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�. ˆ.„·¨¢μÉ¨´∗, „. �. �¢¸Ö´´¨±μ¢

‘ ´±É-�¥É¥·¡Ê·£¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, ‘ ´±É-�¥É¥·¡Ê·£, �μ¸¸¨Ö

�·¥¤¸É ¢²¥´ μ¡§μ·  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¤²Ö ¶ÊÎ±  § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í. �É¨ ·¥§Ê²ÓÉ ÉÒ ¶·μ ´ ²¨§¨·μ¢ ´Ò ´  μ¸´μ¢¥ ¥¤¨´μ£μ ¶μ¤Ìμ¤ , · §¢¨-
Éμ£μ  ¢Éμ· ³¨ ¸É ÉÓ¨. ‚ · ³± Ì ÔÉμ£μ ³¥Éμ¤  ¢¢μ¤¨É¸Ö ¶·μ¸É· ´¸É¢μ ¨´É¥£· ²μ¢ ¤¢¨-
¦¥´¨Ö, ¢ ±μÉμ·μ³ ¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É · ¸¸³ É·¨¢ ÕÉ¸Ö ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö Î ¸É¨Í.
�·¨ ÔÉμ³ § ¤ ´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¸¢μ¤¨É¸Ö ± § ¤ ´¨Õ ¶²μÉ´μ¸É¨
· ¸¶·¥¤¥²¥´¨Ö ¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥. ’ ±μ° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É Ê¶·μ¸É¨ÉÓ ¶μ¸É·μ¥´¨¥ ¨
 ´ ²¨§ · §²¨Î´ÒÌ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨°. ‚ Î ¸É´μ¸É¨, ¢ ´¥±μÉμ·ÒÌ ¸²Ê-
Î ÖÌ ³μ¦´μ ¶μ²ÊÎ ÉÓ ´μ¢Ò¥ ·¥Ï¥´¨Ö, · ¸¸³ É·¨¢ Ö ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¨§¢¥¸É´ÒÌ
·¥Ï¥´¨°. �ÉμÉ ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É É ±¦¥ ¤ ÉÓ ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ´ £²Ö¤´μ¥ £¥μ³¥É·¨-
Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö.

A review of analytical solutions of the Vlasov equation for a charged particle beam
is given. These results are analyzed on the base of a common approach developed by
the authors of the article. According to this method, the space of integrals of motion is
introduced, integrals of motion being regarded as coordinates in it. At that, specifying of
a self-consistent distribution is reduced to specifying of a density in this space. Such an
approach allows one to simplify construction and analysis of various self-consistent distri-
butions. Particularly, in some cases it is possible to obtain new solutions considering linear
combinations of known solutions. This approach also gives a possibility to provide pictorial
geometric representation of self-consistent distributions in the space of motion integrals.

PACS: 52.20.-j; 52.25.Fi; 52.27.Jt; 29.27.-a

‚‚…„…�ˆ…

�¤´¨³ ¨§ ´ ¨¡μ²¥¥ ¨§¢¥¸É´ÒÌ Ê· ¢´¥´¨° ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨ Ö¢²Ö-
¥É¸Ö Ê· ¢´¥´¨¥ ‚² ¸μ¢ , ±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó-
´μ¥ Ê· ¢´¥´¨¥ ¸ Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ [1Ä5]. “· ¢´¥´¨¥ ‚² ¸μ¢  ´ Ìμ¤¨É
Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ¢ Ë¨§¨±¥ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¤²Ö μ¶¨¸ ´¨Ö Ô¢μ-
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²ÕÍ¨¨ · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [6Ä15]. �¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö ‚² ¸μ¢  ´ §Ò¢ ÕÉ ¸ ³μ¸μ£² ¸μ¢ ´´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨, ¶μ¸±μ²Ó±Ê
¢ · ³± Ì Ê· ¢´¥´¨Ö ‚² ¸μ¢  ÊÎ¨ÉÒ¢ ¥É¸Ö ¤¥°¸É¢¨¥ ¶μ²Ö, ¸μ§¤ ¢ ¥³μ£μ  ´-
¸ ³¡²¥³ ¤¢¨¦ÊÐ¨Ì¸Ö Î ¸É¨Í ´  ¸¥¡Ö, ±μÉμ·μ¥ ´ §Ò¢ ¥É¸Ö ¸μ¡¸É¢¥´´Ò³ ¨²¨
¸ ³μ¸μ£² ¸μ¢ ´´Ò³ ¶μ²¥³.

‚μ¶·μ¸Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ‚² ¸μ¢ 
· ¸¸³ É·¨¢ ²¨¸Ó ¢ · ¡μÉ Ì [16Ä27].

� Ìμ¦¤¥´¨¥ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢¥¸Ó³  ¸²μ¦-
´ÊÕ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö § ¤ ÎÊ, ÎÉμ μ¡Ê¸²μ¢²¥´μ ´¥²¨´¥°´Ò³ Ì -
· ±É¥·μ³ Ê· ¢´¥´¨Ö ‚² ¸μ¢ . �Éμ° § ¤ Î¥ ¶μ¸¢ÖÐ¥´μ ¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ · -
¡μÉ, ¢ ±μÉμ·ÒÌ ´ °¤¥´Ò · §²¨Î´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ‚² ¸μ¢ . � ¨¡μ²¥¥ ¨§-
¢¥¸É´μ¥ ·¥Ï¥´¨¥ ¤²Ö ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ± ± ¢ ± ´ ²¥ ¸ ±¢ ¤·Ê¶μ²Ó´μ°
Ëμ±Ê¸¨·μ¢±μ° Ô²¥±É·¨Î¥¸±¨³ ¶μ²¥³, É ± ¨ ¢ ± ´ ²¥ ¸ Ëμ±Ê¸¨·μ¢±μ° ¶·μ¤μ²Ó-
´Ò³ ³ £´¨É´Ò³ ¶μ²¥³ Å · ¸¶·¥¤¥²¥´¨¥ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ [7,15,
28], ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ÉμÎ´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ‚² ¸μ¢ . �¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö ‚² ¸μ¢  ¨ÐÊÉ É ±¦¥ ¢ ¢¨¤¥ ´¥±μÉμ·ÒÌ ·Ö¤μ¢ (¸³., ´ ¶·¨³¥·, [29]).

‚ ÔÉμ° · ¡μÉ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¸É Í¨μ´ ·´Ò¥ ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥-
¤¥²¥´¨Ö ¤²Ö ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¶·μ¤μ²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥. ‡¤¥¸Ó
É ±¦¥ ¨§¢¥¸É´Ò · §²¨Î´Ò¥ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö, ´ ¶·¨³¥· · ¸¶·¥¤¥²¥´¨¥ É¨¶ 
®¢μ¤Ö´μ° ³¥Ïμ±¯ [15,30].

–¥²Ó · ¡μÉÒ Å ¶·μ ´ ²¨§¨·μ¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ · ¡μÉ, ¢μÏ¥¤Ï¨Ì ¢ μ¡§μ·,
´  μ¸´μ¢¥ ¥¤¨´μ£μ ¶μ¤Ìμ¤ , · §¢¨Éμ£μ  ¢Éμ· ³¨ ¸É ÉÓ¨ ¢ [31Ä45]. ‚ · ³± Ì
ÔÉμ£μ ¶μ¤Ìμ¤  ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö Î ¸É¨Í · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ ± Î¥¸É¢¥ ±μμ·-
¤¨´ É ¢ ¶·μ¸É· ´¸É¢¥ ÔÉ¨Ì ¨´É¥£· ²μ¢,   § ¤ ´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ · ¸¶·¥-
¤¥²¥´¨Ö ¸¢μ¤¨É¸Ö ± § ¤ ´¨Õ ¶²μÉ´μ¸É¨ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö.

�¥·¥Ìμ¤Ö ± ¶·μ¸É· ´¸É¢Ê ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ³Ò, ¶·¥¦¤¥ ¢¸¥£μ,  ¡-
¸É· £¨·Ê¥³¸Ö μÉ ¨¸Ìμ¤´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ , ±μμ·¤¨´ É ³¨ ¢ ±μÉμ·μ³
Ö¢²ÖÕÉ¸Ö ±μμ·¤¨´ ÉÒ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¨ ±μ³¶μ´¥´ÉÒ ¸±μ-
·μ¸É¨, ¨ ¶²μÉ´μ¸ÉÓ · ¸¸³ É·¨¢ ¥³ ¢ ¶·μ¸É· ´¸É¢¥ ÔÉ¨Ì ¨´É¥£· ²μ¢, ±μÉμ·Ò¥
¨ Ö¢²ÖÕÉ¸Ö ¥£μ ±μμ·¤¨´ É ³¨. �·¨ ÔÉμ³ ¸ÊÐ¥¸É¢Ê¥É ³ É¥³ É¨Î¥¸±¨°  ¶¶ -
· É, ¶μ§¢μ²ÖÕÐ¨° ±μ··¥±É´μ ¢¢¥¸É¨ ¶²μÉ´μ¸ÉÓ ¢ ²Õ¡μ³  ¡¸É· ±É´μ³ ¶·μ-
¸É· ´¸É¢¥, Å ÔÉμ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ò. �ÉμÉ ¦¥  ¶¶ · É ¶·¨³¥´Ö¥É¸Ö
¢ · ¡μÉ¥ ¨ ¤²Ö μ¶¨¸ ´¨Ö, ¢ Î ¸É´μ¸É¨, ¶²μÉ´μ¸É¨ ¢ ¨¸Ìμ¤´μ³ Ë §μ¢μ³ ¶·μ-
¸É· ´¸É¢¥. ’ ± ¶μ´¨³ ¥É¸Ö Ë §μ¢ Ö ¶²μÉ´μ¸ÉÓ ¢μ ³´μ£¨Ì · ¡μÉ Ì ¶μ ¤¨´ ³¨±¥
¶ÊÎ±μ¢. ‚¢μ¤¨³ Ö É ±¨³ μ¡· §μ³ ¶²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨-
¦¥´¨Ö ¶μ§¢μ²Ö¥É ´ Ìμ¤¨ÉÓ ´μ¢Ò¥ ¸É Í¨μ´ ·´Ò¥ ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥-
¤¥²¥´¨Ö, ¢ μÉ²¨Î¨¥ μÉ ³´μ£¨Ì · ¡μÉ, £¤¥ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö É ±¦¥ ¨¸¶μ²Ó-
§ÊÕÉ¸Ö. 	¥§Ê¸²μ¢´μ, É· ¤¨Í¨Ö ¨¸¶μ²Ó§μ¢ ´¨Ö ¨´¢ ·¨ ´Éμ¢ ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨
¤¨´ ³¨±¨ Î ¸É¨Í ¨³¥¥É ¤²¨É¥²Ó´ÊÕ ¨¸Éμ·¨Õ. ’ ±, ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö
Ë §μ¢μ° ¶²μÉ´μ¸É¨, Ö¢²ÖÕÐÊÕ¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¨ § ¤ ´´ÊÕ
± ± ËÊ´±Í¨Ö ±μμ·¤¨´ É, ¨³¶Ê²Ó¸μ¢ ¨ ¢·¥³¥´¨, ¢¸¥£¤  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±
ËÊ´±Í¨Õ ´¥±μÉμ·μ£μ Î¨¸²  ´¥§ ¢¨¸¨³ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö [7]. �¤´ ±μ
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μÉ³¥É¨³, ÎÉμ §¤¥¸Ó ·¥ÎÓ ¨¤¥É μ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ Î ¸É¨Í ¢
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. ‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥-
²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ ÔÉ¨Ì ¸ ³ÒÌ ¨´É¥£· ²μ¢. �Éμ ¨ μÉ²¨Î ¥É ¶μ¤Ìμ¤  ¢Éμ·μ¢
¸É ÉÓ¨ μÉ ¤·Ê£¨Ì ¶μ¤Ìμ¤μ¢, · ¸¸³ É·¨¢ ¥³ÒÌ · ´¥¥.

’ ±μ° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É Ê¶·μ¸É¨ÉÓ ¶μ¸É·μ¥´¨¥ ¨  ´ ²¨§ · §²¨Î´ÒÌ ¸ -
³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨°. ‚ Î ¸É´μ¸É¨, ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ³μ¦´μ
¶μ²ÊÎ ÉÓ ´μ¢Ò¥ ·¥Ï¥´¨Ö, · ¸¸³ É·¨¢ Ö ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¨§¢¥¸É´ÒÌ ·¥-
Ï¥´¨°, ÎÉμ ´¥¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¶·¨ ¤·Ê£¨Ì ¨§¢¥¸É´ÒÌ ¶μ¤Ìμ¤ Ì. �ÉμÉ
¶μ¤Ìμ¤ É ±¦¥ ¶μ§¢μ²Ö¥É ¤ ÉÓ ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ´ £²Ö¤´μ¥ £¥μ³¥É·¨Î¥¸±μ¥
¶·¥¤¸É ¢²¥´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö.

‡´ Î¨É¥²Ó´ Ö Î ¸ÉÓ · ¡μÉÒ ¶μ¸¢ÖÐ¥´  ¸ ³μ¸μ£² ¸μ¢ ´´Ò³ · ¸¶·¥¤¥²¥-
´¨Ö³ ¤²Ö ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ¶ÊÎ± . ˜¨·μ±¨¥
±² ¸¸Ò ·¥Ï¥´¨° ¤²Ö ÔÉμ£μ ¸²ÊÎ Ö ³μ£ÊÉ ¡ÒÉÓ É ±¦¥ ¶μ²ÊÎ¥´Ò ¸ ¨¸¶μ²Ó§μ¢ -
´¨¥³ É¥μ·¥³Ò μ¡ ¨´¢¥·¸¨¨ ¶²μÉ´μ¸É¨ [46]. �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¶ÊÎ±Ê
¸ · ¢´μ³¥·´Ò³ · ¸¶·¥¤¥²¥´¨¥³ Î ¸É¨Í ¶μ ¸¥Î¥´¨Õ. ‡¤¥¸Ó ¶·¥¤¸É ¢²¥´Ò É -
±¨¥ ¨§¢¥¸É´Ò¥ ¢Ò·μ¦¤¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö, ± ± ¶μÉμ± 	·¨²²ÕÔ´  [47], · ¸-
¶·¥¤¥²¥´¨¥ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ, · ¸¶·¥¤¥²¥´¨Ö É¨¶  ®¦¥¸É±μ£μ ·μ-
É Éμ· ¯ [6, 13, 14, 48]. ’ ±¦¥ · ¸¸³μÉ·¥´Ò ´¥¢Ò·μ¦¤¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö,
¶·μ¸É¥°Ï¥¥ ¨§ ±μÉμ·ÒÌ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ
· ¸¶·¥¤¥²¥´¨° É¨¶  ®¦¥¸É±μ£μ ·μÉ Éμ· ¯. �¥¢Ò·μ¦¤¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö
³μ¦´μ ¶μ²ÊÎ ÉÓ, ¨¸¶μ²Ó§ÊÖ ·¥Ï¥´¨Ö ´¥±μÉμ·μ£μ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö.

