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‚ ¸É ÉÓ¥  ´ ²¨§¨·Ê¥É¸Ö ´¥¸μμÉ¢¥É¸É¢¨¥, ±μÉμ·μ¥ ¨³¥¥É ³¥¸Éμ ¢ �’� ³¥¦¤Ê ¥¥ μ¡Ð¨³¨
¶μ²μ¦¥´¨Ö³¨ ¨ ¢ ±ÊÊ³´Ò³¨ ¸¨´£Ê²Ö·´Ò³¨ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° �°´ÏÉ¥°´ .

The discrepancy taking place in General Relativity between general statements of the theory and
the vacuum singular solutions of Einstein equations is studied in this work.

PACS: 04.20.-g; 04.20.Jb; 04.20.Dw

‚‚…„…�ˆ…

‚ 1913 £. �. �°´ÏÉ¥°´ ¢ · ¡μÉ¥ [1, ¸É. 21] ¶¨¸ ²: ®’ ±¨³ μ¡· §μ³, ³Ò
¶·¨Ìμ¤¨³ ± Ê¡¥¦¤¥´¨Õ, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ Ì · ±É¥·¨-
§Ê¥É¸Ö ¤¥¸ÖÉÓÕ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´	Ò³¨ ËÊ´±Í¨Ö³¨ gμν (gμν = gνμ)¯.

ŒÒ ¢¨¤¨³, ÎÉμ �°´ÏÉ¥°´ ¶·¨ ¨§ÊÎ¥´¨¨ £· ¢¨É Í¨¨ ¶·¨Ï¥² ± ¶¸¥¢¤μ·¨-
³ ´μ¢Ê (¢ ¤ ²Ó´¥°Ï¥³ Å ·¨³ ´μ¢Ê) ¶·μ¸É· ´¸É¢Ê-¢·¥³¥´¨ ¸ ¨´É¥·¢ ²μ³

ds2 = gμν(x)dxμdxν . (1)

‚¢¥¤¥´¨¥³ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ÔÉμÉ ¨´É¥·¢ ² ¢ ²Õ¡μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨ ¶·¨¢μ¤¨É¸Ö ± ¢¨¤Ê

ds2 = (dξ0)2 − (dξ1)2 − (dξ2)2 − (dξ3)2, (2)

£¤¥ ¢¥²¨Î¨´Ò dξν ´¥ Ö¢²ÖÕÉ¸Ö ¶μ²´Ò³¨ ¤¨ËË¥·¥´Í¨ ² ³¨.
‚ 1917 £. �°´ÏÉ¥°´ μÉ´μ¸¨É¥²Ó´μ ±μ´É¨´ÊÊ³  ¶¨¸ ² [1, ¸É. 43]:

�¥§Õ³¨·ÊÖ, ³Ò ³μ¦¥³ ¸± § ÉÓ ¸²¥¤ÊÕÐ¥¥: ƒ Ê¸¸ ¶·¥¤²μ¦¨² ³¥Éμ¤ ³ -
É¥³ É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ²Õ¡μ£μ ±μ´É¨´ÊÊ³ , ¢ ±μÉμ·μ³ μ¶·¥¤¥²¥´Ò ³¥-
É·¨Î¥¸±¨¥ ¸μμÉ´μÏ¥´¨Ö (®· ¸¸ÉμÖ´¨Ö¯ ³¥¦¤Ê ¸μ¸¥¤´¨³¨ ÉμÎ± ³¨). Š -
¦¤μ° ÉμÎ±¥ ±μ´É¨´ÊÊ³  ¶·¨¶¨¸Ò¢ ¥É¸Ö ¸Éμ²Ó±μ Î¨¸¥² (£ Ê¸¸μ¢ÒÌ ±μ-
μ·¤¨´ É), ¸±μ²Ó±μ ¨§³¥·¥´¨° ¨³¥¥É ±μ´É¨´ÊÊ³. ‘¶μ¸μ¡ ¶·¨¶¨¸ ´¨Ö
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¢Ò¡· ´ É ±¨³, ÎÉμ¡Ò μ´ ¡Ò² μ¤´μ§´ Î´Ò³ ¨ ÎÉμ¡Ò ¸μ¸¥¤´¨³ ÉμÎ± ³
¸μμÉ¢¥É¸É¢μ¢ ²¨ Î¨¸²  (£ Ê¸¸μ¢Ò ±μμ·¤¨´ ÉÒ), μÉ²¨Î ÕÐ¨¥¸Ö ´  ¡¥¸±μ-
´¥Î´μ ³ ²ÊÕ ¢¥²¨Î¨´Ê. ƒ Ê¸¸μ¢  ¸¨¸É¥³  ±μμ·¤¨´ É Ö¢²Ö¥É¸Ö ²μ£¨Î¥-
¸±¨³ μ¡μ¡Ð¥´¨¥³ ¤¥± ·Éμ¢μ°. �´  ¶·¨³¥´¨³  É ±¦¥ ¨ ± ´¥¥¢±²¨¤μ¢Ò³
±μ´É¨´ÊÊ³ ³, ´μ ²¨ÏÓ Éμ£¤ , ±μ£¤  ³ ²Ò¥ ¶μ μÉ´μÏ¥´¨Õ ± μ¶·¥¤¥²¥´-
´μ³Ê · §³¥·Ê (®· ¸¸ÉμÖ´¨Õ¯) Î ¸É¨ · ¸¸³ É·¨¢ ¥³μ£μ ±μ´É¨´ÊÊ³  É¥³
¡μ²¥¥ ¶μÌμ¦¨ ´  ¥¢±²¨¤μ¢ ±μ´É¨´ÊÊ³, Î¥³ ³¥´ÓÏ¥ · ¸¸³ É·¨¢ ¥³ Ö
Î ¸ÉÓ ±μ´É¨´ÊÊ³ .

ˆ ¤ ²¥¥ ¢ ÔÉμ° ¦¥ ¸É ÉÓ¥ μ´ μ¸μ¡μ ¶μ¤Î¥·±´Ê²: ®‚¸¥ £ Ê¸¸μ¢Ò ¸¨¸É¥³Ò
±μμ·¤¨´ É ¢ ¶·¨´Í¨¶¥ Ô±¢¨¢ ²¥´É´Ò ¤²Ö Ëμ·³Ê²¨·μ¢ ´¨Ö μ¡Ð¨Ì § ±μ´μ¢
¶·¨·μ¤Ò¯.

1. ��™ˆ… ��‹�†…�ˆŸ �’�

�¸É ´μ¢¨³¸Ö ´  ´¥±μÉμ·ÒÌ μ¡Ð¨Ì ¸¢μ°¸É¢ Ì ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ -¢·¥-
³¥´¨, ±μÉμ·Ò¥ ²¥¦ É ¢ μ¸´μ¢¥ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ (�’�).

‚ ¶¸¥¢¤μ·¨³ ´μ¢μ° £¥μ³¥É·¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¨´É¥·¢ ²Ò ¡Ò¢ ÕÉ
É·¥Ì ¢¨¤μ¢:

¢·¥³¥´¨¶μ¤μ¡´Ò¥ ds2 > 0,

¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò¥ ds2 < 0, (3)

¨§μÉ·μ¶´Ò¥ ds2 = 0.

�Éμ · §²¨Î¨¥  ¡¸μ²ÕÉ´μ, ¶μ¸±μ²Ó±Ê ´¨± ±¨³¨ ¤μ¶Ê¸É¨³Ò³¨ ¶·¥μ¡· -
§μ¢ ´¨Ö³¨ ±μμ·¤¨´ É ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ´¥²Ó§Ö ¶·¥μ¡· §μ¢ ÉÓ ¨´É¥·¢ ²
μ¤´μ£μ ¢¨¤  ¢ ¤·Ê£μ°. „μ¶Ê¸É¨³Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö Å ÔÉμ É ±¨¥ ¶·¥μ¡· §μ-
¢ ´¨Ö, ±μÉμ·Ò¥ μ¡¥¸¶¥Î¨¢ ÕÉ ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ μÉμ¡· ¦¥´¨¥ (¤¨ËË¥μ-
³μ·Ë¨§³).

ˆ§ ¢Ò· ¦¥´¨Ö (1) ¤²Ö ²μ± ²Ó´ÒÌ dxi=0 (i = 1, 2, 3) ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ
¸μ¡ÒÉ¨° ¢ÒÉ¥± ¥É ´¥· ¢¥´¸É¢μ

ds2 = g00(dx0)2 > 0, x0 = ct, (4)

μÉ±Ê¤  ¸²¥¤Ê¥É Ê¸²μ¢¨¥
g00 > 0. (5)

„²Ö μ¤´μ¢·¥³¥´´ÒÌ ¸μ¡ÒÉ¨° dx0 = 0 ¨´É¥·¢ ² ¤μ²¦¥´ ¡ÒÉÓ μÉ·¨Í É¥²Ó´Ò³:

ds2 = gikdxidxk < 0, i, k = 1, 2, 3. (6)

�¥μ¡Ìμ¤¨³Ò³ ¨ ¤μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ μÉ·¨Í É¥²Ó´μ¸É¨ ¨´É¥·¢ ²  Ö¢²ÖÕÉ¸Ö
Ê¸²μ¢¨Ö ‘¨²Ó¢¥¸É· :

g11 < 0, g22 < 0, g33 < 0, (7)
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g21 g22

∣∣∣∣ > 0,

∣∣∣∣g22 g23

g32 g33

∣∣∣∣ > 0,

∣∣∣∣g11 g13

g31 g33

∣∣∣∣ > 0, (8)

∣∣∣∣∣∣
g11 g12 g13

g21 g22 g23

g31 g32 g33

∣∣∣∣∣∣ < 0. (9)

�¥§ ¢¨¸¨³Ò³¨ ¨§ ´¨Ì Ö¢²ÖÕÉ¸Ö, ´ ¶·¨³¥·, ´¥· ¢¥´¸É¢μ (9), ¶¥·¢μ¥ ¨§ (7),
¶¥·¢μ¥ ¨§ (8).

ˆ´É¥·¢ ² (1) ¶·¥¤¸É ¢¨³ ¢ Ëμ·³¥

ds2 = dτ2 − dl2,

£¤¥ ¢Ò¤¥²¥´Ò ¢·¥³¥´¨¶μ¤μ¡´ Ö ¨ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´ Ö Î ¸É¨:

dτ =
g0ν

dxν

√
g00

, dl2 = κikdxidxk, κik = −gik +
g0i

g0k

g00

. (10)

‡¤¥¸Ó dτ Å ¸μ¡¸É¢¥´´μ¥ ¢·¥³Ö; dl2 Å ±¢ ¤· É · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¡¥¸±μ´¥Î´μ
¡²¨§±¨³¨ ÉμÎ± ³¨ ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥. ‚¥²¨Î¨´Ò dτ ¨ dl ´¥ Ö¢²ÖÕÉ¸Ö
¶μ²´Ò³¨ ¤¨ËË¥·¥´Í¨ ² ³¨.

�  μ¸´μ¢ ´¨¨ (10) μ¶·¥¤¥²¨³ Ë¨§¨Î¥¸±ÊÕ ¸±μ·μ¸ÉÓ ³ É¥·¨ ²Ó´μ° Î -
¸É¨ÍÒ:

V 2 =
(

dl

dτ

)2

. (11)

“Î¨ÉÒ¢ Ö (11), ¨´É¥·¢ ² ds2 ³μ¦´μ § ¶¨¸ ÉÓ ¢ Ëμ·³¥∗

ds2 = dτ2(1 − V 2). (12)

‹¥£±μ Ê¡¥¤¨ÉÓ¸Ö ´  μ¸´μ¢ ´¨¨ (7)Ä(9), ÎÉμ ±¢ ¤· É¨Î´ Ö Ëμ·³ 

dl2 = κikdxidxk > 0

¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ .
”¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò dτ ¨ dl2 ´¥ ¤μ²¦´Ò § ¢¨¸¥ÉÓ ´¨ μÉ ¢Ò¡μ·  É·¥Ì³¥·-

´ÒÌ ±μμ·¤¨´ É, ´¨ μÉ ¸¶μ¸μ¡  ¢Ò¡μ·  ¢·¥³¥´¨ ¢ ± ¦¤μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ .
�Éμ μ§´ Î ¥É, ÎÉμ μ´¨ ¤μ²¦´Ò ¡ÒÉÓ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
¶·¥μ¡· §μ¢ ´¨° [2]

x′0 = f0(x0, xi), x′ i = f i(xk). (13)

‚¢¥¤¥´´Ò¥ ¢¥²¨Î¨´Ò dτ ¨ dl2 Ê¤μ¢²¥É¢μ·ÖÕÉ ÔÉμ³Ê É·¥¡μ¢ ´¨Õ. �μ± ¦¥³
ÔÉμ ´  ¶·¨³¥·¥ dτ .

∗ŒÒ ¨¸¶μ²Ó§Ê¥³ ¸¨¸É¥³Ê ¥¤¨´¨Í c = 1.
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‚ ¸¨²Ê É¥´§μ·´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö gμν ¨³¥¥³

g ′
μν = gαβ

∂xα

∂x′μ
∂xβ

∂x′ν .

“Î¨ÉÒ¢ Ö (13), μÉ¸Õ¤  ´ Ìμ¤¨³

g ′
00

= g00

(
∂x0

∂x′0

)2

, g ′
0λ

= g
0β

∂x0

∂x′0
∂xβ

∂x′λ .

�´ ²μ£¨Î´μ

dx′λ =
∂x′λ

∂xσ
dxσ.

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ · ¢¥´¸É¢μ

∂xβ

∂x′λ
∂x′λ

∂xσ
= δβ

σ ,

¶μ²ÊÎ¨³

dτ =
g ′

0λ
dx′λ√
g ′

00

=
g0σ

dxσ

√
g00

.

ŒÒ ¢¨¤¨³, ÎÉμ Ë¨§¨Î¥¸±μ¥ ¢·¥³Ö ´¥ § ¢¨¸¨É μÉ ¢¨¤  ¶·¥μ¡· §μ¢ ´¨° (13).
�´μ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ.

—¥ÉÒ·¥Ì³¥·´Ò° ±μμ·¤¨´ É´Ò° ¨³¶Ê²Ó¸ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¸ ¥¤¨´¨Î´μ°
³ ¸¸μ° Ê¤μ¢²¥É¢μ·Ö¥É · ¢¥´¸É¢Ê

gαβUαUβ =
[
g0ν Uν

√
g00

]2

− κikU iUk = 1, Uα =
dxα

ds
.

