Ψ(t) = Ψ0(t)X(t); (193)

¢ ´µ¢ÒÌ É¥·³¨´ Ì · ¸¸³ É·¨¢ ¥³ Ö § ¤ Î  ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

X(t),± =
1

1 ∓ τ(t)
[X(t)J± − J0±X(t)]. (194)

ˆ³¥Ö ¢ ¢¨¤Ê ·¥£Ê²Ö·´Ò¥ ¶·¨ t = 0 ·¥Ï¥´¨Ö ÔÉµ° § ¤ Î¨, ¨§ ¸µµÉ´µÏ¥´¨°
(192) ¨ (193) Éµ£¤  ¶µ²ÊÎ ¥³

M = M0 X(0), (195)
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É. ¥. Ëµ·³Ê²Ê ¤²Ö ±µ´¥Î´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö ¸¨³³¥É·¨¨ ¢ ¥£µ ¤¥°¸É¢¨¨ ´ 
³ É·¨ÍÊ ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò. �·¨ ÔÉµ³ ·µ²Ó µ¶¥· Éµ·  ¸¨³-
³¥É·¨¨, ¶¥·¥¢µ¤ÖÐ¥£µ ®´ Î ²Ó´µ¥¯ ·¥Ï¥´¨¥ M0 ¢ ®±µ´¥Î´µ¥¯ ·¥Ï¥´¨¥ M,
¨£· ¥É ¢¥²¨Î¨´  S = X(0).

�µ¸É·µ¥´¨¥ ¢ Ö¢´µ³ ¢¨¤¥ ³ É·¨Î´µ° ËÊ´±Í¨¨ X(t; x±) ³µ¦´µ ¶·µ¨§¢¥¸É¨
¢ · ³± Ì É. ´. ®N -¸µ²¨Éµ´´µ£µ  ´§ Í ¯ [39, 40, 42]. �ÉµÉ  ´§ Í µ¶·¥¤¥²Ö¥É¸Ö
¢Ò· ¦¥´¨¥³

X = 1 +
N∑

k,l=1

C−1
lk

mk nT
l

τ − µk
, (196)

£¤¥ C−1
lk Å ±µÔËË¨Í¨¥´ÉÒ ³ É·¨ÍÒ, µ¡· É´µ° ± N ×N -³ É·¨Í¥ C, ±µÔËË¨-

Í¨¥´ÉÒ ±µÉµ·µ°, ¢ ¸¢µÕ µÎ¥·¥¤Ó, · ¢´Ò

Ckl =
mT

k nl

µk − νl
. (197)

�¸´µ¢´µ¥ ÊÉ¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö µ± §Ò¢ -
ÕÉ¸Ö Éµ¦¤¥¸É¢¥´´µ ¢Ò¶µ²´¥´´Ò³¨ ¢ ¸²ÊÎ ¥, ±µ£¤  ËÊ´±Í¨¨ µk ¨ νl,   É ±¦¥
¸Éµ²¡ÍÒ mk ¨ nl µ¶·¥¤¥²ÖÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

µk = τ(σ′
k , t′k), mk = Ψ−1

0 (µk)m0k,
(198)

νl = τ(σ′′
l , t′′l ), nl = ΨT

0 (νl)n0l,

¢ ±µÉµ·ÒÌ m0k ¨ n0l Å ¶µ¸ÉµÖ´´Ò¥ ¸Éµ²¡ÍÒ (¢ ¸²ÊÎ ¥ µk = νl ´Ê¦´µ ¶µ²µ-
¦¨ÉÓ Ckl = 0 ¨ Ê¤µ¢²¥É¢µ·¨ÉÓ · ¢¥´¸É¢Ê mT

0kn0l = 0). ’ ±¨³ µ¡· §µ³, ¤²Ö
µ¶¥· Éµ·  ¸¨³³¥É·¨¨ N -¸µ²¨Éµ´´µ£µ É¨¶  S ¶µ²ÊÎ ¥³

S = 1 −
N∑

k,l=1

C−1
lk µ−1

k mknT
l . (199)

�·¥¤¸É ¢²ÖÖ ¤ ²¥¥ ÔÉµÉ µ¶¥· Éµ· ¢ Ô±¸¶µ´¥´Í¨ ²Ó´µ° Ëµ·³¥, ´ Ìµ¤¨³ É ±¦¥,
ÎÉµ

det S =
N∏

k=1

νk

µk
. (200)

�·¨ ¶µ³µÐ¨ ´¥¶µ¸·¥¤¸É¢¥´´ÒÌ ¢ÒÎ¨¸²¥´¨° Ê¡¥¦¤ ¥³¸Ö ¤ ²¥¥ ¢ Éµ³, ÎÉµ
§ ±µ´ ¶·¥µ¡· §µ¢ ´¨Ö Éµ±µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

J± = J0± ∓ 1
ρ


ρ

N∑
k,l=1

C−1
lk mknT

l




,±

, (201)
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¶µ¸²¥ Î¥£µ ¤²Ö É· ´¸Ëµ·³¨·µ¢ ´´ÒÌ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ · ¸¸³ É·¨¢ ¥³Ò³ ¸µ²¨-
Éµ´´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³ ¸¨³³¥É·¨¨ ¢¥²¨Î¨´ Ω = (Ω)ϕ (¥¤¨´¸É¢¥´´µ° ´¥É·¨-
¢¨ ²Ó´µ° ±µ³¶µ´¥´ÉÒ ³ É·¨Î´µ£µ ¶µÉ¥´Í¨ ²  Ω) ¨ Υ ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥
¢Ò· ¦¥´¨Ö:

Ω = Ω0 − iρ
N∑

k,l=1

C−1
lk mknT

l + c(Ω),

(202)

eΥ = eΥ0

(
det C

N∏
k=1

4µkνk

ρ
√

(1 − µ2
k)(1 − ν2

k)

)4c

c(Ω).

�·¨ ÔÉµ³ ¢ (202) ¢¥²¨Î¨´Ò Ω0 ¨ Υ0 ¸µµÉ¢¥É¸É¢ÊÕÉ ®´ Î ²Ó´µ³Ê¯ §´ Î¥´¨Õ
³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨¢¨§´Ò M0, ³ É·¨Í  ¦¥ c(Ω) ¨ ¶ · ³¥É· c(Υ) Ö¢²ÖÕÉ¸Ö
±µ´¸É ´É ³¨ ¨´É¥£·¨·µ¢ ´¨Ö.

‘µµÉ´µÏ¥´¨Ö (199), (200) ¨ (202) ¸µ¸É ¢²ÖÕÉ µ¸´µ¢Ê ¢¸¥£µ ¶µ¸²¥¤ÊÕÐ¥£µ
· ¸¸³µÉ·¥´¨Ö. �µ²µ¦¨³ N = 2N ¨ ÊÉµÎ´¨³ · ¸¸³ É·¨¢ ¥³Ò°  ´§ Í, ¶µÉ·¥-
¡µ¢ ¢, ÎÉµ¡Ò ¢Ò¶µ²´Ö²¨¸Ó ¤µ¶µ²´¨É¥²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö

µN+i = ν−1
i , mN+i = M−1

0 ni,
νN+j = µ−1

j , nN+j = M0 mj ,
(203)

£¤¥ i, j = 1, . . . , N . ‚ ÔÉµ³ ¸²ÊÎ ¥, ± ± ²¥£±µ ¶·µ¢¥·¨ÉÓ, µ¶·¥¤¥²¨É¥²Ó ³ -

É·¨ÍÒ µ¶¥· Éµ·  ¸¨³³¥É·¨¨ µ± §Ò¢ ¥É¸Ö · ¢´Ò³ det S =
(∏N

i=1 νi/µi

)2

, ¢
Éµ ¢·¥³Ö ± ± ¤²Ö µ¸É ²Ó´ÒÌ ¶µÉ¥´Í¨ ²µ¢, ¸¢Ö§ ´´ÒÌ ¸ ¶·¥¤¸É ¢²¥´¨¥³ ´Ê²¥-
¢µ° ±·¨¢¨§´Ò, ¶µ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö [45]:

