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�¡§μ· ¶μ¸¢ÖÐ¥´ μ¤´μ³Ê ¨§ Ï¨·μ±μ ¨§¢¥¸É´ÒÌ ³¥Éμ¤μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ±Ê²μ´μ¢¸±μ°
É·¥ÌÎ ¸É¨Î´μ° ¶·μ¡²¥³Ò,   ¨³¥´´μ ³¥Éμ¤Ê J-³ É·¨ÍÒ. �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´μ ¸¶μ¸μ¡ ³
·¥Ï¥´¨Ö ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö ‹¨¶¶³ ´ Ä˜¢¨´£¥·  ¡¥§ ¶·¨¢²¥Î¥´¨Ö ¶¸¥¢¤μ¸μ¸ÉμÖ´¨°. �μ-
± § ´Ò É·Ê¤´μ¸É¨, ¢ÒÉ¥± ÕÐ¨¥ ¨§ Ëμ·³Ê²¨·μ¢±¨ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μ-
μ·¤¨´ É Ì, ±μÉμ·Ò¥ ¢¥¤ÊÉ ± · ¸Ìμ¤¨³μ¸É¨ ¥£μ ¨´É¥£· ²Ó´μ£μ Î²¥´  ¢ ¸²ÊÎ ¥ · ¸Î¥É  ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¸ ¤¢Ê³Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´Ò³¨ Ô²¥±É·μ´ ³¨. �·¨ ÔÉμ³ μ± §Ò¢ ¥É¸Ö ´¥Ö¸´Ò³ ¸μμÉ-
´μÏ¥´¨¥ ÉμÎ´μ£μ ¨ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨° ¶·¨ μ£· ´¨Î¥´¨¨ ³ É·¨ÍÒ μ¸É ÉμÎ´μ£μ ¶μÉ¥´Í¨ ² 
±μ´¥Î´Ò³ Î¨¸²μ³ ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¨ Ê¢¥²¨Î¥´¨¥³ ÔÉμ£μ Î¨¸² . �μ± § ´μ, ± ±, ¢ ¶·¨´Í¨¶¥,
ÔÉ¨Ì ¶·μ¡²¥³ ³μ¦´μ ¨§¡¥¦ ÉÓ ¶¥·¥Ëμ·³Ê²¨·μ¢±μ° § ¤ Î¨ ¢ ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì.

The review is devoted to widely known method of a numerical solution of the three-body
Coulomb problem, namely the J-matrix method. The special attention is focused on the ways of
solution of the integral LippmannÄSchwinger equation without attraction of pseudostates. There are
revealed difˇculties connected with a formulation of the integral equation in the spherical coordinates,
which lead to a divergence of its integral part if one calculates the wave function with two asymp-
totically free electrons. The relation between exact and approximate solutions remains unclear, when
the matrix of a residual potential is restricted to a ˇnite number of basis functions, and this number
goes up. It is shown that, in principle, these problems can be avoided by reformulating them in the
parabolic coordinates.

PACS: 34.80.Dp; 03.65.Nk; 34.10.+x
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�μ¸¢ÖÐ ¥É¸Ö ¶ ³ÖÉ¨ ‚¨±Éμ·  �´¤·¥¥¢¨Î  Š´Ò· 

‚‚…„…�ˆ…

—ÊÉÓ ³¥´¥¥ ¸μ·μ±  ²¥É ´ § ¤ ¢ÒÏ²  ¢ ¸¢¥É § ³¥Î É¥²Ó´ Ö ±´¨£  ‚.�.†¨-
£Ê´μ¢  ¨ 
.�. ‡ Ì ·Ó¥¢  ®Œ¥Éμ¤Ò ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨
· ¸¸¥Ö´¨Ö¯ [1], ¢ ±μÉμ·μ° ¶μ³¨³μ ¢¢¥¤¥´¨Ö ¢ ³¥Éμ¤Ò ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´-
Éμ¢μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö, μÉ±·Ò¢ ÕÐ¨¥ ¶ÊÉ¨ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ³´μ£μÎ -
¸É¨Î´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¡Ò² ¶·¥¤¸É ¢²¥´ μ¡§μ· ¸μ¸ÉμÖ´¨Ö ¤ ´´μ£μ
´ ¶· ¢²¥´¨Ö ´ Ê±¨ ´  ÉμÉ ¶¥·¨μ¤. � ¸ÉμÖÐ Ö · ¡μÉ  ¢ μ¶·¥¤¥²¥´´μ³ ¸³Ò-
¸²¥ μÉ· ¦ ¥É · §¢¨É¨¥ ÔÉ¨Ì ³¥Éμ¤μ¢ ¨ ¶μ¤Ìμ¤μ¢, ¶·μ¨§μÏ¥¤Ï¨Ì ¸ É¥Ì ¶μ· ¢
μ¡² ¸É¨  Éμ³´μ° Ë¨§¨±¨, £¤¥ ¤μ³¨´¨·ÊÕÉ ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò ¸ ¨Ì ¸¶¥-
Í¨Ë¨Î¥¸±¨³ ¢²¨Ö´¨¥³ ´  É¥μ·¨Õ · ¸¸¥Ö´¨Ö ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í.
�·¨ ÔÉμ³ ¶μ¤·μ¡´μ μ¸¢¥Ð ÕÉ¸Ö ¶μ¤Ìμ¤Ò, Ï¨·μ±μ ¶·¨³¥´Ö¥³Ò¥ ¢ ¶μ¸²¥¤´¥¥
¢·¥³Ö ¢ ³¨·μ¢μ° ¶· ±É¨±¥, ¢ ¸μ¢¥·Ï¥´¸É¢μ¢ ´¨¨ ±μÉμ·ÒÌ  ¢Éμ·Ò ¶·¨´¨³ ²¨
´¥¶μ¸·¥¤¸É¢¥´´μ¥ ÊÎ ¸É¨¥.

� ¶μ³´¨³ ±· É±μ μ¸´μ¢´Ò¥ ¨¤¥¨, ²¥¦ Ð¨¥ ¢ μ¸´μ¢¥ ³¥Éμ¤  ¸¨²Ó´μ° ¸¢Ö§¨
± ´ ²μ¢. ƒ ³¨²ÓÉμ´¨ ´ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò

H = H0 + V, (B.1)

£¤¥ μ¶¥· Éμ· V μ¶·¥¤¥²Ö¥É¸Ö ± ± ¢§ ¨³μ¤¥°¸É¢¨¥ ¨ ´¥ ¸Î¨É ¥É¸Ö ³ ²Ò³. �·¥¤-
¶μ² £ ¥É¸Ö, ÎÉμ ³Ò ³μ¦¥³ ·¥Ï¨ÉÓ ±¢ ´Éμ¢ÊÕ ¸¶¥±É· ²Ó´ÊÕ § ¤ ÎÊ

H0|ψα〉 = εα|ψα〉. (B.2)

�·¥¤¸É ¢²ÖÖ ¸μ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ £ ³¨²ÓÉμ´¨ ´  ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤

|Ψ〉 =
∑
α

Cα|ψα〉, (B.3)

¶μ²ÊÎ ¥³ ¨§ ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö H |Ψ〉 = E|Ψ〉 ¸¨¸É¥³Ê  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨°

(E − εα)Cα =
∑

β

〈ψα|V |ψβ〉Cβ (B.4)

¤²Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö Cα. �É  ¸¨¸É¥³  ¤μ²¦´  ¡ÒÉÓ ·¥Ï¥´  c
ÊÎ¥Éμ³ ¶μ¤Ìμ¤ÖÐ¨Ì £· ´¨Î´ÒÌ Ê¸²μ¢¨° § ¤ Î¨ ³´μ£μÎ ¸É¨Î´μ£μ · ¸¸¥Ö´¨Ö,
μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì μ¤´μ§´ Î´ÊÕ · §·¥Ï¨³μ¸ÉÓ  ¶¶·μ±¸¨³¨·Ê¥³ÒÌ ±μ³¶ ±É´ÒÌ
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¨²¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ ±· ¥¢ÒÌ § ¤ Î [2Ä5].

‚μ-¶¥·¢ÒÌ, ¡¥¸±μ´¥Î´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (B.4) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ·¥-
Ï¨ÉÓ ´¥¢μ§³μ¦´μ, ¨ ¥¥ ¸²¥¤Ê¥É Ê·¥§ ÉÓ ¨§ ± ±¨Ì-Éμ ¸μμ¡· ¦¥´¨°, ¢Ò¡· -
¸Ò¢ Ö, ¢¥·μÖÉ´μ, ¢ ¦´Ò¥ ± ´ ²Ò ·¥ ±Í¨¨. � ¶·¨³¥·, ¢ ·Ö¤¥ Ëμ·³Ê²¨·μ¢μ±
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§ ¤ Î¨ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö ¸·¥¤¨ ¸¶¥±É· ²Ó´ÒÌ ËÊ´±Í¨° ¶·¨-
¸ÊÉ¸É¢ÊÕÉ ËÊ´±Í¨¨, μ¶¨¸Ò¢ ÕÐ¨¥ ¤¢   ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´ 
¢ ¶μ²¥ ¡¥¸±μ´¥Î´μ ÉÖ¦¥²μ£μ Ö¤·  (¢ ¸μ¢·¥³¥´´μ° ²¨É¥· ÉÊ·¥ ¶μ ±¢ ´Éμ¢μ° É¥-
μ·¨¨ · ¸¸¥Ö´¨Ö  Éμ³´ÒÌ Î ¸É¨Í ¨Ì Î ¸Éμ ´ §Ò¢ ÕÉ ËÊ´±Í¨Ö³¨ ¤¢Ê±· É´μ£μ
±μ´É¨´ÊÊ³  Å double continuum wave functions). ’¥·³¨´ ® ¸¨³¶ÉμÉ¨Î¥¸±¨
¸¢μ¡μ¤´Ò¥¯ ¤²Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í ´μ¸¨É Ê¸²μ¢´Ò° Ì · ±É¥·, ´μ ³Ò ¡Ê¤¥³ ¨³
¶μ²Ó§μ¢ ÉÓ¸Ö ¤²Ö ±· É±μ¸É¨. ’ ± ¢μÉ, ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ, μ¶¨¸Ò¢ ÕÐ¨¥ ¶¥-
·¥Ìμ¤Ò ³¥¦¤Ê É ±¨³¨ ËÊ´±Í¨Ö³¨ ¶μ¸·¥¤¸É¢μ³ ¶μÉ¥´Í¨ ²  μÉÉ ²±¨¢ ´¨Ö ¤¢ÊÌ
Ô²¥±É·μ´μ¢, ´¥ ¶μ¤¤ ÕÉ¸Ö Î¨¸²¥´´μ³Ê · ¸Î¥ÉÊ, ¨ ¨Ì ¶μ ÔÉ¨³ ¸μμ¡· ¦¥´¨Ö³
μ¶Ê¸± ÕÉ (!). ‚μ-¢Éμ·ÒÌ, ¢ ±Ê²μ´μ¢¸±μ³ ¸²ÊÎ ¥, ± ± ¶· ¢¨²μ, ´¥¢μ§³μ¦´μ
¶·μ¨§¢¥¸É¨ · §¡¨¥´¨¥ (B.1) É ±, ÎÉμ¡Ò ¨ ¨³¥ÉÓ  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ § -
¤ Î¨ (B.2), ¨ Ê¤μ¢²¥É¢μ·ÖÉÓ  ¤¥±¢ É´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ § ¤ Î¨ · ¸¸¥Ö´¨Ö
(μ ´¥±μÉμ·ÒÌ ¨¸±²ÕÎ¥´¨ÖÌ ¡Ê¤¥É ¸± § ´μ ´¨¦¥, ¢ · §¤. 3).

‚ ¶μ¸²¥¤´¨¥ ¤¥¸ÖÉ¨²¥É¨Ö ¤²Ö  ´ ²¨§  ¶·μÍ¥¸¸μ¢ ¸Éμ²±´μ¢¥´¨° ¨ ·¥ ±-
Í¨° ¡Ò²¨ · §¢¨ÉÒ  ²£¥¡· ¨Î¥¸±¨¥ ¶μ¤Ìμ¤Ò, μ¸´μ¢ ´´Ò¥ ´  ¶·¥¤¸É ¢²¥´¨¨
£ ³¨²ÓÉμ´¨ ´  ¢ ¶μ²´μ³ ¡ §¨¸¥ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ (L2) ËÊ´±Í¨°.
�·¥¤¸É ¢²¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¢ ±μ´¥Î´μ³ ¡ §¨¸¥ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ
ËÊ´±Í¨° ¤ ¢´μ ¨ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥É¸Ö ¢  Éμ³´μ° ¨ Ö¤¥·´μ° Ë¨§¨±¥ ¤²Ö
· ¸Î¥É  ¸É·Ê±ÉÊ·Ò ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò. ‚³¥¸É¥ ¸ É¥³ ´ ¨¡μ²ÓÏ¨° ¨´É¥·¥¸
¶·¨ μ¶¨¸ ´¨¨ ¶·μÍ¥¸¸μ¢ · ¸¸¥Ö´¨Ö ¨ ·¥ ±Í¨° ¶·¥¤¸É ¢²Ö¥É L2-¤¨¸±·¥É¨§ Í¨Ö
±μ´É¨´ÊÊ³ . �·¥¤¸É ¢²¥´¨¥ ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  £ ³¨²ÓÉμ´¨ ´  ¢ ±μ´É¥±-
¸É¥ ¶μ²´ÒÌ L2-¡ §¨¸μ¢ ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¢ ÔÉ¨Ì § ¤ Î Ì  ²£¥¡· ¨Î¥¸±¨¥
³¥Éμ¤Ò ¢³¥¸Éμ ·¥Ï¥´¨Ö ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ’ ±μ¢Ò³ μÎ¥-
¢¨¤´Ò³ ¶μ²´Ò³ ¡ §¨¸μ³ ¤²Ö Ê£²μ¢ÒÌ ¶¥·¥³¥´´ÒÌ Ö¢²ÖÕÉ¸Ö Ï ·μ¢Ò¥ ËÊ´±-
Í¨¨, ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ ¶μ¤ ¢²ÖÕÐ¥³ ¡μ²ÓÏ¨´¸É¢¥ ¶μ¤Ìμ¤μ¢, ¶μÔÉμ³Ê ¤ ²¥¥ ¢
μ¸´μ¢´μ³ μ¡¸Ê¦¤ ÕÉ¸Ö ¡ §¨¸Ò ¤²Ö · ¤¨ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ.

�μ-¢¨¤¨³μ³Ê, ¶¥·¢Ò¥ ¶μ¶ÒÉ±¨ ¶·¨³¥´¥´¨Ö L2-¡ §¨¸  É ± ´ §Ò¢ ¥³ÒÌ
ÏÉÊ·³μ¢¸±¨Ì ËÊ´±Í¨° ± § ¤ Î¥ Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¶μ§¨É·μ´μ¢ ¨ Ô²¥±É·μ´μ¢
´   Éμ³¥ ¢μ¤μ·μ¤  ¤ ´Ò ¢ · ¡μÉ Ì [6,7]. �·¨ ÔÉμ³ ¸ ³ É¥·³¨´ ÏÉÊ·³μ¢¸±¨¥
ËÊ´±Í¨¨ (Sturmian function) ´¥ ¨³¥¥É ¸¶¥Í¨ ²Ó´μ£μ ¨¸Éμ·¨Î¥¸±μ£μ §´ Î¥´¨Ö
¨ ¡Ò² ¢¢¥¤¥´  ¢Éμ·μ³ · ¡μÉÒ [6] ¸ Í¥²ÓÕ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ÔÉ¨ ËÊ´±Í¨¨
Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ μ¤´μ° ¨§ ¢μ§³μ¦´ÒÌ Ëμ·³Ê²¨·μ¢μ± § ¤ Î¨ ˜ÉÊ·³ Ä
‹¨Ê¢¨²²Ö [8]. ‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ ¸¶μ¸μ¡Ò ³ É·¨Î´μ£μ ¶·¥¤¸É ¢²¥´¨Ö
£ ³¨²ÓÉμ´¨ ´  ¢ ±μ´¥Î´μ³ L2-¡ §¨¸¥. � ¶·¨³¥·, ¢ ³¥Éμ¤¥ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨°
¨ É¥Ì´¨±¨ Ô±¢¨¢ ²¥´É´ÒÌ ±¢ ¤· ÉÊ· [9Ä13] (¸³. É ±¦¥ · ¡μÉÊ [14] ¨ Í¨É¨-
·Ê¥³ÊÕ ¢ ´¥° ²¨É¥· ÉÊ·Ê) ¨¸¶μ²Ó§ÊÕÉ ¤¨¸±·¥É¨§ Í¨Õ ´¥¶μ¸·¥¤¸É¢¥´´μ ± ±
¸¶μ¸μ¡ ¨´É¥·¶μ²ÖÍ¨¨ ËÊ´±Í¨¨ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨. ˆ´ Ö ±μ´Í¥¶Í¨Ö ·¥-
 ²¨§μ¢ ´  ¢ É ± ´ §Ò¢ ¥³μ³ ³¥Éμ¤¥ ¤¨¸±·¥É´ÒÌ ¡ §¨¸μ¢ (discrete basis set
method) [15Ä20], μ¸´μ¢ ´´μ³ ´  ¢ ·¨ Í¨μ´´μ³ ¶·¨´Í¨¶¥ ˜¢¨´£¥·  [21, 22],
¢ · ³± Ì ±μÉμ·μ£μ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  ¶ÒÉ ÕÉ¸Ö ÊÎ¥¸ÉÓ
ÉμÎ´μ. �·¨ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¥ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥° Î ¸É¨ Ĥ0 £ ³¨²ÓÉμ´¨ ´ 
Ĥ = Ĥ0 + V̂ ¢ ¶μ²´μ³ ¡ §¨¸¥ ±μ³¡¨´¨·Ê¥É¸Ö ¸  ¶¶·μ±¸¨³ Í¨¥° ±μ·μÉ±μ¤¥°-
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¸É¢ÊÕÐ¥£μ μ¸É ÉμÎ´μ£μ ¶μÉ¥´Í¨ ²  V̂ ¢ ±μ´¥Î´μ³ ¶μ¤¶·μ¸É· ´¸É¢¥ ¡ §¨¸´ÒÌ
ËÊ´±Í¨°, ¢ ± Î¥¸É¢¥ ±μÉμ·ÒÌ ¨¸¶μ²Ó§ÊÕÉ¸Ö ËÊ´±Í¨¨ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ· . ‚ ·¥§Ê²ÓÉ É¥ ¨¸Ìμ¤´μ¥ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ‹¨¶¶³ ´ Ä˜¢¨´£¥· 
(‹˜) ¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ Ô²¥³¥´Éμ¢
T -³ É·¨ÍÒ (K-³ É·¨ÍÒ).

Š ÔÉμ° ¢Éμ·μ° £·Ê¶¶¥ ³¥Éμ¤μ¢ ¤¨¸±·¥É¨§ Í¨¨ ±μ´É¨´ÊÊ³  ³μ¦´μ μÉ´¥-
¸É¨ ¨ μ¤¨´ ¨§ ´ ¨¡μ²¥¥ ÔËË¥±É¨¢´ÒÌ ¤¨¸±·¥É´ÒÌ ¶μ¤Ìμ¤μ¢, ¨§¢¥¸É´ÒÌ ¢
 Éμ³´μ° Ë¨§¨±¥, Å ³¥Éμ¤ J-³ É·¨ÍÒ (³ É·¨Í  Ÿ±μ¡¨, É·¥Ì¤¨ £μ´ ²Ó´ Ö ³ -
É·¨Í ) [23Ä25], Å ¢ · ³± Ì ±μÉμ·μ£μ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸μ¸ÉμÖ´¨Ö ´¥¶·¥-
·Ò¢´μ£μ ¸¶¥±É·  Ëμ·³ ²Ó´μ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ · §²μ¦¥´¨Ö
¶μ ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (¢ Ö¤¥·´μ° Ë¨§¨±¥)
¨²¨ ¶μ ² £¥··μ¢¸±¨³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ (¢  Éμ³´μ° Ë¨§¨±¥). �·¥¤¸É ¢²¥-
´¨¥ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥° Î ¸É¨ Ĥ0 £ ³¨²ÓÉμ´¨ ´  Ĥ ¢ ÔÉ¨Ì ¡ §¨¸ Ì ¨³¥¥É
¢¨¤ É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨ÍÒ. ’ ±¨³ μ¡· §μ³, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ĥ0 Ê· ¢-
´¥´¨¥ ˜·¥¤¨´£¥·  ¶·¥μ¡· §Ê¥É¸Ö ¢ É·¥ÌÎ²¥´´μ¥ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥
¤²Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨. ’¥³ ¸ ³Ò³ Ê¸É ´ ¢²¨-
¢ ¥É¸Ö ¸¢Ö§Ó ³¥Éμ¤  ¸ É¥μ·¨¥° μ·Éμ£μ´ ²Ó´ÒÌ ¶μ²¨´μ³μ¢ ¨ μÉ±·Ò¢ ¥É¸Ö ¢μ§-
³μ¦´μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ´¨Ö ÔÉμ£μ ³μÐ´μ£μ ³ É¥³ É¨Î¥¸±μ£μ  ¶¶ · É  ¢ É¥μ·¨¨
· ¸¸¥Ö´¨Ö.

‘ ÉμÎ±¨ §·¥´¨Ö Ëμ·³ ²¨§³  ¨ Î¨¸²¥´´μ° ·¥ ²¨§ Í¨¨ ³¥Éμ¤ J-³ É·¨ÍÒ
 ´ ²μ£¨Î¥´ R-³ É·¨Î´μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö (¸³., ´ ¶·¨³¥·, [26, 27]). ‚ · ³-
± Ì J-³ É·¨Î´μ£μ ¶μ¤Ìμ¤  Ö§Ò± ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ , ´  ±μÉμ-
·μ³ ¸Ëμ·³Ê²¨·μ¢ ´  É¥μ·¨Ö R-³ É·¨ÍÒ, ¶¥·¥¢¥¤¥´ ´  Ö§Ò± ¶·μ¸É· ´¸É¢ 
¡ §¨¸´ÒÌ ËÊ´±Í¨°. Š·μ³¥ Éμ£μ, ± ± ¶μ± § ´μ ¢ · ¡μÉ¥ [28], ¥¸²¨ μ¶·¥¤¥-
²¨ÉÓ μ¶¥· Éμ· ¶·μ¥±É¨·μ¢ ´¨Ö P̂N ´  ¶μ¤¶·μ¸É· ´¸É¢μ ¶¥·¢ÒÌ N ¡ §¨¸´ÒÌ
ËÊ´±Í¨°, Éμ ÉμÎ´μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò · ¸¸¥Ö´¨Ö ´  ³μ¤¥²Ó´μ³ ¶μÉ¥´Í¨ ²¥
V̂ N = P̂N V̂ P̂N ³μ¦¥É ¡ÒÉÓ É ±¦¥ ¶μ²ÊÎ¥´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ëμ·³ ²¨§³ 
”¥Ï¡ Ì  [29]. ’¥³ ¸ ³Ò³ ¡Ò²  ¤μ± § ´  Ô±¢¨¢ ²¥´É´μ¸ÉÓ É¥μ·¨¨ ”¥Ï¡ Ì  ¨
³¥Éμ¤  J-³ É·¨ÍÒ, ¢ · ³± Ì ±μÉμ·μ£μ ¶·μ¸É· ´¸É¢μ L2-ËÊ´±Í¨° ¸ ¶μ³μÐÓÕ
¶·μ¥±Éμ·μ¢ P̂N ¨ Q̂N = Î − P̂N · §¤¥²Ö¥É¸Ö ´  ®¢´ÊÉ·¥´´ÕÕ¯ ¨ ®¢´¥Ï´ÕÕ¯
μ¡² ¸É¨.

�¢Éμ·Ò · ¡μÉÒ [30] ¶μ¶ÒÉ ²¨¸Ó · ¸¶·μ¸É· ´¨ÉÓ Ëμ·³ ²¨§³ ³¥Éμ¤ 
J-³ É·¨ÍÒ ´  ¶·μ¨§¢μ²Ó´Ò° ¡ §¨¸ L2-ËÊ´±Í¨°. ‘¥°Î ¸  ±É¨¢´μ ¨¸¶μ²Ó§Ê-
ÕÉ¸Ö, ´ ¶·¨³¥·, B-¸¶² °´Ò [31, 32] Å μ¶·¥¤¥²¥´´Ò³ μ¡· §μ³ ¸±μ´¸É·Ê¨-
·μ¢ ´´Ò¥ ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´Ò¥ ËÊ´±Í¨¨ ¢ μ£· ´¨Î¥´´μ° μ¡² ¸É¨ ¶·μ¸-
É· ´¸É¢ .

�·¨³¥·´μ ¢ ÔÉμÉ ¦¥ ¶¥·¨μ¤ ¢·¥³¥´¨ ¡Ò² ¶·¥¤²μ¦¥´ ¨ · §¢¨É É ± ´ §Ò-
¢ ¥³Ò° ³¥Éμ¤ ¸¥¶ · ¡¥²Ó´μ£μ · §²μ¦¥´¨Ö ¶μÉ¥´Í¨ ²  (PSE) [33Ä40], ¶μ¤μ¡-
´Ò° ¶μ ±μ´Í¥¶Í¨¨, ´μ ´¥¸±μ²Ó±μ μÉ²¨Î ÕÐ¨°¸Ö É¥Ì´¨Î¥¸±¨ μÉ J-³ É·¨Î´μ£μ
¶μ¤Ìμ¤  ± ¶·μ¡²¥³¥ · ¸¸¥Ö´¨Ö. ‚ · ³± Ì PSE-³¥Éμ¤  É ±¦¥ ¨¸¶μ²Ó§Ê¥É¸Ö
¶·¥¤¸É ¢²¥´¨¥ μ¶¥· Éμ·  ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¢ ±μ´¥Î´μ³ ¶μ¤¶·μ¸É· ´-
¸É¢¥ L2-¡ §¨¸´ÒÌ ËÊ´±Í¨°. ‚ ·¥§Ê²ÓÉ É¥ ¨¸Ìμ¤´μ¥ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥
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‹˜ ¶·¥μ¡· §Ê¥É¸Ö ¢ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ
±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¨¸É¥³Ò ¶μ ¡ §¨¸´Ò³ ËÊ´±-
Í¨Ö³. �·¨ Ê¤ Î´μ³ ¢Ò¡μ·¥ ¡ §¨¸  ËÊ´±Í¨° ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ËÊ´±Í¨¨
ƒ·¨´ , ±μÉμ·Ò¥ ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢ ÔÉμ³ ¤¨¸±·¥É´μ³  ´ ²μ£¥ Ê· ¢´¥´¨Ö ‹˜, ¢Ò-
Î¨¸²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨. 
Ò²¨ · §· ¡μÉ ´Ò ¤¢  ¢ ·¨ ´É  ³¥Éμ¤ .

‚ · ¡μÉ Ì [33Ä40] ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ £ ·³μ´¨Î¥¸±μ£μ
μ¸Í¨²²ÖÉμ· , ¤²Ö ±μÉμ·ÒÌ ¶μ²ÊÎ¥´μ  ´ ²¨É¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸¢μ¡μ¤´μ°
ËÊ´±Í¨¨ ƒ·¨´ . ’ ±¨³ μ¡· §μ³, ÔÉμÉ ¢ ·¨ ´É PSE-³¥Éμ¤  ¶·¨³¥´¨³ ± § ¤ Î ³
· ¸¸¥Ö´¨Ö ¸μ ¸¢μ¡μ¤´μ°  ¸¨³¶ÉμÉ¨±μ°, ÎÉμ ¶·¨¸ÊÐ¥ Ö¤¥·´μ° Ë¨§¨±¥ [41].

‚ ¸¢μÕ μÎ¥·¥¤Ó, ¢ · ¡μÉ Ì [42Ä47] ¶·¨³¥´Ö¥É¸Ö É ± ´ §Ò¢ ¥³Ò° ±Ê²μ´μ¢-
¸±μ-ÏÉÊ·³μ¢¸±¨° ¡ §¨¸, ÎÉμ ¶μ§¢μ²Ö¥É ¢±²ÕÎ¨ÉÓ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨° ±Ê²μ-
´μ¢¸±¨° ¶μÉ¥´Í¨ ² ¢ ËÊ´±Í¨Õ ƒ·¨´  ¨ É¥³ ¸ ³Ò³ ± ±-Éμ ÊÎ¥¸ÉÓ ±Ê²μ´μ¢¸±ÊÕ
 ¸¨³¶ÉμÉ¨±Ê. �ÉμÉ ¢ ·¨ ´É PSE-³¥Éμ¤  Å É ± ´ §Ò¢ ¥³Ò° ®CoulombÄStur-
mian separable expansion method¯ (CSSE) Å ¡Ò² μ¡μ¡Ð¥´ ´  ¸²ÊÎ ° ±Ê²μ´μ¢-
¸±μ° ¶·μ¡²¥³Ò É·¥Ì É¥², ±μÉμ· Ö ·¥Ï ¥É¸Ö ´  μ¸´μ¢¥ Ê· ¢´¥´¨° ” ¤¤¥¥¢ . Š
´ ¸ÉμÖÐ¥³Ê ³μ³¥´ÉÊ ¶·¨³¥´¥´¨¥ CSSE-³¥Éμ¤  ¶μ§¢μ²¨²μ ¤μ¸É¨ÎÓ Ìμ·μÏ¨Ì
·¥§Ê²ÓÉ Éμ¢ ¢ μ¶¨¸ ´¨¨ ¸¢Ö§ ´´ÒÌ [48] ¨ ·¥§μ´ ´¸´ÒÌ [49Ä51] ¸μ¸ÉμÖ´¨°
±Ê²μ´μ¢¸±μ° É·¥ÌÎ ¸É¨Î´μ° ¸¨¸É¥³Ò,   É ±¦¥ ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò
· ¸¸¥Ö´¨Ö ¶·¨ Ô´¥·£¨¨ ´¨¦¥ ¶μ·μ£  É·¥ÌÎ ¸É¨Î´μ£μ · §¢ ²  ¤²Ö ¸²ÊÎ ¥¢ ¸¨²
±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö [52] ¨ ¶·¨ÉÖ¦¥´¨Ö [53].

PSE-³¥Éμ¤, μÎ¥¢¨¤´μ, Ô±¢¨¢ ²¥´É¥´ ³¥Éμ¤Ê J-³ É·¨ÍÒ ¢ Éμ° ¦¥ ¸É¥-
¶¥´¨, ¢ ± ±μ° Ê· ¢´¥´¨¥ ‹˜ Ô±¢¨¢ ²¥´É´μ Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . �¶-
¶·μ±¸¨³ Í¨Ö ¶μÉ¥´Í¨ ²  V̂ ¥£μ ¶·μ¥±Í¨¥° V N ´  ¶μ¤¶·μ¸É· ´¸É¢μ ¶¥·¢ÒÌ
N ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ±μÉμ· Ö ¶·¨³¥´Ö¥É¸Ö ¢ J-³ É·¨Î´μ³ ¶μ¤Ìμ¤¥, Ö¢²Ö-
¥É¸Ö μ¤´¨³ ¨§ ¸¶μ¸μ¡μ¢ ¸¥¶ · ¡¥²Ó´μ£μ · §²μ¦¥´¨Ö ¶μÉ¥´Í¨ ² . ‚ ¸¢μÕ μÎ¥-
·¥¤Ó, ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ËÊ´±Í¨¨ ƒ·¨´  ¢ · ³± Ì CSSE-
³¥Éμ¤  [54, 55] ¨¸¶μ²Ó§ÊÕÉ¸Ö É·¥ÌÎ²¥´´Ò¥ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö, ¸²¥-
¤ÊÕÐ¨¥ ¨§ J-³ É·¨Î´μ° ¸É·Ê±ÉÊ·Ò  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ £ ³¨²ÓÉμ´¨ ´ . PSE-
³¥Éμ¤ ¶·¨³¥´Ö¥É¸Ö ± ·¥Ï¥´¨Õ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶·¨ ÔÉμ³ ¶·μ¨¸Ìμ¤¨É
 ¢Éμ³ É¨Î¥¸±¨° ÊÎ¥É § ¤ ´´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°.

