
”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2008. ’. 39. ‚›�. 5

ƒ�Œˆ‹œ’���‚� Œ…•��ˆŠ� ˆ …… ����™…�ˆŸ
‹. ‚. �·μÌμ·μ¢

�ˆˆ Ë¨§¨±¨ ¨³. ‚. �. ”μ± , ‘.-�¥É¥·¡Ê·£¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É,

‘ ´±É-�¥É¥·¡Ê·£, �μ¸¸¨Ö

‚‚…„…�ˆ… 1565

‘’��„��’��Ÿ ƒ�Œˆ‹œ’���‚� Œ…•��ˆŠ� 1568

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. 1568
‚ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶. 1569
‚ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ ¨ ±¢ ´Éμ¢ Ö ³¥Ì ´¨± . 1571
Šμ¢ ·¨ ´É´ Ö Ëμ·³Ê²¨·μ¢±  ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶ . 1573

ƒ�Œˆ‹œ’���‚� Œ…•��ˆŠ�, ��‘��…„…‹…�ˆ… ƒˆ��‘�
ˆ Š‚��’�‚�Ÿ Œ…•��ˆŠ� 1575

‘μÌ· ´¥´¨¥ Ô´¥·£¨¨ ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. �·¨´Í¨¶ Œμ-
¶¥·ÉÕ¨. 1575
ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¨ ¸É É¨¸É¨Î¥¸± Ö Ë¨§¨± . 1577
‘É É¨¸É¨Î¥¸± Ö Ë¨§¨±  ¨ ±¢ ´Éμ¢ Ö ³¥Ì ´¨± . 1578

����™…�ˆŸ ƒ�Œˆ‹œ’���‚�‰ Œ…•��ˆŠˆ 1584

�·μ¸É¥°Ï¨¥ μ¡μ¡Ð¥´¨Ö. 1584
ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± , £·Ê¶¶Ò ¨ ¤¥Ëμ·³ Í¨¨. 1586
’¥μ·¨Ö �¨·±£μË . 1588
’¥μ·¨¨ ´  ´¥¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨ÖÌ. 1590
Œ¥Ì ´¨±  � ³¡Ê. 1591
’¥μ·¨¨ ´¥ ´  ³´μ£μμ¡· §¨ÖÌ. 1592
’¥μ·¨¨ ¸  ²£¥¡· ¨Î¥¸±¨ ´¥É·¨¢¨ ²Ó´Ò³¨ ¤¨´ ³¨Î¥¸±¨³¨
¶¥·¥³¥´´Ò³¨. 1594
’¥μ·¨¨ ¸ ¢Ò¸Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ¢ ² £· ´¦¨ ´¥. Œ¥Ì -
´¨±  �¸É·μ£· ¤¸±μ£μ. 1594
‘¨³¶²¥±É¨Î¥¸±¨¥ ³´μ£μμ¡· §¨Ö ¨ ¨Ì £¥μ³¥É·¨Ö. 1596
�¡μ¡Ð¥´¨¥ ³¥Ì ´¨±¨ � ³¡Ê. 1597
ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¨ · ¸¸²μ¥´´Ò¥ ¶·μ¸É· ´¸É¢ . 1598

‡�Š‹	—…�ˆ… 1599

��ˆ‹�†…�ˆ… 1603

‘�ˆ‘�Š ‹ˆ’…��’“�› 1609



”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2008. ’. 39. ‚›�. 5

ƒ�Œˆ‹œ’���‚� Œ…•��ˆŠ� ˆ …… ����™…�ˆŸ
‹. ‚. �·μÌμ·μ¢

�ˆˆ Ë¨§¨±¨ ¨³. ‚. �. ”μ± , ‘.-�¥É¥·¡Ê·£¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É,

‘ ´±É-�¥É¥·¡Ê·£, �μ¸¸¨Ö

‘ Í¥²ÓÕ ¢ÒÖ¢²¥´¨Ö ´ ¨¡μ²¥¥ μ¡Ð¨Ì § ±μ´μ¢ ¤¢¨¦¥´¨Ö  ´ ²¨§¨·ÊÕÉ¸Ö μ¸´μ¢Ò £ ³¨²ÓÉμ´μ-
¢μ° ³¥Ì ´¨±¨ ¨ ¥¥ μ¡μ¡Ð¥´¨Ö. �¡¸Ê¦¤ ÕÉ¸Ö μ¸μ¡¥´´μ¸É¨ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¢ £ ³¨²Ó-
Éμ´μ¢μ° ³¥Ì ´¨±¥ (¶·μ¡²¥³Ò ±μ¢ ·¨ ´É´μ° Ëμ·³Ê²¨·μ¢±¨ ¨ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°) ¨ ¶·¨´Í¨¶ 
Œμ¶¥·ÉÕ¨. �μ¤Î¥·±¨¢ ¥É¸Ö ¸¢Ö§Ó £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ ¸μ ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±μ° (£ ³¨²Ó-
Éμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¸μÌ· ´ÖÕÉ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ ,   Ô¢μ²ÕÍ¨Ö ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸Éμ-
Ö´¨° £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ μ¶¨¸Ò¢ ¥É¸Ö  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨). ‘ ÔÉμ°
ÉμÎ±¨ §·¥´¨Ö · ¸¸³ É·¨¢ ÕÉ¸Ö ´ ¨¡μ²¥¥ ¨§¢¥¸É´Ò¥ μ¡μ¡Ð¥´¨Ö Å ³¥Ì ´¨±¨ 	¨·±£μË  ¨ � ³¡Ê.
�¡¸Ê¦¤ ÕÉ¸Ö É ±¦¥ ³¥Ì ´¨±  �¸É·μ£· ¤¸±μ£μ, ¢ ±μÉμ·μ° ² £· ´¦¨ ´ § ¢¨¸¨É μÉ ¢Ò¸Ï¨Ì ¶·μ¨§-
¢μ¤´ÒÌ, É¥μ·¨¨ ´  ´¥¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨ÖÌ, É¥μ·¨¨ ´¥ ´  ³´μ£μμ¡· §¨ÖÌ ¨ É¥μ·¨¨ ¸
±μ³¶²¥±¸´Ò³¨ ¶¥·¥³¥´´Ò³¨. �·μ¸É¥°Ï¥¥ μ¡μ¡Ð¥´¨¥ ¸±μ¡μ± �Ê ¸¸μ´  ¸ Í¥²ÓÕ μ¶¨¸ ´¨Ö Ô¢μ²Õ-
Í¨¨ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¢¥¤¥É ± ¶μÖ¢²¥´¨Õ ¢ £· ¢¨É Í¨μ´´ÒÌ Ê· ¢´¥´¨ÖÌ ±μ¸³μ²μ£¨Î¥¸±μ°
¶μ¸ÉμÖ´´μ°.

To uncover the most general laws of mechanics, the Hamiltonian mechanics and its generaliza-
tions are analyzed. The peculiarities of variational principle in the Hamiltonian mechanics (problems
of covariant formulation, the boundary conditions) and the Mopertuis principle are discussed. Connec-
tion of the Hamiltonian mechanics with the statistical physics (the Hamiltonian equations of motion
preserve the Gibbs distribution, and the evolution of nonequilibrium states of a harmonic oscillator in
a thermal bath is described by probability amplitudes) is stressed. The most known generalizations Å
the Birkhoff and Nambu mechanics are considered from this point of view. Theories not on symplec-
tic manifolds, not on manifolds, theories with complex variables and the Ostrogradsky mechanics (a
theory with the Lagrangian depending on higher derivatives) are discussed. The simplest generaliza-
tion of the Poisson brackets describing evolution of nonequilibrium states leads to appearance of the
cosmological constant in the gravitational equations.

PACS: 45.20.Jj, 03.65.Ta

‚‚…„…�ˆ…

ˆ§²μ¦¥´¨¥ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨ μ¡ÒÎ´μ ´ Î¨´ ÕÉ ¸ ² £· ´¦¥¢  Ëμ·-
³ ²¨§³ . ˆ¸Éμ·¨Î¥¸±¨ ÔÉμ μ¶· ¢¤ ´´μ, ¨¡μ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö �ÓÕÉμ´  ¸μ-
¤¥·¦ É ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ μÉ ±μμ·¤¨´ É ¶μ ¢·¥³¥´¨ ¨ ¢¥¸Ó³  ´ £²Ö¤´Ò.
Œ¥¦¤Ê É¥³ ¶μÖ¢¨² ¸Ó ³¥Ì ´¨±  ƒ ³¨²ÓÉμ´ , μ¶¥·¨·ÊÕÐ Ö ±μμ·¤¨´ É ³¨ q ¨
(¢§ ³¥´ ¸±μ·μ¸É¥°) ¨³¶Ê²Ó¸ ³¨ p. Ÿ¸´μ, ÎÉμ ¡¥§ ¸¥·Ó¥§´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·¨-
Î¨´ ´μ¢Ò° Ëμ·³ ²¨§³ ´¥ ¡Ò² ¡Ò ¢μ¸É·¥¡μ¢ ´. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  (ƒŒ)
¸Ò£· ²  ¢ ¦´¥°ÏÊÕ ·μ²Ó ¶·¨ ¶μ¸É·μ¥´¨¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (ŠŒ), μ¤´ ±μ
¥Ð¥ ¡μ²¥¥ ¢ ¦´μ Éμ, ÎÉμ μ´  ¤μ¶Ê¸± ¥É ´¥É·¨¢¨ ²Ó´Ò¥ μ¡μ¡Ð¥´¨Ö. ‚ ¸¢Ö§¨
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¸ É¥³, ÎÉμ ¸μ¢·¥³¥´´ Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö ¶μ²Ö ¸É ²±¨¢ ¥É¸Ö ¸ ¸¥·Ó¥§´Ò³¨
É·Ê¤´μ¸ÉÖ³¨, ¤ ´´Ò° Ë ±É ¶·¥¤¸É ¢²Ö¥É¸Ö μ¸μ¡¥´´μ ¢ ¦´Ò³. �¡Ð¥¶·¨´Ö-
ÉÒ¥ É¥μ·¨¨ (£ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± , ±¢ ´Éμ¢ Ö ³¥Ì ´¨± ) Ìμ·μÏμ μ¶¨¸Ò¢ ÕÉ
·¥ ²Ó´μ¸ÉÓ ²¨ÏÓ ¤μ μ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥²μ¢, ¨ ¶μ¨¸± ¡μ²¥¥ μ¡Ð¨Ì É¥μ·¨°
¸É ´μ¢¨É¸Ö ¶¥·¢μμÎ¥·¥¤´μ° § ¤ Î¥° Ë¨§¨±¨.

‘μ ¢·¥³¥´¥³ ¢ÒÖ¸´¨²μ¸Ó, ÎÉμ, ´¥¸³μÉ·Ö ´  ¸Ìμ¦¥¸ÉÓ Ëμ·³ ²¨§³μ¢ (¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö, ¢ ·¨ Í¨μ´´Ò¥ ¶·¨´Í¨¶Ò), £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± 
¸¨²Ó´μ μÉ²¨Î ¥É¸Ö μÉ ² £· ´¦¥¢μ°. �·¥¦¤¥ ¢¸¥£μ, ¢ ² £· ´¦¥¢μ° É¥μ·¨¨ (Î -
¸É¨Í  ¢ n-³¥·´μ³ ¶·μ¸É· ´¸É¢¥) ËÊ´±Í¨μ´ ² ¤¥°¸É¢¨Ö S ¢ ·Ó¨·Ê¥É¸Ö ¶μ n
ËÊ´±Í¨Ö³ μÉ ¢·¥³¥´¨ qi(t),   ¢ ƒŒ Å ¶μ 2n ËÊ´±Í¨Ö³ (qi(t), pi(t)). �μ-
ÔÉμ³Ê, ¥¸²¨ ¢ ² £· ´¦¥¢μ° ³¥Ì ´¨±¥ (‹Œ) ²Õ¡Ò¥ ¤¢¥ ÉμÎ±¨ ±μ´Ë¨£Ê· Í¨-
μ´´μ£μ ¶·μ¸É· ´¸É¢  q1 ¨ q2, ¢§ÖÉÒ¥ ¢ ³μ³¥´ÉÒ ¢·¥³¥´¨ t1 ¨ t2, ³μ¦´μ
¸μ¥¤¨´¨ÉÓ ±·¨¢μ°, Ô±¸É·¥³¨§¨·ÊÕÐ¥° ¤¥°¸É¢¨¥, Éμ ÔÉμ£μ ´¥É ¢ £ ³¨²ÓÉμ´μ-
¢μ³ Ëμ·³ ²¨§³¥. ‚ ‹Œ ¢ ³μ³¥´É t1 § ¤ ¥É¸Ö 2n ¶μ¸ÉμÖ´´ÒÌ (±μμ·¤¨´ ÉÒ
¨ ¸±μ·μ¸É¨); ¢³¥¸Éμ ´¨Ì ³μ¦´μ Ë¨±¸¨·μ¢ ÉÓ n ´ Î ²Ó´ÒÌ ±μμ·¤¨´ É q(t1)
¨ n ±μ´¥Î´ÒÌ q(t2) (ÎÉμ ¶μ§¢μ²Ö¥É μ¡· É¨ÉÓ ¢ ´Ê²Ó ¢ ·¨ Í¨¨ ±μμ·¤¨´ É ¢μ
¢´¥¨´É¥£· ²Ó´ÒÌ Î²¥´ Ì). � ¶·μÉ¨¢, ¢ ƒŒ 2n ¶μ¸ÉμÖ´´ÒÌ (±μμ·¤¨´ ÉÒ ¨
¨³¶Ê²Ó¸Ò) ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ Ë¨±¸¨·ÊÕÉ¸Ö ¢ ³μ³¥´É ¢·¥³¥´¨ t1 (Ë¨±¸ Í¨Ö
´ Î ²Ó´μ° ÉμÎ±¨). Šμ´¥Î´ Ö ÉμÎ±  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ (”�) Ê¦¥ ´¥ ³μ-
¦¥É Ë¨±¸¨·μ¢ ÉÓ¸Ö ¶·μ¨§¢μ²Ó´μ, ¨ Ëμ·³Ê²¨·μ¢±  ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶ 
É·¥¡Ê¥É ÊÉμÎ´¥´¨Ö. „ ²¥¥, μ± §Ò¢ ¥É¸Ö, ÎÉμ £ ³¨²ÓÉμ´μ¢ Ëμ·³ ²¨§³ ´¥μ¡Ò±-
´μ¢¥´´μ £¨¡μ± ¨ ¤μ¶Ê¸± ¥É ¸ ³Ò¥ ´¥μ¦¨¤ ´´Ò¥ μ¡μ¡Ð¥´¨Ö. ‚μÉ ´¥¸±μ²Ó±μ
¶·¨³¥·μ¢.

1. “· ¢´¥´¨¥

q̈i = αeijkqj q̇k, i, j, k = 1, 2, 3

(
q̇ =

dq(t)
dt

)
, (1)

£¤¥ eijk Å ¥¤¨´¨Î´Ò°  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ·, e123 = 1, ´¥¢μ§³μ¦´μ ¶μ-
²ÊÎ¨ÉÓ ¢ · ³± Ì ² £· ´¦¥¢  Ëμ·³ ²¨§³  [1, ¸. 13].

2. ‚ · ³± Ì ² £· ´¦¥¢  Ëμ·³ ²¨§³  ´¥ Ê¤ ¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³
μ¶¨¸ ÉÓ ¤¢¨¦¥´¨¥ ¸ É·¥´¨¥³, ´ ¶·¨³¥·, ¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨¥ [1, ¸. 46]

q̈ + αq̇ = 0. (2)

3. ‘ÊÐ¥¸É¢Ê¥É É ± ´ §Ò¢ ¥³ Ö ³¥Ì ´¨±  � ³¡Ê [2] ¸ ´¥¸±μ²Ó±¨³¨ £ -
³¨²ÓÉμ´¨ ´ ³¨ H1, . . . , Hn−1 ¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö

ḟ =
∂(f, H1, . . . , Hn−1)
∂(x1, x2, . . . , xn)

, (3)

£¤¥ xi Å ±μ³¶μ´¥´É  ¢¥±Éμ·  n-³¥·´μ£μ ®Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ ¯, ±μÉμ·μ¥,
±¸É É¨, ³μ¦¥É ¡ÒÉÓ ¨ ´¥Î¥É´μ³¥·´Ò³.
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Œ¥¦¤Ê É¥³ Ê· ¢´¥´¨Ö (1), (2) ²¥£±μ ¶μ²ÊÎ ÕÉ¸Ö ¢ · ³± Ì ƒŒ ¶·¨ ¥¥
¶·μ¸É¥°Ï¨Ì μ¡μ¡Ð¥´¨ÖÌ. ˆ³¥´´μ, ¢ ¸²ÊÎ ¥ Ê· ¢´¥´¨° (1) ¤²Ö ¸¢μ¡μ¤´μ°
Î ¸É¨ÍÒ (H = p2/2) ¢ ± Î¥¸É¢¥  ´É¨¸¨³³¥É·¨Î´μ° 6 × 6 ³ É·¨ÍÒ ωab(x),

x(q1, q2, q3, p1, p2, p3), ¸²¥¤Ê¥É ¢§ÖÉÓ ³ É·¨ÍÊ

(
O I
−I ωij

)
, £¤¥ O ¨ I Å

´Ê²¥¢ Ö ¨ ¥¤¨´¨Î´ Ö 3× 3 ³ É·¨ÍÒ,   ωij = eijkqk (Ê± § ´μ �.‘. “Ï ±μ¢Ò³).
’μ£¤  £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö

q̇i = pi, ṗi = eijkqjpk (4)

Ô±¢¨¢ ²¥´É´Ò Ê· ¢´¥´¨Õ (1).
“· ¢´¥´¨Ö É¨¶  (2) (´ ¶·¨³¥·, q̈ + αq̇ + ω2q = 0) ¶μ²ÊÎ ÕÉ¸Ö ¢ ·¥-

§Ê²ÓÉ É¥ μ¡μ¡Ð¥´¨Ö ¸±μ¡μ± �Ê ¸¸μ´  Å ¤μ¡ ¢²¥´¨¥³ ±  ´É¨¸¨³³¥É·¨Î´μ°
³ É·¨Í¥ ωij , μ¶·¥¤¥²ÖÕÐ¥° 2-Ëμ·³Ê, ¸¨³³¥É·¨Î´μ° ³ É·¨ÍÒ gij = gji (¸³.
¶. 3.4). � ±μ´¥Í, Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ ³¥Éμ¤  ¤¥³μ´¸É·¨·Ê¥É ¨ ÉμÉ Ë ±É, ÎÉμ ¤ ¦¥
² £· ´¦¥¢  É¥μ·¨Ö ¸ ¢Ò¸Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨ (L = L(q, q̇, q̈, . . .)) ¤μ¶Ê¸± ¥É
¢±²ÕÎ¥´¨¥ ¢ £ ³¨²ÓÉμ´μ¢Ê ¸Ì¥³Ê (¶. 3.8). 	μ²¥¥ Éμ£μ, ³¥Ì ´¨±  ¸  ´É¨±μ³³Ê-
É¨·ÊÕÐ¨³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ (Ô²¥³¥´É ³¨  ²£¥¡·Ò ƒ· ¸¸³ ´ )
É ±¦¥ ¤μ¶Ê¸± ¥É £ ³¨²ÓÉμ´μ¢Ê Ëμ·³Ê²¨·μ¢±Ê [1, ¸. 32].

�μÖ¢²¥´¨¥ ¢ É¥μ·¨¨ ´¥¸±μ²Ó±¨Ì £ ³¨²ÓÉμ´¨ ´μ¢ [2] ¶μ¤´¨³ ¥É ¢μ¶·μ¸ μ
¸³Ò¸²¥ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ , ± ¶·¨³¥·Ê, ¢μ¶·μ¸Ò μ Éμ³, ¸²¥¤Ê¥É ²¨ ¢ ÔÉμ³
¸²ÊÎ ¥ ¢¢μ¤¨ÉÓ ¤²Ö ± ¦¤μ£μ £ ³¨²ÓÉμ´¨ ´  ¸¢μÕ É¥³¶¥· ÉÊ·Ê, ¸¢μ¥ ¢·¥³Ö?

‚ ¤ ´´μ° · ¡μÉ¥ ¶·¨´¨³ ¥É¸Ö ¤·Ê£ Ö ÉμÎ±  §·¥´¨Ö ´  ƒŒ, · §¢¨¢ ¢Ï Ö¸Ö
¢ · ¡μÉ Ì [3Ä5], ¶μ¸¢ÖÐ¥´´ÒÌ ¢ÒÖ¸´¥´¨Õ ¶·¨Î¨´ ¨ ³¥Ì ´¨§³μ¢, ¢¥¤ÊÐ¨Ì ±
±¢ ´Éμ¢μ³Ê μ¶¨¸ ´¨Õ (É. ¥. ± μ¶¨¸ ´¨Õ ¸ ¶μ³μÐÓÕ  ³¶²¨ÉÊ¤ ¢¥·μÖÉ´μ¸É¨).
ˆ³¥´´μ, ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ´  ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ lP ≈ 1,6 · 10−33 ¸³
¢¸¥ ¶·μÍ¥¸¸Ò ´μ¸ÖÉ ¸É É¨¸É¨Î¥¸±¨° Ì · ±É¥·, · ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¶¨¸Ò-
¢ ÕÉ¸Ö · ¸¶·¥¤¥²¥´¨¥³ ƒ¨¡¡¸ ,   Ô¢μ²ÕÍ¨Ö ´¥· ¢´μ¢¥¸´ÒÌ Å ´ ¤²¥¦ Ð¨³
±¨´¥É¨Î¥¸±¨³ Ê· ¢´¥´¨¥³. �± §Ò¢ ¥É¸Ö, ÎÉμ ¨§ Ê¸²μ¢¨Ö ¸É Í¨μ´ ·´μ¸É¨ · ¸-
¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  Ë ±É¨Î¥¸±¨ ¢ÒÉ¥± ÕÉ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö,
  (ÎÉμ ´¥ ³¥´¥¥ ¢ ¦´μ) Ô¢μ²ÕÍ¨Ö ³ ²ÒÌ μÉ±²μ´¥´¨° μÉ · ¢´μ¢¥¸´μ£μ · ¸-
¶·¥¤¥²¥´¨Ö ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  μ¶¨¸Ò¢ ¥É¸Ö  ³¶²¨ÉÊ¤ ³¨ ¢¥-
·μÖÉ´μ¸É¨ (É. ¥. ¢ · ³± Ì ³ É¥³ É¨Î¥¸±μ£μ  ¶¶ · É  ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨).
‚ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¨³¥´´μ ´  ÔÉμ³ ÔÉ ¶¥ ¸±μ¡±¨ �Ê ¸¸μ´  ¶μÖ¢²ÖÕÉ¸Ö ± ±
´μ¢Ò° ´¥μ¡Ìμ¤¨³Ò° Ô²¥³¥´É É¥μ·¨¨, ¶·μÖ¸´ÖÕÉ¸Ö ¶ÊÉ¨ ¨Ì μ¡μ¡Ð¥´¨Ö. ‚
Î ¸É´μ¸É¨, μ¶¨¸ ´¨¥ ¶¥·¥Ìμ¤  ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¢ · ¢´μ¢¥¸´Ò¥ ¤μ-
¸É¨£ ¥É¸Ö, ± ± μÉ³¥Î ²μ¸Ó, ¶·μ¸ÉÒ³ (´μ ´¥ μÎ¥¢¨¤´Ò³) μ¡μ¡Ð¥´¨¥³ ¸±μ¡μ±
�Ê ¸¸μ´  Å ¤μ¡ ¢²¥´¨¥³ ±  ´É¨¸¨³³¥É·¨Î´μ° ³ É·¨Í¥ ωij ´¥±μÉμ·μ° ¸¨³-
³¥É·¨Î´μ° (¶. 3.4). ‚ · ³± Ì ¤ ´´μ£μ ¶μ¤Ìμ¤  ¢ÒÖ¸´Ö¥É¸Ö ³¥¸Éμ ³¥Ì ´¨±¨
� ³¡Ê ¢ ƒŒ Å ± ± ³¥Ì ´¨±¨ ´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° ¸ ¡μ²ÓÏ¨³ ¢·¥-
³¥´¥³ ·¥² ±¸ Í¨¨ (¶¶. 3.5, 3.10).

‘¢Ö§Ó ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ ¨ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨, ¢ÒÖ¢²ÖÕÐ Ö¸Ö
¢ ÔÉμ³ ¶μ¤Ìμ¤¥, ¢¥¸Ó³  ¸¨³¶Éμ³ É¨Î´ . Š ± ¨§¢¥¸É´μ, ¢ Ô·£μ¤¨Î¥¸±¨Ì ¸¨¸É¥-
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³ Ì Î¨¸Éμ ±² ¸¸¨Î¥¸± Ö ¤¥É¥·³¨´¨·μ¢ ´´ Ö ³¥Ì ´¨±  ¶μ·μ¦¤ ¥É Ô²¥³¥´ÉÒ
¢¥·μÖÉ´μ¸É´μ£μ μ¶¨¸ ´¨Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§ Ê¸²μ¢¨Ö ¸É Í¨μ´ ·´μ¸É¨ · ¸-
¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢Ò¤¥²Ö¥É¸Ö μ¤´μ¶ · ³¥É·¨Î¥¸±¨°
±² ¸¸ ¢ ·¨ Í¨° ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¶μ¤Î¨´ÖÕÐ¨Ì¸Ö Ê· ¢´¥´¨Ö³ ƒ -
³¨²ÓÉμ´  (¶·¨ μÉμ¦¤¥¸É¢²¥´¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶ · ³¥É·  ¸μ ¢·¥³¥´¥³).
�μ¤μ¡´ Ö É¥¸´ Ö ¸¢Ö§Ó ¤¥É¥·³¨´¨§³  ¨ Ì μ¸  ¶·¥¤¸É ¢²Ö¥É¸Ö μ¸μ¡¥´´μ ¢ ¦-
´μ° ¢ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¨³¥´´μ ÔÉ¨ Î¥·ÉÒ ¶·¨¸ÊÐ¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥: ¶·¨-
Î¨´´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  § ¤ ¥É § ±μ´ Ô¢μ²ÕÍ¨¨ ¸μ ¢·¥³¥´¥³ ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ( ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨).

‚ · §¤. 1 Ëμ·³Ê²¨·Ê¥É¸Ö ¨  ´ ²¨§¨·Ê¥É¸Ö ¸É ´¤ ·É´ Ö ƒŒ. ‚ · §¤. 2 ¶μ± -
§ ´μ, ± ± ƒŒ ¶μ²ÊÎ ¥É¸Ö ¨§ Ê¸²μ¢¨Ö ¸É Í¨μ´ ·´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ ,  
ŠŒ Å ¶·¨ μ¶¨¸ ´¨¨ Ô¢μ²ÕÍ¨¨ ³ ²ÒÌ μÉ±²μ´¥´¨° ¸¨¸É¥³Ò μÉ · ¢´μ¢¥¸´μ£μ
¸μ¸ÉμÖ´¨Ö. „ ²¥¥ (· §¤. 3) · ¸¸³ É·¨¢ ÕÉ¸Ö · §²¨Î´Ò¥ μ¡μ¡Ð¥´¨Ö ƒŒ. �μÎÉ¨
¢¸¥ μ´¨ ¸¢Ö§ ´Ò ¸ É¥³¨ ¨²¨ ¨´Ò³¨ ³μ¤¨Ë¨± Í¨Ö³¨ ¸±μ¡μ± �Ê ¸¸μ´  (¢μ§³μ¦-
´μ¸ÉÓ, μÉ¸ÊÉ¸É¢ÊÕÐ Ö ¢ ‹Œ). Œ¥Ì ´¨±  � ³¡Ê Å ¨¸±²ÕÎ¥´¨¥, ¨¡μ μ´  ¶μ§¢μ-
²Ö¥É ´¥ Éμ²Ó±μ Ëμ·³Ê²¨·μ¢ ÉÓ É¥μ·¨Õ ¸ ´¥¸±μ²Ó±¨³¨ ËÊ´±Í¨Ö³¨ ƒ ³¨²ÓÉμ´ ,
´μ ¨ ¢¢μ¤¨ÉÓ ¢ μ¡¨Ìμ¤ ¸¨¸É¥³Ò ¸ ´¥Î¥É´μ³¥·´Ò³¨ Ë §μ¢Ò³¨ ¶·μ¸É· ´¸É¢ ³¨.
‚ § ±²ÕÎ¥´¨¨ μ¡¸Ê¦¤ ÕÉ¸Ö ´¥±μÉμ·Ò¥ ´ ¨¡μ²¥¥ ¢ ¦´Ò¥  ¸¶¥±ÉÒ § É·μ´ÊÉÒÌ
¢μ¶·μ¸μ¢, ¢ Î ¸É´μ¸É¨, ¢μ§³μ¦´μ¸ÉÓ ¢¢¥¤¥´¨Ö ¢ ƒŒ ± ²¨¡·μ¢μÎ´μ£μ ¶·μ¨§-
¢μ² . ‚ ¶·¨²μ¦¥´¨¥ ¢Ò´¥¸¥´Ò £·μ³μ§¤±¨¥ ¢ÒÎ¨¸²¥´¨Ö, ´  ¶·¨³¥· Ì ¢ÒÖ¸-
´ÖÕÉ¸Ö ·μ²¨ £ ³¨²ÓÉμ´¨ ´  ¨ 2-Ëμ·³Ò ¢ ¤¨´ ³¨±¥, μ¸μ¡¥´´μ¸É¨ É¥μ·¨° ¸
´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¥°, μ¸μ¡¥´´μ¸É¨ ³¥Ì ´¨±¨ �¸É·μ£· ¤¸±μ£μ ¨ ¤·Ê£¨¥
¢μ¶·μ¸Ò.

1. ‘’��„��’��Ÿ ƒ�Œˆ‹œ’���‚� Œ…•��ˆŠ�

1.1. “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. —Éμ¡Ò § ¤ ÉÓ £ ³¨²ÓÉμ´μ¢Ê ³¥Ì ´¨±Ê, ´Ê¦´μ,
¢μ-¶¥·¢ÒÌ, § ¤ ÉÓ Î¥É´μ³¥·´μ¥ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ M2n ¨ ´¥¢Ò·μ¦¤¥´´ÊÕ
§ ³±´ÊÉÊÕ 2-Ëμ·³Ê ´  ´¥³ ω2 = ωijdxi ∧ dxj , dω2 = 0 (´¥¢Ò·μ¦¤¥´´μ¸ÉÓ
2-Ëμ·³Ò μ§´ Î ¥É, ÎÉμ det (ωij(x)) �= 0; Éμ£¤  ¶·μ¸É· ´¸É¢μ ¡Ê¤¥É μ·¨¥´É¨·Ê-
¥³Ò³), ¢μ-¢Éμ·ÒÌ, § ¤ ÉÓ ËÊ´±Í¨Õ ƒ ³¨²ÓÉμ´  H(p, q) ≡ H(x), x ∈ M2n.
‚ ÔÉμ³ ¸²ÊÎ ¥ £μ¢μ·ÖÉ, ÎÉμ ËÊ´±Í¨Ö ƒ ³¨²ÓÉμ´  § ¤ ´  ´  ¸¨³¶²¥±É¨Î¥-
¸±μ³ ³´μ£μμ¡· §¨¨ [6, 7]. „¨ËË¥·¥´Í¨ ²Ó´ Ö 2-Ëμ·³  ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ
¸±μ¡±Ê �Ê ¸¸μ´  ¤²Ö ¶ ·Ò ËÊ´±Í¨° f(x), g(x):

{f, g} ≡ ωij ∂f

∂xi

∂g

∂xj
≡ ωijf,ig,j, ωijωjk = δi

k, i, j, k = 1, 2, . . . , 2n. (5)

‚-É·¥ÉÓ¨Ì, ´Ê¦´μ ¶μ¸ÉÊ²¨·μ¢ ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ®¢·¥³¥´¨¯ (¶μ²μ¦¨É¥²Ó´μ£μ
¶ · ³¥É·  t). ‚-Î¥É¢¥·ÉÒÌ, ´Ê¦´μ § ¤ ÉÓ § ±μ´Ò ¤¢¨¦¥´¨Ö.

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

ḟ = {f, H}, ḟ =
df

dt
, (6)
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¨²¨
ẋi = {xi, H} = ωijH,j . (7)

�μ³¨³μ μÎ¥¢¨¤´ÒÌ ¸¢μ°¸É¢ ¸±μ¡μ± �Ê ¸¸μ´  (²¨´¥°´μ¸É¨ ¶μ ± ¦¤μ³Ê
 ·£Ê³¥´ÉÊ ¨  ´É¨¸¨³³¥É·¨¨) ¶·¥¤¶μ² £ ¥É¸Ö ¢Ò¶μ²´¥´¨¥ Éμ¦¤¥¸É¢  Ÿ±μ¡¨

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0. (8)

�Éμ Éμ¦¤¥¸É¢μ ¸¢μ¤¨É¸Ö ± · ¢¥´¸É¢Ê

ωimωjk
,m + ωjmωki

,m + ωkmωij
,m = 0 (9)

¨ Ô±¢¨¢ ²¥´É´μ ÊÉ¢¥·¦¤¥´¨Õ μ § ³±´ÊÉμ¸É¨ 2-Ëμ·³Ò

ωij,k + ωjk,i + ωki,j = 0 (10)

(¸³. ¶·¨²μ¦¥´¨¥ 1).
1.2. ‚ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶. ‚ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ ¢ ƒŒ μ¡ÒÎ´μ ¢Ò-

¢μ¤¨É¸Ö ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö ƒ ³¨²ÓÉμ´  ¢ ‹Œ. …¸²¨ § ¤ ´μ
² £· ´¦¥¢μ ¤¥°¸É¢¨¥

SL =

t2∫
t1

dtL(q, q̇), (11)

Éμ ¨§ É·¥¡μ¢ ´¨Ö ¥£μ Ô±¸É·¥³ ²Ó´μ¸É¨ ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ Ë¨±¸¨·μ¢ ´´ÒÌ ´ 
±μ´Í Ì ËÊ´±Í¨° qi(t) (δqi(t1) = δqi(t2) = 0) ¢ÒÉ¥± ÕÉ Ê· ¢´¥´¨Ö �°²¥· Ä
‹ £· ´¦ 

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 (12)

(Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö; §¤¥¸Ó i = 1, 2, . . . , n). ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¶μ²ÊÎ -
¥É¸Ö ¨§ ² £· ´¦¥¢μ° ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤· . …¸²¨ L(q, q̇) ¥¸ÉÓ
¢Ò¶Ê±² Ö ËÊ´±Í¨Ö μÉ q̇, Éμ ¶¥·¥Ìμ¤ ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ q, p ¨ ¢³¥¸Éμ L(q, q̇)
± ´μ¢μ° ËÊ´±Í¨¨ H(p, q) μ¶·¥¤¥²Ö¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥³ ‹¥¦ ´¤· 

H(p, q) = piq̇
i − L(q, q̇), (13)

£¤¥ ¢ ¶· ¢ÊÕ Î ¸ÉÓ ¢³¥¸Éμ q̇ ¸²¥¤Ê¥É ¶μ¤¸É ¢¨ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨°

pi =
∂L

∂q̇i
(14)

(¶¥·¥³¥´´ Ö ∂L/∂q̇i μ¡ÑÖ¢²Ö¥É¸Ö ´¥§ ¢¨¸¨³μ°). ”Ê´±Í¨Ö H(p, q) ¥¸ÉÓ ËÊ´±-
Í¨Ö ƒ ³¨²ÓÉμ´ ,   Ê· ¢´¥´¨Ö (12) μÎ¥¢¨¤´Ò³ μ¡· §μ³ Ô±¢¨¢ ²¥´É´Ò Ê· ¢´¥-
´¨Ö³ ƒ ³¨²ÓÉμ´ 

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
. (15)
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ˆ§ · ¢¥´¸É¢  (13) ´ ¶· Ï¨¢ ¥É¸Ö ¢Ò¢μ¤, ÎÉμ ¨ Ê· ¢´¥´¨Ö (15) ¤μ²¦´Ò ¶μ-
²ÊÎ ÉÓ¸Ö ¨§ ´¥±μÉμ·μ£μ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶ , ¥¸²¨ ¢ (11) L § ³¥´¨ÉÓ ´ 
piq̇

i − H(p, q):

SH =

t2∫
t1

dt(piq̇
i − H(p, q)). (16)

‚¨¤¨³ Ö ¶·μ¸ÉμÉ  ¶¥·¥Ìμ¤  μÉ (11) ± (16) μ¡³ ´Î¨¢ . Œ¥¦¤Ê ¢ ·¨ Í¨μ´´Ò³¨
¶·¨´Í¨¶ ³¨ δSL = 0 ¨ δSH = 0 ¨³¥¥É¸Ö ¢¥¸Ó³  ¸ÊÐ¥¸É¢¥´´ Ö (³μ¦´μ ¸± -
§ ÉÓ, ¶·¨´Í¨¶¨ ²Ó´ Ö) · §´¨Í . � Î ²Ó´ Ö ÉμÎ±  É· ¥±Éμ·¨¨ Î ¸É¨ÍÒ (¸¨-
¸É¥³Ò) ¢ (11) Ë¨±¸¨·Ê¥É¸Ö ±μμ·¤¨´ É ³¨ ¨ ¸±μ·μ¸ÉÖ³¨ ¢ ´ Î ²Ó´Ò° ³μ-
³¥´É ¢·¥³¥´¨, qi(t1) = ci

1, q̇
i(t1) = c̃i

1, É. ¥. 2n ¶μ¸ÉμÖ´´Ò³¨. ‚³¥¸Éμ ¸±μ-
·μ¸É¥° q̇i(t1) ³μ¦´μ Ë¨±¸¨·μ¢ ÉÓ ±μμ·¤¨´ ÉÒ ¢ ±μ´¥Î´Ò° ³μ³¥´É ¢·¥³¥´¨
qi(t2) = ci

2(c1, c̃1). ‚ ¦´μ¸ÉÓ ¤ ´´μ£μ μ¡¸ÉμÖÉ¥²Ó¸É¢  ¸¢Ö§ ´  ¸ É¥³, ÎÉμ Éμ£¤ 
¶μÖ¢²ÖÕÐ¨¥¸Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¤¥°¸É¢¨Ö S ¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ δq(t1), δq(t2)
¢´¥¨´É¥£· ²Ó´Ò¥ Î²¥´Ò μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. ‚ ‹Œ ´ Î ²Ó´ÊÕ ¨ ±μ´¥Î´ÊÕ
ÉμÎ±¨ q(t1), q(t2) ³μ¦´μ ¢Ò¡¨· ÉÓ ¶·μ¨§¢μ²Ó´μ.