M = M0 −
N∑

i,j=1

[
D−1

ji µ−1
i

(
M0min

T
j + njm

T
i M0

)
+

+ D−1
N+jiµ

−1
i µ−1

j M0mim
T
j M0 + D−1

jN+inin
T
j

]
,

M−1 = M−1
0 +

N∑
i,j=1

[
D−1

ji ν−1
j

(
min

T
j M−1

0 + M−1
0 njm

T
i

)
+

+ D−1
jN+iν

−1
i ν−1

j M−1
0 nin

T
j M−1

0 + D−1
N+j imim

T
j

]
,

(204)

Ω = Ω0 − iρ

N∑
i,j=1

[
D−1

ji

(
min

T
j + µ−1

i µ−1
j M−1

0 njm
T
i M0

)
+

+ D−1
N+jiµ

−1
j mim

T
j M0 + D−1

jN+iν
−1
i M−1

0 nin
T
j

]
+ c(Ω),

eΥ = eΥ0

[
√

det D
N∏

i=1

4µiνi

ρ
√

(1 − µ2
i )(1 − ν2

i )

]8c

c(Υ),
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¢ ±µÉµ·ÒÌ ¶µ²µ¦¥´µ

Dij = DN+j N+i =
mT

i nj

µi − νj
,

(205)

DiN+j =
mT

i M0mj

µiµj − 1
, DN+ij =

nT
i M−1

0 nj

1 − νiνj
.

’ ±¨³ µ¡· §µ³, ¢ · ¸¸³ É·¨¢ ¥³µ³ ®ÊÉµÎ´¥´´µ³¯ ¸²ÊÎ ¥ MT = M ¶·¨
MT

0 = M0, É. ¥. ¸µ²¨Éµ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸µÌ· ´Ö¥É ¸¢µ°¸É¢µ ¸¨³³¥É·¨¨
³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨¢¨§´Ò. �¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ µ¡¥¸¶¥Î¨¢ ÕÐ¨¥ ÔÉµ
¸µÌ· ´¥´¨¥ ¸µµÉ´µÏ¥´¨Ö (203) µ± §Ò¢ ÕÉ¸Ö ·¥ ²¨§µ¢ ´´Ò³¨ ¶·¨ ´ ²µ¦¥´¨¨
¸²¥¤ÊÕÐ¨Ì Ê¸²µ¢¨° ´  ¶µ¸ÉµÖ´´Ò¥ ¶ · ³¥É·Ò ¸µ²¨Éµ´´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö:

σ′
N+i = −σ′′

i , t′N+i = t′′i , m0N+i = c′in0i,

σ′′
N+j = −σ′

j , t′′N+j = t′j , n0N+j = c′′j m0j ,
(206)

£¤¥ c′i = Ψ0(ν−1
i )M−1

0 ΨT
0 (νi) ¨ c′′j = [ΨT

0 (µ−1
j )]−1M0Ψ−1

0 (µj) Å ¶µ¸ÉµÖ´´Ò¥
³ É·¨ÍÒ (ÔÉµÉ Ë ±É ²¥£±µ ¤µ± § ÉÓ ¶·¨ ¶µ³µÐ¨ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¨ ¶µ¸²¥-
¤ÊÕÐ¥£µ ¨¸¶µ²Ó§µ¢ ´¨Ö ²¨´¥°´µ° ¸¨¸É¥³Ò (185)). � ±µ´¥Í, ¨§ ¸µµÉ´µÏ¥´¨°
(204) ¸²¥¤Ê¥É, ÎÉµ É· ´¸Ëµ·³¨·µ¢ ´´Ò¥ ¢¥²¨Î¨´Ò M, Ω ¨ Υ µ± §Ò¢ ÕÉ¸Ö
¢¥Ð¥¸É¢¥´´Ò³¨, ¥¸²¨ ¤²Ö ²Õ¡µ£µ ¨´¤¥±¸  i ¸ÊÐ¥¸É¢Ê¥É ¨´¤¥±¸ j É ±µ°, ÎÉµ
t̄′i = −t′j, t̄′′i = −t′′j , m̄0i = m0j ¨ n̄0i = n0j ,   É ±¦¥ ¥¸²¨ ¢¥Ð¥¸É¢¥´´Ò³¨
Ö¢²ÖÕÉ¸Ö ±µ´¸É ´ÉÒ ¨´É¥£·¨·µ¢ ´¨Ö c(Ω) ¨ c(Υ) (¶·¨Î¥³ ¶µ¸²¥¤´ÖÖ Å ¶µ-
²µ¦¨É¥²Ó´µ µ¶·¥¤¥²¥´´µ°) [45].

� §¢¨É Ö ¢ ÔÉµ³ · §¤¥²¥ ¶·µÍ¥¤Ê·  £¥´¥· Í¨¨, ¸¢Ö§ ´´ Ö ¸ ¨¸¶µ²Ó§µ¢ -
´¨¥³ ¸µ²¨Éµ´´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸¨³³¥É·¨¨, ³µ¦¥É ¡ÒÉÓ ¸ ²¥£±µ¸ÉÓÕ µ¡µ¡-
Ð¥´  ´  ¸²ÊÎ ° µ¸´µ¢´µ° ¤²Ö É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò σ-³µ¤¥²¨ ¸ ¸¨³-
³¥É·¨Î¥¸±¨³ ¶·µ¸É· ´¸É¢µ³ ¶µÉ¥´Í¨ ²µ¢ µ·Éµ£µ´ ²Ó´µ£µ É¨¶ . � ¸¸³µÉ·¨³
ÔËË¥±É¨¢´ÊÕ ¸¨¸É¥³Ê (16) ¨ ¶µ²µ¦¨³ ¢ ´ Ï¨Ì Ëµ·³Ê² Ì c = 1/8. ’µ£¤ 
ÊÉ¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¸µµÉ´µÏ¥´¨Ö (22), µ¶·¥¤¥²ÖÕÐ¨¥ ³ É·¨ÍÊ
´Ê²¥¢µ° ±·¨¢¨§´Ò É¥µ·¨¨, ¸µÌ· ´ÖÕÉ¸Ö ¶·¨ ¸µ²¨Éµ´´µ³ ¶·¥µ¡· §µ¢ ´¨¨ ¢
¸²ÊÎ ¥ N = 4N ¨ ¶·¨ ¢Ò¶µ²´¥´¨¨ ¸²¥¤ÊÕÐ¨Ì ¤µ¶µ²´¨É¥²Ó´ÒÌ ¸µµÉ´µÏ¥-
´¨°:

mN+i = LM0mi, nN+i = M0Lni, µN+i = µ−1
i , νN+i = ν−1

i ,

m2N+i = Lni, n2N+i = Lmi, µ2N+i = νi, ν2N+i = µi, (207)