„ ²¥¥ · ¸¸³ É·¨¢ ¥É¸Ö ´¥μ¤´μ·μ¤´Ò° ¢¤μ²Ó ¸¢μ¥° μ¸¨ ¶ÊÎμ± ¸ · ¢´μ³¥·-
´Ò³ · ¸¶·¥¤¥²¥´¨¥³ Î ¸É¨Í ¶μ ¸¥Î¥´¨Õ, ¤²Ö ±μÉμ·μ£μ É ±¦¥ ¶·¥¤¸É ¢²¥´Ò
¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö. �É¨ · ¸¶·¥¤¥²¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò
¢ ·¥§Ê²ÓÉ É¥  ´ ²¨§  · ¸¶·¥¤¥²¥´¨° ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö.

�μ²ÊÎ¥´´Ò¥ ¤²Ö ´¥μ¤´μ·μ¤´μ£μ ¶ÊÎ±  ·¥Ï¥´¨Ö ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ
± ± μ¡μ¡Ð¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥Ï¥´¨° ¤²Ö ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ± ,
´ ¶·¨³¥· μ¡μ¡Ð¥´´Ò° ¶μÉμ± 	·¨²²ÕÔ´  ¨²¨ μ¡μ¡Ð¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥
Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ.

1. “��‚�…�ˆ… ‚‹�‘�‚�

‚Ò¶¨Ï¥³ Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¤²Ö ¶·μ¸É¥°Ï¥£μ ¸²ÊÎ Ö, ±μ£¤  Î ¸É¨ÍÒ § -
¶μ²´ÖÕÉ ´¥±μÉμ·ÊÕ μ¡² ¸ÉÓ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ . „²Ö ¡μ²¥¥ μ¡Ð¥£μ ¸²ÊÎ Ö,
¢±²ÕÎ ÕÐ¥£μ ¢Ò·μ¦¤¥´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö, ¤²Ö ±μÉμ·ÒÌ · §³¥·´μ¸ÉÓ ¨Ì ´μ-
¸¨É¥²Ö ³¥´ÓÏ¥ · §³¥·´μ¸É¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ , Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¡Ê¤¥É
· ¸¸³μÉ·¥´μ ¤ ²¥¥. ‚ · ¸¸³ É·¨¢ ¥³μ³ §¤¥¸Ó ¸²ÊÎ ¥ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö
Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´  ¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨ · ¸-
¶·¥¤¥²¥´¨Ö Î ¸É¨Í f(t, q), ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ± ± μÉ´μÏ¥´¨¥ Î¨¸²  Î ¸É¨Í
¢ ´¥±μÉμ·μ° μ¡² ¸É¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ± Ë §μ¢μ³Ê μ¡Ñ¥³Ê ÔÉμ° μ¡² -
¸É¨, ¥¸²¨ μ¡² ¸ÉÓ ¤μ¸É ÉμÎ´μ ³ ² . ‡¤¥¸Ó t Å ¢·¥³Ö,   q μ¡μ§´ Î ¥É ÉμÎ±Ê
Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ , Ì · ±É¥·¨§Ê¥³ÊÕ ¶μ²μ¦¥´¨¥³ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³
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¶·μ¸É· ´¸É¢¥ x ¨ ¸±μ·μ¸ÉÓÕ v. �·¨ ÔÉμ³ ¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É ¢ Ë §μ¢μ³
¶·μ¸É· ´¸É¢¥ ³μ¦´μ ¢Ò¡· ÉÓ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ÉμÎ±¨ x, ±μÉμ·Ò¥ μ¡μ-
§´ Î¨³ Î¥·¥§ x, y, z, ¨ ¤¥± ·Éμ¢Ò ±μ³¶μ´¥´ÉÒ ¸±μ·μ¸É¨ vx, vy, vz.

’μ£¤  Ê· ¢´¥´¨¥ ‚² ¸μ¢  ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

∂f(t, q)
∂t

+ v
∂f(t, q)

∂x
+ F

∂f(t, q)
∂v

= 0, (1)

£¤¥ F Å ¸¨²μ¢μ° Î²¥´, · ¢´Ò° ¤²Ö § ·Ö¦¥´´μ° Î ¸É¨ÍÒ F = (eE+ev×B)/m
(e ¨ m Å § ·Ö¤ ¨ ³ ¸¸  Î ¸É¨ÍÒ, E Å ´ ¶·Ö¦¥´´μ¸ÉÓ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö,
B Å ¨´¤Ê±Í¨Ö ³ £´¨É´μ£μ ¶μ²Ö). ‚Éμ·μ° Î²¥´ ¢ Ê· ¢´¥´¨¨ (1) ¸²¥¤Ê¥É
¶μ´¨³ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

v
∂f(t, q)

∂x
≡ vx

∂f(t, q)
∂x

+ vy
∂f(t, q)

∂y
+ vz

∂f(t, q)
∂z

.

�´ ²μ£¨Î´Ò° ¸³Ò¸² ¨³¥¥É ¨ É·¥É¨° Î²¥´.
�²¥±É·¨Î¥¸±μ¥ ¶μ²¥, É ± ¦¥ ± ± ¨ ³ £´¨É´μ¥, ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ

¢ ¢¨¤¥ ¸Ê³³Ò ¢´¥Ï´¥£μ ¨ ¸μ¡¸É¢¥´´μ£μ ¶μ²¥°: E = Ee + Es, B = Be + Bs.
‚´¥Ï´¨¥ ¸μ¸É ¢²ÖÕÐ¨¥ Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥° ¶·¥¤¶μ² £ ÕÉ¸Ö
§ ¤ ´´Ò³¨,   ¸μ¡¸É¢¥´´Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ Œ ±¸¢¥²² , ±μÉμ·Ò¥ ¢
· ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ [49]⎧⎪⎨

⎪⎩
div Es = �/ε0, rotHs = j + ε0

∂Es

∂t
,

div Hs = 0, rotEs + μ0
∂Hs

∂t
= 0,

(2)

£¤¥ Hs Å ´ ¶·Ö¦¥´´μ¸ÉÓ ¸μ¡¸É¢¥´´μ£μ ³ £´¨É´μ£μ ¶μ²Ö, Bs = μ0Hs.
�· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¸μ¤¥·¦ É μ¡Ñ¥³´ÊÕ ¶²μÉ´μ¸ÉÓ Î -

¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ � ¨ ¢¥±Éμ· ¶²μÉ´μ¸É¨ Éμ±  Î ¸É¨Í j,
±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò Î¥·¥§ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö:

�(t, x) =
∫
Ω

f(t,x,v) dvx dvy dvz , (3)

jx,y,z =
∫
Ω

vx,y,zf(t,x,v) dvx dvy dvz . (4)

‘¨¸É¥³Ê Ê· ¢´¥´¨° (1), (2) ´ §Ò¢ ÕÉ ¸¨¸É¥³μ° ‚² ¸μ¢ ÄŒ ±¸¢¥²² . …¸²¨
¸±μ·μ¸É¨ ¤¢¨¦¥´¨Ö Î ¸É¨Í ³ ²Ò, Éμ ¢³¥¸Éμ ¸¨¸É¥³Ò ‚² ¸μ¢ ÄŒ ±¸¢¥²² 
³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¸¨¸É¥³Ê ‚² ¸μ¢ Ä�Ê ¸¸μ´ , ¢±²ÕÎ ÕÐÊÕ Ê· ¢´¥´¨¥
‚² ¸μ¢  (1) ¨ Ê· ¢´¥´¨¥ �Ê ¸¸μ´ 

Δu = − �

ε0
, (5)

£¤¥ u Å ¶μÉ¥´Í¨ ² ¸μ¡¸É¢¥´´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö, Es = −gradu.
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‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ É¥·³¨´ Ê· ¢´¥´¨¥ ‚² ¸μ¢ , ¶μ¤· §Ê-
³¥¢ Ö, ÎÉμ ¸μ¡¸É¢¥´´Ò¥ ¶μ²Ö, ¢ ±μÉμ·ÒÌ ¤¢¨¦ÊÉ¸Ö Î ¸É¨ÍÒ, Ê¤μ¢²¥É¢μ·ÖÕÉ
Ê· ¢´¥´¨Ö³ Œ ±¸¢¥²²  (2) ¨²¨ �Ê ¸¸μ´  (5).

“· ¢´¥´¨¥ ‚² ¸μ¢  ³μ¦¥É ¡ÒÉÓ ¢Ò¢¥¤¥´μ ¨§ Í¥¶μÎ±¨ Ê· ¢´¥´¨° 	μ·´ Ä
	μ£μ²Õ¡μ¢ Äƒ·¨´ ÄŠ¨·±¢Ê¤ Äˆ¢μ´  (		ƒŠˆ) [3] ¢ ¶·¥¤¶μ²μ¦¥´¨¨ μ Ë ±Éμ-
·¨§ Í¨¨ ¤¢ÊÌÎ ¸É¨Î´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö. ’ ± Ö Ë ±Éμ·¨§ Í¨Ö μ§´ -
Î ¥É ¶·¥´¥¡·¥¦¥´¨¥ ¢§ ¨³μ¤¥°¸É¢¨¥³ Î ¸É¨Í ´  ¡²¨§±¨Ì · ¸¸ÉμÖ´¨ÖÌ, ±μÉμ-
·μ¥ ³μ¦¥É ¡ÒÉÓ ÊÎÉ¥´μ ¸ ¶μ³μÐÓÕ ¨´É¥£· ²  ¸Éμ²±´μ¢¥´¨°, ± ±, ´ ¶·¨³¥·,
¢ Ê· ¢´¥´¨¨ 	μ²ÓÍ³ ´ . ’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨¥ ‚² ¸μ¢  μ¶¨¸Ò¢ ¥É § ·Ö-
¦¥´´ÊÕ ¶² §³Ê ´¨§±μ° ¶²μÉ´μ¸É¨. � ¸¸³ É·¨¢ Ö ÔËË¥±É¨¢´μ¥ ¸¥Î¥´¨¥ · ¸¸¥-
Ö´¨Ö μ¤´μ° Î ¸É¨ÍÒ ´  ¤·Ê£μ°, ´¥É·Ê¤´μ μÍ¥´¨ÉÓ ¶²μÉ´μ¸ÉÓ, ±μÉμ·ÊÕ ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ± ± ´¨§±ÊÕ [34,37,39]:

� � 4πε2
0d

−1m2v4
0/e4, (6)

£¤¥ v0 Å Ì · ±É¥·´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í; d Å Ì · ±É¥·´Ò° £¥μ³¥É·¨Î¥¸±¨°
· §³¥· μ¡² ¸É¨. � ¶·¨³¥·, ¤²Ö ¶ÊÎ±  ¶·μÉμ´μ¢ ¸ Ô´¥·£¨¥° 100 ±Ô‚, Éμ±μ³
100 ³A, · ¤¨Ê¸μ³ 1 ¸³ ¨ · ¸Ìμ¤¨³μ¸ÉÓÕ 1 ³· ¤ ¶·¨  ´ ²¨§¥ ¶μ¶¥·¥Î´μ£μ
¤¢¨¦¥´¨Ö Î ¸É¨Í Ì · ±É¥·´ Ö ¸±μ·μ¸ÉÓ ¸μ¸É ¢²Ö¥É 3 · 104 ³/c,   ¶²μÉ´μ¸ÉÓ
Î ¸É¨Í Å 6 · 1016 ³−3, ¨ ´¥· ¢¥´¸É¢μ (6) ¢Ò¶μ²´Ö¥É¸Ö ¸ ¡μ²ÓÏ¨³ § ¶ ¸μ³.

–¥¶μÎ±  Ê· ¢´¥´¨° 		ƒŠˆ · ¸¸³ É·¨¢ ¥É¸Ö ¢ · ³± Ì ¸É É¨¸É¨Î¥¸±μ£μ,
É. ¥. ¢¥·μÖÉ´μ¸É´μ£μ, μ¶¨¸ ´¨Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Ê· ¢´¥´¨¥ ‚² ¸μ¢  ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¨ ¢ · ³± Ì ³μ¤¥²¨, ¢ ±μÉμ·μ°  ´¸ ³¡²Ó Î ¸É¨Í μ¶¨¸Ò¢ ¥É¸Ö ± ±
´¥±μÉμ· Ö ´¥¶·¥·Ò¢´ Ö § ·Ö¦¥´´ Ö ¸·¥¤ , · ¸¶·¥¤¥²¥´´ Ö ¢ Ë §μ¢μ³ ¶·μ-
¸É· ´¸É¢¥. ‚ · ³± Ì É ±μ° ³μ¤¥²¨ ´¥²¨´¥°´Ò¥ ÔËË¥±ÉÒ, μ¡Ê¸²μ¢²¥´´Ò¥ ¢§ -
¨³μ¤¥°¸É¢¨¥³ Î ¸É¥° ¸·¥¤Ò, ¡²¨§±¨Ì ¤·Ê£ ± ¤·Ê£Ê, ¸ ¸ ³μ£μ ´ Î ²  ´¥ ÊÎ¨ÉÒ-
¢ ÕÉ¸Ö.

2. –ˆ‹ˆ�„�ˆ—…‘Šˆ‰ �“—�Š ‡��Ÿ†…��›• —�‘’ˆ–
‚ ���„�‹œ��Œ Œ�ƒ�ˆ’��Œ ��‹…

� ¸¸³μÉ·¨³ ¸É Í¨μ´ ·´Ò°  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò° ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤-
´Ò° ¶ÊÎμ± § ·Ö¦¥´´ÒÌ Î ¸É¨Í, · ¸¶·μ¸É· ´ÖÕÐ¨°¸Ö ¢ μ¤´μ·μ¤´μ³ ¶·μ¤μ²Ó-
´μ³ ³ £´¨É´μ³ ¶μ²¥. ‘É Í¨μ´ ·´μ¸ÉÓ μ§´ Î ¥É, ÎÉμ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö
Î ¸É¨Í ¢ ²Õ¡μ° ÉμÎ±¥ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨. 	Ê¤¥³
¸Î¨É ÉÓ, ÎÉμ ¶·μ¤μ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ¸±μ·μ¸É¨ ¢¸¥Ì Î ¸É¨Í μ¤¨´ ±μ¢Ò ¨ ´¥
³¥´ÖÕÉ¸Ö ¢¤μ²Ó μ¸¨ ¶ÊÎ± , É. ¥. Ê¸±μ·¥´¨Ö ´¥ ¶·μ¨¸Ìμ¤¨É. �μ¶¥·¥Î´Ò¥ ±μ³-
¶μ´¥´ÉÒ ¸±μ·μ¸É¨ ¡Ê¤¥³ ¸Î¨É ÉÓ ³´μ£μ ³¥´ÓÏ¨³¨ ¶·μ¤μ²Ó´ÒÌ. �·¨ ÔÉμ³ ¸
ÊÎ¥Éμ³ É ±¦¥ ¶·μ¤μ²Ó´μ° μ¤´μ·μ¤´μ¸É¨ · §³¥·´μ¸ÉÓ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ 
· ¢´  Î¥ÉÒ·¥³.

‘μ¡¸É¢¥´´μ¥ ¶μ²¥ · ¸¸³ É·¨¢ ¥³μ£μ ¶ÊÎ±  ¥¸ÉÓ ¶μ²¥ § ·Ö¦¥´´μ£μ Í¨-
²¨´¤· , ¤¢¨¦ÊÐ¥£μ¸Ö ¢¤μ²Ó ¸¢μ¥° μ¸¨, ¨ ¥£μ ´¥É·Ê¤´μ ´ °É¨. �¥·¥°¤¥³ ¢
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¸¨¸É¥³Ê μÉ¸Î¥É , ¤¢¨¦ÊÐÊÕ¸Ö ¢¤μ²Ó μ¸¨ ¶ÊÎ±  ¸μ ¸±μ·μ¸ÉÓÕ vz . ‚ ÔÉμ° ¸¨-
¸É¥³¥ μÉ¸Î¥É  ³ £´¨É´μ¥ ¶μ²¥ μÉ¸ÊÉ¸É¢Ê¥É,   Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ μ¶·¥¤¥²Ö¥É¸Ö
¶μÉ¥´Í¨ ²μ³ ũ = ũ(r), ±μÉμ·Ò° Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ �Ê ¸¸μ´  (5).

