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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�¡¸Ê¦¤ ÕÉ¸Ö ³¥Éμ¤Ò ´ Ìμ¦¤¥´¨Ö ÉμÎ´ÒÌ ¨ ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° Ô¢μ²ÕÍ¨μ´´ÒÌ § ¤ Î
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. ˆ§ÊÎ ¥É¸Ö Í¨±²¨Î¥¸± Ö Ô¢μ²ÕÍ¨Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¤²Ö £ ³¨²ÓÉμ´¨ ´μ¢,
¶¥·¨μ¤¨Î¥¸±¨ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨. ‚ § ³±´ÊÉμ³  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥ ¶·¥¤ÑÖ¢²¥´ ±² ¸¸ ¶¥·¨μ-
¤¨Î¥¸±¨ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´μ¢ ¨ ¢ÒÎ¨¸²¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê Í¨±²¨Î¥¸±¨¥
·¥Ï¥´¨Ö. �μ¸É·μ¥´Ò § ¢¨¸ÖÐ¨¥ μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´Ò, ¸·¥¤´¨¥ §´ Î¥´¨Ö ±μÉμ·ÒÌ, ¢ÒÎ¨-
¸²¥´´Ò¥ ¶μ Í¨±²¨Î¥¸±¨³ ·¥Ï¥´¨Ö³, ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨. �μ± § ´μ, ÎÉμ ¸·¥¤´¨¥ §´ Î¥´¨Ö
¶·μ¥±Í¨¨ ¸¶¨´ , ¢ÒÎ¨¸²¥´´Ò¥ ¶μ É¥³ ¦¥ Í¨±²¨Î¥¸±¨³ ·¥Ï¥´¨Ö³, ¨ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ´ -
Ìμ¦¤¥´¨Ö Î ¸É¨ÍÒ ¢ ¤ ´´μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ É ±¦¥ ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨. Š ±
¸²¥¤¸É¢¨¥, ¶μ¤Ìμ¤ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö ±¢ ´Éμ¢ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¶μÉ¥´-
Í¨ ²Ó´ÒÌ Ö³, μ¡² ¤ ÕÐ¨Ì ÔËË¥±Éμ³ ²μ± ²¨§ Í¨¨ Î ¸É¨Í. �¥ ¤¨ ¡ É¨Î¥¸±¨¥ £¥μ³¥É·¨Î¥¸±¨¥
Ë §Ò μ¶·¥¤¥²¥´Ò ¢ É¥·³¨´ Ì ¶μ²ÊÎ¥´´ÒÌ Í¨±²¨Î¥¸±¨Ì ·¥Ï¥´¨°. ’μÎ´μ ·¥Ï ¥³Ò¥ ´¥¸É Í¨μ-
´ ·´Ò¥ § ¤ Î¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ¶μ¸É·μ¥´¨Ö Ê´¨¢¥·¸ ²Ó´μ£μ ´ ¡μ·  ¢¥´É¨²¥° ¤²Ö ±¢ ´Éμ¢ÒÌ
±μ³¶ÓÕÉ¥·μ¢. �¡¸Ê¦¤ ¥É¸Ö ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö μ¶¥· Éμ·μ¢ § ¶ÊÉÒ¢ ´¨Ö.

A method of deriving exact and approximate solutions for time-evolution problems of quantum
mechanics is discussed. The cyclic evolution of quantum systems for periodic in time Hamiltonians
is studied. A class of periodic time-dependent Hamiltonians with cyclic solutions is constructed in
a closed analytic form. The periodic time-dependent Hamiltonians are generated whose expectation
values for cyclic solutions do not depend on time. It is shown, the spin-expectation values and
probability density in a given point of space-time are not dependent on time, too. As a consequence,
this approach can be used for modelling quantum dynamic wells and wires with the effect of the
particle localization. Nonadiabatic geometric phases are calculated in terms of obtained cyclic solu-
tions. A time-dependent periodic Hamiltonian admitting exact solutions is applied to construct a set of
universal gates for quantum computer. A way of obtaining entanglement operators is discussed, too.

PACS: 03.65 Nk, 03.65 Vf, 03.67 Lx

‚‚…„…�ˆ…

‡ ¤ Î¨ μ¡ Ô¢μ²ÕÍ¨¨ ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¶·¨¢²¥± ÕÉ ¶·¨¸É ²Ó´μ¥ ¢´¨-
³ ´¨¥ ¨¸¸²¥¤μ¢ É¥²¥° ¢ ¸¢Ö§¨ ¸ ¶μ¸²¥¤´¨³¨ ¤μ¸É¨¦¥´¨Ö³¨ ¢ · §²¨Î´ÒÌ μ¡² -
¸ÉÖÌ Ë¨§¨±¨. Œ´μ£μ ¨´É¥·¥¸´ÒÌ Ö¢²¥´¨°, É ±¨Ì ± ± ³μ²¥±Ê²Ö·´Ò° ÔËË¥±É
� ·μ´μ¢ Ä	μ³  [1,2], £¥μ³¥É·¨Î¥¸± Ö Ë §  [3,4], ¶·μ¡²¥³  ¶¥·¥¸¥Î¥´¨Ö Ê·μ¢-
´¥° [5], μÉμ¦¤¥¸É¢²Ö¥³ Ö ¸ ¶¥·¥Ìμ¤ ³¨ ‹ ´¤ ÊÄ‡¨´¥·  [6, 7], ¤¨´ ³¨Î¥¸± Ö
²μ± ²¨§ Í¨Ö Î ¸É¨Í ¢ ¸¨¸É¥³ Ì ¸ μ£· ´¨Î¥´´μ° ¶·μ¸É· ´¸É¢¥´´μ° · §³¥·´μ-
¸ÉÓÕ [8Ä11], ¡Ò²¨ μ¡´ ·Ê¦¥´Ò ¢  Éμ³´μ° ¨ ³μ²¥±Ê²Ö·´μ° Ë¨§¨±¥, ±¢ ´Éμ¢μ°
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Ì¨³¨¨, ±¢ ´Éμ¢μ° μ¶É¨±¥ ¨ Ë¨§¨±¥ É¢¥·¤μ£μ É¥² . ˆ´É¥´¸¨¢´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö
¢ μ¡² ¸É¨ ±¢ ´Éμ¢ÒÌ ±μ³¶ÓÕÉ¥·μ¢ (¸³., ´ ¶·¨³¥·, [13Ä18] ¨ ¸¸Ò²±¨ ¢ ÔÉ¨Ì
· ¡μÉ Ì) ¢μ§μ¡´μ¢¨²¨ ¨´É¥·¥¸ ± ÔËË¥±ÉÊ £¥μ³¥É·¨Î¥¸±μ° Ë §Ò ¢ ±¢ ´Éμ¢μ°
³¥Ì ´¨±¥. �¥¤ ¢´μ ¡Ò²μ ¶·¥¤²μ¦¥´μ ±μ´¸É·Ê¨·μ¢ ÉÓ £μ²μ´μ³´Ò° ±¢ ´Éμ¢Ò°
±μ³¶ÓÕÉ¥· [19Ä21], ¨¸¶μ²Ó§ÊÖ ´¥ ¡¥²¥¢Ê Ë §Ê 	¥··¨ [3]. �μÔÉμ³Ê ¶·μ¡²¥³ 
³μ¤¥²¨·μ¢ ´¨Ö ¤¨´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ § · ´¥¥ § ¤ ´´Ò³¨ ¸¢μ°¸É¢ ³¨ ¸ ¶μ-
³μÐÓÕ ³¥Éμ¤μ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸É ´μ¢¨É¸Ö ¢¥¸Ó³   ±ÉÊ ²Ó´μ°. ’μÎ´μ
·¥Ï ¥³Ò¥ ¸É Í¨μ´ ·´Ò¥ ¨ ´¥¸É Í¨μ´ ·´Ò¥ ³μ¤¥²¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¶μ-
¸²Ê¦ É, ´  ´ Ï ¢§£²Ö¤, ¤²Ö ¶²μ¤μÉ¢μ·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ¢ ÔÉ¨Ì μ¡² ¸ÉÖÌ ´ Ê±¨,
  É ±¦¥ ¶μ³μ£ÊÉ ¢ μ¡´ ·Ê¦¥´¨¨ ´μ¢ÒÌ ¸¢μ°¸É¢.

�¡ÒÎ´μ ¢ ± Î¥¸É¢¥ ´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö § ¤ Î¨ ¸ £ ³¨²ÓÉμ´¨ ´μ³
H(t) = h + h1(t) · ¸¸³ É·¨¢ ¥É¸Ö ¸¨¸É¥³  ¸ £ ³¨²ÓÉμ´¨ ´μ³ h, ´¥ § ¢¨-
¸ÖÐ¨³ μÉ ¢·¥³¥´¨. ‡ ¢¨¸ÖÐ Ö μÉ ¢·¥³¥´¨ Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  h1 ¶·¥¤¶μ-
² £ ¥É¸Ö ³ ²μ°, h1 � h, ¨ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¢μ§³ÊÐ¥´¨¥, ¢Ò§Ò¢ ÕÐ¥¥
¶¥·¥Ìμ¤Ò ³¥¦¤Ê ¸μ¡¸É¢¥´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ h. �¤´ ±μ ¥¸²¨ £ ³¨²ÓÉμ´¨ ´
h1 ´¥ ³ ² ¨ ¶¥·¨μ¤¨Î¥¸±¨ § ¢¨¸¨É μÉ ¢·¥³¥´¨, h1(t + T ) = h1(t), ¡μ²¥¥
Í¥²¥¸μμ¡· §¥´ ¤·Ê£μ° ¶μ¤Ìμ¤ [22Ä24], ¶μ¸±μ²Ó±Ê ´¨ É¥μ·¨Ö ¢μ§³ÊÐ¥´¨°, ´¨
 ¤¨ ¡ É¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥ ´¥¶·¨³¥´¨³Ò. ‘μ£² ¸´μ É¥μ·¥É¨±μ-£·Ê¶¶μ¢Ò³
¶·¥¤¸É ¢²¥´¨Ö³, ¥¸²¨ H(t) ¶¥·¨μ¤¨Î¥¸±¨ § ¢¨¸¨É μÉ ¢·¥³¥´¨ H(t + T ) =
H(t), Éμ ¸·¥¤¨ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ³μ¦´μ ´ °É¨ É ±¨¥, ±μÉμ-
·Ò¥ ¶¥·¨μ¤¨Î¥¸±¨ ¨§³¥´ÖÕÉ¸Ö ¸μ ¢·¥³¥´¥³. �É³¥É¨³, μ¤´ ±μ, ÎÉμ ÔÉ¨ ¸μ-
¸ÉμÖ´¨Ö ¢μ¸¶·μ¨§¢μ¤ÖÉ¸Ö Î¥·¥§ ¶¥·¨μ¤ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Ë §μ¢μ£μ Ë ±Éμ· 
Ψν(r, t + T ) = exp (−iβνT )Ψν(r, t). �μ³¨³μ μ¡ÒÎ´μ° ¤¨´ ³¨Î¥¸±μ° Ë §Ò
ÔÉμÉ Ë §μ¢Ò° Ë ±Éμ· ¸μ¤¥·¦¨É ¥Ð¥ ¨ £¥μ³¥É·¨Î¥¸±ÊÕ Î ¸ÉÓ, ¨§ÊÎ¥´¨Õ ±μ-
Éμ·μ° ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¶μ¸¢ÖÐ¥´μ ³´μ£μ · ¡μÉ. �¥·¨μ¤¨Î¥¸±¨¥ ¸μ¸ÉμÖ-
´¨Ö Ψν(r, t) ¶·¨ ¤ ´´μ³ t ¢§ ¨³´μ μ·Éμ£μ´ ²Ó´Ò ¨ ¨£· ÕÉ É ±ÊÕ ¦¥ ·μ²Ó,
± ± ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´μ° Ô´¥·£¨¥° ¢ μ¡ÒÎ´μ° ¸É Í¨μ´ ·´μ° É¥μ·¨¨.
–¨±²¨Î¥¸± Ö Ô¢μ²ÕÍ¨Ö ¢ ¦´  ¶·¨ μ¶¨¸ ´¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¢ ¶¥·¨μ¤¨-
Î¥¸±¨ ¨§³¥´ÖÕÐ¨Ì¸Ö ¸·¥¤ Ì. � ¨¡μ²¥¥ Ìμ·μÏμ ¨§ÊÎ¥´Ò § ¤ Î  ¤²Ö ±¢ ´Éμ-
¢μ£μ μ¸Í¨²²ÖÉμ·  ¶μ¤ ¤¥°¸É¢¨¥³ ¶¥·¨μ¤¨Î¥¸±μ° ¢´¥Ï´¥° ¸¨²Ò [23Ä33] ¨ § -
¤ Î  μ ¤¢¨¦¥´¨¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ ¢ μ¤´μ·μ¤´μ³ ¶¥·¨μ¤¨Î¥¸±μ³ ³ £´¨É´μ³
¶μ²¥ [22,23] (¸³. É ±¦¥ μÉ´μ¸¨É¥²Ó´μ ´¥¤ ¢´¨¥ ¶Ê¡²¨± Í¨¨ [34Ä37]). Œ¥Éμ¤Ò
· §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ [38] ¨ ¸Ê¶¥·¸¨³³¥É·¨¨ [39] · ¸Ï¨·ÖÕÉ ±² ¸¸ ÉμÎ´μ
·¥Ï ¥³ÒÌ ´¥¸É Í¨o´ ·´ÒÌ § ¤ Î. �  ´ Ï ¢§£²Ö¤, μ¸μ¡¥´´μ ¶¥·¸¶¥±É¨¢¥´
¤²Ö ±μ´¸É·Ê¨·μ¢ ´¨Ö ÉμÎ´μ ·¥Ï ¥³ÒÌ ¤¨´ ³¨Î¥¸±¨Ì § ¤ Î ³¥Éμ¤ ¶·¥μ¡· §μ-
¢ ´¨Ö μÉ ¸É Í¨μ´ ·´ÒÌ Ê· ¢´¥´¨° ± ´¥¸É Í¨μ´ ·´Ò³ [36, 41Ä45]. ’¥Ì´¨± 
¶·¥μ¡· §μ¢ ´¨° 	 ·£ ´´  ¨ „ ·¡Ê, ³¥Éμ¤ ¸Ê¶¥·¸¨³³¥É·¨¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì -
´¨±¥ ¨ Ê´¨¢¥·¸ ²Ó´ Ö É¥Ì´¨±  ¸μμÉ´μÏ¥´¨° ¸¶²¥É¥´¨Ö μ¡¥¸¶¥Î¨¢ ÕÉ ³´μ¦¥-
¸É¢μ ÉμÎ´μ ·¥Ï ¥³ÒÌ ¸É Í¨μ´ ·´ÒÌ § ¤ Î (¸³., ´ ¶·¨³¥·, [46Ä61] ¨ ¸¸Ò²±¨
¢ ÔÉ¨Ì · ¡μÉ Ì). Š ¦¤ Ö ¨§ ÔÉ¨Ì ³μ¤¥²¥° ¸ ´¥ § ¢¨¸ÖÐ¨³ μÉ ¢·¥³¥´¨ £ -
³¨²ÓÉμ´¨ ´μ³ ³μ¦¥É ¡ÒÉÓ ¶·¥μ¡· §μ¢ ´  ¢ ¸¥³¥°¸É¢μ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨
£ ³¨²ÓÉμ´¨ ´μ¢, ¤μ¶Ê¸± ÕÐ¨Ì ÉμÎ´Ò¥ ·¥Ï¥´¨Ö.
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�·¨ ¨¸¸²¥¤μ¢ ´¨¨ Ô¢μ²ÕÍ¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¢ ¦´ÊÕ ·μ²Ó ¨£· ¥É ¢Ò-
¡μ· ± ± £ ³¨²ÓÉμ´¨ ´ , É ± ¨ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°. 	¥··¨ [3], ¨³Ö ±μÉμ·μ£μ
´μ¸¨É Éμ¶μ²μ£¨Î¥¸± Ö Ë § , ¶·¨ ¨§ÊÎ¥´¨¨ Í¨±²¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨ ¢ ± Î¥¸É¢¥
´ Î ²Ó´ÒÌ ¨¸¶μ²Ó§μ¢ ² ³£´μ¢¥´´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö £ ³¨²ÓÉμ´¨ ´ 
H(t = 0), ±μÉμ·Ò¥  ¤¨ ¡ É¨Î¥¸±¨ Ô¢μ²ÕÍ¨μ´¨·ÊÕÉ μÉ t = 0 ¤μ t = T ¶μ
§ ³±´ÊÉμ³Ê ±μ´ÉÊ·Ê ¢ ¶ · ³¥É·¨Î¥¸±μ³ ¶·μ¸É· ´¸É¢¥. „²Ö Éμ£μ ÎÉμ¡Ò μ¡¥¸-
¶¥Î¨ÉÓ ¶¥·¨μ¤¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ¸ É ±¨³ ¢Ò¡μ·μ³ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°, ¶·¨-
Ï²μ¸Ó ¶·¨¡¥£´ÊÉÓ ±  ¤¨ ¡ É¨Î¥¸±μ³Ê ¶·¨¡²¨¦¥´¨Õ. � ·μ´μ¢ ¨ �´ ´¤ ´ [4]
μÉ± § ²¨¸Ó μÉ  ¤¨ ¡ É¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö, · ¸¸³ É·¨¢ Ö § ³±´ÊÉÒ° ±μ´-
ÉÊ· ¢ ¶·μ¥±É¨¢´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥; ¶·¨ ÔÉμ³ ¢μ¶·μ¸ ¢Ò¡μ·  ´ -
Î ²Ó´ÒÌ Ê¸²μ¢¨° ´¥ μ¡¸Ê¦¤ ²¸Ö. —Éμ¡Ò μ¡¥¸¶¥Î¨ÉÓ Í¨±²¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ,
¢ [40] ´ Î ²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö ¡Ò²¨ ¢§ÖÉÒ ± ± ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ·¥Ï¥´¨°
¤²Ö H(t = 0). ‚ ¸É ÉÓ¥ [41] ¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ¢Ò¡· ´Ò ¸μ¡-
¸É¢¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸É Í¨μ´ ·´μ£μ (·¥¶¥·´μ£μ) Ê· ¢´¥´¨Ö ¨ ¶μ± § ´μ, ÎÉμ ÔÉ¨
¸μ¸ÉμÖ´¨Ö μ¡¥¸¶¥Î¨¢ ÕÉ ¶¥·¨μ¤¨Î´μ¸ÉÓ ·¥Ï¥´¨° ¶·¨ μ¶·¥¤¥²¥´´μ³ ¢Ò¡μ·¥
¶·¥μ¡· §μ¢ ´¨° μÉ ¸É Í¨μ´ ·´μ° ± ´¥¸É Í¨μ´ ·´μ° § ¤ Î¥. �μ²ÊÎ¥´Ò ¸¥³¥°-
¸É¢  ¶μÉ¥´Í¨ ²Ó´ÒÌ ³ É·¨Í ¸ · §²¨Î´μ° ËÊ´±Í¨μ´ ²Ó´μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ
¢·¥³¥´¨ ¤²Ö ¸¨¸É¥³ ¤¢ÊÌ ¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· , ¤μ¶Ê¸± ÕÐ¨¥ ·¥-
Ï¥´¨¥ ´¥¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ § ³±´ÊÉμ³  ´ ²¨É¨Î¥¸±μ³
¢¨¤¥. ˆ¸¸²¥¤ÊÕÉ¸Ö ¶μ²´ Ö, ¤¨´ ³¨Î¥¸± Ö ¨ £¥μ³¥É·¨Î¥¸± Ö Ë §Ò, ¢μ§´¨± -
ÕÐ¨¥ ¶·¨ Í¨±²¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³. �μ¸É·μ¥´Ò § ¢¨¸ÖÐ¨¥
μÉ ¢·¥³¥´¨ t É ±¨¥ £ ³¨²ÓÉμ´¨ ´Ò, ÎÉμ ¨Ì ¸·¥¤´¥¥ ³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ -
´¨¥, ¢§ÖÉμ¥ ¶μ Í¨±²¨Î¥¸±¨³ ·¥Ï¥´¨Ö³, ´¥ § ¢¨¸¨É μÉ t. �Éμ μ§´ Î ¥É, ÎÉμ
É ±¨¥ ¸μ¸ÉμÖ´¨Ö ¢¥¤ÊÉ ¸¥¡Ö ± ± ¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸ ¸μÌ· ´ÖÕÐ¥°¸Ö
Ô´¥·£¨¥°, É. ¥. ¨³¥¥É ³¥¸Éμ ÔËË¥±É ²μ± ²¨§ Í¨¨ Î ¸É¨ÍÒ ¢ μ¶·¥¤¥²¥´´μ³ ¸μ-
¸ÉμÖ´¨¨. ’ ±¨³ μ¡· §μ³, ¶μ¤Ìμ¤ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö
¤¨´ ³¨Î¥¸±¨Ì ±¢ ´Éμ¢ÒÌ Ö³ ¨ ÉμÎ¥± ¸ ¶·¥¤μ¶·¥¤¥²¥´´Ò³¨ ¸¢μ°¸É¢ ³¨.