m3N+i = M−1
0 ni, n3N+i = M0mi, µ3N+i = ν−1

i , ν3N+i = µ−1
i ,

¤µ¶µ²´¥´´ÒÌ ®¤¨ £µ´ ²Ó´Ò³¨¯ Ê¸²µ¢¨Ö³¨ mT
i Lmi = nT

i Lni = 0. ‚¸¥ ¤ ²Ó-
´¥°Ï¨¥ ¤¥°¸É¢¨Ö ¶·µ¨§¢µ¤ÖÉ¸Ö ¸µ¢¥·Ï¥´´µ  ´ ²µ£¨Î´µ ¢Ò¶µ²´¥´´Ò³ · ´¥¥ ¢
Ê¶·µÐ¥´´µ³ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î´µ° ³ É·¨ÍÒ ¸ É·¨¢¨ ²Ó´Ò³ £·Ê¶¶µ¢Ò³ Ê¸²µ-
¢¨¥³, ¨ ³Ò ´¥ ¡Ê¤¥³ µ¸É ´ ¢²¨¢ ÉÓ¸Ö §¤¥¸Ó ´  ¨Ì ¤¥É ²ÖÌ.
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‚ ÔÉµ³ · §¤¥²¥ ¡Ê¤¥É ¤ ´ µÉ¢¥É ´  ¢µ¶·µ¸ µ Éµ³, ¶·¨ ± ±¨Ì ¤µ¶µ²´¨-
É¥²Ó´ÒÌ Ê¸²µ¢¨ÖÌ, ´ ±² ¤Ò¢ ¥³ÒÌ ´  ¸¢µ¡µ¤´Ò¥ ¶ · ³¥É·Ò, ¸µ²¨Éµ´´Ò¥ ¶·¥-
µ¡· §µ¢ ´¨Ö ¸¨³³¥É·¨¨ ¤µ¶Ê¸± ÕÉ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ¶·¥¤¥² ¨ ¸µÌ· ´ÖÕÉ
¸¢µ°¸É¢µ  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¶²µ¸±µ¸É´µ¸É¨ ·¥Ï¥´¨°. �·¨ ÔÉµ³ (¤²Ö ¶·µ¸ÉµÉÒ)
¨§²µ¦¥´¨¥ ¢¥¤¥É¸Ö ¢ Ê¶·µÐ¥´´µ³ ¸²ÊÎ ¥ ¸¨¸É¥³Ò, µ¶¨¸Ò¢ ¥³µ° ¸µµÉ´µÏ¥´¨-
Ö³¨ (203)Ä(206).

ˆÉ ±, ¶·µ¨§¢¥¤¥³ ¤ ²Ó´¥°Ï¥¥ ÊÉµÎ´¥´¨¥ µ¶·¥¤¥²¥´´µ£µ ¢ ¶·¥¤Ò¤ÊÐ¥³
· §¤¥²¥ ¸µ²¨Éµ´´µ£µ  ´§ Í , ¶µ²µ¦¨¢

σ′
i = σ′′

j = σ. (208)

� · ³¥É·¨§Ê¥³, ¤ ²¥¥, ¶µ¸ÉµÖ´´Ò¥ ¶µ²Õ¸´Ò¥ ¶ · ³¥É·Ò t′i, t′′j ¸µ£² ¸´µ

t′i = λ(1 − εσµ0i), t′′j = λ(1 − εσν0j), (209)

¨ · ¸¸³µÉ·¨³ ¶·¥¤¥² ¢Ò· ¦¥´¨° (204) ¶·¨ ε → 0. �·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥
· ¸Ìµ¤¨³µ¸ÉÓ ±µÔËË¨Í¨¥´Éµ¢ Dij ¨ DN+i N+j ,   É ±¦¥ ±µ´¥Î´µ¸ÉÓ ±µÔËË¨-
Í¨¥´Éµ¢ DiN+j ¨ DN+ij , ¶µ²ÊÎ ¥³ ¢ ·¥§Ê²ÓÉ É¥ ¤²Ö ³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨-
¢¨§´Ò M ¨´Ë¨´¨É¥§¨³ ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ (187)Ä(191) c ¶ · ³¥É·µ³ ε,
µ¶·¥¤¥²Ö¥³Ò³ ¸µµÉ´µÏ¥´¨Ö³¨

ε = ε

N∑
i,j=1

D−1
0 jim0in

T
0j , D0 ij =

mT
0in0j

µ0i − ν0j
. (210)

„ ²¥¥, ¶µ²µ¦¨¢

c(Ω) = 0, (211)

¶µ²ÊÎ ¥³ É· ´¸Ëµ·³ Í¨µ´´ÊÕ Ëµ·³Ê²Ê

Ω ≈ Ω0 + iρ H
[
τ(σ, λ) η + τ−1(σ, λ)M−1

0 ηTM0

]
, (212)

±µÉµ· Ö É ±¦¥ µ¶¨¸Ò¢ ¥É ¨´Ë¨´¨É¥§¨³ ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥. � ±µ´¥Í, ¢Ò-
¡µ· µ¸É ÕÐ¥°¸Ö ¶µ±  ´¥µ¶·¥¤¥²¥´´µ° ±µ´¸É ´ÉÒ ¨´É¥£·¨·µ¢ ´¨Ö c(Υ) ¢ ¢¨¤¥

c(Υ) =
[

1
det D0

(
−σε

2λ

)N
]8c

(213)

¶µ§¢µ²Ö¥É Ê¸É· ´¨ÉÓ ¨§ eΥ · ¸Ìµ¤ÖÐ¨°¸Ö Î²¥´ ¨ ¤µ¡¨ÉÓ¸Ö ¢Ò¶µ²´¥´¨Ö µ¦¨-
¤ ¥³µ£µ  ¸¨³¶ÉµÉ¨Î¥¸±µ£µ · ¢¥´¸É¢  Υ ≈ Υ0. ’ ±¨³ µ¡· §µ³, · ¸¸³ É·¨¢ -
¥³Ò° ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìµ¤ µ¶·¥¤¥²Ö¥É ¤¥°¸É¢¨¥ ¶·¥µ¡· §µ¢ ´¨Ö (191) ¸ ¨´-
Ë¨´¨É¥§¨³ ²Ó´Ò³ ¶ · ³¥É·µ³ ε, ·¥ ²¨§µ¢ ´´Ò³ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³µ£µ
¸µ²¨Éµ´´µ£µ  ´§ Í  ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨Ö³¨ (210).
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�¥·¥°¤¥³ É¥¶¥·Ó ¢ ¸Ë¥·¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ±µµ·¤¨´ É (¶µ²µ¦¨¢ ρ = R sin θ
¨ z = R cos θ) ¨ · ¸¸³µÉ·¨³  ¸¨³¶ÉµÉ¨±Ê ¶µ²ÊÎ¥´´µ£µ ¸µ²¨Éµ´´µ£µ ¶·¥µ¡· -
§µ¢ ´¨Ö ¸¨³³¥É·¨¨ ¶·¨ R → ∞ ¢ ¸²ÊÎ ¥, ±µ£¤  § É· ¢µÎ´µ¥ ·¥Ï¥´¨¥ (Ëµ´)
Ö¢²Ö¥É¸Ö  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨³. �É´µ¸¨É¥²Ó´µ ¨¸¶µ²Ó§Ê¥³µ£µ Ëµ´  ¡Ê¤¥³
¶·¥¤¶µ² £ ÉÓ, ÎÉµ ´  Ê± § ´´µ°  ¸¨³¶ÉµÉ¨±¥ ¨³¥ÕÉ ³¥¸Éµ ¶·¨¡²¨¦¥´´Ò¥ · -
¢¥´¸É¢ 

M0 ≈ Mv +
Q0

R
, Ω0 ≈ M−1

v Q0 cos θ, Υ0 ≈ 1, (214)

¶·¨Î¥³ É·¨¢¨ ²Ó´µ¥ §´ Î¥´¨¥ ±Ê²µ´µ¢¸±µ£µ § ·Ö¤  Q0 É ±¦¥ ¸Î¨É ¥É¸Ö ¤µ-
¶Ê¸É¨³Ò³. ’µ£¤  ¨ Ψ0∞ = Mv. �¸´µ¢´µ¥ ÊÉ¢¥·¦¤¥´¨¥ ¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ
 ¸¨³¶ÉµÉ¨±¨ ¢¥²¨Î¨´ M, Ω ¨ Υ É ±¦¥ ¨³¥ÕÉ ®¶· ¢¨²Ó´ÊÕ Ëµ·³Ê¯, ¥¸²¨
¢Ò¶µ²´ÖÕÉ¸Ö ¢¢¥¤¥´´Ò¥ · ´¥¥ ¢ ¸µ¢¥·Ï¥´´µ ¨´µ³ ±µ´É¥±¸É¥ ¸µµÉ´µÏ¥´¨Ö
(208),   ±µ´¸É ´ÉÒ ¨´É¥£·¨·µ¢ ´¨Ö c(Ω) ¨ c(Υ) ¶µ¤µ¡· ´Ò ¸µµÉ¢¥É¸É¢ÊÕÐ¨³
µ¡· §µ³.

