DOU3HUKA DJIEMEHTAPHBIX YACTHIL] H ATOMHOI'O AJIPA
2008. T. 39. BbIII. 5

GAUGE THEORY IN DEFORMED N'=(1,1)

SUPERSPACE
L L. Buchbinder **, E. A. Ivanov ***, O. Lechtenfeld ****,
1. B. Samsonov ***** B. M. Zupnik ******

1Dept. of Chemistry and Physics, University of North Carolina, Pembroke, USA;
Permanent address: Dept. of Theoretical Physics,
Tomsk State Pedagogical University, Tomsk, Russia
2Joint Institute for Nuclear Research, Dubna
3Institut fur Theoretische Physik, Leibniz Universitat Hannover, Hannover, Germany
4Laboratory of Mathematical Physics, Tomsk Polytechnic University, Tomsk, Russia

INTRODUCTION 1468

CHIRAL DEFORMATIONS OF N=(1,1) SUPERSYMMETRY 1475
Chiral Deformations of N=(1,1) Superspace. 1475
Chiral Singlet Deformation of N=(1,1) Harmonic Super-
space. 1479

CLASSICAL NONANTICOMMUTATIVE MODELS

IN N=(1,1) HARMONIC SUPERSPACE 1481
Super-Yang—Mills Model. 1482
Hypermultiplet Model. 1484

THE COMPONENT STRUCTURE

OF N=(1,0) NONANTICOMMUTATIVE ABELIAN MODELS 1486
Gauge Superfield Model. 1486
Seiberg—Witten Transform in the Abelian Supergauge Model. 1494
Neutral Hypermultiplet Model. 1498
Charged Hypermultiplet Model. 1501

RENORMALIZABILITY OF THE N=(1,0)

NONANTICOMMUTATIVE ABELIAN MODELS 1503

*E-mail: joseph.buchbinder@uncp.edu; joseph@tspu.edu.ru

**E-mail: eivanov@theor.jinr.ru

***E-mail: lechtenf@itp.uni-hannover.de

****E-mail: samsonov@mph.phtd.tpu.edu.ru; samsonov@itp.uni-hannover.de
###**E-mail: zupnik @theor jinr.ru



2 BUCHBINDER I.L. ET AL.

Gauge Superfield Model.

Neutral Hypermultiplet Model.

Charged Hypermultiplet Model.

Seiberg—Witten Transform and Renormalizability.
HOLOMORPHIC POTENTIAL IN THE NONANTICOMMUTATIVE
ABELIAN CHARGED HYPERMULTIPLET MODEL

General Structure of the Effective Action.

One-Loop Effective Action.

Divergent Part of the Effective Action.

Holomorphic and Nonholomorphic Contributions.

Component Structure of the Effective Action.
CONCLUSIONS

Appendix 1
EUCLIDEAN N=(1, 1) SUPERSPACE

Appendix 2
EUCLIDEAN HARMONIC SUPERSPACE

REFERENCES

1503
1509
1512
1516

1520

1522
1523
1525
1526
1529

1531

1533

1534
1536



DOU3HUKA DJIEMEHTAPHBIX YACTHIL] H ATOMHOI'O AJIPA
2008. T. 39. BbIII. 5

GAUGE THEORY IN DEFORMED N'=(1,1)

SUPERSPACE
L L. Buchbinder **, E. A. Ivanov *>**, O. Lechtenfeld >***,
1. B. Samsonov ***** B. M. Zupnik ******

1Dept. of Chemistry and Physics, University of North Carolina, Pembroke, USA;
Permanent address: Dept. of Theoretical Physics,
Tomsk State Pedagogical University, Tomsk, Russia
2Joint Institute for Nuclear Research, Dubna
3Institut fur Theoretische Physik, Leibniz Universitat Hannover, Hannover, Germany
4Laboratory of Mathematical Physics, Tomsk Polytechnic University, Tomsk, Russia

We review the nonanticommutative Q-deformations of N'=(1,1) supersymmetric theories in
four-dimensional Euclidean harmonic superspace. These deformations preserve chirality and harmonic
Grassmann analyticity. The associated field theories arise as a low-energy limit of string theory in spe-
cific backgrounds and generalize the Moyal-deformed supersymmetric field theories. A characteristic
feature of the Q-deformed theories is the half-breaking of supersymmetry in the chiral sector of the
Euclidean superspace. Our main focus is on the chiral singlet (Q-deformation, which is distinguished
by preserving the SO(4) ~ Spin(4) «Lorentz» symmetry and the SU(2) R-symmetry. We present
the superfield and component structures of the deformed N'=(1,0) supersymmetric gauge theory as
well as of hypermultiplets coupled to a gauge superfield: invariant actions, deformed transformation
rules, and so on. We discuss quantum aspects of these models and prove their renormalizability in the
Abelian case. For the charged hypermultiplet in an Abelian gauge superfield background we construct
the deformed holomorphic effective action.
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OO6cyXx] 10TCS KB HTOBBIE CHEKTBI OTHX TEOPHH, M ]I HO JOK 3 TEIbCTBO MX NEPEHOPMHPYEMOCTH B
GesneBoM ciyd e. B Mozenu 3 psKeHHOrO THNEPMYIbTHIUIET H (hoHE K JIMOGPOBOYHOTO CyIEpHOIs
NOCTPOEHO 1e(hOPMUPOB HHOE ronoMopcdHoe atheKTuBHOE AeiiCTBHE.

PACS: 12.60.Jv

To the memory of Julius Wess

1. INTRODUCTION

By now, the concept of supersymmetry has been organically incorporated
into modern high-energy theoretical physics. Originally, it was introduced at the
mathematical level as a possible kind of new symmetry which extends the standard
space-time symmetries by spinorial generators and relates bosons and fermions.
Since then, the consequences of the supersymmetry hypothesis for particle physics
have proved so fruitful that today it is hardly possible to doubt its validity. At
present, the quest for supersymmetric partners of the known elementary particles
is one of the main occupations of the forthcoming LHC experiments™.

Let us mention the most impressive achievements of supersymmetry. First of
all, it yields a unified setup for describing bosons and fermions. In the Standard
Model, it suggests a natural solution of the hierarchy problem. In grand unification
models, it predicts the single-point meeting of the three basic running couplings
(see, e.g., [2]) and solves the problem of the proton lifetime. Finally, the most
popular candidate for unifying gravity with quantum physics, String Theory, is to
large extent based on the concept of supersymmetry. Supersymmetric theories in
various dimensions originate from the low-energy limit of string theory with an
appropriate choice of background manifold. New applications of supersymmetry
regularly appear in various areas. The present review is devoted to a recent such
development.

We will be concerned only with four-dimensional supersymmetric theories.
The algebra of Poincaré supersymmetry in 4D Minkowski space is characterized
by the number N of fermionic spinorial generators. A'=1 supersymmetry is
referred to as simple, featuring only two two-component spinorial generators
and Q4. The spinorial generators of extended supersymmetry (with N>1) carry
an index k of the fundamental representation of the R-symmetry group SU(N).
To date, the N'=1 supersymmetric theories have been studied most thoroughly,
both at the classical and at the quantum level, due to the existence of well estab-
lished superfield techniques (see, e.g., [3,4]). Furthermore, only N'=1 theories
are really interesting for phenomenological applications. On the other hand, theo-
ries with extended supersymmetry exhibit quite remarkable and unique properties.

*The phenomenological aspects of supersymmetry are discussed in detail, e.g., in [1].
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For instance, N'=2 supersymmetry imposes so severe constraints on the quantum
dynamics that it becomes possible to find exact expressions (and values) for some
important quantities. It is known that N'=2 supersymmetric theories are one-
loop exact due to the so-called «nonrenormalization» theorems. Moreover, the
low-energy quantum effective action in A/'=2 supersymmetric gauge theory can
be exactly evaluated nonperturbatively (the so-called Seiberg—Witten theory [5]).
However, among the supersymmetric field theories, the unique place belongs to
the A'=4 supergauge model. It possesses the maximal number of supersymme-
tries admitting spins not higher than one. The restrictions of A'=4 supersymmetry
on the quantum structure of this theory turn out to be so strong that they ensure
ultraviolet finiteness of this theory (i.e., it contains no quantum divergences at
all). Also AN'=4 supergauge theory is most intimately related to superstring theory,
e.g., via the renowned AdS/CFT correspondence (see reviews [6]).

Since there is no experimental evidence for supersymmetry at the energies
achievable by now, we must assume it to be broken, leading to the problem
of appropriate theoretical mechanisms for such breaking. One possibility is the
so-called soft breaking of supersymmetry. It is used in supersymmetric gauge
theories and adds to the action certain mass terms which preserve gauge in-
variance but break supersymmetry. If supersymmetry is spontaneously broken,
auxiliary fields develop nonvanishing vacuum values and spinorial Goldstone
fields (goldstini) appear. Standard methods of supersymmetry breaking can ruin
the remarkable quantum properties of supersymmetric theories or, at least, limit
the range of their applicability. Therefore, the search for and study of alternative
supersymmetry breaking schemes are of clear importance.

A new mechanism for breaking space-time symmetries in quantum field the-
ory arises from the hypothesis of noncommutativity of the space-time coordinates,

[™, 2"] = i9™" = const. (1.1)

Here, the constants ™" are the parameters of the deformation of the commu-
tative algebra of functions given on standard Minkowski space with coordinates
™. In the noncommutative field theory based on the relation (1.1) [8,9], Lorentz
invariance is broken but translation invariance is still alive. On general findings,
noncommutativity is implemented by inserting the so-called %-product every-
where. In the case of deformation (1.1) the x-multiplication on fields is realized
with the help of the pseudodifferential operator P (the Poisson structure operator):

P Lo gmny”
o(x) xY(x) = pe 1, where P = Eé‘mﬁ On. (1.2)
For constructing the classical action of noncommutative theories it suffices to
replace the standard multiplication of the fields in the undeformed Lagrangian
by the *-multiplication (1.2). In this approach, the free part of the action pre-
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serves Lorentz invariance, while the breaking of Lorentz invariance due to the
deformation comes out only in the interactions.

The relation (1.1) can be employed also to deform a superspace. However,
the noncommutativity of bosonic coordinates alone does not trigger any breaking
of supersymmetry. Formally, one can deform the algebra of both even and odd
coordinates in superspace (see, e.g., [7]). For Minkowski signature, however, the
deformation of the fermionic superspace coordinates is not very well elaborated
since it is very difficult to simultaneously maintain reality, x-product associativity,
and the preservation of chiral supersymmetry representations in the noncommu-
tative theory (some attempts to overcome this problem were recently undertaken
in [10] and [11]).

In the Euclidean version of N'=1 superspace, in contrast, the Grassmann-odd
coordinates #“ and 6% are not related by complex conjugation. We speak of
Euclidean N'=(n/2,n/2) supersymmetry denoting the number of left-chiral and
right-chiral (antichiral) spinorial generators in the superalgebra. In N'=(1/2,1/2)
supersymmetric theories formulated in Euclidean superspace it is therefore con-
sistent to deform the left-chiral fermionic coordinates [12],

{6°,0°} = C°% = const while {09 0°}={0,0° =0,  (1.3)

thereby replacing a Grassmann algebra with a Clifford algebra. The parameters
C*8 deform the algebra of functions on A’=(1/2,1/2) superspace. The remaining
(anti)commutativity relations in the chiral basis are not altered, in order to preserve
chirality. If such a nonanticommutative deformation is introduced exclusively in
the left-chiral sector of the superspace, the original N'=(1/2,1/2) Euclidean
supersymmetry gets broken to N'=(1/2,0). It is obvious that the opportunity of
such a half-breaking of supersymmetry exists only in Euclidean superspace.

We point out that the existence of nonanticommutative deformations preserv-
ing chirality derives from superstring theory [12—14]. Since the spectrum of IIB
supergravity contains the four-form potential, the N'=(1, 1) superstring provides
a self-dual five-form field-strength background, which in first approximation is
assumed to be constant. After a compactification to the orbifold C3/(Zy x Zs3)
one obtains a four-dimensional A'=(1, 1) superstring in the background of a con-
stant self-dual graviphoton field strength F*% (with F&% = 0, i.e., one considers
Euclidean space). It turns out that the correlation functions (9 (7)07(7')) are
proportional to the constant field F*?, whereas those involving the conjugate
variables 0% are trivial. In the effective low-energy field theory, such string
variables become fermionic coordinates of a superspace with precisely the non-
trivial anticommutation relations (1.3). String models in the background of a
constant self-dual gauge field can have interesting phenomenological properties.
For instance, it was shown in [14] that the gluon potential in N'=(1/2,1/2)
supersymmetric theories can be modified by a nonanticommutative deformation
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such as to acquire a nontrivial vacuum expectation value, which may by related
to quark confinement.

Field theories defined in Euclidean superspaces with deformed anticommu-
tation relations of the type (1.3) are referred to as AN'=1/2 (or N'=(1/2,0))
nonanticommutative theories. These theories possess a number of attractive prop-
erties. For example, it was established in [15-19] that the A’'=1/2 supersymmet-
ric Wess—Zumino model and the A'=1/2 supersymmetric gauge theory inherit
the renormalizability of their undeformed prototypes. In the Lagrangians of these
models, nonanticommutative deformations (1.3) give rise to additional terms poly-
nomial in the deformation parameters C*®. These terms can be treated as new
interaction vertices, the powers of C®” playing the role of coupling constants with
negative mass dimension. According to the standard lore of quantum field theory,
vertices should give rise to nonrenormalizable divergences. However, the extra
terms brought into the action by the nonanticommutative deformations appear
in a nonsymmetric way (they are not accompanied by similar terms with C'%%),
and the renormalization of such theories requires special analysis. For instance,
in [15,16] it was found that a single new term was generated at quantum level,
and the nonanticommutative Wess—Zumino model is multiplicatively renormaliz-
able. For the N'=1/2 super-Yang-Mills model it was shown [19] that all new
divergences owed to the nonanticommutative deformation can be eliminated by
a shift of one spinor field. As a result of these studies, all considered N'=1/2
theories were found to be renormalizable and, hence, may be of phenomeno-
logical interest (after performing a Wick rotation to the Minkowski signature).
Furthermore, the effective action of the N'=1/2 supersymmetric Wess—Zumino
model and the Yang—Mills theory was studied in [20].

Let us turn to the extended supersymmetry and its nonanticommutative de-
formation. We consider Euclidean A/'=(1,1) superspace with Grassmann coor-
dinates 0%,0%7 with 4,5 = 1,2 and a = 1,2 and & = 1,2. The left-chiral
deformation (1.3) generalizes to [21,22]

{6, 9]’8} = Cf‘jﬁ = const, (1.4)
with all other (anti)commutation relations between chiral coordinates of the
N'=(1,1) superspace remaining undeformed. The constant tensor C;’jﬁ decom-
poses into irreducible pieces,

Cf‘jﬁ = C((iaj[;) +e%Feyl. (1.5)

Putting all components but C’flﬁ to zero, we recover the deformation (1.3). Var-
ious types of such deformations were studied in [23-25]. Of particular interest
is the pure-trace deformation Cf‘jﬁ =B €s;1. This type was named nonanticom-
mutative chiral singlet deformation [21,22]. Since the chiral singlet deformation
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is fully specified by a single parameter / which carries no indices, it does not
break Euclidean SO(4) invariance or SU(2) R-symmetry. However, it breaks
N=(1,1) supersymmetry down to N'=(1,0). Apart from these special properties,
chiral singlet deformations can be given a stringy interpretation [26]. Unlike the
N=(1/2,0) case, for deriving chiral singlet deformations one must consider the
N'=4 superstring in the background of a constant axion field strength compact-
ified on the orbifold C x C?/Z,. The stringy origin of nonsinglet deformations
of N=(1,1) supersymmetry was discussed in [27].

Like for the bosonic deformation (1.1), the relations (1.3) are also im-
plemented in terms of an appropriate x-product, which now operates on su-
perfunctions of the coordinates of the undeformed N'=(1/2,1/2) superspace
5 = (xm,, 90{7 éd):

A(2)x B(z) = Aef®B with Po = —%Q‘anﬁ@; (1.6)

where @, are the left-chiral supercharges. In the chiral basis the generators
@, coincide with the partial derivatives with respect to the left Grassmann co-
ordinates, (), = O,. Nonanticommutative models with simple supersymme-
try are obtained from the corresponding undeformed models via insertion of
the x-multiplication (1.6) everywhere inside the corresponding superfield La-
grangians [12]. The criterion of preserving some symmetry of the «classical»
(undeformed) action in the nonanticommutative case is the commuting of the
symmetry generator with the Poisson operator Px in (1.6).
Expression (1.6) for the x-product can easily be generalized to the extended
supersymmetry (1.4) [21,22]:
—. —
A(z)*x B(z) = Ae™* B with Po=-QLC1 QY. (1.7)

a~ij

Here, the N'=(1,0) supersymmetry generators (°, can be chosen in the chiral
basis, Q% = 0/00% = 9!, and A(z) and B(z) are arbitrary superfunctions on
the extended superspace z = (z™,6%,0%). The most appropriate superfield for-
mulation of models with A'=(1, 1) supersymmetry is provided by the harmonic
superspace approach, which has been worked out in detail for N'=2 supersym-
metric theories in Minkowski space [34,35]. This approach allows one to write
down superfield actions for nonanticommutative models in manifestly A'=(1,0)
supersymmetric form, and it also ensures the preservation of supersymmetry at
all stages of the quantum calculations. Nonanticommutative deformations of the
type (1.4) for harmonic superspace were introduced in [21,22], while nonan-
ticommutative A'=(1,0) models of hypermultiplets and gauge superfields were
introduced and studied in [21,22,25,26,29-31]. In these papers, the component
structure of the corresponding classical deformed actions has been established.
The Poisson operators P generating the nonanticommutative deformat-
ions (1.6) and (1.7) are composed from the supercharges of the unbroken



GAUGE THEORY IN DEFORMED A/'=(1,1) SUPERSPACE 1473

N=(1/2,0) or N'=(1,0) supersymmetries, respectively, hence such deforma-
tions are called ()-deformations. By definition, the operators P do not commute
with the N'=(0,1/2) or N'=(0, 1) supercharges, or generally with the generators
of bosonic symmetries realized on the supercharges @, or Q. On the other
hand, the operators Po commute with the covariant spinor derivatives D, Dy or
D¥ . Dy defined in the corresponding superspaces. Therefore, Q-deformations
preserve superfield constraints involving these spinor derivatives, in particular the
conditions of chirality, antichirality, and Grassmann harmonic analyticity. An al-
ternative possibility is the nonanticommutative D-deformation [7], defined by the
Poisson operator bilinear in the covariant spinor derivatives. Such deformations
preserve the entire supersymmetry but break chirality, which makes it difficult
to construct D-deformed interactions of chiral superfields*. As distinct from the
(Q-deformations, no stringy interpretation is known for the D-deformation.

