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ENERGY DISTRIBUTIONS OF FIELD EMITTED
ELECTRONS FROM FEW-LAYER GRAPHENE

SHEETS WITH AB AND ABC STACKING
V. L. Katkov, V. A. Osipov

Joint Institute for Nuclear Research, Dubna

We study the effect of the band structure on the energy distributions of ˇeld emitted electrons
from AB and ABC graphene multilayers. The characteristic subpeaks are found to appear for each
type of stacking. The experimental discovery of these peaks in ˇeld emission experiments from
carbon few-layer systems can provide important information about the type of stacking.

PACS: 11.10.-z

INTRODUCTION

Recently, free-standing carbon nanosheets (CNSs) have been synthesized on
a variety of substrates by radio frequency plasma enhanced chemical vapor de-
position [1, 2]. The sheets consist of several graphene layers and stand roughly
vertical to the substrate. It has been found that CNSs have good ˇeld emis-
sion characteristics with promising applications in vacuum microelectronic devi-
ces [3Ä6]. High emission total current at low threshold ˇeld enables using CNSs
as an effective cold cathode material.

There are two known forms of bulk graphite called as AB (Bernal) and ABC
(rhombohedral) with different stacking of layers. The AB phase is thermody-
namically stable and this form of graphite occurs naturally. At the same time,
the ABC form was also experimentally observed [7]. Thus, generally the CNSs
synthesized by radio frequency plasma enhanced chemical vapor deposition can
have both types of stacking.

Until now, only the current-voltage characterization was used in studies of
CNSs. At the same time, voltage dependent ˇeld emission energy distribution
(V-FEED) analysis is known as a powerful experimental method to interrogate the
ˇeld emission. As compared to classical IÄV characterization, V-FEED analysis
can provide more information related to both inherent properties of the emitter
and to the basic tunneling process [8]. In particular, in single-walled carbon
nanotubes (CNTs), the FEED has shown characteristic peaks originated from
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the stationary waves in the cylindrical part of the nanotube [9]. Their num-
ber and sharpness were found to increase with the length of the tubes. Notice
that short periodic variations were also observed in the thickness-dependent ˇeld
emission current from ultrathin metal ˇlms (UMF) [10]. The calculated elec-
tron energy distribution curve characteristic of UMF was found to have ®steps¯
which correspond with the quantized ®normal¯ energies [11]. The resonant-
tunneling peaks with speciˇc microscopic tunneling mechanisms were also ob-
served in ˇeld emission from nanostructured semiconductor cathodes [12]. A
different example of the quantum size effect in CNTs, which originates from
the intrinsic properties of the energy band structure, was revealed in ˇeld emis-
sion [13]. It is reasonable to expect manifestation of quantum size effects in
subnanometer CNSs. Notice that the FEED for few-Bernal-stacking layers was
studied in [14].

In this paper, we calculate the FEED of electrons from three (ABC)- and
four (ABCA)-layered graphene structures. The energy band structure of few-
layer carbon systems resulting from the tight-binding approach is accounted for.
FEEDs are calculated by using the independent channel method suggested recently
in [15]. We found that the FEED experiments can give information about the
type of stacking in few-layer graphene as well as provide direct veriˇcation of
the high sensitivity of the band structure to the number of layers in few-layer
graphene reported recently in [16].

1. BAND STRUCTURE OF AB MULTILAYERS

The band structure of graphene multilayers has been obtained within the tight-
binding approach in [17]. Besides, an approximation to the dispersion relation can
be found from SlonzewskiÄWeissÄMcClure (SWMcC) model for graphite with
Bernal stacking [18, 19]. SWMcC model describes the wave-vector dependence
of electron energy in the vicinity of the HKH edge of the Brillouin zone. The
electron energy spectrum is obtained from the equation

det |H − ε| = 0, (1)

where

H =

⎛
⎜⎜⎜⎜⎝

E1 0 H13 H∗
13

0 E2 H23 −H∗
23

H∗
13 H∗

23 E3 H33

H13 −H23 H∗
33 E3

⎞
⎟⎟⎟⎟⎠ (2)



1918 KATKOV V.L., OSIPOV V.A.

and

E1 = Δ + γ1Γ +
1
2
γ5Γ2,

E2 = Δ − γ1Γ +
1
2
γ5Γ2, E3 =

1
2
γ2Γ2,

H13 =
1√
2
(−γ0 + γ4Γ) exp (iα)σ,

H23 =
1√
2
(γ0 + γ4Γ) exp (iα)σ, H33 = γ3Γ exp (iα)σ

(3)

with Γ = 2 cos (k⊥c), σ = k||
√

3/2a = p||υF /γ1, k⊥ being the wavevector
projection onto the direction HKH , k|| Å the modulus of the wavevector in the
yz-plain (see Fig. 1), α Å the angle between k|| and the direction ΓK , c Å the

Fig. 1. The location of a graphene sheet
with respect to the electric ˇeld

distance between the nearest neighbour lay-
ers, a Å the lattice constant, p|| Å the
momentum in the yz-plain, and υF Å the
Fermi velocity. Parameters γi describe in-
teractions between atoms and Δ is the en-
ergy difference between two sublattices in
each graphene layer. In [20], graphite pa-
rameters were estimated as γ0 = 3.16 eV,
γ1 = 0.39 eV, γ2 = −0.020 eV, γ3 =
0.315 eV, γ4 = −0.044 eV, γ5 = 0.038 eV,
and Δ = −0.008 eV. The spectrum of few-
layer graphene can be obtained from Eq. (1)
by replacing Γ by

Γn = 2 cos
(

πn

N + 1

)
, n = 1 . . .N, (4)

where N is the number of layers. For graphene bilayer N = 2 and γ2 = γ5 = 0,
so that Eq. (1) with account taken of Eq. (4) gives the result of [21] while for
N = 1 (only γ0 differs from zero) it reproduces the known tight-binding spectrum
of graphene.

