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In the algebraic Interacting Vector Boson Model (IVBM) it is assumed that the nuclear dynamics
can be described by means of two types of vector «quasiparticles», which are also characterized by
another quantum number — a «7" spin» (an analogue to the F' spin). The noncompact symplectic
group Sp (12, R) appears as the group of dynamical symmetry for the problem of two interacting
vector bosons. The symplectic structure allows the change in the number of phonons, needed to build
the collective states, that results in larger model spaces, which can accommodate the more complex
structural effects as observed in the contemporary experiment.

The applications of the IVBM are extended by exploiting three new subgroup chains in the
reduction of Sp (12, R) to the physical angular momentum subgroup SO(3). The corresponding
exactly solvable limiting cases are applied to achieve a description of complex nuclear collective
spectra of even—even nuclei in the rare-earth and actinide regions up to states of very high angular
momentum.

The first reduction that we exploit is one that extends the rotational limit of the number preserving
version of the model; namely, Sp (12, R) D U(6) D U(2) ® SU(3). Another limit of the symplectic
IVBM, Sp (12, R) D Sp (2, R) ® SO(6), contains in a natural way the six-dimensional Davidson
potential. In both of these cases, because collective modes can be mixed, we obtain successful
descriptions of both positive and negative parity band configurations.

The structure of band-head configurations, whose importance is established in the first two
limits, is also examined in the third reduction, Sp (12, R) D Sp (4, R) ® SO(3). The distribution
of energies that are obtained in this limit with respect to the number of bosons that build each of
the states with fixed angular momentum, enables one to distinguish typical collective vibrational and
rotational spectra. This algebraic chain also provides important links between the subgroups of the
other limits.

The symplectic extension of the IVBM permits a richer classification of the states than its unitary
version and is shown to be appropriate for a description of rather diverse nuclear spectra.

Anrebp WYecK s MOAENb B3 MMONEHCTBYIOIINX BEeKTOPHbIX 6o30H0B (MBBB) mpenmon r et omu-
C HHe SJIepHOH NIWH MHKH B TEPMHH X I P BEKTOPHBIX (DOHOHOB, P 3NIMY IOIIMXCSA IO KB HTOBOMY
upcny — «T'-crmny» ( H jtor F-cnmH ). Hekomn KTH s cuMiuiekTiaeck s rpymn  Sp (12, R) npen-
CT BiIsieT coOOM IPYIITY JUH MIYECKOH CHMMETPHH I 1T P B3 MMOJEHCTBYIOIIMX BEKTOPHBIX GO30HOB,
P CLIMPEHHOE MOJEIbHOE IIPOCTP HCTBO I103BOJIIET KOHCTPYUPOB Th KOJLIEKTUBHBIE COCTOSIHUS IIPU M3~
MEHEHUM 4YuCi (POHOHOB M OOBSACHATH Oosiee TOHKUE 3(PEeKThl KOIIEKTHBHOMH SIEPHON CTPYKTYPHI,
H OMIOX eMble B 9KCIIEpUMEHTE.

P cumpenne MBBB ornpenensiercss Tpems HOBbIMH LENOYK Mu peaykimu Sp (12, R) x ¢uzu-
weckoil moarpymme yrmooro MoMeHT SO(3). TodHO pemr eMble MpeebHBIE CIyd W C XOpOLIEHt
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CTEIeHbI0 TOYHOCTH OIICHIB [OT CIIEKTPhI YETHO-YETHBIX SIAEP M3 PENKO3EMENBHON 00 CTH M KTHHH-
JIOB, BIUIOTh JIO OYEHb OONBIIMX 3H YEHHH YITIOBBIX MOMEHTOB BO30YXIEHHBIX COCTOSHHIL.

IlepB s1 p CCMOTPEHH $1 H MU LENOYK PEAYKLUHMHU MPEICT BisieT co0oil p CLIMpeHHe pOT LIHOH-
HOTO Hpefen IOIXOJ , COXp Hsiolero yucino 6osonos Sp (12, R) D U(6) D U(2) ® SU(3). Bro-
ps— Sp(12,R) D Sp(2,R) ® SO(6) — Bkitou er B cebsi 6-MepHbIil moreHuy J I Bujacon . B
000HX CIIyd sIX M3-3 CMELIMB HHSI KOJUIEKTHBHBIX MOJ Y €TCsl OJHOBPEMEHHO M YCIICIIHO OIHCBHIB Th
TIOJIOCHI C TOMIOKUTENBHOI M OTPHUII TEBHON YETHOCTBIO.

CTpYKTYp OCHOBHBIX COCTOSIHHH II0JIOC, HCCIIEIOB HHBIX B [BYX IIEPBBIX NPEIETbHBIX CIYd sIX,
p ccM TpUB ercs u B ciyd e pexykunn Sp (12, R) D Sp (4, R) ® SO(3). IlonyyeHHoe p cripeneste-
HHe 9HEPIUil K K (QyHKIMH YncT  GO30HOB, ONpEIEISIONINX K XKIOe COCTOSHHE, ITO3BONISET P 31IHY Th
HPUH JJIEXHOCTh 9TOrO COCTOSHHSI K0J1e0 TEelbHOMY WM Bp LI TeJIbHOMY criektpy. Kpome Toro, mo-
CITefIHSS LEMOYK 3 J €T B JKHYI0 CBSI3b MEXIY MOATPYII MH IPEIBIIYLIIX PEeXyKLHil.

ITo cp BHEHHMIO ¢ TP AMIHMOHHON BepcHei, TpeOyromieil coXp HeHus Ynuci O030HOB, MPELTOKEH-
HOe CHMIUTeKTHYecKoe p cirnperne MBBB mosBomser npoBomuth Goniee TOYHYIO KT CCH(UK LIHIO
CIIEKTPOB BO30YKICHHBIX COCTOSIHHIT siiep, MPUH UIeK I[MUX P JTMYHBIM IOJIOC M, T KXK€ YUUTHIB Th
B3 UMOJEICTBUA 3THX IOJIOC.

PACS: 21.60.Fw

1. INTERACTING TWO-VECTOR-BOSON MODEL
OF COLLECTIVE MOTIONS IN NUCLEI

1.1. Introduction. With the advent of ever improving experimental nuclear
physics facilities, a large repository of data on the structure of atomic nuclei is
being amassed [1]. This data reveals the complex nature of nuclear degrees of
freedom, requiring different mixings of the basic rotational and vibrational col-
lective modes. This in turn calls for better and often more sophisticated nuclear
structure models, that should remain tractable and easy to apply while yielding
very reasonable theoretical interpretations of the data. Algebraic models that are
based on symmetry principles, such as the Interacting Boson Model (IBM) [2],
have proven themselves to be useful for this purpose. Most importantly, these
models have established good benchmarks for gaining a better understanding of
the evolution of nuclear structure [3] and have provided an underpinning for our
beginning to understand the nature of phase and shape transitions between collec-
tive modes [4]. Nevertheless, it seems that along the way some of the beauty and
simplicity of the group theoretical approach to the nuclear structure has yielded
to more geometrical considerations in terms of collective model variables [4, 5]
and/or to more brute force large-scale shell-model investigations [6].

It is a well-known fact that nuclear collective motions can be described
qualitatively by means of interacting bosons [7]. A typical example of this is the
anharmonic quadrupole oscillator model. Its Hamiltonian is

H = Z(—l)MbEsz_M + V(b;M7 bans),
M
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where b; s and bopy are creation and annihilation operators of quadrupole phonons

with an angular momentum projection M, and V(b; s b2ar) is a scalar function
(usually a polynomial) describing the phonon anharmonic interaction.

The analytical diagonalization of H and the exact (nonperturbational) solu-
tion of the Schrédinger equation can be significantly simplified provided that the
space of the eigenstates of the system forms a basis of a single unitary irreducible
representation (UIR) of a certain group G, which is a group of dynamical sym-
metry in the sense of Dashen and Gell-Mann [8]. The Hamiltonian H breaks the
G symmetry and reduces it to the symmetry of the rotational group O(3) defined
by the angular momentum operators. In this way the degeneracy of the states is
removed and the observable energy spectrum is generated.

A number of algebraic models describing the collective properties of nuclei
have been built on this basis. The first one that is based on the symmetry group
SU (3) for the classification of the many nucleon states is the microscopic Elliott’s
model of nuclear rotations [9]. This model not only simplifies the calculations of
the rotational states in the p- and sd-shell nuclei, but gives a physical insight into
the structure of the nuclear wave functions and provides a way of constructing
the effective internucleon interactions. Additionally the SU(3) classification of
many-body states allows for a geometrical analysis of the eigenstates of the
nuclear system [10] and hence gives an interpretation of phenomena associated
with nuclear deformation. It became a basis for the development of the algebraic
approaches into the nuclear structure, many of which just explore the symmetries
on a pure phenomenological level using the tensor properties of the involved
physical observables.

For example, a two-vector-boson model has been constructed by
Raychev [11], Raychev and Roussev [12], and Karadjov et al. [13] for the de-
scription of the collective properties of heavy even—even deformed nuclei in the
framework of the broken SU(3) symmetry. In the early 1980s, a boson-number-
preserving version of the phenomenological algebraic Interacting Vector Boson
Model (IVBM) [14], including the interactions of the bosons of different types
and based on U(6) spectrum generating algebra was introduced. This version
of the IVBM was applied successfully [15] to a description of the low-lying
collective rotational spectra of the even—even medium and heavy mass nuclei.

Another example is the phenomenological model of interacting bosons (IBM)
of Arima and Iachello [16-19], which introduces s and d bosons considered as
fermion pairs coupled to a total angular momentum L = 0 and L = 2, respec-
tively. This brings in again the group U(6) as a group of dynamical symmetry
of collective motions in nuclei. It had been shown even earlier [20], that in the
framework of a microscopic description of the collective modes, it is quite nat-
ural to introduce six collective variables related to the monopole and quadrupole
degrees of freedom, as the same type of algebraic structure is generated by the
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five generalized coordinates of the quadrupole degree of freedom, their conju-
gated momenta and the commutators between them [21]. These variables also
generate the group U(6) proposed by Arima and Iachello [16-18] and Castanos et
al. [19]. Using the method of boson representations of fermion operators, the two-
quasiparticle structure of the generalized coordinates and impulses is obtained and
the structure constants of the algebra are expressed as sums of products of the four
amplitudes that define their microscopic structure [22]. The so-obtained collective
quadrupole nuclear Hamiltonian defines the Truncated Quadrupole Phonon Model
(TQM), which has successful applications in the description of nuclear collective
spectra not only of spherical nuclei, but of deformed ones as well [23].

On the other hand, even during early stages of development of algebraic
methods for application in nuclear structure theory [24-26], the separation of
collective and intrinsic degrees of freedom was realized within the framework of
the overarching symplectic geometry of the nuclear many-body problem. The
Symplectic Shell Model (for example, [25,27,28]) which is considered as a mi-
croscopic realization of the successful Borh—-Mottelson—Frankfurt [29] collective
model is realized as a multy-h€) extension of the Elliott’s SU(3) model and is
based on the noncompact sp (6, R) algebra, which has a very rich subalgebraic
structure. This allows for the description of rotational dynamics in a continuous
range from irrotational to rigid rotor flows. Recently, the expansion of the most
important sp (6, R) symmetry adapted components of the symplectic shell model
wave functions [30] in the spherical harmonic oscillator basis, utilized by the
prominent — no-core shell model [31], demonstrated convincingly the impor-
tance of the symplectic symmetry in light nuclei, while reaffirming the value of
the simpler SU(3) model upon which it is based.

In general, the advantages of exploiting symplectic structures, in addition to
gaining a direct geometrical interpretation, are quite transparent when a change in
the number of phonons needed to build collective states is included in the theory
as this results in larger model spaces that can accommodate the more complex
structural effects as realized in nuclei with nucleon numbers that lie far from the
magic numbers of closed shells.

The model discussed in this review is a natural generalization of the SU(3)
model developed by Raychev and co-workers [11-13]. Its main assumption
is that nuclear dynamics can be described by means of two types of vector
quasiparticles, which are also characterized by another quantum number, which
was initially called a «pseudospin» [14]. Here we will use the more appropriate
term «T' spin» (an analogue to the I’ spin in IBM-2), as the term «pseudospin» is
now known as introduced for single particle levels in [32]. These vector bosons
form a «T-spin» doublet and they differ in their «T-spin» projection o = +1/2.
The introduction of this additional degree of freedom leads to the extension of the
SU(3) dynamical symmetry to U(6). It is not necessary to consider the bosons
as fermion pairs coupled to L = 1 in order to justify this assumption; we would
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rather treat them as kinds of «oscillator quarks» or «Elliott quarks» as in the
well-known model of Elliott [9] (see also Lipkin [33]).

In general, instead of considering the vector bosons as real nuclear excitations,
there can be another approach to the problem. It is only the tensor characteristics
of the operators built from the generators of some group G and belonging to its
universal enveloping algebra that play an important role in the diagonalization
of the Hamiltonian in the basis of the UIR of the dynamical group G, as well
as in the determination of the matrix elements of the transition operators. The
construction of the representations of G and the realization of its generators can
be achieved by means of boson operators, which in this case will not have an
immediate physical significance but will only play the role of formal auxiliary
apparatus. On the other hand, however, the idea, that the bosons used in this case
represent the real excitations, is more attractive, and for this reason we will retain
it in our further considerations.

As suggested by Rargmann and Moshinsky in [34], two types of bosons are
needed for the description of nuclear dynamics. It is shown there that the consid-
eration of only a two-body system consisting of two different interacting particles
will suffice to give a complete description of N three-dimensional oscillators with
a quadrupole—quadrupole interaction.

One of the purposes of the present investigation is to show that the non-
compact symplectic group Sp (12, R) is the group of dynamical symmetry for
the problem of two interacting vector bosons. In this sense the two-vector-boson
model is an expansion of the Sp (6, R) model of Rosensteel and Rowe [27,28,35].
It should be noted that the Sp (6, R) model was originally suggested for the
description of deformed even—even nuclei by Raychev [36] and was further in-
vestigated microscopically by Asherova et al. [37], where a more general group
decomposition Sp (64, R) D Sp (6, R)®@O(A) (A is the number of nucleons) was
introduced. Although the IVBM is developed on a pure phenomenological level,
the clear similarities of its group structure to the one of the SU(3), SU(6), and
Sp (6, R) microscopic approaches gives an open possibility to explore its relations
to these models, which, as a future task, will lead to establishing its relations to
the microscopic foundations of the nuclear collective motion.

With the aim of extending the earlier applications of the IVBM to incorporate
new experimental data on states with higher spins and to incorporate new excited
bands, we explore the symplectic extension of the IVBM, for which the dynamical
symmetry group is Sp (12, R). This extension is realized from, and has its
physical interpretation over basis states of its maximal compact subgroup U (6) C
Sp (12, R), which was identified as the rotational limit [15] of the model. This
led naturally to the description [38] of not just energies, but of finer structural
effects like a staggering of levels between the ground and octupole bands up to
states of very high spins.
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The symplectic extension of the IVBM provided a useful tool to obtain its
relation [39] to a version of the IBM that contains the s and d bosons with
F spin F' =1 and a p boson with F' = 0, by means of a mapping procedure
that uses pairs of vector bosons as constituents of the IBM ones. Even earlier
the equivalence of the IBM and the microscopic TQM [27] has been established
in respect to the matrix elements of their physical observables and their corre-
sponding operators [40]. Something more, the strict mathematical proof of the
unitary equivalence of the physical boson spaces of the basis states of the two
models also exists [41], which is the reason for considering the two models as
different realizations of the same phenomenological SU(6)-boson model. The
established relationship between the IVBM and the IBM [39] with its equivalence
to the TQM reveals another possibility to explore the microscopic foundation of
the model presented in this review.

In the dynamical Sp (12, R) group there are as well additional chains of sub-
groups, starting with noncompact symplectic subalgebras which in larger infinite
boson spaces lead to some new structural effects. One interesting example is
the reduction of Sp (2, R) ® SO(6) C Sp (12, R), which allows for the inclusion
of a six-dimensional Davidson potential [42] into the theory that is known to
accommodate mixing of rotational and vibrational modes and hence allows one
to reproduce the spectra of transitional nuclei.

The next important chain [43] Sp (4, R) ® SO(3) C Sp (12, R) allows the se-
lection of states with fixed angular momentum L, given by the SO(3) irreducible
representations (irreps). The physics behind this dynamical symmetry outlines the
importance of the structure of the band-head configurations in the development
of the nuclear spectra, established in the applications of the first two reductions
and yields important relations between the subgroups of the first two limits.

At the end, the dynamical symmetries mentioned above are unified in a
generalized reduction scheme for the symplectic extension of the IVBM that
contains the relations between the subgroups from the different chains. These
clarify the physical meaning and motivation of the model and lead to rather
successful applications for the description of the large amount of experimental
data on the nuclear structure, while still retaining the advantages of the use of
dynamical symmetries, namely the exact analytic solutions for the energy spectra
of nuclei.

We start our review, by presenting the rich and beautiful structure of the
maximal compact subgroup of Sp (12, R), namely the group U(6), on which we
base the symplectic extension of the Interacting Vector Boson Model.

1.2. Building Blocks of the Model. If z(«),y(«), and z(«) are the Cartesian
coordinates of a quasiparticle with projection of the «T spin» o = +1/2, the
corresponding cyclic coordinates are

z(a) £iy(a)

rii(a) =F 7 , xo(a) = z(a). 1)
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The momenta associated with these coordinates are
gm () = =1 9/0z™ (), 2)

where
™ = ngnxvu gmn = Gimn = (_1)n5m,—n-
n

Using (1) and (2) one can introduce creation and annihilation operators of bosons
with angular momentum [ = 1, projection m, and «7-spin» projection « as
follows:

UIn(Oé) = (xm(a) - iqm(a))/\/i’ 3)
u™ (@) = (™ (@) +ig™(a)) /V2.

These operators satisfy the commutation relations

and Hermitian conjugation rules

[uf (@] = um(@),  [u(@)] = ul,(a).