�É¸Õ¤  Ô´¥·£¨Ö ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ μ¶·¥¤¥²Ö¥É¸Ö ¢·¥³¥´¨¶μ¤μ¡´μ° Î ¸ÉÓÕ
¨´É¥·¢ ² 

E =
g0ν

Uν

√
g00

=
U0√
g00

,

  ¨³¶Ê²Ó¸ Å ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´μ° Î ¸ÉÓÕ

p 2 = κikU iUk.

“Î¨ÉÒ¢ Ö ÔÉ¨ ¢Ò· ¦¥´¨Ö, ¨³¥¥³

gαβUαUβ = E2 − p 2 = 1.

’ ± ± ± ¤¢¨¦ÊÐ Ö¸Ö ³ É¥·¨ ²Ó´ Ö ÉμÎ±  μ¡² ¤ ¥É Éμ²Ó±μ ¤¢Ê³Ö Ë¨§¨Î¥¸±¨³¨
Ì · ±É¥·¨¸É¨± ³¨: ³ ¸¸μ° ¶μ±μÖ ¨ ¸±μ·μ¸ÉÓÕ, Éμ, ÊÎ¨ÉÒ¢ Ö (10) ¨ (12), ¶μ-
²ÊÎ¨³ ¤²Ö Ô´¥·£¨¨ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¢Ò· ¦¥´¨¥

E =
g0ν

Uν

√
g00

=
dτ

ds
=

1√
1 − V 2

. (14)
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�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ Ô´¥·£¨Ö ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¢ ²Õ¡μ³ £· ¢¨É Í¨μ´´μ³
¶μ²¥ ¢¸¥£¤  ±μ´¥Î´ , ¶μ¸±μ²Ó±Ê ¥¥ ¸±μ·μ¸ÉÓ ¢¸¥£¤  ³¥´ÓÏ¥ 1. �Éμ μ§´ Î ¥É,
ÎÉμ ¶·¨ ¤¢¨¦¥´¨¨ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¶μ £¥μ¤¥§¨Î¥¸±μ° ²¨´¨¨ ¢·¥³¥´¨¶μ-
¤μ¡´Ò° ¨´É¥·¢ ², ¥° ¸μμÉ¢¥É¸É¢ÊÕÐ¨°, ´¨±μ£¤  ´¥ ³μ¦¥É ¸É ÉÓ ¨§μÉ·μ¶´Ò³,
¶μ¸±μ²Ó±Ê £¥μ¤¥§¨Î¥¸± Ö ²¨´¨Ö, ¨§μÉ·μ¶´ Ö ¢ ÉμÎ±¥, ¨§μÉ·μ¶´  ¢¸Õ¤Ê.

� ¸¸³μÉ·¨³ ¤¢¨¦¥´¨¥ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¶μ £¥μ¤¥§¨Î¥¸±μ° ²¨´¨¨ ·¨-
³ ´μ¢  ¶·μ¸É· ´¸É¢ :

dUν

ds
+ Γ ν

αβUαUβ = 0, Uν =
dxν

ds
, Uμ = gμσ

dxσ

ds
. (15)

‘ ÔÉμ° Í¥²ÓÕ ¶·¥μ¡· §Ê¥³ Ê· ¢´¥´¨¥ (15) ± Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö ¢ Ëμ·³¥
ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨. �¥·¢Ò° Î²¥´ ¢ Ê· ¢´¥´¨¨ (15) § ¶¨Ï¥³ ¢ Ëμ·³¥

dUν

ds
= Uμ∂μUν .

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ Ê· ¢´¥´¨¥ (15) ¨ ¸¢¥·ÉÒ¢ Ö (15) ¸ gνσ , ¶μ²ÊÎ¨³

Uμ∂μUσ − UνUμ∂μgνσ = −gνσΓ ν
αβUαUβ. (16)

“Î¨ÉÒ¢ Ö, ÎÉμ

gνσΓ ν
αβ =

1
2

(∂α gβσ + ∂β gασ − ∂σ gαβ),

Ê· ¢´¥´¨¥ (16) ¶·¨¢μ¤¨³ ± ¢¨¤Ê

Uμ∂μUσ − 1
2

UαUβ∂σ gαβ = 0. (17)

�·¥¤¸É ¢¨¢ Uσ ¨ Uμ ¢ Ëμ·³¥

Uσ = ∂σS, Uμ = gμσ∂σS (18)

¨ ¶μ¤¸É ¢¨¢ ¨Ì ¢ (17), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö S:

gμλ∂λS · ∂μ∂σS +
1
2

∂λS · ∂νS · ∂σgλν = 0. (19)

�É¸Õ¤  ´ Ìμ¤¨³
∂σ(gμλ∂λS · ∂μS) = 0,

  ¸²¥¤μ¢ É¥²Ó´μ,
gμλ∂λS · ∂μS = 1. (20)

‡¤¥¸Ó ³Ò ÊÎ²¨, ÎÉμ
gμλUλUμ = 1. (21)
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’ ±¨³ μ¡· §μ³, ¢³¥¸Éμ Ê· ¢´¥´¨Ö £¥μ¤¥§¨Î¥¸±μ° ²¨´¨¨ ¢ Ëμ·³¥ (15) ³Ò ¶·¨-
Ï²¨ ± Ê· ¢´¥´¨Õ ¤¢¨¦¥´¨Ö ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¸ ¥¤¨´¨Î´μ° ³ ¸¸μ° ¢ Ëμ·³¥
Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨:

gλμ ∂S

∂xλ

∂S

∂xμ
= 1. (22)

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ ° ¤¢¨¦¥´¨Ö ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¢ ·¨³ ´μ¢μ³
¶·μ¸É· ´¸É¢¥, ±μ£¤  ³¥É·¨Î¥¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ gμν ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨.

� §·¥Ï Ö Ê· ¢´¥´¨¥ (22) μÉ´μ¸¨É¥²Ó´μ ∂S/∂x0, ¶μ²ÊÎ¨³

U0 =
∂S

∂x0
= −H(x1, x2, x3, U1, U2, U3, ), Ui =

∂S

∂xi
, (23)

£¤¥

H =
1

g00

(
g0iUi −

√
(g0iUi)2 − g00gikUiUk + g00

)
. (24)

‚ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (23) μÉ¸ÊÉ¸É¢Ê¥É Ö¢´ Ö § ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥-
³¥´¨, ¶μ¸±μ²Ó±Ê ±μ³¶μ´¥´ÉÒ gμν ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨. Š ± ¨§¢¥¸É´μ, ¨´É¥-
£·¨·μ¢ ´¨¥ Ê· ¢´¥´¨Ö ¸ Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ (23) ¸¢μ¤¨É¸Ö ± ¨´É¥£·¨·μ-
¢ ´¨Õ ¸¨¸É¥³Ò Ê· ¢´¥´¨° ƒ ³¨²ÓÉμ´ :

dxi

dx0
=

∂H

∂Ui
,

∂Ui

∂x0
= −∂H

∂xi
, i = 1, 2, 3. (25)

�·μ¤¨ËË¥·¥´Í¨·μ¢ ¢ (23) ¶μ ¢·¥³¥´¨ x0, ¶μ²ÊÎ¨³

dU0

dx0
= − dH

dx0
= −

(
∂H

∂x0
+

∂H

∂xi

dxi

dx0
+

∂H

∂Ui

dUi

dx0

)
. (26)

“Î¨ÉÒ¢ Ö, ÎÉμ H Ö¢´μ ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨, ¨ ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ Ê· ¢-
´¥´¨Ö (25), · ¢¥´¸É¢μ (26) ¶·¨¢¥¤¥³ ± ¢¨¤Ê

dU0

dx0
= −

(
∂H

∂xi

∂H

∂Ui
− ∂H

∂Ui

∂H

∂xi

)
= 0. (27)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¢¥²¨Î¨´  U0 Ö¢²Ö¥É¸Ö ¶μ¸ÉμÖ´´μ° ¢μ ¢·¥³Ö ¤¢¨¦¥-
´¨Ö ³ É¥·¨ ²Ó´μ° ÉμÎ±¨:

U0 = const > 0. (28)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸μ£² ¸´μ (14)

U0 = g0μ

dxμ

ds
. (29)

�Éμ ¢Ò· ¦¥´¨¥ ´  μ¸´μ¢ ´¨¨ (10) ¶·¨´¨³ ¥É ¢¨¤

U0 =
√

g00

dτ

ds
. (30)
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‘μ£² ¸´μ (12) ¨³¥¥³
dτ

ds
=

1√
1 − V 2

. (31)

�É¸Õ¤  ´  μ¸´μ¢ ´¨¨ (28), (30) ¨ (31) ´ Ìμ¤¨³ ÉμÎ´μ¥ μ¡Ð¥¥ Ê¸²μ¢¨¥:

√
g00 = const

√
1 − V 2. (32)

�μ¸±μ²Ó±Ê Ë¨§¨Î¥¸± Ö ¸±μ·μ¸ÉÓ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ´¥ ³μ¦¥É ¤μ¸É¨£-
´ÊÉÓ ¸±μ·μ¸É¨ ¸¢¥É , V = 1, ¨§ (32) ¸²¥¤Ê¥É μ¡Ð¨° ¢Ò¢μ¤: ¢ ·¨³ ´μ¢μ³
¶·μ¸É· ´¸É¢¥, £¤¥ ³¥É·¨Î¥¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ gμν ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨,
¢¥²¨Î¨´  g00 ´¥ ³μ¦¥É μ¡· É¨ÉÓ¸Ö ¢ ´Ê²Ó. � ¢¥´¸É¢μ (32) ¸¶· ¢¥¤²¨¢μ ± ±
¢´¥ ¢¥Ð¥¸É¢ , É ± ¨ ¢ ¢¥Ð¥¸É¢¥.

‚¸¥ ¨§²μ¦¥´´μ¥ ¢ÒÏ¥ ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É ¨§ μ¸´μ¢´μ£μ ¶μ²μ¦¥´¨Ö
�°´ÏÉ¥°´ : £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ Å ÔÉμ ·¨³ ´μ¢  £¥μ³¥É·¨Ö ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨.

�μ¨¸± Ê· ¢´¥´¨Ö ¤²Ö ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gμν ¶·μ¤μ²¦ ²¸Ö ¨ ¢ 1915 £.,
´¥§ ¢¨¸¨³μ �°´ÏÉ¥°´μ³ ¨ ƒ¨²Ó¡¥·Éμ³ ¡Ò²¨ ´ °¤¥´Ò Ê· ¢´¥´¨Ö, ±μÉμ·Ò¥ ¢
§ ¶¨¸¨ �°´ÏÉ¥°´  ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤ [3]:

Rμν = 8π
(
Tμν − 1

2
gμνT

)
. (33)

�É¨ Ê· ¢´¥´¨Ö μ¡² ¤ ÕÉ Ê¤¨¢¨É¥²Ó´Ò³ ¸¢μ°¸É¢μ³. ˆ§ ´¨Ì ¸²¥¤ÊÕÉ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö ¤²Ö ¶·μ¡´μ£μ É¥² .

�¡ ÔÉμ³ �. ”¥°´³ ´ ¢ · ¡μÉ¥ [4] ¶¨¸ ²:

‚μ§³μ¦´μ¸ÉÓ É ±μ£μ ¢Ò¢μ¤  ¶·¨¢μ¤¨É ± ÊÉ¢¥·¦¤¥´¨Õ, ÎÉμ Ê· ¢´¥´¨Ö
�°´ÏÉ¥°´  μ¤´μ¢·¥³¥´´μ μ¶·¥¤¥²ÖÕÉ ¤¢¨¦¥´¨¥ ³ É¥·¨¨ ¨ £· ¢¨É Í¨-
μ´´ÒÌ ¶μ²¥°. �Éμ ÊÉ¢¥·¦¤¥´¨¥ ¢¢μ¤¨É ¢ § ¡²Ê¦¤¥´¨¥ ¨ ¸μ¢¥·Ï¥´´μ ´¥
¢Ò£²Ö¤¨É É ± § ³¥Î É¥²Ó´μ, ± ± ÔÉμ ³μ¦¥É ¶μ± § ÉÓ¸Ö ¸ ¶¥·¢μ£μ ¢§£²Ö¤ .
„ ¢ °É¥ ¢¸¶μ³´¨³, ÎÉμ ¥¸²¨ Ê ´ ¸ ¥¸ÉÓ ¸¢μ¡μ¤´ Ö Î ¸É¨Í , ¤¢¨¦ÊÐ Ö¸Ö
¸ ³  ¶μ ¸¥¡¥ ¢¤ ²¨ μÉ ± ±¨Ì-²¨¡μ ¤·Ê£¨Ì É¥², Éμ£¤  § ±μ´Ò ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨ ¨ ±μ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö μ¶·¥¤¥²ÖÕÉ ¶μ²´μ¸ÉÓÕ ¥¥ ¤¢¨¦¥´¨¥.
�μ μ¡ÒÎ´ Ö Ë¨§¨Î¥¸± Ö ¸¨ÉÊ Í¨Ö ´¥ Ö¢²Ö¥É¸Ö ´ ¸Éμ²Ó±μ ¶·μ¸Éμ°, ± ±
μ¶¨¸ ´´ Ö ¢ÒÏ¥. Šμ£¤  ³Ò ¨³¥¥³ ´¥ÎÉμ ¡μ²ÓÏ¥¥, Î¥³ Éμ²Ó±μ £· ¢¨-
É Í¨Ö ¨ Î ¸É¨Í , Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ´¥ ¸²¥¤ÊÕÉ Éμ²Ó±μ ¨§ § ±μ´μ¢
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ . ‚ Ô²¥±É·μ¤¨´ ³¨±¥ ¸μÌ· ´¥´¨¥ § ·Ö¤ 
¤μ²¦´μ ¸μ¤¥·¦ ÉÓ¸Ö ¢ ± ¦¤μ³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° Œ ±¸¢¥²² , É ± ÎÉμ
³μ¦´μ ¸± § ÉÓ, ÎÉμ ÔÉμÉ § ±μ´ ¸μÌ· ´¥´¨Ö ¥¸ÉÓ ¸²¥¤¸É¢¨¥ Ê· ¢´¥´¨°
Œ ±¸¢¥²² . �μ ÔÉμ Ê¸²μ¢¨¥ ´¥ ¤ ¥É ¢¸¥£μ ´¥μ¡Ìμ¤¨³μ£μ ¤²Ö Éμ£μ, ÎÉμ¡Ò
¶μ¸É·μ¨ÉÓ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö § ·Ö¤μ¢, ¶μ²¥°, ±μÉμ·Ò¥ μ´¨ § ¤ ÕÉ,
¨ ¸¨², ¸ ±μÉμ·Ò³¨ ÔÉ¨ § ·Ö¤Ò ¤¥°¸É¢ÊÕÉ ¤·Ê£ ´  ¤·Ê£ . �μ¤μ¡´μ ÔÉμ³Ê ¢
É¥μ·¨¨ £· ¢¨É Í¨¨ ¨³¥¥É ³¥¸Éμ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨ ¨ ±μ²¨Î¥¸É¢  ¤¢¨-
¦¥´¨Ö, ´μ ÔÉμ£μ ´¥¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ¤¢¨¦¥´¨¥ ¶² ´¥É ¨
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‹Ê´Ò ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ÔÉ¨ μ¡Ñ¥±ÉÒ ´¥ Ö¢²ÖÕÉ¸Ö ÉμÎ± ³¨, ¨ § ±μ´Ò
Ë¨§¨±¨, μÉ²¨Î´Ò¥ μÉ § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨, É·¥¡ÊÕÉ¸Ö ¤²Ö Éμ£μ,
ÎÉμ¡Ò ÊÖ¸´¨ÉÓ ¨Ì ¶μ¢¥¤¥´¨¥ ¢ £· ¢¨É Í¨μ´´μ³ ¶μ²¥.

