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The nuclear multifragmentation is a new, multibody decay mode of very hot nuclei. The
measured key properties of this process are considered such as the space-time and temperature charac-
teristics. The experimental data on the critical temperature for the nuclear liquidÄgas phase transition
are analyzed. Thermal multifragmentation is interpreted as the result of spinodal decomposition,
which is acctually the speciˇc nuclear liquidÄfog phase transition of ˇrst order.
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INTRODUCTION

Nuclear fragmentation was discovered almost 70 years ago [1, 2] in the
cosmic-rays studies as a puzzling phenomenon accompanying collisions of rela-
tivistic protons with a target and consisted in emission of slow nuclear fragments.
Their masses were heavier than those of alpha particles, but lighter than those
of ˇssion fragments. Now they are called as intermediate mass fragments (IMF,
3 � Z � 20). Later on (in the 1950s), this phenomenon was observed in the
experiments at the accelerators by Perˇlov, Lozkin et al. [3, 4]. The multiple frag-
ment emission was also observed in these earlier studies, when nuclear emulsion
had been irradiated by 9 GeV protons at the Dubna Synchrophasotron (multi-
fragmentation?). Mechanism of this process was unclear and it was investigated
leisurely for three decades. The situation changed dramatically after 1982, when
Jakobsson et al. observed a multiple emission of IMFs in emulsion irradiated by
the carbon beam of 250 MeV/nucleon at the Berkeley Bevalac [5]. This observa-
tion was done at the time, when the phase transitions in hot nuclear media became
of the great interest. The experimental data on fragmentation stimulated appear-
ance of a number of theoretical models, which related the copious production of
IMF to the liquidÄgas phase transition in nuclear matter. In a nucleus, as in usual
liquid, peculiar conditions can be created (high temperature and reduced density),
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when system enters the region of phase instability (spinodal region). This state
may disintegrate into an ensemble of small droplets (IMFs), surrounded by a
nuclear gas (nucleons and light composite particles with Z � 2). This scenario
of multifragmentation (spinodal decomposition) was discussed ˇrst in 1983 by
Siemens [6].

The idea of getting a new insight into the problem of the nuclear equation
of state stimulated great interest in the multifragmentation phenomenon in the
middle of the 1980s. A number of very informative studies were performed in
the inclusive approach (e.g., see the papers by Purdue University group [7, 8]
and Dubna group [9]). At that time, a dozen very complicated 4π-devices were
created to study this process with heavy ion beams, which are well suited for pro-
ducing extremely hot nuclei. But in this case heating of nuclei is accompanied by
compression, strong rotation and shape distortion, which can essentially in	uence
the decay properties of excited nuclei. Investigation of dynamic effects caused
by excitation of collective (or ®mechanical¯) degrees of freedom is interesting
in itself, but there is a great problem of disentangling all these effects to get
information on the thermodynamic properties of a hot nuclear system. One gains
simplicity, and picture becomes clearer, when light relativistic projectiles (ˇrst
of all, protons, antiprotons, pions) are used. In contrast to heavy ion collisions,
fragments are emitted by only one source Å the slowly moving target spectator.
Its excitation energy is almost entirely thermal. Light relativistic projectiles pro-
vide therefore a unique possibility of investigating ®thermal multifragmentation¯,
the process which is governed by heating of nucleus. Figure 1 [10] illustrates
the central collision of a relativistic proton with a heavy target. Passing through
the target, the proton creates an intranuclear cascade. Fast cascade particles are
ejected into the forward hemisphere, but slower ones are absorbed by the tar-
get spectator. The hot remnant nucleus expands and disintegrates by emitting
nucleons and fragments.

Fig. 1. Picture of collision of a swift proton with a heavy nucleus [10]

The interplay of thermal and collective excitations in the process of copious
IMF emission was considered in a number of studies (e.g., [11]). Figure 2
shows the diagram computed in [11] with the hydrodynamic approach and the
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percolation model. The IMF emission was considered for heated and compressed
208Pb nucleus. The left lower sector of the diagram is a domain of ordinary
particle evaporation, true multifragmentation (many-body decay) occurs above the
line. Compression is as effective for multifragmentation as thermal excitation.
Even the cold nucleus can disintegrate when the compression energy is larger
than 3.5 MeV/nucleon. The in	uence of rotation and shape distortion on the
multifragmentation probability was analyzed in several papers (e.g., [13]). But
compression is expected to be a more important dynamic property of heavy ion
collisions in that aspect. The reactions induced by relativistic light projectiles
occupy only abscissa area since E∗/A ∼= εt, the domain of heavy ion collisions is
entire area of the diagram because, in that case, the excitation energy is composed
by the thermal and compression terms: E∗/A = εt +εc. In fact, the threshold for
thermal multifragmentation is slightly lower than predicted in [11] (solid point in
Fig. 2 [12]): the actual border between the evaporation and multifragmentation
regions is given by the dashed line. There are a number of review papers in the
ˇeld, e.g., [14Ä26].

Fig. 2. Multifragmentation and or-
dinary de-excitation regions calcu-
lated for 208Pb as a function of the
thermal and compression energies
per nucleon [11]. The large sym-
bol at abscissa shows the exper-
imentally estimated threshold for
the thermal multifragmentation of
target spectator for p + Au colli-
sions [12]

A vast body of data accumulated so far provides the possibility of thoroughly
analyzing the thermal and dynamical multifragmentation processes with the aim
of revealing their common and distinguishing feature. This is done in the next
Section considering the data on the mean IMF multiplicities, the fragment charge
distributions, kinetic energy spectra, and the time scale of IMF emission. In both
cases it is proved that multifragmentation is the main decay mode for nuclei with
excitation energy above the threshold of this decay channel. The statistical models
are very successful in describing the properties of thermal multifragmentation. But
they fail to treat fragment emission in central nucleusÄnucleus collisions when
the compression is decisive for nucleus disintegration. We follow our paper [27]
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in this analysis. After that we concentrate on the thermal multifragmentation to
make an emphasis on the relation of this phenomenon and phase transitions in
hot nuclei.

1. FRAGMENTATION INDUCED BY LIGHT RELATIVISTIC
PROJECTILES AND HEAVY IONS: SIMILARITIES AND

DIFFERENCES

1.1. IMF Multiplicity. In this paper we deˇne 〈M〉 as a mean IMF mul-
tiplicity for the events with emission of at least one IMF. The mean fragment
multiplicity averaged over all inelastic collisions 〈M∗〉 is connected with 〈M〉 via
the relation 〈M∗〉 = 〈M〉[1 − P (0)], where P (0) is the probability of the events
without IMF emission. Thus 〈M〉 is never smaller than one.

Fig. 3. a) Measured IMF-multiplicity distributions and ˇts with Fermi functions for p+Au
collisions at 8.1 GeV, 4He + Au at 14.6 GeV, and 12C + Au at 22.4 GeV [28]; b) the
symbols represent directly reconstructed primary IMF distributions, the lines are calculated
with the INC + Expansion + SMM model

Figure 3 shows examples of inclusive IMF-multiplicity distributions observed
in collisions of relativistic light projectiles (8.1 GeV protons, 14.6 GeV 4He and
22.4 GeV 12C) with gold target [28, 29]. Experimental data (Fig. 3, a) have been
obtained using 4π-device FASA installed at the external beam of the Dubna Syn-
chrophasotron [30, 31]. At present, this setup consists of ˇve ΔEÄE telescopes
surrounded by fragment multiplicity detector (FMD), which is composed of 64
scintillation counters with thin CsI(Tl). The primary multiplicity distributions
(Fig. 3, b) have been reconstructed from the data taking into account the experi-
mental ˇlter. The mean inclusive multiplicity was found to be 〈M〉 ≈ 2 indicating
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the so-called limiting fragmentation, which is caused by a saturation of the exci-
tation energy of the target spectators. Note that the distributions are rather wide
reaching the multiplicity values 8Ä9. More than 30% of events are characterized
by M � 3. The multiplicity distributions are well described by combined model
denoted as INC + Expansion + SMM. The model works satisfactorily for all the
reactions presented in Fig. 3.

Let's consider in few words this model. The reaction mechanism for the
light relativistic projectiles is usually divided into two steps. The ˇrst one is a
fast energy deposition stage, during which energetic light particles are emitted
and the nuclear remnant is excited. The fast stage is usually described by the
intranuclear cascade model (INC). We use the version of the INC from [32, 33]
to get the distribution of the nuclear remnants in charge, mass and excitation
energy. The second stage is described by the MoscowÄCopenhagen statistical
multifragmentation model (SMM) [19, 34, 35]. Within the SMM the probability
of different decay channels of the excited remnant is proportional to their sta-
tistical weights. The volume of the system at the stage of fragment formation
is taken to be Vt = (1 + k)AMF/ρ0, where AMF is the mass number of the
decaying nucleus, ρ0 is the normal nuclear density, k is the model parameter.
Usually this parameter is taken to be k ≈ 2. Thus, thermal expansion before the
break-up is assumed. The ®partition¯ density is ρt = ρ0/(1 + k). It is found
that this traditional approach fails to describe the observed IMF multiplicities
overestimating the mean IMF multiplicities. Expansion stage is inserted between
the two parts of the calculations. This is done in spirit of the Expanding Emitting
Source model, EES [41], which considers the particle evaporation during the ex-
pansion. According to the recipe of [12, 28, 29], the excitation energies and the
residual masses are empirically tuned to get agreement with the measured IMF
multiplicities, i.e., the values for the residual (after INC) masses and their excita-
tion energies are scaled on an event-by-event basis. Other well-known statistical
models of multifragmentation are presented in the papers [36Ä40].

We shall discuss especially in Subsec. 2.2 the size parameters of multifrag-
mentation. It will be shown in contrast to traditional assumption of SMM, that
there are two characteristic volumes (or densities) for this process. The ˇrst, Vt,
corresponds to the conˇguration of the system at the stage of prefragment forma-
tion, transition state conˇguration. The second one, Vf , is the freeze-out volume,
when fragments are separated so that they interact only via the Coulomb force.
The second volume is larger than the ˇrst one. The ˇnal part of the SMM is a
calculation of the multibody Coulomb trajectories, which starts with placing all
of the charged particles of a given partition inside the freeze-out volume. Each
particle is assigned a thermal momentum corresponding to the system temperature
for a given ˇnal channel.

Figure 4 displays a sample of data on speciˇc mean IMF multiplicity per
nucleon, 〈M〉/A, for collisions a + Au. Projectile a ranges from relativistic
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protons, 3,4He [12, 42, 43] to heavy ions like 197Au [44, 45]. The data are shown
as a function of the incident energy in the centre-of-mass system. There are no
deˇnite experimental data on the mass numbers of fragmenting nuclei except for
peripheral Au + Au collisions at 600 MeV/nucleon (the last point along energy
scale in Fig. 4) [19]. For the proton-induced fragmentation at beam energies of
2.16, 3.6, and 8.1 GeV, source mass numbers A were obtained from the ˇt of data
to the calculations within the combined model described above. For 40Ar [46],
36Ar [47], 129Xe [48] beams, the mass numbers of source were estimated under
the assumption of the same mass loss with respect to the initial system as in the
case of the proton-induced fragmentation (at the closest energy). For Au + 12C
collisions the A value was found by a procedure similar to that used for the
peripheral Au + Au collisions, since the spectator fragmentation at relativistic
and subrelativistic bombarding energies is thought to be universal [44]. The
symbols in Fig. 4 represent the inclusive data (averaged over the entire range of
the impact parameters) except the open circle which corresponds to the central
Au + Au collisions at 100 MeV/nucleon [45].

