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�. ‚. ‡μÉμ¢

ˆ´¸É¨ÉÊÉ É¥μ·eÉ¨Î¥¸±μ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨, Œμ¸±¢ 

�¡§μ· ¶μ¸¢ÖÐ¥´ ¨¸¸²¥¤μ¢ ´¨Õ ¢§ ¨³μ¸¢Ö§¥° ³¥¦¤Ê ¨´É¥£·¨·Ê¥³Ò³¨ ¸¨¸É¥³ ³¨ ±² ¸¸¨Î¥-
¸±μ° ³¥Ì ´¨±¨, ¶μ¸É·μ¥´¨Õ ¨Ì É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ μ¡μ¡Ð¥´¨° ¨ ´¥±μÉμ·Ò³ ¢μ¶·μ¸ ³ ±¢ ´Éμ¢ -
´¨Ö ¶Ê ¸¸μ´μ¢¸±¨Ì ³´μ£μμ¡· §¨°.

The review is devoted to the investigation of interrelations between integrable systems, construc-
tion of their ˇeld-theoretical generalizations and to some problems related to quantization of Poisson
manifolds.

‚‚…„…�ˆ…

ˆ´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¨¸-
±²ÕÎ¨É¥²Ó´Ò¥ ¸²ÊÎ ¨ ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¤²Ö ±μÉμ·ÒÌ ¸Ê-
Ð¥¸É¢Ê¥É ´Ê¦´μ¥ Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö. ‡´ Î¨É¥²Ó´Ò°
¶·μ£·¥¸¸ ¢ ¨§ÊÎ¥´¨¨ É ±¨Ì ¸¨¸É¥³ ¶μÖ¢¨²¸Ö ¢ ¸¢Ö§¨ ¸ μÉ±·ÒÉ¨¥³ ¢ ±μ´Í¥
1960-Ì ££. Š. ƒ ·¤´¥·μ³, „¦. ƒ·¨´μ³, Œ.Š·Ê¸± ²μ³ ¨ �.Œ¨Ê·μ° ³¥Éμ¤  μ¡· É-
´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö, ¨²¨ ³¥Éμ¤  ¨§μ¸¶¥±É· ²Ó´μ° ¤¥Ëμ·³ Í¨¨, ¸Ëμ·³Ê²¨-
·μ¢ ´´μ£μ �. ‹ ±¸μ³. ˆ¤¥Ö ³¥Éμ¤  μÎ¥´Ó ¶·μ¸É . “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ´¥±μ-
Éμ·μ° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò Ê¤ ²μ¸Ó § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∂tL = [L, M ],

£¤¥ L ¨ M Å ¶ ·  ³ É·¨Í (¶ ·  ‹ ±¸ ). ’μ£¤  ¨§ ÔÉμ£μ Ê· ¢´¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ
³ É·¨Í  L(t) ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ ¶μ¤¢¥·£ ¥É¸Ö ¶·¥μ¡· §μ¢ ´¨Õ ¶μ¤μ¡¨Ö:

L(t) = g(t)L(0)g−1(t), M = ∂tgg−1.

‘²¥¤μ¢ É¥²Ó´μ, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö L(t) μÉ ¢·¥³¥´¨ ´¥ § ¢¨¸ÖÉ ¨ Ö¢²ÖÕÉ¸Ö
¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö.

�¤´ ±μ ¢μ ³´μ£¨Ì ¢ ¦´ÒÌ ¸²ÊÎ ÖÌ · ¸¸³μÉ·¥´¨¥ ²¨ÏÓ ±μ´¥Î´μ³¥·´ÒÌ
 ²£¥¡· ‹¨ ´¥¤μ¸É ÉμÎ´μ. � ¶·¨³¥·, Î¨¸²μ ËÊ´±Í¨μ´ ²Ó´μ ´¥§ ¢¨¸¨³ÒÌ ¨´-
¢ ·¨ ´Éμ¢ ¶μ²Ê¶·μ¸Éμ°  ²£¥¡·Ò ‹¨ · ¢´μ ¥¥ · ´£Ê, É ± ÎÉμ Ê± § ´´Ò¥ ¢ÒÏ¥
¨´É¥£· ²Ò μ¡¥¸¶¥Î¨¢ ÕÉ ¨´É¥£·¨·Ê¥³μ¸ÉÓ ²¨ÏÓ ¤²Ö É¥Ì μ·¡¨É, · §³¥·´μ¸ÉÓ
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±μÉμ·ÒÌ ´¥ ¶·¥¢ÒÏ ¥É Ê¤¢μ¥´´μ£μ · ´£ . �Éμ ¶·¨¢μ¤¨É ± ¥¸É¥¸É¢¥´´μ³Ê μ¡μ¡-
Ð¥´¨Õ ±μ´¸É·Ê±Í¨¨ Å · ¸¸³μÉ·¥´¨Õ Ê· ¢´¥´¨° ‹ ±¸ , ¸μ¤¥·¦ Ð¨Ì ¤μ¶μ²-
´¨É¥²Ó´Ò° ¶ · ³¥É· z (É ± ´ §Ò¢ ¥³Ò° ¸¶¥±É· ²Ó´Ò° ¶ · ³¥É·), · ¸¸³ É·¨-
¢ ¥³Ò° ± ± ²μ± ²Ó´ Ö ±μμ·¤¨´ É  ´  ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨:

∂tL(z) = [L(z), M(z)].

‚ É ±μ³ ¢¨¤¥ Ê· ¢´¥´¨Ö ‹ ±¸  ¢¶¥·¢Ò¥ ¶μÖ¢¨²¨¸Ó ¢ · ¡μÉ Ì ˆ.Š·¨Î¥¢¥· 
¨ ‘.�μ¢¨±μ¢  [1]. ˆ´¢ ·¨ ´ÉÒ tr (L(z)k), ± ± ¨ ¶·¥¦¤¥, Ö¢²ÖÕÉ¸Ö ¨´É¥£· -
² ³¨ ¤¢¨¦¥´¨Ö, ´μ É¥¶¥·Ó Ê¦¥ § ¢¨¸ÖÉ μÉ z ¨ É¥³ ¸ ³Ò³ Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢μ-
¤ÖÐ¨³¨ ËÊ´±Í¨Ö³¨ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö.

“· ¢´¥´¨Ö ‹ ±¸  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ μ± § ²¨¸Ó ¨¸±²ÕÎ¨É¥²Ó´μ
¶μ²¥§´Ò³¨ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. 	Ò²μ ¤μ± § ´μ, ÎÉμ ¢
μ¡Ð¥³ ¶μ²μ¦¥´¨¨ ÔÉ¨ Ê· ¢´¥´¨Ö ²¨´¥ ·¨§ÊÕÉ¸Ö ´  ³´μ£μμ¡· §¨¨ Ÿ±μ¡¨  ²-
£¥¡· ¨Î¥¸±μ° ±·¨¢μ°, § ¤ ´´μ° Ì · ±É¥·¨¸É¨Î¥¸±¨³ Ê· ¢´¥´¨¥³

det (L(z) − λ) = 0.

�ÉμÉ ·¥§Ê²ÓÉ É ¶·¨¢μ¤¨É, ¢ ¶·¨´Í¨¶¥, ± Ö¢´μ³Ê ·¥Ï¥´¨Õ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
¢ É¥·³¨´ Ì ÉÔÉ -ËÊ´±Í¨° �¨³ ´  (¢ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  ´ §Ò¢ ¥É¸Ö  ²£¥¡· -
¨Î¥¸±¨ ¨´É¥£·¨·Ê¥³μ°). ‚§£²Ö¤ ´  ³ É·¨ÍÊ ‹ ±¸  ± ± ´  ³¥·μ³μ·Ë´ÊÕ ³ -
É·¨Î´μ§´ Î´ÊÕ ËÊ´±Í¨Õ ´  ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ ¶μ§¢μ²¨² ¨¸¶μ²Ó§μ¢ ÉÓ
³¥Éμ¤Ò  ²£¥¡· ¨Î¥¸±μ° £¥μ³¥É·¨¨.

‘ÊÐ¥¸É¢¥´´μ¥ · §¢¨É¨¥ £¥μ³¥É·¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ¶·μ¨§μÏ²μ ¸ ¶μÖ¢²¥-
´¨¥³ · ¡μÉÒ �.•¨ÉÎ¨´  [2]. ‚ ´¥° ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¢¶μ²´¥ ¨´É¥£·¨-
·Ê¥³Ò¥ ¸¨¸É¥³Ò ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ§´¨± ÕÉ ´  ¶·μ¸É· ´¸É¢¥ ³μ¤Ê²¥°
£μ²μ³μ·Ë´ÒÌ · ¸¸²μ¥´¨° ´ ¤ ·¨³ ´μ¢Ò³¨ ¶μ¢¥·Ì´μ¸ÉÖ³¨. � ¢¥´¸É¢μ ±μ²¨Î¥-
¸É¢  ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ±μ²¨Î¥¸É¢Ê ´¥§ ¢¨¸¨³ÒÌ ¨´É¥£· ²μ¢ ¢ ¨´¢μ²ÕÍ¨¨ μ± -
§ ²μ¸Ó ¢ ÔÉμ° ±μ´¸É·Ê±Í¨¨ ¸²¥¤¸É¢¨¥³ É¥μ·¥³Ò �¨³ ´ Ä�μÌ . �¥·¢Ò¥ Ö¢´Ò¥
¶·¨³¥·Ò ¸¨¸É¥³ •¨ÉÎ¨´  ¶μÖ¢¨²¨¸Ó ¢ · ¡μÉ Ì �. ƒμ·¸±μ£μ ¨ �.�¥±· ¸μ¢ 
[3,4]. ‚ Î ¸É´μ¸É¨, ¢ · ¡μÉ¥ �.�¥±· ¸μ¢  ¡Ò²  ¶μ¸É·μ¥´  Ô²²¨¶É¨Î¥¸± Ö ³μ-
¤¥²Ó ƒμ¤¥´ , · ¸Ï¨·ÖÕÐ Ö ±² ¸¸ ¸¶¨´μ¢ÒÌ μ¡μ¡Ð¥´¨° ³μ¤¥²¨ Š ²μ¤¦¥·μÄ
Mμ§¥·  [5] (ŠŒ). ‘μ¶μ¸É ¢²¥´¨¥ ± ¦¤μ³Ê ¨´É¥£·¨·Ê¥³μ³Ê ¸²ÊÎ Õ ´¥±μ-
Éμ·μ°  ²£¥¡·μ-£¥μ³¥É·¨Î¥¸±μ° ±μ´¸É·Ê±Í¨¨ μ± § ²μ¸Ó Ê¤μ¡´Ò³ ¨ ´ £²Ö¤´Ò³
¤²Ö ±² ¸¸¨Ë¨± Í¨¨. � ¶·¨³¥·, ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ¸ · Í¨μ´ ²Ó´Ò³¨ ¶μ-
É¥´Í¨ ² ³¨ ¢μ§´¨± ÕÉ ´  ¸Ë¥·¥,   ¸ Ô²²¨¶É¨Î¥¸±¨³ Å ´  Éμ·¥.

� · ²²¥²Ó´μ · §¢¨¢ ²¸Ö É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ° ¶μ¤Ìμ¤ ± ¨§ÊÎ¥´¨Õ ¨´É¥-
£·¨·Ê¥³ÒÌ ¸¨¸É¥³. � ¶·¨³¥·, ¢ · ¡μÉ Ì Œ. �²ÓÏ ´¥Í±μ£μ ¨ �.�¥·¥²μ³μ¢ 
[6] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¤¨´ ³¨±  ´¥±μÉμ·ÒÌ ³´μ£μÎ ¸É¨Î´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ
¸¨¸É¥³ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¢ ·¥§Ê²ÓÉ É¥ ·¥¤Ê±Í¨¨ ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö ´ 
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¡μ²ÓÏ¥° · §³¥·´μ¸É¨.

�¡Ñ¥¤¨´¥´¨¥  ²£¥¡·μ-£¥μ³¥É·¨Î¥¸±¨Ì ¨ É¥μ·¥É¨±μ-£·Ê¶¶μ¢ÒÌ ³¥Éμ¤μ¢
¶μ§¢μ²¨²μ ·¥Ï¨ÉÓ ·Ö¤ ¢ ¦´ÒÌ § ¤ Î ¨ ¤μ¸É¨£´ÊÉÓ ¶μ´¨³ ´¨Ö ¢μ ³´μ£¨Ì ¢μ-
¶·μ¸ Ì, ´¥±μÉμ·Ò¥ ¨§ ±μÉμ·ÒÌ ¸μ¸É ¢²ÖÕÉ ¸μ¤¥·¦ ´¨¥ μ¡§μ· .
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�± § ²μ¸Ó, ÎÉμ ¶·¨³¥´¥´¨¥ É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ£μ ¶μ¤Ìμ¤  ± μ¶¨¸ ´¨Õ
¸¨¸É¥³ •¨ÉÎ¨´  ¶μ§¢μ²Ö¥É μ¶¨¸Ò¢ ÉÓ ¨´É¥£·¨·Ê¥³ÊÕ ¤¨´ ³¨±Ê ¸· §Ê ¢ É¥·³¨-
´ Ì ¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ [7]. ˆ§´ Î ²Ó´μ ¸¢μ-
¡μ¤´ Ö ¤¨´ ³¨±  § ¤ ¥É¸Ö ´  ¶·μ¸É· ´¸É¢¥ ¸¥Î¥´¨° £μ²μ³μ·Ë´μ£μ ¢¥±Éμ·´μ£μ
· ¸¸²μ¥´¨Ö E ´ ¤ ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸ÉÓÕ Σn ¸ n μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨

¸ ¶μ³μÐÓÕ ³ É·¨Î´μ§´ Î´ÒÌ ¶μ²¥° Φ ∈ Ω(1,0)
C∞ (Σn, End∗ E) ¨ ¸¢Ö§´μ¸É¨ Ā,

§ ¤ ÕÐ¥° ´  E ±μ³¶²¥±¸´ÊÕ ¸É·Ê±ÉÊ·Ê. „²Ö ÔÉμ£μ ¢¢μ¤¨É¸Ö ¸¨³¶²¥±É¨Î¥¸± Ö
Ëμ·³ 

ω =
∫
Σn

tr (DΦ ∧ DĀ)

¨ £ ³¨²ÓÉμ´¨ ´Ò

Hj =
∫
Σn

νjtr (Φj),

£¤¥ νj Å ´¥±μÉμ·Ò¥ (1 − j, 1)-¤¨ËË¥·¥´Í¨ ²Ò ´  Σn. ’μ£¤  ¤¨´ ³¨±  ¶μ
¢·¥³¥´ ³ tj , ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ j-³ £ ³¨²ÓÉμ´¨ ´ ³, ¸¢μ¡μ¤´ :

∂tj Φ = 0.

‡ ¤ ´´Ò¥ É ±¨³ μ¡· §μ³ ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  ¨ £ ³¨²ÓÉμ´¨ ´Ò ¨´¢ ·¨-
 ´É´Ò μÉ´μ¸¨É¥²Ó´μ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨°:

Φ → f−1Φf , Ā → f−1∂̄f + f−1Āf.

‡ ³¥É¨³ É ±¦¥, ÎÉμ ¤²Ö ¶·¥μ¡· §μ¢ ´´μ£μ ¶μ²Ö Φ′ = f−1Φf Ê· ¢´¥´¨e ¤¢¨-
¦¥´¨Ö ¨³¥¥É ¢¨¤

∂tj Φ
′ = [Φ′, Mj], Mj = f−1∂tj f,

É. ¥. § ¶¨¸Ò¢ ¥É¸Ö ¢ ² ±¸μ¢μ° Ëμ·³¥. ˆ´¢ ·¨ ´É´μ¸ÉÓ ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³Ò
¶μ§¢μ²Ö¥É ¶·μ¢¥¸É¨ £ ³¨²ÓÉμ´μ¢Ê ·¥¤Ê±Í¨Õ μÉ´μ¸¨É¥²Ó´μ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥-
μ¡· §μ¢ ´¨°. ‚ ·¥§Ê²ÓÉ É¥ ÔÉμ° ·¥¤Ê±Í¨¨ ¶μ²¥ Φ ¸É ´μ¢¨É¸Ö ² ±¸μ¢μ° ³ É·¨-
Í¥° ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ (²μ± ²Ó´μ° ±μμ·¤¨´ Éμ° ´  Σn) ¨ μ¶·¥¤¥-
²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ³μ³¥´Éa:

μ(Ā, Φ) = ∂̄Φ + [Ā, Φ] = 0.

� ²¨Î¨¥ μÉ³¥Î¥´´ÒÌ ÉμÎ¥± Ë¨±¸¨·Ê¥É ¶μ²Õ¸  ¨ ¢ÒÎ¥ÉÒ Φ(z).
‚ Éμ ¦¥ ¢·¥³Ö ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ³μ³¥´Éa § ¢¨¸¨É ¨ μÉ ´¥±μÉμ·ÒÌ ¤μ-

¶μ²´¨É¥²Ó´ÒÌ ¤ ´´ÒÌ, ´ ¶·¨³¥·, μÉ ¸É¥¶¥´¨ · ¸¸²μ¥´¨Ö E. �μ ¸ÊÉ¨, ÔÉμÉ
Éμ¶μ²μ£¨Î¥¸±¨° ¨´¢ ·¨ ´É μ¶·¥¤¥²Ö¥É £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö ³μ³¥´É . ’ ±, ¤²Ö deg E = 0 ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° ·¥Ï¥´¨¥³
¡Ê¤¥É ² ±¸μ¢  ³ É·¨Í  ³μ¤¥²¨ Š ²μ¤¦¥·μ,   ¤²Ö deg E = 1 Å Ô²²¨¶É¨Î¥-
¸±μ£μ SL(N, C)-¢μ²Î± . ‚μμ¡Ð¥, ¢¸¥ Ö¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨§² £ ¥³Ò¥ ¢ · ¡μÉ¥,
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μÉ´μ¸ÖÉ¸Ö ± Ô²²¨¶É¨Î¥¸±μ³Ê ¸²ÊÎ Õ. �·¥μ¡· §μ¢ ´¨¥, ³¥´ÖÕÐ¥¥ ¸É¥¶¥´Ó,
´ §Ò¢ ¥É¸Ö ³μ¤¨Ë¨± Í¨¥° · ¸¸²μ¥´¨Ö E. �  Ö§Ò±¥ ² ±¸μ¢ÒÌ ³ É·¨Í ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨Ì ¸¨¸É¥³ μ´μ ¢Ò£²Ö¤¨É ± ± ¸¨´£Ê²Ö·´μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· -
§μ¢ ´¨¥

L(z) → Ξ(z)L(z)Ξ(z)−1,

£¤¥ ¶μ¤ ¸¨´£Ê²Ö·´μ¸ÉÓÕ ¨³¥¥É¸Ö ¢ ¢¨¤Ê ¢Ò·μ¦¤¥´´μ¸ÉÓ Ξ(z) ¢ ´¥±μÉμ·μ°
ÉμÎ±¥. �± §Ò¢ ¥É¸Ö ¢μ§³μ¦´Ò³ μ¶·¥¤¥²¨ÉÓ Ξ(z) Ö¢´μ ¨ É¥³ ¸ ³Ò³ Ê¸É ´μ¢¨ÉÓ
± ²¨¡·μ¢μÎ´ÊÕ Ô±¢¨¢ ²¥´É´μ¸ÉÓ ´¥±μÉμ·μ£μ ¸¥³¥°¸É¢  ¸¨¸É¥³, ¢±²ÕÎ ÕÐÊÕ
Ô²²¨¶É¨Î¥¸±ÊÕ ³μ¤¥²Ó Š ²μ¤¦¥·μ ¨ Ô²²¨¶É¨Î¥¸±¨° ¢μ²Îμ± [8].

Š·μ³¥ Éμ£μ, rankE-±· É´μ¥ ¶·¨³¥´¥´¨¥ ³μ¤¨Ë¨± Í¨¨ ¶¥·¥¢μ¤¨É ¨¸Ìμ¤-
´ÊÕ ¸¨¸É¥³Ê ¢ ¸¥¡Ö, É. ¥. μ¶¨¸Ò¢ ¥É ¶·¥μ¡· §μ¢ ´¨Ö 	Ô±²Ê´¤ .

�  ¤ ´´Ò° ³μ³¥´É ¤ ²¥±μ ´¥ ¢¸¥ ¢¶μ²´¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò Ê¤ ²μ¸Ó
μ¶¨¸ ÉÓ ± ± ¸¨¸É¥³Ò •¨ÉÎ¨´ . ’ ±, ´ ¶·¨³¥·, ¤μ ¸¨Ì ¶μ· ´¥ ·¥Ï¥´´μ° μ¸É -
¥É¸Ö ¶·μ¡²¥³  ¤μ± § É¥²Ó¸É¢   ²£¥¡· ¨Î¥¸±μ° ¨´É¥£·¨·Ê¥³μ¸É¨ ¤²Ö ¡¥¸¸¶¨-
´μ¢ÒÌ ¸¨¸É¥³, ¶μ¸É·μ¥´´ÒÌ ¶μ ¶μ²Ê¶·μ¸ÉÒ³  ²£¥¡· ³ ‹¨. ‚ · ³± Ì ¶μ¤Ìμ¤ 
•¨ÉÎ¨´  ¢μ¸¶·μ¨§¢¥¤¥´Ò ¸¨¸É¥³Ò Éμ²Ó±μ ¤²Ö AN -¸¥·¨¨. �·μ¡²¥³  ¸μ¸Éμ¨É ¢
Éμ³, ÎÉμ · §³¥·´μ¸ÉÓ ³´μ£μμ¡· §¨Ö Ÿ±μ¡¨ ¸¶¥±É· ²Ó´μ° ±·¨¢μ° det (L(z)−λ)
μ± §Ò¢ ¥É¸Ö ¤²Ö Ê± § ´´ÒÌ ¸¨¸É¥³ ¡μ²ÓÏ¥ · §³¥·´μ¸É¨ Ë §μ¢μ£μ ¶·μ¸É· ´-
¸É¢ . �¤¨´ ¨§ ¥¸É¥¸É¢¥´´ÒÌ ¸¶μ¸μ¡μ¢ ·¥Ï¥´¨Ö Å ¶·μ¢¥¤¥´¨¥ ·¥¤Ê±Í¨¨ ¶μ
´¥±μÉμ·Ò³ ¤¨¸±·¥É´Ò³ ¸¨³³¥É·¨Ö³ ¨§ ¸¶¨´μ¢μ° AN -¸¨¸É¥³Ò, § ³μ· ¦¨¢ -
ÕÐ¥° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¸¢Ö§ ´´Ò¥ ¸ μ·¡¨É ³¨ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö.
�·¨³¥· É ±μ° ¶·μÍ¥¤Ê·Ò ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¶¨¸ ´¨Ö ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄ
ˆ´μ§¥³Í¥¢  [9] ¸ μ¤´μ° ¸É¥¶¥´ÓÕ ¸¢μ¡μ¤Ò, ¨  ²£¥¡· ¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³μ¸ÉÓ
¢ ÔÉμ³ ¸²ÊÎ ¥ ¤μ± § ´  [10]. ‚ ¦´μ¸ÉÓ ÔÉμ° ¸¨¸É¥³Ò § ±²ÕÎ ¥É¸Ö ¥Ð¥ ¨ ¢
Éμ³, ÎÉμ ¥¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¸o¡o°  ¢Éμ´μ³´Ò°  ´ ²μ£ §´ -
³¥´¨Éμ£μ Ê· ¢´¥´¨Ö �¥´²¥¢¥ VI:

d2u

dτ2
= −

3∑
α=0

ν2
α℘′(u + ωα),

£¤¥ τ Å ³μ¤Ê²Ó Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° Σ; ωα =
{

0,
1
2
,
τ

2
,
1 + τ

2

}
,   να Å

¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ. �¥ ¢Éμ´μ³´μ¸ÉÓ μ§´ Î ¥É, ÎÉμ ¶μÉ¥´Í¨ ² Ö¢´μ § -
¢¨¸¨É μÉ ¢·¥³¥´¨, ·μ²Ó ±μÉμ·μ£μ ¨£· ¥É ³μ¤Ê²Ó τ . �± §Ò¢ ¥É¸Ö, ÎÉμ ¤ ´´μ¥
Ê· ¢´¥´¨¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∂tL(z)− ∂zM(z) = [L(z), M(z)]

¸ É¥³¨ ¦¥ L(z) ¨ M(z), ÎÉμ ¨ ¤²Ö  ¢Éμ´μ³´μ° ¸¨¸É¥³Ò. ‚μμ¡Ð¥ μ¶¨¸ ´-
´ Ö ¢ÒÏ¥ ±μ´¸É·Ê±Í¨Ö ¸¨¸É¥³ •¨ÉÎ¨´  ¤μ¶Ê¸± ¥É μ¡μ¡Ð¥´¨¥ ´  Ê· ¢´¥´¨Ö
¨§μ³μ´¤·μ³´ÒÌ ¤¥Ëμ·³ Í¨°. �·¨ ÔÉμ³ ³μ¤¨Ë¨± Í¨¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö μ¶¨-
¸ ´¨Ö ¨ ¢ÒÎ¨¸²¥´¨Ö ¤¨¸±·¥É´ÒÌ £·Ê¶¶ ¸¨³³¥É·¨°.
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Œ¥Éμ¤ μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö, · §· ¡μÉ ´´Ò° ‹.” ¤¤¥¥¢Ò³, ‚. ‡ Ì -
·μ¢Ò³ ¨ �.˜ ¡ Éμ³ [11, 12], ¶μ§¢μ²Ö¥É ¶μ²ÊÎ ÉÓ § ±μ´Ò ¸μÌ· ´¥´¨Ö ¤²Ö
Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ ¸²ÊÎ ¥, ±μ£¤  μ´¨ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥
Ê· ¢´¥´¨° ´Ê²¥¢μ° ±·¨¢¨§´Ò

∂tL̃(z) − ∂xM̃(z) = [L̃(z), M̃(z)].

� ¶·¨³¥·, ¨¸¶μ²Ó§μ¢ ´¨¥ ³¥Éμ¤  μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö ¶μ§¢μ²¨²μ
�. 	¥² ¢¨´Ê ¨ ‚. ‡ Ì ·μ¢Ê ¶μ²ÊÎ¨ÉÓ ¨´¸É ´Éμ´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¤Ê ²Ó-
´μ¸É¨ ¤²Ö ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  [13]. �± §Ò¢ ¥É¸Ö, ¸ÊÐ¥¸É¢Ê¥É μ¡μ¡Ð¥´¨¥ ¸¨-
¸É¥³ •¨ÉÎ¨´ , ¤ ÕÐ¥¥ ±μ´¸É·Ê±É¨¢´Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ
μ¡μ¡Ð¥´¨° ±² ¸¸¨Î¥¸±¨Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. „·Ê£¨³¨ ¸²μ¢ ³¨, ¢ ±² ¸¸¥
¸¨¸É¥³ •¨ÉÎ¨´  ³μ¦´μ Ê± § ÉÓ ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö L̃(z), M̃(z).

„²Ö ³´μ£μÎ ¸É¨Î´μ° ¸¨¸É¥³Ò ÔÉμ μ§´ Î ¥É, ÎÉμ ¨³¶Ê²Ó¸Ò ¨ ±μμ·¤¨´ ÉÒ
Î ¸É¨Í pi, qj ¤μ²¦´Ò · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¶μ²Ö:

{p, q} = 1 −→ {p(x), q(y)} = δ(x − y).

�¥·¥³¥´´ Ö x ³μ¦¥É ¡ÒÉÓ ±μμ·¤¨´ Éμ° ´  ¢¥Ð¥¸É¢¥´´μ° ¶·Ö³μ° ¨²¨ μ±·Ê¦-
´μ¸É¨. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¢¸¥ ¶μ²Ö ¸Î¨É ÕÉ¸Ö ¶¥·¨μ¤¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨

´  ÔÉμ° μ±·Ê¦´μ¸É¨,   £ ³¨²ÓÉμ´¨ ´ § ¤ ¥É¸Ö ¨´É¥£· ²μ³ H =
∮

h(x). ‚Ò-

Î¨¸²¥´¨¥ ¶²μÉ´μ¸É¨ h(x) Ö¢²Ö¥É¸Ö ´¥É·¨¢¨ ²Ó´μ° § ¤ Î¥°, É ± ± ± tr (Lk) Ê¦¥
´¥ Ö¢²ÖÕÉ¸Ö ¸μÌ· ´ÖÕÐ¨³¨¸Ö ¢¥²¨Î¨´ ³¨.

ˆ´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò ¶·μÖ¢¨²¨ ¸¥¡Ö ¢μ ³´μ£¨Ì μ¡² ¸ÉÖÌ É¥μ·¥É¨Î¥-
¸±μ° Ë¨§¨±¨. �± § ²μ¸Ó, ÎÉμ ³´μ£¨¥ ¨§¢¥¸É´Ò¥ ¸¨¸É¥³Ò μ¶¨¸Ò¢ ÕÉ ÔËË¥±-
É¨¢´μ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ¥ ¤¥°¸É¢¨¥ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ
É¥μ·¨ÖÌ [14]. � ¶·¨³¥·, Î¨cÉÒ¥ ± ²¨¡·μ¢μÎ´Ò¥ N = 2 É¥μ·¨¨ ¸¢Ö§ ´Ò ¸ Í¥-
¶μÎ± ³¨ ’μ¤Ò, XXX ¸¶¨´μ¢μ° Í¥¶μÎ±¥ μÉ¢¥Î ¥É N = 2 ¸Ê¶¥·¸¨³³¥É·¨Î´ Ö
±¢ ´Éμ¢ Ö Ì·μ³μ¤¨´ ³¨±  ¸ £·Ê¶¶μ° SU(Nc) ¨ Î¨¸²μ³ ³Ê²ÓÉ¨¶²¥Éμ¢ ³ É¥-
·¨¨ Nf < 2Nc. Œμ¤¥²Ó Š ²μ¤¦¥·μ ¶μÖ¢²Ö¥É¸Ö ¸ ¢¢¥¤¥´¨¥³ ¶·¨¸μ¥¤¨´¥´´μ£μ
N = 2 £¨¶¥·³Ê²ÓÉ¨¶²¥É . ’ ±¦¥  ±É¨¢´μ ¨§ÊÎ ¥É¸Ö ¸¢Ö§Ó ±¢ ´Éμ¢ÒÌ ¨´É¥£·¨-
·Ê¥³ÒÌ ¸¨¸É¥³ ¸ Ê· ¢´¥´¨Ö³¨ ·¥´μ·³£·Ê¶¶Ò ¢ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ. �μ-
± § ´μ, ÎÉμ ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¸¶¥±É·  ´μ³ ²Ó´ÒÌ · §³¥·´μ¸É¥°
´¥±μÉμ·ÒÌ μ¶¥· Éμ·μ¢ ¢ ¸Ê¶¥·¸¨³³¥É·¨Î´ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ ¸μ¢¶ -
¤ ¥É ¸μ ¸¶¥±É·μ³ ±¢ ´Éμ¢ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ Í¥¶μÎ¥±. Œ¥Éμ¤Ò ¨´É¥£·¨·Ê¥³ÒÌ
¸¨¸É¥³  ±É¨¢´μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ ¨¸¸²¥¤μ¢ ´¨¨ § ¤ Î ² ¶² ¸μ¢¸±μ£μ ·μ¸É  ¨
³ É·¨Î´ÒÌ ³μ¤¥²ÖÌ.

‚ · ¡μÉ¥ É ±¦¥ ¨§ÊÎ ÕÉ¸Ö ´¥±μÉμ·Ò¥ ¢μ¶·μ¸Ò ¤¥Ëμ·³ Í¨μ´´μ£μ ±¢ ´-
Éμ¢ ´¨Ö. ‡ ¤ Î  ¸É ¢¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �Ê¸ÉÓ ´  ´¥±μÉμ·μ³ £² ¤±μ³
¶Ê ¸¸μ´μ¢μ³ ³´μ£μμ¡· §¨¨ M § ¤ ´  ¸±μ¡±  �Ê ¸¸μ´ . ‚ ²μ± ²Ó´ÒÌ ±μμ·¤¨-
´ É Ì {xi} ¤²Ö ¶ ·Ò ËÊ´±Í¨° f ¨ g ¨³¥¥³

{f, g} = αij∂if∂jg,
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£¤¥ ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ¶·¥¤¶μ² £ ¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥. ‘±μ¡±  �Ê ¸-
¸μ´  ¶μ μ¶·¥¤¥²¥´¨Õ ¤μ²¦´  ¡ÒÉÓ  ´É¨¸¨³³¥É·¨Î´μ° ¨ Ê¤μ¢²¥É¢μ·ÖÉÓ Éμ¦¤¥-
¸É¢Ê Ÿ±μ¡¨

αij = −αji, αin∂nαjk + αkn∂nαij + αjn∂nαki = 0.

‘É ´¤ ·É´ Ö ± ´μ´¨Î¥¸± Ö ¸±μ¡±  ¤²Ö {xi} = {p,q} ∈ R2n § ¶¨¸Ò¢ ¥É¸Ö ¸
¶μ³μÐÓÕ ¶μ¸ÉμÖ´´μ° 2n × 2n-³ É·¨ÍÒ ϑij , ±μÉμ· Ö ¢ ¢¨¤¥ ¡²μ±μ¢ n × n
¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

‖ϑ‖ =
(

0 1
−1 0

)
.

�·¨ ±¢ ´Éμ¢ ´¨¨ ËÊ´±Í¨¨ f ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ´¥±μÉμ·Ò° μ¶¥· Éμ· f̂ .
„²Ö Éμ£μ, ÎÉμ¡Ò ÔÉμ ¸μμÉ¢¥É¸É¢¨¥ ¡Ò²μ μ¤´μ§´ Î´Ò³, ´¥μ¡Ìμ¤¨³μ § Ë¨±¸¨-
·μ¢ ÉÓ Ê¶μ·Ö¤μÎ¥´¨¥. „ ²¥¥, ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ μ¶¥· Éμ·μ¢ f̂ ĝ Éμ¦¥ ¤μ²¦´μ
¡ÒÉÓ Ê¶μ·Ö¤μÎ¥´μ. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¢Ò· ¦¥´¨¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ê¦¥
´¥ ¶·μ¸Éμ ¶·μ¨§¢¥¤¥´¨Õ fg,   Éμ³Ê, ÎÉμ ´ §Ò¢ ¥É¸Ö ±¢ ´Éμ¢Ò³ Ê³´μ¦¥´¨¥³
f ∗ g:

f̂ , ĝ −→ f, g
↓ ↓

f̂ ĝ −→ f ∗ g.

”μ·³Ê²  ¤²Ö ±¢ ´Éμ¢μ£μ Ê³´μ¦¥´¨Ö ¢ ¸²ÊÎ ¥ ¸É ´¤ ·É´μ° ¶Ê ¸¸μ´μ¢μ° ¸É·Ê±-
ÉÊ·Ò ´  R2n ¤ ¢´μ ¨§¢¥¸É´ . „²Ö ¸¨³³¥É·¨Î¥¸±μ£μ (¢¥°²¥¢¸±μ£μ) Ê¶μ·Ö¤μÎ¥-
´¨Ö μ´  ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

f ∗ g = fg + �ϑij∂if∂jg+

+
�2

2!
ϑijϑkl∂i∂kf∂j∂lg +

�3

3!
ϑijϑklϑmn∂i∂k∂mf∂j∂l∂ng + . . . =

=
∞∑

n=0

�n

n!

∑
i1,...,in;j1,...,jn

n∏
k=1

ϑikjk(
n∏

k=1

∂ik
)(f) ×

(
n∏

k=1

∂jk

)
(g) =

= e�ϑij∂i
(1)∂j

(2)
f(x(1))g(x(2))

∣∣∣
x(1)=x(2)=x

.

�¤´ ±μ Î ¸Éμ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò ´¥ Ö¢²Ö¥É¸Ö ¶²μ¸-
±¨³. �·μ¸É¥°Ï¨³ ¶·¨³¥·μ³ É ±μ° ¸¨ÉÊ Í¨¨ Ö¢²Ö¥É¸Ö ¢· Ð¥´¨¥ É¢¥·¤μ£μ É¥² .
” §μ¢Ò³ ¶·μ¸É· ´¸É¢μ³ Ö¢²Ö¥É¸Ö ¤¢Ê³¥·´ Ö ¸Ë¥· . ’ ±¨³ μ¡· §μ³, ¢μ§´¨± ¥É
§ ¤ Î  ´ ¶¨¸ ´¨Ö Ëμ·³Ê²Ò ¤²Ö ±¢ ´Éμ¢μ£μ Ê³´μ¦¥´¨Ö ¢ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ
¶Ê ¸¸μ´μ¢  ¡¨¢¥±Éμ·  αab. �¥Í¥¶É ´ ¶¨¸ ´¨Ö É ±μ£μ ±¢ ´Éμ¢μ£μ Ê³´μ¦¥´¨Ö
¡Ò² ¸Ëμ·³Ê²¨·μ¢ ´ Œ.Šμ´Í¥¢¨Î¥³ [15]:

f ∗ g :=
∞∑

n=0

�n
∑

Γ∈Gn

ωΓBΓ,α(f, g),
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£¤¥ ¢Ò· ¦¥´¨Ö BΓ,α(f, g) ¸É·μÖÉ¸Ö ¸ ¶μ³μÐÓÕ £· Ëμ¢ Γ ∈ Gn (¨²¨ ¤¨ -
£· ³³) Šμ´Í¥¢¨Î ; ωΓ Å ¶μ¸ÉμÖ´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, μÉ¢¥Î ÕÐ¨¥ £· Ë ³
Γ ∈ Gn. „²Ö §´ Î¥´¨° ±μÔËË¨Í¨¥´Éμ¢ Ê± § ´Ò ¨´É¥£· ²Ó´Ò¥ Ëμ·³Ê²Ò. �¤-
´ ±μ ¢ÒÎ¨¸²¨ÉÓ ÔÉ¨ ±μÔËË¨Í¨¥´ÉÒ ¢ ¶·μ¨§¢μ²Ó´μ³ ¸²ÊÎ ¥ μ± §Ò¢ ¥É¸Ö μÎ¥´Ó
¸²μ¦´μ° § ¤ Î¥°, ¨ ¤²Ö ¨Ì ´ Ìμ¦¤¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö · §²¨Î´Ò¥ É¥Ì´¨Î¥¸±¨¥
¶·¨¥³Ò. ‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤² £ ¥É¸Ö ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö É¥μ·¥³μ° Šμ´Í¥¢¨Î ,
ÊÉ¢¥·¦¤ ÕÐ¥°, ÎÉμ ¢¸¥ Ëμ·³Ê²Ò ±¢ ´Éμ¢μ£μ Ê³´μ¦¥´¨Ö Ô±¢¨¢ ²¥´É´Ò ¶μ ³μ-
¤Ê²Õ ¤¨ËË¥μ³μ·Ë¨§³μ¢ ¨ ´¥±μÉμ·μ° ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò, ¤¥°¸É¢ÊÕÐ¥°
´  ¶·μ¸É· ´¸É¢¥ ±¢ ´Éμ¢ÒÌ Ê³´μ¦¥´¨°. �μÔÉμ³Ê, ¸¤¥² ¢ § ³¥´Ê ¶¥·¥³¥´´ÒÌ
x → z(x) ¢ ¨§¢¥¸É´μ° Ëμ·³Ê²¥ ‚¥°²Ö, ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ¸ ¶μ³μÐÓÕ ± -
²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ³μ¦´μ ¡Ê¤¥É ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥
Ëμ·³Ê²Ò Šμ´Í¥¢¨Î  ¢ ±μμ·¤¨´ É Ì z ¸ ´¥±μÉμ·μ° αab(ϑij , z) [16]. ‚ · -
¡μÉ¥ É ±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¸¤¥² ´Ò ¤μ É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¶μ �. ’ ±¨³ μ¡· §μ³,
³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ê Šμ´Í¥¢¨Î  ¸ Î¨¸²¥´´Ò³¨ §´ Î¥´¨Ö³¨ ±μÔËË¨Í¨¥´-
Éμ¢. Š·μ³¥ Éμ£μ, ¢ÒÖ¸´Ö¥É¸Ö, ÎÉμ ¶·¨ § ³¥´¥ ¶¥·¥³¥´´ÒÌ ¶Ê ¸¸μ´μ¢ ¡¨¢¥±Éμ·
¶·¥μ¡· §Ê¥É¸Ö ´¥±μ¢ ·¨ ´É´Ò³ μ¡· §μ³. 	μ²¥¥ ÉμÎ´μ, ¶·¨ § ³¥´¥ ¶¥·¥³¥´-
´ÒÌ ± ¶Ê ¸¸μ´μ¢Ê ¡¨¢¥±Éμ·Ê ¶μÖ¢²ÖÕÉ¸Ö ±¢ ´Éμ¢Ò¥ ¶μ¶· ¢±¨ ¢¨¤ 

αab = ϑij∂iz
a∂iz

b + �2αab
2 (z, x) + . . .

‚ · §¤. 1 μ¶¨¸ ´  ±μ´¸É·Ê±Í¨Ö ¸¨¸É¥³ •¨ÉÎ¨´ . „¨´ ³¨±  ´  ¶·μ¸É· ´-
¸É¢¥ ³μ¤Ê²¥° £μ²μ³μ·Ë´ÒÌ ¢¥±Éμ·´ÒÌ · ¸¸²μ¥´¨° ¢μ§´¨± ¥É ¢ ´¥° ¢ ·¥-
§Ê²ÓÉ É¥ ·¥¤Ê±Í¨¨ ¨§ ¸¢μ¡μ¤´μ° £ ³¨²ÓÉμ´μ¢μ° É¥μ·¨¨ ¶μ²Ö. ‚ ·¥§Ê²ÓÉ É¥
·¥¤Ê±Í¨¨ ³ É·¨Î´μ§´ Î´μ¥ ¶μ²¥ ¸É ´μ¢¨É¸Ö ³ É·¨Í¥° ‹ ±¸  ¤²Ö ´¥±μÉμ·μ°
¨´É¥£·¨·Ê¥³μ° ¸¨¸É¥³Ò,   ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥° (¶ · ³¥É·μ¢) · ¸¸²μ¥´¨°
Ö¢²Ö¥É¸Ö ¤²Ö ´¥¥ ±μ´Ë¨£Ê· Í¨μ´´Ò³ ¶·μ¸É· ´¸É¢μ³. ‘¨¸É¥³Ò, ¶μ²ÊÎ ¥³Ò¥
¢ÒÏ¥Ê± § ´´Ò³ ¸¶μ¸μ¡μ³, ¸ÊÐ¥¸É¢¥´´μ · §²¨Î ÕÉ¸Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ Éμ¶μ-
²μ£¨Î¥¸±μ£μ ¨´¢ ·¨ ´É  (¸É¥¶¥´¨) · ¸¸³ É·¨¢ ¥³ÒÌ · ¸¸²μ¥´¨°. ’ ±, ´ ¶·¨-
³¥·, ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´  ¸¨¸É¥³  Š ²μ¤¦¥·μ

H =
1
2

N∑
i=1

v2
i + g2

N∑
i>j

℘(ui − uj),

£¤¥ vk Å ¨³¶Ê²Ó¸Ò Î ¸É¨Í,   uk Å ¸μ¶·Ö¦¥´´Ò¥ ¨³ ±μμ·¤¨´ ÉÒ, ¨²¨ Ô²²¨-
¶É¨Î¥¸±¨° ¢μ²Îμ±

Htop =
1
2
tr (S℘̂S),

£¤¥ S Å ³ É·¨Í  N × N ¸ ´Ê²¥¢Ò³ ¸²¥¤μ³ (³ É·¨Í  ³μ³¥´Éμ¢); ℘(α) Å
μ¡· É´Ò¥ ±μ³¶μ´¥´ÉÒ £² ¢´ÒÌ ³μ³¥´Éμ¢ ¨´¥·Í¨¨ ¨ ℘̂S =

∑
α

Sα℘(α)σα.