�Éμ£μ ´¥É ¢ ƒŒ Å ´¥²Ó§Ö Ë¨±¸¨·μ¢ ÉÓ ´ Î ²Ó´ÊÕ ¨ ±μ´¥Î´ÊÕ ÉμÎ±¨ ¢
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, ¨¡μ ´¥²Ó§Ö ¶·μ¨§¢μ²Ó´μ Ë¨±¸¨·μ¢ ÉÓ 4n ¶¥·¥³¥´´ÒÌ
x(t1) ¨ x(t2) ¢ Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö (15).

�É³¥É¨³, ¢¶·μÎ¥³, ÎÉμ ¤ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶·μÖ¢²Ö¥É ¸¥¡Ö ¨ ¢ ‹Œ.
�¡ÒÎ´μ ¸Î¨É ¥É¸Ö ¸ ³μ ¸μ¡μ° · §Ê³¥ÕÐ¨³¸Ö, ÎÉμ ¤μ¡ ¢²¥´¨¥ ± L ¢ (11)
¶μ²´μ° ¶·μ¨§¢μ¤´μ° μÉ ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¨ df/dt ´¥ ³¥´Ö¥É Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö. ‡¤¥¸Ó ´¥·¥¤±μ ¨£´μ·¨·Ê¥É¸Ö ÉμÉ Ë ±É, ÎÉμ f ³μ¦¥É ¡ÒÉÓ ËÊ´±Í¨¥°
Éμ²Ó±μ ±μμ·¤¨´ É ¨ ¢·¥³¥´¨ f(q, t) [8, ¸. 13], ´μ ´¥ ±μμ·¤¨´ É, ¸±μ·μ¸É¥° ¨
¢·¥³¥´¨ f(q, q̇, t), ¨¡μ ¶μ¸²¥¤´¥¥ μ§´ Î ²μ ¡Ò ¶¥·¥Ìμ¤ L(q, q̇) → L(q, q̇, q̈),
É. ¥. ¢ÒÌμ¤ §  · ³±¨ ¨¸Ìμ¤´μ£μ Ëμ·³ ²¨§³ .

„ ²¥¥, ¶μ²ÊÎ¥´´μ¥ ¨§ (11) ¤¥°¸É¢¨¥ SH (16) ´¥ μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ Ö¢´μ°
¨´¢ ·¨ ´É´μ¸É¨. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  μ¶·¥¤¥²Ö¥É¸Ö § ¤ ´¨¥³ ¸¨³¶²¥±É¨-
Î¥¸±μ° Ëμ·³Ò ω2, É. ¥. ³ É·¨ÍÒ ωij , Éμ£¤  ± ± ¢ (16) ¢Ìμ¤¨É Éμ²Ó±μ Î ¸ÉÓ
¸Ê³³Ò ωijx

iẋj ,   ¶¥·¥Ìμ¤ piq̇
i → (piq̇

i − qiṗi)/2 ¢ (16) ¶μ·μ¤¨² ¡Ò ¶·¨
¶μ²ÊÎ¥´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¶·μ¡²¥³Ê Ë¨±¸ Í¨¨ 4n ¶μ¸ÉμÖ´´ÒÌ (¢³¥¸Éμ
2n) Å q(t1), p(t1), q(t2), p(t2). �· ¢¤ , ¢ (16) Í¥´μ° ¶μÉ¥·¨ ±μ¢ ·¨ ´É´μ¸É¨
·¥Ï ¥É¸Ö ¶·μ¡²¥³  Ë¨±¸ Í¨¨ 4n ¶μ¸ÉμÖ´´ÒÌ Å ¤¥°¸É¢¨¥ SH ´¥ § ¢¨¸¨É μÉ
ṗi(t) ¨ ´¥ É·¥¡Ê¥É¸Ö Ë¨±¸¨·μ¢ ÉÓ ṗi(t1), ṗi(t2). �É´μ¸¨É¥²Ó´μ ±μ¢ ·¨ ´É´μ£μ
¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¸³. ¶. 1.4.

‘Ëμ·³Ê²¨·Ê¥³ £² ¢´Ò¥ μ¸μ¡¥´´μ¸É¨ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¢ £ ³¨²Ó-
Éμ´μ¢μ° ³¥Ì ´¨±¥.

1. �¥²Ó§Ö ¶·μ¨§¢μ²Ó´μ Ë¨±¸¨·μ¢ ÉÓ ´ Î ²Ó´ÊÕ ¨ ±μ´¥Î´ÊÕ ÉμÎ±¨ É· ¥±-
Éμ·¨¨ ¸¨¸É¥³Ò ¢ ”�.

2. ‚ ·Ó¨·ÊÕÉ¸Ö ´¥ n ËÊ´±Í¨° qi(t),   2n ËÊ´±Í¨° qi(t), pi(t).
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‚Ò¢μ¤Ò.
1. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ´¥¸· ¢´¥´´μ ¡μ£ Î¥ ² £· ´¦¥¢μ°, ¨¡μ ¶μ³¨³μ

ËÊ´±Í¨¨ ƒ ³¨²ÓÉμ´  ´¥§ ¢¨¸¨³μ § ¤ ¥É¸Ö 2-Ëμ·³ , É ±¦¥ ¢²¨ÖÕÐ Ö ´  ¤¨´ -
³¨±Ê. ˆ³¥´´μ ¸ ¥¥ ³μ¤¨Ë¨± Í¨Ö³¨ ¸¢Ö§ ´Ò μ¡μ¡Ð¥´¨Ö ƒŒ (μ¤´μ ¨§ ¨¸±²ÕÎ¥-
´¨° Å ³¥Ì ´¨±  � ³¡Ê, ¢ ±μÉμ·μ° Ë¨£Ê·¨·Ê¥É ´¥¸±μ²Ó±μ £ ³¨²ÓÉμ´¨ ´μ¢).

2. ”μ·³Ê²¨·μ¢±  ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¢ ƒŒ É·¥¡Ê¥É ¤μ¶μ²´¨É¥²Ó-
´μ£μ  ´ ²¨§ .

1.3. ‚ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ ¨ ±¢ ´Éμ¢ Ö ³¥Ì ´¨± . �·¥¤¸É ¢²Ö¥É¸Ö,
ÎÉμ μ¸μ¡¥´´μ¸É¨ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¢ ƒŒ ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ § É·Ê¤-
´¥´¨Ö ³μ¦¥É ¶·μÖ¸´¨ÉÓ ±¢ ´Éμ¢ Ö ³¥Ì ´¨± . •μÉÖ ŠŒ μ¡ÒÎ´μ ¶μ²ÊÎ ¥É¸Ö
®±¢ ´Éμ¢ ´¨¥³¯ ±² ¸¸¨Î¥¸±μ°, ¢ μ¸´μ¢¥ ¢¸¥Ì ¨§ÊÎ¥´´ÒÌ Ö¢²¥´¨° ¶·¨·μ¤Ò ²¥-
¦¨É ±¢ ´Éμ¢ Ö ³¥Ì ´¨± . Š² ¸¸¨Î¥¸± Ö ³¥Ì ´¨±  ¶μ²ÊÎ ¥É¸Ö ¨§ ´¥¥ ¢ ¶·¥¤¥²¥
¶·¨ ¸É·¥³²¥´¨¨ ¶μ¸ÉμÖ´´μ° �² ´±  � ± ´Ê²Õ.

� ¸¸³μÉ·¨³  ³¶²¨ÉÊ¤Ê ¶¥·¥Ìμ¤  |q, t〉 → |q′, t + ε〉, ε → 0,

Uq′q = 〈q′, t + ε|e−iĤε/�|q, t〉 ≈
∫

dp

2π�
exp

{
i

�
[p(q′ − q) − εH(p, q)]

}
. (17)

‘¶· ¢  ¢ Ô±¸¶μ´¥´É¥ ¸Éμ¨É ¨´Ë¨´¨É¥§¨³ ²Ó´μ¥ ¤¥°¸É¢¨¥ (16) (t2−t1 = ε, t1 =
t), Ê³´μ¦¥´´μ¥ ´  i/�. ˆ§ É¥μ·¨¨  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨° ¨´É¥£· -
²μ¢ [9] ¨§¢¥¸É´μ, ÎÉμ ¶·¨ � → 0 £² ¢´Ò° ¢±² ¤ ¢  ¸¨³¶ÉμÉ¨±Ê ¨´É¥£· ²  (17)
¤ ¥É ¸É Í¨μ´ ·´ Ö ÉμÎ±  ¶μ± § É¥²Ö Ô±¸¶μ´¥´ÉÒ

S1H =

t+ε∫
t

dt[pq̇ − H(p, q)]. (18)

ˆ´É¥£·¨·ÊÖ ¢ (17) ¶μ p, ¢ ¸²ÊÎ ¥ H(p, q) = p2/2 − V (q) ¨³¥¥³

Uq′q = (2πiε�)−1/2 exp

{
i

�

[
(q′ − q)2

2ε
− εV (q)

]}
≈

≈ (2πiε�)−1/2 exp

(
i

�

t+ε∫
t

dtL

)
, (19)

É. ¥. ·¥Ï¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ¢ÒÉ¥± ÕÐ¨Ì ¨§ ¢ ·¨ Í¨-
μ´´μ£μ ¶·¨´Í¨¶  ƒ ³¨²ÓÉμ´ , ¤ ÕÉ μ¶·¥¤¥²ÖÕÐ¨° ¢±² ¤ ¢  ¸¨³¶ÉμÉ¨±Ê  ³-
¶²¨ÉÊ¤ ¶¥·¥Ìμ¤  ¶·¨ ¸É·¥³²¥´¨¨ ¶μ¸ÉμÖ´´μ° �² ´±  ± ´Ê²Õ. �É¢¥É ´  ¢μ-
¶·μ¸, ¶μÎ¥³Ê ¶·μ¢¥¤¥´´ Ö ¢Ò±² ¤±  ¶·¨¢¥²  ± ´¥¸¨³³¥É·¨Î´μ³Ê ¤¥°¸É¢¨Õ
(18), μÎ¥¢¨¤¥´: · ¸¸³μÉ·¥´¨¥ ¢¥²μ¸Ó ¢ q-¶·¥¤¸É ¢²¥´¨¨. Š¢ ´Éμ¢ Ö ³¥Ì ´¨± 
¨ §¤¥¸Ó ¶·¨Ìμ¤¨É ´  ¶μ³μÐÓ.
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� ¸¸³μÉ·¨³ ³ É·¨Î´Ò° Ô²¥³¥´É μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨ ³¥¦¤Ê ¸μ¸ÉμÖ´¨Ö³¨
〈p| ¨ |q〉, ¢§Ö¢ ¤¢  ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ¨´É¥·¢ ²  ¢·¥³¥´¨ ε1 ¨ ε2:

〈p|Ûε1+ε2 |q〉 = 〈p|e−iĤε2/� e−iĤε1/�|q〉 ≈

≈
∫

dq′dp′

(2π�)3/2
e−iq′p/� e−iH(p,q′)ε2/� ei(q′−q)p′/� e−iH(p′,q)ε1/�. (20)

ƒ² ¢´Ò° ¢±² ¤ ¢ ¨´É¥£· ² ¶μ p′ ¶·¨ � → 0 ¤ ¥É Ô±¸É·¥³Ê³ ¤¥°¸É¢¨Ö (18)
¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¥£μ ¶μ p(t), Éμ£¤  ± ± £² ¢´Ò° ¢±² ¤ ¢ ¨´É¥£· ² ¶μ q′

μ¶·¥¤¥²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨±μ° ¨´É¥£· ² ∫
dq′e−i[q′(p−p′)+H(p,q′)ε2]/�, (21)

É. ¥. Ô±¸É·¥³Ê³μ³ ¤¥°¸É¢¨Ö

S2H = −
t+ε∫
t

dt[qṗ + H(p, q)] (22)

¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¥£μ ¶μ q(t).
ˆÉ ±, ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¶μ¤¸± §Ò¢ ¥É É ±μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò. �μ-

¸±μ²Ó±Ê ¢ ƒŒ ´¥¨§¢¥¸É´Ò³¨ Ö¢²ÖÕÉ¸Ö 2n ËÊ´±Í¨° q(t), p(t), ¤²Ö ¶μ²ÊÎ¥´¨Ö
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨§ Ê¸²μ¢¨Ö ³¨´¨³ ²Ó´μ¸É¨ ¤¥°¸É¢¨Ö ³μ¦´μ ¶μ²Ó§μ¢ ÉÓ¸Ö
¤¢Ê³Ö · §´μ¢¨¤´μ¸ÉÖ³¨ ¤¥°¸É¢¨° Å S1H (18) ¨ S2H (22); ¢ ¶¥·¢μ³ ¸²¥¤Ê¥É
¢ ·Ó¨·μ¢ ÉÓ ËÊ´±Í¨¨ p(t),   ¢μ ¢Éμ·μ³ Å q(t). �Éμ · §·¥Ï ¥É ¢μ¶·μ¸ μ
Ë¨±¸ Í¨¨ ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ §´ Î¥´¨° ËÊ´±Í¨° q(t), p(t) ¨ ¢μ¸¸É ´ -
¢²¨¢ ¥É ¨Ì · ¢´μ¶· ¢´μ¸ÉÓ. �¸É ¥É¸Ö ¶·μ¡²¥³  ¨´¢ ·¨ ´É´μ° Ëμ·³Ê²¨·μ¢±¨
¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö, ±μÉμ·Ò° μ¡¸Ê¦¤ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥.

Š¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¶·μ²¨¢ ¥É ¸¢¥É ¨ ´  ¤·Ê£μ° ¢μ¶·μ¸. �·¥μ¡· §μ¢ ´¨Ö
´ §Ò¢ ÕÉ¸Ö ± ´μ´¨Î¥¸±¨³¨, ¥¸²¨ μ´¨ ¸μÌ· ´ÖÕÉ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Ëμ·³Ê ω̂,
(ω̂)ij ≡ ωij ; ´ ¶·¨³¥·, ¶·¥μ¡· §μ¢ ´¨¥ x′ = Ĉx ± ´μ´¨Î¥¸±μ¥, ¥¸²¨

ĈT ω̂Ĉ = ω̂ (23)

(¢ [7] μ´μ ¨³¥´Ê¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³, Ĉ ∈ Sp(2n)). �μ¤μ¡´Ò¥ ¶·¥μ¡· §μ¢ -
´¨Ö ¸μÌ· ´ÖÕÉ ¸±μ¡±¨ �Ê ¸¸μ´ , ÎÉμ ¸ÊÐ¥¸É¢¥´´μ ¶·¨ ¶¥·¥Ìμ¤¥ ± ±¢ ´Éμ¢μ³Ê
μ¶¨¸ ´¨Õ, ¨¡μ ¸μ£² ¸´μ ·¥Í¥¶ÉÊ „¨· ±  [10] ±μ³³ÊÉ Éμ· ± ´μ´¨Î¥¸±¨Ì ¶¥-
·¥³¥´´ÒÌ Ë¨±¸¨·Ê¥É¸Ö ¶· ¢¨²μ³

[q̂j , p̂k] = i�{qj, pk}; (24)

§¤¥¸Ó {f, g} =
∂f

∂qj

∂g

∂pj
− ∂f

∂pj

∂g

∂qj
. �μ¤Î¥·±´¥³, ¢¶·μÎ¥³, ÎÉμ ¤ ´´Ò° ·¥Í¥¶É

¶·¨³¥´¨³ Éμ²Ó±μ ¢ ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É Ì.
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Œ¥¦¤Ê É¥³ ¢ ŠŒ ¢ ¦´ÊÕ ·μ²Ó ¨£· ÕÉ ¶¥·¥³¥´´Ò¥, ¸¢Ö§ ´´Ò¥ ¸ q ¨ p
´¥± ´μ´¨Î¥¸±¨³ ¶·¥μ¡· §μ¢ ´¨¥³. „²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¸ £ ³¨²Ó-
Éμ´¨ ´μ³ H = (p2 + q2)/2, {q, p} = 1, É ±¨³ ¶·¥μ¡· §μ¢ ´¨¥³ ¡Ê¤¥É ¶¥·¥Ìμ¤
± ±μ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³ z = (q + ip)/

√
2, z̄ = (q − ip)/

√
2, ¶μ¸±μ²Ó±Ê

{z̄, z} = i. (25)

�μ ¶·¨ ±¢ ´Éμ¢ ´¨¨ z̄, z ¶·¥¢· Ð ÕÉ¸Ö ¢ μ¶¥· Éμ·Ò ˆ̄z, ẑ, ¨§¢¥¸É´Ò¥ ± ± μ¶¥-
· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö â+ = ˆ̄z, â = ẑ, ¶μ¤Î¨´ÖÕÐ¨¥¸Ö ¸μ£² ¸´μ
(24) ±μ³³ÊÉ Í¨μ´´μ³Ê ¸μμÉ´μÏ¥´¨Õ

[ˆ̄z, ẑ] = i�{z̄, z} = −�. (26)

ˆ³¥´´μ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö a∗ μ¶¥· Éμ·  â+ (É. ¥. z̄ ¤²Ö ˆ̄z) Ö¢²ÖÕÉ¸Ö
 ·£Ê³¥´É ³¨ ¢¥±Éμ·μ¢ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  (Í¥²Ò¥  ´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨
¸μ¸ÉμÖ´¨° Φ(a∗) ¨²¨ Φ(z̄)).

� ¸¸³μÉ·¥´´Ò¥ ¶·¨³¥·Ò, ¢μ-¶¥·¢ÒÌ, Ê± §Ò¢ ÕÉ ´  ¢μ§³μ¦´μ¸ÉÓ ¶·¨¢²¥-
Î¥´¨Ö ŠŒ ¤²Ö  ´ ²¨§  ¶·μ¡²¥³ ƒŒ, ¶μ§¢μ²ÖÖ ¢§£²Ö´ÊÉÓ ´  ´¨Ì ¸ ´μ¢μ° ÉμÎ±¨
§·¥´¨Ö,   ¢μ-¢Éμ·ÒÌ, ¶μ± §Ò¢ ÕÉ ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨§ÊÎ¥´¨Ö ¨ ´¥± ´μ´¨Î¥¸±¨Ì
¶·¥μ¡· §μ¢ ´¨° ¢ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¥ [1].

1.4. Šμ¢ ·¨ ´É´ Ö Ëμ·³Ê²¨·μ¢±  ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶ . ‚ ¶. 1.2 μÉ-
³¥Î ²μ¸Ó ¶·¨´Í¨¶¨ ²Ó´μ¥ μÉ²¨Î¨¥ ¢ ·¨ Í¨μ´´ÒÌ ¶·¨´Í¨¶μ¢ ¢ ² £· ´¦¥¢μ°
¨ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨± Ì. …¸²¨ ¢ ¶¥·¢μ° ¢¸¥£¤  ³μ¦´μ § ¤ ÉÓ ´ Î ²Ó´ÊÕ ¨
±μ´¥Î´ÊÕ ÉμÎ±¨ qi

1, q
i
2 ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ (2n ¶μ¸ÉμÖ´´ÒÌ), Éμ

¢ ”� ÔÉμ ¸¤¥² ÉÓ ´¥¢μ§³μ¦´μ, ¨¡μ ¶·¨Ï²μ¸Ó ¡Ò Ë¨±¸¨·μ¢ ÉÓ 4n ¶μ¸ÉμÖ´´ÒÌ
¢ ¸¨¸É¥³¥ 2n Ê· ¢´¥´¨° 1-£μ ¶μ·Ö¤± . �É¸Õ¤  ¨ § É·Ê¤´¥´¨Ö ¸ ¨´¢ ·¨ ´É´μ°
Ëμ·³Ê²¨·μ¢±μ° ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  Å § ¤ ´¨¥ ¤¥°¸É¢¨Ö ¢ ¢¨¤¥

SωH =
∫ [

1
2
(piq̇

i − qiṗi) − H(p, q)

]
dt =

∫ (
1
2
ωijx

iẋj − H(x)

)
dt (27)

¢²¥Î¥É ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ SωH ¶μÖ¢²¥´¨¥ ¢´¥¨´É¥£· ²Ó´μ£μ Î²¥´ 

1
2
(piδq

i − qiδpi)
∣∣∣t2
t1

, (28)

¨ ÎÉμ¡Ò μ¡· É¨ÉÓ ¥£μ ¢ ´Ê²Ó, ´Ê¦´μ ´ ²μ¦¨ÉÓ 4n Ê¸²μ¢¨° ´  2n ËÊ´±-
Í¨° qi, pi.

� §·¥Ï¥´¨¥ ¶·μ¡²¥³Ò É·¥¡Ê¥É Ö¸´μ£μ ¶μ´¨³ ´¨Ö Éμ£μ, ÎÉμ ¢ ·¨ Í¨μ´´Ò°
¶·¨´Í¨¶ δS = 0 ¢Ò¸ÉÊ¶ ¥É ¢ ¤¢ÊÌ · §´ÒÌ ± Î¥¸É¢ Ì.

1. Š ± ¸¢μ°¸É¢μ ±² ¸¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö (¨§ ¢¸¥Ì É· ¥±Éμ·¨°, ¸μ¥¤¨-
´ÖÕÐ¨Ì ´ Î ²Ó´ÊÕ ¨ ±μ´¥Î´ÊÕ ÉμÎ±¨, Éμ²Ó±μ Ë¨§¨Î¥¸±¨¥ Ô±¸É·¥³¨§¨·ÊÕÉ
¤¥°¸É¢¨¥).
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2. Š ± ¸·¥¤¸É¢μ ¤²Ö ¶μ²ÊÎ¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö (¨§ Ê¸²μ¢¨Ö Ô±¸É·¥-
³ ²Ó´μ¸É¨ ¤¥°¸É¢¨Ö ´ Ìμ¤ÖÉ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö).

‚ ‹Œ ÔÉ¨ ¤¢   ¸¶¥±É  ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  Ô±¢¨¢ ²¥´É´Ò: ¨§ Ô±¸-
É·¥³ ²Ó´μ¸É¨ ¤¥°¸É¢¨Ö ´  Ë¨§¨Î¥¸±¨Ì É· ¥±Éμ·¨ÖÌ ³μ¦´μ ´ °É¨ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö,   ¤¥°¸É¢¨¥ Ô±¸É·¥³ ²Ó´μ ´  ¨Ì ·¥Ï¥´¨ÖÌ. �Éμ£μ ´¥É ¢ ƒŒ. …¸²¨
¶¥·¢μ¥ Ê¸²μ¢¨¥ μ¸É ¥É¸Ö ´¥¨§³¥´´Ò³, Éμ ¢Éμ·μ¥ É·¥¡Ê¥É ¢Ò¶μ²´¥´¨Ö ¤μ¶μ²-
´¨É¥²Ó´ÒÌ Ê¸²μ¢¨°: ¤²Ö ¶μ²ÊÎ¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ ƒŒ ¨§ ¤¥°¸É¢¨Ö
SωH ´Ê¦´μ μ£· ´¨Î¨ÉÓ ±² ¸¸ ¢ ·¨ Í¨°, ¨³¥´´μ, μ£· ´¨Î¨ÉÓ¸Ö ¢ ·¨ Í¨Ö³¨,
μÉ²¨Î´Ò³¨ μÉ ´Ê²Ö ²¨ÏÓ ¢ ¨´É¥·¢ ²¥ ¢·¥³¥´ Δt: t1 � t < t2 ¨²¨ t1 < t � t2
(Δt ⊂ [t1, t2) ¨²¨ Δt ⊂ (t1, t2]), É. ¥.

δx(t) = 0, ¥¸²¨ t �∈ Δt. (29)

�·¨ ÔÉμ³ ¢´¥¨´É¥£· ²Ó´Ò¥ Î²¥´Ò (28) μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. ˆ¸¶μ²Ó§ÊÖ ·¥Ï¥-
´¨Ö ¶μ²ÊÎ¥´´ÒÌ Ê· ¢´¥´¨°, Ê¡¥¦¤ ¥³¸Ö, ÎÉμ μ´¨ Ô±¸É·¥³¨§¨·ÊÕÉ ¤¥°¸É¢¨¥
SωH ¢ ¸É ´¤ ·É´μ³ ¶μ´¨³ ´¨¨, É. ¥. ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ x(t1) ¨ x(t2).

ˆÉ ±, ¶·¨ ¨´¢ ·¨ ´É´μ³ Ëμ·³Ê²¨·μ¢ ´¨¨ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¢ ƒŒ
¤²Ö ¶μ²ÊÎ¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ´¥μ¡Ìμ¤¨³μ ¨§³¥´¨ÉÓ ±² ¸¸ ¤μ¶Ê¸É¨³ÒÌ
¢ ·¨ Í¨°. ’¥³ ´¥ ³¥´¥¥ ¢¸¥ ¥Ð¥ μ¸É ¥É¸Ö ¢μ¶·μ¸: ¶μÎ¥³Ê ´¥ ¢¶μ²´¥ Ê¤μ-
¢²¥É¢μ·¨É¥²Ó´ Ö (¢¢¨¤Ê μ¡Ð¥° ±μ¢ ·¨ ´É´μ¸É¨ ƒŒ) Ëμ·³Ê²¨·μ¢±  ¢ ·¨ Í¨-
μ´´μ£μ ¶·¨´Í¨¶  (16) ¤ ¥É ¶μ²´Ò° ±μ³¶²¥±É Ê· ¢´¥´¨° (15)? �± §Ò¢ ¥É¸Ö,
ÎÉμ ¢ ƒŒ ¢¸¥£¤  ³μ¦´μ ¶¥·¥°É¨ ± É ±¨³ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ (¶· ¢¤ ,
¸ ¶μ³μÐÓÕ ´¥± ´μ´¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö), ÎÉμ ¤¥°¸É¢¨¥ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤
(16). „¥°¸É¢¨É¥²Ó´μ, ¢ ¢Ò· ¦¥´¨¨ (27) ¶¥·¥°¤¥³ ¸¶¥·¢  ± ±μ³¶²¥±¸´Ò³ ± -
´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ z̄j , zj = (qj + ipj)/

√
2 (¤²Ö ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ ´¥É

¸³Ò¸²  · §²¨Î ÉÓ ¢¥·Ì´¨¥ ¨ ´¨¦´¨¥ ¨´¤¥±¸Ò j, ¨¡μ ·μ²Ó  ´É¨¸¨³³¥É·¨Î´μ°

³ É·¨ÍÒ ¨£· ¥É ³´¨³ Ö ¥¤¨´¨Í  i, ¸³. ¶. 3.11). ’μ£¤  ¸Ê³³ 
∑

(piq̇
i−qiṗi)/2

¢ (27) ¶·¥¢· Ð ¥É¸Ö ¢ i
∑

(z̄j żj − zj ˙̄zj)/2. �¥·¥Ìμ¤Ö É¥¶¥·Ó ± ´μ¢Ò³ ± ´μ-

´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ rj , ϕj , zj = rj eiϕj (¶·¥μ¡· §μ¢ ´¨¥ ´¥± ´μ´¨Î¥¸±μ¥!),
μ¡´ ·Ê¦¨¢ ¥³, ÎÉμ ÔÉ  ¸Ê³³  ¶·¨μ¡·¥É ¥É ¢¨¤

1
2

∑
(piq̇

i − qiṗi)/2 = −
∑

r2
j ϕ̇j , (30)

É. ¥., ± ± ¨ ¢ Ëμ·³Ê²¥ (16), ¢ ¸Ê³³Ê ¢Ìμ¤ÖÉ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¢·¥³¥´¨ Éμ²Ó±μ
μÉ ¶μ²μ¢¨´Ò ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ. ” ±É¨Î¥¸±¨ ¤ ´´ Ö μ¸μ¡¥´´μ¸ÉÓ
μ¡Ð¥¶·¨´ÖÉμ£μ ¢Ò· ¦¥´¨Ö ¤²Ö ¤¥°¸É¢¨Ö (16) ´¥ ´ ·ÊÏ ¥É ±μ¢ ·¨ ´É´μ¸É¨
Ëμ·³ ²¨§³ . ‘± § ´´μ¥ ³μ¦´μ ¶μÖ¸´¨ÉÓ ¨ ¶μ-¤·Ê£μ³Ê. ƒ·Ê¶¶  ¨´¢ ·¨ ´É-
´μ¸É¨ (23) ¤²Ö n = 1 ¥¸ÉÓ Sp(2) = SO(2), É. ¥. · §´μ¸ÉÓ x1ẋ2 − ẋ1x2 ¥¸ÉÓ
¨´¢ ·¨ ´É. �·¥¤¶μ²μ¦¨³, ÎÉμ ¸ ¶μ³μÐÓÕ ´¥± ´μ´¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö
³μ¦´μ ¶¥·¥°É¨ ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ y(y1, y2), É ±¨³, ÎÉμ y1 = inv, ẏ2 = inv.
’μ£¤  ¢Ò· ¦¥´¨¥ x1ẋ2 − ẋ1x2 = f(y1)y1ẏ2 ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¸¨³-
¶²¥±É¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° (ẏ1y2 ´¥ ¥¸ÉÓ ¨´¢ ·¨ ´É, ¢ (30) y2 = ϕ, ¨
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ϕ → ϕ + α, α̇ = 0). �μ ¸μ£² ¸´μ É¥μ·¥³¥ „ ·¡Ê Ëμ·³  ωijx
iẋj ¢¸¥£¤  ³μ¦¥É

¡ÒÉÓ ¶·¨¢¥¤¥´  ± ¸É ´¤ ·É´μ³Ê ¢¨¤Ê, ÎÉμ ¨ ¤μ± §Ò¢ ¥É μ¡Ð´μ¸ÉÓ ÊÉ¢¥·¦-
¤¥´¨Ö.

2. ƒ�Œˆ‹œ’���‚� Œ…•��ˆŠ�, ��‘��…„…‹…�ˆ… ƒˆ��‘�
ˆ Š‚��’�‚�Ÿ Œ…•��ˆŠ�

2.1. ‘μÌ· ´¥´¨¥ Ô´¥·£¨¨ ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö. �·¨´Í¨¶ Œμ¶¥·ÉÕ¨.
’·¨¢¨ ²Ó´Ò³ ¸²¥¤¸É¢¨¥³ Ê· ¢´¥´¨° ƒ ³¨²ÓÉμ´  Ö¢²Ö¥É¸Ö ¸μÌ· ´¥´¨¥ Ô´¥·-
£¨¨, É. ¥. ¶μ¸ÉμÖ´¸É¢μ H(p, q) ¶·¨ Ê¸²μ¢¨¨ ∂H/∂t = 0:

Ḣ = {H, H} = 0. (31)

�μ²¥§´μ § ¤ ÉÓ ¢μ¶·μ¸: ± ±¨¥ Ê¸²μ¢¨Ö ´  ¢ ·¨ Í¨¨ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
δxi, i = 1, 2, . . . , 2n, ´ ±² ¤Ò¢ ¥É É·¥¡μ¢ ´¨¥ ¶μ¸ÉμÖ´¸É¢  ËÊ´±Í¨¨ ƒ ³¨²Ó-
Éμ´ 

δH(x) =
∂H

∂xi
δxi ≡ ∇Hδx = 0, (32)

¥¸²¨ ∂H/∂t = 0? �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (32) μÎ¥¢¨¤´μ Å 2n-¢¥±Éμ· δx μ·Éμ£μ-
´ ²¥´ 2n-¢¥±Éμ·Ê ∇H , ¶μÔÉμ³Ê

δx = ω̂∇Hδs, (33)

£¤¥ ω̂ Å ´¥±μÉμ· Ö  ´É¨¸¨³³¥É·¨Î´ Ö 2n × 2n ³ É·¨Í ,   s Å ´¥±μÉμ·Ò°
¸± ²Ö·´Ò° ¶ · ³¥É·. �Éμ¦¤¥¸É¢²ÖÖ ¥£μ ¸μ ¢·¥³¥´¥³ (s ≡ t), ¶¥·¥¶¨¸Ò¢ ¥³
·¥Ï¥´¨¥ (33) ¢ ¢¨¤¥

ẋi = ωij∂jH, ωij = (ω̂)ij , (34)

¨¤¥´É¨Î´μ³ (7). …¸²¨ ³ É·¨Í  ω̂ ´¥¢Ò·μ¦¤¥´  ¨ ¤²Ö ´¥¥ ¢Ò¶μ²´Ö¥É¸Ö Éμ¦¤¥-
¸É¢μ Ÿ±μ¡¨ (9), Éμ ¸¨¸É¥³  Ê· ¢´¥´¨° (34) ¨¤¥´É¨Î´  Ê· ¢´¥´¨Ö³ ƒ ³¨²ÓÉμ´ .
…¸²¨ ¦¥ ´¥ μÉμ¦¤¥¸É¢²ÖÉÓ s ¸μ ¢·¥³¥´¥³, Éμ ÔÉ¨ Ê· ¢´¥´¨Ö ¥¸ÉÓ Ê· ¢´¥´¨Ö
É· ¥±Éμ·¨¨ ¨§μ¡· ¦ ÕÐ¥° ÉμÎ±¨ ¸¨¸É¥³Ò ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, É. ¥. ¨Ì
·¥Ï¥´¨Ö § ¤ ÕÉ É· ¥±Éμ·¨Õ ¢ ¶ · ³¥É·¨Î¥¸±μ° Ëμ·³¥. „ ´´Ò° Ë ±É (¸¢Ö§Ó
(32) ¸ (34)) ³μ¦¥É ¶μ± § ÉÓ¸Ö ³ ²μ§´ Î¨É¥²Ó´Ò³, ¶μ¸±μ²Ó±Ê Ê· ¢´¥´¨Ö (7),
(34) Ìμ·μÏμ ¨§¢¥¸É´Ò. �¥¡μ²ÓÏμ°  ´ ²¨§ ¶μ± §Ò¢ ¥É, μ¤´ ±μ, ÎÉμ ÔÉμ ´¥
É ±. �± §Ò¢ ¥É¸Ö, ÎÉμ ¨§ÊÎ¥´¨¥ · §²¨Î´ÒÌ ¢ ·¨ Í¨° ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´-
´ÒÌ xi ¶μ§¢μ²Ö¥É ¶μ-´μ¢μ³Ê ¢§£²Ö´ÊÉÓ ´  ±¢ ´Éμ¢ÊÕ ³¥Ì ´¨±Ê ¨ ´  ³¥Ì ´¨±Ê
¢μμ¡Ð¥, ¥¸²¨ ¢±²ÕÎ¨ÉÓ ¢ · ¸¸³μÉ·¥´¨¥ ¸É É¨¸É¨Î¥¸±ÊÕ Ë¨§¨±Ê (· ¸¶·¥¤¥²¥-
´¨¥ ƒ¨¡¡¸ ). �μ¸²¥¤´¥¥ Ê¸²μ¢¨¥ ¢μμ¡Ð¥ ³μ¦¥É ¶μ± § ÉÓ¸Ö ¨¸±Ê¸¸É¢¥´´Ò³, ´¥
¨³¥ÕÐ¨³ μÉ´μÏ¥´¨Ö ± ³¥Ì ´¨±¥. ‘ ÉμÎ±¨ §·¥´¨Ö ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨
± ± ¸ ³μ¤μ¸É ÉμÎ´μ° ´ Ê±¨, § ¤ ´´μ° ¸¨¸É¥³μ°  ±¸¨μ³, ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ
É ±. …¸²¨ ¦¥ ·¥ÎÓ ¨¤¥É μ ¶μ¨¸±¥ § ±μ´μ¢, Ê¶· ¢²ÖÕÐ¨Ì ³¨·μ³, Éμ, ± ± ³Ò
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Ê¢¨¤¨³ (¶. 2.3, § ±²ÕÎ¥´¨¥), ÔÉμ μ¶· ¢¤ ´´μ, ÊÎ¨ÉÒ¢ Ö ¢¥·μÖÉ´μ¸É´ÊÕ ¶·¨-
·μ¤Ê ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨.