„¥°¸É¢¨É¥²Ó´µ, ¶·µ¨§¢µ¤Ö ´¥µ¡Ìµ¤¨³Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¨ ¨¸¶µ²Ó§ÊÖ Ë ±É
· ¸Ìµ¤¨³µ¸É¨ ±µÔËË¨Í¨¥´Éµ¢ Dij ¨ DN+i N+j ¨ ±µ´¥Î´µ¸É¨ ±µÔËË¨Í¨¥´Éµ¢
DiN+j ¨ DN+ij ¶·¨ R → ∞, ¶·¨Ìµ¤¨³ ±  ¸¨³¶ÉµÉ¨Î¥¸±¨³ ¸µµÉ´µÏ¥´¨Ö³
¢¨¤  (214) ¤²Ö É· ´¸Ëµ·³¨·µ¢ ´´ÒÌ ¶µÉ¥´Í¨ ²µ¢. �·¨ ÔÉµ³ ¤²Ö É· ´¸Ëµ·-
³¨·µ¢ ´´µ£µ ±Ê²µ´µ¢¸±µ£µ § ·Ö¤  Q ¶µ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

Q = Q0 + iσ
N∑

i,j=1

D̃−1
0ji

(
m0in

T
0jMv + Mvn0jm

T
0i

)
, (215)

£¤¥

D̃0ij =
mT

0in0j

(t′i)−1 − (t′′j )−1
, (216)

¢ Éµ ¢·¥³Ö ± ± Ê¶µ³Ö´ÊÉÒ° ®¶· ¢¨²Ó´Ò° ¢Ò¡µ·¯ ±µ´¸É ´É ¨´É¥£·¨·µ¢ ´¨Ö
¸¢µ¤¨É¸Ö ± ¢Ò· ¦¥´¨Ö³

c(Ω) = iM−1
v

N∑
i,j=1

D̃−1
0ji(m0in

T
0jMv −Mvn0jm

T
0i),

c(Υ) =
[
(−2)N det D̃0

]−8c
.

(217)

�µ¤¸É ¢¨³ É¥¶¥·Ó Ëµ·³Ê²Ò (209) ¢ ¸µµÉ´µÏ¥´¨Ö (215)Ä(217) ¨ · ¸¸³µ-
É·¨³ ¨Ì ¶·¥¤¥² ¶·¨ ε → 0. �Éµ µ§´ Î ¥É, ÎÉµ ³Ò · ¸¸³ É·¨¢ ¥³ ¨´Ë¨´¨É¥-
§¨³ ²Ó´Ò° ¶·¥¤¥² ¶µ¸É·µ¥´´µ£µ ¸µ²¨Éµ´´µ£µ µ¶¥· Éµ·  ¸¨³³¥É·¨¨ ¢ µ±·¥¸É-
´µ¸É¨ ¶·µ¸É· ´¸É¢¥´´µ° ¡¥¸±µ´¥Î´µ¸É¨. �·¨´¨³ Ö ¢µ ¢´¨³ ´¨¥ µÎ¥¢¨¤´µ¥
¸µµÉ´µÏ¥´¨¥

D̃0 ≈ σλ

ε
D0, (218)
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´¥³¥¤²¥´´µ § ±²ÕÎ ¥³, ÎÉµ ¸µµÉ´µÏ¥´¨Ö (217) ¶¥·¥Ìµ¤ÖÉ ¢ ÉµÎ´µ¸É¨ ¢ ¸µµÉ-
´µÏ¥´¨Ö (211) ¨ (213). ’ ±¨³ µ¡· §µ³, ¢Ò¡· ´´Ò¥ ´ ³¨ Ë¨±¸ Í¨¨ ±µ´¸É ´É
¨´É¥£·¨·µ¢ ´¨Ö c(Ω) ¨ c(Υ) ¢ ¤¢ÊÌ · ¸¸³µÉ·¥´´ÒÌ ¶·¥¤¥²Ó´ÒÌ ·¥¦¨³ Ì (¶·¨
ε → 0 ¨ ¶·¨ R → ∞) Ö¢²ÖÕÉ¸Ö ¸µ¢³¥¸É´Ò³¨. �É³¥É¨³, ÎÉµ ¤²Ö ¨´Ë¨´¨É¥§¨-
³ ²Ó´µ£µ ¶·¥¤¥²  (¶·¨ ε → 0) É· ´¸Ëµ·³ Í¨¨ ±Ê²µ´µ¢¸±µ£µ § ·Ö¤  Q ±² ¸¸ 
 ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨° ¶µ²ÊÎ ¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

Q ≈ Q0 +
iε

λ

N∑
i,j=1

D−1
0ji(m0in

T
0jMv + Mvn0jm

T
0i). (219)

‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ ¥³ µ¡ÐÊÕ ¶·µÍ¥¤Ê·Ê £¥´¥· Í¨¨  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì
¸µ²¨Éµ´´ÒÌ ·¥Ï¥´¨° ´  ¶·µ¨§¢µ²Ó´µ³  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±µ³ Ëµ´¥, ¤µ¶Ê¸-
± ÕÐÊÕ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ¶·¥¤¥² ¢ ¢¨¤¥ ¶·¥µ¡· §µ¢ ´¨°, ¶µ·µ¦¤ ÕÐ¨Ì
 ²£¥¡·Ê £·Ê¶¶Ò ƒ¥·µÎ .

� §¢¨ÉÒ° 2N -¸µ²¨Éµ´´Ò° Ëµ·³ ²¨§³ ³µ¦¥É ¡ÒÉÓ ´¥³¥¤²¥´´µ ¶·¨³¥´¥´
¢ § ¤ Î¥ µ £¥´¥· Í¨¨  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ·¥Ï¥´¨° ¤²Ö Ê¸¥Î¥´´µ° É¥µ-
·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò. ‘µµÉ¢¥É¸É¢ÊÕÐ Ö σ-³µ¤¥²Ó, µ¶¨¸Ò¢ ¥³ Ö ¸¨³-
³¥É·¨Î´Ò³ £· ¢¨É Í¨µ´´Ò³ ¨ É·¨¢¨ ²Ó´Ò³ Ô²¥±É·µ³ £´¨É´Ò³ ³ É·¨Î´Ò³¨
¶µÉ¥´Í¨ ² ³¨ �·´¸É , µ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É·µ³ c = 1/4 ¨ ¨£· ÕÐ¨³ ·µ²Ó
³ É·¨ÍÒ ´Ê²¥¢µ° ±·¨¢¨§´Ò ¶µÉ¥´Í¨ ²µ³ G (¸³. · §¤. 2). � ¸¸³ É·¨¢ Ö ¸µ²¨-
Éµ´´µ¥ ·¥Ï¥´¨¥ ´  ¶²µ¸±µ³ Ëµ´¥ (Ψ0 = M0 = Mv), ¶ · ³¥É·¨§Ê¥³ ¶µ¸Éµ-
Ö´´Ò¥ ¸Éµ²¡ÍÒ Å ¶ · ³¥É·Ò ¸µ²¨Éµ´´µ£µ ·¥Ï¥´¨Ö Å ¸²¥¤ÊÕÐ¨³ µ¡· §µ³:

m0i =

(
r′i
s′i

)
, Mv n0j =

(
r′′j
s′′j

)
, (220)

