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The evolution of the Universe filled with dark energy (DE) with or without perfect fluid is
discussed. In doing so, we consider a number of cosmological models, namely Bianchi type I, III,
V, VIp, VI, and FRW one. For the anisotropic cosmological models we have used proportionality
condition as an additional constraint. The exact solutions to the field equations in quadrature are
found in the case of a BVI model. It was found that the proportionality condition used here imposed
severe restriction on the energy—momentum tensor, namely, it leads to isotropic distribution of matter.

Anisotropic BVIp, BV, BIII, and BI DE models with variable EoS parameter w have been
investigated by using a law of variation for the Hubble parameter. In this case the matter distribution
remains anisotropic, though, depending on the concrete model, there appear different restrictions on
the components of energy—momentum tensor. That is why we need an extra assumption such as a
variational law for the Hubble parameter. It is observed that, at the early stage, the EoS parameter w
is positive, i.e., the Universe was matter-dominated at the early stage but at later time the Universe
is evolving with negative values, i.e., the present epoch. DE model presents the dynamics of EoS
parameter w whose range is in good agreement with the acceptable range by the recent observations.

A spatially homogeneous and anisotropic locally rotationally symmetric Bianchi-I space—time
filled with perfect fluid and anisotropic DE possessing dynamical energy density is studied. In the
derived model, the EoS parameter of DE (w(de)) is obtained as time varying and it is evolving
with negative sign which may be attributed to the current accelerated expansion of Universe. The
distance modulus curve of derived model is in good agreement with SNLS type Ia supernovae for
high red-shift value which in turn implies that the derived model is physically realistic.

A system of two fluids within the scope of a spatially flat and isotropic FRW model is studied.
The role of the two fluids, either minimally or directly coupled in the evolution of the dark energy
parameter, has been investigated. In doing so, we have used three different ansatzs regarding the scale
factor that gives rise to a variable decelerating parameter. It is observed that, in the noninteracting
case, both the open and the flat Universes can cross the phantom region whereas in the interacting
case only the open Universe can cross the phantom region. The stability and acceptability of the
obtained solution are also investigated.

O6cyxn ercs ®BONMIONMSA BceneHHOI, H MOMHEHHOH TeMHOH Heprueil ¢ Wue JIbHOH XHIKOCTBHIO
uny 6e3 Hee. MBI p CCMOTPUM HECKOJIBKO KOCMOJIOTMYECKMX MOJENEei, HMMEHHO Mojeny Tull bu HKu
I, 11, V, Vlo, VI u monenp ®@puam H —PobGeprcon —Yokep (FRW). [l HM30TpOIHBIX Mozeneil B
K YECTBE JOIMOIHUTEIBHOIO YCIOBUS UCIONB30B HO YCIOBHE MPOMOPLUOH JIbHOCTH. B ciyd e bu Hku
Tun VI H fIeHO0 TOYHOE pelleHHe IONIeBbIX yp BHEHHHl B KB Ap Typ X. IIok 3 HO, 4TO ycioBue
MIPONOPLHOH JIBHOCTU B 9TOM CIy4 € H JI T €T KECTKOE OIp HUYEHUE H TEH30p HEPTHU-UMITYJIbC —
OHO NPUBOAUT K U3OTPOIHOMY P CIIPEAEIECHHIO BEILECTB .

*E-mail: bijan@jinr.ru; http://bijansaha.narod.ru
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AHu30TpOIHbBIE MOJENHN TeMHOI sHepruM Tun  bu vKu Vg, V, Il u I ¢ nepeMeHHbIM 11 p METPOM
yp BHEHUS COCTOSHMS w OBUTM U3yYeHBI C HCIIONB30B HHEM B PH LIHOHHOIO MPHHLUI JUIL II P METp
X 661 . B aTHX MOenax p crpenereHHe BEIIECTB OCT €TCS HH3O0TPOIHBIM, HO B 3 BHCHMOCTH OT
KOHKPETHOH MOJIE/TH BO3HUK 0T P 3/IMYHBIE OIP HUYEHHS H KOMIIOHEHTBI DHEPIUU-UMITYIILC . ITo aTOM
HpPUYMHE U TIOH JOOUTCS MOIOTHUTEIBHOE YCIOBHE TUII B PU LMOHHOTO NPHHLMII IS I P METp
X 661 . Bputo 06H pyXeHO, 4TO B H Y JIbHOW CT MM 3BOMIOLMHU Il P METP yp BHEHHsS COCTOSHHS
w TIONOXHUTENEH, T.€. H OTOU CT Juu BceleHH S NpeuMyIecTBEHHO 3 MOMHEH BEIECTBOM, H
NO3JHEN CT JUM 3BOJIIOLMH IT P METP W CT HOBMTCS OTPHMII TEIbHBIM, YTO COOTBETCTBYET H CTOSIIEH
anoxe. Mozenb TEMHOIl HEpruy MOK 3bIB €T JUH MUKY I P METp w, 00 CTh U3MEHEHUs KOTOPOro
H XOIUTCS B XOPOIIEM COOTBETCTBHH C H OTIONCHUAMU.

H3yueHo NpoCTp HCTBEHHO-OMHOPOJHOE M HMU30TPOITHOE JIOK JIBHO BP I TEIbHO-CUMMETPHYHOE
MPOCTP HCTBO-BpeMsi THN bu HkH I, 3 momHeHHOE Hfe JIbHOM XUAKOCTBIO M HU3OTPOIHON TEMHOM
SHEpIHell ¢ MeHsIoleiicss MIOTHOCThIO. B 3TOl Mopenu m p merp yp BHemus coctosHus (w(9¢))
MEHSIETCS CO BPEMEHEM U ®BOJIOLHOHMPYET C OTPHIL[ TEJIbHBIM 3H KOM, YTO MOXET OBITh CBS3 HO C
YCKOpeHHBIM p ciipeHneM Bcenennoit. ITomydeHHbIe pe3yabT THI H XORATCS B GOBIIOM COOTBETCTBUH
¢ H OITION TENBHBIMH JI HHBIMH.

B p MK X mpocTp HCTBEHHO IUTOCKOH M M30TponHoi Momenu FRW msyuen cucreMm IByX Xui-
KocTedl. BbIACHEH UX ponb NpH NpAMON WM MMHUM JIBHOW CBA3M B ®BONIOUMH II P METP TEMHOM
sHepruu. I1pu 5TOM ClieNl Hbl TPU MPENONOKEHNS OTHOCUTENBHO M CIIT GHOTo ¢ KTOp , KOTOpbIE IO-
POXI IOT IT P METp 3 Me[JIeHHMs, 3 BUCALIMII OT BpeMeHH. IToK 3 HO, YTO B CIIyd € MHHHM JIbHOI CBS3U
OTKPHITBIE U TIOCKME MOJENH MOTYT TepeceK Th () HTOMHYI0 00N CTh, TOTA K K B CIIyd € MPSIMOTO
B3 HMOJEICTBUS TOJIBKO OTKPBIT S MOIEIb MOXET ciel Tb 9T0. T Kxe ObUIM M3ydeHbl JOIyCTUMOCTh
U YCTOWYMBOCTh HOTY4EHHBIX PELIEHUIA.

PACS: 98.80.Cq

INTRODUCTION

Cosmology is a discipline to understand the nature of origin, evolution, large
scale structure, and ultimate fate of the Universe. Being that, it is perhaps the
oldest discipline of the world. From the very beginning of mankind, looking at
the sky people were eager to know, where do they come from and who is behind
these all. Many leaves it with God, while a few goes forward to get a logical
answer. In their quest for knowledge they modeled the Universe in accord with
the information they have at hand.

The start of scientific cosmology took place as early as in 1543 with Nicholas
Copernicus suggesting the heliocentric model of the Universe. Further develop-
ment of scientific cosmology is connected with the scientists like Galileo Galilei
and Johannes Kepler, who provided both observational and theoretical support
to this cause. The Isaac Newton took this mission forward. But the biggest
boost for cosmology came in the 1920s with the theoretical works by A. Einstein,
A.Friedmann, W.de Sitter and observations by E. Hubble.

Nevertheless, only after World War II ended, it moved from a speculative
science to the much firmer ground of prediction, observation and verification.
And it is because only then astronomers and astrophysicists took advantage of
a powerful array of new tools and technologies. For the first time, astronomers
began to make comprehensive studies of the sky at wavelengths other than the
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visible. At the same time, they began to use rockets to lift their instruments
far above the Earth surface. Eventually, they succeeded in placing instruments
in space that brought dramatic confirmation of the Big Bang hypothesis — and
pointed to yet stranger features of the Universe. And each of new findings,
every single discovery of astrophysics poses an even greater challenge to the
cosmologists to give theoretical explanation of these observations.

In this review, we plan to discuss the problem of late time acceleration and its
possible solutions within the scope of both isotropic and anisotropic cosmological
models.

The review is organized as follows: in Sec. 1, we give a brief review of
dark energy; in Sec.2, dark energy models are discussed; in Sec.3, a short
description of cosmological models is given; in Sec.4, we study the Bianchi
type-VI cosmological model; in Sec.5, Bianchi type-VIj cosmological model
filled with dark energy is investigated; in Sec. 6, Bianchi type-V model is studied;
in Sec.7, we study the Bianchi type-III dark energy model; in Sec. 8, the Bianchi
type-I cosmological models are studied; in Sec.9, we consider the isotropic and
homogeneous FRW models and in Sec. 10, we give concluding remarks of the
results obtained.

1. DARK ENERGY

In the early 20th century the common world-view held that the Universe
is static — more or less the same throughout eternity. Even Albert Einstein
supported this long-standing idea, and in order to get the steady state Universe
he introduced cosmological constant in his famous system. So, when in 1922 the
Russian meteorologist and mathematician Alexander Friedmann had published a
set of possible mathematical solutions that gave a nonstatic Universe [68, 69],
Einstein rejected it noting that this model was indeed a mathematically possible
solution to the field equations. This model has gained big popularity only after
the works of Robertson and Walker and became known as FRW model. This
model describes a homogeneous and isotropic Universe. By homogeneity we
mean that space has the same metric properties (measures) in all points, whereas
by isotropy we mean that the space has the same measures in all directions. This
idea of expanding Universe suggested the presence of an initial singularity, which
means the finiteness of time.

Though the idea of an expanding Universe was supported both theoretically
and experimentally, it was strongly believed that the Universe is expanding with
deceleration. So, in 1998, when it was found that the Universe is expand-
ing with acceleration, it comes like a bolt from the blue. The observations of
type Ia supernova (SNela) in 1998 established that our Universe is currently ac-
celerating [112,113,120] and recent observations of SNela of high confidence
level [43,121,189] have further confirmed this. In addition, measurements of the
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Fig. 1. Expansion of the Universe in the presence of a dark energy (Credit: Nasa;
http://science.nasa.gov)

cosmic microwave background (CMB) [16] and large scale structure (LSS) [185]
strongly indicate that our Universe is dominated by a component with negative
pressure, dubbed as dark energy. In Fig. 1, the expansion of the Universe in the
presence of a dark energy is shown.

Dark energy is a form of matter (energy) not observable in laboratory and it
does not interact with electromagnetic radiation. These facts played decisive role
in naming this object. In contrast to dark matter

— dark energy is uniformly distributed over the space;

— it does not intertwine under the influence of gravity in all scales;

— it has a strong negative pressure of the order of energy density.

Based on these properties, cosmologists have suggested a number of dark
energy models, those are able to explain the current accelerated phase of expansion
of the Universe.

What Dark Energy is? More is unknown than is known. We know how much
dark energy there is because we know how it affects the Universe expansion.
Other than that, it is a complete mystery. But it is an important mystery.

The Wilkinson Microwave Anisotropy Probe (WMAP) measures the compo-
sition of the Universe. The top chart shows a pie chart of the relative constituents
today. A similar chart (bottom) shows the composition at 380,000 years old
(13.7 billion years ago) when the light WMAP observes emanated. The compo-
sition varies as the Universe expands: the dark matter and atoms become less
dense as the Universe expands, like an ordinary gas, but the photon and neu-
trino particles also lose energy as the Universe expands, so their energy density
decreases faster than the matter. They formed a larger fraction of the Universe
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13.7 billion years ago. It appears that the
dark energy density does not decrease at
all, so it now dominates the Universe
even though it was a tiny contributor
13.7 billion years ago.

WMAP satellite experiment suggests
73% content of the Universe in the form
of dark energy, 23% in the form of non-
baryonic dark matter and the rest 4% in
the form of the usual baryonic matter as
well as radiation. The corresponding pic-
ture is given in Fig. 2.

Figure 3 shows the present acceler-
ated mode of expansion and the future
fate of the Universe depending on which
way it evolves.

Thus, we see that the dark energy
is really a very important component of
the Universe and needs to be explained
theoretically.

One explanation for dark energy is
that it is a property of space. Albert Ein-
stein was the first to realize that empty
space is not nothing. Space has amazing
properties, many of which are just begin-

.
w
W
-
!

Atoms
4.6%

Dark
energy
72%
Dark
matter
23%

TODAY

Dark
matter
63%

Neutrinos
10%

Photons
15%

13.7 billion years ago
(Universe 380,000 years old)

Fig. 2. Expansion of the Universe
in the presence of a dark energy
(Credit:  Nasa/WMAP Science Team;
http://www.gsfc.nasa.gov)

Fig. 3. The present day acceleration and future fate of the Universe (Credit: Wikipedia)
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ning to be understood. The first property that Einstein discovered is that it is
possible for more space to come into existence. Then one version of Einstein’s
gravity theory, the version that contains a cosmological constant, makes a second
prediction: empty space can possess its own energy. Because this energy is a
property of space itself, it would not be diluted as space expands. As more
space comes into existence, more of this energy-of-space would appear. As a
result, this form of energy would cause the Universe to expand faster and faster.
Unfortunately, no one understands why the cosmological constant should even be
there, much less why it would have exactly the right value to cause the observed
acceleration of the Universe.

Another explanation for how space acquires energy comes from the quantum
theory of matter. In this theory, empty space is actually full of temporary (virtual)
particles that continually form and then disappear. But when physicists tried to
calculate how much energy this fact would give empty space, the answer came
out wrong — wrong by a lot. The number came out 1020 times too big. It is
hard to get an answer to be so bad. So the mystery continues.

The third explanation for dark energy is that it is a new kind of dynamical
energy fluid or field, something that fills all of space but something whose effect
on the expansion of the Universe is the opposite of that of matter and normal
energy. Some theorists have named this quintessence, after the fifth element of
the Greek philosophers. But, if quintessence is the answer, we still do not know
what it is like, what it interacts with, or why it exists. So the mystery continues.

Another possibility is that Einstein’s theory of gravity is not correct. That
would not only affect the expansion of the Universe, but it would also affect the
way that normal matter in galaxies and clusters of galaxies behaved. This fact
would provide a way to decide if the solution to the dark energy problem is a new
gravity theory or not: we could observe how galaxies come together in clusters.
But if it does turn out that a new theory of gravity is needed, what kind of theory
would it be? How could it correctly describe the motion of the bodies in the
Solar System, as Einstein’s theory is known to do, and still give us the different
prediction for the Universe that we need? There are candidate theories, but none
are compelling. So the mystery continues.

2. DARK ENERGY MODELS

Given the fact that dark energy fills almost 3/4 of the Universe and there is no
unambiguous answer to the question what dark energy is, cosmologists propose
dark energy models in regular intervals. At present there are several candidates
to explain this phenomenon of late time acceleration. In what follows we review
a few of them.



ISOTROPIC AND ANISOTROPIC DARK ENERGY MODELS 591

2.1. A-Term. To ensure the sustainable cosmological solution to the grav-
itational field equations, Einstein introduced a fundamental constant, known as
the cosmological constant, or A-term in the system [54,55]. After Hubble ex-
perimentally confirmed that the Universe is expanding, Einstein returned to the
original form equation, saying at the same time that the modification, which he
did, was the biggest blunder of his life. The A-term made a temporary comeback
in the late 60s of last century. Finally after the pioneer paper by A.Guth [78]
on inflationary cosmology, researchers began to study the models with A-term
with growing interest. An excellent overview of the cosmological constant can
be found in [109].