‚ · ¡μÉ¥ [56] ¶·μ¢¥¤¥´μ ¸μ¶μ¸É ¢²¥´¨¥ ³¥Éμ¤  J-³ É·¨ÍÒ ¸ ¤·Ê£¨³¨ ³¥-
Éμ¤ ³¨ L2-¤¨¸±·¥É¨§ Í¨¨ ±μ´É¨´ÊÊ³ . ‚ Î ¸É´μ¸É¨, ¶·¥¤²μ¦¥´  J-³ É·¨Î´ Ö
¨´É¥·¶·¥É Í¨Ö ¶μ²μ¦¨É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° μ¡·¥§ ´´μ° ³ É·¨ÍÒ
£ ³¨²ÓÉμ´¨ ´  (¶¸¥¢¤μ¸μ¸ÉμÖ´¨°). �¡μ¡Ð¥´¨¥ J-³ É·¨Î´μ° É¥μ·¨¨ ´  ¸²Ê-
Î ° ³´μ£μ± ´ ²Ó´μ£μ · ¸¸¥Ö´¨Ö ¢ Ëμ·³ ²¨§³¥ ¸¨²Ó´μ° ¸¢Ö§¨ ¸ ±μ´¥Î´Ò³
Î¨¸²μ³ ¤¨¸±·¥É´ÒÌ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ³¨Ï¥´¨ ¡Ò²μ É ±¦¥ ¢Ò¶μ²´¥´μ ¢ · -
¡μÉ Ì [23, 24, 57, 58] ¨ ¸ Ê¸¶¥Ìμ³ ¶·¨³¥´¥´μ ± μ¶¨¸ ´¨Õ ËμÉμ· ¸Ð¥¶²¥´¨Ö
¨μ´  H− [59]. ‚ ÔÉ¨Ì · ¸Î¥É Ì ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö μ¡´ ·Ê¦¨¢ ¥É  ´μ³ ²Ó´μ¥
¶μ¢¥¤¥´¨¥ ¶·¨ Ô´¥·£¨ÖÌ, ²¥¦ Ð¨Ì ¢ μ±·¥¸É´μ¸É¨ Ô´¥·£¨° ¶¸¥¢¤μ¸μ¸ÉμÖ´¨°. ‚
· ¡μÉ¥ [60] ¶μ± § ´μ, ÎÉμ ¶·μ¡²¥³  ²μ¦´ÒÌ ·¥§μ´ ´¸μ¢ ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´ 
¶ÊÉ¥³ Ê¢¥²¨Î¥´¨Ö ¶μ·Ö¤±  ³ É·¨ÍÒ £ ³¨²ÓÉμ´¨ ´ , ÎÉμ, ¢¶·μÎ¥³, ¶·¨¢μ¤¨É ±
¢μ§· ¸É ´¨Õ Î¨¸²  ¶¸¥¢¤μ¸μ¸ÉμÖ´¨°.
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‚ · ¡μÉ Ì [61Ä64] ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ, ÎÉμ ±μ³¶²¥±¸´Ò° ¸±¥°²¨´£ ¢ ¸μ-
Î¥É ´¨¨ ¸ Ëμ·³ ²¨§³μ³ ³¥Éμ¤  J-³ É·¨ÍÒ ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ ÔËË¥±É¨¢´ÊÕ
¶·μÍ¥¤Ê·Ê ¶μ¨¸±  ·¥§μ´ ´¸´ÒÌ ¶μ²Õ¸μ¢ S-³ É·¨ÍÒ · ¸¸¥Ö´¨Ö. �μ± § ´μ, ÎÉμ
ÉμÎ´Ò° ÊÎ¥É μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¸ÊÐ¥¸É¢¥´´μ ¶μ¢ÒÏ ¥É ¸±μ-
·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ·¥§Ê²ÓÉ Éμ¢ ¶μ ¸· ¢´¥´¨Õ ¸μ ¸É ´¤ ·É´Ò³ ³¥Éμ¤μ³ ±μ³-
¶²¥±¸´μ£μ ¸±¥°²¨´£ , ¢ ±μÉμ·μ³ ¨¸¶μ²Ó§Ê¥É¸Ö ±μ´¥Î´Ò° L2-¡ §¨¸. �·¨³¥´¥-
´¨¥ ÔÉμ° ¶·μÍ¥¤Ê·Ò ± · ¸Î¥ÉÊ ¸É·Ê±ÉÊ·Ò ¤¢ÊÌ Éμ³´ÒÌ ³μ²¥±Ê² · ¸¸³μÉ·¥´μ
¢ · ¡μÉ Ì [65,66]. Œ¥Éμ¤ ¢ÒÎ¨¸²¥´¨Ö ¶μ²Õ¸μ¢ S-³ É·¨ÍÒ ¢ ¸²ÊÎ ¥  Éμ³´ÒÌ
¸¨¸É¥³ É ±¦¥ μ¡¸Ê¦¤ ¥É¸Ö ¢ · ¡μÉ¥ [67].

Œ É·¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸¢μ¡μ¤´μ° ¨ ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨° ƒ·¨´  ¢
μ¸Í¨²²ÖÉμ·´μ³ ¨ ² £¥··μ¢¸±μ³ ¡ §¨¸ Ì ¶μ²ÊÎ¥´Ò ¢ · ¡μÉ Ì [68, 69]. �¡μ¡-
Ð¥´¨¥ ÔÉ¨Ì ·¥§Ê²ÓÉ Éμ¢ ´  ¸²ÊÎ ° ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢ ¶·¨¢μ¤¨É¸Ö ¢ · -
¡μÉ¥ [70], £¤¥ É ±¦¥ ¶μ²ÊÎ¥´μ ·¥Ï¥´¨¥ ¤¨¸±·¥É´μ£μ  ´ ²μ£  ³´μ£μ± ´ ²Ó´μ£μ
Ê· ¢´¥´¨Ö ‹˜.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¢μ§³μ¦´μ¸É¨ J-³ É·¨Î´μ£μ ¶μ¤Ìμ¤  ¢ μ¶¨¸ ´¨¨ ´¥-
¶·¥·Ò¢´μ£μ ¸¶¥±É·  Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨ ¢·¥³¥´´�μ£μ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥· , ±μÉμ·Ò³ μ¶¨¸Ò¢ ¥É¸Ö ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ³ £´¨É´μ£μ
¨³¶Ê²Ó¸´μ£μ (² §¥·´μ£μ) ¶μ²Ö ¸  Éμ³´μ° ¸É·Ê±ÉÊ·μ°. ’ ±, ´ ¶·¨³¥·, ±μ³¡¨-
´ Í¨Ö ¸¶¥±É· ²Ó´μ£μ ³¥Éμ¤  (spectral method) [71] ¨ ³¥Éμ¤  J-³ É·¨ÍÒ ¡Ò² 
¶·¨³¥´¥´  ± · ¸Î¥ÉÊ ¸¥Î¥´¨° ³´μ£μËμÉμ´´μ° μ¤´μ±· É´μ° ¨ ¤¢Ê±· É´μ° ¨μ-
´¨§ Í¨¨ He ¨ H− [72].

�¥¸³μÉ·Ö ´  ¤μ¸É¨£´ÊÉÒ¥ μ£·μ³´Ò¥ Ê¸¶¥Ì¨ ¢ ¤¨¸±·¥É¨§ Í¨¨ ¨
¶μ¸²¥¤ÊÕÐ¥³ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ É·¥ÌÎ ¸É¨Î´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¨
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° É¥μ·¨¨ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö, Í¥²Ò° ·Ö¤ ³ É¥³ -
É¨Î¥¸±¨Ì ¶·μ¡²¥³, ¸¢Ö§ ´´ÒÌ ¸ ÔÉ¨³, μ¸É ¥É¸Ö μÉ±·ÒÉÒ³. �¸μ¡¥´´μ ÔÉμ ¸É ²μ
Ö¸´μ, ±μ£¤  ³¥Éμ¤ J-³ É·¨ÍÒ ¨ ¥£μ ¢ ·¨ Í¨¨ ¸É ²¨ ¶·¨³¥´ÖÉÓ¸Ö ¤²Ö · ¸Î¥-
Éμ¢ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¸ É·¥³Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´Ò³¨ § ·Ö¦¥´´Ò³¨
Î ¸É¨Í ³¨. ’ÊÉ ¸± §Ò¢ ¥É¸Ö ´¥¢μ§³μ¦´μ¸ÉÓ ± ±-Éμ · §Ê³´μ · §²μ¦¨ÉÓ ¶μ
Ê£²μ¢Ò³ Ï ·μ¢Ò³ ËÊ´±Í¨Ö³ ¶· ¢¨²Ó´ÊÕ  ¸¨³¶ÉμÉ¨±Ê É ±μ° § ¤ Î¨ ¨
¶μ²ÊÎ¨ÉÓ ¶·¨ ÔÉμ³ ¶·μ¸ÉÒ¥ ¢Ò· ¦¥´¨Ö ¤²Ö · ¤¨ ²Ó´ÒÌ Î ¸É¥°, ¶·μ¥±Í¨Ö
±μÉμ·ÒÌ ´  ¡ §¨¸´Ò¥ · ¤¨ ²Ó´Ò¥ ËÊ´±Í¨¨ ¢Ò· ¦ ¥É¸Ö ¨§¢¥¸É´Ò³¨
¸¶¥Í¨ ²Ó´Ò³¨  ´ ²¨É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨ (¸³., ´ ¶·¨³¥·, μ¡§μ·´ÊÕ
· ¡μÉÊ [73]). ‹Õ¡Ò¥ ¤·Ê£¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¸¢μ¡μ¤´μ£μ μ¶¥· Éμ· 
H0 ´¥ÔËË¥±É¨¢´Ò ¢ É· ¤¨Í¨μ´´μ³ J-³ É·¨Î´μ³ ¶μ¤Ìμ¤¥ ¸μ ¸Ë¥·¨Î¥¸±¨³
Ê£²μ¢Ò³ ¡ §¨¸μ³, É ± ± ± ¶·¨¢μ¤ÖÉ ± · ¸Ìμ¤¨³μ¸ÉÖ³ ¨´É¥£· ²Ó´μ£μ Î²¥´ 
Ê· ¢´¥´¨Ö ‹˜. Šμ£¤  É ±μ¥ Ê· ¢´¥´¨¥ ¤¨¸±·¥É¨§¨·Ê¥É¸Ö ¢ ¡¥¸±μ´¥Î´μ¥ ³ -
É·¨Î´μ¥ Ê· ¢´¥´¨¥, ¥£μ μ¡·¥§ ´¨¥ ¶μ Î¨¸²Ê ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¢¥¤¥É, ¶μ
¸ÊÉ¨, ± μ¡·¥§ ´¨Õ ±Ê²μ´μ¢¸±¨Ì ¶μÉ¥´Í¨ ²μ¢. �·¨ ÔÉμ³ ¸Ìμ¤¨³μ¸ÉÓ ·¥Ï¥-
´¨Ö É ±μ£μ Ê· ¢´¥´¨Ö ± μ¦¨¤ ¥³μ³Ê ÉμÎ´μ³Ê ¨ ¨Ì ¸μμÉ´μÏ¥´¨¥ Ö¢²Ö¥É¸Ö
¤μ ¸¨Ì ¶μ· μÉ±·ÒÉÒ³ ¢μ¶·μ¸μ³. ˆ¸¶μ²Ó§μ¢ ´¨¥ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ¸ ¶μ²μ-
¦¨É¥²Ó´μ° Ô´¥·£¨¥° ¤²Ö μ¶¨¸ ´¨Ö  ¸¨³¶ÉμÉ¨±¨ ÌμÉÖ ¡Ò μ¤´μ° ¨§ ±μ´¥Î-
´ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¥Ð¥ ¡μ²¥¥ § ¶ÊÉÒ¢ ¥É ¢μ¶·μ¸ ³ É¥³ É¨Î¥¸±μ°
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±μ··¥±É´μ¸É¨ É ±μ£μ ¶μ¤Ìμ¤ . �¸¢¥Ð¥´¨Õ ÔÉ¨Ì ¢μ¶·μ¸μ¢ ¨ ¶μ¸¢ÖÐ¥´  ¶·¥¤-
² £ ¥³ Ö · ¡μÉ .

� ¡μÉ  μ·£ ´¨§μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 ¨§² £ ¥É¸Ö ³ É¥³ É¨-
Î¥¸±¨°  ¶¶ · É ³¥Éμ¤  ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ¢ ¶·¨³¥´¥´¨¨ ± ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê
Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (“˜), ¶·¨ ÔÉμ³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸³ É·¨¢ ¥É¸Ö
·¥ ±Í¨Ö μ¤´μ±· É´μ° ¨ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö ¡Ò¸É·Ò³ Ô²¥±-
É·μ´μ³, ±μÉμ·Ò° ¢ ¤ ´´μ³ ±μ´É¥±¸É¥ μ¶¨¸Ò¢ ¥É¸Ö ¶²μ¸±μ° ¢μ²´μ°. ‚ · §¤. 2
´  ¶·¨³¥·¥ É¥Ì ¦¥ ·¥ ±Í¨° · ¸¸³ É·¨¢ ¥É¸Ö μ¤¨´ ¨§ ¸¶μ¸μ¡μ¢ ¤¨¸±·¥É¨§ -
Í¨¨ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö ‹˜, ¸¢μ¡μ¤´Ò° μÉ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶¸¥¢¤μ¸μ¸Éμ-
Ö´¨°. ‚ ¶. 2.2 · ¸¸³ É·¨¢ ÕÉ¸Ö ³ É·¨Î´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤ ¶¥·¥Ìμ¤μ¢
¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° (É ± ´ §Ò¢ ¥³ Ö ‘‘‘-¸Ì¥³ ) ¨ ¸É ¢¨É¸Ö
¢μ¶·μ¸ μ ¸μμÉ¢¥É¸É¢¨¨ ÔÉμ° ¸Ì¥³Ò ÉμÎ´μ° É¥μ·¨¨ ³´μ£μÎ ¸É¨Î´ÒÌ ¨´É¥£· ²Ó-
´ÒÌ Ê· ¢´¥´¨° ¸ ±Ê²μ´μ¢¸±¨³¨ ¶μÉ¥´Í¨ ² ³¨. ‚¸¥ É·Ê¤´μ¸É¨ ¨ ¶·μ¡²¥³Ò
PSE-³¥Éμ¤  ¶μ¤·μ¡´μ μ¡¸Ê¦¤ ÕÉ¸Ö ¢ ¶. 2.5. Œ É¥³ É¨Î¥¸±¨°  ¶¶ · É  ²Ó-
É¥·´ É¨¢´μ£μ ¶μ¤Ìμ¤ , ¸μÌ· ´ÖÕÐ¥£μ ¶·¥¨³ÊÐ¥¸É¢  J-³ É·¨ÍÒ ¨ μ¡¥¸¶¥Î¨-
¢ ÕÐ¥£μ ¸μ¢¶ ¤¥´¨¥  ¸¨³¶ÉμÉ¨± ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° μ¶¥· Éμ·μ¢ H ¨ H0 ¢
¸²ÊÎ ¥ ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢,   ¨³¥´´μ, ¶·¥¤¸É ¢²¥´¨¥
“˜ ¢ ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì, · ¸¸³μÉ·¥´ ¢ · §¤. 3.

’ ³, £¤¥ ´¥ μ£μ¢μ·¥´μ μ¸μ¡μ, ¶·¨ § ¶¨¸¨ Ëμ·³Ê² ¨¸¶μ²Ó§ÊÕÉ¸Ö  Éμ³´Ò¥
¥¤¨´¨ÍÒ e = me = � = 1.

1. Œ�’�ˆ—�›… „ˆ””…�…�–ˆ�‹œ�›… “��‚�…�ˆŸ:
�‘…‚„�‘�‘’�Ÿ�ˆŸ

Š ± μÉ³¥Î ²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, ³¥Éμ¤ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° Å ÔÉμ · §´μ¢¨¤´μ¸ÉÓ
¡μ²¥¥ μ¡Ð¥£μ ³¥Éμ¤  ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢. �´ ¶μ§¢μ²Ö¥É ÔËË¥±É¨¢´μ ÊÎ¥¸ÉÓ
¢²¨Ö´¨¥ § ±·ÒÉÒÌ ± ´ ²μ¢ · §¢ ²  ¢ ¸²ÊÎ ¥ Ê¶·Ê£μ£μ (´¥Ê¶·Ê£μ£μ) · ¸¸¥Ö´¨Ö
Î ¸É¨ÍÒ ¸¢Ö§ ´´μ° ¶ ·μ°. „²Ö Ô´¥·£¨° ¢ÒÏ¥ É·¥ÌÎ ¸É¨Î´μ£μ ¶μ·μ£  · §¢ ² 
³¥Éμ¤ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° É¥·Ö¥É ¸¢μÕ ÔËË¥±É¨¢´μ¸ÉÓ. ‚ Î ¸É´μ¸É¨, ¢μ§´¨± ÕÉ
²μ¦´Ò¥ ·¥§μ´ ´¸Ò ¶·¨ Ô´¥·£¨ÖÌ, ¡²¨§±¨Ì ± Ô´¥·£¨Ö³ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ¶ ·Ò,
ÌμÉÖ ¸ ÔÉ¨³ Ö¢²¥´¨¥³ ¡μ·ÕÉ¸Ö ¶ÊÉ¥³ Ê¢¥²¨Î¥´¨Ö ¡ §¨¸  [60]. Š·μ³¥ Éμ£μ, ÔÉμÉ
³¥Éμ¤ ´¨± ± ´¥ ¸μ£² ¸Ê¥É¸Ö ¸ ±μ··¥±É´μ° ¸É·Ê±ÉÊ·μ° ±Ê²μ´μ¢¸±¨Ì ¸¨´£Ê²Ö·-
´μ¸É¥° S-³ É·¨ÍÒ ¢ ¸²ÊÎ ¥ · ¸¸¥Ö´¨Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í [74]. ŒÒ, μ¤´ ±μ,
·¥Ï¨²¨ ¶·¥¤¸É ¢¨ÉÓ §¤¥¸Ó ÔÉμÉ ³¥Éμ¤ ¡μ²¥¥ ¶μ¤·μ¡´μ, ¶μ¸±μ²Ó±Ê μ´  ±É¨¢´μ
¨¸¶μ²Ó§Ê¥É¸Ö ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¤²Ö μ¶¨¸ ´¨Ö ¸μ¸ÉμÖ´¨° ¸ ¤¢Ê³Ö  ¸¨³¶Éμ-
É¨Î¥¸±¨ ¸¢μ¡μ¤´Ò³¨ Ô²¥±É·μ´ ³¨ [75Ä77], É. ¥. ¢ÒÏ¥ ¶μ·μ£  É·¥ÌÎ ¸É¨Î´μ£μ
· §¢ ² .

1.1. Œ É¥³ É¨Î¥¸±¨° Ëμ·³ ²¨§³ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸¶¥±É· ²Ó´μ° ËÊ´±-
Í¨¨ ¸ μ¤´¨³  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´Ò³ Ô²¥±É·μ´μ³ ¢ ¶μ²¥ ¨μ´ . � ¸-
¸³μÉ·¨³ ² ¡μ· Éμ·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É, ¶·¥¤¶μ² £ Ö, ÎÉμ Ö¤·μ  Éμ³  Ö¢²Ö-
¥É¸Ö ¡¥¸±μ´¥Î´μ ÉÖ¦¥²Ò³ m3 → ∞ ¨ μ´μ ¶μ³¥Ð¥´μ ¢ Í¥´É· ¸¨¸É¥³Ò
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(r3 = 0). ‡ ¶¨Ï¥³ “˜ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ´¥±μÉμ·μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³ 
£¥²¨Ö (Z = 2)[

E +
1
2
�1 +

1
2
�2 +

Z

r1
+

Z

r2
− 1

r12

]
Ψ(r1, r2) = 0. (1.1)

� ¸¸³μÉ·¨³ ¢´ Î ²¥ ¶·μÍ¥¸¸ μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨, £¤¥ ¸μ¸ÉμÖ´¨¥ ¨μ´ -
μ¸É É±  Ì · ±É¥·¨§Ê¥É¸Ö ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ n0l0m. ‚ ³¥Éμ¤¥ ¶¸¥¢¤μ¸μ¸Éμ-
Ö´¨° ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ μ¤¨´ ¨§ Ô²¥±É·μ´μ¢ ´ Ìμ¤¨É¸Ö ¢ ¢μ¤μ·μ¤μ¶μ¤μ¡´μ³
¸μ¸ÉμÖ´¨¨, Ì · ±É¥·¨§Ê¥³μ³ ´¥±¨³ § ·Ö¤μ³,   É ±¦¥ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨
n′l′m′. Šμ²¨Î¥¸É¢μ É ±¨Ì ¸μ¸ÉμÖ´¨° ¶μ² £ ¥É¸Ö ±μ´¥Î´Ò³. ‚Éμ·μ° ¦¥ Ô²¥±-
É·μ´ ¨³¥¥É ®¨¸É¨´´ÊÕ¯ ±Ê²μ´μ¢¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¢ ¶μ²¥ ¨μ´  ¸ § ·Ö¤μ³
Z − 1. ‡ ³¥É¨³, ÎÉμ ¶μ É· ¤¨Í¨¨ ¨´¤¥±¸ n §¤¥¸Ó ¨ ¤ ²¥¥ μ¡μ§´ Î ¥É ´¥
£² ¢´μ¥,   · ¤¨ ²Ó´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ, É. ¥. n � 0. ƒ² ¢´μ¥ ±¢ ´Éμ¢μ¥ Î¨-
¸²μ, ±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É Ô´¥·£¨Õ ¸¢Ö§¨ ¸μ¸ÉμÖ´¨Ö, ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¡Ê±¢μ°
q = n + l.

‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ¨³¥ÕÉ ¢¨¤

ζnlm(r) =
1
r
χnl(r)Ylm(r̂), (1.2)

¶μ¤Î¨´ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³ Ê¸²μ¢¨Ö³ μ·Éμ£μ´ ²Ó´μ¸É¨ ¨ ´μ·³¨·μ¢±¨

〈ζnlm|ζn′l′m′〉 = 〈χnl|χn′l′〉〈Ylm|Yl′m′〉 = 〈χnl|χn′l〉δll′δmm′ ,

〈χnl|χn′l〉 =

∞∫
0

dr χnl(r)χn′l(r) = δnn′ ,

¤¨ £μ´ ²¨§ÊÕÉ £ ³¨²ÓÉμ´¨ ´ ĥ2 = −1/2Δ2 − Z/r2

〈ζnlm|ĥ2|ζn′l′m′〉 = ε̄nlδnn′δll′δmm′ ,

¨ ¨Ì · ¤¨ ²Ó´Ò¥ Î ¸É¨ ¨ÐÊÉ¸Ö ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ±¢ ¤· É¨Î´μ-¨´É¥£·¨-
·Ê¥³Ò³ ¡ §¨¸´Ò³ ² £¥··μ¢¸±¨³ ËÊ´±Í¨Ö³

χnl(r) =
N∑

n′=0

d l
nn′φl

n′(r). (1.3)

‚ ¶·¨´Í¨¶¥, ¢¥·Ì´ÖÖ £· ´¨Í  ¸Ê³³¨·μ¢ ´¨Ö ¢ (1.3) ³μ¦¥É § ¢¨¸¥ÉÓ μÉ μ·¡¨-
É ²Ó´μ£μ ¨´¤¥±¸  l, ´μ ¤²Ö ¶·μ¸ÉμÉÒ ³Ò ¶μ² £ ¥³ N = max(Nl) ¤²Ö ¢¸¥Ì
¨¸¶μ²Ó§Ê¥³ÒÌ ¢ ¡ §¨¸¥ μ·¡¨É ²Ó´ÒÌ ³μ³¥´Éμ¢. „ ²¥¥ ξl μ¡μ§´ Î ¥É ¢ ·Ó¨-
·Ê¥³Ò° ¶ ·Í¨ ²Ó´Ò° ¶ · ³¥É· ¡ §¨¸ . �ÉμÉ ¶ · ³¥É· ´¥ ¤μ²¦¥´ ¢²¨ÖÉÓ ´ 
·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢, ´μ ¥£μ μ¶É¨³ ²Ó´Ò° ¢Ò¡μ· ³μ¦¥É ¸ÊÐ¥¸É¢¥´´μ ¢²¨ÖÉÓ
´  ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ · ¸Î¥Éμ¢.
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� ¤¨ ²Ó´Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

φl
n(r) =

√
n!

(n + 2l + 1)!
(2ξlr)l+1 e−ξlrL2l+1

n (2ξlr), n � 0, (1.4)

£¤¥ Lα
n(x) Å  ¸¸μÍ¨¨·μ¢ ´´Ò¥ ¶μ²¨´μ³Ò ‹ £¥·· . �É¨ ËÊ´±Í¨¨ μ·Éμ´μ·³¨-

·μ¢ ´Ò ¸ ¢¥¸μ³
∞∫
0

dr

r
φl

n(r)φl
n′ (r) = δnn′

¨ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö(
1
2

∂2

∂r2
− l(l + 1)

2r2
+

ξl(n + l + 1)
r

− ξ2
l

2

)
φl

n(r) = 0.

…¸É¥¸É¢¥´´μ, · ¤¨ ²Ó´ Ö ¸μ¸É ¢²ÖÕÐ Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¨μ´ -μ¸É É±  φl0
n0

(r)
Éμ¦¥ ¢Ìμ¤¨É ¢ ¸μ¸É ¢ ¡ §¨¸  (ξl0 = Z/(n0 + l0 + 1)).

„²Ö Î¨¸²¥´´μ£μ · ¸Î¥É  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¨¸É¥³Ò Í¥²¥¸μμ¡· §´μ ¢Ò¤¥-
²¨ÉÓ ¶μ²´Ò° μ·¡¨É ²Ó´Ò° ³μ³¥´É L ¤¢ÊÌ Ô²¥±É·μ´μ¢ ¨ ¥£μ ¶·μ¥±Í¨Õ M ¨
§ ¶¨¸ ÉÓ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö

Ψ(−)
n0l0m(ke; r1, r2) =

=

√
2
π

1
ke

(1 + gP̂12)√
2

∑
L λ μ

(l0 m λμ|L M)Y ∗
λ μ(k̂e)ψL M

l0 λ (r1, r2), (1.5)

  ¶ ·Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ ψL M
l0 λ ¢ (1.5) ³μ¦´μ ¤ ²ÓÏ¥ · §²μ¦¨ÉÓ ¢ ·Ö¤

ψL M
l0 λ (r1, r2) =

∑
l′, λ′, n′, ν′

A
L (l0λ)
(n′l′)(ν′λ′)(E) |n′ l′ ν′ λ′; LM〉 (1.6)

¶μ ± ´ ²Ó´Ò³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³, ±μÉμ·Ò¥ ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨
¶·¨´¨³ ÕÉ ¢¨¤ (n � N)

〈r1, r2|n l ν λ; LM〉 =
YLM

l λ (r̂1, r̂2)
r1r2

{
χnl(r2)χνλ(r1), ν � N ;
χnl(r2)φλ

ν (ξλr1), ν > N.
(1.7)


¨¸Ë¥·¨Î¥¸± Ö ËÊ´±Í¨Ö § ¶¨¸Ò¢ ¥É¸Ö ¸É ´¤ ·É´Ò³ μ¡· §μ³:

YLM
l λ (r̂1, r̂2) =

∑
m μ

(l m λμ|L M)Yl m(r̂1)Yλ μ(r̂2).

‚ Ëμ·³Ê²¥ (1.5) P12 Å μ¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨ ±μμ·¤¨´ É Ô²¥±É·μ´μ¢, g · ¢´μ
(+1) ¤²Ö ¸¨´£²¥É´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ (−1) ¤²Ö É·¨¶²¥É´μ£μ ¸μ¸ÉμÖ´¨Ö £¥²¨Ö.
„ ²¥¥ ³Ò · ¸¸³ É·¨¢ ¥³ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥.
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ˆ§ (1.5) ¨ (1.6) ¸²¥¤Ê¥É, ÎÉμ Î¨¸²  A
L (l0λ)
(n′l′)(ν′λ′)(E) Ö¢²ÖÕÉ¸Ö ±μÔËË¨-

Í¨¥´É ³¨ ËÊ·Ó¥-· §²μ¦¥´¨Ö É·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶μ ¶μ²´μ³Ê
¤¨¸±·¥É´μ³Ê ¡ §¨¸Ê. “³´μ¦ Ö Ê· ¢´¥´¨¥ (1.1) ¸²¥¢  ´  ¡ §¨¸´ÊÕ ËÊ´±Í¨Õ,
´¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉ¨ ±μÔËË¨Í¨¥´ÉÒ Ê¤μ¢²¥É¢μ·ÖÕÉ ¡¥¸±μ´¥Î´μ° ¸¨-
¸É¥³¥  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°∑

n′′l′′ν′′λ′′

〈n′ l′ ν′ λ′; LM | Ĥ −E |n′′ l′′ ν′′ λ′′; LM〉A
L (l0λ)
(n′′l′′)(ν′′λ′′)(E) = 0, (1.8)

£¤¥ Ĥ Å ¶μ²´Ò° £ ³¨²ÓÉμ´¨ ´, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê· ¢´¥´¨Õ (1.1). �ÉÊ ¸¨-
¸É¥³Ê, ¥¸É¥¸É¢¥´´μ, ¢ É ±μ³ ¢¨¤¥ ·¥Ï ÉÓ ´¥¢μ§³μ¦´μ, μ´  ·¥Ï ¥É¸Ö ¶·¨-
¡²¨¦¥´´μ. �·¨¡²¨¦¥´¨¥ § ±²ÕÎ ¥É¸Ö ¢ ¶·¥´¥¡·¥¦¥´¨¨ ³ É·¨Î´Ò³¨ Ô²¥³¥´-
É ³¨ μ¸É ÉμÎ´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö V = (1/r1 − 1/r12) ¶·¨ ν′ > N ¨ (¨²¨)
ν′′ > N . ‚ ·¥§Ê²ÓÉ É¥ ¸¨¸É¥³  Ê· ¢´¥´¨° (1.8) · §¡¨¢ ¥É¸Ö ´  ¤¢¥ Î -
¸É¨ Å ¢´ÊÉ·¥´´ÕÕ (ν′′ � N ) ¨ ¢´¥Ï´ÕÕ (ν′′ > N ). 
¥¸±μ´¥Î´ Ö ¸¨-
¸É¥³  ¤²Ö ¢´¥Ï´¥° μ¡² ¸É¨ ·¥Ï ¥É¸Ö  ´ ²¨É¨Î¥¸±¨ ÉμÎ´μ ¢ · ³± Ì ³¥Éμ¤ 
J-³ É·¨ÍÒ [24], ¨ ¥¥ ·¥Ï¥´¨¥³ Ö¢²ÖÕÉ¸Ö, ¶μ ¸ÊÉ¨, ÉμÎ´Ò¥ ±Ê²μ´μ¢¸±¨¥ ËÊ´±-
Í¨¨ Ô²¥±É·μ´  (Z = 1) ¢ ¢Ò¡· ´´μ³ ¤¨¸±·¥É´μ³ ¶·¥¤¸É ¢²¥´¨¨, Ê³´μ¦¥´´Ò¥
´  ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ¨μ´ -μ¸É É± , ±Ê¤  ¢Ìμ¤¨É ¨ ¸μ¸Éμ-
Ö´¨¥ ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ (n0l0m). �¥±μÉμ·Ò¥ ¶μ¤·μ¡´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ³μ¦´μ ´ °É¨ ¢ ¶·¨²μ¦¥´¨¨. ‚¸¥ ¶ ·Ò ¸μ¸ÉμÖ´¨° Ê¤μ-
¢²¥É¢μ·ÖÕÉ § ±μ´Ê ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ E = k′2

e /2 + εn′l′ , £¤¥ k′2
e Å ¨³¶Ê²Ó¸

¸¢μ¡μ¤´μ£μ Ô²¥±É·μ´  ¨ εn′l′ Å Ô´¥·£¨Ö ¶¸¥¢¤μ¸μ¸ÉμÖ´¨Ö ±μ´¥Î´μ£μ ¨μ´ 
He+. ‚μ ¢´ÊÉ·¥´´¥° μ¡² ¸É¨ ¸¨¸É¥³  ·¥Ï ¥É¸Ö ¤¨ £μ´ ²¨§ Í¨¥° ±¢ ¤· É-
´μ° ³ É·¨ÍÒ N ⊗ N . � ±μ´¥Í, ¸Ï¨¢±  ¢´ÊÉ·¥´´¥° ¨ ¢´¥Ï´¥° ( ¸¨³¶Éμ-
É¨Î¥¸±μ°) μ¡² ¸É¥° ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¨¸±μ³Ò¥ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö
ËÊ´±Í¨¨ ψL M

l0 λ .
’  ¦¥ ¶·μÍ¥¤Ê· , ´μ ¢ £μ· §¤μ ¡μ²¥¥ ¶·μ¸Éμ³ ¥¥ ¢ ·¨ ´É¥, ¨¸¶μ²Ó§Ê¥É¸Ö

¤²Ö ¶μ¨¸±  μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö Φ0(r1, r2), ¶μ¸±μ²Ó±Ê L = M =
0 (¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥), ¨ ¸Ê³³¨·μ¢ ´¨¥ ¢ (1.8) μ£· ´¨Î¨¢ ¥É¸Ö ¶·¥¤¥² ³¨
n′′, ν′′ � N , ¶·¨Î¥³ n′, ν′ � N . ’ÊÉ ¶·μ¢μ¤¨É¸Ö ¶·μ¸É Ö ¤¨ £μ´ ²¨§ Í¨Ö
±¢ ¤· É´μ° ³ É·¨ÍÒ.