Nonanticommutative Q-deformations (1.6) or (1.7) differ in a crucial aspect
from the bosonic deformations (1.2). Their Poisson operators Pc are built of
mutually anticommuting operators satisfying the nilpotency property (Q,)% = 0
or (Q%)® = 0, respectively. Therefore, the power expansions of the exponentials
in (1.6) and (1.7) terminate at corresponding orders. As a result, the ensuing mod-
els contain only a finite number of local deformation terms in their Lagrangians.
In other words, nonanticommutative theories are always local, as opposed to
Moyal-deformed theories based on (1.2), which bring an infinite number of new
vertices into the Lagrangian.

Mathematically rigorous treatment of the %-products for the deformation of
both bosonic and Grassmann coordinates in the framework of noncommutative
field theory is discussed in [28] using the language of quantum (super)groups
and Hopf algebras. In this interpretation, the broken space-time symmetries and
supersymmetries of the noncommutative theories are not lost but just deformed.
The generators of the deformed (quantum) symmetries by definition act covari-
antly on the *-products of the corresponding fields or superfields, which guaran-
tees the invariance of the action under the deformed (quantum) (super)symmetry
transformations. In this review we will not deal with the deformed (quantum)
(super)symmetries, since their implications for nonanticommutatively deformed
theories are still obscure.

The renormalizability and other quantum aspects of theories with nonanti-
commutative @-deformations of A'=(1/2,1/2) supersymmetry were considered
in detail in [15-20]. Up to now, the case of extended quantum supersymmetry
has been studied only for the particular case of chiral singlet ()-deformations

*The singlet D-deformation of the N'=(1, 1) gauge theory was considered in [21,22]. In this
model, supersymmetry is preserved, the superfield geometry in the full superspace is deformed, but
the Grassmann-analytic representations remain undeformed.
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(in the harmonic superspace approach) [32,33]. In particular, it was found that
the nonanticommutative models of the Abelian gauge superfield and the neutral
hypermultiplet are renormalizable. These results were obtained by computing the
divergent contributions to the quantum effective actions. These divergent contri-
butions do not have the form of classical interactions, whence one might conclude
that multiplicative renormalizability is jeopardized. Yet, all the divergent terms in
the effective action can be removed by a simple field redefinition, viz. by a shift
of the scalar field ¢ in the vector gauge multiplet; since such a field redefinition
does not influence the dynamics of the theory and it follows that the divergences
in the given case are unphysical. Therefore, the considered theories are not only
renormalizable, but actually finite. An analogous situation had been observed
in [19] while proving the renormalizability of the N'=1/2 supersymmetric gauge
theory. In this case, the divergences are removed by shifting one of the gaugini
belonging to the gauge supermultiplet. We remark that in the undeformed limit
the actions of the Abelian gauge superfield and the neutral hypermultiplet con-
sidered in [32] reduce to free ones. This implies that all interactions in these
deformed theories are caused by the deformation.

In [33], we also studied the quantum structure of the nonanticommutative
charged hypermultiplet model introduced in [29]. This model is of interest be-
cause in the undeformed limit it remains interacting, becoming the N'=(1,1) su-
persymmetric extension of electrodynamics. It is well known that the low-energy
effective action of the latter model is described by a holomorphic potential which
plays an important role in N'=2 Seiberg—Witten theory [5]. In [33], by quantum
superfield calculations in harmonic superspace, it was established that this nonan-
ticommutative model is renormalizable in the standard sense. In addition, finite
contributions to the low-energy effective action were obtained including the holo-
morphic potential, which turned out to be deformed in the naive sense. Thus, by
now, all Abelian models with nonanticommutative chiral singlet )-deformation
of N=(1,1) supersymmetry have been proved renormalizable.

The review is organized as follows. In Sec.2 we introduce general chiral
Q-deformations of A'=(1,1) superspace and consider chiral singlet Q-deforma-
tions in harmonic superspace. In Sec.3 we present superfield formulations of the
classical actions for the supersymmetric gauge multiplet and hypermultiplet mod-
els with chiral singlet Q-deformation of N'=(1,1) supersymmetry in harmonic
superspace. In Sec. 4 the component structure of these actions in the Abelian case
is given. Section 5 is devoted to proving renormalizability of the Abelian theo-
ries of the hypermultiplet and gauge superfield. In Sec.6 we describe the general
structure of the effective action in the charged hypermultiplet model and evaluate
the leading (holomorphic) contributions to the effective action. In Sec.6 we also
study the component structure of the new contributions to the low-energy effective
action induced by the nonanticommutativity. In Conclusions the main results are
summarized and some further directions are outlined. Two Appendices contain
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basic relations of Euclidean A'=(1,1) supersymmetry and Euclidean harmonic
superspace.

The review is mostly based on our papers [21,26,29,32,33]. We shall keep
to the notation used in these works.

2. CHIRAL DEFORMATIONS OF A'=(1,1) SUPERSYMMETRY

2.1. Chiral Deformations of A'=(1,1) Superspace. The nonanticommuta-
tive chiral deformations are possible only in the Euclidean superspace. Therefore
we consider the Euclidean N'=(1,1) superspace parametrized by the coordinates
z = (z™,0%,0%), where ™ are the coordinates of the Euclidean space R* and
0%, 0%* are Grassmann coordinates. Here a,& = 1,2 denote the spinor indices,
i = 1,2 is the index of the R-symmetry group SU(2). Note that the group SO(4)
of rotations of the Euclidean space R* plays the role similar to the Lorentz group
for the Minkowski space R*!. The corresponding universal covering group for
SO(4) is Spin(4) = SU(2)r, x SU(2)r. Therefore the spinors of different chi-
ralities transform independently with respect to the subgroups SU(2)r, SU(2)r
and they are not related to each other by the complex conjugation. The basic
definitions related to the A'=(1,1) superspace are collected in Appendix A.

It is important to realize that there are two different types of complex conju-
gation in the AN'=(1, 1) superspace [21]. The first one, by definition, acts on the
superspace coordinates and superfields as follows

O = eMeash?, 0%k = —epye, 0%, ¥ =a™, AB=BA (1)

Clearly, the conjugation (2.1) squares to the identity on any object and is compat-
ible with both Spin(4) and R-symmetry SU(2) groups of N'=(1,1) superspace,
preserving the irreducible representations of these groups. However, this conju-
gation is incompatible with the reduction of A'=(1,1) supersymmetry down to
N=(1/2,1/2) since it is impossible to define the invariant under (2.1) subset of
supercharges forming the N'=(1/2,1/2) supersymmetry*.

There is an alternative conjugation in N'=(1,1) superspace denoted by «x»
and defined by the rules

(08)" = eagbyl, (09%) =507, (™) =a™, (AB)* = B*A". (22)

The conjugation (2.2) is compatible with the reduction of the N'=(1,1) super-
symmetry down to N'=(1/2,1/2) since it allows one to single out the invariant

*Respectively, in N'=(1, 1) superspace with the conjugation (2.1) there are no subspaces closed
under the N'=(1/2,1/2) supersymmetry.
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N=(1/2,1/2) subspaces in the A'=(1, 1) superspace. It respects also the action
of the group Spin(4). However, this conjugation squares to the identity only on
the bosonic coordinates and fields, while for the spinor fields the double con-
jugation yields —1. Therefore it is natural to refer to the involution (2.2) as a
«pseudoconjugation». The action of the R-symmetry group SU(2) on N'=(1,1)
supercharges and fermionic coordinates of A'’=(1, 1) superspace is incompatible
with the pseudoconjugation (2.2), while it preserves the SL(2, R) group which
plays the role of R-symmetry group in this case. This means that the pseudocon-
jugation «k» corresponds to another real form of A’=(1,1) supersymmetry with
a noncompact group of internal automorphisms. The undeformed real superfield
actions in these two different Euclidean A'=(1,1) superspaces are related to each
other and to A/'=2 supersymmetric actions in Minkowski space by the Wick ro-
tations. It should be pointed out that, when the deformations of supersymmetry
(or other symmetries) are introduced, the actions which are real with respect to
one conjugation can be complex with respect to the other, and vice versa. In
what follows we shall deal with only one type of the conjugation, that is given
by Eq. (2.1).

The chiral deformations of supersymmetry appear most naturally in the chiral
coordinates,

2 = (2,09, 0%%), T =™ 4 i(0™) 0a 020, (2.3)

where the Euclidean sigma-matrices are given in Appendix 1, (A.3). The super-
translations act on the coordinates zy, as follows:

5 = 2i(0™) 0 02, 509 = €2, 5.0%F = gk (2.4)

where €}, €% are anticommuting parameters. In the chiral coordinates, the
supercharges and covariant spinor derivatives (A.4) read

Qi =9 Qai = —0a;i + 2103 (0w =—— 2.5

e a [¢3 (¢3 w; ( )aa 9xm’ ( )

Dt = 9t +j3i@a'i(0- ) A, Di:= —0a. (2.6)
«@ « m a(ya ?7 & i - .

Consider now the operator P defined in the coordinate basis (2.3) by the
following expression:

Po=-9,0270% = — QL0 Qi 2.7)

a™~ij a~ij
It acts on the arbitrary superfields A, B according to the rules
APcB = —(-1)"™ (9, A)C3 (9}, B),

| _ (2.8)
APEB = (£, A)CL CRL (0,04 B).
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Here C’%B are some constants and p(A) is the Grassmann parity of the su-
perfield A. The operator Po defines the Moyal-Weyl x-product of superfields
(see (1.7)),

1 1 1
AxB=Ae"B=AB+ AP-B + 5APgB + 6APgB + ﬂAPéB. (2.9)

The operator Pc is nilpotent since (9%)° = 0. Therefore the x-deformation (2.9)
never produces nonlocalities, in contrast to the deformations of bosonic coordi-
nates (1.1) (see, e.g., [9]).

As the operator (2.7) is built out only of the supercharges, and they anti-
commute with the covariant derivatives (2.6), the product (2.9) preserves both
chirality and antichirality,

Di(AxB) = (DLA)x B+ Ax(D.B), 210

Did(A*B): (DMIA)*B-I-A*(DWLB) 2.10)
What is more important for N'=(1,1) supersymmetric theories, the x-multiplica-
tion also respects the Grassmann harmonic analyticity (see the next subsection for
details). Since all N'=(1, 1) supersymmetric Euclidean theories are well defined
only if the chirality and harmonic analyticity are preserved (similarly to N'=2
models in Minkowski space), it is a consistent deformation of these theories
when the standard multiplication in their classical actions is replaced by the
*-product (2.9).

It is natural to demand the multiplication (2.9) to be consistent with the
reality properties. Since in the Euclidean superspaces there are two different
conjugations (2.1) and (2.2) which respect either SU(2) or SL(2, R) R-symmetry
groups, the preservation of reality puts two different constraints on the parameters
of deformations C’iajﬁ :

(AxB)=Bx A= C{f =CY, (2.11)

(AxB)* = B*x A* = (C’)* = Capij- (2.12)

In our further consideration we restrict ourselves to the case of the conjuga-
tion (2.11).

In general, since the constants Cf‘jﬁ have both the spinor and the R-symmetry
group indices, the Euclidean SO(4) and SU(2); groups, as well as the
R-symmetry group SU(2), are broken in the theories with the deformations
induced by the x-product (2.9). Moreover, the N'=(1,1) supersymmetry is also
broken down to A'=(1,0) since the product (2.9) involves only the N'=(1,0)
supercharges Q!, which have nonvanishing anticommutators with the A'=(0, 1)

supercharges Q;q.
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Taking into account the definition (2.7), the *-multiplication (2.9) of two
superfields can always be written as

AxB=AB+QFN{(A,B), (2.13)
where N2 (A, B) is some function of the superfields A, B, and constants C;’jﬁ .

Equation (2.13) implies that in the full superspace integral the x-product of two
superfields reduces to the usual product,

/ d*xd*0d*0 A« B = / d*xd*0d*0AB. (2.14)

In a similar way one can check that under the superspace integral the x-product
of three superfields obeys the cyclic property

/deA*B*C:/dSzC*A*B. (2.15)

There is also an analog of the relation (2.14) for the chiral subspace,
/d4a:Ld40A*B = /d4de49AB. (2.16)
Relation (2.16) is formally valid not only for the chiral superfields, but also for
general ones A, B (i.e., those given on the full N'=(1,1) superspace). However,

this is not the case for the general N'=(1,1) superfields under the antichiral
integral,

/ d*zrd*0 Ax B # / d*rrd*0AB. (2.17)
Only for the antichiral superfields ®, A, the equality sign in (2.17) is restored,
/d‘lde‘léé*A = /d4a:Rd4§<i>/_\. (2.18)

Note that in the antichiral coordinates one should use the following expressions
for supercharges and covariant spinor derivatives:

ng = a}x — Qiédi(o'm)ad@,

Qai = —Oai, (2.19)
0

D! =9!, Dai = —0ai — 2i0"(om) (2.20)

ad m
oz}

where =7 = 2™ — i(am)adegé"’k.
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Now, let us define the x-commutators and anticommutators of operators and
superfields as follows:

[A*B]=AxB—-B*xA, {A*B}=AxB+Bx*A. (2.21)

It is instructive to find the %-(anti)commutators of the bosonic and fermionic
superspace coordinates,
(R 07y =205, [afsaf]=0, [F367]=0,
' _ (2.22)
27 x6%%) =0, {0p*0%} =0, {6%*6°7} =o0.

Equations (2.22) tell us that in the chiral basis the x-product affects only the
anticommutator of left-chiral coordinates 05"

The constant tensor Cf‘ﬂ can be decomposed into the traceless part and trace
with respect to the SU(2)r, spinor and SU(2) R-symmetry indices,

af «
opf = C((ij)) + el (2.23)
The Poisson operator (2.7) acquires the most simple form in the particular case
(aB) _ q.
Cliyy =0
Py=—QLIee;Q) = —QLIQY =—0.107. (2.24)
The operator P, produces the following *-product:

A% B = Ae"*B. (2.25)

Clearly, the deformation (2.25) does not break the symmetries with respect to the
Euclidean rotation group SO(4) and the R-symmetry group SU(2). However, in
the deformed theories corresponding to the operator Py, A'=(1, 1) supersymmetry
is still broken by half.

The nonanticommutative ()-deformation associated with the x-product (2.25)
and preserving the maximal number of symmetries will be referred to as the
chiral singlet deformation. In what follows we will consider only this type of
deformations because of its uniqueness and relative simplicity.

2.2. Chiral Singlet Deformation of A’=(1, 1) Harmonic Superspace. \'=2,
D = 4 harmonic superspace (its Minkowski space version) was pioneered in [34].
The pedagogical introduction to the harmonic superspace approach can be found
in the book [35]. Here, following [21], we present how the nonanticommutative
deformations given by the operator (2.24) are realized in harmonic superspace.
The salient features of the Euclidean version of harmonic superspace are collected
in Appendix 2.
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The complex conjugation (2.1) can be naturally extended to the harmonic
variables,

uif = utt. (2.26)

Using (2.1) and (2.26) one can find the complex conjugation rules for the harmonic
superspace coordinates '}, o, gta

TR =2, 0 = eap0t0, GE6 =, 0P, (2.27)

Note that the involution ~ is a pseudoconjugation since it squares to —1 while
acting on the harmonics and harmonic projections of Grassmann coordinates.
Let us now apply to the Poisson operator P (2.24) of the chiral singlet
deformations with the x-product (2.25). In harmonic superspace, this operator
can be written as
A ta R - S oA+
Po=1(Q™Q, - Q7"QJ), (2.28)

where QT = ’au;t are the harmonic projections of supercharges. In terms of

the supercharges QF the x-product (2.25) is rewritten as

x=e =14 Pt P24 L PO+ P, (2.29)
where
Lpr L@@ 2+ (@@ - R 0L G
eyt = -Li@ e @ ds - (@ @ G, o
Lpyt =L@ @@ @

Note that P; commutes with the spinor derivatives in the analytic basis (they are
defined in (A.12)),
[P, D] =0, [P, D;]=0. (2.31)

The property (2.31) shows that the x-product (2.29) preserves the harmonic Grass-
mann analyticity. In other words, the *-product of two analytic superfields @ 4,
W 4 is again an analytic superfield,

(DE, D) (@a%W4) =0. (2.32)

Due to the simple relation between the supercharges and covariant spinor
derivatives
QF = DE +2i0%%*(01) 06 Om, (2.33)
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the following relations are valid for an arbitrary analytic superfield P 4:
QI®A =2i07(01m)acOm®a, (QT)?P4 =4(07)°00 4. (2.34)

Equations (2.34) imply that in the decomposition of the x-product (2.29) any term
involving more than two Q7 supercharges on the analytic superfields vanishes,
e.g., B o

(QN)20AQL U 4 = 4i(07)?DP 40T (01)0aOm ¥ a = 0. (2.35)
As a consequence, the singlet x-product of two analytic superfields is at most
quadratic in the deformation parameter I:

DaxWy=0a0s+ I(—1)PP(QTPAQ VA — Q *DaQT U a)—
- %(Q*)%A(Q*)?m +(Q7)*@a(Q1)*Wa]-
—IPQTQTIPAQ, QWA (2.36)
Then it is easy to see that the x-commutator of analytic superfields is linear in
[Pat Vsl =PsPVp — VAP Do =204 PV 4,
=20(Q1TPAQ, V4 — Q “@AQ V). (2.37)

The operator of chiral singlet deformations (2.24) also commutes with the
harmonic derivatives (A.13),

[P,, D" =0, [P,D"7]=0. (2.38)

As a result, the chiral singlet deformation does not break the internal symmetry
group SU(2) represented by the harmonics u;t It also preserves the Grassmann
shortness conditions, D¥+® = 0. This makes it possible to utilize short multiplets
while constructing the actions, like in the undeformed theories.