„μ¸É¨¦¥´¨Ö ¶μ¸²¥¤´¥£μ ¢·¥³¥´¨ ¢ É ±¨Ì μ¡² ¸ÉÖÌ, ± ± · §¢¨É¨¥ ¨´Ëμ·-
³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨°,   É ±¦¥ ³¨±·μ- ¨ ´ ´μÉ¥Ì´μ²μ£¨°, ¶μ§¢μ²ÖÕÉ ¸μ-
§¤ ¢ ÉÓ ´¨§±μ· §³¥·´Ò¥ ¸É·Ê±ÉÊ·Ò ¸ ¶·μ£´μ§¨·Ê¥³Ò³ ¨ Ê¶· ¢²Ö¥³Ò³ ¸¶¥±-
É·μ³ ´μ¸¨É¥²¥° § ·Ö¤ . �ÉμÉ É¥Ì´¨Î¥¸±¨° ¶·μ£·¥¸¸ ¤¥² ¥É ¶¥·¸¶¥±É¨¢´Ò³¨
¨  ±ÉÊ ²Ó´Ò³¨ ¨¸¸²¥¤μ¢ ´¨Ö μ¤´μ³¥·´ÒÌ ¨ ¤¢Ê³¥·´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ±¢ ´-
Éμ¢ÒÌ Ö³, ±¢ ´Éμ¢ÒÌ ÉμÎ¥± ¨ ·¥Ï¥Éμ± ¸μ ¸¢μ°¸É¢ ³¨ ²μ± ²¨§ Í¨¨. Š ± ¡Ò²μ
¶μ± § ´μ � Ê²¥³ ¨ � ÉÍ¥³ [8] ¨, ´¥§ ¢¨¸¨³μ μÉ ´¨Ì, ƒ ¶μ´μ¢Ò³ ¨ Œ¨²²¥-
·μ³ [9] ¢ · ³± Ì ±² ¸¸¨Î¥¸±μ° Ô²¥±É·μ¤¨´ ³¨±¨, § ·Ö¦¥´´ Ö Î ¸É¨Í  ³μ¦¥É
¡ÒÉÓ ²μ± ²¨§μ¢ ´  ¢ ´¥μ¤´μ·μ¤´μ³ Ô²¥±É·μ³ £´¨É´μ³ ¶μ²¥ ¢Ò¸μ±μ° Î ¸ÉμÉÒ.
‘²¥¤μ¢ ²μ ¡Ò μÉ³¥É¨ÉÓ, ÎÉμ � Ê²Ó ¢ 1989 £. ¶μ²ÊÎ¨² �μ¡¥²¥¢¸±ÊÕ ¶·¥³¨Õ
§  ¸μ§¤ ´¨¥ É ± ´ §Ò¢ ¥³μ° ²μ¢ÊÏ±¨ � Ê²Ö. Š¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨°  ´ ²¨§
ÔÉμ£μ ÔËË¥±É  ¤²Ö ¶μÉ¥´Í¨ ²μ¢ · §´ÒÌ É¨¶μ¢ ¡Ò² ¶·μ¢¥¤¥´ ´¥¸±μ²Ó±¨³¨  ¢-
Éμ· ³¨ [10Ä12]. ƒ² ¢´Ò° ¢Ò¢μ¤  ¢Éμ·μ¢ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶·¨ ¢Ò¶μ²´¥´¨¨
μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨° ¨ μ£· ´¨Î¥´¨ÖÌ, ´ ±² ¤Ò¢ ¥³ÒÌ ´  ³ ¸ÏÉ ¡ ´¥μ¤´μ-
·μ¤´μ¸É¨ ¶μ²Ö ¨ ¥£μ Î ¸ÉμÉÊ, ¸É ´μ¢¨É¸Ö ¢μ§³μ¦´μ° ²μ± ²¨§ Í¨Ö § ·Ö¦¥´´μ°
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Î ¸É¨ÍÒ ¢ ±¢ ´Éμ¢μ³ ·¥¦¨³¥, ´ ¶·¨³¥·, ¤¨´ ³¨Î¥¸± Ö ²μ± ²¨§ Í¨Ö ´μ¸¨É¥-
²¥° Éμ±  ¢ ±¢ ´Éμ¢ÒÌ ¶·μ¢μ²μ± Ì (quantum wires).

ˆ¸¶μ²Ó§ÊÖ ³¥Éμ¤ ¶·¥μ¡· §μ¢ ´¨Ö ¸É Í¨μ´ ·´ÒÌ § ¤ Î ¢ ´¥¸É Í¨μ´ ·-
´Ò¥ [41], ¡Ê¤¥³ ±μ´¸É·Ê¨·μ¢ ÉÓ ¸¥³¥°¸É¢  ¶μÉ¥´Í¨ ²μ¢ ¸ ¡μ²¥¥ ¸²μ¦´μ° § -
¢¨¸¨³μ¸ÉÓÕ μÉ ¢·¥³¥´´μ° ¨ ¶·μ¸É· ´¸É¢¥´´μ° ¶¥·¥³¥´´ÒÌ, ¨, ¢ Î ¸É´μ¸É¨,
¶μÉ¥´Í¨ ²Ò, ±μÉμ·Ò¥ μÉ¢¥Î ÕÉ ¸¢μ°¸É¢Ê ¤¨´ ³¨Î¥¸±μ° ²μ± ²¨§ Í¨¨ Î ¸É¨Í.
�μ¤Ìμ¤ ³μ¦¥É ¡ÒÉÓ ¸ Ê¸¶¥Ìμ³ ¨¸¶μ²Ó§μ¢ ´ ¢ ¨¸¸²¥¤μ¢ ´¨¨ ¸¢μ°¸É¢ ´¨§±μ· §-
³¥·´ÒÌ ¸É·Ê±ÉÊ· (±¢ ´Éμ¢ÒÌ Ö³, ¶·μ¢μ²μ± ¨ ±¢ ´Éμ¢ÒÌ ÉμÎ¥±). ˆ¸¸²¥¤Ê¥É¸Ö
¶·μ¡²¥³  Ô¢μ²ÕÍ¨¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢ ´¥μ¤´μ·μ¤´μ³ T -¶¥·¨μ¤¨Î¥¸±μ³
³ £´¨É´μ³ ¶μ²¥, Î ¸É´Ò³ ¸²ÊÎ ¥³ ±μÉμ·μ° Ö¢²Ö¥É¸Ö ¤¨´ ³¨±  ¸¶¨´μ¢ÒÌ ¸μ-
¸ÉμÖ´¨° ¢ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ [34Ä37]. �μ²ÊÎ¥´´Ò¥ ¢ Ö¢´μ³ ¢¨¤¥
³ É·¨ÍÒ Ô¢μ²ÕÍ¨¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ¶μ¸É·μ¥´¨Ö Ê´¨¢¥·¸ ²Ó´μ£μ ´ ¡μ·  ¢¥´-
É¨²¥°, ´¥μ¡Ìμ¤¨³μ£μ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö ±¢ ´Éμ¢μ£μ ±μ³¶ÓÕÉ¥· . �¡¸Ê¦¤ -
¥É¸Ö ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö μ¶¥· Éμ·μ¢ § ¶ÊÉÒ¢ ´¨Ö.

1. Š��‘’�“ˆ��‚��ˆ… ‡�‚ˆ‘Ÿ™ˆ• �’ ‚�…Œ…�ˆ
��’…�–ˆ�‹œ�›• Œ�’�ˆ–

�·¥¤¶μ²μ¦¨³, ÎÉμ ¸μ¸ÉμÖ´¨¥ Ψ(r, t) ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò Ô¢μ²ÕÍ¨μ´¨·Ê¥É
¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ³ É·¨Î´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· 

i
dΨ(r, t)

dt
= H(r, t)Ψ(r, t), (1)

£¤¥ H(r, t) ¶¥·¨μ¤¨Î´  ¶μ ¢·¥³¥´´μ° ¶¥·¥³¥´´μ° t, H(t+T ) = H(t), ¨ ¨³¥¥É
¢¨¤

H(r, t) = p̂2
r + V (r, t). (2)

�μÉ¥´Í¨ ²Ó´ Ö ³ É·¨Í  V (r, t) Ô·³¨Éμ¢ , ¶¥·¨μ¤¨Î´  V (r, t + T ) = V (r, t) ¨
¨³¥¥É · §³¥·´μ¸ÉÓ d × d, p̂r = −i∇r Å μ¶¥· Éμ· ³μ³¥´É , μ¶·¥¤¥²ÖÕÐ¨°
±¨´¥É¨Î¥¸±ÊÕ Ô´¥·£¨Õ. „²Ö Í¥²μ£μ ·Ö¤  ¡μ²¥¥ ¶·μ¸ÉÒÌ § ¤ Î H(r, t) ¶·¥¤¸É -
¢¨³  ± ± d × d-³ É·¨Í  ¡¥§ ±¨´¥É¨Î¥¸±μ£μ ¸² £ ¥³μ£μ. � ¶·¨³¥·, ¤¢¨¦¥´¨¥
´¥°É· ²Ó´μ° Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ B(t) μ¶¨-
¸Ò¢ ¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³ H(t) = σ ·B(t).

‚ É¥·³¨´ Ì μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨ U(t) ≡ U(t, 0), U(0) = 1, ·¥Ï¥´¨¥ (1)
§ ¶¨¸Ò¢ ¥É¸Ö ± ±

Ψ(r, t) = U(t)Ψ(r, 0), (3)

£¤¥ Ψ(r, 0) Å ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥,   U(t) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

i
dU(t)

dt
= H(t)U(t), (4)

±μÉμ·μ¥ ¸¢Ö§Ò¢ ¥É H(t) ¨ U(t). …¸²¨ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ £ ³¨²ÓÉμ´¨ ´ H(t)
Ô·³¨Éμ¢, Éμ μ¶¥· Éμ· U(t) ¶μ ´¥μ¡Ìμ¤¨³μ¸É¨ Ê´¨É ·¥´. „¥°¸É¢¨É¥²Ó´μ, ¨§³¥-
´¥´¨¥ ´μ·³Ò ¢¥±Éμ·  Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¥£μ ¸μ¸ÉμÖ´¨Ö |Ψ(t)〉 ¸ ÊÎ¥Éμ³ Ê· ¢´¥-
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´¨Ö ˜·¥¤¨´£¥·  (1) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

d

dt
〈Ψ(t)|Ψ(t)〉 =

(
d

dt
〈Ψ(t)|

)
|Ψ(t)〉 + 〈Ψ(t)|

(
d

dt
|Ψ(t)〉

)
=

= i〈Ψ(t)
(
H† − H

)
|Ψ(t)〉 = 0.

�É¸Õ¤  ¶μ²ÊÎ ¥³, ÎÉμ 〈Ψ(t)|Ψ(t)〉 = const, É. e. ¤¨´ ³¨±  ¸μÌ· ´Ö¥É ´μ·-
³Ê ¸μ¸ÉμÖ´¨Ö |Ψ(t)〉. �μÔÉμ³Ê ³μ¦¥³ § ¶¨¸ ÉÓ 〈Ψ(t)|Ψ(t)〉 = 〈Ψ(t = 0)|×
Ψ(t = 0)〉. ‘²¥¤μ¢ É¥²Ó´μ, ¤μ²¦¥´ ¸ÊÐ¥¸É¢μ¢ ÉÓ É ±μ° Ê´¨É ·´Ò° μ¶¥· -
Éμ· U(t, t′), ±μÉμ·Ò° μ¡¥¸¶¥Î¨¢ ¥É ÔÉμ Ê¸²μ¢¨¥: 〈Ψ(t = 0)U†(t, 0)|U(t, 0)×
Ψ(t = 0)〉 = 〈Ψ(t = 0)|Ψ(t = 0)〉, É. ¥. U†(t, 0)|U(t, 0) = 1. �Éμ μ¶¥· Éμ·
Ô¢μ²ÕÍ¨¨ (3).

�μ³¨³μ μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨, μÉμ¡· ¦ ÕÐ¥£μ ¢¥±Éμ· ´ Î ²Ó´μ£μ ¸μ¸Éμ-
Ö´¨Ö |Ψ(t = 0)〉 ¢ ¢¥±Éμ· ¸μ¸ÉμÖ´¨Ö |Ψ(t)〉 ¢ ¶·μ¨§¢μ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨,
Ê¤μ¡´μ ¢¢¥¸É¨ Ê´¨É ·´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ S†(t) = S−1(t), S†(t)S(t) = 1,

Ψ(r, t) = S(t)ψ̃(r, t) (5)

É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¢ ¶μ²ÊÎ¥´´μ³ ¨§ (1) ¸ ¥£μ ¶μ³μÐÓÕ Ê· ¢´¥´¨¨

i
dψ̃(t)

dt
= H̃(r)ψ̃(t) (6)

£ ³¨²ÓÉμ´¨ ´ H̃, μ¶·¥¤¥²Ö¥³Ò° ¸μμÉ´μÏ¥´¨¥³

H̃ = S†(t)H(t)S(t) − iS†(t)
(

dS
dt

)
S(t), (7)

´¥ § ¢¨¸¥² μÉ ¢·¥³¥´¨, É. ¥. dH̃/dt = 0. �É¸Õ¤  ¸²¥¤Ê¥É Ê· ¢´¥´¨¥ ¤²Ö μ¶·¥-
¤¥²¥´¨Ö S(t)

Ṡ†HS + S†ḢS + S†HṠ − i�Ṡ†Ṡ − i�S†S̈ = 0, (8)

£¤¥ ¶·¨´ÖÉμ μ¡μ§´ Î¥´¨¥ Ṡ = (d/dt)S. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (6) ¤²Ö ´μ¢ÒÌ

ËÊ´±Í¨° ψ̃(r, t) = S†(t)Ψ(r, t) ¥¸ÉÓ

ψ̃(r, t) = exp (−iH̃(r)t)ψ̃(r, 0) (9)

¨ μ¶·¥¤¥²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¸É Í¨μ´ ·´μ° § ¤ Î¨

H̃ |F (Ẽ)〉 = Ẽ |F (Ẽ)〉. (10)

’μ£¤ , ± ± ¸²¥¤Ê¥É ¨§ (6) ¨ (9), ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (1) ¶·¥¤¸É ¢¨³μ
¢ ¢¨¤¥

Ψ(r, t) = S(t) exp (−iH̃(r)t)ψ̃(r, 0) (11)
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¨ ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ¸É Í¨μ´ ·´μ° § ¤ Î¨ (10) ¨ μ¶·¥¤¥²¥´¨Õ S(t) ¨§ Ê¸²μ-
¢¨Ö ´¥§ ¢¨¸¨³μ¸É¨ H̃ μÉ ¢·¥³¥´´μ° ¶¥·¥³¥´´μ° (8). �·¥μ¡· §μ¢ ´¨Ö É ±μ£μ
·μ¤  Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ·¥Ï¥-
´¨¥ (8) μÉ´μ¸¨É¥²Ó´μ S(t) ¶·¨ § ¤ ´´μ³ H(t) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÎ¥´Ó ¸²μ¦´ Ö
§ ¤ Î .

ŒÒ §¤¥¸Ó ¨¸¶μ²Ó§Ê¥³ ¤·Ê£μ° ¶μ¤Ìμ¤, ¶μ§¢μ²ÖÕÐ¨° ±μ´É·μ²¨·Ê¥³Ò³ μ¡· -
§μ³ £¥´¥·¨·μ¢ ÉÓ ´¥¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ´ Ìμ¤¨ÉÓ
·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° § ¤ Î¨. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¢ ± Î¥¸É¢¥ ¨¸Ìμ¤´μ£μ
¨¸¶μ²Ó§μ¢ ÉÓ ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (10), ·¥Ï¥´¨¥ ±μÉμ·μ£μ
¨§¢¥¸É´μ Î¨¸²¥´´μ ¨²¨  ´ ²¨É¨Î¥¸±¨, ¨ § ¤ ÉÓ ¢ Ö¢´μ³ ¢¨¤¥ ¶·¥μ¡· §μ¢ -
´¨¥ S(t), Éμ ³μ¦´μ, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨¥ (7) ¨ Ê´¨É ·´μ¸ÉÓ S(t), ´ °É¨
§ ¢¨¸ÖÐ¨¥ μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´Ò

H(t) = S(t)H̃S†(t) + iṠ(t)S†(t) (12)

¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1) ¶μ Ëμ·³Ê²¥ (11). ˆ§ (12) ´¥§ ³¥¤-
²¨É¥²Ó´μ ¸²¥¤Ê¥É ¸¢Ö§Ó ³¥¦¤Ê £ ³¨²ÓÉμ´¨ ´μ³ ¶·¨ t = 0 ¨ ¸É Í¨μ´ ·´Ò³
£ ³¨²ÓÉμ´¨ ´μ³ H̃ : H(0) = S(0)H̃S†(0) + iṠ(0)S†(0). ‘· ¢´¥´¨¥ ¸μμÉ´μ-
Ï¥´¨° (3), (5) ¨ (11) ¶·¨¢μ¤¨É ± ¢ ¦´μ³Ê ¸μμÉ´μÏ¥´¨Õ ¸¢Ö§¨ ³¥¦¤Ê U(t)
¨ S(t):

U(t) = S(t) exp (−iH̃t)S†(0). (13)

’¥Ì´¨±  ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° μÉ ¸É Í¨μ´ ·´μ£μ £ ³¨²ÓÉμ´¨ ´  ±
´¥¸É Í¨μ´ ·´μ³Ê ¡Ò²  ¨¸¶μ²Ó§μ¢ ´  ¤²Ö ¢· Ð ÕÐ¨Ì¸Ö ¸¨¸É¥³ (¸³., ´ ¶·¨-
³¥·, [32,44] ¨ ¸¸Ò²±¨ ¢ ´¨Ì).

�μ´ÖÉ´μ, ÎÉμ ¢ É ±μ° ¶μ¸É ´μ¢±¥ § ¢¨¸¨³μ¸ÉÓ μÉ t ¢ £ ³¨²ÓÉμ´¨ ´¥ ¨ ·¥-
Ï¥´¨ÖÌ μ¶·¥¤¥²Ö¥É¸Ö ¢Ò¡μ·μ³ S(t). �¥Ï¥´¨¥ (1) ¸ÊÐ¥¸É¢¥´´Ò³ μ¡· §μ³ § -
¢¨¸¨É É ±¦¥ μÉ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°. „μ¸Éμ¨´¸É¢μ ³¥Éμ¤  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ μ´
¶μ§¢μ²Ö¥É ±μ´¸É·Ê¨·μ¢ ÉÓ ¸¥³¥°¸É¢  § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´μ¢
¸ § ¤ ´´Ò³¨ ¸¢μ°¸É¢ ³¨. ‚ Î ¸É´μ¸É¨, · ¸¸³μÉ·¨³ §¤¥¸Ó ¶μ¸É·μ¥´¨¥ £ ³¨²Ó-
Éμ´¨ ´μ¢, ¶¥·¨μ¤¨Î¥¸±¨ ¨§³¥´ÖÕÐ¨Ì¸Ö ¸μ ¢·¥³¥´¥³, ¤²Ö ±μÉμ·ÒÌ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥·  ¨³¥¥É ÉμÎ´Ò¥ ·¥Ï¥´¨Ö.

1.1. Šμ´¸É·Ê¨·μ¢ ´¨¥ 2 × 2-¶¥·¨μ¤¨Î¥¸±μ° ¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨ÍÒ.
	Ê¤¥³ ¨¸¸²¥¤μ¢ ÉÓ ¸¨¸É¥³Ò ¤¢ÊÌ ¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¸ £ ³¨²Ó-
Éμ´¨ ´μ³ ¢¨¤ 

H(r, t) = h(r) + h1(r, t), (14)

£¤¥ h(r) Å ¸É Í¨μ´ ·´ Ö Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´ , £ ³¨²ÓÉμ´¨ ´ h1(r, t) ¶¥·¨-
μ¤¨Î¥¸±¨ § ¢¨¸¨É μÉ ¢·¥³¥´¨ h1(r, t + T ) = h1(r, t) ¨ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É -
¢²¥´ ¢ ¢¨¤¥

h1(r, t) =
∑

i

σ̂iBi(r, t), (15)
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£¤¥ σ̂i Å ³ É·¨ÍÒ � Ê²¨; Bi(r, t) ¶¥·¨μ¤¨Î´Ò ¸μ ¢·¥³¥´¥³. ƒ ³¨²ÓÉμ´¨-
 ´Ò (14) ¶·¨³¥´¨³Ò ¤²Ö  ´ ²¨§  ¤¨´ ³¨±¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢μ ¢· -
Ð ÕÐ¥³¸Ö ´¥μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥, ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ¢ ¶·¨¸ÊÉ¸É¢¨¨
§ ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ ³ £´¨É´ÒÌ ¨ Ô²¥±É·¨Î¥¸±¨Ì ¶μ²¥°,  Éμ³´ÒÌ ¨ ³μ²¥-
±Ê²Ö·´ÒÌ ¸Éμ²±´μ¢¥´¨°.