ˆ³¥Ö ÔÉ¨ ¤¢¥ ËÊ´±Í¨¨ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¡ §¨¸Ê, ´¥É·Ê¤´μ ¶μ¸É·μ¨ÉÓ
¢ ¶¥·¢μ³ ¡μ·´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨ ³ É·¨Î´Ò° Ô²¥³¥´É ·¥ ±Í¨¨ He+e → e+
(He+ + e) ¸ μ¤´¨³ ¡Ò¸É·Ò³ Ô²¥±É·μ´μ³ ¢ ´ Î ²Ó´μ³ ¨ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨ÖÌ
·¥ ±Í¨¨ (±μÉμ·Ò° μ¶¨¸Ò¢ ¥É¸Ö ¶²μ¸±μ° ¢μ²´μ°):

T
(e,2e)
n0l0m(ke,Q) =

4π

Q2

〈
Ψ(−)

n0l0m(ke)| eiQr1 + eiQr2 − 2|Φ0

〉
, (1.9)

¶·¨£μ¤´Ò° ¤²Ö Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ´  μ£· ´¨Î¥´´μ³ Î¨¸²¥ Ê£²μ¢ÒÌ ¨ · ¤¨-
 ²Ó´ÒÌ ¡ §¨¸´ÒÌ ËÊ´±Í¨°.
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1.2. „¢   ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´ . �μ¶·μ¡Ê¥³ ÔÉÊ ¸Ì¥³Ê
· ¸¶·μ¸É· ´¨ÉÓ ´  ¸²ÊÎ ° ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ ¢ ¶μ²¥
Ö¤· . ˆ§ ¶·¥¤Ò¤ÊÐ¥£μ ³ É¥·¨ ²  ¢¨¤´μ, ÎÉμ ¥¸²¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¤´μ£μ
Ô²¥±É·μ´  ¢ÒÌμ¤¨É ´  ±Ê²μ´μ¢¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê, Éμ ¢Éμ·μ° Ô²¥±É·μ´ ¶·¥-
¡Ò¢ ¥É ¢ ±μ´¥Î´μ³ Î¨¸²¥ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨°, ¢ Éμ³ Î¨¸²¥ ¨ ¸ ¶μ²μ¦¨É¥²Ó´Ò³¨
Ô´¥·£¨Ö³¨, ²¨ÏÓ ¡Ò ¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥ E = k′2

e /2+εnl. ‚μ§´¨± ¥É ¶·μ¸Éμ¥
¶·¥¤²μ¦¥´¨¥ μ¶¨¸Ò¢ ÉÓ ³ É·¨Î´Ò° Ô²¥³¥´É (e, 3e)-·¥ ±Í¨¨ Ëμ·³Ê²μ°

T (e,3e)(k1,k2;Q) =
∑

μ

〈
ϕ−(k2, Z)|ζμ

〉
T (e,2e)

μ (k1,Q). (1.10)

’ÊÉ ¨¸¶μ²Ó§Ê¥É¸Ö ³μ¤¥²Ó ´¥¤¥³μ±· É¨Î´μ£μ · ¸¶ ¤ , μ¸´μ¢´μ¥ ¶·¨¡²¨¦¥´¨¥
±μÉμ·μ° § ±²ÕÎ ¥É¸Ö ¢ ´ ²¨Î¨¨ ¶·μ³¥¦ÊÉμÎ´μ£μ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨Ö ¨μ´  He+ c
Ô´¥·£¨¥°, · ¢´μ° Ô´¥·£¨¨ μ¤´μ£μ ¨§ ¢Ò¡¨ÉÒÌ ¢ ·¥ ±Í¨¨ (e, 3e) Ô²¥±É·μ´μ¢, É. ¥.
k2
2/2 = εμ, ¨ ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥³ É ±¨³ ¢Ò·μ¦¤¥´´Ò³ ¸μ¸ÉμÖ´¨Ö³.

‚ (1.10) ϕ−(k2, r; Z) Å ¶ ·´ Ö ±Ê²μ´μ¢¸± Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´¥¶·¥·Ò¢´μ£μ
¸¶¥±É· :

ϕ(−)(k2, r; Z) = e−πt/2 Γ(1 − it) eik2rF (it, 1, −i(k2r + k2r)) , t = − Z

k2
.

(1.11)
Œ¥Éμ¤ ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢ ¢ ¶·¨³¥´¥´¨¨ ± ±Ê²μ´μ¢¸±¨³ (e, 3e)-·¥ ±-

Í¨Ö³ ¨³¥¥É μ¤¨´ ¸ÊÐ¥¸É¢¥´´Ò° ¤¥Ë¥±É: ÊÎ¥Éμ³ ±μ´¥Î´μ£μ Î¨¸²  ¶¸¥¢¤μ¸μ-
¸ÉμÖ´¨° ´¥ Ê¤ ¥É¸Ö Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ μ¶¨¸ ÉÓ ÔËË¥±É ¸¨²Ó´μ£μ μÉÉ ²±¨¢ -
´¨Ö ¨¸¶ÊÐ¥´´ÒÌ ¨§ ³¨Ï¥´¨ Ô²¥±É·μ´μ¢ ¶·¨ Ê³¥´ÓÏ¥´¨¨ Ê£²  ³¥¦¤Ê ´¨³¨ ¨
¡²¨§μ¸É¨ ¨Ì Ô´¥·£¨°. „²Ö ÊÎ¥É  Ô²¥±É·μ´-Ô²¥±É·μ´´μ£μ μÉÉ ²±¨¢ ´¨Ö ¢μ²´μ-
¢ Ö ËÊ´±Í¨Ö ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ³μ¦¥É ¡ÒÉÓ Ê³´μ¦¥´  ´  É ± ´ §Ò¢ ¥³Ò°
£ ³μ¢-Ë ±Éμ·

g(|p1 − p2|) = exp
(
− π

|p1 − p2|

)
Γ
(

1 − i

|p1 − p2|

)
.

ƒ ³μ¢-Ë ±Éμ· Ö¢²Ö¥É¸Ö Î ¸ÉÓÕ ¶·¨¡²¨¦¥´´μ° É·¥ÌÎ ¸É¨Î´μ° ËÊ´±Í¨¨ ±μ-
´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö, ¨³¥ÕÐ¥° ¶· ¢¨²Ó´ÊÕ É·¥ÌÎ ¸É¨Î´ÊÕ  ¸¨³¶ÉμÉ¨±Ê (¸³.,
´ ¶·¨³¥·, [78]). ‘²¥¤¸É¢¨¥³ É ±μ£μ Ê³´μ¦¥´¨Ö, μ¤´ ±μ, Ö¢²Ö¥É¸Ö ¶μÉ¥·Ö
¸¢μ°¸É¢  μ·Éμ£μ´ ²Ó´μ¸É¨ ËÊ´±Í¨°, ÎÉμ ¶·¨¢μ¤¨É ± ¸¨²Ó´μ³Ê Ê³¥´ÓÏ¥´¨Õ
¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö (e, 3e)-·¥ ±Í¨¨ σ(5) ¶μ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´¥.
„²Ö ¢μ¸¸É ´μ¢²¥´¨Ö ¶· ¢¨²Ó´μ°  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´Ò ·¥§Ê²ÓÉ É ³μ¦´μ ´μ·-
³¨·μ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

σ
(5)
eff =

σ(5)|g|2
π∫
0

σ(5)|g|2 dθ2

π∫
0

σ(5)dθ2.
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2. Œ�’�ˆ—�›… ˆ�’…ƒ��‹œ�›… “��‚�…�ˆŸ
”�„„……‚�ÄŒ…�Š“�œ…‚�

‚ ¤ ´´μ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥É¸Ö ¢ ·¨ ´É μ¶¨¸ ´¨Ö ±Ê²μ´μ¢¸±μ° ¸¨-
¸É¥³Ò É·¥Ì É¥² ¢ · ³± Ì J-³ É·¨Î´μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö. ‚ ¶·¥¤² £ ¥³μ°
¸Ì¥³¥ Ê¤ ¥É¸Ö ÊÎ¥¸ÉÓ ¨ ¸Ê³³Ê ¶μ ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨Ö³, ¨ ¨´É¥£· ² ¶μ ´¥-
¶·¥·Ò¢´μ³Ê ¸¶¥±É·Ê ¢Ò¤¥²¥´´μ° ¶ ·´μ° ¶μ¤¸¨¸É¥³Ò. ˆ¤¥Ö ¨§ÊÎ¥´¨Ö ¸μ¸ÉμÖ-
´¨° ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  É·¥Ì Ö¤¥·´ÒÌ Î ¸É¨Í ¸ ±μ·μÉ±μ¤¥°¸É¢¨¥³ ³¥Éμ¤μ³
J-³ É·¨ÍÒ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¸Í¨²²ÖÉμ·´ÒÌ ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¡Ò²  ¢¶¥·-
¢Ò¥ ¸Ëμ·³Ê²¨·μ¢ ´  ¢ [79, 80]. �μ§¤´¥¥ ÔÉμÉ ¶μ¤Ìμ¤ ¡Ò² · ¸¶·μ¸É· ´¥´ ´ 
¸²ÊÎ ° ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨Ì ±Ê²μ´μ¢¸±¨Ì ¶μÉ¥´Í¨ ²μ¢ [81Ä83].

Œ¥Éμ¤ μ¸´μ¢ ´ ´  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ ” ¤¤¥¥¢ ÄŒ¥·±Ê·Ó¥¢ 
¤²Ö ±μ³¶μ´¥´É Ψα ¶μ²´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ =

∑
α

Ψα. Š ¦¤ Ö ±μ³¶μ-

´¥´É  Ψα ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³ ¤¢ÊÌ-
Î ¸É¨Î´μ° ¶μ¤¸¨¸É¥³Ò (βγ) ¸ § ·Ö¤μ³ Zα. ’ ±μ° ¢Ò¡μ· ¶μ§¢μ²Ö¥É ¢Ò¤¥²¨ÉÓ
¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ Î ¸ÉÓ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨, ¸²¥¤μ¢ É¥²Ó´μ, ±μ··¥±É´μ μ¶¨-
¸ ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ Ψ Éμ²Ó±μ ¢ ¤¢ÊÌÎ ¸É¨Î´μ° μ¡² ¸É¨
Ωα, £¤¥ ¢§ ¨³´μ¥ · ¸¸ÉμÖ´¨¥ xα ³¥¦¤Ê Î ¸É¨Í ³¨ β ¨ γ ³´μ£μ ³¥´ÓÏ¥, Î¥³
· ¸¸ÉμÖ´¨¥ yα ³¥¦¤Ê ¨Ì Í¥´É·μ³ ³ ¸¸ ¨ Î ¸É¨Í¥° α. ‚ ¸¢μÕ μÎ¥·¥¤Ó, ¸μ¡-
¸É¢¥´´Ò¥ ËÊ´±Í¨¨ · ¸±² ¤Ò¢ ÕÉ¸Ö ¶μ ¸É ´¤ ·É´μ³Ê ¡¨¸Ë¥·¨Î¥¸±μ³Ê ¡ §¨¸Ê
Ê£²μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¨ ² £¥··μ¢¸±μ³Ê ¡ §¨¸Ê · ¤¨ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ. � 
ÔÉμ³ ¶ÊÉ¨ ³Ò ¶·¨Ìμ¤¨³ ± ¤¨¸±·¥É´μ³Ê  ´ ²μ£Ê Ê· ¢´¥´¨Ö ‹˜ ¤²Ö ±μ³¶μ-
´¥´ÉÒ Ψα ¢ μ¡² ¸É¨ Ωα. ‚ ÔÉμ³ § ±²ÕÎ ¥É¸Ö μ¡Ð Ö ¸Ì¥³  ¤ ´´μ£μ ¶μ¤Ìμ¤ .

Œ¥Éμ¤ ¡²¨§μ± ± ¸Ì¥³¥, ¶·¥¤²μ¦¥´´μ° ¨ · §¢¨Éμ° ‡.� ¶¶μ³ ¨ ¤·. (¸³.,
´ ¶·¨³¥·, [52,53]).

2.1. ˆ´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥-
¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ ¢ ¶μ²¥ Ö¤· . ‡¤¥¸Ó ¶·¥¤¸É ¢²¥´ ¢ ·¨ ´É É¥μ·¨¨,
¨§²μ¦¥´´Ò° · ´¥¥ ¢ [84] ¤²Ö ¸²ÊÎ Ö  Éμ³  £¥²¨Ö. 
μ²¥¥ μ¡Ð¨° ¸²ÊÎ ° Î ¸É¨Í
¸ · §´Ò³¨ ³ ¸¸ ³¨ ¨ § ·Ö¤ ³¨ · ¸¸³μÉ·¥´ ¢ [81Ä83, 87]. ‚¥·´¥³¸Ö ¸´μ¢  ±
Ê· ¢´¥´¨Õ (1.1). ‘²¥¤ÊÖ Œ¥·±Ê·Ó¥¢Ê [3], · §μ¡Ó¥³ ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò
´  ±μ·μÉ±μ¤¥°¸É¢ÊÕÐÊÕ ¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ Î ¸É¨:

Z

ri
= V

(s)
i (r1, r2) + V

(l)
i (r1, r2),

£¤¥

V
(s)
i (r1, r2) =

Z

ri
ζ(ri, rj), V

(l)
i (r1, r2) =

Z

ri
[1 − ζ(ri, rj)]

¨

ζ(ri, rj) =
2

1 + exp [(ri/a)κ/(1 + rj/b)]
. (2.1)
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”Ê´±Í¨Ö · §¤¥²¥´¨Ö ζ ¸μ¤¥·¦¨É É·¨ ¶μ¤£μ´μÎ´ÒÌ ¶ · ³¥É·  a, b ¨ κ > 2.
�μ²Ó ÔÉμ° ËÊ´±Í¨¨ § ±²ÕÎ ¥É¸Ö ¢ μ¶·¥¤¥²¥´¨¨ £· ´¨ÍÒ ³¥¦¤Ê μ¡² ¸ÉÓÕ
®¨¸É¨´´μ¯ É·¥ÌÎ ¸É¨Î´μ£μ · ¸¸¥Ö´¨Ö Ω0, £¤¥  ¸¨³¶ÉμÉ¨Î¥¸±¨ r1 ∼ r2, ¨ μ¡² -
¸ÉÖ³¨ ¤¢ÊÌÎ ¸É¨Î´μ£μ · ¸¸¥Ö´¨Ö Ω1 (r1 
 r2) ¨²¨ Ω2 (r2 
 r1).

‚¢¥¤¥³ ¤¢¥ ËÊ´±Í¨¨ Ψ(−)
i (k1,k2; r1, r2) (i = 1, 2), É ±¨¥, ÎÉμ

Ψ(−) =
1√
2

[
Ψ(−)

1 + Ψ(−)
2

]
.

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ ¸¨³³¥É·¨Õ ¤¢ÊÌÔ²¥±É·μ´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨

Ψ(−)
i (k1,k2; r1, r2) = gΨ(−)

i (k1,k2; r2, r1), £¤¥ g = +1 (−1) ¤²Ö ¸¨´£²¥É´μ£μ
(É·¨¶²¥É´μ£μ) ¸μ¸ÉμÖ´¨Ö, ¶μÉ·¥¡Ê¥³

Ψ(−)
2 (k1,k2; r1, r2) = gP̂12Ψ

(−)
1 (k1,k2; r1, r2)

(P̂12 Å μ¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨ ±μμ·¤¨´ É) ¨ μ¶·¥¤¥²¨³ ÔÉ¨ ´μ¢Ò¥ ËÊ´±Í¨¨
¶μ¸·¥¤¸É¢μ³ Ë ¤¤¥¥¢¸±μ° ·¥¤Ê±Í¨¨[

E +
1
2
�1 +

1
2
�2 + V

(l)
1 + V

(l)
2 − 1

r12

]
Ψ(−)

1 = −
√

2V
(s)
2 Ψ(−),

[
E +

1
2
�1 +

1
2
�2 + V

(l)
1 + V

(l)
2 − 1

r12

]
Ψ(−)

2 = −
√

2V
(s)
1 Ψ(−),

¨²¨[
E +

1
2
�1 +

1
2
�2 + V

(l)
1 + V

(l)
2 − 1

r12

]
Ψ(−)

1 = −V
(s)
2 (1 + gP̂12)Ψ

(−)
1 , (2.2)

¶μ¸±μ²Ó±Ê Ψ(−) = 1/
√

2
[
1 + gP̂12

]
Ψ(−)

1 . ’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³ Ê· ¢-

´¥´¨¥ ¤²Ö ±μ³¶μ´¥´ÉÒ Ψ(−)
1 (k1,k2; r1, r2), ±μÉμ·μ¥ ¶μ²´μ¸ÉÓÕ Ô±¢¨¢ ²¥´É´μ

Ê· ¢´¥´¨Õ (1.1).
�¥·¥¶¨Ï¥³ É¥¶¥·Ó Ê· ¢´¥´¨¥ (2.2) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:[

E +
1
2
�1 +

1
2
�2 +

Z − 1
r1

+
Z

r2

]
Ψ(−)

1 = V (r1, r2)Ψ
(−)
1 (2.3)

¸ ¶μÉ¥´Í¨ ²μ³

V (r1, r2) =
1

r12
− V

(l)
1 (r1, r2) +

Z − 1
r1

− gV
(s)
2 (r1, r2)P̂12. (2.4)

‹¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉμÉ ¶μÉ¥´Í¨ ² ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨° ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ°
μ¡² ¸É¨ ¶·μ¸É· ´¸É¢  Ω1, £¤¥ r1 
 r2.



1324 ����‚ 	. ‚., ‡�‰–…‚ ‘. �., ‚ˆ�ˆ–Šˆ‰ ‘.ˆ.

“· ¢´¥´¨¥ (2.3) Ö¢²Ö¥É¸Ö μÉ¶· ¢´Ò³ ¤²Ö ¶μ¸²¥¤ÊÕÐ¨Ì Î¨¸²¥´´ÒÌ · ¸Î¥-
Éμ¢. ‡ ³¥É¨³, ÎÉμ μ¶¥· Éμ· ¢ ²¥¢μ° Î ¸É¨ (2.3) ¤¥°¸É¢Ê¥É ¢ ¤¢ÊÌ ´¥§ ¢¨¸¨-
³ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì {r1} ¨ {r2}. …£μ Î ¸É´μ¥ ·¥Ï¥´¨¥ ¥¸ÉÓ ¶·μ¨§¢¥¤¥´¨¥
ϕ−(ki, r2; Z)ϕ−(kj , r1; Z − 1) ¤¢ÊÌ ±Ê²μ´μ¢¸±¨Ì ¢μ²´. ”¨§¨Î¥¸±¨ ÔÉμ μ§´ -
Î ¥É, ÎÉμ Ô²¥±É·μ´ 2 ®¢¨¤¨É¯ § ·Ö¤ Ö¤·  Z, Éμ£¤  ± ± Ô²¥±É·μ´ 1 ®¢¨¤¨É¯
Ô±· ´¨·μ¢ ´´Ò° Ô²¥±É·μ´μ³ 2 § ·Ö¤ Z − 1, É. ¥. μ¤¨´ Ô²¥±É·μ´ ´ Ìμ¤¨É¸Ö
£μ· §¤μ ¡²¨¦¥ ± Ö¤·Ê, Î¥³ ¤·Ê£μ°, ÎÉμ ¨ ¸μμÉ¢¥É¸É¢Ê¥É μ¶·¥¤¥²¥´¨Õ ¤¢ÊÌÎ -
¸É¨Î´μ° μ¡² ¸É¨ Ω1.

�¥·¥°¤¥³ ± ¨´É¥£· ²Ó´μ° Ëμ·³¥ Ê· ¢´¥´¨Ö (2.3)

Ψ(−)
1 (k1,k2; r1, r2) =

[
ϕ−(k1, r2; Z)ϕ−(k2, r1; Z − 1)θ(k2 − k1) +

+ ϕ−(k2, r2; Z)ϕ−(k1, r1; Z − 1)θ(k1 − k2)
]
+

+
∫ ∫

dr′1 dr′2G
(−)(r1, r2; r′1, r

′
2; E)V (r′1, r

′
2)Ψ(−)

1 (k0,p0; r′1, r
′
2), (2.5)

£¤¥ θ(x) Å ¸ÉÊ¶¥´Î É Ö ËÊ´±Í¨Ö (θ(0) = 1/2). ’ ±μ° ¢Ò¡μ· ¸¢μ¡μ¤´μ£μ
Î²¥´  μ¡Ê¸²μ¢²¥´ É¥³, ÎÉμ, ¢μ-¶¥·¢ÒÌ, ³Ò ´¥ §´ ¥³, ± ±μ° ¨§ ±Ê²μ´μ¢¸±¨Ì
ËÊ´±Í¨° ¸ · §²¨Î´Ò³¨ § ·Ö¤ ³¨ ¶·¨´ ¤²¥¦¨É ÉμÉ ¨²¨ ¨´μ° ¨³¶Ê²Ó¸,   ¢μ-
¢Éμ·ÒÌ, ¨´ÉÊ¨É¨¢´μ Ö¸´μ, ÎÉμ Î ¸É¨Í  ¸ ¡�μ²ÓÏ¨³ ¨³¶Ê²Ó¸μ³ Ê²¥É ¥É ¤ ²ÓÏ¥
μÉ ¸¨¸É¥³Ò ®³¥¤²¥´´Ò° Ô²¥±É·μ´+ Ö¤·μ¯ ¨ ®¢¨¤¨É¯ Ô±· ´¨·μ¢ ´´Ò° § ·Ö¤.
‚ ¸¢μÕ μÎ¥·¥¤Ó, ËÊ´±Í¨Ö ƒ·¨´  ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¶μ¤¸¨¸É¥³ ¢ (2.5) ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ±μ´ÉÊ·´Ò³ ¨´É¥£· ²μ³

G(−)(r1, r2; r′1, r
′
2; E) =

1
2πi

∫
C

dEg(−)(r2, r′2; E ; Z) g(−)(r1, r′1; E−E ; Z−1),

μ¶·¥¤¥²¥´´Ò³ μ¡· §μ³ μ¡Ìμ¤ÖÐ¨³ ¸¨´£Ê²Ö·´μ¸É¨ μ¡¥¨Ì ¶μ¤Ò´É¥£· ²Ó´ÒÌ
ËÊ´±Í¨°.

‚μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ(−)
1 ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¶ ·Í¨ ²Ó´μ£μ · §²μ-

¦¥´¨Ö ¶μ ¡¨¸Ë¥·¨Î¥¸±μ³Ê ¡ §¨¸Ê

Ψ(−)
1 (k1,k2; r1, r2) =

2
π

1
k1 k2

∑
L l0 λ0
m0 μ0

(l0 m0 λ0 μ0|L M)×

×
[
ψL M

l0 λ0
(r1, r2; k1, k2)Y ∗

l0 m0
(k̂1)Y ∗

λ0 μ0
(k̂2)θ(k1 − k2)+

+ gψL M
l0 λ0

(r1, r2; k2, k1)Y ∗
l0 m0

(k̂2)Y ∗
λ0 μ0

(k̂1)θ(k2 − k1)
]
, (2.6)

  ¶ ·Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ ψL M
l0 λ0

¢ (2.6) ³μ¦´μ ¤ ²ÓÏ¥ · §²μ¦¨ÉÓ ¢ ·Ö¤ (¤²Ö
Ê¤μ¡¸É¢  μ¡μ§´ Î¥´¨Ö μ¶Ê¸± ¥³ ¨´¤¥±¸Ò (l0λ0) ¢ § ¶¨¸¨ ±μÔËË¨Í¨¥´Éμ¢ · §-
²μ¦¥´¨Ö C)

ψL M
l0 λ0

(r1, r2; ki, kj) =
∑

l, λ, n, ν

CL (l λ)
n ν (ki, kj) |n l ν λ; LM〉
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¶μ ¡ §¨¸Ê

〈r1, r2|n l ν λ; LM〉 =
φl

n(r2)
r2

φλ
ν (r1)
r1

YLM
l λ (r̂1, r̂2), (2.7)

±μÉμ·Ò° ´¥¸±μ²Ó±μ μÉ²¨Î ¥É¸Ö μÉ ¡ §¨¸  (1.7).
� ±μ´¥Í, ¶ ·Í¨ ²Ó´ÊÕ ±Ê²μ´μ¢¸±ÊÕ ¸¶¥±É· ²Ó´ÊÕ ËÊ´±Í¨Õ ³μ¦´μ · §-

²μ¦¨ÉÓ ¢ ·Ö¤ ¶μ ² ££¥·μ¢¸±μ³Ê ¡ §¨¸Ê ϕα
l (r; Z) =

∑
n
Sα

nl(Z)φl
n(r), ¨ ¨´¤¥±¸ α

¶·μ¡¥£ ¥É ¢¥¸Ó ¸¶¥±É·. ”Ê·Ó¥-μ¡· §Ò Sα
nl(Z) É ±¦¥ μ¡· §ÊÕÉ ¶μ²´ÊÕ μ·Éμ£μ-

´ ²Ó´ÊÕ ¸¨¸É¥³Ê ËÊ´±Í¨° μÉ´μ¸¨É¥²Ó´μ ¨´¤¥±¸  α, ±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ± ±
¤¨¸±·¥É´Ò³, É ± ¨ ´¥¶·¥·Ò¢´Ò³. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¶μ¤ ¸Ê³³¨·μ¢ ´¨¥³ ¶μ
ÔÉμ³Ê ¨´¤¥±¸Ê ¶μ¤· §Ê³¥¢ ¥É¸Ö ¨´É¥£·¨·μ¢ ´¨¥. �´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö
¤²Ö ÔÉ¨Ì ËÊ´±Í¨° ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨.

‘μ¡¨· Ö ¢¸¥ ¢³¥¸É¥, ¶μ²ÊÎ ¥³ ¨§ (2.5) ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ±μÔËË¨Í¨-

¥´Éμ¢ C
L (l λ)
n ν (k1, k2):

CL (l λ)
n ν (k1, k2) =

= il0+λ0δ(l λ) (l0 λ0) e−i(σl0 (k1,Z−1)+σλ0 (k2,Z)) Snl0(k1, Z − 1)Sνλ0(k2, Z)+

+
∑

n′ ν′, n′′ ν′′=0

⎡⎣ 1
2πi

∫
C

dE g
(−)l
n n′ (E , Z − 1) g

(−)λ
ν ν′ (E − E , Z)

⎤⎦×
×
∑
l′′ λ′′

V
L(l λ)(l′′ λ′′)
n′ ν′, n′′ ν′′ C

L (l′′ λ′′)
n′′ ν′′ (k1, k2). (2.8)

‚ Ê· ¢´¥´¨¨ (2.8) ¢Ò· ¦¥´¨¥

V
L(l λ)(l′ λ′)
n ν, n′ ν′ = 〈n l ν λ; LM |V (r1, r2) |n′ l′ ν′ λ′; LM〉

μ¡μ§´ Î ¥É ³ É·¨Î´Ò° Ô²¥³¥´É ¶μÉ¥´Í¨ ²  (2.4) ¢ ¡ §¨¸¥ (2.7),   ËÊ´±Í¨¨

g
(−)l
n n′ (E , Z − 1) ¨ g

(−)λ
ν ν′ (E −E , Z) ¶μ¤ ¨´É¥£· ²μ³ Å ÔÉμ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ

¶ ·Í¨ ²Ó´ÒÌ ¤¢ÊÌÎ ¸É¨Î´ÒÌ ËÊ´±Í¨° ƒ·¨´  ¢ ² ££¥·μ¢¸±μ³ ¡ §¨¸¥.
‘¨¸É¥³  Ê· ¢´¥´¨° (2.8) ¡¥¸±μ´¥Î´ , ¨ · ¡μÉ ÉÓ ¸ ´¥° ´¥²Ó§Ö. …¥ ´ ¤μ

μ¡·¥§ ÉÓ, μ£· ´¨Î¨¢ ¸Ê³³¨·μ¢ ´¨¥ ¶μ ¢¸¥³ · ¤¨ ²Ó´Ò³ ¨´¤¥±¸ ³ n′, n′′, ν′, ν′′

´¥±μ¥° ¢¥²¨Î¨´μ° (N − 1). ’¥³ ¸ ³Ò³ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ³ É·¨Î´Ò° Ô²¥-
³¥´É ¶μÉ¥´Í¨ ²  (2.4) · ¢¥´ ´Ê²Õ (μÎ¥´Ó ³ ²), ±μ£¤  ²Õ¡μ° · ¤¨ ²Ó´Ò° ¨´-
¤¥±¸ ¶·¥¢ÒÏ ¥É ´μ³¥· N , ¨ Ô²¥±É·μ´Ò ¢ÒÌμ¤ÖÉ ´   ¸¨³¶ÉμÉ¨Î¥¸±¨° ·¥¦¨³
¤¢¨¦¥´¨Ö. �Éμ ÊÉ¢¥·¦¤¥´¨¥ ¢¥¸Ó³  ¸¨²Ó´μ¥, ¨ ¶μ¸²¥¤¸É¢¨Ö É ±μ£μ ¶·¥¤¶μ²μ-
¦¥´¨Ö ³Ò μ¡¸Ê¤¨³ ¶μ§¦¥.