�·¥¤¢μ¸Ì¨Ð Ö ¤ ²Ó´¥°Ï¥¥, ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ É·¥-
¡μ¢ ÉÓ, ÎÉμ¡Ò ¨§ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (33) ¸²¥¤μ¢ ²¨ ¨ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö ¶·μ¡´μ£μ É¥² . “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¤μ²¦´Ò ´¥§ ¢¨¸¨³μ
¶μ¤±²ÕÎ ÉÓ¸Ö ± Ê· ¢´¥´¨Ö³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �μ ÔÉμ ³Ò μ¡¸Ê¤¨³ ¶μ-
¤·μ¡´¥¥ ´¥¸±μ²Ó±μ ¶μ§¤´¥¥.

2. �…˜…�ˆŸ ˜‚��–˜ˆ‹œ„� ˆ Š…���

‚¸±μ·¥ ¶μ¸²¥ μÉ±·ÒÉ¨Ö Ê· ¢´¥´¨° �’� Š.˜¢ ·ÍÏ¨²Ó¤μ³ ¤²Ö ¸Ë¥·¨-
Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ¸É É¨Î¥¸±μ£μ ¶μ²Ö ¡Ò²μ ´ °¤¥´μ ·¥Ï¥´¨¥ [5] Ê· ¢´¥´¨Ö
¶μ²Ö (33), ±μÉμ·μ¥ ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¨³¥¥É ¢¨¤

ds2 = g00dt2 + g11dr2 + g22dθ2 + g33dφ2,

g00 =
r − rg/2
r + rg/2

, g11 = −r + rg/2
r − rg/2

, (34)

g22 = −
(
r +

rg

2

)2

, g33 = −
(
r +

rg

2

)2

sin2 θ.

‡¤¥¸Ó rg = 2GM .
„ ²¥¥ ³Ò ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö £ ·³μ´¨Î¥¸±¨³¨ ±μμ·¤¨´ É ³¨, ±μÉμ·Ò¥

¶· ¢¨²Ó´μ μ¶¨¸Ò¢ ÕÉ ÔËË¥±ÉÒ ¢ ‘μ²´¥Î´μ° ¸¨¸É¥³¥. ‡ ³¥É¨³, ÎÉμ ¨³¥´´μ
Ï¢ ·ÍÏ¨²Ó¤μ¢¸±μ¥ ·¥Ï¥´¨¥ ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì ¢ μ¡² ¸É¨ r � rg ´¥¶μ¸·¥¤-
¸É¢¥´´μ ¸²¥¤Ê¥É ¨§ ¶μ²¥¢ÒÌ ¶·¥¤¸É ¢²¥´¨°.

� ²¨Î¨¥ ¢ ÔÉμ³ ·¥Ï¥´¨¨ ®μ¸μ¡¥´´μ¸É¨ ˜¢ ·ÍÏ¨²Ó¤ ¯ ´  ¸Ë¥·¥ · ¤¨Ê¸ 

r =
rg

2

´¥¸±μ²Ó±μ ¸³ÊÉ¨²μ Ë¨§¨±μ¢, ¨ μ´   ±É¨¢´μ μ¡¸Ê¦¤ ² ¸Ó ¢ 20-Ì £μ¤ Ì ¶·μ-
Ï²μ£μ ¢¥±  ´  ±μ´Ë¥·¥´Í¨ÖÌ ¸ ÊÎ ¸É¨¥³ A. 
¥±±¥·¥²Ö, ‹. 
·¨²²ÕÔ´ , �.Š ·-
É ´ , ’. ¤¥ „μ´¤¥, †.�¤ ³ · , �. ‹ ´¦¥¢¥´ , ˜.�μ·³ ´ , �.�¥´²¥¢¥, ´μ ´¥
´ Ï²  ·¥Ï¥´¨Ö; ¸±²μ´Ö²¨¸Ó ± ³Ò¸²¨, ÎÉμ É ±μ¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¢ ¶·¨·μ¤¥.

ˆ´É¥·¢ ² (34) ¢ ¢ ±ÊÊ³¥ ´  ¢·¥³¥´¨¶μ¤μ¡´μ° £¥μ¤¥§¨Î¥¸±μ° ²¨´¨¨ · ¢¥´

ds2 = dt2
(

r − rg/2
r + rg/2

)2

.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ´  ¸Ë¥·¥ · ¤¨Ê¸  r = rg/2 ¢·¥³¥´¨¶μ¤μ¡´Ò° ¨´É¥·¢ ²
¸É ´μ¢¨É¸Ö ¨§μÉ·μ¶´Ò³, ÎÉμ Ë¨§¨Î¥¸±¨ ´¥¤μ¶Ê¸É¨³μ. ‚ ÔÉμ³ ¨ ¸μ¸Éμ¨É ´¥-
¤μ¸É Éμ± ·¥Ï¥´¨Ö ˜¢ ·ÍÏ¨²Ó¤ , ¥¸²¨ ¥£μ · ¸¸³ É·¨¢ ÉÓ ± ± ·¥Ï¥´¨¥ ¤²Ö
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ÉμÎ¥Î´μ£μ ¨¸ÉμÎ´¨±  ¨²¨ É¥²  ¸ · ¤¨Ê¸μ³ r < rg/2. �μ ÔÉμÉ ´¥¤μ¸É Éμ± ·¥-
Ï¥´¨Ö ˜¢ ·ÍÏ¨²Ó¤  ´¥²Ó§Ö Ê¸É· ´¨ÉÓ ¤μ¶Ê¸É¨³Ò³¨ ·¥£Ê²Ö·´Ò³¨ ¶·¥μ¡· -
§μ¢ ´¨Ö³¨ ±μμ·¤¨´ É. ‚¸Ö±¨¥ ¤·Ê£¨¥ ¸¨´£Ê²Ö·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ±μμ·¤¨´ É
¢ ¶·¨´Í¨¶¥ ´¥¤μ¶Ê¸É¨³Ò, ¶μ¸±μ²Ó±Ê μ´¨ ¢´μ¸ÖÉ ¨§³¥´¥´¨Ö ¢ Ë¨§¨±Ê.

‚¸¥ ÔÉμ, ¥¸²¨ ¶·¨¢¥¸É¨ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  ¢ ¸μμÉ¢¥É¸É¢¨¥ ¸ μ¡Ð¨³
Ë¨§¨Î¥¸±¨³ É·¥¡μ¢ ´¨¥³ (32), μ§´ Î ¥É, ÎÉμ ¶μ¢¥·Ì´μ¸ÉÓ r = rg/2 ´¥ ³μ-
¦¥É ´ Ìμ¤¨ÉÓ¸Ö ¢ ¢ ±ÊÊ³¥. ‚ ±ÊÊ³´μ¥ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  ¸É É¨Î¥¸±μ£μ
¨¸ÉμÎ´¨±  ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² Éμ²Ó±μ ¢ μ¡² ¸É¨ r > rg/2. ’ ± ¶μ
¸ÊÐ¥¸É¢Ê �’� ¢¶¥·¢Ò¥ ´  ¶·¨³¥·¥ ¸É É¨Î¥¸±μ£μ É¥²  μÉ±·Ò² , ÎÉμ · ¤¨Ê¸
¸Ë¥·¨Î¥¸±μ£μ É¥²  ¢¸¥£¤  ¡μ²ÓÏ¥ rg/2.

„¦. ‘¨´£ μ¡ ÔÉμ³ ¶¨¸ ² [6]:

’¥¶¥·Ó ´ ³ Ö¸´μ, ÎÉμ ¶·¨ r = 2m ¨³¥¥É ³¥¸Éμ ± ±μ¥-Éμ ´ ·ÊÏ¥´¨¥.
�Éμ Å É ± ´ §Ò¢ ¥³ Ö ®¸¨´£Ê²Ö·´μ¸ÉÓ ˜¢ ·ÍÏ¨²Ó¤ ¯. ˆ§ÊÎ¥´¨Õ ¶μ-
¸²¥¤´¥° ¶μ¸¢ÖÐ¥´μ §´ Î¨É¥²Ó´μ¥ ±μ²¨Î¥¸É¢μ · ¡μÉ. �¤´ ±μ ¥¸²¨ · ¸-
¸Ê¦¤ ÉÓ ´¥Ëμ·³ ²Ó´μ ¨ ¶μ¶ÒÉ ÉÓ¸Ö ¢ÒÖ¸´¨ÉÓ ¶·¨Î¨´Ò ¥¥ ¶μÖ¢²¥´¨Ö,
Éμ μ± ¦¥É¸Ö, ÎÉμ ¢ ´ Ï¨Ì · ¸¸Ê¦¤¥´¨ÖÌ Ë ±É¨Î¥¸±¨ ¸μ¤¥·¦ É¸Ö ´¥±μ-
Éμ·Ò¥ ¸±·ÒÉÒ¥ ¤μ¶ÊÐ¥´¨Ö μÉ´μ¸¨É¥²Ó´μ ¶·¨·μ¤Ò ´¥· ¢¥´¸É¢. �μ ¸Ê-
Ð¥¸É¢Ê §¤¥¸Ó ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¢¥²¨Î¨´  T 4

4 É ±μ¢ , ÎÉμ exp (−α) ¢
¸μμÉ´μÏ¥´¨¨ (7.135) (¨³¥¥É¸Ö ¢ ¢¨¤Ê Ëμ·³Ê² 

g00 = e−α = 1 +
κ

r

r∫
0

T 4
4 dr.

‡ ³¥É¨³, ÎÉμ ¶μ²μ¦¨É¥²Ó´μ¸ÉÓ ÔÉμ° ¢¥²¨Î¨´Ò ¸²¥¤Ê¥É ± ± ¨§ Ê¸²μ-
¢¨Ö (5), É ± ¨ ¨§ · ¢¥´¸É¢  (32). Å �¢É.) ¢¸Õ¤Ê ¶μ²μ¦¨É¥²Ó´ . �Éμ
μ§´ Î ¥É, ÎÉμ ÉμÎ±¨, ¤²Ö ±μÉμ·ÒÌ r = 2m, ´ Ìμ¤ÖÉ¸Ö ¢´ÊÉ·¨ §¢¥§¤Ò. ‚
É ±μ³ ¸²ÊÎ ¥ (7.145) (¨³¥¥É¸Ö ¢ ¢¨¤Ê ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤ . Å �¢É.)
¶·¨³¥´¨³  ²¨ÏÓ ¢´¥ §¢¥§¤Ò ¨ ¢ μ¡² ¸É¨, £¤¥ Ëμ·³Ê²  (7.145) ¸¶· ¢¥¤-
²¨¢ , ¸¨´£Ê²Ö·´μ¸ÉÓ μÉ¸ÊÉ¸É¢Ê¥É.

‚ 1939 £. P. �¶¶¥´£¥°³¥· ¨ ƒ. ‘´ °¤¥· ¢ ¸É ÉÓ¥ [7] ´  μ¸´μ¢ ´¨¨ ÉμÎ´μ£μ
·¥Ï¥´¨Ö ’μ²³¥´  [8] ¤²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ´¥¸É É¨Î¥¸±μ£μ ¶μ²Ö,
±μ£¤  ¤ ¢²¥´¨¥ p · ¢´μ ´Ê²Õ, ¶·¨Ï²¨ ± ¸²¥¤ÊÕÐ¥³Ê § ±²ÕÎ¥´¨Õ:

�μ¸²¥ ¨¸ÉμÐ¥´¨Ö ¢¸¥Ì ¨¸ÉμÎ´¨±μ¢ É¥·³μÖ¤¥·´μ° Ô´¥·£¨¨ ¤μ¸É ÉμÎ´μ
³ ¸¸¨¢´ Ö §¢¥§¤  ¶·¥É¥·¶¥¢ ¥É ±μ²² ¶¸. ’μ ¥¸ÉÓ . . . ¥¥ ¸¦ É¨¥ ¡Ê¤¥É
¶·μ¨¸Ìμ¤¨ÉÓ ¡¥§£· ´¨Î´μ. . . „²Ö ´ ¡²Õ¤ É¥²Ö, ¸μ¶ÊÉ¸É¢ÊÕÐ¥£μ ¢¥Ð¥-
¸É¢Ê §¢¥§¤Ò, ¶μ²´μ¥ ¢·¥³Ö ±μ²² ¶¸ , ±μ´¥Î´μ, ¨ ¸μ¸É ¢²Ö¥É ¢ ÔÉμ³ ¨¤¥ -
²¨§¨·μ¢ ´´μ³ ¸²ÊÎ ¥ (¨³¥¥É¸Ö ¢ ¢¨¤Ê ¶·¥´¥¡·¥¦¥´¨¥ ¤ ¢²¥´¨¥³ ¢´ÊÉ·¨
§¢¥§¤Ò. Å �¢É.) ¶·¨ μ¡ÒÎ´ÒÌ ³ ¸¸ Ì §¢¥§¤ ¸·μ± ¶μ·Ö¤±  μ¤´¨Ì ¸ÊÉμ±;
¢´¥Ï´¨° ´ ¡²Õ¤ É¥²Ó ¢¨¤¨É, ÎÉμ §¢¥§¤   ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¦¨³ ¥É¸Ö ¤μ
¸¢μ¥£μ £· ¢¨É Í¨μ´´μ£μ · ¤¨Ê¸ .
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‚ · ¡μÉ Ì [6, 7] ¨¸¶μ²Ó§ÊÕÉ¸Ö Ï¢ ·ÍÏ¨²Ó¤μ¢¸±¨¥ ±μμ·¤¨´ ÉÒ.
�μ ¢ Éμ³ ¦¥ 1939 £. �. �°´ÏÉ¥°´ ¢ ¸É ÉÓ¥ [9] ¶·μ¢¥² ¤¥É ²Ó´μ¥ ¨¸¸²¥¤μ-