�¤´ ±μ, ± ± ¶μ± § ´μ ¢ · §¤. 2, ¸ÊÐ¥¸É¢Ê¥É ¶·¥μ¡· §μ¢ ´¨¥ (³μ¤¨Ë¨± -
Í¨Ö · ¸¸²μ¥´¨°), ±μÉμ·μ¥ ¨§³¥´Ö¥É ÔÉμÉ ¨´¢ ·¨ ´É ¨ ¸μμÉ¢¥É¸É¢¥´´μ ¶¥·¥¢μ-
¤¨É μ¤´Ê ¸¨¸É¥³Ê ¢ ¤·Ê£ÊÕ. �  Ö§Ò±¥ ² ±¸μ¢ÒÌ ³ É·¨Í ÔÉμ ¶·¥μ¡· §μ¢ ´¨¥
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Ê¸É ´ ¢²¨¢ ¥É ± ²¨¡·μ¢μÎ´ÊÕ Ô±¢¨¢ ²¥´É´μ¸ÉÓ: L1(z) = Ξ(z)L2(z)Ξ(z)−1.
�  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° · §³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° £μ²μ³μ·Ë´ÒÌ
¸É ¡¨²Ó´ÒÌ · ¸¸²μ¥´¨° · ¢´  (N, deg), £¤¥ N Å · ´£, deg Å ¸É¥¶¥´Ó · ¸-
¸²μ¥´¨°. �μÔÉμ³Ê N ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨³¥´¥´¨° ¢¥·Ì´¨Ì (¨²¨ ´¨¦´¨Ì)
³μ¤¨Ë¨± Í¨° ¶¥·¥¢μ¤¨É ¸¨¸É¥³Ê ¢ ¸¥¡Ö. ’¥³ ¸ ³Ò³ É ± Ö ¶·μÍ¥¤Ê·  μ¶¨¸Ò-
¢ ¥É ¶·¥μ¡· §μ¢ ´¨Ö 	Ô±²Ê´¤ .

‚ · §¤. 2 ³¥Éμ¤Ò ¨ ±μ´¸É·Ê±Í¨¨, μ¶¨¸ ´´Ò¥ ¢ · §¤. 1, ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ´ 
· §²¨Î´ÒÌ ¶·¨³¥· Ì. �²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  Š ²μ¤¦¥·μ ¨ ¢μ²Îμ± μ¶¨¸ ´Ò
± ± ¸¨¸É¥³Ò •¨ÉÎ¨´  ¸ deg E = 0 ¨ deg E = 1 ¸μμÉ¢¥É¸É¢¥´´μ. Œ É·¨Í  Ξ(z)
¶μ¸É·μ¥´  É ±¨³ μ¡· §μ³, ÎÉμ

Ltop = Ξ(z)LΞ(z)−1
.

’ ±¨³ μ¡· §μ³, Ê¸É ´ ¢²¨¢ ¥É¸Ö ± ²¨¡·μ¢μÎ´ Ö Ô±¢¨¢ ²¥´É´μ¸ÉÓ ³¥¦¤Ê Ê± -
§ ´´Ò³¨ ¸¨¸É¥³ ³¨.

‚ · §¤. 3 μ¶¨¸ ´ ±μ´¸É·Ê±É¨¢´Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ
μ¡μ¡Ð¥´¨° ¤²Ö ´¥±μÉμ·ÒÌ ±² ¸¸¨Î¥¸±¨Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. „·Ê£¨³¨ ¸²μ-
¢ ³¨, ¤²Ö ¸¨¸É¥³ •¨ÉÎ¨´  Ê± § ´ ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö L̃, M̃ ¶μ ¶ ·¥ ‹ ±¸  ¢ ³¥-
Ì ´¨±¥ L, M . Œ¥Éμ¤ ¶·μ¤¥³μ´¸É·¨·μ¢ ´ ´  ¶·¨³¥·¥ ¤¢ÊÌÎ ¸É¨Î´μ° ¸¨¸É¥³Ò
Š ²μ¤¦¥·μ, Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ±μÉμ·μ° ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥⎧⎨⎩ ut = − v

8π2
,

vt = 2h℘′(2u).

�¥§Ê²ÓÉ Éμ³ É¥μ·¥É¨±μ-¶μ²¥¢μ£μ μ¡μ¡Ð¥´¨Ö Ö¢²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ut = − v

8π2

(
1 − u2

x

h

)
, h = u2

x + ν2 = const,

vt =
1

8π2h
∂x(v2ux) − 2(3u2

x − h)℘′(2u) + 6∂x(ux℘(2u))+

+
1
2
∂x

(
uxxxν − νxuxx

ν3

)
,

¶·¥¤¸É ¢¨³Ò¥ ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö ´Ê²¥¢μ° ±·¨¢¨§´Ò ¤²Ö ´¥±μÉμ·ÒÌ L̃(z), M̃(z),
¢Ò¶¨¸ ´´ÒÌ ¢ · §¤. 3 Ö¢´μ.

�·¨ ÔÉμ³ ¶·μÍ¥¤Ê·  ³μ¤¨Ë¨± Í¨¨ L̃1 = Ξ̃L̃2Ξ̃−1 + ∂xΞ̃Ξ̃−1 Ê¸É ´ -
¢²¨¢ ¥É ± ²¨¡·μ¢μÎ´ÊÕ Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¶μ²ÊÎ¥´´μ£μ Ê· ¢´¥´¨Ö ¸ Ê· ¢´¥-
´¨¥³ ‹ ´¤ ÊÄ‹¨ËÏ¨Í  [17,18], μ¶¨¸Ò¢ ÕÐ¨³ ´¥¶·¥·Ò¢´Ò° ¶·¥¤¥² ¢ XY Z-
³ £´¥É¨±¥ ¨ Ö¢²ÖÕÐ¨³¸Ö ¶μ²¥¢Ò³ μ¡μ¡Ð¥´¨¥³ SL(2, C)-¢μ²Î± :

∂tS =
1
2
[S, J(S)] +

1
2
[S, ∂xxS].
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�ÉμÉ ·¥§Ê²ÓÉ É ³μ¦´μ ¨§μ¡· §¨ÉÓ ´  ¤¨ £· ³³¥:

2 − x-Î ¸É¨Î´ Ö
¸¨¸É¥³  ŠŒ

−→ SL(2, C)-Ô²²¨¶É¨Î¥¸±¨° ¢μ²Îμ±

↓ ↓
2 − x-Î ¸É¨Î´ Ö
É¥μ·¨Ö ¶μ²Ö ŠŒ

−→ Ê· ¢´¥´¨¥ ‹ ´¤ ÊÄ‹¨ËÏ¨Í  .

‚ · §¤. 4 ¶·¥¤²μ¦¥´μ ¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³
¤²Ö Ô²²¨¶É¨Î¥¸±μ° ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢ , § ¤ ¢ ¥³μ° £ ³¨²Ó-
Éμ´¨ ´μ³

HŠˆ =
1
2

N∑
i=1

v2
i + g2

N∑
i>j

(℘(ui − uj) + ℘(ui + uj)) +
N∑

i=1

3∑
α=0

ν2
α℘(ui + ωα).

‚ ¸²ÊÎ ¥ N -Î ¸É¨Î´μ° § ¤ Î¨ ¶ ·  ‹ ±¸  § ¤ ´  3N×3N -³ É·¨Í ³¨. �¤´ ±μ,
± ± ¶μ± § ´μ ¢ · §¤. 4, ¢ ¸²ÊÎ ¥ μ¤´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ¸ÊÐ¥¸É¢Ê¥É 2 × 2-
¶·¥¤¸É ¢²¥´¨¥. ƒ ³¨²ÓÉμ´¨ ´ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

HŠˆ� =
1
2
v2 +

3∑
α=0

ν2
α℘(u + ωα),

£¤¥ ®�¯ ´ ¶μ³¨´ ¥É μ ¸¢Ö§¨ ÔÉμ° ¸¨¸É¥³Ò ¸ Ê· ¢´¥´¨¥³ �¥´²¥¢¥ VI. �μ± § ´μ,
ÎÉμ É  ¦¥ ¶ ·  ‹ ±¸  Ê¤μ¢²¥É¢μ·Ö¥É, ±·μ³¥ Ê· ¢´¥´¨Ö ‹ ±¸ , ¨ Ê· ¢´¥´¨Õ
¨§μ³μ´μ¤·μ³´ÒÌ ¤¥Ëμ·³ Í¨°:

∂tL − ∂zM = [L, M ].

�·¨ ÔÉμ³ ¶μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ Ô±¢¨¢ ²¥´É´μ Ê· ¢´¥´¨Õ �¥´²¥¢¥ VI.

‚ · §¤. 5 ¶·μ¢¥·Ö¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥ Œ.Šμ´Í¥¢¨Î  μ¡ Ô±¢¨¢ ²¥´É´μ¸É¨
Ëμ·³Ê² ¤¥Ëμ·³ Í¨μ´´μ£μ ±¢ ´Éμ¢ ´¨Ö ¶Ê ¸¸μ´μ¢ÒÌ ³´μ£μμ¡· §¨° ¶μ ³μ¤Ê²Õ
¤¨ËË¥μ³μ·Ë¨§³μ¢ ¨ ´¥±μÉμ·μ° £·Ê¶¶Ò ¸¨³³¥É·¨°. “¸É ´μ¢²¥´¨¥ É ±μ° Ô±¢¨-
¢ ²¥´É´μ¸É¨ ³¥¦¤Ê Ëμ·³Ê² ³¨ ‚¥°²Ö ¨ Šμ´Í¥¢¨Î  ¤ ¥É ³¥Éμ¤ ´ Ìμ¦¤¥´¨Ö
±μÔËË¨Í¨¥´Éμ¢ ¢ Ëμ·³Ê²¥ ¤²Ö ±¢ ´Éμ¢μ£μ Ê³´μ¦¥´¨Ö. Ÿ¢´Ò¥ ¢ÒÎ¨¸²¥´¨Ö
¶·μ¢¥¤¥´Ò ¤μ É·¥ÉÓ¥£μ ¶μ·Ö¤± .

�μ± § ´μ, ÎÉμ ¥¸²¨ ¢ Ëμ·³Ê²¥ ‚¥°²Ö, § ¶¨¸ ´´μ° ¢ É¥·³¨´ Ì ¶μ¸ÉμÖ´´μ£μ
¶Ê ¸¸μ´μ¢  ¡¨¢¥±Éμ·  ϑ ¤²Ö ËÊ´±Í¨° f(x) ¨ g(x), ¸¤¥² ÉÓ § ³¥´Ê ¶¥·¥³¥´´ÒÌ
x → z(x), Éμ, ¨¸¶μ²Ó§ÊÖ ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
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Ëμ·³Ê²Ê Šμ´Í¥¢¨Î  ¸ Ë¨±¸¨·μ¢ ´´Ò³¨ Î¨¸²¥´´Ò³¨ ±μÔËË¨Í¨¥´É ³¨:

f ∗ g = fg + �αab∂af∂bg+

+ �2

[
1
2
αabαcd∂a∂cf∂b∂dg +

1
3
αas∂sα

bc(∂a∂bf∂cg + ∂a∂bg∂cf)
]

+

+ �3

[
1
6
αabαcdαho∂a∂c∂hf∂b∂d∂og+

+
1
3
αtp∂pα

as∂s∂tα
bc(∂a∂cf∂bg − ∂a∂cg∂bf)+

+
[
2
3
αdp∂pα

as∂sα
bc +

1
3
αap∂pα

ds∂sα
cb

]
∂a∂cf∂b∂dg+

+
1
6
αasαct∂s∂tα

bd(∂a∂b∂cf∂dg − ∂a∂b∂cg∂df)+

+
1
3
αas∂sα

bcαhd(∂a∂b∂hf∂c∂dg − ∂a∂b∂hg∂c∂df)
]

+ O(�4).

—²¥´Ò ¡¨¢¥±Éμ·´μ£μ É¨¶  μÉ¸ÊÉ¸É¢ÊÕÉ, É ± ± ± μ´¨ ´¥ ¢²¨ÖÕÉ ´   ¸¸μ-
Í¨ É¨¢´μ¸ÉÓ ¢ É·¥ÉÓ¥³ ¶μ·Ö¤±¥. �¤´ ±μ μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö
¶¥·¥μ¶·¥¤¥²¥´¨Ö α(z). �μ± § ´μ, ÎÉμ ¶·¨ § ³¥´¥ ±μμ·¤¨´ É ¶Ê ¸¸μ´μ¢ ¡¨-
¢¥±Éμ· ¶·¨μ¡·¥É ¥É ¶μ¶· ¢±¨ ¶μ �:

αab = ϑij ∂za

∂xi

∂zb

∂xj
+ �2

[
1
3!

ϑijϑklϑmn ∂3za

∂xi∂xk∂xm

∂3zb

∂xj∂xl∂xn
−

− 1
18

Sspt∂p∂s∂tα
ab − 1

4
ϑijϑkl ∂2zs

∂xi∂xk

∂2zt

∂xj∂xl
∂s∂tα

ab

]
+

+ �2(¡¨¢¥±Éμ·´Ò¥ Î²¥´Ò),

£¤¥

Sabc = ϑijϑkl

(
∂2za

∂xi∂xk

∂zb

∂xj

∂zc

∂xl
+

∂2zc

∂xi∂xk

∂za

∂xj

∂zb

∂xl
+

∂2zb

∂xi∂xk

∂zc

∂xj

∂za

∂xl

)
.

‚ § ±²ÕÎ¥´¨¨ ¶μ¤¢μ¤ÖÉ¸Ö ¨Éμ£¨ ¨ ¶¥·¥Î¨¸²ÖÕÉ¸Ö ´¥·¥Ï¥´´Ò¥ ¶·μ¡²¥³Ò.

1. ƒ�‹�Œ��”�›… ��‘‘‹�…�ˆŸ ˆ ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ›

‚ ÔÉμ³ · §¤¥²¥ μ¶¨Ï¥³ ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö Ê· ¢´¥´¨° ‹ ±¸a ¸ ¶μ³μÐÓÕ
£ ³¨²ÓÉμ´μ¢μ° ·¥¤Ê±Í¨¨. ‘ ÔÉμ° Í¥²ÓÕ ¶μ¸É·μ¨³ ´¥±μÉμ·Ò¥ · ¸¸²μ¥´¨Ö (· ¸-
¸²μ¥´¨Ö •¨££¸ ) ´  ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ ¨ ¢ É¥·³¨´ Ì ¸¥Î¥´¨° (¶μ²¥°
•¨££¸ ) § ¤ ¤¨³ £ ³¨²ÓÉμ´μ¢Ê ¤¨´ ³¨±Ê. ˆ´¢ ·¨ ´É´μ¸ÉÓ ¸¨³¶²¥±É¨Î¥¸±μ°
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Ëμ·³Ò ¨ £ ³¨²ÓÉμ´¨ ´μ¢ ¶μ§¢μ²¨É ¶·μ¢¥¸É¨ £ ³¨²ÓÉμ´μ¢Ê ·¥¤Ê±Í¨Õ. �·¨
ÔÉμ³ ¸¶¥Í¨ ²Ó´Ò¥ ¸¢μ°¸É¢  · ¸¸²μ¥´¨° (±¢ §¨¶ · ¡μ²¨Î¥¸±¨¥ ¸É·Ê±ÉÊ·Ò ¢
μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì) § Ë¨±¸¨·ÊÕÉ ¶μ¸²¥ ·¥¤Ê±Í¨¨ ¸É·Ê±ÉÊ·Ê μ¸μ¡¥´´μ¸É¥°
³ É·¨ÍÒ ‹ ±¸a.

1.1. �·μ¸É· ´¸É¢μ ³μ¤Ê²¥° £μ²μ³μ·Ë´ÒÌ · ¸¸²μ¥´¨° ¢ μ¶¨¸ ´¨¨ —¥Ì .
�Ê¸ÉÓ E Å É·¨¢¨ ²Ó´μ¥ £μ²μ³μ·Ë´μ¥ ¢¥±Éμ·´μ¥ · ¸¸²μ¥´¨¥ · ´£  r ¸μ ¸É·Ê±-
ÉÊ·´μ° £·Ê¶¶μ° G ´ ¤ ·¨³ ´μ¢μ° ±·¨¢μ° Σn ¸ n μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨. � ¸-
¸³μÉ·¨³ É ±μ¥ ¶μ±·ÒÉ¨¥ ±·¨¢μ° Σn μÉ±·ÒÉÒ³¨ ¤¨¸± ³¨ Ua, a = 1, 2 . . . , ÎÉμ
²Õ¡ Ö ± ·É  ¸μ¤¥·¦¨É ´¥ ¡μ²¥¥ μ¤´μ° μÉ³¥Î¥´´μ° ÉμÎ±¨ wα.

Š ± ¨§¢¥¸É´μ, ¶μ ¢¥±Éμ·´μ³Ê · ¸¸²μ¥´¨Õ ¨ ¶μ±·ÒÉ¨Õ {Ua} ³μ¦´μ ¶μ-
¸É·μ¨ÉÓ ËÊ´±Í¨¨ ¶¥·¥Ìμ¤  {gab}, Ê¤μ¢²¥É¢μ·ÖÕÐ¨e É·¥¡μ¢ ´¨Õ ±μÍ¨±² :

gab(z)gbc(z)gca(z) = Id, z ∈ Ua ∩ Ub ∩ Uc, (1.1)

¨
gab = g−1

ba . (1.2)

�μÔÉμ³Ê ´ ¡μ· {gab} ´ §Ò¢ ÕÉ É ±¦¥ ¸±²¥¨¢ ÕÐ¨³ ±μÍ¨±²μ³.
”Ê´±Í¨¨ ¶¥·¥±²¥°±¨ gab μ¶·¥¤¥²¥´Ò ´  ¶¥·¥¸¥Î¥´¨¨ ± ·É Uab = Ua ∩

Ub. ’·¨¢¨ ²Ó´μ¸ÉÓ · ¸¸²μ¥´¨Ö E μ§´ Î ¥É, ÎÉμ ´  ± ¦¤μ° ± ·É¥ Ua ¸Ê-
Ð¥¸É¢Ê¥É G-§´ Î´ Ö ËÊ´±Í¨Ö ha, Ö¢²ÖÕÐ Ö¸Ö ¸¥Î¥´¨¥³ ²μ± ²Ó´μ£μ ¶ÊÎ± 
Ω0

C∞(Σn, Aut E) ¨ gab = hah−1
b . ƒμ²μ³μ·Ë´μ¸ÉÓ · ¸¸²μ¥´¨Ö μ§´ Î ¥É, ÎÉμ

ËÊ´±Í¨¨ gab £μ²μ³μ·Ë´Ò, É. ¥.

∂̄agab = ∂̄bgab = 0, gab ∈ Ω0
hol(Uab, Aut E) . (1.3)

ƒμ²μ³μ·Ë´ Ö ¸É·Ê±ÉÊ·  ´  E ³μ¦¥É ¡ÒÉÓ § ¤ ´  ¸ ¶μ³μÐÓ ¤¨ËË¥·¥´Í¨-
 ²  d

′′
. �  ± ¦¤μ° ± ·É¥ Ua μ´ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

d
′′

a = ∂̄a + Āa, Āa = h−1
a ∂̄aha, ∂̄a =

∂

∂z̄a
,

£¤¥ za Å ²μ± ²Ó´ Ö ±μμ·¤¨´ É  ´  Ua. ‚ ÔÉμ³ ¸²ÊÎ ¥

had
′′

a = d
′′

b hb = 0,

  Ê¸²μ¢¨¥ (1.3) μ§´ Î ¥É, ÎÉμ Āa = Āb∂̄az̄b ´  Uab.
�·¥μ¡· §μ¢ ´¨¥ ha → faha, § ¤ ´´μ¥ ¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨, £μ²μ³μ·Ë´μ°

´  Ua (fa ∈ Ω0
hol(Ua, Aut E)), ´¥ ³¥´Ö¥É Āa. �´ ²μ£¨Î´Ò³ μ¡· §μ³ ¶·¥-

μ¡· §μ¢ ´¨¥ hb → fbhb, § ¤ ´´μ¥ ¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨ fb ∈ Ω0
hol(Ub, Aut E),

´¥ ³¥´Ö¥É Āb. ‘²¥¤μ¢ É¥²Ó´μ, £μ²μ³μ·Ë´Ò¥ ¸É·Ê±ÉÊ·Ò, § ¤ ´´Ò¥ ËÊ´±Í¨-
Ö³¨ ¶¥·¥±²¥°±¨ gab ¨ fagabf

−1
b , Ô±¢¨¢ ²¥´É´Ò. ƒ²μ¡ ²Ó´μ ¨³¥¥É¸Ö ´ ¡μ·

μÉμ¡· ¦¥´¨°

LC
Σ =

{
gab(za) = ha(za)h−1

b (zb(za)), za ∈ Uab, a, b = 1, 2 . . . ,
}

, (1.4)
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§ ¤ ÕÐ¨° £μ²μ³μ·Ë´Ò¥ ¸É·Ê±ÉÊ·Ò ´  E ¨²¨ P = AutE, ¢ § ¢¨¸¨³μ¸É¨ μÉ
¢Ò¡μ·  ¶·¥¤¸É ¢²¥´¨Ö. ˆ´¤¥±¸ ®C¯ ¸¨³¢μ²¨§¨·Ê¥É Î¥Ìμ¢¸±μ¥ μ¶¨¸ ´¨¥.

‘É¥¶¥´ÓÕ · ¸¸²μ¥´¨Ö E ´ §Ò¢ ¥É¸Ö ¸É¥¶¥´Ó ²¨´¥°´μ£μ, ¤¥É¥·³¨´ ´É´μ£μ
· ¸¸²μ¥´¨Ö L = det g. „ ´´μ¥ ¢ÒÏ¥ μ¶·¥¤¥²¥´¨¥ £μ²μ³μ·Ë´ÒÌ ¸É·Ê±ÉÊ·
· ¡μÉ ¥É ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¸É¥¶¥´¨.

� ¸¸³μÉ·¨³ μÉ±·ÒÉμ¥ ¶μ¤³´μ¦¥¸É¢μ ¸É ¡¨²Ó´ÒÌ £μ²μ³μ·Ë´ÒÌ ¸É·Ê±ÉÊ·
LC,st

Σ ¢ LC
Σ . �  LC,st

Σ ± ²¨¡·μ¢μÎ´ Ö £·Ê¶¶  Ghol
Σ ¤¥°¸É¢Ê¥É  ¢Éμ³μ·Ë¨§³ ³¨:

gab → fagabf
−1
b , fa = f(za), fb = fb(zb(za)), f ∈ Ghol

Σ . (1.5)

Š ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö Ghol
Σ ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì § ¤ ¤¨³ ²μ± ²Ó´μ.

� ¸¸³μÉ·¨³ ´¥±μÉμ·Ò° ´ ¡μ·

P1, . . . , Pα, . . . , Pn

¶ · ¡μ²¨Î¥¸±¨Ì ¶μ¤£·Ê¶¶ £·Ê¶¶Ò G, ¶·¨¶¨¸ ´´ÒÌ ± μÉ³¥Î¥´´Ò³ ÉμÎ± ³.
„ ²¥¥, ¶μ²μ¦¨³

fa =

⎧⎪⎪⎨⎪⎪⎩
f̃

(0)
α + zαf

(1)
α + . . . , f̃

(0)
α ∈ Pα, ¥¸²¨

zα = z − wα, wα − μÉ³¥Î¥´´ Ö ÉμÎ± ,

f
(0)
a + zaf

(1)
a + . . . , f

(0)
a ∈ G, ¥¸²¨ a 	= α

(¢ Ua μÉ³¥Î¥´´ÒÌ ÉμÎ¥±).
(1.6)

ˆ§ (1.5) ¸²¥¤Ê¥É, ÎÉμ ²¥¢μ¥ ¤¥°¸É¢¨¥ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò ¢ μÉ³¥Î¥´´ÒÌ
ÉμÎ± Ì ¸μÌ· ´Ö¥É Ë² £¨

Eα ∼ Pα \ G, Eα = Fl1(α) ⊃ · · · ⊃ Flsα(α) ⊃ Flsα+1(α) = 0. (1.7)

’ ±ÊÕ ¸É·Ê±ÉÊ·Ê ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì ¡Ê¤¥³ ´ §Ò¢ ÉÓ ±¢ §¨¶ · ¡μ²¨Î¥¸±μ°.
‘²¥¤ÊÖ [19], μ¶·¥¤¥²¨³ ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥° ¸É ¡¨²Ó´ÒÌ £μ²μ³μ·Ë´ÒÌ
· ¸¸²μ¥´¨° Mn(Σ, G) ¸ ±¢ §¨¶ · ¡μ²¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ-
± Ì ± ± Ë ±Éμ·-¶·μ¸É· ´¸É¢μ ¶μ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶¥ (1.6):

Mn = Ghol
Σ \LC,st

Σ . (1.8)

„²Ö G = GL(N, C) ¶μ²ÊÎ¨³ ´¥¸¢Ö§´μ¥ μ¡Ñ¥¤¨´¥´¨¥ ±μ³¶μ´¥´É, ´Ê³¥·Ê¥³ÒÌ

¸É¥¶¥´Ö³¨ d = c1(detE) : Mn(Σ, G) =
⊔

M(d)
n .

Š ¸ É¥²Ó´μ¥ ¶·μ¸É· ´¸É¢μ ± Mn(Σ, G) ¨§μ³μ·Ë´μ h1(Σ, EndE). …£μ
· §³¥·´μ¸ÉÓ ¢ÒÎ¨¸²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ É¥μ·¥³Ò �¨³ ´ Ä�μÌ . „²Ö ±·¨¢ÒÌ ¡¥§
μÉ³¥Î¥´´ÒÌ ÉμÎ¥± (n = 0) ¨³¥¥³

dimh0(Σ, EndE) − dimh1(Σ, EndE) = (1 − g) dimG.

„²Ö ¸É ¡¨²Ó´ÒÌ · ¸¸²μ¥´¨° dimh0(Σ, EndE) = 1, Éμ£¤ 

dimM0(Σ, G) = (g − 1)N2 + 1
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¤²Ö GL(N, C) ¨
dimM0(Σ, G) = (g − 1) dimG + 1

¤²Ö ¶·μ¸ÉÒÌ £·Ê¶¶.
� ¨¡μ²¥¥ ¢ ¦´Ò³ ¢ ¶·¨²μ¦¥´¨ÖÌ Ö¢²Ö¥É¸Ö ¸²ÊÎ ° Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°:

dim h1(Σ, EndE) = dim h0(Σ, EndE).

Œ. �ÉÓÖ [20] ¤μ± § ², ÎÉμ

dimMd
0 = ��„(N, d). (1.9)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¸É·Ê±ÉÊ·  ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° ¤²Ö É·¨¢¨ ²Ó´ÒÌ · ¸¸²μ¥´¨°
(É. ¥. ¤²Ö ¸²ÊÎ Ö deg (E) = 0) ¨, ´ ¶·¨³¥·, ¤²Ö · ¸¸²μ¥´¨° ¸É¥¶¥´¨ μ¤¨´,
deg (E) = 1, · §²¨Î´Ò.

„²Ö ±¢ §¨¶ · ¡μ²¨Î¥¸±¨Ì · ¸¸²μ¥´¨° ¨³¥¥³

dimMd
n = dimMd

0 +
n∑

α=1

fα, (1.10)

£¤¥ fα Å · §³¥·´μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ë² £  Eα. ‚ Î ¸É´μ¸É¨, ¤²Ö G =
GL(N, C) ¶μ²ÊÎ ¥³

fα =
1
2

(
N2 −

sα∑
i=1

m2
i (α)

)
, mi(α) = dimFli(α) − dimFli+1(α) , (1.11)

£¤¥ sα μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ (1.7). �·μ¸É· ´¸É¢μ LC
Σ ¶μÌμ¦¥ ´  ¤¢Ê³¥·´ÊÕ ·¥Ï¥-

ÉμÎ´ÊÕ ± ²¨¡·μ¢μÎ´ÊÕ É¥μ·¨Õ. „¥°¸É¢¨É¥²Ó´μ, £· ´¨ÍÒ ¶μ±·ÒÉ¨Ö {Ua, a =
1, . . .} μ¡· §ÊÕÉ μ·¨¥´É¨·μ¢ ´´Ò° £· Ë, ¢¥·Ï¨´Ò ±μÉμ·μ£μ Va Å ´¥±μÉμ-
·Ò¥ ¢´ÊÉ·¥´´¨¥ ÉμÎ±¨ Ua,   ·¥¡·  Lab ¸μ¥¤¨´ÖÕÉ Éμ²Ó±μ É¥ ¢¥·Ï¨´Ò Va

¨ Vb, ¤²Ö ±μÉμ·ÒÌ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ± ·ÉÒ ¨³¥ÕÉ ´¥¶Ê¸Éμ¥ ¶¥·¥¸¥Î¥´¨¥
Uab 	= ∅. ‚Ò¡¥·¥³ μ·¨¥´É Í¨Õ £· Ë  É ±¨³ μ¡· §μ³, ÎÉμ a > b ´  ·¥¡·¥ Lab ¨
§ Ë¨±¸¨·Ê¥³ £μ²μ³μ·Ë´ÊÕ ËÊ´±Í¨Õ zb(za), § ¤ ÕÐÊÕ £μ²μ³μ·Ë´μ¥ μÉμ¡· -
¦¥´¨¥ ¨§ Ua ¢ Ub. ’μ£¤  ¶·μ¸É· ´¸É¢μ LC

Σ ³μ¦´μ § ¤ ÉÓ ¸²¥¤ÊÕÐ¨³ ´ ¡μ·μ³
¤ ´´ÒÌ: ± ¦¤μ³Ê ·¥¡·Ê Lab, a > b, ¶·¨¶¨Ï¥³ ³ É·¨Î´μ§´ Î´ÊÕ ËÊ´±Í¨Õ
gab ∈ G ¨ £μ²μ³μ·Ë´μ¥ μÉμ¡· ¦¥´¨¥ zb(za). Š ²¨¡·μ¢μÎ´Ò¥ ¶μ²Ö fa ¢ É -
±μ³ ¸²ÊÎ ¥ ¶·¨¶¨¸Ò¢ ÕÉ¸Ö ¢¥·Ï¨´ ³ Va,   ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö
§ ¤ ´Ò ¢ (1.5).

1.2. ‘¨¸É¥³Ò •¨ÉÎ¨´ . ‘²¥¤ÊÖ [7], μ¶¨Ï¥³ ±μ´¸É·Ê±Í¨Õ ¸¨¸É¥³ •¨ÉÎ¨´ 
¢ ¶μ¤Ìμ¤¥ —¥Ì . � ¸¸³μÉ·¨³ ±μ± ¸ É¥²Ó´μ¥ · ¸¸²μ¥´¨¥ T ∗LC

Σn
± £μ²μ³μ·Ë-

´Ò³ ¸É·Ê±ÉÊ· ³ ´  P = Aut E (1.4). ’¥¶¥·Ó

T ∗LC
Σn

=
{

ηab, gab| ηab ∈ Ω(1,0)
hol (Uab, (EndE)∗), gab ∈ Ω0

hol(Uab, P )
}

.

(1.12)
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1-Ëμ·³Ò ηab ´ §Ò¢ ÕÉ¸Ö ¶μ²Ö³¨ •¨££¸ . “± § ´´μ¥ · ¸¸²μ¥´¨¥ ³μ¦´μ ¸´ ¡-
¤¨ÉÓ ¸¨³¶²¥±É¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ¸ ¶μ³μÐÓÕ 1-Ëμ·³Ò Œ Êp¥· ÄŠ ·É ´  ´ 
Ω0

hol(Uab, P ).
�Ê¸ÉÓ Γb

a(βγ) Å μ·¨¥´É¨·μ¢ ´´μ¥ ·¥¡·μ ¢ Uab ¸ ¢¥·Ï¨´ ³¨ ¢ É·μ°´ÒÌ
¶¥·¥¸¥Î¥´¨ÖÌ β ∈ Uabc = Ua ∩ Ub ∩ Uc, γ ∈ Uabd. �μ²Ö ηab, gab ¸μμÉ¢¥É¸É¢ÊÕÉ
·¥¡·Ê Γb

a(βγ). �·¨ ¸³¥´¥ μ·¨¥´É Í¨¨ £· Ë  ´  ¶·μÉ¨¢μ¶μ²μ¦´ÊÕ, Γb
a(βγ) →

Γa
b (γβ), ¶μ²Ö ηab, gab É ±¦¥ ¶μ³¥´ÖÕÉ¸Ö,   ¨³¥´´μ gba = g−1

ab (¸³. (1.2)) ¨

ηab(za) = gab(za)ηba(zb(za))g−1
ab (za). (1.13)

‘²¥¤μ¢ É¥²Ó´μ, ¨´É¥£· ² ∫
Γb

a(βγ)

tr
(
ηab(za)Dgabg

−1
ab (za)

)
(1.14)

´¥ § ¢¨¸¨É μÉ μ·¨¥´É Í¨¨ £· Ë .
Œμ¦´μ · ¸¶μ²μ¦¨ÉÓ ¤ ´´Ò¥ (1.12) ´  £· Ë¥ {Γb

a}, ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¶μ-
±·ÒÉ¨Õ {Ua}. �·¨´¨³ Ö É ±¦¥ ¢μ ¢´¨³ ´¨¥ (1.14), μ¶·¥¤¥²¨³ ¸¨³¶²¥±É¨Î¥-
¸±ÊÕ ¸É·Ê±ÉÊ·Ê ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ωC =
∑
edges

∫
Γb

a(βγ)

D tr
(
ηab(za)Dgabg

−1
ab (za)

)
. (1.15)

’ ± ± ± ηab ¨ gab £μ²μ³μ·Ë´Ò ¢ Uab, ¨´É¥£· ² ´¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  ¶ÊÉ¨
Γb

a ¢´ÊÉ·¨ Uab. ‡ ³¥É¨³ §¤¥¸Ó, ÎÉμ Ê¸²μ¢¨¥ ±μÍ¨±²  (1.1) ´¥ ´ ±² ¤Ò¢ ¥É
¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨°, É ± ± ± μ´μ ¸μÌ· ´Ö¥É¸Ö ¶μ¤ ¤¥°¸É¢¨¥³ (1.5).

�μ¸É·μ¥´´ Ö ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ± ²¨-
¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (1.5), ¸μ¶·μ¢μ¦¤ ¥³ÒÌ

ηab → faηabf
−1
a . (1.16)

� ¡μ· ¨´¢ ·¨ ´É´ÒÌ ±μ³³ÊÉ¨·ÊÕÐ¨Ì £ ³¨²ÓÉμ´¨ ´μ¢ ´  T ∗LC
Σ :

IC
j,k =

∑
edges

∫
Γb

a(βγ)

νC
(j,k)(za)tr

(
η

dj

ab(za)
)

(k = 1, . . . , nj), (1.17)

£¤¥ dj Å ¶μ·Ö¤±¨ ¨´¢ ·¨ ´É´ÒÌ ¶μ²¨´μ³μ¢ £·Ê¶¶Ò G ¨ νC
j,k Å (1 − dj , 0)-

¤¨ËË¥·¥´Í¨ ²Ò. ‹μ± ²Ó´μ μ´¨ ¸¢Ö§ ´Ò ¸ (1 − j, 1)-¤¨ËË¥·¥´Í¨ ² ³¨ ¶μ
Ëμ·³Ê²¥ νD

j,k = ∂̄νC
j,k ¨

nj = dimh1(Σ, T ⊗(dj−1)) = (2dj − 1)(g − 1) + (dj − 1)n (j = 1, . . . , r)
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¤²Ö ¶·μ¸ÉÒÌ £·Ê¶¶ ¨

nj =

{
(2j − 1)(g − 1) + (j − 1)n (j = 2, . . . , N)
g (j = 1),

¤²Ö GL(N, C). �¡Ð¥¥ Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ £ ³¨²ÓÉμ´¨ ´μ¢

N∑
j=1

nj = Md
0 +

1
2
r(r + 1)n.

�Éμ Î¨¸²μ ¡μ²ÓÏ¥ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° Md
n (1.10). ®‹¨Ï´¨¥¯

rn ¨´É¥£· ²μ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¨x j = r, ¸É ´ÊÉ ËÊ´±Í¨Ö³¨ Š §¨³¨·  μ·¡¨É
±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö ¶μ¸²¥ ¸¨³¶²¥±É¨Î¥¸±μ° ·¥¤Ê±Í¨¨, ± · ¸¸³μÉ·¥-
´¨Õ ±μÉμ·μ° ¸¥°Î ¸ ¶¥·¥°¤¥³.

‚Ò¶μ²´¨³ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ·¥¤Ê±Í¨Õ ¶μ ¤¥°¸É¢¨Õ £·Ê¶¶Ò (1.5), (1.16).
�Éμ¡· ¦¥´¨¥ ³μ³¥´É :

μGhol
Σ

(ηab, gab) : T ∗LC
Σ → Lie∗(Ghol

Σ ).

‡¤¥¸Ó ±μ ²£¥¡·  ‹¨ Lie∗(Ghol
Σ ) μ¶·¥¤¥²¥´  μÉ´μ¸¨É¥²Ó´μ ¸¶ ·¨¢ ´¨Ö:∑

edges

∫
Γb

a(βγ)

tr (ξaεa), εa ∈ Lie(Ghol
Σ ).

’μ£¤  ²μ± ²Ó´μ ¨³¥¥³

ξa =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
z−1

a ξ̃a + z−2
a ξ

(−2)
a + . . .

)
dza, ξ̃a ∈ Lie∗(Pα), Ua ¸μ¤¥·¦¨É

μÉ³¥Î¥´´ÊÕ ÉμÎ±Ê wα,(
z−1

a ξ
(−1)
a + z−2

a ξ
(−2)
a + . . .

)
dza, ξ

(−1)
a ∈ Lie∗(G),
Ua ´¥ ¸μ¤¥·¦¨É wα .

(1.18)
Š ´μ´¨Î¥¸±¨¥ ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö (1.5), (1.16) ¸¨³¶²¥±É¨Î¥¸±μ°
Ëμ·³Ò (1.15) £¥´¥·¨·ÊÕÉ¸Ö £ ³¨²ÓÉμ´¨ ´μ³

Fεhol =
∑
edges

∫
Γb

a(βγ)

tr
(
ηab(za)εhol

a (za)
)
−

− tr
(
ηab(za)gab(za)εhol

b (zb(za))gab(za)−1
)
=
∑

a

∫
Γa

∑
b

tr
(
ηab(za)εhol

a (za)
)
,

£¤¥ Γa Å μ·¨¥´É¨·μ¢ ´´Ò° ±μ´ÉÊ· ¢μ±·Ê£ Ua.
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‡ Ë¨±¸¨·Ê¥³ ´¥´Ê²¥¢μ° Ê·μ¢¥´Ó ³μ³¥´É  ¸¶¥Í¨ ²Ó´Ò³ μ¡· §μ³ ¢ μ±·¥¸É-
´μ¸É¨ μÉ³¥Î¥´´ÒÌ ÉμÎ¥±. �Ê¸ÉÓ G̃α ⊂ Pα Å ³ ±¸¨³ ²Ó´ Ö ¶μ²Ê¶·μ¸É Ö ¶μ¤-
£·Ê¶¶  ¶ · ¡μ²¨Î¥¸±μ° £·Ê¶¶Ò Pα, μ¶·¥¤¥²¥´´μ° ¢ ÉμÎ±¥ wα. �¶Ê¸É¨³ §¤¥¸Ó
¤²Ö ¶·μ¸ÉμÉÒ ¨´¤¥±¸ α. ‚Ò¡¥·¥³ Ê¶μ·Ö¤μÎ¥´¨¥ ¢ ¶μ¤ ²£¥¡·¥ Š ·É ´  h ∈
Lie (G), ¸μ£² ¸μ¢ ´´μ¥ ¸ ¢²μ¦¥´¨¥³ P ⊂ G. �Ê¸ÉÓ h̃ = h ∩ G̃ Å ¶μ¤ ²£¥¡· 
Š ·É ´  ¢ G̃. � ¸¸³μÉ·¨³ μ·Éμ£μ´ ²Ó´μ¥ · §²μ¦¥´¨¥ h∗:

h∗ = h̃∗ + h′∗.

‡ Ë¨±¸¨·Ê¥³ ´¥±μÉμ·Ò° ¢¥±Éμ· p(0) ∈ h∗ ± ± Ô²¥³¥´É μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ¢
h′∗ ¨

〈p(0), h̃∗〉 = 0, (1.19)

£¤¥ 〈 , 〉 Å ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Š¨²²¨´£  ¢ h∗. ’ ± ± ± h′∗ ⊂Lie∗(P ),
Éμ μGhol

Σ
³μ¦´μ · ¸¸³μÉ·¥ÉÓ ¢ ¢¨¤¥

μGhol
Σ

= μ0 =
n∑

α=1

p(0)
α z−1

α dzα, p(0) ∈ h′∗, (1.20)

£¤¥ zα = z − wα Å ²μ± ²Ó´ Ö ±μμ·¤¨´ É  ¢ Uα. “· ¢´¥´¨¥ ³μ³¥´É  μGhol
Σ

=

μ0 ¸²¥¤Ê¥É ¨§ ¢Ò· ¦¥´¨Ö ¤²Ö Fεhol . ˆ§ μ¶·¥¤¥²¥´¨Ö Lie∗(G0,hol
Σ ) ¸²¥¤Ê¥É,

ÎÉμ ηab Å £· ´¨Î´μ¥ §´ Î¥´¨¥ ´¥±μÉμ·μ° £μ²μ³μ·Ë´μ° ¨²¨ ³¥·μ³μ·Ë´μ°
1-Ëμ·³Ò Ha ´  Ua:

ηab(za) = Ha(za), za ∈ Uab, Ha ∈ Ω(1,0)
hol (Ua, End∗(E)), (1.21)

£¤¥

Ha =

⎧⎪⎨⎪⎩
z−1

a p
(0)
α + H

(0)
a + zaH

(1)
a + . . . , ¥¸²¨ Ua ¸μ¤¥·¦¨É

μÉ³¥Î¥´´ÊÕ ÉμÎ±Ê wα,

H
(0)
a + zaH

(1)
a + . . . , ¥¸²¨ Ua ´¥ ¸μ¤¥·¦¨É wα.

(1.22)

”¨±¸ Í¨Ö ± ²¨¡·μ¢±¨ μ§´ Î ¥É, ÎÉμ ËÊ´±Í¨¨ ¶¥·¥±²¥°±¨ gab Ö¢²ÖÕÉ¸Ö Ô²¥-
³¥´É ³¨ ¶·μ¸É· ´¸É¢  ³μ¤Ê²¥° Md

n(Σ, E). ‘¨³¶²¥±É¨Î¥¸±¨° Ë ±Éμ·

Hd
n = Ghol

Σ \\T ∗LC
Σ = Ghol

Σ \μ−1(μ0) (1.23)

´ §Ò¢ ¥É¸Ö · ¸¸²μ¥´¨¥³ •¨££¸  ¸ ±¢ §¨¶ · ¡μ²¨Î¥¸±¨³¨ ¸É·Ê±ÉÊ· ³¨.
�  ÔÉμ³ Ë ±Éμ·-¶·μ¸É· ´¸É¢¥ ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

ωC =
∑
edges

∫
Γb

a(βγ)

D tr
(
ηab(za)Dgabg

−1
ab (za)

)
+

+ 2πi
n∑

α=1

∑
b

D tr
(
p(0)

α Dg
(0)
αb (g(0)

αb )−1
)

. (1.24)
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�μ¸²¥¤´ÖÖ ¸Ê³³  § ¤ ¥É ¸¨³¶²¥±É¨Î¥¸±¨¥ Ëμ·³Ò Š¨·¨²²μ¢ ÄŠμ¸É ´É  ´  μ·-
¡¨É Ì ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö O(n) = (O1, . . .Oα, . . . ,On), £¤¥

Oα =
{
pα ∈ Lie∗(G) | pα = (g(0)

α )−1p(0)
α g(0)

α

}
. (1.25)

‡ ³¥É¨³, ÎÉμ dim (Oα) = 2fα ¨§ (1.11).
‘É ´¤ ·É´Ò° ¶μ¤Ìμ¤ ± ¸¨¸É¥³ ³ •¨ÉÎ¨´  [2] μ¸´μ¢ ´ ´  μ¶¨¸ ´¨¨ £μ-

²μ³μ·Ë´ÒÌ · ¸¸²μ¥´¨° ¢ É¥·³¨´ Ì μ¶¥· Éμ·  d′′. ” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ¤μ
·¥¤Ê±Í¨¨ ¨³¥¥É ¢¨¤

T ∗LD
Σn

=
{

Φ, d′′ | Φ ∈ Ω(1,0)
C∞ (Σn, End∗ E)

}
, (1.26)

£¤¥ Φ ¶μ μ¶·¥¤¥²¥´¨Õ ´ §Ò¢ ¥É¸Ö ¶μ²¥³ •¨££¸ . ‘¨³¶²¥±É¨Î¥¸± Ö Ëμ·³ 

ωD =
∫
Σn

tr (DΦ ∧ DĀ) (1.27)

¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò

GC∞

Σ =
{
f ∈ Ω0

C∞(Σn, Aut V )
}

,

Φ → f−1Φf , Ā → f−1∂̄f + f−1Āf. (1.28)

Š ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´Ò¥ £ ³¨²ÓÉμ´¨ ´Ò ¨³¥ÕÉ ¶·μ¸Éμ° ¢¨¤ (¸· ¢´¨É¥ ¸
(1.17)):

ID
j,k =

∫
Σn

νD
(j,k)tr (Φdj ) (k = 1, . . . , nj), (1.29)

£¤¥ νD
j,k Ö¢²ÖÕÉ¸Ö (1 − j, 1)-¤¨ËË¥·¥´Í¨ ² ³¨ ´  Σn. ‘¨³¶²¥±É¨Î¥¸± Ö ·¥-

¤Ê±Í¨Ö ¶μ ¤¥°¸É¢¨Õ ÔÉμ° £·Ê¶¶μ° ¶·¨¢μ¤¨É ± μÉμ¡· ¦¥´¨Õ ³μ³¥´É :

μ : T ∗LD
Σn

→ Lie∗(GC∞

Σ ) μ = ∂̄Φ + [Ā, Φ] .