� Ï  § ¤ Î  Å ¶μ¸É·μ¨ÉÓ ¸¥³¥°¸É¢  § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ-
´¨ ´μ¢ H(r, t) ¢¨¤  (14), ¤²Ö ±μÉμ·ÒÌ ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö
Ê· ¢´¥´¨Ö (1). „²Ö ÔÉμ£μ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ´¥ § ¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ £ -
³¨²ÓÉμ´¨ ´

H̃(r) = p2
r + V (r) (16)

¸ ¤¥°¸É¢¨É¥²Ó´μ° ¨ ¸¨³³¥É·¨Î´μ° 2 × 2-¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨Í¥° V (r) ¨ § -
¢¨¸ÖÐÊÕ μÉ ¢·¥³¥´¨ Ê´¨É ·´ÊÕ ³ É·¨ÍÊ ¶·¥μ¡· §μ¢ ´¨Ö S(t), ¸ ¶μ³μÐÓÕ
±μÉμ·μ° ¨§¢¥¸É´Ò° ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (16) ¶·¥μ¡· §Ê¥É¸Ö ¢ § ¢¨-
¸ÖÐ¨° μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´ (12). ‚Ò¡¥·¥³ S(t)-¶·¥μ¡· §μ¢ ´¨¥ ¢ ¢¨¤¥
2 × 2-³ É·¨ÍÒ

S(t) = exp (−is · q(t)) = exp

(
−i

3∑
i=1

siqi(t)

)
, (17)

£¤¥ s = (1/2)σ Å μ¶¥· Éμ· ¸¶¨´ ; σ = (σ̂1, σ̂2, σ̂3), σ̂i Å ³ É·¨ÍÒ � Ê²¨;
qi Å ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¢·¥³¥´¨. �μ¤
¤¥°¸É¢¨¥³ ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (16) ¸ ÊÎ¥Éμ³
Ê· ¢´¥´¨° (1) ¨ (12) ¶·¥μ¡· §Ê¥É¸Ö ¢ § ¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´

H(r, t) = p2
r + exp (−is · q(t))V (r) exp (is · q(t)) + s · q̇(t). (18)

’μÎ±  ´ ¤ ¡Ê±¢μ° μ¡μ§´ Î ¥É ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ¢·¥³¥´´μ° ¶¥·¥³¥´´μ°.
�¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¸ £ ³¨²ÓÉμ´¨ ´μ³ (18) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (11) ¶·¥¤¸É -
¢¨³Ò ± ±

|Ψ(r, t)〉 = exp (−is · q(t) exp (−iH̃(r)t)|ψ̃(r, t = 0)〉. (19)

“¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ 2 × 2-£ ³¨²ÓÉμ´¨ ´ (16) ¢ ¢¨¤¥ ¸Ê³³Ò ¤¨ £μ´ ²Ó´μ° ¨
¡¥¸¸²¥¤μ¢μ° ³ É·¨Í

H̃(r) = p2
r Î +

(
v11(r) v12(r)
v21(r) v22(r)

)
=

=
(

p2
r+

v11(r)+v22(r)
2

)
Î+

⎛⎜⎝v11(r)−v22(r)
2

v12(r)

v21(r) −v11(r)−v22(r)
2

⎞⎟⎠ = (20)

=
(
p2

r + u(r)
)
Î + σ ·B(r), (21)
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£¤¥ vij Å ¢¥Ð¥¸É¢¥´´Ò ¨ v12 = v21. ‡¤¥¸Ó ¶·¨´ÖÉÒ μ¡μ§´ Î¥´¨Ö: u =
(v11 + v22)/2, B1 = v12, B2 = 0, B3 = (v11 − v22)/2 ¨ Î Å ¥¤¨´¨Î´ Ö
³ É·¨Í . �Î¥¢¨¤´μ, ÎÉμ £ ³¨²ÓÉμ´¨ ´ ¤²Ö ¸¨¸É¥³Ò ¨§ ¤¢ÊÌ ¸¢Ö§ ´´ÒÌ Ê· ¢´¥-
´¨° ¸μμÉ¢¥É¸É¢Ê¥É ¤¢Ê³¥·´μ° ¨²¨ É·¥Ì³¥·´μ° § ¤ Î¥ ¸ ±μÔËË¨Í¨¥´É ³¨ Bi,
§ ¢¨¸ÖÐ¨³¨ μÉ ¢´¥Ï´¥£μ ¶ · ³¥É·  r. �μ¸·¥¤¸É¢μ³ Ê´¨É ·´μ£μ ¶·¥μ¡· §μ¢ -
´¨Ö S(t) ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (20) (¨²¨ (21)) ¸ ÊÎ¥Éμ³ Ê· ¢´¥´¨° (1)
¨ (12) ¶·¥μ¡· §Ê¥É¸Ö ¢ § ¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´

H(r, t)=(p2
r+u(r))Î+2 exp (−is · q(t))(s ·B(r)) exp (is · q(t))+s · q̇(t)= (22)

=(p2
r + u(r))Î + 2(s ·B(r, t)). (23)

Ÿ¸´μ, ÎÉμ ¶·¥μ¡· §μ¢ ´¨¥ (17) ´¥ ¨§³¥´Ö¥É ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¸μμÉ´μÏ¥-
´¨ÖÌ (20), (21). �É³¥É¨³, ÎÉμ £ ³¨²ÓÉμ´¨ ´ (23) ¸μ¢¶ ¤ ¥É ¶μ Ëμ·³¥ ¸ £ ³¨²Ó-
Éμ´¨ ´μ³ (14), ¥¸²¨ ¶μ²μ¦¨ÉÓ h(r) = (p2

r +u(r))Î ¨ h1(r, t) = 2(s ·B(r, t)) =∑
i

σ̂iBi(r, t).

‡ ¶¨Ï¥³ É¥¶¥·Ó μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨, ÊÎ¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨¥ ¸¢Ö§¨ (13)
³¥¦¤Ê U(t) ¨ S(t). …¸²¨ Ψ(r, 0) = ψ̃(r, 0), Éμ S(0) = 1, ¨ ¸¢Ö§Ó (13) ³¥¦¤Ê
μ¶¥· Éμ· ³¨ U(t) ¨ S(t) ¸É ´μ¢¨É¸Ö ¶·μÐ¥. ‘ ÊÎ¥Éμ³ (17) ¨³¥¥³

U(t) = S(t) exp (−iH̃t) = exp (is · q(t)) exp (−iH̃t). (24)

�¶¥· Éμ· Ô¢μ²ÕÍ¨¨ Î¥·¥§ ¶¥·¨μ¤ § ¶¨Ï¥É¸Ö ± ±

U(T ) = exp (−is · q(T )) exp (−iH̃T ). (25)

� ¸¸³μÉ·¨³ É¥¶¥·Ó Í¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ Î¥·¥§ ¶¥·¨μ¤ T = 2π/ω
¢μ¸¶·μ¨§¢μ¤ÖÉ¸Ö ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Ë §μ¢μ£μ Ë ±Éμ· , É. ¥. ´ Î ²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö
|Ψν(r, 0)〉 Å ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò μ¶¥· Éμ·  U(T ):

|Ψν(r, T )〉 = U(T )|Ψν(r, 0)〉 = exp (−iβν)|Ψν(r, 0)〉, (26)

£¤¥ exp (−iβν) Å ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö U(T ) ¨ βν Å ¶μ²´ Ö Ë § . �μÉ·¥-
¡Ê¥³, ÎÉμ¡Ò ´ Î ²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö ¡Ò²¨ ¸μ¡¸É¢¥´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ¸É Í¨μ-
´ ·´μ° § ¤ Î¨ (10) ¸ ¨§¢¥¸É´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ H̃:

|Ψν(r, 0)〉 = |Fν(r)〉.

�Éμ ¢Ò¶μ²´¨³μ ¶·¨ Ê¸²μ¢¨¨ ±μ³³ÊÉ Í¨¨ U(T ) ¨ H̃ :

[U(T ), H̃ ] = 0. (27)

’μ£¤  U(T ) ¨ H̃ μ¡² ¤ ÕÉ μ¡Ð¨³¨ ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ ·¥Ï¥´¨° |Fν〉.
‹¥£±μ ¶μ± § ÉÓ É¥¶¥·Ó, ÎÉμ S(T ) ¨ H̃ ±μ³³ÊÉ¨·ÊÕÉ:

[S(T ), H̃ ] = 0. (28)
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„¥°¸É¢¨É¥²Ó´μ, ÊÎ¨ÉÒ¢ Ö (24) ¢ (27) ¨ Ê´¨É ·´μ¸ÉÓ U(T ), ¶μ²ÊÎ¨³
U†(T )H̃U(T ) = S†(T ) exp (−iH̃T )H̃ exp (iH̃T )S(T ) = S†(T )H̃S(T ) = H̃ .
�É¸Õ¤  ´¥³¥¤²¥´´μ ¸²¥¤Ê¥É ¸μμÉ´μÏ¥´¨¥ ±μ³³ÊÉ Í¨¨ (28) ³¥¦¤Ê S(T ) ¨ H̃ ,
±μÉμ·μ¥ Ö¢²Ö¥É¸Ö Ê¸²μ¢¨¥³ ´  ¢Ò¡μ· S(t). „·Ê£¨¥ Ê¸²μ¢¨Ö ´  ¢Ò¡μ· S(t)
μÎ¥¢¨¤´Ò. �μ¸±μ²Ó±Ê U(t) ¨ exp (−iH̃t) Ê´¨É ·´Ò, Éμ ¨ S(t) ¤μ²¦´  ¡ÒÉÓ
Ê´¨É ·´μ° ³ É·¨Í¥° Éμ° ¦¥ · §³¥·´μ¸É¨, ÎÉμ ¨ U(t) ¨ H̃ . �·¨´¨³ Ö ¢μ ¢´¨-
³ ´¨¥ (3) ¨ ¸μμÉ´μÏ¥´¨¥ ¸¢Ö§¨ (24) ³¥¦¤Ê U(t) ¨ S(t), Í¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö
¢ ²Õ¡μ° ³μ³¥´É § ¶¨Ï¥³ ± ±

|Ψν(r, t)〉 = S(t) exp (−iẼνt)|Fν(r)〉. (29)

�·¨ ¢Ò¡μ·¥ ¶·¥μ¡· §μ¢ ´¨Ö S(t), ± ± ¢ (17), ¨³¥¥³

|Ψν(r, t)〉 = exp (−is · q(t)) exp (−iẼνt)|Fν(r)〉. (30)

�Î¥¢¨¤´μ, ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ·¥Ï¥´¨Ö Ψν(r, t), ´¥μ¡Ìμ¤¨³μ §´ ÉÓ ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸É Í¨μ´ ·´μ° § ¤ Î¨ (10) ¸ £ ³¨²ÓÉμ´¨ ´μ³
H̃ , § ¤ ´´Ò³, ± ± ¢ (20). ‚ ¤ ²Ó´¥°Ï¥³ ¶·¥¤¶μ² £ ¥³ H̃ É ±¨³, ÎÉμ |Fν(r)〉
μ¡· §ÊÕÉ ¶μ²´Ò°, μ·Éμ´μ·³¨·μ¢ ´´Ò° ´ ¡μ·:∑

ν

|Fν〉〈Fν | = 1; 〈Fν |Fν′〉 = δνν′ . (31)

�·¨ μ¶·¥¤¥²¥´´μ³ ¢Ò¡μ·¥ H̃(r) ¸¨¸É¥³  Ê· ¢´¥´¨° (10) ÉμÎ´μ ·¥Ï ¥É¸Ö.
’μ£¤  ¸¨¸É¥³  Ê· ¢´¥´¨° (1) ¸ § ¢¨¸ÖÐ¨³ μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´μ³, ¶μ-
¸É·μ¥´´Ò³, ± ± ¢ (18), ¨³¥¥É ÉμÎ´Ò¥ Í¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö. �·¨³¥· ³¨
ÉμÎ´μ ·¥Ï ¥³ÒÌ ¸É Í¨μ´ ·´ÒÌ § ¤ Î ³μ£ÊÉ ¸²Ê¦¨ÉÓ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (10)
¸ ¡ ·£³ ´μ¢¸±¨³¨ ¶μÉ¥´Í¨ ²Ó´Ò³¨ ³ É·¨Í ³¨ [48,55,58], ¸ ¶μÉ¥´Í¨ ²Ó´Ò³¨
³ É·¨Í ³¨, ¶μ²ÊÎ¥´´Ò³¨ ¢ ·¥§Ê²ÓÉ É¥ μ¡μ¡Ð¥´´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ¶·¥μ¡· -
§μ¢ ´¨° [56Ä59],   É ±¦¥ Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸Ê¶¥·¸¨³³¥É·¨Î´μ° ±¢ ´Éμ¢μ°
³¥Ì ´¨±¥ [54,60,61].

’μÎ´Ò¥ ·¥Ï¥´¨Ö ´¥¸É Í¨μ´ ·´ÒÌ § ¤ Î ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò
¤²Ö ¨§ÊÎ¥´¨Ö · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, É ±¨Ì, ´ ¶·¨³¥·, ± ±
¶μ²Ö·¨§ Í¨Ö P (t) = 〈Ψ(r, t)|σ|Ψ(r, t)〉 ¨²¨ ³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥
〈Ψ(r, t)|H(r, t)|Ψ(r, t)〉,   É ±¦¥ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ´¥ ¤¨ ¡ É¨Î¥¸±μ° Ô¢μ²Õ-
Í¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³, ¤¨´ ³¨Î¥¸±¨Ì ¨ £¥μ³¥É·¨Î¥¸±¨Ì Ë §, ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê
Ê·μ¢´Ö³¨. � ¸¸³μÉ·¨³ ´¥¸±μ²Ó±μ ±μ´±·¥É´ÒÌ ¶·¨³¥·μ¢ ¶¥·¨μ¤¨Î¥¸±¨Ì £ -
³¨²ÓÉμ´¨ ´μ¢ ¨ ¨¸¸²¥¤Ê¥³ Í¨±²¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¶·¨
¸¶¥Í¨ ²Ó´ÒÌ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ.

1.2. ‘¥³¥°¸É¢  ÉμÎ´μ ·¥Ï ¥³ÒÌ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ ¶μÉ¥´Í¨ ²Ó-
´ÒÌ ³ É·¨Í. ˆ¸¶μ²Ó§ÊÖ ³¥Éμ¤ ¶·¥μ¡· §μ¢ ´¨Ö ¸É Í¨μ´ ·´ÒÌ § ¤ Î ¢ ´¥¸É -
Í¨μ´ ·´Ò¥ [41], · ¸¸³μÉ·¨³ ¶·¨³¥·Ò ±μ´¸É·Ê¨·μ¢ ´¨Ö ¸¥³¥°¸É¢ ÉμÎ´μ ·¥-
Ï ¥³ÒÌ £ ³¨²ÓÉμ´¨ ´μ¢ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·¥Ï¥´¨Ö³¨, ¨¸¶μ²Ó§ÊÖ
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SU(2)-¶·¥μ¡· §μ¢ ´¨Ö (17), ¢ ±μÉμ·ÒÌ ±μ³¶μ´¥´ÉÒ q(t) Å ²¨´¥°´Ò¥ ËÊ´±-
Í¨¨ ¢·¥³¥´¨ qi(t) = ωit. Š ± ¡Ê¤¥É ¶μ± § ´μ, ÔÉ¨ ¶·¨³¥·Ò μÉ¢¥Î ÕÉ ¸¢μ°¸É¢Ê
¤¨´ ³¨Î¥¸±μ° ²μ± ²¨§ Í¨¨.

1-¥ ¸¥³¥°¸É¢μ. ‚Ò¡¥·¥³ S(t) ± ± μ¶¥· Éμ· ¢· Ð¥´¨Ö ¢μ±·Ê£ μ¸¨ z:

S3(t) = exp
(
−iσ̂3ωt

2

)
=

⎛⎜⎜⎝exp
(
−iωt

2

)
0

0 exp
(

iωt

2

)
⎞⎟⎟⎠ , (32)

£¤¥ ω Å Ê£²μ¢ Ö Î ¸ÉμÉ . ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (23) ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ-
´¨ ´ (20) ¶·¥μ¡· §Ê¥É¸Ö ¢ § ¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

H(r, t) = (p2
r + u(r))Î+

⎛⎜⎝v11(r)−v22(r) + ω

2
v12(r) exp (−iωt)

v21(r) exp (iωt) −v11(r)−v22(r) + ω

2

⎞⎟⎠ . (33)

�Î¥¢¨¤´μ, ÎÉμ £ ³¨²ÓÉμ´¨ ´ H(r, t) T -¶¥·¨μ¤¨Î¥´, T=2π/ω, H(t)=H(t+T ).
ˆ¸Ìμ¤´Ò° ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (· ÊÉ¨ ´) H̃ ¸¢Ö§ ´ ¸ H(t=0) ¸²¥-

¤ÊÕÐ¨³ μ¡· §μ³: H(0) = H̃ +
ω

2
σ̂3. ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ (29) Í¨±²¨Î¥¸±¨¥

·¥Ï¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥

|Ψν(r, t)〉 =

⎛⎝exp
(
−i

(
Ẽν
1 +

ω

2

)
t
)

0

0 exp
(
−i

(
Ẽν
2 − ω

2

)
t
)
⎞⎠ |Fν(r)〉, (34)

£¤¥ Ẽν
α = (Ẽν−Δα) ¨ Δα Å ¶μ·μ£μ¢Ò¥ Ô´¥·£¨¨, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ · §²¨Î´Ò¥ ¤²Ö

· §´ÒÌ ± ´ ²μ¢ α. …¸É¥¸É¢¥´´μ, Ô´¥·£¨Ö ¶μ·μ£  ¶¥·¢μ£μ (¢Ìμ¤´μ£μ) ± ´ ² 
· ¢´  ´Ê²Õ; ³Ò ¨³¥¥³ ¤¥²μ ¸ ¶·μÍ¥¸¸ ³¨ Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö. …¸²¨ Δα = 0
¢μ ¢¸¥Ì ± ´ ² Ì, Éμ ¸μ¡¸É¢¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö |Fν(r)〉 Ö¢²ÖÕÉ¸Ö ¢Ò·μ¦¤¥´´Ò³¨;
¢ ´ Ï¥³ ¸²ÊÎ ¥ ¸¨¸É¥³Ò 2 × 2 Å ¤¢Ê±· É´μ ¢Ò·μ¦¤¥´´Ò³¨. —¥·¥§ ¶¥·¨μ¤ T
·¥Ï¥´¨¥ ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥

|Ψν(r, (T + t))〉 =

(
exp (−iẼν

1 T − iπ) 0

0 exp (−iẼν
2 T + iπ)

)
|Ψν(r, t)〉.

ˆ§¢¥¸É´μ, ÎÉμ £ ³¨²ÓÉμ´¨ ´ ¤¢ÊÌ± ´ ²Ó´μ° § ¤ Î¨ ±μ¢ ·¨ ´É¥´ μÉ´μ¸¨-
É¥²Ó´μ ²μ± ²Ó´ÒÌ SU(2)×U(1)-¶·¥μ¡· §μ¢ ´¨° ¨ ¸μμÉ¢¥É¸É¢Ê¥É É·¥Ì³¥·´μ°
§ ¤ Î¥ ¸ ±μμ·¤¨´ É ³¨, § ¢¨¸ÖÐ¨³¨ μÉ ¤μ¶μ²´¨É¥²Ó´μ° ¶ · ³¥É·¨Î¥¸±μ° ±μ-
μ·¤¨´ ÉÒ r. �·¥¤¸É ¢¨³ ¸É Í¨μ´ ·´Ò° ¨ ´¥¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´Ò ¢
¢¨¤¥, Ê¤μ¡´μ³ ¤²Ö  ´ ²¨§  ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢ ´¥μ¤´μ·μ¤´μ³



’�—�� �…˜�…Œ›… �…‘’�–ˆ�����›… Œ�„…‹ˆ ‚ Š‚��’�‚�‰ Œ…•��ˆŠ… 1125

³ £´¨É´μ³ ¶μ²¥ [42]. ‘É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (20) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
± ±

H̃(r) = (p2
r + u(r))Î + Ω̃(r)

(
cos θ̃(r) sin θ̃(r)

sin θ̃(r) − cos θ̃(r)

)
. (35)

‡¤¥¸Ó u(r) = (v11(r)+ v22(r))/2 ³μ¦´μ É· ±Éμ¢ ÉÓ ± ±  ´ ²μ£ ¸É Í¨μ´ ·´μ£μ
Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö,    ´ ²μ£ ³ £´¨É´μ£μ ¶μ²Ö B̃(r) ¢ É¥·³¨´ Ì ¶μÉ¥´Í¨ ²Ó-
´μ° ³ É·¨ÍÒ ³μ¦´μ § ¶¨¸ ÉÓ ± ±

B̃(r) = Ω̃(r)(sin θ̃(r), 0, cos θ̃(r)),
(36)

Ω̃(r) =
1
2

√
(v11(r) − v22(r))2 + 4v2

12(r) =
√

B2
3(r) + B2

1(r),

sin θ̃(r) =
v12(r)

Ω̃(r)
, cos θ̃(r) =

v11(r) − v22(r)

2Ω̃(r)
. (37)

‡ ¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´ (33) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ (23)

H(t, r) = (p2
r + u(r))Î + Ω(r)

(
cos θ(r) sin θ(r) exp (−iωt)

sin θ(r) exp (iωt) − cos θ(r)

)
,

(38)
Ê¤μ¡´μ³ ¤²Ö  ´ ²¨§  ¤¨´ ³¨±¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢μ ¢· Ð ÕÐ¥³¸Ö ¢μ-
±·Ê£ μ¸¨ z ´¥μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥:

B(t, r) = Ω(r)(sin θ(r) cos (ωt), sin θ(r) sin (ωt), cos θ(r)), (39)

£¤¥

Ω(r) =
1
2

√
(v11(r) − v22(r) + ω)2 + 4v12(r)2,

(40)

sin θ(r) =
v12(r)
Ω(r)

, cos θ(r) =
v11(r) − v22(r) + ω

2Ω(r)
.

‘· ¢´¥´¨¥ (36) ¨ (39) ¶μ± §Ò¢ ¥É, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ S(t)-¶·¥μ¡· §μ¢ ´¨Ö ¢μ§-
´¨±²  B2(t, r)-±μ³¶μ´¥´É  ³ £´¨É´μ£μ ¶μ²Ö bfB(t, r). �Î¥¢¨¤´μ, ÎÉμ z-±μ³-
¶μ´¥´É  ³ £´¨É´μ£μ ¶μ²Ö B3(r) = Ω(r) cos θ(r) ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨,
  x- ¨ y-±μ³¶μ´¥´ÉÒ ¶¥·¨μ¤¨Î¥¸±¨ ¨§³¥´ÖÕÉ¸Ö ¸μ ¢·¥³¥´¥³: B1(t, r) =
Ω(r) sin θ(r) cos (ωt) ¨ B2(t, r) = Ω(r) sin θ(r) sin (ωt). �¥¶μ¸·¥¤¸É¢¥´´μ
¶·¨³¥´ÖÖ S(t)-¶·¥μ¡· §μ¢ ´¨¥ (32) ± ¸É Í¨μ´ ·´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê (35),
¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥ § ¢¨¸ÖÐ¥£μ μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´  Î¥·¥§ ±μ³¶μ-



1126 ‘“‡œŠ� A.A., ƒˆ��ƒ�„‡… ƒ.

´¥´ÉÒ ¸É Í¨μ´ ·´μ£μ ¶μ²Ö

H(t, r) = (p2
r + u(r))Î+

+ Ω̃(r)

⎛⎜⎝ cos θ̃(r) +
ω

2Ω̃(r)
sin θ̃(r) exp (−iωt)

sin θ̃(r) exp (+iωt) − cos θ̃(r) − ω

2Ω̃(r)

⎞⎟⎠ . (41)

‘· ¢´¥´¨¥ (38) ¨ (41) ¤ ¥É

Ω(r) = Ω̃(r)

(
1 +

ω2

4Ω̃2(r)
+

ω

Ω̃(r)
cos θ̃(r)

)1/2

,

(42)

sin θ(r) =
Ω̃(r) sin θ̃(r)

Ω(r)
, cos θ(r) =

Ω̃(r) cos θ̃(r)
Ω(r)

+
ω

Ω(r)
.