�μ ¤ ¦¥ ¢ · ³± Ì ¸É ´¤ ·É´μ° ƒŒ Ê± § ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶μ§¢μ²Ö¥É
· §μ¡· ÉÓ¸Ö ¢ ¢μ¶·μ¸¥ μ Ë¨§¨Î¥¸±μ³ ¸³Ò¸²¥ ¶·¨´Í¨¶  Œμ¶¥·ÉÕ¨. …Ð¥
Š. Ÿ±μ¡¨ ¶¨¸ ² [11, ¸. 39]: ®�μÎÉ¨ ¢μ ¢¸¥Ì ÊÎ¥¡´¨± Ì, ¤ ¦¥ ¨ ¢ ²ÊÎÏ¨Ì,
± ± �Ê ¸¸μ´ , ‹ £· ´¦  ¨ ‹ ¶² ¸ , ÔÉμÉ ¶·¨´Í¨¶ ¶·¥¤¸É ¢²¥´ É ±, ÎÉμ, ¶μ
³μ¥³Ê ³´¥´¨Õ, ¥£μ ´¥²Ó§Ö ¶μ´ÖÉÓ¯. „¥²μ ¢ Éμ³, ÎÉμ ¤¥² ¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥ μ
³¨´¨³Ê³¥ ¨´É¥£· ²  (®Ê±μ·μÎ¥´´μ¥ ¤¥°¸É¢¨¥¯)

SM =
∫

dtpr(t)q̇r(t), r = 1, 2, . . . , n, (35)

´  É· ¥±Éμ·¨¨ ¤¥°¸É¢¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ¸¨¸É¥³Ò. Œ¥¦¤Ê É¥³ ¨´É¥£· ² (35)
´¥ ¸μ¤¥·¦¨É ´¨± ±μ° ±μ´±·¥É´μ° ¨´Ëμ·³ Í¨¨ μ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³¥,
§ ±²ÕÎ¥´´μ° ¢ ² £· ´¦¨ ´¥ ¨²¨ £ ³¨²ÓÉμ´¨ ´¥. ‚ ÔÉμ³ ¶¥·¢μ¶·¨Î¨´  § -
É·Ê¤´¥´¨Ö. „ ²¥¥ Š. Ÿ±μ¡¨ ¶·μ¤μ²¦ ¥É: ®�·¨ ÔÉμ³, ¶· ¢¤ , £μ¢μ·¨É¸Ö, ÎÉμ
É¥μ·¥³  ¶·¨³¥´¨³  Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨ ¨³¥¥É ³¥¸Éμ É¥μ·¥³  ¦¨¢ÒÌ
¸¨² [§ ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨], ´μ ¶·¨ ÔÉμ³ § ¡Ò¢ ÕÉ ¸± § ÉÓ, ÎÉμ ¶·¨ ¶μ-
³μÐ¨ É¥μ·¥³Ò ¦¨¢ÒÌ ¸¨² ´¥μ¡Ìμ¤¨³μ ¨¸±²ÕÎ¨ÉÓ ¨§ ¶·¥¤Ò¤ÊÐ¥£μ ¨´É¥£· ² 
[É. ¥. ¨§ (35)] ¢·¥³Ö ¨ ¢¸¥ ¸¢¥¸É¨ ± ¶·μ¸É· ´¸É¢¥´´Ò³ Ô²¥³¥´É ³¯. † ²μ¡Ò
´  É·Ê¤´μ¸É¨ ¶μ´¨³ ´¨Ö ÔÉμ£μ ¶·¨´Í¨¶  §¢ÊÎ É ¨ ¶μ ¸¥° ¤¥´Ó (¸³. [6, ¸. 211]).

Œ¥¦¤Ê É¥³ ¸¢Ö§Ó Ê¸²μ¢¨Ö (32) ¸ (33) ¶·μÖ¸´Ö¥É ¸³Ò¸² ¶·¨´Í¨¶  Œμ-
¶¥·ÉÕ¨. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ³¨´¨³Ê³ SM (35) ¨Ð¥É¸Ö ¶·¨ Ê¸²μ¢¨¨ H =
const = E, Éμ ´¥μ¡Ìμ¤¨³μ ¶·¨¡¥£´ÊÉÓ ± ³¥Éμ¤Ê ³´μ¦¨É¥²¥° ‹ £· ´¦  λ(t),
É. ¥. ¨¸± ÉÓ ³¨´¨³Ê³ ¤¥°¸É¢¨Ö

S′
M =

∫
dt[pr(t)q̇r(t) − λ(t)(H − E)], (36)

¢ ±μÉμ·μ³ ¢ ·Ó¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¨ ¶μ λ(t). �¥·¥¶¨¸Ò¢ Ö (36) ¢ ¢¨¤¥

S′
M =

∫
dτ [pr(τ)q′r(τ) − (H − E)], (37)

£¤¥ dτ = λ(t)dt, q′r = dqr/dτ , μ¡´ ·Ê¦¨¢ ¥³, ÎÉμ ³¨´¨³Ê³ ¤μ¸É¨£ ¥É¸Ö ´ 
·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨°

q′r(τ) =
∂H

∂pr(τ)
, p′r(τ) = − ∂H

∂qr(τ)
, (38)

§ ¤ ÕÐ¨Ì É· ¥±Éμ·¨Õ ¤¢¨¦¥´¨Ö ¸¨¸É¥³Ò. ‚ ·Ó¨·μ¢ ´¨¥ (36) ¶μ λ(t) Ë¨±¸¨-
·Ê¥É Ô´¥·£¨Õ ¸¨¸É¥³Ò. ’¥³ ¸ ³Ò³ ¸¢Ö§Ó Ê¸²μ¢¨Ö (32) ¸ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö
(34) ¶μ§¢μ²Ö¥É · §μ¡· ÉÓ¸Ö ¸ Ë¨§¨Î¥¸±¨³ ¸μ¤¥·¦ ´¨¥³ ¶·¨´Í¨¶  Œμ¶¥·ÉÕ¨.
‚ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì ¢ÒÖ¸´Ö¥É¸Ö, ÎÉμ ¤ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ (Í¥¶μÎ±  · -
¢¥´¸É¢ (32)Ä(34)) ¨³¥¥É ¥Ð¥ ¡μ²¥¥ ¤ ²¥±μ ¨¤ÊÐ¨¥ ¶μ¸²¥¤¸É¢¨Ö.
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2.2. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¨ ¸É É¨¸É¨Î¥¸± Ö Ë¨§¨± . �·¨¢²¥Î¥´¨¥
¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ ¶μ§¢μ²Ö¥É Ê¢¨¤¥ÉÓ ´μ¢Ò¥  ¸¶¥±ÉÒ £ ³¨²ÓÉμ´μ¢μ° ³¥-
Ì ´¨±¨.

1. …¸²¨ ¢§ÖÉÓ · ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤²Ö ¸¨¸É¥³Ò ¢ É¥·³μ¸É É¥ (· ¸-
¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ )

WG = Z−1e−βH(p,q), (39)

£¤¥ 1/β = kT , k Å ¶μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ , T Å É¥³¶¥· ÉÊ· , Éμ Ê¸²μ¢¨¥ (32)
¤²Ö H(p, q) Ô±¢¨¢ ²¥´É´μ Ê¸²μ¢¨Õ

δWG = 0. (40)

Œμ¦´μ ¸± § ÉÓ, ÎÉμ Ô¢μ²ÕÍ¨Ö ³¥Ì ´¨Î¥¸±μ° ¸¨¸É¥³Ò ¢ É¥·³μ¸É É¥, ´¥ ³¥´Ö-
ÕÐ Ö ¥¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö, μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨, ¢ÒÉ¥± ÕÐ¨³¨
¨§ (33), ¢ Î ¸É´μ¸É¨, Ê· ¢´¥´¨Ö³¨ (34), É. ¥. ±² ¸¸¨Î¥¸±¨³¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨-
¦¥´¨Ö.

„ ´´Ò° Ë ±É ±· °´¥ ¢ ¦¥´. ‚μ-¶¥·¢ÒÌ, μ´ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ‚¸¥-
²¥´´ÊÕ ± ± ¤¨´ ³¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ¢ É¥·³μ¸É É¥, Ô¢μ²ÕÍ¨Ö ±μÉμ·μ° ¸μ£² ¸´μ
±² ¸¸¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö ´¥ ³¥´Ö¥É · ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö.
—Éμ ± ¸ ¥É¸Ö ¶·¨·μ¤Ò É¥·³μ¸É É , Éμ ÔÉμ μÉ¤¥²Ó´Ò° ¢μ¶·μ¸. ‚μ-¢Éμ·ÒÌ,
¢μ§´¨± ¥É ¶·μ¡²¥³  μ¶¨¸ ´¨Ö Ô¢μ²ÕÍ¨¨ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò,
§ ¤ ¢ ¥³ÒÌ · ¸¶·¥¤¥²¥´¨¥³ [12, ¸. 7]

W (p, q) = Z−1ρ(p, q) e−βH(p,q), (41)

£¤¥ ρ(p, q) Å ´¥±μÉμ· Ö ´¥μÉ·¨Í É¥²Ó´ Ö ËÊ´±Í¨Ö ¢ ”�, É ± Ö, ÎÉμ∫
dΓW (p, q) = 1, dΓ ≡ dnpdnq. (42)

�Î¥¢¨¤´μ, ¸μ ¢·¥³¥´¥³ ´¥· ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥ ¶¥·¥Ìμ¤¨É ¢ · ¢´μ¢¥¸´μ¥,  
¶·¨ ¡μ²ÓÏμ³ ¢·¥³¥´¨ ·¥² ±¸ Í¨¨ tr ¢ ¨´É¥·¢ ²¥ ¢·¥³¥´ Δt 
 tr Ô¢μ²ÕÍ¨Ö
¸¨¸É¥³Ò ¸¢μ¤¨É¸Ö ± Ô¢μ²ÕÍ¨¨ ρ(p, q) ¸μ£² ¸´μ ±² ¸¸¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ

ρ̇ = {ρ, H}. (43)

„ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ § ¸²Ê¦¨¢ ¥É μ¸μ¡μ£μ ¢´¨³ ´¨Ö ¢ ¸¢Ö§¨ ¸ É¥³, ÎÉμ ¢
μ¸´μ¢¥ ¢¸¥° Ë¨§¨±¨ ²¥¦¨É ±¢ ´Éμ¢ Ö ³¥Ì ´¨± , É¥μ·¨Ö ¶·¨´Í¨¶¨ ²Ó´μ ¢¥-
·μÖÉ´μ¸É´ Ö. ’μ, ÎÉμ ¤¢¨¦¥´¨¥ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ (´ ¶·¨³¥·, Ô²¥±É·μ´ )
¢ ¶Ê¸Éμ³ ¶·μ¸É· ´¸É¢¥ μ¶¨¸Ò¢ ¥É¸Ö ¢ · ³± Ì ¢¥·μÖÉ´μ¸É´μ° É¥μ·¨¨, ¢Ò§Ò-
¢ ²μ Ê¤¨¢²¥´¨¥, ´¥¤μÊ³¥´¨¥, ´¥¸μ£² ¸¨¥ (¢¸¶μ³´¨³ Ô°´ÏÉ¥°´μ¢¸±μ¥ ®	μ£ ´¥
¨£· ¥É ¢ ±μ¸É¨¯), ´μ ´¥ ´ Ìμ¤¨²μ ´¨± ±μ£μ · Í¨μ´ ²Ó´μ£μ μ¡ÑÖ¸´¥´¨Ö. ‡ ³¥-
Î É¥²Ó´μ, ÎÉμ ¨³¥´´μ Ê· ¢´¥´¨Ö (32), (40), (41) ¶μ§¢μ²ÖÕÉ ¶μ¸É·μ¨ÉÓ ±² ¸¸¨-
Î¥¸±ÊÕ ³μ¤¥²Ó ³¥Ì ´¨Î¥¸±μ° ¸¨¸É¥³Ò, Ô¢μ²ÕÍ¨Ö ±μÉμ·μ° ¸μ ¢·¥³¥´¥³ μ¶¨-
¸Ò¢ ¥É¸Ö ±μ³¶²¥±¸´Ò³¨  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨, É. ¥. ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°
(¸³. [3, 5, 13] ¨ ¶. 2.3).



1578 ���•���‚ ‹.‚.

2. “¸²μ¢¨¥ ´μ·³¨·μ¢±¨

Z−1

∫
dΓ e−βH(p,q) = 1 (44)

´ ±² ¤Ò¢ ¥É μ¶·¥¤¥²¥´´Ò¥ μ£· ´¨Î¥´¨Ö ´  ±² ¸¸ ¤μ¶Ê¸É¨³ÒÌ £ ³¨²ÓÉμ´¨ -
´μ¢, ´¥ μ£μ¢ ·¨¢ ¥³Ò¥ ¶·¨ Ëμ·³Ê²¨·μ¢ ´¨¨ ƒŒ. ’¥³ ¸ ³Ò³, ± § ²μ¸Ó ¡Ò,
¨¸±²ÕÎ ÕÉ¸Ö Ë¨§¨Î¥¸±¨ ¢ ¦´Ò¥ £ ³¨²ÓÉμ´¨ ´Ò, μ¶¨¸Ò¢ ÕÐ¨¥, ´ ¶·¨³¥·,
¤¢¨¦¥´¨¥ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ (H = p2/2). ˆ§ ±² ¸¸  É ±¨Ì ¸É É¨¸É¨Î¥¸±¨
¤μ¶Ê¸É¨³ÒÌ ³¥Ì ´¨± ¨¸±²ÕÎ ÕÉ¸Ö ¨ É¥μ·¨¨ ¸ ¢Ò·μ¦¤¥´´Ò³¨ £ ³¨²ÓÉμ´¨ -
´ ³¨, Ê ±μÉμ·ÒÌ det (∂2H/∂pr∂ps) = 0. �μ¤μ¡´Ò¥ £ ³¨²ÓÉμ´¨ ´Ò ¢μ§´¨± ÕÉ
¢ É¥μ·¨ÖÌ ¸μ ¸¢Ö§Ö³¨. ‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¸²¥¤Ê¥É · §²¨Î ÉÓ ±μ´±·¥É´Ò¥ Î ¸É-
´Ò¥ ¸²ÊÎ ¨ (´ ¶·¨³¥·, ¤¢¨¦¥´¨¥ ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ) μÉ ¶·μ¡²¥³Ò μ¶¨¸ ´¨Ö
‚¸¥²¥´´μ° ¢ Í¥²μ³. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¨´É¥£· ² (44) ¤μ²¦¥´ ¸ÊÐ¥¸É¢μ¢ ÉÓ.
� ¤²Ö ¨§ÊÎ¥´¨Ö § ±μ´μ¢ ¤¢¨¦¥´¨Ö ¸¢μ¡μ¤´μ° Î ¸É¨ÍÒ ¥¥ ³μ¦´μ ¶μ³¥¸É¨ÉÓ
¢ ÖÐ¨± ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì · §³¥·μ¢, ¶μ¤¸É ¢¨¢ ¢ ¨´É¥£· ² (44) ËÊ´±Í¨Õ
θ(L2 − q2). �Éμ ± ¸ ¥É¸Ö ¨ ¢Ò·μ¦¤¥´´ÒÌ ¸¨¸É¥³, Ê ±μÉμ·ÒÌ Î ¸ÉÓ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò Å ´¥Ë¨§¨Î¥¸±¨¥ (´ ¶·¨³¥·, p1, q1). �´¨ ¨¸±²ÕÎ ÕÉ¸Ö ¨§ · ¸¸³μ-
É·¥´¨Ö ¶μ¤¸É ´μ¢±μ° ¢ ¨´É¥£· ² ËÊ´±Í¨¨ δ(p1)δ(q1), ÎÉμ ´ ¶μ³¨´ ¥É ·¥Í¥¶É
�. „¨· ±  ¤²Ö ¶¥·¥Ìμ¤  ± ±¢ ´Éμ¢μ³Ê μ¶¨¸ ´¨Õ ¶μ¤μ¡´ÒÌ ¸¨¸É¥³.

3. �μ²ÊÎ ÕÉ μ¡ÑÖ¸´¥´¨¥ ¸²¥¤ÊÕÐ¨¥ μ¸μ¡¥´´μ¸É¨ ¸É ´¤ ·É´μ° ƒŒ.

 ) �μ²μ¦¨É¥²Ó´μ¸ÉÓ Ô´¥·£¨¨ Å É·¥¡μ¢ ´¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨´É¥£· ²  (44).

¡) —¥É´μ³¥·´μ¸ÉÓ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ . ‚ ¸²ÊÎ ¥ ¥£μ ´¥Î¥É´μ³¥·´μ-
¸É¨ ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ®± ´μ´¨Î¥¸± Ö ¶¥·¥³¥´´ Ö¯, ²Õ¡ Ö ¢ ·¨ Í¨Ö ±μÉμ·μ°
´¥ ¸μÌ· ´Ö¥É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  (¶·¨³¥· Å μ¤´μ³¥·´μ¥ Ë §μ¢μ¥ ¶·μ-
¸É· ´¸É¢μ). �μ¤μ¡´Ò¥ ´¥Ë¨§¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ´¥ μ¡¸Ê¦¤ ÕÉ¸Ö ¢ ³¥Ì ´¨±¥
ƒ ³¨²ÓÉμ´ ,   É·¥¡μ¢ ´¨¥ Î¥É´μ³¥·´μ¸É¨ ”� ¢ ´¥° ¶μ¸ÉÊ²¨·Ê¥É¸Ö Å ÔÉμ
Ê¸²μ¢¨¥ ´¥¢Ò·μ¦¤¥´´μ¸É¨ 2-Ëμ·³Ò (μ¶·¥¤¥²¨É¥²Ó  ´É¨¸¨³³¥É·¨Î´μ° ´¥Î¥É-
´μ³¥·´μ° ³ É·¨ÍÒ · ¢¥´ ´Ê²Õ).

¢) � ±μ´¥Í, ¢ ƒŒ ËÊ´±Í¨Ö ƒ ³¨²ÓÉμ´  H(x) μ¶·¥¤¥²¥´  ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
¶μ¸ÉμÖ´´μ°. ‘É É¨¸É¨Î¥¸± Ö Ë¨§¨±  Ê¸É· ´Ö¥É ÔÉμÉ ¶·μ¨§¢μ² (´μ·³¨-
·μ¢±  (44)).

’ ±¨³ μ¡· §μ³, ¶·¨¢²¥Î¥´¨¥ ¸É É¨¸É¨±¨, ³μÉ¨¢¨·Ê¥³μ¥ ¢¥·μÖÉ´μ¸É´μ°
¶·¨·μ¤μ° ŠŒ, μ£· ´¨Î¨¢ ¥É ±² ¸¸ ¤μ¶Ê¸É¨³ÒÌ £ ³¨²ÓÉμ´¨ ´μ¢, Ì · ±É¥·¨§Ê-
ÕÐ¨Ì ‚¸¥²¥´´ÊÕ ¢ Í¥²μ³, ¨ ¶·μÖ¸´Ö¥É ¶·¨·μ¤Ê ´¥±μÉμ·ÒÌ ¶μ¸ÉÊ² Éμ¢ ƒŒ.

2.3. ‘É É¨¸É¨Î¥¸± Ö Ë¨§¨±  ¨ ±¢ ´Éμ¢ Ö ³¥Ì ´¨± . ‘¢Ö§Ó £ ³¨²ÓÉμ´μ-
¢μ° ³¥Ì ´¨±¨ ¨ ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨, μ¡¸Ê¦¤ ¢Ï Ö¸Ö ¢ ¶. 2.2, ¶μ§¢μ²Ö¥É
Ê¸É ´μ¢¨ÉÓ ¸¢Ö§Ó ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ ¸ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ° ¨ É¥³ ¸ ³Ò³
¶·Ö³ÊÕ ¸¢Ö§Ó £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ ¸ ±¢ ´Éμ¢μ°. �μ± ¦¥³, ÎÉμ  ³¶²¨ÉÊ¤Ò
¢¥·μÖÉ´μ¸É¨ μ¶¨¸Ò¢ ÕÉ Ô¢μ²ÕÍ¨Õ ´¥· ¢´μ¢¥¸´ÒÌ · ¸¶·¥¤¥²¥´¨° £ ·³μ´¨-
Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ [3, 5, 13]. � ¸¸³μÉ·¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥
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· ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ 

WG(q, p) = h−1 e−βH(q,p), H =
ω

2
(p2 + q2), β =

1
kT

, h =
2π

βω
. (45)

�μ·³¨·μ¢μÎ´ Ö · §³¥·´ Ö ¶μ¸ÉμÖ´´ Ö h ¥¸ÉÓ Ê´¨¢¥·¸ ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö É¥μ-
·¨¨, μ´  ¨³¥¥É · §³¥·´μ¸ÉÓ ¤¥°¸É¢¨Ö, ¨ ¥¥, ± ± ³Ò Ê¢¨¤¨³, ³μ¦´μ μÉμ¦¤¥-
¸É¢¨ÉÓ ¸ ¶μ¸ÉμÖ´´μ° �² ´±  �.

‚μ§Ó³¥³ £ ³¨²ÓÉμ´μ¢Ê É¥μ·¨Õ, ¢ ±μÉμ·μ° ”� ¥¸ÉÓ ¸Ë¥·  · ¤¨Ê¸μ³ R
(±μμ·¤¨´ ÉÒ ϕ, θ, ¤¨ËË¥·¥´Í¨ ²Ó´ Ö 2-Ëμ·³  R2 sin θdϕ ∧ dθ). �μ³¨³μ ¸É¥-
·¥μ£· Ë¨Î¥¸±μ£μ μÉμ¡· ¦¥´¨Ö ¸Ë¥·Ò ´  ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ z ¨³¥¥É¸Ö
¸²¥¤ÊÕÐ¥¥, ³¥´¥¥ É·¨¢¨ ²Ó´μ¥ ®¸É¥·¥μ²μ£ ·¨Ë³¨Î¥¸±μ¥¯ μÉμ¡· ¦¥´¨¥ [5]:

|z|2 = −(1/β) ln(2βR2 sin2 θ/2), arg z = ϕ,

±μÉμ·μ¥ ¶μ·μ¦¤ ¥É 2-Ëμ·³Ê

dz̄ ∧ dz

i
e−βz̄z .

�¥·¥³¥´´Ò¥ z, z̄ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ±μ³¶²¥±¸´Ò¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥-
³¥´´Ò¥ z = (q + ip)/

√
2, z̄ = (q − ip)/

√
2 ¨§ ¶. 1.3; Éμ£¤  ÔÉ  2-Ëμ·³  § ¤ ¥É

· ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö £ ³¨²ÓÉμ´¨ ´  (p2 +q2)/2 ¨ ³¥·Ê ¢ ”�. …£μ μ¡Ñ¥³
· ¢¥´ 4πR2 = h, É. ¥. §¤¥¸Ó h ¥¸ÉÓ ËÊ´¤ ³¥´É ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö ±² ¸¸¨Î¥-
¸±μ° É¥μ·¨¨, Ì · ±É¥·¨§ÊÕÐ Ö ”�. ’¥³ ¸ ³Ò³ · ¸¶·¥¤¥²¥´¨¥ (45) ¤μ¶Ê¸-
± ¥É ±· ¸¨¢ÊÕ £¥μ³¥É·¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ,   ¶μ¸ÉμÖ´´ Ö h ¶·¨μ¡·¥É ¥É
´ £²Ö¤´Ò° £¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸².

� ¸¶·¥¤¥²¥´¨¥ (45) § ¤ ¥É ¸²¥¤ÊÕÐÊÕ ³¥·Ê μ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥:

dμ(q, p) =
dq ∧ dp

h
e−βω(p2+q2)/2 =

dz̄ ∧ dz

ih
e−z̄z/� =

= dμ(z̄, z), H = ωz̄z, � =
h

2π
=

1
βω

. (46)

‘É·μ£μ £μ¢μ·Ö, (46) ¥¸ÉÓ ¡¨¢¥±Éμ·, ´μ, ¶μ¸±μ²Ó±Ê ”� ¥¸ÉÓ μ·¨¥´É¨·Ê¥³μ¥
³´μ£μμ¡· §¨¥, ÔÉ  ´¥¸É·μ£μ¸ÉÓ É¥·³¨´μ²μ£¨¨ ´¥ ¶·¨¢¥¤¥É ± ´¥¤μ· §Ê³¥´¨Ö³.
‚ ¶·¥μ¡· §μ¢ ´¨¨(

z̄
z

)
= Û

(
q
p

)
, Û =

1√
2

(
1 −i
1 i

)
, (47)

³ É·¨Í  Û Ê´¨É ·´  (Û+Û = 1), ¨ H ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

H =
ω

2

(
q
p

) (
1 0
0 1

) (
q
p

)
=

ω

2

(
z̄
z

)
U∗U+

(
z̄
z

)
=

=
ω

2

(
z̄
z

) (
0 1
1 0

)(
z̄
z

)
. (48)
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‘±μ¡±¨ �Ê ¸¸μ´  ¢ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ ¢Ò£²Ö¤ÖÉ É ±:

{f, g} =
(

∂f

∂q

∂g

∂p
− ∂f

∂p

∂g

∂q

)
≡ ∂(f, g)

∂(q, p)
=

∂(f, g)
∂(z̄, z)

∂(z̄, z)
∂(q, p)

= i
∂(f, g)
∂(z̄, z)

. (49)

�·¥μ¡· §μ¢ ´¨¥ (q, p) → (z̄, z) ´¥± ´μ´¨Î¥¸±μ¥. �¥·¥Ìμ¤ ± ±μ³¶²¥±¸´Ò³ ± -
´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ ¢ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ¨£· ¥É ¶·¨´Í¨¶¨ ²Ó´ÊÕ
·μ²Ó ¢ ¢ÒÖ¢²¥´¨¨ ¥¥ ¸¢Ö§¨ ¸ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°. ‚ ¸²ÊÎ ¥ ±μ³¶²¥±¸´ÒÌ ¶¥-
·¥³¥´´ÒÌ ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ²¨ÏÓ μ¤´¨³ ¨§ ¤¢ÊÌ £ ³¨²ÓÉμ´μ¢ÒÌ Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö

ż = {z, H} = −iωz. (50)

‚Éμ·μ¥ Ê· ¢´¥´¨¥ ˙̄z = iωz̄ ¶μ²ÊÎ ¥É¸Ö ±μ³¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³. �Éμ Å
μ¤´  ¨§ ¸ÊÐ¥¸É¢¥´´ÒÌ μ¸μ¡¥´´μ¸É¥° ŠŒ: ¤μ¸É ÉμÎ´μ ´ °É¨ ·¥Ï¥´¨¥ Ê· ¢´¥-
´¨Ö ˜·¥¤¨´£¥·  ¤²Ö ψ; ψ̄ ¶μ²ÊÎ ¥É¸Ö ±μ³¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³.

Œ¥·  (46) § ¤ ¥É · ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ·  ¢ É¥·³μ¸É É¥. ‹Õ¡ Ö ¤·Ê£ Ö ³¥·  μp,

dμp = p(x)dμ, (x1, x2) = (q, p), p(x) � 0,

∫
dμp = 1,

μ¶¨¸Ò¢ ¥É ´¥±μÉμ·μ¥ ´¥· ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ [12, ¸. 7]. �¥· ¢´μ¢¥¸´Ò¥
· ¸¶·¥¤¥²¥´¨Ö ³μ¦´μ £¥´¥·¨·μ¢ ÉÓ · §²¨Î´Ò³¨ ¸¶μ¸μ¡ ³¨, ´ ¶·¨³¥·, ¢ ·Ó¨-
·ÊÖ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ x. �·μ¨§¢μ²Ó´ Ö ¢ ·¨ Í¨Ö δx ¶·¥¤¸É ¢²Ö¥É¸Ö
¸Ê³³μ°

δx = δx⊥ + δx‖, (51)

£¤¥ δx⊥ ¶μ μ¶·¥¤¥²¥´¨Õ ¸μÌ· ´Ö¥É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ , É. ¥. Ê¤μ¢²¥É¢μ·Ö¥É
Ê· ¢´¥´¨Õ (32); ·¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (33), (34).

� ¶·μÉ¨¢, ¢ ·¨ Í¨¨ δx‖ ´¥ ¸μÌ· ´ÖÕÉ · ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥. ‚§Ö¢,
´ ¶·¨³¥·, ¢ ·¨ Í¨¨ z → z + c, ´ Ìμ¤¨³

dμ(z̄, z) → dμf (z̄, z) = |fc(z)|2dμ(z̄, z), fc(z) = e−c̄z/� e−c̄c/2�,

∫
dμf = 1.

(52)
Œ¥·  μf (z̄, z) μ¶¨¸Ò¢ ¥É ´¥· ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥, ±μÉμ·μ¥ ¸ É¥Î¥´¨¥³
¢·¥³¥´¨ ¸É·¥³¨É¸Ö ± · ¢´μ¢¥¸´μ³Ê (|fc|2 → 1); |fc|2 ¥¸ÉÓ ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ-
´μ¸É¨ p ¢ dμp.

‚ ·¨ Í¨¨ δx⊥, ¸μÌ· ´ÖÕÐ¨¥ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸ , ¡Ê¤¥³ ´ §Ò¢ ÉÓ £ -
³¨²ÓÉμ´μ¢Ò³¨,   ¢ ·¨ Í¨¨ δx‖, ¤¥Ëμ·³¨·ÊÕÐ¨¥ ¥£μ, Å ´¥£ ³¨²ÓÉμ´μ¢Ò³¨.
�¥μ¡Ìμ¤¨³μ · §²¨Î ÉÓ ³ ²Ò¥ ¨ ¡μ²ÓÏ¨¥ ´¥£ ³¨²ÓÉμ´μ¢Ò ¢ ·¨ Í¨¨.

Œ ²Ò¥ ¢ ·¨ Í¨¨ ¶μ·μ¦¤ ÕÉ ´μ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¸μ ¸É ·Ò³ £ ³¨²ÓÉμ-
´¨ ´μ³ (³ ²μ¸ÉÓ ¢ Ê± § ´´μ³ ¸³Ò¸²¥ ¨³¥¥É ³¥¸Éμ, ´ ¶·¨³¥·, ¢ (52), £¤¥ c
¶·μ¨§¢μ²Ó´μ).
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�μ²ÓÏ¨¥ ¢ ·¨ Í¨¨ ¶μ·μ¦¤ ÕÉ · ¸¶·¥¤¥²¥´¨Ö ¸ ´μ¢Ò³ £ ³¨²ÓÉμ´¨ ´μ³,
É. ¥. ´μ¢ÊÕ ¤¨´ ³¨±Ê ¢ · ³± Ì ´μ¢μ£μ (±¢ §¨)· ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢
¨´É¥·¢ ²¥ ¢·¥³¥´ Δt 
 tr (t 
 tr). �μ¢Ò° £ ³¨²ÓÉμ´¨ ´ ¤μ²¦¥´ ¸μ¤¥·¦ ÉÓ
¡μ²¥¥ ¢Ò¸μ±¨¥ ¸É¥¶¥´¨ ¨³¶Ê²Ó¸μ¢. Š² ¸¸¨Î¥¸± Ö ³¥Ì ´¨±  ¨§ÊÎ ¥É Ô¢μ²ÕÍ¨Õ
£ ³¨²ÓÉμ´μ¢ÒÌ ¢ ·¨ Í¨°. �´  ´¥ ¢²¥Î¥É ¨§³¥´¥´¨Ö WG (39) ¨ μ¶¨¸Ò¢ ¥É¸Ö
¶·¨Î¨´´Ò³¨ Ê· ¢´¥´¨Ö³¨.

’¥³ ¸ ³Ò³ ³μ¦´μ £μ¢μ·¨ÉÓ μ ¡μ²ÓÏ¨Ì ¨ ³ ²ÒÌ ¤¥Ëμ·³ Í¨ÖÌ £ ³¨²Ó-
Éμ´¨ ´ . ‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¨ É¥μ·¨¨ É¢¥·¤μ£μ É¥²  ¶·¨³¥·μ³ ¡μ²Ó-
Ï¨Ì ¤¥Ëμ·³ Í¨° ³μ¦¥É ¸²Ê¦¨ÉÓ Ë §μ¢Ò° ¶¥·¥Ìμ¤ (¶¥·¥¸É·μ°±  μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö). ˆ ¡μ²ÓÏ¨¥, ¨ ³ ²Ò¥ ¤¥Ëμ·³ Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ³μ£ÊÉ
¶μÖ¢¨ÉÓ¸Ö ¢ ·¥§Ê²ÓÉ É¥ Ë²Ê±ÉÊ Í¨° ¨²¨ ¢´¥Ï´¥£μ ¢μ§¤¥°¸É¢¨Ö. �μ¸±μ²Ó±Ê
· ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥ § ¤ ¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ƒ¨¡¡¸ , ¡μ²ÓÏ¨¥ ¨ ³ ²Ò¥
¤¥Ëμ·³ Í¨¨ ¶μ·μ¦¤ ÕÉ, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥· ¢´μ¢¥¸´Ò¥ · ¸¶·¥¤¥²¥´¨Ö. …¸²¨
¨¸Ìμ¤´μ¥ ¸μ¸ÉμÖ´¨¥ ´¥Ê¸Éμ°Î¨¢μ (± ± ¢ ³μ¤¥²¨ •¨££¸ ), Éμ μ´μ ³μ¦¥É ¢μ§-
´¨±´ÊÉÓ Éμ²Ó±μ ¢ ·¥§Ê²ÓÉ É¥ ¢´¥Ï´¥£μ ¢μ§¤¥°¸É¢¨Ö.

�¡· É¨³¸Ö ± ³ ²Ò³ ¤¥Ëμ·³ Í¨Ö³. �É³¥É¨³ ¤¢  ¢ ¦´ÒÌ μ¡¸ÉμÖÉ¥²Ó¸É¢ .
1. „²Ö μ¶¨¸ ´¨Ö Ô¢μ²ÕÍ¨¨ ³¥·Ò μf (z̄, z) ¤μ¸É ÉμÎ´μ §´ ÉÓ § ±μ´ Ô¢μ²Õ-

Í¨¨ ²¨ÏÓ μ¤´μ° ËÊ´±Í¨¨ f ¢ (52) [5]

ḟ = {f, H} = −iωz
df

dz
(53)

(  ´¥ ρ(q, p) = |f(z)|2, ± ± ¢ (43)).
2. …¸²¨ ¢·¥³Ö ·¥² ±¸ Í¨¨ tr ¢¥²¨±μ, ω−1 
 tr, Éμ ¢ ¨´É¥·¢ ²¥ ¢·¥³¥´ 0 <

t 
 tr ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ±² ¸¸¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (53). “³´μ¦ Ö
(53) ´  i�, Ë ±É¨Î¥¸±¨ ¶·¨Ìμ¤¨³ ± Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (μÉ´μ¸¨É¥²Ó´μ
®¢ ±ÊÊ³´μ° Ô´¥·£¨¨¯ �ω/2 ¸³. ´¨¦¥).

‚ ¦´μ Ê¸É ´μ¢¨ÉÓ ±² ¸¸ ¤μ¶Ê¸É¨³ÒÌ ËÊ´±Í¨° f(z). �¡μ§´ Î Ö ϕ = arg z
(z = |z|eiϕ) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ Ë¨±¸ Í¨Ö Ô´¥·£¨¨ Ô±¢¨¢ ²¥´É´  Ë¨±¸ Í¨¨ |z|
(d|z|/dt = 0), ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (53) ¢ ¢¨¤¥

(∂t + ω∂ϕ)f = 0.

…£μ ·¥Ï¥´¨¥³ ¡Ê¤¥É ²Õ¡ Ö ËÊ´±Í¨Ö f(ϕ− ωt). ®Š¢ ¤·¨·ÊÖ¯ ÔÉμ Ê· ¢´¥-
´¨¥, ¶μ²ÊÎ ¥³ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ´  μ±·Ê¦´μ¸É¨ |z| = const

(∂t − ω∂ϕ)(∂t + ω∂ϕ)f = (∂2
t − ω2∂2

ϕ)f = 0.