�μ²¥ •¨££¸  Φ ¸¢Ö§ ´μ ¸ η ¶·μ¸ÉÒ³ ¸μμÉ´μÏ¥´¨¥³

ηab = h−1
a Φha|Uab

,

¨ Āa = h−1
a ∂̄aha. ƒμ²μ³μ·Ë´μ¸ÉÓ η Ô±¢¨¢ ²¥´É´  Ê· ¢´¥´¨Õ μ(Φ, Ā) = 0,

¨ Φ ¨³¥¥É É¥ ¦¥ ¶μ²Õ¸ , ÎÉμ ¨ Ha (1.21). „²Ö ¶·μ¸ÉμÉÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ η
É ±¦¥ ¶μ²¥³ •¨££¸ . � ¸¸²μ¥´¨¥ E ¸ 1-Ëμ·³μ° η ¡Ê¤¥³ ´ §Ò¢ ÉÓ · ¸¸²μ¥´¨¥³
•¨££¸ . ‚ ÔÉμ³ ¶μ¤Ìμ¤¥ μ·¡¨ÉÒ pα ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì ¢¢μ¤ÖÉ¸Ö ¶·μ¸ÉÒ³
¤μ¡ ¢²¥´¨¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ëμ·³ Š¨·¨²²μ¢ ÄŠμ¸É ´É  ± Ëμ·³¥ (1.27). ‚
ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ ³μ³¥´Éμ¢ μ = 0 ¶·¨μ¡·¥É ¥É ¶· ¢ÊÕ Î ¸ÉÓ ¢ ¢¨¤¥
¸Ê³³Ò ¤¥²ÓÉ -ËÊ´±Í¨° [4].
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1.3. �·μÍ¥¤Ê·  ³μ¤¨Ë¨± Í¨¨ · ¸¸²μ¥´¨°. P ¸¸³oÉ·¨³ Éμ²Ó±μ
GL(N, C)-· ¸¸²μ¥´¨Ö. �Ê¸ÉÓ E ¨ Ẽ Å ¤¢  · ¸¸²μ¥´¨Ö ´  Σ μ¤¨´ ±μ¢μ£μ
· ´£ . �·¥¤¶μ²μ¦¨³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É μÉμ¡· ¦¥´¨¥ Ξ+ : E → Ẽ (¡μ²¥¥ ÉμÎ´μ
μÉμ¡· ¦¥´¨¥ ¶ÊÎ±μ¢ ¸¥Î¥´¨° Γ(E) → Γ(Ẽ)) É ±¨Ì, ÎÉμ μ´μ Ö¢²Ö¥É¸Ö ¨§μ-
³μ·Ë¨§³μ³ ´  ¤μ¶μ²´¥´¨¨ ± ÉμÎ±¥ w ∈ Σ ¨ ¨³¥¥É ¢ ÔÉμ° ÉμÎ±¥ μ¤´μ³¥·´μ¥
±μÖ¤·μ:

0 → E
Ξ+

→ Ẽ → C|w → 0. (1.30)

’ ±μ¥ μÉμ¡· ¦¥´¨¥ ´ §Ò¢ ¥É¸Ö ¢¥·Ì´¥° ³μ¤¨Ë¨± Í¨¥° H+
w · ¸¸²μ¥´¨Ö E ¢

ÉμÎ±¥ w. �´ ²μ£¨Î´Ò³ μ¡· §μ³, ¥¸²¨ ´  ¤μ¶μ²´¥´¨¨ ± ÉμÎ±¥ w § ¤ ÉÓ μÉμ-
¡· ¦¥´¨¥

E
Ξ−
← Ẽ

É ±μ¥, ÎÉμ Ξ−Ξ+ = Id, Éμ μ´μ ´ §Ò¢ ¥É¸Ö ´¨¦´¥° ³μ¤¨Ë¨± Í¨¥° H−
w

¢ ÉμÎ±¥ w.
� ¸¸³μÉ·¨³ É¥¶¥·Ó ¤¢  ±¢ §¨¶ · ¡μ²¨Î¥¸±¨Ì · ¸¸²μ¥´¨Ö E ¨ Ẽ ¸μ ¸É·Ê±-

ÉÊ·μ° Ë² £μ¢ ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì. ‘É·Ê±ÉÊ·  Ë² £  Eα(s) ¢ ÉμÎ±¥ wα ¤²Ö
· ¸¸²μ¥´¨Ö E ¨³¥¥É Ëμ·³Ê (1.7),   ¤²Ö Ẽ μ¶·¥¤¥²¨³ ¥¥ É ±:

Ẽα(s) = F̃ l1(α) ⊃ · · · ⊃ F̃ lsα(α) ⊃ F̃ lsα+1(α) = 0,

£¤¥ F̃ lk ∼ Flk−1/F lsα ¤²Ö sα + 1 � k � 2. �μ¸É·μ¨³ Ẽ ¢ É¥·³¨´ Ì ¶ÊÎ±μ¢
¸¥Î¥´¨° Γ(E). �Ê¸ÉÓ Ξ+

α Å μÉμ¡· ¦¥´¨¥ ¶ÊÎ±μ¢ ¸¥Î¥´¨° Γ(E) → Γ(Ẽ), Ö¢²Ö-
ÕÐ¥¥¸Ö ¨§μ³μ·Ë¨§³μ³ ´  ¤μ¶μ²´¥´¨¨ ± μÉ³¥Î¥´´μ° ÉμÎ±¥ wα ∈ Σ. �Ê¸ÉÓ
É ±¦¥ σ ∈ Γ(E) ¨ Ξ+

α : σ → σ̃ ∈ Γ(Ẽ). …¸²¨ σ|wα ∈ Flk−1, Éμ σ̃|wα ∈ F̃ lk.
� §μ¢¥³ Ξ+

α ¢¥·Ì´¥° ³μ¤¨Ë¨± Í¨¥° ±¢ §¨¶ · ¡μ²¨Î¥¸±μ£μ · ¸¸²μ¥´¨Ö E.
�¨¦´ÖÖ ³μ¤¨Ë¨± Í¨Ö ±¢ §¨¶ · ¡μ²¨Î¥¸±μ£μ · ¸¸²μ¥´¨Ö ¤¥°¸É¢Ê¥É ¢ ¶·μÉ¨-
¢μ¶μ²μ¦´μ³ ´ ¶· ¢²¥´¨¨. �´  ¸Ìμ¦  ¸ ´¨¦´¥° ³μ¤¨Ë¨± Í¨¥° (1.30), ¨ ³Ò
¢·¥³¥´´μ ¶·¥¤¶μ²μ¦¨³, ÎÉμ Ξ+

α ¨³¥¥É μ¤´μ³¥·´μ¥ ±μÖ¤·μ.
�Ê¸ÉÓ Ë² £ Eα (1.7) ¨³¥¥É μ¤´μ³¥·´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ (dim (Flsα) = 1).

‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¥·Ì´ÖÖ ³μ¤¨Ë¨± Í¨Ö Ξ+
α ¸É·μ¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �Ê¸ÉÓ

(e1, . . . , eN) Å ¡ §¨¸ ²μ± ²Ó´ÒÌ ¸¥Î¥´¨° E, ¸μ¢³¥¸É¨³Ò° ¸μ ¸É·Ê±ÉÊ·μ°
Ë² £ :

Fl1 → (e1, . . . , eN ), . . . , F lsα → (eN ).

ˆ§ μ¶·¥¤¥²¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ Ξ+
α ³μ¦¥É ¡ÒÉÓ ¶·¥μ¡· §μ¢ ´μ ± ± ´μ´¨Î¥¸±μ°

Ëμ·³¥

Ξ+
α =

(
0 IdN−1

zα 0

)
. (1.31)

�  ¸ ³μ³ ¤¥²¥, ¶ÊÎμ± ¸¥Î¥´¨° Γ(Ẽ) ¸μ¢¶ ¤ ¥É ¸ ¶ÊÎ±μ³ ¸¥Î¥´¨° Γ(E)
¸ ¶μ²Õ¸μ³ ¶¥·¢μ£μ ¶μ·Ö¤±  ¢ ÉμÎ±¥ wα, ¨ μ¸μ¡Ò¥ ¸¥Î¥´¨Ö ²¥¦ É ¢ Ö¤·¥ Ξ+

(¸³. [21]).
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�´ ²μ£¨Î´Ò³ μ¡· §μ³ ´¨¦´ÖÖ ³μ¤¨Ë¨± Í¨Ö ¶·¨¢μ¤¨É¸Ö ± ¢¨¤Ê

Ξ+
α =

(
0 z−1

α

IdN−1 0

)
. (1.32)

�¶·¥¤¥²¨³ μÉμ¡· ¦¥´¨¥ ³¥¦¤Ê · ¸¸²μ¥´¨Ö³¨ •¨££¸  f : (E, η) → (Ẽ, η̃)
± ± μÉμ¡· ¦¥´¨¥ · ¸¸²μ¥´¨° f : E → Ẽ É ±μ¥, ÎÉμ

fη = η̃f. (1.33)

� ¸¸³μÉ·¨³ ¤¢  · ¸¸²μ¥´¨Ö •¨££¸  (E, η) ¨ (Ẽ, η̃), £¤¥ E Å ±¢ §¨¶ · ¡μ-
²¨Î¥¸±μ¥ · ¸¸²μ¥´¨¥,   ¥£μ μÉμ¡· ¦¥´¨¥ ¢ Ẽ Å ¢¥·Ì´ÖÖ ³μ¤¨Ë¨± Í¨Ö Ξ+

α

· ¸¸²μ¥´¨Ö E ¢ ÉμÎ±¥ wa ∈ Σ. � §μ¢¥³ (Ẽ, η̃) ¢¥·Ì´¥° ³μ¤¨Ë¨± Í¨¥° · ¸-
¸²μ¥´¨Ö (E, η), ¥¸²¨ Ξ+

α η = η̃Ξ+
α .

�Ê¸ÉÓ wα Å μÉ³¥Î¥´´ Ö ÉμÎ± . �μ²¥ •¨££¸  η ¨³¥¥É ¶μ²Õ¸ ¶¥·¢μ£μ

¶μ·Ö¤±  ¢ wα (1.22), ¨ ¢ÒÎ¥É p
(0)
α μ¶·¥¤¥²Ö¥É μ·¡¨ÉÊ Oα.

‹¥³³  1.1. Š ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö Ξ±
α

• ´¥ ³¥´ÖÕÉ ¶μ·Ö¤μ± μ¸μ¡¥´´μ¸É¨ ¶μ²Ö •¨££¸  ¢ wα;
• ¸¨³¶²¥±É¨Î¥¸±¨¥;
• ¸μÌ· ´ÖÕÉ £ ³¨²ÓÉμ´¨ ´Ò (1.17).
�
‚Ò¡μ· p

(0)
α (1.19) ¸μ¢³¥¸É¨³ ¸ ± ´μ´¨Î¥¸±¨³¨ Ëμ·³ ³¨ (1.31), (1.32) ¤²Ö

Ξ±
α ¨ ¨Ì ¤¥°¸É¢¨¥ ´¥ ³¥´Ö¥É ¶μ·Ö¤μ± ¶μ²Õ¸μ¢. „¥°¸É¢¨¥ ´  Ëμ·³¥ (1.34)

¸¨³¶²¥±É¨Î´μ, É ± ± ± Ξ±
α § ¢¨¸¨É Éμ²Ó±μ μÉ p

(0)
α . ˆ´¢ ·¨ ´É´μ¸ÉÓ £ ³¨²ÓÉμ-

´¨ ´μ¢ ¸²¥¤Ê¥É ¨§ (1.33).
�
‚ Î ¸É´μ¸É¨, ¨§ ²¥³³Ò 1.1 ¸²¥¤Ê¥É, ÎÉμ Ξ±

α ¸μÌ· ´Ö¥É ¢¸¥ £ ³¨²ÓÉμ´¨ ´Ò
(1.17) ¨ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëμ·³Ê (1.24).

1.4. Œμ¤¨Ë¨± Í¨¨ ¨ ¶·¥μ¡· §μ¢ ´¨Ö �Ô±²Ê´¤ . � ¸¸³μÉ·¨³ · ¸¸²μ¥´¨Ö
•¨££¸  ¸ ±¢ §¨¶ · ¡μ²¨Î¥¸±¨³¨ ¸É·Ê±ÉÊ· ³¨ ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì. Š ²¨-
¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö Ξ±

α § ¢¨¸ÖÉ Éμ²Ó±μ μÉ μÉ³¥Î¥´´μ° ÉμÎ±¨ wα. �´¨
§ ¤ ÕÉ μÉμ¡· ¦¥´¨Ö ³¥¦¤Ê ¸¨¸É¥³ ³¨ •¨ÉÎ¨´ 

S+
α ∼ ξα : T ∗M(d)(Σn, G) → T ∗M(d+1)(Σn, G), (1.34)

S−
α ∼ ξβ : T ∗M(d)(Σn, G) → T ∗M(d−1)(Σn, G). (1.35)

� ¸¸³μÉ·¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò¶μ²´¥´´Ò¥ ¢¥·Ì´ÕÕ ¨ ´¨¦´ÕÕ ³μ¤¨Ë¨± Í¨¨

ξα1
α2

= ξα1 · ξα2 . (1.36)

’ ± ± ± deg (E) ´¥ ¨§³¥´Ö¥É¸Ö, Éμ ¤ ´´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ T ∗Md
n(Σ, E) ¸¨³-

¶²¥±É¨Î¥¸±μ¥, É. ¥. ξα1
α2

¶¥·¥¢μ¤¨É ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¨¥· ·Ì¨¨ •¨É-
Î¨´  ¢ ¸¥¡Ö.
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‹¥³³  1.2. �Éμ¡· ¦¥´¨¥ (1.36) Ö¢²Ö¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥³ �Ô±²Ê´¤ ,
¶ · ³¥É·¨§μ¢ ´´Ò³ ¶ ·μ° μÉ³¥Î¥´´ÒÌ ÉμÎ¥± (wα1 , wα2).

Œμ¦´μ μ¡μ¡Ð¨ÉÓ (1.36) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ξ
αj1 ;...;αjs
αi1 ;...;αis

= ξαj1 · ξαi1
. . .

’ ± ± ± ¶·¥μ¡· §μ¢ ´¨¥ 	Ô±²Ê´¤  Ö¢²Ö¥É¸Ö ± ´μ´¨Î¥¸±¨³, Éμ ³μ¦´μ · ¸¸³μ-
É·¥ÉÓ ¤¨¸±·¥É´ÊÕ £ ³¨²ÓÉμ´μ¢Ê ¸¨¸É¥³Ê ´  ¶·μ¸É· ´¸É¢¥ T ∗Md

n(Σ, E). ’ ±¨¥
¶·¥μ¡· §μ¢ ´¨Ö ¶μ¶ ·´μ ±μ³³ÊÉ¨·ÊÕÉ ¨ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ ¤¥°¸É¢¨¥Ä
Ê£μ² £¥´¥·¨·ÊÕÉ ·¥Ï¥É±Ê ´  Éμ·¥ ‹¨Ê¢¨²²Ö [22,28].

‡ ³¥É¨³ É ±¦¥, ÎÉμ ±μ£¤  Σn Å Ô²²¨¶É¨Î¥¸± Ö ±·¨¢ Ö, ¸¨¸É¥³Ò •¨ÉÎ¨´ ,
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ d = kN ¨ d = 0 (d = deg (V )), Ô±¢¨¢ ²¥´É´Ò. ’ ± ÎÉμ ¢
ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¶·¥μ¡· §μ¢ ´¨Ö 	Ô±²Ê´¤ , ¶·¨³¥´ÖÖ ¢¥·Ì´ÕÕ
³μ¤¨Ë¨± Í¨Õ N · §.

2. ��ˆ‹�†…�ˆŸ ƒ…�Œ…’�ˆ—…‘Šˆ• Œ…’�„�‚

2.1. �·¨³¥·Ò ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. �·¨¢¥¤¥³ μ¸´μ¢´Ò¥ ¶·¨³¥·Ò ¨´-
É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ μ¶¨¸ ´Ò ± ± ¸¨¸É¥³Ò •¨ÉÎ¨´  ´ 
Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°. ˆ§ (1.9) ¸²¥¤Ê¥É, ÎÉμ ±μ³¶μ´¥´ÉÒ ¶·μ¸É· ´¸É¢  ³μ¤Ê-
²¥° Md

n, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §´Ò³ ¸É¥¶¥´Ö³ deg E, ¨³¥ÕÉ · §´Ò¥ · §³¥·´μ-
¸É¨. � ¶·¨³¥·,

deg E = 0 → dimMd
0 = N

¨
deg E = 1 → dimMd

0 = 1.

�É  · §³¥·´μ¸ÉÓ ¸¢Ö§ ´  ¸μ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò Î ¸É¨Í. 	μ²¥¥ ÉμÎ´μ, ¶·μ-
¸É· ´¸É¢μ Md

n Ö¢²Ö¥É¸Ö ±μ´Ë¨£Ê· Í¨μ´´Ò³ ¤²Ö ¸¨¸É¥³Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
Î ¸É¨Í. �¤´ ±μ ±·μ³¥ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò, ¸¢Ö§ ´´ÒÌ ¸ Î ¸É¨Í ³¨, ¸ÊÐ¥¸É¢ÊÕÉ
É ±¦¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¸¢Ö§ ´´Ò¥ ¸ ¤¨´ ³¨±μ° μ·¡¨É ±μ¶·¨¸μ¥¤¨´¥´´μ£μ
¤¥°¸É¢¨Ö (1.25) ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì. B ¸²ÊÎ ¥ deg E = 0 ·¥¤ÊÍ¨·μ¢ ´´ Ö
¸¨¸É¥³  ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ¤¨´ ³¨±Ê μ¡o¨Ì É¨¶μ¢. ‚ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¶μÉ¥´-
Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ´ ¶μ³¨´ ¥É £ ³¨²ÓÉμ´¨ ´ ¸¶¨´μ¢ÒÌ Í¥¶μÎ¥±, ¶μÔÉμ³Ê
É ±¨¥ ¸¨¸É¥³Ò ´ §Ò¢ ÕÉ ¸¶¨´μ¢Ò³¨ μ¡μ¡Ð¥´¨Ö³¨. „²Ö μ¤´μ° μÉ³¥Î¥´´μ°
ÉμÎ±¨ É ± Ö ¸¨¸É¥³  ´ §Ò¢ ¥É¸Ö ¸¶¨´μ¢Ò³ μ¡μ¡Ð¥´¨¥³ ³μ¤¥²¨ Š ²μ¤¦¥·μ,  
¤²Ö ³´μ£¨Ì Å Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³μ° ƒμ¤¥´ .

‚ ¸²ÊÎ ¥ deg E = 1 Î ¸É¨Í ´¥É. Š ± ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥, Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö ³¥Ì ´¨Î¥¸±μ° ¸¨¸É¥³Ò ¨³¥ÕÉ É ±ÊÕ ¦¥ Ëμ·³Ê, ± ± ¨ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ ¢· Ð¥´¨¥ É¢¥·¤μ£μ É¥² . ‘¥³¥°¸É¢μ É ±¨Ì ¸¨¸É¥³
´ §Ò¢ ÕÉ ¸¨¸É¥³ ³¨ ƒμ¤¥´ ,   ¢ ¸²ÊÎ ¥ μ¤´μ° μÉ³¥Î¥´´μ° ÉμÎ±¨ Å Ô²²¨¶É¨-
Î¥¸±¨³ ¢μ²Î±μ³.
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�²²¨¶É¨Î¥¸± Ö ³μ¤¥²Ó Š ²μ¤¦¥·μÄŒμ§¥· . �²²¨¶É¨Î¥¸± Ö ³μ¤¥²Ó ŠŒ
¢¶¥·¢Ò¥ ¡Ò²  μ¶¨¸ ´  ¢ ±¢ ´Éμ¢μ³ ¸²ÊÎ ¥ [5]. ” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¸É· ´¸É¢μ ¨³¶Ê²Ó¸μ¢ ¨ ±μμ·¤¨´ É Î ¸É¨Í ¢ ¸¨¸É¥³¥ Í¥´É· 
³ ¸¸:

R =

⎛⎝v = (v1, . . . , vN ), u = (u1, . . . , uN),
∑

j

vj = 0,
∑

j

uj = 0

⎞⎠ (2.1)

¸ ± ´μ´¨Î¥¸±μ° ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³μ°

ω = (Dv ∧ Du). (2.2)

Š¢ ¤· É¨Î´Ò° ¶μ ¨³¶Ê²Ó¸ ³ v £ ³¨²ÓÉμ´¨ ´, § ¤ ÕÐ¨° Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö,
¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

H2 =
1
2

N∑
j=1

v2
j + ν2

∑
j>k

℘(uj − uk; τ). (2.3)

Š ± ¡Ò²μ ¶μ± § ´μ ¢ [3, 23], Ô²²¨¶É¨Î¥¸± Ö ŠŒ-¸¨¸É¥³  ³μ¦¥É ¡ÒÉÓ
μ¶¨¸ ´  ± ± ¸¨¸É¥³  •¨ÉÎ¨´ . ‹ ±¸μ¢  ³ É·¨Í  L ¶μÖ¢²Ö¥É¸Ö ± ± ·¥¤ÊÍ¨·μ-
¢ ´´μ¥ ¶μ²¥ η ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°

Eτ = C/L , L = Z + τZ

¸ μ¤´μ° μÉ³¥Î¥´´μ° ÉμÎ±μ° z = 0, ¢ ±μÉμ·μ° Ê LŠŒ ¥¸ÉÓ ¶μ²Õ¸ ¶¥·¢μ£μ
¶μ·Ö¤± . ” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ŠŒ RŠŒ μ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¨:

(±¢ §¨¶ · ¡μ²¨Î¥¸±μ¥ SL(N)-· ¸¸²μ¥´¨¥ V ´ ¤ Eτ ,
¶μ²¥ •¨££¸  LŠŒ ´  ´¥³ (2.9)).

� ¸¸²μ¥´¨¥ § ¤ ¥É¸Ö ËÊ´±Í¨Ö³¨ ¶¥·¥Ìμ¤  (³Ê²ÓÉ¨¶²¨± Éμ· ³¨)

IdN : z → z + 1, (2.4)

e(u) = diag(e(u1), . . . , e(uN )) : z → z + τ,

£¤¥ e(x) = exp (2π
√
−1x). O¶¥· Éμ· ‹ ±¸a LŠŒ(z) Ö¢²Ö¥É¸Ö ±¢ §¨¶¥·¨μ¤¨Î¥-

¸±μ° ³ É·¨Î´μ§´ Î´μ° N ×N 1-Ëμ·³μ° ´  ·¥Ï¥É±¥ L = Z + τZ ¨ ¨³¥¥É ¢¨¤

LŠŒ(z + 1) = LŠŒ(z), LŠŒ(z + τ) = e(−u)LŠŒ(z)e(u) (2.5)

¸ ¶μ²Õ¸μ³ ¶¥·¢μ£μ ¶μ·Ö¤±  ¢ z = 0 ¨ ¢ÒÎ¥Éμ³

p(0) = Resz=0(L(z)) = LŠŒ
−1 = ν

⎛⎜⎜⎜⎝
0 1 · · · 1
1 0 · · · 1
...

...
. . .

...
1 1 · · · 0

⎞⎟⎟⎟⎠ . (2.6)
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�ÉμÉ ¢ÒÎ¥É Ö¢²Ö¥É¸Ö μ·¡¨Éμ° ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö Omin (1.25) ´ ¨-
³¥´ÓÏ¥° · §³¥·´μ¸É¨ (dim (Omin) = 2N − 2). ŒÊ²ÓÉ¨¶²¨± Éμ·Ò (2.4) μ¤´μ-
¢·¥³¥´´μ ±μ³³ÊÉ¨·ÊÕÉ ¸ ¤¨ £μ´ ²Ó´Ò³¨ ³ É·¨Í ³¨, É. ¥. ¸ ¶μ¤£·Ê¶¶μ° Š ·-
É ´  T ¨§ SL(N). �μ ÔÉμ° μ¸É ÉμÎ´μ° ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¨ ¸²¥¤Ê¥É ¶·μ-
Ë ±Éμ·¨§μ¢ ÉÓ. ’ ± ± ± ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¤¥°¸É¢ÊÕÉ ´  ¶μ²¥
•¨££¸ ,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ´  ³ É·¨ÍÊ ‹ ±¸  ¸μ¶·Ö¦¥´¨Ö³¨, Éμ ¸É¥¶¥´¨ ¸¢μ-
¡μ¤Ò, ¸¢Ö§ ´´Ò¥ ¸ μ·¡¨Éμ° Omin, ¨¸Î¥§ ÕÉ. „¥°¸É¢¨É¥²Ó´μ,
dim {Omin//T } = 0.

‚¥±Éμ·-¸Éμ²¡¥Í e1 = (1, 1, . . . , 1) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³:

LŠŒ
−1 e1 = (N − 1)νe1. (2.7)

Š·μ³¥ Éμ£μ, ¨³¥¥É¸Ö (N − 1)-³¥·´μ¥ ¸μ¡¸É¢¥´´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ TN−1,
¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ −ν:

LŠŒ
−1 ea = −νea, ea = (a1, . . . , aN )

(∑
n

an = 0

)
. (2.8)

Š¢ §¨¶¥·¨μ¤¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (2.5) ¶μ§¢μ²ÖÕÉ ¶·¥¤¸É ¢¨ÉÓ Ö¢-
´Ò° ¢¨¤ LŠŒ:

LŠŒ
ij = viδij + ν(1 − δij)φ(z, uj − uk) , (2.9)

£¤¥ φ μ¶·¥¤¥²¥´μ ¢ ¶·¨²μ¦¥´¨¨ (A.5).
M É·¨Í  MŠŒ, μÉ¢¥Î ÕÐ Ö ±¢ ¤· É¨Î´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê (2.3),

¨³¥¥É ¢¨¤

MŠŒ = −δij

∑
k �=j

℘(uj − uk) + ν(1 − δij)
∂φ(z, u)

∂u

∣∣∣∣
u=ui−uj

. (2.10)

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¶¨¸ ÉÓ φ′(z, uj − uk), ¨³¥Ö ¢ ¢¨¤Ê ¶·μ¨§¢μ¤´ÊÕ ¶μ ¢Éμ-
·μ³Ê  ·£Ê³¥´ÉÊ.

�²²¨¶É¨Î¥¸± Ö ³μ¤¥²Ó ƒμ¤¥´ . �²²¨¶É¨Î¥¸± Ö ¸¨¸É¥³  ƒμ¤¥´  ¡Ò² 
¶·¥¤²μ¦¥´  ¢ [4] ± ± ¶·¨³¥· ¸¨¸É¥³Ò •¨ÉÎ¨´  ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° ¸
μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨. �´  μ¡μ¡Ð ¥É μ¶¨¸ ´´ÊÕ ¢ÒÏ¥ ¸¨¸É¥³Ê Š ²μ¤¦¥·μ
´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ£μ Î¨¸²  μÉ³¥Î¥´´ÒÌ ÉμÎ¥±. M É·¨Í  ‹ ±¸  ¨³¥¥É ¢¨¤

LG
ij = δij

(
vi +

∑
a

piiE1(z − za)

)
+(1−δij)

∑
a

pa
ijφ(z−za, uj−uk) , (2.11)

£¤¥ za Å ±μμ·¤¨´ ÉÒ μÉ³¥Î¥´´ÒÌ ÉμÎ¥±,   pa Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ¢ÒÎ¥ÉÒ.
Š ± ¢¨¤´μ, ¤¨ £μ´ ²Ó´ Ö Î ¸ÉÓ ÔÉμ° ³ É·¨ÍÒ ¡Ê¤¥É Ô²²¨¶É¨Î¥¸±μ° ËÊ´±Í¨¥°
(ÎÉμ ´¥μ¡Ìμ¤¨³μ, É ± ± ± LG Å ¸¥Î¥´¨¥ · ¸¸²μ¥´¨Ö ¸ ËÊ´±Í¨Ö³¨ ¶¥·¥±²¥°±¨
¨§ (2.4)) Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨∑

a

pa
ii = 0, ∀i. (2.12)
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�É¨ N − 1 Ê¸²μ¢¨Ö Ö¢²ÖÕÉ¸Ö ´  ¸ ³μ³ ¤¥²¥ Ê· ¢´¥´¨Ö³¨ ³μ³¥´Éμ¢ ¶μ ¤¥°-
¸É¢¨Õ ¤¨ £μ´ ²Ó´μ° ¶μ¤£·Ê¶¶Ò T ∈ GL(N, C), ± ± ¨ ¢ ¸²ÊÎ ¥ ¸¨¸É¥³Ò Š -
²μ¤¦¥·μ. ‘¨³¶²¥±É¨Î¥¸± Ö ·¥¤Ê±Í¨Ö ¶μ¤· §Ê³¥¢ ¥É É ±¦¥ ¨ ´¥±μÉμ·ÊÕ Ë¨±-
¸ Í¨Õ ± ²¨¡·μ¢±¨. ‚ ¸²ÊÎ ¥ ¸¨¸É¥³Ò Š ²μ¤¦¥·μ ÔÉ  Ë¨±¸ Í¨Ö ¶μ²´μ¸ÉÓÕ
§ ³μ·μ§¨²  ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¸¢Ö§ ´´Ò¥ ¸ μ·¡¨Éμ° ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°-
¸É¢¨Ö. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ´¨± ±μ° ¢Ò¤¥²¥´´μ° Ë¨±¸ Í¨¨ ´¥É. �μÔÉμ³Ê ³ É·¨ÍÊ
‹ ±¸  ¸¨¸É¥³Ò ƒμ¤¥´  μ¡ÒÎ´μ ¶¨ÏÊÉ ¢ ¢¨¤¥ (2.11), ¨³¥Ö ¢ ¢¨¤Ê, ÎÉμ Ê± § ´´ Ö
·¥¤Ê±Í¨Ö ¥Ð¥ ´¥ ¶·μ¢¥¤¥´ .

�²²¨¶É¨Î¥¸±¨° SL(N, C)-¢μ²Îμ±. �²²¨¶É¨Î¥¸±¨° SL(N, C)-¢μ²Îμ±
Ö¢²Ö¥É¸Ö ¶·¨³¥·μ³ ¢μ²Î±  �°²¥· Ä�·´μ²Ó¤  [24], Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ±μ-
Éμ·μ£μ § ¤ ´μ μ·¡¨Éμ° ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö £·Ê¶¶Ò SL(N, C):

Rrot =
{
S ∈ SL(N, C), S = g−1S(0)g

}
, (2.13)

£¤¥ g μ¶·¥¤¥²¥´μ ¶μ ³μ¤Ê²Õ ²¥¢ÒÌ ¸¤¢¨£μ¢ G0, ±μ³³ÊÉ¨·ÊÕÐ¨Ì ¸ S(0).
ˆ´Ò³¨ ¸²μ¢ ³¨, ¢ É¥·³¨´ Ì £·Ê¶¶Ò G μ·¡¨É  ¥¸ÉÓ Ë ±Éμ·-¶·μ¸É· ´¸É¢μ
G0\G ¶μ ¸É ¡¨²¨§ Éμ·Ê, ±μÉμ·Ò° ¢ ¸²ÊÎ ¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¶μ¤-
£·Ê¶¶μ° Š ·É ´  T ∈ G.

�  Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¢μ²Î±  Rrot ¸ÊÐ¥¸É¢Ê¥É ´¥¢Ò·μ¦¤¥´´ Ö ¸¨³-
¶²¥±É¨Î¥¸± Ö Ëμ·³  Š¨·¨²²μ¢ ÄŠμ¸É ´É :

ωrot = tr
(
S(0)Dgg−1Dgg−1

)
. (2.14)

„¨´ ³¨±  § ¤ ¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³

Hrot = −1
2
tr (SJ(S)), (2.15)

£¤¥ J Å ²¨´¥°´Ò° μ¶¥· Éμ· ´   ²£¥¡·¥ ‹¨ (SL(N, C)). �¡· É´Ò° ± ´¥³Ê
μ¡ÒÎ´μ ´ §Ò¢ ÕÉ É¥´§μ·μ³ ¨´¥·Í¨¨. “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¨³¥ÕÉ ¢¨¤

∂tS = [J(S),S]. (2.16)

ŒÒ · ¸¸³μÉ·¨³ ¸¶¥Í¨ ²Ó´Ò° J = ℘̂. �·¨ ÔÉμ³ μ¶¨¸ ´´ Ö ¢ÒÏ¥ ¸¨¸É¥³ 
μ± ¦¥É¸Ö ¨´É¥£·¨·Ê¥³μ°. � ¨³¥´´μ

℘̂S =
∑
mn

℘̂mnsmnEmn,

S =
∑
mn

smnEmn,

£¤¥ {Emn} Å ´¥±μÉμ·Ò° ¸¶¥Í¨ ²Ó´Ò° ¡ §¨¸ ¢ SL(N, C), μ¡· §ÊÕÐ¨° ¸¨´Ê¸-
 ²£¥¡·Ê (B.4); smn Å ±μ³¶μ´¥´ÉÒ · §²μ¦¥´¨Ö S ¢ ÔÉμ³ ¡ §¨¸¥,   ℘̂mn Å
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±μ³¶μ´¥´ÉÒ ²¨´¥°´μ£μ μ¶¥· Éμ·  ℘ ¢ ¡ §¨¸¥ {Emn}:

℘̂ = {℘̂mn} =
{

℘

[
m
n

]}
(m, n = 1, . . . , N) , (2.17)

℘

[
m
n

]
= ℘

(
m + nτ

N
; τ
)

.

‚Ò¶¨Ï¥³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢ ¡ §¨¸¥ {Emn}:

∂tSmn =
N

π

∑
k,l

Sk,lSm−k,n−l℘

[
k
l

]
sin

π

N
(kn − ml). (2.18)

�²²¨¶É¨Î¥¸±¨° ¢μ²Îμ±, μ¶¨¸ ´´Ò° ¢ÒÏ¥, Ö¢²Ö¥É¸Ö ¶·¨³¥·μ³ ¸¨¸É¥³Ò
•¨ÉÎ¨´  [23]. �μÖ¸´¨³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥.

‹¥³³  2.1. �²²¨¶É¨Î¥¸±¨° SL(N, C)-¢μ²Îμ± Ö¢²Ö¥É¸Ö ¸¨¸É¥³μ° •¨É-
Î¨´ , μÉ¢¥Î ÕÐ¥° GL(N, C)-· ¸¸²μ¥´¨Õ •¨££¸  (degE = 1) ¸ ±¢ §¨¶ · -
¡μ²¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ´ ¤ Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° Eτ ¸ μ¤´μ° μÉ³¥Î¥´´μ°
ÉμÎ±μ° z = 0.

�
�¥¸²μ¦´μ ¤μ± § ÉÓ, ÎÉμ (2.18) Ô±¢¨¢ ²¥´É´Ò Ê· ¢´¥´¨Ö³ ‹ ±¸ . ‚ ¡ §¨¸¥

{Emn} ¶ ·  ‹ ±¸  ¨³¥¥É ¢¨¤

Lrot=
∑
m,n

Smnϕ

[
m
n

]
(z)Emn, ϕ

[
m
n

]
(z)=e

(
−nz

N

)
φ

(
−m + nτ

N
; z
)

,

(2.19)

M rot=
∑
m,n

Smnf

[
m
n

]
(z)Emn, f

[
m
n

]
(z)=e

(
−nz

N

)
∂uφ(u; z)|u=−m+nτ

N
.

(2.20)
’μ£¤  Ê· ¢´¥´¨¥ ‹ ±¸ 

∂tSmnϕ

[
m
n

]
(z) =

=
√
−1
∑
k,l

Sm−k,n−lSklϕ

[
m − k
n − l

]
(z)f

[
k
l

]
(z) sin

π

N
(nk − ml).

ˆ¸¶μ²Ó§ÊÖ ËÊ´±Í¨μ´ ²Ó´μ¥ Ê· ¢´¥´¨¥ Š ²μ¤¦¥·μ (A.34), ´¥¸²μ¦´μ ¶μ± § ÉÓ,
ÎÉμ ÔÉ¨ Ê· ¢´¥´¨Ö μ± §Ò¢ ÕÉ¸Ö Ô±¢¨¢ ²¥´É´Ò³¨ (2.18) Éμ¦¤¥¸É¢¥´´μ ¶μ z.
„ ²¥¥, ¢ÒÎ¨¸²¨³ £ ³¨²ÓÉμ´¨ ´

1
N

tr (Lrot)2 = −2Hrot + trS2℘(z) ,

£¤¥ Hrot Å £ ³¨²ÓÉμ´¨ ´ (2.15) ¤²Ö J = ℘̂.
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O¶¥· Éμ· ‹ ±¸a (2.19) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ´  ¶μ²¥ •¨££¸ 

∂̄Lrot = 0, Res Lrot|z=0 = 2π
√
−1S

¨ μ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ±¢ §¨¶¥·¨μ¤¨Î¥¸±¨³¨ ¸¢μ°¸É¢ ³¨:

Lrot(z + 1) = Q(τ)Lrot(z)Q−1(τ), (2.21)

Lrot(z + τ) = Λ̃(z, τ)Lrot(z)(Λ̃(z, τ))−1, (2.22)

£¤¥ Λ̃(z, τ) = −e

⎛⎜⎝−z − 1
2
τ

N

⎞⎟⎠Λ,   ³ É·¨ÍÒ Q ¨ Λ μ¶·¥¤¥²¥´Ò ¢ (B.2), (B.3).

”Ê´±Í¨¨ ¶¥·¥Ìμ¤ 

Q(τ) : z → z + 1, (2.23)

Λ̃(z, τ) : z → z + τ (2.24)

§ ¤ ÕÉ GL(N, C)-· ¸¸²μ¥´¨¥ ´ ¤ Eτ ¸É¥¶¥´¨ deg V = 1. „²Ö ´¥£μ
dim (M1

0) = 1 (1.9), ¨ ¶μ¸²¥ ¸¨³¶²¥±É¨Î¥¸±μ° ·¥¤Ê±Í¨¨ ¶μ²ÊÎ ¥³ μ·¡¨ÉÊ ±μ-
¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö G0 \SL(N, C) (2.13). ”μ·³  Š¨·¨²²μ¢ ÄŠμ¸É ´É 
(2.14) ¢μ§´¨± ¥É ¨§ ¶μ¸²¥¤´¥£μ Î²¥´  ¢ (1.24) ¢ ÉμÎ±¥ z = 0. ’ ±¨³ μ¡· §μ³,
Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ SL(N)-¢μ²Î±  μ¶·¥¤¥²Ö¥É¸Ö ¶μ ¶μ²Õ •¨££¸  Lrot ´ 
· ¸¸²μ¥´¨¨ ¸ ³Ê²ÓÉ¨¶²¨± Éμ· ³¨ Q, Λ̃ ¸ ¶μ²Õ¸μ³ ¶¥·¢μ£μ ¶μ·Ö¤±  ¢ μÉ³¥-
Î¥´´μ° ÉμÎ±¥.

�
2.2. ‘¢Ö§Ó ³¥¦¤Ê ¸¨¸É¥³ ³¨ Š ²μ¤¦¥·μÄŒμ§¥·  ¨ Ô²²¨¶É¨Î¥¸±¨³ ¢μ²Î-

±μ³ 	°²¥· Ä�·´μ²Ó¤ . ‡¤¥¸Ó ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ Ê± § ´´Ò¥ ¢ ´ §¢ ´¨¨ ¨´É¥-
£·¨·Ê¥³Ò¥ ³μ¤¥²¨ ¸¢Ö§ ´Ò ¸¨´£Ê²Ö·´Ò³ ¸¨³¶²¥±É¨Î¥¸±¨³ ¶·¥μ¡· §μ¢ ´¨¥³

Ltop(z) = Ξ(z)LŠŒ(z)Ξ−1(z). (2.25)

–¥´´μ¸ÉÓ ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö ¸μ¸Éμ¨É ¢ Ê¶·μÐ¥´¨¨ ±² ¸¸¨Ë¨± Í¨¨ ¨´É¥-
£·¨·Ê¥³ÒÌ ¸¨¸É¥³. �  Ö§Ò±¥ ¸¨¸É¥³ •¨ÉÎ¨´  É ±¨¥ ¶·¥μ¡· §μ¢ ´¨Ö ¨§³¥´ÖÕÉ
¸É¥¶¥´Ó · ¸¸²μ¥´¨Ö,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥°.

� ¶μ³´¨³, ÎÉμ ³ É·¨ÍÒ ‹ ±¸  § ¤ ÕÉ¸Ö ¸¢μ¨³¨ ¢ÒÎ¥É ³¨

1
2π

√
−1

Res LŠŒ = ν

⎛⎜⎜⎝
0 1 1 . . . 1
1 0 1 . . . 1
. . . . . . . . . . . .
1 1 . . . 1 0

⎞⎟⎟⎠ ,

1
2π

√
−1

Res Ltop = S =
∑
m,n

EmnSmn,

(2.26)
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£¤¥ Λij = δ(modN (i + 1), j), Qij = δije
(

i

N

)
, Emn = e

(mn

2N

)
QmΛn, ¨

£· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

LŠŒ(z + 1) = LŠŒ(z), Ltop(z + 1) = QLtop(z)Q−1,

LŠŒ(z + τ) = e(−u)LŠŒ(z) e(u), Ltop(z + τ) = ΛLtop(z)Λ−1.
(2.27)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¶·¨´ÖÉÒ μ¡μ§´ Î¥´¨Ö
∑
m,n

=
p−1∑

m,n=0, m2+n2 �=0

. �μ¸³μÉ·¨³, ± ±¨³

£· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ Ξ(z) ¤²Ö ¢Ò¶μ²´¥´¨Ö (2.25):

Ltop(z + 1) = Ξ(z + 1)LŠŒ(z + 1)Ξ−1(z + 1)=Ξ(z + 1)LŠŒ(z)Ξ−1(z + 1),

Ltop(z + 1) = QLtop(z)Q−1 = QΞ(z)LŠŒ(z)Ξ−1(z)Q−1.

�É¸Õ¤  (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¸± ²Ö·´μ£μ ³´μ¦¨É¥²Ö) ¨³¥¥³{
Ξ(z + 1) = QΞ(z),

Ξ(z + τ) = ΛΞ(z) e(u).
(2.28)

Œ É·¨ÍÊ ¸ É ±¨³¨ ¸¢μ°¸É¢ ³¨ Ê¤ ¥É¸Ö ¶μ¸É·μ¨ÉÓ ¢ É¥·³¨´ Ì ÉÔÉ -ËÊ´±Í¨¨ ¸
Ì · ±É¥·¨¸É¨± ³¨ (¸³. ¶·¨²μ¦¥´¨¥ A). „²Ö ´ Î ²  · ¸¸³μÉ·¨³ Ξ̃(z):

Ξ̃ij(z, u1, . . . , uN , τ) = θ

⎡⎢⎣
i

N
− 1

2
N

2

⎤⎥⎦ (z − Nuj, Nτ). (2.29)

…¥ É· ´¸Ëμ·³ Í¨μ´´Ò¥ ¸¢μ°¸É¢  É ±μ¢Ò:

Ξ̃(z + 1, τ) = −Q × Ξ̃(z, τ), Q = diag (e(i/N)) , (2.30)

Ξ̃(z + τ, τ) = Λ̃(z, τ) × Ξ̃(z, τ) × diag (e(uj)), (2.31)

Λ̃(z, τ) = −e
(
− τ

2N
− z

N

)
Λ,

Ξ̃(uj + 1; τ) = Ξ̃(uj ; τ) × diag (1, . . . , (−1)N , . . . , 1), (2.32)

Ξ̃(uj + τ ; τ) = Ξ̃(uj ; τ) × diag
(

1, . . . , (−1)Ne
(
−Nτ

2
+ z − Nuj

)
. . . , 1

)
.