¢ ´¨¥ ¨ ¶·¨Ï¥² ± ¤·Ê£μ³Ê ¢Ò¢μ¤Ê:

�¸´μ¢´Ò³ ·¥§Ê²ÓÉ Éμ³ ¶·μ¢¥¤¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö Ö¢²Ö¥É¸Ö Î¥É±μ¥
¶μ´¨³ ´¨¥ Éμ£μ, ÎÉμ ¢ ·¥ ²Ó´μ³ ³¨·¥ μÉ¸ÊÉ¸É¢ÊÕÉ ®Ï¢ ·ÍÏ¨²Ó¤μ¢-
¸±¨¥ ¸¨´£Ê²Ö·´μ¸É¨¯ (¢Ò¤¥²¥´μ ´ ³¨. Å �¢É.). •μÉÖ ¶·¨¢¥¤¥´´ Ö É¥-
μ·¨Ö · ¸¸³ É·¨¢ ¥É Éμ²Ó±μ É ±¨¥ ¸±μ¶²¥´¨Ö, ¢ ±μÉμ·ÒÌ Î ¸É¨ÍÒ ¤¢¨-
¦ÊÉ¸Ö ¶μ ±·Ê£μ¢Ò³ É· ¥±Éμ·¨Ö³, ¢·Ö¤ ²¨ ¸²¥¤Ê¥É ¸μ³´¥¢ ÉÓ¸Ö ¢ Éμ³, ÎÉμ
· ¸¸³μÉ·¥´¨¥ ¨ ¸ ³μ£μ μ¡Ð¥£μ ¸²ÊÎ Ö ¶·¨¢¥¤¥É ± É¥³ ¦¥ ·¥§Ê²ÓÉ É ³.
˜¢ ·ÍÏ¨²Ó¤μ¢¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ μÉ¸ÊÉ¸É¢Ê¥É, É ± ± ± ¢¥Ð¥¸É¢μ
´¥²Ó§Ö ±μ´Í¥´É·¨·μ¢ ÉÓ ¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³; ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥
Î ¸É¨ÍÒ, μ¡· §ÊÕÐ¨¥ ¸±μ¶²¥´¨¥, ¤μ¸É¨£´ÊÉ ¸±μ·μ¸É¨ ¸¢¥É  (¢Ò¤¥²¥´μ
´ ³¨. Å �¢É.).

‚Ò¢μ¤ �°´ÏÉ¥°´  ¶μ¤É¢¥·¦¤ ¥É¸Ö ¨ ÉμÎ´μ° Ëμ·³Ê²μ° (32), ¨§ ±μÉμ·μ°
¸²¥¤Ê¥É, ÎÉμ ¶μ¸±μ²Ó±Ê ¸±μ·μ¸ÉÓ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¢¸¥£¤  ³¥´ÓÏ¥ 1, Éμ

g00 > 0,

ÎÉμ ´ Ìμ¤¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê¸²μ¢¨¥³ (5). ˆ³¥´´μ ¶μÔÉμ³Ê ¢ ±ÊÊ³´μ¥
·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  ¸¶· ¢¥¤²¨¢μ Éμ²Ó±μ ¢ μ¡² ¸É¨ r > rg/2.

�μ§¤´¥¥ ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨°

τ = t +

r∫
0

√
rg(r + rg/2)dr

r − rg/2
, R = t +

r∫
0

(r + rg/2)3/2dr
√

rg (r − rg/2)
(35)

¨´É¥·¢ ² ˜¢ ·ÍÏ¨²Ó¤  (34) ¡Ò² ¶·¨¢¥¤¥´ ± ¢¨¤Ê

ds2 = dτ2 − dR2 rg{[
3
2
(R − τ)√rg + α

]}2/3
−

−
{[

3
2
(R − τ)

√
rg + α

]}4/3

(dθ2 + sin2 θdφ2), (36)

√
rg (R − τ) =

2
3

[(
r +

rg

2

)3/2

− α

]
, α =

(rg

2

)3/2

.

‚ ÔÉ¨Ì ±μμ·¤¨´ É Ì μ¸μ¡¥´´μ¸ÉÓ ¢ ³¥É·¨Î¥¸±¨Ì ±μÔËË¨Í¨¥´É Ì μÉ¸ÊÉ¸É¢Ê¥É,
¶μÔÉμ³Ê ¸¨´£Ê²Ö·´μ¸ÉÓ ˜¢ ·ÍÏ¨²Ó¤  ¢ ¢ ±ÊÊ³¥ ¨ ¸É ²¨ ¸Î¨É ÉÓ Ë¨±É¨¢´μ°.

�μ ´  ¸ ³μ³ ¤¥²¥ ¢ ¢ ±ÊÊ³¥ ¸¨´£Ê²Ö·´μ¸É¨ ´¥É, ¶μ¸±μ²Ó±Ê ·¥Ï¥´¨¥
˜¢ ·ÍÏ¨²Ó¤  ¸¶· ¢¥¤²¨¢μ Éμ²Ó±μ ¢ μ¡² ¸É¨ r > rg/2. ˆ³¥´´μ ÔÉμ ¢´¥Ï-
´¥¥ ·¥Ï¥´¨¥ Ìμ·μÏμ ¸Ï¨¢ ¥É¸Ö ¸ ¢´ÊÉ·¥´´¨³ ·¥Ï¥´¨¥³ ¢ ¢¥Ð¥¸É¢¥. �¤´ ±μ,
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¶·¨¤ ¢ ¢ ±ÊÊ³´μ³Ê ·¥Ï¥´¨Õ ˜¢ ·ÍÏ¨²Ó¤  ¸ ³μ¸ÉμÖÉ¥²Ó´μ¥ §´ Î¥´¨¥, ·¥-
Ï¨²¨ ¸ ¶μ³μÐÓÕ ¸¨´£Ê²Ö·´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (35) Ê¸É· ´¨ÉÓ ¸¨´£Ê²Ö·´μ¸ÉÓ
¢ ³¥É·¨Î¥¸±¨Ì ±μÔËË¨Í¨¥´É Ì, ¨, ¶μ²ÊÎ¨¢ ¨´É¥·¢ ² ¢ ¢¨¤¥ (36), μ¸ÊÐ¥¸É¢¨ÉÓ
¶·μ¤μ²¦¥´¨¥ ·¥Ï¥´¨Ö ¨ ¢ μ¡² ¸ÉÓ r � rg/2. �¤´ ±μ É ±μ° Ï £ ²¨Ï¥´ Ë¨§¨-
Î¥¸±μ£μ ¸³Ò¸² , ¶μ¸±μ²Ó±Ê μ¡² ¸ÉÓ r � rg/2 § ´ÖÉ  ¢¥Ð¥¸É¢μ³ ¨¸ÉμÎ´¨± ,  
¶μÔÉμ³Ê ¢ ±ÊÊ³´μ¥ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤  ¢ ÔÉμ° μ¡² ¸É¨ Ê¦¥ ´¥¶·¨³¥´¨³μ.

�μ ¨³¥´´μ ÔÉÊ μ¡² ¸ÉÓ  ¢Éμ·Ò [10] ¨ ¸Î¨É ÕÉ ®Î¥·´μ° ¤Ò·μ°¯. ‚Ò· -
¦¥´¨¥ (36) Ö¢²Ö¥É¸Ö ³ É¥³ É¨Î¥¸±¨³ ·¥Ï¥´¨¥³ ¢ ±ÊÊ³´ÒÌ Ê· ¢´¥´¨° �°´-
ÏÉ¥°´ . Œ¥É·¨Î¥¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ ¢ ¢Ò· ¦¥´¨¨ (36) ¢ μ¡² ¸É¨ r � 0
·¥£Ê²Ö·´Ò. „²Ö ´¨Ì ¨´¢ ·¨ ´É

RμνλσRμνλσ

¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¢ Ê± § ´´μ° ¢ÒÏ¥ μ¡² ¸É¨ ´¥ ¨³¥¥É ¸¨´£Ê-
²Ö·´μ¸É¨. —Éμ¡Ò ¶·¨¤ ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ·¥Ï¥´¨Õ (36), ¥£μ ´¥μ¡Ìμ¤¨³μ
¸Ï¨ÉÓ ¸ ¢´¥Ï´¨³ ·¥Ï¥´¨¥³ ˜¢ ·ÍÏ¨²Ó¤ . �μ ± ± · § ÔÉμ ³μ¦´μ μ¸ÊÐ¥-
¸É¢¨ÉÓ Éμ²Ó±μ ¸ ¶μ³μÐÓÕ ¸¨´£Ê²Ö·´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (35), ÎÉμ ´¥¤μ¶Ê-
¸É¨³μ. �μÔÉμ³Ê ·¥Ï¥´¨¥ (36) ´¥²Ó§Ö ¸Î¨É ÉÓ Ë¨§¨Î¥¸±¨³ ·¥Ï¥´¨¥³ Ê· ¢-
´¥´¨° �°´ÏÉ¥°´ . �μ ¨³¥´´μ ´  É ±¨Ì ´¥Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨ÖÌ ¢ ±ÊÊ³´ÒÌ
Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¨ ¸É·μ¨É¸Ö ±μ´Í¥¶Í¨Ö ®Î¥·´ÒÌ ¤Ò·¯.

�´ ²μ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éμ ¨ ¸ ·¥Ï¥´¨¥³ ’μ²³ ´  [8] ¤²Ö ¶Ò²¥-
¢¨¤´μ£μ Ï · . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤ ´´μ¥ ·¥Ï¥´¨¥ ¸Ï¨¢ ¥É¸Ö ¸ ¢´¥Ï´¨³ ·¥Ï¥´¨¥³
˜¢ ·ÍÏ¨²Ó¤  É ±¦¥ ¸ ¶μ³μÐÓÕ ¸¨´£Ê²Ö·´ÒÌ ¶·¥μ¡· §μ¢ ´¨° [7].

� ¸¸³μÉ·¨³ · ¤¨ ²Ó´μ¥ £¥μ¤¥§¨Î¥¸±μ¥ ¤¢¨¦¥´¨¥ ¢ ¶¥·¥³¥´´ÒÌ τ , R ¤²Ö
¨´É¥·¢ ²  (36), ±μÉμ·Ò° § ¶¨Ï¥³ ¢ Ëμ·³¥

ds2 = dτ2 − AdR2 −
(rg

A

)2

(dθ2 + sin2 θdφ2),

§¤¥¸Ó

A = rg

[
3
2

(R − τ)
√

rg + α

]−(2/3)

.

“· ¢´¥´¨Ö ¤²Ö £¥μ¤¥§¨Î¥¸±μ° ²¨´¨¨ ¨³¥ÕÉ ¢¨¤

d2τ

ds2
+ Γ 0

11

(
dR

ds

)2

= 0,

d2R

ds2
+ 2Γ 1

01

dτ

ds

dR

ds
+ Γ 1

11

(
dR

ds

)2

= 0,

£¤¥

Γ 1
01 =

1
2A

∂A

∂τ
, Γ 1

11 =
1

2A

∂A

∂R
, Γ 0

11 =
1
2

∂A

∂τ
.



�
™�Ÿ ’…��ˆŸ �’��‘ˆ’…‹œ��‘’ˆ ˆ ‘ˆ�ƒ“‹Ÿ���‘’œ ˜‚��–˜ˆ‹œ„� 93

�É¨ Ê· ¢´¥´¨Ö ¶μ³¨³μ μÎ¥¢¨¤´μ£μ ·¥Ï¥´¨Ö

dR

ds
= 0,

dτ

ds
= const

¨³¥ÕÉ ¨ ·¥Ï¥´¨¥ ¢¨¤ 

dR

ds
=

2
1 − A

,
dτ

ds
=

1 + A

1 − A
.

�É¸Õ¤  ´ Ìμ¤¨³
dR

dτ
=

2
1 + A

.

ˆ´É¥·¢ ² ds2 ´  ÔÉμ³ ·¥Ï¥´¨¨ · ¢¥´

ds2 = dτ2

[
1 − A

1 + A

]2

. (37)

Š ± ¸²¥¤Ê¥É ¨§ (37) ¨ (36), ¨´É¥·¢ ² ¶μ-¶·¥¦´¥³Ê μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨
A = 1, É. ¥. ¶·¨

r =
rg

2
.

—Éμ ± ¸ ¥É¸Ö ¸ ³¨Ì ¶·¥μ¡· §μ¢ ´¨° (35), Éμ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¶·¥-
μ¡· §μ¢ ´¨Ö (35) ¸¨´£Ê²Ö·´Ò,   ¸²¥¤μ¢ É¥²Ó´μ, ¸¨´£Ê²Ö·´Ò ¨ Ô²¥³¥´ÉÒ Ö±μ-
¡¨ ´ 

∂τ

∂r
,

∂R

∂r
,

ÌμÉÖ ¸ ³ Ö±μ¡¨ ´ ¨ ´¥ Ö¢²Ö¥É¸Ö ¸¨´£Ê²Ö·´Ò³ ¢ ÉμÎ±¥ r = rg/2.
’ ±¨³ μ¡· §μ³, ¶·¥μ¡· §μ¢ ´¨Ö (35) ´¥ μ¡¥¸¶¥Î¨¢ ÕÉ ¢§ ¨³´μ μ¤´μ§´ Î-

´μ¥ μÉμ¡· ¦¥´¨¥ (¤¨ËË¥μ³μ·Ë¨§³),   ¸²¥¤μ¢ É¥²Ó´μ, ¨³¨ ´¥²Ó§Ö ¶μ²Ó§μ-
¢ ÉÓ¸Ö. ‘¨´£Ê²Ö·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ´¥¤μ¶Ê¸É¨³Ò, ¶μ¸±μ²Ó±Ê μ´¨ ³μ£ÊÉ ¨§-
³¥´¨ÉÓ Ë¨§¨±Ê. �μ ³ É¥³ É¨Î¥¸±¨¥ μ¶¥· Í¨¨ ´¥ ¤μ²¦´Ò ¢´μ¸¨ÉÓ ¨§³¥´¥´¨Ö
¢ Ë¨§¨±Ê Ö¢²¥´¨Ö.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶μ± ¦¥³, ± ± ´¥ ±±Ê· É´μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ ³ É¥³ -
É¨Î¥¸±¨Ì μ¶¥· Í¨° ³μ¦¥É ¶·¨¢¥¸É¨ ± ¸¨´£Ê²Ö·´μ¸É¨.

‘μ¢¥·Ï¨³ ¶·¥μ¡· §μ¢ ´¨Ö (35) μÉ ¶¥·¥³¥´´ÒÌ τ ¨ R ± ¶¥·¥³¥´´Ò³ t ¨
r ¤²Ö Ô²¥³¥´Éμ¢ gμν :

g′μν =
∂xα

∂x′μ
∂xβ

∂x′ν gαβ .