�·¨ μÉ¸ÊÉ¸É¢¨¨ § ¢¨¸¨³μ¸É¨ μÉ ¶·μ¸É· ´¸É¢¥´´μ° ¶¥·¥³¥´´μ° ¢ H(r, t)
¨ ¶·¨ u = 0 § ¤ Î  Ê¶·μÐ ¥É¸Ö ¨ ¸¢μ¤¨É¸Ö ± § ¤ Î¥ ¤²Ö Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³
s = 1/2 ¢μ ¢· Ð ÕÐ¥³¸Ö ¢μ±·Ê£ μ¸¨ z, ´μ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ B(t)
¸ £ ³¨²ÓÉμ´¨ ´μ³

H(t) = σ · B(t) = Ω

(
cos θ sin θ exp (−iωt)

sin θ exp (iωt) − cos θ

)
,

(43)
B(t) = Ω(sin θ cos (ωt), sin θ sin (ωt), cos θ),

¢³¥¸Éμ (38), ±μÉμ·Ò° ¸μμÉ¢¥É¸É¢μ¢ ² ¶·μ¸É· ´¸É¢¥´´μ-´¥μ¤´μ·μ¤´μ³Ê ¶μ²Õ (39).
�Î¥¢¨¤´μ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¥³Ê · ÊÉ¨ ´ (35) ¨³¥¥É ¢¨¤

H̃ = σ · B̃ = Ω̃

(
cos θ̃ sin θ̃

sin θ̃ − cos θ̃

)
(44)

¸ ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´Ò³ ³ £´¨É´Ò³ ¶μ²¥³

B̃ = Ω̃(sin θ̃, 0, cos θ̃).

ƒ ³¨²ÓÉμ´¨ ´ (44) ¨³¥¥É ¤¢  ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·  ·¥Ï¥´¨°, ±μÉμ·Ò¥ ¸μμÉ-
¢¥É¸É¢ÊÕÉ ¤¢Ê³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³

|Φ1〉 =

(
cos (θ̃/2)

sin (θ̃/2)

)
, |Φ2〉 =

(
− sin (θ̃/2)

cos (θ̃/2)

)
, Ẽ1 = +Ω̃, Ẽ2 = −Ω̃. (45)
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ˆ³¥ÕÉ¸Ö ¤¢  Í¨±²¨Î¥¸±¨Ì ·¥Ï¥´¨Ö, μÉ¢¥Î ÕÐ¨Ì £ ³¨²ÓÉμ´¨ ´Ê (43), ¤²Ö
±μÉμ·ÒÌ ´ Î ²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ¸É Í¨-
μ´ ·´μ£μ £ ³¨²ÓÉμ´¨ ´  (44). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (34) μ´¨ Ô¢μ²ÕÍ¨μ´¨·ÊÕÉ
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

|Ψ1(t)〉 =

⎛⎜⎜⎝exp
[
−
(

iωt

2

)
− iẼ1t

]
cos (θ̃/2)

exp
[(

iωt

2

)
− iẼ1t

]
sin (θ̃/2)

⎞⎟⎟⎠ ,

(46)

|Ψ2(t)〉 =

⎛⎜⎜⎝− exp
[
−
(

iωt

2

)
− iẼ2t

]
sin (θ̃/2)

exp
[(

iωt

2

)
− iẼ2t

]
cos (θ̃/2)

⎞⎟⎟⎠ .

�Éμ Ìμ·μÏμ ¨§¢¥¸É´ Ö ¶·μ¡²¥³  ¤²Ö Ô¢μ²ÕÍ¨¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢μ ¢· -
Ð ÕÐ¥³¸Ö ¢μ±·Ê£ μ¸¨ z μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ [34Ä37], ¶μ²ÊÎ¥´´ Ö
§¤¥¸Ó ± ± Î ¸É´Ò° ¸²ÊÎ ° § ¤ Î¨ ¤²Ö Ô¢μ²ÕÍ¨¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 Î -
¸É¨ÍÒ ¢ ¶·μ¸É· ´¸É¢¥´´μ-´¥μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥. ’¥¶¥·Ó ¶μ´ÖÉ´μ, ÎÉμ
·¥Ï¥´¨Ö (34) Ê· ¢´¥´¨Ö (1) ¸ £ ³¨²ÓÉμ´¨ ´μ³ (38) ¨²¨ (33) μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ-
¤μ¡´Ò³ μ¡· §μ³. �É²¨Î¨¥ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ· ·¥Ï¥´¨°
|Fν(r)〉 ν = 1, 2, . . . , N ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸É Í¨μ´ ·´μ° § ¤ Î¨ (10) ¨³¥¥É
¡μ²¥¥ ¸²μ¦´ÊÕ Ëμ·³Ê ¨ Î¨¸²μ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ³μ¦¥É ¡ÒÉÓ ¶·μ¨§¢μ²Ó-
´Ò³,   ´¥ Éμ²Ó±μ N = 2, ± ± ¤²Ö § ¤ Î¨ ¸ μ¤´μ·μ¤´Ò³ ³ £´¨É´Ò³ ¶μ²¥³.

2-¥ ¸¥³¥°¸É¢μ. …¸²¨ S(t) ¢Ò¡· ´ ± ± μ¶¥· Éμ· ¢· Ð¥´¨Ö ¢μ±·Ê£ y-μ¸¨

S2(t) = exp
(
− iσ̂2ω2t

2

)
=
(

cos (ω2t/2) − sin (ω2t/2)
sin (ω2t/2) cos (ω2t/2)

)
, (47)

Éμ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (18) ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (20) ¶¥·¥Ìμ¤¨É ¢ ´¥¸É -
Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ H(t) ¢¨¤ 

H(r, t) = (p2
r + u(r))Î+

+

⎛⎝ v11−v22

2
cos ω2t − v12 sin ω2t v12 cos ω2t+

v11−v22

2
sin ω2t−

iω2

2

v12 cos ω2t+
v11−v22

2
sin ω2t+

iω2

2
−
(v11−v22

2
cos ω2t − v12 sin ω2t

)
⎞⎠ .

(48)

…¸²¨ Ê´¨É ·´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (47) μ¸ÊÐ¥¸É¢¨ÉÓ ´ ¤ £ ³¨²ÓÉμ´¨ ´μ³ (20),
¶·¥¤¸É ¢²¥´´Ò³ ¢ ¢¨¤¥ (35), Éμ ¶μ²ÊÎ¨³

H(r, t) = (p2
r + u(r))Î+

+ Ω̃(r)

⎛⎜⎜⎝ cos (θ̃(r) + ω2t) sin (θ̃(r) + ω2t) −
iω2

2Ω̃(r)

sin (θ̃(r) + ω2t) +
iω2

2Ω̃(r)
−(cos (θ̃(r) + ω2t))

⎞⎟⎟⎠ . (49)
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�ÉμÉ £ ³¨²ÓÉμ´¨ ´ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö Ô¢μ²ÕÍ¨¨ Î -
¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2, ¶·¥Í¥¸¸¨·ÊÕÐ¥° ¢μ±·Ê£ μ¸¨ 0y ¢ ¶·μ¸É· ´¸É¢¥´´μ-
´¥μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ B(t, r) ¸ ±μ³¶μ´¥´É ³¨ B1(t, r) = Ω̃(r)×
(sin θ̃(r) + ω2t), B2(t, r) = ω2/2, B3(t, r) = Ω̃(r) cos (θ̃(r) + ω2t). ‚ ¸μμÉ¢¥É-
¸É¢¨¨ ¸ (29) Í¨±²¨Î¥¸±¨¥ (¨²¨ ¢μ¸¶·μ¨§¢μ¤ÖÐ¨¥¸Ö) ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1)
´¥³¥¤²¥´´μ § ¶¨ÏÊÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

|Ψν(r, t)〉 =

=

(
cos (ω2t/2) exp (−iẼν

1 t) − sin (ω2t/2) exp (−iẼν
2 t)

sin (ω2t/2) exp (−iẼν
1 t) cos (ω2t/2) exp (−iẼν

2 t)

)
|Fν(r)〉. (50)

—¥·¥§ ¶¥·¨μ¤ μ´¨ ¨³¥ÕÉ ¢¨¤

|Ψν(r, (t + T ))〉 = −
(

exp (−iẼν
1 T ) 0

0 exp (−iẼν
2 T )

)
|Ψν(r, t)〉.

�·¨ μÉ¸ÊÉ¸É¢¨¨ § ¢¨¸¨³μ¸É¨ μÉ ¶·μ¸É· ´¸É¢¥´´μ° ¶¥·¥³¥´´μ° ´¥¸É Í¨μ-
´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Í¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¸É ´μ¢ÖÉ¸Ö

H(t) = Ω̃

⎛⎜⎝ cos (θ̃ + ω2t) sin (θ̃ + ω2t) −
iω2

2Ω̃
sin (θ̃ + ω2t) +

iω2

2Ω̃
−(cos (θ̃ + ω2t))

⎞⎟⎠ , (51)

|Ψ1(t)〉 =

=

(
cos (ω2t/2) exp (−iẼ1t) cos θ̃/2 − sin (ω2t/2) exp (−iẼ2t) sin θ̃/2

sin (ω2t/2) exp (−iẼ1t) cos θ̃/2 + cos (ω2t/2) exp (−iẼ2t) sin θ̃/2

)
,

(52)
|Ψ2(t)〉 =

=

(
− cos (ω2t/2) exp (−iẼ1t) sin θ̃/2 − sin (ω2t/2) exp (−iẼ2t) cos θ̃/2

− sin (ω2t/2) exp (−iẼ1t) sin θ̃/2 + cos (ω2t/2) exp (−iẼ2t) cos θ̃/2

)
.

�·μ¡²¥³  Éμ¦¤¥¸É¢¥´´  § ¤ Î¥ ¤²Ö ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢ μ¤´μ-
·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥, ¢· Ð ÕÐ¥³¸Ö ¢ x−z-¶²μ¸±μ¸É¨. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ
¸μμÉ´μÏ¥´¨Ö (51), (52) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¶·¨³¥´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ (47) ±
¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ³Ê ¸É Í¨μ´ ·´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê (44).

3-¥ ¸¥³¥°¸É¢μ. �Ê¸ÉÓ É¥¶¥·Ó S(t) ¢Ò¡· ´ ± ± μ¶¥· Éμ· ¢· Ð¥´¨Ö ¢μ±·Ê£
x-μ¸¨

S1(t) = exp
(
− iσ̂1ω1t

2

)
=

(
cos (ω1t/2) −i sin (ω1t/2)

−i sin (ω1t/2) cos (ω1t/2)

)
. (53)
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’μ£¤  ¨§ (18) ¶μ²ÊÎ¨³ § ¢¨¸ÖÐ¨° μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´

H(r, t) = (p2
r + u(r))Î+

+

⎛⎜⎝ v11 − v22

2
cos (ω1t) v12 −

ω1

2
+ i

v11 − v22

2
sin (ω1t)

v12 −
ω1

2
− i

v11 − v22

2
sin (ω1t) −v11 − v22

2
cos (ω1t)

⎞⎟⎠ . (54)

�μ  ´ ²μ£¨¨ ¸ ¶·¥¤Ò¤ÊÐ¨³¨ ¸²ÊÎ Ö³¨ ¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ (20) ¶·¥-
μ¡· §Ê¥É¸Ö ¢ ´¥¸É Í¨μ´ ·´Ò° £ ³¨²ÓÉμ´¨ ´ ¨ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥,
Ê¤μ¡´μ³ ¤²Ö μ¶¨¸ ´¨Ö Ô¢μ²ÕÍ¨¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¢ ¶·μ¸É· ´¸É¢¥´´μ-
´¥μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥, ¶·¥Í¥¸¸¨·ÊÕÐ¥³ ¢μ±·Ê£ μ¸¨ 0x:

H(r, t) = (p2
r + u(r))Î+

+Ω̃(r)

⎛⎝ cos θ̃(r) cos (ω1t) sin θ̃(r)− ω1

2Ω̃(r)
+i cos θ̃(r) sin (ω1t)

sin θ̃(r)− ω1

2Ω̃(r)
−i cos θ̃(r) sin (ω1t) − cos θ̃(r) cos (ω1t)

⎞⎠.

(55)

–¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö (1) ¸ ÊÎ¥Éμ³ (29) § ¶¨ÏÊÉ¸Ö ± ±

|Ψν(r, t)〉 =

=

(
cos (ω1t/2) exp (−iẼν

1 t) −i sin (ω1t/2) exp (−iẼν
2 t)

−i sin (ω1t/2) exp (−iẼν
1 t) cos (ω1t/2) exp (−iẼν

2 t)

)
|Fν(r)〉. (56)

�·¨ μÉ¸ÊÉ¸É¢¨¨ § ¢¨¸¨³μ¸É¨ μÉ ¶·μ¸É· ´¸É¢¥´´μ° ¶¥·¥³¥´´μ° § ¢¨¸ÖÐ¨° μÉ
¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê Í¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¸É ´μ-
¢ÖÉ¸Ö

H(t) =

= Ω̃

⎛⎝ cos θ̃ cos (ω1t) sin θ̃ − ω1

2Ω̃
+ i cos θ̃ sin (ω1t)

sin θ̃ − ω1

2Ω̃
− i cos θ̃ sin (ω1t) − cos θ̃ cos (ω1t)

⎞⎠ . (57)

|Ψ1(t)〉 =

=

(
cos (ω1t/2) exp (−iẼ1t) cos θ̃/2 − i sin (ω1t/2) exp (−iẼ2t) sin θ̃/2
−i sin (ω1t/2) exp (−iẼ1t) cos θ̃/2 + cos (ω1t/2) exp (−iẼ2t) sin θ̃/2

)
,

(58)
|Ψ2(t)〉 =

=

(
− cos (ω1t/2) exp (−iẼ1t) sin θ̃/2 − i sin (ω1t/2) exp (−iẼ2t) cos θ̃/2
i sin (ω1t/2) exp (−iẼ1t) sin θ̃/2 + cos (ω1t/2) exp (−iẼ2t) cos θ̃/2

)
.
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’ ±¨³ μ¡· §μ³, ¶·¨ · §²¨Î´μ³ ¢Ò¡μ·¥ μ¶¥· Éμ·μ¢ ¶·¥μ¡· §μ¢ ´¨Ö Si(t),
i = 1, 2, 3, ¢ § ³±´ÊÉμ³  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥ £¥´¥·¨·ÊÕÉ¸Ö É·¨ ¸¥³¥°¸É¢ 
§ ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ ¶μÉ¥´Í¨ ²Ó´ÒÌ ³ É·¨Í ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ Í¨±²¨Î¥-
¸±¨³¨ ·¥Ï¥´¨Ö³¨. �μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¶¥·¥Ìμ¤ÖÉ ¢ μ¡ÒÎ´Ò¥ ¤²Ö Î ¸É¨ÍÒ
¸μ ¸¶¨´μ³ 1/2, Ô¢μ²ÕÍ¨μ´¨·ÊÕÐ¥° ¢ ¶¥·¨μ¤¨Î¥¸±¨ § ¢¨¸ÖÐ¥³ μÉ ¢·¥³¥´¨
¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥. �Î¥¢¨¤´μ, ÎÉμ ¢μ ¢¸¥Ì · ¸¸³μ-
É·¥´´ÒÌ ¸²ÊÎ ÖÌ £ ³¨²ÓÉμ´¨ ´Ò (33), (49), (55) Ö¢²ÖÕÉ¸Ö T -¶¥·¨μ¤¨Î´Ò³¨,
T = 2π/ω,   ·¥Ï¥´¨Ö (34), (50) ¨ (56) Å 2T -¶¥·¨μ¤¨Î´Ò³¨, 2T = 4π/ω, ¨
Î¥·¥§ μ¤¨´ ¶¥·¨μ¤ T ·¥Ï¥´¨Ö ³¥´ÖÕÉ ¸¢μ° §´ ±. ‹¥£±μ ¢¨¤¥ÉÓ, ¥¸²¨ ¶·¥μ¡· -
§μ¢ ´¨¥ S(t) ¢Ò¡· ´μ ¸ ¶¥·¨μ¤μ³ T , ´ ¶·¨³¥·, Si(t) = exp (−iσ̂iωit), i =
1, 2, 3, Éμ £ ³¨²ÓÉμ´¨ ´ ¸É ´μ¢¨É¸Ö T/2 = π/ω-¶¥·¨μ¤¨Î¥´,   ·¥Ï¥´¨Ö ¨³¥ÕÉ
¶¥·¨μ¤ T . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ²´ Ö Ë §  ±· É´  2π, βν = ẼνT + 2π. Ÿ¸´μ, ÎÉμ
³μ£ÊÉ ¡ÒÉÓ ¢§ÖÉÒ ¡μ²¥¥ μ¡Ð¨¥ ¶·¥μ¡· §μ¢ ´¨Ö: ¢ Î ¸É´μ¸É¨, i) ± ± ¶·Ö³μ¥

¶·μ¨§¢¥¤¥´¨¥ Si(t), S(t) =
3∏

i=1

Si(t), ii) ¸ ¡μ²¥¥ ¸²μ¦´μ° § ¢¨¸¨³μ¸ÉÓÕ S μÉ

¢·¥³¥´¨.
1.3. Šμ´±·¥É´Ò¥ ¶·¨³¥·Ò. ˆÉ ±, ¢¸Ö±¨° · §, ±μ£¤  ¶μÉ¥´Í¨ ²Ó´ Ö ³ -

É·¨Í  V (r) ¤μ¶Ê¸± ¥É ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ¸É Í¨μ´ ·´ÒÌ Ê· ¢´¥´¨°
˜·¥¤¨´£¥· , ³Ò ³μ¦¥³ £¥´¥·¨·μ¢ ÉÓ ¸¥³¥°¸É¢  ÉμÎ´μ ·¥Ï ¥³ÒÌ § ¢¨¸ÖÐ¨Ì
μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´μ¢ ¤²Ö ´¥¸É Í¨μ´ ·´μ£μ ³ É·¨Î´μ£μ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  (1). �Ê¸ÉÓ V (r) Å ¡ ·£³ ´μ¢¸± Ö ¶μÉ¥´Í¨ ²Ó´ Ö ³ É·¨Í , ¤²Ö ±μ-
Éμ·μ° ¸¨¸É¥³  ¸É Í¨μ´ ·´ÒÌ Ê· ¢´¥´¨° (10) ¨³¥¥É ÉμÎ´Ò¥ ·¥Ï¥´¨Ö. ‚ ± -
Î¥¸É¢¥ ¶¥·¢μ° ÉμÎ´μ ·¥Ï ¥³μ° ³μ¤¥²¨ ¢μ§Ó³¥³ ³´μ£μ± ´ ²Ó´μ¥ μ¡μ¡Ð¥´¨¥
§ ¤ Î¨ ´  ¢¸¥° μ¸¨ ∞ < r < −∞ ¤²Ö É ± ´ §Ò¢ ¥³μ£μ ¶·μ§· Î´μ£μ ¶μÉ¥´-
Í¨ ²  [59,61], É. ¥. · ¸¸¥¨¢ ¥³ Ö Î ¸É¨Í  ¶·μÌμ¤¨É Î¥·¥§ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ö³Ê
¡¥§ μÉ· ¦¥´¨Ö. ‚ ³´μ£μ± ´ ²Ó´μ³ ¸²ÊÎ ¥ ÔÉμ³Ê ¸μμÉ¢¥É¸É¢Ê¥É ¥¤¨´¨Î´ Ö ³ -
É·¨Í  ¶·μÌμ¦¤¥´¨Ö. � ¶·¨³¥·, ¤²Ö ¶·μ§· Î´μ£μ ¶μÉ¥´Í¨ ² , ¨³¥ÕÐ¥£μ N
¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, ¸ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨

Vαα′(r) = 2
d

dr

N∑
νλ

exp (−κν
αr)γν

αP−1
νλ (r)γλ

α′ exp (−κλ
α′r) (59)

·¥Ï¥´¨Ö ‰μ¸É  μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

F±
αα′(k, r) = exp (±ikαr)δαα′−

−
N∑
νλ

γν
α exp (−κν

αr)P−1
νλ (r)

∞∫
r

γλ
α′ exp (−(κλ

α′ ± ikα′)r′)dr′, (60)

£¤¥

Pνλ = δνλ +
m∑
α′

γν
α′γλ

α′

κν
α′ + κλ

α′
exp (−(κν

α′ + κλ
α′)r).
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‡¤¥¸Ó ¨´¤¥±¸Ò ν ¨ λ ¸μμÉ¢¥É¸É¢ÊÕÉ ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨Ö³, Ì · ±É¥·¨§Ê¥³Ò³
Ô´¥·£¨Ö³¨ Ẽν ¨  ³¶²¨ÉÊ¤ ³¨ γν

α, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ´μ·³¨·μ¢μÎ´ÊÕ ³ -
É·¨ÍÊ |γν

α〉〈γν
α′ |, ¨´¤¥±¸Ò ± ´ ²μ¢ μ¡μ§´ Î¥´Ò ± ± α, α′, α, α′ = 1, 2, . . . , m,

k2
α = Ẽν−Δα, Δα Å ¶μ·μ£μ¢Ò¥ Ô´¥·£¨¨. �μ·³¨·μ¢ ´´μ¥ ·¥Ï¥´¨¥ ¤²Ö ¢¥±Éμ·-

´μ° ËÊ´±Í¨¨ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |Φν(r)〉 = {Φα(Ẽν , r)} ´¥³¥¤²¥´´μ ³μ¦´μ
§ ¶¨¸ ÉÓ Î¥·¥§ ³ É·¨Î´Ò¥ ·¥Ï¥´¨Ö ‰μ¸É , ¢§ÖÉÒ¥ ¶·¨ Ô´¥·£¨¨ ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö κ2

ν = −Ẽν :

Φα(Ẽν , r) =
∑
α′

Fαα′ (κν , r)γν
α′ . (61)

�μ¤¸É ´μ¢±  (59) ¢ (33), (48), (54) ¨ (61) ¢ (34), (50), (56) ¶μ§¢μ²Ö¥É μ¶·¥¤¥-
²¨ÉÓ É·¨ ¸¥³¥°¸É¢  ¶μÉ¥´Í¨ ²Ó´ÒÌ ³ É·¨Í ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ Í¨±²¨Î¥-
¸±¨¥ ·¥Ï¥´¨Ö ¢ § ³±´ÊÉμ³  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥.