�É¸Õ¤  ´¥³¥¤²¥´´μ § ±²ÕÎ ¥³, ÎÉμ ËÊ´±Í¨¨ f(z), μ¶¨¸Ò¢ ÕÐ¨¥ (±¢ §¨)¸É -
Í¨μ´ ·´μ¥ ¤¢¨¦¥´¨¥, ¤μ²¦´Ò ¡ÒÉÓ ¶¥·¨μ¤¨Î¥¸±¨³¨, z(t) = |z| exp [i(ϕ−ωt)],
¨ ¢¢¨¤Ê (52) (´μ·³¨·μ¢± ) ¤μ¶Ê¸± ÉÓ · §²μ¦¥´¨¥ ¢ ·Ö¤ ¶μ ¸É¥¶¥´Ö³ zn, n =
0, 1, 2, . . . (¶μ¤·μ¡´¥¥ ¸³. [5]).

�μ¸±μ²Ó±Ê zn(t) = zn(0) exp [−inωt], ¶·¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì ·¥² ±¸ Í¨¨
¨³¥ÕÉ ³¥¸Éμ μ¸Í¨²²ÖÍ¨¨ ¸ Î ¸ÉμÉ ³¨ nω; μ´¨ ¤μ³¨´¨·ÊÕÉ ¶·¨ ω−1 
 tr,
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t 
 tr. Œ¥·  (52) ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ Í¥²ÒÌ
 ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨° f(z) ¶μ·Ö¤±  ρ � 2. ‘Î¥É´μ¥ ³´μ¦¥¸É¢μ ËÊ´±Í¨°
fci(z) ¤ ¦¥ ¤²Ö ¶·μ¨§¢μ²Ó´μ ³ ²ÒÌ, ´μ ±μ´¥Î´ÒÌ c̄i (c̄i → c̄, i → ∞) μ¡· §Ê¥É
¶¥·¥¶μ²´¥´´Ò° ¡ §¨¸ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  [14] ¸μ ¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³

(g(z), f(z)) =
∫

dμ(z̄, z)g(z)f(z). (54)

�É³¥É¨³ ¶μ¶ÊÉ´μ, ÎÉμ ¢ ”� ¸ ³¥·μ° ƒ¨¡¡¸  ¢¸¥£¤  ³μ¦´μ ¢¢¥¸É¨ ¸± -
²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (54) ¨ £¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ ¤²Ö Ë §μ¢ÒÌ ËÊ´±Í¨°
μ¡Ð¥£μ ¢¨¤  f(z̄, z) (¨²¨ f(q, p)), ´μ μ´¨ Ê¦¥ ´¥ ¡Ê¤ÊÉ  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ-
´μ¸É¨, ¨¡μ § ¢¨¸ÖÉ μÉ μ¡¥¨Ì ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ.

ˆÉ ±,  ´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ f(z)
 ) ¥¸ÉÓ Ë §μ¢Ò¥ ËÊ´±Í¨¨;
¡) ¥¸ÉÓ ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥;
¢) ³μ£ÊÉ ¸Î¨É ÉÓ¸Ö ¸²ÊÎ °´Ò³¨ ËÊ´±Í¨Ö³¨;
£) ³μ£ÊÉ ¡ÒÉÓ μÉμ¦¤¥¸É¢²¥´Ò ¸  ³¶²¨ÉÊ¤ ³¨ ¢¥·μÖÉ´μ¸É¨ (Ô²¥³¥´É ³¨

£¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢ ).
ˆ§ (54) ¸²¥¤Ê¥É (¥¸²¨ ¡· ÉÓ μ¸Í¨²²ÖÉμ·), ÎÉμ Ê³´μ¦¥´¨¥ ËÊ´±Í¨¨ f(z) ´ 

z Ô±¢¨¢ ²¥´É´μ ¶·¨³¥´¥´¨Õ ± ´¥° μ¶¥· Éμ·  �d/dz̄ (¶·μ¢¥·Ö¥É¸Ö ¨´É¥£·¨·μ-
¢ ´¨¥³ ¢ (54) ¶μ Î ¸ÉÖ³). ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨° f(z) ³μ¦´μ
μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ·Ò â+f(z) ≡ z̄f(z), âf(z) ≡ �df(z)/dz̄ (É. ¥. z ↔ â,
z̄ ↔ â+), [â, â+] = �. �μ¸±μ²Ó±Ê ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ z, z̄ ¸É ´μ¢ÖÉ¸Ö
μ¶¥· Éμ· ³¨, μ¶¥· Éμ· ³¨ ¸É ´μ¢ÖÉ¸Ö ¨ ¢¸¥ Ë¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò. ‚μ ¨§¡¥-
¦ ´¨¥ ´¥¤μ· §Ê³¥´¨° ¶μ¤Î¥·±´¥³, ÎÉμ ¢ (54) z, z̄, f(z), g(z) ¥¸ÉÓ μ¡ÒÎ´Ò¥
±μ³¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥ Å μ¶¥· Éμ·´Ò¥ ¸¢μ°¸É¢  ¢ÒÖ¢²ÖÕÉ¸Ö ²¨ÏÓ ¶·¨
μÉμ¦¤¥¸É¢²¥´¨¨ f(z), g(z) ¸ ¢¥±Éμ· ³¨ ¢ ¶·μ¸É· ´¸É¢¥ ”μ±  ¨ ¶·¨  ´ ²¨§¥
·¥§Ê²ÓÉ Éμ¢ ¨Ì Ê³´μ¦¥´¨Ö ´  ËÊ´±Í¨¨ μÉ z, z̄. �¥¸²μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¥¸²¨
¸μ¸ÉμÖ´¨¥ μ¸Í¨²²ÖÉμ·  μ¶¨¸Ò¢ ¥É¸Ö ËÊ´±Í¨¥° f , Éμ |(g, f)|2 ¥¸ÉÓ ¢¥·μÖÉ´μ¸ÉÓ
´ Ìμ¦¤¥´¨Ö μ¸Í¨²²ÖÉμ·  ¢ ®¸μ¸ÉμÖ´¨¨ g¯ [5].

‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¸ÉμÌ ¸É¨Î¥¸± Ö ¶μ ¸¢μ¥° ¶·¨·μ¤¥ ¢μ²´μ¢ Ö ËÊ´±-
Í¨Ö Ê¤μ¢²¥É¢μ·Ö¥É ¶·¨Î¨´´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . „ ´´ Ö ³μ¤¥²Ó ¶·μ-
Ö¸´Ö¥É ¶·¨·μ¤Ê ÔÉμ£μ Ë¥´μ³¥´ . � ¸¸³μÉ·¨³ ´¥± ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥
(z̄, z) → (ϕ, r), z = r exp (iϕ). ’μ£¤ 

{f, g} = i
∂(f, g)
∂(z̄, z)

= i
∂(f, g)
∂(ϕ, r)

∂(ϕ, r)
∂(z̄, z)

= − 1
2r

∂(f, g)
∂(ϕ, r)

.

’¥¶¥·Ó H = ωr2, ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ϕ, r ¢Ò£²Ö¤ÖÉ É ±:

ϕ̇ = −ω, ṙ = 0 (55)

(· §Ê³¥¥É¸Ö, μ´¨ Ô±¢¨¢ ²¥´É´Ò ¸É ´¤ ·É´μ³Ê Ê· ¢´¥´¨Õ ż = −iωz). �Éμ
μ§´ Î ¥É, ÎÉμ ¢ ¸²ÊÎ ¥ ´¥· ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö μ¤´  ¨§ ± ´μ´¨Î¥¸±¨Ì
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¶¥·¥³¥´´ÒÌ (ϕ) Ê¤μ¢²¥É¢μ·Ö¥É ®´¥É·¨¢¨ ²Ó´μ³Ê¯ ±² ¸¸¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ
¤¢¨¦¥´¨Ö (55), Éμ£¤  ± ± ¤·Ê£ Ö ´¥ ³¥´Ö¥É¸Ö ¸μ ¢·¥³¥´¥³: ¡Ê¤ÊÎ¨ Î¨¸Éμ ¸ÉμÌ -
¸É¨Î¥¸±μ°, ¶¥·¥³¥´´ Ö r Ì · ±É¥·¨§Ê¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨ ƒ Ê¸¸ 
exp (−r2/�). ‚ ¢Ò· ¦¥´¨¨ ¤²Ö Ô´¥·£¨¨ En = �ω(n + 1/2) ¶¥·¢Ò° Î²¥´ μÉ¢¥-
Î ¥É ¢±² ¤Ê ±² ¸¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö: ¢§Ö¢ ¢ (53) f = zn, ¶μ²ÊÎ¨³ ωn = nω.
‚Éμ·μ° Î²¥´ ¢ ¸Ê³³¥ ¥¸ÉÓ ·¥§Ê²ÓÉ É ¢²¨Ö´¨Ö É¥·³μ¸É É ; μ´ μ¤¨´ ±μ¢ ¤²Ö ¢¸¥Ì
¸μ¸ÉμÖ´¨°, ¶μ¸±μ²Ó±Ê r Å ´¥§ ¢¨¸¨³ Ö ± ´μ´¨Î¥¸± Ö ¶¥·¥³¥´´ Ö. �´¥·£¨Ö
±¢ ´ÉÊ¥É¸Ö (�ωn = n�ω) ¡² £μ¤ ·Ö ±² ¸¸¨Î¥¸±μ³Ê ¤¢¨¦¥´¨Õ!

ƒ² ¢´μ¥ μÉ²¨Î¨¥ § ¤ Î μ ±² ¸¸¨Î¥¸±μ³ £ ·³μ´¨Î¥¸±μ³ μ¸Í¨²²ÖÉμ·¥ ¨ μ
´¥· ¢´μ¢¥¸´μ³ ¸μ¸ÉμÖ´¨¨ μ¸Í¨²²ÖÉμ·  ¢ É¥·³μ¸É É¥ § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕ-
Ð¥³. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ H = ωz̄z ¨

ḟ(z) = −iωz
d

dz
f(z),

¥¸²¨ f(z) ¥¸ÉÓ ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö (¤¨´ ³¨Î¥¸± Ö ¶¥·¥³¥´´ Ö). ‚μ ¢Éμ-
·μ³ ¸²ÊÎ ¥ f(z) Ì · ±É¥·¨§Ê¥É ´¥· ¢´μ¢¥¸´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤²Ö μ¸Í¨²²ÖÉμ· 
¢ É¥·³μ¸É É¥ (´¥· ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥), É. ¥. 1) f(z) ´¥ ¶·μ¨§¢μ²Ó´  (´μ·³¨-
·μ¢± ); 2) É¥·³μ¸É É ¤μ²¦¥´ ¢²¨ÖÉÓ ´  ¨§³¥´¥´¨¥ f(z) ¸μ ¢·¥³¥´¥³. ”Ê´±-
Í¨Ö f(z) μ± §Ò¢ ¥É¸Ö ¢¥±Éμ·μ³ ¨§ ¶·μ¸É· ´¸É¢  ”μ± , ¨, ± ± ¶μ¤Î¥·±¨¢ ²μ¸Ó
¢ÒÏ¥, ¸³Ò¸² z̄, z ¢ £ ³¨²ÓÉμ´¨ ´¥ ³¥´Ö¥É¸Ö · ¤¨± ²Ó´μ Å É¥¶¥·Ó ÔÉμ μ¶¥· -
Éμ·Ò z ↔ â, z̄ ↔ â+, â+f(z) ≡ z̄f(z), âf(z) ≡ �df(z)/dz̄. Š² ¸¸¨Î¥¸±μ¥
Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö (53) ³μ¦´μ § ¶¨¸ ÉÓ ¢ μ¶¥· Éμ·´μ° Ëμ·³¥

i�ḟ = Ĥclf, Ĥcl = �ωz
d

dz
.

…¸²¨ f ¥¸ÉÓ ¢¥±Éμ· £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢ , Éμ ¢ H , μÎ¥¢¨¤´μ, ´Ê¦´μ ÊÎ¥¸ÉÓ
´¥±μ³³ÊÉ É¨¢´μ¸ÉÓ â+, â (¨²¨ ˆ̄z, ẑ). ”μ·³Ê²  (48) Ö¢´μ § ¤ ¥É ¶μ·Ö¤μ± ¸²¥¤μ-
¢ ´¨Ö μ¶¥· Éμ·μ¢ ˆ̄z, ẑ ¢ £ ³¨²ÓÉμ´¨ ´¥, É. ¥. ¶·¨ ¶¥·¥Ìμ¤¥ ± μ¶¨¸ ´¨Õ Ô¢μ²Õ-
Í¨¨ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨Ö ¢ ±² ¸¸¨Î¥¸±μ³ Ê· ¢´¥´¨¨ ¤¢¨¦¥´¨Ö ¸²¥¤Ê¥É ¸¤¥² ÉÓ
§ ³¥´Ê

Ĥcl → Ĥ =
�ω

2
(ˆ̄zẑ + ẑ ˆ̄z) = �ω

(
z̄

d

dz̄
+

1
2

)
.

‚ÒÎ¨¸²ÖÖ ¸·¥¤´¥¥ μÉ Ĥ (48) ¤²Ö · §²¨Î´ÒÌ ¸μ¸ÉμÖ´¨° zn/
√

n!, ¥Ð¥ · § Ê¡¥-
¦¤ ¥³¸Ö, ÎÉμ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ En = �ω(n + 1/2) μÉ¢¥Î ¥É ¢±² ¤Ê ±² ¸-
¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö (�ωn),   ¢Éμ·μ¥ μÉ· ¦ ¥É ¢²¨Ö´¨¥ É¥·³μ¸É É  ´  ¸μÌ· -
´ÖÕÐÊÕ¸Ö ± ´μ´¨Î¥¸±ÊÕ ¶¥·¥³¥´´ÊÕ r (®´Ê²¥¢ Ö Ô´¥·£¨Ö¯ �ω/2, ¢ ¶μ²´μ³
¸μμÉ¢¥É¸É¢¨¨ ¸ (55)). “· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò f(z)
¢Ò£²Ö¤¨É É ±:

i�ḟ(z) = Ĥf(z).

�Éμ ¨ ¥¸ÉÓ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ μ¸Í¨²²ÖÉμ·  ¢ ¶·μ-
¸É· ´¸É¢¥ ”μ± .
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ˆÉ ±, ¢ · ³± Ì Î¨¸Éμ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²ÊÎ ¥É¸Ö μ¶¨¸ ´¨¥ ¸ ¶μ-
³μÐÓÕ  ³¶²¨ÉÊ¤ ¢¥·μÖÉ´μ¸É¨ f(z) (±¢ ´Éμ¢ Ö ³¥Ì ´¨± ), ¨¡μ |f(z)|2 ≡ p(x)
³μ¦¥É ¡ÒÉÓ μÉμ¦¤¥¸É¢²¥´μ ¸ ¶²μÉ´μ¸ÉÓÕ ¢¥·μÖÉ´μ¸É¨. �Éμ ¢¥·´μ ¤²Ö ±¢ -
§¨¸É Í¨μ´ ·´ÒÌ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°. �·¨¸ÊÉ¸É¢ÊÕÉ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥
Ô²¥³¥´ÉÒ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨: ¶μ¸ÉμÖ´´ Ö �² ´±  �, ±μ³¶²¥±¸´Ò¥  ³¶²¨-
ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ f(z), ¶·μ¸É· ´¸É¢μ ”μ±  ¨ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· . Š² ¸-
¸¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö μ¸Í¨²²ÖÉμ·  ¶μ²ÊÎ ÕÉ¸Ö Ë ±É¨Î¥¸±¨ ¨§
Ê¸²μ¢¨Ö ¸μÌ· ´¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  (μ´¨ ±μ´±·¥É¨§¨·ÊÕÉ¸Ö ¢Ò¡μ·μ³
³ É·¨ÍÒ ω̂ ¢ (33)).

Œμ£ÊÉ ¢μ§´¨±´ÊÉÓ ¢μ¶·μ¸Ò. 1) �μ²ÊÎ ÕÐ Ö¸Ö ±¢ ´Éμ¢ Ö É¥μ·¨Ö μ¶¨¸Ò-
¢ ¥É ´¥¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö, Éμ£¤  ± ± ¸É ´¤ ·É´ Ö ŠŒ Å ¸É Í¨μ´ ·´Ò¥;
¢ Î¥³ ¤¥²μ? �μ, ¢μ-¶¥·¢ÒÌ, Ô±¸¶¥·¨³¥´É ²Ó´μ ®¸É Í¨μ´ ·´μ¸ÉÓ¯ ŠŒ ¶μ¤-
É¢¥·¦¤¥´  ²¨ÏÓ ¸ μ¶·¥¤¥²¥´´μ° ÉμÎ´μ¸ÉÓÕ,   ¢μ-¢Éμ·ÒÌ, §¤¥¸Ó ·¥ÎÓ ¨¤¥É ´¥
μ ³μ¤¥²¨,   μ¡ Ê´¨¢¥·¸ ²Ó´μ° É¥μ·¨¨, μ § ±μ´ Ì Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° ¢ Í¥-
²μ³. �Éμ ´ ¶μ³¨´ ¥É ¸¨ÉÊ Í¨Õ ¢ ±μ¸³μ²μ£¨¨ ¤μ μÉ±·ÒÉ¨Ö • ¡¡² : ‚¸¥²¥´´ Ö
¶·¥¤¸É ¢²Ö² ¸Ó ¸É É¨Î¥¸±μ°, · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê £ ² ±É¨± ³¨ Å ´¥¨§³¥´´Ò³¨.
2) ‚ Î¥³ ¶·¨Î¨´  ¢Ò¤¥²¥´´μ¸É¨ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· ? �É¢¥É: ³ É¥-
³ É¨Î¥¸±¨ Å · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¤²Ö ´¥£μ ¥¸ÉÓ ¶·¥¤¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥
É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥° (¤¢Ê³¥·´μ¥ · ¸¶·¥¤¥²¥´¨¥ ƒ Ê¸¸ ); Ë¨§¨Î¥¸±¨ Å ¢¸¥ ¨§-
¢¥¸É´Ò¥ ¶μ²Ö ¥¸ÉÓ ¸μ¢μ±Ê¶´μ¸É¨ £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢. ‚Ò¤¥²¥´´μ¸ÉÓ
μ¸Í¨²²ÖÉμ·μ¢ ¸·¥¤¨ ¶·μÎ¨Ì ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ μÎ¥¢¨¤´ .

3. ����™…�ˆŸ ƒ�Œˆ‹œ’���‚�‰ Œ…•��ˆŠˆ

3.1. �·μ¸É¥°Ï¨¥ μ¡μ¡Ð¥´¨Ö. “Î¨ÉÒ¢ Ö ¢ ¦´μ¸ÉÓ £ ³¨²ÓÉμ´μ¢μ° ³¥-
Ì ´¨±¨ ¤²Ö ËÊ´¤ ³¥´É ²Ó´μ° Ë¨§¨±¨, · ¸¸³μÉ·¨³ ´¥±μÉμ·Ò¥ ¥¥ μ¡μ¡Ð¥´¨Ö.
Š ± Ê¦¥ ¶μ¤Î¥·±¨¢ ²μ¸Ó, ¤²Ö ÔÉμ£μ ¢ ƒŒ ¨³¥ÕÉ¸Ö Ï¨·μ±¨¥ ¢μ§³μ¦´μ¸É¨. � 
¶¥·¢Ò° ¢§£²Ö¤ ¶μ¸É ´μ¢±  ¢μ¶·μ¸  ³μ¦¥É ¶μ± § ÉÓ¸Ö ´ ¤Ê³ ´´μ°, ¶μ¸±μ²Ó±Ê
¸É ´¤ ·É´ Ö ³¥Ì ´¨±  Ê¸¶¥Ï´μ μ¶¨¸Ò¢ ¥É ¢¸¥ (¨²¨ ¶μÎÉ¨ ¢¸¥) ¨§¢¥¸É´Ò¥ Ö¢²¥-
´¨Ö ¢´¥Ï´¥£μ ³¨· . ‘ ¶· £³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö, Ì · ±É¥·´μ° ¤²Ö XX ¢.,
¶μ¤μ¡´μ¥ ¸μ³´¥´¨¥ μ¶· ¢¤ ´´μ. …¸²¨ ¦¥ ¢§£²Ö´ÊÉÓ Ï¨·¥, ÊÎ¨ÉÒ¢ Ö Ê´¨± ²Ó-
´μ¸ÉÓ ‚¸¥²¥´´μ° ¨ Ê¶· ¢²ÖÕÐ¨Ì ¥Õ § ±μ´μ¢, Éμ ¶μ¨¸± ¨ ¶¥·¥Î¨¸²¥´¨¥ ¢¸¥Ì
(¢ μ¶·¥¤¥²¥´´ÒÌ · ³± Ì, ±μ´¥Î´μ) ¤μ¶Ê¸É¨³ÒÌ ³¥Ì ´¨± § ¸²Ê¦¨¢ ¥É ¸ ³μ£μ
¸¥·Ó¥§´μ£μ ¢´¨³ ´¨Ö. �Éμ ³μ¦¥É ¶μ³μÎÓ ´ °É¨ ¸ ³Ò¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ § -
±μ´Ò ¶·¨·μ¤Ò, μ¶·¥¤¥²ÖÕÐ¨¥ Ë¨§¨±Ê ´  ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ,   É¥³
¸ ³Ò³ Ê¸É ´μ¢¨ÉÓ ¥¤¨´¸É¢μ § ±μ´μ¢ ¶·¨·μ¤Ò ¢μ ¢¸¥Ì ¥¥ ¶·μÖ¢²¥´¨ÖÌ (μ¡μ¡-
Ð¥´¨¥ ¶·μ£· ³³Ò ¥¤¨´ÒÌ É¥μ·¨°). ˆ³¥¥É¸Ö ¢ ¢¨¤Ê ´¥ Éμ²Ó±μ ®μ¡Ñ¥¤¨´¥´¨¥
¢¸¥Ì ¶μ²¥° ¨ ¢§ ¨³μ¤¥°¸É¢¨°¯, ´μ ¨ Ê¸É ´μ¢²¥´¨¥ § ±μ´μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì
± ± ¤¨´ ³¨±Ê ³¨±·μ³¨·  (¢¶²μÉÓ ¤μ ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨°), É ± ¨ Ô¢μ-
²ÕÍ¨Õ ‚¸¥²¥´´μ° ¢ Í¥²μ³, ¢±²ÕÎ Ö ¨´Ë²ÖÍ¨μ´´Ò° ¶¥·¨μ¤. …¸ÉÓ μ¸´μ¢ ´¨Ö
¶μ² £ ÉÓ, ÎÉμ ´  ÔÉμ³ ¶ÊÉ¨ Ê¤ ¸É¸Ö ¶·μÖ¸´¨ÉÓ ¶·¨·μ¤Ê É¥³´μ° ³ É¥·¨¨ ¨
μ¡ÑÖ¸´¨ÉÓ Ë¥´μ³¥´ É¥³´μ° Ô´¥·£¨¨.
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‚ ¸É ´¤ ·É´μ° ƒŒ § ¤ ÕÉ¸Ö É·¨ μ¸´μ¢´ÒÌ ¥¥ ¸μ¸É ¢²ÖÕÐ¨Ì.
I. ” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ Å Î¥É´μ³¥·´μ¥ ³´μ£μμ¡· §¨¥ M2n.
II. ‡ ³±´ÊÉ Ö ´¥¢Ò·μ¦¤¥´´ Ö 2-Ëμ·³  ω2 = ωij(x)dxi ∧ dxj ´  ´¥³,

x ∈ M2n.
III. ”Ê´±Í¨Ö ƒ ³¨²ÓÉμ´  H(x) ≡ H(p, q).
�·¨ ÔÉμ³ ³μ²Î ²¨¢μ ¶·¥¤¶μ² £ ¥É¸Ö ´ ²¨Î¨¥ ´¥μÉ·¨Í É¥²Ó´μ£μ ¶ · ³¥-

É·  t (¢·¥³¥´¨), μÉ ±μÉμ·μ£μ § ¢¨¸ÖÉ ¢¸¥ ËÊ´±Í¨¨ f(x) (= f(x(t))) ¸μ£² ¸´μ
Ê· ¢´¥´¨Ö³

ḟ = ωijf,iH,j , ωikωkj = δi
j . (56)

‹Õ¡μ¥ μÉ¸ÉÊ¶²¥´¨¥ μÉ ¶¥·¥Î¨¸²¥´´ÒÌ Ê¸²μ¢¨° ¢¥¤¥É ± ³μ¤¨Ë¨± Í¨¨ ³¥Ì -
´¨±¨. ‚μ§³μ¦´Ò ¸²¥¤ÊÕÐ¨¥ ¨§³¥´¥´¨Ö Ê¸²μ¢¨Ö I.

I1. Œ´μ£μμ¡· §¨¥ ¡¥·¥É¸Ö ´¥Î¥É´μ³¥·´Ò³.
I2. � ¸¸³ É·¨¢ ¥É¸Ö ¤¨´ ³¨±  ´¥ ´  ³´μ£μμ¡· §¨¨.
I3. 	¥·¥É¸Ö ³´μ£μμ¡· §¨¥ ¸ £· ´¨Í¥°.
� ¨¡μ²¥¥ ¡μ£ ÉÒ¥ ¢μ§³μ¦´μ¸É¨ μ¡μ¡Ð¥´¨° ¸¢Ö§ ´Ò ¸ ¸¨³¶²¥±É¨Î¥¸±μ°

Ëμ·³μ° ω2.
II1. ”μ·³  ω2 ´¥ § ³±´ÊÉ Ö.
II2. ”μ·³  ω2 ÉμÎ´ Ö.
II3. ”μ·³  ω2 ¢Ò·μ¦¤¥´´ Ö.
II4. Œ É·¨Í  ωij ´¥  ´É¨¸¨³³¥É·¨Î´ Ö.
II5. Œ É·¨Í  ωij § ¢¨¸¨É μÉ t.
“¸²μ¢¨¥ II2 ³μ¦¥É ¶μ± § ÉÓ¸Ö ´¥ μ¡μ¡Ð¥´¨¥³ ³¥Ì ´¨±¨,  , ´ μ¡μ·μÉ,

¶¥·¥Ìμ¤μ³ ± Î ¸É´μ³Ê ¸²ÊÎ Õ. �μ ¢ ±μ³¡¨´ Í¨¨ ¸ II5 ÔÉμ ¶μ§¢μ²Ö¥É ¸Ëμ·³Ê-
²¨·μ¢ ÉÓ ³¥Ì ´¨±Ê 	¨·±£μË  (¶. 3.3).

—Éμ ± ¸ ¥É¸Ö £ ³¨²ÓÉμ´¨ ´ , Éμ ¥£μ ³μ¤¨Ë¨± Í¨Ö μ§´ Î ¥É ¶¥·¥Ìμ¤ ± μ¶¨-
¸ ´¨Õ ¤·Ê£μ° ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò ¢ · ³± Ì ¤ ´´μ° ƒŒ, ¸± ¦¥³, H0(p) =
p2/2 → H(p, q) = p2/2 + V (q) (´ ¶μ³´¨³, ÎÉμ £ ³¨²ÓÉμ´¨ ´ μ¶·¥¤¥²¥´ ¸
ÉμÎ´μ¸ÉÓÕ ¤μ  ¤¤¨É¨¢´μ° ¶μ¸ÉμÖ´´μ°). �μ ¨ §¤¥¸Ó ¸ÊÐ¥¸É¢ÊÕÉ ´¥É·¨¢¨ ²Ó-
´Ò¥ μ¡μ¡Ð¥´¨Ö, ´ ¶·¨³¥·, ¶¥·¥Ìμ¤ ± ³¥Ì ´¨±¥ � ³¡Ê (¶. 3.5).

III1. Œ¥Ì ´¨±  ¸ ´¥¸±μ²Ó±¨³¨ £ ³¨²ÓÉμ´¨ ´ ³¨ H1(x), H2(x), . . . , Hk(x),
1 < k � n − 1, ¨ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö (3).

III2. ƒ ³¨²ÓÉμ´¨ ´ § ¢¨¸¨É μÉ t.
„·Ê£¨¥ ³μ¤¨Ë¨± Í¨¨ ¸¢Ö§ ´Ò ¸ ¨§³¥´¥´¨¥³ ¶·¨·μ¤Ò ± ´μ´¨Î¥¸±¨Ì ¶¥-

·¥³¥´´ÒÌ ¨ ¸ ¨§³¥´¥´¨¥³ ² £· ´¦¥¢μ° ³¥Ì ´¨±¨.
IV. Œ¥Ì ´¨±  ¸ ±μ³¶²¥±¸´Ò³¨ ¶¥·¥³¥´´Ò³¨ z, z̄, z = (q + ip)/

√
2.

V. Œ¥Ì ´¨±  ¸ £· ¸¸³ ´μ¢Ò³¨ ¶¥·¥³¥´´Ò³¨ θα, θαθβ + θβθα = 0.
VI. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± , ¶μ²ÊÎ¥´´ Ö ¨§ ² £· ´¦¥¢μ° É¥μ·¨¨ ¸ ¢Ò¸-

Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ¢ ² £· ´¦¨ ´¥ L(q, q̇, q̈, . . .).
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„ ²¥¥,
VII. ’¥μ·¨¨, ¶μ²ÊÎ ÕÐ¨¥¸Ö ¨§ ƒŒ ¸ ¶μ³μÐÓÕ ´¥± ´μ´¨Î¥¸±¨Ì ´¥μ¸μ¡¥´-

´ÒÌ ¶·¥μ¡· §μ¢ ´¨°.
� °¤¥´´Ò¥ É ±¨³ μ¡· §μ³ ³¥Ì ´¨±¨ ³μ£ÊÉ μÉ²¨Î ÉÓ¸Ö μÉ ¨¸Ìμ¤´μ° ¨

2-Ëμ·³μ°, ¨ £ ³¨²ÓÉμ´¨ ´μ³, ÌμÉÖ μ¶¨¸Ò¢ ÕÉ μ¤´Ê ¨ ÉÊ ¦¥ ¤¨´ ³¨Î¥¸±ÊÕ
¸¨¸É¥³Ê.

� ±μ´¥Í,
VIII. ’¥μ·¨¨ ´¥ ´  ³´μ£μμ¡· §¨ÖÌ.
‘²¥¤Ê¥É ¢Ò¤¥²¨ÉÓ É ±¦¥
IX. ’¥μ·¨¨ ¸ Éμ¶μ²μ£¨Î¥¸±¨ ´¥É·¨¢¨ ²Ó´Ò³¨ Ë §μ¢Ò³¨ ¶·μ¸É· ´¸É¢ ³¨.
�μ²¥§´μ · §²¨Î ÉÓ ¸²ÊÎ ¨ ³´μ£μμ¡· §¨° ¸ É·¨¢¨ ²Ó´μ° ¨ ´¥É·¨¢¨ ²Ó´μ°

Éμ¶μ²μ£¨Ö³¨. •μÉÖ Ê¸²μ¢¨¥ II Ö¢´Ò³ μ¡· §μ³ ¤μ¶Ê¸± ¥É ¶μ¸²¥¤´¥¥, ¢μ¶·μ¸
¨¸¸²¥¤μ¢ ´ ³ ²μ.

X. ’¥μ·¨¨ ¸μ ¸¢Ö§Ö³¨.
Œ¥Ì ´¨±¨ ¸μ ¸¢Ö§Ö³¨ Ìμ·μÏμ ¨§¢¥¸É´Ò, ¨ ´¥É ´¥μ¡Ìμ¤¨³μ¸É¨ μ¡¸Ê¦¤ ÉÓ

¨Ì ¢ ¤¥É ²ÖÌ. �¡· É¨³ ²¨ÏÓ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ ”� ¸ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ-
²μ£¨¥° ³μ¦¥É ¶μÖ¢¨ÉÓ¸Ö ± ± ·¥§Ê²ÓÉ É ´ ²¨Î¨Ö ¢ É¥μ·¨¨ ¸¢Ö§¥°.

�μ¸±μ²Ó±Ê ¶¥·¥Î¨¸²¥´´Ò¥ ¢μ§³μ¦´μ¸É¨ Ö¢²ÖÕÉ¸Ö ¡ §¨¸´Ò³¨, ¢μ§³μ¦´Ò
¨Ì ±μ³¡¨´ Í¨¨, ¶μ·μ¦¤ ÕÐ¨¥ ´μ¢Ò¥ ³¥Ì ´¨±¨. ˆ³¥ÕÉ¸Ö ¨ ¡μ²¥¥ ¸²μ¦´Ò¥
μ¡μ¡Ð¥´¨Ö, ´ ¶·¨³¥·, ³¥Ì ´¨±  	¨·±£μË , ¸¢Ö§ ´´ Ö ¸ ³μ¤¨Ë¨± Í¨¥° ¢ ·¨-
 Í¨μ´´μ£μ ¶·¨´Í¨¶  (¸³. ¶. 3.3).

‘²¥¤Ê¥É · §²¨Î ÉÓ ¸μ¡¸É¢¥´´Ò¥ ³μ¤¨Ë¨± Í¨¨, ´¥ ³¥´ÖÕÐ¨¥ Ê· ¢´¥´¨°
¤¢¨¦¥´¨Ö, ¨ ´¥¸μ¡¸É¢¥´´Ò¥, ³¥´ÖÕÐ¨¥ ¨ ¸É ´¤ ·É IÄIII, ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥-
´¨Ö. �·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¨§ ´¨Ì.

3.2. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± , £·Ê¶¶Ò ¨ ¤¥Ëμ·³ Í¨¨. � ¸¸³μÉ·¨³ É¥μ-
·¨Õ, ¢ ±μÉμ·μ°

ωij = f ij
k xk, (57)

£¤¥ f ij
k Å ¸É·Ê±ÉÊ·´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ´¥±μÉμ·μ° ¶·μ¸Éμ° £·Ê¶¶Ò. ’μ£¤ 

{xi, xj} = f ij
k xk, i, j, k = 1, 2, . . . , N, (58)

É. ¥. ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ xi Ê¤μ¢²¥É¢μ·ÖÕÉ É¥³ ¦¥  ²£¥¡· ¨Î¥¸±¨³ ¸μ-
μÉ´μÏ¥´¨Ö³, ÎÉμ ¨ £¥´¥· Éμ·Ò £·Ê¶¶Ò, ¶μ¸±μ²Ó±Ê

[f̂ i, f̂ j ] = f ij
k f̂k; (59)

§¤¥¸Ó f̂ i Å ³ É·¨ÍÒ (f̂ i)j
k = f ji

k , (f̂ if̂ j)l
k = f li

n fnj
k . “¸²μ¢¨¥ (59) ¨¤¥´É¨Î´μ

Éμ¦¤¥¸É¢Ê Ÿ±μ¡¨ (9). �Î¥¢¨¤´μ, § ¤ ¢ ¥³ Ö ³ É·¨Í¥° (57) 2-Ëμ·³  ¢Ò·μ-
¦¤¥´ . ” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ, μ¡· §Ê¥³μ¥ ± ´μ´¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ xi, ¢
¤ ´´μ° É¥μ·¨¨ ³μ¦¥É ¡ÒÉÓ ´¥Î¥É´μ³¥·´Ò³ (´ ¶·¨³¥·, N = 3 ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò
SO(3)).
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� §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ ƒŒ ³μ£ÊÉ ¶μ²ÊÎ ÉÓ¸Ö ¤·Ê£ ¨§ ¤·Ê£  ¸ ¶μ³μÐÓÕ ¤¥-
Ëμ·³ Í¨¨ ¸±μ¡μ± �Ê ¸¸μ´ , É. ¥. ³μ¤¨Ë¨± Í¨¥° ¸¨³¶²¥±É¨Î¥¸±μ° Ëμ·³Ò.
�·¨³¥·μ³ ³μ¦¥É ¸²Ê¦¨ÉÓ § ³¥´ 

ω2 = dqi ∧ dpi → Ω2 = dqi ∧ dpi + Fij(q)dqi ∧ dqj , (60)

£¤¥ Ëμ·³  F = Fijdqi ∧ dqj § ³±´ÊÉ  (dF = 0) [15, ¸. 185]. „¥Ëμ·³ Í¨Ö (60)
¸ ´¥§ ³±´ÊÉμ° Ëμ·³μ° F É ±¦¥ ¤ ¥É ¸μ¤¥·¦ É¥²Ó´ÊÕ É¥μ·¨Õ. �·¨³¥·μ³
¸²Ê¦¨É ¸¨¸É¥³  (4) ¸ ¸¨³¶²¥±É¨Î¥¸±μ° ³ É·¨Í¥° ωab.