When convenient, we also use the notations

1 1
u;rn, (Oé = 5) = pjn,v u;rn, <Ot = _§> = n;rn,' (4)

The operators p' and n' can be considered as three-dimensional vectors (with
respect to the group O(3)) belonging to two independent representations (1,0)
of the group SU(3) (the operators p and n belong to the representation (0, 1)).
The operators (3) can also be realized as double tensors with respect to the
angular momentum soy,(3) algebra, labelled by I =1 (=1 < m < 1), and of rank
f=1/2 (—=f <7 < f) (with respect to the sur(2) algebra), which satisfy the
commutation relations:

) l/ //
{ulfTa u}'-:'n } = 6ll’5mm’5ff’57—7—’- %)

The vector bosons presented by (3) and (4) play the role of «quasiparticle
quarks» and can be used for the construction of other quasiparticle excitations
with different angular momenta. Thus, for example, the s and d bosons from the
IBM can be considered as bound states of the bosons (4). In this sense the group
SU(3) is the group describing the fundamental collective excitations in nuclei.



900 GEORGIEVA A.1. ET AL.

Now we introduce the following operators:

FM a 6 Z Clk im uk (ﬂ)v (6a)
G, B) = chk 1m Wk (@) um (B), (6b)

which create or annihilate a pair of bosons with angular momentum L and pro-
jection M. We also introduce the operators

Afy (e, 8) = chk T UL (@)t (B), (6¢)

which preserve the number of bosons. The operators (6a)—(6c) introduced so far
have the following properties:

Fii(a, 8) = (-1)"Fy;(8,a), G, B) = (1) G148, a),
[Frr(a, @) = (—D)MG" (B, 0),  [Gh(e, B)]T = (=)™ FEy(B,0). (7
[A%/I(aaﬁ)].r = (_1)MA£J\1(ﬂva)v

We will show further that the operators (6a)—(6¢c) play the role of the gen-
erators of the sp (12, R) algebra (or, in the general case, sp (2d, R) algebra with
d= (214 1)(2f + 1)). They can also be expressed in terms of double tensors of
the angular momentum L and the T-spin 7T'.

1
LM l l
Fri = (Gr)' = NG D ChN i CFL gl =

mi1ma Ty T2

1 LM
_ I I
_\/Q(uf ®uf)Tt , (8a)

LM . - .
AR = Y Ol s OTh praup s (21) 72 (=) =

m1m2 Ty T2

where
alfm _ (_1)l+ﬂl(_1)f+7'ulfi’r‘rrl (9)

The symmetry properties of the Clebsh—Gordan coefficients CleMln result in

some restrictions on the possible values of the angular momentum L and isospin
T of two-boson generators F2M and GEM (8a), namely

(—1)*E (=) T =1 (10)
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2. THE ALGEBRAIC STRUCTURE GENERATED
BY THE TWO VECTOR BOSONS

The algebraic structure, generated by the operators F' (o, 3), G, (a, 8) and
AL (a, 3) (78 in number) is clarified by their commutation relations:

[Ailll (Oé,ﬁ), FJ\LIZQ(alvﬁl)] =
_ Lo 1/2 LM Ly Ly L
= (=1)™[(2L1 + 1)(2L2 + 1)] Z CLiMy, LMo { 11 1 } X
L.M
x [Fir(e/,0)8(8,8) + (=) Fi (8, )é(c, B)], (11a)

[A37, (2. ), Gz, (o, 8] =

L 1/2 LM Ly Ly L
— (DR (L) + 1)(@Ls + 1) EA;CM{ D

s

< [(=1)"2 G (', B)d(a, B') + GE, (B, B)d(ev, @], (11b)

[FI\L/Ill (O‘aﬁ)a Gﬁ/[z (O/aﬂl)] =
Ly Ly L }X

— 1L+ DL+ D2 S0 { 5]
LM

x [(~1)% ALy (0, @)5(8, ) + Ay (o, B)6(a’, )+
+ (=D)AL (8, 0")8(a, B) + (1) P ARy (8, )0 (e, o)+

+ (_1)Ml+16L1, L25M1, — M [6(O‘7 ﬂ/)é(alv ﬂ) + (_1)L25(aa O‘,)(S(Ba 6,)] )
(11¢)

(A3, (0. 8), Ajz, (. 3] =
Li Ly L
=[(2L1 +1)(2L2 + 1)]"/2 ;wcﬁ&“hm { R } X

x [(—1)" 2 AL (o, B)6(a, B') — (1)  Afy (e, B1)5(e/, B)]. (11d)

It is evident from (11a)—(11c) and the definitions (6a)—(6c) that these operators
define an algebra of the noncompact symplectic group Sp (12, R) and also that
the 36 operators A%, (v, B), (o, 3 = £1/2,L = 0,1,2) generate an algebra of the
maximal compact subgroup of Sp (12, R), namely the group U (6).



902 GEORGIEVA A.1. ET AL.

In terms of the double tensors (8b) the commutation relations (11d) can be
expressed in a more compact form:

A%tJ\fl,A%gg} _ I:II:QTITQZ [(_1)L+T - (_1)L1+L2+T1+T2] %
LT

Ly L, L T, T T
XC%%&,LQMQC%EI,TQQ{ 11 12 l}{ f1 f2 f }A%z{w (12)

Here and later on we use the notation L = /2L + 1, and the curly brackets {}

denote the 6 — j symbols. It is evident from (12) that, in general, operators

ALM " which do not change the number of bosons, generate a maximal compact

subalgebra of sp (2d, R), namely the u(d) algebra. The operator of the total
number of bosons

N = Z ul ™™
mT
is connected with the multipole operator AJJ in the following way:

N = /(21 +1)(2f + 1) A} = VdAY.

The commutation relations for the rest of the sp (2d, R) generators are generalized
in the following way:

LiMy ~LaMs]| AP A M+t LM Tt
AT1t1 aGthz } = —2L1L>ThT>(-1) Crim, Lo Oty 1oty ¥
LT

L1 LQ L T1 T2 T LM
X{ l l l}{ f f f}GTt7 (13)

{G%lt]\;h ) FTLzzté/Iz} = 5L1L25M1M25T1T25t1t2 + 2[:11:27:’17:’2(_1)Ml+t1 X

Ly Ly L T Tb T
X 205%11, LQJ\IQC%ft17T2t2 { ll l2 l } { fl f2 f }A'%iw7 (14)
LT

(PR R = [aRit, ahzle] = o, (15)

These commutation relations are similar to the commutation relations of the
corresponding bifermion operators [44] except for opposite signs at some terms.
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2.1. U(6) Subalgebraic Structure. From the commutation relations (11la)—
(11c) it follows that the U(6) algebra contains the following chains of subgroups:

e

Now we are going to briefly enumerate these algebras, their generators, and
second-order Casimir operators:

(1) The U(6) algebra is generated by the operators AL («, ) (6¢c) (L =
0,1,2; a, 8 = +1/2 — (p),—1/2 — (n)). They satisfy the commutation rela-
tions (11c) and their second-order Casimir operator is

=Y ) (-)MAf (e, B)AL 3 (B, @) = N(N +5),

L,M «,B

where
N = —\/g(AO(p,p) + A%n, n)) (17)

is the operator of the number of particles.
(2) The angular momentum algebra O(3), defined by the angular momentum
operators

L = —V2(A} (p,p) + Ay (n,n)), (18)
which satisfy the usual commutation relations
[Las Las) = —V2 O3 32 Las s (19)

This group inevitably appears at the end of each chain of subgroups and has the
following second-order Casimir operator:

T3 = Z (-1 )MAM(a a)AL (8, 8) =

M,a,B
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(3) SU(3) ® U(2) algebra consists of two commuting sets of operators:
(a) The U(2) algebra, defined by the operator of a number of particles N (17)
and the «T-spin» operators T}, (m = 0, +1) introduced through

3
T = \/;Ao(pa TL),

3
Ty = —\/; A°(n, p), (20)

Ty = —5V3 (A%(p,p) ~ A°(n,)).

The above operators 1.}, (m = 0,41) commute with N and satisfy the standard
commutation relations of the type (19). Thus (20) define the subalgebra su(2) C
u(2). These operators (20) play an important role in the consideration of the
nuclear system as composed by two interacting neutron and proton subsystems.

The second-order Casimir operator of U(2) is

4 1
Ko = -T?+ N2
2=30 T3
(b) The U(3) algebra. It consists of the operators N (17), Lys (18) and
Qnr = V6(A3(p,p) + A3 (n,n)), (1)

which can be interpreted as operators of the truncated («Elliott») quadrupole
momentum [9]. The operators Lj; and Q » commute with IV and define the
subalgebra su(3) C u(3). The standard commutation relations between these
operators are

[LMl’QMZ] =v30 C;J&{I,JQF%EQAQ-FMW
[QMUQMQ] = 3v10.

The second-order Casimir operator of U(3) is
1~ 1 1
Ky=-Q>+ =L*+ =N?
3 GQ + D) + 3 )

where ~
Q=6 ) (~1)"A} (0, 0)A%(5.5).
Mo,
It should be pointed out that the groups U(2) and U (3) are mutually complemen-
tary in the sense that the eigenvalues of K5 are completely determined by the
eigenvalues of K3. This is due to the relation

Ks = gKQ +N. (22)
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This means that the representations of U(3) and U(2) can be labeled by the
same quantum numbers (for instance, the number of quasiparticles N and the
«T-spin» T)).

4) U(1) ® U(1) algebra. It is determined by the operators

A’(p,p)+ A%(n,n),  A°(p,p) — A%(n,n)
proportional to N (17) and T (20) and its second-order Casimir operator is

1 4
K, ==N?4+ -T2
1= 340

(5) SU(3) ® SU(3) algebra. It consists of two sets of commuting operators
(L=12)

Pl = (Ak(p,p) + A% (n,n) + Ay (p,n) + Ak (n,p)) /V2 (23a)
and
St = (A% (p,p) + Ay (n,n) — A (p,n) — Ay (n,p)) /V2. (23b)

This group has two second-order Casimir operators

Z Z VM (PyPEy + 850850 =

=12 M
Z Z )M (A% (p,n) ALy (pyn) + ARy (n, p) ALy (n,p)) =
=12 M
2 4 1
=K3—-T?— -T2+ -N?+3N (24
373 310 +6 +3N (24
and
Z Z VM (P PRy — SiSE ) =
=12 M
Z Z AR (p.p)AL y (n,p) + ARy (p, ) ALy (p, )+
L=12 M
16
+ AL (n,n) AL (p,n)+ AL (n, p) ALy (n, n))— \/_(AO (p,n)+A° (n,p)).

3

(6) O(3) ® O(3) algebra. Its generators are determined by the opera-
tors (23a), (23b) with L = 1. This group also has two second-order Casimir
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operators
Z Z M(Py Py + SuSta) =
L=12 M
= Z M(2A45 (p,p) ALy (n,n) + Al (p,n) ALy (p,n)+
1 1 2, 1
+ Ay (n,p) ALy (n,p)) = m3 — T7 + ZN(N +6)
and

= 3 S )M (P Py - SiSty) =

L=12 M

= 22 M(Ads(p,p)AL v (0, ) + Ajy (p, ) AL s (p, p)+

(7) O(6) algebra. The set of generators is
Alyom) + Aly(np), i(A3 () + A4 (n,p)), 05)
Z(Ao(p,n) - Ao(n,p)), A}\I(pap)v A}\I(nﬂn)v
and its second-order Casimir operator is
Z Z L+M+1 AL (pa )AEM(p7 n) + A%\Z(nap)AEM(’n?p))_‘_
L=0,1,2 M
1
+ ENQ — 2Ty + 3N. (26)
(8) SU(3) algebra. It consists of eight generators, which are part of the
generators of O(6), namely

X3, =i(A%(p,n) — A3 (n,p)), M =0,£1,42,

(27
1
=AY, (p,p) + AY;(n,n) = ———=Ly, M =0,4+1.
M (p,p) m(n;n) NG M
Its second-order Casimir operator is
Gz =Y (-DM(XuX_a+YuYou). (28)

M

(9) O(2) algebra. It is given by the operator
i(AO(p7 n) - Ao(n7p))



DESCRIPTION OF MIXED-MODE DYNAMICS 907

and its second-order Casimir operator is

2 2
T2 = gTQ - gTOQ - Ao(pv n)AO(pv n) - Ao(nvp)AO(n,p)
2.2. Hamiltonian of the Model. The most general one- and two-body Hamil-
tonian, which is invariant with respect to Hermitian conjugation and with respect
to the group O(3), can be expressed in the form

H = Ay + Hn, (29a)

where
Hy = Z(EaAo(a, o) + el FOo, ) + 6, G (a, ), (29b)
«
and 7%, is a linear combination of all possible scalar products of the opera-
tors (6a), (6b).

As a first approximation of the model we assumed the additional condition
that the Hamiltonian should preserve the number of bosons [14,15]. This con-
dition restricts the region of application of the model, but makes it possible to
construct in a comparatively simple way bases that can be further used for the di-
agonalization of the complete Hamiltonian (6a)—(6c). The truncated Hamiltonian
which preserves the number of bosons is of the form

H = Ho + Hiny =
=Y cad’(av) + > > VHapiv8)F (o, 5) G*(7,8) (29)

L afvd

and its structure is investigated below in detail.

The coefficients V' (a3;vJ) in (29¢) are real phenomenological constants
related to the two-boson interaction. From (7) it follows that they have the
following properties:

VE(af;n9) = VE(5; af), 30)
VE(aB;6) = (=1 VH(Ba;78) = (=D)* VE(aB; 6v).

In particular
VE(aa;v8) = VE(aB;yy) =0, if L=1.

It is obvious from (30) that the number of independent constants VL(aB; ~0)
is 13. This number can be reduced provided that H in (29b) is subject to certain
additional restrictions. In order to define the latter it is necessary to introduce the
operators of the basic physical observables of the system.
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In future papers our model will be applied to even—even nuclei so that the spin
of the ground state of the system is equal to zero. Its angular and quadrupole
momenta are the most important physical observables in this case. Using the
standard definitions and relations (1) and (2) one can express the operators of the
angular and quadrupole momenta as follows:

= Z Clllema:m ()qi(a) = —\/5214}\/[(04,04), (31a)

a,k,m

and

Qm = Z C12k1§/11m$k(0‘)$m(0‘) =

a,k,m

—\/_Z( F (o) + A3 (o, a) + = G2 (o, a)), (31b)

where it is obvious that (31a) coincides with the operator (18) and the middle
term in (Qps (31b) is the operator defined by (21). The «T' spin» and its pro-
jection play an essential role in the classification of the states of the many-body
system. Using (20) it is not difficult to show that —F"(p,p)/v/2, F¥(p,n) and
FE(n,n)/V2 (—=G*(n,n)/v2,G"(n, p) and G*(p, p)/+/2) form a tensor of rank
one with respect to the «T'-spin» group defined by the operators Tk, (k = 0,+1).
It is therefore evident that in general the Hamiltonians (29a), (29b) do not com-
mute with the operators of the «T-spin» group. On the other hand, the difference
between the p and n bosons is irrelevant in this case, and it is reasonable to
consider Hij, in (29b) invariant if p and n are mutually substitutable (a «7'-spin»
symmetry). We introduce an operator

Ry =exp (inTy),  To=(-Ti+T-1)/V?2,
which has the property
R;lul(a)Rx = —iul(—a), R 'up ()R, = iug(—a)
and brings about the substitution p = n. It is obvious that

R Fip(, )Ry = —Fiy(—a, =),
R Gy (@, B) Ry = =Gy (—a, =),
Rz_lA]L\/[(aa ﬁ)R:F = A%\‘l(_aa _6)

and that Hj, is invariant with respect to the «T" spin» under the condition

Ry ' Hing Ry = Hing. (32a)
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The latter means that
VE(aB;iv8) = Vi(—a - 8;— = 6) (32b)

and the number of independent constants in (29¢) is reduced from 13 to 9.

The Hamiltonians (29a), (29¢) are expressed by the generators of Sp (12, R).
The eigenvectors of Hj,, or H can be expanded by the basic vectors of a cer-
tain irreducible representation of the group Sp (12, R). On the other hand, (29a)
and (29¢) are invariant only with respect to the group O(3) defined by the oper-
ators of the angular momentum (31a). Therefore, each of the Hamiltonians splits
the irreducible multiplet of Sp (12, R) and generates the energy spectrum of the
system, i.e., Sp (12, R) is a dynamical group for the interactions (29a), (29c¢).
Moreover, the transition operators Q% of (31b) are also expressed by the genera-
tors of Sp (12, R). This means that if one knows the representations of Sp (12, R)
algebra, then not only the energy levels can be calculated but also the transition
probabilities between them.

It should be noted that if x,,(1) (m =0,£1; 0 =1,2,..., A) are the cyclic
coordinates of a particle in a system of A particles, then using the formulae of
Subsec. 1.2 one can construct the operators Fi;(u,v), AL (u,v), and G%; (1, v)
(u,v = 1,2,..., A). These operators satisfy the commutation relations (11a)-
(11c) and generate the algebra of the group Sp (64, R) — the noncompact group
of canonical transformations of a system of A particles [45]. Summing over the
particle indices one obtains the generators of Sp (6, R) (21 in number) [27,28,36]:

A A A
p=1

p=1 p=1

The latter commute with the set of operators

Ip,l/ = Z (uln(u)um(y) - u;rn(y)um(u))

m=0,%£1

which generate the group O(A) of rotations in A-dimensional space of the parti-
cles [37].

If the system consists of two types of particle differing, for example, in their
«T-spin» projection, then the number of cyclic coordinates is doubled and the
generators of the groups Sp (124, R) and Sp (12, R) can be constructed. These
generators also commute with the generators of O(A).

This explains to a certain extent the basic assumption of our model — we
accept that the collective properties of a system of A particles of two different
types are determined by an algebraic structure generated by the group Sp (12, R).