£¤¥ r′i ¨ r′′j Å Î¨¸² ,   s′i ¨ s′′j Å ¸Éµ²¡ÍÒ ¢Ò¸µÉµ° d. �·µ¨§¢µ¤Ö ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨¥ ¢Ò±² ¤±¨, ¤²Ö ¢¥²¨Î¨´, µ¶·¥¤¥²ÖÕÐ¨Ì ³´µ£µ³¥·´Ò° ³¥É·¨Î¥¸±¨°
Ô²¥³¥´É, ¶µ²ÊÎ ¥³

G = Gv −
N∑

i,j=1

[
D−1

ji µ−1
i

(
s′is

′′T
j + s′′j s′Ti

)
+

+D−1
N+jiµ

−1
i µ−1

j s′is
′T
j + D−1

jN+is
′′
i s′′Tj

]
,

e2φ = 1 −
N∑

i,j=1

[
2D−1

ji ν−1
j r′ir

′′
j + D−1

N+jir
′
ir

′
j + D−1

jN+iν
−1
i ν−1

j r′′i r′′j
]
, (221)

eΥ =
det D

(det D0)2

N∏
i=1

4 µ2
i ν2

i

ρ2(1 − µ2
i )(1 − ν2

i )
,

¢ Éµ ¢·¥³Ö ± ± ¤²Ö ¤¨² Éµ´  ¨ ´¥É·¨¢¨ ²Ó´ÒÌ ±µ³¶µ´¥´É ¶µ²Ö Š ²¡ Ä� ³µ´ 
´ Ìµ¤¨³, ÎÉµ
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eΦ = e2φ
N∏

i=1

νi

µi
,

(222)

Bmϕ = i

[
Gv

N∑
i,j=1

(
ρ
[
D−1

ji

(
r′′j s′i + µ−1

i µ−1
j r′is

′′
j

)
+ D−1

N+j iµ
−1
j r′is

′
j

]
−

− D−1
j N+iν

−1
i r′′j s′′i − D−1

0 ji

(
r′′j s′i − r′is

′′
j

))]
m

,

£¤¥

Dij = DN+jN+i =
s′Ti Gvs

′′
j − r′ir

′′
j

µi − νj
, DiN+j =

s′Ti Gvs
′
j − r′ir

′
j

µiµj − 1
,

(223)

Dn+ij =
s′′Ti Gvs′′j − r′′i r′′j

1 − νiνj
, D0ij =

s′Ti Gvs′′j − r′ir
′′
j

(t′i)−1 − (t′′j )−1
.

‘µµÉ´µÏ¥´¨Ö (221)Ä(223) ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ¢ · ¸¸³ É·¨¢ ¥³µ³ Ê¸¥Î¥-
´¨¨ É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò ±² ¸¸  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ¨ µ¡² ¤ -
ÕÐ¨Ì ¨´Ë¨´¨É¥§¨³ ²Ó´Ò³ ¶·¥¤¥²µ³ 2N -¸µ²¨Éµ´´ÒÌ ·¥Ï¥´¨° ´  ¶²µ¸±µ³
Ëµ´¥.

� ¸¸³µÉ·¨³ É¥¶¥·Ó ¶·µ¸É¥°Ï¨° ¸²ÊÎ ° ¶µ¸É·µ¥´´µ£µ ·¥Ï¥´¨Ö ¸ N = 1
¨ ¶µ²µ¦¨³ ¢ ´¥³ r′1 = r+, r′′1 = r−, s′1 = s+ ¨ s′′1 = s− ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ
¶ · ³¥É·µ¢,   É ±¦¥ −i(t′1)

−1 = z0 − R0, −i(t′′1)−1 = z0 + R0 ¤²Ö ³´¨³ÒÌ
¶ · ³¥É·µ¢, ¸Î¨É Ö ¶·¨ ÔÉµ³, ÎÉµ z0 ¨ R0 Å ¢¥Ð¥¸É¢¥´´Ò¥ ±µ´¸É ´ÉÒ. ‘µ-
µÉ¢¥É¸É¢ÊÕÐ¥¥ ¤¢ÊÌ¸µ²¨Éµ´´µ¥ ·¥Ï¥´¨¥ ¶·¨´¨³ ¥É ´ ¨¡µ²¥¥ ¶·µ¸Éµ° ¢¨¤ ¢
±µµ·¤¨´ É Ì R ¨ θ, ¸¢Ö§ ´´ÒÌ ¸ ¨¸Ìµ¤´Ò³¨ Í¨²¨´¤·¨Î¥¸±¨³¨ ±µµ·¤¨´ É ³¨
¸µµÉ´µÏ¥´¨Ö³¨

ρ =
√

R2 − R2
0 sin θ, z = z0 + R cos θ. (224)

�·µ¨§¢µ¤Ö ´¥µ¡Ìµ¤¨³Ò¥ ¢Ò±² ¤±¨, ¤²Ö ´¥É·¨¢¨ ²Ó´ÒÌ ±µ³¶µ´¥´É ³´µ£µ³¥·-
´µ° ³¥É·¨±¨ ¨ Ë¨§¨Î¥¸±¨Ì ¶µ²¥° É¥µ·¨¨ ¶µ²ÊÎ ¥³

G = Gv +
2σc−1

+−R0

H(R − σR0)

[
s+sT

− + s−sT
+ + σc−1

+−R0

(
c−−

1 − σ cos θ

R + R0 cos θ
s+sT

++

+ c++
1 + σ cos θ

R − R0 cos θ
s−sT

−

)]
,

(225)

e2φ = 1 +
2σc−1

+−R0

H(R + σR0)

[
2r+r− − σc−1

+−R0

(
c++

1 − σ cos θ

R − R0 cos θ
r2
− +

+ c−−
1 + σ cos θ

R + R0 cos θ
r2
+

)]
,
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eΦ = e2φ R + σR0

R − σR0
,

(226)

Bmϕ = 2c−1
+−R0

{
Mv

(
r+s− − r−s+ +

σ

H

[
(cos θ + σ)r−s+ + (cos θ − σ)×

× R + σR0

R − σR0
r+s− + c−1

+−R0

(
c++r−s−

R − R0 cos θ
− c−−r+s+

R + R0 cos θ

)
sin2 θ

])}
m

,

£¤¥

H = 1 −
c−2
+−c++c−−R2

0 sin2 θ

R2 − R2
0 cos2 θ

(227)

¨ c±± = sT
±Gvs± − r2

±, c+− = sT
+Gvs− − r+r−. �·¨ ÔÉµ³ É·¥Ì³¥·´Ò°

²¨´¥°´Ò° Ô²¥³¥´É ¶µ¸É·µ¥´´µ£µ ·¥Ï¥´¨Ö ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

ds2
3 = H [dR2 + (R2 − R2

0)dθ2] + (R2 − R2
0) sin2 θ dϕ2. (228)

�¥Ï¥´¨¥ (225)Ä(228) µ¡² ¤ ¥É Ö¢´µ°  ¸¨³¶ÉµÉ¨Î¥¸±µ° ¶²µ¸±µ¸É´µ¸ÉÓÕ (¶·¥-
¤¥² ¶·¨ R → ∞),   É ±¦¥ µÎ¥¢¨¤´Ò³ µ¡· §µ³ ¶¥·¥Ìµ¤¨É ¢ ¨´Ë¨´¨É¥§¨³ ²Ó-
´µ¥ ¢µ§³ÊÐ¥´¨¥ ¶²µ¸±µ£µ Ëµ´  ¶·¨ R0 → 0, ± ± ÔÉµ ¨ ¤µ²¦´µ ¡ÒÉÓ ¢ ¸¨²Ê
¶µ²ÊÎ¥´´ÒÌ ¢ ´ ¸ÉµÖÐ¥³ · §¤¥²¥ µ¡Ð¨Ì ·¥§Ê²ÓÉ Éµ¢.