Fig. 4. Speciˇc IMF multi-
plicity for a + 197Au colli-
sions as a function of c.m. en-
ergy of the system. 1: cir-
cles Å for relativistic pro-
ton beam; squares Å for 3He
and 4He beams. 2 is for
heavy ion beams: 40Ar, 36Ar,
129Xe, 12C (inverse kinemat-
ics), and 197Au. Open cir-
cle is for the central Au + Au
collisions, others symbols are
the inclusive data. The right
scale gives the excitation en-
ergy per nucleon according to
SMM

The inclusive speciˇc IMF multiplicities for the peripheral heavy ion colli-
sions are only slightly larger than those for the fragmentation induced by rela-
tivistic light projectiles. The process is almost insensitive to reaction dynamics.
This observation suggests that the energy transfer to the residual nucleus is the
primary quantity controlling its decay. On the right scale of Fig. 4 the excitation
energy per nucleon is plotted according to SMM. This is the thermal excitation
energy, which is slightly larger for heavy ion reaction than for target spectators
produced by relativistic protons and He ions.
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The situation is different for the central collisions of very heavy ions, which
are characterized by large contribution of the collective (compression) term into
the system excitation energy. Figure 5 shows the IMF-multiplicity distributions
measured for Au + Au collisions at 200 MeV/nucleon. It was done in 1987 [49]
by the group headed by A.M. Poskanzer with Plastic Ball/Wall system at the
Bevalac (Berkeley). This electronic setup was the ˇrst 4π-device, which could
be used for the multifragmentation study. The Plastic Ball includes 815 detec-
tor modules, which represent a particle identifying telescopes with ΔE and E
detectors using a slow and fast scintillator read-out via one photomultiplier [50].
The angular acceptance of Plastic Ball/Wall system for light charged particles
is close to 4π allowing each event to be characterized by the total charged par-
ticle multiplicity Mcp. The last is directly related to the impact parameter of
collision. Fragment multiplicity distributions in Fig. 5 are given for ˇve bins
of Mcp, corresponding to 0 < Mcp � 23, 23 < Mcp � 46, 46 < Mcp � 69,
69 < Mcp � 92, Mcp > 92. The ˇrst bin corresponds to the peripheral collisions
with rather low excitation energy of remnant, which emit less than one IMF per
event. The last bin corresponds to the most central collisions, for which the
IMF-multiplicity distribution has a maximum at M ≈ 4. Note that these mea-
surements are performed at the laboratory angles θlab < 30◦, corresponding to the
forward hemisphere in the center of mass. Extrapolation of this measurement to
4π leads to 8 or more intermediate mass fragments per events in central collisions,
with signiˇcant number of the events producing as many as 20 fragments.

Fig. 5. Multiplicity distributions of fragments created in Au + Au collisions at
200 MeV/nucleon and measured by Plastic Ball/Wall (Berkeley). Data are given for
ˇve total charge multiplicity bins from MUL1 (peripheral) to MUL5 (most central colli-
sions) [49]
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These observations were conˇrmed in later sophisticated studies by FOPI
collaboration at GSI (Darmstadt) [51]. The detector FOPI, installed at SIS-GSI
(Darmstadt), was built in two phases: Phase I, covering the forward hemisphere
(in c.m. system) and based on time-of-	ight plus energy-loss methods to identify
and characterize the emitting particles, and Phase II, which extended the detector
to 4π geometry and added magnetic analysis. It was found in these studies that
the statistical models fail to describe the data for the most violent collisions of
heavy ions, when approximately 60% of the available energy is stored into radial
	ow produced by the compression of the system at the early stage of collision.
The most impressive manifestation of the collective 	ow is seen in fragment
kinetic energy spectra considered in the next section.

1.2. Fragment Kinetic Energy Spectra. In Fig. 6, the energy spectrum of
fragments from purely thermal multifragmentation is exempliˇed by the carbon
spectrum from p+Au collisions at 8.1 GeV [27]. The curve represents the result
of calculations based on the combined (INC + Exp. + SMM) model. It is shown

Fig. 6. Energy spectrum of carbon from p+
Au collisions at 8.1 GeV, along with the
results of the model calculation

in [52] that about 75% of the mean en-
ergy of carbon fragments are gained
from the Coulomb acceleration, and
only a quarter is purely thermal con-
tribution. Therefore, the mean frag-
ment energy is sensitive to the size
of the source (Z, A, and R). Some
very important details concerning the
size parameters of multifragmentation
and the statistical model of the process
will be discussed in the next Section.
The model considers the break-up of
the hot expanded system under as-
sumption that the expansion velocity
equals zero. Agreement between the
data and the calculated curve is rather

good and the upper limit of the expansion velocity at the break-up moment
is less than 0.02 c, which corresponds to the mean 	ow energy less than
0.2 MeV/nucleon.

The situation is changed with increasing the projectile mass because of onset
of the collective 	ow. It is illustrated by Fig. 7, which presents the data sample
for the mean IMF energies per nucleon for collisions of various projectiles with
a gold target: protons, 4He [29], 36Ar [53], for peripheral collisions of Au
projectiles [44] and for central collisions of Au projectiles [45, 54]. For proton
and 4He beams the direct measurements were used for θ = 87◦ with respect to
the beam direction. For 36Ar, data were obtained from the measured transverse
energy of the fragments. For the projectile-spectator fragmentation in peripheral
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Au + Au collisions, energies are estimated from the width of the transverse and
longitudinal momentum distributions of IMF. For central Au + Au collisions, the
direct measurements of fragment energies and times of 	ight are used.

Fig. 7. IMF mean energies per nucleon as a func-
tion of charge for collisions of various projectiles
with gold target: 1 Å for p beam at 8.1 GeV;
2 Å 4He projectiles at 3.65 GeV/nucleon;
3 Å 36Ar, 110 MeV/nucleon; 4 Å 197Au,
600 MeV/nucleon, peripheral collisions; 5, 6 Å
central collisions of Au + Au at 100 and
150 MeV/nucleon, respectively

For heavier than proton pro-
jectiles, the mean IMF ener-
gies are higher (even for 4He
beam) than those for the proton-
induced collisions. They are dra-
matically higher for the central
Au + Au collisions and that can-
not be caused by the larger source
charge Zs. It is estimated to be
around 120 for the incident en-
ergy of 100 MeV/nucleon [45] and
this can account for only a part
of the increase in the IMF ener-
gies. By and large, this is ex-
plained by the effect of the ra-
dial 	ow initiated by signiˇcant
compression of nuclear matter in
a collision process. For an inci-
dent energy of 150 MeV/nucleon
of the Au beam the 	ow energy
is found to be equal to 19.9 ±
0.3 MeV/nucleon. This value
was obtained from the analysis on
the basis of the ®blast model¯,
which describes well the IMF en-
ergy spectra for central collisions
at 150Ä400 MeV/nucleon [51].

According to this analysis,
around 60% of the available en-
ergy is stored in the radial 	ow. A minor enhancement of the IMF mean energies
in 4He- and 36Ar-induced fragmentation in relation to that for p + Au interac-
tion can also be attributed to the effect of a collective 	ow which just comes to
the game.

In case of peripheral Au + Au collisions (curve 4), there arises the problem
of estimating the contribution of the Coulomb ˇeld of the target spectator to
the kinetic energy of the fragment originating from the projectile spectator. The
typical time for thermally driven expansion of the system before the break-up is
estimated to be around 50Ä70 fm/c [12]. The space separation of the target and
projectile spectators is ≈ 50 fm after that time. At this distance, the Coulomb ˇeld
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of the target is greatly reduced. It cannot affect signiˇcantly the kinetic energy
of the fragments if they are emitted after the expansion time. A comparison of
curves 4 and 2 in Fig. 7 shows that the energies of fragments with Z > 4 for
Au + Au collisions are close to that from 4He + Au collisions. But fragment
energies for Z = 2 and 3 are noticeably greater in the ˇrst case. In Ref. [27], it is
suggested that the light fragments are emitted at least partly before the expansion,
when the Coulomb ˇeld of the target is still signiˇcant.

1.3. Fragment Mass (Charge) Distributions. Figure 8 gives an example of
mass distributions for the thermal multifragmentation induced in gold by rela-
tivistic alpha projectiles [55]. Mass spectra were measured in the time-of-	ight
telescopes of FASA setup [30] as a function of the multiplicity of LCP's given by
the fragment multiplicity detector. For the low LCP multiplicity the mass distrib-
ution shows two contributions: one of heavy fragments in the mass region around
A = 80, most likely ˇssion fragments. This contribution disappears rapidly with
increasing LCP multiplicity, re	ecting increasing of the excitation energy. The
second, lighter-mass component, is seen at all the chosen multiplicities. The mass

Fig. 8. Mass spectra for 4He(14.6 GeV) + Au collisions measured in the time-of-	ight
telescopes of FASA setup as a function of the LCP multiplicity. The insert gives the τ ,
power-law parameter, deduced from the mass spectra in the region 10 � A � 40
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yield in the range 10 � A � 40 is well described with the power-law, A−τ . The
exponent τ is given in the insert of Fig. 8 as a function of the LCP multiplicity
(not corrected for the efˇciency). A minimum is observed at the measured mul-
tiplicities of 2Ä4 light charged particles (correction for the detection efˇciency is
not done).

Such a minimum of τ parameter has been reported earlier by the ALADIN
collaboration for fragmentation induced in various targets by Au projectiles at a
bombarding energy of 600 MeV/nucleon [56]. The experiment was performed
with ALADIN forward spectrometer [57]. Projectile fragments are tracked and
identiˇed in the time-projection chamber MUSIC and in the time-of-	ight wall. A
64-element Si-CsI hodoscope measured the multiplicity of light charged particles.
This was used to calculate the excitation energy deposited in the projectile spec-
tator. It was found that with increasing violence of the collision, the mean mul-
tiplicity of intermediate mass fragments ˇrst increases to maximum 〈MIMF〉 ≈ 3
(corresponding to the minimum value of the power-law exponent) and then de-
creases. This is the so-called rise and fall effect in multifragmentation, which is in
accordance with the statistical model prediction [19]. Note that the observation of
minimum for the power-law exponent (Fig. 8) gives the evidence that the region
of maximum of IMF multiplicity can be reached with relativistic light projectiles.

Fig. 9. IMF charge distributions from a + 197Au col-
lisions. Projectiles: 1 Å p (8.1 GeV); 2 Å 40Ar
(30 MeV/nucleon); 3 Å 84Kr (35 MeV/nucleon);
4 Å 40Ar (220 MeV/nucleon); 5 Å 197Au
(1000 MeV/nucleon, peripheral collisions); 6 Å
197Au (100 MeV/nucleon, central collisions); 7 Å
197Au (400 MeV/nucleon, central collisions)

A sample of data on the charge distributions for fragments produced in the
collisions of various projectiles with the gold target is given in Fig. 9. Distribu-
tions 1Ä4 are inclusive, obtained with the beams of protons (8.1 GeV) [12], 40Ar
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(30 and 220 MeV/nucleon) [58] and 84Kr (35 MeV/nucleon) [59]. Distribution
5 is measured for the peripheral Au + Au collisions at 1000 MeV/nucleon [45].
All these distributions can be closely approximated by the power-law dependence.
This similarity is remarkable.

Fig. 10. Power-law parameter τ as a function
of the excitation energy. The line is calcu-
lated with SMM. Experimental data: solid
dots are for p + Au collisions at 2.16, 3.6,
and 8.1 GeV; diamonds are for peripheral
Au + Au collisions at 600 MeV/nucleon (se-
lected by impact parameter); open symbols
are for beams of 40Ar (30 MeV/nucleon) and
84Kr (35 MeV/nucleon)

To discuss the ability of the statistical multifragmentation model to ˇt the
data, let us consider Fig. 10, which presents the comparison of the measured val-
ues for the exponent τ with the ones calculated by SMM as a function of the
excitation (thermal) energy per nucleon. In these calculations Z, A, and E∗/A
of the system were generated by the INC code for the 4He + Au collisions at
3.65 GeV/nucleon. For the excitation energies below 10 MeV/nucleon, the charge
distributions predicted by the model are well ˇtted by the power-law dependence.
For higher energies they begin to resemble exponential dependence. The calcu-
lated τ value has a minimum at E∗/A ≈ 4−5 MeV/nucleon. First, consider the
solid symbols. The circles represent the inclusive data for p + Au collisions at
2.16, 3.6, and 8.1 GeV. Here the mean excitation energies are obtained from the
ˇt of the experimental mean IMF multiplicity and the SMM calculations. The
diamonds are for Au + Au peripheral collisions at 600 MeV/nucleon, excitation
energies are estimated by ALADIN collaboration [44] by calorimetric method.
The following equation is used in a number of papers to derive the excitation
energy from the thermal-like decay products [60]:

E =
Mcp∑

i

Kcp
i + Mn〈Kn〉 + Q + Eγ . (1)

Here Kcp
i are the measured kinetic energies of thermal-like charged particles in

the events of multiplicity Mcp. To account the unmeasured neutrons, the av-
eraged multiplicity Mn as a model based function of Mcp is used, as well as
corresponding average neutron kinetic energy 〈Kn〉. The mass difference of the
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ˇnal products and the initial state (thermal-like source) is denoted as Q. En-
ergy released in gamma emission (Eγ) is assumed to be rather small. The very
important part of the caloric method is the separation between particles emitted
during the multi-fragment dissociation and those ejected prior this process. The
last ones may be very different in the origin. First of all, these are the cascade
particles. They are characterized by the forward peaking angular distribution (in
the source frame) and the higher mean energies than thermal-like particles. Cas-
cade particles may be well separated by the properly adjusted energy cutoff. The
intranuclear cascade is accompanied by the so-called pre-equilibrium emission
caused by particle-hole de-excitation of the residual nucleus just after ejection of
cascade particles. The mean energies of pre-equilibrium particles are larger than
those for the thermal-like ones, but not so much as for the cascade secondaries.
The third source of the ejectiles emitted prior the multibody decay is evapora-
tion from the hot spectator during the thermal expansion (in the spirit of EES
model) [12, 41]. We believe that these particles can give the signiˇcant admix-
ture to the events selected in caloric method of measuring the excitation energy
of the fragment source giving its overestimation. This effect is not considered
in Ref. [60], in which the uncertainties involved in the derivation of excitation
energy are estimated to be only ≈ 15% for GeV hadron-induced reactions.