The properties of the chiral singlet deformation listed above (the preservations
of left and right chiralities, as well as of the Grassmann analyticity and Grassmann
shortness) indicate that the harmonic superspace approach is equally applicable
to the A'=(1, 1) nonanticommutative superfield theories, as to the conventional
N'=2 supersymmetric ones.

3. CLASSICAL NONANTICOMMUTATIVE MODELS
IN N=(1,1) HARMONIC SUPERSPACE

In constructing classical superfield actions of nonanticommutative theories
we follow the simple rule: in order to obtain the action of a nonanticommutative
model one should replace the usual product of superfields in the action of the
corresponding undeformed model by the %x-product (2.25).
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3.1. Super-Yang-Mills Model. In the harmonic superspace approach [35],
the gauge multiplet of N'=2 or AN'=(1,1) supersymmetry is described by the
analytic superfield V*+ with the harmonic U(1) charge +2. In general, this
superfield is valued in the Lie algebra of the gauge group U(n), i.e., it can be
written as V++ = VHEMTM where TM are the generators of U(n).

Under the deformed U(n) gauge group, the gauge superfield is assumed to
transform as

SAVTT =DTHA + [V xA] (3.1)

where A is an analytic superfield parameter also taking values in the algebra of
the gauge group. Note that even in the U(1) case, i.e., with only one copy of
V*T and A, the transformation rule (3.1) is still non-Abelian due to the presence
of the x-product in the second term. In the undeformed limit this «non-Abelian»
piece vanishes. In the case of «genuine» non-Abelian A'=(1,1) gauge theory
there are two sources of the non-Abelian structure, the standard one surviving in
the undeformed limit and the one induced by the x-product.

To construct an action which is invariant under the gauge transformations (3.1)
representing the deformed gauge U(n) group we follow the same steps as in the
non-Abelian A'=2 super-Yang-Mills theory in harmonic superspace [34,35]. We
introduce the superfield V=~ as a solution of the harmonic zero-curvature equa-
tion,

DYV —D VTt L [VHTrv T =0. (3.2)

The solution of (3.2) is given by the following series [36]:

o0
V™7 (z,u) = Z(—l)"x
n=1
++ ++ ++
x/du1~-~dunv (z,ul)*Y: S_Z,UQ)*...:V (z,un)’ (3.3)
(ubuy)(uiug) - - (uput)
where (uju3)~! is a harmonic distribution introduced in [34]. Using the su-
perfield V~—, one can construct the gauge superfield strengths in the standard
manner,
1, - - 1
W = —Z(DJF)QV”, W= —Z(D+)2V". (3.4)

As in the usual N'=2 SYM theory, these superfields satisfy the Bianchi identity
(DT)?W = (D*)2W. Applying relations (3.1), (3.2) and the gauge transfor-
mation rule for the V=~ prepotential, A,V ~~ = D™~ A + [V~ ~ % A], it is easy
to show that the superfield strengths (3.4) transform covariantly under the gauge
group,

AW = [W*A], SAW = [V_V’,‘A] 3.5)
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Moreover, they are covariantly (anti)chiral

DIW =0, D;W—[DIV-—+W]=0,

- - - (3.6)
DIW =0, D,W —[DIV~=*W]=0,
and are covariantly independent of harmonics,
DYTTW + [Vt xw] =0, DWW + [VITxw] =o0. (3.7

Equations (3.1)—(3.7) have exactly the same form as in the corresponding
undeformed non-Abelian N'=2 super-Yang-Mills theory. Therefore, the classi-
cal action of the nonanticommutative supersymmetric gauge theory can be also
represented as an integral over the chiral subspace

1
Ssym = Ztr/d4de49W2. (3.8)

Note that, due to the property (2.14), the x-product of two superfield strengths
in (3.8) is reduced to the ordinary product. However, despite the absence of
the x-product in (3.8), the nonanticommutative deformation is still present in this
expression through the superfield strengths (3.4) and the prepotential V'~ (3.3).
It is easy to check that the action (3.8) is gauge invariant,

1
OASsym = 7 tr/d4de49[W2 YAl =0. (3.9)

Here we have applied equations (2.14), (3.5). One can also show that this action
does not depend on the harmonic and Grassmann variables,

Dt Sqym = 0, DESsym = 0. (3.10)

It should also be noted that the chiral action (3.8) is real in the Euclidean case.

The classical action of nonanticommutative supersymmetric gauge theory can
be expressed as a full superspace integral of the Lagrangian written in terms of the
analytic superfields V' ++, quite analogously to the action of the usual non-Abelian
N'=2 gauge theory [36],

Ssvar [V++] _ Z (_71)” o

" tr/duzdul e dy VHH(z,u) * VI (z,ug) %o % VI (2, uy,)
n .

(uiug)(ugug) - (wru)

(3.11)

While passing to the quantum theory, the representation (3.11) for the classical
action proves to be more advantageous.



1484 BUCHBINDER I.L. ET AL.

3.2. Hypermultiplet Model. The hypermultiplet in harmonic superspace is
described either by a complex analytic superfield g+ with the U(1) charge +1 or
by a real analytic chargeless superfield w. Both these descriptions are known to
be related to each other via some sort of duality [35]. Therefore we can confine
our consideration to the g-hypermultiplet models.

The free classical action of the ¢+ superfield in harmonic superspace is
given by

Solg*] = —/dCdud+D++q+. (3.12)

Here ' is a superfield conjugated to ¢+, and d(du = d*xod*0~du is the inte-
gration measure of the analytic superspace. The rules of integration in harmonic
superspace are given in Appendix 2, Eq. (A.14). Note that the identity (2.14)
allows us to omit the x-product in the free superfield actions like (3.12). In
other words, the chiral singlet deformation does not modify the free actions and
affects only the interaction terms. We will show that both the hypermultiplet
self-interaction and the interaction of hypermultiplet with a vector multiplet are
deformed due to nonanticommutativity. In some special cases considered below
this interaction disappears when the deformation is turned off.
It is easy to write the quartic interaction term of the g-superfields [21],

Salq™] =/d@du(ad**q+*d+*q++bq+*q+*c’j+*d+), (3.13)

where a, b are coupling constants. Note that two terms in the action (3.13) differ
only by ordering of superfields with respect to the x-product. In the undeformed
limit I — 0 both these terms are reduced to the single standard interaction term
(G+q™)?, with the coupling constant a + b.

Let us now introduce the interaction of hypermultiplet with the background
gauge superfields.

As is well known, the interaction of matter fields with the gauge ones is to
large extent specified by the choice of the representation of the gauge group to
which matter fields belong. In particular, the fundamental and adjoint representa-
tions are of the main interest in quantum field theory.

Let us start with the fundamental representation. In this case the superfield
V++ is a matrix which belongs to the Lie algebra of the gauge group U(n) acting
on the complex n-plet of superfields ¢™.

Based on the analogy with the ordinary U(n) gauge theory, the model (3.12)
can be coupled to the gauge superfield in the standard way, i.e., just by replacing
the flat harmonic derivative D™ with the corresponding covariant one V1 =
D+ + 4+ V*+¥x. As a result, the action of the nonanticommutative hypermultiplet
superfield interacting with the vector superfield in the fundamental representation
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of the deformed U (n) group is given by
Stlgt, V] = —/d(duq+*(D++ + V) xq™. (3.14)

Here g+ is conjugated to ¢™. It is easy to check that the action (3.14) is invariant
under the gauge transformations of vector superfield (3.1) supplemented by the
following hypermultiplet transformations:

SaGT =Gt *x A, Sagt =Axgt. (3.15)

We refer to the model (3.14) as a nonanticommutative model of charged hyper-
multiplet [29]. It should be emphasized that the transformation laws (3.15) are
essentially non-Abelian (they possess a nonzero Lie bracket) even in the U(1)
case. They become the standard U(1) transformations only in the undeformed
limit, when the x-product turns into the ordinary one.

In the adjoint representation the hypermultiplet superfield is transformed on
pattern of the second term in the transformation law (3.1)

SaqT =[gT*A],  Sagt =[gT AL (3.16)

Here ¢t is a matrix in the Lie algebra of the gauge group, and it can be expanded
over the generators of the gauge group as ¢ = ¢t™TM. The corresponding
classical action is given by

Saalg™, V] = —tr/dC dugt = (DT tgt + [V xqt)). (3.17)

It is easy to check that (3.17) is invariant under the gauge transformations (3.1)
supplemented by (3.16).

We refer to the model with the classical action (3.17) and deformed gauge
group U(1) as the nonanticommutative model of neutral hypermultiplet. It is
worth noting that in the case of U(1) gauge group the interaction with the gauge
superfield in (3.17) is only due to the nonanticommutative deformation. This
interaction disappears in the limit I — 0 and the model (3.17) becomes free. This
is a new feature specific only for the nonanticommutative neutral hypermultiplet
model with the U(1) gauge group. The interaction still survives in the limit I — 0
for the non-Abelian neutral hypermultiplet or for the charged hypermultiplet (even
with the U(1) gauge group). In our further consideration we restrict ourselves
only to the models with deformed U (1) gauge group.

It is instructive to rewrite the actions (3.14), (3.17) in a unified form. For this
purpose we combine the hypermultiplet superfields G, ¢* into a single SU(2)
doublet ¢+,

¢t =c" = (G ,q") =af, a=1.2 (3.18)
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The covariant harmonic derivative V1 acts on the doublet ¢*t¢ in a different
way for the adjoint and fundamental representations of the U (1) gauge group,

Adj. rep.:  VTtgte = DHFgte p[vHtsgta) (3.19)
1 1
Fund. rep.: V*tTgt® = DJrJqur“—f—§[V+Jr fq+a]—§(73)‘b‘{v++ g™}, (3.20)

Here 73 = diag(1, —1) is the Pauli matrix. According to the definition (3.19), the
expression VT+¢T¢ is covariant with respect to the additional symmetry group
SU(2)pg which is called the Pauli-Giirsey group [35]. The matrices of this group
act on the index a of VT ¢, Using the new notation, the actions (3.14), (3.17)
can be uniformly written as

Slgt, VT = %/dg‘du g vttgte. (3.21)

In the case of fundamental representation, the symmetry group SU(2)p¢ is broken
down to U(1) with the generator 75.

4. THE COMPONENT STRUCTURE
OF N'=(1,0) NONANTICOMMUTATIVE ABELIAN MODELS

In the previous section we have shown that in the superfield Lagrangians
the chiral singlet deformation leads to some new interaction terms induced by
the x-product. It is important that this new interaction is always local owing to
the nilpotency of the operator P;. Here we study these new interaction terms at
the component level. The most important features of such Lagrangians can be
most clearly exhibited on the examples of Abelian models of gauge superfield
and hypermultiplet.

4.1. Gauge Superfield Model. The gauge multiplet of N'=(1, 1) supersymme-
try consists of two independent real scalar fields ¢, ¢, independent Weyl spinors
Wk WY with the internal symmetry group index k = 1,2 and a triplet of auxil-
iary fields D*Y). The component structure of the N'=(1,0) nonanticommutative
Abelian supergauge model in terms of these fields was studied in [26,31].

The classical action of nonanticommutative super-Yang—Mills model is given
by (3.8). In the Abelian case we can omit the trace in (3.8),

1
Ssym = 1 /d4de49W2. 4.1

Note that, according to (3.6), the superfield W is covariantly chiral rather than
manifestly chiral. Therefore it depends on the variables 9;;:

W=A+0 7%+ (07)r2, (4.2)
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where A, 77% 772 are some chiral superfields. Remarkably, among these

superfields only .4 contributes to the action (4.1). Indeed, relations (3.6) and (3.7)
show that the terms involving the superfields 7=, 7=2 are always proportional to
some *-commutators of superfields and therefore vanish under the integral over

d*0. As a result, the action (4.1) acquires the following form:
1 4 dp 42
SSYM = Z d l’Ld 9./4 . (4.3)

Let us find the component structure of the superfield .A. For this purpose we
have to fix the component structure of the gauge superfield V*++. Using the gauge
freedom (3.1) one can eliminate the lowest components of VT by effecting the
Wess—Zumino gauge,

Vivz (23,077,074, u) = (07)%6(za A)+ (07)?¢(xa) +2(07 om0 ) A (za)+

F 4072070 (wa) +4(07)201 U (2a) +3(61)2(07)° D (za), (44)
where

U, (za) =VE(za)uy, T (za) =T (20)yy,

(4.5)
D™ =D wa)u; vy
The residual gauge transformation of the superfield (4.4) reads
Vi =DTTA + [VTTrA] A =i)(za), (4.6)

where A(x4) is an arbitrary real function. The transformation (4.6) amounts to
the following gauge transformations for the component fields:

6¢ = _8IA 8”1/\ (5(5 = 07
S0k = —41(6,,9%) 00\, 005 =0, (4.7)
§A;, = (1 +410)0m\, §DF — 0.

As is seen from (4.7), the gauge transformations of fields ¢, A, \Il’; are deformed
due to the nonanticommutativity. In the limit 7 = 0, we are left with the standard
Abelian gauge transformation for the vector potential A,, (), § A, (x) = OnA(z).
The chiral coordinates are best suited for the chiral singlet deformation since
the latter preserves chirality. In what follows, we pass from the analytic coordi-
nates {x'},0F, 05} to the mixed chiral-analytic ones {zc = (z}*,0%), 05} by
the rule
o =2 — 20" 0™0T. (4.8)
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For example, in the chiral-analytic basis the operator of chiral singlet deforma-
tions (2.24) is simplified to the form,

—

Po=1(9%0 o—0°0 1a), (4.9)

where 01, = 0/00T®. Let us also rewrite the component structure of the
prepotential (4.4) in these coordinates,

Vi (2o, 07, u) = v (zo,u) + 0507 (20, u) + (0)*0(20,u).  (4.10)
Here

vt =(67)%,
P = 208 A% 1 4(01)20 ¢ + 2i(01)%0, 9%,
(4.11)
v=0¢+40TUT 307D — 200707 )0 A — 0 Crn0 Frp—
—(0)2(07)* 0 + 4i(07)%07 01,0 T~
and F,,, = OmA, — OnAn,.
Consider now the zero-curvature Eq. (3.2),

DMtV — DTS + Vi sV T =0. (4.12)
Developing the x-product in (4.12) and applying (4.9), we have

DYV = DTV 4210 Vg 0-aV T T — 0°Vitg 04aV T )+

1.
+§I3[8f (04)2 Vit 040 (0-)2V ™~ =05 (0-) Vil g 0_a(04)?V "] = 0. (4.13)
We seek for the solution of Eq. (4.13) as an expansion over éf,

Vo m w4 G B0+ ()20 (07)2A+ (010 )+

OO B+ (072057 + (07)0, 7+ (07)X(07)° 0, (414)

,2' -
(ap)’

pending only on the chiral-analytic variables z7", 6 uf Note that the superfield
A that defines the classical SYM action (4.3) appears as one of the components
in the expansion (4.14). Now we substitute expressions (4.14), (4.10) into (4.13)
and equate to zero the coefficients at the corresponding powers of 9?;. In this

where v™7, v 3%, v A o, @ —& 7734 772 are the superfields de-
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way we obtain the following set of equations:

D++U7— _ D*varJr _ 0, (415)
DHy=¢ — e =, (4.16)
D++U_3d + ,U—o'c _ D——U-i-d =0, 4.17)
DA =0, (4.18)
1 .
D++¢——+2A—2v+—{v+afv(§} =0, (4.19)
D++U74 o D77U + + {,UJFO‘ * — O7 (4.20)
Do+ 3 {va st g {”ﬁ s} =0, *:20
Dt 4 [,U+d *Al =0, (4.22)
1 1
D78 — g forom) = oot e 4 o) 19T =0, (423)
1 .
D72 4 oot} o3 Al = 0. (24
Here we used the notations
Dt =D 4+ [ptx]= ujai— + LO0_,, (4.25)
_ _ —— % a @
D" =D""+[v i]=u za++ 0 e (4.26)
L=1+4I6. (4.27)

It is straightforward (though somewhat lengthy) to find the solutions
of (4.15)-(4.24),

, (4.28)

(4.29)

+ Z(G’) 07 *00ad, (4.30)
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Ao = o+ ot 16]3(2’”5’)1 "
Forp RO o] O [“ﬁ o] -
B 2(4929‘) {81(@;@—) N Dﬂ o g ( SIa[mqun]) .