With its introduction, the Einstein field equations take the form

v v ]' v v v
Gy = Ry, — 56R = —T — 5 A. 2.1)

In 1998, two groups [112,120] independently showed that our Universe
expands with acceleration confirming the existence of dark energy. The simplest
form of dark energy is a positive cosmological constant. Introduction of a positive
A-term corresponding to a universal repulsive force, leads to the present mode
of the accelerated expansion. But it is accompanied by such theoretical problems
as the fine-tuning, and coincidence problem [197] which states why the density
of dark energy and dust matter density is currently comparable to, or why the
Universe began to expand rapidly only right now. Another problem, which
is associated with accelerated expansion, is a problem of eternal acceleration.
Introduction of a negative A-term corresponding to an additional gravitational
force can solve this problem [34]. Models with A-terms of the opposite sign
were considered in [128,137,154].

2.2. Quintessence. The discovery that the expansion of the Universe is
accelerating has promoted the search for new types of matter that can behave
like a cosmological constant by combining positive energy density and negative
pressure. Quintessence is a hypothetical form of dark energy, which is thought
to be the fifth fundamental force. While the cosmological constant stays con-
stant throughout time, quintessence changes over time due its dynamic character
which is given by the equation of state. This is the most common type of dark
energy [32,138,168,210] with equation of state

Pq = WyEq, 2.2)

with this ratio being a constant. Such an equation of state is well known, namely,
when w € [0,1], it describes a perfect fluid. With w = —1, it describes a
typical cosmological constant (A-term) [109,137,167]. So if the Universe, filled
with mostly similar substance, expands with acceleration, the condition w <
—1/3 must be held. Usually, the constant w varies between —1 and —1/3, i.e.,
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w € [—=1, —1/3]. This limitation is attributed to the following fact. The rigorous
definition of w (both for the equilibrium state and for small perturbations) implies
that when w < 1 the propagation velocity of small perturbations (for instance,
the sound) in quintessence exceeds the speed of light and, hence, the inequality
leads to violation of the causality principle. Many quintessence models behave
like a tracker field that partially solves the cosmological constant problem [210].
In these models, the quintessence field has a density which closely tracks (but
is less than) the radiation density until matter-radiation equality, which triggers
quintessence to start having characteristics similar to dark energy, eventually
dominating the Universe.

2.3. k-Essence. A key challenge for theoretical physics is to address the
cosmic consequence problem: why does the dark energy component have a tiny
energy density compared to the expectation based on the quantum field theory
and why does the cosmic acceleration begin at such a late stage in the evolution
of the Universe? Most dark energy candidates require extraordinary fine-tuning
of the initial energy.

The purpose of introducing k-essence is to provide a dynamical explanation
which does not require the fine-tuning of initial condition or mass parameters and
which is decidedly nonanthropic.

A further property of k-essence is that, because of the dynamical attractor
behavior, cosmic evolution is insensitive to initial conditions.

The k-essence component has the property that it only behaves as a negative
pressure component after the matter-radiation equality, so that it can only overtake
the matter density and induce cosmic acceleration after the matter has dominated
the Universe for certain period. In general, k-essence is defined as a scalar field
with noncanonical kinetic energy and can be given by the Lagrangian

L= K@)p(X), X = 39,07"0, @3

where K (¢) > 0.

2.4. Chaplygin Gas. In order to combine these two different physical con-
cepts as dark matter and dark energy, and thus reduce the two physical parameters
in one, a rather exotic equation of state [91] was proposed

A
Dch = ——. (2.4)
€ch
In this paper, the authors described the transition of a Universe filled with dust
in the rapidly expanding Universe. The model proposed in [91], was generalized
in the works [17,25]. Generalized Chaplygin gas model is given by the equation
of state 4
Pch = ——5» (2.5)

ch
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where A is a positive constant and 0 < o < 1. Note that the original Chaplygin
gas was introduced into aerodynamics [37]. There are quite a good number of
works on this model [2,11,12,15,18,19,22,24,27,44,48,58,59,73,75,76,79, 80,
88,96,105,107,136,170,182].

2.5. Modified Chaplygin Gas. Modified Chaplygin gas (MCG) is the general-
ization of generalized Chaplygin gas p = —B/e” with the addition of a barotropic
term p = Ae and given by the EoS

B
p=ds— =, (2.6)

where A and B are the positive constants, and 0 < o < 1. The MCG parameters
a and B have been constrained by the cosmic microwave background (CMB)
data. The MCG is able to explain the cosmic accelerated expansion, and the EoS
of MCG is valid from radiation era to A-CDM model.

2.6. Phantom-Type Dark Energy. Until recently it was assumed that the
standard cosmological source of dark energy must have a small negative pressure,
such that —e < p < 0, and under no condition the pressure should exceed the
mysterious barrier p = —e = —A, which corresponds to cosmological constant.
In this case only strong energy condition may be violated:

e+3p>0, e+p>0, 2.7

and the subsequent could follow one of the two scenarios: the Asymptotic Empti-
ness and the Big Crunch.

The phantom is dark energy with a strong negative pressure. It can be
modeled by a scalar field with a negative kinetic energy given by the Lagrangian

k
L= 3 Lot —V(p), (2.8)

where £ = —1 corresponds to the phantom; while £ = 1, to the standard scalar
field. Here V(p) is a potential. The most striking result that is attributed to
the phantom is that the energy density grows proportionally to the scale factor.
Thus, in contrast to the standard sources, when the increase of the energy density
corresponds to the reduction of the scale factor, in this case the energy density’s
increase is accompanied by the Universe expansion. This leads to the appearance
of singularities in the future known as Big Rip. In this case the Universe becomes
infinite during a finite time [46,51]. Note that, in case of w < —1, Eq.(2.2) too
gives rise to a phantom matter.

2.7. Oscillating Dark Energy. The discovery of positive accelerations gives
rise to a number of problems. One of the most baffling of those is the problem
of eternal acceleration [125]. A positive A-term, as well as the most dark energy
models proposed so far, leads to the regime of eternal acceleration. In [181],
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the authors proposed a cosmological model of a cyclic Universe experiencing
periodical expansions and contractions. Every cycle begins with a Big Bang,
terminates with a Big Crunch only to begin with a Big Bang again. The expansion
phase of each cycle contains the eras of radiation, matter and quintessence. The
last one corresponds to the modern accelerated mode of expansion.

In the paper [62], a cosmological model has been investigated, where the
effective potential V' (¢) might be negative for some values of ¢. In this case
the cyclic model of the Universe is realized. One of the simplest way to achieve
cyclic models is to introduce a negative A-term together with some potential to
the system [34, 128, 154]. Note that the models considered in [128, 154, 161]
give both cyclic (also known as nonperiodic solutions, as the volume scale is
strictly positive and when the volume scale tends to zero, there occurs a physical
singularity, though the solution can be mathematically continued and enter into a

new cycle) and oscillatory (positive in

one obtains ordinary quintessence. As one
sees from (2.9), the pressure is negative
20 40 60 80 100 120 140¢ as long as € > €., Since with the expan-
Fig. 4. Energy density and pressure of a Sion of the Universe the energy density
quintessence with a modified equation of ~decreases, at some moment of time ¢ be-
state oscillate comes less than e, i.e., ¢ < e€¢.. This

leads to the positive pressure and the con-
traction of the Universe. The corresponding behavior of energy density and
pressure is given in Fig.4.

Oscillating dark energy with a periodic equation of state in two equivalent
formulations was considered in [106]. It was shown that such a model assumes a
natural unification of initial inflation with modern accelerating mode of expansion.
Model with oscillating dark energy was also studied in [101].

2.8. Model with Interaction between Dark Energy and Dark Matter.
Experimental checks conducted within the solar system impose strict constraints
on the possibility of nonminimal interaction between dark energy and dark mat-
ter [200]. Nevertheless, a possibility of additional (nongravitational) interaction
between them without a contradiction with the experimental data, appears due to
the unknown nature of the dark matter as the main fraction of that background.

; € each space-time point) solutions. We have
0.3 also proposed a model of quintessence
N with modified equation of state [138]
0.2
. p=W( —¢eu), WEe(-1,0), 2.9
0.1+
. with €., being some critical energy den-
OE sity. The model gives rise to cyclic or
_015 oscillatory Universe. Setting ., = 0,
. P

(=}
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Moreover, it was established that the models with interacting dark energy are in
good agreement with the modern observation data [108,110]. It leads to the ap-
pearance of a number of papers offering the models with interacting dark matter
and dark energy [42,74].

2.9. Scalar-Tensor Models of Dark Energy. Scalar-tensor theory of grav-
itation is an alternative to or generalization of Einstein’s theory of gravitation,
where a scalar field is present in addition to the tensor field. It was proposed al-
most half a century ago in a series of papers [28,64,90], and even at present time
remains important for explaining the accelerating expansion phase, especially in
the inflation and quintessence scenarios. The main assumption of this theory is a
connection between the matter and the scalar and gravitational fields ¢ and g,,,,
via some effective metrics g, = AQ(ga)gu,,,. In the paper [70], a scalar—tensor
model of dark energy with a new degree of physical freedom has been consid-
ered. It is argued that the scalar field ¢ of graviton is responsible for the change
of gravitational one. Scalar—tensor models of ordinary and phantom matter were
studied in [71]. Similar models for Bianchi type-I space—time were constructed
in [61]. In that paper dynamical behavior of metric functions was described for
three different interactions.

2.10. Models with Tachyon Matter. The idea of tachyon is not new, and
after a series of works [171,172] the tachyon models found their application in
cosmology. They were not observed experimentally and a few of them, rolling
tachyon, for example, posses a very interesting equation of state, where the
tachyon parameters exhibit smooth variations within the interval (—1, 0). This
very fact makes the tachyon one of the candidates for dark energy [35,45, 174,
175,180]. There are a number of tachyon dark energy models. One of the most
effective models was proposed in [169]. It is defined by using cosmological
diagnostic pairs (r, s) called the statefinders:

a0t r—1
Tfm, S—W, (210)

where ¢ is the deceleration parameter, and « is the scale factor of FRW space—time.
Since different cosmological models related to the dark energy yield qualitatively
different trajectories on the r — s plane, the proposed diagnostics can help to
distinguish between these models.

2.11. Quintom Models of Dark Energy. In order to understand the behavior
of dark energy state equation (2.2) with w > —1 in the past and with w < —1 at
present, quintom model of dark energy was proposed [63]. Quintom model is a
dynamic model of dark energy and compared to the other models of dark energy
it defines the cosmic evolution in a different way. One of the characteristics of
quintom model is the fact that its equation of state can smoothly pass the value
of w = —1 [30]. In contrast to (2.2), where w is a constant, in quintom model it
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depends on time and can be given by the EoS

w(t) = —r — t% 2.11)
where r and s are some parameters. Many authors have used quintom model in
order to generate a bouncing Universe. Spinor description of quintom model was
given in [31].

2.12. The Weyl-Eddington—Einstein Affine Gravity. Recently the Weyl-
Eddington-Einstein affine gravity proposed by Weyl [199], Eddington [52,53],
and Einstein [56,57] was further developed by Filippov and coauthors [47,65—
67]. In these papers the authors, based on the ideas of Weyl, Eddington, and
Einstein, proposed an affine theory of gravity for D-dimensional space—time
with symmetric connections. It was shown that such a theory can predict dark
energy (the cosmological constant as a first approximation), a neutral massive
(or tachyonic) vector field, and massive (or tachyonic) scalar fields. It was also
shown that these fields couple only to gravity and may generate dark matter
and/or inflaton. Further details of the theory, such as the nature of the scalar and
vector fields, can describe massive particle, tachyon and phantom, depending on
the concrete choice of the geometric Lagrangian.

2.13. EoS Parameter as Dark Energy. In addition to the models mentioned
above recently attempt to describe dark energy by using a time-dependent para-
meter of equation of state [4,5,114,115,153,166,201] has been taken. In some
of these models, it is assumed that the deceleration parameter is a constant. This
yields two types of solutions — one of which is in the form of power function;
while the second, exponential. These solutions describe the expanding nonsin-
gular and singular Universes, respectively. The range of values for the equation
of state w in both cases is in good agreement with recent observational data,
namely: (i) SNe Ia data in 2003 [93], (ii) SNe Ia data collaborated with CMBR
anisotropy and galaxy clustering statistics in 2004 [185], and (iii) a combination
of cosmological datasets coming from CMB anisotropies, luminosity distances of
high red-shift-type Ia supernovae and galaxy clustering 2009 [82,94].

2.14. Models with Spinor Field. Recently, cosmological models with spinor
field are widely studied by various authors [6,127,128,154,159,160,190]. One of
the main objectives of [127,128,154,159,160] was to find regular solutions of the
equations. In some cases, especially in the presence of a negative cosmological
constant (A-term), which plays the role of the additional gravitational field, we
were able to obtain regular solutions. It was also found that the introduction of
a nonlinear spinor field leads to a rapid expansion of the Universe. This very
fact allows us to consider the spinor field as a possible candidate for explaining
the accelerated expansion phase. In connection with this, there appear a number
of works [119,139-141], where the spinor field is considered as an alternative
model of dark energy.
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Thus, it can be concluded that a suitable choice of spinor field nonlinearity

(i) accelerates the isotropization process [128,131,154];

(ii) gives rise to a singularity-free Universe [128,129,131,154];

(iii) generates late-time acceleration [119,139-142,179].

Given the role that spinor field can play in the evolution of the Universe,
question that naturally pops up is: if the spinor field can redraw the picture of
evolution caused by perfect fluid and dark energy, then is it possible to simulate
perfect fluid and dark energy by means of a spinor field? Affirmative answer to
this question was given in a number of papers [95, 143—-146]. In those papers,
the authors have shown that different types of perfect fluid and dark energy can
be described by nonlinear spinor field.

In [143], two types of nonlinearity were used, one occurs as a result of self-
action and the other resulted from the interaction between the spinor and scalar
fields. It was shown that the case with induced nonlinearity is the partial one
and can be derived from the case with self-action. The description of generalized
Chaplygin gas and modified quintessence in terms of spinor field and the study of
the evolution of the Universe filled with nonlinear spinor field within the scope
of a Bianchi type-I and FRW cosmological model were given in [144-146].

It was found that the spinor field Lagrangian

Lo = % [UArV, 0 — V, By 0] — W (2.12)

simulates various types of matter depending on the value of W, namely:

W =0 (dust), (2.13a)
W =1/3 (radiation), (2.13b)
W e (1/3,1) (hard Universe), (2.13¢)
W =1, (stiff matter), (2.134d)
W e (-=1/3, =1) (quintessence), (2.13e)
W=-1 (cosmological constant), (2.13f)
W< -1 (phantom matter), (2.13g)
W >1 (ekpyrotic matter). (2.13h)

Spinor field Lagrangian that describes a Chaplygin gas is given by (2.5).
In account of it the spinor field Lagrangian now reads

Loy = 5 [U999,0 = ¥, 0910] — (A+ ARV 214)

In Figs. 5 and 6 the evolution of the Universe caused by the spinor field given
by (2.12) and (2.14) is illustrated.
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Fig. 5. Evolution of the Universe filled Fig. 6. Evolution of the Universe filled
with dark energy with perfect fluid

It should be noted that the specific behavior of spinor field in curve space—
time with the exception of FRW model almost always gives rise to nontrivial
nondiagonal components of the energy—momentum tensor. This nontriviality of
nondiagonal components of the energy—momentum tensor imposes some severe
restrictions either on the spinor field or on the metric functions. Within the BI
space—time it is found that there exist two possibilities [151,152]. In one scenario,
the initially anisotropic Universe evolves into an isotropic one asymptotically, but
in this case the spinor field itself undergoes some severe restrictions. In the second
scenario, the isotropization takes places almost at the beginning of the process.

3. COSMOLOGICAL MODELS

One of the principal goals of cosmological models is to describe the different
phases of evolution of the Universe. The first epoch is that of rapid expansion
of the Universe, also known as inflationary period. Most of the theories describe
this phase by means of a scalar field related to the hypothetic inflaton. The next
phase corresponds to the deceleration when the matter and radiation dominate
over the scalar field. The present era is characterized by the accelerated mode of
expansion where dark matter and dark energy play the dominating role. By this
acceleration we understand the acceleration that we observe at present time.

Cosmological models, considered in literature, can be divided in a few
groups [104].