�É¸Õ¤  ¤²Ö ´ Ï¥£μ ¶·¥μ¡· §μ¢ ´¨Ö ¨³¥¥³

g′rr =
(

dτ

dr

)2

+
(

dR

dr

)2

g
RR

.
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�  μ¸´μ¢ ´¨¨ (35) ¨ (36) ´ Ìμ¤¨³

g
RR

= − rg

r + rg/2
,

(
dτ

dr

)2

=
rg(r + rg/2)
(r − rg/2)2

,

(
dR

dr

)2

=
(r + rg/2)3

rg(r − rg/2)2
.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö, ¶μ²ÊÎ¨³

g′rr = −r + rg/2
r − rg/2

.

�É¸Õ¤  ¢¨¤¨³, ÎÉμ ¨§-§  ¸¨´£Ê²Ö·´μ¸É¨ ¶·¥μ¡· §μ¢ ´¨° (35) ³Ò ¶μ²ÊÎ¨²¨
¨§ ·¥£Ê²Ö·´μ£μ ³¥É·¨Î¥¸±μ£μ ±μÔËË¨Í¨¥´É  g

RR
¸¨´£Ê²Ö·´Ò° ³¥É·¨Î¥¸±¨°

Ô²¥³¥´É g′rr. �Éμ ¶μ± §Ò¢ ¥É, ÎÉμ ¶·¥μ¡· §μ¢ ´¨Ö (35) ´¥¤μ¶Ê¸É¨³Ò.
�¥¸±μ²Ó±μ ¶μ§¤´¥¥, ¢ 1960-Ì ££., ¶μÖ¢¨²¨¸Ó ¶·¥μ¡· §μ¢ ´¨Ö Š·Ê¸± ² ,

´μ ¤²Ö ´¨Ì Ô²¥³¥´ÉÒ Ö±μ¡¨ ´  É ±¦¥ ¸¨´£Ê²Ö·´Ò, ÌμÉÖ ¸ ³ Ö±μ¡¨ ´ ¨ ´¥
μ¡² ¤ ¥É ¸¨´£Ê²Ö·´μ¸ÉÓÕ. �É¨ ¶·¥μ¡· §μ¢ ´¨Ö É ±¦¥ ´¥ μ¡¥¸¶¥Î¨¢ ÕÉ ¤¨Ë-
Ë¥μ³μ·Ë¨§³.

�·¥μ¡· §μ¢ ´¨Ö Š·Ê¸± ²  ¨³¥ÕÉ ¢¨¤

u = (r − 1)1/2 er/2 ch
t

2
, v = (r − 1)1/2 er/2 sh

t

2
¢ μ¡² ¸É¨ r � 1

¨

u = (1 − r)1/2 er/2 sh
t

2
, v = (1 − r)1/2 er/2 ch

t

2
¢ μ¡² ¸É¨ r � 1.

‡¤¥¸Ó ¡¥§· §³¥·´ Ö ¶¥·¥³¥´´ Ö r μ¶·¥¤¥²¥´  ± ± μÉ´μÏ¥´¨¥ · ¤¨ ²Ó´μ£μ · ¸-
¸ÉμÖ´¨Ö ± · ¤¨Ê¸Ê ˜¢ ·ÍÏ¨²Ó¤ .

ˆ´É¥·¢ ² ˜¢ ·ÍÏ¨²Ó¤  ¢ ¶¥·¥³¥´´ÒÌ u ¨ v · ¢¥´

ds2 =
4
r

e−r(dv2 − du2) − r2(dθ2 + sin2 θ dφ2).

‘¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö · ¢´Ò

Γ 0
00 = ψ(r)v, Γ 0

01 = −ψ(r)u, Γ 0
11 = ψ(r)v,

Γ 1
00 = −ψ(r)u, Γ 1

01 = ψ(r)v, Γ 1
11 = −ψ(r)u.

‡¤¥¸Ó

ψ(r) =
1
r2

(1 + r) e−r .

ˆ¸¶μ²Ó§ÊÖ Ê· ¢´¥´¨Ö

d2xν

ds2
+ Γ ν

αβ

dxα

ds

dxβ

ds
= 0
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¤²Ö · ¤¨ ²Ó´μ£μ £¥μ¤¥§¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö, ´ Ìμ¤¨³ ·¥Ï¥´¨¥ ¢ Ëμ·³¥

du

ds
=

√
r u + vr

2(r − 1)
,

dv

ds
=

√
r v + ru

2(r − 1)

¤²Ö ¤¢¨¦¥´¨Ö μÉ Í¥´É·  ¶μ ¶¥·¥³¥´´μ° r ¨ ·¥Ï¥´¨¥

du

ds
=

√
r u − rv

2(r − 1)
,

dv

ds
=

√
r v − ru

2(r − 1)

¤²Ö ¤¢¨¦¥´¨Ö ± Í¥´É·Ê.
‚ μ¡² ¸É¨ r > 1 ¸±μ·μ¸ÉÓ ¤¢¨¦¥´¨Ö μÉ Í¥´É·  · ¢´ 

du

dv
=

u +
√

r v

v +
√

r u
,

  ¸±μ·μ¸ÉÓ ¤¢¨¦¥´¨Ö ± Í¥´É·Ê

du

dv
=

√
r v − u√
r u − v

.

�É¨³ £¥μ¤¥§¨Î¥¸±¨³ ¤¢¨¦¥´¨Ö³ ¸μμÉ¢¥É¸É¢Ê¥É ¢·¥³¥´¨¶μ¤μ¡´Ò° ¨´É¥·¢ ². ‚
μ¡² ¸É¨ r < 1 ¸±μ·μ¸ÉÓ ¤¢¨¦¥´¨Ö μÉ Í¥´É·  · ¢´ 

dv

du
=

v +
√

r u

u +
√

r v
.

…° ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò° ¨´É¥·¢ ², É. ¥. É ±μ¥ ¤¢¨¦¥´¨¥
´¥¢μ§³μ¦´μ.

„²Ö ¤¢¨¦¥´¨Ö ± Í¥´É·Ê ¸±μ·μ¸ÉÓ ¡Ê¤¥É · ¢´ 

dv

du
=

√
r u − v√
r v − u

,

ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¢·¥³¥´¨¶μ¤μ¡´μ³Ê ¨´É¥·¢ ²Ê.
ˆ³¥´´μ ÔÉ  μ¡² ¸ÉÓ ¨ Ö¢²Ö¥É¸Ö Î¥·´μ° ¤Ò·μ°. �μ ÎÉμ¡Ò ¸Ï¨ÉÓ ·¥Ï¥´¨¥ ¢

ÔÉμ° μ¡² ¸É¨ ¸ ¢´¥Ï´¨³ ·¥Ï¥´¨¥³ ˜¢ ·ÍÏ¨²Ó¤ , ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó§μ¢ ÉÓ
¸¨´£Ê²Ö·´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, ÎÉμ ´¥¤μ¶Ê¸É¨³μ.

‚ 1963 £. Š¥··μ³ ¢ ¸É ÉÓ¥ [11] ¡Ò²μ ´ °¤¥´μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö �°´-
ÏÉ¥°´ 

Rμν = 0 (38)

¢ Ï¢ ·ÍÏ¨²Ó¤μ¢¸±¨Ì ±μμ·¤¨´ É Ì ¢¨¤ 

ds2 = g00(dx0)2 + g11dr2 + g22dθ2 + g33dφ2 + 2g03dφdx0, (39)
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£¤¥

g00 = 1 − rg r

ρ2
, g11 = −ρ2

� , g22 = −ρ2,

(40)

g33 = −
(
r2 + a2 +

rg ra2

ρ2
sin2 θ

)
sin2 θ, g03 =

rg ra

ρ2
sin2 θ.

‡¤¥¸Ó
� = r2 − rgr + a2, ρ2 = r2 + a2 cos2 θ,

±¢ ¤· É · ¸¸ÉμÖ´¨Ö

dl2 =
ρ

�dr2 + ρ2dθ2 +
� sin2 θ

g00
(dφ)2.

�μ ÔÉμ ·¥Ï¥´¨¥, ± ± ¨ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤ , ´¥ ¸μμÉ¢¥É¸É¢Ê¥É μ¡Ð¨³
¸¢μ°¸É¢ ³ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨: Ê¸²μ¢¨Õ (5) ¨ ¢Ò· ¦¥´¨Õ (32),
¶μ¸±μ²Ó±Ê ¨ ¢ ÔÉμ³ ·¥Ï¥´¨¨ g00 μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ´  ¶μ¢¥·Ì´μ¸É¨ ¢· Ð¥´¨Ö:

r0 =
rg

2
+

√(rg

2

)2

− a2 cos2 θ.

ˆ§ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¸²¥¤Ê¥É, ÎÉμ ¢ ±ÊÊ³´μ¥ Ê· ¢´¥´¨¥ �°´ÏÉ¥°´  (38)
¸ ³μ ´¥ ¨¸±²ÕÎ ¥É ¢μ§³μ¦´μ¸É¨ μ¡· Ð¥´¨Ö ³¥É·¨Î¥¸±μ£μ ±μÔËË¨Í¨¥´É 
g00 ¢ ´Ê²Ó, ÎÉμ ¨ ¶·¨¢μ¤¨É ± ²μ± ²Ó´μ° μ¸É ´μ¢±¥ ¢·¥³¥´¨.

‚ÒÏ¥ ³Ò ¨¸±²ÕÎ ²¨ É ±ÊÕ ¢μ§³μ¦´μ¸ÉÓ, ¨¸Ìμ¤Ö ¨§ ÉμÎ´μ£μ · ¢¥´¸É¢ 
(32) ¨ Ê¸²μ¢¨Ö (5), ±μÉμ·Ò¥ ¢ÒÉ¥± ÕÉ ¨§ μ¡Ð¨Ì ¶μ²μ¦¥´¨° �’�. ’ ±¨³
μ¡· §μ³, ¢ �’� ¨³¥¥É¸Ö ´¥¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¥¥ μ¡Ð¨³¨ ¶μ²μ¦¥´¨Ö³¨ ¨
´¥±μÉμ·Ò³¨ ÉμÎ´Ò³¨ ·¥Ï¥´¨Ö³¨ ¢ ±ÊÊ³´ÒÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´  (38).

3. ‚�‡Œ�†��‘’œ ‘�ƒ‹�‘�‚��ˆŸ ��™ˆ• ��‹�†…�ˆ‰ �’�
‘ “��‚�…�ˆŸŒˆ ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ

‚ 1965 £. £·Ê¶¶   ¢Éμ·μ¢ [10],  ´ ²¨§¨·ÊÖ �’�, ¶·¨Ï²  ± ¸²¥¤ÊÕÐ¥³Ê
¢Ò¢μ¤Ê:

�μ³¨³μ ¶·¥¤¸± § ´¨Ö É¥μ·¨¨ �°´ÏÉ¥°´ , ± ¸ ÕÐ¥£μ¸Ö · ¸Ï¨·¥´¨Ö ¨
¸¦ É¨Ö ‚¸¥²¥´´μ°, ¢¸¥ ¤·Ê£¨¥ μ¡ÒÎ´μ · ¸¸³ É·¨¢ ¢Ï¨¥¸Ö ¶·¨²μ¦¥´¨Ö
�’� (¶·¥Í¥¸¸¨Ö ¶¥·¨£¥²¨Ö, ±· ¸´μ¥ ¸³¥Ð¥´¨¥, ¨¸±·¨¢²¥´¨¥ ¸¢¥Éμ¢ÒÌ
²ÊÎ¥°, £· ¢¨É Í¨μ´´μ¥ ¨§²ÊÎ¥´¨¥) ¸¢Ö§ ´Ò ¸ ´¥¡μ²ÓÏ¨³¨ μÉ±²μ´¥´¨Ö³¨
μÉ ¶²μ¸±μ£μ Ì · ±É¥·  ¶·μ¸É· ´¸É¢ . �μ §¤¥¸Ó ¢¸¥ ¨´ Î¥. ƒ· ¢¨É Í¨μ´-
´Ò° ±μ²² ¶¸ ¶·¨¢μ¤¨É ± ³¨´¨³ ²Ó´μ ¶²μ¸±μ° £¥μ³¥É·¨¨ . . . …¸²¨ Ê ¢ ¸
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¨³¥¥É¸Ö ´ ³¥·¥´¨¥ μÉ¢¥·£´ÊÉÓ �’�, ± ± · § ¸ ³μ¥ ¢·¥³Ö ¤²Ö ÔÉμ£μ. …¸²¨
´¥É, Éμ ¢Ò ´  ¶ÊÉ¨ ± ´μ¢μ³Ê ³¨·Ê Ë¨§¨±¨, μ¤´μ¢·¥³¥´´μ ±² ¸¸¨Î¥¸±μ³Ê
¨ ±¢ ´Éμ¢μ³Ê. „¢¨´¥³¸Ö ¦¥ ¶μ ÔÉμ³Ê ¶ÊÉ¨.

�μ ÔÉμ § ±²ÕÎ¥´¨¥ ´¥ ¸μ¢¸¥³ ÉμÎ´μ. Š ± ³Ò ¢¨¤¨³, ¨§ ´ Ï¥£μ  ´ ²¨§ 
¸²¥¤Ê¥É, ÎÉμ ¢μ§´¨± ¥É ´¥¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê μ¡Ð¨³¨ ¶μ²μ¦¥´¨Ö³¨ μ ·¨³ ´μ-
¢μ° £¥μ³¥É·¨¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ± ± μ¸´μ¢Ò �’� ¨ ÉμÎ´Ò³¨ ·¥Ï¥´¨Ö³¨
Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¢ ¢ ±ÊÊ³¥:

Rμν = 0. (41)

�¢Éμ·Ò § ±²ÕÎ¥´¨Ö [10] μÉμÏ²¨ μÉ μ¡Ð¨Ì ¶μ²μ¦¥´¨° �’� ¨ μÉ¤ ²¨ ¶·¥¤-
¶μÎÉ¥´¨¥ ¢ ±ÊÊ³´Ò³ Ê· ¢´¥´¨Ö³ (41). �  ÔÉμ³ ¶ÊÉ¨ ¢μ§´¨±²¨ ®Î¥·´Ò¥ ¤Ò-
·Ò¯ Å μ¡Ñ¥±ÉÒ, ´¥ ¨³¥ÕÐ¨¥ ³ É¥·¨ ²Ó´μ° ¶μ¢¥·Ì´μ¸É¨,   É ±¦¥ ®±·μÉμ¢Ò¥
´μ·Ò¯ ¨ É. ¤.