	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¶μÉ¥´Í¨ ² u(r) Ê¤μ¢²¥É¢μ·Ö¥É £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³

u(0) = 0,
du

dr

∣∣∣∣
r=0

= 0. (7)

�¥·¢μ¥ Ê¸²μ¢¨¥ § ¤ ¥É ¶μÉ¥´Í¨ ² ´  μ¸¨ ¶ÊÎ± ,   ¢Éμ·μ¥ ³μ¦´μ É· ±Éμ¢ ÉÓ
± ± Ê¸²μ¢¨¥ μ£· ´¨Î¥´´μ¸É¨ ¶²μÉ´μ¸É¨ Î ¸É¨Í ´  μ¸¨ ¶ÊÎ± .

ˆÉ ±, Î¥ÉÒ·¥Ì³¥·´Ò° ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ² ¢ ¤¢¨¦ÊÐ¥°¸Ö ¸¨¸É¥³¥ μÉ-
¸Î¥É  ¨³¥¥É ¢¨¤ Ã = (−ũ(r), 0, 0, 0). ‚ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥ μÉ¸Î¥É  ¨³¥¥³

A = (−γũ(r), 0, 0, βγũ(r)) = (−u(r), 0, 0, βu(r)),

£¤¥ β = vz/c Å ¶·¨¢¥¤¥´´ Ö ¶·μ¤μ²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í; γ = (1−β2)−1/2 Å
¶·¨¢¥¤¥´´ Ö Ô´¥·£¨Ö. Šμ³¶μ´¥´ÉÒ ¸μ¡¸É¢¥´´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö · ¢´Ò
Ex = −∂u/∂x, Ey = ∂u/∂y,   ³ £´¨É´μ£μ ¶μ²Ö Å Bx = β∂u(r)/∂y, By =
−β∂u(r)/∂x.

‡ ¶¨¸Ò¢ Ö Ê· ¢´¥´¨¥ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö Î ¸É¨Í ¢ ¶μ²¥ ¤¢¨¦ÊÐ¥£μ¸Ö
Í¨²¨´¤·  ¢ ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É Ì, ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ

dvx

dt
= − e

mγ3

∂u

∂x
,

dvy

dt
= − e

mγ3

∂u

∂y
.

’μ£¤  Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

v
∂f

∂x
+

e

mγ

(
− 1

γ2

∂u

∂x
+ ev × B

)
∂f

∂v
= 0, (8)

£¤¥ B Å ¨´¤Ê±Í¨Ö ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö; u Å ¶μÉ¥´Í¨ ² ¸μ¡¸É¢¥´´μ£μ
¶μ²Ö ¶ÊÎ± , Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê· ¢´¥´¨Õ �Ê ¸¸μ´  (5) ¨ Ê¸²μ¢¨Ö³ (7). …¸²¨
§ ¤ ´  ¸¨²  Éμ±  ¶ÊÎ±  J , Éμ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¨ ¶²μÉ´μ¸ÉÓ ¢ ±μ´Ë¨-
£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥, ¢Ìμ¤ÖÐ Ö ¢ Ê· ¢´¥´¨¥ �Ê ¸¸μ´ , Ê¤μ¢²¥É¢μ·ÖÕÉ
¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³ ´μ·³¨·μ¢±¨:∫

f(x,v) dx dv =
∫

�(x) dx =
J

eβc
. (9)

3. ˆ�’…ƒ��‹› „‚ˆ†…�ˆŸ „‹Ÿ –ˆ‹ˆ�„�ˆ—…‘Š�ƒ� �“—Š�

‘É ´¤ ·É´Ò° ¶μ¤Ìμ¤ ± ¶μ¸É·μ¥´¨Õ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¨ ¸¨¸É¥³ Ê· ¢´¥-
´¨° ¸ Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ¶¥·¢μ£μ ¶μ·Ö¤±  ¸μ¸Éμ¨É ¢ ¶·¨³¥´¥´¨¨ ³¥-
Éμ¤  Ì · ±É¥·¨¸É¨±. Š ± ¨§¢¥¸É´μ, Ê· ¢´¥´¨Ö³¨ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì ²¨´¨°



1628 „�ˆ‚�’ˆ� �.ˆ., �‚‘Ÿ��ˆŠ�‚ „.�.

¤²Ö Ê· ¢´¥´¨Ö ‚² ¸μ¢  Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨ Î ¸É¨Í. �·¨ ÔÉμ³ Ë -
§μ¢ Ö ¶²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´ÒÌ ¶¥·¥³¥´´ÒÌ ¢¤μ²Ó
Ì · ±É¥·¨¸É¨Î¥¸±¨Ì ²¨´¨° ¸μÌ· ´Ö¥É¸Ö. �Éμ ¸²¥¤Ê¥É ¨§ É¥μ·¥³Ò ‹¨Ê¢¨²²Ö μ
¸μÌ· ´¥´¨¨ Ë §μ¢μ£μ μ¡Ñ¥³  ¢¤μ²Ó É· ¥±Éμ·¨° ¤¢¨¦¥´¨Ö Î ¸É¨Í.

’ ±¨³ μ¡· §μ³, ¶·¨  ´ ²¨§¥ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ¦´ÊÕ
·μ²Ó ¨£· ÕÉ É· ¥±Éμ·¨¨ ¤¢¨¦¥´¨Ö Î ¸É¨Í. ‡ ¶¨Ï¥³ Ê· ¢´¥´¨Ö ÔÉ¨Ì É· ¥±Éμ-
·¨°.

“· ¢´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸  Î ¸É¨ÍÒ ¨³¥ÕÉ ¢¨¤ [50]

dp

ds
=

∂L

∂x
, (10)

£¤¥ p Å Î¥ÉÒ·¥Ì³¥·´Ò° ±μ¢ ·¨ ´É´Ò° ¢¥±Éμ· ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´μ£μ ¨³-
¶Ê²Ó¸ , ±μÉμ·Ò° ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¨³¶Ê²Ó¸μ³. �·μ¸É· ´¸É¢¥´´Ò¥ ±μ³¶μ´¥´ÉÒ
¨³¶Ê²Ó¸  · ¢´Ò

pi = −mγgikvk + eAi, i = 1, 2, 3, (11)

£¤¥ gik Å ±μ³¶μ´¥´ÉÒ ³¥É·¨Î¥¸±μ£μ É¥´§μ· . ‡¤¥¸Ó ¨ ¤ ²¥¥ ¡Ê¤¥³ § ¶¨¸Ò-
¢ ÉÓ ±μ¢ ·¨ ´É´Ò¥ É¥´§μ·´Ò¥ ¨´¤¥±¸Ò ¸´¨§Ê, ±μ´É· ¢ ·¨ ´É´Ò¥ Å ¸¢¥·ÌÊ ¨
¨¸¶μ²Ó§μ¢ ÉÓ ¶· ¢¨²μ ¸Ê³³¨·μ¢ ´¨Ö �°´ÏÉ¥°´  ¶μ ¸μ¢¶ ¤ ÕÐ¨³ ±μ¢ ·¨ ´É-
´Ò³ ¨ ±μ´É· ¢ ·¨ ´É´Ò³ ¨´¤¥±¸ ³. „ ²¥¥, s Å ·¥²ÖÉ¨¢¨¸É¸±¨° ¨´É¥·¢ ²,
μÉ¸Î¨ÉÒ¢ ¥³Ò° ¢¤μ²Ó É· ¥±Éμ·¨¨ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ (¸μ¡¸É¢¥´´μ¥ ¢·¥³Ö Î -
¸É¨ÍÒ), d/ds μ¡μ§´ Î ¥É ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ s, L Å ² £· ´¦¨ ´
§ ·Ö¦¥´´μ° Î ¸É¨ÍÒ:

L = −mc
√

gikuiuk + eAiu
i,

£¤¥ u = dx/ds Å Î¥ÉÒ·¥Ì³¥·´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ, u0 = γ, ui = βγvi,
i = 1, 2, 3. � ±μ´¥Í, ∂L/∂x μ¡μ§´ Î ¥É ¶·μ¨§¢μ¤´ÊÕ ² £· ´¦¨ ´  ¶μ x ¶·¨
Ê¸²μ¢¨¨, ÎÉμ ¶·¨ ¨§³¥´¥´¨¨ x ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ ´¥ ³¥´Ö¥É¸Ö ¢ Éμ³ ¸³Ò-
¸²¥, ÎÉμ ¥¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¶ · ²²¥²Ó´Ò³ ¶¥·¥´μ¸μ³ ´  μ¸´μ¢¥ ³¥É·¨Î¥¸±μ°
¸¢Ö§´μ¸É¨. �·¨³¥´Ö¥³Ò° §¤¥¸Ó ¶μ¤Ìμ¤ ± Ëμ·³Ê²¨·μ¢±¥ Ê· ¢´¥´¨° ¢ ¦¥´ ¶·¨
 ´ ²¨§¥ ¤¢¨¦¥´¨Ö ¢ ±·¨¢μ²¨´¥°´ÒÌ ±μμ·¤¨´ É Ì.

‡ ¶¨¸Ò¢ Ö Ê· ¢´¥´¨¥ (10) ¶μ±μ³¶μ´¥´É´μ, ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ

dpi

ds
− mcΓk

ijukuj = e
∂Aj

∂xi
uj, i = 1, 2, 3, (12)

£¤¥ Γk
ij μ¡μ§´ Î ¥É ¸¨³¢μ² Š·¨¸ÉμËË¥²Ö ¢Éμ·μ£μ ·μ¤ . � ¸¸³μÉ·¨³ Ê· ¢´¥-

´¨Ö (12) ¤²Ö Í¨²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É r, ϕ, z, μ¸Ó ±μÉμ·μ° ¸μ¢¶ -
¤ ¥É ¸ μ¸ÓÕ ¶ÊÎ± .

“Î¨ÉÒ¢ Ö, ÎÉμ ¢·¥³¥´´μ° ±μμ·¤¨´ Éμ° §¤¥¸Ó Ö¢²Ö¥É¸Ö x0 = ct,   ´¥ t, ± ±
· ´¥¥, ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö · ¢´Ò A0 =
−u(r)/c, Az = βu(r). �¤´μ·μ¤´μ¥ ¶·μ¤μ²Ó´μ¥ ³ £´¨É´μ¥ ¶μ²¥, ¢ ±μÉμ·μ³
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¤¢¨¦¥É¸Ö ¶ÊÎμ±, ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´μ ¶μÉ¥´Í¨ ²μ³ A0 = Ar = Az = 0,
Aϕ = Bzr

2/2.
�μ¤¸É ¢²ÖÖ ÔÉ¨ ±μ³¶μ´¥´ÉÒ ¢ Ê· ¢´¥´¨Ö (12), ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥  §¨³Ê-

É ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¢ ¢¨¤¥ ṗϕ = 0, £¤¥ ÉμÎ±  μ¡μ§´ Î ¥É ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥
¶μ ¢·¥³¥´¨. Šμ³¶μ´¥´É  pϕ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨Ö³¨ (12) · ¢´ 

pϕ = −mcgϕϕuϕ + eAϕ = r2(mγϕ̇ + eBz/2). (13)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥ M = pϕ/(mc). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (13) ¶μ²ÊÎ¨³

M = r2(ϕ̇ + ω0), (14)

£¤¥ ω0 = eBz/(2mγ). ’ ±¨³ μ¡· §μ³,  §¨³ÊÉ ²Ó´ Ö ±μ³¶μ´¥´É  ¨³¶Ê²Ó¸ 
¸μÌ· ´Ö¥É¸Ö ¨ M Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö, ±μÉμ·Ò° Î ¸Éμ ´ §Ò¢ ÕÉ
¨´É¥£· ²μ³ 	ÊÏ .

“Î¨ÉÒ¢ Ö, ÎÉμ ¸μ£² ¸´μ (14) ϕ̇ = M/r2 − ω0, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ · ¤¨-
 ²Ó´μ£μ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¢ ¢¨¤¥

dṙ

dt
= −ω2

0r +
M2

r3
− ε

∂U

∂r
, (15)

£¤¥ ε = e/(mγ3). “³´μ¦ Ö (15) ´  ṙ ¨ ¨´É¥£·¨·ÊÖ, ¶μ²ÊÎ¨³ ¢Éμ·μ° ¨´É¥£· ²
¤¢¨¦¥´¨Ö ¢ ¢¨¤¥

H = ṙ2 + ω2
0r

2 +
M2

r2
+ 2εU. (16)

‚¥²¨Î¨´  H ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸ÉμÖ´´μ£μ ³´μ¦¨É¥²Ö,
Ô´¥·£¨Õ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ.

Š ± ³μ¦´μ μ¶¨¸Ò¢ ÉÓ ¤¨´ ³¨±Ê Î ¸É¨ÍÒ, ¨¸¶μ²Ó§ÊÖ ¨´É¥£· ²Ò ¤¢¨¦¥-
´¨Ö M ¨ H? ˆ´É¥£· ² M Ì · ±É¥·¨§Ê¥É  §¨³ÊÉ ²Ó´μ¥ ¤¢¨¦¥´¨¥: ¨§ (14), §´ Ö
M ¨ r, ³μ¦´μ μ¤´μ§´ Î´μ μ¶·¥¤¥²¨ÉÓ  §¨³ÊÉ ²Ó´ÊÕ ¸±μ·μ¸ÉÓ ϕ̇. ˆ´É¥£· ² H
Ì · ±É¥·¨§Ê¥É · ¤¨ ²Ó´μ¥ ¤¢¨¦¥´¨¥. ‡´ Ö M ¨ H , ³μ¦´μ, ¨¸¶μ²Ó§ÊÖ ¸μμÉ-
´μÏ¥´¨¥ (16), ¶μ¶ÒÉ ÉÓ¸Ö ´ °É¨ ṙ, Éμ£¤  μ¶·¥¤¥²¨É¸Ö ´¥±μÉμ· Ö É· ¥±Éμ·¨Ö
¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö. ‘Ëμ·³Ê²¨·Ê¥³ ¤μ¸É ÉμÎ´μ¥
Ê¸²μ¢¨¥, ¶·¨ ±μÉμ·μ³ ± ¦¤μ° ¤μ¶Ê¸É¨³μ° ¶ ·¥ §´ Î¥´¨° M ¨ H ¸μμÉ¢¥É-
¸É¢Ê¥É ¢¶μ²´¥ μ¶·¥¤¥²¥´´ Ö É· ¥±Éμ·¨Ö ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ · ¤¨ ²Ó´μ£μ
¤¢¨¦¥´¨Ö. � ¸¸³μÉ·¨³ ËÊ´±Í¨Õ

V0(r) = ω2
0r

2 + 2εU(r) (17)