3.1. Spatially Homogeneous and Isotropic Models. The simplest models of
expanding Universe are the spatially homogeneous and isotropic ones. These are
Friedmann-Lemiter—-Robertson—Walker (FLRW) models and the Standard Model.
These models were first studied by Friedmann [68], Robertson [122,123], and
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Walker [194]. Though the spatially homogeneous and isotropic FLRW models
are widely used as a good approximation of present and early stages of evolu-
tion of the Universe, the large-scale distribution of matter in the observational
Universe, mainly presented in the form of discrete structure, does not show the
homogeneousness in higher order. Contrary to that, the cosmic microwave back-
ground radiation is significantly homogeneous. In the de Cartesian coordinates
this distribution is given by

ds® = dt? — a*(t)[dx* + dy? + d=?, (3.1)

where a(t) is the scale factor. The most used version of this model is given by
spherical coordinates and takes the form

dr?

2 _ 2 p2
ds® = dt* — R*(t) Ty

+ r2(d6? + sin?(9) do?) |, (3.2)

where R(t) is some unknown function of time, and k is some constant, taking
the value +1,0,—1. For k = —1 or £ = 0 the space comes out to be infinity
(open). For k = 0 the space is flat, while £ = +1 space is finite (closed), though
not limited.

3.2. Spatially Homogeneous and Anisotropic Models. Experimental studies
of the isotropy of the cosmic microwave background radiation and reflection of
the amount of helium formed in the initial stages of the evolution of the Universe,
stimulated theoretical study of anisotropic cosmological models. At present stage
of evolution, the Universe is spherically symmetric and the distribution of matter
in it is generally isotropic and homogeneous. But in the early stages of evolution,
the picture might not be as smooth as near the Big Bang singularity, the assump-
tion of spherical symmetry, as well as that of isotropy could not be strictly valid.
The anisotropy of the cosmic expansion, which is supposed to disappear with
time, is a very important quantity. Recent experimental data as well as theoretical
arguments support the existence of anisotropic expansion phase, which evolves
into an isotropic one. This very fact forces one to study evolution of the Universe
with the anisotropic background.

Cosmologists use the term to describe the uneven temperature distribution of
the cosmic microwave background radiation. There is evidence for the so-called
Axis of Evil in the early Universe that is at odds with the currently favored theory
of rapid expansion after the Big Bang. Cosmic anisotropy has also been seen in
the alignment of the galaxies’ rotation axes and polarization angles of quasars.

In Fig.3.2, the cosmic microwave temperature fluctuations from the 5-year
WMAP data are seen over the full sky. The average temperature is 2.725 K, and
the colors represent the tiny temperature fluctuations, as in a weather map. Red
regions are warmer and blue regions are colder by about 0.0002 K.
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Fig. 7 (color online). The 5-year WMAP image of background cosmic radiation (2010)
(Credit NASA/WMAP Science Team; http://www.gsfc.nasa.gov)
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Fig. 8. The 5-year WMAP image of background cosmic radiation (2010) (Credit
NASA/WMAP Science Team; http://www.gsfc.nasa.gov)

Figure 8 illustrates how much the temperature fluctuates on different angular
sizes in the map of Fig.3.2. Very large angles are on the left, and smaller angles
are on the right. Note that there is the large first peak, illustrating a preferred spot
size in the map. This means that there is a preferred length for the sound waves
in the early Universe, just as a guitar string length produces a specific note. The
second and third peaks are the harmonic overtones of the first peak. The third
overtone is now clearly captured in the new 5-year WMAP data. It helps provide
evidence for the proportion of neutrinos in the early Universe.

The first anisotropic model to study the realistic cosmological problems was

used by Lemaitre [99]. The aim of his work was to clarify whether the Big Bang
singularity, that appears in the FRW model, is simply the consequence of the pro-
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posed symmetry. By the end of 1960s, three different paradigms of astrophysical
studies defined the interest towards homogeneous but anisotropic models [188]:
discussing the probability of a primordial magnetic field Zel’dovich [208] and
Thorne [187] considered the anisotropic models; studying the factors that can
affect the quantity of primordial helium in the Bing Bang cosmology, Hawking
and Tayler [81] considered the anisotropic models; Kristian and Sachs [97], as
well as Kantowski and Sachs [92], considered the anisotropic models in order to
study the degree of isotropy of our Universe. Zel’dovich was the first to propose
that the early isotropization process of cosmic expansion could occur as a result
of quantum effect of particle creation near singularity [209]. This assumption
was farther supported by different authors [84, 85, 103].

Here we give a short description of Bianchi models as well as a few others.

The first group of Bianchi models can be given by [129, 130]

ds* = dt* — at e ™% dx? — a3 e*™2* dy® — a3 d2?, (3.3)

with a1, as, a3 being the functions of time only. Here m, n are some arbitrary
constants and the velocity of light is taken to be unity. The metric (3.3) is known
as Bianchi type-VI model. A suitable choice of m;, mo as well as of the metric
functions a1, a2, as in the BVI given by (3.3) evokes the following Bianchi-type
Universes. Thus

e for m; = mg, the BVI metric transforms to a Bianchi-type VI (BVIp)
one, i.e., m; = mg, BVI=—BVI; € open FRW with the line elements

ds* = dt* — at e ™% dx? — a3 *™ 7 dy® — a3 d2?; (3.4)

e for m; = —meg, the BVI metric transforms to a Bianchi-type V (BV) one,
i.e., m; = —mgy, BVI=—BYV € open FRW with the line elements

ds* = dt* — a3 e*™* da® — a3 e*™ % dy* — a3 d2?; (3.5)

e for my = 0, the BVI metric transforms to a Bianchi-type III (BIII) one,
i.e., mo = 0, BVI = BIII with the line elements

ds® = dt? — a?e ™% dz? — a3 dy® — a3 d2?; (3.6)

e for m; = mo = 0, the BVI metric transforms to a Bianchi-type I (BI) one,
i.e., m; = mgo = 0, BVI=—> BI with the line elements

ds* = dt? — a? dz? — a2 dy® — a3 dz%; (3.7)

e for m;y = mo = 0 and equal scale factor in all three directions, the
BVI metric transforms to a Friedmann—Robertson—Walker (FRW) Universe, i.e.,
my1 =mso =0 and a = b = ¢, BVI = FRW with the line elements

ds* = dt* — a*(dz? + dy* + d2?). (3.8)
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The anisotropic nondiagonal Bianchi space—times take the form [147, 148]
ds* = dt* — ai(t) dat — [h*(z3)ai(t) + f*(w3)a3(t)] das—
—a3(t) da3 + 2a3(t)h(x3) dxy dra, (3.9)
with a1, a2, as being the functions of ¢; and h, f, functions of z3 only. Defining

19
‘S’_fa—:cg (3.10)

from (3.9) we find BII, BVIII, and BIX models, respectively, as follows:

6=0 corresponds to BII model, (3.11a)
0 = —1 corresponds to BVIII model, (3.11b)
6=1 corresponds to BIX model. (3.11¢)

The Kantowski—Sachs models can be defined as [83]
ds* = —dr* — H(1) dr? — R*(7)(df? + sin?(0) d¢?), (3.12)

where 7 is cosmological time.

3.3. Isotropic but Spatially Inhomogeneous Models. These are the spheri-
cally symmetric models of Tolman-Bondi, which were first discussed by
Lemaitre [99]. In general, the spherically symmetric metric takes the form

ds? = Y2 [(d@Q + sin2(9)d¢2)} + e dr? — e, (3.13)
where Y =Y (r,t), A = A(r,t), and v = v(r, t).
The Tolman-Bondi metric is given by [72]
!

Y 2
———dr? +Y? (d92 +sin2(6) d¢2), (3.14)

ds® = —di®* +

where Y = Y (r, t). Here stroke denotes differentiation with respect to r. The
indices k£ = 0, +1 correspond to flat, closed, and open geometry.

3.4. Models with Two Ignorable Coordinates. Models with two ignorable
coordinates usually have two commuting Killing vectors. It might be plane-
symmetric or cylindrically-symmetric models. The plane-symmetric models are
given by [162-164,183,184]

ds? = e¥Xdt? — e da® — 2P (dy? + dz?), (3.15)

where the velocity of light ¢ is taken to be unity, and x, «, 3 are the functions
of x and ¢.
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The cylindrically-symmetric models take the form [29, 126, 176]
ds? = 27dt? — e2da® — ®Pdy® — e¥d2?, (3.16)

where the metric functions depend on x only. Sometimes, it is convenient to use
the harmonic coordinates, satisfying the coordinate condition

a=~v+ 0+ pu. (3.17)

In the sections to follow, we consider the dark energy models within the
scope of different Bianchi models as well as FRW one. In doing so, we only
consider the cases, when the energy—momentum tensor has only nontrivial diag-
onal elements, i.e.,

T} = diag [T¢), T}, T3, T5). (3.18)

4. BIANCHI TYPE-VI MODELS
WITH A VARIABLE DECELERATION PARAMETER

A Bianchi type-VI model describes an anisotropic but homogeneous Universe.
This model was studied by several authors [87, 129,130, 165,178, 195,207], spe-
cially due to the existence of magnetic fields in galaxies, which was proved by a
number of astrophysical observations. A spinor description of dark energy within
the scope of a BVI model was given in [146].

Bianchi type-VI model is given by [129,130]

ds* = dt* — at e ™% dx? — a3 *™2 dy?® — a3 d2?, 4.1)

with a1, a2, a3 being the functions of time only. Here m, n are some arbitrary
constants and the velocity of light is taken to be unity. The metric (4.1) is known
as Bianchi type-VI model. A suitable choice of m, n as well as of the metric
functions a1, asz, as in the BVI given by (4.1) evokes Bianchi-type VI, V, III, 1
and FRW Universes.
The Einstein field equations for the metric (4.1) on account of (3.18) have
the form [129]
. . . 9
G2y fs @20 T _r) (4.22)
as as a9 as as
N . . 9
L (4.2b)
as aq as ay as

a1 G2 a1 G2 Mime 3
—_—t— 4 —— 3 = k1Y, (4.2¢)
al as ay ag asg
a1 ao ao a3 as ai mj — mims + mj 0
—_—t Yt —— - ) = rT1y, (4.24d)
ay az a2 as as aj as
ay aso as
m;— —mgo— — (m1 — mg)— = 0. (4.2¢e)
a1 a2 as
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We define the spatial volume of the model (4.1) as
V = ajasas, 4.3)

and the average scale factor as
a=V"3= (a1a2a3)1/3. (4.4)

Let us now find expansion and shear for BVI metric. The expansion is
given by

9 = utt, = w4+ TH ue, 4.5)
and the shear is given by
1
o = aawalw, (4.6)
with 1 )
Oy = 5 [UN;O(P;I + ul,;aP;ﬂ — 519131“/, (47)

where the projection vector P is
P>=P, P, =g —uu, P'=0—u'y,. (4.8)
In comoving system we have u* = (1,0,0,0). In this case one finds

g1 f2 G _V 4.9)
al ag as Vv

and

) . N -
ol=_2 <—2ﬂ+@+@> ) (4.10)

3 a1 as as ar 3

) . o -
o2 == (092 88, ) _ 22—y (@.11)

3 as  as a1 az 3

) 1 aQs a Qa a 1

3 3 1 2 3

S i R A I ) 4.12
73 3 ( as aq a2> as 3 ( )

One then finds

1S 7a\2 1 1[& 1
2 1 i\ Lol _ 1 2 1g2
773 [z; <a1> 319] 2 [E;H’ 3V

1=

(4.13)

As one sees, neither the expansion nor the components of shear tensor depend
on m or n, hence the Bianchi cosmological models of type VI, VIp, V, III, and
I have the same expansion and shear tensor.

The Hubble constant of the model is defined by

a 1/a a ) 1
H=2-- (22, B
a 3 \a as as 3

<I<

(4.14)
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The deceleration parameter g and the average anisotropy parameter A,, are de-
fined by

ai 174%
3 2
1 H;
Ay == -1 4.1
=32 ( i ) : (4.16)
=1
where H; are the directional Hubble constants:
=% m=2 =% 4.17)
al ag as

Note that, none of the above-defined quantities depends on m or n, hence it
will be valid not only for BVI, but also for BVIy, BV, BIII, and BI.
4.1. Solution to the Field Equations. From (4.2¢) immediately follows

mi mo
<ﬂ) —k <@> . k1 = const. (4.18)
as as

We also impose to use the proportionality condition, widely used in literature,
demanding that the expansion is proportion to a component of the shear tensor,
namely:

¥ = N3os. (4.19)

The motivation behind assuming this condition is explained with reference to
Thorne [188], the observations of the velocity-red-shift relation for extragalactic
sources suggest that Hubble expansion of the Universe is isotropic today within
~ 30% [92,97]. To put more precisely, red-shift studies place the limit

— < 0. 4.20
7 0.3 ( )

on the ratio of shear o to Hubble constant H in the neighborhood of our Galaxy
today. Collins et al. (1980) have pointed out that for spatially homogeneous
metric, the normal congruence to the homogeneous expansion satisfies that the
condition /6 is constant.

On account of (4.9) and (4.12) we find

as = NOV%'FN%, Ny = const. (4.21)
In view of (4.3) and (4.21) from (4.18) we find [149]

1 my—2my my—2mo

a) = klml+7n2 N0m1+7n2 V§+‘3N3(m1+m2), (422)
_ 1 mg—2m; mo —2my

ag = ky "Ny VS TN (4.23)
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Thus, we have derived metric functions in terms of V. In order to find the
equation for V, we take the following steps. Subtractions of (4.2a) from (4.2b),
(4.2¢) from (4.2c), and (4.2¢) from (4.2a) on account of (4.22), (4.23)
and (4.21) give

v N. 2 T2 _ Tl

v_ %%?Elltlﬁﬁl_ - 2= h (4.242)
V. 3NZV2/3+2/Ns Xi2

v, N. 2 T3 _ T2

v_ M = 22 (4.24b)
1% 3N0 V/2/3+2/Ns Xo3

VN 2 T - T3

v_ SQEE;iJEEl_ it (4.24c¢)
V. 3NZV2/3+2/Ns X3

where X1 = 3(mi — mg)/N3(m1 + mg), Xoz = —3m1/N3(mi + mz), and
X351 = 3na/N3(my + ms). From (4.24) immediately follows

2T T§-T3 T} T3

= = (4.25)

X2 Xo3 X31

After a little manipulation, it could be established that
T =T} =T} = —p. (4.26)

Thus we conclude that under the proportionality condition, the energy-mo-
mentum distribution of the model should be strictly isotropic. Let us now go
back to the equation for V' that now reads

300 /
7 vV — AOV(N3—6)/3N3 =0,
K (4.27)
7 Ao — N3(T)’L1 + m2)2
5 200 ;7 0 3N ’
% //' which allows the solution in quadrature
S ke d
100 .7 4 =t +to,
. VAL V(EN=6)/3Ns 4
7 (4.28)
- A = _3Nsdo to = const
e —— 1= (2N3 — 3); 0 — .

0 0.2 0.4 0.6 08 ¢ 1
Thus we have the solution to the cor-

responding equation in quadrature. The
system was further studied numerically.
In doing so, we have used the following
values for the problem parameters: x = 1, Ny = 0.01, Cy = —1, N3 = 3,
my = 0.1, my = 0.3, V(0) = 1.0E — 6 and V' (0) = 0.

Figure 9 shows the evolution of the Universe. As one sees, it is an expand-
ing one.

Fig. 9. Evolution of the Universe given
by a BVI cosmological model
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4.2. Physical Aspects of Dark Energy Model. Let us now find the expres-
sions for physical quantities.