(2.33)
‘¨¸É¥³Ê Š ²μ¤¦¥·μ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ, ± ± ¢¸¥£¤ , ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸:

uN =
N−1∑
i=1

ui. (2.34)
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’ ±¨³ μ¡· §μ³, · §³¥·´μ¸ÉÓ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  · ¢´  2N − 2. „²Ö Ê¸É -
´μ¢²¥´¨Ö ¸¨³¶²¥±É¨Î¥¸±μ£μ μÉμ¡· ¦¥´¨Ö ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò É ±μ° ¦¥ ¡Ò² 
¨ · §³¥·´μ¸ÉÓ μ·¡¨ÉÒ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö, μ¶·¥¤¥²ÖÕÐ¥° Ë §μ-
¢μ¥ ¶·μ¸É· ´¸É¢μ ¢μ²Î± . �Éμ μ§´ Î ¥É, ÎÉμ S ²¥¦¨É ¢ μ·¡¨É¥ ³¨´¨³ ²Ó-
´μ° · §³¥·´μ¸É¨ (± ± · § 2N − 2), É. ¥. μ·¡¨É  ¶·μÌμ¤¨É Î¥·¥§ Ô²¥³¥´É ¢¨¤ 
diag (−Nλ, λ, . . . , λ).

Š ± ³Ò ¢¨¤¥²¨ ¢ÒÏ¥, ¸¨¸É¥³  ŠŒ ¶μ²ÊÎ ¥É¸Ö ¨§ ¥¥ ¸¶¨´μ¢μ£μ μ¡μ¡Ð¥´¨Ö
± ± · § ¢ ¸²ÊÎ ¥ μ·¡¨ÉÒ ´ ¨³¥´ÓÏ¥° · §³¥·´μ¸É¨. „μ¶μ²´¨É¥²Ó´ Ö ¸¨³¶²¥±-
É¨Î¥¸± Ö ·¥¤Ê±Í¨Ö ¶μ ± ·É ´μ¢¸±μ° ¶μ¤£·Ê¶¶¥ ¢ SL(N, C), Ö¢²ÖÕÐ¥°¸Ö ¸É -
¡¨²¨§ Éμ·μ³ ¸¢Ö§¨

∑
pii = 0, ¶μ²´μ¸ÉÓÕ ¢Ò·μ¦¤ ²  ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò μ·¡¨É.

’¥³ ¸ ³Ò³ ¶·¥μ¡· §μ¢ ´¨¥, ±μÉμ·μ¥ ³Ò ¨§ÊÎ ¥³, ¶¥·¥¢μ¤¨É ¶·μ¸É· ´¸É¢μ ³μ-
¤Ê²¥° ¢ μ·¡¨ÉÊ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · §³¥·´μ¸É¨.

�·μ¢¥·¨³ μ¡· É¨³μ¸ÉÓ Ξ̃(z).
‹¥³³  2.2

det Ξ̃ = C(τ)ϑ(z)
∏
j<k

ϑ(uj − uk, τ) (2.35)

¤²Ö ´¥±μÉμ·μ° ´¥´Ê²¥¢μ° C(τ).
�
�¡μ§´ Î¨³

f(z) = ϑ(z)
∏
j<k

ϑ(uj − uk, τ), (2.36)

z → z + 1, ¨ ¶μ± ¦¥³, ÎÉμ ËÊ´±Í¨¨ f(z, ui) ¨ det Ξ̃(z, ui), £¤¥ i < N , μ¡² -
¤ ÕÉ μ¤¨´ ±μ¢Ò³¨ É· ´¸Ëμ·³ Í¨μ´´Ò³¨ ¸¢μ°¸É¢ ³¨, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨Ì
μÉ´μÏ¥´¨¥ Ö¢²Ö¥É¸Ö £μ²μ³μ·Ë´μ° ¤¢μÖ±μ¶¥·¨μ¤¨Î¥¸±μ° ËÊ´±Í¨¥° ´  Éμ·¥,
É. ¥. ±μ´¸É ´Éμ°.

„¥°¸É¢¨É¥²Ó´μ, ¤²Ö z → z + 1 ¨³¥¥³

f(z + 1) = −f(z)

¨

det Ξ̃(z + 1) = det{−Q} det Ξ̃(z) = (−1)N
N∏

i=1

e
(

i

N

)
det Ξ̃(z) = − det Ξ̃(z),

¤²Ö z → z + τ

f(z + τ) = −e
(
−τ

2
− z
)

f(z)

¨

det Ξ̃(z + τ) = det{e(u)} det{Λ̃(z)} det Ξ̃(z) =

= (−1)N−1
N∏

i=1

e
(
− τ

2N
− z

N
− 1

2

)
= −e

(
−τ

2
− z
)

det Ξ̃(z),
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£¤¥ ³´μ¦¨É¥²Ó (−1)N−1 ¢μ§´¨± ± ± ¸²¥¤¸É¢¨¥ Í¨±²¨Î¥¸±μ° ¶¥·¥¸É ´μ¢±¨,
¤²Ö uj → uj + 1, j < N ,

f(uj + 1) = e
(

1
2
(2N − 2)

)
f(uj) = f(uj)

¨

det Ξ̃(uj + 1) = det{1, . . . , (−1)N , . . . , (−1)N} det Ξ̃(uj) = det Ξ̃(uj),

¤²Ö uj → uj + τ

f(uj + τ) =

=
∏
k<l

e
(
−τ

2
+uk−uj

)∏
k>l

e
(
−τ

2
−(uj − uk)

) ∏
k �=j,N

e
(
−τ

2
− (uk−uN)

)
×

× e(−2τ − 2(uj − uN ))f(uj) = e(−Nτ + NuN − Nuj)f(uj)

¨

det Ξ̃(uj + τ) =

= det
{

1, . . . , e
(
−Nτ

2
+z−Nuj+

N

2

)
, . . . , e

(
−Nτ

2
−z+NuN−N

2

)}
×

× det Ξ̃(uj) = e(−Nτ + NuN − Nuj) det Ξ̃(uj).

�¸É ²μ¸Ó ¤μ± § ÉÓ, ÎÉμ C(τ) 	= 0. �Éμ c¤¥² ´μ ¢ [8] ¸ ¶μ³μÐÓÕ  ¸¨³¶ÉμÉ¨-
Î¥¸±μ° μÍ¥´±¨

√
−1τ → ∞.

�
�  ¸ ³μ³ ¤¥²¥ ¢¥²¨Î¨´  C(τ) ¨§¢¥¸É´ :

det θ

⎡⎢⎣
i

N
− 1

2
N

2

⎤⎥⎦ (Nxj , Nτ) = (−1)N ϑ(
∑

xj)√
−1η(τ)

∏
i<j

ϑ(xi − xj)√
−1η(τ)

(2.37)

¨²¨

det θ

⎡⎢⎣
i

N
− 1

2
N

2

⎤⎥⎦ (z − Nqj, Nτ) = (−1)N ϑ(z)√
−1η(τ)

∏
i<j

ϑ(qi − qj)√
−1η(τ)

, (2.38)

¥¸²¨
∑

qj = 0.
ˆÉ ±, Ξ̃(z) ´¥¢Ò·μ¦¤¥´  ¢¥§¤¥, ±·μ³¥ ÉμÎ±¨ z = 0. �Éμ μ§´ Î ¥É, ÎÉμ

¸μ¶·Ö¦¥´¨¥ É ±μ° ³ É·¨Í¥° ³μ¦¥É ¶·¨¢¥¸É¨ ± ¶μÖ¢²¥´¨Õ ¶μ²Õ¸  ¢Éμ·μ£μ
¶μ·Ö¤± . „²Ö ¨§¡¥¦ ´¨Ö ÔÉμ£μ Ö¢²¥´¨Ö ¤μ¸É ÉμÎ´μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ¸μ¡-
¸É¢¥´´Ò° ¢¥±Éμ· ¢ÒÎ¥É  ¶·¥μ¡· §Ê¥³μ° ³ É·¨ÍÒ ²¥¦ ² ¢ Ö¤·¥ Ξ(0).
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‹¥³³  2.3. �Ê¸ÉÓ L(z) Å ³ É·¨Î´μ§´ Î´ Ö ËÊ´±Í¨Ö ¸ ¶μ²Õ¸ ³¨ ¶¥·-
¢μ£μ ¶μ·Ö¤±  ¢ z = 0 ¨ e+, e− Å ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò ¥¥ ¢ÒÎ¥É  L−1 =

1
2π

√
−1

Res L(z):

L−1e
+ = λ+e+, e−L−1 = λ−e−.

� ¸¸³μÉ·¨³ ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö

L(z) → Ξ±(z)L(z)
(
Ξ±(z)

)−1
,

¨ ¶Ê¸ÉÓ
 ) det Ξ±(z) ∼ z± ¢ μ±·¥¸É´μ¸É¨ ´Ê²Ö;

¡) lim
z→0

Ξ+(z)e+ = lim
z→0

e− (Ξ−(z))−1 = 0,

Éμ£¤  Ξ± ´¥ ¨§³¥´ÖÕÉ ¶·¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¸¨´£Ê²Ö·´μ-
¸É¥° L(z).

�
„μ± § É¥²Ó¸É¢μ ¡Ê¤¥É ²μ± ²Ó´Ò³ ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ z = 0. ‚Ò¡¥·¥³

¡ §¨¸, ¢ ±μÉμ·μ³ e− = (0, . . . , 0, 1). ‚ ÔÉμ³ ¡ §¨¸¥

L−1 =
(

∗ ∗
0 λ−

)
.

�¥¸²μ¦´μ ¢¨¤¥ÉÓ, ÎÉμ ³ É·¨Í 

Ξ− =
(

IdN−1 0
0 z−1

)
Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ ²¥³³Ò. ‘μ¶·Ö£ Ö L−1, Ê¡¥¦¤ ¥³¸Ö, ÎÉμ ¤μ¶μ²´¨É¥²Ó-
´ÒÌ ¶μ²Õ¸μ¢ ´¥ ¢μ§´¨± ¥É:(

IdN−1 0
0 z−1

)(
∗ ∗
0 λ−

)(
IdN−1 0

0 z

)
=
(

∗ ∗z
0 λ−

)
.

�´ ²μ£¨Î´μ ¢Ò¡¥·¥³ e+ = (e−)T , Éμ£¤ 

L−1 =
(

∗ 0
∗ λ+

)
¨ Ξ+ =

(
IdN−1 0

0 z

)
.

�
’¥¶¥·Ó ´ Ï  § ¤ Î  Å ³μ¤¨Ë¨Í¨·μ¢ ÉÓ Ξ̃(z, u, τ) → Ξ(z, u, τ) É ±¨³

μ¡· §μ³, ÎÉμ¡Ò ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ· L−1 ²¥¦ ² ¢ Ö¤·¥ Ξ(0). ‚ ± Î¥¸É¢¥ ¶μ-
¸²¥¤´¥£μ ¢Ò¡¥·¥³ (1, . . . , 1). �¥Ï¥´¨¥ Ê± § ´´μ° § ¤ Î¨ ¸μ¤¥·¦¨É ¸²¥¤ÊÕÐÊÕ
²¥³³Ê.
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‹¥³³  2.4. ‚¥±Éμ·-¸Éμ²¡¥Í⎧⎨⎩(−1)l
∏

j<k;j,k �=l

ϑ(uk − uj , τ)

⎫⎬⎭ , l = 1, 2, · · · , N

²¥¦¨É ¢ Ö¤·¥ Ξ̃(0).
�
ŒÒ ¤μ²¦´Ò ¤μ± § ÉÓ, ÎÉμ ¤²Ö ²Õ¡μ£μ i

N∑
l=1

(−1)lθ

⎡⎢⎣ i

N
− 1

2
N

2

⎤⎥⎦(z − Nul, Nτ)
∏

j<k;j,k �=l

ϑ(uk − uj, τ) = 0. (2.39)

‚μ-¶¥·¢ÒÌ, ¤μ± ¦¥³, ÎÉμ £·Ê¶¶  ¶¥·¥¸É ´μ¢μ± Î ¸É¨Í ¤¥°¸É¢Ê¥É ´  ²¥¢ÊÕ
Î ¸ÉÓ (2.39)  ´É¨¸¨³³¥É·¨Î´μ. �¥·¥¶¨Ï¥³ ²¥¢ÊÕ Î ¸ÉÓ ¢ ¢¨¤¥

N∑
l=1

(−1)lθ

⎡⎢⎣ i

N
− 1

2
N

2

⎤⎥⎦(z − Nul, Nτ)(−1)
1
2N(N−1)×

×

∏
j<k

ϑ(uk − uj)∏
j<l

ϑ(ul − uj)
∏
k>l

ϑ(uk − ul)
= −det Ξ̃(z, u1, . . . , uN)

C(τ)ϑ(z)
(−1)

1
2N(N−1)×

×
N∑

l=1

θ

⎡⎢⎣ i

N
− 1

2
N

2

⎤⎥⎦(z − Nul, Nτ)
1∏

j �=l

ϑ(uj − ul)
. (2.40)

�¡Ð¨° §´ ± ³¨´Ê¸ ¶μÖ¢¨²¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¸³¥´Ò §´ ±μ¢ ³´μ¦¨É¥²¥° ¶¥·¢μ£μ
¶·μ¨§¢¥¤¥´¨Ö ¢ §´ ³¥´ É¥²¥, ÎÉμ ¤ ²μ (−1)l−1. ‚ ¶μ²ÊÎ¥´´μ³ ¢Ò· ¦¥´¨¨
¸Ê³³  ¸¨³³¥É·¨Î´  μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢μ±. ‚ Éμ ¦¥ ¢·¥³Ö ¶·¨ ²Õ¡μ°
¶¥·¥¸É ´μ¢±¥ det Ξ̃ ¢Ò¡· ¸Ò¢ ¥É ³¨´Ê¸, ÎÉμ ¨ ¤μ± §Ò¢ ¥É  ´É¨¸¨³³¥É·¨Î´μ¸ÉÓ
¢ Í¥²μ³.

ˆÉ ±, ²¥¢ Ö Î ¸ÉÓ (2.39) § ´Ê²Ö¥É¸Ö ´  £¨¶¥·¶²μ¸±μ¸ÉÖÌ ui = uj . �É¸Õ¤ 
¸²¥¤Ê¥É, ÎÉμ, ± ± Ê ËÊ´±Í¨¨ μÉ ¶¥·¥³¥´´μ° u1, Ê ´¥e 2N ´Ê²¥°: N − 2 ´Ê²Ö
u1 = uk, k 	= 1, N , N − 2 ´Ê²Ö uN = uk, k 	= 1, N ¨ Î¥ÉÒ·¥ ´Ê²Ö u1 = uN

(¶μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ 2u1 = −
N−1∑
j=2

uj).

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ²¥¢ Ö Î ¸ÉÓ (2.39) ±¢ §¨¶¥·¨μ¤¨Î´  ¶μ μÉ´μÏ¥´¨Õ ±
¸¤¢¨¦± ³ u1 → u1 +1, u1 → u1 +τ ¸ ³Ê²ÓÉ¨¶²¨± Éμ· ³¨ 1 ¨ e (−(N − 1)τ−
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(N − 1)(u1 − uN)). ‹Õ¡ Ö ±¢ §¨¶¥·¨μ¤¨Î¥¸± Ö ËÊ´±Í¨Ö ¸ É ±¨³¨ ³Ê²ÓÉ¨-
¶²¨± Éμ· ³¨ ²¨¡μ · ¢´  ´Ê²Õ, ²¨¡μ ¨³¥¥É 2N − 2 ´Ê²Ö. ’ ± ± ± ´ Ï¥
¢Ò· ¦¥´¨¥ § ´Ê²Ö¥É¸Ö ¢ 2N ÉμÎ± Ì, Éμ μ´μ · ¢´μ ´Ê²Õ Éμ¦¤¥¸É¢¥´´μ.

�
ˆÉ ±, μ±μ´Î É¥²Ó´Ò° μÉ¢¥É ¤²Ö ¨¸±μ³μ£μ ¶·¥μ¡· §μ¢ ´¨Ö

Ξ(z) = Ξ̃(z)diag

⎛⎜⎝(−1)l

⎛⎝ ∏
j<k;j,k �=l

ϑ(uk − uj, τ)

⎞⎠−1
⎞⎟⎠ . (2.41)

�É³¥É¨³ É ±¦¥, ÎÉμ ¸¨¸É¥³  ŠŒ μ¶¨¸Ò¢ ¥É¸Ö ¤¨´ ³¨Î¥¸±μ° R-³ É·¨Í¥°,
  ¢μ²Îμ± Å ´¥¤¨´ ³¨Î¥¸±μ° [25Ä27]. “± § ´´μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ-
¢ ´¨¥ ¶¥·¥¢μ¤¨É μ¤´Ê R-³ É·¨ÍÊ ¢ ¤·Ê£ÊÕ.

2.3. �·¥μ¡· §μ¢ ´¨Ö �Ô±²Ê´¤  ¢ ³μ¤¥²¨ ŠŒ: sl(2, C)-¸²ÊÎ °. Œμ¤¨Ë¨-
± Í¨Ö ¢ sl(2, C)-¸²ÊÎ ¥. �·μ¤¥³μ´¸É·¨·Ê¥³ ¶·μÍ¥¤Ê·Ê ¢¥·Ì´¥° ³μ¤¨Ë¨± Í¨¨
¢ sl(2, C)-¸²ÊÎ ¥. „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ³ É·¨ÍÊ ‹ ±¸  ³μ¤¥²¨ Š ²μ¤¦¥·μ:

LŠŒ =
(

v νΦ(2u, z)
νΦ(−2u, z) −v

)
, (2.42)

¢ ±μÉμ·μ° v ¨ u Å ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò¥ ¶¥·¥³¥´´Ò¥: {v, u} = 1. � Ï¥°
§ ¤ Î¥° Ö¢²Ö¥É¸Ö ¶μ¸É·μ¥´¨¥ ± ´μ´¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö, ¶¥·¥¢μ¤ÖÐ¥£μ
¢ÒÏ¥Ê± § ´´Ò° μ¶¥· Éμ· ‹ ±¸  ¢ μ¶¥· Éμ· ‹ ±¸  Ô²²¨¶É¨Î¥¸±μ£μ SL(2, C)-
¢μ²Î± :

Lrot =
(

S10φ10 S01φ01 − iS11φ11

S01φ01 + iS11φ11 −S10φ10

)
, (2.43)

£¤¥ É·μ°±  ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ (S10, S11, S01) μ¡· §Ê¥É ¸¨´Ê¸- ²£¥¡·Ê
μÉ´μ¸¨É¥²Ó´μ ¸±μ¡±¨ �Ê ¸¸μ´ ∗. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ μ´  ¸μ¢¶ ¤ ¥É ¸  ²£¥¡·μ°
‹¨ su(2, C):

{S10, S11} = −2iS01, {S11, S01} = −2iS10, {S01, S10} = −2iS11. (2.44)

”Ê´±Í¨¨ φmn(z) ¢ ³ É·¨Í¥ (2.43) Ö¢²ÖÕÉ¸Ö ±μÔËË¨Í¨¥´É ³¨ ¢ · §²μ¦¥´¨¨
ÔÉμ° ³ É·¨ÍÒ ¶μ ¡ §¨¸Ê ¸¨´Ê¸- ²£¥¡·Ò. ‘μ£² ¸´μ μ¡Ð¥° Ëμ·³Ê²¥ ¤²Ö φmn(z):

φ10 = Φ
(

z,
1
2

)
, φ11 = Φ

(
z,

1 + τ

2

)
eπiz , φ01 = Φ

(
z,

τ

2

)
eπiz . (2.45)

„²Ö ¤ ²Ó´¥°Ï¨Ì Í¥²¥° ¶μ²¥§´μ § ¶¨¸ ÉÓ ÔÉ¨ Ëμ·³Ê²Ò ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

φ10 =
ϑ′(0)θ10(z)
ϑ(z)θ10(0)

, φ11 =
ϑ′(0)θ00(z)
ϑ(z)θ00(0)

, φ01 =
ϑ′(0)θ01(z)
ϑ(z)θ01(0)

. (2.46)

∗„²Ö Ê¤μ¡¸É¢  Ê S10 ¨§³¥´¥´ §´ ±.
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‘ ³ ¦¥ ¡ §¨¸ ¸É·μ¨É¸Ö ¶μ £¥´¥· Éμ· ³ ´¥±μ³³ÊÉ É¨¢´μ£μ Éμ· :

Q =
(

−1 0
0 1

)
, Λ =

(
0 1
1 0

)
. (2.47)

‘²¥¤μ¢ É¥²Ó´μ,

E01 =
(

0 1
1 0

)
, E11 =

(
0 −i
i 0

)
, E10 =

(
−1 0
0 1

)
. (2.48)

�Î¥¢¨¤¥´ ¨§μ³μ·Ë¨§³ ÔÉμ°  ²£¥¡·Ò ¨  ²£¥¡·Ò ‹¨ su(2, C):

E01 = σ1, E11 = σ2, E10 = −σ3, (2.49)

£¤¥ σa Å ³ É·¨ÍÒ � Ê²¨. ‘μ£² ¸´μ μ¡Ð¥³Ê μ¶·¥¤¥²¥´¨Õ

Ξ̃ =
(

θ00(z − 2u, 2τ) θ00(z + 2u, 2τ)
−θ10(z − 2u, 2τ) −θ10(z + 2u, 2τ)

)
. (2.50)

ˆ§ ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ³ É·¨ÍÒ lim
z→0

(zLŠŒ(z)) ¢Ò¡¥·¥³ e1 =
(

1
1

)
, ±μ-

Éμ·Ò° ¢Ò¤¥²¥´ ¢ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ · ´£ . „²Ö Éμ£μ ÎÉμ¡Ò ¢¥·Ì´ÖÖ ³μ-
¤¨Ë¨± Í¨Ö ´¥ ¶·μ¨§¢μ¤¨²  ¸É ·Ï¨¥ ¶μ²Õ¸ , ´¥μ¡Ìμ¤¨³μ ¶μÉ·¥¡μ¢ ÉÓ e1 ∈
KerΞ(0). ’μ£¤  ¤²Ö Ξ ¨³¥¥³

Ξ =
(

θ00(z − 2u, 2τ) −θ00(z + 2u, 2τ)
−θ10(z − 2u, 2τ) θ10(z + 2u, 2τ)

)
. (2.51)

‘¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¸¨¸É¥³ ³¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

Lrot = ΞLŠŒΞ−1. (2.52)

� ¶·¥¤¸É ¢²¥´¨¨  ²£¥¡·Ò ‹¨ sl(2, C) ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ μ¶¥· Éμ-
· ³¨. � Ï  Í¥²Ó Å ¶·μ¢¥·¨ÉÓ Ëμ·³Ê²Ê (2.52) ¨ ¶μ²ÊÎ¨ÉÓ ¶·¥¤¸É ¢²¥´¨¥
 ²£¥¡·Ò su(2, C), É. ¥. Skl = Skl(v, u).

‚Ò¶¨Ï¥³ · ¢¥´¸É¢μ (2.52) ¤²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢:

Lrot
11 =

1
detΞ

(
LŠŒ

11 (Ξ11Ξ22 + Ξ21Ξ12) + LŠŒ
21 Ξ12Ξ22 − LŠŒ

12 Ξ11Ξ21

)
, (2.53)

Lrot
12 =

1
detΞ

(
−2LŠŒ

11 Ξ12Ξ11 + LŠŒ
12 Ξ2

11 − LŠŒ
21 Ξ2

12

)
, (2.54)

Lrot
21 =

1
detΞ

(
2LŠŒ

11 Ξ21Ξ22 + LŠŒ
21 Ξ2

22 − LŠŒ
12 Ξ2

21

)
. (2.55)
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„²Ö ¶·μ¢¥¤¥´¨Ö ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨° ¸²¥¤Ê¥É ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö Ëμ·³Ê² ³¨
¤²Ö Ê¤¢μ¥´´μ£μ τ (A.39), (A.40). ‘ ¨Ì ¶μ³μÐÓÕ ¶μ²ÊÎ ¥³

detΞ = ϑ(z)ϑ(2u), Ξ11Ξ22 + Ξ21Ξ12 = −θ10(z)θ10(2u),

Ξ12Ξ22 = −1
2
θ10(z + 2u)θ10(0), Ξ11Ξ21 = −1

2
θ10(z − 2u)θ10(0).

(2.56)

Ξ12Ξ11 =
1
2
(
θ00(z)θ00(2u) + θ01(z)θ01(2u)

)
,

Ξ2
11 =

1
2
(
θ00(z − 2u)θ00(0) + θ01(z − 2u)θ01(0)

)
,

Ξ2
12 =

1
2
(
θ00(z + 2u)θ00(0) + θ01(z + 2u)θ01(0)

)
.

(2.57)

Ξ21Ξ22 =
1
2
(
θ00(z)θ00(2u) − θ01(z)θ01(2u)

)
,

Ξ2
21 =

1
2
(
θ00(z − 2u)θ00(0) − θ01(z − 2u)θ01(0)

)
,

Ξ2
22 =

1
2
(
θ00(z + 2u)θ00(0) − θ01(z + 2u)θ01(0)

)
.

(2.58)

’¥¶¥·Ó ´¥μ¡Ìμ¤¨³Ò Ëμ·³Ê²Ò ¸²μ¦¥´¨Ö ¤²Ö ÉÔÉ -ËÊ´±Í¨°. ˆÌ ¶·¨³¥´¥-
´¨¥ ¤ ¥É μ±μ´Î É¥²Ó´Ò° μÉ¢¥É:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

S10 = −v
θ10(0)
ϑ′(0)

θ10(2u)
ϑ(2u)

+ ν
θ2
10(0)

θ00(0)θ01(0)
θ00(2u)θ01(2u)

ϑ2(2u)
,

S11 = v
θ00(0)√
−1ϑ′(0)

θ00(2u)
ϑ(2u)

− ν
θ2
00(0)√

−1θ10(0)θ01(0)
θ10(2u)θ01(2u)

ϑ2(2u)
,

S01 = −v
θ01(0)
ϑ′(0)

θ01(2u)
ϑ(2u)

+ ν
θ2
01(0)

θ00(0)θ10(0)
θ00(2u)θ10(2u)

ϑ2(2u)
.

(2.59)

‡ ³¥´ÖÖ ¢ ¶μ²ÊÎ¥´´μ³ v ´ 
∂

∂u
, ¶μ²ÊÎ¨³ ·¥ ²¨§ Í¨Õ £¥´¥· Éμ·μ¢  ²£¥¡·Ò ‹¨

su(2, C).
‘²¥¤ÊÕÐ¨³ Ï £μ³ ¸²¥¤Ê¥É ¶·μ¢¥·¨ÉÓ ± ´μ´¨Î´μ¸ÉÓ ¶·¥μ¡· §μ¢ ´¨Ö

(v, u) → (S10, S11, S01), É. ¥. Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ Sab(v, u), § ¤ ´´Ò¥ Ëμ·-
³Ê²μ° (2.59), Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Ö³ (2.44).

�·μ¢¥·±  ± ´μ´¨Î´μ¸É¨. „²Ö Ê¤μ¡¸É¢  ¶¥·¥°¤¥³ ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³:

u → u

πθ00(0)2
, v → πθ00(0)2. (2.60)

Š ´μ´¨Î´μ¸ÉÓ ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö μÎ¥¢¨¤´ . ’¥¶¥·Ó ¶¥·¥¶¨Ï¥³ Ëμ·³Ê²Ò
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(2.59) Î¥·¥§ ËÊ´±Í¨¨ Ÿ±μ¡¨ (A.49):⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

κ′S10 = −v
cn2u

sn2u
+ ν

dn2u

sn22u
,

√
−1κκ′S11 = v

dn2u

sn2u
− ν

cn2u

sn22u
,

κS01 = −v
1

sn2u
+ ν

dn2ucn2u

sn22u
.

(2.61)

‚¸¥ ¢ÒÎ¨¸²¥´¨Ö ¶·μ¢μ¤ÖÉ¸Ö ¸ ¶μ³μÐÓÕ Ëμ·³Ê² (A.50)Ä(A.53). � ¶·¨³¥·, ¤²Ö
Éμ£μ ÎÉμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ¸μμÉ´μÏ¥´¨¨ {S10, S11} = −2π

√
−1S01, ´¥μ¡Ìμ¤¨³μ

¶·μ¢¥·¨ÉÓ ¸²¥¤ÊÕÐ¨¥ · ¢¥´¸É¢ :{
v
cn2u

sn2u
, v

dn2u

sn2u

}
= 2(κ′)2v

1
sn2u

¨ {
v
cn2u

sn2u
,

cn2u

sn22u

}
−
{

v
dn2u

sn2u
,

dn2u

sn22u

}
= 2(κ′)2

cn2u · dn2u

sn22u
.

�·¥μ¡· §μ¢ ´¨¥ �Ô±²Ê´¤ 

(LŠŒ)′(v′, u′) = ΩLrotΩ−1, (2.62)

Ω =
(

θ00(z − 2u′, 2τ) −θ10(z − 2u′, 2τ)
θ00(z + 2u′, 2τ) −θ10(z + 2u′, 2τ)

)
, (2.63)

−θ10(2u′, 2τ)(S10 ± ν) = θ00(2u′, 2τ)(S01 −
√
−1S11), (2.64)

¨²¨

−θ10(2u′)θ10(0)(S10+ν)=(θ00(2u′)θ00(0)+θ01(2u′)θ01(0))(S01−
√
−1S11),

(2.65)
−θ10(2u′)θ10(0)(S10−ν)=(θ00(2u′)θ00(0)+θ01(2u′)θ01(0))(S01−

√
−1S11).

(2.66)
�μ  ´ ²μ£¨¨ ¸ (2.53) ¨³¥¥³

(LŠŒ
11 )′=

1
ϑ(z)ϑ(2u′)

(
− φ10S10θ10(z)θ10(2u′)+φ11

√
−1S11θ00(z)θ00(2u′)−

− φ01S01θ01(z)θ01(2u′)
)

=
ϑ′(0)

ϑ(z)2ϑ(2u′)
×

×
(
−S10

θ10(z)2

θ10(0)
θ10(2u′) +

√
−1S11

θ00(z)2

θ00(0)
θ00(2u′) − S01

θ01(z)2

θ01(0)
θ01(2u′)

)
.

(2.67)
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ˆ¸¶μ²Ó§ÊÖ (A.47), ¶μ²ÊÎae³

(LŠŒ
11 )′ =

ϑ′(0)
ϑ(2u′)θ10(0)2

[√
−1S11

θ00(2u′)
θ00(0)

θ01(0)2 − S01
θ01(2u′)
θ01(0)

θ00(0)2
]

+

+
θ10(z)2

ϑ(z)2
−S10θ10(2u′)θ10(0) +

√
−1S11θ002u′θ00(0) − S01θ01(2u′)θ01(0)
ϑ(2u′)θ10(0)2

.

(2.68)

�É¸Õ¤ 

v′=
ϑ′(0)

ϑ(2u′)θ10(0)2

[√
−1S11(v, u)

θ00(2u′)
θ00(0)

θ01(0)2−S01(v, u)
θ01(2u′)
θ01(0)

θ00(0)2
]
.

(2.69)

—²¥´ ¶¥·¥¤
θ10(z)2

ϑ(z)2
§ ´Ê²Ö¥É¸Ö ¢ ¸¨²Ê (2.64). „²Ö Éμ£μ, ÎÉμ¡Ò ¢ ÔÉμ³ Ê¡¥-

¤¨ÉÓ¸Ö, § ³¥É¨³, ÎÉμ ¨§ (2.64) ¶μ²ÊÎae³⎧⎪⎪⎪⎨⎪⎪⎪⎩
θ01(2u′)θ01(0)
θ10(2u′)θ10(0)

= −1
2

(
S10 ± ν

S01 −
√
−1S11

− S01 −
√
−1S11

S10 ± ν

)
,

θ00(2u′)θ00(0)
θ10(2u′)θ10(0)

= −1
2

(
S10 ± ν

S01 −
√
−1S11

+
S01 −

√
−1S11

S10 ± ν

)
.

’¥¶¥·Ó μ¸É ¥É¸Ö ¶μ± § ÉÓ, ÎÉμ

−S10 +
√
−1S11

θ00(2u′)θ00(0)
θ10(2u′)θ10(0)

− S01
θ01(2u′)θ01(0)
θ10(2u′)θ10(0)

= 0.

�Éμ ¶·μ¸Éμ¥ ¢ÒÎ¨¸²¥´¨¥ ³Ò μ¶Ê¸± ¥³.
‚ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ ¶·¥μ¡· §μ¢ ´¨Ö 	Ô±²Ê´¤  μ¶¨¸ ´Ò ¢ [28].
2.4. ‘¨¸É¥³  �Ê¸¥´ ·¸ Ä˜´ °¤¥·  ¨ L-μ¶¥· Éμ· • ¸¥£ ¢Ò. ‘¨¸É¥³ 

�Ê¸¥´ ·¸ Ä˜´ °¤¥·  [30, 31] Ö¢²Ö¥É¸Ö μ¤´μ¶ · ³¥É·¨Î¥¸±μ° ¨´É¥£·¨·Ê¥³μ°
¤¥Ëμ·³ Í¨¥° ³μ¤¥²¨ ŠŒ. �ÉμÉ ¶ · ³¥É· ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¡Ê±¢μ° γ. ƒ -
³¨²ÓÉμ´¨ ´ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

H =
∑

j

cosh vj

∏
k �=j

{
ϑ(ukj + γ)ϑ(ukj − γ)

ϑ2(ukj)

}1/2

, (2.70)

L-μ¶¥· Éμ·:

LR
ij = evj

ϑ(uij + γ + z)
ϑ(uij + γ)ϑ(z)

∏
k �=j

{
ϑ(ukj + γ)ϑ(ukj − γ)

ϑ2(ukj)

}1/2

. (2.71)
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‘¤¥² ¥³ ± ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥

ui → ui,

vj → vj +
1
2

ln
∏
k �=j

ϑ(ukj + γ)
ϑ(ukj − γ)

(2.72)

¨ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥° 1
/∏

k �=i

ϑ(uki).

’μ£¤  μ¶¥· Éμ· ‹ ±¸  ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

LR
ij = evj

ϑ(uij + γ + z)
ϑ(uij + γ)ϑ(z)

∏
k �=j

ϑ(γ + ukj)∏
k �=i

= ϑ(uki)
=

=
1

ϑ(γ)
ϑ(uij + γ + z)

ϑ(z)

∏
k �=i

ϑ(γ + ukj)
ϑ(ukj)

evj . (2.73)

Š ± ¶μ± § ´μ ¢ [32], § ¶¨¸ ´´Ò° ¢ É ±μ° Ëμ·³¥ L-μ¶¥· Éμ· �Ê¸¥´ ·¸ 
¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ É¥·³¨´ Ì ³ É·¨ÍÒ Ξ̃(z) (2.29):

LR
ij =

1
ϑ(γ)

(
Ξ̃−1(z, ui)Ξ̃(z + Nγ, uj)

)
ij

evj . (2.74)

’¥¶¥·Ó ¸μ¶·Ö¦¥´¨¥ ³ É·¨Í¥° Ξ̃ ¢Ò¶μ²´Ö¥É¸Ö Ô²¥³¥´É ·´μ. �μ²ÊÎ¥´´μ¥ ¶·¨
ÔÉμ³ ¢Ò· ¦¥´¨¥ ´ §Ò¢ ¥É¸Ö L-μ¶¥· Éμ·μ³ • ¸¥£ ¢Ò:

LHas
ij =

1
ϑ(γ)

∑
k

Ξ̃ik(z + Nγ, ui) evk Ξ̃−1
kj (z, uj). (2.75)

’¥³ ¸ ³Ò³ ³Ò ¢Ò¶μ²´¨²¨  ´ ²μ£ ¶·μÍ¥¤Ê·Ò ¢¥·Ì´¥° ³μ¤¨Ë¨± Í¨¨ ¢
·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥.

3. ’…��…’ˆŠ�-��‹…‚›… ����™…�ˆŸ

3.1. ‘¨¸É¥³Ò •¨ÉÎ¨´  ¡¥¸±μ´¥Î´μ£μ · ´£ . ‚ ÔÉμ³ · §¤¥²¥ μ¶¨¸ ´ ¸¶μ-
¸μ¡ ¶μ¸É·μ¥´¨Ö L-μ¶¥· Éμ·  ¤²Ö ¨´É¥£·¨·Ê¥³ÒÌ ¤¢Ê³¥·´ÒÌ É¥μ·¨° ¶μ²Ö [8],
μ¡μ¡Ð ÕÐ¨Ì ±² ¸¸¨Î¥¸±¨¥ ¨´É¥£·¨·Ê¥³Ò¥ ¸¨¸É¥³Ò. ‚ μ¸´μ¢¥ ²¥¦¨É ³¥Éμ¤
�¥±· ¸μ¢ Ä•¨ÉÎ¨´ , ¨§²μ¦¥´´Ò° ¢ [4] ¨ [7]. �μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¡Ê¤ÊÉ
¨´É¥£·¨·Ê¥³Ò ¢ ¸³Ò¸²¥ ³¥Éμ¤  μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö [33].

L̂(GL(N, C)) £μ²μ³μ·Ë´Ò¥ · ¸¸²μ¥´¨Ö. �Ê¸ÉÓ L(gl(N, C)) Å  ²£¥¡· 
¶¥É¥²Ó C∞-μÉμ¡· ¦¥´¨°

L(gl(N, C)) : S1 → gl(N, C),
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  L̂(gl(N, C)) Å ¥¥ Í¥´É· ²Ó´μ¥ · ¸Ï¨·¥´¨¥ ¸ Ê³´μ¦¥´¨¥³

(g, c) × (g′, c′) = (gg′, cc′ exp C(g, g′)) , (3.1)

£¤¥ exp C(g, g′) Å 2-±μÍ¨±² ¢ L̂(GL(N, C)), μ¡¥¸¶¥Î¨¢ ÕÐ¨°  ¸¸μÍ¨ É¨¢-
´μ¸ÉÓ Ê³´μ¦¥´¨Ö.

� ¸¸³μÉ·¨³ £μ²μ³μ·Ë´μ¥ · ¸¸²μ¥´¨¥ ¡¥¸±μ´¥Î´μ£μ · ´£  V ´ ¤ ·¨³ -
´μ¢μ° ±·¨¢μ° Σn ¸ n μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨. �´μ § ¤ ¥É¸Ö ËÊ´±Í¨Ö³¨ ¶¥·¥-
±²¥°±¨ ¨§ L̂(GL(N, C)). ‘²μ¨ · ¸¸²μ¥´¨Ö ¨§μ³μ·Ë´Ò  ²£¥¡·¥ ‹¨
L̂(gl(N, C)). ƒμ²μ³μ·Ë´ Ö ¸É·Ê±ÉÊ·  ´  V § ¤ ¥É¸Ö μ¶·¥· Éμ·μ³

d
′′

: Ω(0)
C∞(Σn, End V ) → Ω(0,1)

C∞ (Σn, End V ).

�ÉμÉ μ¶¥· Éμ· ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ±μ³¶μ´¥´É: d
′′

= d
′′

Ā
+d

′′

λ. �¥·¢ Ö ±μ³¶μ´¥´É 

d
′′

Ā : Ω(0)
C∞(Σn, L(gl(N, C))) → Ω(0,1)

C∞ (Σn, L(gl(N, C))),

¨²¨, ²μ± ²Ó´μ,

d
′′

Ā = ∂̄ + Ā, ∂̄ = ∂z̄, Ā = Ā(x, z, z̄), x ∈ S1.

‚Éμ· Ö ±μ³¶μ´¥´É  μ¶·¥¤¥²Ö¥É¸Ö ¸¢Ö§´μ¸ÉÓÕ d
′′

λ ¢ É·¨¢¨ ²Ó´μ³ ²¨´¥°´μ³ · ¸-
¸²μ¥´¨¨ L ´ ¤ Σn:

d
′′

λ = ∂̄ + λ.

�μ²¥ λ ¨£· ¥É ·μ²Ó μÉμ¡· ¦¥´¨Ö ¨§ Σn ¢ Í¥´É· ²Ó´Ò° Ô²¥³¥´É L̂(gl(N, C)).
‹μ± ²Ó´μ¥ ¸¥Î¥´¨¥ σ ¢ V £μ²μ³μ·Ë´μ, ¥¸²¨ d

′′
σ = 0. ƒμ²μ³μ·Ë´Ò¥ ¸¥Î¥´¨Ö

¶μ§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ ËÊ´±Í¨¨ ¶¥·¥±²¥°±¨.
	Ê¤¥³ ¶μ² £ ÉÓ, ÎÉμ Ā ¨ λ Å £² ¤±¨¥ ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì. Š·μ³¥ Éμ£μ,

§ ¤ ¤¨³ n ±μ¶¨° Í¥´É· ²Ó´μ · ¸Ï¨·¥´´ÒÌ £·Ê¶¶ ¶¥É¥²Ó, ²μ± ²¨§μ¢ ´´ÒÌ ¢
μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì:

L̂Gα = (gα(x), cα), Gα = GL(N, C) (α = 1, . . . , n), x ∈ S1,

¸ Ê³´μ¦¥´¨¥³ (3.1).
’¥³ ¸ ³Ò³ ³Ò § ¤ ²¨ ³´μ¦¥¸É¢μ ¶μ²¥° R, ¨£· ÕÐ¨Ì ·μ²Ó ¶¥·¥³¥´´ÒÌ

¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥:

R =
{
Ā, λ, (g1, c1), . . . , (gn, cn)

}
. (3.2)

Š ²¨¡·μ¢μÎ´Ò¥ ¸¨³³¥É·¨¨ ¨ ¸¨³¶²¥±É¨Î¥¸± Ö ·¥¤Ê±Í¨Ö. �Ê¸ÉÓ G Å
£·Ê¶¶   ¢Éμ³μ·Ë¨§³μ¢ R (± ²¨¡·μ¢μÎ´ Ö £·Ê¶¶ ).

G = C∞Map(Σn → L̂(GL(N, C))) = {f(z, z̄, x), s(z, z̄)},
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£¤¥ f(z, z̄, x) ¶·¨´¨³ ¥É §´ Î¥´¨Ö ¢ GL(N, C),   s(z, z̄) Å μÉμ¡· ¦¥´¨¥ ¢
Í¥´É· ²Ó´Ò° Ô²¥³¥´É L̂(GL(N, C)). “³´μ¦¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¶μÉμÎ¥Î´μ:

(f1, s1) × (f2, s2) = (f1f2, s1s2 exp C(f1, f2)) ,

£¤¥ exp C(f1, f2) Å μÉμ¡· ¦¥´¨¥ ¨§ Σn ¢μ ¢Éμ·μ° ±μÍ¨±² L̂(GL(N, C)).
�Ê¸ÉÓ fα = fα(x), sα Å §´ Î¥´¨Ö ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ¢ μÉ³¥Î¥´´ÒÌ

ÉμÎ± Ì wα. „¥°¸É¢¨¥ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò G ´  R Ê¸É·μ¥´μ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

Ā → f−1∂̄f + f−1Āf, (3.3)

λ → λ + s−1∂̄s +
∮

tr (Āf−1∂xf)dx, (3.4)

cα → cαsα, gα → gαfα. (3.5)

” ±Éμ·-¶·μ¸É· ´¸É¢μ N = R/G Å ¶·μ¸É· ´¸É¢μ ³μ¤Ê²¥° £μ²μ³μ·Ë´μ£μ · ¸-
¸²μ¥´¨Ö ¡¥¸±μ´¥Î´μ£μ · ´£  ´ ¤ ·¨³ ´μ¢μ° ±·¨¢μ° ¸ μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨.

” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ. Šμ± ¸ É¥²Ó´μ¥ ¶·μ¸É· ´¸É¢μ ± R Ê¸É·μ¥´μ ¸²¥-

¤ÊÕÐ¨³ μ¡· §μ³. � ¸¸³μÉ·¨³  ´ ²μ£ ¶μ²Ö •¨££¸  Φ ∈ Ω(1,0)
C∞ (Σn, (End V )∗).