¨ ¶·¥¤¶μ²μ¦¨³, ÎÉμ V0(r) Å ¸É·μ£μ ¢Ò¶Ê±² Ö ËÊ´±Í¨Ö. �μ¸±μ²Ó±Ê
dV0/dr|r=0 = 0, Éμ V0(r) Å ¢μ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö, ¶·¨Î¥³ ¢μ§· ¸É ÕÐ Ö
´¥μ£· ´¨Î¥´´μ. ‚ ¸¨²Ê ÔÉμ£μ Ê· ¢´¥´¨¥

H = V0(r) (18)
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´¥ ¨³¥¥É ±μ·´¥° ¶·¨ H < 0 ¨ ¨³¥¥É ·μ¢´μ μ¤¨´ ±μ·¥´Ó ¶·¨ H � 0. �¡μ-
§´ Î¨³ ÔÉμÉ ±μ·¥´Ó Î¥·¥§ rmax(0, H) ¨ ¶μ²μ¦¨³ rmin(0, H) = 0. � ¸¸³μÉ·¨³
É ±¦¥ ËÊ´±Í¨Õ VM (r) = V0(r) + M2/r2 ¶·¨ M �= 0. �É  ËÊ´±Í¨Ö ¢Ò-
¶Ê±² Ö, ± ± ¸Ê³³  ¤¢ÊÌ ¢Ò¶Ê±²ÒÌ ËÊ´±Í¨°. �·¨ r → 0 ¨³¥¥³ VM (r) → ∞
¨ dVM/dr→ −∞,   ¶·¨ r→∞ ¨³¥¥³ VM (r)→∞ ¨ dVM/dr > 0. ‘²¥¤μ¢ -
É¥²Ó´μ, ËÊ´±Í¨Ö VM (r) ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ³¨´¨³Ê³. ’μ£¤  ¶·¨ H , ¡μ²ÓÏ¨Ì
´ ¨³¥´ÓÏ¥£μ §´ Î¥´¨Ö ËÊ´±Í¨¨ VM (r), Ê· ¢´¥´¨¥

H = VM (r) (19)

¨³¥¥É ·μ¢´μ ¤¢  ±μ·´Ö,   ¶·¨ ³¥´ÓÏ¨Ì §´ Î¥´¨ÖÌ H ´¥ ¨³¥¥É ±μ·´¥°. �¡μ-
§´ Î¨³ ±μ·´¨ Ê· ¢´¥´¨Ö (19) Î¥·¥§ rmin(M, H) ¨ rmax(M, H): rmin(M, H) �
rmax(M, H). ‘μ£² ¸´μ (16) ¤¢¨¦¥´¨¥ ¢μ§³μ¦´μ Éμ²Ó±μ ¢ ¨´É¥·¢ ²¥
[rmin(M, H), rmax(M, H)], ¶μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¨´É¥·¢ ²¥ §´ Î¥´¨¥ ṙ Éμ²Ó±μ ¨
μ¶·¥¤¥²¥´μ. ƒ· Ë¨±¨ ËÊ´±Í¨° V0(r) ¨ VM (r) ¶μ± § ´Ò ´  ·¨¸. 1.

…¸²¨ M �= 0 ¨ rmin(M, H) �= rmax(M, H), Éμ rmin(M, H) ¨ rmax(M, H)
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ÉμÎ±¨ ¶μ¢μ·μÉ  Î ¸É¨ÍÒ (¶μ ±μμ·¤¨´ É¥ r). ‚ ÔÉ¨Ì
ÉμÎ± Ì ṙ = 0, ´μ r̈ �= 0. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (16) ¨³¥¥³

r̈ =
M2

r3
− ω2

0r − ε
dU

dr
= −1

2
dVM (r)

dr
.

‚ ¸¨²Ê ¸É·μ£μ£μ ¢μ§· ¸É ´¨Ö ËÊ´±Í¨¨ dVM/dr ¢ ÉμÎ±¥ rmax(M, H), · ¸-
¶μ²μ¦¥´´μ° ¶· ¢¥¥ ÉμÎ±¨ ³¨´¨³Ê³  ËÊ´±Í¨¨ VM (r), ±μÉμ·ÊÕ μ¡μ§´ Î¨³
r0(M, H), ¨³¥¥³ r̈ < 0,   ¢ ÉμÎ±¥ rmin(M, H), · ¸¶μ²μ¦¥´´μ° ²¥¢¥¥ ÉμÎ±¨
r0(M, H), ¨³¥¥³ r̈ > 0.

ˆÉ ±, ¶μ¶¥·¥Î´μ¥ ¤¢¨¦¥´¨¥ Î ¸É¨ÍÒ ³μ¦´μ μ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:
· ¤¨ ²Ó´ Ö ±μμ·¤¨´ É  r Î ¸É¨ÍÒ ¢μ§· ¸É ¥É μÉ §´ Î¥´¨Ö rmin(M, H) ¤μ §´ -
Î¥´¨Ö rmax(M, H). �·¨ ÔÉμ³ Î ¸É¨Í  ¶μ¢μ· Î¨¢ ¥É¸Ö ¢μ±·Ê£ μ¸¨ ´  Ê£μ² δϕ,

1

2

H

V rM( )

rmin rmax r

�¨¸. 1. ƒ· Ë¨±¨ ËÊ´±Í¨° V0(r) = ω2
0r2 (±·¨¢ Ö 1) ¨ VM (r) = M2/r2 + ω2

0r2,
M �= 0 (±·¨¢ Ö 2). „¢¨¦¥´¨¥ Î ¸É¨ÍÒ ¸ M �= 0 ¢μ§³μ¦´μ Éμ²Ó±μ ´  μÉ·¥§±¥
[rmin(M, H), rmax(M, H)]



‘’�–ˆ�����›… ‘�Œ�‘�ƒ‹�‘�‚���›… ��‘��…„…‹…�ˆŸ 1631

±μÉμ·Ò° ³μ¦´μ ´ °É¨, ¨¸¶μ²Ó§ÊÖ (14):

δϕ =

rmax(M,H)∫
rmin(M,H)

dϕ

dr
dr =

rmax(M,H)∫
rmin(M,H)

(M/r2 − ω0) dr

(H − M2/r2 − ω2
0r

2 − 2εU(r))1/2
.

‡ É¥³ · ¤¨ ²Ó´ Ö ±μμ·¤¨´ É  r Ê¡Ò¢ ¥É ¸´μ¢  ¤μ §´ Î¥´¨Ö rmin(M, H), ¶μ¢μ-
· Î¨¢ Ö¸Ó ´  É ±μ° ¦¥ Ê£μ² δϕ, ¨ É. ¤.

…¸²¨ rmin(M, H) = rmax(M, H), Éμ ṙ = 0, r̈ = 0, ¨ É· ¥±Éμ·¨Ö ¤¢¨¦¥´¨Ö
Î ¸É¨ÍÒ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ±·Ê¦´μ¸ÉÓ.

�·¨ M = 0 ± ·É¨´  ¤¢¨¦¥´¨Ö μ¸É ¥É¸Ö É ±μ° ¦¥, §  ¨¸±²ÕÎ¥´¨¥³ Éμ£μ,
ÎÉμ ṙ �= 0 ¢ ÉμÎ±¥ rmin(0, H).

�μ¸±μ²Ó±Ê ¢ (14), (16) ´¥ ¢Ìμ¤¨É ±μμ·¤¨´ É  ϕ, Éμ, ¶μ¢¥·´Ê¢ É· ¥±Éμ·¨Õ,
¸μμÉ¢¥É¸É¢ÊÕÐÊÕ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨Ö³ M ¨ H , ´  ²Õ¡μ° Ê£μ² ¢μ±·Ê£
μ¸¨ z, μ¶ÖÉÓ ¶μ²ÊÎ¨³ É· ¥±Éμ·¨Õ, μÉ¢¥Î ÕÐÊÕ É¥³ ¦¥ §´ Î¥´¨Ö³ M ¨ H .

’ ±¨³ μ¡· §μ³, ¥¸²¨ ËÊ´±Í¨Ö U(r) É ±μ¢ , ÎÉμ V0(r) Å ¸É·μ£μ ¢Ò¶Ê±² Ö
ËÊ´±Í¨Ö, Éμ É· ¥±Éμ·¨¨ ¤¢¨¦¥´¨Ö Î ¸É¨Í μ£· ´¨Î¥´Ò ¨ ± ¦¤μ° ¶ ·¥ §´ Î¥-
´¨° M ¨ H ¨§ μ¡² ¸É¨ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨°, ±μÉμ· Ö ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö
´¨¦¥, ¸μμÉ¢¥É¸É¢Ê¥É ¸¥³¥°¸É¢μ É· ¥±Éμ·¨°, ¶¥·¥¢μ¤¨³ÒÌ ¤·Ê£ ¢ ¤·Ê£  ¶μ¢μ-
·μÉ ³¨ ¢μ±·Ê£ μ¸¨ z.

4. ���‘’���‘’‚� ˆ�’…ƒ��‹�‚ „‚ˆ†…�ˆŸ

� ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢μ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö M , H . ‚Ò¤¥²¨³ ¢ ÔÉμ³
¶·μ¸É· ´¸É¢¥ ³´μ¦¥¸É¢μ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢ M , H , ±μÉμ·μ¥
μ¡μ§´ Î¨³ Î¥·¥§ ΩR. �μ¤ ¤μ¶Ê¸É¨³Ò³¨ ¡Ê¤¥³ ¶μ´¨³ ÉÓ É ±¨¥ §´ Î¥´¨Ö ¨´-
É¥£· ²μ¢ M , H , ¶·¨ ±μÉμ·ÒÌ É· ¥±Éμ·¨Ö Î ¸É¨ÍÒ ´¥ ¢ÒÌμ¤¨É §  £· ´¨ÍÒ
¶ÊÎ± . „·Ê£¨³¨ ¸²μ¢ ³¨, ¤²Ö ¢¸¥Ì ÉμÎ¥± É· ¥±Éμ·¨¨, μ¶·¥¤¥²Ö¥³μ° M , H
¨§ ΩR, ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ r � R.

ˆ§ (16) ¢ÒÉ¥± ¥É, ÎÉμ

H � M2

R2
+ ω2

0R
2 + 2εU(R), (20)

É ± ± ± Î ¸É¨ÍÒ ¸ ¡
μ²ÓÏ¨³¨ §´ Î¥´¨Ö³¨ H ¡Ê¤ÊÉ ¨³¥ÉÓ ¢ ÉμÎ±¥ r = R
¸±μ·μ¸ÉÓ ṙ �= 0 ¨ ¢Ò°¤ÊÉ §  ¶·¥¤¥²Ò Í¨²¨´¤·  · ¤¨Ê¸μ³ R.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, É ± ± ± ËÊ´±Í¨Ö VM (r) ¨³¥¥É ³¨´¨³Ê³ ¶·¨ r =
r0(M), ¤μ¶Ê¸É¨³Ò¥ §´ Î¥´¨Ö H μ£· ´¨Î¥´Ò ¸´¨§Ê ÔÉ¨³ ³¨´¨³Ê³μ³, ¶μ-
¸±μ²Ó±Ê H − VM (r) = ṙ2 � 0. ˆ§ μ¶·¥¤¥²¥´¨Ö VM (r) ¢¨¤´μ, ÎÉμ r0 ¸É·μ£μ
¢μ§· ¸É ¥É ¸ ·μ¸Éμ³ |M |. �·¨ M = 0 ¨³¥¥³ r0 = 0. …¸²¨ ¶·¨ |M |, · ¢´μ³
´¥±μÉμ·μ³Ê M∗, ¢Ò¶μ²´¥´μ r0 = R, Éμ ¢ ¸¨²Ê ¸É·μ£μ£μ ¢μ§· ¸É ´¨Ö r0(M)
± ± ËÊ´±Í¨¨ M ¶·¨ |M | � M∗ ¢Ò¶μ²´¥´μ r0(M) � R. ’ ±¨³ μ¡· §μ³, ¶·¨
|M | � M∗ ¤μ¶Ê¸É¨³Ò ¢¸¥ §´ Î¥´¨Ö H μÉ ¢¥·Ì´¥° £· ´¨ÍÒ, § ¤ ¢ ¥³μ° ´¥· -
¢¥´¸É¢μ³ (20), ¢¶²μÉÓ ¤μ ´¨¦´¥° £· ´¨ÍÒ VM (r0(M)). …¸²¨ ¦¥ |M | > M∗, Éμ
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¤¢¨¦¥´¨¥ ¸ É ±¨³ M ´¥¢μ§³μ¦´μ ¡¥§ Éμ£μ, ÎÉμ¡Ò Î ¸É¨Í  ¢ÒÏ²  §  ¶·¥¤¥²Ò
Í¨²¨´¤·  · ¤¨Ê¸μ³ R.

ˆÉ ±,
H � VM (r0(M)). (21)

‡´ Î¥´¨¥ r0(M) ³μ¦´μ ´ °É¨ ¨§ Ê· ¢´¥´¨Ö(
dVM (r)

dr

) ∣∣∣∣
r=r0(M)

= 0. (22)

„¨ £· ³³ , ¨§μ¡· ¦ ÕÐ Ö ³´μ¦¥¸É¢μ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¢ ¶·μ¸É· ´¸É¢¥
¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ΩR, ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 2.

� ¸¸³μÉ·¨³ É ±¦¥ ³´μ¦¥¸É¢μ Ω(r) ¢¸¥Ì ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¨´É¥£· -
²μ¢ ¤¢¨¦¥´¨Ö H ¨ M ¤²Ö Î ¸É¨Í, ÎÓ¨ É· ¥±Éμ·¨¨ ¶·μÌμ¤ÖÉ Î¥·¥§ ÉμÎ±Ê ¸
±μμ·¤¨´ Éμ° r. �·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ M , ¸ μ¤´μ° ¸Éμ·μ´Ò, H Ê¤μ-
¢²¥É¢μ·Ö¥É (20),   ¸ ¤·Ê£μ° Å H � VM (r) ¸μ£² ¸´μ (21). ‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö
H ¨³¥¥³

M2

r2
+ ω2

0r
2 + 2εU(r) � H � M2

R2
+ ω2

0R
2 + 2εU(R). (23)

� ¨³¥´ÓÏ¥¥ §´ Î¥´¨¥ M2 · ¢´μ ´Ê²Õ,   ´ ¨¡μ²ÓÏ¥¥ Å Éμ, ¶·¨ ±μÉμ·μ³ ¥Ð¥
¡Ê¤¥É ¢Ò¶μ²´ÖÉÓ¸Ö ´¥· ¢¥´¸É¢μ

M2

r2
+ ω2

0r
2 + 2εU(r) � M2

R2
+ ω2

0R
2 + 2εU(R).

’ ±¨³ μ¡· §μ³,

|M | � rR

√
ω2

0 + 2ε
U(R) − U(r)

R2 − r2
. (24)

H

M
0

�¨¸. 2. Œ´μ¦¥¸É¢μ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö M , H : Éμ´±¨¥ ²¨-
´¨¨ Å £· ´¨ÍÒ ³´μ¦¥¸É¢  ΩR; Éμ²¸ÉÒ¥ ²¨´¨¨ Å £· ´¨ÍÒ ³´μ¦¥¸É¢  Ω(r)
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ˆÉ ±, ³´μ¦¥¸É¢μ Ω(r) μ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´¸É¢ ³¨ (23), (24). �´μ É ±¦¥
¶·¥¤¸É ¢²¥´μ ´  ·¨¸. 2.