The reliability of calorimetric method for heavy ion induced reaction was
carefully considered in [63]. It was done for having in mind the properties of the
4π-device INDRA (Caen, France), which is constituted of 336 modules. The event
generator SIMON was used to create the events with the well-known properties,
which resemble the Xe + Sn collisions at 50 MeV/nucleon. These artiˇcial events
were ˇltered by ®INDRA ˇlter¯ to simulate real events. After that the events were
reconstructed by calorimetric technique, and obtained properties of the source
were compared with the generated ones. It was concluded that it is difˇcult
to have a real experimental mastery of source reconstruction. The excitation
energy and excitation energy per nucleon can be measured with accuracy of 10
up to 20%. The estimation of the neutron contribution (unmeasured) remains
the main problem. The variance of the excitation energy cannot be measured in
fact at all: the ®measured¯ values are several times larger than true ones. This
conclusion is especially important for studies of nuclear heat capacity, which is
determined [64, 65] via the variance of E according to the relation:

CV =
σ2

E

T 2
=

〈E2〉 − 〈E〉2
T 2

. (2)

Let's return to Fig. 10. There is good agreement of the experimental points in
Fig. 10 and calculations for excitation energies of up to 7 MeV/nucleon. The
deviation for higher energies may be caused by the contribution of the collective
	ow even in peripheral Au + Au collisions. But similar behavior shows the data
for the power-law exponent obtained in the study of multifragmentation in the
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reaction 8 GeV/c π−+Au [66]. The data for this case are close to those indicated
by diamonds. The thermally induced 	ow energy for this reaction is estimated
in [67]. It is found to be lower than 1 MeV/nucleon for the excitation energies
up to 10 MeV/nucleon. Thus, the deviation of the data and model prediction
for the fragmentation induced by 8 GeV/c π− cannot be explained by the 	ow
contribution into excitation energy. Therefore, one cannot exclude that estimation
of E∗/A by Eq. (1) may be in	uenced by contribution of the particles emitted
before the multifragmentation decay, which are not fully rejected in the procedure
of selecting the thermal-like ejectiles. The open points in Fig. 10 are for 40Ar
(30 MeV/nucleon) and 84Kr (35 MeV/nucleon) collisions with gold (inclusive
data). The measured τ values are lower than the minimal one calculated by
SMM. But, as noted in [58], this can be explained by the enhancement of the
heavier IMF's caused by another reaction mechanism Å dissipative collisions
(multinucleon transfer).

Let's return now to Fig. 9. For the central Au + Au collisions, the charge
distributions (6 and 7) are completely different from those discussed just above.
They are ˇtted by the exponential function Y (Z) ∼ exp (−αZ), where the para-
meter α increases with incident energy. The statistical multifragmentation model
does predict the exponential shape of the charge distribution of fragments (in-
stead of the power-law dependence) if the thermal excitation energy exceeds
10 MeV/nucleon. But SMM underestimates the IMF multiplicity: predicted val-
ues of α are too large. In the exhaustive paper by Reisdorf et al. [51], the charge
distributions for the central Au + Au collisions at 150Ä400 MeV/nucleon are
compared with those calculated by SMM, Quantum Statistical Model (QSM) [37],
statistical model WIX [38]. None of these models can describe the experimental
data: they signiˇcantly (several orders of magnitude) underestimate the yield of

Fig. 11. Comparison of the measured charge
distributions (FOPI collaboration, solid line, ×)
with calculations using different statistical models:
QSM (�), WIX (�), SMM (+). Multifragmen-
tation in the central Au + Au collisions at energy
250 MeV/nucleon is considered [51]. The predic-
tion of Isospin Quantum Molecular Dynamic model
is indicated by dashed line
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heavier IMFs. The implementation of the microscopic Quantum Molecular Dy-
namic model gives similar results. Figure 11 shows the comparison of the data
and model predictions for the beam energy of 250 MeV/nucleon. It is suggested
that the higher cluster yield could be explained in the quasi-statistical approach if
the density at the moment of fragment formation is around 0.8ρ0, i.e., the system
is well outside the spinoidal region. As an alternative, this overheated system
can be thought of as completely vaporized. According to [51] thermal part of
the excitation energy is larger than 20 MeV/nucleon. In that case coalescence
(appropriately modiˇed by collective 	ow) seems to be the proper mechanism
of fragment formation from the gaseous phase. In [68], this approach was suc-
cessfully applied to describe the data for the central 20Ne + 238U collisions at
0.25Ä2.1 GeV/nucleon.

2. THERMAL MULTIFRAGMENTATION

2.1. Time Scale of Thermal Multifragmentation. The time scale of
IMF emission is a crucial characteristic for understanding the mechanism of this
decay process: whether it is a ®slow¯ successive and independent evaporation of
IMF's or a new (multibody) decay mode with almost simultaneous ejection of the
fragments governed by the total accessible phase space. ®Almost simultaneous¯
means that all the fragments are liberated during the time which is smaller than
the characteristic Coulomb time τc ≈ 10−21 s (400Ä500 fm/c) [69], which is the
mean time of fragment acceleration in the Coulomb ˇeld of the system. In that
case, emission of the fragments is not independent. They interact with each other
via the Coulomb forces during the acceleration in the common electric ˇeld. Thus,
measurement of the IMF emission time τem (the mean time separation between
two consecutive fragment emissions) is a direct way to answer the question as
to the nature of the multifragmentation phenomenon. In some papers, the mean
lifetime of fragmenting system, τs, is used to characterize the time scale of the
process. There is simple relation between these two quantities [52, 55]:

τem = τs/(M − 1)
M−1∑
n=1

1
n

. (3)

Both the values are close to each other when the mean IMF multiplicity, M , is
in the range 2Ä3, as in the case of the light relativistic projectiles.

There are two procedures to measuring the emission time: analysis of the
IMFÄIMF correlation function in respect to the relative velocity (see, for ex-
ample, [70]) or in respect to the relative angle. We used the second method.
Figure 12 shows the IMFÄIMF relative angle correlation for the fragmentation of
target spectator in 4He(14.6 GeV) + Au collisions [52, 55]. The correlation func-
tion exhibits a minimum at θrel = 0 arising from the Coulomb repulsion between
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the coincident fragments. The magnitude of this effect drastically depends on the
time scale of emission, since the longer the time distance between the fragments,
the larger their space separation and the weaker the Coulomb repulsion. The
multibody Coulomb trajectory calculations ˇt the data on the assumption that the
mean emission time is less than 75 fm/c. This value is signiˇcantly smaller than
τc Å the characteristic Coulomb time. Trivial mechanism of IMF emission (in-
dependent evaporation) seems to be deˇnitely excluded. Note that Refs. [52, 55]
are the ˇrst papers with experimental measuring the characteristic time for the
thermal multifragmentation, which were followed by a number of similar studies
by other groups [71, 72]. Having in mind the importance of the reliable deter-
mination of the time-space characteristics of multifragmentation, we consider in
some detail our recent studies of this topic for multifragment emission in p + Au
collisions at 8.1 GeV (with FASA setup) [73].

Fig. 12. Measured (symbols) and cal-
culated distributions of relative an-
gles between coincident IMF's for
4He(14.6 GeV) + Au collisions. Exper-
imental ˇlter of FASA setup corresponds
to the detection of Z1 > 3 and Z > 6.
Solid line is calculated for the simulta-
neous emission of fragments, dotted line
corresponds to the independent evapora-
tion. Time axis (below) is divided into
two parts by the Coulomb time τc: multi-
body decay is for τem < τc, and sequen-
tial evaporation is for τem > τc

To study the IMFÄIMF correlation as a function of their relative angle, the
coincidence yields have been measured for the trigger telescope i and scintillation
counter k: dYi(θik/dΩk) = Yik . The correlation function Cf (θrel) is deˇned as
the ratio of Yik to the counting rate in the same scintillator k, but triggered by
the ®remote¯ telescope j, for which θjk > 90◦. Both counting rates are reduced
by the number of triggering counts and the contributions of different telescopes i
are summed:

Cf (θrel) = C
∑

Y (θik)
Nj

NiYjk
, (4)
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where i = 1−5, k = 1−64 and C is a constant. It is clear that θrel = θik. The
normalization in this formula (by the last term) eliminates the deviations in the
efˇciency of the counters and compensates the in	uence of the angular anisotropy

Fig. 13. The calculated mean kinetic energies of
Be, C, and Mg as a function of tacc, which is
the time interval after the start of acceleration

with respect to the beam direction.
That is similar to the traditional pro-
cedure with introducing the count-
ing rate of ®mixed¯ events into the
correlation function (see, for exam-
ple, Refs. [70, 71]).

Theoretical correlation function
is obtained with the combined
model INC + Exp. + SMM. The
Coulomb trajectory calculations are
followed for 3000 fm/c. After this
amount of time the fragment ki-
netic energy is close to its asymp-
totic value. This is demonstrated
in Fig. 13 where the mean energies
of Be, C, and Mg are shown as a
function of tacc Å the time inter-
val after the start of the acceleration.
The characteristic Coulomb time τc

is marked, which corresponds to the
moment, when fragments reach 90% of their ˇnal energy. It is seen from Fig. 13,
that the largest part of the IMF kinetic energy is Coulomb in origin. The thermal
part is about 10 MeV, it is determined by the mean temperature of the ˇnal
channel (∼ 1, 5 Tf ).

The model dependence of the results was carefully investigated in this paper:
a) dependence of the results on the mean time of the secondary decay of the hot
primary fragments was controlled; b) two variants of the combined model have
been used for which the properties of the fragmenting nuclei are different; c) the
sensitivity of the shape of correlation function on the size of the break-up volume
was checked.

Let us consider the ˇrst point. The primary fragments are hot and their
de-excitation is considered by SMM to get the ˇnal distributions of cold IMF's.
Figure 14 illustrates the signiˇcance of this process. It presents the calculated
charge distributions of the hot precursors for the ˇnal cold fragments with Z =
4, 6, 10. Each distribution has a prominent peak close to these Z values followed
by a long tail. One should analyze how the correlation function is sensitive to the
assumption about the value of the mean time for the secondary decay. Results
are shown in Fig. 15. The experimental correlation function for the intermediate
mass fragments (from p +Au collisions at 8.1 GeV) is given for events triggered
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Fig. 14. The calculated distributions of hot pri-
mary fragments produced in p+Au collisions at
Ep = 8.1 GeV, which are precursors of the cold
fragments with Z = 4 (a), 6 (b) and 10 (c)

by fragments with Z � 6. This
condition was imposed to min-
imize the in	uence of the pre-
equilibrium emission, which prob-
ably takes place for lighter frag-
ments. The calculations (solid and
dashed lines) have been performed
with INC + Exp. + SMM com-
bined model under two assump-
tions about τsd Å the mean sec-
ondary disintegration time for the
fragments: very short, τsd � τc,
and larger than the time of accel-
eration, τsd > τc. In the ˇrst case
the cold fragments are accelerated,
as like as it is assumed in MMMC
model [36]. In the second variant
(solid line) the primary hot frag-
ments (with higher charges) prop-
agate through the Coulomb ˇeld.
One might expect different correla-
tion patterns. The resulting curves

deviate not so much from each other. Nevertheless, data are in favor of acceler-
ation of hot fragments.