�Éμ 1-Ëμ·³  Φ ´  Σn, ¶·¨´¨³ ÕÐ Ö §´ Î¥´¨Ö ¢ ±μ ²£¥¡·¥ ‹¨ L∗(gl(N, C)).
�Ê¸ÉÓ k Å ¸± ²Ö·´ Ö 1-Ëμ·³  ´  Σn, k ∈ Ω(1,0)

C∞ (Σn). �´  ¤Ê ²Ó´  ± λ. ‚
μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì ³Ò § ¤ ²¨ ´ ¡μ· ±μ ²£¥¡· ‹¨ L(gl(N, C)) ¸ Í¥´É· ²Ó-
´Ò³¨ Ô²¥³¥´É ³¨ rα, ¤¢μ°¸É¢¥´´Ò³¨ ± cα. ’ ±¨³ μ¡· §μ³, ±μ± ¸ É¥²Ó´μ¥
· ¸¸²μ¥´¨¥ T ∗R ¸μ¸Éμ¨É ¨§ ¸²¥¤ÊÕÐ¥£μ ´ ¡μ·  ¶μ²¥°:

T ∗R =
{
(Ā, Φ), (λ, k); (p1, r1), . . . , (pn, rn)

}
. (3.6)

�  T ∗R ¸ÊÐ¥¸É¢Ê¥É ± ´μ´¨Î¥¸± Ö ¸¨³¶²¥±É¨Î¥¸± Ö ¸É·Ê±ÉÊ· .

„²Ö F ∈ Ω(1,0)
C∞ (Σn, (End V )∗) ¨ G ∈ Ω(0,1)

C∞ (Σn, L(gl(N, C))) μ¶·¥¤¥²¨³
¸¶ ·¨¢ ´¨¥:

〈F |G〉 =
∫
Σn

∮
tr (FG)dx.

’μ£¤ 

ω = 〈DΦ|DĀ〉 +
∫
Σn

DkDλ +
n∑

α=1

ωα, (3.7)

£¤¥ ωα Å ± ´μ´¨Î¥¸± Ö Ëμ·³  ´  T ∗L̂(Gα). �´  § ¤ ¥É¸Ö ¨§¢¥¸É´Ò³ μ¡· §μ³,
± ± Ëμ·³  Œ Êpe· ÄŠ ·É ´  L̂(Gα) = {gα, cα}. ‚ ¨Éμ£¥ ¨³¥¥³

ωα =
∮
S1

α

tr (D(pαg−1
α )Dgα)+D(rαc−1

α )Dcα +
rα

2

∮
S1

α

tr
(
g−1

α Dgα∂x(g−1
α Dgα)

)
.

(3.8)
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‘¨³¶²¥±É¨Î¥¸± Ö ·¥¤Ê±Í¨Ö. ’¥¶¥·Ó · ¸¸³μÉ·¨³ ¶μ¤´ÖÉ¨¥ G ¤μ £²μ¡ ²Ó-
´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° T ∗R. ‚ ¤μ¡ ¢²¥´¨¥ ± (3.3), (3.4), (3.5)
Ê± ¦¥³ ¸²¥¤ÊÕÐ¨¥ ¤¥°¸É¢¨Ö ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò G:

Φ → f−1k∂xf + f−1Φf, k → k, (3.9)

pα → f−1
α pαfα + rαf−1

α ∂xfα, rα → rα. (3.10)

�É¨ ¸¨³³¥É·¨¨ ¶μ§¢μ²ÖÕÉ ¶μ¸É·μ¨ÉÓ μÉμ¡· ¦¥´¨¥ ³μ³¥´É , ¤¥°¸É¢ÊÕÐ¥¥ ¨§
Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ¢ ±μ ²£¥¡·Ê ‹¨ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò:

μ : T ∗R → Lie∗(G).

�´μ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

μ =

(
∂̄Φ − k∂xĀ + [Ā, Φ] +

n∑
α=1

pαδ(zα), ∂̄k +
n∑

α=1

rαδ(zα)

)
. (3.11)

�μ²μ¦¨³ μ = (0, 0). ’¥³ ¸ ³Ò³ ¶·¨Ìμ¤¨³ ± ¤¢Ê³ Ê¸²μ¢¨Ö³ £μ²μ³μ·Ë´μ¸É¨:

∂̄Φ − k∂xĀ + [Ā, Φ] +
n∑

α=1

pαδ(zα) = 0, (3.12)

∂̄k +
n∑

α=1

rαδ(zα) = 0. (3.13)

“· ¢´¥´¨¥ ¸¢Ö§¨ (3.13) μ§´ Î ¥É, ÎÉμ ±μ³¶μ´¥´É  ¶μ²Ö •¨££¸  k Ö¢²Ö¥É¸Ö
£μ²μ³μ·Ë´μ° 1-Ëμ·³μ° ´  Σn ¸ ¶μ²Õ¸ ³¨ ¶¥·¢μ£μ ¶μ·Ö¤±  ¢ μÉ³¥Î¥´´ÒÌ
ÉμÎ± Ì.

‡ Ë¨±¸¨·Ê¥³ ± ²¨¡·μ¢±Ê:

L̄ = f−1∂̄f + f−1Āf. (3.14)

’μ ¦¥ ¸ ³μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ f ¤¥°¸É¢Ê¥É ´  ¶μ²¥ •¨££¸ :

L = kf−1∂xf + f−1Φf. (3.15)

ŒÒ ¸μÌ· ´¨³ μ¡μ§´ Î¥´¨Ö gα, pα ¨ ¤²Ö ± ²¨¡·μ¢μÎ´μ-¶·¥μ¡· §μ¢ ´´ÒÌ ¶¥-
·¥³¥´´ÒÌ. “· ¢´¥´¨¥ ³μ³¥´É  (3.12) ¢ ¶¥·¥³¥´´ÒÌ L̄ ¨ L ¨³¥¥É ÉμÉ ¦¥
¢¨¤:

∂̄L − k∂xL̄ + [L̄, L] +
n∑

α=1

pαδ(zα) = 0. (3.16)

�¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¢³¥¸É¥ ¸ (3.13) μ¶·¥¤¥²Ö¥É ·¥¤ÊÍ¨·μ¢ ´´μ¥ Ë §μ¢μ¥
¶·μ¸É· ´¸É¢μ

T ∗R//G ∼ T ∗N .
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‘¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  (3.7) ´  T ∗N ¢Ò£²Ö¤¨É É ±:

ω = 〈δL|δL̄〉 +
∫
Σn

δkδλ +
n∑

α=1

ωα. (3.17)

�·¡¨ÉÒ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö. � ¸¸³μÉ·¨³ ¡μ²¥¥ ¶μ¤·μ¡´μ ¸¨³-
¶²¥±É¨Î¥¸±ÊÕ Ëμ·³Ê ω (3.8) ´ 

T ∗L̂(G) ∼ {(p, r); (g, c)}.

(ˆ´¤¥±¸ α ¡Ê¤¥³ μ¶Ê¸± ÉÓ.) ŒÒ ´¥ · ¸¸³μÉ·¥²¨ ¸²¥¤ÊÕÐ¥¥ ± ´μ´¨Î¥¸±μ¥
¶·¥μ¡· §μ¢ ´¨¥ Ëμ·³Ò ω ¶μ¤ ¤¥°¸É¢¨¥³ (f, s) ∈ L̂(G), £¤¥ s Å Í¥´É· ²Ó´Ò°
Ô²¥³¥´É:

g → fg, p → p, r → r, c → sc, f ∈ L(G). (3.18)

‘¨³¶²¥±É¨Î¥¸± Ö ·¥¤Ê±Í¨Ö μÉ´μ¸¨É¥²Ó´μ ÔÉ¨Ì ¶·¥μ¡· §μ¢ ´¨° μ£· ´¨Î¨¢ ¥É
Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ´  μ·¡¨ÉÒ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö £·Ê¶¶μ°
L̂(GL(N, C)). �Éμ¡· ¦¥´¨¥ ³μ³¥´É 

μ : T ∗L̂(G) → Lie∗(L̂(GL(N, C)))

¨³¥¥É ¢¨¤
μ = (−gpg−1 + r∂xgg−1, r).

‡ Ë¨±¸¨·Ê¥³ Ê·μ¢¥´Ó μÉμ¡· ¦¥´¨Ö ³μ³¥´É  μ = (p(0), r(0)). ‚ ·¥§Ê²ÓÉ É¥
¸¨³¶²¥±É¨Î¥¸±μ° ·¥¤Ê±Í¨¨ ¶·μ¸É· ´¸É¢μ T ∗L̂(G) ¶¥·¥°¤¥É ¢ μ·¡¨ÉÊ ±μ¶·¨-
¸μ¥¤¨´¥´´μ£μ ¤¥°¸É¢¨Ö:

O(p(0), r(0))=(p= − g−1p(0)g−r(0)g−1∂xg, r(0))=μ−1
(
T ∗L̂(SL(N, C))

)
/G0,

£¤¥ G0 Å ¶μ¤£·Ê¶¶  ¢ L̂(GL(N, C)), ¸μÌ· ´ÖÕÐ Ö μ (¸É ¡¨²¨§ Éμ·):

G0 =
{

g ∈ L(GL(N, C)) | p(0) = −g−1p(0)g + r(0)g−1∂xg
}

.

�  μ·¡¨É¥ O ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  (3.8) ¶·¨´¨³ ¥É ¢¨¤

ω =
∮

tr (D(pg−1)Dgg−1) +
r(0)

2

∮
tr
(
g−1DgD(g−1∂xg)

)
. (3.19)

ˆÉ ±, ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²μ ¸ ´ ¡μ·μ³ μ·¡¨É ¢ μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì

Oα(p(0)
α , r

(0
α ) ¢³¥¸Éμ · ¸¸³μÉ·¥´¨Ö ±μ± ¸ É¥²Ó´μ£μ · ¸¸²μ¥´¨Ö T ∗L̂(Gα). ‚

¨Éμ£¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ T ∗R (3.6) ¨§³¥´¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

T ∗R =
{

(Ā, Φ), (λ, k),O1(p
(0)
1 , r

(0
1 ), . . . ,On(p(0)

n , r(0
n )
}

. (3.20)
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‡ ±μ´Ò ¸μÌ· ´¥´¨Ö ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. Š ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É-
´Ò³¨ ¸μÌ· ´ÖÕÐ¨³¨¸Ö ¢¥²¨Î¨´ ³¨ Ö¢²ÖÕÉ¸Ö ¸²¥¤Ò ³ É·¨Í ³μ´μ¤·μ³¨¨ ¶μ²Ö
Φ, É. ¥. ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ £ ³¨²ÓÉμ´¨ ´μ¢ ¢ μ¡Ð¥³ ¢¨¤¥ ³μ¦´μ § -
¶¨¸ ÉÓ É ±:

H(z) = tr

⎛⎝P exp
1
k

∮
S1

ΦN

⎞⎠ , (3.21)

£¤¥ z Å ²μ± ²Ó´ Ö ±μμ·¤¨´ É  ²Õ¡μ° ÉμÎ±¨. …¸²¨ ÔÉ  ÉμÎ±  μÉ³¥Î¥´´ Ö, Éμ
Φ ¨³¥¥É ¶μ²Õ¸ ¶¥·¢μ£μ ¶μ·Ö¤±  ¨, ¸²¥¤μ¢ É¥²Ó´μ,

H(z) =
+∞∑

j=−N

Hjz
j . (3.22)

’ ± ± ± (3.21) ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ¥ ¢Ò· ¦¥´¨¥, Éμ Φ ³μ¦´μ § ³¥-
´¨ÉÓ ´  L:

H(z) = tr

⎛⎝P exp
1
k

∮
S1

LN

⎞⎠ . (3.23)

� ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ´  ´¥·¥¤ÊÍ¨·μ¢ ´´μ³ Ë §μ¢μ³ ¶·μ¸É· ´-
¸É¢¥ T ∗R (3.20). �´¨ § ¶¨¸Ò¢ ÕÉ¸Ö ¸ ¶μ³μÐÓÕ ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³Ò ω
(3.7), £¤¥ ωα § ³¥´¥´Ò ´  (3.19), ¨ £ ³¨²ÓÉμ´¨ ´μ¢ (3.21), (3.22). �Ê¸ÉÓ tj Å
¢·¥³Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ £ ³¨²ÓÉμ´¨ ´Ê Hj . �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ Hj

ËÊ´±Í¨μ´ ²Ó´μ § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¶μ²Ö •¨££¸  ¨ Í¥´É· ²Ó´μ£μ § ·Ö¤  k, ¢Ò-
¶¨Ï¥³ ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°:

∂jΦ = 0, (3.24)

∂jĀ =
δHj

δΦ
, (3.25)

∂jk = 0, ∂jλ =
δHj

δk
, ∂jpα = 0. (3.26)

�¥¤ÊÍ¨·μ¢ ´´μ¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ μ¶¨¸Ò¢ ¥É¸Ö ¶μ²Ö³¨ L̄ (3.14), L
(3.15). �μ¤¸É ¢²ÖÖ (3.15) ¢ (3.24), ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö ‡ Ì ·μ¢ Ä˜ ¡ É :

∂jL − k∂xMj + [Mj, L] = 0 (∂j = ∂tj ), (3.27)

£¤¥ Mj = ∂jff−1. �¶¥· Éμ· Mj ³μ¦´μ ¶ÒÉ ÉÓ¸Ö ¶μ²ÊÎ¨ÉÓ ¨§ ¢Éμ·μ£μ Ê· ¢-
´¥´¨Ö (3.25):

∂̄Mj − ∂jL̄ + [Mj, L̄] =
δHj

δL
. (3.28)
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�·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¤¢  Ê· ¢´¥´¨Ö ´ ·Ö¤Ê ¸ Ê· ¢´¥´¨¥³ ³μ³¥´É  (3.16) Ö¢²Ö-
ÕÉ¸Ö Ê¸²μ¢¨Ö³¨ ¸μ¢³¥¸É´μ¸É¨ ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨°:

(k∂x + L)Ψ = 0, (3.29)

(∂̄ + L̄)Ψ = 0, (3.30)

(∂j + Mj)Ψ = 0. (3.31)

ƒ ³¨²ÓÉμ´¨ ´Ò ¢ ¸²ÊÎ ¥ SL(2, C). ‡¤¥¸Ó μ¶¨Ï¥³ ¶·μ¸É¥°Ï¨° ¸¶μ¸μ¡
¶μ²ÊÎ¥´¨Ö ¶²μÉ´μ¸É¥° ¸μÌ· ´ÖÕÐ¨Ì¸Ö ¢¥²¨Î¨´ ¢ ¸²ÊÎ ¥ SL(2, C).

‚Ò¶μ²´¨³ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥:

f−1Lf + kf−1∂xf = L′, (3.32)

£¤¥ f μ¶·¥¤¥²¥´μ ± ±

f =

⎛⎜⎝
√

L12 0

− L11√
L12

− k
∂x

√
L12

L12

1√
L12

⎞⎟⎠ . (3.33)

�μ¤ ¤¥°¸É¢¨¥³ ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö L-μ¶¥· Éμ· ¶¥·¥°¤¥É ¢

L′ =
(

0 1
T 0

)
, (3.34)

£¤¥

T = L21L12+L2
11+k

L11∂xL12

L12
−k∂xL11−

1
2
k2 ∂2

xL12

L12
+

3
4
k2 (∂xL12)2

L2
12

. (3.35)

�¥·¢μ¥ Ê· ¢´¥´¨¥ ¢ ²¨´¥°´μ° § ¤ Î¥{
(k∂x + L′)ψ = 0,

(∂j + M ′
j)ψ = 0,

(3.36)

£¤¥ ψ Å ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ψ = exp {−i

∮
χ}, ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ± ± Ê· ¢´¥´¨¥

�¨±± É¨ ´  χ:
ik∂xχ − χ2 + T = 0. (3.37)

ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö χ(z),

χ =
∞∑

k=−1

zkχk, (3.38)



Š‹�‘‘ˆ—…‘Šˆ… ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ› ˆ ˆ• �	�	™…�ˆŸ 801

´ °¤¥´´Ò¥ ¨§ (3.37), Ö¢²ÖÕÉ¸Ö ¶²μÉ´μ¸ÉÖ³¨ ¸μÌ· ´ÖÕÐ¨Ì¸Ö ¢¥²¨Î¨´
(¸³. [34]):

Hk ∼
∮

dxχk−1. (3.39)

�·¨ ÔÉμ³ ´Ê¦´μ ¶μ²Ó§μ¢ ÉÓ¸Ö (3.35) ¤²Ö ´ Ìμ¦¤¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ-

¦¥´¨Ö T (z): T (z) =
∞∑

k=−2

zkTk. „²Ö k = −2, −1 ¨ 0 ¨³¥¥³

⎧⎪⎪⎨⎪⎪⎩
χ−1 =

√
T−2 =

√
h,

2
√

hχ0 = T−1 + ik∂xχ−1 = T−1,

2
√

hχ1 = T0 + ik∂xχ − χ2
0.

(3.40)

‚ ¤ ²Ó´¥°Ï¥³ ÔÉ¨ Ëμ·³Ê²Ò ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö ´ Ìμ¦¤¥´¨Ö £ ³¨²ÓÉμ´¨-
 ´μ¢ ¢ É¥μ·¥É¨±μ-¶μ²¥¢ÒÌ μ¡μ¡Ð¥´¨ÖÌ ¸¨¸É¥³ Š ²μ¤¦¥·μÄŒμ§¥·  ¨ ƒμ¤¥´ .

3.2. �μ²¥¢μ¥ μ¡μ¡Ð¥´¨¥ ³μ¤¥²¥° Š ²μ¤¦¥·μ ¨ ƒμ¤¥´ . L̂(SL(N, C))-
· ¸¸²μ¥´¨¥ ´ ¤ Ô²²¨¶É¨Î¥¸±¨³¨ ±·¨¢Ò³¨. �¡ÐÊÕ ±μ´¸É·Ê±Í¨Õ, · ¸¸³μ-
É·¥´´ÊÕ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ¶·¨³¥´¨³ ± L̂(SL(N, C))-· ¸¸²μ¥´¨Õ ´ ¤
Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°

Eτ = C/(Z + τZ) (3.41)

¸ μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨ wα, α = 1, . . . , n. � Ï  Í¥²Ó Å ¶μ²ÊÎ¨ÉÓ ¤¢Ê³¥·´μ¥
μ¡μ¡Ð¥´¨¥ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³Ò ƒμ¤¥´ , μ¶¨¸ ´´μ° ¢ [4]. ‚ Î ¸É´μ¸É¨,
¢ ¸²ÊÎ ¥ μ¤´μ° ÉμÎ±¨ z = 0 ¶μ²ÊÎ¨³ ¶μ²¥¢μ¥ μ¡μ¡Ð¥´¨¥ ³μ¤¥²¨ �°²¥· Ä
Š ²μ¤¦¥·μÄŒμ§¥· .

�μ¸É·μ¨³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (3.11), ¢Ò¡¨· Ö ¤²Ö ¶·μ¸ÉμÉÒ μ·¡¨ÉÒ ¢
μÉ³¥Î¥´´ÒÌ ÉμÎ± Ì ¸ ´Ê²¥¢Ò³¨ Í¥´É· ²Ó´Ò³¨ § ·Ö¤ ³¨:

Oα =
{
pα

ij , rα = 0
}

.

„²Ö Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° § Ë¨±¸¨·Ê¥³ Í¥´É· ²Ó´Ò° § ·Ö¤ k = 1. ‚ ¸²Ê-
Î ¥ ¸É ¡¨²Ó´ÒÌ · ¸¸²μ¥´¨° ¶·¥μ¡· §μ¢ ´¨Ö (3.3) ¶μ§¢μ²ÖÕÉ ¤¨ £μ´ ²¨§μ¢ ÉÓ
±μ³¶μ´¥´ÉÊ ¸¢Ö§´μ¸É¨ Ā:

L̄ij = δij
2π

√
−1

τ − τ̄
ui. (3.42)

’μ£¤  μ¶¥· Éμ· ‹ ±¸  LG ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ (3.16). �É¸Õ¤  ¨³¥¥³

LG
ij = − δij

2π
√
−1

(
vi

2
+
∑

α

pα
ii

(
2π

√
−1

z − z̄

τ − τ̄
+ E1(z − wα)

))
−

− 1 − δij

2π
√
−1

∑
α

pα
ije
(

z − wα − (z̄ − w̄α)
τ − τ̄

uij

)
φ(uij , z −wα), uij = ui − uj.

(3.43)
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‘ ¶μ³μÐÓÕ ± ²¨¡·μ¢μÎ´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö

f = diag
{
e
(

z − z̄

τ − τ̄
ui

)}
(3.44)

¶μ²ÊÎ ¥³ £μ²μ³μ·Ë´Ò° ±¢ §¨¶¥·¨μ¤¨Î¥¸±¨° μ¶¥· Éμ· ‹ ±¸ :

lGij(z) = − δij

2π
√
−1

(
vi

2
+
∑

α

pα
iiE1(z − wα)

)
− 1 − δij

2π
√
−1

∑
α

pα
ijφ(uij , z−wα).

(3.45)
“· ¢´¥´¨¥ ³μ³¥´É  ´  ¤¨ £μ´ ²¨ ¤ ¥É ¤μ¶μ²´¨É¥²Ó´ÊÕ ¸¢Ö§Ó

1
2π

√
−1

∑
α

pα
ii = ∂xui. (3.46)

‚ ÔÉμ³ · §¤¥²¥ ¶μ¤·μ¡´μ ¨§ÊÎ¨³ ¤¢Ê³¥·´μ¥ μ¡μ¡Ð¥´¨¥ ¤¢ÊÌÎ ¸É¨Î´μ°
¸¨¸É¥³Ò Š ²μ¤¦¥·μ.

L-μ¶¥· Éμ·. ˆ§ (3.45) ¸²¥¤Ê¥É, ÎÉμ μ¶¥· Éμ· ‹ ±¸  ¢ £μ²μ³μ·Ë´μ³ ¶·¥¤-
¸É ¢²¥´¨¨ ¸μ¸Éμ¨É ¨§ ¸²¥¤ÊÕÐ¨Ì ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

lG11 = − v

4π
√
−1

−
∑

α

pα
11

2π
√
−1

E1(z − wα),

lG12 = −
∑
α

pα
12

2π
√
−1

φ(2u, z − wα),

lG21 = −
∑
α

pα
21

2π
√
−1

φ(−2u, z − wα)

(3.47)

¸ ¤μ¶μ²´¨É¥²Ó´Ò³ Ê¸²μ¢¨¥³ (3.46):

1
2π

√
−1

∑
α

pα
11 = ux. (3.48)

ŒÒ ¤μ ¸¨Ì ¶μ· ´¥ § Ë¨±¸¨·μ¢ ²¨ ¤¥°¸É¢¨¥ ¤¨ £μ´ ²Ó´μ° ¶μ¤£·Ê¶¶μ°
¨§ £·Ê¶¶Ò ¶¥É¥²Ó L̂(SL(N, C)) ´  LG. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ÔÉμ³Ê ¤¥°¸É¢¨Õ
Ê· ¢´¥´¨¥ ³μ³¥´É  ¨ ¥¸ÉÓ ¸¢Ö§Ó (3.48).

‚ ¸²ÊÎ ¥ μ¤´μ° μÉ³¥Î¥´´μ° ÉμÎ±¨ w1 = 0 ¨³¥¥³

p = 2π
√
−1
(

ux − ν
−ν − ux

)
, (3.49)

£¤¥ ν = const Å ·¥§Ê²ÓÉ É Ë¨±¸ Í¨¨ Ê± § ´´μ° ¢ÒÏ¥ ± ²¨¡·μ¢μÎ´μ° ¸¢μ-
¡μ¤Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¶¥· Éμ· ‹ ±¸  Ö¢²Ö¥É¸Ö ¤¢Ê³¥·´Ò³ μ¡μ¡Ð¥´¨¥³ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥£μ μ¶¥· Éμ·  ¤²Ö ¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨ Š ²μ¤¦¥·μÄŒμ§¥· :

LŠŒ =

⎛⎜⎝ − 1
4π

√
−1

v − uxE1(z) νφ(2u, z)

νφ(−2u, z)
1

4π
√
−1

v + uxE1(z)

⎞⎟⎠ . (3.50)
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ƒ ³¨²ÓÉμ´¨ ´Ò ¤²Ö sl(2, C) ¤¢Ê³¥·´μ° ³μ¤¥²¨ Š ²μ¤¦¥·μ. ˆ¸¶μ²Ó§ÊÖ
(3.35)Ä(3.40), ¶μ²ÊÎ¨³ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö Tk ËÊ´±Í¨¨ T :⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

T ŠŒ
−2 = u2

x + ν2 = h,

T ŠŒ
−1 = 2

v

4π
√
−1

ux − νx

ν
ux + uxx,

T ŠŒ
0 = − v2

16π2
+ (2u2

x − ν2)℘(2u) − v

4π
√
−1

νx

ν
+

1
4

(νx

ν

)2

,

(3.51)

£¤¥ h Å μ¶¥· Éμ· Š §¨³¨· , Ë¨±¸¨·ÊÕÐ¨° μ·¡¨ÉÊ ±μ¶·¨¸μ¥¤¨´¥´´μ£μ ¤¥°-
¸É¢¨Ö ¢ μÉ³¥Î¥´´μ° ÉμÎ±¥. ‚Ò¡¥·¥³ ¥£μ ±μ´¸É ´Éμ°.

�¥·¢Ò° £ ³¨²ÓÉμ´¨ ´ Å ²¨´¥°´Ò° ¶μ ¨³¶Ê²Ó¸Ê:

HŠŒ
−1 =

∮
v

2π
√
−1

ux − νx

ν
ux. (3.52)

�¥·¥¶¨Ï¥³ ¥£μ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

HŠŒ
−1 =

∮
v

2π
√
−1

ux +
uxxh

ν2
. (3.53)

’ ± ± ±

{∮
dx

uxx

ν2
, v(y)

}
= 0, Éμ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

⎧⎪⎪⎨⎪⎪⎩
ut =

1
2π

√
−1

ux,

vt =
1

2π
√
−1

vx.
(3.54)

‡ ³¥É¨³, ÎÉμ LÄA-¶ ·  ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸É·μ¨É¸Ö Ô²¥³¥´É ·´μ: M =
1

2π
√
−1

L.

‘²¥¤ÊÕÐ¨° £ ³¨²ÓÉμ´¨ ´ H0 Å ±¢ ¤· É¨Î´Ò° ¶μ ¶μ²Õ v. �´ ¶·¥¤-
¸É ¢²Ö¥É μ¸´μ¢´μ° ¨´É¥·¥¸, É ± ± ± Ö¢²Ö¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³
£ ³¨²ÓÉμ´¨ ´  ³μ¤¥²¨ Š ²μ¤¦¥·μÄŒμ§¥·  ¤²Ö ¤¢ÊÌÎ ¸É¨Î´μ° § ¤ Î¨:

HŠŒ
0 =

∮
dx2

√
hχ1 =

∮
dx

(
T0 −

1
4h

T 2
−1

)
. (3.55)

�·Ö³μ¥ ¢ÒÎ¨¸²¥´¨¥ ¤ ¥É μÉ¢¥É:

T ŠŒ
0 − 1

4h
(T ŠŒ

−1 )2 = − v2

16π2

(
1 − u2

x

h

)
+ (3u2

x − h)℘(2u) − u2
xx

4ν2
. (3.56)
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’¥¶¥·Ó ³μ¦´μ § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ Ô¢μ²ÕÍ¨Õ ¶μ £ -
³¨²ÓÉμ´¨ ´Ê HŠŒ

0 :⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ut = − v

8π2

(
1 − u2

x

h

)
,

vt =
1

8π2h
∂x(v2ux) − 2(3u2

x − h)℘′(2u) + 6∂x(ux℘(2u))+

+
1
2
∂x

(
uxxxν − νxuxx

ν3

)
.

(3.57)

‡ ³¥É¨³, ÎÉμ ¢ ¶·¥¤¥²¥, ±μ£¤  ¶μ²Ö u ¨ v ´¥ § ¢¨¸ÖÉ μÉ x, ¶μ²ÊÎ ¥³ Ìμ·μÏμ
¨§¢¥¸É´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨ Š ²μ¤¦¥·μ.

LÄA-¶ ·  ¤²Ö ¤¢Ê³¥·´μ° Ô²²¨¶É¨Î¥¸±μ° sl(2, C)-³μ¤¥²¨ ŠŒ. “· ¢-
´¥´¨Ö ¤¢¨¦¥´¨Ö (3.57) ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ Ëμ·³¥ Ê· ¢´¥´¨° ‡ Ì ·μ¢ Ä
˜ ¡ É . �·μ¢¥·±  ÔÉμ£μ Ë ±É  Å ´¥μ¡Ìμ¤¨³Ò° É¥¸É ´  ¶· ¢¨²Ó´μ¸ÉÓ ¶μ-
²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢. L-μ¶¥· Éμ· § ¤ ´ Ëμ·³Ê²μ° (3.50). Š ¸μ¦ ²¥´¨Õ,
¤²Ö M -μ¶¥· Éμ·  ´¥ ¸ÊÐ¥¸É¢Ê¥É ¥¸É¥¸É¢¥´´μ£μ ¸¶μ¸μ¡  ¶μ²ÊÎ¥´¨Ö. �·¨¢¥-
¤¥³ μÉ¢¥É:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M11 = −utE1(z) − 1
4π

√
−1

(
1

8π2h
v2ux + 6ux℘(2u)+

uxxxν−νxuxx

2ν3

)
+

+
ux

2π
√
−1

(E2(2u) − E2(z)),

M12 = − ν

2π
√
−1

Φ′(2u, z)+

+
(

ν

2π
√
−1

E1(z) +
vuxν

8π2h
− 1

4π
√
−1

uxx

ν

)
Φ(2u, z),

M21 = − ν

2π
√
−1

Φ′(−2u, z)+

+
(

ν

2π
√
−1

E1(z) +
vuxν

8π2h
+

1
4π

√
−1

uxx

ν

)
Φ(−2u, z).

(3.58)
�ÉμÉ ·¥§Ê²ÓÉ É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¨¸¶μ²Ó§ÊÖ ¥¸É¥¸É¢¥´´Ò°  ´§ Í.

‚Ò¶¨Ï¥³ Ê· ¢´¥´¨Ö ‡ Ì ·μ¢ Ä˜ ¡ É  ¢ ¸²ÊÎ ¥ sl(2, C) ¶μ±μ³¶μ´¥´É´μ:⎧⎪⎨⎪⎩
11 : ∂tL11 − ∂xM11 = M21L12 − M12L21,

12 : ∂tL12 − ∂xM12 = 2L11M12 − 2L12M11,

21 : ∂tL21 − ∂xM21 = 2M11L21 − 2L11M21.

(3.59)

�·¥¤¶μ²μ¦¨³, ÎÉμ ¢´¥¤¨ £μ´ ²Ó´ Ö Î ¸ÉÓ ³ É·¨ÍÒ M ¨³¥¥É ¢¨¤{
M12 = c(x)Φ′(2u, z) + (f1

12(x)E1(z) + f0
12(x))Φ(2u, z),

M21 = c(x)Φ′(−2u, z) + (f1
21(x)E1(z) + f0

21(x))Φ(−2u, z).
(3.60)
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’ ±μ° ¢Ò¡μ· Ö¢²Ö¥É¸Ö ¡μ²¥¥ ¨²¨ ³¥´¥¥ ¥¸É¥¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ μ¶¥· Éμ·  ¢ ±μ´¥Î´μ³¥·´μ³ ¸²ÊÎ ¥. ’μ£¤  ¨§ ¤¨ £μ´ ²Ó´μ° Î ¸É¨
(3.59) § ±²ÕÎ ¥³, ÎÉμ

M11 = −utE1(z) + α(x) + �M11, (3.61)

£¤¥

α(x) = − 1
4π

√
−1

(
1

8π2h
v2ux + 6ux℘(2u) +

uxxxν − νxuxx

2ν3

)
, (3.62)

  �M11 ¡Ê¤¥É μ¶·¥¤¥²¥´μ ¢ ¤ ²Ó´¥°Ï¥³. �·¥¤¶μ²μ¦¨³, ÎÉμ ÔÉ  ¢¥²¨Î¨´ 
´¥ § ¢¨¸¨É μÉ E2(2u), ÎÉμ¡Ò ¸μ±· É¨ÉÓ Î²¥´Ò, ¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ E2(2u) ¨
E′

2(2u) ¢ (3.59).
ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (A.8) ¢μ ¢´¥¤¨ £μ´ ²Ó´μ° Î ¸É¨ (3.59), ¶μ²ÊÎ ¥³ Ê¸²μ-

¢¨Ö, Ô±¢¨¢ ²¥´É´Ò¥ ¸μ±· Ð¥´¨Õ ±μÔËË¨Í¨¥´Éμ¢ ¶¥·¥¤ ËÊ´±Í¨Ö³¨ ξ(2u, z) =
E1(2u + z) − E(2u), E1(z), E2

1(z), E1(z)ξ(−2u, z):

12 :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

E1(z)ξ(2u, z) : f1
12 = −c,

E2
1(z) : f1

12 = −c,

ξ(2u, z) : 2νut − cx − 2uxf0
12 = −2c

v

4π
√
−1

,

E1(z) : −∂xf1
12 = −2

v

4π
√
−1

f1
12 − 2uxf0

12 + 2utν,

(3.63)

21 :

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

E1(z)ξ(−2u, z) : f1
12 = −c,

E2
1 (z) : f1

12 = −c,

ξ(−2u, z) : −2νut − cx + 2uxf0
21 = 2c

v

4π
√
−1

,

E1(z) : −∂xf1
21 = 2

v

4π
√
−1

f1
12 + 2uxf0

21 − 2utν.

(3.64)

’ ±¨³ μ¡· §μ³, ⎧⎪⎪⎪⎨⎪⎪⎪⎩
f1
12 = f1

21 = −c,

2uxf0
12 = 2νut − cx + 2c

v

4π
√
−1

,

2uxf0
21 = 2νut + cx + 2c

v

4π
√
−1

,

(3.65)

⎧⎪⎨⎪⎩
f+ = f0

21 + f0
12 =

2
ux

(
νut + c

v

4π
√
−1

)
,

f− = f0
21 − f0

12 =
cx

ux
.

(3.66)
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�¸É ¢Ï Ö¸Ö Î ¸ÉÓ ¢´¥¤¨ £μ´ ²Ó´ÒÌ Ê· ¢´¥´¨°⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

νt + 12cuxη1 − ∂xf0
12 − 2cuxE2(z) − 4cuxE2(2u) =

= −2
v

4π
√
−1

f0
12 − 2να − 2ν�M11,

−νt + 12cuxη1 + ∂xf0
21 − 2cuxE2(z) − 4cuxE2(2u) =

= −2
v

4π
√
−1

f0
21 − 2να − 2ν�M11.

(3.67)

‚ÒÎ¨É Ö ¨Ì ¤·Ê£ ¨§ ¤·Ê£ , ¨³¥¥³

2
ux

ν
∂xut + ∂xf+ = −2

v

4π
√
−1

f−. (3.68)

�μ¤¸É ¢¨³ É¥¶¥·Ó f+ ¨ f− ¨§ (3.66) ¢ (3.68). �μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ´  c:

ux

ν
∂xut + ∂x

(
1
ux

(
νut + c

v

4π
√
−1

))
= − v

4π
√
−1

cx

ux
. (3.69)

ˆÉ ±, ³Ò Ê¡¥¤¨²¨¸Ó ¢ ¶· ¢¨²Ó´μ¸É¨ ¢Ò¡· ´´μ£μ  ´§ Í . ’¥¶¥·Ó μ¸É ¥É¸Ö ¨¸-
¶μ²Ó§μ¢ ÉÓ ±μ´±·¥É´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ´ Ìμ¦¤¥´¨Ö c. „²Ö HŠŒ

−1

¶μ²ÊÎ ¥³ c ∼
√

ux/v. �¤´ ±μ ±μÔËË¨Í¨¥´É ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨ μ± §Ò¢ -

¥É¸Ö · ¢´Ò³ ´Ê²Õ. „²Ö HŠŒ
0 (3.56) ¨³¥¥³ c = − ν

2π
√
−1

. —Éμ ¨ É·¥¡μ¢ ²μ¸Ó

¤μ± § ÉÓ.
‘μμÉ¢¥É¸É¢¨¥ 2d-³μ¤¥²¨ ŠŒ Ê· ¢´¥´¨Õ ‹ ´¤ ÊÄ‹¨ËÏ¨Í . �·μÍ¥-

¤Ê·  ¢¥·Ì´¥° ³μ¤¨Ë¨± Í¨¨, Ê¸É ´ ¢²¨¢ ÕÐ¥° ¸¢Ö§Ó ³¥¦¤Ê ³μ¤¥²ÓÕ Ô²²¨¶-
É¨Î¥¸±μ£μ ¢μ²Î±  ¨ Ô²²¨¶É¨Î¥¸±μ° ¸¨¸É¥³μ° Š ²μ¤¦¥·μÄŒμ§¥· , ¸ É¥³ ¦¥
Ê¸¶¥Ìμ³ ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´  ¨ ¢ ¤¢Ê³¥·´μ³ ¸²ÊÎ ¥.

’¥μ·¥É¨±μ-¶μ²¥¢μ¥ μ¡μ¡Ð¥´¨¥ SL(2, C)-Ô²²¨¶É¨Î¥¸±μ£μ ¢μ²Î±  μ¶¨¸Ò¢ -
¥É¸Ö Ê· ¢´¥´¨¥³ ‹ ´¤ ÊÄ‹¨ËÏ¨Í :

∂tS =
1
2
[S, J(S)] +

1
2
[S, ∂xxS]. (3.70)

�Éμ Ê· ¢´¥´¨¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ Ëμ·³¥ Ê· ¢´¥´¨° ‡ Ì ·μ¢ Ä˜ ¡ É  [18]. �¶¥-
· Éμ· LLL ¨³¥¥É ÉμÉ ¦¥ ¢¨¤, ÎÉμ ¨ ¢ ±μ´¥Î´μ³¥·´μ³ ¸²ÊÎ ¥. „²Ö sl(2, C)
¡ §¨¸ ³ É·¨Í � Ê²¨ ¸μ¢¶ ¤ ¥É ¸ ¡ §¨¸μ³ ¸¨´Ê¸- ²£¥¡·Ò, ¸²¥¤μ¢ É¥²Ó´μ, ¤²Ö
LLL ¨³¥¥³

LLL = Lrot =
∑

a

ua(z)Saσa,

u1 = ϕ

[
0
1

]
(z), u2 = ϕ

[
1
1

]
(z), u3 = ϕ

[
1
0

]
(z).

�¶¥· Éμ· MLL ¸É·μ¨É¸Ö ¸· ¢´¨É¥²Ó´μ ¶·μ¸Éμ:

MLL = M rot − E1(z)Lrot +
∑

a

ua(z) tr (σa[S, ∂xS]).
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‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ Ê· ¢´¥´¨Ö ‡ Ì ·μ¢ Ä˜ ¡ É  ¸¢μ¤ÖÉ¸Ö ± (3.70), ¥¸²¨∑
a

S2
a = 1.

’¥¶¥·Ó ¢¥·Ì´ÖÖ ³μ¤¨Ë¨± Í¨Ö ¤¥°¸É¢Ê¥É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

LLL = Ξ∂xΞ−1 + ΞLŠŒ
2DΞ−1,

£¤¥ LŠŒ
2D μ¶·¥¤¥²¥´ ¢ (3.50). ‘¨´£Ê²Ö·´μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ Ξ

¨³¥¥É É¥ ¦¥ ±¢ §¨¶¥·¨μ¤¨Î¥¸±¨¥ ¸¢μ°¸É¢ , ÎÉμ ¨ ¢ μ¤´μ³¥·´μ³ ¸²ÊÎ ¥. ‘²¥-
¤μ¢ É¥²Ó´μ, ¤²Ö N = 2 μ´μ ¤μ²¦´μ μ¶·¥¤¥²ÖÉÓ¸Ö Ëμ·³Ê² ³¨ (2.63). �¤´ ±μ
ÔÉμ ´¥ É ±. �·¨Î¨´  § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¢ÒÎ¥É (3.50) μÉ²¨Î ¥É¸Ö μÉ ¢Ò-
Î¥É  LŠŒ,   ¸²¥¤μ¢ É¥²Ó´μ, μÉ²¨Î ÕÉ¸Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò. …¸²¨ ¶·¨´ÖÉÓ
¢μ ¢´¨³ ´¨¥ Ê± § ´´ÊÕ ¶μ¶· ¢±Ê, Éμ ³μ¦´μ μ¸ÊÐ¥¸É¢¨ÉÓ ¶¥·¥Ìμ¤ μÉ ¶μ²¥°
v(x, t), u(x, t) ¢ ³μ¤¥²Ó ŠŒ ¨ ±μ´¸É ´ÉÒ ν ± ¶μ²Ö³ S = (S1, S2, S3) ¸ Ê¸²μ-
¢¨¥³ Ë¨±¸ Í¨¨ μ·¡¨ÉÒ:

∑
a

S2
a = − 1

2π2
(u2

x + ν2).

•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ³μ¤¥²Ó  ´¨§μÉ·μ¶´μ£μ ³ £´¥É¨±  ƒ¥°§¥´¡¥·£  (±μ-
Éμ· Ö μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ ‹ ´¤ ÊÄ‹¨ËÏ¨Í ) Å Ê´¨¢¥·¸ ²Ó´ Ö. Š ±
¸¶¥Í¨ ²Ó´Ò° ¶·¥¤¥², μ´  ¸μ¤¥·¦¨É ¢ ¸¥¡¥ ³μ¤¥²¨ ¸¨´Ê¸-ƒμ·¤μ´  ¨ ´¥²¨´¥°-
´ÊÕ ˜·¥¤¨´£¥·  [11]. ‚ ÔÉμ³ ¸³Ò¸²¥ ¤¢Ê³¥·´ Ö ³μ¤¥²Ó Š ²μ¤¦¥·μÄŒμ§¥· 
μ¡² ¤ ¥É Éμ° ¦¥ Ê´¨¢¥·¸ ²Ó´μ¸ÉÓÕ. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¨§¢²¥Î¥³ ¨§ ´¥¥
Ê· ¢´¥´¨¥ ¸¨´Ê¸-ƒμ·¤μ´ .

�·¥¤¥² ± Ê· ¢´¥´¨Õ ¸¨´Ê¸-ƒμ·¤μ´ . ‘±¥°²¨´£μ¢Ò° ¶·¥¤¥² ¢ ³μ¤¥²¨
ŠŒ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ³¡¨´ Í¨Õ É·¨£μ´μ³¥É·¨Î¥¸±μ£μ ¶·¥¤¥²  Im τ →
∞, ¸¤¢¨£  ±μμ·¤¨´ É: u = U +

1
2
Imτ ¨ ¶¥·¥´μ·³¨·μ¢±¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨

ν = ν̄ e1/2(Im τ) [35]. �É  ¶·μÍ¥¤Ê· , ¶·¨³¥´¥´´ Ö ± 2d-³μ¤¥²¨ ŠŒ, ¤ ¥É
¸¨¸É¥³Ê ¸¨´Ê¸-ƒμ·¤μ´ :

HSG = − v2

16π2
− ν̄2(e2U + e−2U ) +

U2
x

4
. (3.71)

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö⎧⎪⎨⎪⎩
Ut = − v

8π2
,

vt = 2ν̄2(e2U − e−2U ) +
1
2
Uxx.

(3.72)
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LÄA-¶ · :

LSG =

⎛⎜⎜⎝ − v

4π
√
−1

− 1
2
Ux ν̄(1 − e2UZ)

ν̄

(
1
Z

− e−2U

)
v

4π
√
−1

+
1
2
Ux

⎞⎟⎟⎠ , (3.73)

MSG =

⎛⎜⎜⎝ −Ut

2
− 1

8π
√
−1

Ux
ν̄

4π
√
−1

(1 + e2UZ)

ν̄

4π
√
−1

(
e−2U +

1
Z

)
Ut

2
+

1
8π

√
−1

Ux

⎞⎟⎟⎠ . (3.74)

ƒ ³¨²ÓÉμ´¨ ´Ò ¤²Ö 2d-Ô²²¨¶É¨Î¥¸±μ° ³μ¤¥²¨ ƒμ¤¥´ . ˆ¸¶μ²Ó§ÊÖ
(A.35), ¶μ²ÊÎ ¥³ ¶²μÉ´μ¸ÉÓ ²¨´¥°´μ£μ ¶μ ¨³¶Ê²Ó¸ ³ £ ³¨²ÓÉμ´¨ ´ :

HG
−1,a = 2

v

4π
√
−1

pa
11

2π
√
−1

+ 2
∑

b

pa
11

2π
√
−1

pb
11

2π
√
−1

E1(za − zb)−

−
∑
a�=b

pa
12p

b
21

(2π
√
−1)2

φ(2u, zb−za)+
∑
a�=b

pb
12p

a
21

(2π
√
−1)2

φ(2u, za−zb)−
pa
11

2π
√
−1

∂xpa
12

p12
.