Š ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, ´¥ ¡Ò²μ μ¸μ§´ ´μ, ÎÉμ ¶μ ¸ÊÉ¨ ¢ ¸ ³μ° ±μ´Í¥¶Í¨¨
�’� �°´ÏÉ¥°´ : £· ¢¨É Í¨Ö ¥¸ÉÓ ·¨³ ´μ¢μ ¶·μ¸É· ´¸É¢μ Å Ê¦¥ § ²μ¦¥´ 
¢ μ¡Ð¥° Ëμ·³¥ ´¥¢μ§³μ¦´μ¸ÉÓ ±μ²² ¶¸ .

ˆ³¥´´μ ¶μÔÉμ³Ê ¸²¥¤Ê¥É ¸μÌ· ´¨ÉÓ μ¡Ð¨¥ ¶μ²μ¦¥´¨Ö �’�, ´μ ´¥¸±μ²Ó±μ
¢¨¤μ¨§³¥´¨ÉÓ ¢ ¢ ±ÊÊ³¥ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´  ¸ ±μ¸³μ²μ£¨Î¥¸±¨³ Î²¥´μ³:

Rμν − λgμν = 0, (42)

É ±¨³ μ¡· §μ³, ÎÉμ¡Ò μ´¨ ¸É ²¨ ¸μ¢³¥¸É¨³Ò ¸ ³¥É·¨±μ° γμν ¶·μ¸É· ´¸É¢ 
Œ¨´±μ¢¸±μ£μ:

Rμν − λ(gμν − γμν) = 0. (43)

�É¸Õ¤  ¢¨¤´μ, ÎÉμ Ê· ¢´¥´¨Ö (43) ¨³¥ÕÉ, ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ Ê· ¢´¥-
´¨Õ (42), ·¥Ï¥´¨¥ ¨ ¢ ¢¨¤¥ ³¥É·¨±¨ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ:

gμν = γμν .

�μ É ±μ¥ ¶·μ¸Éμ¥ ¨ ¥¸É¥¸É¢¥´´μ¥ ¨§³¥´¥´¨¥ ¢ ±ÊÊ³´ÒÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
μ± §Ò¢ ¥É¸Ö ¶·¨´Í¨¶¨ ²Ó´Ò³ ¨ ¢¥¤¥É ± ¶·μ¸Éμ° Éμ¶μ²μ£¨¨ ·¨³ ´μ¢  ¶·μ-
¸É· ´¸É¢ ,   É ±¦¥ ± · ¤¨± ²Ó´Ò³ Ë¨§¨Î¥¸±¨³ ¨§³¥´¥´¨Ö³ ± ± ¢ μÉ´μÏ¥´¨¨
±μ²² ¶¸  ³ ¸¸¨¢´ÒÌ É¥², É ± ¨ ¢ μÉ´μÏ¥´¨¨ Ô¢μ²ÕÍ¨¨ μ¤´μ·μ¤´μ° ¨ ¨§μ-
É·μ¶´μ° ‚¸¥²¥´´μ°.

‚¸¥ ÔÉμ ¶μ²ÊÎ ¥É¸Ö ¡² £μ¤ ·Ö Éμ³Ê, ÎÉμ ¢ ±ÊÊ³´Ò¥ Ê· ¢´¥´¨Ö (43) ¨¸-
±²ÕÎ ÕÉ ¢μ§³μ¦´μ¸ÉÓ μ¡· Ð¥´¨Ö ¢ ´Ê²Ó ³¥É·¨Î¥¸±μ£μ ±μÔËË¨Í¨¥´É  g00 ,
¨ É¥³ ¸ ³Ò³ ¨¸±²ÕÎ ¥É¸Ö ²μ± ²Ó´ Ö μ¸É ´μ¢±  ¢·¥³¥´¨. ˆ³¥´´μ μ¡ ÔÉμ³
¢ · ³± Ì �’� �.”¥°´³ ´ ¶¨¸ ² [4]: ®…¸²¨ ´ Ï  Ëμ·³Ê²  ¤²Ö § ³¥¤²¥´¨Ö
¢·¥³¥´¨ ¡Ò²  ¡Ò ¶· ¢¨²Ó´μ°, Éμ Ë¨§¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò ¤μ²¦´Ò ¡Ò²¨ ¡Ò μ¸É -
´μ¢¨ÉÓ¸Ö ¢ Í¥´É·¥ ‚¸¥²¥´´μ°, É ± ± ± ¢·¥³Ö É ³ ´¥ Ï²μ ¡Ò ¸μ¢¸¥³. �Éμ ´¥
Éμ²Ó±μ Ë¨§¨Î¥¸±¨ ´¥¶·¨¥³²¥³μ¥ ¶·¥¤¸± § ´¨¥¯.
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„²Ö ¸² ¡μ£μ ¶μ²Ö Ê· ¢´¥´¨Ö (43) ¶·¨´¨³ ÕÉ ¢¨¤

�φμν + 2λφμν = 0. (44)

�É¸Õ¤  ¢¨¤´μ, ÎÉμ ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö λ ¢ ¸² ¡μ³ £· ¢¨É Í¨μ´´μ³
¶μ²¥ ´  Ëμ´¥ ¶²μ¸±μ° ³¥É·¨±¨ Œ¨´±μ¢¸±μ£μ ¶·μÖ¢²Ö¥É¸Ö ± ± ³ ¸¸  ¶μ±μÖ
£· ¢¨Éμ´ :

λ =
m2

g

2
(¢ ¸¨¸É¥³¥ ¥¤¨´¨Í c = � = 1). (45)

’ ± ¸É ² Ö¸¥´ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° ¢ (43).
ˆ´É¥·¢ ² ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

dσ2 = γμν(x)dxμdxν . (46)

‚ ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥ ¢ £ ²¨²¥¥¢ÒÌ ±μμ·¤¨´ É Ì ³¥É·¨± 

γμν = diag (1,−1,−1,−1), (47)

  ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì

γμν = diag (1,−1,−r2,− r2 sin2 θ). (48)

�  μ¸´μ¢ ´¨¨ (48) ¨ ¤¨ £μ´ ²Ó´μ° ³¥É·¨±¨ gμν ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  ¤²Ö
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ¶μ²Ö ¨³¥¥³

γμνgμν =
1

g00

+
1

g11

+
r2

g22

+
r2 sin2 θ

g33

. (49)

ˆ§ Ê· ¢´¥´¨Ö (43), ¨¸¶μ²Ó§ÊÖ (45) ¨ (49), ¶μ²ÊÎ¨³ ¢ ¢ ±ÊÊ³¥ ¢Ò· ¦¥´¨¥
¤²Ö ¸± ²Ö·´μ° ±·¨¢¨§´Ò R:

R = 2m2
g −

m2
g

2

[
1

g00

+
1

g11

+
r2

g22

+
r2 sin2 θ

g33

]
. (50)

�μ¸±μ²Ó±Ê R Å ¨´¢ ·¨ ´É, μÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ³¥É·¨Î¥¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ
g00 , g11 ´¥ ¤μ²¦´Ò μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó, ¶μ¸±μ²Ó±Ê ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ´ 
¸Ë¥·¥ ¢μ§´¨±´¥É Ë¨§¨Î¥¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ ¸± ²Ö·´μ° ±·¨¢¨§´Ò R, ÎÉμ μ§´ -
Î ¥É ¡¥¸±μ´¥Î´ÊÕ ´ ¶·Ö¦¥´´μ¸ÉÓ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ˆ³¥´´μ ¶μÔÉμ³Ê
μ¸μ¡¥´´μ¸ÉÓ É¨¶  μ¸μ¡¥´´μ¸É¨ ˜¢ ·ÍÏ¨²Ó¤  (g00 = 0) ´¥¤μ¶Ê¸É¨³  ¢ ¢ ±Ê-
Ê³¥, ¶μ¸±μ²Ó±Ê ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ¨§-§  ¸¨´£Ê²Ö·´μ¸É¨ R ´¥¢μ§³μ¦´μ ¡Ò²μ
¡Ò ¸Ï¨ÉÓ ·¥Ï¥´¨¥ ¢´ÊÉ·¨ ¢¥Ð¥¸É¢  ¸ ¢´¥Ï´¨³ ·¥Ï¥´¨¥³.

’ ±¨³ μ¡· §μ³, ¶·μ¸Éμ¥ ¨§³¥´¥´¨¥ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö �°´-
ÏÉ¥°´  ¢ ¢ ±ÊÊ³¥ Ê¸É· ´Ö¥É μ¸μ¡¥´´μ¸ÉÓ É¨¶  μ¸μ¡¥´´μ¸É¨ ˜¢ ·ÍÏ¨²Ó¤  ¨
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É¥³ ¸ ³Ò³ ¢μ¸¸É ´ ¢²¨¢ ¥É μ¡Ð¨¥ ¶μ²μ¦¥´¨Ö �’� (5) ¨ (32), ¸μ£² ¸´μ ±μ-
Éμ·Ò³ V < 1.

�·¨´¨³ Ö Ê· ¢´¥´¨Ö ¢ ¢ ±ÊÊ³¥ ¢ Ëμ·³¥ (43) ¨ ÊÎ¨ÉÒ¢ Ö (33), ³Ò ³μ¦¥³
¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸ ¨¸ÉμÎ´¨±μ³:

Rμν −
m2

g

2
(gμν − γμν) = 8π

(
Tμν − 1

2
gμνT

)
. (51)

�μ ± ÔÉ¨³ Ê· ¢´¥´¨Ö³ ¤²Ö ¶μ²´μÉÒ ¸¨¸É¥³Ò Ê· ¢´¥´¨° ´¥μ¡Ìμ¤¨³μ ¥Ð¥
¤μ¡ ¢¨ÉÓ Ê· ¢´¥´¨Ö ¤²Ö ¢¥Ð¥¸É¢ ∗. ’ ± ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ´ ·Ö¤Ê ¸ Ê· ¢-
´¥´¨Ö³¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢μÏ²¨ ¨ Ê· ¢´¥´¨Ö ¢¥Ð¥¸É¢ . …¸²¨ ¢¥Ð¥¸É¢μ
μ¶¨¸Ò¢ ¥É¸Ö Éμ²Ó±μ Ë¨§¨Î¥¸±¨³¨ ¢¥²¨Î¨´ ³¨: ¶²μÉ´μ¸ÉÓÕ ρ, ¤ ¢²¥´¨¥³ p ¨
¸±μ·μ¸ÉÓÕ v, Éμ ¢ ± Î¥¸É¢¥ Ê· ¢´¥´¨° ¢¥Ð¥¸É¢  ³μ¦´μ ¢§ÖÉÓ Ê· ¢´¥´¨Ö

∇νT μν = 0, (52)

±μÉμ·Ò¥ É¥¶¥·Ó ¨§-§  ¶·¨¸ÊÉ¸É¢¨Ö ³¥É·¨±¨ γμν ´¥ ¸²¥¤ÊÕÉ ¨§ Ê· ¢´¥´¨° (51).
’¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨³¥¥É ¢¨¤

T μν = (ρ + p)UμUν − pgμν . (53)

‡¤¥¸Ó p ¨ ρ Å ¤ ¢²¥´¨¥ ¨ ¶²μÉ´μ¸ÉÓ, ¨§³¥·¥´´Ò¥ ¢ ¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ±μμ·-
¤¨´ É Ì. �´¨ Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É ³¨ (¸± ²Ö· ³¨). „μ¡ ¢²ÖÖ ± Ê· ¢´¥´¨Ö³
(51) ¨ (52) ¥Ð¥ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥¸É¢ , ³Ò ¶μ²ÊÎ¨³ ¶μ²´ÊÕ ¸¨¸É¥³Ê
μ¡Ð¥±μ¢ ·¨ ´É´ÒÌ Ê· ¢´¥´¨°.

’ ±¨³ μ¡· §μ³, ¶·¨ ¶·¥¤²μ¦¥´´μ³ ¨§³¥´¥´¨¨ Ê· ¢´¥´¨° �°´ÏÉ¥°´  ´ ³
Ê¦¥ ´¥ ´Ê¦´Ò ¤μ¶μ²´¨É¥²Ó´Ò¥ ´¥±μ¢ ·¨ ´É´Ò¥ ±μμ·¤¨´ É´Ò¥ Ê¸²μ¢¨Ö.

‚ · ¡μÉ Ì [12Ä16] ¶μ± § ´μ, ÎÉμ ¸¨¸É¥³  Ê· ¢´¥´¨° (51) ¨ (52) ¸²¥¤Ê¥É
¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö ¸ ¶²μÉ´μ¸ÉÓÕ ² £· ´¦¨ ´ 

L = Lg + LM (g̃μν , φA), (54)

£¤¥ ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö

Lg =
1

16π
g̃μν(Gλ

μνGσ
λσ − Gλ

μσGσ
νλ) −

m2
g

16π

( 1
2

γμν g̃μν −
√
−g −

√
−γ

)
. (55)

‡¤¥¸Ó

Gλ
μν =

1
2

gλσ(Dμgνσ + Dνgμσ − Dσgμν),

Dμ Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ.

∗ �μ¤ ¢¥Ð¥¸É¢μ³ ³Ò ¶μ¤· §Ê³¥¢ ¥³ ¢¸¥ ¶μ²Ö ³ É¥·¨¨, §  ¨¸±²ÕÎ¥´¨¥³ £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö.



100 ƒ…�˜’…‰� ‘.‘., ‹�ƒ“��‚ �.�., Œ…‘’‚ˆ�ˆ˜‚ˆ‹ˆ Œ.�.

ˆ³¥´´μ μÉ¸Õ¤  ¸²¥¤Ê¥É ¶μ²´ Ö ¸¨¸É¥³  μ¡Ð¥±μ¢ ·¨ ´É´ÒÌ Ê· ¢´¥´¨°
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ ¢¥Ð¥¸É¢ :

δL

δgμν
= 0,

δLM

δφA
= 0.

’ ± Ö ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  Lg ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É ¨§ ¶μ²¥¢μ£μ
¶μ¤Ìμ¤  ± £· ¢¨É Í¨¨, ±μ£¤  £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ · ¸¸³ É·¨¢ ¥É¸Ö ± ± Ë¨§¨-
Î¥¸±μ¥ É¥´§μ·´μ¥ ¶μ²¥ φμν ¸μ ¸¶¨´ ³¨ 2 ¨ 0, · §¢¨¢ ÕÐ¥¥¸Ö ¢ ¶·μ¸É· ´¸É¢¥
Œ¨´±μ¢¸±μ£μ ¸ ³¥É·¨±μ° γμν . �·¨ É ±μ³ ¶μ¤Ìμ¤¥ ·¨³ ´μ¢μ ¶·μ¸É· ´¸É¢μ
¢μ§´¨± ¥É ± ± ÔËË¥±É¨¢´μ¥, ´μ ¸ ¶·μ¸Éμ° Éμ¶μ²μ£¨¥°, μ¡Ö§ ´´μ¥ ´ ²¨Î¨Õ
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ˆ¸ÉμÎ´¨±μ³ ¶μ²Ö Ö¢²Ö¥É¸Ö ¸μÌ· ´ÖÕÐ¨°¸Ö ¶μ²´Ò°
É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢³¥¸É¥ ¢§ÖÉÒÌ.