�¶·¥¤¥²¨³ É¥¶¥·Ó ³´μ¦¥¸É¢μ ¢¸¥Ì ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° Ë §μ¢ÒÌ ¶¥-
·¥³¥´´ÒÌ ¢ Î¥ÉÒ·¥Ì³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö.
‚¢¥¤¥³ ¢¥²¨Î¨´Ò vr = ṙ ¨ v⊥ = r(ϕ̇ + ω0). ˆ§ (23), (24) ¨³¥¥³⎧⎪⎪⎪⎨

⎪⎪⎪⎩
|v⊥| � R

√
ω2

0 +
2ε(U(R) − U(r))

R2 − r2
,

v2
r � v2

⊥

(
r2

R2
− 1
)

+ ω2
0(R

2 − r2) − 2ε(U(r) − U(R))

¨²¨

v2
r

ω2
0(R2 − r2) − 2ε(U(r) − U(R))

+
v2
⊥

ω2
0R

2 − 2ε(U(r) − U(R))
1 − r2/R2

� 1. (25)

Šμ£¤  ϕ ¨ r ¢ (25) Ë¨±¸¨·μ¢ ´Ò, r ∈ [0, R], ¶μ²ÊÎ ¥³ ¸¥Î¥´¨¥ Ê± -
§ ´´μ£μ Ë §μ¢μ£μ ³´μ¦¥¸É¢  ¶μ¢¥·Ì´μ¸ÉÖ³¨ r = const, ϕ = const, μ¶·¥¤¥-
²ÖÕÐ¥¥ μ¡² ¸É¨ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° Ë §μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¢ ± ¸ É¥²Ó´μ³
¶·μ¸É· ´¸É¢¥ ¤²Ö ¤ ´´μ° ÉμÎ±¨ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ . �·¨ ÔÉμ³
¢¥²¨Î¨´Ò vr ¨ v⊥ ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ±μμ·¤¨´ ÉÒ ¢ ÔÉμ³ ± ¸ É¥²Ó´μ³
¶·μ¸É· ´¸É¢¥. ‚¨¤´μ, ÎÉμ · ¸¸³ É·¨¢ ¥³Ò¥ μ¡² ¸É¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ô²²¨-
¶¸Ò ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ vr = 0, v⊥ = 0 ¨ ¶μ²Êμ¸Ö³¨ {ω2

0(R2− r2)+2ε(U(R)−
U(r))}1/2, {ω2

0R
2 + 2εR2(U(R)−U(r))/(R2 − r2)}1/2, ´ ¶· ¢²¥´´Ò³¨ ¢¤μ²Ó

μ¸¥° vr ¨ v⊥ ¸μμÉ¢¥É¸É¢¥´´μ. �·¨ r → R μ¤´  ¨§ ¶μ²Êμ¸¥° ¸É·¥³¨É¸Ö ±

´Ê²Õ,   ¤·Ê£ Ö Å ±

(
ω2

0R
2 + 2εR

dU

dr

∣∣∣∣
r=R

)1/2

. �É¨ μ¡² ¸É¨ ¶·¨ · §²¨Î-

´ÒÌ r ¶μ± § ´Ò ´  ·¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ μÉ ϕ μÉ¸ÊÉ¸É¢Ê¥É ¡² £μ¤ ·Ö  ±¸¨ ²Ó-
´μ° ¸¨³³¥É·¨¨. ’μ´±¨¥ ²¨´¨¨ ¨§μ¡· ¦ ÕÉ £· ´¨ÍÒ ³´μ¦¥¸É¢  ¤μ¶Ê¸É¨³ÒÌ
§´ Î¥´¨° vr, v⊥ ¤²Ö Î¥ÉÒ·¥Ì §´ Î¥´¨° r: 0, r1, r2, R (0 < r1 < r2 < R). ‚¸¥
ÉμÎ±¨ ¢´ÊÉ·¨ £· ´¨Í ¤μ¶Ê¸É¨³Ò. �μ¸¨É¥²Ó · ¸¶·¥¤¥²¥´¨Ö ³μ¦¥É ´¥ ¸μ¢¶ ¤ ÉÓ
¸μ ¢¸¥° μ¡² ¸ÉÓÕ,   Éμ²Ó±μ ¤μ²¦¥´ ¸μ¤¥·¦ ÉÓ¸Ö ¢ ÔÉμ° μ¡² ¸É¨.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 3 ¶μ± § ´ ´μ¸¨É¥²Ó · ¸¶·¥¤¥²¥´¨Ö, ¤²Ö ±μ-
Éμ·μ£μ ¢¸¥ Î ¸É¨ÍÒ ¨³¥ÕÉ μ¤´μ ¨ Éμ ¦¥ §´ Î¥´¨¥ ¨´É¥£· ²  ¤¢¨¦¥´¨Ö H .
Š ± ¨§¢¥¸É´μ, É ±¨³ ¸¢μ°¸É¢μ³ Ì · ±É¥·¨§Ê¥É¸Ö · ¸¶·¥¤¥²¥´¨¥ Š ¶Î¨´¸±μ£μÄ
‚² ¤¨³¨·¸±μ£μ. �μ¸±μ²Ó±Ê £· ´¨ÍÒ r = R ¤μ¸É¨£ ÕÉ Î ¸É¨ÍÒ ¸ M = 0,
¤²Ö ±μÉμ·ÒÌ ´  £· ´¨Í¥ ṙ = 0, ¨³¥¥³ H = ω2

0R
2 + 2ε(U(R) − U(r)). �μ-

ÔÉμ³Ê ´μ¸¨É¥²Ó ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥´ μ±·Ê¦´μ¸ÉÖ³¨ v2
r +v2

⊥ =
ω2

0(R
2 − r2) + 2ε(U(R) − U(r)) (Éμ²¸ÉÒ¥ ²¨´¨¨ ´  ·¨¸. 3). †¨·´ Ö ÉμÎ±  ¢

´ Î ²¥ ±μμ·¤¨´ É ¨§μ¡· ¦ ¥É ¶μÉμ± 	·¨²²ÕÔ´ , ¢ ±μÉμ·μ³ ¢¸¥ Î ¸É¨ÍÒ ¢· -
Ð ÕÉ¸Ö ± ± ¥¤¨´μ¥ Í¥²μ¥ ¢μ±·Ê£ μ¸¨ z ¸ Ê£²μ¢μ° ¸±μ·μ¸ÉÓÕ −ω0 [47].
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vr

v�

r 0�

vr

v�

r r�
1

vr

v�

vr

v�

r r� 2 r R�

�¨¸. 3. Œ´μ¦¥¸É¢  ¤μ¶Ê¸É¨³ÒÌ ¶μ¶¥·¥Î´ÒÌ ¸±μ·μ¸É¥° (μ£· ´¨Î¥´Ò Éμ´±¨³¨ ²¨´¨Ö³¨)
¨ ¸¥Î¥´¨Ö ´μ¸¨É¥²Ö · ¸¶·¥¤¥²¥´¨Ö Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ (Éμ²¸ÉÒ¥ ²¨´¨¨) ¶·¨
· §²¨Î´ÒÌ §´ Î¥´¨ÖÌ r: r = 0, r = r1, r = r2 (0 < r1 < r2), r = R. �·¨ r = 0 ¨
r = R Éμ´±¨¥ ²¨´¨¨ ¸μ¢¶ ¤ ÕÉ ¸ Éμ²¸ÉÒ³¨

„ ²¥¥ · ¸¸³μÉ·¨³ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥-
£· ²μ¢ ¤¢¨¦¥´¨Ö M , H ¨ ´ °¤¥³ ¸¢Ö§Ó ³¥¦¤Ê ÔÉμ° ¶²μÉ´μ¸ÉÓÕ ¨ ¶²μÉ´μ¸ÉÓÕ
· ¸¶·¥¤¥²¥´¨Ö ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥.

Š ± μÉ³¥Î ²μ¸Ó · ´¥¥, ¶·¨ ¸Ëμ·³Ê²¨·μ¢ ´´μ³ Ê¸²μ¢¨¨ ´  ËÊ´±Í¨Õ VM (r)
± ¦¤μ° ¶ ·¥ §´ Î¥´¨° M , H ¸μμÉ¢¥É¸É¢Ê¥É ´ ¡μ· É· ¥±Éμ·¨°, μÉ²¨Î ÕÐ¨Ì¸Ö
¤·Ê£ μÉ ¤·Ê£  ¶μ¢μ·μÉμ³ ´  ´¥±μÉμ·Ò° Ê£μ² ϕ. ‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ É·¥¡μ¢ ÉÓ
¢Ò¶μ²´¥´¨Ö ¥Ð¥ ¤¢ÊÌ Ê¸²μ¢¨°. �·¥¤¶μ²μ¦¨³, ÎÉμ Î ¸É¨ÍÒ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
§ ¤ ´´μ° ¶ ·¥ M ¨ H , · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ ¢¸¥³ ¢μ§³μ¦´Ò³ ¤²Ö
ÔÉμ° ¶ ·Ò É· ¥±Éμ·¨Ö³,   É ±¦¥ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ Ë § ³ ± ¦¤μ°
¨§ É· ¥±Éμ·¨°. �Î¥¢¨¤´μ, ¶¥·¢μ¥ ¨§ ÔÉ¨Ì Ê¸²μ¢¨° £ · ´É¨·Ê¥É  §¨³ÊÉ ²Ó´ÊÕ
¸¨³³¥É·¨Õ ¢¸¥£μ · ¸¶·¥¤¥²¥´¨Ö ¢ Í¥²μ³. Š ± ³Ò Ê¢¨¤¨³ ¤ ²¥¥, ¢Éμ·μ¥ Ê¸²μ-
¢¨¥ £ · ´É¨·Ê¥É ¸É Í¨μ´ ·´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö.

‚¶¥·¢Ò¥ ¶²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö M ¨ H ¡Ò² 
¢¢¥¤¥´  ¢ · ¡μÉ¥ [31],   § É¥³ · ¸¸³ É·¨¢ ² ¸Ó É ±¦¥ ¢ · ¡μÉ Ì [32Ä39,
41Ä45]. ‚¶μ¸²¥¤¸É¢¨¨  ´ ²μ£¨Î´Ò° ¶μ¤Ìμ¤ ¨¸¶μ²Ó§μ¢ ²¸Ö ¢ · ¡μÉ¥ [51] ¤²Ö
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 ´ ²¨§  · ¢´μ³¥·´ÒÌ ¶μ ¸¥Î¥´¨Õ ¶ÊÎ±  · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í ¨ É·¥Ì³¥·´ÒÌ
¸Ë¥·¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨°.

5. ”�‡�‚�Ÿ �‹�’��‘’œ

‚¢¥¤¥³ ¶μ´ÖÉ¨¥ Ë §μ¢μ° ¶²μÉ´μ¸É¨, ±μÉμ·Ò³ ¨ ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö ¤²Ö
μ¶¨¸ ´¨Ö · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. 	Ê¤¥³ ¸²¥¤μ¢ ÉÓ
¶μ¤Ìμ¤Ê, ¶·¥¤²μ¦¥´´μ³Ê ¢ · ¡μÉ Ì [37,38,40,41].

�¡μ§´ Î¨³ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ Î¥·¥§ M,   ¥£μ · §³¥·´μ¸ÉÓ Å Î¥·¥§ m,
m = dimM, m � 6. 	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ M ¶·¥¤¸É -
¢²Ö¥É ¸μ¡μ° ¤¨ËË¥·¥´Í¨·Ê¥³μ¥ ³´μ£μμ¡· §¨¥. �Éμ μ§´ Î ¥É, ¢ Î ¸É´μ¸É¨,
ÎÉμ ¢ μ±·¥¸É´μ¸É¨ ²Õ¡μ° ÉμÎ±¨ q ¨§ M ³μ¦´μ ¢¢¥¸É¨ ¸¨¸É¥³Ê ±μμ·¤¨´ É
q1, . . . , qm. ‚μ ³´μ£¨Ì § ¤ Î Ì ¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥
³μ£ÊÉ ¡ÒÉÓ ¢§ÖÉÒ ±μμ·¤¨´ ÉÒ Î ¸É¨ÍÒ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥,
 ¸¸μÍ¨¨·μ¢ ´´μ³ ¸ ´¥±μÉμ·μ° ¸¨¸É¥³μ° μÉ¸Î¥É  [52, 53], ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
±μ³¶μ´¥´ÉÒ ¸±μ·μ¸É¨ ¨²¨ ¨³¶Ê²Ó¸ .

Š ± Ê¦¥ £μ¢μ·¨²μ¸Ó · ´¥¥, ¤²Ö μ¶¨¸ ´¨Ö ¸¨¸É¥³Ò ¡μ²ÓÏμ£μ Î¨¸²  Î ¸É¨Í
³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¢¥·μÖÉ´μ¸É´ÊÕ ³μ¤¥²Ó, É ± ¨ ´¥±μÉμ·ÊÕ § ·Ö¦¥´-
´ÊÕ ¸·¥¤Ê, · ¸¶·¥¤¥²¥´´ÊÕ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. ’ ± Ö ³μ¤¥²Ó  ´ ²μ-
£¨Î´  ³μ¤¥²¨ ¸¶²μÏ´μ° ¸·¥¤Ò, ±μÉμ·ÊÕ ¨¸¶μ²Ó§ÊÕÉ, ´ ¶·¨³¥·, ¤²Ö μ¶¨-
¸ ´¨Ö ¦¨¤±μ¸É¨ ¨²¨ É¢¥·¤μ£μ É¥²  ¨ ¢ ±μÉμ·μ° ¨£´μ·¨·Ê¥É¸Ö ³μ²¥±Ê²Ö·-
´ Ö ¨²¨  Éμ³´ Ö ¸É·Ê±ÉÊ· ,   · ¸¶·¥¤¥²¥´¨¥ ³ ¸¸Ò μ¶¨¸Ò¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ
±Ê¸μÎ´μ-´¥¶·¥·Ò¢´ÒÌ ËÊ´±Í¨°. �μ¸±μ²Ó±Ê ³Ò · ¸¸³ É·¨¢ ¥³  ´¸ ³¡²Ó § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í, Éμ ¢¢¥¤¥´´ÊÕ §¤¥¸Ó ³μ¤¥²Ó ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³μ¤¥²ÓÕ § ·Ö¦¥´-
´μ° ¸·¥¤Ò.

� ¸¸³μÉ·¨³ ¸´ Î ²  ³μ¤¥²Ó ´¥¶·¥·Ò¢´μ° § ·Ö¦¥´´μ° ¸·¥¤Ò ¢ Ë §μ¢μ³
¶·μ¸É· ´¸É¢¥, · §³¥·´μ¸ÉÓ ´μ¸¨É¥²Ö ±μÉμ·μ° · ¢´  · §³¥·´μ¸É¨ Ë §μ¢μ£μ
¶·μ¸É· ´¸É¢ . „ ¤¨³ Ëμ·³ ²Ó´μ¥ μ¶·¥¤¥²¥´¨¥ Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¤²Ö ÔÉμ£μ
¸²ÊÎ Ö. �Ê¸ÉÓ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ G0 Ë §μ¢μ£μ ¶·μ¸É· ´-
¸É¢ . � ¸¸³μÉ·¨³ ¸¥³¥°¸É¢μ ¶μ¤μ¡² ¸É¥° {G}, G ⊂ G0, ¸ ¤μ¸É ÉμÎ´μ £² ¤-
±¨³¨ £· ´¨Í ³¨, ¤²Ö ±μÉμ·ÒÌ μ¶·¥¤¥²¥´Ò ¨Ì Ì · ±É¥·¨¸É¨Î¥¸±¨¥ ËÊ´±Í¨¨

χG(q) =

{
1, q ∈ G,

0, q /∈ G.