(3.75)

�μ¸²¥¤´¨° Î²¥´ Ö¢²Ö¥É¸Ö μÉ²¨Î¨É¥²Ó´μ° μ¸μ¡¥´´μ¸ÉÓÕ ¤¢Ê³¥·´μ£μ ¸²ÊÎ Ö.
� ¸¸³μÉ·¨³ É¥¶¥·Ó sl(2, C)-¸²ÊÎ ° ¸ ¤¢Ê³Ö μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨ ´  Ô²-

²¨¶É¨Î¥¸±μ° ±·¨¢μ°.
	Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ§´ Î¥´¨Ö:⎧⎪⎪⎨⎪⎪⎩

p1
11 = 2π

√
−1γ1, p2

11 = 2π
√
−1γ2,

p1
12 = −2π

√
−1ν+, p1

21 = −2π
√
−1ν−,

p2
12 = −2π

√
−1μ+, p2

21 = −2π
√
−1μ−.

(3.76)

L-³ É·¨Í  ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:⎧⎪⎪⎨⎪⎪⎩
lG11 = − v

4π
√
−1

− γ1E1(z − z1) − γ2E1(z − z2),

lG12 = νφ(2u, z − z1) + μ+φ(2u, z − z2),

lG21 = νφ(−2u, z − z1) + μ−φ(−2u, z − z2).

(3.77)

“¸²μ¢¨¥ ¸¢Ö§¨:
γ1 + γ2 = ux. (3.78)

‡ Ë¨±¸¨·Ê¥³ ± ²¨¡·μ¢±Ê ¢ ¢¨¤¥

ν+ = ν− = ν. (3.79)
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ŒÒ § Ë¨±¸¨·μ¢ ²¨ μ¶¥· Éμ·Ò Š §¨³¨·  h1 = γ2
1 + ν2 ¨ h2 = γ2

2 + μ+μ−,
¶μ²μ¦¨¢ ¨Ì ±μ´¸É ´É ³¨: h1, h2 ∈ C.

�  ·¥¤ÊÍ¨·μ¢ ´´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, ±·μ³¥ ¶μ²¥° u(x) ¨ v(x), ¥¸ÉÓ
¥Ð¥ ¤¢  ´¥§ ¢¨¸¨³ÒÌ ¶μ²Ö. ‚Ò¡¥·¥³ É ±μ¢Ò³¨ ν ¨ μ+:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
γ1 =

√
h1 − ν2,

γ2 = ux −
√

h1 − ν2,

μ− =
1

μ+
(h2 − (ux −

√
h1 − ν2)2).

(3.80)

’¥³ ´¥ ³¥´¥¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¢¸¥ ¶¥·¥³¥´´Ò¥ (¨³¥Ö ¢ ¢¨¤Ê ¢ÒÏ¥Ê± § ´´Ò¥
¸¢Ö§¨), ÎÉμ¡Ò ´¥ § £·μ³μ¦¤ ÉÓ Ëμ·³Ê²Ò.

�¥É·¨¢¨ ²Ó´Ò¥ ¸±μ¡±¨ ´  ·¥¤ÊÍ¨·μ¢ ´´μ³ ¶·μ¸É· ´¸É¢¥ ³μ£ÊÉ ¡ÒÉÓ ¶μ-
²ÊÎ¥´Ò ¸ ¶μ³μÐÓ ¶·μÍ¥¤Ê·Ò „¨· ± :

{v(x), u(y)} = δ(x − y), {v(x), γ1(y)} = −δ′(x − y),

{μ+(x), γ1(y)} = − 1
2π

√
−1

μ+δ(x − y),

{μ+(x), μ−(y)} = −2
1

2π
√
−1

γ2δ(x − y),

{μ+(x), γ2(y)} =
1

2π
√
−1

μ+δ(x − y),

{μ+(x), ν(y)} =
1

2π
√
−1

γ1

ν
μ+δ(x − y),

{ν(x), μ−(y)} =
1

2π
√
−1

γ1

ν
μ−δ(x − y), {v(x), ν(y)} =

γ1

ν
δ′(x − y).

(3.81)

‹¨´¥°´Ò° £ ³¨²ÓÉμ´¨ ´:

HG
−1 =

∮
dx

(
2γ1

v

4π
√
−1

− γ1
νx

ν
+ ∂xγ1 + νμ+φ(2u, z1 − z2)−

νμ−φ(2u, z2 − z1) + 2γ1γ2E1(z1 − z2)
)

. (3.82)



810 ‡�’�‚ �.‚.

‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tu(x) =
1

2π
√
−1

γ1(x),

∂tv(x)=
1

2π
√
−1

vx−∂x

(γ1μ+

ν
φ(2u, z1−z2)

)
+∂x

(γ1μ−
ν

φ(2u, z2−z1)
)
−

−2νμ+φ′(2u, z1 − z2) + 2νμ−φ′(2u, z2 − z1) − ∂x

(
γ1∂xγ1

ν2

)
,

∂tν= − 1
2π

√
−1

∂x

(
γ2
1

ν

)
+

γ1

2π
√
−1ν

(μ+φ(2u, z1−z2)−μ−φ(2u, z2 − z1)),

∂tμ+ =
1

2π
√
−1

(
2

v

4π
√
−1

μ+2μ+(γ2 − γ1)E1(z1 − z2)
)
−

− 2νγ2

2π
√
−1

φ(2u, z2 − z1) −
γ1μ+

2π
√
−1ν

(μ+φ(2u, z1 − z2) − μ−φ(2u, z2 − z1)).

(3.83)
‘²¥¤ÊÕÐ¨° ±¢ ¤· É¨Î´Ò° £ ³¨²ÓÉμ´¨ ´ Ö¢²Ö¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´Ò³ μ¡μ¡Ð¥-
´¨¥³ (3.56):

HG
0 =

∮
dx2
√

h1χ1 =
∮

dx

(
T0 −

1
4h1

T 2
−1

)
, (3.84)

£¤¥

2
√

h1χ1 = − v2

16π2

(
1 − γ2

1

h1

)
+ (2uxγ1 − ν2)℘(2u) − (∂xγ1)2

4ν2
+

+ μ+μ−(E2(z1 − z2) − E2(2u)) + 4η1γ1γ2+
+ νμ−φ(2u, z2 − z1)(E1(z1 − z2) − E1(2u) + E1(2u + z2 − z1))−
− νμ+φ(2u, z1 − z2)(E1(z1 − z2) + E1(2u) − E1(2u + z1 − z2))+

+ γ2
2E2

1(z1 − z2) + 2γ2
v

4π
√
−1

E1(z1 − z2)−

− γ2
νx

ν
E1(z1 − z2) + γ1

μ+

ν2
φ(2u, z1 − z2)−

− γ1φ(2u, z1 − z2)
[
∂xμ+

ν
+ 2ux

μ+

ν
(E1(z1 − z2 + 2u) − E1(2u))

]
−

− 1
4h1

(νμ+φ(2u, z1 − z2) − νμ+φ(2u, z2 − z1) + 2γ1γ2E1(z1 − z2))2−

− 1
2h1

(νμ+φ(2u, z1 − z2) − νμ+φ(2u, z2 − z1)+

+2γ1γ2E1(z1 − z2))
(

2γ1
v

4π
√
−1

− γ1
νx

ν
+ ∂xγ1

)
. (3.85)



Š‹�‘‘ˆ—…‘Šˆ… ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ› ˆ ˆ• �	�	™…�ˆŸ 811

4. “��‚�…�ˆ… �…�‹…‚… VI ˆ Œ�„…‹œ
Š�‹�„†…��Äˆ��‡…Œ–…‚�

� ·  ‹ ±¸  ¤²Ö ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢ . �²²¨¶É¨Î¥¸± Ö ³μ¤¥²Ó
Š ²μ¤¦¥·μÄŒμ§¥·  (ŠŒ) [5] Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ ±²ÕÎ¥¢ÒÌ ¶·¨³¥·μ¢ ³´μ£μ-
Î ¸É¨Î´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. �´  μ¶·¥¤¥²Ö¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³

HŠŒ =
1
2

N∑
i=1

v2
i + g2

N∑
i>j

℘(ui − uj). (4.1a)

‚ ¦´Ò³ ¨´¸É·Ê³¥´Éμ³ ¤²Ö ¨§ÊÎ¥´¨Ö ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ¶·¥¤-
¸É ¢²¥´¨¥ ‹ ±¸  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³. „²Ö ¸¨¸É¥³Ò ŠŒ ¶ ·  ‹ ±¸ 
¡Ò²  ¶μ¸É·μ¥´  Š·¨Î¥¢¥·μ³ [36]. � ¸Ï¨·¥´¨¥ ¸¥³¥°¸É¢  ¨´É¥£·¨·Ê¥³ÒÌ ¸¨-
¸É¥³ É¨¶  Š ²μ¤¦¥·μ ¡Ò²μ ¶·¥¤²μ¦¥´μ �²ÓÏ ´¥Í±¨³ ¨ �¥·¥²μ³μ¢Ò³ [6].
�μ§¤´¥¥ „μ±¥·, ”μ´£ ¨ ¤·. [37, 38] ´ Ï²¨ ¤²Ö ÔÉ¨Ì ¸¨¸É¥³ ¶·¥¤¸É ¢²¥´¨¥
‹ ±¸  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³. „²Ö ´ ¸ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ´ °¤¥´´ Ö
ˆ´μ§¥³Í¥¢Ò³ [9] ³μ¤¥²Ó Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢  (Šˆ). �´  § ¤ ¥É¸Ö £ ³¨²Ó-
Éμ´¨ ´μ³

HŠˆ =
1
2

N∑
i=1

v2
i + g2

N∑
i>j

(℘(ui − uj) + ℘(ui + uj)) +
N∑

i=1

3∑
α=0

ν2
α℘(ui + ωα)

(4.2a)

´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° 〈1, τ〉, ωα =
{

0,
1
2
,
τ

2
,
1 + τ

2

}
¸ ¶ÖÉÓÕ ¶·μ¨§¢μ²Ó-

´Ò³¨ ±μ´¸É ´É ³¨ g, να. ‚ μ·¨£¨´ ²Ó´μ° · ¡μÉ¥ [9] ¡Ò²  μ¶·¥¤¥²¥´  ¶ · 
‹ ±¸  ¨ ¶μ± § ´  ¢μ§³μ¦´μ¸ÉÓ ¢Ò¤¥²¥´¨Ö ¸¶¥±É· ²Ó´μ£μ ¶ · ³¥É· . �¤´ ±μ
¢ Ö¢´μ³ ¢¨¤¥ ÔÉμ ¸¤¥² ÉÓ ´¥ Ê¤ ²μ¸Ó. ‘²¥¤ÊÖ Ê± § ´´Ò³ ¢ÒÏ¥ · ¡μÉ ³, ³Ò
¶·¥¤ÑÖ¢¨³ 3N × 3N -³ É·¨ÍÒ ‹ ±¸  ¤²Ö ¸¨¸É¥³Ò Šˆ ¸ Ö¢´μ° § ¢¨¸¨³μ¸ÉÓÕ
μÉ ¸¶¥±É· ²Ó´μ£μ ¶ · ³¥É· .

�¥¤Ê±Í¨Ö ¨§ Ô²²¨¶É¨Î¥¸±μ° ³μ¤¥²¨ ƒμ¤¥´ . „·Ê£μ° ¸Õ¦¥É ¸¢Ö§ ´ ¸ ¶μ¤Ìμ-
¤μ³ •¨ÉÎ¨´  [2,7,40] ± ¨§ÊÎ¥´¨Õ ±² ¸¸¨Î¥¸±¨Ì ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³. �¥·-
¢Ò¥ Ö¢´Ò¥ ¶·¨³¥·Ò É ±¨Ì ¸¨¸É¥³ ¡Ò²¨ ¶·¥¤²μ¦¥´Ò �¥±· ¸μ¢Ò³ [4]. �¸´μ¢-
´Ò³¨ ¶·¥¤¸É ¢¨É¥²Ö³¨ μ± § ²¨¸Ó ¸¶¨´μ¢Ò¥ μ¡μ¡Ð¥´¨Ö ŠŒ [41] ¨ Ô²²¨¶É¨-
Î¥¸±¨¥ ¢μ²Î±¨ [42]. (Œ¥¦¤Ê ¶μ¸²¥¤´¨³¨ ¡Ò²  μ¡´ ·Ê¦¥´  ¥¸É¥¸É¢¥´´ Ö ¸¢Ö§Ó
[8, 32].) �¤´ ±μ ¤μ ¸¨Ì ¶μ· ¢ · ³± Ì ¶μ¤Ìμ¤  •¨ÉÎ¨´ Ä�¥±· ¸μ¢  ¢μ¸¶·μ¨§-
¢¥¤¥´Ò ¸¨¸É¥³Ò Éμ²Ó±μ ¤²Ö AN -¸¥·¨¨. �·μ¡²¥³  § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ¡Ò
¶·μ¢¥¸É¨ ·¥¤Ê±Í¨Õ, § ³μ· ¦¨¢ ÕÐÊÕ ¸¶¨´μ¢Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò. �·¨³¥·
É ±μ° ·¥¤Ê±Í¨¨ ¡Ê¤¥É ¶·¨¢¥¤¥´ ¢ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¤²Ö ¸¨¸É¥³Ò Šˆ ¸ μ¤´μ°
¸É¥¶¥´ÓÕ ¸¢μ¡μ¤Ò, ±μÉμ· Ö Ì · ±É¥·¨§Ê¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³

HŠˆ� =
1
2
v2 +

3∑
α=0

ν2
α℘(u + ωα), (4.3a)
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£¤¥ ®�¯ ´ ¶μ³¨´ ¥É μ ¸¢Ö§¨ ÔÉμ° ¸¨¸É¥³Ò ¸ Ê· ¢´¥´¨¥³ �¥´²¥¢¥ VI (¸³.
´¨¦¥). „²Ö ¸¨¸É¥³Ò (4.3a) ³Ò Ê± ¦¥³ 2×2-¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¸μ ¸¶¥±É· ²Ó-
´Ò³ ¶ · ³¥É·μ³. 	Ê¤¥É ¶μ± § ´μ, ÎÉμ ÔÉ  ¶ ·  ‹ ±¸  ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ 
·¥¤Ê±Í¨¥° ¨§ 2×2-Ô²²¨¶É¨Î¥¸±μ° ³μ¤¥²¨ ƒμ¤¥´  [4] ¸ Î¥ÉÒ·Ó³Ö μÉ³¥Î¥´´Ò³¨
ÉμÎ± ³¨ ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° (ƒ4). ‚ ·¥§Ê²ÓÉ É¥ ·¥¤Ê±Í¨¨ §´ Î¥´¨Ö μ¶¥-
· Éμ·μ¢ Š §¨³¨·a μ·¡¨É, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉ¨³ ÉμÎ± ³, ¶¥·¥°¤ÊÉ ¢ Î¥ÉÒ·¥
±μ´¸É ´ÉÒ να £ ³¨²ÓÉμ´¨ ´  (4.3a).

‘¶¥±É· ²Ó´ Ö ±·¨¢ Ö ¨  ²£¥¡· ¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¢ 2× 2-¸²ÊÎ ¥.
ŒÒ ¶·¨¢¥¤¥³ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸¶¥±É· ²Ó´μ° ±·¨¢μ° ƒ4 ¨ ¶μ± ¦¥³, ÎÉμ
μ´  ¶·¥¤¸É ¢²Ö¥É ¸o¡o° ¤¢Ê²¨¸É´μ¥ ´ ±·ÒÉ¨¥ ´ ¤ CP

1, · §¢¥É¢²¥´´μ¥ ¢ ¢μ¸Ó³¨
ÉμÎ± Ì. �É  ±·¨¢ Ö ¨³¥¥É ·μ¤ 5. “± § ´´ Ö ¢ÒÏ¥ ·¥¤Ê±Í¨Ö 4 → ¶μ§¢μ²¨É
Ê³¥´ÓÏ¨ÉÓ ·μ¤ ¸ ¶ÖÉ¨ ¤μ μ¤´o£o, ÎÉμ ¨ ¡Ê¤¥É ¤μ± § É¥²Ó¸É¢μ³  ²£¥¡· ¨Î¥¸±μ°
¨´É¥£·¨·Ê¥³μ¸É¨ ¢ 2 × 2-¸²ÊÎ ¥.

�²²¨¶É¨Î¥¸± Ö Ëμ·³  Ê· ¢´¥´¨Ö �¥´²¥¢¥ VI. “· ¢´¥´¨¥ �¥´²¥¢¥ VI
(PVI) [43] ¢ Ô²²¨¶É¨Î¥¸±μ° Ëμ·³¥ [44Ä46] ¶·¥¤¸É ¢²Ö¥É ¸o¡o° ´¥ ¢Éμ´μ³-
´ÊÕ ¢¥·¸¨Õ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¸¨¸É¥³Ò (4.3a)

d2u

dτ2
= −

3∑
α=0

ν2
α℘′(u + ωα). (4.4a)

�·¨ ÔÉμ³ Ê· ¢´¥´¨¥ PVI ¢ ¸É ´¤ ·É´μ° Ëμ·³¥ ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´o [47, 48]
± ± ¸¨¸É¥³  ˜²¥§¨´£¥·  [49] ¨§μ³μ´μ¤·μ³´ÒÌ ¤¥Ëμ·³ Í¨° ´ 
CP

1\{x1, x2, x3, x4}. ‚μ§´¨± ¥É ¥¸É¥¸É¢¥´´μ¥ ¦¥² ´¨¥ μ¶¨¸ ÉÓ PVI ± ± ¸¨-
¸É¥³Ê ˜²¥§¨´£¥·  ´  Éμ·¥. ‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó 2 × 2-¶·¥¤¸É ¢²¥´¨¥³ ‹ ±¸ 
¤²Ö (4.3a), ÔÉÊ § ¤ ÎÊ ³μ¦´μ ²¥£±μ ·¥Ï¨ÉÓ. �É³¥É¨³, ÎÉμ ¨§μ³μ´μ¤·μ³´Ò¥
¤¥Ëμ·³ Í¨¨ ´  Éμ·¥ ¨ ±·¨¢ÒÌ ¸É ·Ï¥£μ ·μ¤  Ê¦¥ ´¥μ¤´μ±· É´μ ¨§ÊÎ ²¨¸Ó
[50Ä53]. Š·μ³¥ Éμ£μ, ²¨´¥°´ Ö § ¤ Î  ¤²Ö ´¥±μÉμ·μ£μ Î ¸É´μ£μ ¸²ÊÎ Ö Ê· ¢-
´¥´¨Ö �¥´²¥¢¥ VI μ¡¸Ê¦¤ ² ¸Ó ¢ [54Ä56].

4.1. �·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¤²Ö ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢ . Š ±
¡Ò²μ μÉ³¥Î¥´μ ¢μ ¢¢¥¤¥´¨¨, ³μ¤¥²Ó Šˆ μ¶·¥¤¥²Ö¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³

H =
1
2

N∑
i=1

v2
i +g2

N∑
i>j

(℘(ui − uj) + ℘(ui + uj))+
N∑

i=1

3∑
α=0

ν2
α℘(ui+ωα). (4.1)

´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° 〈1, τ〉, £¤¥ ωα =
{

0,
1
2
,
τ

2
,
1 + τ

2

}
,   g, να Å ¶ÖÉÓ

¶·μ¨§¢μ²Ó´ÒÌ ±μ´¸É ´É.

�·¥¤²μ¦¥´¨¥ 4.1. „²Ö ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢  (4.1) ¸ÊÐ¥¸É¢Ê¥É
¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¢ ³ É·¨Í Ì 3N ×3N ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ ´ 
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Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°∗

L=

⎛⎝ V + A B1 −C1

B2 −V +AT C2

−C2 C1 0

⎞⎠ , M=

⎛⎝ D + A′ B′
1 −C′

1

B′
2 D+AT ′

C′
2

−C′
2 C′

1 D + E

⎞⎠ ,

(4.2)
£¤¥ ¢¸¥ ¢Ìμ¤ÖÐ¨¥ ¡²μ±¨ Å N × N -³ É·¨ÍÒ, ¶·¨Î¥³ V, D, C1 ¨ C2 Å ¤¨ £μ-
´ ²Ó´Ò, ¢ Éμ ¢·¥³Ö ± ± μ¸É ²Ó´Ò¥ ¢´¥¤¨ £μ´ ²Ó´Ò:

Aij = g(1 − δij)Φ(z, ui − uj), Eij = g(1 − δij) (℘(ui − uj) − ℘(ui + uj)) ,

Vij = δijvi, Dij = gδij

N∑
k �=i

(℘(uk − ui) + ℘(uk + ui)) ,

C1ij = δij

3∑
α=0

ναϕα(z, ωα + ui), C2ij = δij

3∑
α=0

ναϕα(z, ωα − ui),

B1ij = g(1 − δij)Φ(z, ui + uj), B2ij = g(1 − δij)Φ(z,−ui − uj).
(4.3)

ˆ§ ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ³μ¤¥²¨ Šˆ� (4.3a) ¸ÊÐ¥¸É¢Ê¥É
3 × 3-¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸ . �¤´ ±μ, μ± §Ò¢ ¥É¸Ö, ¨³¥¥É ³¥¸Éμ ¡μ²¥¥ ¸¨²Ó´μ¥

�·¥¤²μ¦¥´¨¥ 4.2. „²Ö ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢ Ä�¥´²¥¢¥ (4.3a)
¸ÊÐ¥¸É¢Ê¥É ¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¢ ³ É·¨Í Ì 2 × 2:

LŠˆ� =
(

v 0
0 −v

)
+

3∑
α=0

LŠˆ�
α ,

LŠˆ�
α =

(
0 ναϕα(z, ωα + u)

ναϕα(z, ωα − u) 0

)
, (4.4)

MŠˆ� =
3∑

α=0

MŠˆ�
α , MŠˆ�

α =
(

0 ναϕ′
α(z, ωα + u)

ναϕ′
α(z, ωα − u) 0

)
.

�¨¦¥ ¡Ê¤¥É μ¡ÑÖ¸´¥´ Ë ±É ¸ÊÐ¥¸É¢μ¢ ´¨Ö 2 × 2-¶·¥¤¸É ¢²¥´¨Ö ‹ ±¸ 
(4.4) ¤²Ö ¸¨¸É¥³Ò Šˆ�. � ¨³¥´´μ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ μ´μ ³μ¦¥É ¡ÒÉÓ
¶μ²ÊÎ¥´μ ·¥¤Ê±Í¨¥° ¨§ SL(2, C)-Ô²²¨¶É¨Î¥¸±μ° ³μ¤¥²¨ ƒμ¤¥´  [4] ¸ Î¥ÉÒ·Ó³Ö
μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨ ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ° (ƒ4).

„μ± § É¥²Ó¸É¢μ Ê± § ´´ÒÌ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨° μ¸´μ¢ ´μ ´  Éμ¦¤¥¸É¢ Ì,
¶·¨¢¥¤¥´´ÒÌ ¢ ¶·¨²μ¦¥´¨¨ A. ‚ Î ¸É´μ¸É¨, ¨§ (A.34) ¸²¥¤Ê¥É Ê¤μ¡´μ¥ ¤²Ö
¶·μ¢¥·±¨

∗�· ¢¨²Ó´Ò° §´ ± ¤²Ö ¶μÉ¥´Í¨ ²  (4.2) ¶μ²ÊÎ¨É¸Ö, ¥¸²¨ ¸¤¥² ÉÓ § ³¥´Ê g, ν →√
−1g,

√
−1ν.
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�·¥¤²μ¦¥´¨¥ 4.3. �·¨ α 	= β ¤²Ö ³ É·¨Í LŠˆ�
α , MŠˆ�

α (4.4) ¢Ò¶μ²´Ö-
¥É¸Ö · ¢¥´¸É¢μ [

LŠˆ�
α , MŠˆ�

β

]
+
[
LŠˆ�

β , MŠˆ�
α

]
= 0. (4.5)

�

ϕα(z, ωα + u)ϕ′
β(z, ωβ − u) − ϕα(z, ωα − u)ϕ′

β(z, ωβ + u)+

+ ϕβ(z, ωβ + u)ϕ′
α(z, ωα − u) − ϕβ(z, ωβ − u)ϕ′

α(z, ωα + u) =
= ϕα+β(z, ωα + ωβ)(℘(ωβ − u)−℘(ωα + u) + ℘(ωα − u)−℘(ωβ + u)) = 0.

(4.6)

�
4.2. �²£¥¡· ¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¢ 2 × 2-¸²ÊÎ ¥. �²²¨¶É¨Î¥¸± Ö

³μ¤¥²Ó ƒμ¤¥´  ¨ ·¥¤Ê±Í¨Ö ± ³μ¤¥²¨ Šˆ�. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¢ ¸²ÊÎ ¥
μ¤´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ¸¨¸É¥³  Šˆ μ¶¨¸Ò¢ ¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³

HŠˆ� =
1
2
v2 +

3∑
α=0

ν2
α℘(u + ωα) (4.7)

¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢ Ëμ·³¥ Ê· ¢´¥´¨° ‹ ±¸  ¸
³ É·¨Í ³¨ (4.4). „μ± ¦¥³  ²£¥¡· ¨Î¥¸±ÊÕ ¨´É¥£·¨·Ê¥³μ¸ÉÓ Šˆ�. „²Ö ÔÉμ£μ,
¸²¥¤ÊÖ [4], · ¸¸³μÉ·¨³ ³μ¤¥²Ó ƒ4. �´  μ¶¨¸Ò¢ ¥É Î¥ÉÒ·¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¨§
±μÉμ·ÒÌ μ¤´  ¸μμÉ¢¥É¸É¢Ê¥É ¤¢¨¦¥´¨Õ ¶ ·Ò Î ¸É¨Í ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸,  
¥Ð¥ É·¨ μ¶·¥¤¥²ÖÕÉ ¤¨´ ³¨±Ê ¸²μ¦´μ£μ ³´μ£μμ¡· §¨Ö
{O × O × O × O}//T , £¤¥ T Å ¶μ¤£·Ê¶¶  Š ·É ´  ¢ SL(2, C). Œ É·¨Í 
‹ ±¸  ³μ¤¥²¨ ƒ4 ¶·¥¤¸É ¢²Ö¥É ¸o¡o° sl(2, C)-§´ Î´ÊÕ ËÊ´±Í¨Õ ´  Éμ·¥ ¸ ´ ¤-
²¥¦ Ð¨³¨ ±¢ §¨¶¥·¨μ¤¨Î¥¸±¨³¨ ¸¢μ°¸É¢ ³¨ ¨ ¶μ²Õ¸ ³¨ ¢ Î¥ÉÒ·¥Ì ÉμÎ± Ì.
‚ÒÎ¥ÉÒ ¢ ÔÉ¨Ì ÉμÎ± Ì Ö¢²ÖÕÉ¸Ö Ê± § ´´Ò³¨ ¢ÒÏ¥ μ·¡¨É ³¨ O ±μ¶·¨¸μ¥¤¨-
´¥´´μ£μ ¤¥°¸É¢¨Ö.

�¶·¥¤¥²¨³ ³ É·¨ÍÊ ‹ ±¸  ³μ¤¥²¨ ƒ4 ´  Ê¤¢μ¥´´μ³ Éμ·¥ 〈2, 2τ〉:

LG4 =
(

v 0
0 −v

)
+

3∑
α=0

LG4
α ,

LG4
α =

(
sα
11E1(z − 2ωα, 2τ) s̃α

12ϕα(z, ωα + u)
s̃α
21ϕα(z, ωα − u) −sα

11E1(z − 2ωα, 2τ)

)
.

(4.8)

�·¨ ÔÉμ³ É¥ ËÊ´±Í¨¨, Ê ±μÉμ·ÒÌ ´¥ Ê± § ´  § ¢¨¸¨³μ¸ÉÓ μÉ 2τ , μ¶·¥¤¥²¥´Ò,
± ± ¨ ¶·¥¦¤¥, ´  ·¥Ï¥É±¥ 〈1, τ〉. —¥ÉÒ·Ó³Ö μÉ³¥Î¥´´Ò³¨ ÉμÎ± ³¨ Ö¢²ÖÕÉ¸Ö
{2ωα} ¨²¨ {0, 1, τ, τ +1}. ‡ ³¥É¨³, ÎÉμ ¢ μÉ²¨Î¨e μÉ ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢
¢ÒÎ¥Éμ¢ (4.8) sα

11, ¢´¥¤¨ £μ´ ²Ó´Ò¥ s̃α
12 ¨ s̃α

21 ´¥ ¸μμÉ¢¥É¸É¢ÊÕÉ μ·¡¨É¥ Oα,  
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Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢
¢¸¥Ì μ·¡¨É. ‹¨´¥°´ Ö § ³¥´  μ¶·¥¤¥²Ö¥É¸Ö ¨§ (A.29) ¨ ¸ ¶μ³μÐÓÕ ³ É·¨ÍÒ
(A.31) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

sρ
12 =

3∑
α=0

e(−2u∂τωρ)Iραs̃α
12 =

3∑
α=0

e(2ωρ∂τωα − 2(ωα + u)∂τωρ)s̃α
12,

sρ
21 =

3∑
α=0

e(2u∂τωρ)Iραs̃α
12 =

3∑
α=0

e(2ωρ∂τωα − 2(ωα − u)∂τωρ)s̃α
21.

(4.9)
�¡· É´ Ö § ³¥´  ¸²¥¤Ê¥É ¨§ (A.32):

s̃ρ
12 =

1
4

3∑
α=0

e(2u∂τωα)Iραsα
12, s̃ρ

21 =
1
4

3∑
α=0

e(−2u∂τωα)Iραsα
21. (4.10)

‚Ò¶¨Ï¥³ Ê· ¢´¥´¨¥ ¸¶¥±É· ²Ó´μ° ±·¨¢μ°

det (λ + LG4(z)) = 0 ¨²¨ λ2 + detLG4(z) = 0.

ˆ¸¶μ²Ó§ÊÖ (A.13), ¶μ²ÊÎ ¥³

λ2 = v2 + 2v
∑
α

sα
11E1(z − 2ωα, 2τ) +

(∑
α

sα
11E1(z − 2ωα, 2τ)

)2

+

+
∑
α

s̃α
12s̃

α
21 (℘(z) − ℘(u + ωα)) +

∑
α�=β

s̃α
12s̃

β
21ϕα(z, ωα + u)ϕβ(z, ωβ − u).

(4.11)

ƒ ³¨²ÓÉμ´¨ ´Ò Ö¢²ÖÕÉ¸Ö ±μÔËË¨Í¨¥´É ³¨ ¢ · §²μ¦¥´¨¨ ËÊ´±Í¨¨

− detLG4(z) =
1
2

tr
((

LG4(z)
)2)

:

− detLG4(z) =
3∑

α=0

H2,αE2(z − 2ωα, 2τ) +
3∑

α=0

H1,αE1(z − 2ωα, 2τ) + H2,0,

(4.12)
£¤¥ H2,α = Cα Å §´ Î¥´¨Ö μ¶¥· Éμ·μ¢ Š §¨³¨·  μ·¡¨É sα; H1,α Å £ ³¨²Ó-
Éμ´¨ ´Ò, ²¨´¥°´Ò¥ ¶μ ¨³¶Ê²Ó¸Ê v, ¨ H2,0 Å ±¢ ¤· É¨Î´Ò° ¶μ ¨³¶Ê²Ó¸Ê.

‘¨³³¥É·¨Ö, ¶μ ±μÉμ·μ° ¡Ê¤¥É μ¸ÊÐ¥¸É¢²¥´  ·¥¤Ê±Í¨Ö, ¶μ·μ¦¤ ¥É¸Ö ¸²¥-
¤ÊÕÐ¥° ¨´¢μ²ÕÍ¨¥°:

LG4(z) → −σ1L
G4(−z)σ1, (4.13)

£¤¥ σ1 =
(

0 1
1 0

)
. �·μÍ¥¤Ê·  ·¥¤Ê±Í¨¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸μ¸Éμ¨É ¢ ¢Ò¡μ·¥

¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö μÉμ¡· ¦¥´¨Ö (4.13). ‚Ò¡¨· Ö ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥
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+1 ¨ ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó (A.21) ¨ (A.23), ¶μ²ÊÎ ¥³ ¸¢Ö§¨

sα
11 = 0, s̃α

12 = s̃α
21. (4.14)

ˆ§ (4.10) Éμ£¤  ¸²¥¤Ê¥É, ÎÉμ

e(−2u∂τωα)sα
21 = e(2u∂τωα)sα

12. (4.15)

‚¸¶μ³¨´ Ö É ±¦¥, ÎÉμ μ¶¥· Éμ·Ò Š §¨³¨·  μ·¡¨É Cα = (sα
11)

2 + sα
12s

α
21 ´ 

¶μ¢¥·Ì´μ¸É¨ ¸¢Ö§¥° (4.14) ¢Ò£²Ö¤ÖÉ ± ± Cα = sα
12s

α
21, ¶μ²ÊÎ ¥³

sα
12 = e(−2u∂τωα)

√
Cα, sα

21 = e(2u∂τωα)
√

Cα. (4.16)

ˆ, ¸²¥¤μ¢ É¥²Ó´μ, ¨§ (4.10)

s̃ρ
12 = s̃ρ

21 =
1
4

3∑
α=0

Iρα

√
Cα = νρ. (4.17)

’¥³ ¸ ³Ò³ Ê± § ´´ Ö ·¥¤Ê±Í¨Ö μ¸ÊÐ¥¸É¢¨²  ¶¥·¥Ìμ¤ μÉ ² ±¸μ¢μ° ³ É·¨ÍÒ
(4.8) ³μ¤¥²¨ ƒμ¤¥´  ± ³ É·¨Í¥ ‹ ±¸  (4.4) ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢ Ä
�¥´²¥¢¥.

Œμ¦´μ ¨ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ s̃α
12, s̃

α
21 ¨ sα

11 ±μ³³ÊÉ¨·ÊÕÉ μÉ-
´μ¸¨É¥²Ó´μ ¸±μ¡μ± �Ê ¸¸μ´  ¸ ±¢ ¤· É¨Î´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ ´  ¶μ¢¥·Ì´μ¸É¨
¸¢Ö§¥° (4.14). �Éμ c¤¥² ´μ ¢ ¶·¨²μ¦¥´¨¨ C.

�²£¥¡· ¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³μ¸ÉÓ. „²Ö ¤μ± § É¥²Ó¸É¢   ²£¥¡· ¨Î¥¸±μ°
¨´É¥£·¨Ê¥³μ¸É¨ ³μ¤¥²¨ Šˆ� ´Ê¦´μ ¶μ± § ÉÓ, ÎÉμ ·μ¤ ¥¥ ¸¶¥±É· ²Ó´μ° ±·¨-
¢μ° · ¢¥´ 1. ‘¶¥±É· ²Ó´ Ö ±·¨¢ Ö (4.11) ¨³¥¥É ·μ¤ 5. „¥°¸É¢¨É¥²Ó´μ, ¶· -
¢ Ö Î ¸ÉÓ Ö¢²Ö¥É¸Ö ¤¢μÖ±μ¶¥·¨μ¤¨Î¥¸±μ° ËÊ´±Í¨¥° ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°
〈2, 2τ〉 ¨ ¨³¥¥É ¶μ²Õ¸  ¢Éμ·μ£μ ¶μ·Ö¤±  ¢ 4 ÉμÎ± Ì. ‘²¥¤μ¢ É¥²Ó´μ, μ´  ¨³¥¥É
8 ´Ê²¥° ¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤¢Ê²¨¸É´μ¥ ´ ±·ÒÉ¨¥ ´ ¤ Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°
¸ ¢¥É¢²¥´¨Ö³¨ ¢ ¢μ¸Ó³¨ ÉμÎ± Ì. �¥¤Ê±Í¨Ö ¶μ ¨´¢μ²ÕÍ¨¨ (4.13) ¢ É¥·³¨´ Ì
¸¶¥±É· ²Ó´μ° ±·¨¢μ° μ§´ Î ¥É μÉμ¦¤¥¸É¢²¥´¨¥ ÉμÎ¥± z ¨ −z.

”Ê´±Í¨Ö ℘(z) Î¥É´ Ö ¨ ¨³¥¥É 8 ´Ê²¥° ´  Éμ·¥ 〈2, 2τ〉, ¶μÔÉμ³Ê ¥¸²¨
 ²£¥¡· ¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¨³¥¥É ³¥¸Éμ, Éμ ¥¸É¥¸É¢¥´´μ μ¦¨¤ ÉÓ, ÎÉμ
¨¸±μ³ Ö Ô²²¨¶É¨Î¥¸± Ö ±·¨¢ Ö ¡Ê¤¥É μ¶¨¸Ò¢ ÉÓ¸Ö ¢ É¥·³¨´ Ì ℘(z).

�·¥¤²μ¦¥´¨¥ 4.4. ‘¶¥±É· ²Ó´ Ö ±·¨¢ Ö ³μ¤¥²¨ Š ²μ¤¦¥·μÄˆ´μ§¥³-
Í¥¢ Ä�¥´²¥¢¥ ¨³¥¥É ¢¨¤

λ2 = R(X), X = ℘(z), (4.18)

£¤¥ R(X) Å · Í¨μ´ ²Ó´ Ö ËÊ´±Í¨Ö ¸ Î¥ÉÒ·Ó³Ö ¶μ²Õ¸ ³¨.
�
�·¥μ¡· §Ê¥³ ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¸¶¥±É· ²Ó´μ° ±·¨¢μ°
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(4.11) ¸ ¶μ³μÐÓÕ (A.36):∑
α�=β

s̃α
12s̃

β
21ϕα(z, ωα+u)ϕβ(z, ωβ−u) =

∑
α�=β

s̃α
12s̃

β
21ϕα+β(z, ωα+ωβ) (E1(z)+

+E1(ωα + u) + E1(ωβ − u) − E1(z + ωα + ωβ)) =

=
∑
α�=β

s̃α
12s̃

β
21ϕα+β(z, ωα + ωβ)(E1(z) + E1(ωα + ωβ) − E1(z + ωα + ωβ))+

+
∑
α�=β

s̃α
12s̃

β
21ϕα+β(z, ωα + ωβ)(E1(ωβ − u) + E1(ωα + u) − E1(ωα + ωβ)).

(4.19)

�  ¶μ¢¥·Ì´μ¸É¨ ¸¢Ö§¥° (4.14) ¶μ¸²¥¤´ÖÖ ¸Ê³³  § ´Ê²Ö¥É¸Ö∗ ¨ ³Ò ¶μ²ÊÎae³
¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¤²Ö ¸¶¥±É· ²Ó´μ° ±·¨¢μ° ³μ¤¥²¨ Šˆ�:

λ2 = v2 −
∑

α

ν2
α℘(u + ωα) + ℘(z)

∑
α

ν2
α+

+
∑
α�=β

νανβϕα+β(z, ωα + ωβ)(E1(z)+

+ E1(ωα + ωβ) − E1(z + ωα + ωβ)). (4.20)

’¥¶¥·Ó ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸μμÉ´μÏ¥´¨¥³

ϕα(z, ωα)(E1(z) + E1(ωα) − E1(z + ωα)) =
3∑

ρ=0

Iαρ℘(z − 2ωρ, 2τ), (4.21)

£¤¥ I Å ³ É·¨Í  (A.31). „μ± § É¥²Ó¸É¢μ μ¸´μ¢ ´μ ´  ¸· ¢´¥´¨¨ ¸É·Ê±ÉÊ·Ò
μ¸μ¡¥´´μ¸É¥° ¨ (A.16). ˆÉ ±, ¨³¥¥³

λ2 = 2HŠˆ� + ℘(z)
∑
α

ν2
α +

∑
α�=β

νανβ

∑
ρ

Iμ(α,β),ρ℘(z − 2ωρ, 2τ), (4.22)

£¤¥ ¨´¤¥±¸ μ(α, β) μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨Ö

ωμ(α,β) = ωα + ωβ mod(1, τ). (4.23)

∗ ∑

α�=β

νανβϕα+β(z, ωα + ωβ)(E1(ωβ − u) + E1(ωα + u) − E1(ωα + ωβ)) =

=
1

2

∑

α�=β

νανβϕα+β(z, ωα + ωβ) (E1(ωα − u) + E1(ωα + u)+

+E1(ωβ − u) + E1(ωβ + u) − 2E1(ωα) − 2E1(ωβ)
)

= 0.
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�μ¤¸É ¢²ÖÖ ¢ (4.22) ℘(z, τ) =
∑

α

℘(z − 2ωα, 2τ), ¶μ²ÊÎae³ μ±μ´Î É¥²Ó´Ò°

μÉ¢¥É

λ2 = 2HŠˆ� +
3∑

ρ=0

Kρ℘(z − 2ωρ, 2τ), Kρ =
3∑

α,β=0

νανβIμ(α,β),ρ. (4.24)

„²Ö § ¢¥·Ï¥´¨Ö ¤μ± § É¥²Ó¸É¢  μ¸É ²¸Ö ¶μ¸²¥¤´¨° Ï £:

℘(z + ωα) =
1
2

℘′′(ωα)
℘(z) − ℘(ωα)

+ ℘(ωα). (4.25)

�· ¢ Ö Î ¸ÉÓ (4.24) Ö¢²Ö¥É¸Ö · Í¨μ´ ²Ó´μ° ËÊ´±Í¨¥° ¸ ¶μ²Õ¸ ³¨ ¢ Î¥ÉÒ·¥Ì
ÉμÎ± Ì, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì z = {ωα}. ˆÉ ±, ¨¸±μ³ Ö ±·¨¢ Ö ·μ¤  1 ¢μ§´¨±² 
± ± ¤¢Ê²¨¸É´μ¥ ´ ±·ÒÉ¨¥ ´ ¤ · Í¨μ´ ²Ó´μ° ±·¨¢μ° ¸ ¢¥É¢²¥´¨Ö³¨ ¢ Î¥ÉÒ·¥Ì
ÉμÎ± Ì ¸ ¶μ³μÐÓÕ ¶ · ³¥É·¨§ Í¨¨ ËÊ´±Í¨¥° ℘(z). �·¨ ÔÉμ³ z ¸²¥¤Ê¥É
¶μ´¨³ ÉÓ ± ± ±μμ·¤¨´ ÉÊ ´  Éμ·¥ 〈1, τ〉 ⊃ 〈2, 2τ〉 .

�
4.3. 	²²¨¶É¨Î¥¸± Ö Ëμ·³  Ê· ¢´¥´¨Ö �¥´²¥¢¥ VI. Š ± ¡Ò²μ ¶μ± § ´μ

¸ ³¨³ �¥´²¥¢¥ [44], Ê· ¢´¥´¨¥ �¥´²¥¢¥ VI (PVI) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ Ô²²¨-
¶É¨Î¥¸±μ° Ëμ·³¥ ´  ±·¨¢μ° Σ, ¸ ËÊ´¤ ³¥´É ²Ó´Ò³ ¶ · ²²¥²μ£· ³-
³μ³ 〈1, τ〉:

d2u

dτ2
= −

3∑
α=0

ν2
α℘′(u + ωα), (4.26)

£¤¥ ωα =
{

0,
1
2
,
τ

2
,
1 + τ

2

}
,   να Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ. ‡´ Î¨É¥²Ó´μ

¶μ§¦¥ ÔÉμÉ ·¥§Ê²ÓÉ É ¡Ò² ¶¥·¥μÉ±·ÒÉ ¢ · ¡μÉ Ì [45,46]. ˆ§´ Î ²Ó´μ 	. ƒ ³¡Ó¥
[43] ´ Ï¥² PVI ¢ ¡μ²¥¥ ¸²μ¦´μ° Ëμ·³¥

d2X

dt2
=

1
2

(
1
X

+
1

X − 1
+

1
X − t

)(
dX

dt

)2

−
(

1
t

+
1

t − 1
+

1
X − t

)
dX

dt
+

+
X(X − 1)(X − t)

t2(t − 1)2

(
α + β

t

X2
+ γ

t − 1
(X − 1)2

+ δ
t(t − 1)
(X − t)2

)
, (4.27)

±μÉμ· Ö ¶¥·¥¢μ¤¨É¸Ö ¢ (4.26) ¸ ¶μ³μÐÓÕ § ³¥´:

(u, τ) →
(

X =
℘(u) − ℘(ω1)
℘(ω2) − ℘(ω1)

, τ =
℘(ω3) − ℘(ω1)
℘(ω2) − ℘(ω1)

)
,

(ν2
0 , ν2

1 , ν2
2 , ν2

3) = 4π2

(
α,−β,

1
2
γ,−δ

)
.