Fig. 15. Relative angle cor-
relation function measured for
IMF from p + Au collisions
at 8.1 GeV. The lines are
model calculated ones for the
prompt IMF emission under
two assumptions about the
mean time of secondary disin-
tegration: τsd > τc (solid line)
and τsd � τc (dashed line).
Dotted line is obtained with an-
other version of the combined
model, in which source charge
and the excitation energy are
10Ä15% larger
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Dotted line is obtained with slightly changed combined model (see [73]) under
assumption τsd > τc. The comparison of the solid and dotted lines indicates that
10Ä15% ambiguity in the knowledge of charges and excitation energies of the
fragmenting nuclei is not so important (see Table). Note that all the calculations
in Fig. 15 are made for prompt fragment emission.

The calculated properties of fragmenting nuclei produced in p+Au collisions at 8.1 GeV

〈M〉 ZM�2 AM�2 EM�2 Model

3.9 72 173 901 INC +SMM
2.16 65 153 616 INC+Exp.+ SMM
2.05 70 168 690 INC+Exp.∗ + SMM

Note. M is the IMF multiplicity, ZM�2 and AM�2 are the mean charge and mass numbers
of the fragmenting source, EM�2 is the mean excitation energy (in MeV) corresponding to
fragment emission with M � 2

Now let us compare the data with calculations made for different emission
times of the system. For each fragment in a given event the starting time to move
along a Coulomb trajectory has been randomly chosen according to the decay
probability of the system: P (t) ∼ exp (−t/τem). The calculations were done
for τem = 0, 50, 100, and 200 fm/c. To check the sensitivity of the correlation
function to the size of the system, the trajectory calculations have been done
for two assumed values of freeze-out volume: Vf = 8V0 and Vf = 4V0. The
result is shown in Fig. 16: suppression of the small angles yield becomes only
slightly weaker for smaller volume because of some shift of the kinetic energy

Fig. 16. Comparison of the measured correlation functions (for p + Au at 8.1 GeV) with
the calculated ones for different mean decay times of the fragmenting system. The solid,
dashed, dotted, and dash-dotted lines are for τem = 0, 50, 100, and 200 fm/c. The
calculations are made with INC +Exp.+SMM model assuming two values of freeze-out
volumes: 8V0 (a) and 4V0 (b)
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spectrum to higher energies. The mean decay times obtained in these variants of
analysis are equal to (50 ± 9) and (37 ± 7) fm/c, respectively. These times are
close to the estimated characteristic time of density 	uctuations in diluted nucleus,
therefore τem has been interpreted as characteristic time of the process of fragment
formation in diluted system (see, for example, [71]). In the next Section we shall
give another understanding of this characteristic of multifragmentation process.

Fig. 17. The measured fragment emis-
sion time as a function of the source
excitation energy: open circles are
for 8 GeV/c π− + Au [72], ˇlled
circles (at 4 and 4.7 MeV) are for
p(8.1 GeV) and 4He(14.6 GeV)+ Au
collisions (FASA data)

The mean decay time of hot nucleus depends on the excitation energy. It has
been shown in Ref. [27] that harder collision results in sudden decrease of the
decay time caused by the opening of the new reaction channel: multifragmentation
replaces the ordinary nucleon evaporation and ˇssion. The same is demonstrated
in Fig. 17 for pure thermal multifragmentation. Figure presents the data obtained
by IsiS [72] and FASA collaborations [52, 73]. The emission time is shown as
a function of the source excitation energy. The last has been measured by the
caloric method in Ref. [72]. The excitation energy for FASA data are obtained
by the analysis of the IMF multiplicity within the INC+ Exp.+SMM model.
The transition from the evaporation mode to the multibody decay mode is evident
for the excitation energies around 3 MeV per nucleon. The emission time drops
down with increase of the excitation energy and achieves a minimum above
3 MeV/nucleon. Similar systematics for heavy ion collisions is given in [74].

2.2. Two Characteristic Volumes in Thermal Multifragmentation. There
are a number of papers with estimates of the characteristic volume (or mean
density) for multifragmentation process, but the values obtained deviate signiˇ-
cantly. A mean freeze-out volume ∼ 7V0 (or density of about ρ0/7) was found
in Ref. [75] from the average relative velocities of the IMFs at large correlation
angles for 4He(14.6 MeV)+Au collisions. The statistical model MMMC [36]
was used in this analysis. In paper [80], the nuclear caloric curves were consid-
ered within an expanding Fermi gas model to extract average nuclear densities
for different fragmenting systems. It was found to be ∼ 0.4ρ0 (or V ≈ 2.5V0)
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for medium and heavy masses. In Ref. [65], the mean kinetic energies of frag-
ments were analyzed by applying energy balance, calorimetric measurements and
Coulomb trajectories calculations. The freeze-out volume was found to be ∼ 3V0

for the fragmentation in Au (35 A · MeV) + Au collisions. The average source
density for the fragmentation in the 8.0 GeV/c π−+Au interaction was estimated
to be ∼ (0.25−0.30)ρ0 at E∗/A ∼ 5 MeV from the moving-source-ˇt Coulomb
parameters [76].

In our papers [77, 78], the inclusive and exclusive data on the charge distri-
bution and kinetic energy spectra of IMFs produced in p(8.1 GeV) + Au colli-
sions were analyzed using the statistical model SMM. It was concluded that one
should use two volume (or density) parameters to describe the multifragmentation
process, but not only one, as in traditional approach. The ˇrst, Vt, corresponds to
the stage of fragment formation. Strong interaction between prefragments is still

Fig. 18. Charge distributions of intermediate
mass fragments measured for p(8.1 GeV) +
Au collisions (dots) and calculated with the
INC+Exp.+ SMM prescription using different
values of the system volume, Vt, at the stage of
fragment formation

signiˇcant at this stage. The sec-
ond one, Vf , is the freeze-out vol-
ume. At this conˇguration, frag-
ments are well separated from each
other, they are interacting via the
Coulomb force only. The ˇrst pa-
rameter is obtained by analyzing the
IMF charge distributions, the second
one is found via measuring the frag-
ment kinetic energy spectra. Results
of these papers are discussed in the
next three sections.

2.2.1. Volume from IMF Charge
Distribution. The break-up (or par-
tition) volume is parameterized in
the SMM as V = (1 + k)V0. It
is assumed in the model that the
freeze-out volume, deˇning the total
Coulomb energy of the ˇnal chan-
nel, coincides in the size with the
system volume when the partition is
speciˇed. Thus, k is the only vol-
ume parameter of the SMM, which
also deˇnes (in the ˇrst approxima-
tion) the free volume (≈ kV0) and
the contribution of the translation
motion of the fragments to the en-
tropy of the ˇnal state. Within this model the probabilities of different decay
channels are proportional to their statistical weights (exponentials of entropy).
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The entropy is calculated using the liquid-drop model for hot fragments. The
statistical model considers the secondary disintegration of the excited fragments
to get the ˇnal charge distribution of cold IMFs. The importance of the secondary
decay stage was considered in Subsec. 2.1.

Figure 18 shows the IMF charge distribution for p(8.1 GeV) + Au collisions
measured by a telescope at θ = 87◦, provided that at least one more IMF is
detected by FMD, the fragment multiplicity detector. Error bars do not exceed the
symbol size. The lines are obtained by calculations using the INC +Exp.+SMM

Fig. 19. Value of χ2 as a function of Vt/V0

for comparison of the measured and calculated
IMF charge distributions. The best ˇt of the
model prediction to the data corresponds to
Vt = (2.6 ± 0.3)V0

prescription under three assumptions
about the fragmenting system vol-
ume: 2V0, 3V0, and 5V0. Only
events with IMF multiplicity M � 2
are considered. The experimental ˇl-
ter of FMD has been taken into ac-
count. The theoretical charge distrib-
utions are normalized to get the total
fragment yield equal to the measured
one in the Z range between 3 and 11.
A remarkable density dependence of
the calculated charge distributions is
visible.

The least-square method has
been used for quantitative compar-
ison of the data and the calcula-
tions. Figure 19 shows the normal-
ized χ2 as a function of V/V0. From
the minimum position and from the
shape of the curve in its vicinity
it is concluded that the best ˇt is
obtained with the partition volume

Vt = (2.6 ± 0.3)V0. The error bar (2σ) is statistical in origin. This value corre-
sponds to a mean density of the system ρt = (0.38 ± 0.04)ρ0 (see later why the
subscript ®t¯ is used). Analysis of inclusive data gives Vt = (2.9 ± 0.2)V0.

2.2.2. Size of Emitting Source. Generally, the fragment kinetic energy is
determined by thermal motion, Coulomb repulsion, rotation, and collective ex-
pansion, E = Eth + Ec + Erot + Eflow. The Coulomb term is about three times
larger than the thermal one [73]. The contributions of the rotational and 	ow
energies are negligible for p + Au collisions [29]. So, the energy spectrum is
essentially sensitive to the size of the emitting source. It has been already written
above that the kinetic energy spectra are obtained by calculation of multibody
Coulomb trajectories, which starts with placing all charged particles of a given
decay channel inside the freeze-out volume Vf . Each particle is assigned a thermal
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momentum corresponding to the channel temperature. The Coulomb trajectory
calculations are performed for 3000 fm/c. After that the fragment kinetic energies
are close to the asymptotic values [73]. These calculations are the ˇnal step of
the INC +Exp.+SMM combined model.

We analyzed carbon spectrum measured by a telescope at θ = 87◦ under the
condition that at least one additional IMF is detected by FMD. Figure 20 gives
a comparison of the measured spectrum with the calculated ones (for emission
polar angles θ = 87 ± 7◦). Calculations have been done for the events with
M � 2 taking into account the experimental ˇlter of FMD. The energy ranges
of the spectra are restricted to 80 MeV to exclude the possible contribution of
pre-equilibrium emission. The calculations are performed with a ˇxed partition
volume, Vt = 2.6 V0, in accordance with the ˇndings of the previous section.
The freeze-out volume, Vf , is taken as a free parameter. Figure 20 shows the
calculated spectra for Vf/V0 equal to 3, 6, and 13. The least-square method is
used to ˇnd the value of Vf corresponding to the best description of the data.

Figure 21 presents χ2 as a function of Vf/V0. From the position of its
minimum one gets Vf = (5.0 ± 0.5)V0 (or mean freeze-out density ρf ≈ 0.2ρ0).

Fig. 20. Kinetic energy spectrum of carbon
(at θ =87◦) emitted by the target spectator
in p(8.1 GeV) +Au collisions. Lines are
calculated under assumption of Vt = 2.6 V0.
The freeze-out volume, Vf , is taken to be
equal to 3 (a), 6 (b), and 13V0 (c)

Fig. 21. Value of χ2 as a function of the
freeze-out volume Vf/V0 for comparison of
the measured and calculated kinetic energy
spectra of carbon. The solid line is for the
events with IMF multiplicity M � 2. The
best ˇt corresponds to Vf = (5.0 ± 0.5)V0
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Systematics provides the main contribution to the error of this estimation of the
freeze-out volume. It is caused by a 3% uncertainty in the energy scale calibration.

In paper [77], the value Vf = (11 ± 3)V0 was obtained by analyzing the in-
clusive energy spectrum of carbon. This great difference may be explained by the
fact that SMM overestimates fragment energies for the events with M = 1 [79].
As a result, the ˇtting procedure shifts Vf to the larger values. This observation
of Ref. [79] is illustrated by Fig. 22, which presents the main characteristics of
the kinetic energy spectrum of carbon produced in p+Au collisions at 8.1 GeV.

Fig. 22. Mean energy (�) and Emax (�)
of carbon isotopes as a function of IMF
multiplicity for p(8.1 GeV)+Au collisions.
Symbols are the experimental data, the lines
are calculated with INC +Exp.+SMM and
folded with the experimental ˇlter: solid
line Å 〈E〉; dashed line Å Emax

The mean energy and maximum position are shown as a function of the
IMF multiplicity MA detected by fragment multiplicity detector of the FASA
setup. The mean energy is slightly decreasing with MA in contrast to the model
calculation. Especially remarkable deviation is observed for MA equal to 0 and 1:
model predicted mean energy change is about 10 MeV, experimentally observed
one is almost ten times less. The probable explanation of this observation may be
the following. The model predicts the existence of heavy residual for the events
with fragment multiplicity M = 1 (MA = 0). An only fragment created in the
event should be treated as evaporated from the surface of this residual. In fact,
this scenario is not realized, heavy residual is destroyed somehow (by secondary
ˇssion, for example) and Coulomb ˇeld for detected carbon is reduced.