� ·Í¨ ²Ó´ Ö ±Ê²μ´μ¢¸± Ö ËÊ´±Í¨Ö ƒ·¨´  ³μ¦¥É ¡ÒÉÓ ¸É ´¤ ·É´μ ¶·¥¤-
¸É ¢²¥´  ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ±Ê²μ´μ¢¸±¨³ ¸¶¥±É· ²Ó´Ò³ ËÊ´±Í¨Ö³

g(±)l(r, r′; E; Z) =
∑
α

ϕα∗
l (r; Z)ϕα

l (r′; Z)
E − εα ± i0

. (2.9)
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�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ · §²μ¦¥´¨¥ ±Ê²μ´μ¢¸±¨Ì ËÊ´±Í¨° ¢ ·Ö¤ ”Ê·Ó¥ ¶μ
ËÊ´±Í¨Ö³ ‹ £¥··  Sα

nl(Z), ¶μ²ÊÎ ¥³ ¤²Ö ¢Ò· ¦¥´¨Ö ¢ ±¢ ¤· É´ÒÌ
¸±μ¡± Ì ¢ (2.8)∫

C

dE
2πi

g
(−)l
n n′ (E , Z − 1) g

(−)λ
ν ν′ (E − E , Z) =

=
∑
α

Sα ∗
nl (Z − 1)Sα

n′l(Z − 1) g
(−)λ
ν ν′ (E − εα, Z). (2.10)

‚ ÔÉμ³ ³¥¸É¥ ³Ò ³μ£²¨ ¡Ò ¶·¨³¥´¨ÉÓ · §²μ¦¥´¨¥ (2.9) ¸´μ¢  ¨ ¶μ²ÊÎ¨ÉÓ
¤¢μ°´μ¥ ¸Ê³³¨·μ¢ ´¨¥-¨´É¥£·¨·μ¢ ´¨¥ ¢Ò· ¦¥´¨Ö (2.10), ´μ ÔÉμ ´¥Ê¤μ¡´μ ¸
ÉμÎ±¨ §·¥´¨Ö Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢. �μ²¥§´μ ¢¸¶μ³´¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É -

¢²¥´¨¥ ³ É·¨Î´μ£μ Ô²¥³¥´É  g
(±)λ
ν ν′ (E) [68]:

G(±)λ
ν ν′ (p; Z) = −2

p
Sν< λ(p, Z) C(±)

ν> λ(p, Z),
(2.11)

ν< = min {ν, ν′} , ν> = max {ν, ν′} ,

£¤¥ p =
√

2E. �´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ �μ²² Î¥±  C(±)
n l (p, Z)

¶·¨¢¥¤¥´μ ¢ ¶·¨²μ¦¥´¨¨. ”Ê´±Í¨Ö C(+)
n l (p, Z)

[
C(−)

n l (p, Z)
]

μ¶·¥¤¥²¥´  ¢ μ¡² -

¸É¨ Im (p) > 0 [Im (p) < 0] ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ p, ¨  ´ ²¨É¨Î¥¸±μ¥ ¶·μ-
¤μ²¦¥´¨¥ ¨³¥¥É ¢¨¤ [85]

C(+)
n l (p, Z) = C(−)

n l (p, Z) + 2iSn l(p, Z). (2.12)

ˆ´É¥£· ² (2.10) ¤μ¸É ÉμÎ´μ ¡Ò¸É·μ (¸ Î¨¸²¥´´μ° ÉμÎ±¨ §·¥´¨Ö) ¸Î¨É ¥É¸Ö
´¨¦¥ ¶μ·μ£  · §¢ ²  ¨μ´  He+, É. ¥. ¶·¨ E < 0. ‘ ¤¥É ²Ö³¨ ³μ¦´μ μ§´ -
±μ³¨ÉÓ¸Ö ¢ [81, 83]. „²Ö ·¥ ±Í¨° ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö, ±μ£¤ 
E > 0, · ¸Î¥É ¨´É¥£· ²  (2.10) ³μ¦´μ ¶·μ¢¥¸É¨, ¢· Ð Ö ±μ´ÉÊ· ¨´É¥£·¨·μ¢ -
´¨Ö, ¸²¥¤ÊÖ ˜¥°±Ï ËÉÊ [86] (·¨¸. 1). �É  É¥Ì´¨±  ¡μ²¥¥ ¶μ¤·μ¡´μ μ¶¨¸ ´ 
¢ [82,83]. ’ ±¦¥ ³´μ£μ ¶μ²¥§´ÒÌ ¤¥É ²¥° ¤²Ö Î¨¸²¥´´μ£μ ¸Î¥É  ¶·¥¤¸É ¢²¥´μ
¢ ¤¨¸¸¥·É Í¨¨ [87]. �·¨¢¥¤¥³ §¤¥¸Ó ²¨ÏÓ ±μ´¥Î´Ò° ·¥§Ê²ÓÉ É. „²Ö Ê¤μ¡¸É¢ 

¸¤¥² ¥³ § ³¥´Ê g
(±)λ
ν ν′ (E; Z) = Gλ(±)

ν ν′ (p; Z) ¨ ¶¥·¥¶¨Ï¥³ ³ É·¨Î´Ò° Ô²¥³¥´É
É·¥ÌÎ ¸É¨Î´μ° ËÊ´±Í¨¨ ƒ·¨´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

G
l λ (−)
n n′; ν ν′(E) =

1
4πi

∫
C

dE Gl (−)
n n′ (

√
E0 + E ; Z − 1)Gλ(−)

ν ν′ (
√
E0 − E ; Z), (2.13)

£¤¥ E0 = E. ’¥¶¥·Ó ¶μ¢μ· Î¨¢ ¥³ ±μ´ÉÊ· C ´  Ê£μ² ϕ ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨,
¨ ´μ¢Ò° ±μ´ÉÊ· C′ = E0 eiϕt ¶¥·¥¸¥± ¥É · §·¥§Ò μ¡¥¨Ì ËÊ´±Í¨° ƒ·¨´ . ˆ¸-
¶μ²Ó§ÊÖ  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ (2.12) ¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ ¢¤μ²Ó ´¥Ë¨-
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�¨¸. 1. Šμ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¨´É¥£· ²¥-¸¢¥·É±¥ (2.10). �μ²Õ¸Ò, μÉ¢¥Î ÕÐ¨¥
¤¨¸±·¥É´μ³Ê ¸¶¥±É·Ê £ ³¨²ÓÉμ´¨ ´  h1, μÉ³¥Î¥´Ò É¥³´Ò³¨ ±·Ê¦± ³¨. −E0 + iε μ¡μ-
§´ Î ¥É ´ Î ²μ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê´¨É ·´μ£μ · §·¥§ . ‘¢¥É²Ò³¨ ±·Ê¦± ³¨ ¨ E0 − iε
μÉ³¥Î¥´Ò  ´ ²μ£¨Î´Ò¥ ¢¥²¨Î¨´Ò ¤²Ö £ ³¨²ÓÉμ´¨ ´  h2

§¨Î¥¸±¨Ì ²¨¸Éμ¢, ¶·¨Ìμ¤¨³ ± ¢Ò· ¦¥´¨Õ

G
l λ (−)
n n′; ν ν′(E) =

=
E0 eiϕ

4πi

⎧⎨⎩
0∫

−∞

dtGl (−)
n n′ (k; Z − 1)

[
Gλ(+)

ν ν′ (p; Z) +
4i

p
Sν λ(p; Z)Sν′ λ(p; Z)

]
+

+

∞∫
0

dt

[
Gl(+)

n,n′ (k; Z − 1) +
4i

k
Sn l(k; Z − 1)Sn′ l(k; Z − 1)

]
Gλ(−)

ν ν′ (p; Z)

⎫⎬⎭ .

(2.14)

‚ (2.14) k =
√
E0(1 + t eiϕ) ¨ p =

√
E0(1 − t eiϕ), É. ¥. k2 + p2 = 2E. �ÉμÉ

μ¤´μ³¥·´Ò° ¨´É¥£· ² ¢ÒÎ¨¸²Ö¥É¸Ö Î¨¸²¥´´μ.
‚ § ±²ÕÎ¥´¨¥ ÔÉμ£μ ¶Ê´±É  ¸²¥¤Ê¥É ¸± § ÉÓ ´¥¸±μ²Ó±μ ¸²μ¢ μ · ¸Î¥É Ì

(e, 2e)-·¥ ±Í¨°, ±μ£¤  ¶μ¤ ¤¥°¸É¢¨¥³ ¡Ò¸É·μ£μ Ô²¥±É·μ´   Éμ³ £¥²¨Ö (¨²¨
¤·Ê£ Ö ±¢ ´Éμ¢ Ö ¸¨¸É¥³ ) ¨¸¶Ê¸± ¥É Ô²¥±É·μ´,   ¨μ´ μ¸É ¥É¸Ö ¢ μ¸´μ¢´μ³
(¢μ§¡Ê¦¤¥´´μ³) ¸μ¸ÉμÖ´¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ëμ·³Ê²  (2.6) § ³¥´Ö¥É¸Ö ´ 

Ψ(−)
n0 l0 m =

√
2
π

1
ke

(1 + gP̂12)√
2

∑
L λ0 μ0

(l0 m λ0 μ0|L M)Y ∗
λ0 μ0

(k̂e)ψL M
l0 λ0

(2.15)

¨ ¢ Ê· ¢´¥´¨¨ (2.8) ¢¥²¨Î¨´  iλ0 e−iσλ0 (k2,Z) Sνλ0(k2, Z) ¢ ¸¢μ¡μ¤´μ³ Î²¥´¥

§ ³¥´Ö¥É¸Ö ´  S(j)
νλ0

(Z) (�.4). ‚ μ¸É ²Ó´μ³ ¨¸Ìμ¤´ Ö ¸Ì¥³  ¤²Ö Î¨¸²¥´´ÒÌ
· ¸Î¥Éμ¢ ¸ÊÐ¥¸É¢¥´´μ ´¥ ¨§³¥´Ö¥É¸Ö.
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2.2. Œ É·¨Î´Ò¥ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¨ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨Ö. ‚ ¶μ¸²¥¤-
´¥¥ ¢·¥³Ö ¢ ¶· ±É¨±Ê Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¢  Éμ³´μ° Ë¨§¨±¥ Ï¨·μ±μ ¢μÏ² 
· §´μ¢¨¤´μ¸ÉÓ ³¥Éμ¤  ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢,   ¨³¥´´μ É ± ´ §Ò¢ ¥³Ò° ¸Ìμ-
¤ÖÐ¨°¸Ö ³¥Éμ¤ ¸¨²Ó´μ° ¸¢Ö§¨ (convergent close-coupling Å CCC) [60,88Ä90],
±μÉμ·Ò° É ±¦¥ μ¸´μ¢ ´ ´  ¨´É¥£· ²Ó´μ³ Ê· ¢´¥´¨¨, ´μ ¶·¨ ÔÉμ³ Ô±¸¶²Ê É¨-
·Ê¥É ¶¸¥¢¤μ¸μ¸ÉμÖ´¨Ö. �·¨£¨´ ²Ó´ Ö ¢¥·¸¨Ö ÔÉμ£μ ³¥Éμ¤  ¶·¨³¥´Ö² ¸Ó ¤²Ö
· ¸Î¥Éμ¢ É·¥ÌÎ ¸É¨Î´μ° ±Ê²μ´μ¢¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¨¸É¥³Ò He+ + e (¢
 ´£²μÖ§ÒÎ´μ° ²¨É¥· ÉÊ·¥ ¶μ  Éμ³´μ° Ë¨§¨±¥ É ± Ö ËÊ´±Í¨Ö ´μ¸¨É ´ §¢ ´¨¥
single electron continuum wave function). „¥É ²¨ É¥Ì´¨±¨ · ¸Î¥Éμ¢ ¶·¨¢μ¤ÖÉ¸Ö
¢ [91], ¨ ³Ò ´¥ ¡Ê¤¥³ ¨Ì §¤¥¸Ó ¶μ¤·μ¡´μ ¨§² £ ÉÓ. �¸É ´μ¢¨³¸Ö ²¨ÏÓ ´ 
μ¤´μ³ ¶·¨´Í¨¶¨ ²Ó´μ³ ³μ³¥´É¥.

ˆ§ É¥μ·¨¨ ³´μ£μÎ ¸É¨Î´μ£μ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö ‹˜ ¤²Ö ±Ê²μ´μ¢-
¸±¨Ì ¶μÉ¥´Í¨ ²μ¢ ¸²¥¤Ê¥É [92], ÎÉμ Ë¨§¨Î¥¸± Ö  ³¶²¨ÉÊ¤  ´¥ ¥¸ÉÓ ·¥Ï¥´¨¥
ÔÉμ£μ Ê· ¢´¥´¨Ö,   ¸¢Ö§ ´  ¸ ´¨³ ¶μ¸·¥¤¸É¢μ³ μ¶·¥¤¥²¥´´μ£μ ±μÔËË¨Í¨¥´É ,
¸¨´£Ê²Ö·´μ¸ÉÓ ¢ ±μÉμ·μ³ ¢μ§´¨± ¥É ¶·¨ ¢Ò¶μ²´¥´¨¨ § ±μ´  ¤¨¸¶¥·¸¨¨, ±μ-
£¤  Ô´¥·£¨Ö ¨ ¨³¶Ê²Ó¸Ò ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ°. ˆ§ ¸Ì¥³Ò ‘‘‘ ´¥ Ö¸´μ, ¥¸ÉÓ
²¨ ¢μμ¡Ð¥ ± ± Ö-Éμ ¸¢Ö§Ó ³¥¦¤Ê ÉμÎ´Ò³ ¨ ¶·¨¡²¨¦¥´´Ò³ (³ É·¨Î´Ò³) ¨´-
É¥£· ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨. �ÉμÉ ¢μ¶·μ¸ § É· £¨¢ ¥É¸Ö ¢ [74] (¸³. É ±¦¥ ¤²Ö
¶μ²´μÉÒ μÉ¢¥É  ¢Éμ·μ¢ [93]) ¨ ¸¢Ö§ ´ ¸ ±μ³¶ ±É´μ¸ÉÓÕ Ö¤·  ¨´É¥£· ²Ó´μ£μ
Ê· ¢´¥´¨Ö [3].

� ¶μ³´¨³ ¢ ¸¨²Ê ¢ ¦´μ¸É¨ ¶·μ¡²¥³Ò ±· É±μ ¸μ¤¥·¦ ´¨¥ · ¡μÉÒ [74]
(μ¡Ð¨° ¢§£²Ö¤ ´  ¶·μ¡²¥³Ê ¤ ´ É ±¦¥ ¢ μ¡§μ·¥ [92]). ’ ³ · ¸¸³ É·¨¢ ¥É¸Ö
¨μ´¨§ Í¨Ö  Éμ³  ¢μ¤μ·μ¤  ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³ (Z = 1). “· ¢´¥´¨¥
‹˜ ¤²Ö ´¥¸¨³³¥É·¨§μ¢ ´´μ°  ³¶²¨ÉÊ¤Ò (  ¨³¥´´μ Ê· ¢´¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤
¨¸¶μ²Ó§ÊÕÉ¸Ö ¢ μ·¨£¨´ ²Ó´μ° ¢¥·¸¨¨ ‘‘‘-¸Ì¥³Ò) ¶·¨´¨³ ¥É ¢¨¤

T0(k1,ke;k0) ≡ (
〈
k1, ϕ

−(ke; Z) |T |ϕ0,k0

〉
=
〈
k1, ϕ

−(ke; Z) |V2|ϕ0,k0

〉
+

+
∑
α

∫
dk′

(2π)3
〈k1, ϕ

−(ke; Z) |V2|ϕα(Z),k′〉
E − εα − k′2/2

〈k′, ϕα(Z) |T |ϕ0,k0〉 , (2.16)

£¤¥ V2 = (r−1
12 − r−1

1 ) ¨ ϕα(Z) Å ¸¶¥±É· ²Ó´Ò¥ ±Ê²μ´μ¢¸±¨¥ ËÊ´±Í¨¨ ¤¢ÊÌ-
Î ¸É¨Î´μ£μ £ ³¨²ÓÉμ´¨ ´  ĥ2(Z) ¸ ¸μ¡¸É¢¥´´Ò³¨ Ô´¥·£¨Ö³¨ εα. ˆ§ [92]
¸²¥¤Ê¥É, ÎÉμ ¨´É¥£· ²Ó´Ò° Î²¥´ ´¥ · ¸Ìμ¤¨É¸Ö, ¥¸²¨ E �= k2

1/2 + k2
e/2, ¨ ¶·¨

λ = E − k2
1/2 − k2

e/2 → +i0  ³¶²¨ÉÊ¤  (2.16) ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

T0(k1,ke;k0) ≈ λiηM(k1,ke;k0) + O(λ1+iη), η = − 1
k1

+
1

|k1 − ke|
.

‚ ¸¢μÕ μÎ¥·¥¤Ó, Ë¨§¨Î¥¸± Ö  ³¶²¨ÉÊ¤  t(k1,ke;k0) (e, 2e)-¶·μÍ¥¸¸  ¸¢Ö§ ´ 
¸ £² ¤±μ° ËÊ´±Í¨¥° M ¸μμÉ´μÏ¥´¨¥³

t(k1,ke;k0) =
e−(π/2)η+iA

Γ(1 − iη)
M(k1,ke;k0), (2.17)
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£¤¥ A Å Ë §  „μ²² ·¤ :

A = − 1
k1

ln (2k2
1) +

1
|k1 − ke|

ln |k1 − ke|2.

�¢Éμ·Ò ‘‘‘-¸Ì¥³Ò § ³¥´ÖÕÉ Ê· ¢´¥´¨¥ (2.16) ¤·Ê£¨³ (¸³. (1.2)):〈
k1, ζ{qN}(Z) |T |ϕ0,k0

〉
=
〈
k1, ζ{qN}(Z) |V2|ϕ0,k0

〉
+

+
N∑

γ=0

∫
dk′

(2π)3

〈
k1, ζ{qN}(Z) |V2| ζ{qγ}(Z),k′〉

E − ε̄γ − k′2/2 + i0

〈
k′, ζ{qγ}(Z) |T |ϕ0,k0

〉
.

(2.18)

�μ ¤μ£μ¢μ·¥´´μ¸É¨ ζ{q0}(Z) ≡ ϕ0. �±μ´Î É¥²Ó´μ〈
k1, ϕ

−(ke; Z) |T |ϕ0,k0

〉
≈

≈
N∑

γ=0

〈
ϕ−(ke; Z)|ζ{qγ}(Z)

〉 〈
k1, ζ{qγ}(Z) |T |ϕ0,k0

〉
. (2.19)

‚ ± ±μ³ ¸μμÉ´μÏ¥´¨¨ ´ Ìμ¤ÖÉ¸Ö  ³¶²¨ÉÊ¤Ò (2.17) ¨ (2.19) Å ´¥ Ö¸´μ. ‚¨-
¤¨³μ, ³μ¦´μ £μ¢μ·¨ÉÓ μ ± ±μ³-Éμ ¨Ì ¸μ¢¶ ¤¥´¨¨ (¢ ¶·¥¤¥² Ì ´¥¸ÊÐ¥¸É¢¥´´μ£μ
Ë §μ¢μ£μ Ë ±Éμ· ) ¶·¨ k1 
 ke (η → 0), ¨ Éμ ¸ μ¶·¥¤¥²¥´´μ° ³ É¥³ É¨Î¥¸±μ°
´ ÉÖ¦±μ°, ÎÉμ, ¢¶·μÎ¥³, ¤μ¸É ÉμÎ´μ Ì · ±É¥·´μ ¤²Ö Ë¨§¨±¨. �ÉμÉ ¢μ¶·μ¸ ¢
¶μ²´μ° ³¥·¥ ¤μ ¸¨Ì ¶μ· ´¥ ¨¸¸²¥¤μ¢ ´, ÌμÉÖ ‘‘‘-¸Ì¥³  Ï¨·μ±μ ¶·¨³¥´Ö¥É¸Ö
(¨ ¢ ¡μ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ ¤μ¢μ²Ó´μ Ê¸¶¥Ï´μ) ¢ ¶· ±É¨±¥ ¸· ¢´¥´¨Ö É¥μ·¨¨ ¸
Ô±¸¶¥·¨³¥´Éμ³.

2.3. �¤´μ±· É´ Ö ¨μ´¨§ Í¨Ö  Éμ³  £¥²¨Ö. �·μ¨²²Õ¸É·¨·Ê¥³ É¥¶¥·Ó
ÔËË¥±É¨¢´μ¸ÉÓ ¶·¥¤² £ ¥³μ° ¢ ¶. 2.1 ¸Ì¥³Ò · ¸Î¥Éμ¢ ´  ¶·¨³¥·¥ É·¥Ì±· É-
´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö (TDCS) ¢ ¶·μÍ¥¸¸¥ μ¤´μ±· É´μ° ¨μ´¨§ -
Í¨¨ Ô²¥±É·μ´´Ò³ Ê¤ ·μ³  Éμ³  £¥²¨Ö. ‘Ì¥³  ¶·μÍ¥¸¸  ¶·¨¢¥¤¥´  ´  ·¨¸. 2.
‚ μ¡¸Ê¦¤ ¥³μ° (e, 2e)-·¥ ±Í¨¨ ¡Ò¸É·Ò° ´ ²¥É ÕÐ¨° Ô²¥±É·μ´ ¸ Ô´¥·£¨¥°
¢ ´¥¸±μ²Ó±μ ±¨²μÔ²¥±É·μ´¢μ²ÓÉ ¶¥·¥¤ ¥É  Éμ³Ê μÉ´μ¸¨É¥²Ó´μ ³ ²Ò¥ Ô´¥·-
£¨Õ ¨ ¨³¶Ê²Ó¸, É ± ÎÉμ ·¥Ï¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° § ¤ Î¨ Î¥ÉÒ·¥Ì É¥² ³μ¦¥É
¡ÒÉÓ ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ¥´μ, ¥¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ¶¥·¢Ò³ ¡μ·´μ¢¸±¨³ ¶·¨¡²¨-
¦¥´¨¥³ ¶·¨ μ¶¨¸ ´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ´ ²¥É ÕÐ¥£μ Ô²¥±É·μ´  ¸  Éμ³μ³,  
¡Ò¸É·Ò° Ô²¥±É·μ´ μ¶¨¸Ò¢ ÉÓ ¶²μ¸±μ° ¢μ²´μ°.

‚ ¨¸¶μ²Ó§Ê¥³μ³ ¶·¨¡²¨¦¥´¨¨  ³¶²¨ÉÊ¤  ¶¥·¥Ìμ¤  § ¶¨¸Ò¢ ¥É¸Ö
¢ ¢¨¤¥ [94]

Tf i = 〈Ψps ke {q0}(r0, r1, r2)|V̂0|Φpi(r0, r1, r2)〉, (2.20)

£¤¥ V̂0 Å  ¸¨³¶ÉμÉ¨Î¥¸±¨° ¶μÉ¥´Í¨ ². ‚ ¢Ò· ¦¥´¨¨ (2.20) pi, ps ¨ ke Å
¨³¶Ê²Ó¸Ò ´ ²¥É ÕÐ¥£μ (¡Ò¸É·μ£μ), · ¸¸¥Ö´´μ£μ (¡Ò¸É·μ£μ) ¨ ¢Ò¡¨Éμ£μ (³¥¤-
²¥´´μ£μ) Ô²¥±É·μ´μ¢ ¸μμÉ¢¥É¸É¢¥´´μ, {q0} Ì · ±É¥·¨§Ê¥É ¸μ¸ÉμÖ´¨¥ ±μ´¥Î´μ£μ
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�¨¸. 2. ‘Ì¥³ É¨Î¥¸± Ö ¤¨ £· ³³  ¶·μÍ¥¸¸  μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨

¨μ´  He+ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ £² ¢´μ³ ±¢ ´Éμ¢μ³ Î¨¸²¥ q0. ‚μ²´μ¢ Ö ËÊ´±-
Í¨Ö Φpi ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Φpi(r0, r1, r2) = eipi·r0Φ0(r1, r2), (2.21)

£¤¥ Φ0(r1, r2) Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö. ‚μ²-
´μ¢ Ö ËÊ´±Í¨Ö Ψps ke {q0} ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¶·¨¡²¨¦ ¥É¸Ö ¢Ò· -
¦¥´¨¥³

Ψps ke {q0}(r0, r1, r2) ≈ eips·r0Ψ{q0}(ke; r1, r2), (2.22)

£¤¥ Ψ{q0}(ke; r1, r2) Å ¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤¢ÊÌÔ²¥±É·μ´´μ° ¸¨¸É¥³Ò.
’ ±¨³ μ¡· §μ³, ¶μ² £ ¥É¸Ö, ÎÉμ · ¸¸¥Ö´´Ò° Ô²¥±É·μ´ ´¥ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸
³¨Ï¥´ÓÕ ¢ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨. �μÉ¥´Í¨ ² V̂0 ¢ ¢Ò· ¦¥´¨¨ (2.20) μ¶¨¸Ò¢ ¥É
±Ê²μ´μ¢¸±μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ´ ²¥É ÕÐ¨³ Ô²¥±É·μ´μ³ ¨  Éμ³μ³ £¥²¨Ö

V̂0 = − 2
r0

+
1

|r0 − r1|
+

1
|r0 − r2|

. (2.23)

’ ±¨³ μ¡· §μ³, ¢ ¡μ·´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨  ³¶²¨ÉÊ¤  (2.20) ¶·¨´¨³ ¥É ¢¨¤

T
{q0}
f i =

4π

Q2

〈
Ψ{q0}(ke)

∣∣ eiQ·r1 + eiQ·r2 − 2
∣∣Φ0

〉
, (2.24)

£¤¥ Q = pi − ps Å ¶¥·¥¤ ´´Ò° ¨³¶Ê²Ó¸. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ TDCS ·¥ ±Í¨¨
He(e, 2e)He+ § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

σ
(3)
{q0} ≡

d3σ{q0}
dΩs dEe dΩe

=
1

(2π)5
keps

pi
|T {q0}

f i |2. (2.25)
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�μ¸±μ²Ó±Ê ³ £´¨É´Ò¥ ¨ Ê£²μ¢Ò¥ ¸μ¸ÉμÖ´¨Ö ¢ ¨μ´¥ He+ ¢Ò·μ¦¤¥´Ò, ¨ ³Ò ¨Ì
´¥ ¨§³¥·Ö¥³, Éμ ¶μ ´¨³ ´ ¤μ ¶·μ¨§¢¥¸É¨ ¸Ê³³¨·μ¢ ´¨¥. ‚ ·¥§Ê²ÓÉ É¥ TDCS
(e, 2e)-·¥ ±Í¨¨, ±μ£¤  ¨μ´ He+ μ¸É ¥É¸Ö ¢ ¢μ§¡Ê¦¤¥´´μ³ ¸μ¸ÉμÖ´¨¨, ¢Ò£²Ö¤¨É
± ±

σ
(3)
{q0} =

4pske

(2π)3pi

1
Q4

∑
l0 m

|〈Ψ(−)
q0l0m(ke)| eiQ·r1 + eiQ·r2 − 2 |Φ0〉|2 . (2.26)

“£²μ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³¥¤²¥´´μ£μ Ô²¥±É·μ´  ¢ (e, 2e)-·¥ ±Í¨¨ ¨μ´¨§ -
Í¨¨ ¸ ¢μ§¡Ê¦¤¥´¨¥³ · ¸¸Î¨É ´Ò ¤²Ö ¤¢ÊÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ´ ¡μ·μ¢ [95].
‚ ÔÉ¨Ì Ô±¸¶¥·¨³¥´É Ì ¨μ´ μ¸É ¥É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ q0 = 2, Es = 5500 Ô‚,   ¢Ò-
¡¨ÉÒ° Ô²¥±É·μ´ Ì · ±É¥·¨§Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ±¨´¥³ É¨Î¥¸±¨³¨ Ê¸²μ¢¨Ö³¨:
a) Ee = 5 Ô‚ ¨ θs = 0,35◦; ¡) Ee = 75 Ô‚ ¨ θs = 1◦, £¤¥ θs Å Ê£μ² · ¸¸¥Ö-
´¨Ö ¡Ò¸É·μ£μ Ô²¥±É·μ´ ,   θe Å Ê£μ² ¢Ò²¥É  ¨¸¶ÊÐ¥´´μ£μ  Éμ³μ³ Ô²¥±É·μ´ 
(¢ ¤ ²Ó´¥°Ï¥³, ´  ¶·¥¤¸É ¢²¥´´ÒÌ ´¨¦¥ ·¨¸Ê´± Ì, ÔÉμÉ Ê£μ² μÉ¸Î¨ÉÒ¢ ¥É¸Ö
¶μ Î ¸μ¢μ° ¸É·¥²±¥ μÉ ´ ¶· ¢²¥´¨Ö ¢¥±Éμ·  pi ¤²Ö Ê¤μ¡¸É¢  ¸· ¢´¥´¨Ö ¸ ¤·Ê-
£¨³¨ · ¸Î¥É ³¨).

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Φ0 μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö ¶μ²ÊÎ¥´  ¢ ·¥-
§Ê²ÓÉ É¥ ¤¨ £μ´ ²¨§ Í¨¨ ³ É·¨ÍÒ Ê· ¢´¥´¨Ö (1.1), · ¸¸Î¨É ´´μ° ¢ ¡ §¨-
¸¥ (2.7). ‡¤¥¸Ó ³Ò μ£· ´¨Î¨²¨¸Ó lmax = 3 ¨ nmax = νmax = 15. ‚Ò¡μ·
¡ §¨¸´μ£μ ¶ · ³¥É·  u0 = 1,193 ¤ ¥É §´ Î¥´¨¥ E0 = −2,903256 ¤²Ö Ô´¥·£¨¨
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ(−)
q0l0m (2.15) ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¶μ²ÊÎ¥´  ¸ ¨¸-

¶μ²Ó§μ¢ ´¨¥³ · ¸¸³ É·¨¢ ¥³μ£μ §¤¥¸Ó ³¥Éμ¤ . ‚ · §²μ¦¥´¨¨ ËÊ´±Í¨¨ (2.15)
¶μ ¡ §¨¸Ê ³Ò μ£· ´¨Î¨²¨¸Ó ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨¥³ ¶μ²´μ£μ μ·¡¨É ²Ó´μ£μ
³μ³¥´É  Lmax = 2, l, λ � 3. ‡¤¥¸Ó Ê³¥¸É´μ μ¡¸Ê¤¨ÉÓ ·μ²Ó ¶ · ³¥É·μ¢ a ¨
b ËÊ´±Í¨¨ ®· §¤¥²¥´¨Ö¯ (2.1). � · ³¥É· a μ¶·¥¤¥²Ö¥É ÔËË¥±É¨¢´Ò° · ¤¨Ê¸

±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  V
(s)
2 P̂12 ¢ (2.4), ³ É·¨Í  ±μÉμ·μ£μ ´¥¤¨ £μ-

´ ²Ó´  ¶μ ¨´¤¥±¸ ³ (l λ). �μ³¨³μ ÔÉμ£μ Î²¥´ , ¸² £ ¥³μ¥ r−1
12 É ±¦¥ ¸¢Ö§Ò¢ ¥É

¶ ·Í¨ ²Ó´Ò¥ ¢μ²´Ò ¸ · §²¨Î´Ò³¨ (l λ) ¢ Ê· ¢´¥´¨¨ (2.3). ’ ±¨³ μ¡· §μ³, ¢¥-
²¨Î¨´  a Ê¶· ¢²Ö¥É ´¥¤¨ £μ´ ²Ó´μ° ¶μ (l λ) Î ¸ÉÓÕ ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ· Ö ¨
¤ ¥É £² ¢´Ò° ¢±² ¤ ¢ TDCS. ‘²¥¤μ¢ É¥²Ó´μ, ¸Ìμ¤¨³μ¸ÉÓ · ¸Î¥Éμ¢ ¶μ μÉ´μÏ¥-
´¨Õ ± ¢Ò¡μ·Ê ¶ · ³¥É·  a ³μ¦¥É ¸²Ê¦¨ÉÓ ¶μ± § É¥²¥³ ¸Ìμ¤¨³μ¸É¨ ±μ´¥Î´μ£μ
· §²μ¦¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶μ ¶ ·Í¨ ²Ó´Ò³ ¢μ²´ ³.

‘Ìμ¤¨³μ¸ÉÓ Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö ³¥¤²¥´´μ£μ Ô²¥±É·μ´  ¶·¥¤¸É ¢²¥´ 
´  ·¨¸. 3 (a = 3, b = 20, κ = 2,1) ¨ ·¨¸. 4 (a = 5, b = 50, κ = 2,1). N μ¡μ-
§´ Î ¥É Î¨¸²μ ² £¥··μ¢¸±¨Ì ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ¨ ¨¸¶μ²Ó§μ¢ ²μ¸Ó §´ Î¥´¨¥
¶ · ³¥É·  u = 0,6 ¡ §¨¸´μ° ËÊ´±Í¨¨ ‹ £¥·· . �± §Ò¢ ¥É¸Ö, ÎÉμ ¸±μ·μ¸ÉÓ
¸Ìμ¤¨³μ¸É¨ ¨ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ¶· ±É¨Î¥¸±¨ ´¥ § ¢¨¸ÖÉ μÉ §´ Î¥´¨°
¶ · ³¥É·μ¢ a ¨ b.