We recall here that the group Sp (12, R) is not compact and its representa-
tions are of infinite dimension, which makes it rather difficult to diagonalize the
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Hamiltonians (29a), (29¢) in the basis of Sp (12, R). However, in the case of
the truncated Hamiltonian (29c), this difficulty can be overcome if one uses the
standard technique of recoupling noncommuting operators [46]:

S 1M i 0 B) GE 3y (1:8) = 2t A, 5)3(3. )+

M

+Z(—1)~%(2L+1){ L }A"/,(a,v)Ai/[(ﬁ,é).
J, M

In this way the truncated Hamiltonian can be written in terms of the generators
of the group U(6) only:

Hy=>ho(a, 3)A(ar, B),
a,B

=Y Y (2L+1){ L ﬁ}VL(aﬁ; 18) (33)

L,J, % o,B3,7,0
x (=1)7 A%, (o, 7)A” 4 (B,0),

where

o(0,9) = 2= S (2L + VX A9) + 3ead(a )
L,X

Now we can discuss the role of the group Sp (12, R) in the problem. First
of all, the eigenvalues of the truncated Hamiltonian belong to a given UIR of
Sp (12, R). Apart from that there are only two types of UIR of Sp (12, R) —
even and odd, which can be constructed by means of six creation operators [23]
(as is our case). On the other hand, under the decomposition Sp (12, R) D U(6)
the UIR of Sp (12, R) splits into a countless number of symmetric UIR of U(6)
of the type [N, 0,0,0,0,0], where N =0,2,4. .., for the even UIR of Sp (12, R),
and N =1,3,5..., for the odd UIR of Sp (12, R). This means that the matrix
elements of the truncated Hamiltonian (29b) in the basis of Sp (12, R) vanish
between states of different UIR of U(6) given by the number N, i.e., in the basis
of Sp (12, R) the matrix of H (29b) is block-diagonal. In this way the problem
is reduced to the diagonalization of H in the finite subspaces of the different UIR
of U(6), which can always be done, at least numerically.

From all this one can get the impression that the role of Sp (12, R) in this
problem has been somewhat exaggerated and that we can restrict ourselves to the
dynamical U(6). This, however, is not the case, because the complete spectrum
of the system can be calculated only through the diagonalization of the truncated
H (29b) in the subspaces of all the UIR of U(6), belonging to a given UIR of
Sp (12, R). On the other hand, the operators describing the transitions between
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the states of different UIR of U(6) belong to the enveloping algebra of Sp (12, R).
Finally, in the case of the complete Hamiltonian (29a), the terms which do not
preserve the number of particles mix the different UIR of U(6) and, in this sense,
Sp (12, R) is the dynamical group for the system.

2.3. The Dynamical Symmetries of the IVBM. The diagonalization
of H (29¢) or (33) can easily be carried out if one is able to express the term
in the sum (33) by means of the Casimir operators of the group U(6) and its
subgroups (16). Taking the symmetry properties (32a), (32b) into account and
the recoupling relation in the case of o # 3:

Z Z MAL ﬁ)AEM(ﬁaa) =

L,M o#p3

:—%ZAO(a,a)Z(ZL—Fl SN (-nFeL+1)x

L,J, M o#p
1 1 L J ;
% { 11 J }Avﬂ(a, a)Azy (8, 5).
The truncated Hamiltonian can be written explicitly in the form

Hy = (ap - %\/gVO(pp; pp) + g\/gVQ(pp; pp)) (A%(p,p) + A%(n,n)),

= Y@L+ {] ] 5O VR (% .04 4.0+
L,J, %

+ A%y (n,n)A? ,(n,n)) +4V*(pn;pn) A7, (p,p) A 4 (n,n)+
+ VE(pp;nn) (A% (,n) AL 4 (p,n) + A%y (n,p) AL 4 (n,p))+
+ 2V ¥ (pp;nn) (A%, (p,p)A” 4 (n,p) + A%y (p,n) A7, (p,p)+
+ A7, (n,n)A’ ,(p,n) + A7, (n,p)AL_,(n, n))} (34)

From the U(6) structure of the truncated Hamiltonian (the results of Sec. 2)
it becomes clear that the two-boson interaction H;,; can also be written in terms
of the second-order Casimir operators of the algebras belonging to the reduction
scheme (16):

Hingy = oK + asKs + ag Ky + a1 Ky + a3Gy + Beme + Bata+
+ G575 + Bams + forrz + (A% (p,n) + A%(n,p)).  (35)
The Casimir operators G's (24) and G'3 (28) have not been taken into account

in (35) because of the relations

2 2
Gz = §K6+§K3+K2—2K1—27T2
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and

~ 2 1_ 4
G3 = —§7T6 =+ g’ﬂ'g -+ §7T3.

Now it is easy to express the real independent constants of (34) by the coefficients
of the expansion (35):

2 _
VO (pp; pp) = a6 + a+ za1 — B — B3 — Bs,

3
2 1 1. 1
V2(pp; pp) = a6 + o + 391 + 556 + iﬁs + 5537
1 11 o 1
0/ . _1 1 1, - 1 1
VO(pns pn) = So + ot 5 — B — 5 + o B2
1 11 1 1
! ) - —= - —_ = — —
4 (pn’ pn)i 2a6+2a 256+4ﬁ3+6527
1 11 1. 1 1
V2 ; = — — — - - -
(s pn) = 506+ o+ 506+ 50+ 05+ £,
_1
VO (pp: nn) = =385 — s — < 2,
1- 1
V2 N = — — —
(pp7 nn) 2ﬁ3 262)
2 _
VO(pp; pn) = 505 — 5,
2 1-
V2 (pps p) = S0 + 505,
16 _
7= V3ay+2V3 3,

where 5
o = Q3 + gOéQ,

which is due to the fact that U(3) and U(2) are mutually complementary
groups (22).

If one is able to find examples of nuclei for which the parameters in (35) are
so special as to realize only one of the chains in the reduction scheme (16), then
the truncated Hamiltonian can be diagonalized immediately in a basis of states
labelled by the eigenvalues of the corresponding Casimir operators. The limiting
cases realized in such a way are of interest for the determination of the region
of application of the two-vector boson model, and are to be investigated in this
review.

In short, the most general one- and two-body interaction has been constructed
by means of two interacting vector bosons. The group of dynamical symmetry for
the complete Hamiltonian is the noncompact symplectic Sp (12, R). In the basis
of the group Sp (12, R) the matrix of the truncated Hamiltonian, which preserves
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the number of bosons, is block-diagonal with respect to the maximal compact
subgroup of Sp (12, R), namely the group U(6). In this way the diagonalization
of the truncated H in the infinite space of a given UIR of Sp (12, R) is reduced to
a diagonalization in the finite subspaces of the different UIR of U(6). The U (6)
structure of the truncated Hamiltonian has been investigated. All possible types
of two-boson interactions preserving the number of bosons have been expressed
by linear combinations of second-order Casimir operators of the groups in the
reduction scheme (16). As a result of the proposed representation of the truncated
Hamiltonian the eigenvalue problem can be solved explicitly.

3. RELATIONSHIP OF THE INTERACTING VECTOR BOSON MODEL
TO THE VERSIONS OF THE INTERACTING BOSON
APPROXIMATIONS

The interacting vector boson model [14], where nuclear states are considered
as a system of an even number of the p bosons with isospin 7' = 1/2, is in some
aspects similar to the standard IBM [47] (for example, there is an exactly solvable
su(3) rotational limit and so on), but there are some differences, too. The natural
question about the connections between IVBM and the standard versions of IBM
arises. The answer could be obtained by means of mapping of the boson pairs
with angular momentum L and isospin T' (LT = 01,21, 10) on the space of the
ideal S and D bosons with isospin 7' =1 and P bosons with T" = 0.

The boson mapping technique, which is widely applied to the problems of
microscopic foundation of the IBM [48], can be applied to our problem, too.
The noncompact algebra sp (12, R) is a dynamical symmetry algebra for IVBM.
The algebraic structure of IVBM allows one to use a number of results obtained
for the boson mapping of symplectic algebras [49]. The vector coherent states
(VCS) and the mixed boson realization [50] are of particular importance in this
case. The VCS theory is an extension of the standard theory of the generalized
coherent states [51] which allows the inclusion of vector-valued functions. At
first sight this approach seems a complication but in fact it brings about a major
simplification because it allows the separation of the intrinsic degrees of freedom
from the collective ones, thereby greatly simplifying the description of the latter.
Besides, a simple K-matrix technique has recently been elaborated, which allows
one to solve the long-standing problem of transformation of the Dyson [52]
representation into the Holstein—Primakoff [53] representation. Our aim is to
obtain the boson realization of the sp (2d, R) algebra generators written in a
form of double spherical tensors (8a), (8b) with respect to the SO, (3) ® SUr(2)
group. A similar problem has been studied in a number of papers [44,54] where
the representations of the compact sp (2d) algebra were mapped on the boson
space. The technique suggested there for the construction of boson images of the
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sp (2d) algebra generators written in a tensor form includes a solution of some
additional equations. Besides, that method is applicable only to the so-called
vacuum representations and cannot be used for the construction of the boson
realization in a general case. In our investigation we use a different approach
based on a general technique [49,50,55-57] that allows the results we are looking
for to be obtained directly avoiding subsidiary calculations.

First we obtain the nonunitary Dyson mapping of the generators of the
sp (2d, R) algebra. As a result, it is shown that the IVBM states with an even
number of p bosons can be exactly mapped onto the states of some specific ver-
sion of the IBM with S, D, and P bosons, i.e., the model that is intermediate
between IBM-3 and IBM-4 and that could be conditionally named IBM-3.5. As
in the case of mapping of the fermion space onto the boson space [23, 58], the
IVBM states are mapped only on the part of the space (physical subspace) of the
IBM-3.5 model. Thus the problem of separating the physical subspace and of the
identification and cancellation of the nonphysical (spurious) states arises.

It should be noted that this problem has been discussed in detail in connection
with the mapping of fermion pairs (i.e., the representations of compact algebras)
in [23-59]. As for the boson mapping of the boson pairs (i.e., the representations
of noncompact algebras), the problem of spurious states has not been considered
earlier. The reason for the appearance of spurious states when fermion pairs
are mapped is usually considered to be the Pauli exclusion principle. Our con-
siderations indicate that the spurious states can also appear in the case of the
boson—boson mapping. A method of identifying and removing of spurious states
from the low-lying part of the energy spectrum has been suggested by Park [58].
We will show that this method, based on pure group-theoretical analysis, can be
reformulated and applied to the problem under consideration.

3.1. Mixed Dyson Boson Realization of sp (2d, R) Algebra. In order to
find the relationship between the IVBM and the standard versions of IBM, the
sp (12, R) algebra generated by operators AZM, FEM GEM should be mapped
on the space of S, D, and P bosons with the isospins 1, 1, and 0, respectively.
First we concider the general construction of Dyson mapping of the sp (2d, R)
algebra and then the explicit expressions for sp (12, R) algebra are given.

In order to determine the VCS of the Sp (2d, R) group we take the subal-
gebra u(d) C sp(2d, R) which contains the Cartan subalgebra and carry out the
generalized Gauss decomposition

g=n_+h+n,, (36)

where n_(n) is a nilpotent subalgebra of lowering GEM (raising F2M) opera-
tors and the subalgebra h is the u(d) algebra.

According to the commutation relations (13)—(15) the operators G%” and
FTLtM are tensors with respect to the u(d) subalgebra. An arbitrary irreducible
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representation (IR) [o] belonging to the positive discrete series of the sp (2d, R)
algebra, may be expanded in terms of the IRs [A] of the w(d) algebra. Of all
these representations the so-called lowest-weight representation is defined by the
equation

GEM|aAN) = 0. (37)

Here {|cA)\)} is a basis of the corresponding lowest-weight representation and
|cAA) is the highest weight vector with respect to the h subalgebra of the
sp (2d, R) algebra. The VCS can be written as

Z) =" exp ( > Z;%MFLM> loAN), (38)
A

LMTt

where Z%tM are complex parameters and * denotes complex conjugation.
The VCS representation of an arbitrary state |¥) is defined by

(W(2)) =Y |eAN) (AN exp < > Z%fMGLM> |®). (39)

A LMTt

The VCS representation of an operator E

LMTt

L(E)v(Z Z|0A)\ (cAM| exp < Z zZEM gL >E|qj> —

}v}x

n

- 2; AN (AN 27; — [Z%tM GRY... |2k R B

o ( 5 z%z”c:w) o @0

LMTt

is equivalent to some partial differential operator with respect to
Since vectors |0 A\) belong to the lowest-weight representation we have

LM
Zpt

> AN (AN FEM exp < > zZiM G ) |T) = 0. (41)

A LMTt

The intrinsic operators A%M act in a standard way on the basis vectors of
the lowest-weight representation {|ocA\)} of the u(d) algebra

Z|0A)\ O'A)\|ATt exp( Z ZLMGLM> ) = LM|‘I/( ). (42)

A LMTt
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It is assumed that the operators ALM commute with ZEM and 0/0Z5M.

Using the commutation relations (13)-(15) of the sp (2d, R) algebra and for-
mulae (40)—(42), the explicit VCS representation of generators GEM, FEM | and
ALM can be derived. This yields immediately the Dyson boson realization of the
sp (2d, R) algebra in terms of u(d)-boson algebra by means of the isomorphism

0
25t = 0N, o — b (43)
Tt

The latter algebra is a direct sum of the u(d) algebra and the Heisenberg—
Weyl algebra hw(d(d +1)/2).

The ideal boson creation and annihilation operators bi;* and b%M with
the angular momentum L and isospin T satisfy the standard boson commutation
relations

[BEM M| = G000 0arrr b1, (44)
bEM = (—1)EHM ()T pl M, (45)

In the particular case of sp (12, R) algebra we deal with S and D bosons
of T' = 1 isospin and P bosons of 7" = 0 isospin, and (44) and (45) take the
following form:

(S0, S = 6, [PM,PT™ ] =6p0p, DM, DIM) = Sprar b, (46)
Sy = (~1)M*ts_,, DM = (—1)>M(_p)trtp=M = pM — (_q)t+Mp-M,

(47)
The Dyson images of the GLM generators take a simple form:
po(Gr') = bri' (48)
The Dyson images of the ALM generators
oo oao [ Ly Ly L
po(AR) = AR 205 S Lbafin{ G T
L1L2T1T2
n T T } tL1 o FLa\LM
X byt ® byl 49
{ f f f ( T T> )Tt ( )

contain the intrinsic operators A%M of the u(d) algebra which commute with the

boson creation and annihilation operators bTTLtM , b%w . Finally the Dyson images
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of the FEM generators are determined by the expressions

A a L1 Lo L T Ty T
aier-pn 5 Lanf & Y3 7 1),

LiL>TT> ! ¢ f f f
< ()P O 0 AR+ ()P S Ll

LiLoTyTo
L?, L4 L2 T3 T4 T2 +Ly tL3 “LaLa LM
x { I 11 } { f f f } ((le ® (by,” @ bT4)T2)Tt - (50

The last formula can be written in a different form using another coupling
scheme of the tensors in the last term. The corresponding transformation can be
obtained by means of the standard technique of the angular momenta recoupling
and results in:

~ a ~ o~ Ly Lo L T Ty, T
PD(FTLtM):bTTLtM—FQ Z L1L2T1T2{ ll ? }{ y2 }X

L1L2T1T2 l l f f f
X (—1)L2+T2 (b;iq &® A%)%i\/] +2 Z i1i3£4i5T1T3T4T5X
L1L3L4L5T1T3T4T5
L, Ls Ls T Ts T . . o NLM
xd 1 0 Ly Foromop (el ek b)) 6
I 1 L f f T Tt

The Dyson image of the generator F5M can be presented in more compact
form [50]. To obtain it we use the Dyson image of the second-order Casimir
operator of the algebra u(d), written as

00

Cau(d) = Y (~V ()T LT (pp(AR) @ pp(4F)) . (52)
LT
It is convenient to separate pp(A%M) in two terms:
po(AF") = Ard" + p(A7"). (53)
Let us denote
- 00
Cs(u(d) = (- TLT (p(AF) © p(AF)) . (54)

LT
By direct calculation it can be shown that

d—1 1 1
po(FEM) = == WM 4 5 (Calu(@) = 5Cs(@fi™).  (55)
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According to the general expression (49), the Dyson image of the primary
number operator /N of the u bosons is

pp(N) =N + 2N, (56)
where 00
Ny =it (b b%)oo (57)
LT

is the b-boson number operator.
The explicit form of the Dyson images of the multipole generators
the case of IVBM can be written explicitly as

AEM in

pp (ALY = A 4 5(DT®D)OO +7(PT®P)3)34, (582)

oD ( 21\1) AQJ\I \/7(DT ® D)QJW \/_(PT ® P)OO +
+ \/5((8T ® D)2 4 (Dt @ S)QM), (58b)
2 . .
pp(AR) = AR + (8" @ $) + VB(D! @ DY), (58¢)
pp(ALM) = A — \/g ((sT@ P + (P @ S)1) + VB(D! @ D)L+
+ \/g((DT ® P)IM 1 (Pt ® D)ﬁ”), (58d)
2 ~ - 7 -

po(AR) = AR + (8T @ DY + (DT @ ) + J; (D' ® D)3+

- \/g((sT ®D)*M 1 (Dt S)QM). (58e)

The Dyson images pp(A%M) can be used to construct the image of the IVBM
Hamiltonian.

3.2. Boson Mapping of the IVBM Hamiltonian. From now on we will
restrict ourselves to the investigation of the most simple Dyson mapping which
corresponds to the vacuum (scalar) representation of the u(d) algebra, where

AEM — o e, AEM|gAN) =0. (59)

This particular case of boson mapping is sufficient to investigate the connections
between the various versions of the interaction boson model.
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It was noted in [14] that vector bosons can be treated as quarks, or elementary
building blocks and the s and d bosons of the IBM can be considered as a bound
states of elementary excitations generated by two vector bosons. The interaction
between these secondary S, D, and P bosons is induced by the interaction
between vector bosons like the nucleon—nucleon interaction which is induced
by the quark—quark interaction. The comparison of the IVBM with the usual
versions of the IBM is rather instructive, because in some aspects IVBM is richer
than IBM. For example, two vector bosons can be coupled to create states having
L =1, which are absent in the IBM. In other aspects the [IVBM is more restrictive,
because the physical space of the IBM-3.5 corresponding to the IVBM takes up
only a part of the total IBM-3.5 space.

Using the exact Dyson boson realization of the sp (12, R) algebra given
by (58) we will discuss the construction of the S-, D-, and P-boson Hamiltonian
based on the IVBM Hamiltonian which conserves the number of vector bosons and
is invariant with respect to the rotations in the angular momentum L and isospin
T spaces. This Hamiltonian can be written only in terms of the generators of the
u(3) algebra

H =e1N 4 eaN? + e3L% + ,Q?, (60)

where Qs are the components of Elliott quadrupole operator (21) and L, are the
angular momentum components (18). The Dyson image of the angular momentum
operator (58a) contains, together with the standard D-boson term, an additional
contribution corresponding to the P bosons, as well as the Dyson image of the
quadrupole operator (58b).