�²μÉ´μ¸ÉÓÕ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¡Ê¤¥³ ´ §Ò-
¢ ÉÓ É ±ÊÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ Ëμ·³Ê n ¸É¥¶¥´¨ m

n = n1...m(t, q)dx1 · · · dqm, (26)

ÎÉμ ¤²Ö ²Õ¡μ° ¶μ¤μ¡² ¸É¨ G · ¸¸³ É·¨¢ ¥³μ£μ ¸¥³¥°¸É¢  ¢Ò¶μ²´Ö¥É¸Ö · -
¢¥´¸É¢μ ∫

G0

χG(q)n(q) = NG, (27)
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£¤¥ NG Å Î¨¸²μ Î ¸É¨Í ¢ μ¡² ¸É¨ G, ±μÉμ·μ¥ ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³μ°
³μ¤¥²¨ ´¥¶·¥·Ò¢´μ° § ·Ö¦¥´´μ° ¸·¥¤Ò ´¥ μ¡Ö§ É¥²Ó´μ Í¥²μ¥. �·μ¨§¢¥¤¥´¨¥
¤¨ËË¥·¥´Í¨ ²μ¢ §¤¥¸Ó ¨ ¤ ²¥¥ ¢¸¥£¤  · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¢´¥Ï´¥¥ ¶·μ¨§¢¥-
¤¥´¨¥.

	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ±μ³¶μ´¥´É  · ¸¸³ É·¨¢ ¥³μ° Ëμ·³Ò n1...m(t, q) Å
¤μ¸É ÉμÎ´μ £² ¤± Ö ËÊ´±Í¨Ö ±μμ·¤¨´ É,   ¨³¥´´μ ±Ê¸μÎ´μ-´¥¶·¥·Ò¢´μ ¤¨Ë-
Ë¥·¥´Í¨·Ê¥³ Ö ¶μ ±μμ·¤¨´ É ³.

� ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢μ ËÊ´±Í¨°, ¤²Ö ±μÉμ·ÒÌ ¤²Ö ²Õ¡μ° · ¸¸³ É·¨-
¢ ¥³μ° Ëμ·³Ò ω(q) ¸É¥¶¥´¨ m ¨§ § ¤ ´´μ£μ ±² ¸¸  ¸ÊÐ¥¸É¢Ê¥É

∫
G

f(q)ω(q).

	Ê¤¥³ ´ §Ò¢ ÉÓ É ±¨¥ ËÊ´±Í¨¨ ¨´É¥£·¨·Ê¥³Ò³¨ ¨ μ¡μ§´ Î¨³ ¨Ì ¶·μ¸É· ´-
¸É¢μ Î¥·¥§ F . „²Ö ´¥±μÉμ·μ° Ëμ·³Ò ω(q) μ¶·¥¤¥²¨³ ²¨´¥°´Ò° ËÊ´±Í¨μ´ ²,
¤¥°¸É¢ÊÕÐ¨° ´  ¨´É¥£·¨·Ê¥³Ò¥ ËÊ´±Í¨¨ ¶μ ¶· ¢¨²Ê

〈ω, f〉 =
∫
G0

f(q)ω(q), f ∈ F . (28)

’μ£¤  μ¶·¥¤¥²¥´¨¥ (27) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

〈n, χG〉 = NG. (29)

� ¸¸³μÉ·¨³ É¥¶¥·Ó ³μ¤¥²Ó ÉμÎ¥Î´ÒÌ Î ¸É¨Í. ‚ · ³± Ì ÔÉμ° ³μ¤¥²¨ § -
·Ö¦¥´´ Ö Î ¸É¨Í  ¶·¥¤¸É ¢²Ö¥É¸Ö ÉμÎ±μ° ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, ¢ μÉ²¨Î¨¥
μÉ · ´¥¥ · ¸¸³μÉ·¥´´μ° ³μ¤¥²¨ ´¥¶·¥·Ò¢´μ° § ·Ö¦¥´´μ° ¸·¥¤Ò.

‚¢¥¤¥³ ²¨´¥°´Ò° ËÊ´±Í¨μ´ ² 〈δq0 , ·〉, ¤¥°¸É¢ÊÕÐ¨° ´  ¨´É¥£·¨·Ê¥³ÊÕ
ËÊ´±Í¨Õ f ∈ F ¶μ ¶· ¢¨²Ê

〈δq0 , f〉 = f(q0). (30)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ËÊ´±Í¨μ´ ² (30) § ¤ ¥É¸Ö ¸ ¶μ³μÐÓÕ ¸± ²Ö·´μ° ËÊ´±-
Í¨¨

δq0(q) =

{
1, q = q0,

0, q �= q0,

§´ Î¥´¨¥ ±μÉμ·μ° ¢ ÉμÎ±¥ q0 · ¢´μ 1,   ¢ μ¸É ²Ó´ÒÌ ÉμÎ± Ì ¥¥ §´ Î¥´¨¥
· ¢´μ ´Ê²Õ. „¥°¸É¢¨¥ ÔÉμ£μ ËÊ´±Í¨μ´ ²  ´  ´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ ¸μ¸Éμ¨É
¢ ¸²¥¤ÊÕÐ¥³: §´ Î¥´¨¥ ÔÉμ° ËÊ´±Í¨¨ ¢ ÉμÎ±¥ q0 Ê³´μ¦ ¥É¸Ö ´  §´ Î¥´¨¥
§ ¤ ÕÐ¥° ËÊ´±Í¨μ´ ² ËÊ´±Í¨¨ ¢ ÔÉμ° ¦¥ ÉμÎ±¥.

� ¸¸³ É·¨¢ Ö ËÊ´±Í¨μ´ ² (30) ± ± ¶²μÉ´μ¸ÉÓ Î ¸É¨Í, É. ¥. ÊÎ¨ÉÒ¢ Ö Ê¸²μ-
¢¨¥ (29), ¢¨¤¨³, ÎÉμ É ±μ° ËÊ´±Í¨μ´ ² § ¤ ¥É ¶²μÉ´μ¸ÉÓ ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥°
¨§ μ¤´μ° Î ¸É¨ÍÒ, ´ Ìμ¤ÖÐ¥°¸Ö ¢ ÉμÎ±¥ q0. �μ¸±μ²Ó±Ê ³¥·  μG = 〈δq0 , χG〉
´ §Ò¢ ¥É¸Ö ³¥·μ° „¨· ± , ¡Ê¤¥³ ´ §Ò¢ ÉÓ ËÊ´±Í¨μ´ ² (30) ¶²μÉ´μ¸ÉÓÕ ³¥·Ò
„¨· ± .
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”Ê´±Í¨μ´ ²Ò (30) μ¡· §ÊÕÉ ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ, ¶·¨Î¥³ ¨Ì ²¨´¥°´ Ö
±μ³¡¨´ Í¨Ö ¤¥°¸É¢Ê¥É ¶μ ¶· ¢¨²Ê〈

N∑
i=1

αiδq(i) , f

〉
=

N∑
i=1

αif(q(i)). (31)

�´ ²μ£¨Î´μ ¶·¥¤Ò¤ÊÐ¥³Ê ¢¨¤´μ, ÎÉμ ËÊ´±Í¨μ´ ²Ò (31) § ¤ ÕÉ¸Ö ¸ ¶μ³μÐÓÕ
¸± ²Ö·´μ° ËÊ´±Í¨¨

ϕ(q) =
N∑

i=1

αiδq(i)(q) =
{

αi, q = q(i), i = 1, N,
0, q �= q(i), i = 1, N,

(32)

§´ Î¥´¨Ö ±μÉμ·μ° ¢ ÉμÎ± Ì q(i) · ¢´Ò αi,   ¤¥°¸É¢¨¥ ËÊ´±Í¨μ´ ²  ³μ¦´μ μ¶¨-
¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¡¥·ÊÉ¸Ö §´ Î¥´¨Ö ËÊ´±Í¨¨, Ö¢²ÖÕÐ¥°¸Ö  ·£Ê³¥´Éμ³
ËÊ´±Í¨μ´ ² , ¢μ ¢¸¥Ì ÉμÎ± Ì, £¤¥ §´ Î¥´¨Ö ËÊ´±Í¨¨, § ¤ ÕÐ¥° ËÊ´±Í¨μ´ ²,
´¥ · ¢´Ò ´Ê²Õ, Ê³´μ¦ ÕÉ¸Ö ´  §´ Î¥´¨Ö ÔÉμ° ËÊ´±Í¨¨ ¢ ÔÉ¨Ì ÉμÎ± Ì, ¨
¢ÒÎ¨¸²Ö¥É¸Ö ¸Ê³³  ¶μ ¢¸¥³ É ±¨³ ÉμÎ± ³.

‚ ³μ¤¥²¨ ÉμÎ¥Î´ÒÌ Î ¸É¨Í ¶²μÉ´μ¸ÉÓÕ ¨Ì · ¸¶·¥¤¥²¥´¨Ö ¢ Ë §μ¢μ³ ¶·μ-
¸É· ´¸É¢¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ É ±ÊÕ ËÊ´±Í¨Õ ¢¨¤  (32), ÎÉμ ¤²Ö ²Õ¡μ° ¶μ¤μ¡² -
¸É¨ G ¨§ · ¸¸³μÉ·¥´´μ£μ · ´¥¥ ¸¥³¥°¸É¢  ¤²Ö § ¤ ¢ ¥³μ£μ ÔÉμ° ËÊ´±Í¨¥°
ËÊ´±Í¨μ´ ²  (31) ¨³¥¥É ³¥¸Éμ (29). ‹¥£±μ ¶μ´ÖÉÓ, ÎÉμ ¶·¨ ÔÉμ³ αi = 1,  
q(i) Å ¶μ²μ¦¥´¨Ö Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, i = 1, N , £¤¥ N Å Î¨¸²μ
Î ¸É¨Í ¢ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³¥. ’μ£¤  ¶²μÉ´μ¸ÉÓ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

n(q) =
N∑

i=1

δq(i)(q). (33)

�μ¸±μ²Ó±Ê ¸± ²Ö·´ÊÕ ËÊ´±Í¨Õ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Ëμ·³Ê ´Ê²¥¢μ°
¸É¥¶¥´¨, ³μ¦´μ ¸± § ÉÓ, ÎÉμ ¢ ³μ¤¥²¨ ÉμÎ¥Î´ÒÌ Î ¸É¨Í ¶²μÉ´μ¸ÉÓ § ¤ ¥É¸Ö
Ëμ·³μ° ´Ê²¥¢μ° ¸É¥¶¥´¨.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μÉμ·Ò° ³μ¦´μ ¸Î¨É ÉÓ ¶·μ³¥¦ÊÉμÎ´Ò³ ³¥¦¤Ê ³μ-
¤¥²ÓÕ ¸ ´¥¶·¥·Ò¢´Ò³ · ¸¶·¥¤¥²¥´¨¥³ Î ¸É¨Í ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ ¨ ³μ-
¤¥²ÓÕ ÉμÎ¥Î´ÒÌ Î ¸É¨Í. � ¸¸³μÉ·¨³ ¸¨¸É¥³Ê Î ¸É¨Í, ¢ ±μÉμ·μ° Î ¸É¨ÍÒ
´¥¶·¥·Ò¢´μ · ¸¶·¥¤¥²¥´Ò ´  ´¥±μÉμ·μ° μ·¨¥´É¨·μ¢ ´´μ° ¶μ¢¥·Ì´μ¸É¨ S ¢
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, S ⊂ G0.

�·¨¥´É Í¨Ö ¶μ¢¥·Ì´μ¸É¨ · §³¥·´μ¸É¨ m′ § ¤ ¥É¸Ö ¢ m-³¥·´μ³ ³´μ£μ-
μ¡· §¨¨ ´ ¡μ·μ³ ¢¥±Éμ·μ¢ m−m′. �²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ´  ¶μ-
¢¥·Ì´μ¸É¨ ¡Ê¤¥³ Ì · ±É¥·¨§μ¢ ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´μ° Ëμ·³μ° ¸É¥¶¥´¨ m′,
μÉ´μ¸¨É¥²Ó´μ ±μ³¶μ´¥´É ³μ£ÊÉ ¡ÒÉÓ ¸¤¥² ´Ò É¥ ¦¥ ¶·¥¤¶μ²μ¦¥´¨Ö, ÎÉμ ¨
· ´¥¥: ÔÉ¨ ±μ³¶μ´¥´ÉÒ Å ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ËÊ´±Í¨¨ ±μμ·-
¤¨´ É. ”μ·³ , § ¤ ÕÐ Ö ¶²μÉ´μ¸ÉÓ, ¤μ²¦´  ¡ÒÉÓ ¸μ£² ¸μ¢ ´  ¸ μ·¨¥´É Í¨¥°
¶μ¢¥·Ì´μ¸É¨: ¨§³¥´¥´¨¥ μ·¨¥´É Í¨¨ ³μ¦¥É ¶μ¢²¥ÎÓ Ê³´μ¦¥´¨¥ Ëμ·³Ò ´  −1.
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”μ·³  σ(q) ¸É¥¶¥´¨ m′, § ¤ ´´ Ö ´  m′-³¥·´μ° μ·¨¥´É¨·μ¢ ´´μ° ¶μ-
¢¥·Ì´μ¸É¨ S § ¤ ¥É ËÊ´±Í¨μ´ ², ¤¥°¸É¢ÊÕÐ¨° ´  ¨´É¥£·¨·Ê¥³Ò¥ ËÊ´±Í¨¨:

〈σ(q), f〉 =
∫
S

f(q)σ(q).

” §μ¢μ° ¶²μÉ´μ¸ÉÓÕ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ É ±ÊÕ Ëμ·³Ê ¸É¥¶¥´¨ m′

n(q) = σ(q), (34)

ÎÉμ¡Ò ¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥ (29).
�¡μ¡Ð Ö ¢¸¥ · ¸¸³μÉ·¥´´Ò¥ ¸²ÊÎ ¨, μÉ³¥É¨³, ÎÉμ ¶·¨ § ¤ ´¨¨ ¶²μÉ´μ¸É¨

· ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¤μ²¦´Ò ¡ÒÉÓ § ¤ ´Ò μ·¨¥´É¨·μ¢ ´´Ò¥ ¶μ¢¥·Ì´μ¸É¨
· §²¨Î´ÒÌ · §³¥·´μ¸É¥° μÉ 0 ¤μ m, ´  ±μÉμ·ÒÌ § ¤ ÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò¥ Ëμ·³Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸É¥¶¥´¥°, É ± ÎÉμ¡Ò ¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥ (29).
�·¨ ÔÉμ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ËÊ´±Í¨μ´ ² · ¢¥´ ¸Ê³³¥ ËÊ´±Í¨μ´ ²μ¢, μ¶·¥-
¤¥²¥´´ÒÌ ¤²Ö ± ¦¤μ£μ ¨§ · ¸¸³ É·¨¢ ¥³ÒÌ ¸²ÊÎ ¥¢. Š·μ³¥ Éμ£μ, ¢ · ³± Ì
É ±μ£μ ¶μ¤Ìμ¤  μ·¨¥´É Í¨Ö μ¡² ¸É¨ ¨ ÉμÎ±¨ ´¥ ¢¢μ¤¨É¸Ö, ¶μ¸±μ²Ó±Ê ¶·¨ ¨´-
É¥£·¨·μ¢ ´¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ° Ëμ·³Ò ¶μ μ¡² ¸É¨ μ·¨¥´É Í¨Ö μ¡² ¸É¨ ´¥
ÊÎ¨ÉÒ¢ ¥É¸Ö [50],   ÉμÎ±¨ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ± ± ¨³¥ÕÐ¨¥ ¶μ²μ¦¨É¥²Ó´ÊÕ
μ·¨¥´É Í¨Õ. �É³¥É¨³ É ±¦¥, ÎÉμ ¢ · ³± Ì ¤ ´´μ£μ ¶μ¤Ìμ¤  ¶²μÉ´μ¸ÉÓ ³¥·Ò
„¨· ±  Ì · ±É¥·¨§Ê¥É¸Ö ¸± ²Ö·´μ° ËÊ´±Í¨¥°, ±μÉμ· Ö ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö
¨ ± ± ¤¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³  ´Ê²¥¢μ° ¸É¥¶¥´¨.