� ¨¡μ²¥¥ ¨§¢¥¸É´Ò° ¶·¨³¥· ¤¥Ëμ·³ Í¨¨ Å ¶¥·¥Ìμ¤ ± q-μ¸Í¨²²ÖÉμ· ³ [1,
¸. 48]. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸É ´¤ ·É´ Ö ¸±μ¡±  �Ê ¸¸μ´  {q, p} = 1 § ³¥´Ö¥É¸Ö [16]
(¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¥¤¨´¨Í Ì) ´ 

{q, p} = 1 +
p2 + q2

c
, c = const. (61)

‚¸¥ ÔÉμ ¶·¨³¥·Ò ´¥¸μ¡¸É¢¥´´ÒÌ ³μ¤¨Ë¨± Í¨° ƒŒ. ‚ [1] ¨³¥ÕÉ¸Ö ¨ ¤·Ê£¨¥
¶·¨³¥·Ò ¶μ¤μ¡´ÒÌ ¤¥Ëμ·³ Í¨°.

�·¨¢¥¤¥³ É¥¶¥·Ó ¶·¨³¥·Ò ¸μ¡¸É¢¥´´ÒÌ ¤¥Ëμ·³ Í¨°. ‚ · ¡μÉ¥ [17] ¡Ò²
· ¸¸³μÉ·¥´ ¸²ÊÎ ° ¤¢ÊÌ £ ·³μ´¨Î¥¸±¨Ì μ¸Í¨²²ÖÉμ·μ¢

H =
1
2
(p2

1 + p2
2 + q2

1 + q2
2), ω̂ =

(
0 I
−I 0

)
, I =

(
1 0
0 1

)
. (62)

�μ± § ´μ, ÎÉμ ¢ É¥μ·¨¨

H ′ = pxpy + xy, ω̂′ =
(

0 σ1

−σ1 0

)
, σ1 =

(
0 1
1 0

)
, (63)

¶¥·¥³¥´´Ò¥ x, y, px, py Ê¤μ¢²¥É¢μ·ÖÕÉ É¥³ ¦¥ ¸ ³Ò³ Ê· ¢´¥´¨Ö³ ¤¢¨¦¥´¨Ö,
ÎÉμ ¨ ¶¥·¥³¥´´Ò¥ q1, q2, p1, p2. �´ ²μ£¨Î´μ¥ ÊÉ¢¥·¦¤¥´¨¥ ¸¤¥² ´μ ¨ ¤²Ö
É¥μ·¨¨, ¢ ±μÉμ·μ°

H ′′ =
1
2
(p2

y−p2
x+y2−x2), ω̂′′ =

(
0 −σ3

σ3 0

)
, σ3 =

(
1 0
0 −1

)
. (64)

Œμ¤¥²¨ (63), (64) ¢Ò£²Ö¤ÖÉ ¸É· ´´μ, ¶μ¸±μ²Ó±Ê £ ³¨²ÓÉμ´¨ ´Ò H ′, H ′′ ´¥
¤ ÕÉ ´μ·³¨·Ê¥³Ò¥ · ¸¶·¥¤¥²¥´¨Ö WG (39).

‘ÊÉÓ ¤¥²  ¶·μ¸É . Œμ¤¥²¨ (63), (64) ¶μ²ÊÎ ÕÉ¸Ö ¨§ (62) ¶¥·¥Ìμ¤μ³ ±
±μ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³. „¥°¸É¢¨É¥²Ó´μ, ¢ Ê· ¢´¥´¨ÖÌ ³μ¤¥²¨ (62)

q̇1 =
∂H

∂p1
= p1, q̇2 =

∂H

∂p2
= p2, ṗ1 = −∂H

∂q1
= −q1, ṗ2 = −∂H

∂q2
= −q2

(65)
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¶¥·¥°¤¥³ ± ±μ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³

x =
q1 + iq2√

2
= ζ, y=

q1 − iq2√
2

= ζ̄ , px =
p1 − ip2√

2
= pζ , py =

p1 + ip2√
2

= pζ̄ ,

(66)
Ê· ¢´¥´¨Ö ¤²Ö ±μÉμ·ÒÌ ¢ÒÉ¥± ÕÉ ¨§ (65)

q̇1 + iq̇2 =
∂H

∂p1
+ i

∂H

∂p2
= p1 + ip2 → ẋ = py =

∂H ′

∂px
,

ṗ1 − iṗ2 = −
(

∂H

∂q1
− i

∂H

∂q2

)
= −(q1 − iq2) → ṗx = −y = −∂H ′

∂x
, (67)

É. ¥.

ζ̇ = pζ̄ =
∂H ′′′

∂pζ
, ṗζ = −ζ̄ = −∂H ′′′

∂ζ
, (68)

H ′′′ = pζ̄pζ + ζ̄ζ.

‚Éμ· Ö ¶ ·  Ê· ¢´¥´¨° ¶μ²ÊÎ ¥É¸Ö ¨§ (67) ±μ³¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³. ‡¤¥¸Ó,
¢ μÉ²¨Î¨¥ μÉ ¶¥·¥³¥´´ÒÌ z, z̄, z = (q + ip)/

√
2 ¶. 2.3, ±μ³¶²¥±¸¨Ë¨Í¨·ÊÕÉ

¶²μ¸±μ¸ÉÓ (q1, q2), É. ¥. ¶¥·¥Ìμ¤ÖÉ ± ±μ³¶²¥±¸´Ò³ ±μμ·¤¨´ É ³ ¨ ±μ³¶²¥±¸-
´Ò³ ¨³¶Ê²Ó¸ ³.

’¥μ·¨Ö (64) ¶μ²ÊÎ ¥É¸Ö ¨§ (62) ¶¥·¥Ìμ¤μ³ ± ¶¥·¥³¥´´Ò³

x = iq1, y = q2, px = ip1, py = p2. (69)

�¡  ÔÉ¨Ì ¶·¥μ¡· §μ¢ ´¨Ö ((66) ¨ (69)) ´¥± ´μ´¨Î¥¸±¨¥, ¶μ¸±μ²Ó±Ê ³¥´ÖÕÉ¸Ö
³ É·¨ÍÒ ω̂. ‚μ ¢Éμ·μ³ {x, p} = −1, ¢ ¶¥·¢μ³ ³¥´Ö¥É¸Ö ¶μ·Ö¤μ± ´Ê³¥· Í¨¨
± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ: (q1, q2, p1, p2) → (x, y, py, px).

’μ, ÎÉμ ¶·¨ É ±¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ · ¤¨± ²Ó´Ò³ μ¡· §μ³ ³¥´ÖÕÉ¸Ö £ -
³¨²ÓÉμ´¨ ´Ò Å ´¥Ê¤¨¢¨É¥²Ó´μ. �·¨ ¶¥·¥Ìμ¤¥ ± ±μ³¶²¥±¸´Ò³ ¶¥·¥³¥´´Ò³
z̄, z £ ³¨²ÓÉμ´¨ ´ (p2 + q2)/

√
2 → z̄z. „ ²¥¥, ± ± ¨§¢¥¸É´μ [18, 1, ¸. 33],

¶¥·¥Ìμ¤ ± £· ¸¸³ ´μ¢Ò³ ¶¥·¥³¥´´Ò³ (q, p) → (ξ1, ξ2) ¤²Ö £ ·³μ´¨Î¥¸±μ£μ
μ¸Í¨²²ÖÉμ·  ´¥ ³¥´Ö¥É Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö, ´μ ´¥ Ö¢²Ö¥É¸Ö ± ´μ´¨Î¥¸±¨³
¶·¥μ¡· §μ¢ ´¨¥³. �·¨³¥·Ò ³¥Ì ´¨Î¥¸±¨Ì ¸¨¸É¥³ (63), (64) ¸¢Ö§ ´Ò ¸ ´¥Ö¢-
´Ò³ ¶¥·¥Ìμ¤μ³ ±  ²£¥¡· ¨Î¥¸±¨ ´μ¢Ò³ ¶¥·¥³¥´´Ò³ (¶μÖ¢²¥´¨¥ i, i2 = −1).
�É³¥É¨³ É ±¦¥, ÎÉμ ¥¸²¨ ¤ ¦¥ · ¸¸³ É·¨¢ ÉÓ q1, q2 ± ± ¢¥Ð¥¸É¢¥´´Ò¥ ±μ³¶μ-
´¥´ÉÒ ±μ³¶²¥±¸´ÒÌ ±μμ·¤¨´ É, Éμ ¶¥·¥Ìμ¤ q1 → iq1, q2 → q2 ¸ ÉμÎ±¨ §·¥´¨Ö
· ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  (¶μ¢μ·μÉ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨) ´¥¤μ¶Ê¸É¨³.

3.3. ’¥μ·¨Ö �¨·±£μË . ’ ± ´ §Ò¢ ¥³ Ö É¥μ·¨Ö 	¨·±£μË  [19Ä21] ¶μ ¸ÊÐ¥-
¸É¢Ê ¡ §¨·Ê¥É¸Ö ´  μ¡μ¡Ð¥´´μ³ £ ³¨²ÓÉμ´μ¢μ³ ¤¥°¸É¢¨¨ (27) (¢ ·¨ Í¨μ´´Ò°
¶·¨´Í¨¶ �Ë ËË Ä	¨·±£μË  [19, ¸. 95]):

SB =

2∫
1

[Aμ(x, t)ẋμ + B(x, t)]dt, (70)
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£¤¥ Aμ, B ¥¸ÉÓ ËÊ´±Í¨¨ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ x ¨ ¢·¥³¥´¨ t. ”Ê´±Í¨Ö
B ¨£· ¥É ·μ²Ó £ ³¨²ÓÉμ´¨ ´  (¢ (70) B = −H). “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶μ²Ê-
Î ÕÉ¸Ö ¨§ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  δSB = 0 (¶·μ¡²¥³  Ë¨±¸ Í¨¨ £· ´¨Î´ÒÌ
§´ Î¥´¨° δx(t1) = δx(t2) = 0 ¨£´μ·¨·Ê¥É¸Ö)

Ωμν ẋν = ∂μB − ∂tAμ, Ωμν = ∂νAμ − ∂μAν , (71)

É. ¥. Ëμ·³ ²¨§³ μÌ¢ ÉÒ¢ ¥É ¸²ÊÎ ¨ ´¥±μ´¸¥·¢ É¨¢´ÒÌ ¸¨¸É¥³ (¶. III2) ¨ § -
¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ 2-Ëμ·³ (¶. II5). �É³¥É¨³, ÎÉμ ³ É·¨Í¥ Ωμν μÉ¢¥Î ¥É
ÉμÎ´ Ö 2-Ëμ·³  (¶. II2). „ ´´Ò° Ë ±É ¨¸±²ÕÎ ¥É ¨§ É¥μ·¨¨ ¸²ÊÎ ¨ Ë §μ¢ÒÌ
¶·μ¸É· ´¸É¢ ¸ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¥°. ‚¶·μÎ¥³, ¸²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê ¨
Éμ, ÎÉμ ¢ §¢¥§¤´μ° μ¡² ¸É¨ § ³±´ÊÉ Ö 2-Ëμ·³  ¥¸ÉÓ ¤¨ËË¥·¥´Í¨ ² 1-Ëμ·³Ò.

�·¨³¥Î É¥²Ó´μ, ÎÉμ Ê· ¢´¥´¨Ö (71) ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ®± ²¨¡·μ-
¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨°¯

A′
μ(x, t) = Aμ(x, t) + ∂μΛ(x, t), B′(x, t) = B(x, t) + ∂tΛ(x, t), (72)

Λ(x, t) Å ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö. „¥°¸É¢¨¥ (70) ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ (72)
³¥´Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ΔSB = SB(Λ) − SB(0) =

2∫
1

[∂μΛdxμ + Λ̇dt] = Λ|x2
x1

+ Λ|t2t1 , (73)

É. ¥. ΔSB = 0 ¤²Ö Λ(x1,2, t) = Λ(x, t1,2) = 0 Å ¶μ²ÊÎ ¥É¸Ö ´¥ÎÉμ ¢·μ¤¥ μ£· -
´¨Î¥´´μ£μ ¶·¨´Í¨¶  ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ (ËÊ´±Í¨Ö Λ μ± §Ò¢ ¥É¸Ö
´¥ ¢¶μ²´¥ ¶·μ¨§¢μ²Ó´μ°).

…Ð¥ ¡μ²¥¥ ¶·¨³¥Î É¥²Ó´μ Éμ, ÎÉμ ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ 	¨·±£μË 
³μ¦´μ É· ±Éμ¢ ÉÓ ± ± μ¡μ¡Ð¥´¨¥ ¶·¨´Í¨¶  Œμ¶¥·ÉÕ¨ (35). „¥°¸É¢¨É¥²Ó´μ,
¢¢μ¤Ö ®¨´¢ ·¨ ´É´Ò°¯ ¶ · ³¥É· τ ¨ ¶μ² £ Ö t ¤¨´ ³¨Î¥¸±μ° ¶¥·¥³¥´´μ° t(τ),
¶¥·¥¶¨¸Ò¢ ¥³ (70) ¢ ¢¨¤¥

SB =

2∫
1

(Aμ(x, t)dxμ + B(x, t)dt) =

2∫
1

(Aμ(x, t)
◦

xμ +B(x, t)
◦
t)dτ,

◦
x=

dx

dτ
.

(74)
” §μ¢μ¥ ¶·μ¸É· ´¸É¢μ ¡Ê¤¥É ´¥Î¥É´μ³¥·´Ò³ (N = 2n+1), ´μ ¥¸²¨ ¶μ¸Î¨É ÉÓ
B ¢¥²¨Î¨´μ°, ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´μ° t(τ), Éμ  ´ ²μ£¨Ö ¡Ê¤¥É ¶μ²´μ°.

�Éμ ´ ¶μ³¨´ ¥É ¶·¨¤ ´¨¥ Ö¢´μ ¨´¢ ·¨ ´É´μ£μ ¢¨¤  ¤¥°¸É¢¨Õ ¤²Ö ·¥²Ö-
É¨¢¨¸É¸±μ° Î ¸É¨ÍÒ

S = −m

∫ √
1 − ẋ2dt = −m

∫ √
◦
t
2

− ◦
x

2
dτ = −m

∫ √
◦
x

2
dτ. (75)
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’ ±¨³ μ¡· §μ³, É¥μ·¨Ö 	¨·±£μË  Ö¢²Ö¥É¸Ö ¶·¨³¥·μ³ ´¥¸μ¡¸É¢¥´´μ° ³μ¤¨Ë¨-
± Í¨¨ (¶. 3.1).

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ ¶¥·¥Ìμ¤ t → t(τ) ¢ ² £· ´¦¥¢μ³ Ëμ·³ ²¨§³¥
¶·¨¢μ¤¨É ± ¸¢Ö§¨ p0 + H(x) = 0 [1, ¸. 136],   ¤¥°¸É¢¨¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥∫ (

pi
◦
qi + p0

◦
t

)
dτ,

 ´ ²μ£¨Î´μ³ (74). �É³¥É¨³ É ±¦¥, ÎÉμ ¥¸²¨ ËÊ´±Í¨¨ Aμ, B § ¢¨¸ÖÉ μÉ ¢·¥-
³¥´¨, Éμ ÔÉμ ¶μ§¢μ²Ö¥É μ¶¨¸ ÉÓ ¨ ¶·μÍ¥¸¸Ò, ¢ ±μÉμ·ÒÌ Ô´¥·£¨Ö ´¥ ¸μÌ· ´Ö-
¥É¸Ö. ‘Õ¤  μÉ´μ¸¨É¸Ö ¢ ¦´Ò° ¶·¨³¥· £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¸ É·¥´¨¥³
(¸³. ¶. 3.4, �. 6).

3.4. ’¥μ·¨¨ ´  ´¥¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨ÖÌ. �± §Ò¢ ¥É¸Ö, ÎÉμ
¤ ¦¥ μÉ± § μÉ ¸¨³¶²¥±É¨Î´μ¸É¨ ³´μ£μμ¡· §¨Ö (Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ ) ¢¥¤¥É
± Ë¨§¨Î¥¸±¨ ¸μ¤¥·¦ É¥²Ó´Ò³ É¥μ·¨Ö³. �Éμ ¶μ§¢μ²Ö¥É μ¶¨¸ ÉÓ ¢ · ³± Ì μ¡Ð¥°
¨¤¥μ²μ£¨¨ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ ¤¨¸¸¨¶ É¨¢´Ò¥ ¸¨¸É¥³Ò. �·μ¸É¥°Ï¨°
¶·¨³¥· É ±μ° ¸¨¸É¥³Ò Ê¶μ³¨´ ²¸Ö ¢μ ¢¢¥¤¥´¨¨ Å ÔÉμ ¤¢¨¦¥´¨¥ ¸¢μ¡μ¤´μ°
Î ¸É¨ÍÒ ¢ ¸·¥¤¥ ¸ É·¥´¨¥³, μ¶¨¸Ò¢ ¥³μ¥ Ê· ¢´¥´¨¥³ (2). 	μ²¥¥ ¨´É¥·¥¸´Ò°
¶·¨³¥· Å ¤¨¸¸¨¶ É¨¢´Ò° μ¸Í¨²²ÖÉμ·, μ¶¨¸Ò¢ ¥³Ò° Ê· ¢´¥´¨¥³

q̈ + αq̇ + ω2q = 0. (76)

“· ¢´¥´¨¥ (76) ·¥Ï ¥É¸Ö ÉμÎ´μ ¨ μ¶¨¸Ò¢ ¥É Ô±¸¶μ´¥´Í¨ ²Ó´μ § ÉÊÌ ÕÐ¨¥
μ¸Í¨²²ÖÍ¨¨. „²Ö ¶μ²ÊÎ¥´¨Ö Ê· ¢´¥´¨Ö É¨¶  (76) ¢ · ³± Ì £ ³¨²ÓÉμ´μ¢  Ëμ·-
³ ²¨§³  ´Ê¦´μ ¢§ÖÉÓ ¸É ´¤ ·É´Ò° £ ³¨²ÓÉμ´¨ ´ H = ω(p2 + q2)/2, ´μ ¢¨¤μ-
¨§³¥´¨ÉÓ ¸±μ¡±Ê �Ê ¸¸μ´  [4, 5]

{f, g} → {f, g}α = {f, g}− − α{f, g}+, α > 0, (77)

£¤¥ {f, g}− = {f, g} Å μ¡ÒÎ´ Ö ¸±μ¡±  �Ê ¸¸μ´ ,  

{f, g}+ =
∑
i,j

hij∂if∂jg, hij = hji. (78)

…¸²¨ § ¶¨¸ ÉÓ H =
∑
i,j

hijx
ixj , 2hij = ωδij , Éμ ¢ ± Î¥¸É¢¥ hij ³μ¦´μ ¢§ÖÉÓ

³ É·¨ÍÊ, μ¡· É´ÊÕ hij , hikhkj = δi
j . ƒ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¸

μ¡μ¡Ð¥´´Ò³¨ ¸±μ¡± ³¨ �Ê ¸¸μ´  {f, g}α ¢Ò£²Ö¤ÖÉ É¥¶¥·Ó ¸²¥¤ÊÕÐ¨³ μ¡· -
§μ³:

q̇ = {q, H}α = ωp − αq, ṗ = {p, H}α = −ωq − αp, (79)

μÉ±Ê¤ , ¨¸±²ÕÎ Ö ṗ ¨ p, ´ Ìμ¤¨³

q̈ + 2αq̇ + (ω2 + α2)q = 0. (80)
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’¥μ·¨¨ ¸ α < 0, μÎ¥¢¨¤´μ, μ¶¨¸Ò¢ ÕÉ ¶·μÍ¥¸¸Ò Ëμ·³¨·μ¢ ´¨Ö ´¥· ¢´μ-
¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°. ‡ ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö ÉμÉ Ë ±É, ÎÉμ ¶·¨ ÔÉμ³ ³¥´Ö¥É¸Ö
Î ¸ÉμÉ  μ¸Í¨²²ÖÍ¨° (ω2 → ω2 + α2). ‚ ¶·¨³¥´¥´¨¨ ± ¶μ²Ö³ ¤ ´´μ¥ μ¡¸Éμ-
ÖÉ¥²Ó¸É¢μ ¢¥¤¥É ± ´¥É·¨¢¨ ²Ó´Ò³ ¸²¥¤¸É¢¨Ö³ Å ¡¥§³ ¸¸μ¢Ò¥ ¶μ²Ö ¶·¨μ¡·¥-
É ÕÉ ³ ¸¸Ê. �·¨³¥´¨É¥²Ó´μ ± £· ¢¨É Í¨μ´´μ³Ê ¶μ²Õ ÔÉμ ¢¥¤¥É ± ¶μÖ¢²¥´¨Õ
±μ¸³μ²μ£¨Î¥¸±μ£μ Î²¥´  Λ = α2/2, ÎÉμ μÉ±·Ò¢ ¥É ´μ¢Ò¥ ¢μ§³μ¦´μ¸É¨ ¢ ·¥-
Ï¥´¨¨ ¶·μ¡²¥³Ò É¥³´μ° Ô´¥·£¨¨ [4, 5]. � ´¥¥ ¶μ¤μ¡´Ò¥ μ¡μ¡Ð¥´¨Ö · ¸¸³ -
É·¨¢ ²¨¸Ó ‘ ´É¨²²¨ [20, II, ¸. 97].

‚ · ¡μÉ Ì [20, 21] ¢ ± Î¥¸É¢¥ hij ¡· ² ¸Ó ³ É·¨Í  diag(1,0); Î ¸ÉμÉ  μ¸-
Í¨²²ÖÍ¨° ¶·¨ ÔÉμ³ ´¥ ³¥´Ö¥É¸Ö (¶μ²ÊÎ ¥É¸Ö Ê· ¢´¥´¨¥ (76)). ‘ ÉμÎ±¨ §·¥´¨Ö
ƒŒ ¶¥·¥³¥´´Ò¥ q, p ¤²Ö μ¸Í¨²²ÖÉμ·  · ¢´μ¶· ¢´Ò, ¶μÔÉμ³Ê ¥¸É¥¸É¢¥´´μ μ¦¨-
¤ ÉÓ ¢μ§¤¥°¸É¢¨Ö ¸¨²Ò É·¥´¨Ö ¨ ´  q, ¨ ´  p. �·¨³¥Î É¥²Ó´μ, ÎÉμ É ±μ° ¦¥
·¥§Ê²ÓÉ É (¨§³¥´¥´¨¥ Î ¸ÉμÉÒ) ¤ ¥É ³¥Ì ´¨±  	¨·±£μË . —Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢
ÔÉμ³, ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¢ (27) ´¥μ¡Ìμ¤¨³μ Ê³´μ¦¨ÉÓ ´  e2αt ¨
μÉμ¦¤¥¸É¢¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨¨ ¸ Aμ ¨ B ¢ (70) (¸³. �. 6).

�  ¶¥·¢Ò° ¢§£²Ö¤ ± ¦¥É¸Ö, ÎÉμ μ¡μ¡Ð¥´¨¥ (77) ´¥ ³μ¦¥É ¨³¥ÉÓ  ´ ²μ£ 
¢ ŠŒ ¨ §¤¥¸Ó ¨Ì ¶ÊÉ¨ · ¸Ìμ¤ÖÉ¸Ö. …¸²¨ ¡Ò ÔÉμ ¡Ò²μ É ±, Éμ ¸±μ¡±  (77)
´¥ ³μ£²  ¡Ò ¨£· ÉÓ ´¨± ±μ° ·μ²¨ ¢ ËÊ´¤ ³¥´É ²Ó´μ° Ë¨§¨±¥ (´ ¶·¨³¥·, ¢
Ë¨§¨±¥ ´  ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ),   ¸¢Ö§Ó Ê· ¢´¥´¨Ö (80) ¸ ¶·μ¡²¥³μ° ±μ¸-
³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° ¢Ò£²Ö¤¥²  ¡Ò ´¥Ê¡¥¤¨É¥²Ó´μ°. ‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨
¢¸¥ μ¡¸Éμ¨É ´ μ¡μ·μÉ [5]. �³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨ (±¢ ´Éμ¢ Ö ³¥Ì ´¨± ) ¶μ-
Ö¢²ÖÕÉ¸Ö ± ± · § ¶·¨ μ¶¨¸ ´¨¨ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°,   ¶μ¸ÉμÖ´´ Ö α−1

· ¢´  ¢·¥³¥´¨ ¨Ì ¦¨§´¨ (¢·¥³¥´¨ ·¥² ±¸ Í¨¨ tr).
3.5. Œ¥Ì ´¨±  � ³¡Ê. Š ± Ê¦¥ £μ¢μ·¨²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, μÉ²¨Î¨É¥²Ó-

´μ° μ¸μ¡¥´´μ¸ÉÓÕ ³¥Ì ´¨±¨ � ³¡Ê (Œ�) [2] Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ´¥¸±μ²Ó±¨Ì
£ ³¨²ÓÉμ´¨ ´μ¢ H1, H2, . . . , Hn−1. “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ËÊ´±Í¨° f(x),
μ¶·¥¤¥²¥´´ÒÌ ´  n-³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ Mn, x ∈ Mn, μ¶·¥¤¥²Ö-
ÕÉ¸Ö Ëμ·³Ê²μ°

ḟ =
∂(f, H1, . . . , Hn−1)
∂(x1, x2, . . . , xn)

= ei1i2···in∂i1f∂i2H1 · · · ∂inHn−1, (81)

£¤¥ ei1i2···in Å ¥¤¨´¨Î´Ò°  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ·, e12···n = 1. —Éμ¡Ò
É¥μ·¨Ö ¡Ò²  ¸μ¤¥·¦ É¥²Ó´μ°, ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö Ê¸²μ¢¨¥

ei1i2···in∂i2H1 · · · ∂inHn−1 �= 0. (82)

Œμ¦¥É ¶μ± § ÉÓ¸Ö, ÎÉμ É ± Ö ³¥Ì ´¨±  · ¤¨± ²Ó´μ μÉ²¨Î ¥É¸Ö μÉ ¸É ´¤ ·É´μ°
ƒŒ. �·¥¦¤¥ ¢¸¥£μ μ´  · §·ÊÏ ¥É ·Ö¤ ¸²μ¦¨¢Ï¨Ì¸Ö ¸É¥·¥μÉ¨¶μ¢,   ¨³¥´´μ:
£ ³¨²ÓÉμ´¨ ´ £¥´¥·¨·Ê¥É ¸¤¢¨£¨ ¢μ ¢·¥³¥´¨ (§¤¥¸Ó ¦¥ ´¥¸±μ²Ó±μ £ ³¨²ÓÉμ´¨-
 ´μ¢), £ ³¨²ÓÉμ´¨ ´ § ¤ ¥É · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  (¸²¥¤Ê¥É ²¨ ¢ ÔÉμ³ ¸²ÊÎ ¥
¢¢μ¤¨ÉÓ ´¥¸±μ²Ó±μ É¥³¶¥· ÉÊ·?), Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ Î¥É´μ³¥·´μ (§¤¥¸Ó μ´μ
³μ¦¥É ¡ÒÉÓ ´¥Î¥É´μ³¥·´Ò³).
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‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ μÉ²¨Î¨Ö Œ� μÉ £ ³¨²ÓÉμ´μ¢μ° ´¥ ¸Éμ²Ó · ¤¨± ²Ó´Ò.
�·¥¦¤¥ ¢¸¥£μ, ¢¸¥ £ ³¨²ÓÉμ´¨ ´Ò ¸μÌ· ´ÖÕÉ¸Ö (Ḣi = 0, ¸³. (81)). „ ²¥¥, ¢¸¥
μ´¨ ¤μ²¦´Ò ¡ÒÉÓ ´¥§ ¢¨¸¨³Ò; ¥¸²¨, ´ ¶·¨³¥·, H2 = F (H1), Éμ ḟ = 0, É. ¥.
É¥μ·¨Ö É·¨¢¨ ²Ó´ . �· ¢¤ , ¢³¥¸Éμ μ¤´μ£μ Ê¸²μ¢¨Ö δx⊥ ⊥ ∇H É¥¶¥·Ó ¶μÖ¢²Ö-
ÕÉ¸Ö ´¥¸±μ²Ó±μ: δx⊥ ¶¥·¶¥´¤¨±Ê²Ö·´Ò n − 1 ´¥§ ¢¨¸¨³Ò³ ¢¥±Éμ· ³ ∇Hi,
i = 1, 2, . . . , n − 1. ‚¢¥¤¥´¨¥ ¤μ¶μ²´¨É¥²Ó´ÒÌ £ ³¨²ÓÉμ´¨ ´μ¢ μ£· ´¨Î¨¢ ¥É
¤¨´ ³¨±Ê ¸¨¸É¥³Ò. Š ¶·¨³¥·Ê, ¥¸²¨ ¢§ÖÉÓ Hn−1 = |pn|, Éμ ṗn = 0, pn = const
¨ · §³¥·´μ¸ÉÓ ”� Ë ±É¨Î¥¸±¨ Ê³¥´ÓÏ ¥É¸Ö ´  ¥¤¨´¨ÍÊ. �´ ²μ£¨Î´Ò° ÔË-
Ë¥±É ¤μ¸É¨£ ¥É¸Ö ¢¢¥¤¥´¨¥³ Hn−1 = |qn|, qn = const. ‚ ÔÉμ³ μÉ´μÏ¥´¨¨
Œ� ³μ¦¥É μ± § ÉÓ¸Ö ¶μ²¥§´μ° ¢ § ¤ Î¥ μ ±μ³¶ ±É¨Ë¨± Í¨¨ ¶·μ¸É· ´¸É¢  ¢
É¥μ·¨¨ Š ²ÊÍÒÄŠ²¥°´ ÄŒ ´¤¥²ÖÄ”μ±  [22Ä25] ¨ ¢ É¥μ·¨¨ ¸É·Ê´ [26].

’¥³ ´¥ ³¥´¥¥ ³¥Ì ´¨±  � ³¡Ê ¢¶μ²´¥ Ê±² ¤Ò¢ ¥É¸Ö ¢ ¸Ì¥³Ê ¶. 2.2. …¸²¨
¨§ Ê¸²μ¢¨Ö ¸μÌ· ´¥´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  (40) ¢ÒÉ¥± ¥É ƒŒ (Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö (34)), Éμ ¨§ Ê¸²μ¢¨Ö ´¥¨§³¥´´μ¸É¨  ´ ²μ£¨Î´μ£μ · ¸¶·¥¤¥²¥´¨Ö

exp
(
−

∑
βiHi

)
¶μ²ÊÎ ¥É¸Ö Ê· ¢´¥´¨¥ � ³¡Ê (81).

3.6. ’¥μ·¨¨ ´¥ ´  ³´μ£μμ¡· §¨ÖÌ. ‘· ¢´¨É¥²Ó´μ ´¥¤ ¢´μ ¶μÖ¢¨² ¸Ó ´¥-
μ¡Ìμ¤¨³μ¸ÉÓ Ê³¥´¨Ö Ëμ·³Ê²¨·μ¢ ÉÓ ³¥Ì ´¨±Ê ´¥ ´  ³´μ£μμ¡· §¨ÖÌ. �¥ÎÓ
¨¤¥É μ ¶¥·¥¤´¥³ Ë·μ´É¥ Ë¨§¨±¨ Å ´ ´μ¸É·Ê±ÉÊ· Ì ¨ É¥μ·¨¨ ¸É·Ê´.

‚ Ë¨§¨±¥ É¢¥·¤μ£μ É¥²  ¨§ÊÎ ÕÉ¸Ö, ¢ Î ¸É´μ¸É¨, ±¢ ´Éμ¢Ò¥ ÉμÎ±¨ (É·¥Ì-
³¥·´Ò¥ μ¡Ñ¥±ÉÒ · §³¥·μ³ L Å ¶μ·Ö¤±  ¤¥¸ÖÉ±μ¢  ´£¸É·¥³), ±¢ ´Éμ¢Ò¥ ¶·μ¢μ-
²μ±¨ (É·Ê¡±¨ · ¤¨Ê¸μ³ L) ¨ ±¢ ´Éμ¢Ò¥ Ö³Ò (¤¨¸±¨ Éμ²Ð¨´μ° L). Š¢ ´Éμ¢Ò¥
¶·μ¢μ²μ±¨ ³μ£ÊÉ ¢¥É¢¨ÉÓ¸Ö, É. ¥. μ¡· §μ¢Ò¢ ÉÓ É·μ°´Ò¥ ¢¥·Ï¨´Ò, ¨§ ±¢ ´Éμ-
¢μ° Ö³Ò ³μ£ÊÉ ¨¸Ìμ¤¨ÉÓ μ¤´  ¨²¨ ´¥¸±μ²Ó±μ ±¢ ´Éμ¢ÒÌ ¶·μ¢μ²μ±, ¶μ ±μÉμ·Ò³
³μ£ÊÉ ¶¥·¥³¥Ð ÉÓ¸Ö Ô²¥±É·μ´Ò. Œ¥¦¤Ê É¥³ ¶μ¤μ¡´Ò¥ ¸É·Ê±ÉÊ·Ò ¢ ¶·¥¤¥²¥
¶·¨ L → ∞ ´¥ ¥¸ÉÓ ³´μ£μμ¡· §¨Ö Å μ±·¥¸É´μ¸É¨ ÉμÎ¥± ¸μ¥¤¨´¥´¨Ö ¶·μ¢μ²μ±
´¥ ¤μ¶Ê¸± ÕÉ ¢§ ¨³´μ-μ¤´μ§´ Î´μ£μ μÉμ¡· ¦¥´¨Ö ¢ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ.
�É¸Õ¤  ¨ ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ Ê³¥´¨Ö Ëμ·³Ê²¨·μ¢ ÉÓ ³¥Ì ´¨±Ê ´¥ ´ 
³´μ£μμ¡· §¨ÖÌ.

�´ ²μ£¨Î´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éμ ¢ É¥μ·¨¨ ¸É·Ê´. ‘ μÉ±·ÒÉ¨¥³ D-¡· ´
(ÔÉμ p-³¥·´Ò¥ μ¡Ñ¥±ÉÒ Å p-¡· ´Ò, p � 1, ´  ±μÉμ·ÒÌ ³μ£ÊÉ μ± ´Î¨¢ ÉÓ¸Ö
¸É·Ê´Ò, Å D1-¡· ´Ò, p = 1 [26]) ¶μÖ¢¨² ¸Ó ´¥μ¡Ìμ¤¨³μ¸ÉÓ · ¸¸³ É·¨¢ ÉÓ
¸É·Ê±ÉÊ·Ò, μ¡· §Ê¥³Ò¥, ´ ¶·¨³¥·, É·¥³Ö ¸É·Ê´ ³¨ ¸ μ¤´μ° μ¡Ð¥° ÉμÎ±μ°
(®É·¥Ì²ÊÎ¥¢ Ö §¢¥§¤ ¯). ‡ ¤ Î  ¶·¨μ¡·¥²  μ¸μ¡ÊÕ  ±ÉÊ ²Ó´μ¸ÉÓ ¢ ¸¢Ö§¨ ¸
³μ¤¥²¨·μ¢ ´¨¥³ 3-³¥·´μ£μ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  ¸¥ÉÓÕ, ¶μ¸É·μ¥´´μ° ¨§
¸Ê¶¥·¸É·Ê´ [5, 13, 27]. �¶¨¸ ´¨¥ · ¸¶·μ¸É· ´¥´¨Ö ¸É·Ê´´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¶μ
¸¥É¨ ¶·¥¤¶μ² £ ¥É ´ ²¨Î¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ £ ³¨²ÓÉμ´μ¢  Ëμ·³ ²¨§³ .

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ± ± ±² ¸¸¨Î¥¸± Ö, É ± ¨ ±¢ ´Éμ¢ Ö É¥μ·¨¨ ¶μ¤μ¡´ÒÌ
¶·μÍ¥¸¸μ¢ Ë ±É¨Î¥¸±¨ μÉ¸ÊÉ¸É¢ÊÕÉ. Œμ¦´μ ¶·¨¢¥¸É¨ ²¨ÏÓ ´¥±μÉμ·Ò¥ ¸μ-
μ¡· ¦¥´¨Ö μÉ´μ¸¨É¥²Ó´μ μ¸´μ¢´ÒÌ Î¥·É ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ³¥Ì ´¨±¨.