� ¸¸³μÉ·¨³ ¶·μ¸É¥°Ï¨° ¶·¨³¥·, ±μ£¤  ¨¸Ìμ¤´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° (10)
¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°:

−
(

Φ′′
1(Ẽν , r)

Φ′′
2(Ẽν , r)

)
+
(

V11(r) 0
0 V22(r)

)(
Φ1(Ẽν , r)
Φ2(Ẽν , r)

)
= Ẽν

(
Φ1(Ẽν , r)
Φ2(Ẽν , r)

)
. (62)

„¨ £μ´ ²Ó´ Ö ³ É·¨Í  ¡¥§μÉ· ¦ É¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ 
¶·¨ ¸²¥¤ÊÕÐ¥³ ¢Ò¡μ·¥ ¸¶¥±É· ²Ó´ÒÌ ¶ · ³¥É·μ¢: ¤¢  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ-
´¨Ö ¢§ÖÉÒ ¶·¨ Ô´¥·£¨ÖÌ Ẽ1 ¨ Ẽ2, Ô´¥·£¨Ö ¶μ·μ£  Δα = 0,   ¤¢¥ ¶μ¸Éμ-
Ö´´Ò¥ ³ É·¨ÍÒ ´μ·³¨·μ¢μ± γν=2

1 = γν=1
2 = 0 ¨ γν=1

1 �= 0, γν=2
2 �= 0.

—Éμ¡Ò ¥Ð¥ ¡μ²ÓÏ¥ Ê¶·μ¸É¨ÉÓ · ¸¸³μÉ·¥´¨¥, ¢μ§Ó³¥³ γν=1
1 = γ1 = 2κ1 ¨

γν=2
2 = γ2 = 2κ2. ’μ£¤  ¨§ (59) ¸²¥¤Ê¥É, ÎÉμ ´¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ

¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨ÍÒ · ¢´Ò ´Ê²Õ, V12 = V21 = 0,   ¥¥ ¤¨ £μ´ ²Ó´Ò¥ Ô²¥-
³¥´ÉÒ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶·μ§· Î´Ò³ ¨ ¸¨³³¥É·¨Î´Ò³ ¶μÉ¥´Í¨ ² ³ ¸± ²Ö·´μ£μ
¸²ÊÎ Ö

V11 = − 2κ2
1

cosh2 κ1r
, V22 = − 2κ2

2

cosh2 κ2r
.

‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨¨ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ± ±

|Φ(Ẽ1, r)〉 =
(

Φ1(Ẽ1, r)
0

)
, |Φ(Ẽ2, r)〉 =

(
0

Φ2(Ẽ2, r)

)
¸

Φ1(Ẽ1, r) =

√
κ1/2

coshκ1r
, Φ2(Ẽ2, r) =

√
κ2/2

coshκ2r
. (63)

ˆ¸¶μ²Ó§ÊÖ ´ ÏÊ É¥Ì´¨±Ê ¤²Ö ¢Éμ·μ£μ ¨§ · ¸¸³μÉ·¥´´ÒÌ ¸²ÊÎ ¥¢ ¸ ¶·¥-
μ¡· §μ¢ ´¨Ö³¨ S2(t) = exp (−σ̂2ω2t/2), ¨§ (48) ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨° § ¢¨¸Ö-
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Ð¨° μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´:

H(r, t) =
(
− d2

dr2
− κ2

1

cosh2 κ1r
− κ2

2

cosh2 κ2r

)
Î +

V11(r) − V22(r)
2

×

×

⎛⎜⎝ cos ω2t sin ω2t −
iω2

V11(r) − V22(r)

sin ω2t +
iω2

V11(r) − V22(r)
cos ω2t

⎞⎟⎠ , (64)

£¤¥
V11(r) − V22(r)

2
=

κ2
2

cosh2 κ2r
− κ2

1

cosh2 κ1r
.

�É³¥É¨³, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ S(t)-¶·¥μ¡· §μ¢ ´¨Ö ¨¸Ìμ¤´ Ö ¸¨¸É¥³  ´¥¸¢Ö-
§ ´´ÒÌ ´¥ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ Ê· ¢´¥´¨° (62) ¸É ´μ¢¨É¸Ö ¸¨¸É¥³μ° ¸¢Ö-
§ ´´ÒÌ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ Ê· ¢´¥´¨°. „ ²¥¥, ¨¸¶μ²Ó§ÊÖ (50), ¶μ²ÊÎ¨³
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö:

|Ψ1(r, t)〉 =

(
cos (ω2t/2) exp (−iẼ1t)

sin (ω2t/2) exp (−iẼ1t)

) √
κ1/2

cosh κ1r
,

(65)

|Ψ2(r, t)〉 =

(
− sin (ω2t/2) exp (−iẼ2t)

cos (ω2t/2) exp (−iẼ2t)

) √
κ2/2

cosh κ2r
.

…¸²¨ γν=2
1 �= 0 ¨ γν=1

2 �= 0, Éμ, ± ± ÔÉμ ¸²¥¤Ê¥É ¨§ (59), ´¥¤¨ £μ´ ²Ó´Ò¥
Ô²¥³¥´ÉÒ ¸É Í¨μ´ ·´μ° ¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨ÍÒ ´¥ · ¢´Ò ´Ê²Õ, V12 = V21 �=
0. �¥³´μ£μ ¡μ²¥¥ ¸²μ¦´ Ö ¶·μÍ¥¤Ê·  É ±¦¥ ¤ ¸É ´ ³ § ¢¨¸ÖÐ¨¥ μÉ ¢·¥³¥´¨
¶μÉ¥´Í¨ ²Ò ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö.

�μ¤μ¡´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¸ É·¥ÉÓ¨³ ¸¥³¥°¸É¢μ³ £ ³¨²ÓÉμ´¨ ´μ¢ (54) ¶·¨¢μ-
¤ÖÉ ± ¸²¥¤ÊÕÐ¥° Ëμ·³Ê²¥:

H(r, t) =
(
− d2

dr2
− κ2

1

cosh2 κ1r
− κ2

2

cosh2 κ2r

)
Î +

V11(r) − V22(r)
2

×

×

⎛⎜⎝ cos ω1t i sin ω1t −
ω1

V11(r) − V22(r)
−i sinω1t −

ω1

V11(r) − V22(r)
− cos ω1t

⎞⎟⎠ . (66)

�ÉμÉ £ ³¨²ÓÉμ´¨ ´ É ±¦¥ ¸¢Ö§Ò¢ ¥É ¤¢  § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ Ê· ¢´¥´¨Ö.
„¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ¢ (64) ¨ (66) ¶μÌμ¦¨, Éμ²Ó±μ ω2 § ³¥´¨²μ¸Ó ´  ω1,
´μ ´¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ μÉ²¨Î ÕÉ¸Ö ¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´μ. ‘μμÉ¢¥É¸É¢ÊÕ-
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Ð¨¥ (66) ·¥Ï¥´¨Ö (56) § ¶¨Ï¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

|Ψ1(r, t)〉 =

(
cos (ω1t/2) exp (−iẼ1t)

−i sin (ω1t/2) exp (−iẼ1t)

) √
κ1/2

cosh κ1r
,

(67)

|Ψ2(r, t)〉 =

(
−i sin (ω1t/2) exp (−iẼ2t)

cos (ω1t/2) exp (−iẼ2t)

) √
κ2/2

coshκ2r
.

�·¨³¥´¥´¨¥ ÔÉμ° ¶·μÍ¥¤Ê·Ò ¢ ¶¥·¢μ³ ¸²ÊÎ ¥ ¸ S(t) = exp (−iσ̂3ωt/2) ±
¸¨¸É¥³¥ ´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨° (62) ³¥´¥¥ ¨´É¥·¥¸´μ, ¶μ¸±μ²Ó±Ê ¥¥ ·¥§Ê²Ó-
É Éμ³ ¡Ê¤¥É ¸¨¸É¥³  ´¥¸¢Ö§ ´´ÒÌ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ Ê· ¢´¥´¨° ¸ £ ³¨²Ó-
Éμ´¨ ´μ³, ±μÉμ·Ò° ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨:

H(r) = − d2

dr2
+

⎛⎜⎜⎝− κ2
1

cosh2 κ1r
+

ω

2
0

0 − κ2
2

cosh2 κ2r
− ω

2

⎞⎟⎟⎠ .

	μ²¥¥ ¨´É¥·¥¸´μ §¤¥¸Ó ¡Ò²μ ¡Ò · ¸¸³μÉ·¥´¨¥ ¸¨ÉÊ Í¨¨, ±μ£¤  ¢¸¥ γν
i �= 0. ’μ-

£¤  ¢¸¥ Ô²¥³¥´ÉÒ ¨¸Ìμ¤´μ° ¸É Í¨μ´ ·´μ° ¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨ÍÒ μÉ²¨Î´Ò
μÉ ´Ê²Ö ¨, ± ± ·¥§Ê²ÓÉ É, ¢¸¥ Ô²¥³¥´ÉÒ ¶μ²ÊÎ¥´´μ£μ ´¥¸É Í¨μ´ ·´μ£μ £ ³¨²Ó-
Éμ´¨ ´  ¡Ê¤ÊÉ μÉ²¨Î´Ò μÉ ´Ê²Ö.

„²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³ ¶·μ¸Éμ° ¸²ÊÎ ° ¸É Í¨μ´ ·´μ° § ¤ Î¨, ±μ£¤  ¡¥-
§μÉ· ¦ É¥²Ó´ Ö ¶μÉ¥´Í¨ ²Ó´ Ö ³ É·¨Í  É ±μ¢ , ÎÉμ ¨³¥¥É¸Ö Éμ²Ó±μ μ¤´μ ¸¢Ö-
§ ´´μ¥ ¸μ¸ÉμÖ´¨¥. ’μ£¤  Ô²¥³¥´ÉÒ ¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨ÍÒ ¨ ·¥Ï¥´¨° ‰μ-
¸É  ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸É Í¨μ´ ·´μ° § ¤ Î¨, ± ± ¸²¥¤Ê¥É ¨§ ¸μμÉ´μÏ¥´¨° (59)
¨ (60), § ¶¨Ï¥³ ± ±

Ṽαα′(r) = 2γαγα′
d

dr

⎡⎢⎢⎣ exp (−(κα + κα′)r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

⎤⎥⎥⎦ , (68)

F̃±
αα′(k, r) = exp (±ikαr)δαα′−

−
γαγα′ exp (−καr)

∞∫
r

exp (−(κα′ ± ikα′)r′dr′)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

. (69)

„²Ö ±μ³¶μ´¥´É ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥³

Ψα(r) =
γα exp (−καr)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

. (70)
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�·¨³¥´¥´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö S(t) = exp (−iσ̂3ωt/2) ¤ ¥É ¢ ¤ ´´μ³ ¸²ÊÎ ¥
¸²¥¤ÊÕÐÊÕ § ¢¨¸ÖÐÊÕ μÉ ¢·¥³¥´¨ ¶μÉ¥´Í¨ ²Ó´ÊÕ ³ É·¨ÍÊ ¸ Ô²¥³¥´É ³¨:

V11(r) = 2γ2
1

d

dr

[
exp (−2κ1r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

]
+

ω

2
,

V12(r, t) = 2γ1γ2
d

dr

[
exp (−(κ1 + κ2)r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

]
exp (−iωt),

(71)

V21(r, t) = 2γ1γ2
d

dr

[
exp (−(κ1 + κ2)r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

]
exp (iωt),

V22(r) = 2γ2
2

d

dr

[
exp (−2κ2r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

]
− ω

2
.

‡¤¥¸Ó m = 1, 2. „¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ¶μÉ¥´Í¨ ²Ó´μ° ³ É·¨ÍÒ ¶μ²ÊÎ¨²¨
¸¤¢¨£ ±ω/2, ´¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ¶·¨μ¡·¥²¨ § ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´¨.
Šμ³¶μ´¥´ÉÒ ·¥Ï¥´¨° (70) ¸ ÊÎ¥Éμ³ (34) ¶·¥μ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Ψ1(r, t) = exp
(
−i

(
Ẽ1 +

ω

2

)
t
) γ1 exp (−κ1r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

, (72)

Ψ2(r, t) = exp
(
−i

(
Ẽ1 −

ω

2

)
t
) γ2 exp (−κ2r)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

. (73)

Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ·¥Ï¥´¨° ‰μ¸É  ¶·¥μ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

F±
11(r, t) = exp

(
−i

(
Ẽ1 +

ω

2

)
t
)
×

×

⎛⎜⎜⎝exp (±ik1r) −
γ2
1 exp (−κ1r)

∞∫
r

exp (−(κ1 ± ik1)r′dr′)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

⎞⎟⎟⎠ ,
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F±
12(r, t) = exp

(
−i

(
Ẽ1 +

ω

2

)
t
)
×

×

⎛⎜⎜⎝−
γ1γ2 exp (−κ1r)

∞∫
r

exp (−(κ2 ± ik2)r′dr′)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

⎞⎟⎟⎠ ,

F±
21(r, t) = exp

(
−i

(
Ẽ2 −

ω

2

)
t
)
×

×

⎛⎜⎜⎝−
γ1γ2 exp (−κ2r)

∞∫
r

exp (−(κ1 ± ik1)r′dr′)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

⎞⎟⎟⎠ ,

F±
22(r, t) = exp

(
−i

(
Ẽ2 −

ω

2

)
t
)
×

×

⎛⎜⎜⎝exp (±ik2r) −
γ2
2 exp (−κ2r)

∞∫
r

exp (−(κ2 ± ik2)r′dr′)

1 +
m∑
i

(γ2
i /2κi) exp (−2κir)

⎞⎟⎟⎠ .

Š ± ³Ò ¶μ± ¦¥³ ¢ ¤ ²Ó´¥°Ï¥³, ·¥Ï¥´¨Ö |Ψ〉 =
(

Ψ1

Ψ2

)
¸ Ψ1 ¨ Ψ2, μ¶·¥¤¥²¥´-

´Ò³¨, ± ± ¢ (72) ¨ (73), Ö¢²ÖÕÉ¸Ö ±¢ §¨¸É Í¨μ´ ·´Ò³¨ ·¥Ï¥´¨Ö³¨. �Î¥¢¨¤´μ,
± ± ¶μ¸É·μ¨ÉÓ ¤¢¥ ¤·Ê£¨¥ § ¢¨¸ÖÐ¨¥ μÉ ¢·¥³¥´¨ ¶μÉ¥´Í¨ ²Ó´Ò¥ ³ É·¨ÍÒ ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ·¥Ï¥´¨Ö.

2. ƒ…�Œ…’�ˆ—…‘Šˆ… ”�‡› ˆ „ˆ��Œˆ—…‘Š�Ÿ ‹�Š�‹ˆ‡�–ˆŸ

�¥·¥°¤¥³ É¥¶¥·Ó ± ¢ÒÎ¨¸²¥´¨Õ É ±¨Ì Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, ± ± ¤¨´ -
³¨Î¥¸±¨¥ Ë §Ò, ³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥ εν(t) £ ³¨²ÓÉμ´¨ ´μ¢ H(t) ¨ £¥μ-
³¥É·¨Î¥¸±¨¥ Ë §Ò, ±μÉμ·Ò¥  ¸¸μÍ¨¨·ÊÕÉ¸Ö ¸ Ô¢μ²ÕÍ¨¥° Í¨±²¨Î¥¸±¨Ì ·¥Ï¥-
´¨° [3]. —Éμ¡Ò μ¶·¥¤¥²¨ÉÓ ¤¨´ ³¨Î¥¸±ÊÕ Ë §Ê δν , ´¥μ¡Ìμ¤¨³μ ¶·¥¦¤¥ ´ °É¨
³ É¥³ É¨Î¥¸±μ¥ μ¦¨¤ ´¨¥ εν(t), ¶μ¸±μ²Ó±Ê

δν =

T∫
0

εν(t)dt, (74)

εν(t) = 〈Ψν(r, t)|H(t)|Ψν(r, t)〉 = 〈Ψν(r, 0)|U†(t)H(t)U(t)|Ψν (r, 0)〉.
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ˆ¸¶μ²Ó§ÊÖ (24) ¨ (12), ¨³¥¥³

U†(t)H(t)U(t) = ei ˜H(r)t
(
H̃(r) − iS†(t)Ṡ(t)

)
e−i ˜H(r)t.

’ ± ± ± ¤²Ö Í¨±²¨Î¥¸±¨Ì ·¥Ï¥´¨° |Ψν(r, 0)〉 = |Fν(r)〉 ¨ |Fν(r)〉 ¥¸ÉÓ ¢¥±-
Éμ· ¸μ¡¸É¢¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ Ẽν , ¢Ò· §¨³ ¸·¥¤´¥¥
§´ Î¥´¨¥ εν(t) ¨ ¤¨´ ³¨Î¥¸±ÊÕ Ë §Ê δν ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

εν(t) = Ẽν − 〈Fν(r)|iS†(t)Ṡ(t)|Fν(r)〉, (75)

δν = ẼνT −
T∫

0

〈Fν(r)|iS†(t)Ṡ(t)|Fν(r)〉 dt. (76)

‘²¥¤μ¢ É¥²Ó´μ, £¥μ³¥É·¨Î¥¸± Ö Ë §  ϕν , μ¶·¥¤¥²Ö¥³ Ö ¢ÒÎ¨É ´¨¥³ ¨§ ¶μ²´μ°
Ë §Ò βν ¤¨´ ³¨Î¥¸±μ° Ë §Ò, ³μ¦¥³ § ¶¨¸ ÉÓ ± ±

ϕν = βν − δν = βν − ẼνT +

T∫
0

〈Fν(r)|iS†(t)Ṡ(t)|Fν(r)〉 dt. (77)

�μ± ¦¥³ É¥¶¥·Ó, ÎÉμ ¢μ ¢¸¥Ì · ¸¸³μÉ·¥´´ÒÌ ¶·¨³¥· Ì ¸ qi(t) = ωit
³ É¥³ É¨Î¥¸±¨¥ μ¦¨¤ ´¨Ö ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¨ ¸¶¨´ , ¢ÒÎ¨¸²¥´´Ò¥ ¤²Ö ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì Í¨±²¨Î¥¸±¨Ì ·¥Ï¥´¨°, ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨. „¥°¸É¢¨É¥²Ó´μ,
¸μμÉ´μÏ¥´¨¥ (75) ¸ ÊÎ¥Éμ³ ¶·¥μ¡· §μ¢ ´¨Ö S(t), ± ± ¢ (32), (47) ¨ (53), ¤ ¥É
¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ³ É¥³ É¨Î¥¸±μ£μ μ¦¨¤ ´¨Ö H(t):

εi
ν = 〈Fν(r)|H̃(r)|Fν (r)〉 +

ωi

2
〈Fν(r)|σ̂i|Fν(r)〉 = Ẽν +

ωi

2
¯̂σi

ν , (78)

£¤¥ ¢¥²¨Î¨´Ò ¯̂σi
ν ¥¸ÉÓ ³ É¥³ É¨Î¥¸±¨¥ μ¦¨¤ ´¨Ö ¤²Ö ¸¶¨´μ¢

¯̂σi
ν = 〈Ψν(r, t)|σ̂i|Ψν(r, t)〉 = 〈Fν(r)|σ̂i|Fν(r)〉, (79)

±μÉμ·Ò¥ ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨ ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ. �μÔÉμ³Ê εi
ν ¢ (78) É ±¦¥ ´¥

§ ¢¨¸ÖÉ μÉ ¢·¥³¥´¨. �É³¥É¨³, ÎÉμ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ´ Ìμ¦¤¥´¨Ö Î ¸É¨ÍÒ
¢ ¤ ´´μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨

P (r, t) = ||Ψν(r, t)〉|2 = |Fν(r)〉|2 (80)

É ±¦¥ ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨.
ˆ§ (78)Ä(80) ¸²¥¤Ê¥É, ÎÉμ ´¥¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1) ¤²Ö