�É³¥É¨³, ÎÉµ ¸ Ëµ·³ ²Ó´µ° ÉµÎ±¨ §·¥´¨Ö ¶µ¸É·µ¥´´µ¥ ·¥Ï¥´¨¥ ¡²¨¦¥
¢¸¥£µ ± Ï¨·µ±µ ¨§¢¥¸É´µ³Ê ¢ É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  ·¥Ï¥´¨Õ 
µ´-
´µ· . �´µ µ¶¨¸Ò¢ ¥É ³´µ£µ³¥·´Ò° ´¥¢· Ð ÕÐ¨°¸Ö (¸ É·¨¢¨ ²Ó´Ò³ §´ Î¥-
´¨¥³ Ê£²µ¢µ£µ ³µ³¥´É ) ¨¸ÉµÎ´¨±, µ¡² ¤ ÕÐ¨° ³ ¸¸µ° ¨ ¤¨² Éµ´´Ò³ § ·Ö-
¤µ³, · ¢´Ò³¨

Mgr = 2σR0C
−1
+−s1

+s1
−, Qd = 2σR0(1 + 2C−1

+−r+r−). (229)

�·¨ ÔÉµ³ Mgr ¨ Qd µ¶·¥¤¥²ÖÕÉ¸Ö ¶·¨ ¶µ³µÐ¨  ¸¨³¶ÉµÉ¨Î¥¸±¨Ì · §²µ¦¥´¨°
G11 ≈ −1+2Mgr/R ¨ Φ ≈ Qd/R,   ¶µ¤ ¶ · ³¥É· ³¨ s1

± ¶µ´¨³ ÕÉ¸Ö ¢¥·Ì´¨¥
Ô²¥³¥´ÉÒ ¸Éµ²¡Íµ¢ s±. „ ²¥¥, ± ²¡-· ³µ´µ¢¸±µ¥ ¶µ²¥ · ¸¸³ É·¨¢ ¥³µ£µ ¨¸-
ÉµÎ´¨±  µ¡² ¤ ¥É, ¢µµ¡Ð¥ £µ¢µ·Ö, ¤¨· ±µ¢¸±µ° ¸É·Ê´µ°. �É  ¸É·Ê´  ¨¸Î¥§ ¥É,
± ± ´¥É·Ê¤´µ ¶·µ¢¥·¨ÉÓ, ¶·¨ r−s+ = −r+s−.

�¡µ¡Ð¥´¨¥ ¶µ²ÊÎ¥´´ÒÌ ¢ ÔÉµ³ · §¤¥²¥ ·¥§Ê²ÓÉ Éµ¢ ´  ¸²ÊÎ ° ´¥Ê¸¥Î¥´-
´µ° É¥µ·¨¨ µ¸´µ¢Ò¢ ¥É¸Ö ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ¸µµÉ´µÏ¥´¨° (207) ¨ ¶·¨¢µ¤¨É ¢
±µ´Í¥ ±µ´Íµ¢ ± ¶µ¸É·µ¥´¨Õ µ¡Ð¥£µ § ·Ö¦ ÕÐ¥£µ ¶·¥µ¡· §µ¢ ´¨Ö ¸µ²¨Éµ´-
´µ£µ É¨¶ . �·¨ ÔÉµ³ ¢Ò¡µ· §´ ±µ¢ (208) µ± §Ò¢ ¥É¸Ö ¸´µ¢  ®¶· ¢¨²Ó´Ò³¯,  
¶µ¸É·µ¥´´µ¥ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ ´¨³ ¸µ²¨Éµ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ µ¡² ¤ ¥É, ± ±
¨ ¢ · §µ¡· ´´µ³ Ê¶·µÐ¥´´µ³ ¸²ÊÎ ¥, ¶µ·µ¦¤ ÕÐ¨³  ²£¥¡·Ê £·Ê¶¶Ò ƒ¥·µÎ 
¨´Ë¨´¨É¥§¨³ ²Ó´Ò³ ¶·¥¤¥²µ³.
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‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¶·µ¢¥¤¥´ µ¡§µ· ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ¶·¨ ¨§ÊÎ¥-
´¨¨ ´¨§±µÔ´¥·£¥É¨Î¥¸±µ£µ ¡µ§µ´´µ£µ ¸¥±Éµ·  É¥µ·¨¨ £¥É¥·µÉ¨Î¥¸±µ° ¸É·Ê´Ò
³¥Éµ¤ ³¨ É¥µ·¨¨ ¸¨³³¥É·¨°. � ¸¸³µÉ·¥´ ¸²ÊÎ ° Éµ·µ¨¤ ²Ó´µ° ±µ³¶ ±É¨Ë¨-
± Í¨¨ ´  É·¨ ¨ ¤¢  ¨§³¥·¥´¨Ö, ±µ£¤  ¤ ´´ Ö ¤¨´ ³¨Î¥¸± Ö ¸¨¸É¥³  µ¶¨¸Ò-
¢ ¥É¸Ö £· ¢¨É¨·ÊÕÐ¥° σ-³µ¤¥²ÓÕ ¸ ¸¨³³¥É·¨Î¥¸±¨³ ¶·µ¸É· ´¸É¢µ³ ¶µÉ¥´-
Í¨ ²µ¢. �µÎÉ¨ ¢¸¥ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ µ± § ²¨¸Ó É ± ¨²¨ ¨´ Î¥ ¸¢Ö§ ´-
´Ò³¨ ¸ ¢µ§³µ¦´µ¸ÉÓÕ ¶·¥¤¸É ¢²¥´¨Ö ÔÉµ° ¸É·Ê´´µ-£· ¢¨É Í¨µ´´µ° ¸¨¸É¥³Ò ¢
Ëµ·³¥ ´¥±µÉµ·µ£µ ³ É·¨Î´µ£µ µ¡µ¡Ð¥´¨Ö ¸É Í¨µ´ ·´µ° É¥µ·¨¨ �°´ÏÉ¥°´ Ä
Œ ±¸¢¥²² . ‚µ§´¨± ¢Ï¨¥ ¶·¨ ÔÉµ³ ¥¸É¥¸É¢¥´´Ò¥  ´ ²µ£¨¨ ¢Ò¸ÉÊ¶ ²¨ ¢ ± Î¥-
¸É¢¥ ¸¢µ¥£µ ·µ¤  ®·Ê±µ¢µ¤¸É¢  ± ¤¥°¸É¢¨Õ¯ ± ± ¶·¨ · §¢¨É¨¨ µ¡Ð¥£µ Ëµ·³ -
²¨§³  É¥µ·¨¨, É ± ¨ ¶·¨ ·¥Ï¥´¨¨ ·Ö¤  ±µ´±·¥É´ÒÌ § ¤ Î.