‚ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¤²Ö ¶μ²ÊÎ¥´¨Ö ÌμÉÓ ± ±¨Ì-Éμ Ê± § ´¨° ´  Ì · ±-
É¥· ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¤¨´ ³¨±¨ ³μ¦´μ ¶¥·¥°É¨ μÉ ²¨´¨° (¶μ²Êμ¸¥° §¢¥§¤Ò)
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± ¶μ²μ¸ ³ Ï¨·¨´μ° a. ’μ£¤  ¤¢¨¦¥´¨¥ ¸É ´μ¢¨É¸Ö ¤¢Ê³¥·´Ò³. �μ ¶·¨ ÔÉμ³
 ) μÉ¸ÊÉ¸É¢Ê¥É £ ³¨²ÓÉμ´¨ ´, ¡) ¶μÖ¢²ÖÕÉ¸Ö £· ´¨ÍÒ ¶·μ¨§¢μ²Ó´μ° Ëμ·³Ò.
‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö ¶μ²ÊÎ¥´¨Ö ¤¨´ ³¨±¨ ´  §¢¥§¤¥ ´Ê¦´μ ¨§ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¨¥
¢μ¶·μ¸Ò: 1) ¢ÒÖ¸´¨ÉÓ § ¢¨¸¨³μ¸ÉÓ ¶·¥¤¥²Ó´μ° ¤¨´ ³¨±¨ (a → 0) μÉ ¢¨¤ 
£ ³¨²ÓÉμ´¨ ´ , 2) ¥¥ § ¢¨¸¨³μ¸ÉÓ μÉ Ì · ±É¥·  £· ´¨Í (¸± ¦¥³, μÉ ¨Ì £² ¤±μ-
¸É¨), 3) ÊÎ¥¸ÉÓ, ÎÉμ § ¤ Î  ¶·¨μ¡·¥É ¥É ¸μ¢¥·Ï¥´´μ ´μ¢Ò° Ì · ±É¥· Å ´ ¶·¨-
³¥·, ¥¸²¨ ´¥É ¢´¥Ï´¨Ì ¸¨², Éμ ¶μ²ÊÎ ¥É¸Ö ¡¨²²¨ ·¤ ‘¨´ Ö [28, ¸. 33]. ’ ±¨³
μ¡· §μ³, ¢ ±² ¸¸¨Î¥¸±μ° § ¤ Î¥ (¤¥É¥·³¨´¨·μ¢ ´´ Ö ³¥Ì ´¨± ) ¶μÖ¢²ÖÕÉ¸Ö
¢¥·μÖÉ´μ¸É¨. ˆ§¢¥¸É´μ ¶μÖ¢²¥´¨¥ ¢¥·μÖÉ´μ¸É¥° ¢ Ô·£μ¤¨Î¥¸±¨Ì É¥μ·¨ÖÌ ¶·¨
¨§ÊÎ¥´¨¨ ¤¨´ ³¨±¨ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¢¥·μÖÉ´μ¸É¨
¶μÖ¢²ÖÕÉ¸Ö ¶·¨ ¶μ¶ÒÉ±¥ μ¶¨¸ ÉÓ ¤¢¨¦¥´¨¥ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´-
¸É¢¥. �Éμ ¤ ¥É μ¸´μ¢ ´¨¥ ¶μ² £ ÉÓ, ÎÉμ ¤¨´ ³¨±  ´¥ ´  ³´μ£μμ¡· §¨¨ ³μ¦¥É
¨³¥ÉÓ ¢¥·μÖÉ´μ¸É´Ò° Ì · ±É¥·.

�¥ ³¥´¥¥ ¢ ¦¥´ ¢μ¶·μ¸ μ § ±μ´ Ì ¸μÌ· ´¥´¨Ö. …¸²¨ É·¥¡μ¢ ´¨¥ ¸μÌ· ´¥-
´¨Ö Ô´¥·£¨¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¡¥¸¸¶μ·´Ò³, Éμ ¸μÌ· ´¥´¨¥ ¨³¶Ê²Ó¸  ¸μ¢¸¥³ ´¥
μÎ¥¢¨¤´μ. ‘ ³  ¶μ¸É ´μ¢±  ¢μ¶·μ¸  ¢Ò§Ò¢ ¥É § É·Ê¤´¥´¨Ö. — ¸É¨Í , ¤μ°¤Ö ¤μ
ÉμÎ±¨ ¢¥É¢²¥´¨Ö, ³μ¦¥É ¶·μ¤μ²¦ ÉÓ ¤¢¨£ ÉÓ¸Ö ²¨ÏÓ ¶μ μ¤´μ° ¢¥É¢¨, ¶μÔÉμ³Ê
¢¸É ¥É ¢μ¶·μ¸ ¢Ò¡μ·  Å ¶μ ± ±μ° ¨³¥´´μ? Œμ¦´μ ¤μ¶Ê¸É¨ÉÓ ¢μ§³μ¦´μ¸ÉÓ
¤·μ¡²¥´¨Ö Î ¸É¨ÍÒ, ¶·¥¤¶μ²μ¦¨¢, ÎÉμ μ´  ¶·¥¢· Ð ¥É¸Ö ¢ ¤¢¥ Î ¸É¨ÍÒ ¸ ³ ¸-
¸ ³¨ m1 ¨ m2, m1 +m2 = 1. ˆ²¨, ¤μ¶Ê¸± Ö ¥¥ ¤¢¨¦¥´¨¥ ¶μ μ¤´μ³Ê ¨§ ²ÊÎ¥°,
¤μ¶Ê¸É¨ÉÓ ¨ ¢μ§³μ¦´μ¸ÉÓ μÉ· ¦¥´¨Ö μÉ ¢¥·Ï¨´Ò §¢¥§¤Ò. ’μ£¤  μ¶ÖÉÓ ¶μÖ¢²Ö-
ÕÉ¸Ö ¢¥·μÖÉ´μ¸É¨. …¸²¨ ¢¥·μÖÉ´μ¸ÉÓ ¤¢¨¦¥´¨Ö ¶μ ± ±μ³Ê-Éμ ²ÊÎÊ · ¢´  w1,
Éμ ¢¥·μÖÉ´μ¸ÉÓ ¶μ¶ ¤ ´¨Ö ´  ¤·Ê£μ° ²ÊÎ · ¢´  w2,   ¢¥·μÖÉ´μ¸ÉÓ μÉ· ¦¥-
´¨Ö Å w3, w1 + w2 + w3 = 1. ‚ § ¢¨¸¨³μ¸É¨ μÉ μÉ¢¥Éμ¢ ´  ÔÉ¨ ¢μ¶·μ¸Ò
·¥Ï ¥É¸Ö ¨ ¶·μ¡²¥³  ¸μÌ· ´¥´¨Ö ¨³¶Ê²Ó¸ . …¸²¨ Î ¸É¨Í  ¤·μ¡¨É¸Ö, Éμ μÉ¢¥É
¡Ê¤¥É μ¤¨´, ¥¸²¨ ¦¥ ¶¥·¥Ìμ¤¨ÉÓ ± ¢¥·μÖÉ´μ¸É´μ³Ê μ¶¨¸ ´¨Õ, Éμ, μÎ¥¢¨¤´μ,
¤·Ê£μ°.

Œμ¦´μ ¡Ò²μ ¡Ò μ¦¨¤ ÉÓ, ÎÉμ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ § ¤ Î  μ¡²¥£Î ¥É¸Ö,
¶μ¸±μ²Ó±Ê ÔÉ  É¥μ·¨Ö ¨§´ Î ²Ó´μ ¢¥·μÖÉ´μ¸É´ Ö. �μ ¨ §¤¥¸Ó ¨³¥¥É¸Ö ´Õ ´¸.
…¸²¨ · ¸¸³ É·¨¢ ÉÓ ¨³¶Ê²Ó¸Ò Î ¸É¨Í ± ± ¤¢Ê³¥·´Ò¥ ¢¥±Éμ·Ò ¢ ¶²μ¸±μ¸É¨
§¢¥§¤Ò, Éμ, ± § ²μ¸Ó ¡Ò, ³¥¦¤Ê ´ Î ²Ó´Ò³ ¢¥±Éμ·μ³ p ¨ ±μ´¥Î´Ò³¨ ¢¥±Éμ-
· ³¨ p1,p2 ¨ p3 ¤μ²¦´μ ¸ÊÐ¥¸É¢μ¢ ÉÓ · ¢¥´¸É¢μ p = p1 + p2 + p3. �μ
ÔÉμ£μ ´¥É. Œμ¦´μ · ¸¸³μÉ·¥ÉÓ μ¤´μ³¥·´ÊÕ É¥μ·¨Õ ¸± ²Ö·´μ£μ ¶μ²Ö, ³μ¤¥-
²¨·μ¢ ¢ ¥£μ Í¥¶μÎ±μ° μ¸Í¨²²ÖÉμ·μ¢, ±μ²¥¡²ÕÐ¨Ì¸Ö μ·Éμ£μ´ ²Ó´μ ¶²μ¸±μ¸É¨.
ˆ§ÊÎ¥´¨¥ ¤¢¨¦¥´¨Ö μ¤´μÎ ¸É¨Î´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¢ É ±μ° ³μ¤¥²¨ ¶μ± §Ò¢ ¥É,
ÎÉμ, ¢μ-¶¥·¢ÒÌ, ¶μ³¨³μ ¶·μÏ¥¤Ï¨Ì Í¥´É· §¢¥§¤Ò ¢μ²´ ¡Ê¤ÊÉ ¨ μÉ· ¦¥´´Ò¥,
  ¢μ-¢Éμ·ÒÌ, ¢¥·μÖÉ´μ¸É¨ · ¸¸¥Ö´¨Ö ´  Í¥´É·¥ (μÉ· ¦¥´¨¥ ¨ ¶·μÌμ¦¤¥´¨¥)
´¥ § ¢¨¸ÖÉ μÉ Ê£²μ¢ ³¥¦¤Ê ²ÊÎ ³¨. �Éμ ¸μ£² ¸Ê¥É¸Ö ¸ Î¨¸Éμ ³ É¥³ É¨Î¥¸±¨³¨
¨¸¸²¥¤μ¢ ´¨Ö³¨ ±¢ ´Éμ¢ÒÌ ¶·μÍ¥¸¸μ¢ ´  ¸¥ÉÖÌ [29, 30].

’ ±¨³ μ¡· §μ³, ¶·¨Ìμ¤¨É¸Ö ±μ´¸É É¨·μ¢ ÉÓ, ÎÉμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸É·μ£μ
¤¥É¥·³¨´¨·μ¢ ´´ Ö £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ´¥¢μ§³μ¦´ , ¥¸²¨ ´¥ § ¤ ¢ ÉÓ ¤μ-
¶μ²´¨É¥²Ó´μ ¶· ¢¨²  ¶·μÌμ¦¤¥´¨Ö Î ¸É¨Í Î¥·¥§ ¢¥·Ï¨´Ò. �μ ¸ ÉμÎ±¨ §·¥´¨Ö
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¤¨´ ³¨±¨ ¢ ¶²μ¸±μ¸É¨ ¨³¶Ê²Ó¸ ¸μÌ· ´ÖÉÓ¸Ö ´¥ ¡Ê¤¥É. ‚¥·Ï¨´  §¢¥§¤Ò ¢Ò¸ÉÊ-
¶ ¥É ± ± ¸¨²μ¢μ° Í¥´É·.

3.7. ’¥μ·¨¨ ¸  ²£¥¡· ¨Î¥¸±¨ ´¥É·¨¢¨ ²Ó´Ò³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¶¥·¥-
³¥´´Ò³¨. �± § ² ¸Ó ¢μ¸É·¥¡μ¢ ´´μ° ƒŒ, ¢ ±μÉμ·μ° ¤¨´ ³¨Î¥¸±¨¥ ¶¥·¥³¥´-
´Ò¥ qi, ¢ μÉ²¨Î¨¥ μÉ ¸É ´¤ ·É´μ£μ ¸²ÊÎ Ö (q ∈ Rn), Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ ´¥-
±μÉμ·μ°  ²£¥¡·Ò. ˆ§ÊÎ¥´¨¥ ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ ¸É¨³Ê²¨·μ¢ ²μ¸Ó ±¢ ´Éμ¢μ° É¥-
μ·¨¥° ¶μ²Ö, ¢ ±μÉμ·μ° · ¸¸³ É·¨¢ ÕÉ¸Ö ¨ ±μ³¶²¥±¸´Ò¥, ¨ Ë¥·³¨μ´´Ò¥ ¶μ²Ö.

�¥·¥Ìμ¤ ± ±μ³¶²¥±¸´Ò³ ¤¨´ ³¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ ζ = (q1 + iq2)/
√

2,
i2 = −1, ´¥ ¶·¥¤¸É ¢²Ö¥É É·Ê¤ . …¸²¨ £ ³¨²ÓÉμ´¨ ´ § ¢¨¸¨É μÉ ζ, ζ̄, pζ, pζ̄ , Éμ
Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¶μ²ÊÎ ÕÉ¸Ö É·¨¢¨ ²Ó´Ò³ μ¡μ¡Ð¥´¨¥³ Ê· ¢´¥´¨° (15)

ζ̇i =
∂H

∂pζi

, ṗζi = −∂H

∂ζi
. (83)

�¸É ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¶μ²ÊÎ ÕÉ¸Ö ¨§ (83) ±μ³¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³. ƒ ³¨²Ó-
Éμ´¨ ´ H ¡¥·¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³, pζ = (p1 − ip2)/

√
2. �·μ¸ÉμÉ  μ¡μ¡Ð¥´¨Ö

¸¢Ö§ ´  ¸ ±μ³³ÊÉ É¨¢´μ¸ÉÓÕ  ²£¥¡·Ò ([ζi, ζj ]− = 0). ” ±É¨Î¥¸±¨ É ±¨¥ ¶¥·¥-
³¥´´Ò¥ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¢ · ¡μÉ¥ [17] (¸³. ¶. 3.2).

„·Ê£μ° ¶·¨³¥· Å ¶μÖ¢²¥´¨¥ ±μ³¶²¥±¸´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
z̄, z = (q + ip)/

√
2 Å · ¸¸³ É·¨¢ ²¸Ö ¢ ¶¶. 1.3, 2,3. �´¨ ¨£· ÕÉ ¶·¨´-

Í¨¶¨ ²Ó´ÊÕ ·μ²Ó ¶·¨ ¶¥·¥Ìμ¤¥ ± ±¢ ´Éμ¢μ³Ê μ¶¨¸ ´¨Õ. �μ¤Î¥·±´¥³, ÎÉμ
¶·¥μ¡· §μ¢ ´¨¥ q, p → z, z̄, ¢ μÉ²¨Î¨¥ μÉ ¶¥·¥Ìμ¤  q1, q2 → ζ, ζ̄ , ´¥ Ö¢²Ö¥É¸Ö
± ´μ´¨Î¥¸±¨³.

ƒμ· §¤μ ¡μ²¥¥ ¢ ¦´Ò° ¶·¨³¥· ¸¢Ö§ ´ ¸ ¶¥·¥Ìμ¤μ³ ± £· ¸¸³ ´μ¢Ò³ ( ´É¨-
±μ³³ÊÉ¨·ÊÕÐ¨³) ¶¥·¥³¥´´Ò³ Å  ²£¥¡·¥ ¸ μ¡· §ÊÕÐ¨³¨ ξi, ξiξj + ξjξi = 0.
‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¶μ¤μ¡´Ò¥ ¶¥·¥³¥´´Ò¥ ¶μÖ¢²ÖÕÉ¸Ö ¶·¨ μ¶¨¸ ´¨¨ ¶μ-
²¥° ¸ ¶μ²ÊÍ¥²Ò³ ¸¶¨´μ³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥ÕÉ¸Ö ¤¢¥ · §²¨Î´Ò¥ ² £· ´¦¥¢Ò
Ëμ·³Ê²¨·μ¢±¨ [18, 1, ¸. 24].

3.8. ’¥μ·¨¨ ¸ ¢Ò¸Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ¢ ² £· ´¦¨ ´¥. Œ¥Ì ´¨±  �¸É·μ-
£· ¤¸±μ£μ. ‚ ¸¢Ö§¨ ¸ ¶·μ¡²¥³μ° · ¸Ìμ¤¨³μ¸É¥° ¢ É¥μ·¨¨ ±¢ ´Éμ¢ ´´ÒÌ ¶μ²¥°
¢´¨³ ´¨¥ ¶·¨¢²¥±²¨ ¤¨´ ³¨Î¥¸±¨¥ ¸¨¸É¥³Ò, μ¶¨¸Ò¢ ¥³Ò¥ ² £· ´¦¨ ´ ³¨ ¸
¢Ò¸Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ¶μ ¢·¥³¥´¨ μÉ ±μμ·¤¨´ É. �·¨³¥´¨É¥²Ó´μ ± ¶μ²Ö³
ÔÉμ ³μ£²μ ¡Ò ·¥Ï¨ÉÓ ¶·μ¡²¥³Ê ¡¥¸±μ´¥Î´μ¸É¥° ¢ ·Ö¤ Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°.
Š ´μ´¨Î¥¸±μ¥ ±¢ ´Éμ¢ ´¨¥ ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ ¶·¥¤¶μ² £ ¥É Ê³¥´¨¥ ¸É·μ¨ÉÓ
¤²Ö ´¨Ì £ ³¨²ÓÉμ´μ¢ Ëμ·³ ²¨§³.

ƒ ³¨²ÓÉμ´μ¢  Ëμ·³Ê²¨·μ¢±  É¥μ·¨¨, ¢ ±μÉμ·μ° ² £· ´¦¨ ´ § ¢¨¸¨É ´¥
Éμ²Ó±μ μÉ ±μμ·¤¨´ É ¨ ¸±μ·μ¸É¥°, ´μ ¨ μÉ ¶·μ¨§¢μ¤´ÒÌ ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ-
·Ö¤±  μÉ ±μμ·¤¨´ É ¶μ ¢·¥³¥´¨ (L = L(q, q̇, q̈, . . . , q(k))), · ¸¸³ É·¨¢ ² ¸Ó
¥Ð¥ Œ.‚.�¸É·μ£· ¤¸±¨³ [31]. ˆ¤¥Ö § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ¡Ò μ¡ÑÖ¢¨ÉÓ
¸±μ·μ¸É¨, Ê¸±μ·¥´¨Ö ¨ É. ¤. ´μ¢Ò³¨ ¶¥·¥³¥´´Ò³¨: (q, q̇, q̈, . . . , q(k−1), q(k)) ≡
(q1, q̇1, q̇2, . . . , q̇k−1, q̇k), É. ¥. q̇i = q(i), i = 1, . . . , k,   ¨³¶Ê²Ó¸Ò ¨ £ ³¨²ÓÉμ-
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´¨ ´ μ¶·¥¤¥²¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

pj =
k−j∑
i=0

(−1)i di

dti
∂L

∂q(i+j)
, q(j−1) = qj , j = 1, 2, . . . , k, (84)

H(qi, pi) = p1q̇1 + p2q̇2 + . . . + pkq̇k − L(q1, q̇1, q̇2, . . . , q̇k−1, q̇k) (85)

¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¸μμÉ´μÏ¥´¨¥ (84) ¤²Ö j = k ³μ¦´μ · §·¥Ï¨ÉÓ μÉ´μ¸¨É¥²Ó´μ
q̇k,   ¢³¥¸Éμ μ¸É ²Ó´ÒÌ q̇j ¢ (85) ¶μ¤¸É ¢¨ÉÓ qj+1 = q̇j . ‹ £· ´¦¨ ´ ´ §Ò¢ ¥É¸Ö

´¥¢Ò·μ¦¤¥´´Ò³, ¥¸²¨ det ∂2L/∂q
(k)
r ∂q

(k)
s �= 0 (¢ ¸²ÊÎ ¥ ´¥¸±μ²Ó±¨Ì ¸É¥¶¥´¥°

¸¢μ¡μ¤Ò). ’μ£¤  ¨§ μ¶·¥¤¥²¥´¨° (84), (85) ¸²¥¤Ê¥É

dH =
k∑

j=1

(dpj q̇j + pjdq̇j)−
∂L

∂q1
dq1 −

k∑
i=1

∂L

∂q
(i)
1

dq̇i =
k∑

i=1

(
∂H

∂qi
dqi +

∂H

∂pi
dpi

)
.

(86)
� ¢¥´¸É¢μ (86) μ§´ Î ¥É, ÎÉμ H § ¢¨¸¨É Éμ²Ó±μ μÉ qj , pj . ‹ £· ´¦¥¢Ò Ê· ¢´¥-
´¨Ö ¤¢¨¦¥´¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

∂L

∂q1
+

k∑
i=1

(−1)i di

dti
∂L

∂q(i)
= 0. (87)

�·¨· ¢´¨¢ Ö ¢ (86) ±μÔËË¨Í¨¥´ÉÒ ¶·¨ dpi, ¶μ²ÊÎ ¥³

∂H

∂pj
= q̇j , j = 1, 2, . . . , k. (88)

ˆ§ · ¢¥´¸É¢  ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ dqj+1 = dq̇j ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ k − 2
Ê· ¢´¥´¨°:

∂H

∂qj
= pj−1 −

∂L

∂q(j−1)
= −ṗj, j = 2, . . . , k − 1. (89)

Š Ê· ¢´¥´¨Ö³ (89) ´¥μ¡Ìμ¤¨³μ ¤μ¡ ¢¨ÉÓ Ê· ¢´¥´¨¥, ¢ÒÉ¥± ÕÐ¥¥ ¨§ · ¢¥´¸É¢ 
±μÔËË¨Í¨¥´Éμ¢ ¶·¨ dq1, ¢ ±μÉμ·μ³ ∂L/∂q1 ¸²¥¤Ê¥É § ³¥´¨ÉÓ ´  ¸Ê³³Ê ¢ (87)

∂H

∂q1
= − d

dt

k∑
i=1

(−1)i−1 di−1

dti−1

∂L

∂q(i)
= −ṗ1. (90)

‚ ¶· ¢μ° Î ¸É¨ (86) μÉ¸ÊÉ¸É¢Ê¥É Î²¥´ q̇k, ¶μÔÉμ³Ê

pk =
∂L

∂q(k)
. (91)
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‚ (89), (90) ¨¸¶μ²Ó§μ¢ ´Ò · ¢¥´¸É¢ 

p1 =
k∑

i=1

(−1)i−1 di−1

dti−1

∂L

∂q(i)
, pj =

∂L

∂q̇j
− ṗj+1, j = 1, 2, . . . , k − 1,

¢ÒÉ¥± ÕÐ¨¥ ¨§ μ¶·¥¤¥²¥´¨Ö (84). ’¥³ ¸ ³Ò³ ¤¥³μ´¸É·¨·Ê¥É¸Ö, ÎÉμ § ¤ -
¢ ¥³ Ö Ëμ·³Ê²μ° (85) ËÊ´±Í¨Ö H(qi, pi) § ¢¨¸¨É Éμ²Ó±μ μÉ ± ´μ´¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ. �μ²ÊÎ ÕÐÊÕ¸Ö ³¥Ì ´¨±Ê Ê³¥¸É´μ ¨³¥´μ¢ ÉÓ ³¥Ì ´¨±μ° �¸É·μ-
£· ¤¸±μ£μ.

�¥·¥Ìμ¤ ± ´μ¢μ° ³¥Ì ´¨±¥ É·¥¡Ê¥É ¢Ò¶μ²´¥´¨Ö ·Ö¤  ´¥μÎ¥¢¨¤´ÒÌ μ¶¥· -
Í¨°. „²Ö ¨²²Õ¸É· Í¨¨ ¸± § ´´μ£μ · ¸¸³μÉ·¨³ É¥μ·¨Õ ¸ ² £· ´¦¨ ´μ³

L =
1
2
(q̇2 + q̈2 − q2). (92)

ˆ³¥¥³, ¸μ£² ¸´μ (84),

p1 =
∂L

∂q̇
− d

dt

∂L

∂q̈
= q̇−

...
q , p2 =

∂L

∂q̈
= q̈. (93)

‘¶· Ï¨¢ ¥É¸Ö, ± ± ¸ ¶μ³μÐÓÕ Ê· ¢´¥´¨° (93) ¨¸±²ÕÎ¨ÉÓ ¨§ ² £· ´¦¨ ´  q̇, q̈,
¨§¡¥¦ ¢ ¶μÖ¢²¥´¨Ö ¢ ´¥³

...
q ? �μ¸ÉÊ¶ ÕÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ μ¶·¥¤¥²¥´¨¥

H (85) ¢³¥¸Éμ q̇ ¶μ¤¸É ¢²ÖÕÉ q2, É. ¥. ¶¥·¢μ¥ Ê· ¢´¥´¨¥ (93) ´¥ ¨¸¶μ²Ó§Ê¥É¸Ö.
ˆ¸¶μ²Ó§Ê¥É¸Ö Éμ²Ó±μ ¢Éμ·μ¥: q̈ = q̇2 = p2. �μ¸²¥ ÔÉμ£μ ´¥É·Ê¤´μ ¶·μ¤¥³μ´-
¸É·¨·μ¢ ÉÓ, ÎÉμ ¶μ²ÊÎ¥´´Ò° £ ³¨²ÓÉμ´¨ ´ (¸ ÊÎ¥Éμ³ ¸¤¥² ´´ÒÌ μ¡μ§´ Î¥´¨°)
¤ ¥É Ê· ¢´¥´¨¥ ¤²Ö q, Ô±¢¨¢ ²¥´É´μ¥ Ê· ¢´¥´¨Õ �°²¥· Ä‹ £· ´¦  ¸ ËÊ´±-
Í¨¥° L (92). �¶·¥¤¥²¥´¨¥ ¨³¶Ê²Ó¸μ¢ (84) É ±¦¥ ¤ ²¥±μ ´¥ μÎ¥¢¨¤´μ (μ´μ
¢ÒÉ¥± ¥É ¨§ Ê¸²μ¢¨Ö (86)).

„·Ê£ Ö É·Ê¤´μ¸ÉÓ ¸¢Ö§ ´  ¸ É¥³, ÎÉμ q̇ ³μ¦´μ É· ±Éμ¢ ÉÓ ¨ ± ± q̇1, ¨ ± ± q2.
‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ L = (q2

2 + q̇2
2 − q2

1)/2 ¨ q = q1 μ± §Ò¢ ¥É¸Ö ´¥Ë¨§¨Î¥¸±μ°
¶¥·¥³¥´´μ°. ‚μ§³μ¦´Ò° ¢ÒÌμ¤ ¨§ ¶μ²μ¦¥´¨Ö Å ¢¢¥¤¥´¨¥ ¤μ¶μ²´¨É¥²Ó´ÒÌ
¶ · ³¥É·μ¢ ¢ ² £· ´¦¨ ´ (92) ¶μ¤¸É ´μ¢±μ°

q̇ = αq̇1 + βq2, q̈ = q̇2, α + β = 1. (94)

’¥¶¥·Ó ² £· ´¦¨ ´ § ¢¨¸¨É μÉ q1, q̇1, q2, q̇2 ¨ ¤μ¶Ê¸± ¥É ¸É ´¤ ·É´ÊÕ ¶·μÍ¥¤Ê-
·Ê ¶¥·¥Ìμ¤  ± £ ³¨²ÓÉμ´μ¢Ê Ëμ·³ ²¨§³Ê. �μ²ÊÎ ÕÐ¨¥¸Ö Ê· ¢´¥´¨Ö Ô±¢¨¢ -
²¥´É´Ò Ê· ¢´¥´¨Ö³ �°²¥· Ä‹ £· ´¦  ¸ L (92),   ¶ · ³¥É·Ò α, β ¢Ò¶ ¤ ÕÉ
¨§ ±μ´¥Î´μ£μ Ê· ¢´¥´¨Ö. 	μ²¥¥ ¶μ¤·μ¡´μ μ¸μ¡¥´´μ¸É¨ ³¥Ì ´¨±¨ �¸É·μ£· ¤-
¸±μ£μ μ¡¸Ê¦¤ ÕÉ¸Ö ¢ �. 5. ‚ · ¡μÉ¥ [32] · ¸¸³μÉ·¥´ ¸²ÊÎ ° ¢Ò·μ¦¤¥´´ÒÌ

² £· ´¦¨ ´μ¢ (det ∂2L/∂q̇
(k)
r ∂q̇

(k)
s = 0).

3.9. ‘¨³¶²¥±É¨Î¥¸±¨¥ ³´μ£μμ¡· §¨Ö ¨ ¨Ì £¥μ³¥É·¨Ö. —¥É´μ³¥·´Ò¥ ¸¨³-
¶²¥±É¨Î¥¸±¨¥ ³´μ£μμ¡· §¨Ö, Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ ƒŒ, ´¥ ´Ê¦¤ ÕÉ¸Ö ¢ ³¥É·¨§ -
Í¨¨. � ¤¥²¥´¨¥ ¨Ì ¤μ¶μ²´¨É¥²Ó´μ° ¸É·Ê±ÉÊ·μ°, ´ ¶·¨³¥·, ³¥É·¨±μ°, ¤μ¶Ê-
¸É¨³μ, ´μ ¸ ÉμÎ±¨ §·¥´¨Ö ¸É ´¤ ·É´μ° ƒŒ ´¥μ¡Ö§ É¥²Ó´μ. Œ¥¦¤Ê É¥³ Ê¦¥ ¢
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¶·μ¸É¥°Ï¨Ì ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ [1, 33] ”� Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¥¸ÉÓ
±μ´Ê¸, É. ¥. ¶²μ¸±μ¥ ¶·μ¸É· ´¸É¢μ ¸ ¡¥¸±μ´¥Î´μ° ±·¨¢¨§´μ° ¢ ¢¥·Ï¨´¥ ±μ-
´Ê¸ . Š·¨¢¨§´  § ¢¨¸¨É μÉ · ´£  ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò [1, ¸. 166], ¶μÔÉμ³Ê,
¢μμ¡Ð¥ £μ¢μ·Ö, ¶μÖ¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ±·¨¢¨§´Ò ¢μ ¢´ÊÉ·¥´-
´¨Ì É¥·³¨´ Ì ¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨°.

	μ²¥¥ Éμ£μ, ¢ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ ¶μÖ¢²ÖÕÉ¸Ö ¨ Ë §μ¢Ò¥ ¶·μ¸É· ´¸É¢ 
¸ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¥°. � ¶·¨³¥·, ¸Ë¥·  S2 ¢ É¥μ·¨¨ ¸ M8 = R8 ¨
£ ³¨²ÓÉμ´¨ ´μ³

H =
1

2R

√
R2 − (p2

1 + q2
1) + q3(p2

1 + p2
2 + q2

1 + q2
2 − R2) + q4p2. (95)

‘¢Ö§¨:
φ1 = p2

1 + p2
2 + q2

1 + q2
2 − R2 = 0, φ2 = p2 = 0. (96)

�Éμ ¸¢Ö§¨ 1-£μ ·μ¤ :

{φ1, H} = 2q4q2 = 0 → q4 = 0,

{φ2, H} = −2q3q2 = 0 → q3 = 0,

É. ¥. Ë¨§¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¶μ¤Î¨´ÖÕÉ¸Ö Ê¸²μ¢¨Õ

p2
1 + q2

1 + q2
2 = R2, (97)

Ô±¢¨¢ ²¥´É´μ³Ê Ê¸²μ¢¨Õ M2 = S2. �¥¸±μ²Ó±μ Ô±§μÉ¨Î¥¸±¨° £ ³¨²ÓÉμ´¨ ´
(95) ¶·¥¢· Ð ¥É¸Ö ¢ £ ³¨²ÓÉμ´¨ ´ (119), ¥¸²¨ ¶μ²μ¦¨ÉÓ q2 = R cos θ (¶·¨
ω̄ = 1), ¶μ¸²¥¤´¨° ¦¥ Ô±¢¨¢ ²¥´É¥´ £ ³¨²ÓÉμ´¨ ´Ê (48) (¸³. �. 4).

ˆÉ ±, ¢ ¸²ÊÎ ¥ ”� ¸ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¥° ³μ¦´μ
1) μÉμ¡· §¨ÉÓ ”� ´  ¶²μ¸±μ¥ ¶·μ¸É· ´¸É¢μ ¸ ´¥É·¨¢¨ ²Ó´μ° 2-Ëμ·-

³μ° (�. 4);
2) É· ±Éμ¢ ÉÓ ”� S2 ± ± ·¥§Ê²ÓÉ É ¶·μÖ¢²¥´¨Ö ¸¢Ö§¥° ¢ É¥μ·¨¨ ¸ ¶²μ¸±¨³

¶·μ¸É· ´¸É¢μ³.
3.10. �¡μ¡Ð¥´¨¥ ³¥Ì ´¨±¨ � ³¡Ê. �¡· Ð¥´¨¥ ± ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¥

¶μ¤¸± §Ò¢ ¥É ¥¸É¥¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ ³¥Ì ´¨±¨ � ³¡Ê. �Ê¸ÉÓ ´¥· ¢´μ¢¥¸´μ¥
· ¸¶·¥¤¥²¥´¨¥ § ¤ ¥É¸Ö Ô±¸¶μ´¥´Éμ°

exp

(
−β

n−1∑
n=1

Hi

)
. (98)

„μ¶Ê¸É¨³, ÎÉμ · ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ´¨¥ ¸¨¸É¥³Ò μ¶¨¸Ò¢ ¥É¸Ö Ô±¸¶μ´¥´Éμ° ¸
£ ³¨²ÓÉμ´¨ ´μ³ H1. ’μ£¤  ¢ ¶·μÍ¥¸¸¥ ¶¥·¥Ìμ¤  ± · ¢´μ¢¥¸´μ³Ê ¸μ¸ÉμÖ´¨Õ
μ¸É ²Ó´Ò¥ £ ³¨²ÓÉμ´¨ ´Ò ¢Ò³¨· ÕÉ, É. ¥. ´  ±μ´¥Î´μ³ ÔÉ ¶¥ ¨Ì ³μ¦´μ ¶μ²μ-
¦¨ÉÓ · ¢´Ò³¨ ´Ê²Õ. „μ¶Ê¸É¨³ É ±¦¥, ÎÉμ Î¥³ ¸É ·Ï¥ ´μ³¥· £ ³¨²ÓÉμ´¨ ´ ,
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É¥³ · ´ÓÏ¥ ¥£μ ³μ¦´μ ¨¸±²ÕÎ¨ÉÓ. �É¸Õ¤  ´ ¶· Ï¨¢ ÕÉ¸Ö μ¡μ¡Ð¥´¨Ö ³¥Ì -
´¨±¨ � ³¡Ê.

1. “· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö (3) § ³¥´Ö¥É¸Ö ´ 

ḟ =
n−1∑
k=1

∂(f, H1, . . . , Hk)
∂(x1, x2, . . . , xk+1)

. (99)

2. ‚¨¤μ¨§³¥´Ö¥É¸Ö ¸±μ¡±  � ³¡Ê (3) Å ¶μ  ´ ²μ£¨¨ ¸μ ¸±μ¡±μ° (77) ±
 ´É¨¸¨³³¥É·¨Î´Ò³ É¥´§μ· ³, μ¶·¥¤¥²ÖÕÐ¨³ (k + 1)-³¥·´Ò¥ ¤¥É¥·³¨´ ´ÉÒ,
¤μ¡ ¢²ÖÕÉ¸Ö ¸¨³³¥É·¨Î´Ò¥ É¥´§μ·Ò, É ± ÎÉμ ¶·¨ t → ∞ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
μ¡μ¡Ð¥´´μ° ³¥Ì ´¨±¨ ¶¥·¥Ìμ¤ÖÉ ¢ £ ³¨²ÓÉμ´μ¢Ò Ê· ¢´¥´¨Ö (6).

3. Œμ¦´μ ¶·¥¤²μ¦¨ÉÓ ¨ ¥Ð¥ ¡μ²¥¥ μ¡ÐÊÕ ¸Ì¥³Ê ¸ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö

ḟ =
∂(f, H1)
∂(x1, x2)

+
n−1∑
k=2

∑
(i1···ik)

α(i1 · · · ik)
∂(f, H1, Hi1 , . . . , Hik

)
∂(x1, x2, . . . , xk+1)

; (100)

¢ ¸Ê³³¥ Ë¨£Ê·¨·ÊÕÉ ´¥ Éμ²Ó±μ £ ³¨²ÓÉμ´¨ ´Ò H1, H2, . . . , Hk, ´μ ¨ ¸μÎ¥-
É ´¨Ö ²Õ¡ÒÌ ¨Ì k ¨§ ³´μ¦¥¸É¢  (H2, . . . , Hn−1) Å ¸±μ¡±  (i1 · · · ik) ÔÉμ ¨
¸¨³¢μ²¨§¨·Ê¥É.