P+
+2i(07)20" 01, O —— + 2i(07)2LO~ 0m8m

I 7 — (07)%(607)*0¢, (431

o o Sk o) Ao ]
—(07)? [ Om A +éD+ +%I\I/ \Iﬁa]—

— 4i(67)? 9+QL [aw\p @ 2—5@*"1 ad¢], (4.32)

vz, u) = (07)? [%D + %I\I/;\Ifd] , (4.33)

_ 1, g e
go(;ﬁ-)(zc,u):—i{vdva}:8IL 2OV A s+ 0 U5 Aaa)+

+AILT2(07)* (05 0A 5 + 050 Aag) — 16IL—3(9—)2(\I/;\I/; + \I/j\I/[;H
+8ITLT2(07)20F (V50,50 + V3 0aad), (434)
[A*o=9] (4.35)
Ba_ -, Y e, Lo o)
T =D ST e T = Sl T B (4.36)
1 1.,
T = —glem A = v Al (4.37)

Expressions (4.35)-(4.37) are presented in a superfield form since their exact
component structure is of no importance for our further consideration.
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Now we use expression (4.31) to find the component structure of the classical
action (4.3):

Ssym =S¢ + Sw + Sa, (4.38)
1 _ 4IA,, A 161%0,, 00, ¢
= —— [ d*2O mm mTm 43
56 2/ v 49” T+4l6 T 11400 } (4.39)

AT Ao T v’
Sy — i d4 i mIm_& .0 i
v Z/ x( T e )t g )

1 1 TOL pIc N\ [ 81T
+ - / d'z (B g (2T Dij |, (4.40)
1 (1 +410)2 \ 17410 1+ 41

1 1 | ]
Sp = /d4x [—EAnDAn — 30mAnOnAn + 5AnAanu +41¢) —
— s As Andy In(1 + 415) + %AnAnam (1 + 418)dy In(1 + 415)—
—%AmAn&n (1 + 416)0, Wn(1 + AT3) + O Ay A In(1 + 413)| . (441

Let us make two comments on the symmetries of the action (4.38). First of
all, it is invariant under the gauge transformations (4.7). Secondly, it respects the
residual N'=(1,0) supersymmetry,

S = 2("Wy), S.0=0,
66Am - (Eko—mqlk);

1 _ _
S UF = —e DM + 5(1 + 410) (01 €®) o Fonn, — 4iIe A, 0 0, (4.42)

0¥ = —i(1 +416) (" om)aOm e,

8. DM =i, [(F 0, B! + ¥0,, ) (1 + 419)).

We observe that both gauge transformations (4.7) and the supersymmetry (4.42)
are deformed by the nonanticommutativity parameter I.

It is well known that the classical action of the undeformed supergauge theory
can be equivalently written in either chiral or antichiral superspace, because of
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the equality™
1 1 _
7t / drrpdoW? = 7t / d*zrd*O W?2. (4.43)
Surprisingly, the relation (4.43) fails to be valid in the N'=(1, 0) nonanticom-
mutative supergauge model. Moreover, it is inconsistent to treat the expression
1 tr [ d*zpd*@W? as any action since it bears the explicit dependence on Grass-

mann and harmonic variables.

This statement can be most easily proved in the Abelian case. To this
end, we consider the covariantly antichiral superfield strength in the antichiral
coordinates (A.21),

W = —i(D*)QV” = A4+ 077, +(07)%772, (4.44)

where f& 7. and 7~ 2 are purely antichiral superfields defined on the coordinate
set 7, Hf, u*. This superfield strength, as well as the prepotential V'~ , depend
on the parameter of nonanticommutativity I. Let us expand W in powers of [

W= "1"W,, (4.45)
n=0

where the coefficients W,, are some superfields. Clearly, the first term Wy in this
series is a purely antichiral superfield which has the same component structure as
the undeformed superfield strength,
Wo = Ao = 6 — 05T~ + 20T+ 4090 (92 A, , + 02 A, )+
+(ON)?D " +(67)* DT — 2070 ) DT —
—2i(07)2 0 U 00a T* — 2i(07)207 Yy 006 TF — (07)2(07)?0g.  (4.46)
Note that W is harmonic-independent, D=+, = 0, whereas the next term W,
bears such a dependence,

IDYTW, = —[VTT W] # 0. (4.47)

Now we are going to prove that the expression

A= / d*zrd*0W? (4.48)

*Note that the analogous relation for the A'=1 supersymmetric theories reads
/d4xd29 WW, = /d4xd2§ V_VaV_Vd‘, where W, V_Va are the N'=1 gauge superfield strengths.

As is shown in [12], this relation also holds in the corresponding nonanticommutative gauge theory
with N'=(1/2,0) supersymmetry.
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depends on Grassmann variables and harmonics,
DA 40, D,A#0. (4.49)

For this purpose we expand it in powers of I,
(o]
A= "T"A,, (4.50)
n=0

and check the unequalities (4.49) in the first order in I. Up to terms of the second
order in I we have

Ao+ TA, = / d*ard* 0 (WE + 2IW,W1). (4.51)

Clearly, the term Ay = [ d*zrd*W¢ in (4.51) does not depend on harmonics
since DT/ = 0. Therefore we have to consider only the harmonic derivative
of A; which is given by

DTTA =4 / d*zrd* 00TV IO 00 s (WE). (4.52)

It is a technical exercise to derive the component structure of A;, given the
component expansions (4.4), (4.46) of the superfields V*+ and Wp. It is suffi-
cient to consider only two terms in the expression 9¢V*HoTe = (§F)2A%¢ +
20129+ %¢ + . to come to the conclusion that

DT A = 16¢/d4xR [Amc?m(gZD**)+9+°‘J>8a6(¢3855\1!;)]+. .. #0. (4.53)

The terms written down in (4.53) cannot be cancelled by any other ones (which
are omitted here). The manifest dependence on harmonics implied by (4.53)
entails also the dependence on ™ variables owing to the commutation relation
[D~~,DZf] = D,. Therefore, (4.53) proves the unequalities (4.49) which show

that tr [ d*zpd*@ W? cannot be treated as a superfield action.

It is easy to argue that the more general expression / d*xpd*0F, (W) also

involves a manifest dependence on the Grassmann variables and harmonics. This
implies that among the candidate contributions to the effective action of the
supersymmetric gauge model there are no such ones which are given by integrals
of some functions of the superfield strength W over the antichiral superspace.
In Sec.6 we will demonstrate that the contributions to the effective action in the
nonanticommutative case are naturally written as integrals over the full N'=(1,1)
superspace.
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4.2. Seiberg—Witten Transform in the Abelian Supergauge Model. Equa-
tions (4.7), (4.42) show that both gauge and supersymmetry transformations de-
pend on the parameter of the chiral singlet deformation I. A natural question is
whether there exist any change of the variables in the functional integral which
would bring these transformations to the undeformed form. For example, for the
gauge models with the bosonic noncommutative deformation such a transforma-
tion was found in [9], and it is known as the Seiberg—Witten map. Remarkably,
for the chiral singlet deformation such a field redefinition also exists. It was found
in [26,31]:

(b N — 1 (b 4I(A7r1,Am + 4128m,(58m,(5)
4 (14 41¢)2 1+4I¢ ’
VL
Am — Am = Am, =, \I/k — ’LLk = \IIO( =,
’ 1+41¢ @ C 14419
(4.54)
1 AT Ay Tk
Uk k_ _ * gk 2ifed®
o Ya (1+4I¢>)2{ o« T 4lg ]
Dk;l N dk;l — _ kl 8I@§\Tf‘il .
(1 +41¢)2 1+4I¢

It is easy to check that the supertranslations (4.42), being rewritten in terms of
the fields (4.54), read

detp = Q(Ekwk)v 6645 =0,
Ocm, = (€k0m$k);
el = —€qud™ + %(omne’“)afmn, (4.55)

66&(@ = _i(€k0'm)d8m<£a
6edkl = Z.am(aco'm'&l + eko'm&l)a

where fin = Oman — Onanm,. The gauge transformations of the fields (4.54) also
coincide with those for the undeformed fields. Namely, all fields are the gauge
group singlets, except for a,, which transforms as

Orm = OmA. (4.56)

Surprisingly, the field redefinition (4.54) drastically simplifies the structure
of the action (4.38). In terms of fields ¢, ¢, ¥, ¥**, a,,, d* it is given by

Ssym = / diz L = / d*z (1 +414)* Lo, (4.57)
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where

1 -1 1
£O = —§<P|:|¢ + Z (fmnfmn + §5Trl,nrsfmnfrs) -

. 1,
— R Ona b + Zd“dkl. (4.58)

The expression Ly is none other than a Lagrangian of N'=(1,1) supersymmetric
U(1) gauge theory. As a result, the net effect of the chiral singlet deformation in
terms of the new fields is the appearance of the factor (1 + 4I¢)? in front of the
undeformed Lagrangian.

It is also worth pointing out that the Seiberg—Witten map is not unique.
Indeed, since the scalar field ¢ is a singlet of both the gauge transformations and
N'=(1,0) supersymmetry, one can rescale the fields as

p="L, ¢5=1L%yg, d"=Ld", (4.59)

which does not affect gauge transformations and supersymmetry. When written
in terms of the fields (4.59), the Lagrangian £ takes the most simple form,

gl 1
£= 5006+ 12 (Fonfn + emnrafon )

R . 1 s
— 2 Db + Zd“dkl. (4.60)

We see that the only remaining interaction is that between the gauge field strength
fmn and the scalar field ¢. The Lagrangian (4.60) is bilinear in all other fields,
like in the free case.

Let us now discuss the problem of a superfield representation for the Seiberg—
Witten-like map (4.54). For this purpose we need a relation between the superfield
A given by (4.31) and the undeformed superfield strength W, given by the
expression

WO(:EL; 9+; 97; U) = + 29+?/7 - 297r¢)+ + (gio'mneJr)fmn"‘
+(0)2d™ "+ (67)%dTT — 20707 )dT+
+2i(07)20% 0,0t 4+ 20(07)207 0,0 — (07)2(07)*0g.  (4.61)
+

Here we use the notation = = ¢fu;", d*~ = uu; d*', etc., as for the original

a0

fields. By definition, the superfield strength (4.61) is gauge invariant,
Wy =0, (4.62)
and it transforms under A'=(1,0) supersymmetry in the standard way,

6Wo = (€ %0—a + €7 040)W. (4.63)
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There is a simple relation between expressions (4.31) and (4.61) [26],

Az, 0%,07,u) = (1 +410)°Wo(zp, 0%, (1 +41¢) 7107, u). (4.64)
Equation (4.64) plays the role of the superfield Seiberg—Witten transform. It is
essential that, up to an overall scalar factor, it amounts to rescaling the variable

6~ by the factor (14 41¢)~ .
Let us now introduce the following differential operator:

Ry =exp(L7'070_) =

=L?+0_, {1 - i(L‘l —1)%[207* — (9‘)28“]} . (4.65)

where L = 1 + 41¢. Using this operator, the superfield Seiberg—Witten trans-
form (4.64) can be rewritten as

A = L*RyW,. (4.66)
Owing to the simple property RgARyB = Ryp(AB), we have
A% = L*RyW. (4.67)

Employing now the relations (4.65), (4.67), one easily constructs the Seiberg—
Witten transform of the classical action (4.3),

Ssym = i / d*rrd*o A? = i / d*zrd*0 (14 41¢)*WE. (4.68)

This is just the action (4.57) derived before.
The Seiberg—Witten transform found here for the classical action (4.68) can
be readily generalized to the action with an arbitrary chiral potential,

/ d*zpd 0 F.(A), (4.69)

where F,(A) is some function given by a series,
FulA) = cnAL. (4.70)
n=2

The function A7} is expressed through the undeformed superfield strength (4.61)
as follows:
A = L 2(Wo) i + .. ., 4.71)
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where we introduced a modified x-product,
* =exp(L™'P,). (4.72)

Dots in (4.71) stand for terms which involve full spinor derivatives J_, coming
from the expansion of the operator (4.65). These terms are not essential when
they are considered under the integral over chiral superspace. As a result, the
action (4.69) is expressed through the undeformed superfield strengths (4.61),

/ d*zrd*0 F.(A) = / d*xrd*0 L2 F(L*Wy). (4.73)

Here, the function f;(LQWO) is given by the series (4.70) with the *-product of
superfields. The relation (4.73) plays the role of Seiberg—Witten transform for
the chiral effective action.

Let us point out that the choice (4.59) not only brings the classical action
to the most simple form but also is very useful for studying the contributions to
chiral effective potentials. In particular, given the expansion of the superfield A
in terms of these fields,

A=¢+20M0; —2L7'07 0} + L(0" 0007 ) frun+
+ L(OT)2d=" — 20707 )dT + L7H07)2d T+
+ 2i[(07)200aath T + L(O1)207 0aath™ %] — (61)%(67)°0g, (4.74)

one can readily find the component structure of cubic and quartic terms in the
effective potential F, (A) in the bosonic sector,

- 5 3
[ 043 = =305 + 30(du)? + L0 fo -

— 3IP0Q[L2(fap)? — 4(dw)?] — 1614(0¢)%, (4.75)

/d‘*@Ai = —4¢°06 + 60°(dw)? + gL2¢2(fa5)2+
+ 212[L2(fup)? — 4(dg)?] | —6¢0¢ + (di)? + iLQ(f(yﬁ>2:| +
+ 81 (D)2 BLA(fap)? + 12(din)? — 8¢04], (4.76)

where (fup)? = [P fop = (fmn)? + Fonnfomn and (cfkl)Q = d*'d,;. These ex-

pressions are the chiral singlet deformation of the corresponding terms / drowg
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and [ d*0W; in the undeformed A'=(1, 1) holomorphic effective action. Equa-

tions (4.75), (4.76) show that the chiral singlet deformation manifests itself not
only in the appearance of induced interaction of vector field with scalars but
also in the presence of new terms with the field derivatives. Another important
consequence of the nonanticommutative deformation of the effective potentials is
the appearance of nonlinear self-coupling of the auxiliary fields I Q(Jk,l)‘l.

4.3. Neutral Hypermultiplet Model. The N'=(1,1) hypermultiplet on-shell
content is four real scalar fields f**, a, k = 1,2 and two independent spinors p®®,
X&. Here we assume that these fields are neutral with respect to the U(1) group.
We are going to find the interactions of these fields with the vector multiplet ¢,
(E’ \I,g, \I,('yk’, Dkl.

The classical action of the neutral hypermultiplet is given by (3.21). Taking
into account equations (3.19) and (2.37), we make explicit the x-product in (3.21),

1
Suald™ V) = 5 [ dCdugtx
X [DT gt + 4i10T* (09 V T 00aq™™™ — 00 VTT0qT™)].  (4.77)

The hypermultiplet superfield has the following component filed expansion:

g = 0T 4 0T R 4 0T 0, 0+ (07)2g7 " + (01) PR+

m

+ (020 n, - (01)201 8T+ (07)2(0T)2w 3, (4.78)

where all the component fields depend only on the variables =’} and uf These
fields can be further expanded over the harmonic variables, giving rise to an
infinite number of the auxiliary fields. The auxiliary fields should be eliminated
from the action using the classical equation of motion for the hypermultiplet
superfield g7, This equation is easily obtained from the action (4.77),

DYt 4 4iI0T (09 VT 00ag ™ — 00 VIO gT) = 0. (4.79)

Substituting (4.78), (4.4) into (4.79) we find the explicit expressions of the hy-
permultiplet component fields in terms of the physical scalars f*® and fermions

aa

Pas X™

+a _ pak,,+ a __ a aa __ . ca —a __ ak, — —a __
f 7f uk” Ta = Pas K =X T'm —rmuk,, g *07

h=* =h™ug, B0 =S8 %, £70=0, w =0,
1% = 2i(1 4+ 41$)Opm f**, h* = —8il A0 fF,
SE O = —di L (U Do [+ TN Do fF).
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Taking into account (4.80), we obtain the following action for the physical com-
ponents in the neutral hypermultiplet model:

1 _ 1 _ .
Sad = /d4$ |:§(1 + 4I¢)28mfakamfak + 52(1 + 4I¢))paa adxg+
+ 4TV e Oai f* + 200 p** A O paa + 119" P D0 ATy | (4.81)

Note that only the fields ¢3 A, \le‘ from the vector multiplet interact with the
hypermultiplet fields in (4.81).

Let us study the symmetries of the action (4.81). This action is invariant in
the evident way under the gauge transformations (3.16). Using the relation (2.37),
these gauge transformations can be cast in the following form:

BAGT" = 481 (0°AD g — D40 DG T0). (4.82)

Recall that the component structure of the vector multiplet (4.4) is given in the
Wess—Zumino gauge. Therefore it makes sense to discuss here only the residual
gauge transformations with the parameter A, = iA\(x4). With such a choice of the
gauge parameter the hypermultiplet gauge transformations (4.82) are reduced to

5rqtT = —410T0“N(w4)040q™ (4.83)

Equation (4.83) leads to the following gauge transformations of the hypermultiplet
component fields:

5 f K =0, 6,05 =0, 6, = —4I0°Nof. (4.84)

Let us also consider the N'=(1,0) supersymmetry transformations for the
hypermultiplet

6eqt = (e7°QF —e™Q)q T = (€700 — 2ic 0 %0pa)q ™. (4.85)

In the Wess—Zumino gauge, Eq. (4.85) leads to the following component field
transformations:

Scfm =e®pt  5.p% =0, J.x% = 20 (1 + 410)Dna f1 (4.86)

It is an easy exercise to check that the action (4.81) is invariant with respect to
the hypermultiplet gauge transformations (4.84) combined with (4.7), as well as
with respect to the N'=(1,0) supersymmetry (4.86) combined with (4.42).