6. Š�‚��ˆ��’��Ÿ ”��Œ“‹ˆ��‚Š� “��‚�…�ˆŸ ‚‹�‘�‚�

“· ¢´¥´¨Ö ¤¨´ ³¨±¨ Î ¸É¨Í § ¤ ÕÉ ´¥±μÉμ·μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥ f ¢ ´¥±μ-
Éμ·μ° μ¡² ¸É¨ G0 Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ . 	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¶· ¢Ò¥ Î ¸É¨
Ê· ¢´¥´¨° ¤¨´ ³¨±¨ ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò ¶μ Ë §μ¢Ò³ ±μμ·¤¨´ -
É ³. ’μ£¤  Î¥·¥§ ± ¦¤ÊÕ ÉμÎ±Ê μ¡² ¸É¨ G0 ¶·μÌμ¤¨É ¥¤¨´¸É¢¥´´ Ö ¨´É¥£· ²Ó-
´ Ö ±·¨¢ Ö. ‚ ± Î¥¸É¢¥ ¶ · ³¥É·  ¨´É¥£· ²Ó´ÒÌ ±·¨¢ÒÌ ¢μ§Ó³¥³ ¢·¥³Ö t.

„²Ö μ¶¨¸ ´¨Ö Ô¢μ²ÕÍ¨¨ Ë §μ¢μ° ¶²μÉ´μ¸É¨ Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´-
¸É¢¥ ¨¸¶μ²Ó§Ê¥³ É ±¨¥ μ¶¥· Í¨¨, ± ± ¸¤¢¨£ ‹¨ ¨ ¶¥·¥´μ¸ ‹¨.

‘¤¢¨£ ‹¨ μ¶·¥¤¥²¨³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. � ¸¸³μÉ·¨³ μÉμ¡· ¦¥´¨¥ Ffδλ,
±μÉμ·μ¥ ± ¦¤μ° ÉμÎ±¥ q (q ∈ G0) ¸É ¢¨É ¢ ¸μμÉ¢¥É¸É¢¨¥ ÉμÎ±Ê, ¶μ²ÊÎ ¥³ÊÕ
¸¤¢¨£μ³ ¢¤μ²Ó ¨´É¥£· ²Ó´μ° ±·¨¢μ° ¢¥±Éμ·´μ£μ ¶μ²Ö f , ¶·μÌμ¤ÖÐ¥° Î¥·¥§
ÔÉÊ ÉμÎ±Ê, ´  ¶·¨· Ð¥´¨¥ ¶ · ³¥É·  δt. 	Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉμ μÉμ¡· ¦¥-
´¨¥ ¸¤¢¨£μ³ ‹¨. ‚ ¸¨²Ê ¥¤¨´¸É¢¥´´μ¸É¨ ¨´É¥£· ²Ó´μ° ±·¨¢μ°, ¶·μÌμ¤ÖÐ¥°
Î¥·¥§ § ¤ ´´ÊÕ ÉμÎ±Ê, ÔÉμ μÉμ¡· ¦¥´¨¥ μ¡· É¨³μ, É. ¥. Ö¢²Ö¥É¸Ö ¢§ ¨³´μ-
μ¤´μ§´ Î´Ò³. „²Ö ³ ²ÒÌ δt ÔÉμ μÉμ¡· ¦¥´¨¥ ¨³¥¥É ¢¨¤ Ffδtq = q + f(x)δt.

�Éμ¡· ¦¥´¨¥ Ffδt ¨´¤ÊÍ¨·Ê¥É ¸²¥¤ÊÕÐ¥¥ ¶·¥μ¡· §μ¢ ´¨¥ ±μμ·¤¨´ É. „²Ö
± ¦¤μ° ÉμÎ±¨ q ¢ ± Î¥¸É¢¥ ¥¥ ±μμ·¤¨´ É ¢μ§Ó³¥³ ±μμ·¤¨´ ÉÒ ¥¥ ¶·μμ¡· § 
¶·¨ μÉμ¡· ¦¥´¨¨ Ffδt. ’ ±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¤¢¨£
¢¸¥° ¸¨¸É¥³Ò ±μμ·¤¨´ É. �¡μ§´ Î¨³ ÔÉ¨ ±μμ·¤¨´ ÉÒ q1

(fδt), . . . , qm
(fδt).
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�Ê¸ÉÓ ´  Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ § ¤ ´ É¥´§μ· T . ‚ ¤ ´´μ° · ¡μÉ¥ ¢ ± -
Î¥¸É¢¥ T ³Ò · ¸¸³ É·¨¢ ¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ Ëμ·³Ê, Ì · ±É¥·¨§ÊÕÐÊÕ
¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö. �²μÉ´μ¸ÉÓ ³¥·Ò „¨· ±  ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ± ±
¸± ²Ö·´ÊÕ ËÊ´±Í¨Õ, É. ¥. Ëμ·³Ê ´Ê²¥¢μ° ¸É¥¶¥´¨, §´ Î¥´¨Ö ±μÉμ·μ° μÉ²¨Î´Ò
μÉ ´Ê²Ö ²¨ÏÓ ´  ¤¨¸±·¥É´μ³ ³´μ¦¥¸É¢¥ ÉμÎ¥±.

„²Ö ± ¦¤μ° ÉμÎ±¨ q ∈ G0 ¶·μ¤¥² ¥³ ¸²¥¤ÊÕÐÊÕ ¶·μÍ¥¤Ê·Ê. ‡ ¤ ¤¨³ ¢
ÉμÎ± Ì, ¸¤¢¨´ÊÉÒÌ μÉ´μ¸¨É¥²Ó´μ ÉμÎ±¨ q ´  ¶ · ³¥É· δt ¢ ·¥§Ê²ÓÉ É¥ μÉμ-
¡· ¦¥´¨Ö Ffδt, É¥´§μ· ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¥£μ ±μ³¶μ´¥´ÉÒ ¢ ÉμÎ±¥ Ffδtq ¢
±μμ·¤¨´ É Ì q1

(fδt), . . . , q
m
(fδt) · ¢´Ò ±μ³¶μ´¥´É ³ ¨¸Ìμ¤´μ£μ É¥´§μ·  ¢ ÉμÎ±¥ q

¢ É¥Ì ±μμ·¤¨´ É Ì, ±μÉμ·Ò¥ · ¸¸³ É·¨¢ ²¨¸Ó ¶¥·¢μ´ Î ²Ó´μ. �ÉμÉ É¥´§μ· ¡Ê-
¤¥³ ´ §Ò¢ ÉÓ ¶¥·¥´μ¸μ³ ‹¨ ¨¸Ìμ¤´μ£μ É¥´§μ·  ¢¤μ²Ó ¢¥±Éμ·´μ£μ ¶μ²Ö f ´ 
¶ · ³¥É· δt ¨ μ¡μ§´ Î ÉÓ FfδtT .

‹¥£±μ ¤μ± § ÉÓ, ÎÉμ · §³¥·´μ¸ÉÓ ´μ¸¨É¥²Ö · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ´¥ ³¥-
´Ö¥É¸Ö ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ · ¸¶·¥¤¥²¥´¨Ö, ¶μ¸±μ²Ó±Ê ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ
¢¥±Éμ·μ¢ ¢ ÉμÎ±¥, ¶μ²ÊÎ¥´´μ° ¶¥·¥´μ¸μ³ ‹¨ ¢¤μ²Ó ¢¥±Éμ·´μ£μ ¶μ²Ö, μ¶·¥¤¥²Ö-
¥³μ£μ Ê· ¢´¥´¨Ö³¨ ¤¨´ ³¨±¨, ³μ¦´μ ¢§ÖÉÓ ¶¥·¥´¥¸¥´´Ò¥ ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò.
�·¨³¥³ É ±¦¥ ¶·¥¤¶μ²μ¦¥´¨¥, ÎÉμ ´¥ ¶·μ¨¸Ìμ¤¨É ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö
Î ¸É¨Í. �Éμ §´ Î¨É, ÎÉμ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ²Õ¡μ° μ¡² ¸É¨ Ë §μ¢μ£μ ¶·μ-
¸É· ´¸É¢  ¨²¨ ¶μ¢¥·Ì´μ¸É¨, £¤¥ ²¥¦ É Î ¸É¨ÍÒ, ¤ ¥É É¥ ¦¥ ·¥§Ê²ÓÉ ÉÒ, ÎÉμ
¨ ¤²Ö ¶¥·¥´¥¸¥´´μ° μ¡² ¸É¨. ’ ±¨³ μ¡· §μ³, ±μ³¶μ´¥´É  Ë §μ¢μ° ¶²μÉ´μ-
¸É¨ ¢ ¶¥·¥´¥¸¥´´μ° ÉμÎ±¥ ¢ ±μμ·¤¨´ É Ì,  ¸¸μÍ¨¨·μ¢ ´´ÒÌ ¸μ ¸¤¢¨£μ³ ‹¨,
· ¢´  Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¢ ¨¸Ìμ¤´μ° ÉμÎ±¥ ¢ ¨¸Ìμ¤´ÒÌ ±μμ·¤¨´ É Ì. � ÔÉμ
¨ μ§´ Î ¥É ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ μ¶·¥¤¥²¥´¨¥³ ¶¥·¥´μ¸  ‹¨ É¥´§μ·´μ£μ ¶μ²Ö, ÎÉμ
Ô¢μ²ÕÍ¨Õ Ëμ·³Ò ¶²μÉ´μ¸É¨ ³μ¦´μ μ¶¨¸ ÉÓ ± ± ¶¥·¥´μ¸ ‹¨ Ëμ·³Ò ¶²μÉ-
´μ¸É¨ ¢¤μ²Ó ¢¥±Éμ·´μ£μ ¶μ²Ö, § ¤ ¢ ¥³μ£μ Ê· ¢´¥´¨Ö³¨ ¤¨´ ³¨±¨ Î ¸É¨Í.
“Î¨ÉÒ¢ Ö, ÎÉμ ¶·¨ ¶¥·¥´μ¸¥ É¥´§μ·´μ£μ ¶μ²Ö · ¸¸³ É·¨¢ ÕÉ¸Ö ¥£μ §´ Î¥´¨Ö
¢ ¶¥·¥´¥¸¥´´μ° ÉμÎ±¥, § ¶¨Ï¥³ Ê· ¢´¥´¨¥ Ô¢μ²ÕÍ¨¨ Ëμ·³Ò ¶²μÉ´μ¸É¨ · ¸-
¶·¥¤¥²¥´¨Ö ¢ ¢¨¤¥

n(t + δt, Ff δtq) = Ff δtn(t, q). (35)

	Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉμ Ê· ¢´¥´¨¥ ±μ¢ ·¨ ´É´μ° Ëμ·³μ° Ê· ¢´¥´¨Ö ‚² ¸μ¢ .
“· ¢´¥´¨¥ (35) ³ É¥³ É¨Î¥¸±¨³ μ¡· §μ³ ¢Ò· ¦ ¥É ¶·μ¸Éμ° ¨ Ï¨·μ±μ ¨§-

¢¥¸É´Ò° Ë ±É: Ë §μ¢ Ö ¶²μÉ´μ¸ÉÓ ¸μÌ· ´Ö¥É¸Ö ¢¤μ²Ó É· ¥±Éμ·¨° ¤¢¨¦¥´¨Ö
Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �É¸Õ¤ , ¢ Î ¸É´μ¸É¨, ¢ÒÉ¥± ¥É, ÎÉμ ¥¸²¨ Ë -
§μ¢ Ö ¶²μÉ´μ¸ÉÓ § ¢¨¸¨É Éμ²Ó±μ μÉ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, Éμ μ´  ¸μÌ· ´Ö¥É¸Ö
¢¤μ²Ó Ë §μ¢ÒÌ É· ¥±Éμ·¨°, ¶μ¸±μ²Ó±Ê ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸¢μ¨³ μ¶·¥¤¥²¥-
´¨¥³ ¨´É¥£· ²Ò ¤¢¨¦¥´¨Ö ´¥ ¨§³¥´ÖÕÉ¸Ö. �·¨ ÔÉμ³ ¸μÌ· ´¥´¨¥ ¶μ´¨³ ¥É¸Ö
¨³¥´´μ ¢ ¸³Ò¸²¥ ¶¥·¥´μ¸  ‹¨.

�Ê¸ÉÓ Ë §μ¢ Ö ¶²μÉ´μ¸ÉÓ μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³μ° ¢Ò¸Ï¥° ¸É¥¶¥´¨, É. ¥. Ëμ·-
³μ°, ¸É¥¶¥´Ó ±μÉμ·μ° · ¢´  · §³¥·´μ¸É¨ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  m. ’ ± Ö
Ëμ·³  ¨³¥¥É ¢¸¥£μ μ¤´Ê ±μ³¶μ´¥´ÉÊ, ¨ ¤²Ö ´¥¥ ³μ¦´μ § ¶¨¸ ÉÓ ¤¨ËË¥·¥´-
Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥, ¸μ¤¥·¦ Ð¥¥ ¶·μ¨§¢μ¤´ÊÕ ‹¨ ¢¤μ²Ó ¢¥±Éμ·´μ£μ ¶μ²Ö f ,
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±μÉμ·ÊÕ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ É¥´§μ·´μ£μ ¶μ²Ö T ± ±

LfT = lim
δt→0

T − FfδtT

δt
, (36)

¥¸²¨ ÔÉμÉ ¶·¥¤¥² ¸ÊÐ¥¸É¢Ê¥É.
�Ê¸ÉÓ ¶·¨ ´¥±μÉμ·μ³ t Ëμ·³  Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¢ ÉμÎ±¥ q · ¢´  n(t, q).