As a ˇrst approximation one can neglect all interactions except between the
nearest-neighbor atoms in the same layer and between A-type atoms between
adjacent layers (which are on the top of each other), i.e., all parameters ex-
cept for γ0 and γ1 are put to be zero. Then the spectra of multilayers can be
approximated by

εn
c,v = ±

⎛
⎝

√(
γn
1

2

)2

+ p2
||υ

2
F − γn

1

2

⎞
⎠ , (5)
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Fig. 2. Low-energy bands for ABA, ABAB and ABC, ABCA graphene multilayers

where γn
1 = γ1Γn. The spectrum of ABA and ABAB structures calculated by

using of (5) is shown in Fig. 2.

2. BAND STRUCTURE OF ABC MULTILAYERS

We assume that only γ0, γ1 �= 0 and use the same notation as in ABA
graphite, for the nearest intralayer and interlayer coupling, respectively. Although
the band parameters are not identical between ABA and ABC graphites, we
refer to the values of ABA in the following calculations, assuming that the
corresponding coupling parameters have similar values [22].

The spectrum is obtained from (1) with Hamiltonian [22Ä24]

HABC =

⎛
⎜⎜⎜⎝

H V
V † H V

V † H V
. . .

. . .
. . .

⎞
⎟⎟⎟⎠ , (6)
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where

H =
(

0 υF p−
υF p+ 0

)
, V =

(
0 0
γ1 0

)
, (7)

and p± = py ± ipz. The number of columns and rows of matrix (6) is equal to a
half number of layers N/2. The band structure of ABC and ABCA graphene is
shown in Fig. 2.

3. FEED CALCULATION

Let us consider the graphene layer in the presence of the external electric
ˇeld F directed along the z axis (see Fig. 1). The emitted current density takes
the following form:

jout =
2e

h3

∫
dpx

∫
dpy

∫
f(ε) υgD(ε, px, py) dpz , (8)

where e is the electric charge; h = 2π� Å the Planck constant; ε Å the energy;
p Å momentum; f(ε) = [exp (ε/kT ) + 1]−1 Å the FermiÄDirac distribution
function; D(ε, px, py) Å the transmission probability of an electron through a
potential barrier, and υg = ∂ε/∂pz Å the group velocity. The integrals are over
the ˇrst Brillouin zone with account taken of the positivity of υg.

For a two-dimensional (2D) structure, one can use the relation
∫

f(px)dpx =
f(0)h/lx. Moreover, when a graphene sheet has the ˇnite size in the y-direction,
py is quantized. Therefore, the current density in Eq. (8) can be written as

jout =
2e

hlxly

∑
q

εq
max∫

εq
min

f(εq)D(εq) dεq, (9)

where the Fermi energy is chosen to be zero. Limits εq
max and εq

min come from
the explicit form of the band structure.

We suggest that the transmission probability is given by the WKB approxi-
mation in the form [8]

D(ε) = exp
[
−ζ(φ − ε)3/2υ(y)

F

]
, (10)

where ζ = 8π(2m)1/2/3eh, y = (eF/4πε0)1/2/φ, φ is the work function, ε0 is
the dielectric constant, m Å the electron mass. The function υ(y) describes a
deviation of the barrier from the triangle form due to image effects and can be
approximated as υ(y) ≈ 1 − y1.69 (see [25]).
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4. RESULTS

The FEC and the FEED (P (ε)) are connected by (see, e.g., [8])

jout =

∞∫
−∞

dεP (ε). (11)

The explicit form of P (ε) for few-layer graphene can be found from (9). Indeed,
for layers of a large (inˇnite) size the sum in (9) can be replaced by the integral
and, correspondingly, one has to use εmin(py) and εmax(py) instead of εq

min and
εq
max. In our case, these py-dependent functions can be easily calculated from (5).

Finally, we have to change the order of integration in (9).
The result for ABA-type multilayers is

P (ε) =
2g

υF
f(ε)D(ε)

n=N∑
n=1

θ(εn)
√
|ε|εn, (12)

where εn = |ε| + γn
1 , g = 4e/(h2Nc), and θ(ε) is the Heaviside step function.

FEEDs for three- and four-layered Bernal stacking graphene are shown in Fig. 3, a
and b. The results for ABC-type stacking have a very cumbersome form and,
therefore, we present only the ˇnal curves in Fig. 3, c and d. One can see that both
the heights and the positions of subpeaks for AB and ABC multilayers differ.

Fig. 3. Reduced FEED for three- to four-layer graphene of AB and ABC type. All SWMcC
parameters except for γ0 and γ1 are put to be zero, F = 4 V/nm, T = 300 K. The peak
height for Bernal stack with N = 3 is chosen to be unity. The positions of the distinctive
points are indicated
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CONCLUSION

In conclusion, we have calculated the FEED for few-layer graphene ˇlms
and found the presence of characteristic subpeaks originated from involving in
the emission process of additional branches in the energy spectrum of layered
structures. Since the peak positions are directly determined by the number of lay-
ers, the discovery of such peaks in the FEED would be a clear manifestation of the
quantum size effect. Therefore, the experimental studies of the FEED for CNSs
are very relevant. Furthermore, the FEED analysis gives a new experimental
tool to estimate the interlayer interaction constants (along with Raman scattering
in [26] and photoemission methods in [27]) and provides important information
on the concrete types of emitting CNSs. Moreover, it allows one to identify not
only the number of layers but also the type of stacking in emitting CNSs.

This work has been supported by the Russian Foundation for Basic Research
under grant No. 08-02-01027.
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