Both supersymmetry transformations (4.85) and the gauge transforma-
tions (4.84) are deformed due to the explicit presence of the parameter /. Let us
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consider the following transform of the hypermultiplet fields:

f = fgt = (L4 4lg)fF,

P — pa* = (14 41¢)p™*, (4.87)
4TAYYp2  8IWAk fa
1+4Ip  1+41¢

aa

X = X6t =X+

One can easily check that the new fields f&*, p&®, x§¢ transform under U(1)
gauge group and N'=(1,0) supersymmetry in the standard way, i.e., as in the
undeformed case with I = 0. Therefore we can refer to the transformation (4.87)
as a Seiberg—Witten map for the neutral hypermultiplet model. In terms of the
fields f“k, [ XS‘Q the action (4.81) is rewritten as

. .r Ba o o7
1 . . 210" pF a0 ad
ad = d4 aYm g mJUa 500" ad 0 )
Sad !/ xlf9ﬂ>8fbk+2”)a Mo T g
20§ for 05 | 4i1p8" fouraad™ | oo
1+41¢ L+419 |

Let us now turn to the full N'=(1,0) supersymmetric gauge model which is
defined by the sum of the classical actions (4.57) and (4.81). In this model one
can perform the further change of fields of the vector multiplet in order to bring
the total action Ssypn + Saq to the simplest form,

R = AI(f§" foak)
= (1 +4]P)2%p — ——J0 JOak)
p—p=(1+41¢)%p 1+ ilo
- - 4108 fo ar
o C— (14 41¢)2ypr — =20 19 4.89
Y — g = (L+419)"y 1+ 4l (4.89)
di — Cikl = (1 + 4[(5)de.
In terms of these new fields (4.89) the action Sgym + Saq reads
Ssvat + Saa = / d42(Lo + Lint), (4.90)

1. - 1 a 1 a - T TG
Lo = —§<PD¢+ iamfokameak - 1_6f B fop — 102 Oac 0™+
7

. 1 s
208“ e X0a + deldkl; (4.91)

+

106 P8 o fas

1 _ _
Ling = —=Ip(1 + 2I¢) [P &

(4.92)
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Here fop = i10aaaf + 10500y = (Tmn)apfmn. Note that Lo coincides with
the Lagrangian of the free undeformed N'=(1,1) U(1) supergauge theory while
L;,, presents the interaction of hypermultiplet fields with the gauge multiplet.
We see that the whole interaction is proportional to the deformation parameter
I. Thereby, the interaction in this model is entirely an effect of chiral singlet
deformation.

4.4. Charged Hypermultiplet Model. Consider now the classical action (3.17)
of the charged hypermultiplet model. Using the representation (3.21) and the ex-
plicit expression (3.20), this action can be written as

Stlgt, Vit =

1 1 1
=3 / d¢du g (D++q+“ + 5[V++ gt — a(rg)g{vﬁ Tq+b}) . (4.93)

The relevant superfield equation of motion reads
1 1
DIttt + VI = S(m)p{V T g} = 0. (4.94)

To derive the component structure of the action (4.93), we follow the same
steps as for the neutral hypermultiplet model considered in the previous subsec-
tion. We take the component expansions of the hypermultiplet (4.78) and the
gauge superfield in the Wess—Zumino gauge (4.4) and substitute them into (4.94).
As usual, the equations of motion for the auxiliary fields have the algebraic form
and can be easily solved to eliminate these fields. As a result, we find the fol-
lowing component structure of the charged hypermultiplet superfield in terms of
physical fields:

g = w [+ 070+ (07)ui g™ + O IX + (07) upuy % M+
+ 0T 00, + (07) [uy A+ 0w w02+ (9*)2%;“;“;)(!1 klj),
(4.95)

where

9™ = (m)5o . it = 20(1 4 216)0pn fF + 2(73)f A f*F,
ht = —diL A O [ + (73)5 (0" + 21760 f™), (4.96)
Uda Kkl _ Z(Tg)g@d(kfbl), ngl — —4i[&d(k8adfal) + 2(T3)E\I/gkfbl),
Xaklj _ (Tg)gD(klfbj).

Now we substitute the expansions (4.95) and (4.4) into the action (4.93) and
integrate over the Grassmann and harmonic variables to obtain the component
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form of the action of charged hypermultiplet in terms of the physical fields,

Sf_/d4 [ 1+4I¢) mfakamfak“'Z(TB) Amfbkamfak

+ 5 (AR +1¢&um62+1%f“ﬁzm?)—;wwgﬁpru+
+ 20103 5 Oac f O + (13)5 U7 paa S + ()5 fatbanx "+

i _ 1
+ 5(1 +210)p* Oaa Xy — = (13)4pT AacX™ + = (73)5 (XaaX™® + dpopl)+

2 4 (
+ilp** A Ompaa + %Ipﬁapga(adflg) +1? (Tg)gq_bé‘adpgaé‘ﬁdp“b . (4.97)

Note that in the limit / — O the action (4.97) still retains an interaction. It
has the standard form of the interaction between the physical fields of N'=(1,1)
supersymmetric electrodynamics.

As in the neutral hypermultiplet model, from (3.15) one can derive the resid-
ual gauge transformations for the physical component fields (in the Wess—Zumino
gauge for the vector multiplet),

5 fF = iX(rs)a £, 6,p% = iN(73)g 00,
SrX Y = iA(73)Ex Y — 210" \pl.

(4.98)

The N'=(1,0) supersymmetry transformations for these fields are given by
5€fak ozkpg, depo = 262 (7_3)1?(5.](};;
Sexl = —26R[i(1 4 210)Daa f™ + (73)f Aaa f*F).-

It is easy to check that the action (4.97) is invariant under both the gauge trans-
formations (4.98) and the supersymmetry ones (4.99).

In the charged hypermultiplet model there also exists a field redefinition
(Seiberg—Witten map) which casts the transformations (4.98), (4.99) in the unde-
formed form,

(4.99)

F = fot =+ 209) fF,
P — pg® = (1+219)p™, (4.100)
2 Aqap®® AT 4y fOF

1+4I¢ 1+4I¢
However, in contrast to the neutral hypermultiplet model, the map (4.100) does
not lead to the substantial simplifications of the classical action. Therefore, here

we do not show how the classical action of charged hypermultiplet looks like in
terms of the new fields f&F, pa®, 2.

Xé — Xéo = Xa —
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5. RENORMALIZABILITY OF THE A'=(1,0)
NONANTICOMMUTATIVE ABELIAN MODELS

In this section we explore the quantum aspects of the nonanticommutative
theories defined by the classical actions (4.38), (4.81), and (4.93).

From the point of view of physical applications only renormalizable theories
play a fundamental role in quantum field theory while the nonrenormalizable ones
are usually treated as some effective theories. By the term «renormalizability»
we will mean the multiplicative renormalizability, when all the divergent quan-
tum corrections in a given theory have the form of some terms of the classical
action and hence can be taken away by some redefinition of coupling constants
or fields in the classical action. According to the customary lore of quantum
field theory, a model is power-counting nonrenormalizable if it involves cou-
pling constants of the negative mass dimension. The supersymmetric models
with the chiral singlet deformation under consideration contain the parameter of
nonanticommutativity I with the negative mass dimension, [I] = —1. If one
treats this parameter as a coupling constant, the considered models are formally
nonrenormalizable. Nevertheless, we will show that in our case the standard
arguments towards nonrenormalizability fail and all the models considered here
are renormalizable. A key feature of the nonanticommutativity is that all such
models are formulated only in the Euclidean superspace and the deformation is
present only in the chiral sector of superspace, while the antichiral one remains
intact. Therefore, the interaction terms in the actions appear in a nonsymmet-
ric way, still preserving the reality with respect to the conjugation (2.11) in the
Euclidean space. These interactions lead to the quantum divergences of a special
form which do not violate the renormalizability. As a result, the nonanticom-
mutative theories with A'=(1,0) supersymmetry are renormalizable and so they
can bear certain interest for the further study in the framework of quantum field
theory.

Here we will prove the renormalizability of the models with the classical
actions (4.38), (4.81), (4.93). For this purpose we will calculate the divergent
parts of the effective actions of these models. By definition, the effective action
in quantum field theory is a generating functional of all connected one-particle
irreducible Green functions. It encodes the full information about the quantum
dynamics of the given field theory and, in particular, allows one to find the
structure of quantum divergences. To obtain the divergent parts of the effective
actions we employ here the standard methods of quantum field theory based on
the Feynman diagram techniques.

5.1. Gauge Superfield Model. Consider the nonanticommutative model
of Abelian gauge superfield in its component formulation with the classical
action (4.38). As a first step, we eliminate the auxiliary field D% by its equa-
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tion of motion, .
pii STV (5.1)
1+41¢

Upon substituting (5.1) into (4.40), the action for the spinor fields takes the form

AT Ao T N
Sy = z’/d4a: (\If“’ + U—) ()30 ( i ) (2

1+4I¢ 1+41¢

In what follows we will consider the quantization of the model (4.38) with the
action Sy given by (5.2).

Since the action (4.38) is invariant under the gauge transformations (4.7) one
needs to fix the gauge to quantize the theory. It is convenient to choose the
following gauge-fixing condition:

Am

Note that (5.3) is none other than the Lorentz gauge condition 0,,a,, = 0 for the
gauge field a,, = A,,/(1 4+ 41$) which transforms in a standard way under the
U(1) gauge group, da,, = OmA.

Further we follow the routine of Faddeev—Popov procedure to fix the gauge
freedom in the functional integral. Let us introduce the corresponding gauge-

fixing function
A OmAm — A0 Giy

=0 = = = , 5.4
X 1141 1+ 419 (54)
where -

G (x) = O In[1 + 41¢(2)). (5.5)

The function x transforms under gauge transformations (4.7) as follows:

0Am

Ox = Opy—=_ = 5.6
X= O a1 -0

The relation (5.6) shows that the action for the ghost fields is just the action of
free scalars

Spp = / d*zbec. (5.7)

The generating functional for Green’s functions is now defined as

OmAm — Ame>
- 27X

Z[J] = /D(¢,<5,@,\P,Am,b,0)5 <X 1+41¢

1
X exp (—§(SSYM + Srp + SJ)) , (5.8)
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where
Sy = / 26Ty + J5 + VL (T)® + Uia(Jg) 4 An(Ta)m]  (59)

and Jy, Jg, (Jo)¥, (Jg)', (Ja)m are sources for the fields ¢, o, \I/g U4,
A,,. We have inserted into (5.8) the functional delta-function that fixes the gauge
degrees of freedom in the functional integral over the gauge fields. This delta-
function can be easily written in the Gaussian form by averaging (5.8) with the
factor

1= /DX exp <—%/d4xx2(1 +4I¢‘>)2> =

= Det V2[5 (z — 2/)(1 + 419)?].  (5.10)

The functional integral (5.10) produces the following gauge-fixing action:

Su=1 / B (D Ay — Ay G )21

5.11)

. / D[ (O A2 — 20 A AnGiy + A A GGl

Here « is an arbitrary parameter. For simplicity, in the sequel we set « = 1. As
a result, the generating functional (5.8) can be represented in the following form:

- - 1
Z[J] = /D(d)a ¢a \I/a \I/a A’ﬂh ba C) €xXp <_§(Stot + SFP + SJ)) 3 (512)
where
1 _ _
Suo = St + S = — / P20 (6 + 410, 3G )+

AT Ao T v’
. d4 P mzm & " an ) =
H/ x( Ry )(J Jas <1+4I¢>

1
- / d'z [§AnDAn — AnGrOn Ay + ApGrOmAm + emanmAnarAs} :
(5.13)

The functional integral (5.12) with the action (5.13) requires several com-
ments.

1. The ghost fields b, c enter the action only through their kinetic term.
Hence, they fully decouple and can be integrated out.
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2. The fermionic fields W, W% do not contribute to the effective action.
Indeed, the action Sy (5.2) can be brought to the form of free action by the
AT Ao @ o B4 50— o

144I¢ 7" 1+41¢
can also check this observation by the direct computations of the corresponding
Feynman diagrams.

3. The contribution to the effective action from the scalar field ¢ is also
trivial since it appears in the action (5.13) without interaction with other fields.

4. A nontrivial contribution to the effective action in this model comes only
from the terms in the last line of (5.13). These terms are quadratic in the vector
field A,, and linear with respect to G,,,. Hence, the field G,, appears only on
the external lines while A,, works only inside the Feynman diagrams. Moreover,
there are only one-loop diagrams since there are no self-interaction of A,,. Since
the field G,,, is expressed only through ¢ as in (5.5), we conclude that the effective
action is a functional of ¢ only. The dimensional considerations allow one to
construct only the following three terms in the effective action:

following change of fields ¢'® = Wi 4 One

I = / d*z[f1(I) 1200 + fo(Id)IP0ddm¢Ome +
+ f3(I¢)I*(0mdOm$)?], (5.14)

where f1, f2, f3 are some functions. The Feynman graph computations should
specify these functions.

Taking into account these comments, we conclude that the effective action in
this model can be represented by the following formal expression®:

1 628
ARty 1) [ e — 5.15
2 N S, (2)6 A, (z))’ ©-15)
where S is the last line in (5.13),

g = /d4l‘ [_%AHDAH + AnGmanAm - AnGnamAm_

- EmnrsGmAnarAs . (516)

1
*Note that the one-loop effective action in the Euclidean space is given by I' = 3 Tr In S [®]

rather than the Minkowski space expression I' = % Tr In S”[®]. Here S”[®] is the second functional

derivative of the classical action.
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The second functional derivative of the action (5.16) can be easily calculated,

528
3 Ap(x)3A,(2")
= —6pq06" (z — ') + 4G, 06" (x — 2') + 22pgmn G O™ 6 (z — 2').  (5.17)

Substituting (5.17) into (5.15) we have
1
SYM — 3 Tr In {5pq54(x — ') + 4G 0y =6 (z — ')

On 4 -
- 25pqmnGME5 (x — 37,)} =3 Tr Z —X

The expression (5.18) provides us with the perturbative expansion of the effective
action in a form of Feynman diagram series with the external lines G,,.

The propagators in (5.18) appear in the combination 9,,[(1716%(z — ). On
the dimensionality grounds, only the expressions like

{%’154@ — x')} 2 : [%’”54(:5 — x')] 3 : {%’154@ - x’)] 4 (5.19)

are divergent and all higher powers of 9,,(1-15*(z — 2’) produce finite contribu-
tions to the effective action. Therefore, only two-, three- and four-point diagrams
lead to the divergent contributions in the effective action (note that the external
line is that of the field GG,,). We are interested solely in the divergent contri-
butions to the effective action, and consider the calculations of two-, three- and
four-point functions separately.

Let us consider only the terms in the series (5.18) which are responsible for
the two-, three- and four-point diagram contributions,

FgYM _
1 1
= — / d4x1d4x2 [2G[q($1)ap] 554(251 —$2)+€pqmnGm($1)an554(iL’1 —1'2)] X

1 1
X |:2G[p($2)8q]554($2 — 331) + EqprsGr(x2)83564(x2 — J)l):| s (520)
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FgYM _
4 4 4 4 1 4
:g d (Eld (EQd I3 (Gt(:cl)au—Gu(xl)at—EtumnGm(xl)an)ié (251—1[,’2) X
X [(Gu(xg)c?w — Gy(22)0y — 6uwrSGr(x2)8s)é64(x2 — xg)] X

1
x [(Gw(x?,)at — G(23)u — CutpGo(w3)0,) =6 (3 - xl)], (5.21)

I\EYM _
1
= —2/d4l‘1d4x2d4$3d4l‘4 |:(Gpaq - anp — Ep’qq’pGp’aq’)564(x1 — .7)2):| X

1
X [(Gqém — G0y — EM’"m’qu’an')aé‘l(xg _ x3)} %

1
X [(Gman - Gnam - Er’ns’mGr’as’)564(m3 - J)4):| X

x {(Gna,, — GOy, — gt,mGtau)éa‘*(m — xl)] . (5.22)
To proceed, one has to perform the integrations over x2, 3, x4 in expres-
sions (5.20), (5.21), (5.22) using the Fourier representation for the fields and
delta-functions. The corresponding divergent momentum integrals should be reg-
ularized by the standard methods of quantum field theory using, e.g., the dimen-
sional regularization. Here we omit the details of these computations which can
be found in [32]. As a result, the divergent parts of the functions (5.20), (5.21),
(5.22) are given by

TE = 16;26 / d*z In (1 + A1) In (1 + 419), (5.23)
1 _ _ _

s = ~ 5 / d*x0p, In (14 414)0,, In (1 4+ 41¢)01In(1 +41¢), (5.24)
5 _ _

M =~ s / d*2 [0, In (1 +41¢)0,, In (1 + 41¢)]?. (5.25)

Here ¢ is a parameter of dimensional regularization, ¢ = 2 — d/2, where d is the
dimension of space-time. The limit ¢ — 0 takes off the regularization. The full
divergent contribution to the effective action is given by the sum of (5.23), (5.24)
and (5.25). Using the integration by parts, the divergent contribution to the
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effective action can be brought to the form

I\SYl\/I _ I\SYl\/I + I\SYM + ]_'\SYNI _

div 2,div 3,div 4,div —
1 I?0¢0¢ AT30PO,, GO
- d4x7¢_¢ _ 6 d4xM. (5.26)
m2e (1+4I¢)2 7% (1+41¢)3

Note that the action (5.26) matches with the previously guessed structure (5.14).