¶μ²ÊÎ¥´´μ£μ ¸¥³¥°¸É¢  § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ ¶μÉ¥´Í¨ ²Ó´ÒÌ ³ É·¨Í μ¡² -
¤ ¥É ·¥Ï¥´¨Ö³¨ ¨ ¸¢μ°¸É¢ ³¨, ¶μ¤μ¡´Ò³¨ ¸É Í¨μ´ ·´Ò³. ’ ±¨¥ ¸¢μ°¸É¢ 
¶·¨¸ÊÐ¨ É ± ´ §Ò¢ ¥³μ³Ê ÔËË¥±ÉÊ ¤¨´ ³¨Î¥¸±μ° ²μ± ²¨§ Í¨¨, μÉ±·ÒÉμ³Ê
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¤²Ö ±² ¸¸¨Î¥¸±¨Ì ¸¨¸É¥³ � Ê²¥³ ¨ � ÉÍ¥³ [8], ƒ ¶μ´μ¢Ò³ ¨ Œ¨²²¥·μ³ [9].
Š¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨°  ´ ²¨§ ÔËË¥±É  ¤¨´ ³¨Î¥¸±μ° ²μ± ²¨§ Í¨¨ ¤²Ö ¶μ-
É¥´Í¨ ²μ¢ · §´ÒÌ É¨¶μ¢ ¡Ò² ¶·μ¢¥¤¥´ ´¥¸±μ²Ó±¨³¨  ¢Éμ· ³¨ [10Ä12]. ‚ · -
¡μÉ Ì [10,12] ¨¸¸²¥¤μ¢ ²¨¸Ó ¶μÉ¥´Í¨ ²Ò ¢¨¤  V (r, t) = V (r) cos ωt, £¤¥ § ¢¨-
¸¨³μ¸ÉÓ μÉ ¶·μ¸É· ´¸É¢¥´´μ° ¶¥·¥³¥´´μ° μ¶·¥¤¥²Ö² ¸Ó ¶ · ¡μ²¨Î¥¸±¨³ ¶μ-
É¥´Í¨ ²μ³, V (r) = ar2, ¨ ¶¥·¨μ¤¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ ¢¨¤  V (r) = V cos kr.
‡¤¥¸Ó ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¨¸¸²¥¤μ¢ ´¨Ö³ ¶μ ÉμÎ´μ ·¥Ï ¥³Ò³ ´¥¸É Í¨μ´ ·-
´Ò³ ³μ¤¥²Ö³ ¶·¥¤Ï¥¸É¢μ¢ ²¨ · ¡μÉÒ ”μ±  [62], ‹ ´¤ Ê [63] ¨ „¦μ´¸μ´  ¨
‹¨¶¶³ ´  [64] ¢ ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥. ‡ É¥³ ¶·μ-
¡²¥³  ¨μ´´μ° ²μ¢ÊÏ±¨ ¢ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ ¨ § ¢¨¸ÖÐ¥³ μÉ ¢·¥-
³¥´¨ ±¢ ¤·Ê¶μ²Ó´μ³ Ô²¥±É·¨Î¥¸±μ³ ¡Ò²  ÉμÎ´μ ·¥Ï¥´  ¢ [11] ¶μ¸·¥¤¸É¢μ³
¸¢¥¤¥´¨Ö ± μ¸Í¨²²ÖÉμ·´μ³Ê ¶μÉ¥´Í¨ ²Ê. ‚ ´ Ï¥³ ¶μ¤Ìμ¤¥, μ¸´μ¢ ´´μ³ ´ 
¶·¥μ¡· §μ¢ ´¨¨ ¸É Í¨μ´ ·´ÒÌ ÉμÎ´μ ·¥Ï ¥³ÒÌ § ¤ Î ¢ ´¥¸É Í¨μ´ ·´Ò¥, § -
¢¨¸¨³μ¸ÉÓ ± ± μÉ ¶·μ¸É· ´¸É¢¥´´μ°, É ± ¨ μÉ ¢·¥³¥´´μ° ¶¥·¥³¥´´μ° ¡μ²¥¥
¸²μ¦´ Ö. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ±² ¸¸ ¸É Í¨μ´ ·´ÒÌ ÉμÎ´μ ·¥Ï ¥³ÒÌ § ¤ Î
¢¥¸Ó³  μ¡Ï¨·¥´. Š ¦¤Ò° ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì £ ³¨²ÓÉμ´¨ ´μ¢ ³μ¦¥É ¡ÒÉÓ
¨¸ÉμÎ´¨±μ³ ¤²Ö Í¥²μ£μ ¸¥³¥°¸É¢  § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´μ¢, ¤μ-
¶Ê¸± ÕÐ¨Ì ÉμÎ´Ò¥ ·¥Ï¥´¨Ö. �·¨ ÔÉμ³ ³μ¦´μ ±μ´¸É·Ê¨·μ¢ ÉÓ £ ³¨²ÓÉμ´¨-
 ´Ò ¸ ¦¥² ¥³Ò³¨ ¸¢μ°¸É¢ ³¨. ‚ Î ¸É´μ¸É¨, ³Ò ¤ ²¨ ¶·¨³¥·Ò £ ³¨²ÓÉμ´¨ ´μ¢
¸ · §²¨Î´μ° ËÊ´±Í¨μ´ ²Ó´μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ ¢·¥³¥´¨, ¤²Ö ±μÉμ·ÒÌ ³ É¥-
³ É¨Î¥¸±¨¥ μ¦¨¤ ´¨Ö ¨ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ´¥ § ¢¨¸ÖÉ μÉ ¢·¥³¥´¨. �Éμ
¸¢μ°¸É¢ , Ì · ±É¥·´Ò¥ ¤²Ö ¤¨´ ³¨Î¥¸±μ° ²μ± ²¨§ Í¨¨. ’ ±¨³ μ¡· §μ³, μ¤´μ
¨§ ¶·¨³¥´¥´¨° ÔÉμ£μ ¶μ¤Ìμ¤  Å ÔÉμ ³μ¤¥²¨·μ¢ ´¨¥ É ±¨Ì ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³,
± ± ¶μÉ¥´Í¨ ²Ó´Ò¥ Ö³Ò, ¶·μ¢μ²μ±¨ ¸μ ¸¢μ°¸É¢μ³ ¤¨´ ³¨Î¥¸±μ° ²μ± ²¨§ -
Í¨¨. „·Ê£μ¥ ¢ ¦´μ¥ ¶·¨³¥´¥´¨¥, ±μÉμ·μ¥ ¡Ê¤¥É ¶·¥¤¸É ¢²¥´μ ¢ ¸²¥¤ÊÕÐ¥³
· §¤¥²¥, Å ÔÉμ ±¢ ´Éμ¢Ò¥ ¢ÒÎ¨¸²¥´¨Ö ´  μ¸´μ¢¥ ÉμÎ´μ ·¥Ï ¥³ÒÌ ³μ¤¥²¥°.
‡¤¥¸Ó ³Ò ¶μ± ¦¥³, ± ± ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ¤Ìμ¤ ¤²Ö ¨§ÊÎ¥´¨Ö £¥μ³¥É·¨-
Î¥¸±¨Ì Ë §.

ˆ§¢¥¸É´μ, ÎÉμ ±² ¸¸¨Î¥¸± Ö ¶¥·¨μ¤¨Î¥¸± Ö ¸¨¸É¥³  Î¥·¥§ ¶¥·¨μ¤ ¢μ§¢· -
Ð ¥É¸Ö ¢ ¸¢μ¥ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥, ¢ Éμ ¢·¥³Ö ± ± ±¢ ´Éμ¢ Ö ¸¨¸É¥³  ¶·¨-
μ¡·¥É ¥É ¤μ¶μ²´¨É¥²Ó´ÊÕ Ë §Ê 	¥··¨. „²Ö ¤¨´ ³¨Î¥¸±μ° Ë §Ò δν ¨§ (76) ¸
ÊÎ¥Éμ³ (78) ¨³¥¥³

δi
ν =

T∫
0

εi
ν(t)dt = ẼνT + π ¯̂σi

ν . (81)

ƒ¥μ³¥É·¨Î¥¸±ÊÕ Ë §Ê ¶μ²ÊÎ¨³ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ëμ·³Ê²Ò (77). ‚ÒÎ¨É Ö
¤¨´ ³¨Î¥¸±ÊÕ Ë §Ê (81) ¨§ ¶μ²´μ° Ë §Ò βν

βν = π + ẼνT, (82)

¶μ²ÊÎ¨³ £¥μ³¥É·¨Î¥¸±ÊÕ Ë §Ê ϕν

ϕi
ν = (βν − δi

ν) = π(1 − ¯̂σi
ν). (83)
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�Î¥¢¨¤´μ, ÎÉμ £¥μ³¥É·¨Î¥¸± Ö Ë §  μ¶·¥¤¥²Ö¥É¸Ö ¸·¥¤´¨³ §´ Î¥´¨¥³ ¸¶¨´ 
¯̂σi

ν ¢¤μ²Ó μ¸¨ ¢· Ð¥´¨Ö. ˆ³¥¥É ³¥¸Éμ É ± ´ §Ò¢ ¥³μ¥ ¢Ò¸É· ¨¢ ´¨¥ ¸¶¨´ .
…¸²¨ ¯̂σi

ν = 0, Éμ ¨§³¥´¥´¨¥ Ê£²  ¤¨´ ³¨Î¥¸±μ° Ë §Ò Î¥·¥§ ¶¥·¨μ¤ μ¶·¥¤¥-
²Ö¥É¸Ö ± ± βν = ẼνT ; ¸μμÉ¢¥É¸É¢¥´´μ, £¥μ³¥É·¨Î¥¸± Ö Ë §  ¥¸ÉÓ ϕi

ν = π.
(� ¶·¨³¥·, ¢μ ¢Éμ·μ³ ¸²ÊÎ ¥ ¶·Ö³μ¥ ¢ÒÎ¨¸²¥´¨¥ ¤ ¥É ¯̂σ2

ν = 0.) ‘²¥¤μ¢ -
É¥²Ó´μ, ¨§³¥´¥´¨¥ £¥μ³¥É·¨Î¥¸±μ° Ë §Ò Î¥·¥§ n ¶¥·¨μ¤μ¢ · ¢´μ nπ. �Éμ
μ§´ Î ¥É, ÎÉμ ¤²Ö Î¥É´μ£μ Î¨¸²  ¶¥·¨μ¤μ¢ n = 2, 4, 6, . . . £¥μ³¥É·¨Î¥¸± Ö Ë § 
	¥··¨ ϕi

ν ±· É´  2π ¨ μ´  ´¥ μ± §Ò¢ ¥É ¢²¨Ö´¨Ö ´  § ¢¨¸ÖÐ¨¥ μÉ ¢·¥³¥´¨
¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö. �Éμ ¸¢μ°¸É¢μ ¸É Í¨μ´ ·´ÒÌ ·¥Ï¥´¨°. Š ± ¢¨¤´μ
¨§ (83), ¤²Ö ´¥Î¥É´μ£μ Î¨¸²  ¶¥·¨μ¤μ¢ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ³¥´Ö¥É §´ ±. …¸²¨
Î¥·¥§ ¶¥·¨μ¤ ¯̂σi

ν = 1/2, Éμ £¥μ³¥É·¨Î¥¸± Ö Ë §  ϕi
ν ¤²Ö ´¥Î¥É´μ£μ Î¨¸² 

¶¥·¨μ¤μ¢ n = 1, 3, 5, . . . ±· É´  π/2, É. ¥. ϕi
ν = nπ/2;   ¤²Ö Î¥É´μ£μ Î¨¸²  ¶¥-

·¨μ¤μ¢ n = 2, 4, 6, . . . ϕi
ν = nπ ±· É´  π, ¨ ¤²Ö n = 4, 8, 12 . . . £¥μ³¥É·¨Î¥¸± Ö

Ë §  ¸´μ¢  ´¥ ¢²¨Ö¥É ´  ¶¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö. ’ ± ÎÉμ ±¢ ´Éμ¢ ´¨¥ Ë §Ò
	¥··¨ ¸¢Ö§ ´μ ¸ ±¢ ´Éμ¢ ´¨¥³ ¸¶¨´μ¢μ£μ ¢Ò¸É· ¨¢ ´¨Ö ¨ ¢ ¦´μ ¤²Ö Ë¨§¨±¨
¸ ¢Ò¸μ±¨³¨ §´ Î¥´¨Ö³¨ ¸¶¨´μ¢ (¸³. [36,66]).

3. Š‚��’�‚›… ‚›—ˆ‘‹…�ˆŸ

‚ ÔÉμ³ · §¤¥²¥ ¶·¥¤¸É ¢¨³ ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö Ê´¨¢¥·¸ ²Ó´μ£μ ³´μ¦¥-
¸É¢  ±¢ ´Éμ¢ÒÌ ¢¥´É¨²¥° (quantum gates), ¨¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¢ Ö¢´μ³
¢¨¤¥ ³ É·¨ÍÒ Ô¢μ²ÕÍ¨¨ ¤²Ö § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ £ ³¨²ÓÉμ´¨ ´μ¢ [65]. ‚
±¢ ´Éμ¢μ³ ±μ³¶ÓÕÉ¥·¥ ²μ£¨Î¥¸±¨¥ μ¶¥· Í¨¨ · §¡¨¢ ÕÉ¸Ö ´  ¤¨¸±·¥É´ÊÕ ¸μ-
¢μ±Ê¶´μ¸ÉÓ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¢μ ¢·¥³¥´¨ ¡ §¨¸´ÒÌ ±¢ ´Éμ¢ÒÌ μ¶¥· Í¨° Å
±¢ ´Éμ¢ÒÌ ¢¥´É¨²¥°. Š ¦¤Ò° ¢¥´É¨²Ó ¢Ò¶μ²´Ö¥É Ê´¨É ·´μ¥ ¶·¥μ¡· §μ¢ ´¨¥
´ ¤ μ¶·¥¤¥²¥´´Ò³ Î¨¸²μ³ ±Ê¡¨Éμ¢. ŠÊ¡¨É (quantum bit ≡ ®qubit¯) Å ÔÉμ
´μ¸¨É¥²Ó ¨´Ëμ·³ Í¨¨ ¢ ±¢ ´Éμ¢μ³ ±μ³¶ÓÕÉ¥·¥, Ö¢²Ö¥É¸Ö ±¢ ´Éμ¢Ò³  ´ -
²μ£μ³ ±² ¸¸¨Î¥¸±μ£μ ¡¨É . �¤´¨³ ¨§ μ¸´μ¢´ÒÌ Ê¸²μ¢¨°, ´¥μ¡Ìμ¤¨³ÒÌ ¤²Ö
¶μ¸É·μ¥´¨Ö ±¢ ´Éμ¢μ£μ ±μ³¶ÓÕÉ¥· , Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ Ê´¨¢¥·¸ ²Ó´μ£μ ´ -
¡μ·  μ¤´μ±Ê¡¨Éμ¢ÒÌ ¨ ¤¢ÊÌ±Ê¡¨Éμ¢ÒÌ ±¢ ´Éμ¢ÒÌ ¢¥´É¨²¥°, ¸ ¶μ³μÐÓÕ ±μ-
Éμ·μ£μ ³μ¦¥É ¡ÒÉÓ ¢Ò¶μ²´¥´μ ¶·μ¨§¢μ²Ó´μ¥ Ê´¨É ·´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ U(t)
´ ¤ n-±Ê¡¨Éμ¢μ° ±¢ ´Éμ¢μ° ¸¨¸É¥³μ° (·¥£¨¸É·μ³) ¢ 2n-£¨²Ó¡¥·Éμ¢μ³ ¶·μ-
¸É· ´¸É¢¥.

Š² ¸¸¨Î¥¸±¨° ¡¨É Å ÔÉμ ¸¨¸É¥³ , ±μÉμ· Ö ³μ¦¥É ¶·¨´¨³ ÉÓ ¤¢  §´ Î¥´¨Ö
®0¯ ¨ ®1¯. ‚ ± Î¥¸É¢¥ ±Ê¡¨É  ³μ¦¥É ¡ÒÉÓ ¢§ÖÉ  ²Õ¡ Ö ±¢ ´Éμ¢ Ö ¸¨¸É¥³ ,
¨³¥ÕÐ Ö ± ± ³¨´¨³Ê³ ¤¢  ¸μ¸ÉμÖ´¨Ö. �¤´μ ¸μ¸ÉμÖ´¨¥ μ¡μ§´ Î ¥É¸Ö ± ± |0〉,
¤·Ê£μ¥ ¸μ¸ÉμÖ´¨¥, ¥³Ê μ·Éμ£μ´ ²Ó´μ¥, μ¡μ§´ Î ¥É¸Ö ± ± |1〉. �·μ¨§¢μ²Ó´μ¥
¸μ¸ÉμÖ´¨¥ ±Ê¡¨É  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±

|φ〉 = a|0〉 + b|1〉, (84)
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£¤¥ a ¨ b Å ±μ³¶²¥±¸´Ò¥ Î¨¸² . Šμ³¶μ´¥´ÉÒ ¤¢Ê³¥·´ÒÌ ¢¥±Éμ·μ¢ |0〉, |1〉 ¨
|φ〉 § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ ¸Éμ²¡Íμ¢

|0〉 =
(

1
0

)
, |1〉 =

(
0
1

)
, |φ〉 = a

(
1
0

)
+ b

(
0
1

)
=
(

a
b

)
.

Œ´μ¦¥¸É¢μ ¤¢Ê³¥·´ÒÌ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨° |φ〉 μ¡· §Ê¥É £¨²Ó¡¥·Éμ¢μ ¶·μ-
¸É· ´¸É¢μ ±Ê¡¨É  C2. ‘μμÉ´μÏ¥´¨¥ (84) μÉ· ¦ ¥É ¶·¨´Í¨¶ ¸Ê¶¥·¶μ§¨Í¨¨
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨: ¥¸²¨ ¢¥±Éμ·Ò |0〉 ¨ |1〉 Å ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥· , Éμ ¨Ì ²Õ¡ Ö ¸Ê¶¥·¶μ§¨Í¨Ö É ±¦¥ ¥¸ÉÓ ·¥Ï¥´¨¥. ‘μ¸ÉμÖ´¨Ö |0〉 ¨ |1〉
¸²Ê¦ É μ·É ³¨ ¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥. ‘μμÉ´μÏ¥´¨¥ (84) μ§´ Î ¥É, ÎÉμ ±Ê¡¨É
´ Ìμ¤¨É¸Ö ¢ ±μ£¥·¥´É´μ° ¸Ê¶¥·¶μ§¨Í¨¨ ¤¢ÊÌ ¸μ¸ÉμÖ´¨°, ¶·¨ ÔÉμ³ ¸ ¢¥·μÖÉ´μ-
¸ÉÓÕ |a|2 μ´ ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ |0〉 ¨ ¸ ¢¥·μÖÉ´μ¸ÉÓÕ |b|2 Å ¢ ¸μ¸ÉμÖ´¨¨
|1〉, |a|2+|b|2 = 1, É. ¥. ±Ê¡¨É ³μ¦´μ μ¶¨¸ ÉÓ ¥¤¨´¨Î´Ò³ ¢¥±Éμ·μ³ ¢ ¶·μ¸É· ´-
¸É¢¥ C2. ‘¶μ¸μ¡´μ¸ÉÓ ±Ê¡¨É  ´ Ìμ¤¨ÉÓ¸Ö ¢ ±μ£¥·¥´É´μ° ¸Ê¶¥·¶μ§¨Í¨¨ ¤¢ÊÌ
¸μ¸ÉμÖ´¨° ¥¸ÉÓ £² ¢´μ¥ μÉ²¨Î¨¥ μÉ ±² ¸¸¨Î¥¸±μ£μ ¡¨É , ¢ ±μÉμ·μ³ ¡Ê²¥¢Ò
¸μ¸ÉμÖ´¨Ö ®0¯ ¨²¨ ®1¯ ³μ£ÊÉ ¡ÒÉÓ § ´ÖÉÒ ¸ ¢¥·μÖÉ´μ¸ÉÖ³¨ ²¨¡μ p(0) = 1,
²¨¡μ p(1) = 1. “¤μ¡´Ò³ ¶·¨³¥·μ³ ±Ê¡¨É  Ö¢²Ö¥É¸Ö Ö¤¥·´Ò° ¨²¨ Ô²¥±É·μ´-

´Ò° ¸¶¨´ s =
1
2
σ, ±μÉμ·Ò° ¢μ ¢´¥Ï´¥³ ¶μ¸ÉμÖ´´μ³ ³ £´¨É´μ³ ¶μ²¥ ¨³¥¥É

¤¢  Ê·μ¢´Ö Ô´¥·£¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ´ ¶· ¢²¥´¨Ö³ ¸¶¨´  ¢¤μ²Ó ¨ ¶·μÉ¨¢
¶μ²Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ £ ³¨²ÓÉμ´¨ ´ ¨³¥¥É ¢¨¤ H̃ = σ · B̃ (¸³. (44)). …£μ ¤¢ 
¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·  ·¥Ï¥´¨° (45) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¶·¨³¥· ¤¢ÊÌ
±Ê¡¨Éμ¢

|φ1〉 =

(
cos (θ̃/2)

sin (θ̃/2)

)
= cos (θ̃/2)|0〉 + sin (θ̃/2)|1〉,

(85)

|φ2〉 =

(
− sin (θ̃/2)

cos (θ̃/2)

)
= − sin (θ̃/2)|0〉+ cos (θ̃/2)|1〉.

‡¤¥¸Ó  ³¶²¨ÉÊ¤Ò a ¨ b Å ¤¥°¸É¢¨É¥²Ó´Ò¥ Î¨¸² : ¤²Ö ±Ê¡¨É  |φ1〉 ¨³¥¥³ a =
cos (θ̃/2) ¨ b = sin (θ̃/2), ¤²Ö ±Ê¡¨É  |φ2〉 ¨³¥¥³ a = − sin (θ̃/2) ¨ b =
cos (θ̃/2). �·¨ ÔÉμ³ θ̃ ³μ¦¥É ¶·¨´¨³ ÉÓ ²Õ¡μ¥ §´ Î¥´¨¥ ¢ ¨´É¥·¢ ²¥ [0, 2π]. ‚
μ¡Ð¥³ ¸²ÊÎ ¥ a ¨ b Å ±μ³¶²¥±¸´Ò¥ Î¨¸² , a = |a| exp (iϑa), b = |b| exp (iϑb).

�·¥μ¡· §μ¢ ´¨¥ ¢¥±Éμ·  |φ〉 =
(

a
b

)
¢ ¢¥±Éμ· |φ′〉 =

(
a′

b′

)
μ¸ÊÐ¥¸É¢²Ö¥É¸Ö

¸ ¶μ³μÐÓÕ Ê´¨É ·´μ° ³ É·¨ÍÒ U ¢Éμ·μ£μ ¶μ·Ö¤± :

|φ′〉 = U(2 × 2)|φ〉.