�μ²¥¢μ° ¶μ¤Ìμ¤ ± £· ¢¨É Í¨¨ μ¡¥¸¶¥Î¨¢ ¥É ¸É·μ£μ¥ ¸μ¡²Õ¤¥´¨¥ § ±μ´μ¢
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨ ³μ³¥´É  ±μ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö ¢¸¥Ì Ëμ·³ ³ -
É¥·¨¨, ¢±²ÕÎ Ö ¨ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥.

„ ²¥¥ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ É ±μ¥ ¨§³¥´¥´¨¥ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¢¥¤¥É ± ¢μ¸¸É ´μ¢²¥´¨Õ ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É,   ¸²¥¤μ¢ -
É¥²Ó´μ, ± ¸μÌ· ´¥´¨Õ § ±μ´  ¨´¥·Í¨¨ ƒ ²¨²¥Ö. �Éμ μ§´ Î ¥É, ÎÉμ Ê¸±μ·¥´¨¥ ¢
·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ £· ¢¨É Í¨¨ (�’ƒ), ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ �’�, ¨³¥¥É
 ¡¸μ²ÕÉ´Ò° ¸³Ò¸².

�ËË¥±É¨¢´ Ö ·¨³ ´μ¢  ³¥É·¨±  ¨ Ë¨§¨Î¥¸±μ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ φμν

¸¢Ö§ ´Ò ¸μμÉ´μÏ¥´¨¥³

g̃μν = γ̃μν + φ̃μν , g̃μν =
√
−g gμν ,

γ̃μν =
√
−γ γμν , φ̃μν =

√
−γ φμν .

(56)

Š ± ¶μ± § ´μ ¢ · ¡μÉ Ì [12Ä14], ¸¨¸É¥³  Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (51)
¨ ¢¥Ð¥¸É¢  (52) ¶·¨¢μ¤¨É¸Ö ± Ëμ·³¥ Ê· ¢´¥´¨° ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ £· -
¢¨É Í¨¨:

Rμν −
m2

g

2
(gμν − γμν) = 8π

(
Tμν − 1

2
gμνT

)
, (57)

Dν g̃νλ = 0. (58)

�¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Õ ¶·¨Î¨´´μ¸É¨ [13]:
ÎÉμ¡Ò ²Õ¡μ° ¢·¥³¥´¨¶μ¤μ¡´Ò° ¢¥±Éμ· ¢ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥ μ¸É ¢ ²¸Ö
É ±¦¥ ¢·¥³¥´¨¶μ¤μ¡´Ò³ ¨ ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ.

„²Ö ¶μ²¥° ¢¥Ð¥¸É¢  φA ¸ ÊÎ¥Éμ³ £· ¢¨É Í¨¨ ¨³¥ÕÉ ³¥¸Éμ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö

δLM

δφA
= 0.

�μ¸±μ²Ó±Ê ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö

SM =
∫

LM (gμν, φA)d4x
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¶·¨ ¡¥¸±μ´¥Î´μ ³ ²μ³ ¨§³¥´¥´¨¨ ±μμ·¤¨´ É · ¢´  ´Ê²Õ, Éμ μÉ¸Õ¤  ¸²¥¤Ê¥É
μ¡Ð¥¥ Éμ¦¤¥¸É¢μ (¸³. [13], ¶·¨²μ¦¥´¨¥ ‚):

∇αT α
λ = −Dσ

(δLM

δφA
FB;σ

A;λ φB

)
− δLM

δφA
DλφA.

‡¤¥¸Ó ¶²μÉ´μ¸ÉÓ É¥´§μ·  ƒ¨²Ó¡¥·É  T αβ · ¢´ 

T αβ = −2
δLM

δgαβ
.

‚¥²¨Î¨´  T α
λ μ¶·¥¤¥²¥´  Éμ²Ó±μ ¢ ¢¥Ð¥¸É¢¥, ¶μ¸±μ²Ó±Ê ¢´¥ ¥£μ μ´  Éμ¦¤¥-

¸É¢¥´´μ · ¢´  ´Ê²Õ ¨§-§  μÉ¸ÊÉ¸É¢¨Ö ¢¥Ð¥¸É¢ .
�¡ÒÎ´μ ¸Î¨É ÕÉ (¸³., ´ ¶·¨³¥·, [17]), ÎÉμ Ê· ¢´¥´¨¥ (52) ¢Ò· ¦ ¥É § -

±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ . �¤´ ±μ ¢ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ÔÉμ ´¥ É ±.
…¸²¨ ¢¥Ð¥¸É¢μ μ¶¨¸Ò¢ ¥É¸Ö Î¥ÉÒ·Ó³Ö Ê· ¢´¥´¨Ö³¨, Éμ ¸μ£² ¸´μ Éμ¦¤¥¸É¢Ê
Ê· ¢´¥´¨¥ (52) ¥¸ÉÓ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¢¥Ð¥¸É¢  ¸ ÊÎ¥Éμ³ £· ¢¨É Í¨¨.

„²Ö ¢¸¥Ì £· ¢¨É Í¨μ´´ÒÌ ÔËË¥±Éμ¢ ¢ ‘μ²´¥Î´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨Ö (57)
¨ (58) ¨§-§  ¸² ¡μ£μ ¢²¨Ö´¨Ö Î²¥´ , ¸μ¤¥·¦ Ð¥£μ ³ ¸¸Ê ¶μ±μÖ £· ¢¨Éμ´ ,
¶·¨¢μ¤ÖÉ ± É¥³ ¦¥ ·¥§Ê²ÓÉ É ³, ÎÉμ ¨ ¢ �’�, ´μ Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨
É ³ ¢§ÖÉÒ £ ·³μ´¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ.

‘μ£² ¸´μ Ê· ¢´¥´¨Ö³ �’� £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ μ¡² ¤ ¥É ¸¢μ°¸É-
¢μ³ § ³¥¤²ÖÉÓ Ìμ¤ ¢·¥³¥´¨, ´¥ μ£· ´¨Î¨¢ Ö ¸ ³ ¶·μÍ¥¸¸ § ³¥¤²¥´¨Ö.
‚ �’ƒ [13, 15, 16], μ¶¨¸Ò¢ ¥³μ° Ê· ¢´¥´¨Ö³¨ (57) ¨ (58), £· ¢¨É Í¨μ´´μ¥
¶μ²¥ μ¡² ¤ ¥É ´¥ Éμ²Ó±μ ¸¢μ°¸É¢μ³ § ³¥¤²ÖÉÓ Ìμ¤ ¢·¥³¥´¨, ´μ ¨ ´μ¢Ò³ ¸¢μ°-
¸É¢μ³: μ¸É ´ ¢²¨¢ ÉÓ ¶·μÍ¥¸¸ § ³¥¤²¥´¨Ö Ìμ¤  ¢·¥³¥´¨ ¨ É¥³ ¸ ³Ò³ μ¸É -
´ ¢²¨¢ ÉÓ ¨ ¶·μÍ¥¸¸ ¸¦ É¨Ö ¢¥Ð¥¸É¢  £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³. �É±·Ò²μ¸Ó
Ö¢²¥´¨¥ ®¸ ³μμ£· ´¨Î¥´¨Ö¯ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ˆ³¥´´μ μ´μ ¶·¨¢¥²μ ±
´¥¢μ§³μ¦´μ¸É¨ μ¡· §μ¢ ´¨Ö ®Î¥·´ÒÌ ¤Ò·¯ (μ¡Ñ¥±Éμ¢, ´¥ ¨³¥ÕÐ¨Ì ³ É¥·¨-
 ²Ó´ÒÌ £· ´¨Í).

�Éμ ³μ¦´μ Ê¢¨¤¥ÉÓ ´  μ¸´μ¢¥ μ¡Ð¥£μ  ´ ²¨§  ¸¢μ°¸É¢ ´¥¸É É¨Î¥¸±μ£μ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ·¥Ï¥´¨Ö:

ds2 = g00dt2 + 2g01dtdr + g11dr2 + g22dθ2 + g33dφ2.

„²Ö ³¥É·¨Î¥¸±¨Ì ±μÔËË¨Í¨¥´Éμ¢ gμν ¢¢¥¤¥³ μ¡μ§´ Î¥´¨Ö:

g00 = U(r, t), g01 = −A(r, t), g11 = −
[
V (r, t) − A2(r, t)

V (r, t)

]
,

g22 = −W (r, t), g33 = −W (r, t) sin2 θ.

�É²¨Î´Ò¥ μÉ ´Ê²Ö ±μ³¶μ´¥´ÉÒ É¥´§μ·  gμν

g00 =
1
U

(
1 − A2

UV

)
, g01 = − A

UV
, g11 = − 1

V
,
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g22 = − 1
W

, g33 = − 1
W sin2 θ

.

ˆ§ Ê¸²μ¢¨° ‘¨²Ó¢¥¸É·  (7), (8) ¸²¥¤ÊÕÉ ´¥· ¢¥´¸É¢ 

U > 0, V > 0, A2 < UV.

„²Ö ¨´É¥·¢ ²  ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ

dσ2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2

´ Ìμ¤¨³

γμνgμν =
1
U

(
1 − A2

UV

)
+

1
V

+
2r2

W
.

ˆ¸¶μ²Ó§ÊÖ ÔÉμ · ¢¥´¸É¢μ, ´  μ¸´μ¢ ´¨¨ Ê· ¢´¥´¨Ö (51) ¤²Ö ¸± ²Ö·´μ° ±·¨-
¢¨§´Ò R ¢ ¢ ±ÊÊ³¥ ¶μ²ÊÎ¨³ · ¢¥´¸É¢μ

R = 2m2
g −

m2
g

2

[
1
U

(
1 − A2

UV

)
+

1
V

+
2r2

W

]
. (59)

”Ê´±Í¨Ö U ´¥ · ¢´  ´Ê²Õ, É ± ± ± ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ¸± ²Ö·´ Ö ±·¨¢¨§´  R
μ¡· É¨² ¸Ó ¡Ò ¢ ¡¥¸±μ´¥Î´μ¸ÉÓ ¨ ´¥¢μ§³μ¦´μ ¡Ò²μ ¡Ò ¸Ï¨ÉÓ ¢ ±ÊÊ³´μ¥ ·¥-
Ï¥´¨¥ ¸ ¢´ÊÉ·¥´´¨³ ·¥Ï¥´¨¥³. ˆ³¥´´μ μÉ¸Õ¤  É ±¦¥ ¸²¥¤Ê¥É, ÎÉμ ¶·μÍ¥¸¸
§ ³¥¤²¥´¨Ö ¢·¥³¥´¨ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³ ¶μ ¸· ¢´¥´¨Õ ¸ ¨´¥·Í¨ ²Ó´Ò³
¢·¥³¥´¥³, μ¶·¥¤¥²Ö¥³Ò° ³¥É·¨Î¥¸±¨³ ±μÔËË¨Í¨¥´Éμ³ U , μ¸É ´ ¢²¨¢ ¥É¸Ö,
É. ¥. ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É £· ´¨Í  § ³¥¤²¥´¨Ö ¢·¥³¥´¨,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ £· -
´¨Í  £· ¢¨É Í¨μ´´μ£μ ¸¦ É¨Ö.

‚´ÊÉ·¨ É¥²  ¢³¥¸Éμ Ëμ·³Ê²Ò (59) ³Ò ¡Ê¤¥³ ¨³¥ÉÓ ¢Ò· ¦¥´¨¥

R + 8πT = 2m2
g −

m2
g

2

[
1
U

(
1 − A2

UV

)
+

1
V

+
2r2

W

]
. (60)

‡¤¥¸Ó T = ρ − 3p; ρ Å ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢ ; p Å ¤ ¢²¥´¨¥. ‘²¥¤ÊÖ [6, 18],
μÉ´¥¸¥³ ³¥É·¨Î¥¸±¨¥ ±μÔËË¨Í¨¥´ÉÒ ± ±² ¸¸Ê C3, É. ¥. ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ
μ´¨ μ¡² ¤ ÕÉ ´¥¶·¥·Ò¢´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ¶¥·¢ÒÌ É·¥Ì ¶μ·Ö¤±μ¢. ’μ£¤  ¸μ-
£² ¸´μ Ê· ¢´¥´¨Õ (57) ¸²¥¤Ê¥É, ÎÉμ ¢´ÊÉ·¨ É¥²  ËÊ´±Í¨¨ R, ρ ¨ p ¨³¥ÕÉ
´¥¶·¥·Ò¢´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶¥·¢μ£μ ¶μ·Ö¤± . �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¢¥²¨Î¨´Ò
R, ρ ¨ p ¢´ÊÉ·¨ É¥²  μ£· ´¨Î¥´Ò. ‡ ³¥É¨³, ÎÉμ ¤²Ö μ£· ´¨Î¥´´μ¸É¨ ¢¥²¨-
Î¨´ ¤μ¸É ÉμÎ´μ Éμ²Ó±μ ¨Ì ´¥¶·¥·Ò¢´μ¸É¨. �£· ´¨Î¥´´μ¸ÉÓ ²¥¢μ° Î ¸É¨ (60)
¸²¥¤Ê¥É É ±¦¥ ¨§-§  μ£· ´¨Î¥´´μ¸É¨ ¶· ¢μ° Î ¸É¨. ’ ±¨³ μ¡· §μ³, ´¨± ±μ£μ
¡¥§£· ´¨Î´μ£μ ¸¦ É¨Ö ¢¥Ð¥¸É¢  ´¥ ¶·μ¨¸Ìμ¤¨É.

„²Ö É¥²  ³ ¸¸Ò M , ±μ£¤  ¨¸ÉμÎ´¨±¨ É¥·³μÖ¤¥·´μ° Ô´¥·£¨¨ ¡Ê¤ÊÉ ¨¸Î¥·-
¶ ´Ò, ¶μ¤ ¤¥°¸É¢¨¥³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ´ Î´¥É¸Ö ¶·μÍ¥¸¸ ¸¦ É¨Ö ¢¥Ð¥-
¸É¢ , ±μÉμ·Ò° §  ±μ´¥Î´μ¥ ¢·¥³Ö ¶·¨¢¥¤¥É ± ¸É É¨Î¥¸±μ³Ê ¢´¥Ï´¥³Ê £· ¢¨-
É Í¨μ´´μ³Ê ¶μ²Õ. �·¨ ÔÉμ³ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ËÊ´±Í¨Ö U(r, t)
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¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö ¸μ ¢·¥³¥´¥³ ± ¸¢μ¥³Ê ¸É É¨Î¥¸±μ³Ê ¶·¥¤¥²Ê U(r), ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥³Ê ·¥Ï¥´¨Õ Ê· ¢´¥´¨° (57), (58), ¸μ£² ¸´μ ±μÉμ·μ³Ê [13] · ¤¨Ê¸
É¥²  Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê (r > rg/2), ÎÉμ ¨ ¨¸±²ÕÎ ¥É ¢μ§³μ¦´μ¸ÉÓ
μ¡· §μ¢ ´¨Ö ®Î¥·´ÒÌ ¤Ò·¯.