At first sight, the nonanticommutative supergauge model looks like nonrenor-
malizable, since the quantum computations produce expressions (5.26) which are
absent in the classical action (4.38). However, it is easy to see that the diver-
gent terms (5.26) being added to the classical action (4.38) can be completely
compensated by the following shift of scalar field ¢:

2 I'O¢ 12 4139, 0
O T U aleR e (1+alop

(5.27)
Therefore, the N'=(1,0) gauge model is renormalizable in the sense that all di-
vergences can be removed by the redefinition of the scalar field ¢. One can
treat (5.27) as a change of fields in the functional integral (5.12). Since the Jaco-
bian of such a change of functional variables is equal to unity, the terms (5.26),
being added to the classical action (4.38), do not contribute to the effective ac-
tion. Moreover, this model is finite since the shift (5.27) allows one to completely
eliminate the divergences from the effective action.

This situation is analogous to the A’'=(1/2,0) SYM model considered in [19],
where it was demonstrated that the quantum computations in this model generate
the divergent terms which are not present in the classical action of the model, but
these extra divergences can be removed by a simple shift of the gaugino field (the
lowest component in N'=(1/2,1/2) gauge multiplet). In our case the divergences
can also be removed by the shift of the lowest component of A'=(1,1) gauge
multiplet (scalar field).

It should also be noted that the divergent expression (5.26) vanishes on the
classical equation of motion for the scalar field ¢ given by [J¢ = 0. Therefore
the S-matrix in this model is free of divergences and in this sense one can say
that the model under consideration is finite.

5.2. Neutral Hypermultiplet Model. Consider the model of neutral hy-
permultiplet with the classical action (4.81). Clearly, the hypermultiplet fields
foF, p@. x& work only inside the loops of Feynman diagrams while the vector
multiplet fields q}, \Ilk"’, A,, appear only on external lines. Moreover, since the
action (4.81) is quadratic with respect to the hypermultiplet fields, the correspond-
ing effective action is one-loop exact. It is easy to observe also that the terms in
the second line of the action (4.81) correspond to the interaction vertices which
do not couple with the other vertices in one-loop diagrams. Indeed, to form a
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loop with these vertices one needs the propagators (p®® f%), (p®®pg,) which are
absent in this model.

Let us analyze also the term %(1 +41¢)p“ s X in the first line of (4.81).

It is easy to see that this term does not contribute to the effective action,

62 Sad

r rm — —Trln ———+——
* " 5p(@)onG (@)

=—2Trn %(1 +41¢)6*(x — x')] —2Tr In [0ps0*(z — 2')] = 0. (5.28)

As a result, the nontrivial contribution to the effective action comes only
from the loops with the internal lines given by the scalar fields f** and with
the field ¢ on external lines. This contribution is given by the following formal
expression:

hyp _ L & l/ 4 \2 ak }
Thyp — 2Tr In ST ()0 fure (@) [2 d*x(1 +410)°0m f*" Om far | - (5.29)

Calculating the variational derivative in (5.29), we obtain

P = 2Tr In [(1 + 41¢)%06*(z — /)] +

+2Tr In [54(x —a')+ QéGm(x)8m54(x - x')] . (5.30)

The first term in the r.h.s. of (5.30) is trivial since it is proportional to §*(0)
that is zero in the sense of dimensional regularization. The second term in the
r.h.s. of (5.30) provides us with the following perturbative representation for the
effective action:

X /_1\n+1 n
rive — o1y S % [%Gm(x)am(s‘l(x _ x/)} . (5.31)
n=1

Note that the fields G,, in the series (5.31) play the role of external lines of
corresponding Feynman diagrams. Taking into account the dimensions of field
G, and propagators i8m54 (z — 2') we conclude that only the diagrams with

two, three and four external lines are divergent. Let us consider these divergent
terms in the series (5.31), which corresponds to n = 2,3, 4:

ngp = —4/d4$1d4$2Gm($1)Gn(ﬂﬁg)aﬁméél(.ﬁl — 332)%54(332 — 331), (532)
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1
ngp = §6/d4$1d4$2d4$3Gm((L’l)Gn((EQ)Gp(iL'g)><

8m 8n 0
X 654(1)1 — 332)554(1‘2 — J?g)ip(54($3 — 1‘1), (533)

]_—\Zyp = —8/d4$1d4$2d4$3d4{£4Gm(l’l)Gn(l'Q)Gp(xg)Gr($4)><

O On 0, O
X 554@1 - 1'2)554({[:2 - xg)ip54(x3 - x4)554(x4 —x1). (5.34)

Expressions (5.32), (5.33), (5.34) can be calculated by the standard methods of
quantum field theory, see [32] for details. Here we give only the results,

1 _ _

rgf(gv = o7 /d% In (1 +47¢(x))0? In (1 4 41é(x)), (5.35)
1 _ _ _

Pr, = - = / d*z0 In (1 + 41¢)d, In (1 + 41¢)d,, In (1 +41¢), (5.36)
1 _ _

Py, = - T / d*z[0,, In (1 + 414)d,, In (1 + 41))%. (5.37)

Summarizing (5.35), (5.36), (5.37) we obtain the full divergent contribution to
the hypermultiplet effective action,

phvo _ L[, IPE006 (5.38)
div n2e (1+41¢)2

Note that (5.38) agrees with the general structure of the effective action (5.14)
guessed before.

As in the deformed gauge model, there are no terms in the classical ac-
tion (4.38) having the field structure similar to (5.38). Therefore, at first sight the
multiplicative renormalizability of the model can be spoiled by the divergent con-
tribution (5.38). However, it is easy to observe that the term (5.38), being added
to the classical action (4.38), can be completely compensated by the following
shift of scalar field: V-

2 I°0¢

o — O+ 2 (11 419) (5.39)
while the other fields remain intact. Since the Jacobian of the change (5.39) is
equal to unity, we conclude that the term (5.38) does not spoil the renormalizabil-
ity and finiteness of the model. Moreover, the divergent term (5.38) vanishes on
the classical equation of motion for the scalar field ¢ given by (¢ = 0. Therefore
the finiteness of S-matrix is also evident.
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Let us consider finally the general Abelian A'=(1,0) nonanticommutative
model of gauge superfield interacting with the hypermultiplet matter. It is de-
scribed by the classical action

S = Ssym + Sad, (5.40)

where Ssym and Sy, are given by (4.38), (4.81), respectively. It is easy to see
that the divergent part of the effective action in this model is given by the sum
of expressions (5.26) and (5.38),

_ 7SYM hyp _
I1(1iv - Fdiv + Fdiv -

e
i/d%—“ 0¢0m ¢Om . (5.41)

72 (1+41¢)3

The divergent expression (5.41) can also be completely compensated by the
following shift of the scalar ¢:
12 4130,,pOpm

6= b+ —

w2 (1+419)° 642

As a result, the general N'=(1,0) supergauge theory is also renormalizable and
finite.

5.3. Charged Hypermultiplet Model. The model of charged hypermultiplet
is described by the superfield action (3.14) or the corresponding component field
action (4.97). Note that the component action (4.97) is much more complicated
than the actions of neutral hypermultiplet and gauge superfield considered above.
Therefore, to prove the renormalizability of the charged hypermultiplet model we
prefer to use the superfield description (3.14).

In superfields, the effective action of charged hypermultiplet is given by the
following formal expression:

525,

I'=Trln ————
F R 5aT(1)egt(2)

=Trin(DT 4+ V*Tiy). (5.43)

The free Green function of hypermultiplet superfield has the standard form [35],

512(21 — 22)

(uiug)®

1
Gy (112) = ~5 (DD (DY) (5.44)
It solves free equation of motion with the delta-source, D++G(()1’1)(1|2) =
51(41’3)(1|2), where 51(41’3)(1|2) is an analytic delta-function (see [35] for the de-
tails of the harmonic superspace approach). The effective action (5.43) can be
formally expressed through the free Green function (5.44) as

I=Trln [59”(1@) LV % Gf)l’l)(1|2)} . (5.45)
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Expanding the logarithm in (5.45) in a series, we obtain a perturbative represen-
tation for the effective action,

r= Z Cn. (5.46)
n=2
(=t

r,=-———:x
n

x /dgldul---d(ndunV++(1)*Ggl’l)(1|2)---V**(n)*Ggl’l)(nH). (5.47)

We calculate further the divergent parts of the n-point functions I',,.

As the first step, we restore in (5.47) the full N'=(1,1) superspace integration
measure with the help of (D*)? factors of the propagator (5.44). For this purpose
we apply the following standard identity:

d?z = d*zd®0 = d¢(DT)%. (5.48)

As a result, the n-point Green function reads

1 1 512(21 — 29)
T, =—= [ d2zduy--d2z, du, VT (1)« = (Df ) —2—"2
n/ z1 duy Zn du (1) D( 1) (ufu;‘)3
1 §12(29 — 23) 1 02 (2 — 21)
++ Lipty4 T 2ipty4 n

(5.49)

Further we integrate by parts and take off the integration over Grassmann variables
02, ...,0,_1 using the corresponding delta-functions. As a consequence, for
expression (5.49) we have

1
p=—— / d“?zd2z,d ey - - d* w1 d"U X, [U]6%(01—0,)V T (n)x(D)}F_)*x

< (D) DD (DD DD G0 = 20) V) 01 = 22

1 1
*V T (9,04, UQ)E(54(£C2—.’IJ3):| ok VI (20,04, un2)554($n2—$n1):| *

* VI (2, 1, 91,un,1)é64(xn,1 —xz,). (5.50)

Here we have introduced the denotations d"U = duj---du,, X,[U] =
1/[(ufug)? ... (uful)3]. Note that the covariant derivatives in (5.50) commute
with the x-product operators and hit only the corresponding V7 superfields and
delta-functions.
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To integrate over the remaining Grassmann variables in (5.50) we make the
Fourier transform for superfields and delta-functions,

V(1) = / (Cé:)l d*p; P11 e”191V++(p1,p1,91,u1) (5.51)

d*k . _
512(21 — 22) = / (2 )14 d47T1 ezkl(xl_rﬂ) e”1(91_92)54(91 — 92), (552)
™

where we denote 70 = 7@¢), = —608m:, = —@r. The x-product of Fourier
transforms of arbitrary two superfunctions f, g is given by

d*pdik |

f Ho / (2p ) d4pd4ﬂ-f(p7 ) (If, 71') el(p+k)a: e(p+ﬂ.)0><
™

X e*IQ?(p,p,é)ij(kmg) (5.5

Y

where Q! (p, p,0) = (—pi, + 0% ™, p,,). As a result, Eq. (5.50) reads

-1 n+1 _ _ 4 n
T, = % /d‘leld‘*en%d p1---dpndik,dr,d"UX,[U]x
o £ 106000

i,§=2(i<J)

x 310 =65 (o) o' (o) 2
If,r%(kn —p1)2 N (k‘n — E pz)
i=1
X (D)D) (DD D)6 (0 — 0.1)]V T (p1, p1, 01, u1)] %
X VI (pa, p2,01,u2)] ... VI (D2, pr2, 01, tup—2)] X
X VI (prat, pn—1, 01, n 1))V (o, Oy ). (5.54)

Note that in this representation the derivatives D+ differentiate only 6 variables
while D} (7, u) is nothing but a multiplication operator on uJr ¢ . Hence, we can
apply the following identities:

! 64(91 —0,)(D)2(D)?64 (0, — 61) = (ufu))?, (5.55)
/ P (D (w1 )A((D* (myua))? = (i) (556)

to simplify (5.54). After these manipulations we are left with n — 2 differential
operators in (5.54) which give at most the momentum (k2)"~2 on condition
that these derivatives do not hit the external lines. Clearly, this corresponds
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to the logarithmic divergence of the momentum integral over d*k. The terms
with derivatives on the external lines V1 are always finite since they have
the power of momentum less than n — 2. Here we are interested only in the
divergent contributions to the effective action and consider therefore only the
terms in (5.54) without derivatives on V™1 superfield. As a result, the divergent
part of the effective action (5.54) is given by

—_1n+tt 1
( ) dU1d4

Ty div = — dtp,d 0,d%0, d*rwd’
.d w167 () ( 4dudpd91d9d7rdk:><

1,]=2;1<]J

X VI (pr, pr, 01, u1) - VI (D, oy 01, 1) eXpl Z Qpi)Q
2(Df

X 8401 — 0,)(D_)* (D) - (D3 )2(DF (D (D)X (D;) (D)

() 6 (X s 1
8 (51-8,)— =2 (Z’”>2<u1+u;>3<u;u3+>3~-<u:u1+>3' 7

k‘Q(k—pg)Q . <]€— Z P
=2

Note that the factor e /*%% in (5.57) allows us to restore the *-product of
gauge superfields V7 (uq) * VI (ug) % ... % VT (u,) after the inverse Fourier
transform.

Now we simplify the chain of covariant derivatives in (5.57). Consider, e.g.,
the block (D3)2(D3)2(Dy)?(Dy )% Using the identity DY, = (ufuy)D5, —

(ujug)Dy, and anticommutation relations for the derivatives, {D},D;} =

2k, this expression simplifies to
(D3)*(Dy)*(DI)*(DY)? — 16(uy ug)*k*(D3)*(DY)*. (5.58)
Applying relation (5.58) n—2 times, we rewrite the chain of derivatives in (5.57) as
§4(01 = 0,) (D7 _1)*(Di_y)* - (DF)*(D3)*(DY)* (D )* (D] )* x
X (DF)?0% (01 = 0n) = 16" (k)" (ug uz ) - -
~ (U _puy_)* (D) (Dy_1)?6* (01 — 0,)(DY)(DF)*6* (61 — 0n). (5.59)

Finally, integrating over d*6,,d*r,, in (5.57) and using the identities (5.55), (5.56),
we obtain

(="
1672 n

X /dlzzdul <o dug,

Fn,div =

VHH(up) x VI (ug) ... x VI (uy,)

b)) O

(u
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1 . . o .
The factor T6m2e appears here due to the dimensional regularization of logarith-
mie
micaly divergent momentum integral.

The full divergence in the model of charged hypermultiplet is obtained now
by summarizing the divergent parts of n-point functions given by (5.60)

VAT (ug) x VI (ug) % ... % VT (uy,)

¥, T ¥ ¥

(ufud)(udud) - (uiul) (5.61)

X /duzdul <o dug,

As a result, we conclude that the divergent part of the effective action in the
charged hypermultiplet model coincides, up to a divergent factor, with the classical
action (3.11) in the model of gauge superfield. This proves the renormalizability
of the A'=(1,0) model of gauge superfield interacting with the hypermultiplet.

5.4. Seiberg—Witten Transform and Renormalizability. In this section we
have proven the renormalizability of Abelian models of gauge multiplet and hy-
permultiplets by direct computations of divergent contribution to the effective
actions of these models. Recall that there is a change of classical fields in
these actions (4.54), (4.87), (4.100) which not only brings the supersymmetry
and gauge transformations to the undeformed form but also essentially simpli-
fies the structures of the classical action. We refer to these transformations as
the Seiberg—Witten maps. The Seiberg—Witten maps prove also very useful for
the proof of renormalizability and finiteness of neutral hypermultiplet and gauge
multiplet models. The quantum computations in terms of the transformed fields
explicitly demonstrate the exact cancellations of divergent terms in the corre-
sponding effective actions.

The Seiberg—Witten map in the Abelain A’'=(1,0) supergauge model (4.38)
was derived in Subsec.4.2. Here we use these transformations in the form (4.59),

41

~ 2 7\2
6= ¢ = 0+ T A + AT(0,97),
Ik
Am — am = Am =, \III(; - 'LL(E = \I/d =
1+ 410 1+ 410
o (5.62)

Tk 'Lﬁk =0k 4+ 741140@\1{%

* * @ 1+41¢ ’

DR, gkl — 1 Dk Sf‘i’é‘f’djl .
1+41¢ 1+41¢
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The action (4.38) in terms of these new fields is rewritten as
4 L. o4 Tak Lo
Ssym = [ d'x —§<PD¢ — i) Oaap™” + Zd drr ) +

+ i/dllx(]- + 41(5)2 <fmnfmn + %gmnrsfmnfrs> ; (563)

where frn = Oman — Onay,. The form (5.63) is more preferable for further
quantum computations as compared to the one given by (4.57), since the scalar
©, as well as the spinor and auxiliary fields, are free in (5.63). The only interaction
term is present in the second line of (5.63). It is an interaction between the vector
field strength and the scalar ¢.