2.2.3. Multifragmentation and Nuclear Fission (Scission). The existence of
two different size characteristics for multifragmentation has a transparent meaning.
The ˇrst volume, Vt, corresponds to the partition point (or fragment formation
stage), when the properly extended hot target spectator transforms into a conˇg-
uration consisting of speciˇed prefragments. They are not yet fully developed,
there are still links (nuclear interaction) between them. The ˇnal channel of
disintegration is completed during the evolution of the system up to the moment
when receding and interacting prefragments become completely separated. This
is just as in ordinary ˇssion. The saddle point (which has a rather compact shape)
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resembles the ˇnal channel of ˇssion by way of having a fairly well-deˇned mass
asymmetry. Nuclear interaction between ˇssion prefragments ceases after descent
of the system from the top of the barrier to the scission point. In papers by Lopez
and Randrup [81] the similarity of both processes was used to develop a theory of
multifragmentation based on suitable generalization of the transition-state approx-
imation ˇrst considered by Bohr and Wheeler for ordinary ˇssion in 1939. The
theory is able to calculate the potential energy as a function of the r.m.s. exten-
sion of the system, yielding the space and energy characteristics of the transition
conˇguration, and the barrier height for fragmentation. The transition states are
located at the top of the barrier or close to it. The phase space properties of the
transition states are decisive for the further fate of the system, for specifying the
ˇnal channel.

Being conceptually similar to the approach of Ref. [81], the statistical model
of multifragmentation (SMM) uses the size parameter, which can be determined
by ˇtting to data. The size parameter obtained from the IMF charge distribution
can hardly be called a freeze-out volume. In the spirit of the papers by Lopez and
Randrup we suggest the term ®transition state volume¯, Vt = (2.6 ± 0.3)V0. The
larger value of the size parameter obtained by the analysis of the kinetic energy
spectra is a consequence of the main contribution of Coulomb repulsion to the
IMF energy, which starts to work, when the system has passed the ®multiscission
point¯ (see Fig. 23). Thus, Vf = (5.0 ± 0.5)V0 is the freeze-out volume for
multifragmentation in p + Au collisions. It means that the nuclear interaction
between fragments is still signiˇcant when the system volume is equal to Vt, and
only when the system has expanded up to Vf , are the fragments freezing out. In
the statistical model used, the yield of a given ˇnal channel is proportional to
the corresponding statistical weight. Therefore, the nuclear interaction between
prefragments is neglected when the system volume is Vt, and this approach can
be viewed as a rather simpliˇed transition-state approximation. Nevertheless, the
SMM describes well the IMF charge (mass) distributions for thermally driven
multifragmentation. Note once again, that in the traditional application of the
SMM only one size parameter is used, which is called ®freeze-out volume¯. The
shortcoming of such a simpliˇcation of the model is obvious now.

The values of Vt and Vf may be sensitive to the way of their estimation.
One could imagine that the freeze-out volume Vf might be estimated by a model
independent method, if the experimental data on the source Z value and charge
distribution in the ˇnal channel were known. After that one needs to calculate the
multibody Coulomb trajectory (with Vf as a single free parameter) to get fragment
energies. But it is true only for the case when the fragments are already cold
after scission point as in MMMC model [36]. Moreover, the heaviest undetected
fragments should be included in trajectory calculations. It can be done either on
the model basis or by some arbitrary assumption. As for Vt, we do not see any
possibility of ˇnding it in a model-independent way. We know that it is a key
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Fig. 23. a) Qualitative presentation of the potential energy of the hot nucleus (with ex-
citation energy E∗

0 ) as a function of the system radius. Ground state energy of the
system corresponds to E = 0, B is the fragmentation barrier, Q is the released energy.
b) Schematic view of the multifragmentation process and its time scale

parameter for deˇning the fragment charge distribution, and one should look for
other observables that are also sensitive to the Vt value.

In a recent paper by Campi et al. [82], the ®little big bang¯ scenario of
multifragmentation is suggested in which fragments are produced at an early,
high temperature and high density stage of the reaction (see also [83Ä85]). This
scenario is very impressive, but it is not yet a well-ˇnished model that could be
compared directly with experimental data.

The evidence for the existence of two characteristic volumes of multifrag-
mentation changes understanding the time scale of the process (see Fig. 23, b).
Now one can imagine the following ingredients of the time scale: t1 Å the
mean thermalizataion time of the excited target spectator, t2 Å the mean time
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of the expansion to reach the transition state, (t3 Å t2) Å the mean time of
descent of the system from the top of the barrier to the multiscission point. The
system conˇguration on the way to the scission point is composed of several
prefragments connected by necks. Their random rupture is characterized by the
mean time, τn, which is an important ingredient of fragment emission time, τem.
Another ingredient of τem is characteristic time of the density 	uctuations in the
transition state, τt. So, τem ≈ (τ2

t + τ2
n)1/2. Formally, τem may be understood as

the standard deviation of t3: τem = (〈t23〉 − 〈t3〉2)1/2. In the earlier papers, the
emission time was related only to time characteristic of density 	uctuations in the
system at the stage of fragment formation, i.e., at t ≈ t2. The actual picture is
much more complex.

What are the expected values of these characteristic times? Thermalization or
energy relaxation time after intranuclear cascade, t1, is model estimated to be 10Ä
20 fm/c [86, 87]. Expanding Emitting Source model (EES) predicts 〈t2 − t1〉 ≈
70 fm/c for p(8.1 GeV) + Au collisions [12]. In this model, it is assumed
that t2 ≈ t3. Fragment emission time, τem, is measured in many papers to
be ≈ 50 fm/c. The density 	uctuation time, τt, is model estimated to be 30Ä
40 fm/c [88Ä90]. Calculation within the BNV model results in estimation of t3 to
be equal to 150Ä200 fm/c [91]. A new theoretical consideration of the partition
dynamics of very hot nuclei is needed. It is especially important to ˇnd a way to
measure the value of t3.

Note, that in the case of ordinary ˇssion t2 is speciˇed by the ˇssion width
Γf , which corresponds to the mean time of order of 10−19 s (or ∼ 3.3 ·104 fm/c)
for the excitation energy around 100 MeV [92]. The value t3 was model estimated
in a number of papers (e.g., [94]): t3 ≈ 1000 fm/c. A mean neck rupture time is
estimated in [95] within the model of Rayleigh instability:

τn = [1.5(Rn/fm)3]1/2 · 10−22 s. (5)

Generally, the values of τn are found to be less than 300 fm/c. Using Eq. (5)
for the estimation of the mean time for the rupture of multineck conˇguration in
fragmentation, one gets τn between 40 and 115 fm/c under assumption of the neck
radius Rn between 1 and 2 fm. These estimations are in qualitative agreement
with the measured values of the fragment emission time τem.

As for the space characteristics, the relative elongation of the very heavy
systems (Z > 99) at the ˇssion scission point is similar to that for the multiscission
point of medium hot nuclei (rare-earth region). For the ˇssion of the lighter nuclei,
(PoÄAc), the scission elongation is larger [95].

2.3. Comparative Study of Fragmentation Induced by Relativistic Protons,
4He, and 12C. It has been already told in Sec. 1, that the multifragment emission
in the central collisions of very heavy ions is not described by the statistical
models. Initial compression of the system is tremendous and the collective part
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of the excitation energy is so large that the partition of the system into fragments
is likely to be a very fast dynamic process [51]. In that case the fragment
kinetic energy is largely determined by the collective 	ow. It is interesting to
follow the evolution of the multifragmentation mechanism (as the projectile mass
increases) from pure thermal to that in	uenced by the dynamic effects. The
comparative study of multifragmentation induced in a gold target by different
relativistic projectiles (protons, helium and carbon ions) has been performed in
Refs. [28, 29], which will be followed below. First of all, it is demonstrated that
in all the cases one deals with disintegration of a thermally equilibrated systems.
In the same time, the fragment kinetic energy spectra are changing with increasing
of the projectile mass. The spectral shapes show an increase in the number of
high-energy fragments for heavier projectiles. This observation is summarized in
Fig. 24, a, which shows the mean kinetic energies per nucleon as a function of
the fragment charge. The ˇgure reveals remarkable enhancement in the kinetic
energies for the light fragments (Z < 10) emitted in 4He(14.6 GeV) + Au and
12C(22.4 GeV) + Au collisions as compared to the p(8.1 GeV) + Au case. The
calculated values (lines) are obtained with the INC+Exp.+SMM combined model.
The measured energies are close to the calculated ones for p+Au collisions in the
range of fragment charges between 4 and 9. However, the experimental values
for heavier projectiles exceed the theoretical ones, which are similar for all three
cases. What is the cause for that?

Note once again that the kinetic energies of fragments are determined by four
terms: thermal motion, Coulomb repulsion, collective rotation, and expansion
energies, E = Eth +EC +Erot +Eflow. The contribution of the rotational energy
is estimated to be negligible even for 12C + Au collisions. It is suggested that
the observed energy enhancement is caused by the radial expansion 	ow in the
system. Note, that the contribution of the collective 	ow for p(8.1 GeV) + Au
collisions is inconspicuous [12]. It is believed, that the observed 	ow for heavier
projectiles is driven by the thermal pressure, which is larger than for the proton
beam because of higher initial temperature.

An estimate of the fragment 	ow energies may be obtained as a difference
between the measured IMF energies and the model calculated ones without any
	ow in the system. This difference for 12C + Au collisions is shown in Fig. 24, b.
Data in Fig. 24 are obtained for polar angle θ = 87◦. The similar results are
obtained for θ = 24◦ and 156◦ indicating that the 	ow is radial one.

In an attempt to describe the data we modiˇed the SMM code in the
INC +Exp.+SMM concept by including a radial velocity boost for each particle
at freeze out. In other words, the radial expansion velocity was superimposed
on the thermal motion in the calculation of the multibody Coulomb trajectories.
Self-similar radial expansion is assumed, when the local 	ow velocity is linearly
dependent on the distance of the particle from the center of mass. The expansion
velocity of particle Z located at radius RZ is given by the following expression:
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vflow(Z) = v0
flowRZ/Rsyst, (6)

where v0
flow is the radial velocity on the surface of the system. Note that in this

case the density distribution is changing in dynamic evolution in a self-similar
way being a function of the scaled radius RZ/Rsyst. The use of the linear proˇle
of the radial velocity is motivated by the hydrodynamic model calculations for

Fig. 24. a) Mean kinetic energies of fragments per nucleon measured at θ = 87◦ for
p(8.1 GeV) (�, 1), 4He(14.6 GeV) (�, 2), and 12C(22.4 GeV) (�, 3) collisions with
Au. The lines are calculated within INC +Exp.+SMM approach assuming no 	ow.
b) Flow energy per nucleon (dots) obtained as a difference of the measured fragment
kinetic energies and the values calculated under assumption of no 	ow in the system.
The dashed line represents a calculation assuming a linear radial proˇle for the expansion
velocity with v0

flow = 0.1c. c) Experimentally deduced mean 	ow velocities (dots) for
12C + Au collisions as a function of the fragment charge, and the mean relative radial
coordinates of fragments (right scale). The dashed line shows the mean radial coordinate
according to SMM
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an expanding hot nuclear system. The value of v0
flow was adjusted to describe the

mean kinetic energy measured for the carbon fragments.
Figure 25 shows the comparison of the measured and calculated energy spec-

tra of carbon fragments from 12C(22.4 GeV) + Au collisions assuming v0
flow =

0.1c. The agreement is very good. The calculation without a 	ow deviates
strongly.

There is a longstanding problem of a qualitative difference between the chem-
ical or thermal equilibrium temperature and the ®kinetic¯ or the so-called ®slope

Fig. 25. Energy distribution of carbon fragments (at
θ = 87◦) from 12C + Au collisions. Solid lines are
calculated assuming the radial 	ow with the veloc-
ity on the surface equal to 0.1c. Dashed lines are
calculated assuming no 	ow

temperature¯. An alternative
explanation of this observation
is given in Ref. [93] in which
the slope temperature is related
to the nuclear Fermi motion.
Figure 25 presents less exotic
interpretation of this puzzle.
The mean equilibrium temper-
ature obtained in our calcu-
lations is ∼ 6 MeV. At the
same time, the slope temper-
ature found from the calcu-
lated spectrum shape is Ts =
14.5 MeV for the ®no 	ow¯
case (see dashed curve in in-
sert). This is the mutual re-
sult of the thermal motion,
Coulomb repulsion during the
volume disintegration, and the
secondary decay of the excited

fragments. Introducing a rather modest radial 	ow results in an increase of the
slope temperature up to Ts = 24 MeV in accordance with the data.