Inserting (4.28) into (4.14) and (4.15) one finds the expression for expansion
1, Hubble parameter H:

9 = 3H = \JA,V-@Ns46)/3Ns 1 Cy V2, (4.29)

and deceleration parameter
34,V ~(2Ns+6)/3N3

g=2-— A, V-CNT6/3N 1 Gy VR (4.30)
The anisotropy parameter A,, has the expression
54(m? — mymsa +m3)
Ay = (4.31)
m N?% (m1 + m2)2
The directional Hubble parameters are
H, — |:l _ 2m2 —ma :| K
te 3 Ng(ml +m2) vV’
) ] (4.32)
1 2m; —mo |V 1 1|V
H = -_— | — H: = — —_— —.
2 |:3 Ng(m1+m2)]V’ 3 |:3+N3:|V

Figures 10 and 11 show the behavior of the Hubble parameter and decel-
eration parameter, respectively. It should be noted that we have confined to
that interval of time, which shows the most interesting behavior of the physical
quantities in question.
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Fig. 10. Evolution of the Hubble parameter Fig. 11. Evolution of the deceleration pa-

rameter
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From (4.2d) we find the expression for energy density

e=T) = 1 [le—Q _ XQV—(2N3+5)/3N3L
K

(4.33)
where
X, — l_gm%—mlmg—l—m% o X :m%—mlmg—i—m%_XlAl
! 3 N32(m1+m2)2 o 2 Ng Co '
Further we obtain
_ (4N5—6)/3N3
Lo P K- X4V (4.34)
€ X, — XV (4Ns—6)/3N3’
where N A
2N3 — 3 mims 1A41
Xy = A —
TN, T T g

Figures 12 and 13 show the behavior of the energy density and EoS parameter,
respectively. As we see, energy density is a decreasing function of time, while

the EoS parameter changes its sign.
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Fig. 12. Evolution of the energy density Fig. 13. Evolution of the EoS parameter

From equation (4.34), it is observed that the equation of state parameter w is
time-dependent, it can be a function of red-shift z or scale factor a as well. The

red-shift dependence of w can be linear-like

w(z) = wy +w'z,

(4.35)
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d
with W’ = d_w (see [86,198] or nonlinear as [38,100]

Z 12=0
w1z
1+2z

w(z) =wo + (4.36)

So, as far as the scale factor dependence of w is concerned, the parameterization
w(a) =wo + wa(1 — a), (4.37)

where wy is the present value (¢ = 1) and w, is the measure of the time variation
w’, is widely used in the literature [102].

So, if the present work is compared with experimental results obtained in [82,
93,94,186], then one can conclude that the limit of w provided by equation (4.34)
may accommodate with the acceptable range of EoS parameter. Also it is observed
that for V' = V., w vanishes, where V, is a critical volume given by

X, 3N3/(4N3—6)
Vo= . 4.38
() -

Thus, for this particular volume, our model represents a dusty Universe. We also
note that the earlier real matter at V' < V., where w > 0, later on at V > V,
where w < 0, is converted to the dark energy dominated phase of Universe.

For the value of w to be consistent with observation [93], we have the
following general condition:

Vi<V < Vs, (4.39)
where
v (Xt 167X, 3Na/(4N3=6) (4.40)
VTAX, F167X, '
and
v (X1t 062X, 8N3/(4N3—6) 441
27\ X, +0.62X, ' '

For this constraint, we obtain —1.67 < w < —0.62, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [93].

For the value of w to be consistent with observation [186], we have the
following general condition:

Vs <V < Vg, (4.42)

where

, (4.43)

v (X1t 133X, BNa/(AN3=6)
57\ Xy + 1.33X,
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and

Vi =

<X1 + 0.79X1>3N3/(4N3_6) (444

X4+ 0.79X5

For this constraint, we obtain —1.33 < w < —0.79, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [186].

For the value of w to be consistent with observation [82,94], we have the
following general condition:

Vs <V < Vg, (4.45)
where [
v (Kt raax, BNs/(ANs=6) (4.46)
P\ X, +1.44X, :
and
v (Xi 092X, 3Ns/(4Ns=6) (447)
6=\ X, +0.92X, ' '

For this constraint, we obtain —1.44 < w < —0.92, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [82,94].

We also observed that if

2X, 3N3/(4N3—6)
Vo= ——— , 4.48
0 <X4 +X2) (4.48)
then for V' = V) we have w = —1, i.e., we have Universe with cosmological

constant. If V < Vj, then we have w > —1 that corresponds to quintessence,
while for V' > 1 we have w < —1, i.e., Universe with phantom matter [33].
From (4.33) we found that the energy density is a decreasing function of time

and € > 0 when
X, 3N3/(4N3—6)
| — . 4.49
(XQ) (4.49)

In absence of any curvature, matter energy density (), and dark energy
density 25 are related by the equation

€ A
Q Op=—+—=1. 4,
m + Qa 3H2+3H2 (4.50)

Inserting (4.29) and (4.33) into (4.50) we find the cosmological constant as

A= [303 - <%>} V724 [3A1 - %} Y 2Na+3)/3Ns (4.51)
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As we see, the cosmological function is a decreasing function of time and it is
always positive when

B 3Na/(4Ns—6)
V> <X1/” 3C°> . (4.52)

3A1 —XQ/K/

Recent cosmological observations suggest the existence of a positive cosmo-
logical constant A with the magnitude A(Gh/c?) ~ 107123, These observations
on magnitude and red-shift of type Ia supernova suggest that our Universe may be
an accelerating one with induced cosmological density through the cosmological
A-term. Thus, the nature of A in our derived DE model is supported by recent
observations. Figure 14 shows the evolution of the cosmological constant. As is
seen, it is a decreasing function of time.

For the stability of corresponding solutions, we should check that our models
are physically acceptable. For this, the velocity of sound is less than that of
light, i.e.,

0, = — <1. (4.53)
In this case, we find

_dp Xy = [(N3+ 3)Xy/3N;]V4Ns—6)/3Ns

Vg = = — . 4.54
ST de Xy — (N3 + 3)Xo/3N;]VANa—6)/3Ns @.54)
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Fig. 14. Evolution of the cosmological Fig. 15. Speed of sound with respect to
constant cosmic time

Figure 15 shows the behavior of the velocity of sound v, in time. As one sees,
there are regions, where the solution is stable. Choosing the problem parameters,
such as mq,mo, N3 we can obtain the stable solutions.
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5. BIANCHI TYPE-VI; MODELS WITH A VARIABLE EoS

A Bianchi type-VIp space-time, describes an anisotropic space-time and
generates particular interest among physicists. Weaver [196], Ibafiez et al. [87],
Socorro and Medina [178], and Bali et al. [8] have studied B-VIj space—time in
connection with massive strings. Recently, Belinchon [14] studied several cos-
mological models with B-VIy & III symmetries under the self-similar approach.
Given the growing interest of cosmologists, here we study the evolution of the
Universe within the framework of a B-VI, cosmological model. It should be
noted that unlike B-I space-time in the case considered, the two of the three
metric functions are rigidly connected to each other. A spinor description of dark
energy within the scope of a BVIj model was given in [146].

Let us now consider the Bianchi type-VIy space—time given by (3.4). We
generalize the EoS parameter in the following way [4]:

Tg = dlag [55 —Pux _pya _pz]a
= diag [17 —Wg, —Wy, _wz]ga (5.1)
= diag [17 _(w + 5)7 _(w + 7)7 —w]z—:.

It should be noted that cosmological evolution of matter sources with small
anisotropic pressures was studied in [9, 10].

Setting m; = mo, we find the Einstein system of equations for BVIy. In
this case, as well as in those for BV and BIII, we have only one parameter m,
instead of two, i.e., m; and my. For simplicity, we set m; = m. The Einstein
field equations then read

. . . . 2
a a az a m
_2+_3+_2_3__2:—/§(w+5)57 (5221)
a2 az a20a3 as

. . . . 2
a a as a m
3 + “ &Bh — = —/g(w —+ 7)57 (52b)
as aq as ay as
. . . . 2
a a ay a m
ty + &2 a142 — = —KWE, (520)

ax az ay a2 ag

ay as ag as as ay m
——= 4+ == == — — = ke, (5.2d)

ay as ag as as ay as
———==0. (5.2¢)

5.1. Solution to the Field Equations. From (5.2¢) immediately follows
ayp = ﬁag. (53)
Moreover, in view of (5.2e) from (5.2a) and (5.2b), one concludes that

o=, (5.4)
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i.e., in case of a Bianchi type-VI, given by (3.4), the nondiagonal component of
the Einstein field equation leads to

T = T3, (5.5)

allowing an anisotropic distribution of matter.
The system (5.2) now reduces to

dg dg dg élg m
— 4+ =

=7 5.6
ez | a3 + P K(w + 7y)e, (5.6a)
. . 2 2
2% a_g —5 = —KWE, (5.6b)
ax  a; as
a% dg élg m2
—t+2—— — — = ke (5.6¢)
as a2 as asg

Thus we now have three linearly independent equations with five unknowns,
namely as, as, w, €, and 7. Two additional constraints relating these parameters
are required to obtain explicit solutions of the system.

Firstly, we apply the law of variation for Hubble parameter given by [20]
which yields a constant value of deceleration parameter. Here, the law reads as

H = Da™ ™ = DV~"/3, (5.7)

where D > 0 and n > 0 are constants. Such a type of relations have firstly
been considered by [20,21] for solving FRW models. Latter on, many authors
have used this law to study FRW and Bianchi-type models. In view of (4.14)
and (5.7), we find

"/
— =3Dpy /3 5.8
v ; (5.8)
with the solution
V =(nDt+C)*" n#0, C;=-const. (5.9)

The value of deceleration parameter is found to be
qgq=n-—1, (5.10)

which is a constant. The sign of ¢ indicates whether the model inflates or not.
The positive sign of ¢, i.e., (n > 1), corresponds to «standard» decelerating
model, whereas the negative sign of ¢, i.e., 0 < n < 1 indicates inflation. It is
remarkable to mention here that though the current observations of SNe Ia and
CMBR favour accelerating models (¢ < 0), but both do not altogether rule out
the decelerating ones, which are also consistent with these observations [191].
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Figures 16 and 17 show the evolution of the Universe and the Hubble para-
meter for a positive and negative DP, respectively.

Secondly, we assume that the component o3; of the shear tensor o”; is
proportional to the expansion scalar (/) given by (4.19). In this case we come to
the same conclusion as for BVI. Hence we find

7
a1 = 1/F0(nDt + Cy)(@Ns=3)/2nNs (5.11a)
1
as = 1/m(nDtJr Oy )(2Na=3)/2nNs (5.11b)
a3 = No(nDt + Oy )NeH3)/nNs (5.11c)

5.2. Physical Aspects of Dark Energy Model. The directional Hubble para-
meters in this case have the form

2N3 — 3)D
H1:H22%2<1 3>H,

2N3(TLDt+C1) B 2N3
( ) (5.12)
N3 +3)D 3
Hy=—"-—*"—=(1+— ) H.
® 7 N3(nDt + C4) < * Ng)

The expressions for the Hubble parameter H, scalar of expansion J, shear
scalar o, and the average anisotropy parameter A,, for the model (5.11) are
given by

3D
Y =3H =

- .1
nDt + Cy’ (5.13)
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3 /3D\? 1
2_2(2Z) - 5.14
g 2<N3> DI+ C1 2’ (5.14)
9
A = 1
™ 9N2 (5.15)

From (5.6¢) we find

X 2
€ = <_1> (nDt+C1)_2 - ( m 2) (nDt+Cl)_2(N3+3)/nN37 (5.16)
K kN§

where X; = 3D?*(4NZ—9)/4N3. The EoS parameter w can be found from (5.6b)
and (5.6¢) as

~ Xo(nDt + C1)72 — (m?/N)(nDt + Cy)~2(Ns+3)/nls

o 5.17
w X1(nDt+Cp)~2 — (mQ/Ng)(nDt—f—Cl)*Q(Ner?»)/nNs’ ( )

where X5 = D?(2N3 — 3)[4nN3 — 3(2N3 — 3)]/4AN3. The skewness parameters,
d or 7, i.e., deviations of w along x-axis and y-axis, are found to be

S _ X3(nDt + C1)~% = 2(m*/Ng)(nDt + Cy) ~2(Ne#3)/n s
=T T X (Dt + C1)2 — (m2/N2)(nDt + Cy)—2(Na+3)/nNa

(5.18)

where X3 = 9D?(n — 6)/2Ns.
Figures 18 and 19 show the evolution of the energy density and the EoS
parameter for a positive and negative DP, respectively. As was expected in the
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Fig. 18. Evolution of the energy density
in power-law expansion. The dashed line
corresponds to g > 0, while the dash-
dotted line corresponds to ¢ < 0

Fig. 19. Evolution of the EoS parameter
in power-law expansion. The dashed line
corresponds to ¢ > 0, while the dash-
dotted line corresponds to ¢ < 0
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case of a negative DP, the expansion of the Universe is rather rapid. In this
section, we set the following values for the parameters: D =1, C; =1, N3 =6,
m=1, Ng=1,k=1,n=1.1 (for ¢ > 0) and n = 0.5 (for ¢ < 0).

So, if the present work is compared with experimental results obtained in [82,
93,94,186], then one can conclude that the limit of w provided by equation (5.17)
may accommodated with the acceptable range of EoS parameter. Also it is
observed that at ¢ = ¢., w vanishes, where ¢, is a critical time given by

1 X, N2 nN3/2(n—N3—3)
t. l< 2 0) — . (5.19)

nD m?2

Thus, for this particular time, our model represents a dusty Universe. We also
note that the earlier real matter at ¢ < ¢., where w > 0, later on at ¢ > t., where
w < 0, converted to the dark energy dominated phase of Universe.

For the value of w to be consistent with observation [93], we have the
following general condition:

t1 <t <ta, (5.20)
where [
B U 2.6 O U2 € A N (5.21)
Y)) 2.67m2 ! '
and [
oo L[ (NEC t0s2x0) TR (5.22)
27D 1.62m2 ! :

For this constraint, we obtain —1.67 < w < —0.62, which is in good agreement
with the limit obtained from observational results coming from SNe Ia data [93].

For the value of w to be consistent with observation [186], we have the
following general condition:

t3 <t <1y, (5.23)
where [
ty = [(Nc?()ﬁ + 1-33X1))"N3/2(HN33) C (5.24)
3=—F= —C1 .
nD 2.33m?2
and
1 [/ N2(Xy +0.79X,)\ /20 Nemd)

For this constraint, we obtain —1.33 < w < —0.79, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [186].
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For the value of w to be consistent with observation [82,94], we have the
following general condition:

Pt (5.26)
where
1 NZ(Xs +1.44X,) nN3/2(n—N3—3)
T 2:44m? -G (5.27)
and

to (5.28)

1 [ NB(X2 +0.92X)) "N3/2(”*N3*3)_C
" nD 1.92m?2 e

For this constraint, we obtain —1.44 < w < —0.92, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [82,94].

We also observed that if

ta = L Ng(XQ + Xl) nN3/2(n7N373) _ C (5 29)
"~ WD 2m?2 o )
then for ¢t = t; we have w = —1, i.e., we have Universe with cosmological

constant. If ¢ < g, then we have w > —1 that corresponds to quintessence, while
for ¢t >ty we have w > —1, i.e., Universe with phantom matter [33].

From (5.16) we found that the energy density is a decreasing function of time
and € > 0 when

-Gy (5.30)

t < L NgXl nN3/2(n7N373)
= nD m2

Inserting (5.13) and (5.16) into (4.50) we find the cosmological constant as

2

A= [31)2 - <&>} (nDt+C1)2+<m—2> (nDt+C,)~2WNa+3)/nNa (5 371
K kN

As we see, the cosmological function is a decreasing function of time and it is
always positive when

1 m2 nN3/2(N3+3—n)
t>— | — . 5.32
nD [<N§(X1 — 3,€D2)) Cl] (5-32)

Recent cosmological observations suggest the existence of a positive cosmo-
logical constant A with the magnitude A(Gh/c?) ~ 107123, These observations
on magnitude and red-shift of type Ia supernova suggest that our Universe may
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be an accelerating one with induced cosmological density through the cosmolog-
ical A-term. Thus, the nature of A in our derived DE model is supported by
recent observations.

The velocity of sound in this case is found to be

_dp  Xo — [m*(Ns + 3)/nNGN;|(nDt + €)= Ne=3)/nNs 533)

YT T X1 — [m2(N3 + 3)/nNENs](nDt + Cy)2(n—Ns=3)/nNs "

Figures 20 and 21 show the evolution of the cosmological constant and the
sound velocity for a positive and negative DP, respectively.
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Fig. 20. Evolution of the cosmological Fig. 21. Evolution of the sound velocity
constant in power-law expansion. The in power-law expansion. The dashed line
dashed line corresponds to ¢ > 0, while corresponds to ¢ > 0, while the dash-
the dash-dotted line corresponds to ¢ < 0 dotted line corresponds to ¢ < 0

As one sees, cosmological constant remains the same for both positive and
negative DP. As far as sound velocity is concerned, in both cases the system
becomes stable at the later stage of the evolution.