�·¥¦¤¥ ¢¸¥£µ, ¡Ò²µ Ê¸É ´µ¢²¥´µ ¶·¥¤¸É ¢²¥´¨¥ ·¥§Ê²ÓÉ¨·ÊÕÐ¥° É·¥Ì-
³¥·´µ° σ-³µ¤¥²¨ ¢ É¥·³¨´ Ì ³ É·¨Î´ÒÌ ¶µÉ¥´Í¨ ²µ¢ �·´¸É . ‘ ¥£µ ¶µ³µ-
ÐÓÕ ¶µ¸É·µ¥´  ¨ ±² ¸¸¨Ë¨Í¨·µ¢ ´  £·Ê¶¶  É·¥Ì³¥·´ÒÌ ¸±·ÒÉÒÌ ¸¨³³¥É·¨°
É¥µ·¨¨. ‚ Î ¸É´µ¸É¨, ¢ Ö¢´µ³ ¢¨¤¥ ¡Ò²µ ¶µ²ÊÎ¥´µ µ¡µ¡Ð¥´¨¥ ´¥²¨´¥°´µ£µ
¸¥±Éµ·  ¸¨³³¥É·¨° �²¥·¸ Ä• ··¨¸µ´  ´  ¸²ÊÎ ° · ¸¸³ É·¨¢ ¥³µ° ¸É·Ê´´µ-
£· ¢¨É Í¨µ´´µ° ¸¨¸É¥³Ò. 
Ò²  ¶µ¸É·µ¥´  ¢ Ö¢´µ³ ¢¨¤¥ ¨ ¨¤¥´É¨Ë¨Í¨·µ¢ ´ 
£·Ê¶¶  É·¥Ì³¥·´ÒÌ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨°, Ö¢²ÖÕÐ Ö¸Ö µ¸´µ¢µ° ²Õ¡µ° £¥´¥-
· Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò ¢ ±² ¸¸¥ É·¥Ì³¥·´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ¶µ²¥°.
’ ±¦¥ Ê¤ ²µ¸Ó Ê¸É ´µ¢¨ÉÓ ³ É·¨Î´µ¥ ¶·¥¤¸É ¢²¥´¨¥ É¥µ·¨¨, ¢ · ³± Ì ±µÉµ-
·µ£µ ¤ ´´ Ö £·Ê¶¶  ¨³¥¥É ²¨´¥°´ÊÕ ¨ µ¤´µ·µ¤´ÊÕ ·¥ ²¨§ Í¨Õ. �Éµ ¶·¥¤¸É -
¢²¥´¨¥ ¡Ò²µ ¨¸¶µ²Ó§µ¢ ´µ ¤²Ö · §· ¡µÉ±¨ ´µ¢µ£µ Ëµ·³ ²¨§³ , ¶µ§¢µ²ÖÕÐ¥£µ
¶µ²ÊÎ ÉÓ ·¥§Ê²ÓÉ ÉÒ ¢ Ö¢´µ ¨´¢ ·¨ ´É´µ³ ¶µ µÉ´µÏ¥´¨Õ ± ¤¥°¸É¢¨Õ £·Ê¶¶Ò
É·¥Ì³¥·´ÒÌ § ·Ö¦ ÕÐ¨Ì ¸¨³³¥É·¨° ¢¨¤¥.

‚ ¸²ÊÎ ¥ ¤¢Ê³¥·´µ° £· ¢¨É¨·ÊÕÐ¥° σ-³µ¤¥²¨, ¢µ§´¨± ÕÐ¥° ¶·¨ Éµ·µ¨-
¤ ²Ó´µ° ±µ³¶ ±É¨Ë¨± Í¨¨ · ¸¸³ É·¨¢ ¥³µ° É¥µ·¨¨, ¡Ò²µ ¶µ¸É·µ¥´µ µ¡Ð¥¥
§ ·Ö¦ ÕÐ¥¥ ¶·¥µ¡· §µ¢ ´¨¥ ¸¨³³¥É·¨¨ ¸µ²¨Éµ´´µ£µ É¨¶ . �·¨ ÔÉµ³ ¨¸¶µ²Ó-
§µ¢ ²¸Ö ³¥Éµ¤ µ¡· É´µ° § ¤ Î¨ · ¸¸¥Ö´¨Ö 
¥²¨´¸±µ£µ ¨ ‡ Ì ·µ¢ , ¤µ¶µ²-
´¥´´Ò° ´µ¢µ° ·¥ ²¨§ Í¨¥° ´¥±µÉµ·ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ¸µµÉ´µÏ¥´¨°. 
Ò²µ
¶µ± § ´µ, ÎÉµ ¶µ²ÊÎ¥´´µ¥ § ·Ö¦ ÕÐ¥¥ ¸µ²¨Éµ´´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ µ¡² ¤ ¥É
¨´Ë¨´¨É¥§¨³ ²Ó´Ò³ ¶·¥¤¥²µ³, ¸¢Ö§ ´´Ò³ ¸  ²£¥¡·µ° £·Ê¶¶Ò ƒ¥·µÎ  ¤ ´´µ°
É¥µ·¨¨. � §· ¡µÉ ´  É¥Ì´¨±  £¥´¥· Í¨¨ ¤¢Ê³¥·´ÒÌ  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì
·¥Ï¥´¨°, ¶·¨ ¶µ³µÐ¨ ±µÉµ·µ° ¶µ¸É·µ¥´ ±² ¸¸  ¸¨³¶ÉµÉ¨Î¥¸±¨-¶²µ¸±¨Ì ¸µ-
²¨Éµ´´ÒÌ ·¥Ï¥´¨° ´  ¶²µ¸±µ³ Ëµ´¥.

‘·¥¤¨ ¶µ¸É·µ¥´´ÒÌ ±µ´±·¥É´ÒÌ ¸¥³¥°¸É¢ ·¥Ï¥´¨° ¸²¥¤Ê¥É ¢Ò¤¥²¨ÉÓ ¨´-
¢ ·¨ ´É´Ò° ±² ¸¸ Ô±¸É·¥³ ²Ó´ÒÌ ·¥Ï¥´¨° ˆ‚�,   ¸·¥¤¨ £¥´¥· Í¨µ´´ÒÌ ¶·µ-
Í¥¤Ê· Å ¨´¢ ·¨ ´É´ÊÕ £¥´¥· Í¨Õ ¸ ¡ §µ°, Ô±¢¨¢ ²¥´É´µ° ¶·µ¸É· ´¸É¢Ê ¸É -
Í¨µ´ ·´ÒÌ ·¥Ï¥´¨° É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²² . �É³¥É¨³ É ±¦¥, ÎÉµ ¢ ± -
Î¥¸É¢¥ ¥¸É¥¸É¢¥´´ÒÌ ¡ § £¥´¥· Í¨¨ ³µ£ÊÉ ¡ÒÉÓ ¢§ÖÉÒ ¸É·Ê´´µ-£· ¢¨É Í¨µ´´Ò¥
σ-³µ¤¥²¨ · ¸¸³ É·¨¢ ¥³µ£µ É¨¶  ¸µ §´ Î¥´¨Ö³¨ ¶ · ³¥É·µ¢ d ¨ n, · ¢´Ò³¨
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2, 0; 1, 1 ¨ 1, 2. „¥²µ ¢ Éµ³, ÎÉµ Ê± § ´´Ò¥ σ-³µ¤¥²¨ ¤µ¶Ê¸± ÕÉ  ²ÓÉ¥·´ É¨¢-
´Ò¥, ¶µ µÉ´µÏ¥´¨Õ ± µ·Éµ£µ´ ²Ó´µ³Ê, ¶·¥¤¸É ¢²¥´¨Ö ´Ê²¥¢µ° ±·¨¢¨§´Ò Å
Ê´¨³µ¤Ê²Ö·´µ¥ [47], ¸¨³¶²¥±É¨Î¥¸±µ¥ [48Ä52] ¨ Ê´¨É ·´µ¥ [53, 54]. �Éµ µ¡-
¸ÉµÖÉ¥²Ó¸É¢µ µÉ±·Ò¢ ¥É ¤µ¶µ²´¨É¥²Ó´Ò¥ ¢µ§³µ¦´µ¸É¨ ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö ¶·µ-
¸É· ´¸É¢ ¨Ì ·¥Ï¥´¨° [55,56] (¢ Î ¸É´µ¸É¨, ¢ · ³± Ì ³¥Éµ¤  µ¡· É´µ° § ¤ Î¨
É¥µ·¨¨ · ¸¸¥Ö´¨Ö [45]).

�² £µ¤ ·´µ¸É¨. �¢Éµ· ¡² £µ¤ ·¥´ �. �··¥· -�£¨²Ö·, „. ‚. ƒ ²ÓÍµ¢Ê ¨
Œ. ‚. 	·µ¢µ° §  ÊÎ ¸É¨¥ ¢ ´¥±µÉµ·ÒÌ ¸µ¢³¥¸É´ÒÌ · ¡µÉ Ì, ¨¸¶µ²Ó§µ¢ ´´ÒÌ
¶·¨ ´ ¶¨¸ ´¨¨ ´ ¸ÉµÖÐ¥£µ µ¡§µ· ,   É ±¦¥ ‚. �. �¥·¢ÊÏ¨´Ê, 	. �. �Ò¡ ±µ¢Ê,
‘. „. �¤¨´Íµ¢Ê, 
. ‘. ˆÏÌ ´µ¢Ê, ‚. �. Œ¥²Ó´¨±µ¢Ê ¨ ‚. ˆ. „¥´¨¸µ¢Ê Å §  ¶µ-
²¥§´Ò¥ µ¡¸Ê¦¤¥´¨Ö · ¸¸³µÉ·¥´´ÒÌ ¢ µ¡§µ·¥ ¢µ¶·µ¸µ¢.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. ƒ·¨´ Œ., ˜¢ ·Í „¦., ‚¨ÉÉ¥´ …. ’¥µ·¨Ö ¸Ê¶¥·¸É·Ê´. Œ.: Œ¨·, 1990. ’. 1Ä2.