The action (5.63) is invariant under the Abelian gauge transformation,

5am = 8m/\7 (564)
A being the gauge parameter. We use here the Lorentz gauge
8m,am = 07 (565)

since the transformation (5.64) has the same form as in the classical electro-
dynamics. Further we follow the Faddeev—Popov procedure of constructing the
functional integral. Let us introduce the gauge-fixing function

X = OmGm, (5.66)

which transforms under (5.64) as dx = JA. Obviously, the ghost fields do not
interact with any other ones and so they completely decouple. The ghost action
is given again by (5.7). The generating functional for Green’s functions is now
given by*

2] = / DB, 6,0 D s by )B(x — D) X
X exp (_%(SSYM + Spp + SJ)> . (5.67)
where

Sy = / d @y + 8T5 + D (T)8 + Dia(T5)E + am(Ta)m].  (5.68)

*Note that the Jacobian of the change of functional variables (5.62) is unity since this redefinition
of fields is local.
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To represent the delta-function in the Gaussian form, we average Eq. (5.67) with
the functional factor (5.10). As a result, we obtain the gauge-fixing action in the
form

S =2 / Q' 2(1 + 418)20p O (5.69)

For simplicity we choose the gauge-fixing parameter « to be equal to unity,
a = 1. Now, the generating functional (5.67) reads

Z[J] = /D(S@a (57 1&7 &7 Qs b7 C) €xXp (_%(Stot + SFP + SJ)) 5 (570)

where

_ _ 4 _EA T ilan | Tak EAMA
Stot = Ssym+Ser = [ d°x 2¢D¢> 1Yk Oac +4d diy | +Sa (5.71)
and

1 _
Sa=15 /d4x(1 +4I¢)*x
X (8mamanan + 8man8man - 8mananam + Emm"samanaras)- (5.72)

It is evident that the scalar and spinor fields, as well as the ghosts, do
not contribute to the effective action. The only contribution comes from the
part (5.72), namely

1 528, 1
symM_ 1 a _! a0 YU
r f2Tr In 5oy ()ag (@) 2 Tr In [0pq000% (x—2")+20p G Omd” (z—2" )+

+ 4G[p8q]64(a: — ') = 2€pgmnGmOnd*(x — 2)].  (5.73)

The field G,,,(z) was defined in (5.5). Expression (5.73) is the starting point for
perturbative calculations of one-loop effective action in the N'=(1,0) nonanti-
commutative SYM model. Note that it resembles the first line of (5.18), except
for the term 20,4G,0md* (x — z'). Therefore the further computations are very
similar to the ones in Sec.2. As usual, only two-, three- and four-point diagrams
are divergent. The two-point function is given by

1 1
PSYM:—/ d4x1d4x2 [équm (:L’l)ami(54($1—$2) +2G[p(x1)8q] 554(1'1—1'2)4-
1 1
+ EqpmnGm(x1)8n554(x1 — 1’2):| {5qun(x2)8ni(54(x2 — 1)+

1 1
=+ ZG[q(xg)ap]554(l‘2 — 331) + qursGr(x2)83564(x2 — 1‘1) . (5.74)
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To proceed, we pass to momentum space and compute the divergent momentum
integrals using the standard methods of quantum field theory. As a result, we find
that the two-point function (5.74) has no divergent contributions,

5 =0. (5.75)

The absence of divergences here is owing to the term 28,,G0md* (z — ')
in (5.73) and (5.74). It gives the contribution which exactly cancels expres-
sion (5.23) obtained by similar calculations without this term.

The three- and four-point functions are defined by the following formal
expressions:

4
g = 3 Tr [(5qum($)am +2G ()0~

1

3
— EpqmnGm ()0 ) =6*(x — x')] . (5.76)

O

FEYM =-2Tr [(5qum($)am +2Gy ()0 —

4
—e,,q,,,,nam(x)an)éa‘*(x —x')] 67

The further computations are very similar to those in Subsec. 5.1, but with taking
into account the term 26, G, 0,,,0% (x — ). After careful tracking the coefficients
during the computations, we find that the three- and four-point functions also have
no divergences,

s =0, TN =0 (5.78)

As a result, we conclude that the Abelian A'=(1,0) nonanticommutative gauge
model (5.63) is completely finite,

SYM =, (5.79)

without the necessity to perform any field redefinition such as (5.27).

One more important comment to be added is as follows. The Abelian
N=(1,0) nonanticommutative gauge model is described by the classical ac-
tions (4.38) or (5.63) which are related to each other by the Seiberg—Witten
map (5.62). It is obvious that the Jacobian of such a change of functional vari-
ables (5.62) is unity (in the sense of dimensional regularization). Therefore the
effective actions in these two models should also be related by the Seiberg—Witten
map. As for the divergent part, we observe that it is trivial for both models (4.38)
and (5.63), since it can be removed by the shift (5.27) of the scalar field ¢.
Note that this explains the appearance of only two out of three possible divergent
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terms (5.14). Indeed, if the third term proportional to I* / d*a f3(1) (00, d)*

appeared in the divergent part of the effective action, it could not be removed
by any shift of the scalar field ¢, that would mean the presence of a nontrivial
divergence in the model. However, we have seen in this section that the effective
action in N'=(1, 0) nonanticommutative gauge theory is finite.

Let us also consider the general model of an Abelian A'=(1,0) nonanti-
commutative gauge superfield interacting with a neutral hypermultiplet. It is
described by the sum of the classical actions (4.38) and (4.81). Upon performing
the Seiberg—Witten map (4.89), this action turns into (4.90). We see that the
nontrivial interaction terms in (4.92) are the ones given by

/ d%i(l +415)? ( A %emmfmnfm> . (5.80)

This expression just coincides with the one present in the gauge theory ac-
tion (5.63). Thus the quantum computations tell us once again that the general
Abelian A'=(1, 0) nonanticommutative model is finite

Faiv = 0. (5.81)

This result agrees with the one of Subsec.5.2, modulo some divergent redefini-
tion (5.42) of the scalar field ¢.

To summarize, the use of the Seiberg—Witten map in the models under
consideration makes it possible to avoid the divergent expressions in the effective
action from the very beginning. Otherwise, such expressions appear but they are
removable by some divergent redefinition of the scalar field ¢.

6. HOLOMORPHIC POTENTIAL IN THE NONANTICOMMUTATIVE
ABELIAN CHARGED HYPERMULTIPLET MODEL

The previous section was devoted to the calculation of divergent parts of the
effective actions in the models of gauge superfield and hypermultiplets. In this
section we study the structure of finite parts of these effective actions. It is clear
that the chiral singlet deformation modifies the effective action of the original
undeformed theory in some way. Since we restrict our consideration only to the
Abelian case, it makes sense to study only the issue of nonanticommutative cor-
rections to the effective action in the charged hypermultiplet model. Indeed, in the
limit / — 0 the undeformed Abelian models of neutral hypermultiplet and gauge
superfield become free and exhibit no any quantum dynamics, while the charged
hypermultiplet model turns into the N'=(1,1) supersymmetric electrodynamics
which is nontrivial at the quantum level.
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It is well known [37,39] that the low-energy effective action in the unde-
formed charged hypermultiplet model has the following structure in the sector of
gauge superfields:

/ d*zd*0 F(W / d*zd* F(W / d*zd®0 H(W, W), (6.1)

where F is a holomorphic potential; F is an antiholomorphic potential and H is a
nonholomorphic potential. The superfield strengths W, W are expressed through
the prepotential V=~ as in (3.4). In the Abelian case these superfields obey the
(anti)chirality conditions,

DEW =0, DEw =o. (6.2)

The holomorphic and antiholomorphic parts of the effective action (6.1) result in
the following effective equations of motion:

(DY)2F' (W) + (DM)2F' (W) = 0. (6.3)

By now, the perturbative contributions to the effective action in the
undeformed charged hypermultiplet model have been thoroughly studied (see,
e.g., [37-42]). In particular, the holomorphic potential in this model is given by
the following simple formula:

L W2 In K, (6.4)

FW) = - 3272 I

where p is some constant of mass dimension +1.
The superfield strengths W, W have the scalar fields o, d_J and the Maxwell
field strength F},,, = 0 A, — On Ay, as their bosonic component fields,

W=o¢+ O 0mnd VEmn+..., W=0¢+0"6mn0 )Emn+... (6.5

Here we do not consider the dependence of these superfields on the spinors W¢ ,
WU, and auxiliary fields D*!. Substituting the field strength (6.5) into (6.4), one
readily obtains the component structure of the holomorphic effective action in the
bosonic sector,

Thol = / d*zd*0 F(W) =

1 ~ 3
= 357 /d%(anan + FonFinn) (ln % + 5) +... (6.6)
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- 1 . .
Here I}, = —€mnrsFrs and dots stand for the terms with derivatives of fields

and spinor fields. We stress that expression (6.6) corresponds to the bosonic
terms in the effective action which are leading in the following approximation:

¢ = const, ¢ =const, F,,, = const,

g 6.7
Wi = U, = DH = 0. ©7

Note that the constant 3/2 in (6.6) can be removed by a shift of the parameter p,
however it will be important when we will consider the nonanticommutative
deformation of (anti)holomorphic effective action. The antiholomorphic part of
the effective action can be obtained by the complex conjugation of the action (6.6).

6.1. General Structure of the Effective Action. Let us discuss the general
structure of the effective action in the charged hypermultiplet model. Since the
classical action (3.14) is a simple *-product generalization of the corresponding
classical action of undeformed theory, one can assume that the chiral part of the
effective potentials in (6.1) is also given by the x-deformation of the holomorphic
potential,

FW) — Fo(W). (6.8)

However, the antiholomorphic contributions to the effective action cannot be
accounted by such naive considerations. As was shown in Subsec.4.1, one
cannot construct any action in the antichiral superspace having the form W". We
will show that the corresponding contributions to the effective action are naturally
given by the full superspace integrals.

For the further consideration it will be more convenient to study the variation
of effective action 61, rather than I' itself. In particular, given the holomorphic
effective action

Thol = / d*xd*0 F,.(W), (6.9)
one can write its variation either in the analytic superspace,
6Thol = / dCdu sV « [—iDJrf’Dgf;(W) : (6.10)
or in full superspace,
0T hol = /dwzdu VI« V™" % % *x FL(W). (6.11)

To derive expressions (6.10), (6.11) one should follow the same steps as in [42]
for the non-Abelian A'=2 superymmetric gauge model without deformations.

We assume that the antiholomorphic contributions to the effective action can
be accounted by the following variation:

1 -
0T antihol = / d22du VT« V77 % 7 * FL(W), (6.12)
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which is written in full N'=(1,1) superspace rather than in the antichiral one. In
particular, it reproduces the correct effective equations of motion of the form (6.3).
Clearly, the full superspace action 6I',ntino1 can always be reduced to the an-
tichiral superspace by integrating over d*f, but the result cannot be written as

d*xd*0 F (W),
6.2. One-Loop Effective Action. In this subsection we explicitly calculate the
leading contributions to the charged hypermultiplet effective action in harmonic

superspace. Consider the full propagator G(*1)(1]2) of the charged hypermultiplet
defined as a solution of the equation

Vit (1)2) =68V (1)2). (6.13)

In contrast to the free propagator G(()l’l)(1|2) given by (5.44), G-V (1]2) de-
scribes the dynamics of the charged hypermultiplet interacting with the back-
ground gauge superfield V*+. It is straightforward to check that the solution
of (6.13) can be written as

1 _ §12(21 — 22)
GV (112) = —— « (DN4(DF 4{ Q) *9(2)*7}, 6.14
112 = =2 = 01 o {0 e E L

where [, is the covariant box operator,
A 1
[, = —§(D+)4V”*V”, (6.15)

and Q(z,u) is a «bridge» superfield in the full N'=(1,1) superspace defined by
the relations

Vit =el Dt e @ Vo =ellxD e (6.16)

The bridge superfield was originally introduced in [34] for the undeformed N'=2
supergauge theory as an operator relating A'=2 superfields in the so-called A- and
7-frames. Using the superfield 2(z,u) one can write the relation (3.3) between
the prepotentials V=~ and V*7 in the following simple forms:

V™ (z,u) = /du’ SHew) oMz V(z,u)

()2
VT (z,u)) * U IPRStICRY)
= [ du e . (6.17)

Relations (6.17) can be directly checked using (6.16) and the properties of har-
monic distributions.



1524 BUCHBINDER I.L. ET AL.

Note that the operator (], takes any analytic superfield into an analytic one.
This operator, while acting on analytic superfields, can be represented in the
following form:

A 1 1 - - -
O, :Vm*Vm—i(VJra*W)*V; - §(V;[*W)*V7a+

1 1 1 _
+ Z(v“’*vg * W)« V™~ — g[v“’:v;] * W — 5{W¢W}, (6.18)

where VE = D + VF, VE = D + vV are covariant spinor derivatives.
Expression (6.18) has the same form as in the undeformed non-Abelian gauge
theory [40], with the x-product playing the role of the matrix commutator. This
result is not surprising since (6.18) is derived using only the algebra of covariant
derivatives which has the same form as in the undeformed case.

Clearly, the charged hypermultiplet effective action is one-loop exact since
the classical action (3.14) is quadratic in the hypermultiplet superfields. It can
also be expressed through the propagator GV (1]2),

528

e _ = ++ = — (1’1)
=Tl e = Trn (V55 = =Trin GO0aR). (619)

The variation of this effective action reads

o0 = Tr[pV++ « GD] = /dg‘ du V(1) x GV (112)|(1y=(2)-  (6.20)

Using the definition (6.13), one can derive the following relation between the free
and full hypermultiplet propagators:

GD(1(3) :Gél’l)(1|3)—/dg‘2 duy GV (112) %V (2)« G (213). (6.21)
Substituting (6.21) into the variation (6.20), we find
6T = —/d<1 duy dCy dus SV (1)« GV (112) x VI (2) x GED(2]1). (6.22)

Taking into account the explicit forms of the propagators (5.44), (6.14), we
rewrite (6.22) as follows:

512(21 — 22)

(++)3

ol = — / 4Gy G duy dus SV (1) x (D} (DF)’
O Uy Usg

X VIH(2) % =

12/,
= * (DH (D) {e?@) * ey ) M} . (6.23)
«(2)

(ugu)®
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Now we take off the spinor derivatives from the first delta-function to restore full
N=(1,1) superspace measure with the help of (5.48),

1512(2'1 — 22)
O (ufuz)?
Q —Q 02(z29 — 2
* (D)H(DF)* {e* @)y ﬁ} (6.24)
2 Y1

o = — /d1221 d*? 2o duq dus SVTT(1) %

x VIT(2) x =
U2

We did not impose any restrictions on the background gauge superfields so far,
therefore (6.24) is the exact representation for the hypermultiplet effective action.
It should be considered as a starting point for further calculations of different
contributions to the effective action.

6.3. Divergent Part of the Effective Action. The effective action, as a
functional of superfield strengths, can be expanded in a series with respect to
these superfields and their covariant derivatives. This series can be obtained from
the representation (6.24) for the effective action as a result of the decomposition
of the operator 1/ [J, in this expression.

Let us omit all superfields in the operator (6.18),

Al ~ i (6.25)
0, O
Such an approximation, being applied to (6.24), corresponds exactly to the di-
vergent part of the effective action since the other terms in the covariant box
operator produce higher powers of momenta in the denominator which lead to
the finite contributions. Under the condition (6.25), the variation of the effective
action (6.24) is essentially simplified

duydu 1
L 12 12 1642 ++ 12 _
5Fd1v = /d 21 d 29 (u‘fu;—)ﬁé[/ (1) * D(S (21 ZQ)X

1 _
x V() x (DD (D) {ei’@) T zl)} . (6.26)
Next, we apply the identity
58(91 — 92)(Df)4(D;)4512(2’1 — 2:2) = (ufug)‘léu(zl — 2:2) (627)

to shrink the integration over the Grassmann variables to a point. As a result,
after regularization of the divergent momentum integral, (6.26) becomes

1 12 o+
(SFdiV = m/d zdu1 oV (z,ul)*
V(2 ug) 5 €2 4 e HE)
* [ dus ’ . (6.28)
/ (uf uz )?
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Here € is a parameter of dimensional regularization. Applying now (6.17), we
obtain the following expression for the variation of the effective action:

1

T iv —
olaw = 755

/ dP2zdudVit <V, (6.29)

The variation (6.29) can be easily integrated with the help of (6.9), (6.11),

1
Laiv = o= [ d*zd'0W?. .
d 327T2€/d zd'0W (6.30)

As a result, we see that the divergent part of the effective action is proportional
to the classical action of the A'=(1,0) supesymmetric gauge theory. This result
has already been obtained in Subsec.5.3 by a different method.

6.4. Holomorphic and Nonholomorphic Contributions. In this subsection
we will study the finite contributions to the effective action in the charged hy-
permultiplet model. The leading terms in the low-energy effective action are
composed of the superfield strengths without derivatives. Such an approxima-
tion is effectively accounted by considering the background superfield strengths
obeying the following constraints:

VE AW =0, Vi«W=0. (6.31)

Under the constraints (6.31) all superfields with derivatives in the operator 0,
given by (6.24) can be neglected®,

1 1

— N . (6.32)
1 -
SO g{wewy
As a result, the variation of the effective action is given by
duydu 1
_ 12 12 14U2 ++ 12 4+
or = /d Z1 d ZQW(SV (1) * 55 (Zl - ZQ)V (2)*

1 -

x —————(D)(Df)" {ei’@) T zl)} . (6.33)
0-— §{W§ wh

*In (6.32) we discard also the connections covariantizing the vector derivatives 0, which are
present in the first term of the operator (6.18). These connections are always proportional to the
derivatives of superfield strengths and therefore are not essential for studies of the holomorphic
effective action.
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Next, we apply the identity (6.27) and integrate over d®6, using the corresponding
delta-function

duyd _
oT = /d12z1 d%gM(SVJFJF(xl,9,ul)*V++(a:2,H,ug)*e?@)*e* Q)

(uiuz )
1 1
* 554(331 — @) 0" (x2 —@1). (6.34)
O-{wiw}

The bosonic delta-functions in (6.34) result in the following momentum integral:

/ d*k 1 1
172 T
(2m)* & k2+%{W¢W}

1 {(wrw}
= — In,
1672 22

] + (divergent terms), (6.35)

where 4 is an arbitrary constant of dimension +1. The function In, here is
understood in a sense of the corresponding Taylor series with the x-product of

1 1
superfields, e.g., In,(1 + X) = X — §X * X + gX x* X « X + ... Since the

divergent part of the effective action was studied in the previous subsection, here
we concentrate only on the finite part. Applying the identity (6.17), we conclude,

1

b wiwy
1672 '

ol =
2u2

/ d¥22du VT« V™ x1In, (6.36)

Expression (6.36) is responsible for all contributions to the effective action with
the superfield strengths without derivatives.