6. BIANCHI TYPE-V SPACE-TIME
WITH VARIABLE EoS PARAMETER

Let us now consider the case with Bianchi type-V space-time. Some
dark energy model within the scope of a BV cosmology was studied in [204].
Bianchi type-V space-time with variable EoS parameter was studied in [150].
A spinor description of dark energy within the scope of a BV model was given
in [146]. Bianchi type-V cosmological models in Brans—Dicke theory were stu-
died in [36,39].
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Einstein field equations for the metric (3.5) on account of (3.18) have the
form [150]

. . . . 2
%—f—%—k%@—m—Q:l{Tf, (6121)
ax az a20a3 as
a a as a m
_3+_1+_‘3_1__2:/§T22, (6.1b)
as ai as ap as

_+_+___—:/§T§’, (6.1¢)

Wt G205 ) G3th gTV _ o0 (6.1d)
a] as as as as ay as
i G2 o8 (6.1¢)
al ag as

As we have already mentioned, the physically observable variables in this case
coincide with those of Bianchi type-VI model.
6.1. Solution to the Field Equations. From (6.1e¢) immediately follows

alag = k;lag, k1 = const. (6.2)
We also impose to use the proportionality condition, widely used in literature,

demanding that the expansion is proportion to a component of the shear tensor,
namely:

9= Nyol. 6.3)
On account of (4.9) and (4.12) we find
ay = NOV%'FN%, Ny = const. (6.4)
In view of (4.3) and (4.21) from (4.18) we find
@::ﬁiiv%*%f (6.5)
Ny ’
as ﬁﬂi (6.6)

Thus, we have derived metric functions in terms of V. In order to find the
equation for V, we take the following steps. Subtractions of (6.1a) from (6.1b),
(6.1b) from (6.1c), and (6.1c) from (6.1a) on account of (6.4), (6.5) and (6.6) give

V HNl

V == T[TQQ - Tll], (67a)
1% [

v = —rNilT - T3], (6.7b)
i

V:%mm—@} (6.7¢)
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From (4.24) immediately follows [150]
1
SIT5 = Ti] == [T9 = T3] == [T} - T3], (6.8)

After a little manipulation, it could be established that
T! + T3 = 2T3. (6.9)

Hence, the energy—momentum tensor can be taken as

TO/? = dlag [55 —Pux _pya _pz]a
=diag[l, —wg, —wy, —w;]e, (6.10)
=diag[l, —(w+9), —(w —9), —wle.

Thus we conclude that under the proportionality condition, the energy—
momentum distribution of the model should obey (6.8), and the matter distribution
in this case may be anisotropic.

As one sees, in order to find V' we have to impose some additional condition.
Let us apply the law of variation for Hubble parameter given by (5.7) which yields
a constant value of deceleration parameter. In this case we find the expression
for V given by

V =(nDt+C)*" n#0, C;=-const. (6.11)

In view of (6.11) for the metric functions, we find

a1 = No(nDt + Cy)N1+3)/mN1 (6.12a)
ky/® [
az = ]i/‘ (nDt + Cy)N1 =3/ (6.12b)
0
1
as = W(nDt + )Y, (6.12¢)
1

The Universe in this case is an expanding one and coincides with that illus-
trated in Fig. 16.

6.2. Physical Aspects of Dark Energy Model. The DP in this case is a
constant and has the form given by (5.10). Directional Hubble parameters in
this case read

g (L1 3D
te 3 N1 ’I’Ll)lf—l-C’l7

11 3D D
? (3 Nl) nDt+Cy" 0 nDt+C

(6.13)
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In this case the expression for expansion ¢ and Hubble parameter H read

3D

Y=3H=——-—.
3 nDt + Cy

(6.14)

The evolution of the Hubble parameter in this case is similar to that given
in Fig. 17. As one sees, it is a decreasing function of time.
The value of deceleration parameter is found to be

g=n-—1, (6.15)

and the anisotropy parameter A,, has the expression

6
For energy density in this case we have
X 3m2C?
- 1 _ mt 6.17)

(nDt + C1)2  (nDt+ Cp)2/n’
where X; = 3D?(N? — 3)/N?). The EoS parameter in this case has the form

w— Xg/(nDt + 01)2 + mQC’f/(nDt + 01)2/"
© Xi/(nDt+ C1)2 —3m2C2/(nDt + Cy)2/n’

(6.18)

where X5 = X1 — 2D?(3 — n). From Eq. (6.18), it is observed that the equation
of state parameter w is time-dependent.

The corresponding expressions were investigated numerically for the follow-
ing values of parameters: D =1, Cy =0.1, Ny =2, m=3, k=1, n =2 (for
q > 0) and n = 0.4 (for g < 0).

Figure 22 shows the evolution of energy density for a positive and negative
DP, respectively. As one sees, for a positive DP, energy density is a decreasing
function of time, and beginning from some moment of time it may be negative
as well. Where as for a negative DP, it is an increasing function of time, which
is a negative one at the initial stage of evolution.

Figure 23 shows the evolution of the EoS parameter. As one sees, it is a time
varying function and changes its sign in the course of evolution.

Let us now compare our results with the experimental results obtained in [82,
93,94,186]. It enables us to conclude that the limit of w provided by Eq. (6.18)
may accommodated with the acceptable range of EoS parameter. Also it is
observed that at t = t., w vanishes, where t. is a critical time given by

1 X n/2(n—1)
te=— l(mQ—éQ) -y (6.19)
1
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Fig. 22. Evolution of energy density. The
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Fig. 23. Evolution of the EoS parameter.
The dashed line corresponds to g > 0, while
the dash-dotted line corresponds to ¢ < 0

Thus, for this particular time, our model represents a dusty Universe. We also
note that the earlier real matter at ¢ < t., where w > 0, later on at ¢ > ¢., where
w < 0, is converted to the dark energy dominated phase of Universe.

For the value of w to be consistent with observation [93], we have the
following general condition:

t1 <t <to, (6.20)
where P
1 Xo+1.67X\" "
th=— || —— — 6.21
YY) l< —4.01m2012> Cl] 621)
and p—
1 Xo+0.62X """
th=— || ——— — . 6.22
"7 nD < —0.86m2C2 ) G (6:22)

For this constraint, we obtain —1.67 < w < —0.62, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [93].

For the value of w to be consistent with observation [186], we have the
following general condition:

t3 <t <1y, (6.23)
where P
1 Xo +1.33X,\ 7"
f = | (Xt 1335 e (6.24)
nD |\ —2.99m2C}
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and
1

= —
Y))

Xy 4 0.79X, \ /2D
(M) -0 (6.25)

—1.37Tm?2C?

For this constraint, we obtain —1.33 < w < —0.79, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [186].

For the value of w to be consistent with observation [82,94], we have the
following general condition:

ts <t < tg, (6.26)
where P
1 Xo + 144X\
_ AL _ 2
iy [( —3.32m2C12) G 627)
and P
1 Xy 4 0.92X,\ 5"
th=— || —=—— - 6.28
"7 nD < —1.76m2C?2 ) 1] (6:28)

For this constraint, we obtain —1.44 < w < —0.92, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [82,94].

We also observed that if

1 X+ X, n/2(n—1)
t1 = — —_— - C 6.29
1 TLD [(—QmQC%> 1] ( )
then for ¢t = ¢y we have w = —1, i.e., we have Universe with cosmological

constant. If ¢ < ¢y, then we have w > —1 that corresponds to quintessence, while
for t > top we have w > —1, i.e., Universe with phantom matter [33].
From (6.17) we found that the energy density is a decreasing function of time

and € > 0 when
n/2(n—1)
t> L _L -
nD m2C?

Inserting (5.13) and (6.17) into (4.50) we find the cosmological constant as

(6.30)

3D2 — X1 3m2012
A= . 6.31
(nDt + C1)? + (nDt + Cyp)2/n ©.31)

As we see, the cosmological function is a decreasing function of time and it is
always positive when

(6.32)

_ 2\ n/2(n—1)
> L X, —-3D _ o
nD 3m2C?
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Figure 24 shows the evolution of the cosmological constant. As one sees, it
is a time varying function and decreases with time.

Recent cosmological observations suggest the existence of a positive cosmo-
logical constant A with the magnitude A(Gh/c?) ~ 107123, These observations
on magnitude and red-shift of type Ia supernova suggest that our Universe may be
an accelerating one with induced cosmological density through the cosmological
A-term. Thus, the nature of A in our derived DE model is supported by recent
observations.

The velocity of sound in this case is found to be

_dp  nXs+m2Ci(nDt+ Cy)22n

Vg = — = . 6.33
" de  nX;—3m2C}(nDt + Cy)2-2/n ( )
Figure 25 shows the behavior of vy in time.
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Fig. 24. Evolution of the A-term. The Fig. 25. Speed of sound with respect to

dashed line corresponds to ¢ > 0, while cosmic time. The dashed line corresponds

the dash-dotted line corresponds to ¢ < 0 to ¢ > 0, while the dash-dotted line corre-
sponds to ¢ < 0

As one sees, there are regions, where the solution is stable. Figure 25
shows that the solution becomes unstable during the transition from deceleration
to acceleration phase of evolution. Choosing the problem parameters, such as
n, D, we can obtain the stable solutions before or after the transition.

7. BIANCHI TYPE-III SPACE-TIME
WITH VARIABLE EoS PARAMETER

Spatially homogeneous and anisotropic cosmological models play a signifi-
cant role in the description of large scale behavior of Universe and such models
have been widely studied in the framework of General Relativity in the search
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for a realistic picture of the Universe in its early stages. Yadav et al. [205], Prad-
han et al. [116,117] have recently studied homogeneous and anisotropic Bianchi
type-III space—time in the context of massive strings. Recently, Yadav [206]
has obtained Bianchi type-III anisotropic DE models with constant deceleration
parameter. In this paper, we have investigated a new anisotropic Bianchi type-III
DE model with variable w without assuming constant deceleration parameter. A
spinor description of dark energy within the scope of a BIII model was given
in [146].

Let us now consider the Bianchi type-IIl space-time given by (3.6). We
consider the case when the energy—momentum tensor is given by (5.1). Einstein
system of equations in this case reads

R = —k(w+9d)e, (7.1a)

a2 as az ag

.. .. . 9
Lo B0 T w9 (7.1b)

as aq as ap as
“ + &2 + 2% —KWE, (7.1c)

a az ap az

ay as ag as as ay as

G _ds =0. (7.1e)

As we have already mentioned, the physically observable variables in this
case coincide with those of Bianchi type-VI model.
7.1. Solution to the Field Equations. In view of (7.1¢) from (7.1a) and (7.1c¢)
immediately follows
0 =0. (7.2)
M fi 1 fi
oreover, from (7.1e) we find a1 = las, (7.3)
i.e., in case of a Bianchi type-III given by (3.6), the nondiagonal component of

the Einstein field equation leads to
T =13, (7.4)
allowing an anisotropic distribution of matter.
Hence we have the following system of equations:

. . 2 2

a a m
22 4 2 - — = —k(w+)e, (7.52)
as a3 a3
g G2 | G203

= —KWwe, (7.5b)
as a9 a9 as
dg dg a% m2
2——+ —5 — —5 = Ke. (7.5¢)
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Thus, we now have three linearly independent equations with five unknowns,
namely as, as, w, €, and 7. Two additional constraints relating these parameters
are required to obtain explicit solutions of the system.

Let us first consider the proportionality condition demanding

¥ = N3o3, (7.6)

which together with (4.3) and (7.3) immediately gives

!
— ./ — 1 (2N3=3)/6N3 77
al N() ) ( a)
az = NV Nst3)/3Ns (7.7b)
1
5 — - (2N3_3)/6N3. 7.7
%=\, (7.7¢)

As in the previous case, we apply the law of variation for Hubble parameter given
by (5.7) which yields a constant value of deceleration parameter. Then for V' we
find the expression (5.9):

V =(nDt+C)*" n#0, C;=-const. (7.8)

Numerical study of the corresponding expression shows that it coincides with that
of Fig. 16.
Inserting (7.8) into (7.7) one finds

I
a1 =\ (WDt + Cy) BRI, (7.92)
ag = No(nDt + Cy)Ne+3)/nNs (7.9b)
1 (2N3—3)/2nNs
a3 = m (TLDt + Cl) . (79C)

7.2. Physical Aspects of Dark Energy Model. The directional Hubble para-
meters in this case have the form

2N3 — 3)D
H1:H3:%:(1 3>H,

2N3(TLDt+C1) B 2N3
( ) (7.10)
N3 +3)D 3
H = " = ]_ e H.
>~ N3(nDt + C4) < * N3>

The expressions for the Hubble parameter H, scalar of expansion ©J, shear
scalar o, and the average anisotropy parameter A,, for the model coincide with
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those for Bianchi type-VIp. In particular, the graphical view of the Hubble
parameter coincides with Fig. 17. Energy density ¢ is given by

X 2EN :
e= (71> (nDt + Cy) "2 — (m : O) (nDt 4 Cy)~ENe=D/nNe - (7.11)

with X; = 3D?(4N3 — 9)/4N2. The EoS parameter w is given by

Xg(nDt + 01)72
w = ,
X1 (nDt + Cl)_2 — (mszo)(TLle + Cl)_(2N3_3)/"N3
where Xo = D?[(4N3 + 3)2N3n — (12N2 + 18N3 + 27)]/4N3. The skewness
parameter v, i.e., deviation of w along y-axis, has the form
_ X3(nDt+ Cy)"2 — (m*Np)(nDt 4 Cy)~(2Ns=3)/nNs
N Xl(nDt—i—C'l)—Q — (mQENO)(nDt—I-Cl)—(2N3—3)/”N37
where X3 = 9D?(3 —n)/2N3.
As in the case of Bianchi type-VIj space—time, here too the EoS parameter

w is a function of time. We also observe that unlike the Bianchi type-VIj case,
here the EoS parameter becomes zero, only when X3 = 0. For X3 > 0 we have

(7.12)

(7.13)

matter dominated Universe, whereas, for

X5 < 0 we have dark energy dominated h8 X
Universe. 1'6__"\,
Figure 26 shows the evolution of 1.4-_\‘ K
energy density for a positive and neg- 2127
ative DP, respectively. As one sees, for 5 104 !
both cases, it is a decreasing function of ) 0.8—- \
time. Here we use the following set of E 40
problem parameters: D = 1, C; = 1, 067 .
N3=6,m=1,n=11(forqg>0)and 047 Tsl
n = 0.5 (for ¢ < 0.). 0.2 =
Figures 27 and 28 show the evolu- i == -
tion of the EoS parameter for a positive 0 3 ;5

and negative DP, respectively. As one
sees, it is a time-varying function and
changes its sign in the course of evolu-
tion.

Fig. 26. Evolution of energy density. The
dashed line corresponds to ¢ > 0, while
the dash-dotted line corresponds to ¢ < 0

For the value of w to be consistent with observation [93], we have the

following general condition:

thh <t< tg, (714)
where N/ (2(n—1)Na43)
1 Xo 4 1.67X,\ "3/
t = — X + 167Xy — (7.15)
nD 1.67m2¢N,
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tq

yeh

2 nN3/(2(n—1)N3+3)
1 [(NO (Xs + 0.62X1> 716

Y)) 0.62m2

For this constraint, we obtain —1.67 < w < —0.62, which is in good agreement
with the limit obtained from observational results coming from SNe Ia data [93].

For the value of w to be consistent with observation [186], we have the
following general condition:

t3 <t <1y, (7.17)
where
2 nN3/(2(n—1)N5+3)
ty = L NO (X2 + 133X1) _q (7.18)
nD 1.33m?2
and
2 nN3/(2(n—1)N3+3)
b L[N+ 070X ol 719)
nD 0.79m?

For this constraint, we obtain —1.33 < w < —0.79, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [186].

For the value of w to be consistent with observation [82,94], we have the
following general condition:

ts <t <tg, (7.20)



ISOTROPIC AND ANISOTROPIC DARK ENERGY MODELS 629

where
2 nN3/(2(n—1)N3g+3)
b = L Ng (X2 +1.44X,) o (7.21)
nD 1.44m?
and
2 TLN3/(2(YL—1)N3+3)
b = = | (NolXe +092X) - . (7.22)
nD 0.92m?2

For this constraint, we obtain —1.44 < w < —0.92, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [82,94].