Thus the Dyson image of the Hamiltonian (60) is of the form

pp(H) =2¢1(Ngs+ Np + Np)+
+4e2(NZ + Nj + Np +2NsNp + 2NsNp + 2NpNp)+
+es [30(17T ® D)} - (D' @ D)} +4VI5(D' @ D)} - (PT @ P)i+
+2(PT® P)} - (P'® 15)})} + €4 [42(DT ® D)2 - (D' @ D)2+
+24((ST@ D)2 + (DT ® 8)2) - ((ST® D)2 + (D' ® S)2)+
+24V7(DT @ D) - (ST ® D)2 4+ (D' ® S)3)+
+6(PT® P)2- (PT® P)2 —6V7(D' @ D)2 - (PT @ P)2—
—12(PT @ PR ((ST@ D)3 + (DT $)3)], 61

where T - R¥ = Y"(—1)4T* R¥ ~4 is the scalar product of two tensors.

q
This expression contains almost all terms that can be constructed from

S-, D-, and P-interacting bosons. In the general case, the one- and two-boson
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interaction Hamiltonian that conserves the total number of S, D, and P bosons
and is invariant with respect to the rotations in the angular momentum and isospin
spaces contains 23 independent constants. In the rotational limit [15] of the [IVBM
discussed in this section, all these constants can be reduced to the four constants
of the Hamiltonian (60).

3.3. Spurious States. It is well known [23,58] that the Dyson boson mapping
of a fermion space on the ideal boson space gives rise to spurious states. It was
shown by Park [58] that this problem can be solved by pure algebraic analysis.
We show in [39] that the mapping of the boson pairs on the space of ideal bosons
leads to a similar problem and that Park’s approach can be applied to the case of
boson—boson mapping.

In the case under consideration, there are only two types of IRs of the
sp (2d, R) algebra [N,0,...,0] — even with N = 0,2,4,... and odd with N =
1,3,5,..., which can be constructed by means of d = (21 + 1)(2f + 1) creation
operators u}le [60]. The wave function, corresponding to the fixed boson number
N, belongs to the symmetric IR [N] of the u(d) algebra and is constructed from
the vacuum state using the creation boson operators uJ}le:

N
flm;
H Upr,
=1

where |0) is the u-boson vacuum.

The two-boson operators F:5M of noncompact symplectic algebras sp (2d, R)
transform under the algebra u(d) as symmetric tensors of the rank [2]. After the
Dyson mapping the so-obtained boson images pp(F£M) will also have the same
tensor property with respect to u(d) algebras. A wave function in the ideal boson
space is constructed using the operators b}LtM:

0), (62)

Ny
[To5 10, (63)
i=1

where |0) is b-boson vacuum.
The biboson combinations of the new boson operators

M pEM (64)

can be considered as the generators of the algebra u(d(d + 1)/2) and the wave
function |n), corresponding to a fixed boson number Ny, belongs to the symmetric
IR [N,] of this algebra. The symmetric representation [Np] of the algebra u(d(d+
1)/2) is reducible with respect to the u(d) algebra. It can be expanded in terms
of the IRs of the u(d) algebra [61] in the following way:

[Nolu(dagd+1y/2) = Z 9]uay, (65)
g
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where

d
9 =1l91,92:-- - 9a, @1292>...2gs > gr=2N,=N
k=1

and gy, are even positive integer numbers.

However, the true wave function belongs only to the symmetric IR [N] of the
u(d) algebra. As a result only part of the ideal boson space, which contains the
states with the correct transformation property with respect to the w(d) algebra,
will correspond to the true wave function. These states form the so-called physical
subspace. In the problem under consideration, the symmetric IR [N] appears at
each value of IV, in the decomposition (65). Thus the true component always
exists in the wave function.

The dimension of the boson space corresponding to the symmetric IR [IVy)]
of u(d(d +1)/2) algebra is

: N
dim [Nb] = CN:-i- d(d2+1) _ (66)
where C)! is a binomial coefficient. On the other hand, the dimension of the
physical subspace corresponding to the symmetric IR [2]N}] of u(d) algebra is
dim 2N, = CoNP Ly (67)

The greater the boson number N is, the smaller part of ideal boson space is
occupied by the physical subspace.

As an explicit example we consider the case of the [IVBM. The decomposition
of a symmetric IR [INV}] of u(21) algebra formed by the bilinear combinations of
the ideal boson operators S, SZ , pm™, ptm Djr, D;rm in tems of the IRs of the
u(6) algebra is

U(21) U(6)

(1 2]

2] [4]; [22]

3] [6]; [42], [222]

(4] [8]; [62], [44], [422], [2222]

In analogy with [58], one can introduce the classification operator .S

S =NZ% - N&y, (68)
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where
NQ — uTmlumluTmzumz (69)
H — T1 T1 T2 T2 )
mi1maT1T2
72 _ tm, m tma, fma, mi, ma
Ny = E uyult + E (M VN T T (70)
mr mimeTiT2

Strictly speaking the operator S is the vanishing operator, i.e., S, because
NZ  is simply the N% written in the normal ordered form. Its Dyson image is

S=4N,N, — 2N, =2 Y p(PEMbE. (71)
LMTt

It is a Majorana-type operator whose eigenvalues depend only on the U(d)
symmetry. The operator S is scalar with respect to the u(d) algebra and contains
one- and two-body boson operators. Hence, it could also be written as a linear
combination of one- and two-body Casimir operators of the u(d) algebra

S=N(N+d— 1) — Ca(u(d)). 72)

The eigenvalues of the Casimir operator Cy(u(d)) [62] for the symmetric repre-
sentation [N] are Co(u(d))n) = N(N +d —1). Hence, the eigenvalues of the
operator .S are equal to zero for the symmetric IRs of u(d) algebra, while they
are positive for all other IRs which occur. As a result by including the .S operator
with a suitable amplitude factor into the Hamiltonian all spurious states can be
shifted to the higher part of the energy spectrum without affecting the physical
eigenvalues and eigenfunctions. Other ways of separation of the spurious states
are given in [59,63].

3.4. Hermitization of Dyson Mapping. The main advantage of Dyson map-
ping is that the generators of the sp (2d, R) algebra are expressed as finite boson
expansions and include only two-boson terms in the case of p(A%M) operators, or
one-boson and three-boson terms in the case of p(F5M) and p(GLM) operators.
The price for this advantage is its non-Hermiticity which is evident from (48)
and (50):

(P(GEMNT # p(FEM). (73)

However, this disadvantage can be avoided by performing similarity trans-
formation [44,50,54,64] that converts a Dyson boson realization into a Holstein—
Primakoff-type boson realization. This transformation makes the pp(GLM)
and pD(F%tM ) operators Hermitian, without changing the multipole operators
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PD (A%«iw), i.e.,

-1

Kp(FfM K™ = pHp(FLM), (74a)
Kp(Gr" )K" = pup (G, (74b)
Kp(Ap" ) K~ = pHP(ALM) p(AZED), (74c)
(prp (G = pup (FFM). (74d)

If we impose the condition K t = K =real, we can define an operator V:
V=KK=K2 (75)

Note that VT # V=1, From (74a)—(74d) and (75) we can write

V(PR )TV = p(GE"), (762)
p (GLM))TV = p(FrM), (76b)
VARV = (p(AF))T = p(ART). (76¢)

It follows from (76¢) that V commutes with the operators p(A%M) (satisfying
(p(AZM)T = p(AEMY)). This, in turn, implies that V, and therefore S, are
functions of the Casimir invariants of the u(d) algebra.

Within the physical subspace only the Casimir operators Ca(u(d)) (52) may
be replaced by functions of the number operator. This replacement leads to an
essential simplification of (55):

p(FEM) = b1 (1 + 21y). 77

It is important to emphasize that the FxM and GEM operators, when applied
to the wave function corresponding to the symmetric IR [N], transform it to
the wave function corresponding to the symmetric IRs [N =+ 2] again. This
allows the Hermitian boson realization to be obtained in a simple analytic form.

Substituting (77) and (48) in (76b) we get
VMY = pIEM (1 1 2Ny, (78)

Let us choose a basis in the IR [2V}] of the u(d) algebra. For our aims it
is sufficient to mark this basis only by the boson number operator eigenvalue.
The operator V' is diagonal in this basis: V|[[2Np]) = V([2Vy))|[2Ns]). The
operators bTTLtM lead only to a change of the boson number in the wave function,
as bTT]—;M|[2Nb]) ~ |[2Np + 2]). Hence we have from (78)

VTH2N, + 2V ([2N)]) = (1 + 2]Vy), (79)
K™Y 12Ny + 2) K ([2Ns]) = /(1 + 2Ny). (80)
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Formula (80) can be used as a recurrent relation to find the matrix elements of
the K operator. Thus we have in an operator form

pup (G") = /(1 + 2N,) by, (81a)
pup (FFM) = b /(1+2N,). (81b)

These formulae are similar to the well-known boson realization of sp (2, R) al-
gebra. As a matter of fact this analogy is deeper. Actually the origin of the
non-Hermiticity of the Dyson mapping lies in the fact that it maps a general
nonorthogonal basis of a Lie algeba IR on an orthonormal basis in the ideal
boson space [50]. Dyson mapping is therefore, by definition, nonunitary (non-
Hermitian). However, in the case of odd and even IR of the sp (2d, R) algebra,
which are under consideration only, the vectors forming the basis in the primary
u-boson space are orthogonal to each other but this basis is not normalized.
Hence, the Hermitization procedure is reduced to the calculation of the necessary
normalization factor in order to restore the norm of the basis.

In summary, the general features of the mapping of the pairs of bosons were
investigated. The general results obtained for the exact boson mapping of the
sp (2d, R) algebra on the u(d)-boson algebra are then applied to the special case
of algebra sp (12, R) which is the dynamical symmetry algebra of the IVBM. The
Dyson boson image of the IVBM Hamiltonian is written and its connection with
a version of standard IBM is discussed.

From physical point of view, a similar situation occurs in the isospin-invariant
version of the fermion dynamical symmetry model (FDSM) [65,66] applied to
the sd-shell nuclei. In this version of the FDSM, the nucleons occupying the
single-particle levels 2s(1/2), d(3/2), and d(5/2) are considered as the particles
with the pseudoorbital angular momentum k£ = 1, the pseudospin ¢ = 3/2, and
the isospin ¢ = 1/2. In the k-invariant version of the FDSM it is assumed that
the pseudospins of the particles are paired and only the states constructed from
the nucleon pairs in the states with K = 0,2; I = 0, J = K; T are taken into
account. In correspondence with the Pauli principle such pairs have the following
combinations of the total angular momentum and isospin:

(J,T)=(0,1),(2,1),(1,0).

In order to describe these states in the framework of the interacting boson
model it is necessary to introduce S, D bosons with the isospin 7" = 1 and
P boson with T = 0. This set of bosons coincides identically with the bosons
taking part in the IVBM mapping discussed in the present paper. It is important
to note also that in the microscopic FDSM picture these bosons are constructed
from two p objects (k = 1) as well as S, P, D bosons in the [IVBM.

The similarity of the k-active version of the FDSM and the IVBM allows
us to hope that the structure of the sd-shell nuclei (or some other medium mass
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nuclei with £ = 1) can be interpreted in terms of the IVBM in the same manner,
as it was done in [67] for the nuclei from the beginning of the sd shell in the
framework of the IBM-4. The investigation in this direction will be the subject
of our further investigation.

4. THE SYMPLECTIC EXTENSION OF THE IVBM

We consider Sp (12, R) to be the group of the dynamical symmetry of the
model [14], because the most general one- and two-body Hamiltonian can be
expressed in terms of its generators (29a). Using the commutation relations (11c)
between the Fi (o, 3) and G, («, 3), the full range of number of bosons preserv-
ing Hamiltonian (33), (34) can be expressed in terms of the operators Aﬁf(oz, B).

Being a noncompact group, the representations of Sp (12, R) are of infinite
dimension, which makes it difficult to diagonalize the most general Hamiltonian.
The operators A%, (c, 3) generate the maximal compact subgroup of Sp (12, R),
namely the group U(6) C Sp(12,R). The U(6) subspaces contained in the
even and odd boson representations of Sp (12, R) are of finite dimension, which
simplifies the problem of diagonalization. Therefore the complete spectrum of the
system can be calculated only through the diagonalization of the Hamiltonian in
the subspaces of all the UIR of U(6), belonging to a given UIR of Sp (12, R).

In this section we will present an application of this approach, where we use
the «unitary» limit [15] of the model, in the sense that the basis states and the
Hamiltonian are defined by means of the dynamical symmetry along the chain
(see the right-hand side reduction chain of (16)):

Sp (12, R) S U(6) > SU(3) @ U(2) > SO(3) ® U(1), (82)
[N] (/\7 M) (N7 T) K L T07 (83)

where the labels below the subgroups are the quantum numbers (83) correspond-
ing to their irreducible representations. Their values are obtained by means of
standard reduction rules and are given in [15]. As already shown, in this limit
the operators of the physical observables are the angular momentum operator
Ly; (18) and the truncated («Elliott’s») quadrupole operator QQp; (21) which
define the algebra of SU(3). The «T-spin» operators (20) and the number of
bosons N (17) define the algebra of U(2). Since the reduction from U(6) to
SO(3) is carried out by the mutually complementary groups SU(3) and U(2),
their quantum numbers are related in the following way:
A

T=7. N =24+ A (84)

Making use of the latter we can write the basis as

| [N]e; (A, p); K, L To) =| (N, T); K, L; To). (85)
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The ground state of the system is | 0) =| (N =0,7 =0); K =0,L =0;7, = 0)
the vacuum state for the Sp (12, R) group.

4.1. The Basis in the Symplectic Extension of IVBM. The Sp (12, R) clas-
sification scheme for the SU(3) boson representations obtained by applying the
reduction rules [15] for the irreps in the chain (82) for even value of the number
of bosons N is shown in Table 1. Each row (fixed V) of the table corresponds to
a given irreducible representation of the U(6) algebra. Then the possible values
for the «T' spin», given in the column next to the respective value of N, are
T = N/2,N/2—1,...,0. Thus when N and T are fixed, 27 + 1 equivalent
representations of the group SU(3) arise. Each of them is distinguished by the
eigenvalues of the operator Ty : =7, —T + 1,...,T, defining the columns of
Table 1. The same SU(3) representations (A, u) arise for the positive and nega-
tive eigenvalues of Tj.

Table 1. Classification of the basis states in the even H . space of Sp (12, R) in the U (6)
limit of the IVBM

N r [nN\oxa] 43 [ w2 +1 0
[2]6

0] o < Fajseny 0.9
1 [2]6 == (270) (270)

2 F T
0 Lo b | allZle (0,1)
2 (4,0) (4,0) (4,0)

4] 1 — A{;;]l;‘f% 4 @1 2,1)
0 — — (0,2)
3 - ©.0) ©.0) ©0 | (6,0

1-1]g

6| 2 | Aol - 1) @1 | @)
1 = — — (2,2) (2,2)
0 — — — 0,3)
7} €X0) ©.0) ,0) ®.0) ®.0)
3 — (6,1) (6,1) (6,1) (6,1)

8| 2 — — (4,2) (4,2) (4,2)
1 — — — (2,3) (2,3)
0 - — — — (0, 4)

Hence, in the framework of the discussed boson representation of the
Sp (12, R) algebra all possible irreducible representations of the group SU(3)
are determined uniquely through all possible sets of the eigenvalues of the Her-
mitian operators N and 7. The equivalent use of the (), z1) labels facilitates the
final reduction to the SO(3) representations, which define the angular momen-
tum L and its projection M, as we make use of the standard reduction rules for
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the SU(3) D SO(3) chain [9]:

K = min (A, p), min (A, ) — 2,...,0(1),
L = max (A, p), max (A, ) — 2,...,0(1); K =0, (86)
L=K K+1,...,K+max(\u); K#O0.

The multiplicity index K appearing in this reduction is related to the projection
of L on the body fixed frame and is used with the parity () to label the different
bands (K™) in the energy spectra of the nuclei. We define the parity of the states
as m = (—1)T. This allows us to describe both positive and negative parity bands.

4.2. The Energy Spectrum. The Hamiltonian, corresponding to the consid-
ered unitary limit of IVBM, is expressed in terms of the first and the second order
invariant operators of the different subgroups in the chain (82):

H=dN + agKg + azK3 + a1 K1 + B33, (87)

where K, are the quadratic invariant operators of the U(n) groups; 3 is the
second order Casimir operator of the SO(3) group. As a result of the connec-
tions (84), the Casimir operator K3 with eigenvalue (A% + p? + A + 3\ + 3p) is
expressed in terms of the operators N and 7"

3 1
K =2Q2+ZL2 = 5J\IQ+N+T2.
Making use of the above relation, the Hamiltonian (87) takes the form
H = aN +bN? + a3T? + G373 + u Ty (88)

and is obviously diagonal in the basis (85) labelled by the quantum numbers (83)
of the subgroups of the chain (82). Its eigenvalues are the energies of the basis
states of the boson representations of Sp (12, R):

E((N,T); KLM;Ty) = aN +bN? 4+ azT(T + 1) + B3L(L + 1) + a1 TZ. (89)

The energy of the ground state of the system is obviously 0.

4.3. Application of IVBM for the Description of the Ground and Octupole
Bands Energies. The existence of nuclei with stable deformed shapes was realized
early in the history of nuclear physics. The observation of large quadrupole mo-
ments led to the suggestion that some nuclei might have spheroidal shapes, which
was confirmed by the observation of rotational band structures and measurements
of their properties. For most deformed nuclei, a description as an axial- and
reflection-symmetric spheroid is adequate to reproduce the band’s spectroscopy.
Because such a shape is symmetric under space inversion, all members of the
rotational band have the same parity. However, with the first observation of
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negative parity states near the ground state, the possibility that some nuclei might
have an asymmetric shape under reflection arose.

On the other hand, whenever symmetry breaking appears new behavior of
the many-body system is expected. Reflection symmetry breaking is associated
with a static octupole deformation which is expected to determine new collective
features for the nuclear system.