Note that in the limit I — 0 the x-product becomes the usual multiplication
and (6.36) is given by

1
1672

6T (1—0) = / d?zdudVitv =" <1n LT E) : (6.37)
K K

The variation (6.37) corresponds precisely to the holomorphic and antiholomor-
phic parts of the effective action (6.1) with the holomorphic potential (6.4) of
the undeformed theory. However, if I ## 0, the logarithm in (6.36) cannot be
written as a sum of two logarithms since there are mixed terms. Therefore in the
nonanticommutative case expression (6.36) is responsible for both holomorphic,
antiholomorphic and nonholomorphic contributions to the effective action.

We have to extract the holomorphic and antiholomorphic parts from the
effective action (6.36). For this purpose we apply the following identity for the



1528 BUCHBINDER I.L. ET AL.

logarithm in (6.36):

{(W*W} W 4 1 -
In, *——2 =In, — +1In, — + —=[W*[W*W
T ne +1In . + 12Mg[ [ 11+

+ WHW*W]| +..., (6.38)

12u3
where dots stand for terms of the fourth and higher orders in superfields which
come with various commutators. Note that expression (6.38) is valid without any
restrictions on the superfields and is obtained only with the help of formal ma-
nipulations with x-(anti)commutators of superfields. The terms with commutators
in (6.38) correspond to the nonholomorphic contributions to the effective action
since they involve both W and W. Keeping only the first two terms in the r.h.s.
of (6.38), we obtain the following expression for the variation (6.36):

5F:_L/d12zduév++*w** 111*E+111*E +... (639
1672 I I

Here dots stand for the nonholomorphic contributions. According to equa-
tion (6.11), the holomorphic part of the variation (6.39) can be easily integrated,

1
3272

Thol = / Az d*0W W *1In, % (6.40)
As a result, we proved that the holomorphic part of the effective action in the
nonanticommutative charged hypermultiplet model is nothing but a x-product
generalization of a standard holomorphic potential (6.4).

Note that the terms with commutators in (6.38) can be eliminated by imposing
the further constraints on the background gauge superfields. Consider, e.g., the
following constraints:

_ B
oW =0, W =0, (6.41)

[e%

One of the consequences of (6.41) is the relation Q! W = 0 which reduces
the x-product of the superfield strengths to the usual product. Note that the
constraints (6.41) are not covariant and could be too strong. However, they keep
the dependence of the superfield W on the §?* variables and are consistent with
the approximation (6.7) in which we study the corrections to the holomorphic
potential. Moreover, the constraints (6.41) do not violate the covariance of the
effective action in the holomorphic sector.

The constraint (6.41) simplifies the antiholomorphic part of the effective
action since it allows one to omit the x-product,

1
1672

0T antinol = /dmz du VTV =" In K (6.42)
1
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The variation (6.42) reproduces the standard antiholomorphic potential,

Cantihol = / e d 8 m (6.43)

I
Despite the absence of x-product in (6.43), this expression implicitly depends on
the parameter of chiral singlet deformation I through the superfield ¥ which
involves this parameter by definition.

6.5. Component Structure of the Effective Action. The leading contributions
to the effective action in the undeformed hypermultiplet model are given by (6.6).
Here we study the corrections to these terms due to the nonanticommutative
deformations of supersymmetry. For this purpose we find the component structure
of the actions (6.40), (6.42) in the bosonic sector in the approximation (6.7). Here
we follow the same steps as in Subsec. 4.1, where the component structure of the
classical action of N'=(1,0) supergauge theory was studied.

In the component expansion of the prepotential (4.4) we keep only the bosonic
fields,

3272

Vg = (07)20 + (6%) + 2(0 08" ) A —
—2i(0)2 (0707 )0mAm — (07)2 (0~ 0mnd ) Frnn.  (6.44)

Note that both the strength F),, and gauge potential A,, enter the prepoten-
tial (6.44). Therefore expression (6.44) depends on the spatial coordinates =™

through the potential A,,. Without loss of generality, we choose the vector

. . . 1 .
potential to be linear in =™, A,, = §anx", F,,, = const. In particular,

8mAn - 8nAm = I'mn> 8mAm =0.
Analogously to expression (4.14), we look for the prepotential V=~ in the
form

Vo e 00 ()2 A+ (B0 )+
+ (01 Gmn0 oy + (07)205 77 +(07)(67 )%~ (6.45)
as a solution of the zero-curvature equation (4.13). All the component fields in

the r.h.s. of (6.45) depend only on the variables 01, 6. Substituting (6.44),
(6.45) into (4.13), we find

. n @
=) —— 6.46
I s (646
-6 _ 2(970'm> ;’4”1,7 (6.47)
1+41¢
A= ¢+ % + (9+Umn97)an7 (6.48)

1+41¢
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_a 41(970—mn)aano—radAr
¢ _ L 6.49
g 1+4I¢ ’ (6.49)

T =9 =, =0. (6.50)

Using the definitions (3.4), we find the component structure of the superfield
strengths

4T A, A _
W= (b + TALI(; + (9+Um"9 )an_
_ . AF,

—4I( o OF ) —1 6.51
( Umn)(ar )ozl —‘,—4I¢, ( )

L LT

1441¢ 14+4I¢
+(61)%(67)? 20 Fvn Fon & AL Frun P, (6.52)

1+41¢

Note that the superfields W and W are deformed differently. Moreover, the
superfield W given by (6.52) does not depend on the ™ and 6, variables, which
agrees with the constraint (6.41).

Introducing the notations

4IAm Aﬂ’l,

d = Z 6.53
¢+ Talg (6.53)

we bring the superfield strength (6.51) to the standard form,
W=&+ 00300 )Fmn+ ..., (6.54)

where dots correspond to the last term in (6.51) which does not contribute to the
holomorphic effective action.

Now we substitute the superfield strength (6.54) into the holomorphic poten-
tial (6.40), compute the x-products and integrate over Grassmann variables. As
a result, we arrive at the following component expression for the holomorphic
effective action:

1 4 9 - 0]
Thot = 553 / d'2(F? + FF) {m Z LA, an))} . (659
where

A(X) = %(1-){)2 In(X - 1)+%(1 +X)?In(1+X) — (1+X?)In X, (6.56)
®

o1\/2(F? + FF)

X(®, Fyun) = (6.57)
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The function A(X) in (6.55) is responsible for the nonanticommutative correc-
tions to the standard terms in the holomorphic potential. In the limit 7 — 0 we

ha\/e

We see here that (6.58) reproduces the constant 3/2 in (6.6). This constant was
not essential in the undeformed case, but now it is replaced by the function A(X).

Let us finally study the nonanticommutative corrections in the antiholomor-
phic sector. We substitute the superfield strength (6.52) into the antiholomorphic
potential (6.43) and integrate there over the Grassmann variables. As a result, we
find the component structure of the antiholomorphic effective action,

1 (F? + FF) b 3
Fan ihol = — d4 = 1 = 5]
tihol 327r2/ T+ 4192 (np(1+4l¢)+2

, N _
_ / i L2 (1 p o — 2
3272 (1+419)2 u(1+419)

) . (6.59)

In the limit I — 0, expression (6.59) reproduces the standard antiholomorphic
potential in the undeformed charged hypermultiplet theory.

CONCLUSIONS

In this review we considered A'=(1,0) nonanticommutative theories with a
chiral singlet Q-deformation of N'=(1, 1) supersymmetry in harmonic superspace.
In particular, we studied Abelian models of the gauge superfield and hypermul-
tiplets, both classical and quantum. Let us give a brief summary of the basic
results of the review.

In the superfield approach the nonanticommutative deformation of N’'=(1,1)
supersymmetry is taken into account by introducing a *-product in N'=(1,1)
superspace. The chiral singlet deformation of N'=(1,1) harmonic superspace
is a particular case. Owing to the fact that the operation of *-multiplication is
compatible with the harmonic and Grassmann harmonic analyticities, classical
actions of the gauge superfield and hypermultiplet models can be obtained simply
by substituting the x-product for the ordinary local product in the undeformed
superfield actions. At the component level, the x-products induce a modification
of the actions by new terms proportional to the deformation parameter. We
have presented the component structure of the deformed classical actions for the
Abelian models of the neutral and charged hypermultiplets, as well as for the
gauge supermultiplet.

The quantum aspects of these nonanticommutative models are remarkable.
The deformation parameter has negative mass dimension, so counterterms are
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expected to destroy the renormalizability. Nevertheless, we proved the renor-
malizability of the deformed models of the Abelian gauge superfield and neutral
hypermultiplet. It turned out that the divergent contributions to the effective
action can be eliminated altogether by an appropriate shift of the scalar field ¢,
one of two independent scalar fields present in the Euclidean N'=(1,1) vector
gauge supermultiplet. This field redefinition has no impact on the quantum dy-
namics of the theory, and the theories under considerations are actually finite.
The renormalizability of the Abelian nonanticommutative model of the charged
hypermultiplet was proved using perturbative quantum calculations in N'=(1,1)
harmonic superspace. It turns out that the divergent part of the effective action
is proportional to the superfield action of the A'=(1,0) model of the gauge su-
perfield. In this sense the charged hypermultiplet model is also renormalizable.
Moreover, in this model the holomorphic potential was calculated and found to
follow from its undeformed analog just by employing x-product universally. At
the level of component fields this leads to new terms in the effective action which,
at least in the bosonic sector, can be accommodated in the single function A(X)
defined in (6.56).

Summarizing, we point out that all theories with chiral deformations of
N=(1/2,1/2) and N=(1,1) supersymmetry studied so far are renormalizable.
One naturally conjecture that any deformation of this type preserves the renor-
malizability properties. Surely, this hypothesis requires a rigorous proof and to
be supported by further examples. In this connection, it would be interesting to
prove the renormalizability of non-Abelian A'=(1,0) nonanticommutative gauge
theories with and without hypermultiplets, as well as to attack the problem of
constructing the low-energy effective action in these theories.

An important problem for further study is the question of renormalizabil-
ity and finiteness of nonanticommutative A'=4 (actually, N'=(2,2) in Euclidean
space) supersymmetric gauge theory corresponding to the chiral singlet deforma-
tion (2.25) in harmonic superspace [27,29,43-45]. If the chiral deformations of
supersymmetry preserve the finiteness of this model, the quantum aspects of such
a deformed N'=4 supergauge theory shall be very special.

Another possible direction of future investigation concerns the quantum study
of nonsinglet deformations of AN'=(1,1) supersymmetry. In particular, it is of in-
terest to consider those deformations which reduce to the known deformations of
N=(1/2,1/2) supersymmetry upon the appropriate reduction of the Grassmann
sector of N'=(1,1) superspace. In this way, one might compare the results of
calculations in the N'=1 and A'=2 superfield approaches. Nonanticommutative
models with nonsinglet deformations of A'=(1,1) supersymmetry were consid-
ered at the classical level in [23].

To conclude, theories with nonanticommutative deformations of supersym-
metry represent a prospective area for further studies. Only a small part of this
new «continent» of applications of supersymmetry has been developed until today.
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Appendix 1
EUCLIDEAN N'=(1,1) SUPERSPACE

The Euclidean A'=(1, 1) superspace is defined as a superspace parameterized
by the coordinates

z={a™ 6%,0%°), a,a=1,2, i=12 (A.1)
Here 0%, 0% are analytic Grassmann variables; 2™ = (z!, 2%, 23, 2*) are coordi-
nates of the Euclidean space R* with the metrics gn = dmn. Since the metrics
is given by the unit matrix J,,,, the objects with upper and lower indices are
equivalent. Therefore, throughout this work we use only the vectors and tensors
with lower indices, except for ™, and the contraction over repeated indices is
assumed.
The spinor SU(2) indices «, ¢ are raised and lowered with the antisymmetric
e-tensor,

wa = €a5¢ﬁa QLO} = gdﬁ'&ﬁ7

3 ' (A.2)
g1 = -2 =gy = —c'? =1, 50‘6657 = 47, z—:aﬁeﬁ-ﬁ = 05.
We use the following conventions for the Euclidean sigma-matrices:
(Um)a('y = (Z.0'7 1)0{0'47 (a'm)o'“y = Eaﬁgdﬂ(am)[ﬂ;a
_ _ i _ _
OmOn + 0nOpm = 25mn; Omn = i(o—mo—n - Jnam)v (AS)

tronOm = 20mn, tr(0n0mopdr) = 20mn0pr — 20np0mr + OnrOpm — 2€nmprs

where o are the Pauli matrices.
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Supercharges and covariant spinor derivatives in A'=(1,1) superspace are
given by

i AY.r-Y 9 A 5 o 9

Q:, =0, —ib (Um)aaax—m, Qai = —04s + 165 (Jm)aaW,
(A4)

DI =9 + iéai(dm)aaax—m, Dgi = —0ai — igf‘(am)aa%,

. . .. - Jd = 0
where the anticommuting derivatives 0}, = 205 Osi = EY act on the Grass-
mann variables by the rules '

.07 = 65167, 9;,0% = 6155, (A.5)

The nonvanishing anticommutation relations between the operators (A.4) are as
follows:

o o . )
{Dg, Dajt = —{Q4, Qajt = —2i5§(0nl,)aa&y—m- (A.6)

Appendix 2
EUCLIDEAN HARMONIC SUPERSPACE

The harmonic variables uzi i = 1,2, are defined as the coordinates parame-

terizing the coset SU(2)/U(1) and obeying the following basic relations:

uth = 5k’ju;t, u+ku,; = 1. (A.7)
The harmonic variables (A.7) allow one to convert the internal symmetry group
indices into the U(1) indices +, e.g.,

+ao ak ntc nok
0= =0 uk, 0= =0 uk,

(A.8)

Q Qkuk , Qi Qk uil, D:I: Dkuk , Di Dk i
A key feature of the superspace with the coordinates (z™, 6+, 6% u*?) is
the presence of the so-called analytic subspace (,u) = (2}, 9+ 9+ u*?), where

) =2 — i(9+a(am)(m§7d + 97‘1(0"1)@@?”'1). (A.9)
The analytic subspace is closed under supersymmetry,

5y = —2i(0™) (€7 ¥0TY 4 9T,

669(yi _ Ei(y, 569_i(5z — Eid.

(A.10)
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Here et = ¢®Fyif, e8¢ = e%%yF and €**, €% are anticommuting parameters of
supertranslations. Therefore there exist the so-called analytic superfields which
«live» on the subset of analytic coordinates, ® 4 = ®4(¢, u). Such superfields are
singled out from the general superfields on N'=(1, 1) superspace by the following
covariant analyticity (Grassmann Cauchy—Riemann) conditions:

Did, =0, Didy =0, (A.11)

+

where the covariant spinor derivatives D7, Ddi in the analytic basis are given by

0 0 .

+ _ - - — _ : p—a_

Do = gg=a+ Do = ~ggra + 2lom)act ™ 50,
) ) ) (A.12)

D+: - D'_:_——.—Z. ™m adé’a—.

“ = ggar Da = ggra — Alomlest G

In the harmonic superspace approach the harmonic variables uf are con-
sidered on equal footing with the Grassmann and space-time ones. In particu-
lar, there are covariant harmonic derivatives, which in the analytic coordinates

(@}, Hﬁf, édi, u) are given by
0 ~ . 0 0 ~. 0
DTt =4t —92;0t mangra +9+_+ -}-f’
u’L 8 Z— ? (J ) 83’;% 0480; aae;
9 _ .0 0 -0
D7 =u;, — —2i0"Y(om)aal “=—+0, — + 0, —,
Ui gF 20 om)ast o+ b Gor + 0s ggr
5 5 5 5 (A.13)

D'=[D"" DT |=ul— —u;, — + 0 —— + 0 ——
| V= gF T g T e ez t0a ggr

—Hgi_—é?i_.

00, 90

The derivatives (A.13) obey the commutation relations of the su(2) algebra.
The integration over the Grassmann and harmonic variables is defined by the
rules

[y =1 [aeerpe -t
[ o yere e =, (a14
/dul =1, /duu"'(“ oy Ting T L mim) — .

Here we use the following notation

(01 =0tv0f, (07)2 =007,
(A.15)
0" Omn" =07 (omn)505 = =0 0pnb.
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We use also the chiral-analytic coordinates Z¢ = (z¢, 0+%), where
2o = (a7, 6%9). (A.16)

The covariant spinor and harmonic derivatives, as well as the A'=(1,0) super-
charges, in these coordinates read

DF =0 0+ 2i0" %004, D, = —0ia + 20 “Ona,
B B B B (A.17)
D} =0, Dy = —04a4,
Dt =0t 4070, +07%0_4,
o (A.18)
De™ =077 407010+ 0 %044,
QL =9-a, Qo = —04a, (A.19)
where 971 = uji_ 0=~ =u; i+ An analytic superfield A(¢,u) can be
u; ou;

represented in the chilral-analytic coordinates as
A(G u) = A(Soru) = 2607 omb™)OmA(Ce,u) = (07)*(0F)?DOA(Ces u), (A.20)

where (o = (27,07, 6*) and the component fields in the # and harmonic expan-
sion of A(¢c,u) depend on the coordinates z7".
For the antichiral superfields we use also the antichiral coordinates,

o =2 + 20 0™ = 2 +2i0 om0 —2i0 ™0, (A.21)

The N'=(1,0) supercharges and the covariant spinor derivatives in these coordi-
nates are given by the expressions

QY =0 0 —2i0"0ns, Qf = =010 —2i0 “Oaa,
DI = 5La, D7 = —5‘+a.

[e3

(A.22)
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