Let's return to Fig. 24, b. The model-calculated 	ow energy is given as
a difference of the calculated fragment energies obtained for v0

flow = 0.1c and
v0
flow = 0. The data deviate signiˇcantly from the calculated values for Li and Be.

It may be caused in part by the contribution of particle emission during the early
stage of expansion from a hotter and denser system (pre-equilibrium emission).
This explanation is supported by the fact that the extra energy of Li fragments
with respect to the calculated value is clearly seen in Fig. 24, a even for the proton-
induced fragmentation, where no signiˇcant 	ow is expected. As to fragments
heavier than carbon, the calculated curve in Fig. 24,b is above the data and only
slightly goes down with increasing fragment charge. This trend of the calculations
is to be expected. The mean fragment 	ow energy is proportional to 〈RZ〉. This
value varies only slightly with the fragment charge in the SMM code due to the
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assumed equal probability for fragments of a given charge to be formed at any
point of the available break-up volume. This assumption is a consequence of the
model simpliˇcation that considers the system as a uniform one with ρ(r) = const
for r � Rsyst. The data indicate that it is not the case. In fact, the dense interior
of the expanded nucleus may favor the appearance of larger IMF's, if fragments
are formed via the density 	uctuations. This observation is also in accordance
with the analysis of the mean IMF energies performed in [12] for proton induced
fragmentation. It is also seen in Fig. 24, a that for p+Au collisions the measured
energies are below the theoretical curve for fragments heavier than Ne. This may
be explained by the preferential location of the heavier fragments in the interior
region of the freeze-out volume, where the Coulomb ˇeld is reduced.

Fig. 26. Mean excitation energy of the frag-
menting nucleus E∗

MF/AMF as a function of
the beam (proton (�), helium (�), and car-
bon (�)) energy: the solid points refer to the
thermal part, the 	ow energy added is shown
as open symbols and grey area

The experimentally deduced mean
	ow velocities of IMF's for 12C + Au
collisions are presented in Fig. 24, c.
The values for Li and Be are con-
sidered as upper limits because of
the possible contribution of the pre-
equilibrium emission. The corre-
sponding values of 〈RZ/Rsyst〉, ob-
tained under the assumption of the
linear radial proˇle for the expansion
velocity, can be read on the right-
hand scale of Fig. 24, b. The dashed
line shows the mean radial coordi-
nates of the fragments according to the
SMM code. The calculated values of
〈RZ/Rsyst〉 are only slightly decreas-
ing with Z in contrast to the data.

The total expansion energy can be
estimated by integrating the nucleon
	ow energy over the available volume
at freeze out. For uniform system one
gets:

Etot
flow = (3/10)AmN(v0

flow)2(1 − r0/Rsyst)5, (7)

where mN and r0 are the nucleon mass and radius. For 12C + Au collisions it
gives Etot

flow
∼= 115 MeV, corresponding to the 	ow velocity on the surface equal

to 0.1c.
Similar results are obtained for 4He(14.6 GeV) + Au collisions. The ex-

citation energies of the fragmenting systems studied are largely thermal ones,
therefore we deal with the thermal multifragmentation. It is re	ected in Fig. 26,
where the mean total excitation energies per nucleon, EMF/AMF, are shown as
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a function of the incident energy. The full symbols correspond to the thermal
part of the excitation energy obtained via analysis of the data on fragment mul-
tiplicity and charge distributions with the combined model of the process. Open
symbols include the 	ow energy. Thermal energies for these cases are four times
larger than collective ones. The onset of the collective 	ow driven by the thermal
pressure takes place at the excitation energy around 4 MeV/nucleon, which is
in good agreement with the results of [67]. The estimated mean fragmenting
masses are equal to 158, 103, 86 for proton (8.1 GeV), 4He (14.6 GeV), and
12C (22.4 GeV) collisions with Au, respectively. Note that the data given in
Fig. 26 are inclusive, selection of the events with the IMF multiplicity M � 2
(as in the correlation measurements) results in an increase of the mean excitation
energy by 0.5Ä0.7 MeV/nucleon [73].

The charge distributions of fragments have been found to be similar for
all the collisions studied, and they are very well described by the combined
INC +Exp.+SMM model (Fig. 27). The general trend of the IMF charge distri-
butions is also well reproduced by power law Y (Z) ∼ Z−τ . In the earlier pa-
pers on multifragmentation [6, 8, 96, 97] such dependence for the fragment charge
yield was interpreted as an indication of the proximity to the critical point for
the liquidÄgas phase transition in nuclear matter. This was stimulated by the
application of the classical Fisher drop model [98], which predicted a pure power
law droplet-size distribution with the minimal value of τ = 2−3 at the critical
point for the liquidÄgas phase transition. So, in the spirit of the Fisher model,
the data in the insert of Fig. 27 should be considered as an indication of the

Fig. 27. Fragment charge distributions obtained at θ = 87◦ for p + Au at 8.1 GeV (1),
4He + Au at 4 GeV (2), 4He + Au at 14.6 GeV (3) and 12C + Au at 22.4 GeV (4). The
lines (a) are calculated by INC +Exp.+SMM (normalized at Z = 3). The power law ˇts
are shown on the right panel with τ parameters given in the insert as function of the beam
energy. The last point in the insert is for 12C + Au collisions at 44 GeV (FASA data)
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®critical behavior¯ of the system. But, it is not the case. The power law is well
explained at temperatures far below the critical point [99]. As is seen in Fig. 27,
the pure thermodynamic model predicts that the IMF charge distribution is close
to a power law at the system temperature of 5Ä6 MeV, while the critical one is
assumed to be Tc = 18 MeV. The more realistic consideration of the problem of
phase transitions in hot nuclei is given in the next Section.

Concluding Subsec. 2.3, the study of multifragmentation using a range of
relativistic projectiles demonstrates a transition from pure ®thermal decay¯ (for
p + Au collisions) to disintegration ®decorated¯ by the onset of a collective 	ow
(for heavier projectiles). Nevertheless, the decay mechanism should be considered
as thermal multifragmentation. The partition of the system is governed by the
nuclear heating, and IMF charge distributions in all the cases considered are
well described by the statistical model neglecting any 	ow. The modest 	ow
energy (of an order of MeV/nucleon) does not change the mechanism of hot
nucleus disintegration. The 	ow energy of fragments decreases as their charge
increases. The analysis of the data reveals interesting information on the fragment
space distribution inside the break-up volume: heavier fragments are formed
predominantly in the interior of the fragmenting nucleus possibly due to the
density gradient. This conclusion is in contrast to the predictions of the statistical
multifragmentation model.

Similar comparative study of target multifragmentation was performed by
MULTI collaboration using relativistic protons, 16O, 20Ne, and 28Si [100]. The
array consisting of a number of the Bragg chambers has been used. The remark-
able evolution of the IMF spectrum shapes is also observed and studied in detail:
Coulomb peaks become wider and high-energy tails become longer as projectile
mass increases. The angular distributions in all the cases show the existence of
sideward-peaking component for fragments with Z � 10. It should be noted, that
the ˇrst experimental indication of this effect was obtained 30 years ago with rela-
tivistic proton beams [101Ä103]. Several interpretations of sideway peaking have
been proposed, the most intriguing one is the nuclear shock wave. But it seems to
be more realistic to explain the sideward peaking by the kinematics effect related
to the signiˇcant transverse velocity of heavy residue of the intranuclear cascade.
It was demonstrated by INC calculations in Ref. [104]. This effect was carefully
investigated later in Ref. [105] for multifragmentation induced in gold target
by 10Ä14.6 GeV protons. A two-step cascade and statistical multifragmentation
calculation is consistent with the data without invoking any exotic ideas.

3. MULTIFRAGMENTATION AND PHASE TRANSITIONS
IN HOT NUCLEI

3.1. Nuclear Liquid, Nuclear Fog, Nuclear Gas, and Critical Temperature.
One of the ˇrst nuclear models was the liquid-drop model (LDM), suggested by
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N. Bohr, K.Weizsaecker, and Ya. I. Frenkel ∼ 70 years ago. It is successfully
used up to now. The modern atomic mass formulas, based on the LDM, describe
the nuclear masses with accuracy better than 10−5. This model was invented to
understand the nuclear ˇssion phenomenon, and nowadays LDM is the ˇrm basis
for the creation of the new reˇned ˇssion theories. About 30 years ago, it has
been understood that there is a great similarity of the equation of the state for
the classical and nuclear systems. The physical reason for that is the similarity
between the Van der Waals and nucleonÄnucleon interactions. In both cases the
attraction between particles is replaced by repulsion at a small interaction range.
Notwithstanding the tremendous difference in the energy and space scales, the
equations of state are as like as two peas in a pod. It is well seen in the phase
diagram (Fig. 28), prepared using Ref. [106]. J. D.Van der Waals suggested his
famous equation in 1875. Hundred years later his ˇnding was used fruitfully to

Fig. 28. Comparison of the equation of state for
the Van der Waals gas and for a nuclear system
interacting through a Skyrme force (the relative
units are used). Spinodal region is below the
hatched line

describe properties of the nuclear
media unknown for scientists of
the nineteenth century.

Figure 28 shows the isotherms
for pressure as a function of vol-
ume calculated for the Van der
Waals system and for the system
of nucleons interacting through
Skyrme force. The scales are the
same for both cases due to the use
of dimensionless variables: pres-
sure, volume and temperature are
given as ratios to the critical val-
ues Pc, Vc = 1/ρc, and Tc. The
very steep part of the isotherms
(on the left side) corresponds to
the liquid phase. The gas phase
is presented by the right parts of
the isotherms where pressure is
changing smoothly with increasing
volume. The critical isotherm is
marked by T = 1, it has speciˇc
in	ection point. The surface ten-
sion vanishes at Tc, and only gas
phase is possible above this tem-

perature. Of the peculiar interest for the topic of this review is the part of the dia-
gram, which is below the hatched line, where the isotherms correspond to the neg-
ative compressibility, ∂P/∂V

∣∣
T
> 0. The density here is signiˇcantly reduced as

compared to the liquid phase. This is a spinodal region characterized by the phase
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instability. The top of the spinodal region is the critical point for the liquidÄgas
phase transition (critical temperature× critical volume). One can imagine that a
hot nucleus expands due to thermal pressure and enters into the metastable region.
Due to density 	uctuations, a homogeneous system converts into the mixed-phase
state, consisting of droplets (IMF's) surrounded by nuclear gas (nucleons and light
composite particles). In fact, the ˇnal state of this transition is a nuclear fog.

This term was introduced by Siemens in 1984 [6, 108], when the main prob-
lems of the ˇeld were only discussed. Figure 29 is taken from Ref. [108] to
illustrate three possible scenarios of disintegration of hot (and compressed) nu-
cleus in dependence on the temperature of the system. For the low temperatures,
panel a, one should expect the monopole vibration of nucleus accompanied by
particle evaporation. The amplitude of this vibration is modest one, the pressure
is changing the sign periodically. The picture becomes completely different with
increase of the temperature, when system crosses the line of hydrodynamic insta-
bility, at which ∂P/∂V

∣∣
S
= 0, scenario b. Beyond this line, inside the spinodal

region, the small density 	uctuations grow very fast, and there is no barrier to pre-
vent the system from separating into two phases. Nucleons associate themselves
with nascent droplets or bubbles leading to the formation of nuclear fog, which
explodes because of the Coulomb repulsion to be detected as multifragmentation.

Fig. 29. Scenarios of nuclear expansion: a) monopole vibration at low excitation; b) explo-
sion to liquidÄgas phase mixture (nuclear fog) at T <Tc; c) explosion to gas at T �Tc

Figure 29, c describes the fate of very hot nucleus with the temperature higher
than critical one for the liquidÄgas phase transition, T > Tc. The internal pressure
of the liquid causes it to expand nearly isentropically. The pressure accelerates
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the matter outwards being all the time positive. The internal energy is converted
(in part) into the radial collective 	ow energy. The matter cools as it expands,
but it remains hotter than Tc, until its density is much smaller than ρ0. Finally,
it becomes a free streaming, non interacting gas. That is a pure case of the
liquidÄgas phase transition. The intermediate mass fragments can be observed
even for so high temperature of the system, but because of the secondary effect
of coalescence from the gas phase (see, e.g., [68]). Thus, the critical temperature
is a key parameter to specify the mechanism of IMF production.