„²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ É¥²  ¢ ¸É É¨Î¥¸±μ³ ¸μ¸ÉμÖ´¨¨ Ê· ¢´¥-
´¨¥ (52) ¨³¥¥É ¢¨¤

dp

dr
= −(ρ + p)

1
2U

dU

dr
. (61)

�Éμ Ê· ¢´¥´¨¥ ¨³¥¥É ³¥¸Éμ ± ± ¢ �’�, É ± ¨ ¢ �’ƒ. ˆ³¥´´μ ¢ ÔÉμ³ Ê· ¢-
´¥´¨¨ ¡² £μ¤ ·Ö ±μ´Í¥¶Í¨¨ �°´ÏÉ¥°´ , ¸μ£² ¸´μ ±μÉμ·μ° £· ¢¨É Í¨Ö ¥¸ÉÓ
·¨³ ´μ¢μ ¶·μ¸É· ´¸É¢μ, ¨ ¢μ§´¨± ¥É ¸¢Ö§Ó ³¥¦¤Ê ¤ ¢²¥´¨¥³ ¢¥Ð¥¸É¢  p ¨
³¥É·¨Î¥¸±¨³ ±μÔËË¨Í¨¥´Éμ³ U(r), ±μÉμ·Ò° ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (5) ¨ (32) ´¥
³μ¦¥É μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó.

„²Ö Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥¸É¢ , ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶μ²¨É·μ¶¥

ρ = αpβ , β =
n

n + 1
,

¨§ Ê· ¢´¥´¨Ö (61) ¸²¥¤Ê¥É ·¥Ï¥´¨¥

√
U

(
α + p1−β

)1/1−β = const, (62)

  ¤²Ö Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö
ρ = αp

¨³¥¥³ ·¥Ï¥´¨¥
p1/1+α

√
U = const. (63)

’ ± Ê¸É ´ ¢²¨¢ ¥É¸Ö ¸¢Ö§Ó ¤ ¢²¥´¨Ö ¸ ËÊ´±Í¨¥° U(r).
ˆ§ ·¥Ï¥´¨° (62) ¨ (63) ¸²¥¤Ê¥É, ÎÉμ ¶μ¸±μ²Ó±Ê ¢ �’ƒ ËÊ´±Í¨Ö U(r), μ¶·¥-

¤¥²ÖÕÐ Ö ®¸ ³μμ£· ´¨Î¥´¨¥¯ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ´¥ ³μ¦¥É μ¡· É¨ÉÓ¸Ö ¢
´Ê²Ó, Éμ ¤ ¢²¥´¨¥ ¨ ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢  ¢´ÊÉ·¨ ¸É É¨Î¥¸±μ£μ É¥²  μ£· -
´¨Î¥´Ò ´¥§ ¢¨¸¨³μ μÉ ¢¥²¨Î¨´Ò ³ ¸¸Ò É¥² . �Éμ μ§´ Î ¥É, ÎÉμ ¸μ£² ¸´μ
�’ƒ ¢ ¶·¨·μ¤¥ ¤μ²¦´Ò ¸ÊÐ¥¸É¢μ¢ ÉÓ ´¥ ®Î¥·´Ò¥ ¤Ò·Ò¯,   μ¡Ñ¥±ÉÒ ¡μ²ÓÏ¨Ì
³ ¸¸, ¨³¥ÕÐ¨¥ ³ É¥·¨ ²Ó´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ¨ · ¤¨Ê¸, ¶·¥¢ÒÏ ÕÐ¨° · ¤¨Ê¸
˜¢ ·ÍÏ¨²Ó¤ .

�·¨ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ°  ±±·¥Í¨¨ ¢¥Ð¥¸É¢  ´  ®Î¥·´ÊÕ ¤Ò·Ê¯
Ô´¥·£μ¢Ò¤¥²¥´¨¥ ¡Ê¤¥É ±· °´¥ ³ ²Ò³, ¶μ¸±μ²Ó±Ê ¶ ¤ ÕÐ¥¥ ¢¥Ð¥¸É¢μ Ê´μ¸¨É
Ô´¥·£¨Õ ¢ ®Î¥·´ÊÕ ¤Ò·Ê¯. �±±·¥Í¨Ö ´  μ¡Ñ¥±É ¸ ³ É¥·¨ ²Ó´μ° ¶μ¢¥·Ì´μ-
¸ÉÓÕ ¡Ê¤¥É ¸μ¶·μ¢μ¦¤ ÉÓ¸Ö §´ Î¨É¥²Ó´Ò³ Ô´¥·£μ¢Ò¤¥²¥´¨¥³ ¨§-§  ¶ ¤¥´¨Ö
¢¥Ð¥¸É¢  ´  ¶μ¢¥·Ì´μ¸ÉÓ É¥² . ‚ ÔÉμ³ ¸μ¸Éμ¨É μ¤´μ ¨§ Ë¨§¨Î¥¸±¨Ì μÉ²¨Î¨°
®Î¥·´ÒÌ ¤Ò·¯ μÉ μ¡Ñ¥±Éμ¢ ¡μ²ÓÏ¨Ì ³ ¸¸ ¸ ³ É¥·¨ ²Ó´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ.

�·¨³¥·Ò (62) ¨ (63) É ±¦¥ ¶μ± §Ò¢ ÕÉ, ± ±μ¥ ¢ ¦´μ¥ §´ Î¥´¨¥ ¢ £· ¢¨É -
Í¨¨ § ´¨³ ¥É ³¥É·¨Î¥¸±¨° ±μÔËË¨Í¨¥´É U(r), ¶μ¢¥¤¥´¨¥ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö
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μ¶·¥¤¥²ÖÕÐ¨³ ¤²Ö ¨´¢ ·¨ ´Éμ¢: ¤ ¢²¥´¨Ö p ¨ ¶²μÉ´μ¸É¨ ρ. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ,
ÎÉμ ´¥ ¢¸¥ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥¸É¢  ¡Ê¤ÊÉ ¸μ¢³¥¸É¨³Ò ¸ Ê· ¢´¥´¨Ö³¨
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (57) ¨ (58). ’ ±, ´ ¶·¨³¥·, ¦¥¸É±μ¥ Ê· ¢´¥´¨¥ ¸μ¸Éμ-
Ö´¨Ö (p = ρ) ´¥¸μ¢³¥¸É¨³μ ¸ Ê· ¢´¥´¨Ö³¨ (57) ¨ (58).

’μÉ ¦¥ ³¥Ì ´¨§³ ®¸ ³μμ£· ´¨Î¥´¨Ö¯ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶·¨¢μ¤¨É ¨
± Í¨±²¨Î¥¸±μ³Ê · §¢¨É¨Õ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° [13, 15, 16].

ˆ§ É¥μ·¨¨ ¸²¥¤Ê¥É, ÎÉμ ‚¸¥²¥´´ Ö ®¶²μ¸± Ö¯ ¨ ¢ ´¥° [14, 15, 19] ¸ÊÐ¥-
¸É¢Ê¥É ¡μ²ÓÏ Ö ¸±·ÒÉ Ö ³ ¸¸  ®É¥³´μ°¯ ³ É¥·¨¨:

Ω0
tot =

ρ0
tot

ρ0
c

= 1 +
1
6

(
mgc

2

�H

)2

, ρ0
c =

3H2

8πG
. (64)

‡¤¥¸Ó ρ0
tot Å ¸μ¢·¥³¥´´ Ö ¶²μÉ´μ¸ÉÓ ³ É¥·¨¨; ρ0

c Å ±·¨É¨Î¥¸± Ö ¶²μÉ´μ¸ÉÓ;
H Å ¸μ¢·¥³¥´´μ¥ §´ Î¥´¨¥ ¶μ¸ÉμÖ´´μ° • ¡¡² .

Œ¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ ¶²μÉ´μ¸É¨ ¢¥Ð¥¸É¢  ¢μ ‚¸¥²¥´´μ° · ¢´μ

ρmin =
(mgc

2/�)2

16πG
.

ˆ§ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¸²¥¤Ê¥É, ÎÉμ 
μ²ÓÏμ£μ ¢§·Ò¢  ‚¸¥²¥´´μ° ´¥ ¡Ò²μ,
  ¡Ò²μ, ¸μ£² ¸´μ ƒ ³μ¢Ê, ¥¥ ¸μ¸ÉμÖ´¨¥ ¸ ¡μ²ÓÏμ° ¶²μÉ´μ¸ÉÓÕ ¨ ¢Ò¸μ±μ° É¥³-
¶¥· ÉÊ·μ°. Šμ£¤  μ¡ÒÎ´μ ¶¨ÏÊÉ μ 
μ²ÓÏμ³ ¢§·Ò¢¥, Éμ Î ¸Éμ ´¥ μ¸μ§´ ÕÉ,
ÎÉμ É ±μ° ¢§·Ò¢ ¶·μ¨§μÏ¥² ´¥ ¢ ÉμÎ±¥,   μ¤´μ¢·¥³¥´´μ ¢μ ¢¸¥Ì ÉμÎ± Ì ¶·μ-
¸É· ´¸É¢ . ®� ¸Ï¨·¥´¨¥¯ ‚¸¥²¥´´μ° μ¡Ê¸²μ¢²¥´μ ´¥ ¤¢¨¦¥´¨¥³ ¢¥Ð¥¸É¢ ,  
Éμ²Ó±μ ¨§³¥´¥´¨¥³ ¢μ ¢·¥³¥´¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. � ¡²Õ¤ ¥³μ¥ Ê¸±μ·¥´-
´μ¥ ®· ¸Ï¨·¥´¨¥¯ ‚¸¥²¥´´μ° ¢ �’ƒ ³μ¦´μ μ¡ÑÖ¸´¨ÉÓ, ´ ¶·¨³¥·, ´ ²¨Î¨¥³
±¢¨´ÉÔ¸¸¥´Í¨¨.

�·¨ ÔÉμ³ Ê¸É· ´ÖÕÉ¸Ö ¨§¢¥¸É´Ò¥ É·Ê¤´μ¸É¨ �’�: ¸¨´£Ê²Ö·´μ¸É¨, ¶·¨-
Î¨´´μ¸É¨ (£μ·¨§μ´É ), ¶²μ¸±μ¸É´μ¸É¨ (¥¢±²¨¤μ¢μ¸É¨).

‚ 1984 £. μ ®¸±·ÒÉμ° ³ ¸¸¥¯ ¢ ¸É ÉÓ¥ [19] ¡Ò²μ ¸± § ´μ:

„ ´´ Ö É¥μ·¨Ö ¤ ¥É ¶·¥¤¸± § ´¨¥ ¨¸±²ÕÎ¨É¥²Ó´μ° ¸¨²Ò Å μ´  ¶·¨¢μ¤¨É
± ¸É·μ£μ μ¶·¥¤¥²¥´´μ³Ê · §¢¨É¨Õ ‚¸¥²¥´´μ°. ‘μ£² ¸´μ ¥° ‚¸¥²¥´´ Ö
´¥§ ³±´ÊÉ , μ´  ¢ ¸¨²Ê Ê· ¢´¥´¨° (4.29) (¨³¥ÕÉ¸Ö ¢ ¢¨¤Ê Ê· ¢´¥´¨Ö (58)
¤ ´´μ° ¸É ÉÓ¨. Å �¢É.) Ö¢²Ö¥É¸Ö ®¶²μ¸±μ°¯.

ˆ ¤ ²¥¥:

�μ¸±μ²Ó±Ê ¤ ´´ Ö É¥μ·¨Ö μ¸´μ¢ ´  ´  ËÊ´¤ ³¥´É ²Ó´ÒÌ μ¡Ð¨Ì Ë¨§¨Î¥-
¸±¨Ì ¶·¨´Í¨¶ Ì ¨ ¶μ¸É·μ¥´  μ¤´μ§´ Î´μ, ¥¥ ¶·¥¤¸± § ´¨Ö μ Ì · ±É¥·¥
· §¢¨É¨Ö ‚¸¥²¥´´μ° ¸Éμ²Ó μ¡Ð¨, ÎÉμ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ É·¥¡ÊÕÉ μ¡Ö§ -
É¥²Ó´μ£μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¢μ ‚¸¥²¥´´μ° ®¸±·ÒÉμ° ³ ¸¸Ò¯ ¢ ± ±μ°-²¨¡μ
Ëμ·³¥ ³ É¥·¨¨. ˆÉ ±, ¢μ ‚¸¥²¥´´μ° ¸ÊÐ¥¸É¢Ê¥É ®¸±·ÒÉ Ö ³ ¸¸ ¯, ÎÉμ¡Ò
¶μ²´ Ö ¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢  ¡Ò²  · ¢´  ±·¨É¨Î¥¸±μ³Ê §´ Î¥´¨Õ ρ0.



�
™�Ÿ ’…��ˆŸ �’��‘ˆ’…‹œ��‘’ˆ ˆ ‘ˆ�ƒ“‹Ÿ���‘’œ ˜‚��–˜ˆ‹œ„� 105

‚ ·¥§Ê²ÓÉ É¥ ¤ ²Ó´¥°Ï¨Ì É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨° ¡Ò²  ´¥¸±μ²Ó±μ
Ê¢¥²¨Î¥´  ¢¥²¨Î¨´  ®¸±·ÒÉμ° ³ ¸¸Ò¯, Å ¤²Ö ´¥¥ ¡Ò²  ¶μ²ÊÎ¥´  Ëμ·³Ê²  (64),
¢ ±μÉμ·μ° ÊÎÉ¥´μ ¢²¨Ö´¨¥ ³ ¸¸Ò ¶μ±μÖ £· ¢¨Éμ´ . ˆ³¥´´μ ÊÎ¥É ³ ¸¸Ò ¶μ±μÖ
£· ¢¨Éμ´  ¨ μ¡Ê¸²μ¢¨² Í¨±²¨Î¥¸±μ¥ · §¢¨É¨¥ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥-
²¥´´μ°.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ‚. ‚.Š¨¸¥²¥¢Ê, �.Œ. ‹μ¸-
±ÊÉμ¢Ê, ‚.�.�¥É·μ¢Ê, �. …. ’Õ·¨´Ê §  Í¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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