We also observed that if

1 N2(X. X nN3/(2(n—1)N3+3)
to= — [<0(272+1)> -4, (7.23)
nD m
then for ¢t = t; we have w = —1, i.e., we have Universe with cosmological

constant. If ¢ < ¢y, then we have w > —1 that corresponds to quintessence, while
for ¢t > tg we have w > —1, i.e., Universe with phantom matter [33].
The energy density in this case remains positive if

nNg/(2N3(n71)+3)
L [< X ) —01]. (7.24)

= n_D mQENO
The cosmological term in this case takes the form

A= [31)2 — (%)} (nDt + C1) 2+
(m2€N0

) (nDt + C;)~(Na=3)/nNs (7 25)

As we see, the cosmological function is a decreasing function of time and it is
always positive when

. 2\ nN3/(2N3(n—1)+3)
i (X 3eD” _al. (7.26)
nD m2{N !

Figure 29 shows the evolution of the cosmological constant. As one sees, it
is decreasing function of time.

In this case, for the energy density and cosmological constant to be non-
negative we find the expressions analogical to (4.49) and (4.52).
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Fig. 30. Evolution of the velocity of sound.
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qg<0

The velocity of sound in this case is found to be

@ - 27”LN3X2
de 2nN3 X, — mQKNO(ZNg — 3)(7’lDt + Cl)(Q(n_l)N3+3)/nN3 '

Vg =

(7.27)

Figure 30 shows the evolution of the velocity of sound. As one sees, for a
positive DP, the system is stable at the initial stage, while becomes instable later
on. On the contrary, for a negative DP, it is instable initially, but becomes stable
in the course of evolution of the Universe.

8. BIANCHI TYPE-I COSMOLOGICAL MODELS

Let us now consider the Bianchi type-I cosmological model.

A Bianchi type-I (BI) Universe, being the straightforward generalization of
the flat Friedmann—-Robertson—Walker (FRW) Universe, is one of the simplest
models of an anisotropic Universe that describes a homogeneous and spatially
flat Universe. Unlike the RW Universe, which has the same scale factor for each
of the three spatial directions, a BI Universe has a different scale factor in each
direction, thereby introducing an anisotropy to the system. It moreover has the
agreeable property that near the singularity it behaves like a Kasner Universe,
even in the presence of matter, and consequently falls within the general analysis
of the singularity given by Belinskii et al. [13]. Also in a Universe filled with
matter for p = (e, ¢ < 1, it has been shown that any initial anisotropy in
a BI Universe quickly dies away, and a BI Universe eventually evolves into a
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FRW Universe [89]. Since the present-day Universe is surprisingly isotropic, this
feature of the BI Universe makes it a prime candidate for studying the possible
effects of an anisotropy in the early Universe on present-day observations. In
light of the importance mentioned above, several authors have studied BI Universe
from different aspects.

The Einstein field equations in this case take the form:

iy | A3 | 4o
_2+_‘3+_2—3:/§T11’ (8.1a)
as as a2 a3
a: a as a
] + e 31 /QTQQ’ (8.1b)
as aq as aq
a a ai a :
al ag ay ag
ai a as a: as a
1y | G203 | G301 _ o (8.1d)

a1 a2 a2 a3 a3 a1

We consider two different cases.

8.1. Model with Constant Deceleration Parameter. First, we consider the
case with constant deceleration parameter [114]. To begin with we consider
the energy—momentum tensor given by (5.1). In this case, the Einstein system
Egs. (8.1a)—(8.1d) take the form

92,83, 9285 (w4 d)e, (8.2a)
a2 as a2 a3
a a as a
] 4 o1, B —k(w+ 7)e, (8.2b)
as aq as ax
ﬂ + % %% = —KWe, (820)
a a2 ay a2

G102 L G203 G301 _ (8.2d)

ai az az ag as ai

As one sees, we have four equations for seven unknowns, namely a4, a2, as,
€, w, 0, and . So we need three additional constraints.

8.1.1. Solution to the Equations. As we have already mentioned, we will
consider the case with deceleration parameter. On account of (4.14), the definition
of the deceleration parameter (4.15) can be rewritten as

H

Now, taking into account that as per assumption ¢ is a constant, from (8.3)

we immediately find
1

H= —— = . 4
AT is C1 = const (8.4)
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Further calculation gives
a=1[(1+q)t+Cy)/0+, (8.5)

and
V =[(1+4q)t+ C ¥+, (8.6)

Secondly, we assume the proportionality condition given by (4.19), from
which immediately follows (4.21).

And finally we assume that § = . Then subtraction of (8.2a) from (8.2b)
leads to

dt
“u_ D1 exp (X1 / —) , Dy =const, X; = const. (8.7)
as \%

On account of (4.3), (4.21), (8.7) and (8.6) we finally find

D .
a; = /V:}[(l + q)t + Cy)2Ns=3)/2Ns(14a)

X1 (a=2)/(a+1)
X exp { =2 [(1+¢)t+C1] , (8.8a)
1
— 1 (2N3—3)/2N3(1+q)
a2 DN, [(1+¢)t+ C1] X
—Xi (a=2)/(a+1)
X exp { =2 [(1+¢)t+C1] , (8.8b)
az = No[(1 + )t + C;]Ne+3)/Na(1+a), (8.8¢)

8.1.2. Physical Aspects of the Model. The directional Hubble parameters take
the form

X X
le[l_i][—[+_l7 H2:|:1—i:|H——1

2N3 2 2N3 27
(8.9)
Hs; = |1+ 3 H
3= |7
From (8.2d) in this case we find the energy density as
X2 -2 2
e= (7 ) [A+a)t+ 7" = Xi/dx, (8.10)

where Xo = (12N2—27)/4N2. As we can see, the energy density is a decreasing
function of time, if (14 ¢)t+C; # 0. In this case the model behaves like the one
filled with fluid or dark energy with ¢ < —1. But since ¢ may be negative as well,
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in that case there is a possibility, when at some moment of time (14¢)t+C; = 0.
In this case we have the model with phantom matter, which gives rise to a Big
Rip-type solution, when the energy density becomes infinity at a finite moment
of time [132-134,155-158].

In Fig. 31, we have shown the evolution of energy density and EoS parameter
for a positive DP. As expected, the energy density is decreasing function of time
and it is qualitative the same as in the case of Bianchi type-VIp or III models.
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Fig. 31. Evolution of energy density € ver- Fig. 32. Evolution of EoS parameter for
sus t in power-law expansion for ¢ > 0 qg>0

The variation of EoS parameter (w) with cosmic time (t) is clearly shown
in Fig.32, as a representative case with appropriate choice of constants of in-
tegration and other physical parameters using reasonably well-known situations.
From Fig. 32, we conclude that in early stage of evolution of the Universe, the
EoS parameter was positive (i.e., the Universe was matter-dominated) and at late
time it is evolving with negative value (i.e., at the present time). The earlier
real matter later on was converted to the dark energy dominated phase of the
Universe.

From (8.2c) we find the EoS parameter

X3[(1+q)t+C1)7%2 - X32/4
XQ[(]. + (])t + C1]72 — )(12/47

w = (8.11)
where we define X3 = [(2¢ — 1)4N3 + (2 — q)126 N3 — 27]/4NZ. From (8.2a)
we find the skewness parameter

X4[(1 4 )t + Cy]72

T TR+ g+ O 2 - X4 (8.12)

where we define X4 = 9[4 + ¢|/2Ns.
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Analyzing as in the previous case, we find that the EoS parameter is a function
of ¢ and can be presented as a function of red-shift as well. So, if the present
work is compared with experimental results obtained in [82,93,94,186], then one
can conclude that the limit of w provided by equation (8.11) may accommodated
with the acceptable range of EoS parameter. Also it is observed that at ¢t = ¢,
w vanishes, where t. is a critical time given by

te ! {i\/X —C’l]. (8.13)

T I+ (X

Thus, for this particular time, our model represents a dusty Universe. We also
note that the earlier real matter at ¢ < ¢., where w > 0, later on at ¢ > t., where
w < 0, is converted to the dark energy dominated phase of Universe.

For the value of w to be consistent with observation [93], we have the
following general condition:

t <t <ty (8.14)
where
1 |2 [X3+1.67X,
= || 2 O 8.15
T Xy 2.67 ! (8.15)
and
1 |2 [X3+062X,
tg=—— | — /22222 o). 8.16
T 14q | Xy 1.62 Cl] (8.16)

For this constraint, we obtain —1.67 < w < —0.62, which is in good agreement
with the limit obtained from observational results coming from SNe Ia data [93].

For the value of w to be consistent with observation (Tegmark et al., 2004),
we have the following general condition:

ts <t <ty, (8.17)
where
worl [z /BEIE_, 81
and
t4:ﬁ Xilw%%;g)@—c& (8.19)

For this constraint, we obtain —1.33 < w < —0.79, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia
data [186].
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For the value of w to be consistent with observation [82,94], we have the
following general condition:

ts <t < tg, (8.20)
where
s = %q %\/% - 01] (8.21)
and
o= Xil\/i%%%”&— ¢, (8.22)

For this constraint, we obtain —1.44 < w < —0.92, which is in good agree-
ment with the limit obtained from observational results coming from SNe Ia

data [82,94].
2 X35+ Xo
A\ - 8.23
X1 2 Cl] ) ( )

We also observed that if
then for ¢t = ¢y we have w = —1, i.e., we have Universe with cosmological
constant. If ¢ < ¢y, then we have w > —1 that corresponds to quintessence,
while for ¢t > ¢ty we have w > —1, i.e., Universe with phantom matter [33].

In this case, from (8.10) we find that

b 1
071+q

the energy density ¢ is a decreasing func-
tion of time and £ > 0 when 120__
1 VX 100
t< —— 2] 824
80
For the cosmological constant ]
from (4.50) we find the cosmological con- 60
stant as |
¥ 40-
_la_ (22 1
e ()
X2 i

x[(1+qt+Ci] 2+ =L (8.25)

4/€ T T T T T T T T T T

As we see, the cosmological function is
a decreasing function of time and it is
always positive when

Fig. 33. Evolution of cosmological con-
stant with respect to cosmic time

t> 1 X —
T 14q 2vVXs -3k

In Fig. 33, evolution of the cosmological constant is illustrated.

. (8.26)
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8.2. LRS BI Model with Dominance Dark Energy. Let us now consider a
LRS Bianchi type-I model filled with a binary mixture of perfect fluid and dark
energy. The energy-momentum tensor in this case is given by T = Tj(m)z +

Tj(de)i, where
Tj(m)i _ diag [_p(m)7p(7n,)7p(m,)’p(m)] _

= diag [-1, W™ m) w(m)]p(m) (8.27)

and
T = diag [-p!%), pd9) p(I) p(de)] =
= diag [-1, w(de) y(de), w(de)]p(de), (8.28)

where p("™) and p(™) are, respectively, the energy density and pressure of the
perfect fluid component or ordinary baryonic matter, while w(™ is its EoS para-
meter. Similarly, p(4®) and p(9®) are, respectively, the energy density and pressure
of the DE component, while w(4®) is the corresponding EoS parameter.

The Einstein system of equations for LRS BI model on account of as = a3
then reads

. . 2
092 a_g = —k(w™™p(m) 4 y(de) plde)y, (8.292)
as as
N2 BB M pm) g de) p(de)y, (8.29b)
a1 ag al az
PO )
9122 4 B2 (pim) 4 plde)y, (8.29¢)
ap az as

Following Akarsu and Kilinc [1], we assume the EoS parameter of the perfect
fluid to be a constant

(m)
w™ = % = const, (8.30)
p m
whereas the EoS of the dark energy
(de)
wide) — Zﬁ (8.31)

is considerd to be a function of time, since the current cosmological data from
SNIa, CMB and large scale structures mildly favor dynamically evolving DE
crossing the phantom divide-line (PDL) [201].

8.2.1. Solution to the Equation. In order to solve the field equations com-
pletely, firstly we assume that the perfect fluid and DE components interact
minimally. Therefore, the energy momentum tensors of the two sources may be
conserved separately.
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The Bianchi identity G” ;= 0, in this case, leads to the two separate equations
for perfect fluid
P 431 +w™)pmH =0 (8.32)

and dark energy
p(dE) + 3(1 + w(de))p(de)H =0. (833)

We constrain the system of equations with proportionality relation between
shear (o) and expansion (f). This condition leads to the following relation
between the metric potentials:

a1 = ay, (8.34)

where n is a positive constant. For anisotropic model n # 1.
In view of (8.34), from (8.29a) and (8.29b), we find

- 2

2+ =, (8.35)
a9 as

with the solution )
ag = (klt-i- ko)m s (8.36)

where k¢ and k; are the constants of integration.
From equations (8.34) and (8.36), we obtain

a1 = (klt + ko)”7_‘:'z (837)

The mean Hubble parameter (H ), expansion scalar (1), and shear scalar (o)
are given by

k1
9=3H= ———, 8.38
it + ko) (839
2 (n—1)?
= ——9" 8.39
7 3(n+2)? (8.39)
The rate of expansion in the direction of x, y, and z are given by
H=% = 3n H, Hy=Hy=2 = E H. (8.40)
ar  (n+2) az  (n+2)

The spatial volume ('), mean anisotropy parameter (A,,), and DP (g) are
found to be

V = aja3 = (kit + ko), (8.41)
~2(n—1)2
Ay = T2 (8.42)

d (1
=4 <ﬁ> C1-2, (8.43)
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It is important to note here that the proportionality relation between shear
and expansion leads to the positive deceleration parameter (g) with isotropic
distribution of DE in LRS Bianchi-I space-time. Since we are looking for a
model explaining an expanding Universe with acceleration, so, we assume the
anisotropic distribution of DE to ensure the present acceleration of Universe. So
we write equations (8.29a), (8.29b), and (8.33) as

222 4+ 92 _ () ptm) 4 (49 4 5)plde)], (8.44)
a9 as
92 82 o™ pm) 4 () 4 plde)], (8.45)
al ag ay ag
P19 4+ 340 (1 4+ W H + p(A)(GH, + 2yHy) = 0. (8.46)

The third term of Eq. (8.46) arises due to the deviation from w(4®) while the first

and second terms of Eq. (8.46) are deviation free part of Tj(de)i. According to

Eq. (8.46), the behavior of p(d®) is controlled by the deviation free part of EoS
parameter of DE, but deviation will affect p(de) indirectly, since, as can be seen
later, they affect the value of EoS parameter. But we are looking for physically
viable models of Universe consistent with observations. Hence we constrained
d(t) and ~(t) by assuming the special dynamics which is consistent with (8.46).
The dynamics of skewness parameter on z-axis (0) and y-axis or z-axis (v) is
given by

2mHH
5 == _pTe)Q 5 (847)
mHH
N = p(de)l 7 (8.48)

where m is the dimensionless constant that parameterizes the amplitude of the
deviation from w(9®) and can be given as real values.
Subtraction of (8.44) from (8.45) gives
. . . 2 . .
a9 a a ap az e
22 2 (y = 8)plde, (8.49)
ag a1 as al az

Using Eqgs. (8.34), (8.47), and (8.48), from (8.49), we obtain

dy  [3(n®—1) +m(n+2)?] do?
—= — =0. 8.50
as * 3(n—1) a3 (8.30)

The general solution of Eq. (8.50) has the form

3(n—1)

ay = (kit+ho) "1, 8.51)
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where ny; = 3N7 + m(n + 2)? with N7 = (n — 1)(n +2). For a; in this case

we find
3n(n—1)

a; = (klt + ko) nroo (8.52)

It is important to note here that we obtain power law solution by assuming
proportionality relation between shear scalar (o) and expansion (#) which seems
to describe the dynamics of Universe from Big Bang to the present epoch, while
a series of works [1,4,98,202-204] have obtained the power law solution by
assuming special law of variation of the Hubble parameter. So, we represent the
new features of power law expansion. In this paper, we show how ¢ o 6 model
with LRS BI metric behaves in the presence of perfect fluid and anisotropic DE
components.