3.11. ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¨ · ¸¸²μ¥´´Ò¥ ¶·μ¸É· ´¸É¢ . �¶·¥¤¥²¨³
£ ³¨²ÓÉμ´μ¢μ ³´μ£μμ¡· §¨¥ M2n

H (x, ω̂, H) ± ± 2n-³¥·´μ¥ ”�, μ¸´ Ð¥´´μ¥
§ ³±´ÊÉμ° 2-Ëμ·³μ° ω̂(x) ¨ ¸± ²Ö·´μ° ËÊ´±Í¨¥° H(x),   · ¸¸²μ¥´´μ¥ ¶·μ-
¸É· ´¸É¢μ T (t, M2n

H ) Å ± ± ¸É·Ê±ÉÊ·Ê ¸ μ¤´μ³¥·´Ò³ ¶·μ¸É· ´¸É¢μ³ t ¢ ± -
Î¥¸É¢¥ ¡ §Ò ¨ ³´μ£μμ¡· §¨¥³ M2n

H ¢ ± Î¥¸É¢¥ ¸²μÖ. �  ³´μ£μμ¡· §¨¨ § ¤ ´ 
2n-¶ · ³¥É·¨Î¥¸± Ö £·Ê¶¶  ¸¤¢¨£μ¢. ‚ ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨° f(x(t)) ≡ ft

μ¶·¥¤¥²¨³ μ¶¥· Í¨Õ ¶ · ²²¥²Ó´μ£μ ¶¥·¥´μ¸  ¨§ ÉμÎ±¨ t ¢ ÉμÎ±Ê t′ = t + dt

ft → f̃t′ = ft + p̂ftdt = (Î + p̂dt)ft, (101)

£¤¥ Î Å ¥¤¨´¨Î´Ò° μ¶¥· Éμ·; p̂ Å £¥´¥· Éμ· ¸¤¢¨£  ¢ M2n
H ,   f̃t′ Å ËÊ´±Í¨Ö

ft, ¶¥·¥´¥¸¥´´ Ö ¢ ÉμÎ±Ê t′. �¡¸μ²ÕÉ´Ò° ¤¨ËË¥·¥´Í¨ ² Dt μ¶·¥¤¥²Ö¥É¸Ö
¸É ´¤ ·É´Ò³ μ¡· §μ³

Dtft = ft′ − f̃t′ ≈ ft +
df

dt
dt − (Î + p̂dt)ft,

É. ¥.
Dtf

dt
≡ ∇̂tf =

(
d

dt
− p̂

)
f, (102)

£¤¥ ∇̂t Å μ¶¥· Éμ·  ¡¸μ²ÕÉ´μ£μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö.
�± §Ò¢ ¥É¸Ö, ÎÉμ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´  ¤²Ö Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ

f(x) ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± É·¥¡μ¢ ´¨¥ · ¢¥´¸É¢  ´Ê²Õ  ¡¸μ²ÕÉ´μ°
¶·μ¨§¢μ¤´μ° Dtf/dt (¥¸²¨ t Å ¢·¥³Ö). „¥°¸É¢¨É¥²Ó´μ, μ¶·¥¤¥²¨³

p̂ = ωij(x)H,j(x)∂i. (103)
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’μ£¤  Ê¸²μ¢¨¥
Dtf

dt
= 0 (104)

§ ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥
ḟ − ωijH,jf,i = 0. (105)

�μ ÔÉμ ¨ ¥¸ÉÓ Ê· ¢´¥´¨¥ ƒ ³¨²ÓÉμ´  (6). Š ± ¨§¢¥¸É´μ, ¢ ± ²¨¡·μ¢μÎ´ÒÌ É¥-
μ·¨ÖÌ μ¶¥· Éμ· ±μ¢ ·¨ ´É´μ£μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°
∇̂μ = ∂μ−iAμ, Aμ Å ¢¥±Éμ·-¶μÉ¥´Í¨ ². �μ²Ó i ¢ (105) ¨£· ¥É  ´É¨¸¨³³¥É·¨Î-
´ Ö ³ É·¨Í  ωij . �·¨ ¶¥·¥Ìμ¤¥ ± ±μ³¶²¥±¸´Ò³ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³
z, z̄ (¶. 2.3) ·μ²Ó ³ É·¨ÍÒ ωij ¨£· ¥É ³´¨³ Ö ¥¤¨´¨Í  i.

ˆÉ ±, ¢ ³¥Ì ´¨±¥ ƒ ³¨²ÓÉμ´  Ô¢μ²ÕÍ¨Õ ¸¨¸É¥³Ò ¸μ ¢·¥³¥´¥³ ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ± ± ¶·μÍ¥¸¸ ®¶ · ²²¥²Ó´μ£μ ¶¥·¥³¥Ð¥´¨Ö¯ ¢ ”� ¢¤μ²Ó μ¸¨ t
¨§μ¡· ¦ ÕÐ¥° ¥¥ ÉμÎ±¨. �Éμ ´ ¶μ³¨´ ¥É ¨´¥·Í¨ ²Ó´μ¥ ¤¢¨¦¥´¨¥ ¸¢μ¡μ¤´μ°
Î ¸É¨ÍÒ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ (dv/dt = 0, v Å ¸±μ·μ¸ÉÓ) ¨²¨
¤¢¨¦¥´¨¥ ¶·μ¡´μ£μ É¥²  ¢ É¥μ·¨¨ £· ¢¨É Í¨¨.

‡�Š‹	—…�ˆ…

„ ¦¥ ¶·¨ ¡¥£²μ³ ¢§£²Ö¤¥ ´  £ ³¨²ÓÉμ´μ¢Ê ³¥Ì ´¨±Ê ¶μ· ¦ ¥É £¨¡±μ¸ÉÓ
É¥μ·¨¨, ¥¥ ¶·¥¤· ¸¶μ²μ¦¥´´μ¸ÉÓ ± ¸ ³Ò³ ´¥μ¦¨¤ ´´Ò³ ³μ¤¨Ë¨± Í¨Ö³. ˆ ÔÉμ
´  Ëμ´¥ ¥¥ ´¥¸μ³´¥´´μ° ËÊ´¤ ³¥´É ²Ó´μ¸É¨, ¶μ¸±μ²Ó±Ê ¢¸¥ ¨§¢¥¸É´Ò¥ ¤¨´ -
³¨Î¥¸±¨¥ É¥μ·¨¨ ¸¢μ¤ÖÉ¸Ö ± ¡μ²¥¥ ¨²¨ ³¥´¥¥ ¶·μ¸ÉÒ³ (ÌμÉÖ, ³μ¦¥É ¡ÒÉÓ, ´¥
¢¸¥£¤  μÎ¥¢¨¤´Ò³) ¥¥ μ¡μ¡Ð¥´¨Ö³. 	·μ¸ ¥É¸Ö ¢ £² §  ¸¢Ö§Ó ƒŒ ¸μ ¸É É¨¸É¨-
Î¥¸±μ° Ë¨§¨±μ° ¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°. � ¶· Ï¨¢ ¥É¸Ö ³Ò¸²Ó, ÎÉμ ¢¸¥ ÔÉ¨
· §¤¥²Ò Ë¨§¨±¨ Ö¢²ÖÕÉ¸Ö ¶·μÖ¢²¥´¨Ö³¨ ´¥±μÉμ·ÒÌ ¡μ²¥¥ μ¡Ð¨Ì § ±μ´μ³¥·-
´μ¸É¥°, μ¡Ö§ É¥²Ó´ÒÌ ¨ ¤²Ö ³¨±·μ³¨·  (¢¶²μÉÓ ¤μ ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨°),
¨ ¤²Ö ³ ±·μ³¨·  (±μ¸³μ²μ£¨Î¥¸±¨¥ ³ ¸ÏÉ ¡Ò).

�μ ¸ÊÐ¥¸É¢Ê, μ¤´¨³ ¨§ ´ ¨¡μ²¥¥ ¸¥·Ó¥§´ÒÌ μ¡μ¡Ð¥´¨° ¸É ´¤ ·É´μ° £ -
³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ Ö¢²Ö¥É¸Ö ³¥Ì ´¨±  	¨·±£μË  (¶. 3.3). �¡μ¡Ð ¥É¸Ö
³ ²μÊ¶μÉ·¥¡¨É¥²Ó´ Ö Ëμ·³Ê²¨·μ¢±  ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  (70) ´  ¸²Ê-
Î ° ´¥±μ´¸¥·¢ É¨¢´ÒÌ ¸¨¸É¥³, ¶·¨Î¥³ ¤μ¶Ê¸± ¥É¸Ö § ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´¨
´¥ Éμ²Ó±μ £ ³¨²ÓÉμ´¨ ´ , ´μ ¨ 2-Ëμ·³Ò. ’ ± ± ± Ëμ·³  ω2 § ³±´ÊÉ Ö, ¢
§¢¥§¤´μ° μ¡² ¸É¨ μ´  ÉμÎ´ Ö, ω2 = dω1, ω1 = Aμdxμ, ¨ ²μ± ²Ó´μ¥ ¶·¥¤¸É -
¢²¥´¨¥ (71) Ωμν = ∂νAμ − ∂μAν ´¥ Ö¢²Ö¥É¸Ö ¢ÒÌμ¤μ³ §  · ³±¨ ¸É ´¤ ·É´μ°
ƒŒ. Œ´μ£μ§´ Î¨É¥²Ó´μ° ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ É· ±Éμ¢±¨ £ ³¨²ÓÉμ´¨-
 ´  ± ± ¤μ¶μ²´¨É¥²Ó´μ° ±μ³¶μ´¥´ÉÒ Aμ ¢ ¶·μ¸É· ´¸É¢¥ ¢Ò¸Ï¥° · §³¥·´μ¸É¨
(¸³. (74)). ’¥³ ¸ ³Ò³ ¤¢  μ¡Ñ¥±É  ¸μ¢¥·Ï¥´´μ · §´μ° ¶·¨·μ¤Ò Aμ ¨ H
¸É ´μ¢ÖÉ¸Ö ±μ³¶μ´¥´É ³¨ μ¡μ¡Ð¥´´μ£μ ¢¥±Éμ·  (Aμ, H).

‚ ¦´μ¸ÉÓ ¢±²ÕÎ¥´¨Ö ¢  ´ ²¨§ ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨ ¨ · ¸¶·¥¤¥²¥´¨Ö
ƒ¨¡¡¸  μ¡ÑÖ¸´Ö¥É¸Ö ´¥¸±μ²Ó±¨³¨ ¶·¨Î¨´ ³¨.
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1. ˆ§ ¸É Í¨μ´ ·´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¢ÒÉ¥± ¥É £ ³¨²ÓÉμ´μ¢ Ëμ·-
³ ²¨§³ (¸³. (40), (34)).

2. ‚ É¥μ·¨¨ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö ´μ¢Ò° É¨¶ ¸μ¸ÉμÖ´¨° Å
´¥· ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö, μÉ¢¥Î ÕÐ¨¥ ´¥· ¢´μ¢¥¸´Ò³ · ¸¶·¥¤¥²¥´¨Ö³.

3. �μÖ¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¢±²ÕÎ¥´¨Ö ¢ μ¡Ð¨° Ëμ·³ ²¨§³ ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨ (¶. 2.3).

…¸É¥¸É¢¥´´μ¸ÉÓ ¸¢Ö§¨ ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ ¸ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±μ°
¶μ¤Î¥·±¨¢ ¥É É·¥¡μ¢ ´¨¥ ¶μ²μ¦¨É¥²Ó´μ¸É¨ H (¶μ²μ¦¨É¥²Ó´μ¸ÉÓ Ô´¥·£¨¨) Å
´¥μ¡Ìμ¤¨³μ¥ Ê¸²μ¢¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸ . � ËÊ´¤ ³¥´É ²Ó-
´μ³ Ì · ±É¥·¥ · ¸¶·¥¤¥²¥´¨Ö ƒ¨¡¡¸  ¸¢¨¤¥É¥²Ó¸É¢Ê¥É ¨ ÉμÉ Ë ±É, ÎÉμ μ´μ ´¥
¢Ò¢μ¤¨É¸Ö ¨§ ¤·Ê£¨Ì, ¡μ²¥¥ μ¡Ð¨Ì § ±μ´μ¢ Ë¨§¨±¨ ¨ ¡ §¨·Ê¥É¸Ö ´  § ±μ´ Ì
É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥°.

�± §Ò¢ ¥É¸Ö, ÎÉμ ¤²Ö μ¶¨¸ ´¨Ö Ô¢μ²ÕÍ¨¨ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¤μ-
¸É ÉμÎ´μ μÉ± § ÉÓ¸Ö μÉ ¸¨³¶²¥±É¨Î´μ¸É¨ ³´μ£μμ¡· §¨Ö, É. ¥. μÉ± § ÉÓ¸Ö μÉ  ´-
É¨¸¨³³¥É·¨Î´μ¸É¨ ³ É·¨ÍÒ ω̂ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ μ¡· §μ³ ¨§³¥´¨ÉÓ ¸±μ¡±Ê
�Ê ¸¸μ´  (¸³. (77)). 	μ²¥¥ Éμ£μ, ¢ · ³± Ì ¤ ´´μ£μ μ¡Ð¥£μ Ëμ·³ ²¨§³  ´ Ìμ-
¤¨É¸Ö ³¥¸Éμ ¨ ¤²Ö ³¥Ì ´¨±¨ � ³¡Ê, ¥¸²¨ ¤μ¶Ê¸É¨ÉÓ, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ¡μ²ÓÏμ°
¤¥Ëμ·³ Í¨¨ (Ë²Ê±ÉÊ Í¨Ö, ¢´¥Ï´¥¥ ¢μ§¤¥°¸É¢¨¥) · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  § ³¥-
´Ö¥É¸Ö ´¥· ¢´μ¢¥¸´Ò³ · ¸¶·¥¤¥²¥´¨¥³

WN = exp

(
−

n−1∑
i=1

βiHi

)
(106)

(¶μ¸ÉμÖ´´Ò¥ βi ´¥μ¡Ö§ É¥²Ó´μ μ¤¨´ ±μ¢Ò); §¤¥¸Ó Éμ²Ó±μ H1 ¥¸ÉÓ £ ³¨²ÓÉμ-
´¨ ´ ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³Ò (É. ¥. ËÊ´±Í¨Ö, Ì · ±É¥·¨§ÊÕÐ Ö · ¢´μ¢¥¸´μ¥
· ¸¶·¥¤¥²¥´¨¥). ‚ ¸²ÊÎ ¥ ¡μ²ÓÏμ£μ ¢·¥³¥´¨ ·¥² ±¸ Í¨¨ tr ¸ÊÐ¥¸É¢Ê¥É ±² ¸¸
¢ ·¨ Í¨° ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ δx⊥, ¸μÌ· ´ÖÕÐ¨Ì · ¸¶·¥¤¥²¥´¨¥ (106)
¶·¨ t 
 tr. ’¥¶¥·Ó, ± ± μÉ³¥Î ²μ¸Ó ¢ ¶. 3.5, μ´¨ ¤μ²¦´Ò ¡ÒÉÓ μ·Éμ£μ´ ²Ó´Ò
n− 1 ¢¥±Éμ· ³ ∇Hi, ¢³¥¸Éμ μ¤´μ£μ ¢¥±Éμ·  ∇H , ¨ ¸±μ¡±  �Ê ¸¸μ´  É·¥¡Ê¥É
μ¡μ¡Ð¥´¨Ö (¸³. (81)). �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨ · ¸¶·¥¤¥-
²¥´¨¥ (106) ¶·¥¢· É¨É¸Ö ¢ · ¸¶·¥¤¥²¥´¨¥ ƒ¨¡¡¸  ¨ ¢³¥¸Éμ ³¥Ì ´¨±¨ � ³¡Ê
¶μÖ¢¨É¸Ö ¸É ´¤ ·É´ Ö £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨± .

ƒ ³¨²ÓÉμ´μ¢Ò ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö. �·¨ Ëμ·³Ê²¨·μ¢ ´¨¨
¸É ´¤ ·É´μ° £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ § ³¥É´ÊÕ ·μ²Ó ¨£· ¥É ÊÉ¢¥·¦¤¥´¨¥, ÎÉμ
¶·¥μ¡· §μ¢ ´¨¥³ ±μμ·¤¨´ É  ´É¨¸¨³³¥É·¨Î´ÊÕ Î¥É´μ³¥·´ÊÕ ³ É·¨ÍÊ ωij ²μ-

± ²Ó´μ ³μ¦´μ ¢¸¥£¤  ¶·¨¢¥¸É¨ ± ¸É ´¤ ·É´μ³Ê ¢¨¤Ê

(
O I
−I O

)
, £¤¥ O ¨ I Å

´Ê²¥¢ Ö ¨ ¥¤¨´¨Î´ Ö n × n ³ É·¨ÍÒ (É¥μ·¥³  „ ·¡Ê [6, 7]). ƒ ³¨²ÓÉμ´¨ ´
Ë¨±¸¨·Ê¥É¸Ö ¶μ¸²¥ ¸μ¢¥·Ï¥´¨Ö ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö. Œ¥¦¤Ê É¥³ ¶·¥μ¡· §μ-
¢ ´¨¥ „ ·¡Ê § ¢¥¤μ³μ ´¥± ´μ´¨Î¥¸±μ¥, É. ¥. ω̂′ �= ω̂, ¨ μ´μ ³μ¦¥É ¸ÊÐ¥¸É¢¥´´μ
¨§³¥´¨ÉÓ ËÊ´±Í¨Õ ƒ ³¨²ÓÉμ´ . ’μÉ Ë ±É, ÎÉμ ¶μ¤μ¡´ Ö μ¡Ð¥¶·¨´ÖÉ Ö ¶· ±-
É¨±  μ± §Ò¢ ¥É¸Ö Ê¸¶¥Ï´μ°, ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ Éμ³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¶·¨¢¨-
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²¥£¨·μ¢ ´´ Ö ¸¨¸É¥³  ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¢ ±μÉμ·μ° ¨ ³ É·¨Í  ω̂,
¨ £ ³¨²ÓÉμ´¨ ´ H ³ ±¸¨³ ²Ó´μ Ê¶·μÐ ÕÉ¸Ö. „ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ´ ¶μ-
³¨´ ¥É ¢Ò¡μ· ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò ¢ �’�. �μÔÉμ³Ê Ê³¥¸É´μ £μ¢μ·¨ÉÓ μ
¸¶¥Í¨ ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¶¥·¥³¥´´ÒÌ (q, p), ¸μÌ· ´ÖÕÐ¨Ì 2-Ëμ·³Ê ω2

(¨³¥´Ê¥³ÒÌ μ¡ÒÎ´μ ± ´μ´¨Î¥¸±¨³¨), ¨ μ ´¥μ¸μ¡¥´´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ, ³¥-
´ÖÕÐ¨Ì 2-Ëμ·³Ê, ´μ ¸μÌ· ´ÖÕÐ¨Ì ¢¨¤ £ ³¨²ÓÉμ´μ¢ÒÌ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö.

� §Ê³¥¥É¸Ö, ¢Ò¡μ· ±μμ·¤¨´ É ¢ ”� ´¥ ³μ¦¥É ¢²¨ÖÉÓ ´  Ë¨§¨Î¥¸±¨° ¶·μ-
Í¥¸¸. �μ¸±μ²Ó±Ê ³μ¦´μ £μ¢μ·¨ÉÓ μ ¸¶¥Í¨ ²Ó´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ-
¢ ´¨ÖÌ (É. ¥. μ ¸μ¡¸É¢¥´´μ ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ) ¨ μ ± ´μ´¨Î¥¸±¨Ì
¶·¥μ¡· §μ¢ ´¨ÖÌ μ¡Ð¥£μ ¢¨¤ , Éμ, ¶μ  ´ ²μ£¨¨ ¸ ± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ-
¢ ´¨Ö³¨, ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ³μ¦´μ ¤μ¶Ê¸É¨ÉÓ § ¢¨¸¨³μ¸ÉÓ ¶ · ³¥É·μ¢ ¶·¥-
μ¡· §μ¢ ´¨° μÉ ¢·¥³¥´¨. ’μ£¤  ¨ ω̂, ¨ H É ±¦¥ ¡Ê¤ÊÉ § ¢¨¸¥ÉÓ μÉ ¢·¥³¥´¨.
ˆ³¥¥É¸Ö  ²ÓÉ¥·´ É¨¢ : 1) Ë¨±¸¨·μ¢ ÉÓ § ¢¨¸¨³μ¸ÉÓ ¶ · ³¥É·μ¢ ¶·¥μ¡· §μ¢ -
´¨Ö μÉ ¢·¥³¥´¨, 2) ¶μ²μ¦¨ÉÓ ¨Ì ¤¨´ ³¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨. ‚ ¶¥·¢μ³ ¸²Ê-
Î ¥ ¶μ²ÊÎ ¥É¸Ö · §´μ¢¨¤´μ¸ÉÓ ³¥Ì ´¨±¨ 	¨·±£μË  (²μ± ²Ó´μ), ¢μ ¢Éμ·μ³ Å
É¥μ·¨Ö ´μ¢μ£μ É¨¶ . …¸²¨ £ ³¨²ÓÉμ´¨ ´ ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ´¥±μÉμ-
·μ£μ ±² ¸¸  É ±¨Ì ¶·¥μ¡· §μ¢ ´¨°, Éμ ÔÉ¨ ´μ¢Ò¥ ´¥Ë¨§¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥
¢ ´¥£μ ´¥ ¢μ°¤ÊÉ, ¨ ¨Ì ¤¨´ ³¨±  ¡Ê¤¥É ¶·μ¨§¢μ²Ó´μ°. ’¥³ ¸ ³Ò³ ³Ò ¶·¨Ìμ-
¤¨³ ± £ ³¨²ÓÉμ´μ¢μ° ± ²¨¡·μ¢μÎ´μ° É¥μ·¨¨, ¢ ±μÉμ·μ° ·μ²Ó ± ²¨¡·μ¢μÎ´ÒÌ
μ¡Ñ¥±Éμ¢ ¨£· ÕÉ ¤μ¡ ¢²¥´´Ò¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥. �Éμ ¡Ê¤¥É μ¡μ¡Ð¥-
´¨¥³ ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¨ ³¥Ì ´¨±¨ 	¨·±£μË  (72) ¸ ¥¥ ¥¤¨´¸É¢¥´´μ°
± ²¨¡·μ¢μÎ´μ° ¶¥·¥³¥´´μ° Λ(x, t). ’¥¶¥·Ó Î¨¸²μ ± ²¨¡·μ¢μÎ´ÒÌ ËÊ´±Í¨°
¡Ê¤¥É § ¢¨¸¥ÉÓ μÉ ¸¨³³¥É·¨¨ £ ³¨²ÓÉμ´¨ ´ .

ƒ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  Ëμ·³Ê²¨·Ê¥É¸Ö  ±¸¨μ³ É¨Î¥¸±¨, ´¥§ ¢¨¸¨³μ μÉ
² £· ´¦¥¢μ° ³¥Ì ´¨±¨. �¤´ ±μ É¥μ·¨Ö ¸¨¸É¥³ ¸ ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¥°
¤μ¸É ÉμÎ´μ Ìμ·μÏμ · §· ¡μÉ ´  ²¨ÏÓ ¢ · ³± Ì ‹Œ. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° £ -
³¨²ÓÉμ´μ¢ Ëμ·³ ²¨§³ ¢Ò¢μ¤¨É¸Ö ¨§ ² £· ´¦¥¢  ¶μ ¸É ´¤ ·É´Ò³ ¶· ¢¨² ³.
�·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´Ò³ ¨³¥ÉÓ É¥μ·¨Õ £ ³¨²ÓÉμ´μ¢ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ¸¨¸É¥³
¸ Ê± § ´¨¥³ Î¥É±¨Ì ¶·¨§´ ±μ¢ ²μ± ²Ó´μ° ¸¨³³¥É·¨¨. � ¶·¨³¥·, ¢ ² £· ´¦¥-
¢μ³ Ëμ·³ ²¨§³¥ ¶¥·¢μ¶·¨Î¨´μ° ´ ²¨Î¨Ö ¸¢Ö§¥° Ö¢²Ö¥É¸Ö ¢Ò·μ¦¤¥´´μ¸ÉÓ ² -
£· ´¦¨ ´  (det ∂2L/∂q̇iq̇j = 0). ‚ ƒŒ ¢μ¶·μ¸ ¶· ±É¨Î¥¸±¨ ´¥ ¨¸¸²¥¤μ¢ ´ Å
μÉ¸ÊÉ¸É¢ÊÕÉ ´¥ Éμ²Ó±μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±·¨É¥·¨¨, ´μ ¨ ¸ ³μ μ¶·¥¤¥²¥´¨¥
£ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨ ¸ ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¥°. �· ¢¤ , ¢ · ¡μÉ¥ [34]
¨§ÊÎ ²¸Ö ¢μ¶·μ¸ μ ³¥Ì ´¨±¥, ¢ ±μÉμ·μ° ¢·¥³Ö t μ¡ÑÖ¢²Ö¥É¸Ö ¤¨´ ³¨Î¥¸±μ° ¶¥-
·¥³¥´´μ° t(τ), § ¢¨¸ÖÐ¥° μÉ ´¥±μÉμ·μ£μ ¶ · ³¥É·  τ (¸³. É ±¦¥ [35]). �μ ÔÉ¨
¨¸±²ÕÎ¥´¨Ö ²¨ÏÓ ¶μ¤Î¥·±¨¢ ÕÉ ´¥Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ¸ÉÓ ¸¨ÉÊ Í¨¨ ¢ Í¥²μ³.

„·Ê£¨¥ μ¸μ¡¥´´μ¸É¨ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨. � ËÊ´¤ ³¥´É ²Ó´μ³ Ì -
· ±É¥·¥ ƒŒ, ¥¥ ¢ ¦´μ¸É¨ ¢ ¶μ¨¸±¥ ´ ¨¡μ²¥¥ μ¡Ð¨Ì § ±μ´μ¢ ¶·¨·μ¤Ò ¸¢¨-
¤¥É¥²Ó¸É¢Ê¥É ¨ ÉμÉ Ë ±É, ÎÉμ ¨³¥´´μ ¸ ³μ¤¨Ë¨± Í¨¥° ³¥Ì ´¨±¨ ¸¢Ö§ ´Ò
¶μ¶ÒÉ±¨ ·¥Ï¥´¨Ö ¶·μ¡²¥³Ò É¥³´μ° ³ É¥·¨¨. „μ¢μ²Ó´μ ¤ ¢´μ ¡Ò²μ ¶·¥¤²μ-
¦¥´μ μ¡μ¡Ð¨ÉÓ ¢Éμ·μ° § ±μ´ �ÓÕÉμ´  ¤²Ö ³ ²ÒÌ Ê¸±μ·¥´¨° (³´μ£μ ³¥´ÓÏ¨Ì
a0 ∼ 10−8 ¸³/¸2) [36] (ÔÉμ MOND Å modiˇed Newtonian dynamics). �¥¸³μ-
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É·Ö ´  ´¥·¥²ÖÉ¨¢¨¸É¸±ÊÕ Ëμ·³Ê²¨·μ¢±Ê, ³μ¤¥²Ó μ¡ÑÖ¸´Ö¥É ´¥±μÉμ·Ò¥ ´¥É·¨-
¢¨ ²Ó´Ò¥ μ¸μ¡¥´´μ¸É¨ ¨§²ÊÎ¥´¨Ö £ ² ±É¨± (¸³. [37])∗. �¥²ÖÉ¨¢¨§ Í¨Ö MOND
¶μÉ·¥¡μ¢ ²  ¶·¨¢²¥Î¥´¨Ö ¶μ³¨³μ É¥´§μ·´μ£μ ¶μ²Ö gμν ¥Ð¥ ¨ ¢¥±Éμ·´μ£μ ¨
¸± ²Ö·´μ£μ ¶μ²¥° (É¥μ·¨Ö TeVeS [37]). „ ´´μ¥ μ¡μ¡Ð¥´¨¥ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö
¨§ÊÎ ¥É¸Ö [39]. �·¥¤¸É ¢²Ö¥É¸Ö ´¥¸μ³´¥´´Ò³, ÎÉμ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò É¥³´μ°
³ É¥·¨¨ ¤μ²¦´μ ¸μ¤¥·¦ ÉÓ¸Ö ¨ ¢ É¥μ·¨¨ ¸Ê¶¥·¸É·Ê´ [26].

�·¨  ±¸¨μ³ É¨Î¥¸±μ³ Ëμ·³Ê²¨·μ¢ ´¨¨ ƒŒ ´¥μ¡Ìμ¤¨³μ §´ ´¨¥ É¥μ·¨¨
¸¨³¶²¥±É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨°. ’¥μ·¨Ö ³¥É·¨Î¥¸±¨Ì ¶·μ¸É· ´¸É¢ (§ ¤ ¥É¸Ö
³¥É·¨Î¥¸±¨° É¥´§μ· gμν = gνμ) ´ Î ²  · §· ¡ ÉÒ¢ ÉÓ¸Ö ¥Ð¥ ¢ XIX ¢. (�.ˆ. ‹μ-
¡ Î¥¢¸±¨°, Š. ƒ Ê¸¸, 	. �¨³ ´). ‚ ´ Î ²¥ XX ¢. ¡Ò²μ ¢¢¥¤¥´μ ¶μ´ÖÉ¨¥ ¶ · ²-
²¥²Ó´μ£μ ¶¥·¥´μ¸  (’. ‹¥¢¨-—¨¢¨É , ƒ. ‚¥°²Ó, �.Š ·É ´). ’μÉ Ë ±É, ÎÉμ ¸μ-
¤¥·¦ É¥²Ó´ Ö £¥μ³¥É·¨Ö ³μ¦¥É ¡ §¨·μ¢ ÉÓ¸Ö ´   ´É¨¸¨³³¥É·¨Î´μ³ É¥´§μ·¥,
¡Ò² μ¸μ§´ ´ Éμ²Ó±μ ¢ ¸¥·¥¤¨´¥ XX ¢. [40Ä42]. ‚ ÔÉμ° £¥μ³¥É·¨¨ ¥¸É¥¸É¢¥´-
´Ò³ μ¡· §μ³ ¶μÖ¢²Ö¥É¸Ö É¥´§μ· ±·¨¢¨§´Ò. �·μ¸É· ´¸É¢ , ±μÉμ·Ò¥ ¶μ³¨³μ
2-Ëμ·³Ò μ¸´ Ð¥´Ò ¸¢Ö§´μ¸ÉÓÕ, ´ §Ò¢ ÕÉ¸Ö ¶·μ¸É· ´¸É¢ ³¨ ”¥¤μ¸μ¢  [43,
44]. ’¥μ·¨Ö ¶μ¤μ¡´ÒÌ ¶·μ¸É· ´¸É¢ ¢ ±μ´É¥±¸É¥ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨
¶·¥¤¸É ¢²Ö¥É¸Ö ´¥¤μ¸É ÉμÎ´μ ¢μ¸É·¥¡μ¢ ´´μ°.

� ±μ´¥Í, μÉ³¥É¨³, ÎÉμ · §· ¡ ÉÒ¢ ¥É¸Ö ¤ ¦¥ £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ´ 
¶·μ¸É· ´¸É¢ Ì ¶¥É¥²Ó [45],  ±ÉÊ ²Ó´ Ö, ¢ Î ¸É´μ¸É¨, ¤²Ö É¥μ·¨¨ § ³±´ÊÉÒÌ
¡μ§μ´´ÒÌ ¸É·Ê´ ¢ ¶¸¥¢¤μ¥¢±²¨¤μ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì.

‘É·¥²  ¢·¥³¥´¨. …Ð¥ μ¤´¨³ ¶·¥¨³ÊÐ¥¸É¢μ³ (¨ ¶·¨§´ ±μ³ ËÊ´¤ ³¥´É ²Ó-
´μ¸É¨) ƒŒ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¥¥ Ê· ¢´¥´¨Ö (6) ´¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
μ¶¥· Í¨¨ μ¡· Ð¥´¨Ö ¢·¥³¥´¨. ‚ ¸¥·¥¤¨´¥ XIX ¢. ¡Ò² ¶μ¤´ÖÉ ¢μ¶·μ¸: ¶μ-
Î¥³Ê Ê· ¢´¥´¨Ö �ÓÕÉμ´  ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨,  
μ¶ÒÉ ¶μ± §Ò¢ ¥É, ÎÉμ ¶¥·¥³¥Ð¥´¨Ö ¢¸¶ÖÉÓ ¢μ ¢·¥³¥´¨ ´¥¢μ§³μ¦´Ò? ‚ ¸¢Ö§¨
¸ ÔÉ¨³ �.�¤¤¨´£Éμ´ ¢¢¥² É¥·³¨´ ®¸É·¥²  ¢·¥³¥´¨¯. ‚ · ³± Ì ƒŒ μÉ¢¥É ´ 
ÔÉμÉ ¢μ¶·μ¸ ¶μÎÉ¨ μÎ¥¢¨¤¥´. ‚ ´¥° ¶μ³¨³μ ²¨´¥°´μ¸É¨ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö ¨ μÉ¸ÊÉ¸É¢¨Ö ¢Éμ·ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶μ ¢·¥³¥´¨ É·¥¡Ê¥É¸Ö, ÎÉμ¡Ò Ë §μ¢μ¥
¶·μ¸É· ´¸É¢μ ¡Ò²μ μ·¨¥´É¨·Ê¥³Ò³ [6, 7]. ’μÎ´¥¥, ´Ê¦´μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò
2-Ëμ·³  ¸μÌ· ´Ö²  ¸¢μ° §´ ± ´  ”�, ÎÉμ £ · ´É¨·Ê¥É¸Ö É·¥¡μ¢ ´¨¥³ ¥¥ ´¥-
¢Ò·μ¦¤¥´´μ¸É¨. ’μ£¤  2-Ëμ·³  § ¤ ¥É ´ ¶· ¢²¥´¨¥ Ô¢μ²ÕÍ¨¨ ¤¨´ ³¨Î¥¸±μ°
¸¨¸É¥³Ò ¢μ ¢·¥³¥´¨. “· ¢´¥´¨Ö (7) ¨´¢ ·¨ ´É´Ò Éμ²Ó±μ μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨° t → −t, ωij → −ωij . „ ´´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¥Ð¥ ¡μ²¥¥ ¢Ò¶Ê±²μ
¶·μÖ¢²Ö¥É¸Ö ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. �¶¥· Í¨Ö t → −t É·¥¡Ê¥É § ³¥´Ò ψ → ψ∗

(i → −i), ´μ ÔÉμ ´¥ ¥¸ÉÓ ²¨´¥°´ Ö μ¶¥· Í¨Ö, ¨¡μ ψ∗ ´¥ ¶·¨´ ¤²¥¦¨É £¨²Ó¡¥·-
Éμ¢Ê ¶·μ¸É· ´¸É¢Ê ËÊ´±Í¨° ψ. 	μ²¥¥ Éμ£μ, ¶μ¸±μ²Ó±Ê  ³¶²¨ÉÊ¤Ò ¢¥·μÖÉ´μ¸É¨
¶μÖ¢²ÖÕÉ¸Ö ¢ ƒŒ Éμ²Ó±μ ¶·¨ μ¶¨¸ ´¨¨ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò
(¶. 2.3), ¶·μ¡²¥³  ´¥μ¡· É¨³μ¸É¨ ¢·¥³¥´¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¢μμ¡Ð¥ ´¥

∗�É³¥É¨³, ¢¶·μÎ¥³, ÎÉμ ² ¡μ· Éμ·´Ò° Ô±¸¶¥·¨³¥´É [38] ¶μ¤É¢¥·¦¤ ¥É ¸¶· ¢¥¤²¨¢μ¸ÉÓ ¢Éμ-
·μ£μ § ±μ´  �ÓÕÉμ´  ¢¶²μÉÓ ¤μ a ∼ 5 · 10−12 ¸³/¸2.
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¢μ§´¨± ¥É. ˆ´¢ ·¨ ´É´μ¸ÉÓ ¦¥ ² £· ´¦¥¢ÒÌ Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò
t → −t ¸¢Ö§ ´  ¸ É¥³, ÎÉμ ¶·¨ ¶¥·¥Ìμ¤¥ μÉ £ ³¨²ÓÉμ´μ¢ÒÌ Ê· ¢´¥´¨° ± ² -
£· ´¦¥¢Ò³ É¥·Ö¥É¸Ö Î ¸ÉÓ ¨´Ëμ·³ Í¨¨ (± ± ÔÉμ ¶·μ¨¸Ìμ¤¨É, ´ ¶·¨³¥·, ¶·¨
¨´É¥£·¨·μ¢ ´¨¨ ¶μ ¨³¶Ê²Ó¸Ê ¢ (17)). �É³¥É¨³ ¥Ð¥, ÎÉμ ³ É·¨Í  ωij ¢¸¥ ¦¥
³μ¦¥É μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó, ´μ Éμ²Ó±μ ´  £· ´¨Í¥ ³´μ£μμ¡· §¨Ö Å ´ ¶·¨³¥·,
´  ¸Ë¥·¥ ω2 = R2 sin θdθ ∧ dϕ, sin θ = 0 ¢ ÉμÎ± Ì θ = 0, π.