(4.28)
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‚Ò¢μ¤ PVI ± ± Ê· ¢´¥´¨Ö ¨§μ³μ´μ¤·μ³´ÒÌ ¤¥Ëμ·³ Í¨° ¡Ò² ¶·¥¤²μ¦¥´
�.”Ê±¸μ³ [47]. ’μÎ´¥¥, ¡Ò²μ ¶μ± § ´μ, ÎÉμ PVI ³μ¦´μ μ¶¨¸ ÉÓ ± ± ¸¨¸É¥³Ê
˜²¥§¨´£¥·  [49]:

∂Aj

∂λi
=

[Ai, Aj ]
λi − λj

, i 	= j,
∂Ai

∂λi
= −

∑
j �=i

[Ai, Aj ]
λi − λj

(4.29)

´  CP1\{λ1, λ2, λ3, λ4}, £¤¥ Aj Å sl(2, C)-§´ Î´Ò¥ ³ É·¨ÍÒ. �·¨ ÔÉμ³ ¸ ³μ
Ê· ¢´¥´¨¥ ¶μÖ¢²Ö¥É¸Ö ± ± Ê¸²μ¢¨¥ ¨§μ³μ´μ¤·μ³´μ¸É¨:

∂Ψ
∂λj

= − Aj

λ − λj
Ψ (4.30)

¤²Ö ³ É·¨Î´μ§´ Î´μ° ËÊ´±Í¨¨ Ψ(λ) ∈ SL(2, C), Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ³ É·¨Î-
´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ:

dΨ
dλ

=
4∑

j=1

Aj

λ − λj
Ψ. (4.31)

„·Ê£¨³¨ ¸²μ¢ ³¨, ¸¨¸É¥³  Ê· ¢´¥´¨° (4.30) ¨ (4.31) Ö¢²Ö¥É¸Ö ²¨´¥°´μ° § ¤ -
Î¥° ¤²Ö Ê· ¢´¥´¨° ˜²¥§¨´£¥·  (4.29), ±μÉμ·Ò¥ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ μ± §Ò¢ ÕÉ¸Ö
Ô±¢¨¢ ²¥´É´Ò³¨ Ê· ¢´¥´¨Õ PVI (4.27). ‚μ§´¨± ¥É ¥¸É¥¸É¢¥´´ Ö § ¤ Î : ¶μ-
¸É·μ¨ÉÓ  ´ ²μ£ Ê· ¢´¥´¨° ˜²¥§¨´£¥·  ´  Ô²²¨¶É¨Î¥¸±μ° ±·¨¢μ°, μ¶¨¸Ò¢ Õ-
Ð¨° PVI ¸· §Ê ¢ Ô²²¨¶É¨Î¥¸±μ° Ëμ·³¥ (4.26). �¨¦¥ ¡Ê¤¥É ¶·¨¢¥¤¥´μ ·¥Ï¥-
´¨¥ ÔÉμ° § ¤ Î¨ ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥. 	Ê¤¥É ¶μ± § ´μ, ÎÉμ ´  Ô²²¨¶É¨Î¥¸±μ°
±·¨¢μ° Σ ¸ÊÐ¥¸É¢Ê¥É ¶ ·  ³ É·¨Î´μ§´ Î´ÒÌ ËÊ´±Í¨° LPVI(z), MPVI(z), § -
¤ ÕÐ¨Ì ²¨´¥°´ÊÕ § ¤ ÎÊ:(

∂

∂z
+ LPVI(z)

)
Ψ(z) = 0,

(
∂

∂τ
+ MPVI(z)

)
Ψ(z) = 0. (4.32)

�·¨ ÔÉμ³  ´ ²μ£ Ê· ¢´¥´¨° ˜²¥§¨´£¥· 
∂

∂τ
LPVI − ∂

∂z
MPVI =

[
LPVI, MPVI

]
(4.33)

μ± ¦¥É¸Ö Ô±¢¨¢ ²¥´É´Ò³ (4.26).
�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨Ö ¨§μ³μ´μ¤·μ³´ÒÌ ¤¥Ëμ·³ Í¨° ´  ·¨³ ´μ¢ÒÌ ¶μ-

¢¥·Ì´μ¸ÉÖÌ ¶·μ¨§¢μ²Ó´μ£μ ·μ¤  ¨, ¢ Î ¸É´μ¸É¨, ·μ¤  μ¤¨´  ±É¨¢´μ ¨§ÊÎ ²¨¸Ó,
´ ¶·¨³¥·, ¢ · ¡μÉ Ì [7,50,52].

� ¸¸³μÉ·¨³ ¸´ Î ²   ¢Éμ´μ³´ÊÕ ³¥Ì ´¨±Ê, ±μÉμ· Ö ¸μμÉ¢¥É¸É¢Ê¥É ¸²¥¤Ê-
ÕÐ¥° ²¨´¥°´μ° § ¤ Î¥:(

μ + LPVI(z)
)
Ψ(z) = 0,

(
∂

∂t
+ MPVI(z)

)
Ψ(z) = 0 (4.34)

¨ Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ Ê¸²μ¢¨Ö ¨§μ³μ´μ¤·μ³´μ¸É¨ ¢ ¢¨¤¥ Ê· ¢´¥´¨° ‹ ±¸ 
∂

∂t
L = [L, M ]. (4.35)
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‚ · ¡μÉ¥ [9] ‚.ˆ´μ§¥³Í¥¢ ¤μ± § ² ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¸¨¸É¥³Ò (Š ²μ¤¦¥·μÄ
ˆ´μ§¥³Í¥¢ ), § ¤ ´´μ° £ ³¨²ÓÉμ´¨ ´μ³

HŠˆ =
1
2

N∑
i=1

v2
i + g2

N∑
i>j

(℘(ui − uj) + ℘(ui + uj)) +
N∑

i=1

3∑
α=0

ν2
α℘(ui + ωα)

(4.36)
¸ ¶ÖÉÓÕ ¶·μ¨§¢μ²Ó´Ò³¨ ±μ´¸É ´É ³¨ g, να. ‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ¤²Ö £ ³¨²Ó-
Éμ´¨ ´  (4.36) ¨³¥¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

HPVI =
1
2
v2 +

3∑
α=0

ν2
α℘(u + ωα) (4.37)

¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

d2u

dt2
= −

3∑
α=0

ν2
α℘′(u + ωα). (4.38)

�μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö  ¢Éμ´μ³´μ° ¢¥·¸¨¥° (4.26).
�´μ´¸¨·μ¢ ´´μ¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨¥ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ´¥ ¢Éμ´μ³´ Ö ¢¥·-

¸¨Ö Ê· ¢´¥´¨Ö (4.38) ¨²¨ Ê· ¢´¥´¨¥ �¥´²¥¢¥ VI

dv

dτ
= −

3∑
α=0

ν2
α℘′(u + ωα) (4.39)

Ô±¢¨¢ ²¥´É´μ
∂τLŠˆ� − ∂zM

Šˆ� =
[
LŠˆ�, MŠˆ�

]
(4.40)

¸ ³ É·¨Í ³¨ LŠˆ�, MŠˆ�, μ¶·¥¤¥²¥´´Ò³¨ ¢ (4.4). �·μ¢¥·±  μ¸´μ¢ ´  ´ 
Éμ¦¤¥¸É¢¥

∂τϕα(z, u + ωα) = ∂z∂uϕα(z, u + ωα) + ∂τu∂uϕα(z, u + ωα). (4.41)

5. � ‘‚Ÿ‡ˆ ”��Œ“‹ ‚…‰‹Ÿ ˆ Š��–…‚ˆ—�
„‹Ÿ Š‚��’�‚�ƒ� “Œ��†…�ˆŸ

Š¢ ´Éμ¢μ¥ Ê³´μ¦¥´¨¥. ‘²¥¤ÊÖ · ¡μÉ¥ [15], μ¶·¥¤¥²¨³ ±¢ ´Éμ¢μ¥ Ê³´μ-
¦¥´¨¥ ± ±  ¸¸μÍ¨ É¨¢´ÊÕ ¡¨²¨´¥°´ÊÕ μ¶¥· Í¨Õ ´  ¶·μ¸É· ´¸É¢¥ A[[�]] £² ¤-
±¨Ì ËÊ´±Í¨° ´  ±μ´¥Î´μ³¥·´μ³ C∞ ³´μ£μμ¡· §¨¨ X :

f ∗ g = fg + �B1(f, g) + �2B2(f, g) + . . . ⊂ A[[�]], (5.1)

£¤¥ � Å Ëμ·³ ²Ó´Ò° ¶ · ³¥É·,   Bi(f, g) Å ¡¨¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· -
Éμ·Ò.

�¸¸μÍ¨ É¨¢´μ¸ÉÓ ¢ n-³ ¶μ·Ö¤±¥ μ§´ Î ¥É, ÎÉμ (f ∗ g) ∗ h = f ∗ (g ∗ h) +
O(�n+1).
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Š ²¨¡·μ¢μÎ´ Ö £·Ê¶¶ . �  ¶·μ¸É· ´¸É¢¥ ±¢ ´Éμ¢ÒÌ Ê³´μ¦¥´¨° ¸ÊÐ¥-
¸É¢Ê¥É ¥¸É¥¸É¢¥´´ Ö £·Ê¶¶  ¸¨³³¥É·¨°:

∗ → ∗′, f ′(�) = Df(�), f ′ ∗ ′g′ = D(D−1f ′ ∗ D−1g′), (5.2)

£¤¥ D = 1+
∑
i�1

�iDi ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ μ¶¥· Éμ· ³¨ Di.

f → f + �D1f + �2D2f + O(�3).

�¸¸μÍ¨ É¨¢´μ¸ÉÓ ∗′ μÎ¥¢¨¤´ , É ± ± ± f ′ ∗ ′g′ ∗ ′h′ = D(f ∗ g ∗ h).
ˆ§ ¢ÒÏ¥¸± § ´´μ£μ, ¢ Î ¸É´μ¸É¨, ¸²¥¤Ê¥É, ÎÉμ

B1
′(f, g) = B1(f, g) + D1(fg) − fD1(g) − gD1(f) (5.3)

¨, ¸²¥¤μ¢ É¥²Ó´μ, B1(f, g) ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´ ¢ ¢¨¤¥ ±μ¸μ¸¨³³¥É·¨Î¥¸±μ£μ
¡¨¢¥±Éμ·´μ£μ ¶μ²Ö. �μ²μ¦¨³ B1(f, g) = αab∂af∂bg, αab = −αba. �·¨ ÔÉμ³,
¢μμ¡Ð¥ £μ¢μ·Ö, ¶Ê ¸¸μ´μ¢ ¡¨¢¥±Éμ· ³μ¦¥É § ¢¨¸¥ÉÓ μÉ �:

αab(�) =
∑
i�0

�iαab
i (5.4)

¨ ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ Éμ¦¤¥¸É¢Ê Ÿ±μ¡¨:

αas∂sα
bc + αcs∂sα

ab + αbs∂sα
ca = 0. (5.5)

—²¥´Ò ¢Éμ·μ£μ ¶μ·Ö¤±  O(�2) ¢ Ê· ¢´¥´¨¨  ¸¸μÍ¨ É¨¢´μ¸É¨ f ∗ (g ∗ h) =
(f ∗ g) ∗ h ¶μ± §Ò¢ ÕÉ, ÎÉμ α § ¤ ¥É ¶Ê ¸¸μ´μ¢Ê ¸É·Ê±ÉÊ·Ê ´  X :

∀f, g, h {f{g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0,

£¤¥ {f, g} :=
f ∗ g − g ∗ f

�

∣∣∣
�=0

.

Š¢ ´Éμ¢μ¥ Ê³´μ¦¥´¨¥ ‚¥°²Ö. ‘ ³Ò³ ¨§¢¥¸É´Ò³ ¶·¨³¥·μ³ ∗-¶·μ¨§¢¥¤¥-
´¨Ö Ö¢²Ö¥É¸Ö ±¢ ´Éμ¢μe Ê³´μ¦¥´¨¥ ‚¥°²Ö (¢ · ¡μÉ¥ [15] μ´μ ´ §Ò¢ ¥É¸Ö ³μ°-
 ²μ¢¸±¨³):

f ∗ g = fg + �ϑij∂if∂jg+

+
�2

2!
ϑijϑkl∂i∂kf∂j∂lg +

�3

3!
ϑijϑklϑmn∂i∂k∂mf∂j∂l∂ng + . . . =

=
∞∑

n=0

�n

n!

∑
i1,...,in;j1,...,jn

n∏
k=1

ϑikjk

(
n∏

k=1

∂ik

)
(f) ×

(
n∏

k=1

∂jk

)
(g) =

= e�ϑij∂
(1)
i ∂

(2)
j f(x(1))g(x(2))

∣∣∣
x(1)=x(2)=x

, (5.6)

£¤¥ ¡¨¢¥±Éμ· ϑij ¶μ¸ÉμÖ´¥´ ¨ ±μ¸μ¸¨³³¥É·¨Î¥´.
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”μ·³Ê²  Šμ´Í¥¢¨Î . ‚ [15] ¤μ± § ´  ¸²¥¤ÊÕÐ Ö
’¥μ·¥³  5.1. �Ê¸ÉÓ α Å ¶Ê ¸¸μ´μ¢μ ¡¨¢¥±Éμ·´μ¥ ¶μ²¥ ¢ μÉ±·ÒÉμ°

μ¡² ¸É¨ ¨§ Rd. ’μ£¤  Ëμ·³Ê² 

f ∗ g :=
∞∑

n=0

�n
∑

Γ∈Gn

ωΓBΓ,α(f, g) (5.7)

μ¶·¥¤¥²Ö¥É  ¸¸μÍ¨ É¨¢´μ¥ Ê³´μ¦¥´¨¥. ‡ ³¥´  ¶¥·¥³¥´´ÒÌ ¢ (5.7) Ô±¢¨¢ -
²¥´É´  ´¥±μÉμ·μ³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ.

‚ Ëμ·³Ê²¥ (5.7) ¢Ò· ¦¥´¨Ö BΓ,α(f, g) ¸É·μÖÉ¸Ö ¸ ¶μ³μÐÓÕ ¤¨ £· ³³
Šμ´Í¥¢¨Î  Γ ∈ Gn, Gn Å ³´μ¦¥¸É¢μ ¤¨ £· ³³ n-£μ ¶μ·Ö¤±  ¨ ωΓ Å ¶μ-
¸ÉμÖ´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, μÉ¢¥Î ÕÐ¨¥ £· Ë ³ Γ ∈ Gn. ‡´ Î¥´¨Ö ±μÔËË¨-
Í¨¥´Éμ¢, ¢ ¶·¨´Í¨¶¥, ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¶μ ¨´É¥£· ²Ó´Ò³ Ëμ·³Ê² ³,
¶·¥¤ÑÖ¢²¥´´Ò³ ¢ [15]. �¤´ ±μ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ÔÉ¨ Ëμ·³Ê²Ò μ± §Ò¢ ÕÉ¸Ö ´¥-
±μ´¸É·Ê±É¨¢´Ò³¨, É. ¥. ¢ÒÏ¥¶·¨¢¥¤¥´´ Ö É¥μ·¥³ , ¶μ ¸ÊÉ¨, Ö¢²Ö¥É¸Ö É¥μ·¥³μ°
¸ÊÐ¥¸É¢μ¢ ´¨Ö.

„²Ö Î²¥´μ¢ ¢Éμ·μ£μ ¶μ·Ö¤±  §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¨§¢¥¸É´Ò:

f ∗ g = fg + �αab∂af∂bg +
1
2

�2αabαcd∂a∂cf∂b∂dg+

+
1
3

�2αas∂sα
bc(∂a∂bf∂cg + ∂a∂bg∂cf) + O(�3). (5.8)

‚ ¤ ´´μ³ · §¤¥²¥ ¤¥² ¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´ Ö ¶·μ¢¥·±  ÊÉ¢¥·¦¤¥´¨Ö Šμ´-
Í¥¢¨Î  μ Éμ³, ÎÉμ § ³¥´  ¶¥·¥³¥´´ÒÌ ¢ Ëμ·³Ê²¥ ¤²Ö ±¢ ´Éμ¢μ£μ Ê³´μ¦¥´¨Ö
¶·¨¢μ¤¨É ± ± ²¨¡·μ¢μÎ´μ-Ô±¢¨¢ ²¥´É´μ³Ê ∗-¶·μ¨§¢¥¤¥´¨Õ. (A´ ²μ£¨Î´μ¥
ÊÉ¢¥·¦¤¥´¨¥ ¢ ¸¨³¶²¥±É¨Î¥¸±μ³ ¸²ÊÎ ¥ ¡Ò²μ ¤μ± § ´μ ¢ [57].) ‚ÒÎ¨¸²¥-
´¨Ö ¶·μ¢μ¤ÖÉ¸Ö ¤μ ¶μ·Ö¤±  �3. �·¨ ÔÉμ³ § ³¥´  ¶¥·¥³¥´´ÒÌ ¶·μ¨§¢μ¤¨É¸Ö
¢ ¨§¢¥¸É´μ° Ëμ·³Ê²¥ ‚¥°²Ö (5.6), ±μÉμ· Ö ¶μ²ÊÎ ¥É¸Ö ¨§ Ëμ·³Ê²Ò Šμ´Í¥-
¢¨Î  ¶μ¤¸É ´μ¢±μ° ¶μ¸ÉμÖ´´μ£μ ¡¨¢¥±Éμ·  ϑij . �μ²ÊÎ¥´´μe ¢Ò· ¦¥´¨¥ ´¥
¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ Ëμ·³Ê²Ò Šμ´Í¥¢¨Î  ¢ ´μ¢ÒÌ ±μμ·¤¨´ É Ì za(xi) ¸

α0
ab = ϑij ∂za

∂xi

∂zb

∂xj
. �¤´ ±μ ¸ ¶μ³μÐÓÕ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (5.7)

ÔÉμ Ê¤ ¥É¸Ö. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥É¸Ö Ëμ·³Ê²  (5.9) ¤²Ö ±¢ ´Éμ¢μ£μ Ê³´μ¦¥-
´¨Ö ¸ ´¥±μÉμ·Ò³¨ ±μÔËË¨Í¨¥´É ³¨. ‚ Î²¥´ Ì É·¥ÉÓ¥£μ ¶μ·Ö¤± , μ± §Ò¢ ¥É¸Ö,
¸ ¶μ³μÐÓÕ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¢¸¥-É ±¨ ´¥¢μ§³μ¦´μ ¨§¡ ¢¨ÉÓ¸Ö
μÉ Ö¢´μ° § ¢¨¸¨³μ¸É¨ μÉ ¤¨ËË¥μ³μ·Ë¨§³μ¢. �¤´ ±μ É ±¨¥ Î²¥´Ò Ê¤ ¥É¸Ö ¨´-
É¥·¶·¥É¨·μ¢ ÉÓ ± ± ±¢ ´Éμ¢ÊÕ ¶μ¶· ¢±Ê ± ¶Ê ¸¸μ´μ¢Ê ¡¨¢¥±Éμ·Ê. ’¥³ ¸ ³Ò³

¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ´¥´Ê²¥¢μ£μ αab
2 ¢ Ëμ·³Ê²¥ (5.4): αab(�) =

∑
i�0

�iαab
i .

‚Ò· ¦¥´¨¥ ¤²Ö αab
2 μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Î²¥´μ¢ ¡¨¢¥±Éμ·´μ£μ É¨¶  ¢

É·¥ÉÓ¥³ ¶μ·Ö¤±¥ (´   ¸¸μÍ¨ É¨¢´μ¸ÉÓ ¢ ÔÉμ³ ¶μ·Ö¤±¥ μ´¨ ´¥ ¢²¨ÖÕÉ). � ¶·¨-
³¥·, ¤μ¡ ¢²¥´¨¥ ¢ É·¥É¨° ¶μ·Ö¤μ± Î²¥´  ∂sα

pt∂pα
so∂o∂tα

ab∂af∂bg μ§´ Î ¥É
¢ÒÎ¨É ´¨¥ ¥£μ ¨§ α2.
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�μ²ÊÎ¥´´ Ö Ëμ·³Ê²  ¤μ É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¨³¥¥É ¢¨¤

f ∗ g = fg + �αab∂af∂bg+

+ �2

[
1
2
αabαcd∂a∂cf∂b∂dg +

1
3
αas∂sα

bc(∂a∂bf∂cg + ∂a∂bg∂cf)
]

+

+�3

[
1
6
αabαcdαho∂a∂c∂hf∂b∂d∂og+

1
3
αtp∂pα

as∂s∂tα
bc(∂a∂cf∂bg−∂a∂cg∂bf)+

+
[
2
3
αdp∂pα

as∂sα
bc +

1
3
αap∂pα

ds∂sα
cb

]
∂a∂cf∂b∂dg+

+
1
6
αasαct∂s∂tα

bd(∂a∂b∂cf∂dg − ∂a∂b∂cg∂df)+

+
1
3
αas∂sα

bcαhd(∂a∂b∂hf∂c∂dg − ∂a∂b∂hg∂c∂df)
]

+ O(�4), (5.9)

£¤¥

αab = ϑij ∂za

∂xi

∂zb

∂xj
+ �2

[
1
3!

ϑijϑklϑmn ∂3za

∂xi∂xk∂xm

∂3zb

∂xj∂xl∂xn
−

− 1
18

Sspt∂p∂s∂tα
ab − 1

4
ϑijϑkl ∂2zs

∂xi∂xk

∂2zt

∂xj∂xl
∂s∂tα

ab

]
+

+ Î²¥´Ò ¡¨¢¥±Éμ·´μ£μ É¨¶  + O(�3), (5.10)

¨ ±μÔËË¨Í¨¥´ÉÒ Sabs § ¤ ´Ò ¢ (5.18). „¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ· ¨§ (5.2),
´¥μ¡Ìμ¤¨³Ò° ¤²Ö ¶μ²ÊÎ¥´¨Ö (5.9), (5.10), ¨³¥¥É ¢¨¤

D = 1 + �2

[
−1

4
ϑijϑkl ∂2za

∂xi∂xk

∂2zb

∂xj∂xl
∂a∂b + − 1

18
ϑijϑkl×

×
(

∂2za

∂xi∂xk

∂zb

∂xj

∂zc

∂xl
+

∂2zc

∂xi∂xk

∂za

∂xj

∂zb

∂xl
+

∂2zb

∂xi∂xk

∂zc

∂xj

∂za

∂xl

)
∂a∂b∂c

]
+O(�4).

‚ ±μ´Í¥ · §¤¥²  ¶μ± § ´μ, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ³μ¦´μ ¢Ò¢¥¸É¨ ¨§
É·¥¡μ¢ ´¨Ö  ¸¸μÍ¨ É¨¢´μ¸É¨. ‡ ³¥É¨³, ÎÉμ ·¥§Ê²ÓÉ ÉÒ ¸μ£² ¸ÊÕÉ¸Ö ¸ [58].

5.1. �·¥¤¸É ¢²¥´¨¥ Ëμ·³Ê²Ò Šμ´Í¥¢¨Î  ¢ ¢¨¤¥ ¤¨ £· ³³. ‘ÊÐ¥¸É¢Ê¥É
¥¸É¥¸É¢¥´´Ò° ¸¶μ¸μ¡ ¨§μ¡· §¨ÉÓ ± ¦¤Ò° Î²¥´ ·Ö¤  (5.7) ¢ ¢¨¤¥ ¤¨ £· ³³Ò
[15]. „²Ö Î²¥´ , ¸μ¤¥·¦ Ð¥£μ¸Ö ¢ n-³ ¶μ·Ö¤±¥, ¢μ§Ó³¥³ n ¢¥·Ï¨´ (ÉμÎ¥±),
± ¦¤μ° ¨§ ±μÉμ·ÒÌ ¶·¨¶¨¸Ò¢ ¥É¸Ö ¡¨¢¥±Éμ· α ¨ ¤¢¥ ÉμÎ±¨, ¸μ¶μ¸É ¢²Ö¥³Ò¥
ËÊ´±Í¨Ö³ f ¨ g. �¥·¢Ò¥ n ¢¥·Ï¨´ ¡Ê¤¥³ · ¸¶μ² £ ÉÓ £μ·¨§μ´É ²Ó´μ. ˆ§
± ¦¤μ° ¨§ ´¨Ì ¢ÒÌμ¤ÖÉ ¤¢¥ ¸É·¥²±¨∗, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶ ·¥ £· ¤¨¥´Éμ¢ ¢

∗ŒÒ μ¶Ê¸É¨³ §´ Îμ± ¸É·¥²±¨, ¨³¥Ö ¢ ¢¨¤Ê, ÎÉμ ¢¸¥ μÉ·¥§±¨ ´ ¶· ¢²¥´Ò ¢¶· ¢μ.
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¸¢¥·É±¥ αab∂a ∧ ∂b. ‘É·¥²±  § ± ´Î¨¢ ¥É¸Ö ´  Éμ° ¢¥·Ï¨´¥, ±μÉμ·ÊÕ ¤¨ËË¥-
·¥´Í¨·Ê¥É ¢Ò¡· ´´Ò° £· ¤¨¥´É. �  ¤¢ÊÌ ÉμÎ± Ì, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨Ö³,
¸É·¥²±¨ ³μ£ÊÉ Éμ²Ó±μ § ± ´Î¨¢ ÉÓ¸Ö. �μÔÉμ³Ê · ¸¶μ²μ¦¨³ ¨Ì ¸¶· ¢  ¶μ ¢¥·-
É¨± ²¨. „²Ö ¢Ò· ¦¥´¨Ö (5.9) ´ ¡μ· ¤¨ £· ³³ (£· Ëμ¢) Šμ´Í¥¢¨Î  ¶·¨¢¥¤¥´
´  ·¨¸Ê´±¥.

‡ ³¥É¨³, ÎÉμ ¢ ¶·¨¢¥¤¥´´ÒÌ ¤¨ £· ³³ Ì ´¥É ®¶¥É¥²Ó¯, É. ¥. ¸É·Ê±ÉÊ· ¢¨¤ 
∂cα

da∂dα
bc. �¥É²¨, ¶μ ¢¸¥° ¢¨¤¨³μ¸É¨, ¶μÖ¢ÖÉ¸Ö ¢ £· Ë Ì ¡¨¢¥±Éμ·´μ£μ

É¨¶ , É. ¥. ¢ ¢Ò· ¦¥´¨ÖÌ, ¸μ¤¥·¦ Ð¨Ì ¤¢  ¢´¥Ï´¨Ì ¨´¤¥±¸ . ’ ±¨¥ Î²¥´Ò
´¥ ¢²¨ÖÕÉ ´   ¸¸μÍ¨ É¨¢´μ¸ÉÓ ¢ É·¥ÉÓ¥³ ¶μ·Ö¤±¥. �¤´ ±μ ¨Ì ¸ÊÐ¥¸É¢μ¢ ´¨¥
³μ¦´μ ¶·¥¤¸± § ÉÓ ¨¸Ìμ¤Ö ¨§ É·¥¡μ¢ ´¨Ö Éμ¦¤¥¸É¢  Ÿ±μ¡¨ (5.5). �¨¦¥ ³Ò
¥Ð¥ ¢¥·´¥³¸Ö ± ÔÉμ³Ê ¢μ¶·μ¸Ê.
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5.2. ‚ÒÎ¨¸²¥´¨Ö ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥. � ¸¸³μÉ·¨³ Ëμ·³Ê²Ê ‚¥°²Ö (5.6) ¤μ
¢Éμ·μ£μ ¶μ·Ö¤±  ¨ ¸¤¥² ¥³ ¢ ´¥° § ³¥´Ê ¶¥·¥³¥´´ÒÌ x → z(x).

f ∗ g = fg + �αab∂af∂bg +
1
2

�2ϑijϑkl×

×
(

∂2za

∂xi∂xk

∂f

∂za
+

∂za

∂xi

∂2f

∂za∂zc

∂zc

∂xi

)(
∂2zb

∂xj∂xl

∂g

∂zb
+

∂zb

∂xl

∂2g

∂zb∂zd

∂zd

∂xj

)
=

= fg + �αab∂af∂bg +
1
2

�2αabαcd∂a∂cf∂b∂dg+

+
1
2

�2ϑijϑkl ∂2za

∂xi∂xk

∂2zb

∂xj∂xl
∂af∂bg+

+ �2ϑijϑkl ∂2zc

∂xi∂xk

∂za

∂xl

∂zb

∂xj
(∂a∂bf∂cg + ∂a∂bg∂cf) + O(�3), (5.11)

£¤¥ αab = ϑij∂iz
a∂jz

b.
Š ± ¢¨¤´μ, ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ´¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ (5.8) ¨ Ö¢´μ

¸μ¤¥·¦¨É § ¢¨¸¨³μ¸ÉÓ μÉ ¤¨ËË¥μ³μ·Ë¨§³  x → z. „·Ê£¨³¨ ¸²μ¢ ³¨, ¢Ò· -
¦¥´¨¥ (5.11) ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ § ¢¨¸ÖÐ¥£μ Éμ²Ó±μ μÉ α ¨ ¶·μ¨§¢μ¤´ÒÌ
¶μ z. “É¢¥·¦¤¥´¨¥ Šμ´Í¥¢¨Î  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ ± ²¨¡·μ¢μÎ´Ò¥
¶·¥μ¡· §μ¢ ´¨Ö (5.2), ±μÉμ·Ò¥ ÔÉÊ ¶·μ¡²¥³Ê ·¥Ï É.

�·¥¤¶μ¸²¥¤´¨° Î²¥´ ¢ (5.2)
1
2

�2ϑijϑkl ∂2za

∂xi∂xk

∂2zb

∂xj∂xl
∂af∂bg Å ¡¨¢¥±-

Éμ·´μ£μ É¨¶  ¨ ¸¨³³¥É·¨Î¥´, ¶μÔÉμ³Ê μ´ ²¥£±μ Ê¸É· ´Ö¥É¸Ö ¶μ  ´ ²μ£¨¨ ¸
É¥³, ± ± ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ¡¨¢¥±Éμ· ¶·¨¢μ¤¨²¸Ö ±  ´É¨¸¨³³¥É·¨Î¥¸±μ° Ëμ·³¥
(5.3). ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ²¥£±μ ¢Ò¶¨¸ ÉÓ:

D′
2 = −�2

4
ϑijϑkl ∂2za

∂xi∂xk

∂2zb

∂xj∂xl
∂a∂b. (5.12)

‡ ³¥É¨³, ÎÉμ ¶μ É¥³ ¦¥ ¶·¨Î¨´ ³ ³Ò ¢μ²Ó´Ò ¤μ¡ ¢²ÖÉÓ ¢μ ¢Éμ·μ° ¶μ·Ö¤μ±
¶¥É²¥¢ÊÕ ¤¨ £· ³³Ê

λ�2∂dα
ac∂cα

bd (5.13)

¸ ¶·μ¨§¢μ²Ó´μ° ¶μ¸ÉμÖ´´μ° λ, É ± ± ± ÔÉμÉ Î²¥´ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î¥¸±¨³
¡¨¢¥±Éμ·μ³. „μ¡ ¢²¥´¨¥ ÔÉμ£μ Î²¥´  ¸± ¦¥É¸Ö ´  ¢¨¤e Ëμ·³Ê²Ò ¤¥Ëμ·³ -
Í¨μ´´μ£μ ±¢ ´Éμ¢ ´¨Ö ¢ ¸É ·Ï¨Ì ¶μ·Ö¤± Ì. Š·μ³¥ Éμ£μ, ¢Ò· ¦¥´¨¥ (5.13)
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¶¥·¥μ¶·¥¤¥²¥´¨Ö ¶Ê ¸¸μ´μ¢  ¡¨¢¥±Éμ· :

αab → αab + �∂dα
ac∂cα

bd. (5.14)

ŒÒ, μ¤´ ±μ, ¶μ²μ¦¨³ λ = 0, ¨¸Ìμ¤Ö ¨§ ¦¥² ´¨Ö ¶μ²ÊÎ¨ÉÓ μÉ¢¥É ¢ ³ ±¸¨-
³ ²Ó´μ ¶·¨¢¥¤¥´´μ³ ¢¨¤¥.
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‚μ§¢· Ð Ö¸Ó ± (5.13), · ¸¸³μÉ·¨³ É¥¶¥·Ó Î²¥´Ò ¢¨¤  ∂2f∂g ¨ ∂2g∂f :

1
2
P1 =

1
2

∂2zc

∂xi∂xk

∂za

∂xl

∂zb

∂xj
(∂a∂bf∂cg + ∂a∂bg∂cf). (5.15)

�¥μ¡Ìμ¤¨³μ ¶μ¤μ¡· ÉÓ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥, ¶¥·¥¢μ¤ÖÐ¥¥ ¢Ò-
· ¦¥´¨¥ (5.15) ¢ K0α

as∂sα
bc(∂a∂bf∂cg + ∂a∂bg∂cf), ¸ ´¥±μÉμ·μ° ±μ´¸É ´Éμ°

K0. �μ¤¸É ¢²ÖÖ ¸Õ¤  αab = ϑij ∂za

∂xi

∂zb

∂xj
, ¶μ²ÊÎae³

K0

(
− ∂2za

∂xi∂xk

∂zc

∂xl

∂zb

∂xj
+

∂2zc

∂xi∂xk

∂za

∂xl

∂zb

∂xj

)
(∂a∂bf∂cg + ∂a∂bg∂cf) =

= K0P1 − K0P2, (5.16)

£¤¥ P2 =
∂2za

∂xi∂xk

∂zc

∂xl

∂zb

∂xj
(∂a∂bf∂cg + ∂a∂bg∂cf).

ˆ¸Ìμ¤Ö ¨§ É¥´§μ·´μ° ¸É·Ê±ÉÊ·Ò (5.15) ¨ (5.16), ¡Ê¤¥³ ¨¸± ÉÓ ± ²¨¡·μ¢μÎ-
´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¢ ¢¨¤¥

D2 = K1S
abc∂a∂b∂c, (5.17)

Sabc = ϑijϑkl

(
∂2za

∂xi∂xk

∂zb

∂xj

∂zc

∂xl
+

∂2zc

∂xi∂xk

∂za

∂xj

∂zb

∂xl
+

∂2zb

∂xi∂xk

∂zc

∂xj

∂za

∂xl

)
,

(5.18)
£¤¥ K1 Å ¶μ¸ÉμÖ´´ Ö. ‡ ³¥É¨³, ÎÉμ Sabc ¸¨³³¥É·¨Î¥´ ¶μ ¸¢μ¨³ ¨´¤¥±¸ ³
a, b, c. �·¥μ¡· §μ¢ ´¨¥ (5.17), (5.18) ¤μ¡ ¢²Ö¥É ± (5.15) ¸²¥¤ÊÕÐ¨¥ Î²¥´Ò:

D2(fg)− fD2(g)− gD2(f) = 3Sabc(∂a∂bf∂cg + ∂a∂bg∂cf) = 3K1(P1 + 2P2).
(5.19)

’¥³ ¸ ³Ò³ ¨§ (5.15), (5.19) ¨ (5.16) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ´  K0 ¨ K1:

1
2
P1 + 3K1(P1 + 2P2) = K0(P1 − P2), K0 =

1
3
, K1 = − 1

18
.

ˆÉ ±, ¨¸±μ³μ¥ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥

D2 = 1 + �2D2 + �2D′
2 =

= 1 − 1
18

Sabc∂a∂b∂c −
�2

4
ϑijϑkl ∂2za

∂xi∂xk

∂2zb

∂xj∂xl
∂a∂b, (5.20)

£¤¥ Sabc μ¶·¥¤¥²¥´μ ¢ (5.18).
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5.3. ‚ÒÎ¨¸²¥´¨Ö ¢ É·¥ÉÓ¥³ ¶μ·Ö¤±¥. ‚ É·¥ÉÓ¥³ ¶μ·Ö¤±¥ ¤²Ö B3(f, g)
¶μÖ¢ÖÉ¸Ö ¶μ¶· ¢±¨ §  ¸Î¥É ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¢Ò¶μ²´¥´´ÒÌ ¢μ
¢Éμ·μ³ ¸ ¶μ³μÐÓÕ D2 (5.20). ‚¨¤ ¶μ¶· ¢±¨ ¸²¥¤Ê¥É ¨§ μ¡Ð¥£μ μ¶·¥¤¥²¥-
´¨Ö (5.2):

B′
3(f, g) = B3(f, g) + D2B1(f, g) − B1(D2f, g) − B1(f, D2g). (5.21)

‚Ò¶¨Ï¥³, ± ± ¨ · ´¥¥ ¤²Ö ¢Éμ·μ£μ ¶μ·Ö¤± , Î²¥´Ò, ¶μ²ÊÎ ÕÐ¨¥¸Ö § ³¥-
´μ° ¶¥·¥³¥´´ÒÌ ¢ Ê³´μ¦¥´¨¨ ‚¥°²Ö (5.7):

1
6
ϑijϑklϑmn

(
∂3f

∂za∂zc∂ze

∂ze

∂xi

∂zc

∂xk

∂za

∂xm
+

∂2f

∂za∂zc

(
∂2za

∂xk∂xm

∂zc

∂xi
+

∂2za

∂xi∂xm
×

× ∂zc

∂xk
+

∂2za

∂xi∂xk

∂zc

∂xm

)
+

∂3za

∂xi∂xk∂xm

∂f

∂za

)(
∂3g

∂zb∂zd∂ze

∂ze

∂xj

∂zd

∂xl

∂zb

∂xn
+

+
∂2g

∂zb∂zd

(
∂2zb

∂xl∂xn

∂zd

∂xj
+

∂2zb

∂xl∂xj

∂zd

∂xn
+

∂2zb

∂xn∂xj

∂zd

∂xl

)
+

∂3zb

∂xj∂xl∂xn

∂g

∂zb

)
.

(5.22)

„ ²¥¥, ± ± Ê¦¥ μÉ³¥Î ²μ¸Ó, ¸²¥¤Ê¥É ± ¶μ²ÊÎ¥´´μ³Ê ¢Ò· ¦¥´¨Õ ¤μ¡ ¢¨ÉÓ
(5.21):

D2B1(f, g) − B1(D2f, g) − B1(f, D2g) + D′
2B1(f, g)−

− B1(D′
2f, g) − B1(f, D′

2g), (5.23)

£¤¥ D2 ¨ D′
2 μ¶·¥¤¥²¥´Ò ¢ (5.17), (5.18) ¨ (5.12).

� Ï  § ¤ Î  Å ¶·¥¤¸É ¢¨ÉÓ ¸Ê³³Ê ¢Ò· ¦¥´¨° (5.22) ¨ (5.23) ¢ ¢¨¤¥
¤¨ £· ³³ Šμ´Í¥¢¨Î  ¢ ´μ¢ÒÌ ±μμ·¤¨´ É Ì.

�¨¦¥ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ ¤¥² ÉÓ ± ²¨¡·μ¢μÎ´μ¥ ¶·¥-
μ¡· §μ¢ ´¨¥ ¢ É·¥ÉÓ¥³ ¶μ·Ö¤±¥, É ± ± ± ± ²¨¡·μ¢μÎ´ÒÌ Î²¥´μ¢ (5.23) μ± -
¦¥É¸Ö, ¶μ ¸ÊÐ¥¸É¢Ê, ¤μ¸É ÉμÎ´μ ¤²Ö ¶μ²ÊÎ¥´¨Ö μÉ¢¥É . �¥±μÉμ· Ö ´¥μ¤´μ§´ Î-
´μ¸ÉÓ ¢μ§´¨±´¥É ²¨ÏÓ ¸ ¤¨ £· ³³ ³¨ ¡¨¢¥±Éμ·´μ£μ É¨¶ . ‚ ¦´Ò¥ ¸²¥¤¸É¢¨Ö
É ±μ° ´¥μ¤´μ§´ Î´μ¸É¨  ´ ²¨§¨·ÊÕÉ¸Ö ¢ ±μ´Í¥ ÔÉμ£μ ¶Ê´±É .

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¢ÒÎ¨¸²¥´¨Ö · ¸¸³μÉ·¨³ Î²¥´Ò, ¸μ¤¥·¦ Ð¨¥ ¢Éμ·Ò¥
¶·μ¨§¢μ¤´Ò¥ ¶μ ËÊ´±Í¨Ö³ (∂2f∂2g). ‚ Ê³´μ¦¥´¨¨ ‚¥°²Ö (5.22) ÔÉ¨ Î²¥´Ò
É ±μ¢Ò:

1
6
ϑijϑklϑmn

(
∂2za

∂xk∂xm

∂zc

∂xi
+

∂2za

∂xi∂xm

∂zc

∂xk
+

∂2za

∂xi∂xk

∂zc

∂xm

)
×

×
(

∂2zb

∂xl∂xn

∂zd

∂xj
+

∂2zb

∂xl∂xj

∂zd

∂xn
+

∂2zb

∂xn∂xj

∂zd

∂xl

)
∂a∂cf∂b∂dg =

= ϑijϑklϑmn

(
1
2

∂2za

∂xi∂xk

∂2zb

∂xj∂xl

∂zc

∂xm

∂zd

∂xn
+

+
∂2za

∂xi∂xk

∂2zb

∂xl∂xn

∂zc

∂xm

∂zd

∂xj

)
∂a∂cf∂b∂dg. (5.24)
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Š ²¨¡·μ¢μÎ´Ò¥ Î²¥´Ò (5.23):

D′
2 : −1

2
ϑijϑklϑmn ∂2za

∂xi∂xk

∂2zb

∂xj∂xl

∂zc

∂xm

∂zd

∂xn
∂a∂cf∂b∂dg (5.25)

(§ ³¥É¨³, ÎÉμ ¤ ´´μ¥ ¢Ò· ¦¥´¨¥ ¸μ±· Ð ¥É ¶¥·¢Ò° Î²¥´ ¢ ¶· ¢μ° Î ¸É¨
(5.24)) ¨

D2 : −1
3
Sscd∂sα

ab∂a∂cf∂b∂dg, (5.26)

£¤¥ Sscd μ¶·¥¤¥²¥´  ¢ (5.18). �¥¸²μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ (5.26) · ¢´μ

−1
3
Sscd∂sα

ab∂a∂cf∂b∂dg = −1
3
Y1 −

1
3
Y2 −

1
3
Y3, (5.27)

£¤¥ ¢Ò· ¦¥´¨Ö Y1, Y2 ¨ Y3 ¤ ´Ò ´¨¦¥:

Y1 = ϑijϑklϑmn ∂za

∂xj

∂2zd

∂xk∂xi

(
∂2zc

∂xm∂xl

∂zb

∂xn
− ∂2zb

∂xm∂xl

∂zc

∂xn

)
, (5.28)

Y2 = ϑijϑklϑmn ∂za

∂xj

∂zd

∂xl

∂2zs

∂xi∂xk

∂xo

∂zs

(
∂2zc

∂xm∂xo

∂zb

∂xn
− ∂2zb

∂xm∂xo

∂zc

∂xn

)
,

(5.29)

Y3 = ϑijϑklϑmn ∂zd

∂xj

∂2za

∂xk∂xi

(
∂2zc

∂xm∂xl

∂zb

∂xn
− ∂2zb

∂xm∂xl

∂zc

∂xn

)
. (5.30)

	Ê¤¥³ ¨¸± ÉÓ μÉ¢¥É ¢ Ëμ·³¥[
Aαdp∂pα

as∂sα
bc + Bαap∂pα

ds∂sα
cb
]
∂a∂cf∂b∂dg (5.31)

¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ A ¨ B. ‚ ¸É ·ÒÌ ±μμ·¤¨´ É Ì (5.31)
§ ¶¨Ï¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:[

Aαdp∂pα
as∂sα

bc + Bαap∂pα
ds∂sα

cb
]
∂a∂cf∂b∂dg =
= A(Y2 − Y1) + B(Y3 − Y2). (5.32)

‡ ³¥É¨³ §¤¥¸Ó, ÎÉμ ¶μ¸²¥¤´¨° Î²¥´ ¢ ¶· ¢μ° Î ¸É¨ (5.24) · ¢¥´ Y3, É ± ± ±

ϑijϑklϑmn ∂2za

∂xi∂xk

∂2zc

∂xl∂xn

∂zb

∂xm

∂zd

∂xj
∂a∂cf∂b∂dg = 0

¢ ¸¨²Ê  ´É¨¸¨³³¥É·¨Î´μ¸É¨ ¶μ ¶¥·¥¸É ´μ¢±¥ (a ↔ c ¨ d ↔ b). � °¤¥³ A
¨ B:

Y3 −
1
3
Y1 −

1
3
Y2 −

1
3
Y3 = A(Y3 − Y2) + B(Y2 − Y1),

A =
2
3
, B =

1
3
.
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ˆÉ ±, Î²¥´Ò (∂2f∂2g) ¢ Ëμ·³Ê²¥ ¤¥Ëμ·³ Í¨μ´´μ£μ ±¢ ´Éμ¢ ´¨Ö (5.9) Ê¸É -
´μ¢²¥´Ò:

�3

[
2
3
αdp∂pα

as∂sα
bc +

1
3
αap∂pα

ds∂sα
cb

]
∂a∂cf∂b∂dg.