There are many calculations of Tc for ˇnite nuclei. In [109Ä111], for exam-
ple, it is done by using a Skyrme effective interaction and the thermal HartreeÄ
Fock theory. The values of Tc were found to be in the range 10Ä20 MeV
depending upon the chosen Skyrme interaction parameters and the details of the
model.

The main source of the experimental information for Tc is the fragment yield.
In some statistical models of nuclear multifragmentation the shape of the IMF
charge distribution, Y (Z), is sensitive to the ratio T/Tc. It has been already
noted, that the fragment charge distribution is well described by the power law
Y (Z) ∼ Z−τ , as predicted by the classical Fisher droplet model [98] for vicinity
of the critical point. In Ref. [8], Hirsch et al. estimate Tc to be ∼ 5 MeV simply
from the fact that the IMF mass distribution is well described by a power law for
the collision of p (80Ä350 GeV) with Kr and Xe. In paper by Panagiotou et al. [96]
the experimental data were gathered for different colliding systems to get the
temperature dependence of the power-law exponent. As a temperature, the inverse
slope of the fragment energy spectra was taken in the range of the high-energy tail.
The minimal value of τ was obtained at T = 11−12 MeV, which was claimed
as Tc. The later data smeared out this minimum. Moreover, it became clear that
the ®slope¯ temperature for fragments does not coincide with the thermodynamic
one, which is signiˇcantly smaller (see discussion in Subsec. 2.3).

A more sophisticated use of Fisher's model for the estimation of Tc has been
made in [112]. The model is modiˇed by including the Coulomb energy release,
when a particle moves from the liquid to the vapor. The data for multifrag-
mentation in π (8 GeV/c) + Au collisions were analyzed. The extracted critical
temperature was (6.7±0.2) MeV. The same analysis technique was applied to the
data for the multifragmentation in collisions of Au, La, Kr (at 1.0 GeV/nucleon)
with a carbon target [113]. The extracted values of Tc are (7.6±0.2), (7.8±0.2),
and (8.1 ± 0.2) MeV, respectively.

It should be noted that in some papers the term ®critical temperature¯ is
not used in the strict thermodynamic sense given above. In Ref. [64] multifrag-
mentation in Au + Au collisions at 35 MeV per nucleon was analyzed with the
so-called Campi plot [61] to prove that the phase transition takes place in the
spinodal region. The characteristic temperature for that process was denoted as
Tcrit and found to be equal to (6.0±0.4) MeV. In Ref. [114] the bond percolation
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model is used to interpret fragment emission in 10.2 GeV/c p + Au collisions.
The critical value of the percolation parameter pc = 0.65 was found from the
analysis of the IMF charge distribution. The corresponding ®critical temperature¯
of (8.3± 0.2) MeV is estimated by using the model relation between the percola-
tion control parameter and the excitation energy. The more appropriate term here
is the ®break-up temperature¯. This temperature corresponds to the onset of the
fragmentation of the nucleus entering the phase coexistence region. Sometimes
the term ®limiting temperature¯ is used also for that. Analysis of the experimental
data on the ®limiting temperatures¯ was used to derive Tc of the neutral nuclear
matter, which was found to be equal to (16.6 ± 0.86) MeV [115].

There is only one paper in which Tc is estimated by using data other than the
fragmentation ones. In Ref. [116] it is done by the analysis of the temperature
dependence of the ˇssion probability. It is considered in the next section.

Fig. 30. Temperature as a function of
the excitation energy. The experimental
data are mainly from [118], the lowest
value of T is taken from Ref. [107]. The
line is calculated for the fragmenting
nucleus with mass number A0 = 100
in [34] with statistical model of multi-
fragmentation SMM

Having in mind the shortcomings of
Fisher's model [99, 117], we have esti-
mated the nuclear critical temperature in
the framework of the statistical model,
SMM, as it describes well the different
properties of the thermal multifragmenta-
tion of target spectators produced in colli-
sions by light relativistic ions. Results are
given in Subsec. 3.3.

3.2. Critical Temperature from the
Analysis of the Fission Probabilities.
This subsection is given following to [116].
This study was stimulated by the paper
of Pochodzalla et al. [118], in which the
ˇrst caloric curve was measured for the
system created in Au + Au collisions at
600 MeV/nucleon (Fig. 30). The observed
plateau was interpreted as a signature of the
liquidÄgas phase transition with the critical
temperature Tc ≈ 5 MeV.

The use of the experimental data on
ˇssion probabilities for the estimation of
the critical temperature, Tc, has an obvious
motivation. The ˇssility of heavy nuclei
is determined by the ratio of the Coulomb
and surface free energies: the larger the ratio, the smaller the ˇssion barrier. The
surface tension vanishes at the critical temperature. As temperature approaches
the critical one from below, the surface tension (and surface energy) gradually
decreases, ˇssion barrier becomes lower. Thus, the measurement of ˇssion prob-
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abilities as a function of the excitation energy gives a chance to estimate how far
the system is from the critical point. Temperature effects in the ˇssion barrier
have been considered in a number of theoretical studies based on different mod-
els (see, e.g., Ref. [109, 119Ä124]. The effect is so large for hot nuclei that the
barrier vanishes at temperatures of 4Ä6 MeV for the critical temperature Tc being
in the range 15Ä18 MeV.

In terms of the standard liquidÄdrop conventions [125], the ˇssion barrier
can be represented as a function of temperature by the following relation:

Bf (T ) = Es(Ts) − E0
s (T ) + Ec(Ts) − E0

c (T ) =

= E0
s (T )[(Bs − 1) + 2x(T )(Bc − 1)], (8)

where Bs is the surface (free) energy at the saddle point, Es(Ts), in units of
surface energy E0

s (T ) of a spherical drop; Bc is the Coulomb energy Ec(Ts) at the
saddle deformation in units of Coulomb energy E0

c (T ) of the spherical nucleus.
For the surface energy and the ˇssility parameter x(T ), one can write [119]:

E0
s (T ) = E0

s (0)σ(T )/σ(0)[ρ(0)/ρ(T )]2/3,
(9)

x(T ) =
E0

c (T )
2E0

s(T )
= x(0)

ρ(T )σ(0)
ρ(0)σ(T )

,

where σ(T ) and ρ(T ) are the surface tension and the mean nuclear density for a
given temperature. As a ˇrst approximation, we neglect the difference between
the temperature at the saddle Ts and T . In that case the values Bs and Bc are
determined by the deformation at the saddle point, which depends on the ˇssility
parameter x(T ).These quantities were tabulated by Nix [125] for the full range
of the ˇssility parameter. For σ(T ) we use the approximation:

σ(T ) = σ(0)
[
T 2

c − T 2

T 2
c + T 2

]5/4

. (10)

This equation was obtained in Ref. [126], devoted to the theoretical study of
thermodynamic properties of a plane interface between two phases of nuclear
matter (liquid and gas) in equilibrium. This parameterization is successfully used
by the SMM for describing the multifragment decay of hot ˇnite nuclei. In
accordance with [125], the expressions for E0

s (0) and x(0) are taken to be

E0
s (0) = 17.94γA2/3 MeV, x(0) =

Z2/A

50.88γ
,

(11)
γ = 1−1.7826[(N − Z)/A]2.
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Sauer et al. [109] investigated the thermal properties of nuclei by using the
HartreeÄFock approximation with the Skyrme force. The equation of the state
was obtained which gives the critical temperature Tc ≈ 18 MeV for ˇnite nuclei.
In this case the temperature dependence of the mean nuclear density is found to
be ρ(T ) = ρ(0)(l −αT 2), where α = 1.26 · 10−3 MeV−2. If the value of Tc has
another value, the parameter ®α¯ also takes a different value. We assume that
α is proportional to T−2

c , as like as in the case of σ(T ) for T � Tc. Using the
results of [109], one obtains:

ρ(T ) = ρ(0)(l − 0.4T 2/T 2
c ). (12)

Figure 31 shows the relative values of σ(T ), ρ(T ), and x(T ) as a function of
T/Tc. A drastic change of nuclear ˇssility is expected even halfway to the critical
point. Figure 32 displays the calculated liquidÄdrop ˇssion barrier for 188Os as
a function of temperature. Virtually, it vanishes for T > 0.4Tc. This nucleus
has been chosen since the results of the calculations can be compared with the
experimental data for it for temperatures up to 2.5 MeV.

Fig. 31. Relative values of the surface tension
(1), mean nuclear density (2), and ˇssility pa-
rameter (3) as a function of temperature in the
units of critical one

Fig. 32. Temperature dependence of
liquidÄdrop ˇssion barrier for 188Os

To estimate the ˇssion and evaporation rates, the statistical model is used.
The ˇrst-chance ˇssion probability Γf/(Γf + Γn) is calculated by the Moretto
relation [127]

Γf

Γn
=

π�
2

4mσCN

Ts

T 2
R

ωs(E − Bf )
ωR(E − Bn)

, (13)

where ωs is the level density at the saddle point; ωR and TR are the level density
and the temperature of the residual nucleus (after neutron emission); m and σCN

are the neutron mass and the capture cross section. For the level density the
expression from the Fermi-gas model is used [128].
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Figure 33 presents the results of calculations of the ˇssion probabilities for
188Os assuming Tc = 5 MeV and Tc = 10 MeV as a function of the excitation
energy. We restricted ourselves to the temperature range 2Ä2.5 MeV, as the
calculations were made under the assumption, that Ts ≈ T . In this temperature
range, the ˇssion barrier is close to zero for Tc = 5 MeV and less than 11 MeV
for Tc = 10 MeV. The experimental data for ˇssion in 4He + 184W collisions
are taken from Ref. [129]. The curve passing through the points is a result of
theoretical ˇt made in [129] with the ˇssion barrier Bf = 24.2 MeV corrected
for the shell effects.

Fig. 33. Fission probabilities of 188Os. The
experimental data are from [129]. The up-
per lines are calculated for Tc = 5 MeV
(1) and 10 MeV (2)

Fig. 34. Fission probabilities for 188Os at
excitation energy 117 MeV. The calculated
values are given as a function of the as-
sumed critical temperature. Extrapolation
of calculated values to the measured one
gives Tc = (19 ± 3) MeV

The comparison of the experimental data and calculations deˇnitely exclude
Tc = 5 MeV and Tc = 10 MeV. Thus, critical temperature for the liquidÄgas
phase transition in nuclear media is larger than 10 MeV. In Ref. [116], we did not
perform the calculation of ˇssion probabilities with higher values of Tc because
of the restrictions of the formalism used. Figure 34 shows extrapolation of the
calculated ˇssion widths to the larger values of critical temperatures. As a result,
one gets: Tc = (19 ± 3) MeV. The error bar takes into account the estimated
accuracy of the model used.

3.3. Critical Temperature from the IMF Charge Distribution. In this
analysis the statistical model of multifragmentation, SMM, was used. Within
this model one considers a microcanonical ensemble of all break-up channels
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composed of nucleons and excited fragments of different masses. It is assumed
that an excited nucleus expands to a certain volume and then breaks up into
nucleons and hot fragments. It is also assumed that fragmenting nucleus is in
thermal equilibrium, characterized by the channel temperature T determined from
the energy balance. The probability Wj of a decay channel j is proportional to
its statistical weight:

Wj ∼ exp Sj(Ex, A0, Z0), (14)

where Sj is the entropy of the system in a state corresponding to the decay
channel j. The excitation energy, mass, and charge of the decaying system are
denoted by Ex, A0, and Z0, respectively. The fragments with mass numbers
A > 4 are treated as heated nuclear liquid drops.