2. Barbashov B. M., Nesterenko V. V. Introduction to the relativistic string theory. Singapore: World
Scientiˇc, 1990.

3. � ·¡ Ïµ¢ �. Œ., �¥¸É¥·¥´±µ ‚. ‚. // “”�. 1986. ’. 150. C. 489Ä524.

4. Kiritsis E. Introduction to superstring theory. Leuven: Leuven Univ. Press, 1998.

5. Nojiri S., Odintsov S. D. // Intern. J. Mod. Phys. A. 2001. V. 16. P. 1015Ä1108.

6. Frolov V. P., Novikov I. D. Black hole physics: basic concepts and new developments. Dordrecht:
Kluwer Academic, 1998.

7. Maldacena J. M. Black holes in string theory. Princeton U. Ph. D. Thesis. 1996.

8. David J. R., Mandal G., Wadia S. R. // Phys. Rep. 2002. V. 369. P. 549Ä686.

9. ”¨²¨¶¶µ¢ �. ’. // �—�Ÿ. 2001. ’. 32, ¢Ò¶. 7. ‘. 78Ä83.

10. Mohaupt T. // Class. Quant. Grav. 2000. V. 17. P. 3429Ä3482.

11. Linde A. D. Elementary particles and in�ationary Universe: on present formation of theories.
Heidelberg: Spektrum Akad. Verl., 1993.

12. Kallosh R. et al. // Class. Quant. Grav. 2000. V. 17. P. 4269Ä4338.

13. Gasperini M., Veneziano G. // Phys. Rep. 2003. V. 373. P. 1Ä212.

14. Quevedo F. // Class. Quant. Grav. 2002. V. 19. P. 5721Ä5779.

15. Nojiri S., Odintsov S. D., Ogushi S. // Phys. Rev. D. 2002. V. 65. P. 023521.

16. Barbashov B. M., Nesterenko V. V. // Fortsch. Phys. 1983. V. 31. P. 535Ä567.

17. Breitenlohner P., Maison D. // Ann. Poincare Phys. Theor. 1987. V. 46. P. 215.

18. Breitenlohner P., Maison D., Gibbons G. W. // Commun. Math. Phys. 1988. V. 120. P. 295.

19. Breitenlohner P., Maison D. // Commun. Math. Phys. 2000. V. 209. P. 785Ä810.

20. ƒµ£¨²¨¤§¥ ‘. �., �¥·¢ÊÏ¨´ ‚. �., •¢¥¤¥²¨¤§¥ A. M. // �—�Ÿ. 1999. ’. 30, ¢Ò¶. 1. ‘. 160Ä209.

21. Zakharov V. E. What is integrability? Berlin: Springer, 1991.

22. Ernst F. J. // Phys. Rev. 1968. V. 167, No. 5. P. 1175Ä1179.

23. Mazur P. O. // Acta Phys. Polon. B. 1983. V. 14. P. 219Ä234.



762 Š…—Šˆ� �. ‚.

24. �²¥±¸¥¥¢ ƒ. �. // ’Œ”. 2001. ’. 129. ‘. 1466Ä1483.

25. Alekseev G. A., Grifˇths J. B. // Phys. Rev. Lett. 2000. V. 84. P. 5247Ä5250.

26. Hauser I., Ernst F. J. // Gen. Rel. Grav. 2001. V. 33. P. 195Ä293.

27. Maharana J., Schwarz J. H. // Nucl. Phys. B. 1993. V. 390. P. 3Ä32.

28. Sen A. // Nucl. Phys. B. 1995. V. 434. P. 179Ä209.

29. Youm D. // Phys. Rep. 1999. V. 316. P. 1Ä232.

30. Herrera-Aguilar A., Kechkin O. V. // Intern. J. Mod. Phys. A. 1998. V. 13. P. 393Ä402.

31. Herrera-Aguilar A., Kechkin O. V. // Phys. Rev. D. 1999. V. 59. P. 124006.

32. Kechkin O. V. // Phys. Rev. D. 2002. V. 65. P. 066006.

33. Bakas I., Bourdeau M., Cardoso G. L. // Nucl. Phys. B. 1998. V. 510. P. 103Ä138.

34. Israel W., Wilson G. A. // J. Math. Phys. 1972. V. 13. P. 865.

35. Perjes Z. // Phys. Rev. Lett. 1971. V. 27. P. 1668.

36. Bergshoeff E., Kallosh R., Ortin T. // Nucl. Phys. B. 1996. V. 478. P. 156Ä180.

37. Behrndt K., Lust D., Sabra W. A. // Nucl. Phys. B. 1998. V. 510. P. 264Ä288.

38. Herrera-Aguilar A., Kechkin O. V. // Intern. J. Mod. Phys. A. 2002. V. 17. P. 2485Ä2500.

39. �¥²¨´¸±¨° ‚. A., ‡ Ì ·µ¢ ‚. E. // †�’”. 1978. ’. 75. ‘. 1953Ä1971.

40. �¥²¨´¸±¨° ‚. A., ‡ Ì ·µ¢ ‚. E. // ’ ³ ¦¥. ’. 77. ‘. 3Ä19.

41. Schwarz J. H. // Nucl. Phys. B. 1995. V. 454. P. 427Ä448.

42. �²¥±¸¥¥¢ ƒ. �. // �¨¸Ó³  ¢ †�’”. 1980. ’. 32. ‘. 301Ä303.

43. Eris A., Karasu A., Gurses M. // J. Math. Phys. 1984. V. 25. P. 1489Ä1495.

44. � ·¡ Ïµ¢ �. Œ., �¥¸É¥·¥´±µ ‚. ‚., —¥·¢Ö±µ¢ �. M. // ’Œ”. 1979. ’. 40. ‘. 15Ä27.

45. Kechkin O. V. // Class. Quant. Grav. 2003. V. 20. P. 2157Ä2167.

46. Kramer D. et al. Exact Solutions of the Einstein ˇeld equations. Berlin: Deutch. Verlag der
Wissenschaften, 1980.

47. Kechkin O. V., Yurova M. V. // Mod. Phys. Lett. A. 1998. V. 30. P. 219Ä226.

48. Kechkin O. V. // Gen. Rel. Grav. 1999. V. 31. P. 1075Ä1086.

49. Kechkin O. V., Yurova M. V. // J. Math. Phys. 1998. V. 39. P. 5446Ä5457.

50. Kechkin O. V., Yurova M. V. // Phys. Rev. D. 1996. V. 54. P. 6132Ä6135.

51. Galtsov D. V., Kechkin O. V. // Phys. Rev. D. 1994. V. 50. P. 7394Ä7399.

52. Galtsov D. V., Kechkin O. V. // Phys. Lett. B. 1995. V. 361. P. 52Ä58.

53. Kechkin O. V. // Phys. Lett. B. 2001. V. 522. P. 166Ä176.

54. Kechkin O. V. // Ibid. P. 323Ä330.

55. Clement G., Galtsov D. V. // Phys. Rev. D. 1996. V. 54. P. 6136Ä6152.

56. Herrera-Aguilar A., Kechkin O. V. // Gen. Rel. Grav. 2002. V. 34. P. 1331Ä1344.