ƒ¥μ³¥É·¨Î¥¸±¨ É ±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¥¸ÉÓ ¢· Ð¥´¨¥ ¢¥±Éμ·  |φ〉 ¤μ ¸μ¢¶ -
¤¥´¨Ö ¸ ¢¥±Éμ·μ³ |φ′〉, É. ¥. ³ É·¨Í  U μ¸ÊÐ¥¸É¢²Ö¥É ¶μ¢μ·μÉ ¢¥±Éμ·  |φ〉 ¢
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£¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥. ’ ±μ£μ ·μ¤  ¶·¥μ¡· §μ¢ ´¨Ö ¢ ±¢ ´Éμ¢ÒÌ ¢ÒÎ¨-
¸²¥´¨ÖÌ μ¶·¥¤¥²ÖÕÉ μ¤´μ±Ê¡¨Éμ¢Ò¥ ±¢ ´Éμ¢Ò¥ μ¶¥· Í¨¨ (±¢ ´Éμ¢Ò¥ £¥°ÉÒ
®gates¯ ¨²¨ ¢¥´É¨²¨).

Š¢ ´Éμ¢Ò° ±μ³¶ÓÕÉ¥· ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ·¥£¨¸É·, ¸μ¸ÉμÖÐ¨° ¨§ n ±Ê-
¡¨Éμ¢, ±μÉμ·Ò¥ ±μ´É·μ²¨·Ê¥³Ò³ μ¡· §μ³ Ê¶· ¢²ÖÕÉ¸Ö ¢´¥Ï´¨³¨ ¸¨£´ ² ³¨.
‚¥±Éμ· ¸μ¸ÉμÖ´¨Ö, ¸μ¸ÉμÖÐ¨° ¨§ n ±Ê¡¨Éμ¢, ¥¸ÉÓ ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢ ±μ³-
¶²¥±¸´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, μ¡· §μ¢ ´´μ³ ± ± É¥´§μ·´μ¥ ¶·μ¨§¢¥-
¤¥´¨¥ ¨§ n ¶·μ¸É· ´¸É¢ C2⊗C2⊗ . . .⊗C2. 	 §¨¸, ¸μ¸ÉμÖÐ¨° ¨§ 2n ¢¥±Éμ·μ¢,
¢Ò¡¨· ÕÉ ¢ ¢¨¤¥

|j0〉 = |0〉 ⊗ |0〉 . . . ⊗ |0〉
|j1〉 = |0〉 ⊗ |0〉 . . . ⊗ |1〉

. . . . . . . . . . . . . . . . . . . . . . . . . . .
|j2n−1〉 = |1〉 ⊗ |1〉 . . . ⊗ |1〉.

(86)

„²Ö ±· É±μ¸É¨ É¥´§μ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Î ¸Éμ μ¶Ê¸± ÕÉ ¨ ¢¢μ¤ÖÉ μ¡μ§´ Î¥´¨¥
|i1, i2, . . . , in〉 = |i1〉 ⊗ |i2〉 ⊗ . . . |in〉 ≡ |j〉, i1, i2, . . . , in = {0, 1}. �·μ¨§¢μ²Ó-
´μ¥ ¸μ¸ÉμÖ´¨¥ ¢ 2n-³¥·´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
· §²μ¦¥´¨¥ ¶μ 2n ¡ §¨¸´Ò³ ¸μ¸ÉμÖ´¨Ö³ (86)

|Ψ〉 =
2n−1∑
k=0

ak|jk〉. (87)

‡¤¥¸Ó ai Å ¶·μ¥±Í¨¨ ¢¥±Éμ·  |Ψ〉 ´  ´ ¶· ¢²¥´¨Ö μ·Éμ¢ |j0〉, |j1〉, . . . , |j2n−1〉,
¶·¨ ÔÉμ³

∑
k

a2
k = 1. ‹¥£±μ ¶μ¸Î¨É ÉÓ ·¥¸Ê·¸ ±¢ ´Éμ¢μ£μ ±μ³¶ÓÕÉ¥· : ¸Ê-

¶¥·¶μ§¨Í¨Ö (87) ¸μ¤¥·¦¨É 2n ¸² £ ¥³ÒÌ. …¸²¨ ¢Ò¡· ÉÓ n 
 103 ±Ê¡¨Éμ¢,
Éμ ¶μ²ÊÎ¨³ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¡μ²ÓÏμ° 2n = 21000 ¨´Ëμ·³ Í¨μ´´Ò° ·¥¸Ê·¸
±¢ ´Éμ¢μ£μ ±μ³¶ÓÕÉ¥· .

�·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö ´  ±¢ ´Éμ¢μ³ ±μ³¶ÓÕÉ¥·¥ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¶·¥-
μ¡· §μ¢ ´¨¥ ´ Î ²Ó´μ£μ ¢¥±Éμ·  ¸μ¸ÉμÖ´¨Ö |Ψ0〉 ¢ ±μ´¥Î´Ò° ¢¥±Éμ· |Ψf 〉 ¸
¶μ³μÐÓÕ Ê´¨É ·´μ° ³ É·¨ÍÒ Ô¢μ²ÕÍ¨¨ U(t) · §³¥·´μ¸ÉÓÕ (2n × 2n):

|Ψf〉 = U(2n × 2n)|Ψ0〉. (88)

“¤μ¡´μ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ ±μ³¶ÓÕÉ¥·  ¢Ò¡· ÉÓ É ±, ÎÉμ¡Ò ¢¸¥ ¥£μ ±Ê¡¨ÉÒ
´ Ìμ¤¨²¨¸Ó ¢ ¸μ¸ÉμÖ´¨¨ |0〉: |Ψ0〉 = |01〉 ⊗ |02〉 . . . ⊗ |0n〉 = |01, 02, . . . , 0n〉 ≡
|j0〉. �É  μ¶¥· Í¨Ö ´ §Ò¢ ¥É¸Ö ¶μ¤£μÉμ¢±μ° ¨²¨ ¨´¨Í¨ ²¨§ Í¨¥° ±¢ ´Éμ¢μ£μ
·¥£¨¸É· . Œ É·¨ÍÒ U(2n × 2n) μ¶·¥¤¥²ÖÕÉ ¤¨´ ³¨Î¥¸±ÊÕ Ô¢μ²ÕÍ¨Õ ±¢ ´-
Éμ¢μ° ¸¨¸É¥³Ò. �²£μ·¨É³ ·¥Ï¥´¨Ö § ¤ Î¨ § ±²ÕÎ¥´ ¢ ³ É·¨Í¥ ¶·¥μ¡· §μ-
¢ ´¨Ö U(2n × 2n), ±μÉμ· Ö ¢ ± ¦¤Ò° Ë¨±¸¨·μ¢ ´´Ò° ³μ³¥´É ¢·¥³¥´¨ ¡Ê¤¥É
μ¡¥¸¶¥Î¨¢ ÉÓ ¶·μÍ¥¸¸ ±¢ ´Éμ¢μ£μ ¢ÒÎ¨¸²¥´¨Ö. �μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ´ °É¨
£ ³¨²ÓÉμ´¨ ´ H(t), ±μÉμ·Ò° Ê¶· ¢²Ö¥É Ô¢μ²ÕÍ¨¥°.
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�¥ ²¨§ Í¨Ö ¶·¥μ¡· §μ¢ ´¨Ö U(2n × 2n) ¶·¨ ¡μ²ÓÏ¨Ì n > 103 ¢¥¸Ó³ 
¸²μ¦´ Ö § ¤ Î . �¡ÒÎ´μ · ¸¸³ É·¨¢ ¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ · §²μ¦¥´¨Ö ³ É·¨ÍÒ
U(2n × 2n) ¢ Ê¶μ·Ö¤μÎ¥´´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ³ É·¨Í ¢Éμ·μ£μ ¨ Î¥É¢¥·Éμ£μ ¶μ-
·Ö¤±μ¢:

U(2n × 2n) =
∏
i,j

Ui(2 × 2) ⊗ Uj(22 × 22). (89)

Œ É·¨ÍÒ ¢Éμ·μ£μ ¶μ·Ö¤±  Ui(2 × 2) ¶·¥μ¡· §ÊÕÉ ¢¥±Éμ·Ò ¸μ¸ÉμÖ´¨° μ¤´μ£μ
±Ê¡¨É : (

a′

b′

)
i

=
(

u11 u12

u21 u22

)
i

(
a
b

)
i

.

Œ É·¨ÍÒ Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  Uj(22×22) ¶·¥μ¡· §ÊÕÉ ¢¥±Éμ·Ò ¸μ¸ÉμÖ´¨° ¶ ·
±Ê¡¨Éμ¢.

�μ± ¦¥³ É¥¶¥·Ó, ± ± ³μ¦´μ £¥´¥·¨·μ¢ ÉÓ μ¤´μ±Ê¡¨Éμ¢Ò¥ ¢¥´É¨²¨, ¨¸-
¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¢ Ö¢´μ³ ¢¨¤¥ ³ É·¨ÍÒ Ô¢μ²ÕÍ¨¨. ‚ · §¤. 1 ¡Ò²μ ¶μ± -
§ ´μ, ± ±, ¨¸¶μ²Ó§ÊÖ ¸É Í¨μ´ ·´Ò¥ ÉμÎ´μ ·¥Ï ¥³Ò¥ § ¤ Î¨ ¨ ¸¶¥Í¨ ²Ó´Ò¥
§ ¢¨¸ÖÐ¨¥ μÉ ¢·¥³¥´¨ ¶·¥μ¡· §μ¢ ´¨Ö, ±μ´¸É·Ê¨·μ¢ ÉÓ § ¢¨¸ÖÐ¨¥ μÉ ¢·¥-
³¥´¨ £ ³¨²ÓÉμ´¨ ´Ò, ¤μ¶Ê¸± ÕÐ¨¥ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö. �μ¸±μ²Ó±Ê ·¥Ï¥´¨Ö ³Ò
¶·¥¤¸É ¢²Ö¥³ ¢ Ö¢´μ³ ¢¨¤¥ ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ t, Éμ ¢ Ö¢´μ³ ¢¨¤¥ ¨³¥¥³
É ±¦¥ ³ É·¨ÍÊ Ô¢μ²ÕÍ¨¨. � ¸¸³μÉ·¨³ ±¢ ´Éμ¢ÊÕ ¸¨¸É¥³Ê, ±μÉμ· Ö Ô¢μ²ÕÍ¨-
μ´¨·Ê¥É ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥·  (1) ¸ £ ³¨²ÓÉμ´¨ ´μ³ (57),
¶·¥¤¸É ¢²¥´´μ³ ¢ ¢¨¤¥

H(t) =

= λ

⎛⎝ cos θ̃ cos (ω1t) sin θ̃ − ω1

2λ
+ i cos θ̃ sin (ω1t)

sin θ̃ − ω1

2λ
− i cos θ̃ sin (ω1t) − cos θ̃ cos (ω1t)

⎞⎠ . (90)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥ λ ¢³¥¸Éμ Ω̃ ¢ (44) ¨ (57). �ÉμÉ £ ³¨²ÓÉμ´¨ ´
¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¥³Ê Í¨±²¨Î¥¸±¨¥ ·¥Ï¥´¨Ö (58) ¶μ²ÊÎ¥´Ò ¸ ¶μ³μÐÓÕ ¶·¥-
μ¡· §μ¢ ´¨Ö S(t) = exp (−iσ1ω1t/2) ´ ¤ ¸É Í¨μ´ ·´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ (44).
�·¥¤¶μ² £ ¥³, ÎÉμ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ ±Ê¡¨É  ¢§ÖÉμ ¢ μ¤´μ³ ¨§ ¸μ¸ÉμÖ´¨°
φ1 = cos θ̃/2|0〉 + sin θ/2|1〉 ¨²¨ φ2 = − sin θ/2|0〉 + cos θ̃/2|1〉 £ ³¨²ÓÉμ-
´¨ ´  (44). Œ É·¨Í  Ô¢μ²ÕÍ¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö £ ³¨²ÓÉμ´¨ ´Ê (90), ¨³¥¥É
¢¨¤

U1(t) =
(

cos (ω1t/2) −i sin (ω1t/2)
−i sin (ω1t/2) cos (ω1t/2)

)(
exp (−iλt) 0

0 exp (iλt)

)
. (91)

�É  ³ É·¨Í  Ô¢μ²ÕÍ¨¨ ¤ ¥É ´¥¶·¥·Ò¢´Ò° ´ ¡μ· μ¤´μ±Ê¡¨Éμ¢ÒÌ ¢¥´É¨²¥°,
±μÉμ· Ö ±μ´É·μ²¨·Ê¥É¸Ö ¶ · ³¥É· ³¨ ω1 ¨ λ.
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‚ ¦´Ò³ μ¤´μ±Ê¡¨Éμ¢Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ Ö¢²Ö¥É¸Ö μ¶¥· Í¨Ö μÉ·¨Í ´¨Ö
¨²¨ ¨´¢¥·¸¨¨ �… (NOT):

NOT =
(

0 1
1 0

)
= σx, (92)

�¶¥· Í¨Ö μÉ·¨Í ´¨Ö NOT ¸μμÉ¢¥É¸É¢Ê¥É Ê³´μ¦¥´´μ° ´  ³´¨³ÊÕ ¥¤¨´¨ÍÊ
μ¶¥· Í¨¨ ¶μ¢μ·μÉ  ¢¥±Éμ·  ¸μ¸ÉμÖ´¨Ö ±Ê¡¨É  ´  Ê£μ² π ¢μ±·Ê£ x-μ¸¨. „¥°-

¸É¢¨É¥²Ó´μ, iS1(γ) = i

(
cos (γ/2) −i sin (γ/2)

−i sin (γ/2) cos (γ/2)

)
. �μ¤¸É ¢²ÖÖ ¸Õ¤  γ = π,

¶μ²ÊÎ¨³ μ¶¥· Éμ· NOT. �Î¥¢¨¤´μ, ÎÉμ μ¶¥· Í¨Ö NOT μ¸ÊÐ¥¸É¢²Ö¥É ¨´¢¥·-
¸¨Õ ¡ §¨¸´ÒÌ ¸μ¸ÉμÖ´¨°,   ¨³¥´´μ, ¢¥±Éμ· ¸μ¸ÉμÖ´¨Ö |0〉 ¶¥·¥¢μ¤¨É ¢ ¢¥±Éμ·
|1〉 ¨ ´ μ¡μ·μÉ. ‚¥´É¨²Ó NOT ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¨¸¶μ²Ó§ÊÖ ¤μ³´μ¦¥´´μ¥ ´  i
¸μμÉ´μÏ¥´¨¥ (91) ¶·¨ ω1t = π ¨ λt = 2nπ:

NOT = iU1(ω1t = π, λt = 2nπ) =
(

0 1
1 0

)
. (93)

�É³¥É¨³, ÎÉμ NOT ³μ¦¥É ¤¥°¸É¢μ¢ ÉÓ É ±¦¥ ¨ ´  ¸Ê¶¥·¶μ§¨Í¨Õ ¸μ¸ÉμÖ´¨°

NOT(a|0〉 + b|1〉) = a|1〉 + b|0〉.

‹¨´¥°´μ¸ÉÓ μ¶¥· Í¨¨ NOT μÉ¢¥É¸É¢¥´´  §  ±¢ ´Éμ¢Ò° ¶ · ²²¥²¨§³ [67] Å
¢ ¦´μ¥ ¸¢μ°¸É¢μ, ¢¸É·¥Î ¥³μ¥ ¢μ ¢¸¥Ì ±¢ ´Éμ¢ÒÌ  ²£μ·¨É³ Ì.

„·Ê£μ° ¸¶¥Í¨ ²Ó´Ò° μ¤´μ±Ê¡¨Éμ¢Ò° ¢¥´É¨²Ó ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ (91),
¶μ² £ Ö ω1t = π ¨ λt = π/2 ¨ ¤μ³´μ¦ Ö ·¥§Ê²ÓÉ É ´  i:

Y = iU1(ω1t = π, λt = π/2) =
(

0 −i
i 0

)
= σy . (94)

‚¥´É¨²Ó Z ¶μ²ÊÎ ¥É¸Ö ¨§ (91) ¶·¨ ω1t = 4π ¨ λt = π/2 ¶μ¸²¥ ¤μ³´μ¦¥´¨Ö
´  i:

Z = iU1(ω1t = 4π, λt = π/2) =
(

1 0
0 −1

)
= σz . (95)

‚ ´ Ê±¥ μ ±¢ ´Éμ¢μ° ¨´Ëμ·³ Í¨¨ Î ¸Éμ ¨¸¶μ²Ó§Ê¥É¸Ö ³ É·¨Í  ¶·¥μ¡· -
§μ¢ ´¨Ö �¤ ³ · 

H =
1√
2

(
1 1
1 −1

)
=

1√
2
(σx + σz). (96)

• · ±É¥·´μ¥ ¸¢μ°¸É¢μ μ¶¥· Í¨¨ �¤ ³ ·  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶·¨ ¤¥°¸É¢¨¨
´  ²Õ¡μ¥ ¨§ ¡ §¨¸´ÒÌ ¸μ¸ÉμÖ´¨° μ´  ¸μ§¤ ¥É · ¢´μ¢¥·μÖÉ´ÊÕ ¸Ê¶¥·¶μ§¨Í¨Õ
μ¡μ¨Ì ¡ §¨¸´ÒÌ ¸μ¸ÉμÖ´¨°:

H|0〉 = H

(
1
0

)
=

1√
2
(|0〉 + |1〉), H|1〉 = H

(
0
1

)
=

1√
2
(|0〉 − |1〉).
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�·¥¤¶μ²μ¦¨³ É¥¶¥·Ó, ÎÉμ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ ±Ê¡¨É  ´ Ìμ¤¨É¸Ö ¢ · ¢´μ¢¥-

·μÖÉ´μ° ¸Ê¶¥·¶μ§¨Í¨¨ ¸μ¸ÉμÖ´¨° |0〉 ¨ |1〉:
√

1/2(|0〉 + |1〉) =
√

1/2
(

1
1

)
.

’μ£¤  ³ É·¨Í  Ô¢μ²ÕÍ¨¨ U(t), ¸μμÉ¢¥É¸É¢ÊÕÐ Ö £ ³¨²ÓÉμ´¨ ´Ê (90), § ¶¨-
Ï¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

U(t) = exp
(
− iσxω1t

2

)
exp (−iσzλt) exp

(
− iσy θ̃

2

)
=

=
(

cos (ω1t/2) −i sin (ω1t/2)
−i sin (ω1t/2) cos (ω1t/2)

)(
exp (−iλt) 0

0 exp (iλt)

)
×

×
(

cos (θ̃/2) − sin (θ̃/2)
sin (θ̃/2) cos (θ̃/2)

)
. (97)

�·¨ t = 0, θ̃ = π/2 ¨ ²Õ¡ÒÌ ω1 ¨ λ ¨§ (97) ¶μ²ÊÎ ¥³ ¢¥´É¨²Ó

U(ω1, λ; t = 0, θ̃ = π/2) =
1√
2

(
1 −1
1 1

)
. (98)

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¢¥´É¨²Ó �¤ ³ · , ¤μ³´μ¦¨³ ÔÉÊ ³ É·¨ÍÊ U ´  ¢¥´É¨²Ó NOT,
±μÉμ·Ò° ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ´ ¶·¨³¥·, ± ± ¢ (93), ¨²¨ ¨¸¶μ²Ó§ÊÖ ³ É·¨ÍÊ (97)
NOT = iU(π, 2πn, θ̃ = 0), ¶μ¸±μ²Ó±Ê U1(t) = U(t; θ̃ = 0),

H = iU(π, 2πn, θ̃ = 0)U(ω1, λ, θ̃ = π/2; t = 0). (99)

ˆÉ ±, ¢¥´É¨²Ó �¤ ³ ·  H ¶μ²ÊÎ¥´ ± ± ·¥§Ê²ÓÉ É ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¤¢ÊÌ
¶·¥μ¡· §μ¢ ´¨°. 	Ê¤ÊÎ¨ ¶·¨³¥´¥´´Ò³ ± n ±Ê¡¨É ³ |0〉, ¢¥´É¨²Ó H £¥´¥·¨-
·Ê¥É ¸Ê¶¥·¶μ§¨Í¨Õ ¨§ 2n ¢μ§³μ¦´ÒÌ ¸μ¸ÉμÖ´¨°. ’ ±¨³ μ¡· §μ³ ¤μ¸É¨£ ¥É¸Ö
¡¨´ ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ Î¨¸¥² μÉ 0 ¤μ 2n − 1

(H ⊗ H ⊗ . . . ⊗ H)|00 . . . 0〉 =

=
1√
2n

((|0〉 + |1〉) ⊗ (|0〉 + |1〉) ⊗ . . . ⊗ (|0〉 + |1〉)) =
1√
2n

2n−1∑
k=0

|jk〉. (100)

�Î¥¢¨¤´μ, ÎÉμ U(t) £¥´¥·¨·Ê¥É ¢¸¥ ³ É·¨ÍÒ ¨§ SU(2). „¥°¸É¢¨¥ ±· °´¥°
¶· ¢μ° ³ É·¨ÍÒ ´  ¸μ¸ÉμÖ´¨¥

√
1/2(|0〉 + |1〉) μ¡¥¸¶¥Î¨¢ ¥É ¢¸¥ ±μ£¥·¥´É-

´Ò¥ ¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ ±Ê¡¨Éμ¢ |φ1〉 ¨ |φ2〉 (¸³. (85)), ±μÉμ·Ò¥ ±μ´É·μ²¨·Ê¥³Ò³
μ¡· §μ³ ³μ¦´μ ¢· Ð ÉÓ ¢μ±·Ê£ μ¸¥° z ¨ x. �É³¥É¨³, ÎÉμ ¢ ´ Ï¥³ ¶μ¤-
Ìμ¤¥ ¶·¨ É ±μ³ ¶μ¸É·μ¥´¨¨ μ¤´μ±Ê¡¨Éμ¢ÒÌ ¢¥´É¨²¥° ÔËË¥±É £¥μ³¥É·¨Î¥¸±μ°
Ë §Ò (83) ÊÎ¨ÉÒ¢ ¥É¸Ö ¥¸É¥¸É¢¥´´μ. „¥°¸É¢¨É¥²Ó´μ, ¨§-§  ¶¥·¨μ¤¨Î´μ¸É¨ ³ -
É·¨ÍÒ Ô¢μ²ÕÍ¨¨ ¸ ¶¥·¨μ¤μ³ T = 2πm ²¥£±μ ¢¨¤¥ÉÓ ¨§ (91), ÎÉμ ¸μ¸ÉμÖ´¨¥
¨§³¥´Ö¥É §´ ± ¶·¨ ωjtj = 2πm. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¶·¨¢¥¤¥´´ Ö ¢ÒÏ¥
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¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢¥´É¨²¥° ´¥ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´μ°. ‚¸¥ · ¸¸³μÉ·¥´´Ò¥
¢ · §¤. 1 ¶·¨³¥·Ò ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò  ´ ²μ£¨Î´Ò³ μ¡· §μ³ ¤²Ö ¶μ¸É·μ-
¥´¨Ö μ¤´μ±Ê¡¨Éμ¢ÒÌ ¢¥´É¨²¥°. � ¸¸³μÉ·¨³ É¥¶¥·Ó ¶μ¸É·μ¥´¨¥ ¤¢ÊÌ±Ê¡¨Éμ¢ÒÌ
¢¥´É¨²¥°.