Extensive investigations into the structure of nuclei with low-lying negative
parity states have led to the conclusion that, while reflection asymmetric shapes
can play a role in the band structure, they are not as stable as the familiar
quadrupole deformations. The rotational spectra of some even—even nuclei in the
rare-earth and light actinide regions exhibit, next to the ground band, a negative
parity band with K™ = 0, which consists of the states with /™ =17,37,57,...
These two bands are displaced from each other, which means that fluctuations
back to space symmetric shapes must also be significant. Experimentally, the
presence of «octupole» bands for some isotopes from the light actinide and rare-
earth region [68] is firmly established.

There is a large variety of models that try to describe this behaviour of the
low-lying states of deformed nuclei [69]. Particularly successful are the algebraic
ones, that are based on symmetry principles. The introduction of an additional
octupole degrees of freedom is a common feature of the most of those models.

The prescription for describing negative parity states by the addition of an f
boson to the usual s and d bosons of the IBM was first mentioned by Iachello
and Arima [2]. It was suggested [70] that the inclusion of a p boson to the s,d,
and f bosons may play an important role in the description of these collective
states.

The coherent state method (CSM) was applied by Alonso et al. to the spdf
SU(3) Hamiltonian with quadrupole and octupole interactions [71]. A.A.Raduta
and D.Ionescu [72,73] have used a generalization of the CSM. They suggested
that both ground and octupole bands may be considered as being projected from
a single deformed intrinsic state that exhibits both quadrupole and octupole de-
formations.

The introduction of an octupole degrees of freedom in the presence of com-
paratively large number of free parameters in all of these models allows for the
reproduction of the experimental data of the energies of the negative parity states,
at least in the low-spin region.

As mentioned earlier, the Interacting Vector Boson Model (IVBM), intro-
duced [14] in the beginning of the 1980s, was a generalization of the phenomeno-
logical broken SU (3)-symmetry model [12], which provided a good description
of the low-lying ground and ~ bands of the well-deformed even—even nuclei. Its
advantages were incorporated into the rotational limit of the IVBM [15], resulting
in a good description of all the positive parity bands of nuclei in the rare-earth
and the actinide regions. Moreover, the U(6) extension of the model contains
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such sequences of SU(3) multiplets, some of which prove to be convenient for
the description of the low-lying negative parity bands [74].

With the recent advance of the experimental technique the investigated bands
are extended to very high angular momenta [68]. This motivated a new approach
within the framework of the model aimed at a description of the first positive
and negative bands, up to very high spins. In this new application, we make use
of the symplectic extension of the IVBM [38,75]. This allows these bands to
be considered as yrast bands in the sense, that we take into account the states
with a given L, which minimize the energy values with respect to N. N is
the eigenvalue of the total number of bosons that build the basis states of the
model. As a first test of the symplectic extension of the IVBM [74], we modify
its earlier application for the description of the first excited even and odd parity
bands in order to reach much higher angular momentum states in both band
types. We will apply the model to even—even deformed nuclei, which exhibit a
low-lying negative parity band next to the ground band traditionally considered
to be an octupole band [68]. In order to do this we first have to identify these
experimentally observed bands with the sequences of basis states for the even
representation of Sp (12, R) given in Table 1. We choose the SU(3) multiplets
(0, ) for a description of the ground band, whereas for the octupole band the
SU(3) multiplets (2, — 1) are used. In terms of (N, T) this choice corresponds
to (N = 2u, T = 0) for the positive (K™ = 0%) and (N = 2u+ 2,7 = 1)
for the negative (K™ = 07) parity band, respectively. Hence in the framework
of the symplectic extension of boson representations of number preserving U (6)
symmetry we are able to consider all even eigenvalues of the number of vector
bosons N with the corresponding set of 7" values.

First, we define the energies of each state with given L as yrast energy with
respect to IV in the two considered bands. This approach is based on the fact that
the energies (89) increase with increasing of N. Hence their minimum values are
obtained at NV = 2L for the ground band, and N = 2L + 2 for the octupole band,
respectively. So for the description of the ground band our choice corresponds
to the sequence of states with different numbers of bosons, N = 0,4,8,... and
«T" spin» T' = 0 in the column labelled 75 = 0 of Table 1. Respectively for a
description of the negative parity band, we choose the set of states with quantum
numbers N = 8,12,... and T" = 1 from the same column 7, = 0. In the so-
defined SU (3) representations for each N the maximal values of L appear for
the first time (see Table 1).

Because for the basis states corresponding to the experimental ones of the
ground and octupole bands, Ty = 0, the last term in the energy formula (89)
vanishes. The phenomenological model parameters a, b, a3, and (5 are evaluated
by a fit to the experimental data. The comparison between the experimental
spectra and our calculations using the values of the model parameters given in the
figure caption for the ground and octupole bands of the nuclei 226Th and '68YD is
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Fig. 1. Comparison between the calculated (89) (Theory) and experimental (Exp.) energies
of the ground and octupole bands for the nuclei 226Th (a) and '%8YDb (b). The latter are
calculated with the parameters a = 0.0194, b = —0.0009, a3 = 0.0522, and (53 = 0.0094
for the ?*°Th and a = 0.0235, b = —0.0056, oz = 0.6512, and (B3 = 0.0295 for the
168y,

illustrated in Fig. 1. All experimental data are taken from [1,68]. The agreement
between the theoretical values obtained with only four model parameters and the
experimental data is rather good.

Applying the yrast conditions relating N and L, the energies (89) for the two
considered bands can be rewritten as

E(L)=BL(L+1)+ (y+8T)L+ET(T +1) +~T. (90)

The new free parameters 3, -y, and £ are related to the previous ones as follows:

B=4b+ Ps, ~v=2a—4b, & =2a+ 4b+ 2as. 1)

The values of the parameters (91) determine the behavior of the energies of the
two bands and their position with respect to each other. In some cases, the two
bands are almost parallel. The shift between them depends on the parameter &.
When they are very close, they interact through the L-dependent interaction with
a strength v + 807"

As a result of our theoretical assumptions, we obtained a simple formula for
the energy levels. From (90) we can see that the energies of the eigenstates of the
first positive and negative bands consist of rotational L(L + 1) and vibrational L
modes. The rotational interaction is with equal strength (3 in both of the bands.

Some fine structure effects, as back-banding and staggering behavior are
observed in the collective rotational spectra of deformed even—even nuclei in this
mass region. Odd-even staggering patterns between ground and octupole bands
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Fig. 2. Comparison between calculated (Theory) and experimental (Exp.) staggering func-
tions Stag (L) (92) for the energies of the ground and octupole bands with AL = 1 for
the nuclei **Th (a) and '*®Yb (b)

have been investigated recently [76]. In order to test further our model we applied
on the energies the staggering function defined as

Stag (L) = 6AE(L)—4AE(L—1)—4AE(L+1)+AE(L+2)+AE(L—2), (92)

where AE(L) = E(L) — E(L — 1). This function is a finite difference of the
fourth order in respect to AF(L) or of the fifth order in respect to energy E(L).
The calculated and experimental staggering patterns are illustrated in Fig.2. One
can see a good agreement with experiment, as well as the reproduction of the
«beat» patterns of the staggering behavior. They occur in the region where the
interaction between the two considered bands is most strong or they cross (see
Fig.1). The correct reproduction of the experimental staggering patterns is due
to the interaction term depending on L in (90) between the positive and negative
parity bands, which is a result of the introduced notion of yrast energies in the
framework of the symplectic extension of the [IVBM.

4.4. Application to Other Excited Bands. In order to demonstrate further
applicability of this dynamical symmetry, here in what follows we use the theory
to describe some additional positive and negative parity bands. The next most
important bands for determining the collective properties of heavy nuclei are
the positive parity 8 (K™ = 07) [77] and v (K™ = 2%) collective bands and
low-lying negative parity bands with K™ = 17,3~ (see, for example, [78]).

These excited bands have to be mapped on the basis states as well. In
general, the appropriate [25] subset of SU(3) states are the so-called «stretched»
states. Their domination is determined by the important role of the quadrupole—
quadrupole interactions in the collective excitations. Thus, the most important
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SU(3) states will be those with maximal weight, i.e., those which have maximal
eigenvalues of the second order SU(3) Casimir operator. For the considered
chain we have two types of stretched states.

The first one, defined by the SU(3) irreps (A, ) = (Ao, o + ) is a gen-
eralization of the eigenstates attributed to the ground and octupole bands, which
were selected above by means of the algebraic notion of yrast bands. Obviously
in this case \g = 2T is fixed, which fixes the parity of the bands. We require
that A\g < po and this relates it to the value of K, that labels the bands. For the
K = 0 bands we have 4 = 0,2,4... and N changing in steps of 4 and for the
K # 0 — the values of : = 0,1,2... and AN = 2. Hence, it is obvious that
the changing value of y = g + ¢ is associated with the corresponding value of
the angular momentum L = p of the states belonging to the considered band.
As a result, the yrast condition that relates the number of bosons N = A + 2u
with the angular momenta is N = \g + 2ug + 2¢ = 27 4 2L. As a result of
this generalization we get the same expression for the energies as in (90). The
constant a3 in the Hamiltonian enters here through the parameter £ as an additive
constant energy for each band.

For the second type of stretched states (A, u) = (Ao + 24, ug), obviously
T = (Ao + 2i)/2 is changing and in order to preserve the parity of the bands
we need to have ¢ = 0,2,4... and so AN = 4. So, for A\g/2 being even, we
obtain the positive parity states and for the odd values of \g/2 — the negative
ones. Now pg < Ag is fixed and related to the value of K, that labels the bands.
In this case the yrast condition is a result of the definition A = 2L = 2T and is
given by the relations N = 2L + 2ug = 2L + 2Ny — 4. Hence, the values of
the energies given by the equation

E(L) = BL(L+ 1) + (v 4 8bjuo) L + 4o (po + 1) + ypo, (93)

are very similar to the ones (90) in the previous case, but 7" is changed to po and
now «g enters in the inertial parameter 5 = 4b+ (3 + a3, while +y is the same as
in (91).

For the excited 5 bands, we can use the above sequences of SU(3) irreps
(A )= (2T, L) or (2L, pp) with fixed A or fixed p and L changing. These bands
are raised in energy in respect to the ground state band (GSB) by the number of
bosons Ny = Ag + 20 that go into building the band-head configuration.

If we consider T as fixed in both cases, the stretched SU(3) irreps belong
to a column in Table 1, and if they change, one moves along a diagonal. In the
second case T plays a more important role because the value of 7' is changing
with the development of the bands and we have more choices in changing,
respectively, the values of Tp = 7T, +(T—1),...,0, and hence we can make
use of the additional parameter «; in (89) when fitting the values of the energies.
For the excited 5 and « bands, we use the sequences of stretched SU(3) irreps
determined by the «diagonals» (Ao + 24, 19) with po = 0 or 2.
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Table 2. Values of the parameters of the model Hamiltonian (88) obtained in the fitting
to the experimental spectra of the considered nuclei

2

Nucleus Bands s To No X Parameters
172 a = 0.01063
Yb Ground 8 0 0 0.00049 b= 0.00145
B1(K™ =0%) 7 0 48 | 0.00213 | asz = —0.00485
Ry =333 | m (K™ =2%) 4 0 48 | 0.00062
Yo (K™ = 21) 5 1 52 | 0.02155 B3 = 0.00517
K™ =3t 12 2 44 | 0.00188 | a3 = —0.16628
162 a = 0.01574
Dy Ground 9 0 0 0.00150 b= 0.00131
B1(K™ =0%) 8 2 10 | 0.00084 a1 = 0.30902
Ry/e =3.31 (K™ =2%) | 14 0 24 | 0.00212 ag = —0.00328
K™ =1— 5 0 62 | 0.00160 | a3z = —0.00476
K™ =2— 13 0 40 | 0.00562 B3 = 0.00473
152 a = 0.03083
Sm Ground 9 0 0 0.00225 b— 0.00118
B(K™ =071) 8 0 16 | 0.00250 | as = —0.00311
Ry 9 =3.025 (K™ =27T) 8 0 24 | 0.0064 a1 = —0.00184
K™ =5~ 6 L+8 | 34 | 0.00432 B3 = 0.00442

It is well known that 8 bands have rather irregular behavior even in neigh-
boring nuclei of the region under consideration [77]. The reason for this was
established and correctly reproduced by applying a proton—neutron version of the
algebraic shell model with pseudo-SU (3) symmetry [79]. The microscopic inter-
pretation of the relative position of collective bands, as well as that of the levels
within these bands, follows from an evaluation of the primary SU(3) content of
the collective states [80], and the established connection between the microscopic
quantum numbers (A, p) and the collective shape variables (5,7) [81]. In our
phenomenological approach, because of the symplectic extension of the number
preserving model [15], we have a great flexibility in identifying bands in any of
the ways described above. As a result of the N «—— L connections we always
get a mixing of the rotational and vibrational collective modes, represented by
the L(L 4 1) and L terms, respectively.

We illustrate these advantages for the nuclei 172Yb, 162Dy, and '52Sm. The
values of the Hamiltonian (88) parameters a,b, 33,3, and «q, obtained in a
fitting procedure for all the states of the considered bands (second column) are
given in Table 2. In the third column, s gives the number of experimentally
observed states in each band and next to it the values of 7}, are also given. For
the values of NNy, given in the fifth column, we get the ones, that give the best
x? values for the corresponding band. In the present application all the bands
except the ground band are considered as developing in the SU(3) multiplets
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Fig. 3. Comparison of the U(6)-limit theoretical and experimental energies of the states
from several collective positive and negative parity bands of the rotational *"2Yb (a) and

162Dy (b) nuclei
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Fig. 4. The same as in Fig.3 for the
152Sm

of the second type with changing A and
fixed p. The comparison of the theoretical re-
sults with the experimental data is illustrated
in Figs.3 and 4. It is clear from them that
we can get rather good results in reproducing
the different positions of the § and ~ bands
in respect to each other, the ~ bands are
above the [ ones in the '°2Sm and '72Yb
nuclei and almost parallel. In the spectrum
of 162Dy they exchange positions and cross
at relatively low spin L ~ 12. This requires
the introduction of an additional parameter o
(given in Table 2) for the description of the
~ band. The position and the development of
the negative parity bands are also reproduced
quite well. In general, the band crossings that
are obtained in the description of the collec-
tive bands in the framework of the model,
rather well reproduce the experimental situa-

tion (see Figs.3 and 4) and can be used further for studying finer effects in the

structure of nuclear spectra.
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We have considered, except for spectra of the two well-deformed nuclei
172Yb and 02Dy, given in Fig.3 with Ry/» = 3.3, the 1529m, which is an
example [82] of a nucleus at the critical point symmetry X (5) [4] and whose
collective bands are rather well described as well (see Fig.4). The energies of
the gsb are reproduced very well by means of the same correspondence of the
basis states (0, u) to the yrast states of the ground band and the yrast condition
N = 2u = 2L, which gives a mixing of the rotational and vibrational modes
(see (90)), which depends on the parameters a, b, and (33, given in Table 5. The
next important feature of the nuclei at the X (5) critical point symmetry is defined
by the position of the § band [82], which in our model is very well adjusted
due to the possibility of choosing the value of the number of bosons Ny, that
build the band-head configuration. Then the development of the energies in the
band along the (27',0) — SU(3) multiplets (T-even) involves the unfixed yet
parameter a3 (93) and adjusts them additionally. In this way we prove that the
symplectic extension of the rotational U (6) limit of the IVBM is appropriate for
the description of nuclei with more complex features than the rotational ones.
Nevertheless, a more detailed and systematic investigation of the values of Ny
and the Hamiltonian parameters for sequences of nuclei in the regions, where
some type of phase/shape transitions is expected, is necessary and comes into our
future intents.

A good illustration of the model’s qualities is presented by its recent use, in
a slightly modified form [83], for the description of the new experimental data on
high spin states in the 1°Dy [84], that has very similar properties to the example
given here with 192Dy (see the right side of Fig.3). In [83], three positive bands:
the ground band, K™ = 0% — S band, K™ = 2+ — ~ band, as well as two
negative K™ = 17 and K™ = 2~ bands are described rather accurately up to
very high spins, by means of corresponding different choices of SU(3) multiplets
with fixed A or p for each band. In addition possible band crossing, between
collective bands with different SU(3) irreps associated, was considered, which
considerably improved the reproduction of the collective behavior in particular
of the higher lying states. The investigation of the odd—even staggering between
states from different bands is also used to obtain the correct ordering of the high
spin states in the bands. The success of this application was based on the concept
of the correct energy distribution of the states with fixed angular momentum, and,
in particular, the 07 band-head configurations.

We have applied the Interacting Vector Boson Model for the description
of the ground and octupole bands in some even—even rare-earth and actinide
nuclei up to very high spins. In spite of the simplicity of the model, without
introducing additional degrees of freedom we are able to describe both positive
and negative parity bands. This is due to the specific definition of the states
parity depending on the quantum number 7'. The successful reproduction of the
experimental energies and of their odd—even staggering was achieved as a result of
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their consideration as yrast energies in respect to the number of phonon excitation
N that build the collective states. The introduction of this notion was possible,
as we extended the IVBM to its symplectic dynamical symmetry Sp (12, R),
which allows the change of the number of bosons that are the building blocks
of the model Hamiltonian. Nevertheless, the Hamiltonian remains with only few
phenomenological parameters and is still exactly solvable. In the considered
unitary limit of the model in addition to the rotational degree of freedom in the
ground and excited bands a purely vibrational mode is appearing, which introduces
also some interaction between them. This is the reason for the reproduction also of
the fine effect of the structure of these bands. The obtained physically meaningful
results are also simple and easy for use and they permit the application of the
model to larger class of nuclei than the purely rotational ones.

The symplectic extension of the [IVBM permits a richer classification of the
states than its unitary version and gives the possibility for a further consideration
of other collective bands.

5. TRANSITION PROBABILITIES IN THE U (6) LIMIT
OF THE SYMPLECTIC INTERACTING VECTOR BOSON MODEL

Up till now we have used the U(6) dynamical symmetry defined by the
reduction chain (82) to obtain exact solutions for the eigenvalues and eigenfunc-
tions of the model Hamiltonian, which is constructed from the invariant operators
of the subgroups in the chain. But it is well known that the comparison of the
experimental data with the calculated transition probabilities is one of the best
tests of the validity of the employed algebraic model. With the aim of such appli-
cations of the symplectic extension of the considered dynamical symmetry of the
IVBM, we develop in this section a practical mathematical approach for explicit
evaluation of the matrix elements of the transitional operators in this limit [85].