In view of the assumption w(™ = const, Eq.(8.32) can be integrated
to obtain

™) = poa 3D, (8.53)

where pg is the positive constant of integration.
Average Hubble parameter (H ), expansion scalar (1)) in this case is ex-

pressed as

3N kq

ni (klt + ko) '

The shear scalar (o), directional Hubble parameters (Hy, Hs or Hs), and the
anisotropy parameter (A,,) have the same form as in the previous case, i.e.,
given by the expressions (8.39), (8.40), and (8.42), respectively. The spatial
volume (V'), average scale factor (a) and DP (g) of the model are found to be

Y =3H= (8.54)

V = (kyt + ko) BN/, (8.55)
a = (kit + ko)N1/m1), (8.56)
qz%—1=2+Nﬁl(n+2)2. (8.57)

As one sees, the DP ¢ is a constant. The sign of ¢ indicates whether the model
inflates or not. A positive sign of ¢, i.e., n;/Ny > 1, corresponds to standard
decelerating model whereas negative sign of ¢, i.e., 0 < n;/N; < 1, indicates
acceleration. The recent observations SN Ia, reveal that the present Universe is
accelerating and the value of DP lies somewhere in the range —1 < ¢ < 0. It
follows that in the derived model, one can choose the value of DP consistent with
observations.
From (8.53) we then find the energy density of perfect fluid

P = po(kat + ko) 2 HDN (8.58)
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on account of (8.58) from (8.29c) we obtain the dark energy density

ptao _ 920+ 1 — VBT po (8.59)
n(kit + ko)? (kyt + ko)3@m+Ny/na .

In Fig. 34, we plot the energy density of matter and that of dark energy with
respect to cosmic time. We see that they both are positive, hence the weak and
null energy conditions are satisfied for the model in question.

Now from (8.47) and (8.48) skewness parameters are obtained as

6m(n — 1) N1k?

o(t) = — , 8.60
( ) 9(271 4 1)(n _ 1)2/6% _ pon%(kﬁﬂf + k0)2—3(w(m)+1)N1/n1 ( )
3mn(n — 1)N1k?
(t) = — ( g )ik T (8.61)
9(2n + 1)(n — 1)2k? — pon2(kit + ko)2 =3« +1)N1/m
The EoS parameter of DE is given by
wlde) —
w™ py 3(n—1)%k3(6—2m(n+2)—n1/(n—1))
(kxt + kO)B(w(’”)-i-l)Nl/m n%(lﬁt + ko)?
B 9(2n + 1)(n — 1)2k? 00
n%(lﬁt + kQ)Q (klt + k0)3(w’”+1)N1/n1
(8.62)
()
-1
...... pm —1ak
— plde)
P -12F
% ~13h
X -14
-1.5
—1.6+
b ! I I
0 05 1 15 2 25 3 35,4 0 5 10 5 4, 20
Fig. 34. Evolution of matter and dark en- Fig. 35. Evolution of EoS parameter with
ergy density with respect to cosmic time respect to cosmic time

In Fig. 35, we have plotted the evolution of the EoS parameter with respect
to cosmic time.

It is observed that at t = —kq/k1, the spatial volume vanishes while all other
parameters diverge. Thus the derived model starts expanding with the Big Bang
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singularity at t = —kq/k; which can be shifted to ¢ = 0 by choosing ko = 0. This
singularity is of point type because the directional scale factors A(t) and B(t)
vanish at initial moment. We observe that p("™) as well as p(4®) remains positive
during the cosmic evolution. Therefore, the weak energy condition (WEC) as
well as null energy condition (NEC) are obeyed in the derived model. Further
p™ and p(d®) decrease with time and approach a small positive values at the
present epoch. The parameters H, o, and 6 start off with extremely large values
and continue to decrease with expansion of Universe. As is seen from Fig. 35,
the dark energy density w(9®) evolves with negative value, and its range is in nice
agreement with large scale structure data [94].
The density parameters of perfect fluid and DE are as follows:

(m) _ pon% 2—3(w("’L>+1)N1/n1
Q) = s (kat + ko) : (8.63)
1™
2
quio = 3@ DML e kN (8.64)

(n+2)2 3NZk?

After adding Egs.(8.63) and (8.64), the overall density parameter () is ob-
tained as

3(2n+1)
2(n —1)2

This shows that the overall density parameter (€2) depends on the anisotropy
parameter (A,,). The behavior of density parameters in the evolution of Universe
with appropriate choice of constants of integration and other physical parameters
gives reasonably well-known situations. We observe that initially the ordinary
matter density dominates the Universe. But later on, the DE density dominates
the evolution which is probably responsible for the accelerated expansion of the
present-day Universe.

8.2.2. The Statefinder and Distance Modulus Curves. Sahni et al. [169] pro-
posed a cosmological diagnostic pair {r, s} called state finder, which is defined as

0 =Q0m L qlde) — Ay, (8.65)

a ni1 ny
=L () (22 :
e ( N )(M ) (5.66)
ni 2711
22l ) (22 1) -
r—1 ( N1 + ) (Nl 1) 1
. _ , (8.67)

D G

The dynamics of state finder {r, s} depends on constants n and n;. It follows
that in derived model, one can choose the pair of state finders which can success-
fully differentiate between a wide variety of DE models including cosmological
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constant, quintessence, phantom, quintom, the Chaplygin gas, braneworld models
and interacting DE models. For example, if we put n; = 0, the state-finder pair
will be {1,0} which yields the ACDM (cosmological constant cold dark matter)
model. The state-finder diagnosis for holographic DE model in nonflat Universe
has been analyzed by Setare et al. [173].

The distance modulus is given by

u=>5logdy + 25, (8.68)

where the luminosity distance dj, is defined as

dr, = 7“1(]. + Z)a(), (8.69)

where z and aq represent red-shift parameter and present scale factor, respectively.
Let us now assume that 7' = kyt + ky. Thus equation (8.56) may be rewritten as

a=T", (8.70)

where ne = Ny /nj.

For determination of 71, we assume that a photon is emitted by a source with
co-ordinates » = r; and T = T} and is received at a time 7T{, by an observer
located at » = 0. Then we determine r; from

— (8.71)
a
T

Solving Eqs. (8.68)—(8.71), one can easily obtain the expression for distance mod-
ulus () in terms of red-shift parameter (z) as

i =5log ki ((1 o) 1) $25. (872)
H()(]. —ng)(l—i—z) n2

46 The comparison between the derived

/jts L model and SNLS type Ia supernovae data

’ can be seen in Fig.36. The dotted line

44 represents the observed distance modu-

43 lus by SNLS type Ia supernovae data,

nh whereas the solid line represents the ana-

lyzed distance modulus g of the derived
Mg ! T B B! model.

03 04 05 06 07 08 09 1,11 It is observed that the derived

Fig. 36. Evolution of EoS parameter with model is the best fit with high red-shift
respect to cosmic time values.
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9. INTERACTING TWO-FLUID SCENARIO IN FRW MODEL

FRW model is the most studied cosmological model. It is the simplest
model of an expanding Universe. As was mentioned earlier, this isotropic and
homogeneous cosmological model was first suggested by A. A. Friedmann [68,69].
Since that time it was widely believed that our Universe was a static one, his
finding was overlooked as a mere mathematical exercise. But when in 1929
Hubble experimentally proved that our Universe is indeed expanding, the search
for an expanding Universe became an ultimate task. The model proposed by
Friedmann enjoyed a wide range of popularity after the independent papers by
Robertson [122,123] and Walker [194].

In this section, we study the evolution of the dark energy parameter within
the scope of a FRW model, given by (3.2). For convenience, we will rewrite the
metric in the following form:

ds? = —dt* + a*(t) + 7% (6 +sin*(0)de”) |, O

1 — kr?
where a(t) is some unknown function of time, and k& is some constant, taking the
value +1,0,—1. For £ = —1 or k = 0 the space comes out to be infinity (open).
For k = 0 the space is flat, while £ = +1 space is finite (closed), though not
limited.

Corresponding Einstein field equations we write in the form

ik
Dot = — <25 + 2 + E) ) (9.2a)
-2 k
Prot = 3 (% + ¥> : (9.2b)

where piot = pm + Pp and pyot = pm + pp. Here p,, and p,, are pressure and
energy density of barotropic fluid and pp and pp are pressure and energy density
of dark fluid, respectively. _

The Bianchi identity G} = 0 leads to T}] = 0 which yields

. a
Prot + 3E(ptot + Prot) = 0. (9.3)

The EoS of the barotropic fluid and dark field are given by
_ Pm

W, 9.4)
Pm
and
wp =22 9.5)
PD

respectively. In the following sections, we deal with two cases, (i) noninteracting
two-fluid model and (ii) interacting two-fluid model.
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9.1. Noninteracting Two-Fluid Model. Let us first consider the case when
the fluid and dark energy are minimally coupled. In this case, Eq.(9.3) can be
written as two separate equations:

. a

Pm + 3E(pm + pm) =0 (9.6)
and .

. a

pD + 3E(PD +pp) =0. 9.7

Assuming the perfect fluid EoS parameter w,, is constant, Eq. (9.6) can be
immediately integrated to obtain

pm = poa SFem) (9.8)

where pg is a constant of integration. Inserting (9.8) into (9.2b) and (9.2a), we
first obtain the pp and pp in terms of scale factor a(t)

a?  k —3(14wnm)
pp=3|—5+—5)—poa " 9.9)
a? ' a
and D2k
i a
Pp == (2_ TaET _2) — powma” ), (9.10)
a a® ' a

In what follows, we consider three different ansdize for the scale factor those
give rise to a time-dependent deceleration parameter (DP):

ad d (1
S e | 11
1= 72 dt(H) ’ ©.1D

where H is the Hubble parameter defined as

H=-2 9.12)
a

The motivation to use such ansarz is dictated by the fact that our Universe
has recently entered into a phase of accelerated mode of expansion from the
decelerating one. It means the DP has changed its sign, i.e., DP should be
a function of time. Moreover, the transition of red-shift from deceleration to
acceleration is about 0.5. Hence only a time variable DP, not constant one, can
adequately draw the realistic picture of the evolution of the Universe. In what
follows, we consider a new time parameter 7:

t

=— .1
. (9.13)

T

where ¢; is a constant of unit time [t]. But for simplicity, we use the notation ¢
instead of 7. As a result, a(t) is still a unitless function. For simplicity, here and
further we write a as a function of ¢ with ¢ now being unitless.
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9.1.1. Ansatz I. First, we consider the case when the scale factor is given
by [115]

a(t) = (t —to)", (9.14)
where n is a positive constant. Under this assumption for pp and pp we obtain
3n? 3k
= — po(t — tg) ~3nFwm) 9.15
PD (t — tO)Q + (t — to)gn PO( 0) ( )
and
n(3n —2) k _3
- m(t — to) 31 twm) 9.16
PbD (t — t0)2 (t — tO)Qn + Pow 1,( 0) ) ( )

respectively. Inserting (9.15) and (9.16) into (9.5), we find the EoS parameter of
dark energy as

n(3n — 2) k
(t—t)2 ' (t—to
3n2 3k
(t—tf ' (t—to)

—3n(l14+wm)

)Qn + Powm(t - tO)

wp = — (9.17)

7 — polt = to)~9n(i-ten)

It is observed that though for open, closed and flat Universe the EoS parame-
ter is an increasing function of time, the rapidity of its growth at the early stage
depends on the type of the Universe, while later on, it tends to the same constant
value independent to it.

The expressions for the matter-energy density {2, and dark-energy density
Qp are given by

Pm Po —3n(14wm)+2
Qpn=>—"==-—"(t—t 18
3H? 3712( 0) ©-18)

and

PD k Po —3n(1+wm)+2
Qp = =1+ t—1 m 9.19
3H? n?(t —to)2»=1  3n? (t—to) ’ ©.19)

respectively. From (9.18) and (9.19) one obtains

k

Q:Qm—FQD:l—FW-

(9.20)
From the right-hand side of Eq. (9.20) it is clear that in flat Universe (k = 0),
Q =1, in open Universe (k = —1), 2 < 1 and in closed Universe (k = +1),
Q > 1. But at late time, we see for all flat, open and closed Universes 2 — 1.
This result is also compatible with the observational results. Since our model
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predicts a flat Universe for large times and the present-day Universe is very close
to flat, so the derived model is also compatible with the observational results.
In view of (9.2b) and (9.2a) from (9.11) we derive

1
"~ 6H?

On the other hand, inserting (9.14) into (9.11), we find

q [pm(l + 3Wm) +pp(1+ 3WD)]' (9.21)

1—n
q= .

(9.22)
n
From (9.22) we observe that ¢ > 0 for 0 <n < 1 and ¢ < 0 for n > 1.

In the Universe, nearly 70% of the energy is in the form of dark energy.
Baryonic matter amounts to only 3-4%, while the rest of the matter (27% is
believed to be in the form of a nonluminous component of nonbaryonic nature
with a dust-like equation of state (w = 0)) is known as cold dark matter (CDM).
In this case, if the dark energy is composed just by a cosmological constant, then
this scenario is called A-CDM model. A convenient method to describe models
close to A CDM is based on the cosmic jerk parameter j, the dimensionless third
derivative of the scale factor with respect to the cosmic time [26,40,192,193]. A
deceleration-to-acceleration transition occurs for models with a positive value of
jo and negative go. Flat A-CDM models have a constant jerk j7 = 1. The jerk
parameter in cosmology is defined as the dimensionless third derivative of the
scale factor with respect to cosmic time

0= 457 (9.23)

and in terms of the scale factor with respect to cosmic time

2 2 1"
) (a*H?)
i) =gz (9.24)
where the «dots» and «primes» denote derivatives with respect to cosmic time
and scale factor, respectively. The jerk parameter appears in the fourth term of a
Taylor expansion of the scale factor around ag:

a(t 1 1.
a(—o) = 1+ Ho(t—to) =5 a0 HG (t—t0)*+ 5 jo H (t—t0)* +O [(t = t0)"] , (9.25)

where the subscript O shows the present value. One can rewrite Eq.(9.23) as

4

. o 2
i) =q+2¢* - . (9.26)
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In view of (9.14), from (9.22) and (9.26) we obtain

) n—1)(n—-2
L e
This value overlaps with the value j ~ 2.16 obtained from the combination of
three kinematical data sets: the gold sample of type Ia supernovae [121], the
SNIa data from the SNLS project [7], and the X-ray galaxy cluster distance
measurements [118] for n ~ 0.55.

9.1.2. Ansatz II. First, we consider the case when the scale factor is given

by [5]

(9.27)

a(t) = Viel. (9.28)
Under this assumption pp and pp take the form
2
n+t 3k n o ty—3
pp =3 (T) oy po(tet) TR (9.29)
and
n+t\> n k 3

Pp == [3 ( 2 ) = o5 o T+ powm (i) TR (9.30)

respectively. The EoS parameter for dark energy now reads

2
t k
3 (n + > _n 4+ — powm(tnet)7%(1+w7n)

2 2 et
wp = — e— ¢ . (9.31)
n+t n -3 (1+wm
<2—t> g~ poltnet)Ta)

The behavior of EoS parameter qualitatively remains the same as in the
previous case.

The expressions for the matter-energy density {2, and dark-energy density
Qp are given by

Pm 4P0t2 t—3(1
Q= = trety=2(twm) 9.32
3HZ 30 +nEl ¢) ©-32)
and ) )
4 4p0t t—3
QOp=1 — " (+wm) 9.33
D= S ee Sl ) 03
respectively. From (9.32) and (9.33) we find
4k

Q=0Q,+0 =1+ (9.34)

tn=2et(n +t)2
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From the right-hand side of Eq.(9.34) it is clear that in flat Universe (k = 0),

Q =1, in open Universe (k = —1), 2 < 1 and in closed Universe (k = +1),

Q > 1. But at late time, we see for all flat, open and closed Universes {2 — 1.

This result is also compatible with the observational results. Since our model

predicts a flat Universe for large times and the present-day Universe is very close

to flat, so the derived model is also compatible with the observational results.
For the deceleration parameter in this case we find

2 1
t+1)2 7

q= ( (9.35)

which is a function of time. From (9.22) we observe that ¢ > 0 for ¢ < 0.41 and
q <0 fort > 0.41.