3.1. Šμ´¸É·Ê¨·μ¢ ´¨¥ £ ³¨²ÓÉμ´¨ ´  ¸ § · ´¥¥ § ¤ ´´Ò³ μ¶¥· Éμ·μ³
§ ¶ÊÉÒ¢ ´¨Ö. ˆÉ ±, Ê¶· ¢²¥´¨¥ · ¡μÉμ° ±¢ ´Éμ¢μ£μ ±μ³¶ÓÕÉ¥·  ¸ n ±Ê¡¨-
É ³¨ ³μ¤¥²¨·Ê¥É ¶·¥μ¡· §μ¢ ´¨¥ U(2n × 2n), ±μÉμ·μ¥ ¶¥·¥¢μ¤¨É ´ Î ²Ó´μ¥
¸μ¸ÉμÖ´¨¥ |Ψ0〉 ¢ ±μ´¥Î´μ¥ |Ψf 〉 = U(2n×2n)|Ψ0〉, £¤¥ |Ψ0〉 ¨ |Ψf 〉 Å ¢¥±Éμ·Ò
¸ 2n ±μ³¶μ´¥´É ³¨. „²Ö ¤¢ÊÌ±Ê¡¨Éμ¢μ° ¸¨¸É¥³Ò ¨³¥¥É¸Ö Î¥ÉÒ·¥ ¢ÒÎ¨¸²¨-
É¥²Ó´ÒÌ ¡ §¨¸´ÒÌ ¸μ¸ÉμÖ´¨Ö, ¢ Î¥ÉÒ·¥Ì³¥·´μ³ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥,
¶μ¸É·μ¥´´ÒÌ ´  μ¤´μ±Ê¡¨Éμ¢ÒÌ ¸μ¸ÉμÖ´¨ÖÌ: {|00〉 = |0〉⊗|0〉, |01〉 = |0〉⊗|1〉,
|10〉 = |1〉 ⊗ |0〉, |11〉 = |1〉 ⊗ |1〉},

|00〉 =

⎛⎜⎜⎝
1
0
0
0

⎞⎟⎟⎠ , |01〉 =

⎛⎜⎜⎝
0
1
0
0

⎞⎟⎟⎠ , |10〉 =

⎛⎜⎜⎝
0
0
1
0

⎞⎟⎟⎠ , |11〉 =

⎛⎜⎜⎝
0
0
0
1

⎞⎟⎟⎠ .

‚¥±Éμ· ¶·μ¨§¢μ²Ó´μ£μ Î¨¸Éμ£μ ¤¢ÊÌ±Ê¡¨Éμ¢μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¸Ê-
¶¥·¶μ§¨Í¨¥° ¡ §¨¸´ÒÌ ¸μ¸ÉμÖ´¨°:

|Ψ〉 = c00|00〉 + c10|10〉 + c01|01〉 + c11|11〉 =

⎛⎜⎜⎝
c00

c01

c10

c11

⎞⎟⎟⎠ ,

£¤¥ |c00|2 + |c01|2 + |c10|2| + |c11|2 = 1. �É³¥É¨³, ÎÉμ ´¨ ¢ ± ±μ³ ¡ §¨¸¥ Î¨-
¸ÉÒ¥ ¤¢ÊÌ±Ê¡¨Éμ¢Ò¥ ¸μ¸ÉμÖ´¨Ö ´¥ ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ¶·Ö³μ£μ ¶·μ¨§¢¥¤¥´¨Ö
μ¤´μ±Ê¡¨Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° |Ψ〉 �= |ψ1〉 ⊗ |ψ2〉. �Éμ ¸¢μ°¸É¢μ ´ §Ò¢ ÕÉ § ¶Ê-
É ´´μ¸ÉÓÕ (¶·¨´ÖÉÒ°  ´£²¨°¸±¨° É¥·³¨´ Å entanglement). ‡ ¶ÊÉ ´´μ¸ÉÓ
¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ´ ²¨Î¨¨ ´¥²μ± ²Ó´ÒÌ ±¢ ´Éμ¢ÒÌ ±μ··¥²ÖÍ¨° ³¥¦¤Ê ¤¢Ê³Ö
¸¶¨´ ³¨,  ´ ²μ£  ±μÉμ·Ò³ ´¥É ¢ ±² ¸¸¨Î¥¸±¨Ì ¸¨¸É¥³ Ì. ‘É¥¶¥´Ó § ¶ÊÉ ´´μ-
¸É¨ Ì · ±É¥·¨§ÊÕÉ ¨´¢ ·¨ ´É´Ò³ ¶ · ³¥É·μ³, ±μÉμ·Ò° ´ §Ò¢ ¥É¸Ö ¸μ£² ¸μ-
¢ ´´μ¸ÉÓÕ: C = 2|c00c11 − c10c01|. „²Ö ´¥§ ¶ÊÉ ´´ÒÌ (¸¥¶ · ¡¥²Ó´ÒÌ) ¸μ¸Éμ-
Ö´¨° C = 0, ¶·¨ ÔÉμ³ |Ψ〉 = |ψ1〉 ⊗ |ψ2〉. „²Ö § ¶ÊÉ ´´ÒÌ ¸μ¸ÉμÖ´¨° C �= 0.
„¢ÊÌ±Ê¡¨Éμ¢Ò¥ μ¶¥· Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μ¢μ·μÉ ³ ¢ Î¥ÉÒ·¥Ì³¥·´μ³ £¨²Ó-
¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸μ¸ÉμÖ´¨° ¤¢ÊÌ ±Ê¡¨Éμ¢. …¸²¨ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥
§ ¤ ´μ ± ± |Ψ0〉 = c00|00〉+ c10|10〉+ c01|01〉+ c11|11〉, Éμ ³ É·¨Í  Uj(22×22)
¶·¥μ¡· §Ê¥É ¥£μ ¢ ¢¥±Éμ· |Ψf〉 = c′00|00〉+c′10|10〉+c′01|01〉+c′11|11〉. —¨¸²μ ¸μ-
³´μ¦¨É¥²¥° ¢Éμ·μ£μ ¨ Î¥É¢¥·Éμ£μ ¶μ·Ö¤±μ¢ ¢ (89) μ¶·¥¤¥²Ö¥É Î¨¸²μ μ¶¥· Í¨°,
´¥μ¡Ìμ¤¨³ÒÌ ¤²Ö ·¥ ²¨§ Í¨¨ ±¢ ´Éμ¢μ£μ  ²£μ·¨É³ . �²£μ·¨É³ ¸Î¨É ¥É¸Ö ÔË-
Ë¥±É¨¢´Ò³, ¥¸²¨ Î¨¸²μ μ¶¥· Í¨° ¶μ²¨´μ³¨ ²Ó´μ ¸¢Ö§ ´μ ¸ Î¨¸²μ³ ±Ê¡¨Éμ¢,
¨  ²£μ·¨É³ ´¥ÔËË¥±É¨¢¥´, ¥¸²¨ Î¨¸²μ μ¶¥· Í¨° Ô±¸¶μ´¥´Í¨ ²Ó´μ ¢μ§· ¸É ¥É
¸ Î¨¸²μ³ ¨¸¶μ²Ó§Ê¥³ÒÌ ±Ê¡¨Éμ¢.
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�¤´¨³ ¨§ μ¸´μ¢´ÒÌ ¤¢ÊÌ±Ê¡¨Éμ¢ÒÌ ¢¥´É¨²¥° Ö¢²Ö¥É¸Ö μ¡· É¨³Ò° ¨´¢¥·-
Éμ· ¨²¨ μ¶¥· Éμ· ±μ´É·μ²¨·Ê¥³μ¥ �… (Controlled NOT=CNOT). �ÉμÉ ¢¥´É¨²Ó
μ¶¨¸Ò¢ ¥É¸Ö ³ É·¨Í¥° 4 × 4, ±μÉμ·ÊÕ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

CNOT =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎠ =
(

1 0
0 0

)
⊗ 1 +

(
0 0
0 1

)
⊗ σx =

= |0〉〈0| ⊗ 1 + |1〉〈1| ⊗ σx.

‡¤¥¸Ó 1 Å ¥¤¨´¨Î´ Ö ³ É·¨Í  2 × 2. „¥°¸É¢¨¥ μ¶¥· Éμ·  CNOT ¸²¥¤ÊÕÐ¥¥:
¥¸²¨ ¶¥·¢Ò° ±μ´É·μ²¨·ÊÕÐ¨° ±Ê¡¨É ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ |0〉, Éμ μ¶¥· -
Éμ· CNOT ´¥ ¨§³¥´Ö¥É ¸μ¸ÉμÖ´¨Ö ¢Éμ·μ£μ ±μ´É·μ²¨·Ê¥³μ£μ ±Ê¡¨É ; ´μ ¥¸²¨
¶¥·¢Ò° ±Ê¡¨É ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ |1〉, Éμ μ¶¥· Éμ· CNOT ¨´¢¥·É¨·Ê¥É ¸μ-
¸ÉμÖ´¨¥ ¢Éμ·μ£μ ±Ê¡¨É : |0〉 → |1〉 ¨ |1〉 → |0〉. �¶¥· Éμ· CNOT μ¡² ¤ ¥É
¡μ£ ÉÒ³¨ ¢μ§³μ¦´μ¸ÉÖ³¨: μ´ ³μ¦¥É ¤¥°¸É¢μ¢ ÉÓ ´  ¸Ê¶¥·¶μ§¨Í¨Õ ¸μ¸ÉμÖ´¨°,
μ¡· §μ¢Ò¢ ÉÓ ¸Ê¶¥·¶μ§¨Í¨Õ ¸μ¸ÉμÖ´¨°, ¸μ§¤ ¢ ÉÓ ¨ · §·ÊÏ ÉÓ § ¶ÊÉ ´´Ò¥ ¸μ-
¸ÉμÖ´¨Ö. �É³¥É¨³, ÎÉμ ¤¢ÊÌ±Ê¡¨Éμ¢ Ö μ¶¥· Í¨Ö CNOT ¶²Õ¸ ³´μ¦¥¸É¢μ μ¤-
´μ±Ê¡¨Éμ¢ÒÌ μ¶¥· Í¨° (±μ´É¨´ÊÊ³ ¢· Ð¥´¨° ¢¥±Éμ·  ¸μ¸ÉμÖ´¨°) μ¡· §ÊÕÉ
Ê´¨¢¥·¸ ²Ó´Ò° ´ ¡μ· ¢¥´É¨²¥°, ¶μ§¢μ²ÖÕÐ¨° μ¸ÊÐ¥¸É¢¨ÉÓ ²Õ¡μ¥ ¶·¥μ¡· §μ-
¢ ´¨¥ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨°.

3.2. Œμ¤¥²¨·μ¢ ´¨¥ ¶·μ¸Éμ° ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò. �·¨ ¨¸¸²¥¤μ¢ ´¨¨
¤¨´ ³¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ·¥Ï ÕÉ ´¥¸É Í¨μ´ ·´μ¥
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1). ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨ U(t) =
exp (−iHt) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨ (1) ¸¢μ¤¨É¸Ö ± ¶·¥μ¡· §μ¢ ´¨Õ ¢¥±-
Éμ·  ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò (3): Ψ(r, t) = U(t)Ψ(r, 0). ‚Ò¡¥·¥³ £ ³¨²ÓÉμ´¨ ´
¢ ¢¨¤¥

H = h ⊗ 1 + 1 ⊗ h + εA, (101)

£¤¥ ε ∈ {0, 1}, £ ³¨²ÓÉμ´¨ ´ h ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ ¨ ¨³¥¥É ¢¨¤ h =(
a 0
0 b

)
. ’μ£¤ , ¥¸²¨ μ¶¥· Éμ· A ±μ³³ÊÉ¨·Ê¥É ¸ h ⊗ 1 + 1 ⊗ h, Éμ μ¶¥· Éμ·

Ô¢μ²ÕÍ¨¨ ¶·¥¤¸É ¢¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

U(t) = (e−iht ⊗ e−iht) e−iAt. (102)

� Ï  Í¥²Ó Å ¶μ¸É·μ¨ÉÓ £ ³¨²ÓÉμ´¨ ´ H ¢¨¤  (101) É ±, ÎÉμ¡Ò ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨° ¥³Ê μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨ (102) ¸É ² μ¶¥· Éμ·μ³ § ¶ÊÉÒ¢ ´¨Ö. „²Ö ÔÉμ£μ
¢Ò¡¥·¥³ μ¶¥· Éμ· e−iAt ≡ R(t) ¢ ¢¨¤¥

R(t) =

⎛⎜⎜⎝
1 0 0 0
0 cos (t) −i sin (t) 0
0 −i sin (t) cos (t) 0
0 0 0 1

⎞⎟⎟⎠ . (103)
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Œ É·¨ÍÊ A(t) ´ °¤¥³ ¨§

A = i
dR(t)

dt
R−1(t) =

⎛⎜⎜⎝
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

⎞⎟⎟⎠ . (104)

Œ É·¨Í  h =
σ3

2
=

1
2

(
1 0
0 −1

)
Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ ±μ³³ÊÉ Í¨¨ [A, (h⊗1+

1⊗h)] = 0. � ±μ´¥Í, ¶μ¤¸É ´μ¢±  e−iAt ¨ h ¢ (102) ¤ ¥É μ¶¥· Éμ· § ¶ÊÉÒ¢ ´¨Ö

U(t) =

⎛⎜⎜⎝
eit 0 0 0
0 cos (t) −i sin (t) 0
0 −i sin (t) cos (t) 0
0 0 0 e−it

⎞⎟⎟⎠ .

ˆÉ ±, μ¶¥· Éμ· § ¶ÊÉÒ¢ ´¨Ö ¶μ²ÊÎ¥´ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ê´¨É ·´μ£μ § ¢¨¸Ö-
Ð¥£μ μÉ ¢·¥³¥´¨ ¶·¥μ¡· §μ¢ ´¨Ö (103), ±μÉμ·μ¥ ¶·¨¢μ¤¨É ± § ¢¨¸ÖÐ¥³Ê μÉ
¢·¥³¥´¨ ¶¥·¨μ¤¨Î¥¸±μ³Ê μ¶¥· Éμ·Ê U(t) ¨ § ¶ÊÉÒ¢ ´¨Õ ¸μ¸ÉμÖ´¨°. �Éμ³Ê
U(t) ¸μμÉ¢¥É¸É¢Ê¥É £ ³¨²ÓÉμ´¨ ´ (101) ¸ A, ± ± ¢ (104). ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ,
ÎÉμ ¤ ¦¥ ¢ ¸²ÊÎ ¥, ±μ£¤  ´ Î ²Ó´Ò° £ ³¨²ÓÉμ´¨ ´ ´¥ ¤ ¥É μ¶¥· Éμ·  § ¶Ê-
ÉÒ¢ ´¨Ö, ¶μ¸²¥ ¶μ¤Ìμ¤ÖÐ¥£μ ¢Ò¡μ·  ± ²¨¡·μ¢μÎ´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ³μ¦´μ
¶μ²ÊÎ¨ÉÓ £ ³¨²ÓÉμ´¨ ´, ±μÉμ·Ò° ¡Ê¤¥É ¶·¨¢μ¤¨ÉÓ ± § ¶ÊÉÒ¢ ´¨Õ.

‡�Š‹�—…�ˆ…

„ ´ ³¥Éμ¤ ·¥Ï¥´¨Ö ¢ Ö¢´μ³  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥ ´¥¸É Í¨μ´ ·´ÒÌ ³ -
É·¨Î´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· . Œ¥Éμ¤ μ¸´μ¢ ´ ´  ¸É Í¨μ´ ·´ÒÌ ÉμÎ´μ ·¥-
Ï ¥³ÒÌ § ¤ Î Ì, μ¶·¥¤¥²¥´´μ³ ¢Ò¡μ·¥ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨° ¨ ¸¶¥Í¨ ²Ó´ÒÌ
§ ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ, ¶¥·¥¢μ¤ÖÐ¨Ì ¸É Í¨-
μ´ ·´Ò¥ § ¤ Î¨ ¢ ´¥¸É Í¨μ´ ·´Ò¥. �μ± § ´μ, ÎÉμ ± ¦¤ Ö ¨§ ¸É Í¨μ´ ·´ÒÌ
ÉμÎ´μ ·¥Ï ¥³ÒÌ ³μ¤¥²¥° ³μ¦¥É ¡ÒÉÓ μ¡μ¡Ð¥´  É ±, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ Í¥²μ¥
¸¥³¥°¸É¢μ ´¥¸É Í¨μ´ ·´ÒÌ ÉμÎ´μ ·¥Ï ¥³ÒÌ ³μ¤¥²¥°.

�·¥¤ÑÖ¢²¥´Ò ¸¥³¥°¸É¢  £ ³¨²ÓÉμ´¨ ´μ¢ ¸ · §²¨Î´μ° ËÊ´±Í¨μ´ ²Ó´μ° § -
¢¨¸¨³μ¸ÉÓÕ μÉ ¢·¥³¥´¨, ¤μ¶Ê¸± ÕÐ¨¥ ·¥Ï¥´¨Ö ¸¨¸É¥³ Ê· ¢´¥´¨° ˜·¥¤¨´-
£¥·  ¢ Ö¢´μ³ ¢¨¤¥. �μ¤Ìμ¤ ¶·¨³¥´Ö¥É¸Ö ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ´¥ ¤¨ ¡ É¨Î¥¸±μ°
Ô¢μ²ÕÍ¨¨ ´¥°É· ²Ó´μ° Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2, μ¡² ¤ ÕÐ¥° ³ £´¨É´Ò³ ³μ-
³¥´Éμ³, ¢μ ¢· Ð ÕÐ¥³¸Ö ´¥μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥.

‚ ± Î¥¸É¢¥ ¶·¨³¥´¥´¨Ö ³¥Éμ¤  ¢ Ö¢´μ³ ¢¨¤¥ ¶·¥¤¸É ¢²¥´Ò ¢Ò· ¦¥´¨Ö
¤²Ö ³ É¥³ É¨Î¥¸±μ£μ μ¦¨¤ ´¨Ö £ ³¨²ÓÉμ´¨ ´ , ¶μ²´μ°, ¤¨´ ³¨Î¥¸±μ° ¨ ´¥-
 ¤¨ ¡ É¨Î¥¸±μ° £¥μ³¥É·¨Î¥¸±μ° Ë §, ¢ÒÎ¨¸²¥´´Ò¥ ¢ É¥·³¨´ Ì ¶μ²ÊÎ¥´´ÒÌ
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·¥Ï¥´¨°. ‚ Î ¸É´μ¸É¨, ±μ´¸É·Ê¨·Ê¥É¸Ö ·Ö¤ ¶¥·¨μ¤¨Î¥¸±¨ § ¢¨¸ÖÐ¨Ì μÉ ¢·¥-
³¥´¨ £ ³¨²ÓÉμ´¨ ´μ¢, ³ É¥³ É¨Î¥¸±¨¥ μ¦¨¤ ´¨Ö ¤²Ö ±μÉμ·ÒÌ ´¥ § ¢¨¸ÖÉ μÉ
¢·¥³¥´¨. �μ¤Ìμ¤ μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸É¨ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö ±¢ ´Éμ¢ÒÌ ¤¨-
´ ³¨Î¥¸±¨Ì ¸¨¸É¥³ ¸ ¶·¥¤μ¶·¥¤¥²¥´´Ò³¨ ¸¢μ°¸É¢ ³¨, ¢ Î ¸É´μ¸É¨, ¸μ ¸¢μ°-
¸É¢μ³ ²μ± ²¨§ Í¨¨ Î ¸É¨Í. ˆ¸¸²¥¤ÊÕÉ¸Ö ±¢ ´Éμ¢Ò¥ Ë §Ò, ¢μ§´¨± ÕÐ¨¥ ¶·¨
Í¨±²¨Î¥¸±μ° Ô¢μ²ÕÍ¨¨ ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³.

�μ± § ´μ, ± ± ¶μ²ÊÎ¥´´Ò¥ ÉμÎ´μ ·¥Ï ¥³Ò¥ ´¥¸É Í¨μ´ ·´Ò¥ § ¤ Î¨ ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¶μ¸É·μ¥´¨Ö Ê´¨¢¥·¸ ²Ó´μ£μ ´ ¡μ·  ¢¥´É¨²¥° ¤²Ö ±¢ ´Éμ¢ÒÌ
±μ³¶ÓÕÉ¥·μ¢. �¡¸Ê¦¤ ¥É¸Ö ¸¶μ¸μ¡ ¶μ²ÊÎ¥´¨Ö μ¶¥· Éμ·μ¢ § ¶ÊÉÒ¢ ´¨Ö.

	² £μ¤ ·´μ¸É¨. �É  · ¡μÉ  ¡Ò²  Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  �μ¸¸¨°¸±¨³ Ëμ´-
¤μ³ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, £· ´É º06-01-00228. �¢Éμ·Ò ¡² £μ-
¤ ·´Ò ¶·μË¥¸¸μ· ³ ˆ.‚.�Ê§Ò´¨´Ê ¨ ˆ. …. ’· ²²¥ §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö,
¸¢Ö§ ´´Ò¥ ¸ É¥³μ° ¤ ´´μ£μ μ¡§μ· .
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