In the algebraic approach, the evaluation of the matrix elements of transition
operators between the eigenstates, makes use of the fact that both — the basis
states and the operators, can be defined as tensors in respect to the considered
dynamical symmetry. Then the calculation of matrix elements is simplified by the
application of a respective generalization of the Wigner—Eckart theorem, which
requires the calculation of the isoscalar factors and reduced matrix elements. The
transition probabilities between the collective states attributed to the basis states of
the Hamiltonian are by definition the SO(3) reduced matrix elements of transition
operators T2 between the |i)-initial and |f)-final collective states

1
B(E2;L; — Ly) = T2 || 4))2. 94
(B2 L= Ly) = 5= 10/ | 722 ) 94)
As a first step we test the theory on the transitions between the states be-
longing to the ground bands in the even—even nuclei from the rare earths and the
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actinides [85], where the energies and the staggering between the states are rather
well reproduced in our model approach [38]. This proves the correct mapping of
the basis states to the experimentally observed ones and their band systematics,
which is very important for the theoretical reproduction of the behavior of the
physical observables in the framework of the considered model.

5.1. Tensorial Properties of the Generators of the Sp (12, R) Group and
the Basis States of IVBM. As already introduced, the basic building blocks of the
IVBM [14] are the creation and annihilation operators of the vector bosons u (c)
and um,(a) (m = 0,£1; = £1/2), which can be considered as components
of a 6-dimensional vector, which transform according to the fundamental U (6)
irreducible representations [1,0,0,0,0,0]s = [1]¢ and [0,0,0,0,0,—1]s = [1]§,
respectively. These irreducible representations become reducible along the chain
of subgroups (82) defining the dynamical symmetry [15]. This means that along
with the quantum number characterizing the representations of U (6), the operators
are also characterized by the quantum numbers of the subgroups of chain (82).

The only possible representation of the direct product of U(3) ® U(2) be-
longing to the representation [1]g of U(6) is [1]s - [1]2, i.e., [1]e = [1]5 - [1]2.
According to the reduction rules for the decomposition U(3) D O(3) the repre-
sentation [1]3 of U(3) contains the representation (1)3 of the group O(3) giving
the angular momentum of the bosons [ = 1 with a projection m = 0,£1. The
representation [1]o of U(2) defines the «T spin» of the bosons 7' = 1/2, whose
projection is given by the corresponding representation of U(1), i.e., o = +1/2.
In this way, the creation and annihilation operators u (a) and u,, () are defined
as irreducible tensors along the chain (82) and the used phase convention and
commutation relations are the following [86]:

t . .
] _ W me_ vmtda, ]
(“[1]2[112%) =uppy; = DTN e

M ma e _
[“m;m; Y U1g[1]an) = Om,nda,s-

95)

We do not consider here the microscopic structure of the so-introduced vector
bosons. In the IVBM they serve as a convenient mathematical tool and in the
present work only their tensor properties are important, as they generate the
transition operators and the basis states.

Initially, the generators of the symplectic group Sp (12, R) (8a), (8b) were
written as double tensors [39] with respect to the O(3) D O(2) and U(2) D U(1)
reductions. Further they can be defined as irreducible tensor operators according
to the whole chain (82) of subgroups and expressed in terms of (8a) and (8b) in
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the folowing way:

bde LM _ e [ be A3

A[,\]3[26T]2 TTy — [1]3[1]2[1}§[16]; [A3[2T]2 C a(V)a(L ATTov (96)
Ds LM _ Al (1] Ix] M[HM

Fopszte 0 = Clilapiois i [Mngi (D D)s FTh ©7)
s LM _ A5 [ o “Ns

G s = Clltsmitts WabrClini s G- 98)

where, according to the lemma of Racah [87], the Clebsch—Gordan coefficients
along the chain are factorized by means of the isoscalar factors (IF), defined for
each step of decomposition (82). It should be pointed out [86] that the U (6)- and
U (3)-IFs, entering in (96), (97), and (98), are equal to +1.

The tensors (96), transform according to the direct product [x]¢ of the corre-
sponding conjugated U (6) representations [1]g and [1]§ [86], namely

(e > [1]g = [1, =1]6 + [0, (99)

where [1,—1]¢ = [2,1,1,1,1,0]6 and [0]¢ = [1,1,1,1,1,1]¢ is the scalar U(6)
representation. Further we multiply the two conjugated fundamental representa-
tions of U(3) @ U(2)

[Us[1]2 < [13[1]z = ([1s x [13)([1]2 x [1)3) =
= (2105 @ [1,1,1]3) x ([2,0]2 ® [1,1]2) =
= [210]5[2]2 @ [210]3[0]2 @ [0]3[2]2 ® [0]3[0]2-  (100)

Obviously, the first three U(3) ® U(2) irreducible representations in the resulting
decomposition (100) belong to the [1,—1]g of U(6); and the last one, to [0]e.
In terms of Elliott’s notations [9] (A, u), where A = ny — ng, u = nao — ng,
we have [210]3 = (1,1) and [0]s = (0,0). The corresponding values of L
from the SU(3) D O( ) reduction rules are L = 1,2 in the (1,1) irrep and
L = 0 in the (0,0). The values of T are 1 and 0 for the U(2) irreps [2]2 and
[0]2, respectively. Hence, the U(2) irreps in the direct product distinguish the
equivalent U (3) irreps that appear in this reduction and there is not degeneracy.

The tensors A 21%1 1%6 oo With T" = 0 correspond to the SU(3) generators, to the

total number of bosons N with L = 0 (17), to the angular momentum operator
Ly with L =1 (18) and to the truncated («Elliott») quadrupole momentum [9]
Qn with L =2 (21)

6 00
The tensors A[o] 2 ] 1t

components of the «T-spin» operator 7. (20). And finally the tensors

Apiapl 17! with L=1,2and M = —L,—L+1,..., L extend the U(3)2U (2)

algebra to the U(6) one. By analogy, the tensors (97) and (98) transform accord-
ing to [86]

correspond to the SU(2) generators, which are the

16 x [1]6 = [2]6 + [1,1]6 (101)
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and
(15 x [1g = [-2]6 + [=1, =1]s,

respectively. But, since the basis states of the IVBM are fully symmetric,
we consider only the fully symmetric U(6) representations [2]g and their con-

jugated [—2]g, since for the operators (97) and (98) we have ( [/\]3[[);]7‘1]2%% )
= (=)MpHL-MAT=To Gings [2‘;] 77 . where [A]s = (A, p1). Hence, we present

the next decompositions only for the F' tensors (101). According to the decom-
position rules for the fully symmetric U (6) irreps [86] we have

[2le = [2]3[2)2 + [1, 1]5[0]2 = (2,0)[2]2 + (0, 1[0, (102)

which further contain in (2,0) L = 0,2 with T = 1 and in (0,1) L = 1 with
T = 0. Hence, in addition to the SU(3) raising generators F([z]o)[ 9, We have

the operator F([0]1)[ 02’ which is a new one compared to the generators of the
Sp (6, R) model of Rosensteel and Rowe [28].
The above operators and their conjugated ones G 2"T] TTO change the

number of bosons by two and realize the symplectlc extensmn of the U(6)
algebra. In this way we have listed all the irreducible tensor operators in respect
to the reduction chain (82), that correspond to the infinitesimal operators of the
Sp (12, R) algebra.

In order to clarify the role of the tensor operators introduced in this section
as transition operators and to simplify the calculation of their matrix elements, the
basis for the Hilbert space must be symmetry adapted to the algebraic structure
along the considered subgroup chain (82). It is evident that the basis states
of the IVBM in the Hy (N-even) subspace of the boson representations of
Sp (12, R) can be obtained by a consecutive application of the raising operators
F[/\]J[QQ]GT]Q %% on the boson vacuum | 0) (ground state), annihilated by the tensor

operators G[)\]i[]" EH10)=0 and A[/\]S[[}s EM | 0) =

Thus, in general a basis for the considered dynamlcal symmetry of the IVBM
can be constructed by applying the multiple symmetric coupling of the raising

tensors F; [/\7:][32[]26T7:]2 7o with itself

[Fx o x Fliyy g, 745

Note that only fully symmetric tensor products [x]¢ = [N]¢ are nonzero, since
the raising operator commutes with itself. The possible U(3) couplings are
enumerated by the set

A3 = {[n1,n2,0] = (A =n1 —ng, . = n2);n1 = ne = 0}.
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The number of copies of the operator F in the symmetric product tensor [N]g is
N/2, where N = X + 2 [38].

Now it is clear which of the tensor operators act as transition operators be-
tween the basis states ordered in the classification scheme presented in Table 1.

F 26 LM

The operators Nal2T]s TTh with Ty = 0 give the transitions between two neigh-

boring cells (]) from one column, while the ones with 7y = +1 change the

column as well (/). The tensors A[2 1[] 0 ]]26, which correspond to the SU(3)

generators, do not change the SU(3) representations (A, x), but can change the
angular momentum L inside it (=>). The SU(2) generating tensors Aﬁ [12]]62
change the projection T, (—) of the «T" spin» T and in this way distinguish the
equivalent SU(3) irreps belonging to the different columns of the same row of

Table 1. Inside a given cell, the transition between the different SU(3) irreps ({})
is realized by the operators A[le[}l;[;]]:, that represent the U(6) generators. The
action of the tensor operators on the SU(3) vectors inside a given cell or be-
tween the cells of Table 1 is also schematically presented in it with corresponding
arrows, given above in parentheses.

5.2. B(E?2) Transition Probabilities for the Ground Band. In the symplectic
extension of the IVBM the complete spectrum of the system is obtained in all
the even subspaces with fixed N-even of the UIR [N]g of U(6), belonging to a
given even UIR of Sp (12, R).

Here we give as an example the evaluation of the E2 transition probabilities
of the ground state band (GSB) [38], whose states were identified with the SU (3)
multiplets (0, x) or what is the same (N = 2y, 7 = 0). In terms of the yrast
energy with respect to IV for the ground band their minimum values are obtained
at N = 2L. Using the tensorial properties of the Sp (12, R) generators it is easy
to define the E2 transition operator between the states of the considered band:

" = [Agml]i (0] o0 +O([F x F](o,;][%]z o0 + [G x G (2,0 [o]6 00)|» (103)

where the first tensor operator is a part of the SU(3) generators, and actually
changes only the angular momentum with AL = 2. The tensor product

2l (2,0) (20) (0.2)
[FXF]( [01 00 2020[2]220[2?2 (02)[01202)3 @s (25"

[2]6 20 2l6 20
x 030 20C11 1-1 F, o)[§]2 11F(2,o)[§]2 -1 (104
of the raising Sp (12, R) generators changes the number of bosons by AN = 4
and AL = 2.
Thus, for calculating their matrix elements, we have the advantage of using
the Wigner—Eckart theorem in two steps. For the SU(3) — SO(3) and SU(2) —
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U(1) reduction we need the standard SU(2) Clebsch—Gordan coefficient (CGC)

(N'T OV, 1) KT M T, B8 AR INT (A, o) K LM TT) =

0]3 21‘]2 tto
m I agt T'T!
= (IN)X, ) K| T, D NI, ); K LY CE, Cr - (105)

For the calculation of the double-barred reduced matrix elements in (105) we
use the next step:

(IN'] V1) KT 55, B INT O ) K L) =

0']3[2t
_ N V] b s GO0 s O )
= (INIIT o o NN DR s o, vzt Gt by i
(106)
b V] O s (V)
where CQ\iory, oy, ovnor, 0 CLY wy o) are U(6) and

SU(3) IFs. Obviously, the practical value of the application of the general-
ized Wigner—Eckart theorem for the calculation of the matrix elements of the
Sp (12, R) generators and the construction of the symplectic basis depends on
the knowledge of the isoscalar factors for the reductions U(6) D U(3) ® U(2)
and U(3) D O(3), respectively. For the evaluation of the matrix elements (105)
of the Sp (12, R) operators in respect to the chain (82) the reduced triple-barred
U(6) matrix elements are also required (106).

However, the SU(3) generators are scalars with respect to the isospin group
U(2), so they act only on the SU(3) part of the wave function and the Wigner—
Eckart theorem is applied in respect to the SU(3) subgroup [88]

(INL OV ) KM T'T] AT o JINT, (O a)s KLM: TT) =
= Orr b Y O] Gl A CEM
p=1,2

X (IN], OV, )l Al e VT, (A ).

The sum over p runs over terms containing products of IFs of SU(3) and U(6),
respectively. The reduced triple-barred matrix elements are well known and are
given for p = 1 by [28]

[1- 1 )9 p=0,
(AN, O ) 1AL, |||[N],(A7u)>1—{_gm ‘o oD

where

)\2 2 by by 1/2
g)\u_2< +p?+ A +3 +3u) (108)

3
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and the phase convention is chosen to agree with that of Draayer and Akiya-

ma [89]. For p = 2 we have ([N], (), u)|||/12101 [éﬁ [[I[N], (A, )2 = 0. Thus,
[1-1]6 20

for the matrix elements of A[210]3[ 0l between the states attributed to the GSB
we obtain

([N], (0, )5 0L = 20; 0014y 1Y 0fs - 6gl[ND, (0, 1); 0L0; 00) =

=) O 0RO, o oINL 0, ) [JA D o N, (0, 1)) =

w—L+mw+L+n@—mﬂ”Q

=2 2(2L — 1)(2L + 1)

Crl%0 20- (109)

The value of the reduced SU(3) Clebsch-Gordan coefficient (IF) is taken
from [90]. Actually, we are interested in the SO(3) reduced matrix elements
which enter in (94). Thus taking into account the yrast conditions y = L we
obtain

(L —1)L]"?

(V1 0,10 — 2500114, [ 4N, (05023 00) =2 | (=05

(110)
For the calculation of the matrix element

([N +4], (0, u+ 2); 0L 4 20; 00|[F x F] . W 20/[N], (0, 12): 0L0O; 00) =

(0,2)[0]2 00
_ C[N]e [4]e [N+4]e O,p) (0,2) (0 ’“+2)CL+2 0 %
.m0z (0.2)02 (0u+2)0~ L 2 L+2 YLo 20

X ([N +4], 0, s+ 2)[[|[F x Flo S, N (0,m))  (111)

we use the standard recoupling technique for two coupled U(6) tensors [91]:

(IN'][[] [T s TWPlejobe J)|[N]) =
= > U(INIs: [Bls; [N']e; [eol [Nelop2p1; [Y)o o)

x IV T ([N INNT e IIND), - (112)

where U(...) are the U(6) Racah coefficients in a unitary form [92]. For the
reduced triple-bared matrix element in our case, which is multiplicity-free and
hence there is no sum, we have

(N +4JI[F x F) o S, MIND) =

= U([Nle; [2]6; [V + 4l6; [2]6][V + 2]6; [4]6) ¥
x ([N +4]|]| F&O [N + 2])([N +2]||| FO |||[N]),
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where the corresponding Racah coefficient for maximal coupling representations is
equal to unity ([91]; see also formula A9 of [92]). Applying again formula (112)
with respect to coupled tensor F'2lé and using the fact that in the case of vector
bosons which span the fundamental irrep [1] of u(n) algebra the u(n)-reduced
matrix element of raising generators has the well-known form [93]

(N + 1l uly (@) [IIIN]) = VN +1, (113)

we obtain

([N + 2)|||FP|||[N]) =
— U (V)63 [1s3 [N + 25 [1ol [V + s [2]6) %
X ([N + 2J[1| pt e (I[N + 1) ([N + 1]]]| pt e (V) =
=+ (N +1)(N +2)
and in analogy
(IN + 4][[|[FP[[[[N +2]) = /(N +3)(N +4).

Introducing in (111) the above results and the value of the coefficient
C(O’L” ) (22’0) (OL”ff) from [90] (the corresponding fully stretched [91] U(6) IF
for maximal coupling representations is equal to 1), we finally derive for the
SO(3) reduced matrix element

([N +41,(0, 11+ 2); 0L + 2; 00||[F x FJ o e, 0 lI[N], (0, p2); 0; 00) =

(+L+3)(u+L+5)(L+1)(L+2)]"
(1 +1)(u+2)(2L + 3)(2L + 5)

x /(N +1)(N+2)(N+3)(N+4), (114)
= /(2L +1)(2L + 2)(2L + 3)(2L + 4),

where N = 2u + A and for the last row the yrast condition ;= L is taken into

account. For the calculation of the matrix element of [G x G](Q_([);[é]]z 20 we use

the conjugation property

([N =41, (0, ju — 2); OL — 20; 00|[G x G], & 101% BIINT, (0, 12); 0L0; 00) =
((IN], (0, 12); 020; 00| [F x P 56 B[N — 4], (0, 1 = 2); 0L — 20;00))" =

0.2)[0)
_ AN [ (No A(0.4-2) (02)  (0.) L0
= Clop—zo: 020 ©wo:C L2 2 L Crlag 20X

x /(N =3)(N —2)(N —1)N =
=C1%4 2V (2L—3)2L—2)2L — 1)2L. (115)




944 GEORGIEVA A.1. ET AL.

B(E2), w.u. With the help of the above analytic expres-
2 eriment GsB. 280 /| sions ((110), (114), and (115)) for the ma-
15001 Symplectic,’ trix elements of the tensor operators form-
| e=2.28, 6=0.00186 ) ing the E2 transition operator we can cal-
1000+ R culate the transition probabilities (94) be-
3 o tween the states in the ground band as at-
5001 n_nnt tributed to the SU(3) symmetry-adapted
i /,-—r———-/’/ Modified SUG) | pagis states of the model (85). It is ob-

oF . '.—:_ L vious that the second term in T2 (103)

05 10 15 20 25 30 35 comes from the symplectic extension of
L.h27 the model. The behavior of each term of
Fig. 5. The behavior of the number con- the transition operator is plotted as a func-
serving and symplectic terms of the ma- tion of the angular momentum L in Fig.5
trix elements of the transition operator where for comparison typical experimen-
T2 (103) tal data for the GSB are also shown. It can
be seen that because of the yrast conditions
(n = L), the well-known parabolic behavior corresponding to Elliott’s quadrupole
operator is modified and looks like a rigid rotor curve. In this case, the rigid rotor
predictions are asymptotically determined by the ordinary SO(3) Clebsch—Gordan
coefficient. Such type of curve is obtained in the limit of large-dimensional ir-
reducible representations 2\ 4+ 1 — oo when su(3) algebra contracts to the rigid
rotor algebra rot(3) = [R%]so(3) [94]. It is obvious that the experimental points
are well reproduced by the modified SU(3) term up to L = 20, while for the
description of the states with L > 20 the symplectic term is appropriate.