�  ·¨¸. 5 ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ (¸¶²μÏ´ Ö ²¨´¨Ö) ¶·¥¤¸É ¢²¥´Ò ¢ ¸· ¢-
´¥´¨¨ ¸ Ô±¸¶¥·¨³¥´Éμ³ [95] ¨ ¸ ·¥§Ê²ÓÉ É ³¨, ¶μ²ÊÎ¥´´Ò³¨ ¢ · ³± Ì ¤¢ÊÌ
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�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ TDCS (2.26) ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö μÉ ±μ²¨Î¥¸É¢  N · ¤¨ ²Ó´ÒÌ
¡ §¨¸´ÒÌ ËÊ´±Í¨°. Es = 5500 Ô‚, Ee = 5 Ô‚, θs = 0,35◦. ‡´ Î¥´¨Ö ¶ · ³¥É·μ¢
ËÊ´±Í¨¨ ®· §¤¥²¥´¨Ö¯ ¸²¥¤ÊÕÐ¨¥: a = 3, b = 20, κ = 2,1

�¨¸. 4. ’μ ¦¥, ÎÉμ ¨ ´  ·¨¸. 3, ´μ a = 5, b = 50

¤·Ê£¨Ì ³μ¤¥²¥°: CCC (ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö) [96] ¨ 5MC (¶Ê´±É¨·´ Ö ²¨´¨Ö) [95].
‚μ ¢¸¥Ì É¥μ·¥É¨Î¥¸±¨Ì ¶μ¤Ìμ¤ Ì É·¥¡Ê¥É¸Ö ¤μ¶μ²´¨É¥²Ó´Ò° ¶μ¤£μ´μÎ´Ò°
³´μ¦¨É¥²Ó, ÎÉμ¡Ò μ¶¨¸ ÉÓ Ô±¸¶¥·¨³¥´É (∼ 1,45 ¢ ´ Ï¥° ³μ¤¥²¨ ¨ ∼ 1,6
¤²Ö 5MC). ‡ ³¥É¨³, ÎÉμ Ëμ·³  TDCS, ¶μ²ÊÎ¥´´μ£μ ¢ ´ Ï¥° ³μ¤¥²¨, ¡²¨¦¥ ±
Ô±¸¶¥·¨³¥´É ²Ó´μ°.
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�¨¸. 5. TDCS (2.26) ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö. Es = 5500 Ô‚, Ee = 5 Ô‚, θs = 0,35◦.
‘¶²μÏ´ Ö ²¨´¨Ö Å ¶·¥¤¸É ¢²¥´´ Ö ³μ¤¥²Ó; ÏÉ·¨Ìμ¢ Ö Å CCC; ¶Ê´±É¨·´ Ö Å 5MC
(¢¸¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶μ¤£μ´μÎ´ÒÌ ³´μ¦¨É¥²¥°). ‡´ Î¥´¨Ö
¶ · ³¥É·μ¢ ËÊ´±Í¨¨ ®· §¤¥²¥´¨Ö¯ É¥ ¦¥, ÎÉμ ¨ ´  ·¨¸. 4

�¨¸. 6. ’μ ¦¥, ÎÉμ ¨ ´  ·¨¸. 3, ´μ Ee = 75 Ô‚ ¨ θs = 1◦

„²Ö Ô´¥·£¨¨ Ee = 75 Ô‚ §´ Î¥´¨Ö TDCS σ
(3)
{q0} ¶·¨¡²¨§¨É¥²Ó´μ ¢ 40 · §

³¥´ÓÏ¥, Î¥³ ¶·¨ Ee = 5 Ô‚, ¨ ¢¸¥ Î¨¸²¥´´Ò¥ ¶μ£·¥Ï´μ¸É¨ §¤¥¸Ó ¡μ²¥¥
§ ³¥É´Ò. ‘Ìμ¤¨³μ¸ÉÓ Ê£²μ¢μ£μ · ¸¶·¥¤¥²¥´¨Ö ³¥¤²¥´´μ£μ Ô²¥±É·μ´  ¶·¥¤-
¸É ¢²¥´  ´  ·¨¸. 6 (a = 3, b = 20, κ = 2,1, u = 0,3). �  ·¨¸. 7 ´ Ï¨
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�¨¸. 7. TDCS (2.26) ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö. Es = 5500 Ô‚, Ee = 75 Ô‚, θs = 1◦.
‘¶²μÏ´ Ö ²¨´¨Ö Å ¶·¥¤¸É ¢²¥´´ Ö ³μ¤¥²Ó; ÏÉ·¨Ìμ¢ Ö Å CCC; ¶Ê´±É¨·´ Ö Å 5MC
(¢¸¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶μ¤£μ´μÎ´ÒÌ ³´μ¦¨É¥²¥°). ‡´ Î¥´¨Ö
¶ · ³¥É·μ¢ ËÊ´±Í¨¨ ®· §¤¥²¥´¨Ö¯ É¥ ¦¥, ÎÉμ ¨ ´  ·¨¸. 6

·¥§Ê²ÓÉ ÉÒ (¸¶²μÏ´ Ö ²¨´¨Ö) É ±¦¥ ¶·¥¤¸É ¢²¥´Ò ¢ ¸· ¢´¥´¨¨ ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¤ ´´Ò³¨ [95] ¨ ·¥§Ê²ÓÉ É ³¨ CCC-· ¸Î¥Éμ¢ (ÏÉ·¨Ìμ¢ Ö ²¨´¨Ö).
�·¥¤¸É ¢²¥´´ Ö ³μ¤¥²Ó ¢μ¸¶·μ¨§¢μ¤¨É Ô±¸¶¥·¨³¥´É ²ÊÎÏ¥, ¶μ ±· °´¥° ³¥·¥
¡¨´ ·´Ò° ¶¨±, ¤ ¦¥ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶μ¤£μ´μÎ´ÒÌ ³´μ¦¨É¥²¥°.

2.4. „¢Ê±· É´ Ö ¨μ´¨§ Í¨Ö  Éμ³  £¥²¨Ö. ‚ ¤ ´´μ³ ¶Ê´±É¥ · ¸¸³μ-
É·¨³ É¥μ·¥É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ¤¢μ°´μ° ¨μ´¨§ Í¨¨ £¥²¨Ö
Ô²¥±É·μ´´Ò³ Ê¤ ·μ³, ±μÉμ·Ò¥ ¡Ò²¨ ¢Ò¶μ²´¥´Ò ¢ É ± ´ §Ò¢ ¥³μ° ¤¨¶μ²Ö·-
´μ° ±μ³¶² ´ ·´μ° £¥μ³¥É·¨¨ [76,97]. ’ ±¨¥ Ô±¸¶¥·¨³¥´ÉÒ Ì · ±É¥·¨§ÊÕÉ¸Ö
³ ²Ò³¨ §´ Î¥´¨Ö³¨ ¶¥·¥¤ ¢ ¥³ÒÌ ¨³¶Ê²Ó¸μ¢ ¨ ¡μ²ÓÏ¨³¨ Ô´¥·£¨Ö³¨ ´ ²¥-
É ÕÐ¥£μ ¨ · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´ : Ei ≈ Es ≈ 5−8 ±Ô‚, Éμ£¤  ± ± Ô´¥·-
£¨¨ ¢Ò¡¨ÉÒÌ Ô²¥±É·μ´μ¢ Å ¶μ·Ö¤±  ´¥¸±μ²Ó±¨Ì Ô‚. ’ ±¨¥ ±¨´¥³ É¨Î¥¸±¨¥
Ê¸²μ¢¨Ö ¶μ§¢μ²ÖÕÉ μ¶ÖÉÓ ¦¥ μ£· ´¨Î¨ÉÓ¸Ö ¢ · ¸Î¥É Ì ¶ÖÉ¨±· É´μ£μ ¤¨ËË¥-
·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö (5DCS) ·¥ ±Í¨¨ He(e, 3e)He++ ¶¥·¢Ò³ ¡μ·´μ¢¸±¨³
¶·¨¡²¨¦¥´¨¥³ (FBA) ¨ μ¶¨¸Ò¢ ÉÓ ¡Ò¸É·Ò° Ô²¥±É·μ´ ¶²μ¸±μ° ¢μ²´μ°. (�¥-
§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ 5DCS, ¢Ò¶μ²´¥´´ÒÌ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö FBA, ¸³., ´ ¶·¨-
³¥·, ¢ [98].)

�·μ¸É¥°Ï¥° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö Ψ(−) (±μ£¤  ¢¸¥
É·¨ Î ¸É¨ÍÒ e, e ¨ He++ ¸¢μ¡μ¤´Ò) Ö¢²Ö¥É¸Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö É ± ´ §Ò-
¢ ¥³μ° 3C-³μ¤¥²¨ (¨²¨ 3‘-ËÊ´±Í¨Ö) [78, 99, 100], ±μÉμ· Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨
±μ··¥±É´μ ¢¥¤¥É ¸¥¡Ö ¶·¨ ¡μ²ÓÏ¨Ì ¢§ ¨³´ÒÌ · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê · §²¥É ÕÐ¨-
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³¨¸Ö Î ¸É¨Í ³¨. � ¸Î¥ÉÒ 5DCS ·¥ ±Í¨¨ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö
¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ÔÉμ° ËÊ´±Í¨¨ ¤ ÕÉ ¢¶μ²´¥ Ê¤μ¢²¥É¢μ·¨É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ
¶·¨ Ô´¥·£¨ÖÌ ¢Ò¡¨ÉÒÌ ³¥¤²¥´´ÒÌ Ô²¥±É·μ´μ¢ E1 = E2 = 10 Ô‚ c · §²¨Î-
´Ò³¨ É¨¶ ³¨ ¶·μ¡´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö [101Ä103].
(�μ²Ó ¸μ£² ¸μ¢ ´´μ£μ μ¶¨¸ ´¨Ö ´ Î ²Ó´μ£μ ¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨° ¢ · ¸Î¥-
É Ì ·¥ ±Í¨¨ ¤¢μ°´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö μ¡¸Ê¦¤ ¥É¸Ö É ±¦¥ ¢ [104Ä106].)
’¥³ ´¥ ³¥´¥¥ 3‘-ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ¸²¨Ï±μ³ £·Ê¡Ò³ ¶·¨¡²¨¦¥´¨¥³ ¤²Ö ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò. �μ ÔÉμ° ¶·¨Î¨´¥ ¶·μ¤μ²-
¦ ÕÉ¸Ö ¶μ¶ÒÉ±¨ Ê¸μ¢¥·Ï¥´¸É¢μ¢ ´¨Ö 3C-³μ¤¥²¨. �·¨ ÔÉμ³ ¸Ì¥³Ò · ¸Î¥É 
¸É ´μ¢ÖÉ¸Ö ¢¸¥ ¡μ²¥¥ ¸²μ¦´Ò³¨,   ¶·¥¨³ÊÐ¥¸É¢  ¢¸¥ ³¥´¥¥ μÎ¥¢¨¤´Ò³¨. ‘‘‘-
³¥Éμ¤ ¶μ§¢μ²Ö¥É ÔËË¥±É¨¢´μ ÊÎ¥¸ÉÓ ± ´ ²Ò É·¥ÌÎ ¸É¨Î´μ£μ · §¢ ²  ¶·¨ ¨§Ê-
Î¥´¨¨ Ê¶·Ê£μ£μ ¨ ´¥Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ´  ¸¢Ö§ ´´μ° ¶ ·¥. �¤´ ±μ
¶·¨ Ô´¥·£¨ÖÌ ¢ÒÏ¥ ¶μ·μ£  É·¥ÌÎ ¸É¨Î´μ£μ · §¢ ²  ³¥Éμ¤ ¶¸¥¢¤μ¸μ¸ÉμÖ´¨°
´¥ ¸¶μ¸μ¡¥´  ¤¥±¢ É´μ μ¶¨¸ ÉÓ ¸¢μ°¸É¢  ·¥ ±Í¨°. ’ ±, · ¸Î¥ÉÒ 5DCS, ±μ-
Éμ·Ò¥ ¡Ò²¨ ¢Ò¶μ²´¥´Ò ¢ · ³± Ì ‘‘‘-³¥Éμ¤  [77, 97], ¶μ± §Ò¢ ÕÉ ´¥μ¡-
Ìμ¤¨³μ¸ÉÓ ¢¢¥¤¥´¨Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° ¶μ¤£μ´μÎ´ÒÌ ³´μ¦¨É¥²¥° ¤²Ö ¸· ¢-
´¥´¨Ö É¥μ·¨¨ ¨ Ô±¸¶¥·¨³¥´É  ¶μ  ¡¸μ²ÕÉ´μ° Ï± ²¥. �¨¦¥ ¶·¥¤¸É ¢²¥´Ò
· ¸Î¥ÉÒ ¶ÖÉ¨±· É´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° (5DCS) ¢ · ³± Ì ¤ ´´μ£μ
¶μ¤Ìμ¤ .

5DCS ·¥ ±Í¨¨ He(e, 3e)He++ § ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

σ(5) ≡ d5σ

dΩs dE1 dΩ1 dE2 dΩ2
=

4psk1k2

(2π)6piQ4
×

× |〈Ψ(−)(k1,k2)| exp (iQr1) + exp (iQr2) − 2|Φ0〉|2, (2.27)

£¤¥ (Ei,pi), (Es,ps), (E1,k1) ¨ (E2,k2) Å Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸Ò ´ ²¥É ÕÐ¥£μ
(¡Ò¸É·μ£μ), · ¸¸¥Ö´´μ£μ (¡Ò¸É·μ£μ) ¨ μ¡μ¨Ì ¢Ò¡¨ÉÒÌ ³¥¤²¥´´ÒÌ Ô²¥±É·μ´μ¢
¸μμÉ¢¥É¸É¢¥´´μ; Q = pi − ps Å ¶¥·¥¤ ´´Ò° ¨³¶Ê²Ó¸; Φ0(r1, r2) Å ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö; Ψ(−)(k1,k2; r1, r2) Å ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö Ψ(−) ¶μ²ÊÎ¥´  μ¶¨¸ ´´Ò³ ¢ÒÏ¥
¸¶μ¸μ¡μ³. ŒÒ μ£· ´¨Î¨²¨¸Ó ¢ · ¸Î¥É Ì ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨¥³ ¶μ²´μ£μ
μ·¡¨É ²Ó´μ£μ ³μ³¥´É  Lmax = 2 ¨ ¶ ·Í¨ ²Ó´Ò³¨ μ·¡¨É ²Ó´Ò³¨ ³μ³¥´É ³¨
l, λ � 5. � · ³¥É·Ò a, b ¨ κ ËÊ´±Í¨¨ ®· §¤¥²¥´¨Ö¯ (2.1) ¶μ² £ ²¨¸Ó · ¢´Ò³¨:
a = 3, b = 20, κ = 2,1. ‚ · §²μ¦¥´¨¨ ¶μÉ¥´Í¨ ²  ¶μ ± ¦¤μ° ¨§ ±μμ·¤¨´ É
Ÿ±μ¡¨ ¨¸¶μ²Ó§μ¢ ²μ¸Ó N = 20 ² £¥··μ¢¸±¨Ì ¡ §¨¸´ÒÌ ËÊ´±Í¨°, É. ¥.

V
L(l λ)(l′ λ′)
n ν, n′ ν′ �= 0 ¶·¨ n, ν, n′, ν′ � N. (2.28)

�¥§Ê²ÓÉ ÉÒ · ¸Î¥É  5DCS σ(5) ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 8 (¸¶²μÏ´ Ö ²¨´¨Ö).
„²Ö ¸· ¢´¥´¨Ö ³Ò ¶·¨¢¥²¨ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ · ³± Ì FBA ¸ ¨¸¶μ²Ó-
§μ¢ ´¨¥³ 3‘-³μ¤¥²¨ [101] (¶Ê´±É¨·´ Ö ²¨´¨Ö). “£μ² ¢Ò²¥É  θ1 μ¤´μ£μ ¨§
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�¨¸. 8. �ÖÉ¨±· É´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ 5DCS ·¥ ±Í¨¨ He(e, 3e)He++ ¤¢Ê-
±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö ¡Ò¸É·Ò³ Ô²¥±É·μ´μ³. �´¥·£¨Ö · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´ 
Es = 5500 Ô‚. �´¥·£¨¨ ¢Ò¡¨ÉÒÌ ³¥¤²¥´´ÒÌ Ô²¥±É·μ´μ¢ E1 = E2 = 10 Ô‚. “£μ²
· ¸¸¥Ö´¨Ö ¡Ò¸É·μ£μ Ô²¥±É·μ´  θs = 0,45◦. θ1 ¨ θ2 μ¡μ§´ Î ÕÉ Ê£²Ò ¢Ò²¥É  ¢Ò-
¡¨ÉÒÌ Ô²¥±É·μ´μ¢ μÉ´μ¸¨É¥²Ó´μ ´ ¶· ¢²¥´¨Ö ´ ²¥É ÕÐ¥£μ ¡Ò¸É·μ£μ Ô²¥±É·μ´ . �·¨
ÔÉμ³ θ1 Ë¨±¸¨·μ¢ ´,   Ê£μ² θ2 ³¥´Ö¥É¸Ö ¢ ¶·¥¤¥² Ì μÉ 0 ¤μ 360◦ . ‚¥±Éμ·Ò ¸±μ·μ¸É¨
¢¸¥Ì Ô²¥±É·μ´μ¢ ²¥¦ É ¢ μ¤´μ° ¶²μ¸±μ¸É¨. �±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¢§ÖÉÒ ¨§ [97].
‘¶²μÏ´ Ö ²¨´¨Ö Å ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ; ¶Ê´±É¨·´ Ö Å ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ [101] ¸
3C-ËÊ´±Í¨¥°

¤¢ÊÌ ¢Ò¡¨ÉÒÌ Ô²¥±É·μ´μ¢ Ë¨±¸¨·μ¢ ´, Éμ£¤  ± ± §´ Î¥´¨¥ θ2 ¢Éμ·μ£μ Ô²¥±-
É·μ´  ³¥´Ö¥É¸Ö. �´¥·£¨Ö · ¸¸¥Ö´´μ£μ (¡Ò¸É·μ£μ) Ô²¥±É·μ´  Es = 5500 Ô‚,
Ê£μ² ¥£μ · ¸¸¥Ö´¨Ö θs = 0,45◦,   É ±¦¥ Ô´¥·£¨¨ ¢Ò¡¨ÉÒÌ ³¥¤²¥´´ÒÌ Ô²¥±-
É·μ´μ¢ E1 = E2 = 10 Ô‚ Ë¨±¸¨·μ¢ ´Ò ¢ Ô±¸¶¥·¨³¥´É¥. “£²Ò · ¸¸¥Ö´¨Ö ¨
¢Ò²¥É  ³¥¤²¥´´ÒÌ Ô²¥±É·μ´μ¢ μÉ¸Î¨ÉÒ¢ ÕÉ¸Ö μÉ ´ ¶· ¢²¥´¨Ö ´ ²¥É ÕÐ¥£μ
Ô²¥±É·μ´  ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨ (·¨¸. 9).

‘· ¢´¥´¨¥ É¥μ·¨¨ ¨ Ô±¸¶¥·¨³¥´É  ¶μ± §Ò¢ ¥É, ÎÉμ μ¡¥ ¢μ²´μ¢Ò¥ ËÊ´±-
Í¨¨, μ¶¨¸Ò¢ ÕÐ¨¥ ¤¢¨¦¥´¨¥ ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ ¢
¶μ²¥ Ö¤· , ± ± ¢ J-³ É·¨Î´μ³ ¶μ¤Ìμ¤¥, É ± ¨ ³μ¤¥²Ó´ Ö 3‘-ËÊ´±Í¨Ö ¸ ¶· -
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�¨¸. 9. ‘Ì¥³ É¨Î¥¸± Ö ¤¨ £· ³³  ¶·μÍ¥¸¸  ¤¢μ°´μ° ¨μ´¨§ Í¨¨

¢¨²Ó´μ° £²μ¡ ²Ó´μ°  ¸¨³¶ÉμÉ¨±μ° ´¥ μ¡¥¸¶¥Î¨¢ ÕÉ ¢ ¶μ²´μ° ³¥·¥ μ¶¨¸ ´¨¥
5DCS. �μ¶·μ¡Ê¥³ ¢ ÔÉμ³ · §μ¡· ÉÓ¸Ö.

2.5. �·μ¡²¥³Ò ¨ ¨Ì μ¡¸Ê¦¤¥´¨¥. ŒÒ · ¸¸³μÉ·¥²¨ ´¥¸±μ²Ó±μ ¢¥·¸¨°  ²-
£¥¡· ¨Î¥¸±μ£μ ¶μ¤Ìμ¤  ± ·¥Ï¥´¨Õ ³´μ£μÎ ¸É¨Î´μ£μ “˜ ¸ ±Ê²μ´μ¢¸±¨³ ¢§ -
¨³μ¤¥°¸É¢¨¥³ Î ¸É¨Í. ‡¤¥¸Ó ¶ÊÉ¥³ ¶μ¤¡μ·  ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê£²μ¢μ£μ ¨
· ¤¨ ²Ó´μ£μ ¡ §¨¸μ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ (¨´É¥£· ²Ó´μ¥) Ê· ¢´¥´¨¥ ¸¢μ¤¨É¸Ö ±
³ É·¨Î´μ³Ê, ±μÉμ·μ¥ ·¥Ï ¥É¸Ö ¶μ¸²¥ μ£· ´¨Î¥´¨Ö ³ É·¨Í, ÎÉμ ¶·¨¢μ¤¨É ±
±μ´¥Î´μ° ¸¨¸É¥³¥ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö ±μÔËË¨Í¨¥´Éμ¢
· §²μ¦¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶μ ¢Ò¡· ´´μ³Ê ³´μ£μ³¥·´μ³Ê ¡ §¨¸Ê. �É  ¸¨-
¸É¥³  ´¥μ¤´μ·μ¤´ Ö, ¨ ´¥μ¤´μ·μ¤´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥°
£ ³¨²ÓÉμ´¨ ´  H0, ±μÉμ·Ò° ¢Ò¡· ´ ®¸¢μ¡μ¤´Ò³¯ ¤²Ö ¤ ´´μ° Ë¨§¨Î¥¸±μ° § -
¤ Î¨. �É  ËÊ´±Í¨Ö ¨ ¤μ²¦´  § ¤ ¢ ÉÓ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö.
’μ£¤  ®¢§ ¨³μ¤¥°¸É¢¨¥¯ V ´¥ ¢²¨Ö¥É ´  £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö, ¨  ²£¥¡· ¨Î¥-
¸± Ö ¢¥·¸¨Ö ¢ ¥¥ ®μ¡·¥§ ´´μ³¯ ¢¨¤¥ ¤μ²¦´  · ¡μÉ ÉÓ, ¶μ¸±μ²Ó±Ê ³ É·¨Í 
¶μÉ¥´Í¨ ²  ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Õ (¸³. (2.28))

V
L(l λ)(l′ λ′)
n ν, n′ ν′ = 0 ¶·¨ n, ν, n′, ν′ > N ¤²Ö ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨° N .

ƒ²μ¡ ²Ó´ Ö ±μμ·¤¨´ É´ Ö  ¸¨³¶ÉμÉ¨±  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥-
¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ ¢ ¶μ²¥ Ö¤·  Ìμ·μÏμ ¨§¢¥¸É´  [2, 3, 107, 108]. …¥
±μ··¥±É´μ¥ ¶μ¢¥¤¥´¨¥ ¶·¨ ¡μ²ÓÏ¨Ì ¢§ ¨³´ÒÌ · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê ±μ³¶μ´¥´-
É ³¨ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¶·¨´¨³ ¥É ¢¨¤

Ψ(±)
1 (k1,k2; r1, r2)|r1,r2,r12→∞ ∼ ei(r1k1+r2k2+W±) (2.29)

¸ Ë §μ°

W± = ∓ Z

k1
ln (k1r1±k1r1) ∓

Z

k2
ln (k2r2±k2r2) ±

1
2k12

ln (k12r12±k12r12).

(2.30)
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‚ (2.29) ¨ (2.30) r12 = r1 − r2, k12 = (1/2)(k1 − k2) ¨ Z = 2 ¤²Ö  Éμ³ 
£¥²¨Ö.

„μ¶Ê¸É¨³, ÎÉμ k1 
 k2 ¨ r1 
 r2. ‚ ÔÉμ³ ¸²ÊÎ ¥

W± ∼ ∓Z − 1
k1

ln (k1r1 ± k1r1) ∓
Z

k2
ln (k2r2 ± k2r2). (2.31)

ˆ³¥´´μ É ±μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¸¢μ¡μ¤´μ£μ Î²¥´  μ¡¥¸¶¥Î¨¢ ¥É
Ê· ¢´¥´¨¥ (2.5). ”¨§¨Î¥¸±¨ Ê¸²μ¢¨Ö, ¶·¨¢μ¤ÖÐ¨¥ ±  ¸¨³¶ÉμÉ¨±¥ (2.31), μ§´ -
Î ÕÉ, ÎÉμ ³¥¤²¥´´Ò° ¨¸¶ÊÐ¥´´Ò° Ô²¥±É·μ´ ´ Ìμ¤¨É¸Ö ¢μ ¢·¥³Ö ¸Éμ²±´μ¢¥´¨Ö
¡²¨§±μ μÉ Ö¤·  ¨ ®¢¨¤¨É¯ ¥£μ ¶μ²´Ò° § ·Ö¤ Z, Éμ£¤  ± ± ¡Ò¸É·Ò° ¨¸¶ÊÐ¥´´Ò°
Ô²¥±É·μ´ ¡Ò¸É·μ Ê²¥É ¥É μÉ Ö¤·  ¨ ¶·¥¨³ÊÐ¥¸É¢¥´´μ ®¢¨¤¨É¯ Ô±· ´¨·μ¢ ´-
´Ò° § ·Ö¤ Z − 1. �Éμ μÎ¥¢¨¤´Ò° ÔËË¥±É ÊÎ¥É  Ô²¥±É·μ´´ÒÌ ±μ··¥²ÖÍ¨° ¢
¸²ÊÎ ¥ ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨. ‚ ¸²ÊÎ ¥ ¦¥ μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨  ¸¨³¶Éμ-
É¨Î¥¸±μ¥ Ê¸²μ¢¨¥ ¡²¨§μ¸É¨ μ¤´μ£μ Ô²¥±É·μ´  ± Ö¤·Ê ¨ Ê¤ ²¥´´μ¸É¨ ¤·Ê£μ£μ
¢Ò¶μ²´Ö¥É¸Ö  ¢Éμ³ É¨Î¥¸±¨, ¶μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¢ ± Î¥¸É¢¥ ¸¢μ¡μ¤´μ£μ
Î²¥´  ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö (2.5) ¢Ò¸ÉÊ¶ ¥É ¶·μ¨§¢¥¤¥´¨¥ ±Ê²μ´μ¢¸±μ°
¢μ²´Ò ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¸¢Ö§ ´´μ° ¶ ·Ò ¨μ´  He+.

�Î¥¢¨¤´μ, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¸¢μ¡μ¤´Ò° Î²¥´ Ê· ¢´¥´¨Ö (2.5) ´¥ μ¡¥¸¶¥Î¨-
¢ ¥É ±μ··¥±É´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨
¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ ¢ ¶μ²¥ Ö¤· . �Éμ §´ Î¨É (¸³. μ¡§μ· [92]), ÎÉμ ¨´É¥£· ²Ó-
´Ò° Î²¥´ ¤ ´´μ£μ Ê· ¢´¥´¨Ö · ¸Ìμ¤¨É¸Ö ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö ¤¨¸¶¥·¸¨¨
2E = k2

1 + k2
2 . „¥°¸É¢¨É¥²Ó´μ, ¶μÉ¥´Í¨ ² V ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨° Éμ²Ó±μ ¢

μ¡² ¸É¨ Ω1 ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ , ¢μ ¢¸¥Ì μ¸É ²Ó´ÒÌ μ¡² ¸ÉÖÌ μ´
¨³¥¥É ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ ±Ê²μ´μ¢¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê. �£· ´¨Î¨¢ Ö ³ É·¨ÍÊ
ÔÉμ£μ ¶μÉ¥´Í¨ ²  ¢ (2.8) ¢¥²¨Î¨´μ° N ¢ ¶·μ¸É· ´¸É¢¥ Î¨¸¥² § ¶μ²´¥´¨Ö, ³Ò
± ± ¡Ò μ¡·¥§ ¥³ ¥£μ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥, ¢¢μ¤Ö · ¤¨Ê¸ μ¡·¥-
§ ´¨Ö R ∼ N [85].

�¥¤ ¢´μ ¢ ·Ö¤¥ ¶Ê¡²¨± Í¨° ¢ ¢¥¤ÊÐ¨Ì ´ ÊÎ´ÒÌ ¦Ê·´ ² Ì ®¸μ¸ÉμÖ²¨¸Ó
μÎ¥·¥¤´Ò¥ ¤¥¡ ÉÒ¯ ´  ¶·¥¤³¥É ¸¢μ¡μ¤´μ°  ¸¨³¶ÉμÉ¨±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨
±μ´É¨´ÊÊ³  ´  μ¡·¥§ ´´μ³ ±Ê²μ´μ¢¸±μ³ ¶μÉ¥´Í¨ ²¥ ¶·¨ R → ∞ ¢ ¸²ÊÎ ¥
¤¢ÊÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í [109Ä112], ÌμÉÖ, ± § ²μ¸Ó ¡Ò, ÔÉμÉ ¢μ¶·μ¸ ¤ ¢´μ
·¥Ï¥´ (¸³., ´ ¶·¨³¥·, [113, 114]). ŒÒ ´¥ ¡Ê¤¥³ ¢¤ ¢ ÉÓ¸Ö ¢ ¤¥É ²¨ ÔÉμ£μ
μ¡¸Ê¦¤¥´¨Ö (· ¡μÉ  [109] ¸μ¤¥·¦ ²  μÏ¨¡±¨), ´ ³ ¢ ¦´μ §¤¥¸Ó ¶μ± § ÉÓ, ÎÉμ
¶·μ¡²¥³  Ê¸É· ´¥´¨Ö · ¸Ìμ¤¨³μ¸É¥° ¨´É¥£· ²Ó´ÒÌ Î²¥´μ¢ Ê· ¢´¥´¨Ö ‹˜ ¶Ê-
É¥³ μ¡·¥§ ´¨Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¨ ¤ ²Ó´¥°Ï¨Ì ¶· ±É¨Î¥¸±¨Ì ¢ÒÎ¨-
¸²¥´¨° ¤ ¦¥ ¢ ¸²ÊÎ ¥ ¤¢ÊÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¤μ ¸¨Ì ¶μ· ¤¨¸±ÊÉ¨·Ê¥É¸Ö. �
ÎÉμ £μ¢μ·¨ÉÓ μ ¡μ²ÓÏ¥³ Î¨¸²¥ Î ¸É¨Í?