�¸É ²Ó´Ò¥ Î²¥´Ò ¢ÒÎ¨¸²ÖÕÉ¸Ö  ´ ²μ£¨Î´μ. …¤¨´¸É¢¥´´μ¥ ¨¸±²ÕÎ¥´¨¥ ¶·μ-
¨¸Ìμ¤¨É ¸ Î²¥´ ³¨ ∂f∂g. „²Ö ´¨Ì ¨³¥¥³

¢¥°²¥¢¸±¨° Î²¥´ :
1
6
ϑijϑklϑmn ∂3za

∂xi∂xk∂xm

∂3zb

∂xj∂xl∂xn
, (5.33)

¤μ¡ ¢μÎ´Ò° μÉ D2 : − 1
18

Sspt∂p∂s∂tα
ab∂af∂bg, (5.34)

¤μ¡ ¢μÎ´Ò° μÉ D′
2 : −1

4
ϑijϑkl ∂2zs

∂xi∂xk

∂2zt

∂xj∂xl
∂s∂tα

ab∂af∂bg. (5.35)

�É¨ Î²¥´Ò ´¥ ³μ£ÊÉ ¡ÒÉÓ ¸μ±· Ð¥´Ò ± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨,
É ± ± ± μ´¨ ±μ¸μ¸¨³³¥É·¨Î´Ò. Š·μ³¥ Éμ£μ, μ´¨ ´¥ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¢¨¤¥
£· Ëμ¢ Šμ´Í¥¢¨Î . ‘²¥¤μ¢ É¥²Ó´μ, ¡Ê¤¥³ É· ±Éμ¢ ÉÓ ¨Ì ± ± ¤μ¡ ¢±Ê ± α:

αab∂af∂bg = αab
0 ∂af∂bg + �2α2

ab∂af∂bg.

�¶·¥¤¥²¨ÉÓ α2 ³μ¦´μ ³´μ£¨³¨ · §´Ò³¨ ¸¶μ¸μ¡ ³¨ ¶μ ¸²¥¤ÊÕÐ¥° ¶·¨Î¨´¥.
Š α2 ³μ¦´μ ¤μ¡ ¢²ÖÉÓ ²Õ¡Ò¥ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¨§ ¤¨ £· ³³ ¡¨¢¥±Éμ·-
´μ£μ É¨¶  ¢ É·¥ÉÓ¥³ ¶μ·Ö¤±¥, ±μ³¶¥´¸¨·ÊÖ ¨Ì ¢±² ¤ ¢ÒÎ¨É ´¨¥³ ¨§ ±μ´¥Î´μ°
Ëμ·³Ê²Ò ¤²Ö ¤¥Ëμ·³ Í¨μ´´μ£μ ±¢ ´Éμ¢ ´¨Ö. � ¶·¨³¥·, ¢Ò· ¦¥´¨¥ (5.35)
¸μ¤¥·¦¨É¸Ö ¢ ¤¨ £· ³³¥ ∂pα

so∂oα
tp∂s∂tα

ab∂af∂bg, ÌμÉÖ ¶μ¸²¥¤´ÖÖ ¸μ¤¥·¦¨É
¨ ³´μ£μ ¤·Ê£¨Ì Î²¥´μ¢. ‚Ò· ¦¥´¨¥ (5.34) ¢μμ¡Ð¥ ´¥ ³μ¦¥É ¸μ¤¥·¦ ÉÓ¸Ö ¢
± ±μ°-²¨¡μ ¤¨ £· ³³¥, É ± ± ± ¸μ¤¥·¦¨É É·¥ÉÓÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ α. ŒμÖ²μ¢-
¸±¨° Î²¥´ (5.33) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢Ò· ¦¥´¨¥ ¢¨¤  ∂3za∂3zb ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, ¸μ¤¥·¦¨É¸Ö Éμ²Ó±μ ¢ ¤¨ £· ³³¥ αpt∂t∂sα

ao∂o∂pα
bs. �¥μ¤´μ§´ Î´μ¸ÉÓ

¢ μ¶·¥¤¥²¥´¨¨ α2, ¶μ-¢¨¤¨³μ³Ê, ³μ¦¥É ¡ÒÉÓ Ê¸É· ´¥´ , ¥¸²¨ ¶μÉ·¥¡μ¢ ÉÓ μÉ
¶μ²´μ£μ α(�) ¢Ò¶μ²´¥´¨Ö Éμ¦¤¥¸É¢  Ÿ±μ¡¨. �Éμ ³μ¦¥É ¶μ§¢μ²¨ÉÓ ¢μ¸¸É -
´μ¢¨ÉÓ ±μÔËË¨Í¨¥´ÉÒ ¤²Ö Î²¥´μ¢ ¡¨¢¥±Éμ·´μ£μ É¨¶ , ±μÉμ·Ò¥ ¨§ Ê¸²μ¢¨Ö
 ¸¸μÍ¨ É¨¢´μ¸É¨ ¢ ¶μ·Ö¤±¥ �3 ´¥ Ë¨±¸¨·ÊÕÉ¸Ö.

‚Ò¶¨Ï¥³ ´ °¤¥´´ÊÕ ¢¥·¸¨Õ α:

αab = ϑij ∂za

∂xi

∂zb

∂xj
+ �2

[
1
3!

ϑijϑklϑmn ∂3za

∂xi∂xk∂xm

∂3zb

∂xj∂xl∂xn
−

− 1
18

Sspt∂p∂s∂tα
ab − 1

4
ϑijϑkl ∂2zs

∂xi∂xk

∂2zt

∂xj∂xl
∂s∂tα

ab

]
+ O(�3). (5.36)
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ˆÉ ±, ³Ò § Ë¨±¸¨·μ¢ ²¨ α = α0 + �2α2. �Î¥¢¨¤´μ, ÎÉμ αab = ϑij ∂za

∂xi

∂zb

∂xj

Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê Ÿ±μ¡¨:

αas
0 ∂sα

bc
0 + αcs

0 ∂sα
ab
0 + αbs

0 ∂sα
ca
0 = 0.

�¤´ ±μ α(�), μ¶·¥¤¥²¥´´Ò° ¢ (5.36), ´¥ Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê Ÿ±μ¡¨ ¢
¶μ·Ö¤±¥ �2. „²Ö ¤μ± § É¥²Ó¸É¢  ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö ¤μ¸É ÉμÎ´μ ¶·μ¸²¥¤¨ÉÓ
´¥¸μ±· Ð¥´¨¥ Î²¥´μ¢ Ë¨±¸¨·μ¢ ´´μ° ¸É·Ê±ÉÊ·Ò, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¶μ-
·Ö¤±o³ ¶·μ¨§¢μ¤´ÒÌ ¨ É¨¶μ³ ¨´¤¥±¸μ¢.

ˆÉ ±, ¢ ¶μ·Ö¤±¥ �2 Éμ¦¤¥¸É¢μ Ÿ±μ¡¨ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

αas
0 ∂sα

bc
2 + αas

2 ∂sα
bc
0 + αcs

0 ∂sα
ab
2 + αcs

2 ∂sα
ab
0 + αbs

0 ∂sα
ca
2 + αbs

2 ∂sα
ca
0 = 0.

—Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ¥£μ ´¥¢Ò¶μ²´¥´¨¨ ¤²Ö α ¨§ (5.36), ¶μ¸³μÉ·¨³ ´  ¢Ò· ¦¥-
´¨Ö ¢¨¤  ∂z∂4z∂3z. Šμμ·¤¨´ É  z ³μ¦¥É ´¥¸É¨ ¤¢  É¨¶  ¨´¤¥±¸μ¢: ¢´¥Ï´¨¥
a, b, c ¨ ¢´ÊÉ·¥´´¨¥ o, t, p. ’¥³ ¸ ³Ò³ ¸ÊÐ¥¸É¢Ê¥É ´ ¡μ· ¢Ò· ¦¥´¨° Ê± § ´-
´μ£μ É¨¶  ¸ · §´μ° É¥´§μ·´μ° ¸É·Ê±ÉÊ·μ° ¨´¤¥±¸μ¢, ¨ ± ¦¤μ¥ ¨§ ´¨Ì ¤μ²¦´μ
¸μ±· Ð ÉÓ¸Ö ¢ Éμ¦¤¥¸É¢¥ Ÿ±μ¡¨ ¤²Ö Éμ£μ, ÎÉμ¡Ò μ´μ ¢Ò¶μ²´Ö²μ¸Ó ¨ ¤²Ö ¶μ²-
´μ£μ α. ‚Ò· ¦¥´¨Ö Ê± § ´´μ£μ ¢¨¤  ¶μÖ¢²ÖÕÉ¸Ö ¨§ ¶¥·¢ÒÌ ¤¢ÊÌ Î²¥´μ¢ ¢
(5.36). ‘É·Ê±ÉÊ·  ¨´¤¥±¸μ¢ É ±μ¢ : ∂za∂4zb∂3zc μÉ ¶¥·¢μ£μ, ∂za∂4zs∂3zb ¨
∂za∂4zb∂3zs μÉ ¢Éμ·μ£μ. �¡  ÔÉ¨ ¢Ò· ¦¥´¨Ö ´ ·ÊÏ ÕÉ Éμ¦¤¥¸É¢μ Ÿ±μ¡¨. �¤-
´ ±μ ¸²¥¤Ê¥É ¶μ³´¨ÉÓ, ÎÉμ α2 ³μ¦¥É ¡ÒÉÓ ¶¥·¥μ¶·¥¤¥²¥´ , ¥¸²¨ ¤μ¡ ¢¨ÉÓ ±
´¥° Î²¥´Ò ¡¨¢¥±Éμ·´μ£μ ¢¨¤  ∂f∂g,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¢ ±¢ ´Éμ¢μ¥ Ê³´μ¦¥-
´¨¥ (5.9).

Œμ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ, ¶¥·¥μ¶·¥¤¥²ÖÖ α2 ¸ ¶μ³μÐÓÕ ¤¨ £· ³³
∂pα

so∂oα
tp∂s∂tα

ab ¨ αpt∂t∂sα
ao∂o∂pα

bs, ³μ¦´μ · §·¥Ï¨ÉÓ Ê± § ´´μ¥ ¢ÒÏ¥
´¥¸μ±· Ð¥´¨¥.

5.4. ‡´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¨§ É·¥¡μ¢ ´¨Ö  ¸¸μÍ¨ É¨¢´μ¸É¨. ‚ ÔÉμ³
¶Ê´±É¥ Ëμ·³ ²Ó´μ ¶μ²ÊÎ¨³ §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¢ Ëμ·³Ê²¥ (5.9), ¶μÉ·¥-
¡μ¢ ¢  ¸¸μÍ¨ É¨¢´μ¸É¨ ¨ ¢Ò¶μ²´¥´¨Ö Éμ¦¤¥¸É¢  Ÿ±μ¡¨ ¤²Ö α0. ‚ n-³ ¶μ·Ö¤±¥
 ¸¸μÍ¨ É¨¢´μ¸ÉÓ μ§´ Î ¥É, ÎÉμ (f ∗ g)∗h = f ∗ (g ∗h)+O(�n+1). „²Ö ¢Éμ·μ£μ
¨ É·¥ÉÓ¥£μ ¶μ·Ö¤±μ¢ ¨³¥¥³ (±¢ ´Éμ¢μ¥ Ê³´μ¦¥´¨¥ μ¶·¥¤¥²¥´μ ¢ (5.1):

B2(fg, h) + B1(B1(f, g), h) + B2(f, g)h = B2(f, gh)+
+ B1(f, B1(g, h)) + fB2(g, h), (5.37)

B3(fg, h) + B2(B1(f, g), h) + B1(B2(f, g), h) + B3(f, g)h =
= B3(f, gh) + B2(f, B1(g, h)) + B1(f, B2(g, h)) + fB3(g, h). (5.38)

‚μ ¢Éμ·μ³ ¶μ·Ö¤±¥ (5.37) ³μ¦´μ ¶μ²μ¦¨ÉÓ α = α0. ‚ É·¥ÉÓ¥³ (5.38) B3(f, g)
¸μ¤¥·¦¨É Î²¥´, § ¢¨¸ÖÐ¨° μÉ α2, ´μ É ± ± ± ÔÉμÉ Î²¥´ ¡¨¢¥±Éμ·´μ£μ É¨¶ 
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α2
ab∂af∂bg, Éμ μ´ ¸μ±· Ð ¥É¸Ö ¢ (5.38) ¢ ¸¨²Ê ¶· ¢¨²  ‹¥°¡´¨Í . „·Ê£¨³¨

¸²μ¢ ³¨, ´¥É ¢μ§³μ¦´μ¸É¨ ¨§¢²¥ÎÓ ± ±ÊÕ-²¨¡μ ¨´Ëμ·³ Í¨Õ μ¡ α2 ¨§ É·¥-
¡μ¢ ´¨Ö  ¸¸μÍ¨ É¨¢´μ¸É¨ ¤²Ö ¶μ·Ö¤±  �3. ’¥³ ¸ ³Ò³ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
Éμ¦¤¥¸É¢μ Ÿ±μ¡¨ ¤²Ö α ¢ Ê· ¢´¥´¨ÖÌ (5.37), (5.38).

�μ²μ¦¨³ ¶·μ¨§¢μ²Ó´Ò³¨ ±μÔËË¨Í¨¥´ÉÒ ¢ Ëμ·³Ê²¥ (5.9):

f ∗ g = fg + �αab∂af∂bg+

+ �2[A1α
abαcd∂a∂cf∂b∂dg + A2α

as∂sα
bc∂a∂bf∂cg + A3α

as∂sα
bc∂a∂bg∂cf ]+

+ �3[C1α
abαcdαho∂a∂c∂hf∂b∂d∂og + C2α

tp∂pα
as∂s∂tα

bc∂a∂cf∂bg+

+ C3α
tp∂pα

as∂s∂tα
bc∂a∂cg∂bf+

+ [C4α
dp∂pα

as∂sα
bc + C5α

ap∂pα
ds∂sα

cb]∂a∂cf∂b∂dg+

+ C6α
asαct∂s∂tα

bd∂a∂b∂cf∂dg + C7α
asαct∂s∂tα

bd∂a∂b∂cg∂df+

+ C8α
as∂sα

bcαhd∂a∂b∂hf∂c∂dg + C9α
as∂sα

bcαhd∂a∂b∂hg∂c∂df ] + O(�4).
(5.39)

“· ¢´¥´¨¥ (5.36) Éμ£¤  ¤ ¥É A1 =
1
2

¨

((1−A2)αas∂sα
bc + (1−A3)αcs∂sα

ab+(A2+A3)αbs∂sα
ca)∂af∂bg∂ch = 0.

’ ± ± ± α0 Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê Ÿ±μ¡¨, ¨³¥¥³

1 − A2 = 1 − A3 = A2 + A3

¨, ¸²¥¤μ¢ É¥²Ó´μ, A2 = A3 =
1
3
.

�´ ²μ£¨Î´μ ¨§ Ê· ¢´¥´¨Ö (5.38) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

C1 =
1
6
, C2 = −C3 =

1
3
, C4 − C5 =

1
3
, C6 = −C7 =

1
6
C8 = −C9 =

1
3
.

�É¨ ·¥§Ê²ÓÉ ÉÒ ´ Ìμ¤ÖÉ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (5.9). ‚³¥¸É¥ ¸ É¥³ μ´¨ ¡Ò²¨
¶μ²ÊÎ¥´Ò ¢ [58]. � §´¨Í  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ  ¢Éμ·Ò [58] ¢Ò¡· ²¨ C4 =

−C5 =
1
6
,   ¢ Ëμ·³Ê²¥ (5.9), C4 =

2
3
, C5 =

1
3
. �¡  ¢Ò¡μ·  Ê¤μ¢²¥É¢μ·ÖÕÉ

É·¥¡μ¢ ´¨Õ C4 − C5 =
1
3
. ŒÒ ´¥ Ë¨±¸¨·Ê¥³ C4 ¨ C5, É ± ± ± ¤¨ £· ³³Ò

¢¨¤  ∂2f∂2g Ö¢²ÖÕÉ¸Ö § ¢¨¸¨³Ò³¨, ÎÉμ ¸²¥¤Ê¥É ¨§ Éμ¦¤¥¸É¢  Ÿ±μ¡¨ ¤²Ö α0.
�·¨ ÔÉμ³, ± ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¶μ²´Ò° ¡¨¢¥±Éμ· α(�) ¨³¥¥É ´¥É·¨¢¨ ²Ó´ÊÕ
¸É·Ê±ÉÊ·Ê ¨, ¢μ§³μ¦´μ, §´ Î¥´¨¥ ±μÔËË¨Í¨¥´Éμ¢ ¢ (5.9) ²ÊÎÏ¥ ¶μ¤μ°¤ÊÉ ¤²Ö
¸²¥¤ÊÕÐ¨Ì ¸É ·Ï¨Ì ¶μ·Ö¤±μ¢.
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�·¨¢¥¤¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ:
• �μ± § ´  ¸¢Ö§Ó ³¥¦¤Ê ¸¨¸É¥³μ° Š ²μ¤¦¥·μÄŒμ§¥·  ¨ Ô²²¨¶É¨Î¥¸±¨³

¢μ²Î±μ³.
• �μ²ÊÎ¥´μ ¶μ²¥¢μ¥ μ¡μ¡Ð¥´¨¥ ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄŒμ§¥·  ¨ Ô²²¨¶É¨-

Î¥¸±μ° ³μ¤¥²¨ ƒμ¤¥´ .
• �·¥¤²μ¦¥´μ ¶·¥¤¸É ¢²¥´¨¥ ‹ ±¸  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ ´  Ô²-

²¨¶É¨Î¥¸±μ° ±·¨¢μ° ¤²Ö ¸¨¸É¥³Ò Š ²μ¤¦¥·μÄˆ´μ§¥³Í¥¢ .
• �μ¸É·μ¥´  ²¨´¥°´ Ö § ¤ Î  ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ ´  Ô²²¨¶É¨-

Î¥¸±μ° ±·¨¢μ° ¤²Ö Ê· ¢´¥´¨Ö �¥´²¥¢¥ VI,   ¢  ¢Éμ´μ³´μ³ ¸²ÊÎ ¥ ¤μ± § ´ 
 ²£¥¡· ¨Î¥¸± Ö ¨´É¥£·¨·Ê¥³μ¸ÉÓ ÔÉμ£μ Ê· ¢´¥´¨Ö.

• �μ± § ´μ ¶μÖ¢²¥´¨¥ ±¢ ´Éμ¢ÒÌ ¶μ¶· ¢μ± ± ¶Ê ¸¸μ´μ¢Ê ¡¨¢¥±Éμ·Ê ¶·¨
§ ³¥´¥ ±μμ·¤¨´ É.

• �·¥¤²μ¦¥´ ³¥Éμ¤ ¶μ²ÊÎ¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¢ Ëμ·³Ê²¥ Šμ´Í¥¢¨Î  ¤²Ö
¤¥Ëμ·³ Í¨μ´´μ£μ ±¢ ´Éμ¢ ´¨Ö.

�¥§Ê²ÓÉ ÉÒ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö · §²¨Î´ÒÌ § ¤ Î
¨§ μ¡² ¸É¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ ¨ ¤¥Ëμ·³ Í¨μ´´μ£μ ±¢ ´Éμ¢ ´¨Ö. ‚ Î ¸É-
´μ¸É¨, ¡Ò²μ ¡Ò ¨´É¥·¥¸´μ ¶μ²ÊÎ¨ÉÓ ¶μ²¥¢μ¥ μ¡μ¡Ð¥´¨¥ Ê· ¢´¥´¨Ö �¥´²¥¢¥
VI. ˆ§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¸²¥¤Ê¥É, ÎÉμ É ±μ¥ Ê· ¢´¥´¨¥ ¤μ²¦´μ ¶·¨¢μ-
¤¨ÉÓ ± μ¡μ¡Ð¥´¨Õ Ê· ¢´¥´¨Ö ‹ ´¤ ÊÄ‹¨ËÏ¨Í , ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¤¨¸±·¥É-
´μ° XY Z-³μ¤¥²¨ ¨  ²£¥¡·Ò ‘±²Ö´¨´ . ’ ±¦¥ ³μ¦´μ ´ ¤¥ÖÉÓ¸Ö, ÎÉμ ¶·¥¤-
²μ¦¥´´Ò° ¢ · ¡μÉ¥ ³¥Éμ¤ ´ Ìμ¦¤¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¢ Ëμ·³Ê²¥ Šμ´Í¥¢¨Î 
¶μ³μ¦¥É ¶μ²ÊÎ¨ÉÓ ¥¥ ¶μ²´ÊÕ Ëμ·³Ê.

��ˆ‹�†…�ˆE

A. �¥μ¡Ìμ¤¨³Ò¥ ¸¢¥¤¥´¨Ö ¶μ Ô²²¨¶É¨Î¥¸±¨³ ËÊ´±Í¨Ö³. ‚ ÔÉμ³ ¶·¨²μ-
¦¥´¨¨ ¶·¨¢¥¤¥´Ò μ¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ¸μμÉ´μÏ¥´¨Ö ¤²Ö Ô²²¨¶É¨Î¥¸±¨Ì
ËÊ´±Í¨°, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ¶·μ¢¥·±¨ ·¥§Ê²ÓÉ Éμ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¤ ´´μ°
· ¡μÉ¥. 	μ²ÓÏ¨´¸É¢μ Ëμ·³Ê² § ¨³¸É¢μ¢ ´Ò ¨§ [59] ¨ [60].

‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥ q = exp2πiτ , £¤¥ τ Å ³μ¤Ê²Ö·´Ò° ¶ · ³¥É· Ô²²¨-
¶É¨Î¥¸±μ° ±·¨¢μ° Eτ .

�¸´μ¢´μ° μ¡Ñ¥±É Å ÉÔÉ -ËÊ´±Í¨Ö:

ϑ(z|τ) = q1/8
∑
n∈Z

(−1)n eπi(n(n+1)τ+2nz) =

= q1/8 e−iπ/4(eiπz − e−iπz)
∞∏

n=1

(1 − qn)(1 − qn e2iπz)(1 − qn e−2iπz). (A.1)
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”Ê´±Í¨¨ �°§¥´ÏÉ¥°´ 

E1(z|τ) = ∂z log ϑ(z|τ), E1(z|τ) ∼ 1
z
− 2η1z, (A.2)

£¤¥

η1(τ) = ζ

(
1
2

)
=

3
π2

∞∑
m=−∞

∞′∑
n=−∞

1
(mτ + n)2

=
24
2πi

η′(τ)
η(τ)

, (A.3)

η(τ) = q1/24
∏
n>0

(1 − qn) Å ËÊ´±Í¨Ö „¥¤¥±¨´¤ .

E2(z|τ) = −∂zE1(z|τ) = ∂2
z log ϑ(z|τ), E2(z|τ) ∼ 1

z2
+ 2η1. (A.4)

‘²¥¤ÊÕÐ¨° ¢ ¦´Ò° μ¡Ñ¥±É

φ(u, z) =
ϑ(u + z)ϑ′(0)

ϑ(u)ϑ(z)
, ϕα(z, α + u) = e(z∂τα)φ(z, α + u). (A.5)

�É  ËÊ´±Í¨Ö ¨³¥¥É ¶μ²Õ¸ ¢ ÉμÎ±¥ z = 0 ¨ · §² £ ¥É¸Ö ¢ ¥¥ μ±·¥¸É´μ¸É¨ ¢
¸²¥¤ÊÕÐ¨° ·Ö¤:

φ(u, z) =
1
z

+ E1(u) +
z

2
(E2

1 (u) − ℘(u)) + . . . (A.6)

”μ·³Ê²  ¤²Ö ¶·μ¨§¢μ¤´μ°:

φ(u, z)−1∂uφ(u, z) = E1(u + z) − E1(u). (A.7)

‘²¥¤ÊÕÐ¥¥ ¸μμÉ´μÏ¥´¨¥ ¶μ²¥§´μ ¶·¨ ¶·μ¢¥·±¥ Ê· ¢´¥´¨Ö ‡ Ì ·μ¢ Ä˜ ¡ É 
¤²Ö ¤¢Ê³¥·´μ£μ μ¡μ¡Ð¥´¨Ö ³μ¤¥²¨ Š ²μ¤¦¥·μ:

φ′′(u, z)=φ(u, z)(E2(z)−E2
1 (z)+2E1(z)(E1(u+z)−E1(u))+2E2(u)−6η1).

(A.8)
�´μ Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ Ìμ·μÏμ ¨§¢¥¸É´μ£μ Éμ¦¤¥¸É¢ :

(E1(z) + E1(u) − E1(z + u))2 = E2(u) + E2(z) + E2(u + z) − 6η1. (A.9)

‘¢Ö§Ó ¸ ËÊ´±Í¨Ö³¨ ‚¥°¥·ÏÉ· ¸¸ 

ζ(z|τ) = E1(z|τ) + 2η1(τ)z, (A.10)

℘(z|τ) = E2(z|τ) − 2η1(τ), (A.11)

φ(u, z) = exp (−2η1uz)
σ(u + z)
σ(u)σ(z)

, (A.12)
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φ(u, z)φ(−u, z) = ℘(z) − ℘(u) = E2(z) − E2(u). (A.13)

’μÎ´Ò¥ §´ Î¥´¨Ö
E1(ωα) = −2π

√
−1∂τωα, (A.14)

£¤¥ ∂τωα =
{

0, 0,
1
2
,
1
2

}
, ¨²¨

E1

(
1
2

)
= 0, E1

(τ

2

)
= E1

(
1 + τ

2

)
= −π

√
−1. (A.15)

3∑
α=1

℘(ωα) = 0. (A.16)

�·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ·Ö¤μ¢

E1(z|τ) = −2πi

⎛⎝1
2

+
∑
n�=0

e2πiz

1 − qn

⎞⎠ =

= −2πi

⎛⎝∑
n<0

1
1 − qn e2πiz

+
∑
n�0

qn e2πiz

1 − qn e2πiz
+

1
2

⎞⎠ , (A.17)

E2(z|τ) = −4π2
∑
n∈Z

qn e2πiz

(1 − qn e2πiz)2
, (A.18)

φ(u, z) = 2πi
∑
n∈Z

e−2πinz

1 − qn e−2πiu
. (A.19)

—¥É´μ¸ÉÓ
ϑ(−z) = −ϑ(z), (A.20)

E1(−z) = −E1(z), (A.21)

E2(−z) = E2(z), (A.22)

φ(u, z) = φ(z, u) = −φ(−u,−z). (A.23)

Š¢ §¨¶¥·¨μ¤¨Î¥¸±¨¥ ¸¢μ°¸É¢ 

ϑ(z + 1) = −ϑ(z), ϑ(z + τ) = −q−1/2 e−2π
√
−1zϑ(z), (A.24)

E1(z + 2ωα) = E1(z) − 4π
√
−1∂τωα, (A.25)

E1(z + 1) = E1(z), E1(z + τ) = E1(z) − 2π
√
−1, (A.26)

E2(z + 2ωα) = E2(z) : E2(z + 1) = E2(z), E2(z + τ) = E2(z), (A.27)
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φ(u + 1, z) = φ(z, u), φ(u + τ, z) = e−2π
√
−1zφ(z, u). (A.28)

ϕα(z, ωα + u) Resz=0 Resz=1 Resz=τ Resz=1+τ

ϕ0(z, ω0 + u) 1 1 e(−u) e(−u)
ϕ1(z, ω1 + u) 1 1 − e(−u) − e(−u)
ϕ2(z, ω2 + u) 1 − 1 e(−u) − e(−u)
ϕ3(z, ω3 + u) 1 − 1 − e(−u) e(−u).

(A.29)
�É  ³ É·¨Í  μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

Resz=2ωρϕα(z, ωα + u) = e(2ωρ∂τωα − 2(ωα + u)∂τωρ). (A.30)

„²Ö ¸¨³³¥É·¨Î´μ° 4×4-³ É·¨ÍÒ Resz=2ωρϕα(z, ωα) ¢¢¥¤¥³ μ¡μ§´ Î¥´¨¥

Iρα = Resz=2ωρϕα(z, ωα) = e(2ωρ∂τωα − 2ωα∂τωρ) (A.31)

¨²¨

I =

⎛⎜⎜⎝
1 1 1 1
1 1 − 1 − 1
1 − 1 1 − 1
1 − 1 − 1 1

⎞⎟⎟⎠ .

‡ ³¥É¨³, ÎÉμ

I−1
αβ =

1
4
Iαβ . (A.32)

”μ·³Ê²Ò ¸²μ¦¥´¨Ö

φ(u, z)∂vφ(v, z) − φ(v, z)∂uφ(u, z) = (E2(v) − E2(u))φ(u + v, z), (A.33)

¨²¨

φ(u, z)∂vφ(v, z) − φ(v, z)∂uφ(u, z) = (℘(v) − ℘(u))φ(u + v, z). (A.34)

„μ± § É¥²Ó¸É¢μ Ëμ·³Ê²Ò (A.33) μ¸´μ¢ ´μ ´  ¨¸¶μ²Ó§μ¢ ´¨¨ (A.6), (A.23) ¨
(A.28).

�  ¸ ³μ³ ¤¥²¥, φ(u, z) Ê¤μ¢²¥É¢μ·Ö¥É ¡μ²¥¥ μ¡Ð¥³Ê ¸μμÉ´μÏ¥´¨Õ, ¸²¥-
¤ÊÕÐ¥³Ê ¨§ Éμ¦¤¥¸É¢  ”ÔÖ ¤²Ö É·μ°´μ° ¸¥±ÊÐ¥°:

φ(u1, z1)φ(u2, z2) − φ(u1 + u2, z1)φ(u2, z2 − z1)−
− φ(u1 + u2, z2)φ(u1, z1 − z2) = 0. (A.35)

— ¸É´Ò³ ¸²ÊÎ ¥³ ÔÉμ° Ëμ·³Ê²Ò Ö¢²Ö¥É¸Ö

φ(u1, z)φ(u2, z)−φ(u1+u2, z)(E1(u1)+E1(u2))+∂zφ(u1+u2, z) = 0. (A.36)
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ˆ´É¥£· ²Ò ∫
Eτ

E1(z|τ)dzdz̄ = 0. (A.37)

’ÔÉ -ËÊ´±Í¨¨ ¸ Ì · ±É¥·¨¸É¨± ³¨

„²Ö a, b ∈ Q ¶μ²μ¦¨³: θ

[
a
b

]
(z, τ) =

∑
j∈Z

e
(
(j+a)2

τ

2
+ (j+a)(z+b)

)
.

‚ Î ¸É´μ¸É¨, ËÊ´±Í¨Ö ϑ (A.1) Ö¢²Ö¥É¸Ö ÉÔÉ -ËÊ´±Í¨¥° ¸ Ì · ±É¥·¨-
¸É¨± ³¨:

ϑ(x, τ) = θ

[
1/2
1/2

]
(x, τ). (A.38)

ˆ³¥¥³

θ

[
a
b

]
(z + 1, τ) = e(a)θ

[
a
b

]
(z, τ),

θ

[
a
b

]
(z + a′τ, τ) = e

(
−a′2 τ

2
− a′(z + b)

)
θ

[
a + a′

b

]
(z, τ),

θ

[
a + j

b

]
(z, τ) = θ

[
a
b

]
(z, τ), j ∈ Z.

�¨¦¥ ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö μ¡μ§´ Î¥´¨¥³ θ

[
a/2
b/2

]
= θab. �·¨ ÔÉμ³ ϑ = θ11.

”μ·³Ê²Ò ¸ Ê¤¢μ¥´´Ò³ ³μ¤Ê²Ö·´Ò³ ¶ · ³¥É·μ³

θ01(x, τ)θ00(y, τ) + θ01(y, τ)θ00(x, τ) = 2θ01(x + y, 2τ)θ01(x − y, 2τ),
θ01(x, τ)θ00(y, τ) − θ01(y, τ)θ00(x, τ) = 2ϑ(x + y, 2τ)ϑ(x − y, 2τ),
θ00(x, τ)θ00(y, τ) + θ01(y, τ)θ01(x, τ) = 2θ00(x + y, 2τ)θ00(x − y, 2τ),
θ00(x, τ)θ00(y, τ) − θ01(y, τ)θ01(x, τ) = 2θ10(x + y, 2τ)θ10(x − y, 2τ),

(A.39)
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2ϑ(x, 2τ)θ01(y, 2τ) = ϑ

(
x + y

2
, τ

)
θ10

(
x − y

2
, τ

)
+

+ θ10

(
x + y

2
, τ

)
ϑ

(
x − y

2
, τ

)
,

2θ00 (x, 2τ)θ10(y, 2τ) = ϑ

(
x + y

2
, τ

)
ϑ

(
x − y

2
, τ

)
+

+ θ10

(
x + y

2
, τ

)
θ10

(
x − y

2
, τ

)
,

2θ00 (x, 2τ)θ00(y, 2τ) = θ00

(
x + y

2
, τ

)
θ00

(
x − y

2
, τ

)
+

+ θ01

(
x + y

2
, τ

)
θ01

(
x − y

2
, τ

)
,

2θ10(x, 2τ)θ10(y, 2τ) = θ00

(
x + y

2
, τ

)
θ00

(
x − y

2
, τ

)
−

− θ01

(
x + y

2
, τ

)
θ01

(
x − y

2
, τ

)
.

(A.40)

’μ¦¤¥¸É¢  �¨³ ´  ¤²Ö ÉÔÉ -ËÊ´±Í¨°
‡¤¥¸Ó ¶·¨¢μ¤ÖÉ¸Ö ´¥¸±μ²Ó±μ Éμ¦¤¥¸É¢ �¨³ ´ , ´¥μ¡Ìμ¤¨³ÒÌ ¶·¨ ¢ÒÎ¨-

¸²¥´¨¨ ¶·¥μ¡· §μ¢ ´¨° 	Ô±²Ê´¤  ¢ sl (2, C)-¸²ÊÎ ¥:

x1 =
1
2
(x + y + u + v), y1 =

1
2
(x + y − u − v),

u1 =
1
2
(x − y + u − v), v1 =

1
2
(x − y − u + v),

θ00(x)θ00(y)θ00(u)θ00(v) + θ01(x)θ01(y)θ01(u)θ01(v)+
+ θ10(x)θ10(y)θ10(u)θ10(v) + ϑ(x)ϑ(y)ϑ(u)ϑ(v) =

= 2θ00(x1)θ00(y1)θ00(u1)θ00(v1), (A.41)

θ00(x)θ00(y)θ01(u)θ01(v) − θ01(x)θ01(y)θ00(u)θ00(v)−
− θ10(x)θ10(y)ϑ(u)ϑ(v) + ϑ(x)ϑ(y)θ10(u)θ10(v) =

= −2θ10(x1)θ10(y1)ϑ(u1)ϑ(v1), (A.42)

θ00(x)θ00(y)θ10(u)θ10(v) − θ01(x)θ01(y)ϑ(u)ϑ(v)−
− θ10(x)θ10(y)θ00(u)θ00(v) + ϑ(x)ϑ(y)θ01(u)θ01(v) =

= 2θ01(x1)θ01(y1)ϑ(u1)ϑ(v1). (A.43)
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‘²¥¤¸É¢¨Ö³¨ Éμ¦¤¥¸É¢ �¨³ ´  Ö¢²ÖÕÉ¸Ö
”μ·³Ê²Ò ¸²μ¦¥´¨Ö ¤²Ö ÉÔÉ -ËÊ´±Í¨°

ϑ(x + u)θ00(x − u)θ01(0)θ10(0) = θ00(x)ϑ(x)θ01(u)θ10(u)+
+ θ10(x)θ01(x)θ00(u)ϑ(u),

ϑ(x − u)θ00(x + u)θ01(0)θ10(0) = θ00(x)ϑ(x)θ01(u)θ10(u)−
− θ10(x)θ01(x)θ00(u)ϑ(u),

(A.44)

ϑ(x + u)θ01(x − u)θ00(0)θ10(0) = θ00(x)θ10(x)θ01(u)ϑ(u)+
+ θ01(x)ϑ(x)θ00(u)θ10(u)

ϑ(x − u)θ01(x + u)θ00(0)θ10(0) = −θ00(x)θ10(x)θ01(u)ϑ(u)+
+ θ01(x)ϑ(x)θ00(u)θ10(u),

(A.45)

ϑ(x + u)θ10(x − u)θ00(0)θ01(0) = θ00(x)θ01(x)θ10(u)ϑ(u)+
+ θ10(x)ϑ(x)θ00(u)θ01(u)

ϑ(x − u)θ10(x + u)θ00(0)θ01(0) = −θ00(x)θ01(x)θ10(u)ϑ(u)+
+ θ10(x)ϑ(x)θ00(u)θ01(u).

(A.46)

‘μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ±¢ ¤· É ³¨ ÉÔÉ -ËÊ´±Í¨°

ϑ(z)2θ01(0)2 = θ00(z)2θ10(0)2 − θ10(z)2θ00(0)2,
θ10(z)2θ01(0)2 = θ01(z)2θ10(0)2 − ϑ(z)2θ00(0)2,
θ00(z)2θ01(0)2 = θ01(z)2θ00(0)2 − ϑ(z)2θ10(0)2,

θ01(z)2θ01(0)2 = θ00(z)2θ00(0)2 − θ10(z)2θ10(0)2.

(A.47)

‡¤¥¸Ó ¦¥ ¢Ò¶¨Ï¥³ §´ ³¥´¨Éμ¥ Éμ¦¤¥¸É¢μ �¨³ ´ :

θ10(0)4 + θ01(0)4 = θ00(0)4. (A.48)

�²²¨¶É¨Î¥¸±¨¥ ËÊ´±Í¨¨ Ÿ±μ¡¨

z′ =
z

πθ00(0)2
, κ =

θ10(0)2

θ00(0)2
, κ′ =

θ01(0)2

θ00(0)2
,

dn(z) =
θ01(0)
θ00(0)

θ00(z′)
θ01(z′)

, cn(z) =
θ01(0)
θ10(0)

θ10(z′)
θ01(z′)

, sn(z) =
θ00(0)
θ10(0)

ϑ(z′)
θ01(z′)

,

(A.49)
d

dz
sn(z) = cn(z) dn(z),

d

dz
cn(z) = −sn(z) dn(z),

d

dz
dn(z) = −κ2cn(z) sn(z),

(A.50)

κ2 + (κ′)2 = 1, (A.51)



Š‹�‘‘ˆ—…‘Šˆ… ˆ�’…ƒ�ˆ�“…Œ›… ‘ˆ‘’…Œ› ˆ ˆ• �	�	™…�ˆŸ 839

cn(z)2 + sn(z)2 = 1, (A.52)

dn(z)2 + κ2 sn(z)2 = 1. (A.53)

B. ‘¨´Ê¸- ²£¥¡· 
e(z) = exp (2π

√
−1z) , (B.1)

Q = diag (e(1/N), . . . , e(m/N), . . . , 1) , (B.2)

Λ =

⎛⎜⎜⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 0 · · · 1
1 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎠ , (B.3)

Emn = e
(mn

2N

)
QmΛn

(m = 0, . . . , N − 1, n = 0, . . . , N − 1, (modN) m2 + n2 	= 0)
(B.4)

¢ ¡ §¨¸¥ SL(N, C). Šμ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¨³¥ÕÉ ¢¨¤

[Esk, Enj ] = 2
√
−1 sin

π

N
(kn − sj)Es+n,k+j , (B.5)

tr (EskEnj) = δs,−nδk,−jN. (B.6)

‘. �·¨²μ¦¥´¨¥ ± · §¤. 4. ‡¤¥¸Ó μ¶¨Ï¥³ ·¥¤Ê±Í¨Õ, ¢Ò¶μ²´¥´´ÊÕ ¢ · §¤. 4
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥. �μ± ¦¥³, ÎÉμ Ê¸²μ¢¨Ö ·¥¤Ê±Í¨¨ ¶μ (4.13) § ¤ ÕÉ ÉμÎ±Ê
· ¢´μ¢¥¸¨Ö. „·Ê£¨³¨ ¸²μ¢ ³¨, Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ´¥ ¸¤¢¨£ ÕÉ ¸¢Ö§Ó (4.14).

‡ ¶¨Ï¥³ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ £ ³¨²ÓÉμ´¨ ´μ¢:

1
2

tr
(
LG4(z)

)2
= v2 + 2v

∑
α

sα
11E1(z − 2ωα, {2, 2τ})+

+

(∑
α

sα
11E1(z − 2ωα, {2, 2τ})

)2

+
∑
α

s̃α
12s̃

α
21 (℘(z) − ℘(u + ωα)) +

+
∑
α�=β

s̃α
12s̃

β
21ϕα(z, ωα + u)ϕβ(z, ωβ − u). (C.1)

ˆ´Ë¨´¨Ée§¨³ ²Ó´Ò¥ ¤¥Ëμ·³ Í¨¨ ¸¢Ö§¥° (4.14)

sα
11 = 0, s̃α

12 = s̃α
21

μ¶·¥¤¥²¨³ ¢ ¢¨¤¥
δsα

11 = εα.
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’ ± ± ± § ³¥´  ¶¥·¥³¥´´ÒÌ s → s̃ ²¨´¥°´ , Éμ ¨³¥¥³

s̃α
12 = να + ε̃α,

s̃α
21 = να − ε̃α,

(C.2)

£¤¥ ε̃ Å ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ε. �μ± ¦¥³, ÎÉμ É ±¨¥ ¤¥Ëμ·³ Í¨¨ ¤²Ö £ -
³¨²ÓÉμ´¨ ´  H2,0 ±¢ ¤· É¨Î´Ò ¶μ ε ´  ¶μ¢¥·Ì´μ¸É¨ ¸¢Ö§¥°.

�μ¤¸É ¢²ÖÖ ¨´Ë¨´¨É¥§¨³ ²Ó´Òe ¤¥Ëμ·³ Í¨¨ ¢ (C.1), ¢¨¤¨³, ÎÉμ ´ Ï¥
¶·¥¤¶μ²μ¦¥´¨¥ ¢¥·´μ. „¥°¸É¢¨É¥²Ó´μ, ¤²Ö ¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ¨³¥¥³

δ
∑
α�=β

s̃α
12s̃

β
21ϕα(z, ωα + u)ϕβ(z, ωβ − u) =

= δ
∑
α�=β

s̃α
12s̃

β
21ϕα+β(z, ωα + ωβ)(E1(z) + E1(ωα + u) + E1(ωβ − u)−

− E1(z + ωα + ωβ)) =
∑
α�=β

(ε̃ανβ − ε̃βνα)ϕα+β(z, ωα + ωβ)(E1(z)+

+ E1(ωα + u) + E1(ωβ − u) − E1(z + ωα + ωβ)) =

=
∑
α�=β

(ε̃ανβ − ε̃βνα)ϕα+β(z, ωα + ωβ)(E1(ωα + u) + E1(ωβ − u)). (C.3)

�¤´ ±μ ÔÉμ ¢Ò· ¦¥´¨¥ ´¥ ¸¢Ö§ ´μ ¸ ±¢ ¤· É¨Î´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ H2,0,
É ± ± ±

ϕα(z, ωα) ∼ 1
z
− z

2
℘(ωα). (C.4)

’¥³ ¸ ³Ò³ ¶·¥¤¶μ² £ ¥³μ¥ ÊÉ¢¥·¦¤¥´¨¥ ¶·μ¢¥·¥´μ.

�² £μ¤ ·´μ¸É¨. BÒ· ¦ Õ ¡² £μ¤ ·´μ¸ÉÓ ¸μ ¢Éμ· ³ ƒ. 	· ¤¥´Ê, ‚. „μ²-
£ÊÏ¥¢Ê, �. ‹¥¢¨´Ê, Œ.�²ÓÏ ´¥Í±μ³Ê ¨ 
.—¥·´Ö±μ¢Ê,   É ±¦¥ ¨¸±·¥´´ÕÕ
¶·¨§´ É¥²Ó´μ¸ÉÓ §  Í¥´´Ò¥ ¸μ¢¥ÉÒ ¨ ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö �. 	¥² ¢¨´Ê,
�. ƒμ·¸±μ³Ê, �. ‡ ¡·μ¤¨´Ê, �.ˆ¸ ¥¢Ê, ˆ.Š·¨Î¥¢¥·Ê, �.Œμ·μ§μ¢Ê,
‘.�¡²¥§¨´Ê.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ £· ´Éμ¢ �˜-1999.2003.2,
ŒŠ-2059.2005.2, �””ˆ 03-02-17554 ¨ CRDF RM1-2545-MO-03.
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