The jerk in this case is a time varying function:

on n 8n
(n+1t)2  (n+t)3

jt)=1- (9.36)

This value overlaps with the value j ~ 2.16 obtained from the combination of
three kinematical data sets: the gold sample of type Ia supernovae [121], the
SNIa data from the SNLS project [7], and the X-ray galaxy cluster distance
measurements [118] for

t:A—507"—n, (9.37)

where

: 1/3
A =003 (841007 + 1450v/1450n7 + 3364n2)
9.1.3. Ansatz II1. Finally, we consider the case where the metric function is
given by [153]
a(t) = viret. (9.38)

This ansatz generalizes the one proposed in [5].
Using this scale factor we find pp and pp as

2
n+t 3k 3
=3 (2= _ tn t\— 2 (14wm) 939
pD ( o7 ) t gt po(t"e’) > (9.39)

and

2
n—+t n k o fv_3
prlg( 2t ) — 3 g — powm (7€) T (9.40)
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respectively. The EoS parameter for dark energy now reads

2
t k
3 (TL + > _ ﬁ + _ powm(tnet)7%(1+wm)

2t 2 tret
wp = — e P (9.41)
n 3
+ _ tnet 75(14’“)7”)
(—2 m ) et po(tre’)
Its behavior is qualitatively the same as wp 7
in the previous cases. —o40% g=0
The behavior of EoS in term of cos- e Z : 83
mic time ¢ is shown in Fig.37. It is ob- —0457] =1
served that though for open, closed and 0.50 I
flat Universes the EoS parameter is an ]
increasing function of time, the rapidity —0.55 ]
of its growth at the early stage depends ]
on the type of the Universe, while later %607
on, it tends to the same constant value —0.65
independent of it. R Nt rort—trtttront sl
The expressions for the matter- 2 4 6 8 10 12 14 16 18,20
energy densit}./ @ and dark-energy den-  gjs 37, Evolution of EoS parameter with
sity {2p are given by respect to cosmic time
4pot?
Qm ~ Pm £0 (tnet)—%(l-i-wm) (9.42)

- 3H?2  3(t+n)?
and
4k 4p0t2
t"—2et(n +t)? B 3(t+n)?
respectively. Equations (9.42) and (9.43) are reduced to

4k
tn=2et(n +t)2

From the right-hand side of Eq.(9.44) it is clear that in flat Universe (k = 0),
Q =1, in open Universe (k = —1), 2 < 1 and in closed Universe (k = +1),
Q > 1. But at late time, we see for all flat, open and closed Universes {2 — 1.
This result is also compatible with the observational results. Since our model
predicts a flat Universe for large times and the present-day Universe is very close
to flat, so the derived model is also compatible with the observational results.
The variation of density parameter {2 with respect to cosmic time is shown
in Fig. 38.
The deceleration parameter (DP) in this case reads
2n

1= g b (9.45)

Qp=1+ (tnet)~2AFwm), (9.43)

O=Q,+Qp =1+ (9.44)
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Fig. 38. Evolution of density parameter Fig. 39. Evolution of deceleration parame-
with respect to cosmic time ter with respect to cosmic time for differ-

ent values of n

From Eq.(9.45), we observe that ¢ > 0 for ¢ < V2n — n and q < 0 for
t > v2n —n. It is observed that for 0 < n < 2, our model is evolving from
deceleration phase to acceleration phase. Also, recent observations of SNe Ia
expose that the present Universe is accelerating and the value of DP lies to some
place in the range —1 < ¢ < 0. It follows that in our derived model, one
can choose the value of DP consistent with the observation. Figure 39 depicts
the deceleration parameter (g) versus time which gives the behavior of ¢ from
decelerating to accelerating phase for different values of n.
The jerk in this case takes the form

() — 1 6n 8n
i) = (n+t)2+(n+t)3'
This value overlaps with the value j ~ 2.16 obtained from the combination of
three kinematical data sets: the gold sample of type Ia supernovae [121], the
SNIa data from the SNLS project [7], and the X-ray galaxy cluster distance
measurements [118] for

(9.46)

t:A—E)OTn—n, (9.47)

where

1/3
A =003 (84100n + 14501/1450n° + 3364n2>

9.2. Interacting Two-Fluid Scenario. Let us now consider the interaction
between dark and barotropic fluids. For this purpose, we can write the continuity
equations for dark fluid and barotropic fluids as

, a
pm + 3= (pm +pm) = Q, (9.48)
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and .
. a
pPp + 3E(PD +pp) = —Q. (9.49)

The quantity ) expresses the interaction between the dark components. Since
we are interested in an energy transfer from the dark energy to dark matter, we
consider @) > 0. This assumption ensures that the second law of thermodynamics
is fulfilled [111]. Here we emphasize that the continuity Egs.(9.48) and (9.49)
imply that the interaction term (()) should be proportional to a quantity with units
of inverse of time, i.e., Q) o 1/t. Therefore, a first and natural candidate can be the
Hubble factor H multiplied by the energy density. Following Amendola et al. [3]
and Gou et al. [77], we consider

Q =3Hopy, (9.50)

where o is a coupling constant. Using Eq. (9.50) in Eq.(9.48) and after integrating,
we obtain

Pm = pOa_S(lerm_U)- 9.51)
In view of (9.51), pp and pp can be expressed in term of scale factor a(t):
. 2 k
pp =3 (a—2 + —2) — poa”Hem=2) (9.52)
a a
and
a a® k 301
Pp == <2— 5+ —2> = polwm — o)a”PFem =), (9.53)
a a a
respectively.

As in the case of noninteracting fluids, we again study the three cases.
9.2.1. Ansatz I. Inserting (9.14) into (9.49) and (9.53), we obtain

3n? 3k 3
= — po(t — to) 2ntwn=0) 9.54
SR oy
and
n(3n — 2) k? —3 (1+ _ )
= m — 0)(t — tg) "3 (IFwm =) | (9 55
PD t—t0)2 =t + po(wm — o) (t —to) (9.55)

respectively. Inserting (9.54) and (9.55) into (9.5), we can find the EoS parameter
of dark field as

n(3n —2) k o
— to)? — 5 + Po(wm — 0)(t — tg) ~InFwm o)
(t —to) (t — to)
wp = —
3n? 3k
(t _ tO)Q + (t — tQ)Q” — po(t — to)_3"(1+wm—a)

(9.56)
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It is observed that, unlike the minimal coupling case, the EoS parameter is an
increasing function of time though for open and flat Universes and a decreasing
function of time for a closed one. At the later stage of evolution all the three
tend to the same constant value independent of the type of the Universe.

The expressions for the matter-energy density €2, and dark-energy density
Qp are given by

~_ Pm PO —3n(l4wm—0o)
Qn = — o o\t :
=3z~ 3t ) ©37)
and
PD k £o —3n(l4+wm—0o)
Op=—"=14———"—"F———(t—t m 9.58
D 3H2 + 7’L2(t — tO)Q(nil) 3n2 ( 0) ’ ( )

respectively. From Eqgs. (9.57) and (9.58), we obtain

k
’I’LQ(lf _ tO)Q(n—l) ’

which is the same as Eq.(9.59). Therefore, we observe that in the interacting
case the density parameter has the same properties as in the noninteracting case.
The expressions for deceleration parameter and jerk parameter are also the same
as in the case of noninteracting case.

Studying the interaction between the dark energy and ordinary matter will
open a possibility of detecting the dark energy. It should be pointed out that
evidence was recently provided by the Abell Cluster A586 in support of the
interaction between dark energy and dark matter [23,49]. We observe that in
noninteracting case both open and flat Universes can cross the phantom region,
whereas in interacting case only open Universe can cross phantom region.

9.2.2. Ansatz II. Let us now study the interacting system of two-fluid scenario
for the second assumption given by (9.28). In this case we obtain

Q=Q,+Qp =1+ (9.59)

2
n+t 3k n t\— 3 (14wm—0o
pp =3 (2—t> t et po(tme) 2 ) (9.60)

and

n+t ? n k n _t\— 5 (1+wn —0)
pp=— |3 o1 —t—2+w—PO(Wm—U)(t e) 2 " , (9.61)

respectively. The EoS parameter of dark field now reads
2
t k
’ (H ) — 5+ i — o — o) (tret) T E =)

2 2 ﬁ
wp = — t 17 te . 9.62)

2
i <n+t> O potrer)HHen o)

2t tret
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It is observed that, unlike the minimal coupling case, the EoS parameter is an
increasing function of time for open and flat Universes and a decreasing function
of time for a closed one. At the later stage of evolution all the three tend to the
same constant value independent of the type of the Universe.

The expressions for the matter-energy density €2, and dark-energy density
Qp are given by

Pm 4P0t2 t—3(1 _
Q= = tret)m2twn=o) 9.63
' 3H? 3(t+n)2( ) 663
and
4k 4pot? 3 _
Qp =1 —~ tret) 2w =o) 9.64
D= e e Bt ) ’ (0-64)
respectively. Hence, we obtain
4k
Q=Q,+Qp =1+ (9.65)

tn—2et(n + )2’

which is the same as Eq.(9.34). Therefore, we observe that in the interacting
case the density parameter has the same properties as in the noninteracting case.
The expressions for deceleration parameter and jerk parameter are also the same
as in the case of noninteracting case.

9.2.3. Ansatz IIl. Finally we study the case when the scale factor is given
by (9.38). In this case, for dark energy density and pressure of dark energy we
obtain

2
n+t 3k 3
=3 = _ tn t\—32 (14wm—o) 9.66
pD (2t>+tnet po(t™e’)”> (9.66)

n+t\> n k 3
e [3 <—> — 5 T g — po(wm —o)(tme)TRUTH T (0.67)
respectively. The EoS parameter of dark field in this case looks

2
t k
3 (1) Lk o — o) (et H )

2 2 ot
wp = — t ’; ! egk (9.68)
n -+ 3
3= — po(tret)—2(1+wm—o)
( 2% ) T et po(tret)”2

It is observed that, unlike the minimal coupling case, the EoS parameter is an
increasing function of time for open and flat Universes and a decreasing function
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of time for a closed one. At the later stage of evolution all the three tend to the
same constant value independent of the type of the Universe.

The expressions for the matter-energy density €2, and dark-energy density
Qp are given by

Pm 4P0t2 th—3(1 _
Qm = = tret)mzHem=e) 9.69
' 3H? 3(t+n)2( ) 669

and

4k 4p0t2

Qp =1 -
P 02 304 n)

. (tTI,et)_%(lJ’_wm’_a)’ (970)

respectively. The expression for 2 = €2, + Qp in this case coincides with that
of noninteracting case, i.e.,

4k

Q=Q,+p =1+ ——.
» 3D + t"—2et(n +t)?

(9.71)

9.3. Physical Acceptability and Stability of Solutions. For the stability of
corresponding solutions in both noninteracting and interacting models, we should
check that our models are physically acceptable. For this, firstly, it is required
that the velocity of sound is less than that of light, i.e.,

0<vs=—<1. (9.72)
In view of (9.2b) and (9.2a) we find that

d (i ; a
~—(Z) = _ -3(14wm—0) Z
1 th (a) 3po0 (1l + wy, — 0)a "

3 5 d a2\ 6ka ’
dt \ a? a? a
where we have taken into account the interaction. Setting o = 0, we come to the

noninteracting case. Being the ansarz III the most general one, we shall study the
stability for that case only. In this case, we find for the interacting case

(9.73)

Vg = —

o 1 N 2n(2 —n —t) + 3poo (1 + Wy, — ) (n + t) t2(t"et) 30 Fwm=0)/2
* 3 3(n+t)[n+ 2kt2—e | '

(9.74)
As one sees, we can always choose n in such a way that the model satisfies the
condition (9.72).
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Figure 40 shows the sound speed
with respect to cosmic time.

Secondly, let us study the energy
conditions. The weak energy condition
is given by

p=0,

p+p=0, (9.75)

while the dominant energy condition has
the form

p=Ipl. (9.76)
The strong energy condition reads
p+3p=0. (9.77)

From the Egs.(9.2b) and (9.2a) on
account of interaction we find

Vg 1
1.2 =
1 -
11 Tok=—l
| -- k=
1
\

10 20 30 40 , 50

Fig. 40. Speed of sound with respect to
cosmic time for different values of n

a\>  k
p= l(—) +—=1 (9.78)
a a
a\> k i
p+p=2 (—) +—5|-2-+ pooa30Fw=a), (9.79)
a a a
p+3p=—62 1+ 3ppoa30Htw=0), (9.80)
a
For the ansatz (9.38) the foregoing |
ti . ] cons Poff
equations give ] e
5 o ] == [p + plegr
_ n+t + k (9 81) § ] - [p+3p]eff
2t tret |’ ' 2107
G
= n+t\> s k n é 1
prp= 2t tret o]

n
+3t poo(thet) 3w =a)/2 (g 8))

n  3(n+t)?
gp=32 20T
PER=Im Ty

+ 3pgo(thet) 73w =a)/2 (9 83)

Fig. 41. Energy condition versus time for
k=0

As we see from Figs. 41-43, the weak and dominant energy conditions (9.75)
and (9.76) for k = 0 and k = 1, i.e., for flat and closed models are satisfied. But
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Fig. 42. Energy condition versus time for Fig. 43. Energy condition versus time for
k=+1 k=-1
for k£ = —1, i.e., for open model, this condition does not hold for the later stage

of evolution. The strong energy condition holds only at the early stage of the
evolution.

Based on the above discussion, we conclude that the corresponding solutions
are physically acceptable.

CONCLUDING REMARKS ON THE RESULTS

In this review, we have studied the evolution of the Universe filled with dark
energy with or without perfect fluid. In doing so, we considered a number of
cosmological models, namely Bianchi type I, III, VIy, VI, and FRW ones. For
the anisotropic cosmological models we have used proportionality condition as
an additional constraint.

In case of a BVI model, we found the exact solutions to the field equations
in quadrature. It was found that if the proportionality condition is used, this
together with the nondiagonal Einstein equation leads to the isotropic distribution
of energy-momentum tensor, i.e., 7 = T3 = T3. This fact allows one to solve
the equation for volume scale V' exactly. The behavior of EoS parameter w is
thoroughly studied.

A new anisotropic BVIy DE model with variable EoS parameter w has been
investigated by using the law of variation for the Hubble parameter proposed by
Berman [20] which yields a constant value of deceleration parameter. In this
case, it is found that two of the principal momenta are equal, i.e., T\ = T%. It is
observed that, in early stage, the EoS parameter w is positive, i.e., the Universe
was matter-dominated in early stage but in late time, the Universe is evolving
with negative values, i.e., the present epoch. DE model presents the dynamics of
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EoS parameter w whose range is in good agreement with the acceptable range by
the recent observations [82,93,94, 186].

An anisotropic Bianchi type-V model is studied. It is found that under the
proportionality condition the components of the energy—momentum tensor obey
T! + T2 = 2T3. As a result like BVIy space-time, we need extra assumption
to solve the equation for V/, which is taken to the variation law of Hubble pa-
rameter. The model is thoroughly studied and the results are compared with
observational data.

An anisotropic Bianchi type-III DE model with variable EoS parameter w has
been investigated, which is new and different from the other author’s solutions.
In the derived DE model of the Universe, the cosmological term is a decreasing
function of time and it approaches a small positive value at late time (i.e., the
present epoch). The value of cosmological «constant» for the model is found to
be small and positive, which is supported by the recent observations.

A new anisotropic B-I DE model with variable EoS parameter w has been
investigated, which is different from the other author’s solutions. The proposed
law of variation for the Hubble parameter yields a constant value of deceleration
parameter.

A spatially homogeneous and anisotropic locally rotationally symmetric
Bianchi-I space-time filled with perfect fluid and anisotropic DE possessing dy-
namical energy density are studied. Studying the interaction between the ordinary
matter and DE will open up the possibility of detecting DE. It should be pointed
out that evidence was recently provided by Abell-Cluster A586 in support of
interaction between DE and dark matter.

In the derived model, the EoS parameter of DE (w(4®)) is obtained as time
varying and it is evolving with negative sign which may be attributed to the
current accelerated expansion of Universe. Also note that the isotropic distribution
of DE is not possible in LRS Bianchi type-I space-time because the isotropic
distribution of DE leads to the positive value of DP which cannot explain the
current accelerated expansion of Universe while for anisotropic distribution of DE,
DP evolves with negative sign. The distance modulus curve of derived model is
in good agreement with SNLS-type Ia supernovae for high red-shift value which
in turn implies that the derived model is physically realistic.

A system of two fluids within the scope of a spatially flat and isotropic FRW
model is studied. The role of two fluids either minimally or directly coupled in
the evolution of the dark energy parameter has been investigated. In doing so,
we have used three different ansdtze regarding scale factor, that gives rise to a
variable decelerating parameter. It is observed that in noninteracting case both
open and flat Universes can cross the phantom region whereas in interacting case
only open Universe can cross phantom region. The stability and acceptability of
the solution obtained are also investigated.
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