‚ ± Î¥¸É¢¥ É¥¸É  ³Ò ¶·μ¨§¢¥²¨ · ¸Î¥É ³ É·¨Î´μ£μ Ô²¥³¥´É 

T =
∫

d3rϕ(−)∗(p, r; Z) eiQrϕ0(r), (2.32)
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¸ p = 0,6, Q = 0,2. ŠÊ²μ´μ¢¸± Ö ¢μ²´  § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ (1.11) ¸ Z = 2.
�¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ´ Ï¥£μ ¢μ¤μ·μ¤μ¶μ¤μ¡´μ£μ  Éμ³  ¥¸ÉÓ μ¡ÒÎ´ Ö Ô±¸¶μ-
´¥´É 

ϕ0(r) =

√
8
π

e−2r,

∫
d3r(ϕ0(r))2 = 1. (2.33)

�  ·¨¸. 10 ¶·¥¤¸É ¢²¥´Ò · ¸Î¥ÉÒ Re T , Im T ¨ |T |. ‡¤¥¸Ó θ Å ¶²μ¸±¨° Ê£μ²
³¥¦¤Ê ¢¥±Éμ· ³¨ Q ¨ p. ‘¶²μÏ´ Ö ²¨´¨Ö ¶·¥¤¸É ¢²Ö¥É ·¥§Ê²ÓÉ É  ´ ²¨É¨-
Î¥¸±μ£μ · ¸Î¥É  ¨´É¥£· ²  (2.32), ÏÉ·¨Ìμ¢μ° ¨ ¶Ê´±É¨·´μ° ²¨´¨Ö³¨ ¶·¥¤-
¸É ¢²¥´Ò · ¸Î¥ÉÒ ¢ · ³± Ì μ¡¸Ê¦¤ ¥³μ°  ²£¥¡· ¨Î¥¸±μ° ¸Ì¥³Ò. ‚ ¤ ´´μ°
É¥¸Éμ¢μ° ³μ¤¥²¨ ¸¢μ¡μ¤´Ò° Î²¥´ ¤¢ÊÌÎ ¸É¨Î´μ£μ Ê· ¢´¥´¨Ö ‹˜ ¶·¥¤¸É ¢²¥´
¶²μ¸±μ° ¢μ²´μ°,   ËÊ´±Í¨Ö ƒ·¨´  Å ¸¢μ¡μ¤´ Ö ËÊ´±Í¨Ö ƒ·¨´ . � §²μ¦¥-
´¨¥ ¶ ·Í¨ ²Ó´μ£μ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö ¶·μ¨§¢μ¤¨É¸Ö ¶μ ² £¥··μ¢¸±μ³Ê
¡ §¨¸Ê (±μ²¨Î¥¸É¢μ · ¤¨ ²Ó´ÒÌ ¡ §¨¸´ÒÌ ËÊ´±Í¨° Ê± § ´μ ¢ ¶μ¤¶¨¸¨ ± ·¨-
¸Ê´±Ê). —¨¸²μ ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´ lmax = 5. ŒÒ ¢¨¤¨³ Î·¥§¢ÒÎ °´μ ¡μ²Ó-

�¨¸. 10. ‡ ¢¨¸¨³μ¸É¨ μÉ ¶²μ¸±μ£μ Ê£²  θ ¢¥Ð¥¸É¢¥´´μ° (a), ³´¨³μ° (¡) Î ¸É¥° ¨ ³μ¤Ê²Ö
(¢) ¤¢ÊÌÎ ¸É¨Î´μ°  ³¶²¨ÉÊ¤Ò T ¨§ (2.32): ¸¶²μÏ´ Ö ²¨´¨Ö Å ÉμÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥
·¥§Ê²ÓÉ ÉÒ, ÏÉ·¨Ìμ¢ Ö Å ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¶·¨ N = 20, lmax = 5, ¶Ê´±É¨·´ Ö Å
·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¶·¨ N = 30, lmax = 5
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Ïμ° · §¡·μ¸ ·¥§Ê²ÓÉ Éμ¢ ¤²Ö Re T ¨ Im T ¨ ¤μ¸É ÉμÎ´μ Ìμ·μÏ¥¥ ¸μ¢¶ ¤¥´¨¥
¤²Ö ³μ¤Ê²¥°  ³¶²¨ÉÊ¤ |T |. �Éμ μ§´ Î ¥É, ÎÉμ Tex = eiχ(N)TN ¸ · ¸ÉÊÐ¥°
ËÊ´±Í¨¥° χ(N), ÎÉμ, ¸μ¡¸É¢¥´´μ, ¨ μ¦¨¤ ²μ¸Ó. �μ ¤¢ÊÌÎ ¸É¨Î´Ò° ¸²ÊÎ °
¤μ¸É ÉμÎ´μ ¶·μ¸É ¤²Ö ¶μ¤μ¡´μ£μ ·μ¤  ¸· ¢´¥´¨°. � ³ ´¥¨§¢¥¸É¥´ ÉμÎ´Ò° ¢¨¤
É·¥ÌÎ ¸É¨Î´μ° ËÊ´±Í¨¨, ¨ ³Ò ´¥ ³μ¦¥³ ¶·¨¢¥¸É¨ ± ±¨¥-²¨¡μ ³ É¥³ É¨Î¥¸±¨
É¢¥·¤Ò¥  ·£Ê³¥´ÉÒ, ÎÉμ ¶·¨¡²¨¦¥´´ Ö (¶·¨ ±μ´¥Î´μ³ N ) ËÊ´±Í¨Ö ³ ²μ μÉ²¨-
Î ¥É¸Ö μÉ ´¥¨§¢¥¸É´μ° ÉμÎ´μ° ËÊ´±Í¨¨ ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ §´ Î¥´¨¨ N ,
¨²¨ ÌμÉÖ ¡Ò ¶·¨¡²¨¦¥´´ Ö ¨ ÉμÎ´ Ö  ³¶²¨ÉÊ¤Ò ¸¢Ö§ ´Ò Ë §μ¢Ò³ ³´μ¦¨É¥-
²¥³ (¶μ¶ÒÉ±¨ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨, μ¤´ ±μ, ¤¥² ÕÉ¸Ö [115]). �Éμ ¸¢μ°¸É¢¥´´μ
 ³¶²¨ÉÊ¤ ³ Éμ²Ó±μ ¶·¨ · ¸¸³μÉ·¥´¨¨ Ê· ¢´¥´¨Ö ‹˜ ¢´¥ Ô´¥·£¥É¨Î¥¸±μ° ¶μ-
¢¥·Ì´μ¸É¨ [92], ¨ Éμ É ³ ¶μÖ¢²Ö¥É¸Ö ´¥ Éμ²Ó±μ Ë §μ¢Ò° ³´μ¦¨É¥²Ó.

ˆ¸¸²¥¤μ¢ ´¨¥ ´ Ï¥£μ ¸²ÊÎ Ö ¢ Ê± § ´´μ³ ´ ¶· ¢²¥´¨¨, É. ¥. ¶μ¢¥¤¥´¨Ö
5DCS (e, 3e)-·¥ ±Í¨¨ ¶·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  N , ¢ÒÖ¢²Ö¥É ¤¢¥ μ¸μ¡¥´´μ¸É¨.
�¥·¢μ¥, ¸Ìμ¤¨³μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢ ¶·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  N ´¥ μÎ¥´Ó Ê¤μ¢²¥É¢μ-
·¨É¥²Ó´ Ö, ´ ¡²Õ¤ ÕÉ¸Ö ·¥§±¨¥ (¤μ É·¥Ì · §) ¨§³¥´¥´¨Ö ¸¥Î¥´¨Ö ¢ μÉ¤¥²Ó´ÒÌ
Ê£²μ¢ÒÌ μ¡² ¸ÉÖÌ ¤ ¦¥ ¶·¨ ´¥¡μ²ÓÏμ³ ¨§³¥´¥´¨¨ N (ÔÉμ ¶μ± § ´μ ¢ [146]).
‚ ¸¨²Ê ±μ´¸É·Ê±É¨¢´ÒÌ μ¸μ¡¥´´μ¸É¥° ¨¸¶μ²Ó§μ¢ ´´μ£μ ¢ μ¡¸Ê¦¤ ¥³μ³ Ô±¸-
¶¥·¨³¥´É¥ ¸¶¥±É·μ³¥É· , Ê£²Ò ¢Éμ·μ£μ ³¥¤²¥´´μ£μ ¨¸¶ÊÐ¥´´μ£μ Ô²¥±É·μ´ 
¶·μÉ¨¢μ¶μ²μ¦´Ò Ë¨±¸¨·μ¢ ´´μ³Ê Ê£²Ê ¶¥·¢μ£μ ¨¸¶ÊÐ¥´´μ£μ Ô²¥±É·μ´  (θ2 ∼
π + θ1) [76,97]. ‚ ÔÉ¨Ì μ¡² ¸ÉÖÌ ´ ¡²Õ¤ ¥É¸Ö ´¥±μÉμ·μ¥ ¸μ¢¶ ¤¥´¨¥ É¥μ·¨¨ ¸
Ô±¸¶¥·¨³¥´Éμ³ ¨ ¶·¨ N = 20. �¤´ ±μ, ¢Éμ·μ¥, ¢ÒÎ¨¸²¥´¨Ö ¶μ± §Ò¢ ÕÉ, ÎÉμ
¶·¨ θ1 = θ2 ¸¥Î¥´¨¥ Ê¢¥²¨Î¨¢ ¥É¸Ö ¸ ·μ¸Éμ³ N , Éμ£¤  ± ± §¤¥¸Ó μ´μ ¤μ²¦´μ
¡ÒÉÓ · ¢´μ ´Ê²Õ. �Éμ Ö¢´Ò° ´¥¤μ¸É Éμ± É¥μ·¥É¨Î¥¸±μ° ¸Ì¥³Ò ¸ μ£· ´¨Î¥´¨¥³
¶μÉ¥´Í¨ ² .

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ³¥Éμ¤ CCC, · ¸¸³μÉ·¥´´Ò° ¢ ¶. 2.2, ¡Ê¤ÊÎ¨ ¶·¨-
³¥´¥´ ± (e, 3e)-·¥ ±Í¨Ö³, ¨³¥¥É ÉμÉ ¦¥ ¶·¨´Í¨¶¨ ²Ó´Ò° ´¥¤μ¸É Éμ±, ÌμÉÖ
¥£μ  ¢Éμ·Ò ´¨£¤¥ μ¡ ÔÉμ³ ´¥ Ê¶μ³¨´ ÕÉ. ’ ³ ¸Ì¥³  ¥Ð¥ ¡μ²¥¥ ¶·¨³¨É¨¢´ ,
Î¥³ · §μ¡· ´´ Ö ¢ ¶. 2.1, ¨ ¢Éμ·μ° ¨§ ¨¸¶ÊÐ¥´´ÒÌ Ô²¥±É·μ´μ¢ ¢μμ¡Ð¥ ´¥
¨³¥¥É  ¸¨³¶ÉμÉ¨±¨ ±μ´É¨´ÊÊ³  ¨ μ¶¨¸Ò¢ ¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ° ¶¸¥¢¤μ¸μ-
¸ÉμÖ´¨°.

ˆ§ ¨Éμ£μ¢ μ¡¸Ê¦¤¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ ¨ ‘‘‘, ¨ ¢ ·¨ ´ÉÒ ³¥Éμ¤  J-³ É·¨ÍÒ,
£¤¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ μ¡μ¨Ì ¨¸¶ÊÐ¥´´ÒÌ Ô²¥±É·μ´μ¢ ¨³¥ÕÉ ¢¶μ²´¥ ±Ê²μ-
´μ¢¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê, ´¥ ³μ£ÊÉ ¶·¥É¥´¤μ¢ ÉÓ ´  ³ É¥³ É¨Î¥¸±¨ ¡¥§Ê¶·¥Î´μ¥
μ¶¨¸ ´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤¢ÊÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Ô²¥±É·μ´μ¢ ¢
¶μ²¥ Ö¤· . �·¨ ÔÉμ³ ¤ ´´Ò¥ ³¥Éμ¤Ò, ¢¨¤¨³μ, ¢¶μ²´¥ ¶·¨£μ¤´Ò ¤²Ö μ¶¨¸ ´¨Ö
·¥ ±Í¨° μ¤´μ±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  ¨²¨ ³μ²¥±Ê²Ò ¤μ¸É ÉμÎ´μ ¡Ò¸É·Ò³
Ô²¥±É·μ´μ³ (¸³. ±μ³³¥´É ·¨° ¶μ ÔÉμ³Ê ¶μ¢μ¤Ê ¢ ±μ´Í¥ ¶. 2.2). �¶·¥¤¥²¥´-
´μ¥ ´¥¸μ¢¶ ¤¥´¨¥ É¥μ·¨¨ ¨ Ô±¸¶¥·¨³¥´É  ¶·¨ Ee = 5 Ô‚, ´ ¡²Õ¤ ¥³μ¥ ´ 
·¨¸. 5, μ¡ÑÖ¸´Ö¥É¸Ö, ¸ μ¤´μ° ¸Éμ·μ´Ò, ´¥¤μ¸É ÉμÎ´μ¸ÉÓÕ ±μ²¨Î¥¸É¢  · ¤¨ ²Ó-
´ÒÌ ÏÉÊ·³μ¢¸±¨Ì ËÊ´±Í¨° ¢ ¤ ´´μ° μ±μ²μ¶μ·μ£μ¢μ° μ¡² ¸É¨,   ¸ ¤·Ê£μ°,
´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¡μ²¥¥  ±±Ê· É´μ° ¶·μÍ¥¤Ê·Ò ±μ´¢μ²ÕÍ¨¨ É¥μ·¨¨ ± Ô±¸¶¥-
·¨³¥´ÉÊ [116]. ˆ´Ò³¨ ¸²μ¢ ³¨, ¸¢μ¡μ¤´Ò° Î²¥´ ³´μ£μÎ ¸É¨Î´μ£μ Ê· ¢´¥´¨Ö
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‹˜ ¤μ²¦¥´ ÌμÉÖ ¡Ò £²μ¡ ²Ó´μ ¢μ¸¶·μ¨§¢μ¤¨ÉÓ É·¥ÌÎ ¸É¨Î´ÊÕ ±Ê²μ´μ¢¸±ÊÕ
 ¸¨³¶ÉμÉ¨±Ê,   μ¸É ¢Ï¨°¸Ö ¶μÉ¥´Í¨ ² ®¢§ ¨³μ¤¥°¸É¢¨Ö¯ ¡ÒÉÓ ±μ·μÉ±μ¤¥°-
¸É¢ÊÕÐ¨³ ¢μ ¢¸¥Ì μ¸´μ¢´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì μ¡² ¸ÉÖÌ. ’ ± Ö ¢μ§³μ¦´μ¸ÉÓ
¶·¥¤μ¸É ¢²Ö¥É¸Ö, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ É·¥ÌÎ ¸É¨Î´μ¥ “˜ ¢ ¶ · ¡μ²¨Î¥¸±¨Ì
±μμ·¤¨´ É Ì, ¨ ±· É±μ¥ ¨§²μ¦¥´¨¥ ÔÉμ£μ ³¥Éμ¤  ¶·¨¢¥¤¥´μ ¢ ¸²¥¤ÊÕÐ¥³
· §¤¥²¥.

3. ������‹ˆ—…‘Šˆ… Š���„ˆ��’›

�¤´¨³ ¨§ ¸ ³ÒÌ ¨§¢¥¸É´ÒÌ ¶·¨¡²¨¦¥´¨° ¢μ²´μ¢μ° ËÊ´±Í¨¨ É·¥Ì  ¸¨³-
¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í Ö¢²Ö¥É¸Ö É ± ´ §Ò¢ ¥³ Ö 3C-ËÊ´±-
Í¨Ö Ψ3C [78, 99, 100, 117] (¨´μ£¤  ¥¥ ´ §Ò¢ ÕÉ ËÊ´±Í¨¥° 
· Ê´¥· Ä
·¨££¸ Ä
Š² ·  (BBK), ±μÉμ·Ò¥ ¢¶¥·¢Ò¥ ¢¢¥²¨ ¥¥ ¢ ¶· ±É¨±Ê Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ [78]).
Ψ3C ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö É·¥Ì ¶ ·´ÒÌ ±Ê²μ´μ¢¸±¨Ì ËÊ´±Í¨°,
§ ¢¨¸ÖÐ¨Ì μÉ μÉ´μ¸¨É¥²Ó´ÒÌ ±μμ·¤¨´ É ¢ ± ¦¤μ° ¶ ·¥ ¨ ¸μ¶·Ö¦¥´´ÒÌ ¸
´¨³¨ ¨³¶Ê²Ó¸μ¢. �É  ËÊ´±Í¨Ö Ê¤μ¢²¥É¢μ·Ö¥É ±μ··¥±É´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³
Ê¸²μ¢¨Ö³ (2.29) ¢ μ¡² ¸É¨ Ω0, £¤¥ ¢¸¥ É·¨ Î ¸É¨ÍÒ ¤ ²¥±¨ ¤·Ê£ μÉ ¤·Ê£ . ‚³¥-
¸É¥ ¸ É¥³ 3‘-ËÊ´±Í¨Ö ´¥ ¸¶μ¸μ¡´  ±μ··¥±É´μ ¶¥·¥¤ ÉÓ ¶μ¢¥¤¥´¨¥ ¸¨¸É¥³Ò
¢ μ¡² ¸É¨ ¶·μ³¥¦ÊÉμÎ´ÒÌ · ¸¸ÉμÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨,   É ±¦¥ ±μ£¤  μ¤´ 
¨§ Î ¸É¨Í Ê¤ ²¥´  μÉ μ¸É ²Ó´ÒÌ ¤¢ÊÌ. �¥¸³μÉ·Ö ´  ¨§¢¥¸É´Ò¥ ´¥¤μ¸É É±¨ ¨
μ£· ´¨Î¥´´ÊÕ μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ 3‘-³μ¤¥²¨, μ´  ¶·μ¤μ²¦ ¥É ¸ Ê¸¶¥Ìμ³
¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¢ ± Î¥¸É¢¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ · ¸Î¥-
É Ì ¸¥Î¥´¨Ö ·¥ ±Í¨° ¤¢Ê±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö Ô²¥±É·μ´´Ò³ Ê¤ ·μ³
¨ γ-±¢ ´Éμ³ [101Ä103, 118, 119]. “¤¨¢¨É¥²Ó´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¤μ¸É¨£ ¥³μ¥
¶·¨ ÔÉμ³ ¸μ£² ¸¨¥ ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥É  ¸ Ô±¸¶¥·¨³¥´Éμ³ [76], ¶·¨Î¥³ ± ±
¶μ Ëμ·³¥, É ± ¨ ¶μ  ¡¸μ²ÕÉ´Ò³ §´ Î¥´¨Ö³. ˆ¸¸²¥¤μ¢ ´¨Ö ·μ²¨ ´ Î ²Ó´μ£μ
¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò ¢ μ¶¨¸ ´¨¨ (γ, 2e)- ¨ (e, 3e)-¸Éμ²±´μ¢¥´¨°
¶μ§¢μ²¨²¨  ¢Éμ· ³ [106] § ±²ÕÎ¨ÉÓ, ÎÉμ ¶·μÍ¥¸¸Ò · ¸¸¥Ö´¨Ö ´¥ ³μ£ÊÉ ¸²Ê-
¦¨ÉÓ ´ ¤¥¦´Ò³ É¥¸Éμ³ ± Î¥¸É¢   ¶¶·μ±¸¨³ Í¨¨ ËÊ´±Í¨°,   ¶μ²ÊÎ¥´´μ¥ · ´¥¥
¸μ£² ¸¨¥ · ¸Î¥Éμ¢ (e, 3e)-·¥ ±Í¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ Ö¢²Ö¥É¸Ö
¸²ÊÎ °´Ò³.

3C-¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸É·μ¨É¸Ö ¶ÊÉ¥³ ¨¸±²ÕÎ¥´¨Ö ¢¸¥Ì ¸³¥Ï ´´ÒÌ ¶·μ-
¨§¢μ¤´ÒÌ ¢ É·¥ÌÎ ¸É¨Î´μ³ £ ³¨²ÓÉμ´¨ ´¥, § ¶¨¸ ´´μ³ ¢ μ¡μ¡Ð¥´´ÒÌ ¶ · -
¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì [117]. ‚ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¡Ò²μ ¶·¥¤²μ¦¥´μ ¡μ²Ó-
Ïμ¥ ±μ²¨Î¥¸É¢μ Ê¸μ¢¥·Ï¥´¸É¢μ¢ ´¨° 3C-³μ¤¥²¨, ¢ ±μÉμ·ÒÌ É¥³ ¨²¨ ¨´Ò³
(¶·¨¡²¨¦¥´´Ò³) ¸¶μ¸μ¡μ³ ÊÎ¨ÉÒ¢ ¥É¸Ö ´¥¤¨ £μ´ ²Ó´ Ö Î ¸ÉÓ [120] μ¶¥· -
Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨. ‚ ¡μ²ÓÏ¨´¸É¢¥ ¶μ¤Ìμ¤μ¢ ¸μÌ· ´Ö¥É¸Ö Ëμ·³  ¨¸-
±μ³μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö É·¥Ì ¤¢ÊÌÎ ¸É¨Î´ÒÌ ±Ê²μ´μ¢-
¸±¨Ì ¢μ²´. �·¨ ÔÉμ³ ¢¢μ¤ÖÉ¸Ö ÔËË¥±É¨¢´Ò¥ § ·Ö¤Ò, § ¢¨¸ÖÐ¨¥ μÉ ±μμ·¤¨´ É
¨²¨ ¸±μ·μ¸É¥° Î ¸É¨Í (¸³., ´ ¶·¨³¥·, [121Ä125]). ’¥³ ¸ ³Ò³ ÊÎ¨ÉÒ¢ ¥É¸Ö
¤¨´ ³¨Î¥¸±μ¥ Ô±· ´¨·μ¢ ´¨¥ § ·Ö¤μ¢. Š·μ³¥ Éμ£μ, ¤²Ö μ¶¨¸ ´¨Ö ¢μ²´μ¢μ°



1342 ����‚ 	. ‚., ‡�‰–…‚ ‘. �., ‚ˆ�ˆ–Šˆ‰ ‘.ˆ.

ËÊ´±Í¨¨ ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò É·¥Ì É¥² ¢ μ¡² ¸É¨ Ωα, £¤¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
Î ¸É¨Í ³¨ β ¨ γ ³´μ£μ ³¥´ÓÏ¥ ¤¨¸É ´Í¨¨, · §¤¥²ÖÕÐ¥° ¨Ì Í¥´É· ³ ¸¸ ¨
Î ¸É¨ÍÊ α,  ¢Éμ·Ò [126] (¸³. É ±¦¥ [127] ¨ Í¨É¨·Ê¥³ÊÕ ¢ ´¥° ²¨É¥· ÉÊ·Ê)
¢¢μ¤ÖÉ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ μÉ´μ¸¨É¥²Ó´Ò¥ ¨³¶Ê²Ó¸Ò Î ¸É¨Í.

Š·μ³¥ Éμ£μ, ¡Ò²μ ¶·¥¤¶·¨´ÖÉμ ´¥¸±μ²Ó±μ ¶μ¶ÒÉμ± ¢Ò°É¨ §  · ³±¨ 3C-
³μ¤¥²¨. ’ ±,  ¢Éμ· [128] ¶·¥¤²μ¦¨² ¶·¥¤¸É ¢²ÖÉÓ É·¥ÌÎ ¸É¨Î´ÊÕ ±Ê²μ´μ¢-
¸±ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Î ¸É¨Í ¢μ ®¢´ÊÉ·¥´´¥°¯
μ¡² ¸É¨ (£¤¥ ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¶·¥μ¡² ¤ ¥É ´ ¤ ±¨´¥É¨Î¥¸±μ°) ¢ ¢¨¤¥
²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° 3C-³μ¤¥²¨ ¸ · §²¨Î´Ò³¨ μÉ´μ¸¨-
É¥²Ó´Ò³¨ ¨³¶Ê²Ó¸ ³¨ Î ¸É¨Í. ‚ [129Ä132] ¡Ò²  ¶·¥¤²μ¦¥´  ¨ · §¢¨É  É ±
´ §Ò¢ ¥³ Ö Φ2-³μ¤¥²Ó. ‚ · ³± Ì ¤ ´´μ£μ ¶μ¤Ìμ¤  ¶·¨¡²¨¦¥´´ Ö  ´ ²¨É¨-
Î¥¸± Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¨¸É¥³Ò ¢Ò· ¦ ¥É¸Ö Î¥·¥§ £¨¶¥·£¥μ³¥É·¨Î¥¸±ÊÕ
ËÊ´±Í¨Õ ¸ ¤¢Ê³Ö  ·£Ê³¥´É ³¨. ˆ¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨
Φ2-³μ¤¥²¨ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¸É¥¶¥´Ö³ ±μμ·¤¨´ É,  ¢Éμ·Ò [129Ä131] ¶μ-
± §Ò¢ ÕÉ, ÎÉμ 3C-¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ Î²¥´μ³ É ±μ£μ · §²μ-
¦¥´¨Ö. �¢Éμ·Ò [131] É ±¦¥ Ê± §Ò¢ ÕÉ ´  ¢μ§³μ¦´μ¸ÉÓ ¶μ²ÊÎ¥´¨Ö É·¥ÌÎ -
¸É¨Î´μ° ±Ê²μ´μ¢¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ Î ¸É¨Í
¶ÊÉ¥³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Ë ¤¤¥¥¢¸±μ£μ É¨¶  ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ·¥§μ²Ó¢¥´ÉÒ,
¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ¸¨³¶ÉμÉ¨Î¥¸±μ³Ê ±Ê²μ´μ¢¸±μ³Ê ¢μ²´μ¢μ³Ê μ¶¥· Éμ·Ê, ¨ ¸
ÊÎ¥Éμ³ ´¥μ·Éμ£μ´ ²Ó´μ° Î ¸É¨ μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¢ ± Î¥¸É¢¥
±μ³¶μ´¥´É ¶μÉ¥´Í¨ ²  ¢μ§³ÊÐ¥´¨Ö.

‡¤¥¸Ó ¶·¥¤² £ ¥É¸Ö ¸¶μ¸μ¡ [133,134] Î¨¸²¥´´μ£μ · ¸Î¥É  ¢μ²´μ¢μ° ËÊ´±-
Í¨¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ · ³± Ì
¤¨¸±·¥É´μ£μ ¶μ¤Ìμ¤ , ¢ μ¸´μ¢¥ ±μÉμ·μ£μ ²¥¦ É ¨¤¥¨ ³¥Éμ¤  J-³ É·¨ÍÒ. ‚
¤ ´´μ° ¢¥·¸¨¨ J-³ É·¨Î´μ£μ Ëμ·³ ²¨§³  ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¨¸É¥³Ò · ¸-
±² ¤Ò¢ ¥É¸Ö ¢ ¡¥¸±μ´¥Î´Ò° ·Ö¤ ¶μ Ï¥¸É¨³¥·´Ò³ L2 ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³. ‚
·¥§Ê²ÓÉ É¥ ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¶·¥μ¡· §Ê¥É¸Ö ¢ ¤¨¸±·¥É´Ò°  ´ -
²μ£ Ê· ¢´¥´¨Ö É¨¶  ‹˜. �Î¥¢¨¤´μ, ÎÉμ ¤²Ö ±μ··¥±É´μ£μ ÊÎ¥É   ¸¨³¶ÉμÉ¨±¨
¨¸±μ³μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ É·¥¡ÊÕÉ¸Ö ¢Ò· ¦¥´¨Ö ¤²Ö Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ
Ï¥¸É¨³¥·´μ° ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨¨ ƒ·¨´ . ˆ¸±μ³ Ö ³ É·¨Í  ·¥§μ²Ó¢¥´ÉÒ
Ö¢²Ö¥É¸Ö Ëμ·³ ²Ó´μ μ¡· É´μ° ³ É·¨Í¥  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ±Ê²μ´μ¢¸±μ£μ ¢μ²-
´μ¢μ£μ μ¶¥· Éμ· . ‡ ³¥É¨³, ÎÉμ ³ É·¨Í  ËÊ´±Í¨¨ ƒ·¨´  ´¥ ³μ¦¥É ¡ÒÉÓ ¶μ-
²ÊÎ¥´  ¶ÊÉ¥³ Î¨¸²¥´´μ£μ μ¡· Ð¥´¨Ö ¡¥¸±μ´¥Î´μ° ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥° Î ¸É¨
¢μ²´μ¢μ£μ μ¶¥· Éμ· . ’ ±¨³ μ¡· §μ³, ¸²¥¤Ê¥É ¨¸± ÉÓ  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥-
´¨Ö ¤²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ·¥§μ²Ó¢¥´ÉÒ  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ É·¥ÌÎ ¸É¨Î´μ£μ
±Ê²μ´μ¢¸±μ£μ ¢μ²´μ¢μ£μ μ¶¥· Éμ· .

3.1. ”μ·³Ê²¨·μ¢±  ¶·μ¡²¥³Ò. � ¸¸³μÉ·¨³ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö
±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸ ³ ¸¸ ³¨ m1, m2, m3 ¨ § ·Ö¤ ³¨ Z1, Z2,
Z3 ¸μμÉ¢¥É¸É¢¥´´μ, § ¶¨¸ ´´μ¥ ´¥¸±μ²Ó±μ ¢ ¡μ²¥¥ μ¡Ð¥³ ¢¨¤¥, Î¥³ (1.1):[

− 1
2μ12

�R − 1
2μ3

�r +
Z1Z2

r12
+

Z2Z3

r23
+

Z1Z3

r13

]
Ψ = EΨ. (3.1)
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‡¤¥¸Ó R ¨ r Å ¢¥±Éμ·Ò Ÿ±μ¡¨:

R = r1 − r2, r = r3 −
m1r1 + m2r2

m1 + m2
, (3.2)

rls = rl − rs Å μÉ´μ¸¨É¥²Ó´Ò¥ ¢¥±Éμ·Ò, rls = |rls|. �·¨¢¥¤¥´´Ò¥ ³ ¸¸Ò
§ ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

μ12 =
m1m2

m1 + m2
, μ3 =

(m1 + m2)m3

m1 + m2 + m3
. (3.3)

‘μ¡¸É¢¥´´ Ö Ô´¥·£¨Ö E § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ E =
1

2μ12
K2 +

1
2μ3

k2. ˆ¸¶μ²Ó-

§μ¢ ´¨¥ ¶·¥¤¸É ¢²¥´¨Ö
Ψ = ei(K·R+k·r) Ψ (3.4)

¶·¨¢μ¤¨É ± ¨¸±²ÕÎ¥´¨Õ Ô´¥·£¨¨ ¨§ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö
Ψ ¶μ²ÊÎ ¥³[

− 1
2μ12

�R − 1
2μ3

�r −
i

μ12
K · ∇R − i

μ3
k · ∇r +

+
Z1Z2

r12
+

Z2Z3

r23
+

Z1Z3

r13

]
Ψ = 0. (3.5)

�¡μ§´ Î¨³ Î¥·¥§ D μ¶¥· Éμ· ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì ¢ (3.5). ‚ ¤ ²Ó´¥°Ï¥³
ÔÉμÉ μ¶¥· Éμ· § ¶¨¸Ò¢ ¥É¸Ö ¢ ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì, ¶·¥¤²μ¦¥´´ÒÌ
Š² ·μ³ [117],

ξ1 = r23 + k̂23 · r23, η1 = r23 − k̂23 · r23,

ξ2 = r13 + k̂13 · r13, η2 = r13 − k̂13 · r13,

ξ3 = r12 + k̂12 · r12, η3 = r12 − k̂12 · r12,

(3.6)

£¤¥ kls =
kl ms − ks ml

ml + ms
Å μÉ´μ¸¨É¥²Ó´Ò° ¨³¶Ê²Ó¸ Î ¸É¨Í l ¨ s; k̂ls Å

¥¤¨´¨Î´Ò° ¢¥±Éμ·: k̂ls =
kls

kls
, kls = |kls|. ’ ±¨³ μ¡· §μ³, D ¶·¥¤¸É ¢²Ö¥É¸Ö

¢ ¢¨¤¥ ¸Ê³³Ò ¤¢ÊÌ ¸² £ ¥³ÒÌ

D = D0 + D1, (3.7)

£¤¥ D0 § ¤ ¥É¸Ö ¸¨³³¥É·¨Î´Ò³ ¶μ ±μμ·¤¨´ É ³ ¢Ò· ¦¥´¨¥³

D0 =
3∑

j=1

1
μls(ξj + ηj)

[
ĥξj + ĥηj + 2klstls

]
, (3.8)
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¶·¨ ÔÉμ³ j �= l, s ¨ l < s. ‡¤¥¸Ó tls =
ZlZsμls

kls
, μls =

mlms

ml + ms
; μ¤´μ³¥·´Ò¥

μ¶¥· Éμ·Ò ĥξj ¨ ĥηj μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ĥξj = −2
(

∂

∂ξj
ξj

∂

∂ξj
+ iklsξj

∂

∂ξj

)
,

ĥηj = −2
(

∂

∂ηj
ηj

∂

∂ηj
− iklsηj

∂

∂ηj

)
.

(3.9)

D0 Ö¢²Ö¥É¸Ö £² ¢´Ò³ Î²¥´μ³, § ¤ ÕÐ¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ  ¸¨³¶ÉμÉ¨Î¥-
¸±¨ ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ±μÉμ· Ö Ê¤μ¢²¥É¢μ·Ö¥É
¶· ¢¨²Ó´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ¢ ¶·¥¤¥²¥, ±μ£¤  ¢¸¥ Î ¸É¨ÍÒ ¤μ¸É ÉμÎ´μ
Ê¤ ²¥´Ò ¤·Ê£ μÉ ¤·Ê£  [117].

�¶¥· Éμ· D1, ±μÉμ·Ò° ¸μ¤¥·¦¨É ¢¸¥ ¸³¥Ï ´´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¢Éμ·μ£μ

¶μ·Ö¤± 
∂2

∂ξj∂ξl
,

∂2

∂ηj∂ηl
, j �= l,   É ±¦¥

∂2

∂ξj∂ηl
(¸³., ´ ¶·¨³¥·, [135]), · ¸-

¸³ É·¨¢ ¥É¸Ö ± ± ³ ²μ¥ ¢μ§³ÊÐ¥´¨¥, ´¥ ¢²¨ÖÕÐ¥¥ ´   ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥-
¤¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ [117].