The various values of the parameters 6 and e can reproduce the two main
types of B(E2) behavior — the enhancement or the reduction of the B(E2)
values. The strongly enhanced values, which are an indication for increased
collectivity in the high angular momentum domain, are easily obtained for positive
values of the parameter . For negative values of the parameter § we obtain
behavior similar to that of the standard SU(3) one and it can be used to reproduce
the well-known cutoff effect. Such saturation effect is also a characteristic feature
of the IBM based calculations in its SU(3) limit. Although the coefficient in front
of symplectic term is about four orders of magnitude smaller than the SU(3)
contribution to the transition operator, its role in reproducing the correct behavior
(with or without cutoff) of the transition probabilities between the states of the
GSB band is very important.

5.3. Application to Real Nuclei. In order to prove the correct predictions
following from our theoretical results we apply the theory to real nuclei for which
there is available experimental data for the transition probabilities [95,96] between
the states of the ground bands up to very high angular momenta. The application
actually consists of fitting the two parameters of the transition operator 772 (103)
to the experiment for each of the considered bands.
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E, MeV B(E2), w.u.
238 L 236
6 o GSBExp. U @ eok e Exp. v b
I —— GSB Theory r —— Theory
5 C 1400~ —— 1BM
4L 1200 F Rigid rotor
L [ e=225
3+ 1000 - 0=0.00027
- 800~
r 600
1- 400
ok 200 C
T T R T T SR \
0 5 10 15 20 25 30 35 40
L, h2n L, h2n

Fig. 6. Comparison of theoretical and experimental values for the energies (a) and B(FE?2)
transition probabilities for the 26y (v)

E, MeV B(E2), w.u.
232 700 232

6 e GSBExp. Th a r e Exp. Th b
5 [ — GSB Theory 600~ Theory

I - —— IBM
A 500p
5L 400~
>k 3001
E 200 e=2.1

3 6=0.00018
or \ 100 P H R R B .

35 0 4 8 12 16 20 24
L,h/2w L, h/2w

Fig. 7. Comparison of theoretical and experimental values for the energies (a) and B(FE?2)
transition probabilities of the 232Th (b)

As examples we present the intraband B(E?2) transitions in the GSB for the
nuclei 232Th and 226U, for which the experimental data exist up to L = 28 [96].
The energies of the GSB plot a and B(E2) values for transitions between their
states plot b are compared with the theoretical results of the IVBM in Figs. 6
and 7. The results for the B(E2) values of the SU(3) limit of the IBM and
the rigid rotor are also shown. One can see that the IBM works well for the
transitions between the first excited states (L = 2—10). The rigid rotor describes
well the experimental states in the middle spin region (L = 4—16), while for the
high spins the B(FE2) values must be enhanced due to the observed collectivity
excess. Thus, at high spins in the yrast band the calculations of the IBM and the
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rigid rotor model cannot reproduce the fine structure of the B(F2) data. As was
mentioned in the preceding section, such an enhancement can be obtained for
slightly positive values of the parameter  in the transition operator 772, From
the presented examples we see how sensitive is the theory to the term coming
from the symplectic extension and in particular from the sign of the parameter 6
entering in the transition operator (103).

In the present new application of the unitary limit of the symplectic extension
of the [IVBM, the model was tested on the more complicated and complex problem
of reproducing the B(E2) transition probabilities between the states of the ground
band up to very high spins. In developing the theory, the advantages of the
algebraic approach were used first for the proper assignment of the basis states to
the experimentally observed states of the collective bands. Here the construction
of the E'2 transition operator as linear combination of tensor operators representing
the generators of the subgroups of the respective chain is a basic result that
allows the application of a specific version of the Wigner—Eckart theorem and
consecutively leads to analytic results for their matrix elements in U (6) symmetry-
adapted basis, that give the transition probabilities.

Analyzing the terms taking part in the construction of the E2 transition
operator, the important role of the symplectic extension of the model is revealed.
The experimental data for the presented examples is reproduced rather well,
although the results are very sensitive to the values of the parameters, hence
more experiment on transition probabilities is needed.

The presented approach is rather general and universal and can be used for the
calculation of transitions in other collective bands, in particular in the similarly
constructed negative parity bands and the excited § bands, which are of great
interest lately in the nuclear structure.

6. REDUCTION THROUGH THE NONCOMPACT Sp (2, R)

6.1. Algebraic Construction Containing the Six-Dimensional Davidson Po-
tential. The need for a description of nuclei in which rotational-vibrational
interactions are taken into account has led to a search for algebraically solvable
potentials and a meaningful set of basis states that make the transitional nature of
these systems more transparent. An algebraically solvable theory that can describe
systems with rotational-vibrational interactions and which has known algebraic so-
Iutions when applied to diatomic molecules, is the one containing the Davidson
potential [97]. In an algebraic approach for either the nuclear many-body problem
or the Bohr—Mottelson collective model, the addition of the Davidson potential
to the Hamiltonian requires the consideration of a dynamical subgroup chain that
starts with the direct product Sp (2, R) ® SO(n) C Sp (2n, R), with n = 3 and 5,
respectively [98].
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Indeed if the local isomorphism of the sp (2, R) = su(1, 1) algebras is taken
into account, its relation to the spectrum generating algebra of the many body
nuclear system with the Davidson interaction becomes explicit. This provides the
motivation for considering this reduction in seeking a description of a more com-
plex modes that includes rotational-vibrational interactions. Within the framework
of the phenomenological interacting vector boson model [14], the more general
case of a six-dimensional Davidson potential naturally appears [43]. The new
reduction chain of its dynamical symmetry group Sp (12, R) [26,99,100]:

Sp (12, R) O Sp (2, R) @ SO(6) (116)

extends the applicability of the theory to include mixed-modes collective inter-
actions.

As can be deduced from the considerations given in [98], this construction
obviously survives the addition of Davidson potential. The infinitesimal genera-
tors of the Sp (2, R) algebra

F= Z Clklmuk ( ) = 25+7
k,m,a
G = Z C?}?’lmuk(a)um(a) =257, (117)
k,m,«
1
A=) Cliimufl a)=-—=N=25"—1
k%:a i k ( ) \/g

are obtained from the Sp (12, R) generators (6a), (6b), and (6¢c) by means
of contraction with respect to both the spatial m = 0,41 and the «T-spin»
a=p=1/2, a =n = —1/2 indices. It is straightforward to show that the
operators S7,7 = 0,£ commute in a standard way for the SU(1,1) algebra
generators [101]

(80, 8%] = 8%, [$F,57] = —25°,

so the sp (2, R) and the su(1,1) algebras are locally isomorphic with a Casimir
operator written as Co(SU(1,1)) = S°(S% — 1) — S+S5~.

By construction, the operators (117) are scalars with respect to six-dimen-
sional rotations and they commute with the components of the six-dimensional
momentum operators (2.1) [14],

Af (e, B) = A% (o, B) — (-1)2 A5 (8, 0), (118)

which obey the property
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and generate the SO(6) D U(6) algebra. In this way, the direct product of the
two groups (116) is realized. The second-order invariant for the SO(6) group is
defined (see (26)) as

A% = (=D)MAf (. BYAE (8, ), (119)

L,a,p

and in this case is related to the second-order invariant of the Sp (2, R), as in
the direct product (116) the two groups are complementary [99], which means
that the irreps of the group SO(6) determine those of Sp (2, R) ~ SU(1,1) and
vice versa.

In order to define the basis of the system with (116) as a dynamical sym-
metry that allows one to include the six-dimensional Davidson potential, we
consider the reduction of the SO(6) algebra to the SO(3) algebra of the angular
momentum through the following chain (see the left-hand side of the diagram
(16)) [14], [102]:

SO(6) > SUB) ® 0(2) > SO(3)

w (X, 1) v L ’ (120)

which could be defined as the vy-unstable limit of the IVBM. The single infini-
tesimal operator of O(2) is proportional to the scalar operator A°(«, 3) from the
SO(6) generators (118),

Map = —V3A°(a, ) = —V3[A%(p,n) — A%(n, p)]. (121

The generators of SU(3) [14] are given by (27) and for this realization of the
algebra the quadrupole moment X 2, is the proton—neutron quadrupole interaction,
which makes the difference with the subgroup SU(3) C U(6) considered in the
previous limit. The second-order Casimir invariants of the two groups in the
direct product in (120) are given by (28) and (26).

In the introduced above SO(6) C U(6) (16) reduction, the obtained symmet-
ric representations [N]g of U(6) decompose into fully symmetric (w, 0,0)s = (w)e
irreps of SO(6) according to the rule

(N/2)
Ne= B (@0,05= P V20, (122)
w=N,N—-2,...,0(1) i=0

where (N/2) = N/2 if N is even and (N —1)/2 if N is odd. Further-
more, the following relation between the quadratic Casimir operators G3 =
Z(—l)M(XMijw + Y]wY,]w) (28) of SU(3), 7o of 0(2) and 7g (119) of

M
SO(6) holds [103]:

— 1
T — 2G3 - §7T6, (123)
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which means that the reduction from SO(6) to the rotational group SO(3) is
carried out through the complementary groups O(2) and SU(3) [99]. As a
consequence, the [fi1, f2, 0] labels of the SU(3) irreps are determined by (w)g
of SO(6) and by the integer label ()2 of the associated irrep of O(2), i.e.,

W)s = Plf1. f2.0]5 @ (1)a. (124)

Using the relation (123) of the Casimir operators, for their respective eigenvalues
in terms of Elliott’s notation [104] (A, i) one obtains

(W) = b (Z\ _ety Y- V) ® (V)2 (125)

2 2
v=tw,tw-2,...,0(£1)

Finally, the convenience of this reduction can be further enhanced through the
use of the standard rules for the reduction of the SU(3) D SO(3) chain. Hence,
the basis, labelled by the quantum numbers classified by the group-subgroup
chain (120), can be written as

|Nw; (X, p)v; K, L), (126)

where the reduction rules for obtaining specific values for each state were given
above. By means of these labels, the basis states can be classified in each of the
two irreducible even Hy with N =0,2,4,..., and odd H_ with N =1,3,5,...
representations of Sp (12, R). We illustrate this in Table 3 for the even Hy
irreducible representation, where [N with the set of w contained in it (122) label
the rows and the values of the quantum number v label the columns. The SU (3)
quantum numbers (), /i) define the cells of Table 3 as they are obtained with the
help of w and v (125).

At this point some of the similarities between the reductions through the
U(6) (82) and O(6) (120) become apparent. The values of the quantum number
w are clearly related with the values of the «T-spin» T = w/2, so we can introduce
a parity operator defined as (—1)“/2 like in the U(6)-limit (82). Respectively,
the values of v have similar relation to the values of Ty = v/2. The important
difference in this case is that there is no degeneracy in the values of the SU(3)
irreps (), ji), that belong to a given row defined by w, but in the columns (fixed
value of v) the SU(3) irreps repeat each other except the ones corresponding to
the maximal value of w = N (the first row for each N) added for each v = A\ — fi.
Also in this case \ and ji are both always even or odd.

The Hamiltonian with the considered dynamical symmetry (130) is expressed
in terms of the first and second order Casimir operators of the different subgroups
in its corresponding chain (120):

H = aN + bN? + BgA? + 3o M? + 3512, (127)
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Table 3. Classification scheme of the basis states in the even H space of Sp (12, R)
according to the decompositions given by (116) and (120)

N[lw v 6] 4 ] 2 0 -2 [ -4 | -6
00 (0,0)
2 (1,1)
4 (2,2)
(4,0) | (3,1) (1,3) | (0,4)
4] 2 (1,1)
“leo | 6y | ay | B9 ey | ws | oo
6| ) @o | ey | F9 | wy | oy

and it is obviously diagonal in the basis (126) labelled by the quantum numbers of
their representations. The second order invariant of SU(3) is dropped in (127),
because of its linear dependence on the Casimir operators of the SO(6) and
O(2) (123). Then the eigenvalues of the Hamiltonian (127) that yield the spectrum
of a system interacting with six-dimensional Davidson potential are:

E(N,w,v,L) = aN + bN? + few(w +4) + for® + B3L(L +1).  (128)

This expression is very similar to the one obtained in the U(6) (82) case (89),
with a difference coming only from the SO(6) second order invariant A2, with
the parameter Jg. Other differences in the applications to real nuclei follow from
the possible choices in mapping the experimentally observed collective states to
the basis of this dynamical symmetry.

6.2. Application to Real Nuclei. In the applications of this new dynamical
symmetry of the IVBM to real nuclear systems that we present here, we exploit
again the «algebraic» definition of yrast states as introduced earlier and in [38].
By means of the later, the states of the ground band, which are the yrast states of
the nucleus, correspond to the basis states with N = w = Fv = 2L =0,4,8, ...
(AN = 4). At —v = 2L we obtain the left-to-right diagonal (0,2L) of Table 3
with A = 0 and changing 77 = L = 0,2,4, ... At v = 2L the respective diagonal
of Table 3 is (2L,0). Hence, T' = w/2 is always even and we consider the states
belonging to the K = 0 band. Then the ground state band’s energies are obtained
by the expression

Ey (L) =aL + SL(L+1), (129)

where o = 2a 4 803+ (33 and 3 = 4b+ 45+ 432 + B3. From (129) it is obvious
that in the GSB we will have a certain degree of mixing of the vibrational and
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Table 4. Values of the parameters of the model Hamiltonian (127) obtained in the fitting
to the experimental spectra of the considered nuclei

Nucleus No Bands X2 Parameters v
162 a = 0.01909
Dy 0 GSB 0.0018 b = 0.00019 2L
Ry =331 34 ¥ 0.0004 | Bs = 0.00007 2L — 4
46 B 0.0055 | B2 = 0.00202 2L
54 | K™ =17 | 0.0013 | 33 = 0.00074 2L — 2
42 | K™ =2 | 0.0436 | 8 = 0.00021 2L +2
154 a = 0.04731
Gd 0 GSB 0.0101 b — 0.00041 2L
Ry =3.02 | 18 ¥ 0.0049 | Bs = 0.00043 2L — 4
12 1] 0.0331 | B2 = 0.00041 2L + 12

30 | K™ =7 | 0.0175 | 83 = 0.00171 2L — 12
32 | K®=8" | 0.0320 | B, = —0.00031 | 2L — 14

26 | K™ =4% | 0.0043 2L — 8
18 | K™ =2 | 0.0028 2L +6
56 a = 0.10625
Er 0 GSB 0.0099 | 4~ g 2L
Ri=2311 8 ~y 0.0060 | Bs = 0.00031 oL — 4
6 3 0.0204 | B2 = 0.00018 2
16 | K*=6" | 0.0180 | 85 = 0.00101 2L — 12
By = —0.000006

rotational modes depending on the values of the parameters « and /3. The latter
depends on all the Hamiltonian (127) parameters, except a. There is no an
additive constant to the energies, like in the U(6) case. The difference is that
we cannot describe octupole bands (K™ = 07) here, because \ and 77 are both
always even or odd. In this case it is obvious that we can relate the quantum
number of the «T-spin» T to the quantum number of the O(6) irreps w/2, which
can be even or odd. Hence, we can describe both positive and negative parity
bands.

The states of the excited bands are mapped on the theoretical ones, generally
in two ways described in terms of stretched states (\, i) = (Ao + k, fip), Where
fio is fixed, or (Ao, fio + k), where ) is fixed, which in turn can belong to certain
«column» (v fixed) or «diagonal» (v changing) of the basis states presented in
Table 3.

Along the left or right «diagonals» of Table 3 we have a sitiuation similar
to the case described for the ground state band, where A is changing and [ is
fixed or vice versa. In this case we have different sequences of (A, /i) multiplets,

defining the bands along the diagonals with £v = X\ — i = £(2L — k).
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E, MeV As discussed above, the correct place-

— Theory 162Dy ment of the ban.ds in the spectrum stropgly

— Theory depends on their band-head configurations

o Theory and, in particular, on the number of bosons

—— Theory Ny, from which they are built [43]. So we

Theory define the number of bosons for each state

= GSB in the band with a given L in the following

4l e yband way: N = Ny + v+ 2L and the respective
4 pband w=v+2L.

voOKT=1"

The variety of possible choices for the
correspondence of the excited bands to se-
quences of states in the symplectic space

K"=2

2+ and the mixing of the rotational and vibra-
tional degrees of freedom (129), like in the
U (6) limit, allows us to reproduce correctly
the behavior of the excited bands with re-
0 spect to one another, which can change a

L lot even in neighboring nuclei [80].
0 5 10 1520 25 The five free parameters of the Hamil-
LW27 tonian (127) are determined by fitting the
Fig. 8. Comparison of the theoretical theoretical predictions for the energies of
and experimental energies for ground the ground and few excited bands to the
and excited bands for '**Dy experimental data [1], using a x? proce-
dure. The bands are developed according
to the rules described above for their corresponding K™ values. We choose for
the value of Ny corresponding to the band-head states the one that gives the low-
est x2, after obtaining the parameters mainly from the ground state band. That
is why, we usually choose in the applications nuclei with long spin sequences in
their ground bands.

In [43] and [105], we presented examples of a rather precise description of
only positive parity collective bands (ground, 3 and ~) in well-deformed nuclei,
corresponding to the SU(3) limit of the IBM, ~v-soft ones, belonging to the
SO(6) limit of the IBM and of the >Sm nucleus with (Ry/> = 3.1), which is
transitional between the 7-soft (R4, = 2.5) and rotational nuclei with (Ry/o =
3.33) and is a typical example for being at the critical point of phase/shape
transition [82] with X (5) symmetry [4].