Channels are characterized by the multiplicities, NAZ , of fragments AZ. The
channel entropy is obtained by summing the entropies of all the particles in a
given channel:

Sj =
∑

NAZSAZ , SAZ = −
(

∂FAZ

∂T

)
V

. (15)

The fragment free energy FAZ is a sum of volume, surface, symmetry, Coulomb
and translational terms:

FAZ = FV
AZ + FS

AZ + F sym
AZ + FC

AZ + F t
AZ . (16)

The surface energy term, FS
AZ , depends upon the critical temperature, so the

fragment charge distribution is sensitive to the value of Tc, as the surface tension
coefˇcient depends on T/Tc. The following expression is used in the SMM
for FS

AZ :

FS
AZ = as(T )A2/3, as(T ) = as(0)

(
T 2

c − T 2

T 2
c + T 2

)5/4

, (17)

with as(T ) = 4πr2
0σ(T ), where σ(T ) is a temperature-dependent coefˇcient of the

surface tension according to Eq. (9). Figure 35 shows as(T )/as(0) as a function
of T/Tc. The symbols are taken from the calculations of Ref. [109], which
was made in different manner comparing to [126]. Agreement of so different
calculations is in a favor of reliability of Eq. (17). Two other parameterizations
of σ(T ) are presented also: linear one ∼ (1−T/Tc), which is used in the analysis
with Fisher droplet model [112Ä114], and quadratic one ∼ (1−T/Tc)2 [23]. The
comparison of the measured and calculated fragment charge distributions is the
way to estimate the critical temperature Tc. It has been done in the framework
of SMM in Refs. [130, 131] by the analysis of the data for p + Au collisions at
8.1 and 3.6 GeV obtained by FASA collaboration.
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Fig. 35. The calculated temperature-
dependent coefˇcient of the surface tension
as a function of T/Tc: solid line is accord-
ing to Eq. (17), dashed and dotted lines are
for linear and quadratic parameterizations
of as(T )/as(0) as a function of T/Tc

As is already written above, the re-
action mechanism for the light relativis-
tic projectiles is usually divided into two
stages. The ˇrst one is a fast energy-
depositing stage, during which very en-
ergetic light particles are emitted and a
nuclear remnant is excited. We use the
intranuclear cascade model (INC) [32]
for describing this stage. The second
stage is described by the SMM, which
considers multibody decay of a hot and
expanded nucleus. But such a two-
stage approach fails to explain the ob-
served IMF multiplicities. An expan-
sion stage (Exp.) is inserted between
the two parts of the calculation. The ex-
citation energies and the residual masses
are ˇne tuned [12] to get agreement with
the measured IMF multiplicities, i.e.,
the values for the residual (after INC)
masses and their excitation energies are
scaled on an event-by-event basis.

Fig. 36. The measured (dots) and calculated fragment charge distributions for p + Au at
8.1 GeV: a) the lines are calculated with INC +Exp.+SMM model, assuming Tc = 7 (1),
11 (2), and 18 MeV (3); b) the power-law ˇts

Figure 36, a presents the measured fragment charge distribution for
p(8.1 GeV) + Au collisions and the calculations performed with Tc as a free
parameter. For all values of Tc the calculations with the INC+ Exp.+SMM
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model have been properly adjusted to get the mean IMF multiplicity close to the
measured one. The lines show the calculated charge distributions for Tc = 7,
11, and 18 MeV using Eq. (17). Very important SMM parameter k is taken to
be k = 2. It corresponds to the break up density ρt = 1/3ρ0. A level density
parameter is taken to be equal to a = A/8. The statistical errors of the mea-
surements do not exceed the size of the dots. The data are corrected for the
counting rate loss caused by the cutoff (∼ 1.2 MeV/nucleon) in the low-energy
part of the IMF spectra. The correction is the largest (∼ 15%) for the heavier
IMFs. The calculations are close to the data for Tc = 18 MeV. The estimated
mean temperature of the fragmenting system is around 6 MeV, the mean charge
and mass numbers are 67 and 158, respectively. The theoretical curve deviates
from the data with decreasing Tc. Figure 36, b gives the results of the power-law
ˇts for the data and model calculations. In Ref. [131] it was done for the range
of Z = 4−11: Li-fragments were excluded to illuminate the contribution of the
pre-equilibrium emission. The yield of Be was corrected in the ˇtting procedure
for the loss of unstable 8Be. Similar results are obtained for p + Au collisions at
3.6 GeV.

Comparisons of the experimental power-law exponents (for both proton en-
ergies) and model predicted ones for different assumed values of Tc are presented
in Fig. 37, a, b. The measured power-law exponents are given as a band with a
width determined by the statistical error. The size of the symbols for the calcu-
lated values of τapp exceeds the error bar. Following to [96], we use the term
®apparent power-law exponent¯ having in mind that power-law describes the data
only approximately sometimes. From the best ˇt of calculations to the data one
concludes that critical temperature is

Tc = (17 ± 2) MeV

for both beam energies. This value is 15% smaller than Tc estimated in our
previous paper [130], in which the experimental value of τapp was found by
the ˇtting in the range of Z = 3−11. The contribution of the pre-equilibrium
emission resulted in some increasing of the apparent exponent and overestimation
of the critical temperature.

The calculations have been performed also using the surface tension coef-
ˇcient linearly dependent on T/Tc as like as in Refs. [112Ä114]. It was done
for p + Au collisions at 8.1 GeV. The calculated values of τapp in this case are
remarkably lower than the measured one (Fig. 37, b). Similar results have been
obtained for the quadratic parameterization of as(T )/as(0). It can be considered
as an indication that these parameterizations are not adequate.

It has been checked how results are sensitive to the level density parameter,
having in mind that the IMF charge distribution is very much in	uenced by the
secondary decay of hot primary fragments. The calculations with a = A/10 are
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shown in Fig. 37, c: the curves are only slightly changed. The lower line in Fig. 37
is obtained under assumption of k = 5, which corresponds to the mean density of
the system at fragment formation stage equal to ρt = 1/6ρ0. Calculated values
of the power-law exponent are remarkably below the measured one at any value
of critical temperature assumed. This result is consistent with conclusions given
in Subsec. 2.2.1.

Fig. 37. Power-law exponents for the
IMF's charge distributions for p + Au
collisions at 3.6 (a) and 8.1 GeV (b, c).
The bands correspond to the measured
values and their error bars. a, b) Solid
squares are obtained by calculations us-
ing Eq. (17) for different values of Tc;
break-up density, ρt, is taken to be 1/3
ρ0, level density parameter a is A/8;
solid circles are calculated for the lin-
ear dependence of the surface tension on
T/Tc. c) Open squares are obtained for
a reduced value of level density para-
meter, open circles are calculated under
assumption of a more dilute fragment-
ing nucleus (ρt = 1/6ρ0). The best ˇt
of calculations and data corresponds to
Tc = (17 ± 2) MeV

The obtained value of the critical temperature should be considered as some
effective value averaged over all the fragments produced in the collision. This
value is signiˇcantly larger than those found in [112Ä114] by the analysis of
the multifragmentation data in terms of Fisher's droplet formalism. Although
our value for Tc is model-dependent, as is any other estimate of the critical
temperature, the analysis presented here provides strong support for a value of
Tc > 15 MeV for ˇnite nuclei. One can say that it is illusive to imagine the nu-
cleus at so high temperature. It is right! But nuclear (or nucleon) systems do exist
even at higher temperatures, e.g., nuclear ˇre-balls in high-energy nucleusÄnucleus
collisions. Virtually, critical temperature Tc is a parameter, which determines how
fast the surface tension is decreasing with nucleus heating.
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Some general consideration of the problem of the critical temperature in the
framework of SMM is given in [132].

3.4. Spinodal Decomposition as a Nuclear LiquidÄFog Phase Transition.
Figure 38 presents the proposed phase unstable region (spinodal one, according
to [109]) with the experimental data obtained for p(8.1 GeV) + Au collisions by
FASA collaboration. The points for the partition and freeze-out conˇgurations are
located at ρt and ρf [78]. Corresponding temperatures have been determined by
ˇtting the data for fragment yields with the statistical model calculations [73]. The
estimated value of the fragmentation barrier has been taken into account. These
two points (at ρt and ρf ) are deep inside the spinodal region, the top of which
is speciˇed by the critical temperature for the liquidÄgas phase transition [131].
These observations give a good basis for the interpretation of multifragmentation
phenomenon as spinodal decomposition of hot nuclei, which can be considered
as a ˇrst order phase transition, when the structure of the nuclear substance
is changing very fast and drastically. Very short fragment emission time is
in accordance with this scenario. It should be noted that conˇguration at mean
density ρf does belong to the spinodal region although it consists of the fragments
at normal density inside the freeze-out volume.

Fig. 38. Proposed spinodal region for nuclear system. The experimental points were
obtained by the FASA collaboration. The arrow line shows the way of the system from
the starting point at T = 0 and ρ = ρ0 to the multiscission point at ρf

The spinodal decomposition as a key mechanism of nuclear multifragmenta-
tion has been considered in a number of papers (see, for example [24, 97, 133Ä
138]). In some papers, the peculiar signals of the ˇrst order phase transition
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were looked for among the observables of the multifragment emission process.
First of all, it is the observation of the plateau in the shape of caloric curve by
ALADIN collaboration [118] followed by the stream of papers by other groups
(e.g., [139]). The 	attering caloric curve is interpreted as a result of latent heat
in the phase transition. The similarity to the boiling process of ordinary liquid
has been noted many times. But it should be stressed that boiling does not take
place inside the spinodal region.

Other signals of the phase transition have been considered also: a) en-
ergy 	uctuations from event to event (negative heat capacity) [65, 136, 140, 141];
b) 	uctuations in the partition process (Campi-plot ) [61, 64]; c) bimodality of
the probability distributions of the observable quantities [142, 143]; d) enhanced
production of equal-sized fragments as a fossil signature of spinodal decomposi-
tion [24].

Theoretical activity in this ˇeld [19, 23, 62, 111, 144Ä146] has been very im-
pressive in demonstration, that multifragment emission is the result of ®real phase
transition in ˇnite nuclei in its proper statistical or thermodynamical meaning¯
(D.H. E. Gross).

How to call it? It is clear for us, that it is not nuclear liquidÄgas phase transi-
tion. Obvious rule is to use the names of the initial and ˇnal states. No questions
are about the initial phase, it is nuclear liquid. As for the ˇnal state, it is not a gas,
it is nuclear fog. So, the proper name is nuclear liquidÄfog phase transition [116].
The use of this term was motivated already in 1984 by Siemens [108]. One
year later another term was suggested by Bondorf et al. [34] Å ®cracking¯ phase
transition. It is used rather seldom now, and that is reasonable, as ®cracking¯ is
the process, but not the ˇnal state of transition. The ˇnal state is the droplets
(intermediate mass fragments) surrounded by nuclear gas, i.e., nuclear fog. The
classical fog is unstable substance, which transforms ˇnally into liquid ®sea¯ with
®atmosphere¯ of the saturated vapor. The nuclear, charged fog is stable in respect
to such fortune. But it ®explodes¯ because of the Coulomb repulsion. This event
is detected as multifragmentation.

What is the place of the phase transitions considered above in the general
nuclear phase diagram? It is presented in Fig. 39 as designed twenty years ago
by Goodman et al. [62, 147]. The region of spinodal decomposition (liquidÄfog
phase transition) is shown in the left corner. Now the contour of this region is
checked experimentally.

Let us go to the nuclear matter, which is more compressed than the ordinary
one. At the densities ρ/ρ0 larger than 3 and temperatures up to several tens
of MeV, a very exotic phase is predicted in [148Ä150], which is called ®π con-
densate¯. Here, nuclear matter is like a crystal, which has spinÄisospin ordered
structure. Many efforts to ˇnd any experimental indication on that were unsuc-
cessful [151]. The interior of the neutron stars might be composed of π-condensed
matter.
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Fig. 39. Proposed nuclear phase diagram: ρ/ρ0 is the baryon density in the units of the
normal nuclear density, the spinodal region is shown in the lower left corner

At higher densities and temperatures, the phase transition to quark matter (or
quarkÄgluon plasma) is predicted. Here, quarks should be no longer conˇned
within hadrons. The resultant phase is a hot gas of quarks, which are exchanging
by gluons. The unique signal of formation of this state is abnormal suppression
of the J/ψ production in the very relativistic heavy ion collisions. In 1988,
it was claimed that effect had been observed in collisions 16O (200 GeV/A) +
38U [152]. Later, this conclusion was canceled. It was understood that detecteded
suppression was caused by J/ψ absorption in the target nuclear matter. The
recent analysis [153] shows that some additional suppression of J/ψ yield is still
observed for the central Pb + Pb collisions at 158 GeV/A, which is interpreted
as a signal of creation of a new state of matter. Thus, twenty years of tremendous
efforts of several hundreds of scientists did not result in unambiguous discovery
of the quark matter.

Signiˇcance of the liquidÄfog and liquidÄgas phase transitions for nuclear
physics is evident, though it may be not as fundamental as the transition to
quarkÄgluon plasma. However, it does deˇnitely exist! Moreover, its investigation
may be useful for understanding the supernova dynamics as it is demonstrated in
recent papers [154, 155].
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