…¸²¨ ¶·¥´¥¡·¥ÎÓ D1 ¢ Ê· ¢´¥´¨¨ (3.5), Éμ ¶μ²ÊÎ¨³ ¶·¨¡²¨¦¥´´μ¥ Ê· ¢-
´¥´¨¥

D0 Ψ = 0, (3.10)

±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¸¥¶ · ¡¥²Ó´Ò³ ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ·¥Ï¥´¨° [117]:

Ψ =
3∏

j=1

fj(ξj , ηj). (3.11)

‚ ¸¢μÕ μÎ¥·¥¤Ó, ± ¦¤ Ö ¨§ ËÊ´±Í¨° fj(ξj , ηj) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö

1
μls(ξj + ηj)

[
ĥξj + ĥηj + 2klstls

]
fj(ξj , ηj) = −Cjfj(ξj , ηj), (3.12)

£¤¥ ±μ´¸É ´ÉÒ · §¤¥²¥´¨Ö Cj ¶μ¤Î¨´ÖÕÉ¸Ö Ê¸²μ¢¨Õ

C1 + C2 + C3 = 0. (3.13)

�¥Ï¥´¨¥ fj ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö fj(ξj , ηj) = uj(ξj)vj(ηj), £¤¥
ËÊ´±Í¨¨ uj(ξj) ¨ vj(ηj) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³[

ĥξj + 2klsAj + μls Cj ξj

]
uj(ξj) = 0,[

ĥηj + 2klsBj + μls Cj ηj

]
vj(ηj) = 0

(3.14)

¶·¨ Ê¸²μ¢¨¨
Aj + Bj = tls. (3.15)
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�¡Ð¥¥ ·¥Ï¥´¨¥ (3.14) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¶ÊÉ¥³ ¶·¥μ¡· §μ¢ ´¨Ö Ê· ¢´¥´¨Ö
¤²Ö ¢Ò·μ¦¤¥´´μ° £¨¶¥·£¥μ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ (¸³., ´ ¶·¨³¥·, [135, 136]).
’ ±¨³ μ¡· §μ³, μ¡Ð¥¥ ·¥Ï¥´¨¥ (3.10) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¶·μ¨§¢¥¤¥´¨¥ Ï¥¸É¨
ËÊ´±Í¨° ŠÊ³³¥·  (¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ6C É ± ´ §Ò¢ ¥³μ° 6C-³μ¤¥²¨ [135]).
‚Ò¡¨· Ö μ¶·¥¤¥²¥´´Ò³ μ¡· §μ³ §´ Î¥´¨Ö ±μ´¸É ´É · §¤¥²¥´¨Ö Aj , Bj , Cj ,
³μ¦´μ ¶μ²ÊÎ¨ÉÓ ·¥Ï¥´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³. � -
¶·¨³¥·, ¶μ² £ Ö Cj = Bj = 0 ¨ Aj = tls, ¶μ²ÊÎ ¥³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
3C-³μ¤¥²¨ ¸  ¸¨³¶ÉμÉ¨±μ° ¢ ¢¨¤¥ · ¸Ìμ¤ÖÐ¨Ì¸Ö ¢μ²´ [117]:

Ψ+
3C =

3∏
j=1

1F1(itls, 1; −iklsξj). (3.16)

Š ± ¶μ± § ´μ ¢ [125], Ψ3C ±μ··¥±É´μ μ¶¨¸Ò¢ ¥É  ¸¨³¶ÉμÉ¨±Ê ·¥Ï¥´¨Ö
Ê· ¢´¥´¨Ö (3.5) Éμ²Ó±μ ¢ μ£· ´¨Î¥´´μ° μ¡² ¸É¨ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢ ,
¶μ¸±μ²Ó±Ê

D1 Ψ3C ∼ O

(
1
r2
ij

)
, (3.17)

±μ£¤  · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¢¸¥³¨ Î ¸É¨Í ³¨ ¸É·¥³ÖÉ¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨. ’ -
±¨³ μ¡· §μ³, Ψ3C ¶·¨¥³²¥³  ¢ ± Î¥¸É¢¥ ¶·¨¡²¨¦¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨
±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò É·¥Ì É¥² ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ° μ¡² ¸É¨ Ω0 [137]. �¨¦¥
¶·¥¤¸É ¢²¥´ ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ¶μ²´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨  ¸¨³¶ÉμÉ¨Î¥¸±¨
¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·¤¨´ -
É Ì, ¶·¥¤²μ¦¥´´Ò° ¢ [133,134].

3.2. „¨¸±·¥É´Ò°  ´ ²μ£ Ê· ¢´¥´¨Ö ‹¨¶¶³ ´ Ä˜¢¨´£¥· . �μ²´ Ö ¢μ²-
´μ¢ Ö ËÊ´±Í¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í
Ψ Ê¤μ¢²¥É¢μ·Ö¥É Ï¥¸É¨³¥·´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ

[D0 + D1] Ψ = 0. (3.18)

“³´μ¦ Ö (3.18) ´ 
3∏

j=1

μls(ξj + ηj), ¶μ²ÊÎ¨³ [133,134]

[
ĥ + V̂

]
Ψ = 0, (3.19)

£¤¥

ĥ =
3∏

j=1

μls(ξj + ηj)D0 = μ13(ξ2 + η2)μ12(ξ3 + η3)ĥ1+

+ μ23(ξ1 + η1)μ12(ξ3 + η3)ĥ2 + μ23(ξ1 + η1)μ13(ξ2 + η2)ĥ3, (3.20)

ĥj = ĥξj + ĥηj + 2klstls (3.21)
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¨

V̂ =
3∏

j=1

μls(ξj + ηj)D1. (3.22)

‚ ¸¢μÕ μÎ¥·¥¤Ó, Ê· ¢´¥´¨¥ (3.19) ¸ ÊÎ¥Éμ³ £· ´¨Î´ÒÌ Ê¸²μ¢¨°

Ψ → Ψ3C ¨²¨ Ψ → Ψ6C (3.23)

³μ¦´μ ¶·¥μ¡· §μ¢ ÉÓ ¢ Ê· ¢´¥´¨¥ ‹˜:

Ψ = Ψ3C − Ĝ V̂ Ψ ¨²¨ Ψ = Ψ6C − Ĝ V̂ Ψ, (3.24)

£¤¥ Ĝ Å ·¥§μ²Ó¢¥´É  μ¶¥· Éμ·  ĥ (3.20). ‚ [133,134] ¶·¥¤²μ¦¥´μ ¨¸± ÉÓ Î¨-
¸²¥´´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3.24) ¢ É¥·³¨´ Ì ¡ §¨¸μ¢ ¶ · ¡μ²¨Î¥¸±¨Ì ÏÉÊ·-
³μ¢¸±¨Ì L2-ËÊ´±Í¨° [138]:

|N〉 =
3∏

j=1

φnj mj (ξj , ηj), (3.25)

φnj mj (ξj , ηj) = ψnj (ξj)ψmj (ηj), (3.26)

ψn(x) =
√

2b e−bxLn(2bx), (3.27)

£¤¥ b Å ¶ · ³¥É· ¡ §¨¸  (¸¢μ° ¤²Ö ± ¦¤μ° ¶ ·Ò {ξj , ηj}, j = 1, 2, 3). ’ ±¨³
μ¡· §μ³, ¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ · §²μ¦¥´¨Ö

Ψ =
∑
N

aN |N〉 . (3.28)

�·μ¥Í¨·ÊÖ ¤ ²¥¥ (3.24) ´  ËÊ´±Í¨¨ |N〉, ¶μ²ÊÎ ¥³ ¡¥¸±μ´¥Î´ÊÕ ¸¨¸É¥³Ê Ê· ¢-
´¥´¨° μÉ´μ¸¨É¥²Ó´μ ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö aN:

a = a(0) − G V a. (3.29)

‡¤¥¸Ó G ¨ V Å ³ É·¨ÍÒ ¸ Ô²¥³¥´É ³¨ 〈N| Ĝ |N′〉 ¨ 〈N| V̂ |N′〉 ¸μμÉ¢¥É¸É¢¥´´μ;

a Å ¢¥±Éμ· ¸ ±μ³¶μ´¥´É ³¨ aN; a
(0)
N

= 〈N| Ψ3C〉 ¨²¨ a
(0)
N

= 〈N| Ψ6C〉.
�·μ¡²¥³  ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ 〈N| V̂ |N′〉 μ¶¥· Éμ·  V̂ (±μ-

Éμ·Ò° ¸μ¤¥·¦¨É £·μ³μ§¤±¨¥  ²£¥¡· ¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·-
¤¨´ É) ¢ÒÌμ¤¨É §  · ³±¨ ´ Ï¥£μ μ¡¸Ê¦¤¥´¨Ö. ‡¤¥¸Ó ¤μ¸É ÉμÎ´μ ¡Ê¤¥É ±μ´-
¸É É¨·μ¢ ÉÓ, ÎÉμ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨° μ¶¥· Éμ· V̂ ³μ¦´μ  ¶¶·μ±¸¨³¨·μ¢ ÉÓ
³ É·¨Í¥° V ±μ´¥Î´μ£μ · ´£  ¢ ¡ §¨¸¥ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨°.
� Ï¥° Í¥²ÓÕ Ö¢²Ö¥É¸Ö ¶μ²ÊÎ¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ·¥§μ²Ó¢¥´ÉÒ ¤ ²Ó´μ-
¤¥°¸É¢ÊÕÐ¥£μ μ¶¥· Éμ·  ĥ (3.20). ‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ Ï £  ¢ ÔÉμ³ ´ ¶· ¢²¥-
´¨¨ · ¸¸³μÉ·¨³ ·¥§μ²Ó¢¥´ÉÊ Ĝj ¤¢Ê³¥·´μ£μ μ¶¥· Éμ· 

ĥj + μlsCj(ξj + ηj) (3.30)

¢ ¶·¥¤¸É ¢²¥´¨¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° (3.26).



J-Œ�’�ˆ—�›‰ Œ…’�„ ‚›—ˆ‘‹…�ˆŸ 1347

3.3. Œ É·¨Í  μ¤´μ³¥·´μ° ¨ ¤¢Ê³¥·´μ° ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨¨ ƒ·¨´ .
� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°[

ĥξ + 2kt + μ Cξ
]
u(ξ) = 0, (3.31)[

ĥη + 2k(t0 − t) + μ Cη
]
v(η) = 0. (3.32)

�¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (3.31) ¨ (3.32) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¢Ò·μ¦¤¥´-
´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ (¸³., ´ ¶·¨³¥·, [135,136]):

u(ξ) = exp
[

i

2
(γ − k)ξ

]
1F1

(
1
2

+ iτ, 1, −iγξ

)
(3.33)

¨

v(η) = e−
i
2 (γ−k)η

1F1

(
1
2

+ i(τ − τ0), 1, iγη

)
=

= exp
[

i

2
(γ + k)η

]
1F1

(
1
2

+ i(τ0 − τ), 1, −iγη

)
, (3.34)

£¤¥

μ C =
k2

2
− γ2

2
, τ =

k

γ

(
t +

i

2

)
, τ0 =

k

γ
t0. (3.35)

�¤´μ³¥·´Ò¥ ËÊ´±Í¨¨ ƒ·¨´ . ‚Ò· ¦¥´¨¥ ¤²Ö ·¥§μ²Ó¢¥´ÉÒ G(ξ, ξ′) μ¤´μ-

³¥·´μ£μ μ¶¥· Éμ· 
[
ĥξ + 2kt + μ Cξ

]
:[

ĥξ + 2kt + μ Cξ
]
G(ξ, ξ′) = δ(ξ − ξ′), (3.36)

¸μ¤¥·¦¨É ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (3.31). ‘¨´£Ê²Ö·´Ò¥ ¢
´Ê²¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (3.31) ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¢Éμ·μ³Ê ·¥Ï¥´¨Õ Ê· ¢´¥-
´¨Ö ŠÊ³³¥·  [139]:

w
(±)
1 (ξ) = exp

[
i

2
(±γ − k)ξ

]
U

(
1
2
± iτ, 1; ∓iγξ

)
. (3.37)

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö ¤²Ö ¢·μ´¸±¨ ´μ¢ ËÊ´±Í¨° ŠÊ³³¥·  [139], ²¥£±μ Ê¡¥-
¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ ¨¸±μ³ Ö ËÊ´±Í¨Ö ƒ·¨´ , ±μÉμ· Ö Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

−2ξ
∂

∂ξ
G(ξ, ξ′)

∣∣∣ξ=ξ′+0

ξ=ξ′−0
= 1, (3.38)

³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

G(±)(ξ, ξ′) =
Γ (1/2 ± iτ)

2

⎧⎨⎩ u(ξ)w
(±)
1 (ξ′) eikξ′

, ξ < ξ′,

w
(±)
1 (ξ)u(ξ′) eikξ′

, ξ > ξ′.
(3.39)
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‡´ ± ®+¯ (®−¯) ¢ (3.39) ¢Ò¡· ´ ¶μ  ´ ²μ£¨¨ ¸ ¢Ò· ¦¥´¨¥³ ¤²Ö ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥° ¤¢ÊÌÎ ¸É¨Î´μ° ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨¨ ƒ·¨´  [140].

‚ ¸¢μÕ μÎ¥·¥¤Ó, ¤²Ö ·¥§μ²Ó¢¥´ÉÒ μ¶¥· Éμ·  [ĥη + 2k(t0 − t) + μ Cη]
¶μ²ÊÎ ¥³

G(±)(η, η′) =
Γ (1/2 ± i(τ0 − τ))

2

⎧⎨⎩ v(η)w
(±)
2 (η′) e−ikη′

, η < η′,

w
(±)
2 (η) v(η′) e−ikη′

, η > η′,
(3.40)

£¤¥

w
(±)
2 (η) = exp

[
i

2
(±γ + k)η

]
U

(
1
2
± i(τ0 − τ), 1; ∓iγη

)
(3.41)

Å ¢Éμ·μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3.32). ‚Ò· ¦¥´¨Ö (3.39) ¨ (3.40) ³μ£ÊÉ ¡ÒÉÓ
§ ¶¨¸ ´Ò ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° “¨ÉÉ¥±¥·  (¸³., ´ ¶·¨³¥·, [141]):

G(±)(ξ, ξ′) =
Γ (1/2 ± iτ)

2iγ
(ξ ξ′)−1/2 M∓iτ, 0(∓iγξ<)×

×W∓iτ, 0(∓iγξ>) exp
[

i

2
k(ξ′ − ξ)

]
(3.42)

¨

G(±)(η, η′) =
Γ (1/2 ± i(τ0 − τ))

2iγ
(η η′)−1/2 M∓i(τ0−τ), 0(∓iγη<)×

×W∓i(τ0−τ), 0(∓iγη>) exp
[

i

2
k(η − η′)

]
. (3.43)

„¢Ê³¥·´Ò¥ ËÊ´±Í¨¨ ƒ·¨´ . ‚ [134] ¶μ± § ´μ, ÎÉμ ·¥§μ²Ó¢¥´É  ¤¢Ê³¥·´μ£μ
μ¶¥· Éμ· [
ĥξ + 2kt + μ Cξ

]
+
[
ĥη + 2k(t0 − t) + μ Cη

]
=
[
ĥξ + ĥη + μ C(ξ + η) + 2kt0

]
³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¨´É¥£· ² -¸¢¥·É±¨ ¶μ ¶ · ³¥É·Ê τ :

G(±)(t0, E ; ξ, η, ξ′, η′) = ± γ

iπ

∞∫
−∞

dτ G(±)(ξ, ξ′)G(±)(η, η′). (3.44)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥ E = γ2/2. ‚μ¸¶μ²Ó§Ê¥³¸Ö ¨´É¥£· ²Ó-
´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ¤²Ö ¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨° “¨ÉÉ¥±¥·  [142] ¢ ¢Ò· -
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¦¥´¨ÖÌ (3.42), (3.43):

G(±)(ξ, ξ′) =
1
2

exp
[

i

2
k(ξ′ − ξ)

] ∞∫
0

dz exp
[
±i

γ

2
(ξ + ξ′) ch (z)

]
×

×
[
cth
(z

2

)]∓2iτ

I0

(
∓iγ
√

ξ ξ′ sh (z)
)

, (3.45)

G(±)(η, η′) =
1
2

exp
[

i

2
k(η − η′)

] ∞∫
0

dz exp
[
±i

γ

2
(η + η′) ch (z)

]
×

×
[
cth
(z

2

)]∓2i(τ0−τ)

I0

(
∓iγ
√

η η′ sh (z)
)

, (3.46)

£¤¥ I0(z) Å ³μ¤¨Ë¨Í¨·μ¢ ´´ Ö ËÊ´±Í¨Ö 
¥¸¸¥²Ö. ’μ£¤  ¢ ·¥§Ê²ÓÉ É¥ ¶μ¤¸É -
´μ¢±¨ (3.45), (3.46) ¢ (3.44) ¨ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ τ ¶μ²ÊÎ ¥³ ¤²Ö ¤¢Ê³¥·´μ°
ËÊ´±Í¨¨ ƒ·¨´ 

G(±) (t0, E ; ξ, η, ξ′, η′) = ∓ iγ

4
exp
[

i

2
k(ξ′ − ξ + η − η′)

]
×

×
∞∫
0

dz sh (z)
[
cth
(z

2

)]∓2iτ0

exp
[
±i

γ

2
(ξ + ξ′ + η + η′) ch (z)

]
×

× I0

(
∓iγ
√

ξξ′ sh (z)
)

I0

(
∓iγ
√

ηη′ sh (z)
)

. (3.47)

Œ É·¨Í  ¤¢Ê³¥·´μ° ËÊ´±Í¨¨ ƒ·¨´ . ‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö
¶·¥¤¸É ¢²¥´¨¥ ¤¢Ê³¥·´μ° ËÊ´±Í¨¨ ƒ·¨´  (3.47) ¢ ¢¨¤¥ ³ É·¨ÍÒ G, ±μÉμ-
· Ö Ëμ·³ ²Ó´μ Ö¢²Ö¥É¸Ö μ¡· É´μ° ± ¡¥¸±μ´¥Î´μ° ³ É·¨Í¥ [h + μCQ] μ¶¥· -
Éμ·  (3.30):

[h + μCQ]G (t0, E) = I. (3.48)

‡¤¥¸Ó

h = hξ ⊗ Iη + Iξ ⊗ hη + 2kt0I, (3.49)

Q = Qξ ⊗ Iη + Iξ ⊗ Qη (3.50)

Å ³ É·¨ÍÒ μ¶¥· Éμ·μ¢ ĥ (3.21) ¨ (ξ + η) ¢ ¡ §¨¸¥ (3.26) ¸μμÉ¢¥É¸É¢¥´´μ;
I = Iξ ⊗ Iη Å ³ É·¨Í  ¥¤¨´¨Î´μ£μ μ¶¥· Éμ· ; Iξ, Iη Å ¥¤¨´¨Î´Ò¥ ³ É·¨ÍÒ;
Qξ ¨ Qη Å ³ É·¨ÍÒ μ¶¥· Éμ·μ¢ ξ ¨ η ¢ ¡ §¨¸¥ (3.27).
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‚ÒÎ¨¸²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢

G
(±)
n, m; n′, m′ (t0, E) =

∞∫
0

∞∫
0

∞∫
0

∞∫
0

dξ dη dξ′ dη′ 〈φn m| ξ, η〉×

× 〈ξ, η|G(±) (t0, E) |ξ′, η′〉 〈ξ′, η′ |φn′ m′〉 (3.51)

´  ¡ §¨¸´ÒÌ ËÊ´±Í¨ÖÌ (3.26) ³μ¦¥É ¡ÒÉÓ μ·£ ´¨§μ¢ ´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨° (3.48), ¶μ¸±μ²Ó±Ê ³ É·¨ÍÒ h ¨ Q Å · §·¥¦¥´-
´Ò¥. „¥°¸É¢¨É¥²Ó´μ, ± ¦¤ Ö ¨§ ³ É·¨Í hξ, hη , Qξ ¨ Qη É·¥Ì¤¨ £μ´ ²Ó´  ¸
μÉ²¨Î´Ò³¨ μÉ ´Ê²Ö Ô²¥³¥´É ³¨:

hξ
n, n = b+ ik+2bn, hξ

n, n−1 = (b− ik)n, hξ
n, n+1 = (b+ ik)(n+1), (3.52)

hη
n, n = b− ik+2bn, hη

n, n−1 = (b+ ik)n, hη
n, n+1 = (b− ik)(n+1), (3.53)

Qξ
n, n′ = Qη

n, n′ =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

− n

2b
, n′ = n − 1,

2n + 1
2b

, n′ = n,

−n + 1
2b

, n′ = n + 1.

(3.54)


μ²¥¥ Éμ£μ, ¨§ (3.49) ¨ (3.50) ¸²¥¤Ê¥É, ÎÉμ Ê ´¥´Ê²¥¢ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´-
Éμ¢ hn, m; n′, m′ ¨ Qn, m; n′, m′ ¨´¤¥±¸Ò Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Ö³: n = n′,
m = m′, m′ ± 1 ²¨¡μ m = m′, n = n′, n′ ± 1. ‚ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ Ê¸²μ-

¢¨° ¢ ¸Ì¥³¥ · ¸Î¥É  ¨¸¶μ²Ó§ÊÕÉ¸Ö §´ Î¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ G
(±)
0, 0; n, m,

 ´ ²¨É¨Î¥¸±¨° ¢¨¤ ±μÉμ·ÒÌ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ ´¥¶μ¸·¥¤¸É¢¥´´μ ¨§ (3.51)
³¥Éμ¤μ³ [42,143,144] (¸³. É ±¦¥ [145], £¤¥ ¤ ´ ¨´μ° ¸¶μ¸μ¡ ¢Ò¢μ¤ ). �μ¤¸É -
¢²ÖÖ, ´ ¶·¨³¥·, G(+) ¢ ¢¨¤¥ (3.47) ¨ ¢Ò· ¦¥´¨Ö (3.27) ¤²Ö ¡ §¨¸´ÒÌ ËÊ´±Í¨°
¢ (3.51), ¶μ²ÊÎ ¥³

G
(+)
0, 0; n, m (t0, E) = − iγ

b2

∞∫
0

dz sh (z)
[
cth
(z

2

)]−2iτ0

B1(z)B2(z), (3.55)

£¤¥

B1(z) =

∞∫
0

dx′ e−x′(1+p ch (z)+q)Ln(2x′)×

×
∞∫
0

dx e−x(1+p ch (z)−q)I0

(
2p

√
xx′ sh (z)

)
, (3.56)
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B2(z) =

∞∫
0

dy′ e−y′(1+p ch (z)−q)Lm(2y′)×

×
∞∫
0

dy e−y(1+p ch (z)+q)I0

(
2p
√

yy′ sh (z)
)

. (3.57)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò μ¡μ§´ Î¥´¨Ö: x = bξ, x′ = bξ′, y = bη, y′ = bη′, p =
−iγ/2b ¨ q = −ik/2b. ‘ ¶μ³μÐÓÕ Ëμ·³Ê²Ò [142]

∞∫
0

dxxμ−1/2 e−αx I2ν

(
2β

√
x
)

=

=
Γ ((1/2) + μ + ν)

Γ(1 + 2ν)
eβ2/2α

βαμ
M−μ, ν

(
β2

α

)
(3.58)

¶·μ¨´É¥£·¨·Ê¥³ ¢ ¢Ò· ¦¥´¨ÖÌ (3.56) ¨ (3.57) ¶μ x ¨ y ¸μμÉ¢¥É¸É¢¥´´μ. ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ ¤²Ö B1 ¨ B2:

B1 =
1

1 + p ch (z) − q
×

×
∞∫
0

dx′ exp
[
−x′

(
1 + p ch (z) + q − p2 sh2(z)

1 + p ch (z) − q

)]
Ln(2x′), (3.59)

B2 =
1

1 + p ch (z) + q
×

×
∞∫
0

dy′ exp
[
−y′
(

1 + p ch (z) − q − p2 sh2(z)
1 + p ch (z) + q

)]
Lm(2y′). (3.60)

„²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ (3.59) ¨ (3.60) ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ° [142]

∞∫
0

dxxγ−1 e−sxLμ
n(bx) =

=
Γ(γ)Γ(n + μ + 1)
Γ(n + 1)Γ(μ + 1)

s−γ
2F1

(
−n, γ; 1 + μ;

b

s

)
. (3.61)

‡ ³¥É¨³, ÎÉμ ´ Ï ¸²ÊÎ ° ¸μμÉ¢¥É¸É¢Ê¥É §´ Î¥´¨Ö³ ¶ · ³¥É·μ¢ γ = 1, μ = 0,
É ± ÎÉμ ¶· ¢ Ö Î ¸ÉÓ (3.61) ¸¢μ¤¨É¸Ö ±

1
s

(
1 − b

s

)n

.
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’ ±¨³ μ¡· §μ³, B1 ¨ B2 ¶·¨´¨³ ÕÉ ¢¨¤

B1 =
(−1)n

1 + 2p ch (z) + p2 − q2

(
1 − p2 + q2 − 2q

1 + 2p ch (z) + p2 − q2

)n

, (3.62)

B2 =
(−1)m

1 + 2p ch (z) + p2 − q2

(
1 − p2 + q2 + 2q

1 + 2p ch (z) + p2 − q2

)m

. (3.63)

�¡μ§´ Î¨³ t = th2(z/2) ¨ ¶·¥μ¡· §Ê¥³ §´ ³¥´ É¥²Ó ¢ (3.62), (3.63):

1 + 2p ch (z) + p2 − q2 = (1 − t)−1(1 + p2 − q2 + 2p)×

×
(

1 − 1 + p2 − q2 − 2p

1 + p2 − q2 + 2p
t

)
. (3.64)

„ ²¥¥, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö

1 + p2 − q2 + 2p =
1

4b2
[2b − i(γ + k)][2b − i(γ − k)],

1 + p2 − q2 − 2p =
1

4b2
[2b + i(γ + k)][2b + i(γ − k)],

1 − p2 + q2 + 2q =
1

4b2
[2b − i(γ + k)][2b + i(γ − k)],

1 − p2 + q2 − 2q =
1

4b2
[2b + i(γ + k)][2b − i(γ − k)],

(3.65)

¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨Ö

1 + p2 − q2 − 2p

1 + p2 − q2 + 2p
=

θ

λ
= ζ−1,

1 − p2 + q2 − 2q

1 + p2 − q2 + 2p
= λ−1,

(3.66)
1 − p2 + q2 + 2q

1 + p2 − q2 + 2p
= θ,

£¤¥ ¨¸¶μ²Ó§μ¢ ´Ò μ¡μ§´ Î¥´¨Ö, ¢¢¥¤¥´´Ò¥ ¢ [134]:

θ =
2b + i(γ − k)
2b − i(γ − k)

, λ =
2b − i(γ + k)
2b + i(γ + k)

, ζ =
λ

θ
. (3.67)

Š·μ³¥ Éμ£μ, § ³¥É¨³, ÎÉμ

1
1 + p2 − q2 + 2p

=
1
4p

(
ζ − 1

ζ

)
=

ib

2γ

(
ζ − 1

ζ

)
. (3.68)
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‘μμÉ´μÏ¥´¨Ö (3.64)Ä(3.68) ¶μ§¢μ²ÖÕÉ § ¶¨¸ ÉÓ ¶·μ¨§¢¥¤¥´¨¥ (3.62) ¨ (3.63)
¢ ¢¨¤¥

B1B2 = − b2

4γ2

(
ζ − 1

ζ

)2

×

× (−1)n+m θm

λn
(1 − t)n+m+2

(
1 − ζ−1t

)−(n+m+2)
. (3.69)

�μ¤¸É ¢¨³ (3.69) ¢ ¢Ò· ¦¥´¨¥ (3.55) ¨ ¶ÊÉ¥³ § ³¥´Ò t = th2(z/2) ¶¥·¥³¥´´μ°
¨´É¥£·¨·μ¢ ´¨Ö ¶·¥μ¡· §Ê¥³ ¥£μ ± ¢¨¤Ê

G
(+)
0, 0; n, m(t0, E) =

i

2γ

(
ζ − 1

ζ

)2

(−1)n+m θm

λn

1∫
0

dt tiτ0×

× (1 − t)n+m
(
1 − ζ−1t

)−(n+m+2)
=

i

2γ

(
ζ − 1

ζ

)2

(−1)n+m θm

λn
×

× Γ(1 + iτ0) Γ(n + m + 1)
Γ(n + m + 2 + iτ0)

2F1(n + m + 2, 1 + iτ0; n + m + 2 + iτ0; ζ−1).

(3.70)

�μ¸²¥ ²¨´¥°´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö £¨¶¥·£¥μ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ ¢ (3.70) ¶·¨-
Ìμ¤¨³ ± ¢Ò· ¦¥´¨Õ

G
(+)
0, 0; n, m(t0, E) =

i

2γ
(−1)n+m

(
ζ − 1

ζ

)
θm

λn

Γ(n + m + 1)Γ (1 + iτ0)
Γ (n + m + 2 + iτ0)

×

× 2F1

(
n + m + 1, iτ0; n + m + 2 + iτ0; ζ−1

)
. (3.71)

� Î ²Ó´Ò¥ Ê¸²μ¢¨Ö (3.71) ¢ ¸μÎ¥É ´¨¨ ¸μ ¸¢μ°¸É¢ ³¨ ¸¨³³¥É·¨¨ [145]

G
(+)
0, 0; n, m = (θλ)m−nG

(+)
n, m; 0, 0 = (θλ)−nG

(+)
n, 0; 0, m = (θλ)mG

(+)
0, m; n, 0, (3.72)

G
(+)
n, 0; n′, m′ = (θλ)n−n′+m′

G
(+)
n′, m′; n, 0 (3.73)

¶μ§¢μ²ÖÕÉ ¢ÒÎ¨¸²ÖÉÓ Ô²¥³¥´ÉÒ G
(+)
n, m; n′, m′ ³ É·¨ÍÒ G(+) ¸ ¶μ³μÐÓÕ ·¥±Ê·-

·¥´É´ÒÌ ¸μμÉ´μÏ¥´¨° (3.48).
‚ [134] É ±¦¥ Ê¸É ´μ¢²¥´μ, ÎÉμ ¸μμÉ´μÏ¥´¨¥ ¶μ²´μÉÒ ·¥Ï¥´¨° ¸¨¸É¥³Ò

Ê· ¢´¥´¨° (3.31), (3.32) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ ·¥§Ê²ÓÉ É  ¤²Ö ¨´-
É¥£· ²  μÉ ³ É·¨ÍÒ G(+) ¤¢Ê³¥·´μ° ËÊ´±Í¨¨ ƒ·¨´ :

1
2πi

∫
C0

dE G(+)(t0, E) = Q−1. (3.74)
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�¨¸. 11. Šμ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö ´  Ë¨§¨Î¥¸±μ³ ²¨¸É¥. ‘¥·μ° ²¨´¨¥° μ¡μ§´ Î¥´ · §·¥§
¢¤μ²Ó ¶μ²μ¦¨É¥²Ó´μ° ¢¥Ð¥¸É¢¥´´μ° ¶μ²Êμ¸¨. �μ²Õ¸Ò ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö
¢ (3.74) ¢ ÉμÎ± Ì E (l) = −(kt)2/2l2, l = 1, 2, . . ., ¤²Ö t < 0 ´  μÉ·¨Í É¥²Ó´μ°
¢¥Ð¥¸É¢¥´´μ° ¶μ²Êμ¸¨ ¨§μ¡· ¦¥´Ò É¥³´Ò³¨ ±·Ê¦± ³¨

Šμ´ÉÊ· C0 ¶·¨Ìμ¤¨É ¨§ ¡¥¸±μ´¥Î´μ¸É¨ (Re (E) = ∞) ¶μ ´¨¦´¥³Ê ¡¥·¥£Ê · §-
·¥§  ¢¤μ²Ó ¶μ²μ¦¨É¥²Ó´μ° ¶μ²Êμ¸¨, μ¡Ìμ¤¨É ´¨¦ °Ï¥¥ E(1) = −(kt0)2/2 ¨§
¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° E(l) = −(kt0)2/2l2 ¢ ¸²ÊÎ ¥ t0 < 0 (¨²¨ ´ Î ²μ ±μμ·¤¨-
´ É, ¥¸²¨ t0 > 0), ¨ § É¥³ ¶μ ¢¥·Ì´¥³Ê ¡¥·¥£Ê · §·¥§  ÊÌμ¤¨É ´  ¡¥¸±μ´¥Î´μ¸ÉÓ
E = ∞ (·¨¸. 11). ‘μμÉ´μÏ¥´¨¥ (3.74) ¨¸¶μ²Ó§μ¢ ´μ ¢ [145] ¤²Ö ¶μ²ÊÎ¥´¨Ö
¢Ò· ¦¥´¨Ö ¤²Ö ·¥§μ²Ó¢¥´ÉÒ G Ï¥¸É¨³¥·´μ£μ ¢μ²´μ¢μ£μ μ¶¥· Éμ·  ĥ (3.20).