�¥¸³μÉ·Ö ´  ¸¢μ° ¢¸¥μ¡Ñ¥³²ÕÐ¨° Ì · ±É¥·, ¸É ´¤ ·É´ Ö ƒŒ ´¥ ³μ¦¥É
¸Î¨É ÉÓ¸Ö  ¤¥±¢ É´μ° É¥μ·¨¥° ¨ ´  ³ ²ÒÌ, ¨ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. „¥²μ ¢
Éμ³, ÎÉμ ¶μ¤¶·μ¸É· ´¸É¢  Mn

q ¨ Mn
p Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  M2n ¸μ¢¥·Ï¥´´μ

· ¢´μ¶· ¢´Ò, Éμ£¤  ± ± ¢ ¶·¨·μ¤¥ ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ μÎ¥¢¨¤-
´Ò³ μ¡· §μ³ ¢Ò¤¥²¥´μ. � §ÑÖ¸´Ö¥É ¸¨ÉÊ Í¨Õ ³μ¤¥²Ó 3-³¥·´μ£μ ¶·μ¸É· ´¸É¢ 
± ± ¸¥É¨, ¶μ¸É·μ¥´´μ° ¨§ ¸Ê¶¥·¸É·Ê´ [5], ±μÉμ·Ò¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ³μ¤¥²¨·Ê-
ÕÉ¸Ö Ê¶μ·Ö¤μÎ¥´´Ò³¨ ´ ¡μ· ³¨ μ¸Í¨²²ÖÉμ·μ¢ [5],   ¤²Ö ´¨Ì ¶μ¤¶·μ¸É· ´¸É¢ 
Mq ¨ Mp · ¢´μ¶· ¢´Ò, É. ¥. ´ Ï¥ 3-³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ¨ ³¥Ì ´¨±  ´  ´¥³
¥¸ÉÓ ¥Ð¥ ¨ ¶·μÖ¢²¥´¨¥ μ¸μ¡¥´´μ¸É¥° ¸²μ¦´μ° ¸É·Ê±ÉÊ·Ò, μ¡· §ÊÕÐ¥° Ë¨-
§¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ. �μ¤Î¥·±´¥³, ·¥ÎÓ §¤¥¸Ó (¨ ¢ ¶. 2.3) ¨¤¥É μ Ë¨§¨±¥
´  ¶² ´±μ¢¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ. �μ¶ÒÉ±¨ ¸¢Ö§ ÉÓ ŠŒ ¸μ ¸É É¨¸É¨Î¥¸±μ° Ë¨-
§¨±μ° ¶·¥¤¶·¨´¨³ ²¨¸Ó ¨ · ´ÓÏ¥ [46], ´μ ´¥ ¸¢Ö§Ò¢ ²¨¸Ó ¸ ¶² ´±μ¢¸±¨³
³ ¸ÏÉ ¡μ³. �·¥¤¶μ²μ¦¥´¨¥ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ £²μ¡ ²Ó´μ£μ É¥·³μ¸É É  (®Ê´¨-
¢¥·¸ ²Ó´μ£μ ·¥§¥·¢Ê · ¯) ¢Ò¸± § ´  ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [47], ¶·¨Î¥³ ¢ ´¥°
¶μ¸ÉμÖ´´ Ö �² ´±  � É ±¦¥  ¸¸μÍ¨¨·Ê¥É¸Ö ¸ É¥³¶¥· ÉÊ·μ° É¥·³μ¸É É  (¸·.
(45), (46)), ¶· ¢¤ , ¢ ¢¨¤¥ ¸μμÉ¢¥É¸É¢¨Ö ®i� ↔ kBT¯.

��ˆ‹�†…�ˆ…

�.1. ’μ¦¤¥¸É¢μ Ÿ±μ¡¨ ¨ Ê¸²μ¢¨¥ § ³±´ÊÉμ¸É¨ 2-Ëμ·³Ò. ‡ ¤ ¢ Ö ¸±μ¡±Ê
�Ê ¸¸μ´  ËÊ´±Í¨° A(x), B(x)

{A, B} = ωijA,iB,j , ωij = −ωji, (107)

É·¥¡ÊÕÉ ¢Ò¶μ²´¥´¨Ö Éμ¦¤¥¸É¢  Ÿ±μ¡¨

{A, {B, C}} + {B, {C, A}} + {C, {A, B}} = 0, (108)

ÎÉμ Ô±¢¨¢ ²¥´É´μ É·¥¡μ¢ ´¨Õ § ³±´ÊÉμ¸É¨ 2-Ëμ·³Ò dω2 = 0, ω2 = ωijdxi ∧
dxj ; ³ É·¨Í  ω̂ ¶·¥¤¶μ² £ ¥É¸Ö ´¥¢Ò·μ¦¤¥´´μ°, É. ¥.

ωijωjk = δi
k, ωij

,mωjk + ωijωjk,m = 0. (109)

‚ ¸²ÊÎ ¥, ±μ£¤  ³ É·¨Í  ω̂ ´¥ § ¢¨¸¨É μÉ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¶·μ-
¢¥·±  Éμ¦¤¥¸É¢  Ô²¥³¥´É ·´ , μ¤´ ±μ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ÔÉμ É·¥¡Ê¥É ´¥±μÉμ·ÒÌ
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¢ÒÎ¨¸²¥´¨°. ‚μ¸¶·μ¨§¢¥¤¥³ μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢Ò±² ¤μ±.
� ¢¥´¸É¢μ (108) ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

ωlmωjk
,m[A,lB,jC,k + A,kB,lC,j + A,jB,kC,l] + ωlmωjk[A,l(B,jC,k),m+

+ B,l(C,jA,k),m + C,l(A,jB,k),m] = 0. (110)

‚Éμ·μ° Î²¥´ ¢ ¸Ê³³¥ (110) ¥¸ÉÓ

ωlmωjk[. . .] = (ωlmωjk + ωjmωkl + ωkmωlj)(A,lB,jC,k),m :=

= εlmjk(A,lB,jC,k),m = 0, (111)

£¤¥ εlmjk Å ¶μ²´μ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò° É¥´§μ·, ¨§ Î¥£μ ¨ ¢ÒÉ¥± ¥É · ¢¥´-
¸É¢μ (111). ’¥¶¥·Ó (110) ¶·¥¢· Ð ¥É¸Ö ¢ · ¢¥´¸É¢μ

(ωlmωjk
,m + ωjmωkl

,m + ωkmωlj
,m)A,lB,jC,k = 0,

μÉ±Ê¤  ¶μ²ÊÎ ¥³ ¨¸±μ³μ¥ Ê¸²μ¢¨¥ ´  ³ É·¨ÍÊ ω̂:

ωlmωjk
,m + ωjmωkl

,m + ωkmωlj
,m = 0. (112)

ˆ§ (112) ¢ÒÉ¥± ¥É Ê¸²μ¢¨¥ § ³±´ÊÉμ¸É¨ 2-Ëμ·³Ò

ωij,k + ωjk,i + ωki,j = 0. (113)

„²Ö ¥£μ ¶μ²ÊÎ¥´¨Ö · ¢¥´¸É¢μ (112) ´Ê¦´μ Ê³´μ¦¨ÉÓ ´  ¶·μ¨§¢¥¤¥´¨¥ ωi1lωj1j

ωk1k ¨ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö μ¶·¥¤¥²¥´¨¥³ (109).
�.2. ƒ ³¨²ÓÉμ´¨ ´ ¨ 2-Ëμ·³  Å ¨Ì ·μ²¨ ¢ ¤¨´ ³¨±¥ ¸¨¸É¥³Ò. „²Ö ¢Ò-

Ö¸´¥´¨Ö ·μ²¥° ³ É·¨ÍÒ ω̂ ¨ ËÊ´±Í¨¨ ƒ ³¨²ÓÉμ´  H · ¸¸³μÉ·¨³ ¶·μ¸É¥°ÏÊÕ
³μ¤¥²Ó, ¢ ±μÉμ·μ°

H =
1
2

2n∑
i,j=1

hijx
ixj , hij = hji. (114)

�·¥μ¡· §μ¢ ´¨¥³ £ ³¨²ÓÉμ´μ¢ÒÌ ±μμ·¤¨´ É xi ³ É·¨ÍÊ hij ³μ¦´μ ¸¢¥¸É¨ ±
¤¨ £μ´ ²Ó´μ° ¨ ¤ ¦¥ ¸¤¥² ÉÓ ¶·μ¶μ·Í¨μ´ ²Ó´μ° ¥¤¨´¨Î´μ° ³ É·¨Í¥. � ¸¸³μ-
É·¨³ ¶·μ¸É¥°Ï¨° ¸²ÊÎ ° n = 1. ’μ£¤  Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö § ¶¨ÏÊÉ¸Ö ¢
¢¨¤¥

q̇ = αh2p, ṗ = −αh1q, hij = hiδij , ωij =
(

0 α
−α 0

)
. (115)

�É¸Õ¤  Ö¸´μ, ÎÉμ ³ É·¨Í  ω̂ μ¶·¥¤¥²Ö¥É  ¡¸μ²ÕÉ´μ¥ §´ Î¥´¨¥ ¢¥±Éμ·  ¸±μ·μ-
¸É¨ ẋ = (q̇, ṗ), Éμ£¤  ± ± H ¢²¨Ö¥É ´¥ Éμ²Ó±μ ´  ¥£μ  ¡¸μ²ÕÉ´ÊÕ ¢¥²¨Î¨´Ê,
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´μ ¨ ´  ´ ¶· ¢²¥´¨¥ ¢ ”�. � ¶·¨³¥·, ¥¸²¨ h1 = 0, Éμ Î ¸É¨Í  ¤¢¨¦¥É¸Ö
¶μ μ¸¨ q, ¶·¨Î¥³ Éμ²Ó±μ μÉ §´ ±  α § ¢¨¸¨É ´ ¶· ¢²¥´¨¥ ¤¢¨¦¥´¨Ö. ‚ ¸É ´-
¤ ·É´μ³ ¸²ÊÎ ¥ α = 1 ¨, É ± ± ± h2 > 0 (§´ ± h2 Ë¨±¸¨·μ¢ ´ §´ ±μ³ H),
§´ ±¨ q̇ ¨ ṗ μ¤¨´ ±μ¢Ò. 	μ²¥¥ Éμ£μ, ³μ¦´μ ¶¥·¥μ¶·¥¤¥²¨ÉÓ hi → h′

i = αhi,
ωij → α−1ωij ; Éμ£¤  ¤²Ö § ¤ ´¨Ö ¢¸¥° ¨´Ëμ·³ Í¨¨ μ ¤¢¨¦¥´¨¨ ¤μ¸É ÉμÎ´μ
§ ¤ ÉÓ H . “É¢¥·¦¤¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¶μ¸ÉμÖ´´μ° ³ -
É·¨ÍÒ ω̂, ∂ω̂/∂xi = 0. �·¥μ¡· §μ¢ ´¨¥³ „ ·¡Ê ω̂ ¶·¨¢μ¤¨É¸Ö ± ¸É ´¤ ·É´μ³Ê
¢¨¤Ê, ¨ ¢¸Ö ¸μ¤¥·¦ Ð Ö¸Ö ¢ ´¥° ¨´Ëμ·³ Í¨Ö μ ¤¨´ ³¨±¥ ¶¥·¥´μ¸¨É¸Ö ¢ H(x).
�¡· É´μ¥ ´¥¢μ§³μ¦´μ, ¨¡μ Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ ±μ³¶μ´¥´É N ³ É·¨Í ω̂ ¨ ĥ
· §´μ¥ (Nh > Nω). Š·μ³¥ Éμ£μ, £ ³¨²ÓÉμ´¨ ´ (114) ¤μ¶Ê¸± ¥É μ¡μ¡Ð¥´¨Ö,
´ ¶·¨³¥·, ¤μ¡ ¢²¥´¨Ö ¡μ²¥¥ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ,
É. ¥. ¶μ¤±²ÕÎ¥´¨Ö ¸¨³³¥É·¨Î´ÒÌ É¥´§μ·μ¢ ¡μ²¥¥ ¢Ò¸μ±¨Ì · ´£μ¢. ‘É ´¤ ·É-
´ Ö ³ É·¨Í  ω̂ Ê¸É ´ ¢²¨¢ ¥É ¢§ ¨³μ¸¢Ö§Ó q- ¨ p-¶μ¤¶·μ¸É· ´¸É¢.

�.3. �μ²Ó ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨°. �μ²¥§´μ ¶·¥¤¸É ¢²ÖÉÓ ¸¥¡¥,
± ± ¸± §Ò¢ ÕÉ¸Ö ´  Ê· ¢´¥´¨ÖÌ ¤¢¨¦¥´¨Ö ± ´μ´¨Î¥¸±¨¥ ¨ ´¥± ´μ´¨Î¥¸±¨¥
¶·¥μ¡· §μ¢ ´¨Ö. Ÿ¸´μ, ÎÉμ ¤ ¦¥ ¶·¨ ´¥± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ, ¢μ-
¶¥·¢ÒÌ, ¢ ¸¨²Ê ±μ¢ ·¨ ´É´μ¸É¨ Ëμ·³ ²¨§³  μ¡Ð¨° ¢¨¤ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö
´¥ ³¥´Ö¥É¸Ö; ¢μ-¢Éμ·ÒÌ, ¥¸²¨ ¶·¥μ¡· §μ¢ ´¨¥ ´¥μ¸μ¡¥´´μ¥, Éμ ¸μ¤¥·¦ ´¨¥
Ê· ¢´¥´¨° ´¥ ³¥´Ö¥É¸Ö. �·¨ ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ ´¥ ³¥´Ö¥É¸Ö
³ É·¨Í  ω̂, ´μ ±μ´±·¥É´Ò° ¢¨¤ Ê· ¢´¥´¨° ³μ¦¥É ¨§³¥´¨ÉÓ¸Ö. � ¶·¨³¥·,
¢μ§Ó³¥³ ± ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ q′ = λq, p′ = p/λ ¤²Ö £ ·³μ´¨Î¥¸±μ£μ
μ¸Í¨²²ÖÉμ·  (H = (p2 + q2)/2). ’μ£¤  ¨¸Ìμ¤´Ò¥ Ê· ¢´¥´¨Ö q̇ = p, ṗ = −q
¶·¥¢· Ð ÕÉ¸Ö ¢

q̇′/λ = λp, λṗ′ = −q′/λ, (116)

É. ¥. ± ´μ´¨Î¥¸±¨¥ ¶·¥μ¡· §μ¢ ´¨Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ³¥´ÖÕÉ ¢¨¤ ±μ´±·¥É´ÒÌ
Ê· ¢´¥´¨°. � ¶·μÉ¨¢, ¶¥·¥°¤¥³ μÉ ω̂ ± λω̂, ´¥ ³¥´ÖÖ £ ³¨²ÓÉμ´¨ ´ . ’μ£¤ 
Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö μ¸Í¨²²ÖÉμ·  ¨§³¥´ÖÉ¸Ö: q̇λ = pλ/λ, ṗλ = −qλ/λ.
�μ ÉμÎ´μ É ±¨¥ ¦¥ Ê· ¢´¥´¨Ö ¶μ²ÊÎ ÕÉ¸Ö ¶·¨ ¨§³¥´¥´¨¨ H → Hλ = (p2 +
q2)/2λ ¨ ´¥¨§³¥´´μ° ³ É·¨Í¥ ω̂. ‚ μ¡Ð¥³ ¢¨¤¥ ¤ ´´Ò° Ë ±É ¸²¥¤Ê¥É ¨§
Ê· ¢´¥´¨Ö (56).

ˆÉ ±, ³ ¸ÏÉ ¡´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ω̂ ¨ H

ω̂ → λω̂, H → H/λ (117)

Ô±¢¨¢ ²¥´É´Ò, É. ¥. ¨´Ëμ·³ Í¨Ö μ¡  ¡¸μ²ÕÉ´ÒÌ §´ Î¥´¨ÖÌ ¸±μ·μ¸É¥° ẋ ³μ¦¥É
¶μ³¥Ð ÉÓ¸Ö ¨ ¢ ω̂, ¨ ¢ H .

�É³¥É¨³, ÎÉμ ¢ ²¨É¥· ÉÊ·¥ ³μ¦´μ ¢¸É·¥É¨ÉÓ ¸ ³Ò¥ · §´Ò¥ μ¶·¥¤¥²¥´¨Ö
± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨°. ‚ [20, II, ¸. 187] ¨Ì ¶¥·¥Î¨¸²¥´μ ¡μ²¥¥ ¶μ²Ê¤Õ-
¦¨´Ò. ‚ [48] ± ´μ´¨Î¥¸±¨³ ¸Î¨É ¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥, ¸μÌ· ´ÖÕÐ¥¥ 1-Ëμ·³Ê∑

pidqi.

�.4. Œ¥Ì ´¨±  ´  ³´μ£μμ¡· §¨ÖÌ ¸ ´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¥°. ‚Ò-
Ö¸´¨³, ± ± Éμ¶μ²μ£¨Ö ¢²¨Ö¥É ´  ³¥Ì ´¨±Ê. � ¸¸³μÉ·¨³ ¶·μ¸É¥°Ï¨° ¸²ÊÎ °
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´¥É·¨¢¨ ²Ó´μ° Éμ¶μ²μ£¨¨, ±μ£¤  ”� ¥¸ÉÓ ¸Ë¥·  S2 ¸ · ¤¨Ê¸μ³ R. …¸É¥¸É¢¥´-
´Ò¥ ±μμ·¤¨´ ÉÒ ´  ¸Ë¥·¥ Å Ê£²Ò θ, ϕ; Éμ£¤  ¸¨³¶²¥±É¨Î¥¸± Ö Ëμ·³  § ¤ ¥É¸Ö
Ô²¥³¥´Éμ³ ¶²μÐ ¤¨ dS = R2 sin θdϕ∧dθ, É. ¥. ¸±μ¡±  �Ê ¸¸μ´  μ¶·¥¤¥²Ö¥É¸Ö
· ¢¥´¸É¢μ³

{f, g} =
1

R2 sin θ

(
∂f

∂ϕ

∂g

∂θ
− ∂f

∂θ

∂g

∂ϕ

)
. (118)

ƒ ³¨²ÓÉμ´¨ ´ ¡¥·¥³ ¢ ¢¨¤¥

H =
ω̄

2
cos θ, ω̄ = const, (119)

μÉ±Ê¤ , ¸ ÊÎ¥Éμ³ (118), ´ Ìμ¤¨³

ϕ̇ = {ϕ, H} = − ω̄

2R2
, θ̇ = 0. (120)

“· ¢´¥´¨Ö (120) μ¶¨¸Ò¢ ÕÉ ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥´¨¥ ¶μ ¶ · ²²¥²Ö³.
�μÊÎ¨É¥²Ó´μ · ¸¸³μÉ·¥ÉÓ ÔÉÊ ¦¥ ³¥Ì ´¨±Ê ¢ Ëμ·³ ²¨§³¥, ¶μ²ÊÎ¥´´μ³

¸É¥·¥μ²μ£ ·¨Ë³¨Î¥¸±μ° ¶·μ¥±Í¨¥° ¸Ë¥·Ò ´  ±μ³¶²¥±¸´ÊÕ ¶²μ¸±μ¸ÉÓ (¶. 2.3).
ˆ§ (119) ¨³¥¥³

H =
ω̄

2

(
1 − 1

βR2
e−βz̄z

)
, ω2 = −i e−βz̄zdz̄ ∧ dz, (121)

¨

{f, g} = i eβz̄z

(
∂f

∂z̄

∂g

∂z
− ∂f

∂z

∂g

∂z̄

)
. (122)

“· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö

ż = i eβz̄z

(
ω̄

2R2β
(−βz)e−βz̄z

)
= −i

ω̄

2R2
z (123)

¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ (50), ¶μ²ÊÎ¥´´Ò³ ¢ ³¥Ì ´¨±¥ ¸ £ ³¨²ÓÉμ´¨ ´μ³ H =
ω̄z̄z ¨ 2-Ëμ·³μ° ω2 = −idz̄ ∧ dz (¸±μ¡±  �Ê ¸¸μ´  (49)), ¥¸²¨ ¶μ²μ¦¨ÉÓ
2R2 = � = 1 (´ ¶μ³´¨³, ÎÉμ h = 4πR2). ˆ§ Ê· ¢´¥´¨Ö (50) ¢ÒÉ¥± ÕÉ
Ê· ¢´¥´¨Ö (120), ¨¡μ z = r eiϕ ¨ ṙ = 0.

’ ±¨³ μ¡· §μ³, μ¡Ð¨° Ëμ·³ ²¨§³ ¢ ¸²ÊÎ ¥ ±μ³¶ ±É´μ£μ ”� ´¥ ³¥´Ö¥É¸Ö,
ÌμÉÖ ¢´¥Ï´¥ ±μ´±·¥É´Ò¥ Ê· ¢´¥´¨Ö ³μ£ÊÉ ¢Ò£²Ö¤¥ÉÓ ¤μ¸É ÉμÎ´μ Ô±§μÉ¨Î¥¸±¨.

�.5. �¸μ¡¥´´μ¸É¨ ³¥Ì ´¨±¨ �¸É·μ£· ¤¸±μ£μ. •μÉÖ μ¶¨¸ ´¨¥ ¶¥·¥Ìμ¤ 
μÉ ² £· ´¦¥¢μ° É¥μ·¨¨ ¸ ¢Ò¸Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ± ¸μμÉ¢¥É¸É¢ÊÕÐ¥° £ ³¨²Ó-
Éμ´μ¢μ° ¶¥·¥±μÎ¥¢ ²μ Ê¦¥ ´  ¸É· ´¨ÍÒ ÊÎ¥¡´ÒÌ ¶μ¸μ¡¨° [49, ¸. 692], ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨° Ëμ·³ ²¨§³ ¨¸¸²¥¤μ¢ ´ Ö¢´μ ´¥¤μ¸É ÉμÎ´μ. ‘ ³μ ÊÉ¢¥·¦¤¥´¨¥,
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ÎÉμ ËÊ´±Í¨Ö H , § ¤ ¢ ¥³ Ö Ëμ·³Ê²μ° (85), § ¢¨¸¨É Éμ²Ó±μ μÉ ± ´μ´¨Î¥¸±¨Ì
¶¥·¥³¥´´ÒÌ, μ¶·¥¤¥²Ö¥³ÒÌ · ¢¥´¸É¢ ³¨

qj = q(j−1), q(k) = q̇k, pj =
k−j∑
i=0

(−1)i di

dti
∂L

∂q(i+j)
, j = 1, 2, . . . , k, (124)

Ö¢²Ö¥É¸Ö ¡¥¸¸¶μ·´Ò³ (¸³. (86)). �μ ¶¥·¥Ìμ¤ ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ qj ¢Ò-
§Ò¢ ¥É ¢μ¶·μ¸Ò. ‚μ-¶¥·¢ÒÌ, ´¥·¥¤±μ μ± §Ò¢ ¥É¸Ö, ÎÉμ ´μ¢Ò° ² £· ´¦¨ ´
L(q1, q̇1, q̇2, . . . , q̇k) μ¶¨¸Ò¢ ¥É ´¥¸±μ²Ó±μ ´¥§ ¢¨¸¨³ÒÌ ¸¨¸É¥³. �Î¥¢¨¤´μ,
¶·¥¤²μ¦¥´´Ò° �¸É·μ£· ¤¸±¨³ ·¥Í¥¶É ¤μ²¦¥´ ¡ÒÉÓ ¤μ¶μ²´¥´ Ö¢´Ò³ ÊÎ¥Éμ³
¸¢Ö§¥° (124) (· ¢¥´¸É¢  qi+1 = q̇i, i = 1, 2, . . . , k − 1, ¥¸ÉÓ ² £· ´¦¥¢Ò ¸¢Ö§¨).
Œμ¤¨Ë¨Í¨·μ¢ ´´Ò° ² £· ´¦¥¢ Ëμ·³ ²¨§³ ³μ¦¥É ¸Î¨É ÉÓ¸Ö Ô±¢¨¢ ²¥´É´Ò³
¨¸Ìμ¤´μ³Ê Éμ²Ó±μ ¸ ÊÎ¥Éμ³ ¤ ´´μ£μ μ¡¸ÉμÖÉ¥²Ó¸É¢ . ‚μ-¢Éμ·ÒÌ, ·¥Í¥¶É ¸μ¤¥·-
¦¨É Ô²¥³¥´É ¶·μ¨§¢μ² . „¥°¸É¢¨É¥²Ó´μ, ´ ¶·¨³¥·, ¸ · ¢´Ò³ ¶· ¢μ³ q̇ ³μ¦´μ
μ¡ÑÖ¢¨ÉÓ ´μ¢μ° ¶¥·¥³¥´´μ° q2,   ³μ¦´μ ¨ q̇1. �μ ³μ¦´μ ¸μ¢¥·Ï¨ÉÓ ¨ § ³¥´Ê
q̇ = αq̇1 + βq2,   ¶·¨ ´ ²¨Î¨¨ ¸É ·Ï¨Ì ¶·μ¨§¢μ¤´ÒÌ (k > 2) § ³¥´Ò

q(i) = αiq̇i+βiqi+1, αi+βi = 1, i = 1, 2, . . . , k−1, q(k) = q̇k, q(0) = q1.

�É³¥Î¥´´Ò¥ μ¸μ¡¥´´μ¸É¨ ¢´μ¸ÖÉ ¢ ³¥Ì ´¨±Ê �¸É·μ£· ¤¸±μ£μ ¶·μ¨§¢μ², Ì · ±-
É¥·´Ò° ¤²Ö ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨°. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ Å ÔÉμ k−1 ² £· ´¦¥¢ÒÌ
³´μ¦¨É¥²¥°, ´¥μ¡Ìμ¤¨³ÒÌ ¤²Ö ÊÎ¥É  k − 1 ¢¢μ¤¨³ÒÌ ¸¢Ö§¥°. ‚μ ¢Éμ·μ³ ¸²Ê-
Î ¥ Å ÔÉμ k − 1 ¶·μ¨§¢μ²Ó´ÒÌ ¶ · ³¥É·μ¢ (´ ¶·¨³¥·, αi).

Šμ··¥±É´μ¥ μ¶¨¸ ´¨¥ ² £· ´¦¥¢μ° ¤¨´ ³¨±¨ ¸μ ¸¢Ö§Ö³¨ q̇j = qj+1, j =
1, 2, . . . , k − 1 É·¥¡Ê¥É ¶¥·¥Ìμ¤  ± ¡μ²¥¥ μ¡Ð¥³Ê ² £· ´¦¨ ´Ê

L → L +
k−1∑
j=1

λj(t)(q̇j − qj+1). (125)

� §Ê³¥¥É¸Ö, ¨Éμ£μ¢μ¥ Ê· ¢´¥´¨¥ ¤²Ö q(t) ¡Ê¤¥É ¸μ¢¶ ¤ ÉÓ ¸ Ê· ¢´¥´¨¥³ �°²¥· Ä
‹ £· ´¦  ¤²Ö L. �μ ¢ É¥μ·¨¨ ¶μÖ¢²Ö¥É¸Ö k − 1 ´¥§ ¢¨¸¨³ÒÌ ¸É¥¶¥´¥° ¸¢μ-
¡μ¤Ò λj(t), ¶·μ¨§¢μ²Ó´ÒÌ ËÊ´±Í¨° ¢·¥³¥´¨, É. ¥. É¥μ·¨Ö ¸É ´μ¢¨É¸Ö ± ²¨¡·μ-
¢μÎ´μ°.

‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ² £· ´¦¨ ´ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

L = L(q1, α1q̇1 + β1q2, α2q̇2 + β2q3, . . . , αk−1q̇k−1 + βk−1qk, q̇k),

αi + βi = 1, i = 1, 2, . . . , k − 1. (126)

ˆ §¤¥¸Ó ¶μ¸²¥ ¨¸±²ÕÎ¥´¨Ö ¶¥·¥³¥´´ÒÌ αi, βi Ê· ¢´¥´¨¥ ¤²Ö q1 = q(t) ¡Ê¤¥É
¨¤¥´É¨Î´μ ¨¸Ìμ¤´μ³Ê. �¸μ¡¥´´μ¸ÉÓ ¶μ²ÊÎ ÕÐ¥°¸Ö ¤¨´ ³¨±¨ ¢ Éμ³, ÎÉμ ¶ -
· ³¥É·Ò αi, βi ³μ£ÊÉ § ¢¨¸¥ÉÓ μÉ ¢·¥³¥´¨. ’¥³ ¸ ³Ò³ ¢´μ¢Ó ¶μ²ÊÎ ¥É¸Ö ± ²¨-
¡·μ¢μÎ´ Ö É¥μ·¨Ö ¸ k− 1 ´¥Ë¨§¨Î¥¸±¨³¨ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò (¸± ¦¥³, αi(t)).
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� ±μ´¥Í, ³μ¦¥É ¢μ§´¨±´ÊÉÓ ¢μ¶·μ¸: ± ± Ê£ ¤ ÉÓ ¢Ò· ¦¥´¨Ö ¤²Ö ¨³¶Ê²Ó-
¸μ¢ (84)? �É¢¥É É ±μ¢. ‚ ² £· ´¦¥¢μ³ Ëμ·³ ²¨§³¥ ´Ê¦´μ ´ °É¨ ¶¥·¢Ò°
¨´É¥£· ² ¤¢¨¦¥´¨Ö (Ô´¥·£¨Õ), ¶·¥¤¶μ² £ Ö, ÎÉμ ∂L/∂t = 0. ˆ³¥¥³

dL

dt
=

k∑
i=0

∂L

∂q(i)
q̇(i). (127)

‘ ¶μ³μÐÓÕ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (87) ¨¸±²ÕÎ ¥É¸Ö Î²¥´ ∂L/∂q1, ¶μ μ¶·¥¤¥-
²¥´¨Õ ¶μ² £ ¥É¸Ö pk = ∂L/∂q(k), q(k) = q̇k ¨ ∂L/∂q(j) = pj + ṗj+1. ’μ£¤  ¸
ÊÎ¥Éμ³ · ¢¥´¸É¢ qi = q(i−1) ¶· ¢ Ö Î ¸ÉÓ (127) ¶·¨¢μ¤¨É¸Ö ± ¢¨¤Ê

d

dt

k∑
j=1

pj q̇j , (128)

£¤¥ ¨³¶Ê²Ó¸μ³ p1 μ¡ÑÖ¢²Ö¥É¸Ö ±μÔËË¨Í¨¥´É ¶·¨ q̇1. �É¸Õ¤  ¨ ¶μ²ÊÎ ¥É¸Ö
¸μÌ· ´ÖÕÐ Ö¸Ö ¢¥²¨Î¨´  (Ô´¥·£¨Ö)

d

dt

(
k∑

j=1

pj q̇j − L

)
≡ d

dt
H = 0, (129)

±μÉμ· Ö, ± ± Ê¦¥ ´¥¸²μ¦´μ ¶μ± § ÉÓ (¶. 3.8), § ¢¨¸¨É Éμ²Ó±μ μÉ qj , pj , j =
1, 2, . . . , k.

‚ · ¡μÉ¥ ‚. ‚.�¥¸É¥·¥´±μ [50] · ¸¸³ É·¨¢ ¥É¸Ö ¢μ¶·μ¸ μ¡ Ê¸Éμ°Î¨¢μ¸É¨
É¥μ·¨° ¸ ¢Ò¸Ï¨³¨ ¶·μ¨§¢μ¤´Ò³¨. „²Ö μ¸Í¨²²ÖÉμ·  � °¸ Ä
²¥´¡¥±  (¸³.,
´ ¶·¨³¥·, ² £· ´¦¨ ´ (92) ¸ ¨§³¥´¥´´Ò³ §´ ±μ³ ¶·¨ q̈2) ¶μ± § ´μ, ÎÉμ ¢
ÔÉμ³ ¸²ÊÎ ¥ Ô´¥·£¨Ö ¸¨¸É¥³Ò ´¥ μ£· ´¨Î¥´  ¸´¨§Ê.

�É³¥É¨³ ¢ § ±²ÕÎ¥´¨¥, ÎÉμ ¨³¥¥É ¸³Ò¸² ¨ μ¡· É´ Ö § ¤ Î : ¶·¥¢· É¨ÉÓ
£ ³¨²ÓÉμ´μ¢Ê É¥μ·¨Õ ¸ Ë §μ¢Ò³ ¶·μ¸É· ´¸É¢μ³ M2n ¢ É¥μ·¨Õ ¸ ² £· ´¦¨ -
´μ³ L(q, q̇, q̈, . . . , q(n−1), q(n)).

‚ § ³¥Î É¥²Ó´μ³ ³¥³Ê ·¥ Œ.‚.�¸É·μ£· ¤¸±μ£μ ¨³¥¥É¸Ö ¨ · §¤¥², ¶μ¸¢Ö-
Ð¥´´Ò° ¶·¨´Í¨¶Ê Œμ¶¥·ÉÕ¨ [31, ¸. 422], ¢ ±μÉμ·μ³ Ë ±É ¸μÌ· ´¥´¨Ö Ô´¥·-
£¨¨, ± ± ¨ ¢ ¶. 2.1, É ±¦¥ ÊÎ¨ÉÒ¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ³´μ¦¨É¥²¥° ‹ £· ´¦ .

Œ¥Ì ´¨±  �¸É·μ£· ¤¸±μ£μ μ¡¸Ê¦¤ ¥É¸Ö É ±¦¥ ¢ ±´¨£¥ [51]. �¥·¥¢μ¤ ³¥-
³Ê ·  [31] μ¶Ê¡²¨±μ¢ ´ ¢ [52, 53].

�.6. �¸Í¨²²ÖÉμ· ¸ É·¥´¨¥³ ¢ É¥μ·¨¨ �¨·±£μË . �± §Ò¢ ¥É¸Ö, ÎÉμ ¤²Ö
μ¸Í¨²²ÖÉμ·  ¸ § ÉÊÌ ´¨¥³ É¥μ·¨Ö 	¨·±£μË  ¤ ¥É Ë ±É¨Î¥¸±¨ ÉμÉ ¦¥ ¸ ³Ò°
·¥§Ê²ÓÉ É, ÎÉμ ¨ £ ³¨²ÓÉμ´μ¢  ³¥Ì ´¨±  ¸ μ¡μ¡Ð¥´´Ò³¨ ¸±μ¡± ³¨ �Ê ¸¸μ´ 
(77). —Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉμ³, · ¸¸³μÉ·¨³ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ ¤¥°¸É¢¨¥ (27),
  ¨³¥´´μ, É ±μ¢μ¥, Ê³´μ¦¥´´μ¥ ´  v(t) = e2αt. �μ¢μ¥ ¤¥°¸É¢¨¥ ¨³¥¥É ¢¨¤
(70), ¢ ±μÉμ·μ³ xμ = (q, p), Aμ(x, t) = (p,−q)v(t)/2, B(x, t) = −H(x)v(t) =
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−ω(p2 + q2)v(t)/2. ˆ³¥¥³

Ωμν =
(

0 1
−1 0

)
e2αt, ∂μB = −ω

(
q
p

)
e2αt, ∂tAμ = α

(
p
−q

)
e2αt,

(130)
¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö (71) § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥(

0 1
−1 0

) (
q̇
ṗ

)
= −ω

(
q
p

)
− α

(
p
−q

)
; (131)

¶μ²ÊÎ¥´´ Ö ¶ ·  Ê· ¢´¥´¨°

ṗ = −ωq − αp, −q̇ = −ωp + αq

¨¤¥´É¨Î´  Ê· ¢´¥´¨Ö³ (79). ˆÉ ±, É¥μ·¨Ö 	¨·±£μË  É ±¦¥ ¢¥¤¥É ± Ê· ¢´¥´¨Õ
(80), É. ¥. μ´  ¶·¥¤¸± §Ò¢ ¥É ¨ § ÉÊÌ ´¨¥ μ¸Í¨²²ÖÍ¨°, ¨ ¨§³¥´¥´¨¥ ¨Ì Î ¸ÉμÉÒ.

�¢Éμ· ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ ‚.‚.�¥¸É¥·¥´±μ, μ¡· É¨¢Ï¥³Ê ¥£μ ¢´¨-
³ ´¨¥ ´  · ¡μÉÒ [46, 48Ä52], ¨ �. ‘. “Ï ±μ¢Ê §  ¶μ²¥§´Ò¥ § ³¥Î ´¨Ö.

�·¨³¥Î ´¨¥ ¶·¨ ±μ··¥±ÉÊ·¥. ‚ · ¡μÉ¥ S. G. Rajeev ®A canonical formu-
lation of dissipative mechanics using complex-volued Hamiltonian¯ (Ann. Phys.
2007. V. 322. P. 1541) ¶μ± § ´μ, ÎÉμ ¢ · ³± Ì £ ³¨²ÓÉμ´μ¢  Ëμ·³ ²¨§³ 
μ¸Í¨²²ÖÉμ· ¸ É·¥´¨¥³ ³μ¦´μ μ¶¨¸ ÉÓ ±μ³¶²¥±¸´Ò³ £ ³¨²ÓÉμ´¨ ´μ³

H1 + iH2.

�μ²Ó ³´¨³μ° ¥¤¨´¨ÍÒ ¢ ƒŒ μ¸Í¨²²ÖÉμ·  ¨£· ¥É ¸¨³¶²¥±É¨Î¥¸± Ö ³ É·¨Í  iτ2

(τ2 Å ³ É·¨Í  � Ê²¨, ¸³. [5, ¸. 701]), ¶μÔÉμ³Ê ¶·¨ ´ ¤²¥¦ Ð¥³ ¢Ò¡μ·¥ H2

¤ ´´Ò° ¶μ¤Ìμ¤ (Ê· ¢´¥´¨¥ (7) Ê¶μ³Ö´ÊÉμ° · ¡μÉÒ) Ô±¢¨¢ ²¥´É¥´ ³¥Ì ´¨±¥ ¸μ
¸±μ¡±μ° (77).
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