Here we illustrate the possible description of negative parity bands with
K™ #0=17,27,3"... in addition to the basic ground, 3 and =y bands, like
in the U(6)-reduction chain and use this application to compare the results of
both limits. Hence, in the presented below applications we fit the Hamiltonian
parameters for this limit again for the rotational 52Dy nucleus, we describe
another X (5) symmetry nucleus **Gd [106] and make an attempt to deal with
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Fig. 9. The same as in Fig.8 for ***Gd (a) and **°Er (b)

a spectrum that shows a behavior close to the other critical point with E(5)
symmetry [107].

The parameters that were obtained, the number s of experimental states, Xz’
Ny, and v are all given in Table 4 for the three different nuclei, where the 156 gy
is also considered.

As shown in Figs. 8 and 9, the experimental data is reproduced remarkably
well, especially for the 5 and  bands, as well as for the newly described negative
parity bands. In this case most of the parameters of the Hamiltonian are obtained
through a fit to the energies of the states from the ground state band. The energies
of the other excited bands are reproduced mainly by the correct choice of the
quantum number Ny and, in general, the correct identification of the experimental
states with the basis states. This reveals again the importance of Ny, which vary
quite a lot, but much less than the parameters of the Hamiltonian.

Comparing the parameters of the Hamiltonians obtained for the 192Dy in
the U(6) and this limit it is clear that they are rather close to each other which
confirms the observed correspondence between the terms of the two Hamiltonians
(88) and (127).
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From the presented results, it could be seen that any of the above two limits of
the symplectic extension of the IVBM is equally appropriate for the description of
a rather broad range of nuclei, and most importantly, nuclei that display different
degree of mixing of the rotational and vibrational degrees of freedom.

7. THE REDUCTION THROUGH THE NONCOMPACT Sp (4, R)

7.1. The Algebraic Realization. Finally we will introduce the group —
theoretical background [43] of the application of the symplectic IVBM, for the
description of the energy distributions of collective excited states with fixed angu-
lar momenta. This new reduction further elucidates the importance of considering
the structure of the band-head’s configurations in respect to the number of bosons
N that build them, established through the applications of the first two chains.
It also plays the role of a connecting branch in the general reduction scheme
of Sp (12, R), clarifying the relations between the subgroups of the above two
chains.

In terms of the introduced boson representations of Sp (12, R), the third chain
of subgroups starts with the reduction [26,43,99]:

Sp (12, R) O Sp (4, R) ® SO(3). (130)

The infinitesimal operators of the Sp (4, R) algebra are the L = 0 part

Fo(a’ 6) = Z nglmuZ(Q)ua(ﬁ)v

k,m

GO, ) =Y Ctlimur(@)um(B), (131)
k,m

A? (Oé, ﬁ) = Z ngmuz (a)um (6)
k,m

of the Sp (12, R) generators Fi;(a, 3), G%;(a, B) (6a), (6b) and A%, («, B) (6¢c)
a,f = 1/2(p), or = —1/2(n). Hence by construction, all these operators are
scalars in respect to the three-dimensional rotations. Obviously the genera-
tors (131) commute with the components of the angular momentum L}, (18), that
generate the SO(3) algebra, i.e., we have a direct product of the two groups (130).
As a result the Sp (4, R) irreps can be labelled by the quantum numbers of their
corresponding SO(3) ones, namely the angular momentum L.

The maximal compact subalgebra u(2) of sp (4, R) is generated by the
Weyl generators A°(c, 3) of (131), and is the same one that corresponds to
the «T'-spin» algebra of U(2) (20) in the direct product with the SU(3) in (82).
The operator N generates u(1) and plays the role of the first-order invariant of
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u(2) D sur(2)®@upn(1). Hence, the following correspondence between the chains
of subalgebras of sp (12, R) — through «(6) and through sp (4, R), exists [26]:

sp(12,R) D sp(4,R) ® so(3)
U U N (132)
u(6) O u(2) ® su(3)

Each of the sp (4, R) irreps that are contained in the sp (12, R) boson rep-
resentations is of infinite dimension and consists of countless number of u(2)
irreps. A basis for the sp (4, R) representations is generated by a consecutive ap-
plication of the symmetrically coupled products of the operators F°(c, 3) (131)
to the lowest weight state (Iws) with angular momentum L that labels the consid-
ered Sp (4, R) irrep [26]. Each starting «(2) configuration is characterized by a
totally symmetric representation [L]o formed by L = Ny, vector bosons. The
procedure to obtain the rest of the su(2) irreps that are contained in a given L
irrep of sp (4, R) is given in detail in [43].

We first decompose all the even numbers n = 0,2,4,6, ..., where n/2 gives
the degree of the F¥(c, 3) that are applied to the lws, into a direct sum of u(2)
irreps [n1, ne| with both ni,ns even and n = nq + no. After symmetrization of
the irreps [n1,n2] — [n1 — n2,0] = [n1 — naj2 we get the decomposition:

n]e = [nla®[n—4]2® ... [2]2 or [0]s. (133)

Next, all the outer products of the representations [L]z with the reduced
[r]2 (133) are calculated and restricted to the two-dimensional Young diagrams of
integers. We obtain as a result the su(2) representations [k]2, which correspond
t0 N = Npin +n, n = 0,2,4,6,... and T = k/2 = N/2,(N/2) — 1,...,0
(for even L). This technique is illustrated for the cases L = 0 and L = 2
with Tables 5 and 6. The columns are defined by the quantum number 7" and
the rows by the eigenvalues of N = Ny, +n for n = 0,2,4,6,... Table 5
for the L = 0 states actually coincides with the decomposition of the even
numbers n (133) as in it the outer product is with the [0] irrep. By means
of the correspondence (132) between the two considered chains of subgroups of
Sp (12, R) and the relations (84) between the U(2) and SU(3) quantum numbers,
we were able also to present the respective (A = k, u = (N — k)/2) irreps in
the cells of Tables 5,6. For a given value of N these could be compared to the
classification scheme of the SU(3) irreps contained in the even U(6) irreps of
Sp (12, R) given in Table 1. Note that the missing su(2) irreps on the above tables
do not contain in their corresponding (A, ) representations the states with the
considered value of L according to the SU(3) D SO(3) reduction rules (86) [15].
In the obtained decomposition of the sp (4, R) representations L into [k]o — su(2)
ones, except for the L = 0 case in Table 5, there is a multiplicity, denoted as
px in the appearance of some of the irreps, that shows how many times the
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Table 5. L =0
T=4 |T=3 |T=2 [7=1 |T=0 |T/N
[8]2(8,0) [4]2(4,2) [0]2(0,4) | N=8
Table 6. L = 2
| r=4 [T=3 |T=2 T=1 T=0 |T/N
2]2(2,0) N =2
42(430) 22(27 1) [0]2(032) N=4
62(6,0) | 42(41) | 2x[222(2,2) N=6
BI(8,0) | [612(6,1) | 2x[42(4,2) | 2x[22(2,3) | [02(0,4) | N =8

respective irrep [k|o appears for the specified value of N. This multiplicity is
exactly equal to the multiplicity of the appearance of the considered value of L
in the reduction (86) of the corresponding su(3) irrep (A, p) to the so(3) values
of L [26] (see N =6 and N = 8 rows of Table 6).

7.2. Energy Distribution of States with Fixed L. As established above,
because of the correspondence (132) and the relation between the SU(3) and
SU(2) second order Casimir operators [38], the Hamiltonian (88) and the bases
in this case are equivalent to the ones in the U(6) limit of the model (82). As a
result, the eigenvalues of the Hamiltonian (88) for the states with a fixed L are
the energies, given by (89). Obviously in (89) the dependence of the energies of
the collective states on the number of phonons (vector bosons) IV is parabolic.
The rest of the quantum numbers 7', T defining the states with fixed L in this
case are expressed in terms of N by means of the reduction procedure described
above. The parity of the states is defined [38] in the same way, as 7 = (—1)7.
Although we use the same labels for the basis states, it must be kept in mind,
that the states that we consider in this limit are ordered in different from the
U(6) case, sequences of SU(3) irreps, reflecting their positions among the other
states with the same angular momenta. This not only requires their interpretation
in terms of NN, but also gives a different physical meaning of the parameters of
the Hamiltonian, hence they are fitted again in this limit, but in respect to the
variable N.
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Fig. 10. Comparison of the theoretical and experimental energy distributions of states with
fixed L in the spectra of 1468m (a) and "Hf (b)

Here, we first evaluate the parameter of inertia (3 in front of the term
L(L + 1) in (89) by fitting the energies of the ground states band (GSB) with
J™=07,2{,4F, 67, ... to their experimental values in each nuclei. Further, the
values of N, corresponding to the experimentally observed Ez’:p and the values
of the parameters in (89) are evaluated in a multistep y-square fitting procedure
making use only of the three sets of states with J = 0;, 2 47. We choose
nuclei with enough of these states to have good statistics in the fit. Most of these
states are band heads (all the 0T, some of the 2% and 41) of collective bands
and as a result the situation of the whole band depends on them. The set of
Nz, with minimal value of x? determines the distribution (the parameters of the
Hamiltonian) of the L;r states energies with respect to the number of bosons N,
that build them. For the set of 0T states (L = 0) we chose both T' = Tj, = 0, so
the parameters a and b in (89) are evaluated and fixed. Further, for the 2% we
use even T > 0, Ty = 0 and so we get the a3 parameter, and finally for the 47
we determine 7' > 0 and also a possible value of 7T > 0 in order to obtain «;.
Sets of states with other values of L = 1,3,5,6... and/or with negative parity
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Fig. 11. The same as in Fig.6 for ‘%2Dy

(T-o0dd) can be included in the consideration only by determining in a convenient
way the values of T, Ty and finding the sequences of Ny, corresponding to the
observed experimental energies. The first two parameters ¢ and b (b < 0) of
the Hamiltonian actually determine the form of the parabolas, and they are the
same for each set of states with fixed L. The rest of them with the values of
the quantum numbers 7', Ty, and L, only shift the curves in respect to each
other. The predicting power of the model in this limit is related to the possibility
to describe any other set of states, once all the parameters of the Hamiltonian
are evaluated from the distributions of 0T, 2%, and 47 states, without involving
additional parameters.

The results of the treatment described above for the collective spectra of three
even—even nuclei from the rare-earth region are illustrated in Figs.10 and 11.
The theoretical distribution of the energies with respect to the attributed values
of N, and the good agreement with the experimental ones can be clearly seen.
Additionally, Nj,; — the initial value of N by means of which the lowest state
with the considered J™ is constructed, the used values of T, Tj, the values
obtained for the Hamiltonian parameters (33, a, b, ag, and «; with their respective
x? are presented in Table 7. The numbers s in the first column give the number
of the experimentally observed states with the respective J™.
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Table 7. Values of the parameters of the model Hamiltonian (88) of the considered
nuclei obtained in the fitting of energies of the set of states with given J™ to their
experimental values

Nucleus | s | J™ | nini = Nini/4 | T | To x> Parameters
146 4 a = 0.03243
Sm |[11]0 0 0 |0 |0.0004 b — —0.00006
13 | 2F 4 4 |0 | 00008 | as=-0.00161
16 | 4% 6 8 | 8 |0.0008 | a1 =-—0.00553
4 | 3” 8 5 |5 |0.0004 | Bs=0.04134
3 | 4° 10 3 |3 |0.0013
4 | 57 127 7 |7 |0.0017
178 N -6 | @=0.02376
Hf 410 88 0 |0 |2-10 b — —0.00040
12 | 2* 90 4 |0 | 00006 | as=0.03543
7 | 4t 92 8 |8 |0.0025 | a; =—0.02110
7 | 6" 93 10 | 10 | 0.0022 | B3 = 0.02879
162 N 6 a = 0.02376
Dy 410 127 0 |0 |10 b — —0.00005
11| 2% 134 4 |0 | 00006 | as=0.03543
7 | 4" 139 8 |8 |0.0025 | a; =—0.02110
7 |6 144 10 | 10 | 0.0023 | B3 =0.01288
5| 1° 115 3 |3 | 0.0004
3 ]2 120 3 |1 | 0.0009
7 |3 121 5 |5 | 0.0009
6 | 4 125 5 |3 |0.0017
7 |5 126 7 |7 | 0.0010

The examples chosen for the present application are nuclei for which there is
experimental data for the energies of more than 5 states with each of the angular
momenta L = 0,2,4 in the low-lying spectra. One of these nuclei, '*6Sm,
has a typical vibrational spectra and the other one, !"®Hf, has typical rotational
character. This is confirmed by the obtained values for the inertia parameter, s,
given in Table 7. It is well known that the main distinction of these two types of
spectra is the position of the first excited 2] state of the ground state band, which
for vibrational nuclei is rather high (over 1 MeV), but for the well-deformed ones
lies low around 0.07 MeV.

For the nucleus with vibrational spectra '46Sm we apply the procedure de-
scribed above with values of T that differ quite significantly (AT = 4) for the
sets with L = 0,2,4. This corresponds to rather large changes in the values of
the initial Ny, = 27" which allows one, according to the reduction rules for the
basis, to place them on the left-hand side of the symmetric parabolas. As a result
(see Fig. 10), the values of N, increase with increasing energy of these states.
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For the spectra of 46Sm, in addition to the L = 07, 2%, 4% we have included the
states with L = 37,47 ,57.

With the procedure employed, the ordering of the states into different bands
can be recognized. The GSB is formed from the lowest states with L =
07,2%,4%, which are almost equidistant for the case of vibrational nuclei with
very close values of n for the states belonging to a given band. The almost
degenerate 07, 2% 4T triplets of states, characteristic for the harmonic quadru-
pole vibrations, can also be observed on the theoretical energy curves, and are
characterized with almost equal difference between their corresponding values of
N. In order to avoid nearly degeneracies of the energies in respect to Np,,, we
use the symmetric feature of the second order curves and place some of the states
on the right side of the parabolas.

The low-lying states of the ground band, L = 0{’,2{’,4?, of the typical
rotational nuclei [1] 2Dy require small changes in the number of quanta N,
that build the corresponding initial states in each sequence. Making use of the
latter and the symmetric feature of the second order curves the states with a given
L in the rotational spectra are placed on the right-hand side of the theoretical
curves. This corresponds to the second solution Ny, = —a/b of equation (89) for
the ground state with 7' = Tj) = 0, defining the maximum Ny, that builds it. This
can be used as a restriction on the values of Nz,. On a parabola, specified for a
fixed L, the number of bosons that build the states will decrease with increasing
energies. Hence, if the number of quanta that is required to build a collective
state is taken as a measure of collectivity, the states from a rotational spectra are
much more collective than vibrational ones, which is the expected result. In this
example, one can also observe the structure of collective bands that are formed
by sets of states from the different curves and in particular the ground band, the
first two excited (5 and v bands (see Figs. 10 and 11).

This result confirms the empirical investigation [108] of the energy distribu-
tion of the states with fixed angular momentum. It is rather well described [83]
by the simple phenomenological formula Er,(n) = An — Bn?, where A > 0 and
B > 0 are fitting parameters and n is an integer number corresponding to each
one of the states with given L. A relation N = 4n between the total number of
vector bosons N and the introduced in [109] number of ideal monopole bosons n
is valid in this application. In [83] the importance of the value of n in particular
for the description of the distribution of the 0 is revealed by its introduction as
an additional variable in the inertia parameter 33 of the model Hamiltonian (88)
for the considered bands.

8. GENERALIZED REDUCTION SCHEME FOR THE 1IVBM

The use of symplectic geometry in the investigation of the nuclear collective
motion, relates the later to its microscopic structure. A further elaboration in
the problem can be achieved if we consider the nuclear many-body system as
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consisting of two interacting proton and neutron subsystems. This motivation
is behind the algebraic construction of the phenomenological IVBM [14], where
Sp (12, R) — the group of linear canonical transformation in a 12-dimensional
phase space [99] appears as the group of dynamical symmetry of the model.
The three considered above dynamical symmetries can be unified in the reduction
scheme (134).

In mathematical terms the established relations are based on the appearance of
the physically important U (2) [38] group of the «T" spin» as the maximal compact
subgroup of Sp (4, R) [43], as well as its noncompact counterpart SU(1,1) [42].
By means of this vertical structure, the dynamical symmetries describing the
ground and excited bands are connected with the dynamical symmetry describing
the sets of states with fixed angular momentum, most of which are band-head
configurations. This reveals the important role of their structure, in particular
the number of bosons from which the band heads are build for the development
of the excited bands, a feature that is due to the consideration of the symplectic
extension of the model. Another very important model characteristic leading to
the correct description of the experimental energies is the interaction between
the proton and neutron subsystems, yielded in the symplectic extension of the
model, but still retaining the exact analytic solutions in each of the considered
applications.

This generalized reduction scheme relates the presented applications of the
three dynamical symmetries in their physical interpretations and the conclusions
following from each one of them. It was established that the two reduction
schemes, that describe the developments of collective bands in various types of
nuclear spectra, the one through U (6) and the one through SO(6), although using
different realizations of the basis states and the Hamiltonians, because of their
connection through the content of the Sp (4, R), yield very similar applications
for the description of the ground bands and the excited positive and negative
parity bands. A common feature of these applications is the possibility to mix
with varying strength the two main collective modes — vibrational and rotational,
which results in the accurate description even of nuclei at the critical points of
phase/shape transitions in the framework of these exactly solvable cases. The
success of this approach is due not only to the easy evaluation of the relatively
small number of model parameters by means of fitting to the experiment, moreover
only of the first lowest bands like the ground band and the immediately following
one or two excited bands. The important predicting power of the model is related
to the symplectic extension, which allows one (only by correctly finding the
number of bosons that build the band-head configurations of the other observed
excited bands) to evaluate the energies of all states that belong to them. In this
respect the energy distributions of the states with fixed angular momenta and in
particular of the low-lying ones with L = 0;, 2,4}, most of which are band-

2R AR
head configurations, obtained in the connecting Sp (4, R), give the tool to obtain
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their corresponding Ny, values, on which the excited bands can be build [83]

U(6) o> U(2) ® SU(3)

[N] T ()

N N U K

Sp(12,R) > Sp(4,R) ® SO(3)

U U N (134)
SO(6) ® Sp(2,R)

U w (SU(1,1))

SU(3) ® 0(2)

(A7) v

In order to obtain even greater predicting power of the symplectic extension
of the IVBM, we need a further systematic investigation of the behavior of the
model parameters as functions of the specific nuclear characteristics [110], as
well as of the energy distributions of the band-head states in sequences of nuclei,
which is our future aim.
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