3.4. Œ É·¨Í  Ï¥¸É¨³¥·´μ° ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨¨ ƒ·¨´ . ‚ μ¡² ¸É¨ Ω0

μ¶¥· Éμ· D0 ¢ (3.7) ¥¸ÉÓ ¸Ê³³  É·¥Ì ´¥§ ¢¨¸¨³ÒÌ μ¶¥· Éμ·μ¢ (¸³. (3.8)), ± -
¦¤Ò° ¨§ ±μÉμ·ÒÌ § ¶¨¸ ´ ¢ ¶ ·¥ ¸¢μ¨Ì ¶¥·¥³¥´´ÒÌ (ξj , ηj). ‘²¥¤μ¢ É¥²Ó´μ,
Ï¥¸É¨³¥·´ Ö ·¥§μ²Ó¢¥´É  G ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  Î¥·¥§ ¸¢¥·É±Ê É·¥Ì ¤¢Ê-
³¥·´ÒÌ ËÊ´±Í¨° ƒ·¨´  G1, G2, G3 (¸³., ´ ¶·¨³¥·, [3]), μ¶¨¸ ´´ÒÌ ¢ÒÏ¥.
’ ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶·¥¤¶μ² £ ¥É ¨´É¥£·¨·μ¢ ´¨¥ ¢¤μ²Ó ±μ´ÉÊ·μ¢ C(1) ¨ C(2),
±μÉμ·Ò¥ μÌ¢ ÉÒ¢ ÕÉ ¸¶¥±É·Ò ¤¢ÊÌ ¨§ É·¥Ì ¤¢Ê³¥·´ÒÌ ¢μ²´μ¢ÒÌ μ¶¥· Éμ·μ¢,
  ¨³¥´´μ: ¢ [134] ¶μ± § ´μ, ÎÉμ ³ É·¨Í  G, ±μÉμ· Ö Ö¢²Ö¥É¸Ö Ëμ·³ ²Ó´μ
μ¡· É´μ° ³ É·¨Í¥ Ï¥¸É¨³¥·´μ£μ μ¶¥· Éμ·  ĥ (3.20)

h = μ13μ12h1⊗Q2⊗Q3+μ23μ12Q1⊗h2⊗Q3 +μ23μ13Q1⊗Q2⊗h3, (3.75)

³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¨´É¥£· ² -¸¢¥·É±¨

G
(±) =

ℵ
(2πi)2

∫
C(1)

∫
C(2)

dE1

μ23

dE2

μ13
G(±)(t23; E1) ⊗ G(±)(t13; E2)⊗

⊗ G(±)(t12; E3). (3.76)
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‡¤¥¸Ó ¢¥²¨Î¨´  E3 ¸¢Ö§ ´  ¸ E1, E2 ¸μμÉ´μÏ¥´¨¥³

E3 =
k2
12

2
+

μ12

μ23

(
k2
23

2
− E1

)
+

μ12

μ13

(
k2
13

2
− E2

)
, (3.77)

±μÉμ·μ¥ ¸²¥¤Ê¥É ¨§ μ¶·¥¤¥²¥´¨Ö ®Ô´¥·£¨°¯ Ej

μlsCj =
k2

ls

2
− Ej (3.78)

¨ μ£· ´¨Î¥´¨Ö (3.13) ´  ¶ · ³¥É·Ò · §¤¥²¥´¨Ö Cj .
Šμ´ÉÊ·Ò ¨´É¥£·¨·μ¢ ´¨Ö C(1,2) ´  ±μ³¶²¥±¸´ÒÌ ¶²μ¸±μ¸ÉÖÌ E1, E2 ¢ ¸²Ê-

Î ¥ G(+) ¶μ¤μ¡´Ò ±μ´ÉÊ·Ê C0 (¸³. [3]). �¤´ ±μ ¨¸¶μ²Ó§μ¢ ´¨¥ ¶·¥¤¸É ¢²¥-
´¨Ö (3.76) ¢ ¶· ±É¨Î¥¸±¨Ì · ¸Î¥É Ì § É·Ê¤´¥´μ ¨§-§  ¶·¨¸ÊÉ¸É¢¨Ö · §·¥§  ´ 
¶²μ¸±μ¸É¨ E3 ¢¤μ²Ó ¢¥Ð¥¸É¢¥´´μ° ¶μ²μ¦¨É¥²Ó´μ° ¶μ²Êμ¸¨ (¶·μ¢¥¤¥´´μ£μ ¤²Ö
μ¤´μ§´ Î´μ£μ μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨¨ G3). „¥°¸É¢¨É¥²Ó´μ, ±μ´ÉÊ· ³ C(1), C(2)

¸μμÉ¢¥É¸É¢Ê¥É ¶μ²Ê¡¥¸±μ´¥Î´ Ö ¶μ²μ¸  (§ ÏÉ·¨Ìμ¢ ´´ Ö μ¡² ¸ÉÓ ´  ·¨¸. 12) ¸

· §·¥§μ³ μÉ ÉμÎ±¨ E30 =
k2
12

2
+

μ12

μ23

(
k2
23

2
+ E10

)
+

μ12

μ13

(
k2
13

2
+ E20

)
> 0

± ´ Î ²Ê ±μμ·¤¨´ É. ’ ±¨³ μ¡· §μ³, ¢ ¶·μÍ¥¸¸¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ E1, E2

¢ (3.76) É· ¥±Éμ·¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ÉμÎ±¨ ´  E3-¶²μ¸±μ¸É¨ (μ¶·¥¤¥²Ö¥³ Ö
Ê· ¢´¥´¨¥³ (3.77)) ³μ¦¥É ¶¥·¥¸¥ÎÓ ÔÉμÉ · §·¥§ ¨ ¶¥·¥³¥¸É¨ÉÓ¸Ö ¸ μ¤´μ£μ
²¨¸É  Ô´¥·£¨° (´ ¶·¨³¥·, Ë¨§¨Î¥¸±μ£μ 0 � arg (E3) < 2π) ´  ¤·Ê£μ° (´¥Ë¨-
§¨Î¥¸±¨° −2π � arg (E3) < 0). �·μ¸²¥¤¨ÉÓ §  ¢¸¥³¨ ÔÉ¨³¨ ¶¥·¥¸¥Î¥´¨Ö³¨ (¨
É¥³ ¸ ³Ò³ μ¤´μ§´ Î´μ μ¶·¥¤¥²¨ÉÓ  ·£Ê³¥´É E3 ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥-
´¨¨ (3.76)) ¢ Ìμ¤¥ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³.

�¨¸. 12. �¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ´  ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ E3, μÉ¢¥Î ÕÐ Ö ±μ´ÉÊ·-
´μ³Ê ¨´É¥£· ²Ê (3.76)
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢ÒÎ¨¸²¥´¨¥ ¤¢μ°´μ£μ ¨´É¥£· ²  (3.76) ¸ÊÐ¥¸É¢¥´´μ Ê¶·μ-
Ð ¥É¸Ö, ¥¸²¨ ¢ ± Î¥¸É¢¥ ¶ÊÉ¥° C(1) ¨ C(2) ¢Ò¡· ÉÓ ¶ · ²²¥²Ó´Ò¥ ¶·Ö³Ò¥.
„¥°¸É¢¨É¥²Ó´μ, ¢ ÔÉμ³ ¸²ÊÎ ¥ μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ´  ¶²μ¸±μ¸É¨ E3 ¢Ò·μ-
¦¤ ¥É¸Ö ¢ ¶·Ö³ÊÕ ²¨´¨Õ (¶ · ²²¥²Ó´ÊÕ C(1) ¨ C(2)) ¨  ·£Ê³¥´É Ô´¥·£¨¨ E3

μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¶μ §´ ±Ê ¥¥ ³´¨³μ° Î ¸É¨.

�¨¸. 13. Šμ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö C. ‘¶²μÏ´μ° ²¨´¨¥° ¨§μ¡· ¦¥´  Î ¸ÉÓ C, ±μÉμ· Ö
μ¸É ¥É¸Ö ´  Ë¨§¨Î¥¸±μ³ ²¨¸É¥. �·μ¤μ²¦¥´¨¥ ±μ´ÉÊ·  ´  ´¥Ë¨§¨Î¥¸±μ³ ²¨¸É¥ ¨§μ¡· -
¦¥´μ ÏÉ·¨Ìμ¢μ° ²¨´¨¥°

‚ [145] ¶μ± § ´μ, ÎÉμ ¶·Ö³μ²¨´¥°´Ò¥ ±μ´ÉÊ·Ò C(1), C(2) (¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ Ö ¨³ É· ¥±Éμ·¨Ö ´  ¶²μ¸±μ¸É¨ E3) ¤μ²¦´Ò ¶¥·¥¸¥± ÉÓ ¶μ²μ¦¨É¥²Ó´ÊÕ ¢¥-
Ð¥¸É¢¥´´ÊÕ ¶μ²Êμ¸Ó. �Éμ³Ê É·¥¡μ¢ ´¨Õ Ê¤μ¢²¥É¢μ·Ö¥É ±μ´ÉÊ· C, ¨§μ¡· ¦¥´-
´Ò° ´  ·¨¸. 13. Šμ´ÉÊ·Ê C-É¨¶  μÉ¢¥Î ¥É ¸²¥¤ÊÕÐ Ö ¶ · ³¥É·¨§ Í¨Ö Ô´¥·£¨°
¢ ¨´É¥£· ²¥ (3.76) [145]:

E1 =
k2
23

2
+ E1 eiϕ, E2 =

k2
13

2
+ E2 eiϕ, (3.79)

£¤¥ E1, E2 Å ¢¥Ð¥¸É¢¥´´Ò¥, −π < ϕ < 0. ’ ±¨³ μ¡· §μ³, §´ Î¥´¨Ö ¨¸±μ-
³ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ËÊ´±Í¨¨ ƒ·¨´  ¶μ²ÊÎ ÕÉ ¢ ·¥§Ê²ÓÉ É¥ ¢ÒÎ¨¸²¥´¨Ö
¤¢μ°´μ£μ ¨´É¥£· ² 

[
G

(+)
]

N,N′
=

e2iϕ

(2πi)2
1

μ23 μ13

∞∫∫
−∞

dE1 dE2 G
(+)
n1m1; n′

1m′
1

(
t23;

k2
23

2
+ E1 eiϕ

)
×

× G
(+)
n2 m2; n′

2 m′
2

(
t13;

k2
13

2
+ E2 eiϕ

)
G

(+)
n3 m3; n′

3 m′
3
(t12; E3), (3.80)
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£¤¥

E3 =
k2
12

2
−
(

μ12

μ23
E1 +

μ12

μ13
E2

)
eiϕ. (3.81)

�·¨ ÔÉμ³ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ |arg (E3)| < π.
3.5. �¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ · §¤. 3. �μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ÏÉÊ·-

³μ¢¸±μ³ ¡ §¨¸¥ ·¥§μ²Ó¢¥´ÉÒ  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ É·¥ÌÎ ¸É¨Î´μ£μ ¢μ²´μ¢μ£μ μ¶¥-
· Éμ·  ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ¤¨¸±·¥É´μ³  ´ ²μ£¥ (3.29) Ê· ¢´¥´¨Ö ‹˜ (3.24) μÉ´μ-
¸¨É¥²Ó´μ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¸¨¸É¥³Ò É·¥Ì
 ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í. ‡ ³¥É¨³, ÎÉμ ´¥μ¤´μ·μ¤-
´μ¸ÉÓ Ψ6C ¢ (3.24) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö

Ψ6C =
3∏

j=1

u (ξj) v (ηj) . (3.82)

’ ±¨³ μ¡· §μ³, ´¥μ¤´μ·μ¤´μ¸ÉÓ a(0) ¢ Ê· ¢´¥´¨¨ (3.29) ¢Ò· ¦ ¥É¸Ö Î¥·¥§
±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ·¥Ï¥´¨° u, v (3.33), (3.34) ¶μ ¡ §¨¸´Ò³ ËÊ´±-
Í¨Ö³ (3.27) [134]:

u(ξ) =
2
√

2b

2b − i(γ − k)

(
2b − i(γ − k)
2b + i(γ + k)

)iτ+(1/2) ∞∑
n=0

θnpn(τ ; ζ)ψn(ξ), (3.83)

v(η) =
2
√

2b

2b − i(γ + k)

(
2b − i(γ + k)
2b + i(γ − k)

)i(τ0−τ)+(1/2)

×

×
∞∑

n=0

λ−npn(τ0 − τ ; ζ)ψn(η), (3.84)

£¤¥

pn(τ ; ζ) =
(−1)n

n!
Γ(n + 1/2 − iτ)

Γ(1/2 − iτ)
×

× 2F1

(
−n,

1
2

+ iτ ; −n +
1
2

+ iτ ; ζ

)
. (3.85)

�¡Ð¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ´¥¤¨ £μ´ ²Ó´μ° Î ¸É¨ μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ°
Ô´¥·£¨¨ D1, ±μÉμ·μ¥ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¢μ§³ÊÐ¥´¨¥, ¶·¨¢¥¤¥´μ ¢ [117].
‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥° ¨§ ¤¢ÊÌ Ô²¥±É·μ´μ¢, ¤¢¨¦ÊÐ¨Ì¸Ö ¢
±Ê²μ´μ¢¸±μ³ ¶μ²¥ Ö¤· , ³ ¸¸  ±μÉμ·μ£μ m3 ¶μ² £ ¥É¸Ö ¡¥¸±μ´¥Î´μ°, ¨, ¸²¥-
¤μ¢ É¥²Ó´μ, k12 = (1/2)(k13 − k23), μ13 = μ23 = 1, μ12 = 1/2, μ¶¥· Éμ·
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¢μ§³ÊÐ¥´¨Ö (3.22) ¶·¨´¨³ ¥É ¢¨¤

V̂ =
1
2
(ξ1 + η1)(ξ2 + η2)(ξ3 + η3)×

×
{

(r̂23 + k̂23) · (r̂12 + k̂12)
∂2

∂ξ1∂ξ3
+ (r̂23 + k̂23) · (r̂12 − k̂12)

∂2

∂ξ1∂η3
+

+ (r̂23 − k̂23) · (r̂12 + k̂12)
∂2

∂η1∂ξ3
+ (r̂23 − k̂23) · (r̂12 − k̂12)

∂2

∂η1∂η3
−

− (r̂13 + k̂13) · (r̂12 + k̂12)
∂2

∂ξ2∂ξ3
− (r̂13 + k̂13) · (r̂12 − k̂12)

∂2

∂ξ2∂η3
−

−(r̂13 − k̂13) · (r̂12 + k̂12)
∂2

∂η2∂ξ3
− (r̂13 − k̂13) · (r̂12 − k̂12)

∂2

∂η2∂η3

}
. (3.86)

‡ ³¥É¨³, ÎÉμ ¢ ¢Ò· ¦¥´¨¥ (3.86) ¤²Ö V̂ ¢Ìμ¤ÖÉ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö
r̂ij · k̂ls, £¤¥ {ij} �= {ls}. ’ ±¨³ μ¡· §μ³, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ³ -
É·¨ÍÒ V É·¥¡Ê¥É¸Ö ¢Ò¶μ²´¨ÉÓ μ¡· Ð¥´¨¥ ¶·¥μ¡· §μ¢ ´¨° (3.6), ÎÉμ Ö¢²Ö¥É¸Ö
´¥μ¤´μ§´ Î´μ° ¶·μÍ¥¤Ê·μ°. ‡ ³¥É¨³ É ±¦¥, ÎÉμ ¢ÒÎ¨¸²¥´¨¥ Ô²¥³¥´Éμ¢ ³ -
É·¨ÍÒ μ¶¥· Éμ·  V̂ ¶·¥¤¶μ² £ ¥É ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ξj , ηj , j = 1, 2, 3. �·¨
ÔÉμ³ ¶¥·¥³¥´´Ò¥ ξj , ηj ¸Î¨É ÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢¥²¨Î¨´Ò
1/2(ξ1 + η1), 1/2(ξ2 + η2), 1/2(ξ3 + η3), ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ¸μμÉ¢¥É¸É¢¥´´μ
r23, r13, r12, ¶·¨´¨³ ÕÉ ¶·μ¨§¢μ²Ó´Ò¥ (¶μ²μ¦¨É¥²Ó´Ò¥) §´ Î¥´¨Ö. ’ ±¨³
μ¡· §μ³, ¢ Ìμ¤¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶·μ¨¸Ìμ¤¨É ´ ·ÊÏ¥´¨¥ ¶· ¢¨²  É·¥Ê£μ²Ó´¨± 
|r13 − r23| � r12 � r13 + r23. �·¥μ¡· §μ¢ ´¨¥, μ¡· É´μ¥ (3.6), ¢ μ¡Ð¥³ ¸²ÊÎ ¥
¤ ¥É ±μ³¶²¥±¸´Ò¥ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¶·μÍ¥¤Ê·  ¢ÒÎ¨-
¸²¥´¨Ö ³ É·¨ÍÒ V ¤μ²¦´  ¢±²ÕÎ ÉÓ ¶· ¢¨²μ ® ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö¯
¢¥²¨Î¨´ r23, r13, r12 ¢ ±μ³¶²¥±¸´ÊÕ μ¡² ¸ÉÓ. ‚ ¸²ÊÎ ¥, ±μ£¤  ¨³¶Ê²Ó¸Ò k13,
k23, k12 ¶ · ²²¥²Ó´Ò, μ¡· Ð¥´¨¥ ¢Ò· ¦¥´¨° (3.6) μÉ´μ¸¨É¥²Ó´μ ¤¥± ·Éμ¢ÒÌ
±μμ·¤¨´ É ´¥ ¢Ò§Ò¢ ¥É § É·Ê¤´¥´¨°, ¨ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ V ¢ÒÎ¨¸²ÖÕÉ¸Ö
 ´ ²¨É¨Î¥¸±¨. ’ ±¨³ μ¡· §μ³, ÔÉμÉ ¶·μ¸Éμ° ¶·¨³¥· ³μ¦¥É ¸²Ê¦¨ÉÓ Ìμ·μÏ¨³
É¥¸Éμ³ ÔËË¥±É¨¢´μ¸É¨ ¶·¥¤² £ ¥³μ° Î¨¸²¥´´μ° ¸Ì¥³Ò. Š·¨É¨Î¥¸±¨³ ¶Ê´±-
Éμ³ §¤¥¸Ó Ö¢²Ö¥É¸Ö ¢μ¶·μ¸ ¸Ìμ¤¨³μ¸É¨ ¶·μÍ¥¤Ê·Ò ¢ § ¢¨¸¨³μ¸É¨ μÉ Î¨¸² 
¡ §¨¸´ÒÌ ËÊ´±Í¨° (3.25), ¨¸¶μ²Ó§Ê¥³ÒÌ ¤²Ö μ¶¨¸ ´¨Ö ¢μ§³ÊÐ¥´¨Ö (3.86).

‡�Š‹	—…�ˆ…

‚ ¶·¥¤¸É ¢²¥´´μ³ μ¡§μ·¥ ¡Ò²  · ¸¸³μÉ·¥´  μ¤´  ¨§ · §´μ¢¨¤´μ¸É¥° ³¥-
Éμ¤  ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢,   ¨³¥´´μ ³¥Éμ¤ J-³ É·¨ÍÒ, ¢ ¶·¨³¥´¥´¨¨ ±
· ¸Î¥É ³ ¶·μÍ¥¸¸μ¢ ¸ É·¥³Ö § ·Ö¦¥´´Ò³¨ Î ¸É¨Í ³¨. Œ¥Éμ¤ μ¸´μ¢ ´ ´  · §-
²μ¦¥´¨¨ É·¥ÌÎ ¸É¨Î´μ° ±Ê²μ´μ¢¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ·Ö¤ ¶μ ¶μ²´μ³Ê
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¡ §¨¸Ê · ¤¨ ²Ó´ÒÌ ² £¥··μ¢¸±¨Ì ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨° ¨ Ï -
·μ¢ÒÌ ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨°, ÎÉμ ¢ Í¥²μ³ ·Ö¤¥ ¸²ÊÎ ¥¢ ¶μ§¢μ²Ö¥É ¸¢¥¸É¨
¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· , ¨²¨  ´ ²μ£¨Î´μ¥ ¥³Ê ¨´É¥£· ²Ó-
´μ¥ Ê· ¢´¥´¨¥ ‹¨¶¶³ ´ Ä˜¢¨´£¥· , ± ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³¥  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¤²Ö μ¶·¥¤¥²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö. �ÉÊ ¸¨¸É¥³Ê ¶·¨Ìμ-
¤¨É¸Ö μ£· ´¨Î¨¢ ÉÓ.

�μ± § ´μ, ÎÉμ É ± Ö ¸Ì¥³  ¢ ¶·¨³¥´¥´¨¨ ± ±Ê²μ´μ¢¸±¨³ § ¤ Î ³ É ¨É
¢ ¸¥¡¥ Í¥²Ò° ·Ö¤ ®¶μ¤¢μ¤´ÒÌ ± ³´¥°¯. „²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸ μ¤´μ°
 ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´μ° § ·Ö¦¥´´μ° Î ¸É¨Í¥° ¢ ±μ´É¨´ÊÊ³¥ Ê¤ ¥É¸Ö (´¥
³ É¥³ É¨Î¥¸±¨ ¸É·μ£μ, ¶ÊÉ¥³ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É ) ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ
¸Ìμ¤¨³μ¸ÉÓ ¨ Ê¸Éμ°Î¨¢μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ‹˜
¶·¨ Ê¢¥²¨Î¥´¨¨ · §³¥·  ¡ §¨¸ .

�¤´ ±μ ÔÉμ ´¥ É ± ¢ ¸²ÊÎ ¥  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö É·¥Ì
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í. “¦¥ ¢ ¨§´ Î ²Ó´μ° Ëμ·³Ê²¨·μ¢±¥ Ê· ¢´¥´¨Ö ‹˜ § -
±² ¤Ò¢ ¥É¸Ö ´¥  ¤¥±¢ É´ Ö ¶μ²´μ° § ¤ Î¥  ¸¨³¶ÉμÉ¨±  ¸¢μ¡μ¤´μ£μ Î²¥´ , ÎÉμ
¢¥¤¥É ± · ¸Ìμ¤¨³μ¸É¨ ¥£μ ¨´É¥£· ²Ó´μ£μ Î²¥´ . ‡ ³¥´  ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³Ò
 ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° μ¡·¥§ ´´μ° ´¥ μ¡¥¸¶¥Î¨¢ ¥É ¸Ìμ¤¨³μ¸É¨ ¨ Ê¸Éμ°-
Î¨¢μ¸É¨ ·¥§Ê²ÓÉ Éμ¢. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ‹˜ ¸ ¶·¨¢²¥Î¥´¨¥³
¸Ì¥³Ò ¶¸¥¢¤μ¸μ¸ÉμÖ´¨° ¥Ð¥ ¡μ²¥¥ § ¶ÊÉÒ¢ ¥É ¸¨ÉÊ Í¨Õ ¸ ÉμÎ±¨ §·¥´¨Ö ³ É¥-
³ É¨Î¥¸±μ° ¸É·μ£μ¸É¨.

�¥Ï¥´¨¥ ¢μ¶·μ¸  ¤μ¸É¨£ ¥É¸Ö ¶¥·¥Ëμ·³Ê²¨·μ¢±μ° ¶·μ¡²¥³Ò ¢ ¶ · ¡μ²¨-
Î¥¸±¨Ì ±μμ·¤¨´ É Ì. ‡¤¥¸Ó Ê¤ ¥É¸Ö ¢ ¸¢μ¡μ¤´μ³ Î²¥´¥ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥-
´¨Ö ‹˜ ÊÎ¥¸ÉÓ μ¸´μ¢´ÊÕ ±Ê²μ´μ¢¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¢¸¥° § ¤ Î¨ ¨ ¤μ¡¨ÉÓ¸Ö
±μ³¶ ±É´μ¸É¨ Ö¤·  ¨´É¥£· ²Ó´μ£μ Î²¥´ . �·¨ ÔÉμ³ Ê¤ ¥É¸Ö ¶μ¸É·μ¨ÉÓ Ê¤μ¡´Ò°
¡ §¨¸ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ ËÊ´±Í¨°, ¸μÌ· ´ÖÕÐ¨° Ê¤μ¡´Ò° É·¥Ì¤¨ -
£μ´ ²Ó´Ò° ¢¨¤ ËÊ´±Í¨¨ ƒ·¨´  ¨ ¶μ§¢μ²ÖÕÐ¨° ¶·μ¢¥¸É¨ ±μ´ÉÊ·´μ¥ ¨´É¥£·¨-
·μ¢ ´¨¥ ¢ ¨´É¥£· ²Ó´μ³ Î²¥´¥. Š ¸μ¦ ²¥´¨Õ, ¸ ³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨° ¶μ-
É¥´Í¨ ² ¶μ²ÊÎ ¥É¸Ö Î·¥§¢ÒÎ °´μ £·μ³μ§¤±¨³. �¶·¥¤¥²¥´´Ò¥ Ê¶·μÐ¥´¨Ö ¥£μ
¢¨¤  ¤μ¶Ê¸± ÕÉ¸Ö Éμ²Ó±μ ¢ μ¶·¥¤¥²¥´´ÒÌ ±¨´¥³ É¨Î¥¸±¨Ì μ¡² ¸ÉÖÌ ¨§³¥´¥-
´¨Ö ¨³¶Ê²Ó¸μ¢ Ô²¥±É·μ´μ¢.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ 
.�¨·μ (B. Piraux), ‚.˜ ¡²μ¢Ê, ‚. ‘¥-
·μ¢Ê, ‚. „¥·¡μ¢Ê, �. ƒÊ¸¥¢Ê, ‘. Ÿ±μ¢²¥¢Ê, Š.ŠÊ§ ±μ¢Ê, Š. „ ²Ó Š ¶¶¥²²μ
(C.Dal Cappello) §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ ¢Ò¸± § ´´Ò¥ § ³¥Î ´¨Ö. � ¡μÉ 
¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �””ˆ (£· ´É º11-01-00523).

��ˆ‹�†…�ˆ…

� ·Í¨ ²Ó´Ò° ¶ ·´Ò° ±Ê²μ´μ¢¸±¨° £ ³¨²ÓÉμ´¨ ´

hl = −1
2

d2

dr2
+

l(l + 1)
2r2

− Z

r
(�.1)
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¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° (Z > 0):

ϕ
(j)
l (r) = (2κj r)l+1 e−κj r

√
Z (j + 1)2l+1

(j + l + 1)(2l + 1)! 1F1(−j; 2l + 2; 2κj r), (�.2)

¨ ¸μ¸ÉμÖ´¨° ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· 

ϕl(k, r) =
1
2
(2kr)l+1 e−πt/2 eikr |Γ(l + 1 + it)|

(2l + 1)!
×

× 1F1(l + 1 + it; 2l + 2; −2ikr), (�.3)

£¤¥ κj = Z/[(j + l + 1)] ¨ t = −Z/k. ”Ê´±Í¨¨ (�.2) ¨ (�.3) ³μ£ÊÉ ¡ÒÉÓ · §-
²μ¦¥´Ò ¶μ ² £¥··μ¢¸±¨³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ (1.4), ¢ ±μÉμ·ÒÌ, μ¤´ ±μ, ¤²Ö
§ ¶¨¸¨ ¡ §¨¸  (2.7) ¢Ò¡· ´ £²μ¡ ²Ó´Ò° ¶ · ³¥É· ¡ §¨¸  u ¢³¥¸Éμ ¶ ·Í¨ ²Ó-

´μ£μ ξl. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö S(j)
n l ¨ Sn l(k) § ¤ ÕÉ¸Ö

¢Ò· ¦¥´¨Ö³¨ [24,85]

S(j)
nl = (−1)n

(
4uκj

(u + κj)2

)l+1(
u − κj

u + κj

)n+j √
Z(j + 1)2l+1(n + 1)2l+1

(j + l + 1)(2l + 1)!
×

× 2F1

(
−n,−j; 2l + 2; 1 −

(
u + κj

u − κj

)2
)

(�.4)

¨

Snl(k) =
1
2

√
(n + 1)2l+1 (2 sin ζ)l+1 e−πt/2 ξ−it |Γ(l + 1 + it)|

(2l + 1)!
×

× (−ξ)n
2F1

(
−n, l + 1 + it; 2l + 2; 1 − ξ−2

)
, (�.5)

£¤¥ μ¡μ§´ Î¥´μ ξ = eiζ = (iu − k)/(iu + k).
”Ê´±Í¨¨ S(j)

nl , Sn l(k) Ö¢²ÖÕÉ¸Ö ®·¥£Ê²Ö·´Ò³¨¯ ·¥Ï¥´¨Ö³¨ [24] É·¥Ì-
Î²¥´´μ£μ ·¥±Ê··¥´É´μ£μ ¸μμÉ´μÏ¥´¨Ö, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¤¨¸±·¥É´Ò³  ´ ²μ-
£μ³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

J l
n, n−1(k)dn−1 + J l

n, n(k)dn + J l
n, n+1(k)dn+1 = 0 (n = 1, 2, . . .) (�.6)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³

J l
0, 0(k)d0 + J l

0, 1(k)d1 = 0. (�.7)
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‚ (�.6) J l
n, n′(k) Å Ô²¥³¥´ÉÒ ¸¨³³¥É·¨Î´μ° É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨ÍÒ μ¶¥-

· Éμ·  (hl − k2/2) (É. e. J-³ É·¨ÍÒ), · ¸¸Î¨É ´´μ° ¢ ¡ §¨¸¥ φl
n:

J l
n n(k) =

u2 − k2

2u
(n + l + 1) − Z,

J l
n n−1(k) =

u2 + k2

4u

√
n(n + 2l + 1), (�.8)

J l
n n+1(k) =

u2 + k2

4u

√
(n + 1)(n + 2l + 2).

ŠμÔËË¨Í¨¥´ÉÒ S(j)
nl , Sn l(k) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ ´μ·³¨·μ¢±¨

∞∑
n, n′=0

S(j)
nl Ql

n,n′ S(j′)
n′l = δj, j′ ,

(�.9)

2
π

∞∑
n, n′=0

Snl(k)Ql
n,n′ Sn′l(k′) = δ(k − k′),

£¤¥ Ql
n n′ Å Ô²¥³¥´ÉÒ É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨ÍÒ ¶¥·¥±·Ò¢ ´¨Ö ¡ §¨¸´ÒÌ

ËÊ´±Í¨°:

Ql
n n′ =

∞∫
0

φl
n(r)φl

n′ (r) dr, (�.10)

Ql
n n−1 = − 1

2u

√
n(n + 2l + 1),

Ql
n n+1 = − 1

2u

√
(n + 1)(n + 2l + 2), (�.11)

Ql
n n =

1
u

(n + l + 1).

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ê¸²μ¢¨¥ ¶μ²´μÉÒ ¸μ¸ÉμÖ´¨° ¤¨¸±·¥É´μ£μ ¨ ´¥¶·¥·Ò¢´μ£μ
¸¶¥±É·μ¢ ¨³¥¥É ¢¨¤

∑
n′′

⎡⎣ 2
π

∞∫
0

dk Ql
n, n′′Sn′′l(k)Sn′l(k) +

∞∑
j=0

Ql
n, n′′S(j)

n′′l S
(j)
n′l

⎤⎦ = δn n′ . (�.12)
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‚Éμ·μ¥ ·¥Ï¥´¨¥ É·¥ÌÎ²¥´´μ£μ ·¥±Ê··¥´É´μ£μ ¸μμÉ´μÏ¥´¨Ö (�.6) ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ [24,85]

C(±)
n l (k) = −

√
n!(n + 2l + 1)!

eπt/2ξit

(2 sin ζ)l

Γ(l + 1 ± it)
|Γ(l + 1 ± it)|×

× (−ξ)±(n+1)

Γ(n + l + 2 ± it) 2F1(−l ± it, n + 1; n + l + 2 ± it; ξ±2). (�.13)

”Ê´±Í¨Ö C(+)
n l (k) (C(−)

n l (k)) μ¶·¥¤¥²¥´  ¢ ¢¥·Ì´¥° Im (k) > 0 (´¨¦´¥° Im (k) <
0) ¶μ²Ê¶²μ¸±μ¸É¨ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ k. �´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ¢
´¨¦´ÕÕ (¢¥·Ì´ÕÕ) ¶μ²Ê¶²μ¸±μ¸ÉÓ k ³μ¦¥É ¡ÒÉÓ ¢Ò¶μ²´¥´μ ¸ ¶μ³μÐÓÕ ¸²¥-
¤ÊÕÐ¥£μ ¸μμÉ´μÏ¥´¨Ö [85]:

C(+)
n l (k) = C(−)

n l (k) + 2iSn l(k) (C(−)
n l (k) = C(+)

n l (k) − 2iSn l(k)). (�.14)
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