’μ£¤  ¢ ¸²¥¤ÊÕÐ¨° ³μ³¥´É ¢·¥³¥´¨ t + δt μ´  ¡Ê¤¥É · ¢´  n(t + δt, q) =
Ff,δtn(t, Ff,−δtq), ¶μ¸±μ²Ó±Ê §  ¶·μÏ¥¤Ï¨° ¨´É¥·¢ ² ¢·¥³¥´¨ δt Ëμ·³  ¨§-
³¥´Ö² ¸Ó ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨¥³ (35). ‚¢μ¤Ö ¶·μ¨§¢μ¤´ÊÕ ¤¨ËË¥·¥´-
Í¨ ²Ó´μ° Ëμ·³Ò ¶μ ¶ · ³¥É·Ê ± ± Ëμ·³Ê, ±μ³¶μ´¥´ÉÒ ±μÉμ·μ° · ¢´Ò ¶·μ-
¨§¢μ¤´Ò³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ³¶μ´¥´É ¤¨ËË¥·¥´Í¨·Ê¥³μ° Ëμ·³Ò, ¶μ²ÊÎ¨³
Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¢ ¢¨¤¥

∂n

∂t
= −Lfn(t, q). (37)

Š¨´¥É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¢ ±μ¢ ·¨ ´É´μ° Ëμ·³¥ · ¸¸³ É·¨¢ ²¨¸Ó É ±¦¥ ¢
· ¡μÉ Ì [54,55]. �·¨ ÔÉμ³ · ¸¸³ É·¨¢ ²μ¸Ó Ê· ¢´¥´¨¥ (37), ±μÉμ·μ¥ ¸¶· ¢¥¤-
²¨¢μ Éμ²Ó±μ ¤²Ö Ëμ·³Ò ¢Ò¸Ï¥° ¸É¥¶¥´¨, ¨ Ê± §Ò¢ ²μ¸Ó É ±¦¥, ÎÉμ ¢ ± Î¥¸É¢¥
¥£μ ·¥Ï¥´¨Ö ³μ¦´μ ¢§ÖÉÓ ¢Ò· ¦¥´¨¥ (35) [54]. ‚ ¤ ´´μ° · ¡μÉ¥ ³Ò · ¸¸³ -
É·¨¢ ¥³ ¢ ± Î¥¸É¢¥ ¶¥·¢¨Î´μ£μ Ê· ¢´¥´¨¥ (35),   Ê· ¢´¥´¨¥ (37) ¸²¥¤Ê¥É ¨§
´¥£μ ²¨ÏÓ ¢ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  ¸É¥¶¥´Ó Ëμ·³Ò ´ ¨¢Ò¸Ï Ö.

‘ÊÐ¥¸É¢¥´´Ò³ ³μ³¥´Éμ³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ · ¸¸³ É·¨¢ ¥³Ò° ¢ ÔÉμ° · -
¡μÉ¥ ¶μ¤Ìμ¤ ´¥ ¸μ¤¥·¦¨É ±μ´Í¥¶Í¨¨ Ë §μ¢μ£μ μ¡Ñ¥³  ¢ μÉ²¨Î¨¥, ´ ¶·¨³¥·,
μÉ · ¡μÉÒ [55], £¤¥ ¢¢μ¤¨² ¸Ó Ëμ·³  Ë §μ¢μ£μ μ¡Ñ¥³  Ψ ¨ ËÊ´±Í¨Ö · ¸¶·¥¤¥-
²¥´¨Ö ± ± ³´μ¦¨É¥²Ó ¢ · ¢¥´¸É¢¥, ¸¢Ö§Ò¢ ÕÐ¥³ Ë §μ¢ÊÕ ¶²μÉ´μ¸ÉÓ ¨ Ëμ·³Ê
Ë §μ¢μ£μ μ¡Ñ¥³ : n = fΨ. �μ¸±μ²Ó±Ê ¤²Ö ¢¢¥¤¥´´μ° ¢ [55] Ëμ·³Ò Ë §μ-
¢μ£μ μ¡Ñ¥³  É ±¦¥ ¢Ò¶μ²´Ö¥É¸Ö Ê· ¢´¥´¨¥ (37), μ´μ ¦¥ ¡Ê¤¥É ¢Ò¶μ²´ÖÉÓ¸Ö
¨ ¤²Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö (¶·¨ ÔÉμ³ ¢ Ê· ¢´¥´¨¨ ¢³¥¸Éμ n ¸²¥¤Ê¥É ¶¨-
¸ ÉÓ f ). �·¥¤²μ¦¥´´Ò° ¢ [55] ¶μ¤Ìμ¤ ¨¸¶ÒÉÒ¢ ¥É É·Ê¤´μ¸É¨ ¢ μ¡Ð¥³ ¸²ÊÎ ¥,
¶μ¸±μ²Ó±Ê Ëμ·³  Ë §μ¢μ£μ μ¡Ñ¥³  μ¶·¥¤¥²Ö¥É¸Ö É ³ ´¥ ± ± Ëμ·³  ¢ Ï¥¸É¨-
³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥,   ± ± Ëμ·³  ¢ ¸¥³¨³¥·´μ³ ¶·μ¸É· ´¸É¢¥. �·¨
ÔÉμ³ ·¥¤Ê±Í¨Ö ± Ï¥¸É¨³¥·´μ³Ê ¶·μ¸É· ´¸É¢Ê ³μ¦¥É ¡ÒÉÓ ¢Ò¶μ²´¥´  Éμ²Ó±μ
¤²Ö ¶²μ¸±μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.

7. ��…„‘’�‚‹…�ˆ… �…‚›��†„…��›• ��‘��…„…‹…�ˆ‰
„‹Ÿ –ˆ‹ˆ�„�ˆ—…‘Š�ƒ� �“—Š� ‘ ��Œ�™œ� �‹�’��‘’ˆ

‚ ���‘’���‘’‚… ˆ�’…ƒ��‹�‚ „‚ˆ†…�ˆŸ

‚¢¥¤¥´´Ò° ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥  ¶¶ · É ³μ¦´μ ¶·¨³¥´¨ÉÓ ¤²Ö μ¶¨-
¸ ´¨Ö · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö. ‚¢¥¤¥³
¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö M , H
¨ μ¡μ§´ Î¨³ ¥¥ ±μ³¶μ´¥´ÉÊ ¢ ±μμ·¤¨´ É Ì M , H Î¥·¥§ f(M, H). „²Ö μ£· -
´¨Î¥´´μ£μ ¶μ · ¤¨Ê¸Ê ¶ÊÎ±  ¡Ê¤¥³ § ¤ ¢ ÉÓ ÔÉÊ ¶²μÉ´μ¸ÉÓ ¢ ³´μ¦¥¸É¢¥ ΩR.
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Š ± μÉ³¥Î ²μ¸Ó · ´¥¥, ¥¸²¨ Î ¸É¨ÍÒ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ É· -
¥±Éμ·¨Ö³, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ÉμÎ±¥ M , H , ¨ ¶μ Ë § ³ É· ¥±Éμ·¨°,   É ±¦¥
¥¸²¨ ¶μÉ¥´Í¨ ² ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö ¶ÊÎ±  u É ±μ¢, ÎÉμ ËÊ´±Í¨Ö (18) ¸É·μ£μ
¢Ò¶Ê±² Ö, Éμ ¶²μÉ´μ¸ÉÓ f(M, H) μ¤´μ§´ Î´μ § ¤ ¥É ´¥±μÉμ·μ¥ ¸É Í¨μ´ ·´μ¥
 ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ¥ ¨ μ¤´μ·μ¤´μ¥ ¢¤μ²Ó μ¸¨ ¸ ³μ¸μ£² ¸μ¢ ´´μ¥ · ¸¶·¥-
¤¥²¥´¨¥ Î ¸É¨Í.

‡ ³¥É¨³, ÎÉμ M , H ,  §¨³ÊÉ ²Ó´Ò° Ê£μ² ϕ, Ì · ±É¥·¨§ÊÕÐ¨° ¶μ¢μ·μÉ
É· ¥±Éμ·¨¨ ¢ ¶·μ¸É· ´¸É¢¥, ¨ Ë §Ê Î ¸É¨ÍÒ ´  É· ¥±Éμ·¨¨ θ ³μ¦´μ ¢§ÖÉÓ ± ±
Î¥ÉÒ·¥ ±μμ·¤¨´ ÉÒ ¢μ ¢¢¥¤¥´´μ³ · ´¥¥ Î¥ÉÒ·¥Ì³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥
¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö.

Šμ³¶μ´¥´ÉÊ Ë §μ¢μ° ¶²μÉ´μ¸É¨ ± ± Ëμ·³Ò Î¥É¢¥·Éμ° ¸É¥¶¥´¨ ¢ ÔÉ¨Ì
±μμ·¤¨´ É Ì μ¡μ§´ Î¨³ Î¥·¥§ nϕθMH . �μ¸±μ²Ó±Ê ¤²Ö ± ¦¤μ° ¶ ·Ò M, H
Î ¸É¨ÍÒ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ Ê£² ³ ϕ ¨ ¶μ Ë § ³ θ, ¨³¥¥³

nϕθMH =
f(M, H)

4πP (M, H)
,

£¤¥ P (M, H) Å ¨§³¥´¥´¨¥ Ë §Ò ¢¤μ²Ó ¶μ²μ¢¨´Ò É· ¥±Éμ·¨¨:

P (M, H) =

rmax(M,H)∫
rmin(M,H)

dr

|ṙ| =

rmax(M,H)∫
rmin(M,H)

dr√
H − ω2

0r
2 − M2/r2 − 2εU(r)

. (38)

‚ ¸¨²Ê ´¥· ¢¥´¸É¢  (21) ¢´ÊÉ·¨ ¨´É¥·¢ ²  ¨´É¥£·¨·μ¢ ´¨Ö ¢ (38) ṙ �= 0.
�μ¤¸É ¢²ÖÖ ÔÉÊ ±μ³¶μ´¥´ÉÊ ¢ Ê· ¢´¥´¨¥ ‚² ¸μ¢  (37), ¨³¥¥³

∂nϕθMH

∂t
= −∂nϕθMH

∂ϕ
ϕ̇ − ∂nϕθMH

∂θ
θ̇ − ∂nϕθMH

∂M
Ṁ − ∂nϕθMH

∂H
Ḣ.

�μ ¶μ¸É·μ¥´¨Õ n ´¥ § ¢¨¸¨É μÉ t, ϕ ¨ θ. �μÔÉμ³Ê · ¢´Ò ´Ê²Õ ²¥¢ Ö Î ¸ÉÓ
¨ ¶¥·¢μ¥ ¨ ¢Éμ·μ¥ ¸² £ ¥³Ò¥ ¢ ¶· ¢μ° Î ¸É¨. � É ± ± ± M ¨ H ´¥ ³¥´ÖÕÉ¸Ö
¶·¨ ¤¢¨¦¥´¨¨ Î ¸É¨ÍÒ, Éμ n Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ‚² ¸μ¢ . �É³¥É¨³, ÎÉμ
· ¢´μ³¥·´μ¥ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ¶μ Ë § ³ É· ¥±Éμ·¨¨ ¤ ¥É ¸É Í¨μ´ ·´μ¸ÉÓ
· ¸¶·¥¤¥²¥´¨Ö.

—Éμ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥,
´ °¤¥³ ¸´ Î ²  nxyMH :

nxyMH = nϕθMH det
∣∣∣∣
(

∂(ϕ, θ)
∂(x, y)

)∣∣∣∣ = nϕθMH

r|ṙ| .

�É¸Õ¤  ¶μ²ÊÎ ¥³, ÎÉμ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥
· ¢´ 

�(r) = 2
∫

Ω(r)

nxyMH dM dH =

= �(r) =
1

2πr

∫
Ω(r)

f(M, H) dM dH

P (M, H)(H − M2/r2 − ω2
0r

2 − 2εU(r))1/2
. (39)
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Œ´μ¦¨É¥²Ó 2 ¶¥·¥¤ ¶¥·¢Ò³ ¨´É¥£· ²μ³ ¢ (39) ÊÎ¨ÉÒ¢ ¥É, ÎÉμ ¶μ¸±μ²Ó±Ê μ¤-
´μ³Ê ¨ Éμ³Ê ¦¥ ¤μ¶Ê¸É¨³μ³Ê §´ Î¥´¨Õ H ¸μμÉ¢¥É¸É¢ÊÕÉ ¤¢  §´ Î¥´¨Ö · ¤¨-
 ²Ó´μ° ¸±μ·μ¸É¨ (¶·¨ ṙ2 > 0), Éμ ±μ³¶μ´¥´É  ¶²μÉ´μ¸É¨ nxyMH ± ± ËÊ´±Í¨Ö
M, H ¨³¥¥É ¤¢¥ ¢¥É¢¨: ¶¥·¢ Ö ¸μμÉ¢¥É¸É¢Ê¥É Î ¸É¨Í ³, Ê¤ ²ÖÕÐ¨³¸Ö μÉ μ¸¨ z,
  ¢Éμ· Ö Å ¶·¨¡²¨¦ ÕÐ¨³¸Ö.

�μ¤¸É ¢²ÖÖ (39) ¢ Ê· ¢´¥´¨¥ �Ê ¸¸μ´ , § ¶¨¸ ´´μ¥ ¢ Í¨²¨´¤·¨Î¥¸±¨Ì
±μμ·¤¨´ É Ì, ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ ¶·μ¨§¢μ¤´Ò¥ ¶μ ϕ ¨ z μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¢
¸¨²Ê ¸¨³³¥É·¨¨ · ¸¶·¥¤¥²¥´¨Ö, ¨³¥¥³ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥
¤²Ö ¶μÉ¥´Í¨ ²  U(r):

d

dr
r
dU

dr
= − e

2πε0

∫
Ω(r)

f(M, H) dM dH

P (M, H)(H − M2/r2 − ω2
0r

2 − 2εU(r))1/2
. (40)

’ ±¨³ μ¡· §μ³, § ¤ Î  μ ¶μ¸É·μ¥´¨¨ ¸É Í¨μ´ ·´ÒÌ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸-
¶·¥¤¥²¥´¨°, μ¤´μ·μ¤´ÒÌ ¢¤μ²Ó μ¸¨ ¶ÊÎ±  ¨  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´ÒÌ, ¸¢μ-
¤¨É¸Ö ± ·¥Ï¥´¨Õ ±· ¥¢μ° § ¤ Î¨ (40), (7).

“¸É ´μ¢¨³ É ±¦¥ ¸¢Ö§Ó ³¥¦¤Ê f(M, H) ¨ ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö. ‚ ± -
Î¥¸É¢¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ³μ¦´μ ¢§ÖÉÓ ±μ³¶μ´¥´ÉÊ Ë §μ¢μ° ¶²μÉ´μ¸É¨
nxyẋẏ, ¶μ¸±μ²Ó±Ê ±μ³¶μ´¥´É  Ëμ·³Ò Ë §μ¢μ£μ μ¡Ñ¥³  ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì
· ¢´  1. ‘ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ ϕ̇ = (xẏ − ẋy)/r2, ṙ = (xẋ + yẏ)/r, ¨³¥¥³

nxyẋẏ =
1
2
nxyMH det

∣∣∣∣
(

∂(M, H)
∂(ẋ, ẏ)

)∣∣∣∣ = r|ṙ|nxyMH .

�É¸Õ¤  ¶μ²ÊÎ ¥³, ÎÉμ

nxyẋẏ =
f(M(x,v), H(x,v))

2πP (M(x,v), H(x,v))
. (41)

’ ±¨³ μ¡· §μ³, § ¤ ¢ Ö ¶²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ M , H , ³Ò
³μ¦¥³ ¶μ²ÊÎ ÉÓ, ¨¸¶μ²Ó§ÊÖ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·¥μ¡· §μ¢ ´¨Ö, Ë §μ¢ÊÕ ¶²μÉ-
´μ¸ÉÓ ¢ · §²¨Î´ÒÌ ±μμ·¤¨´ É Ì.

8. ‘�Œ�‘�ƒ‹�‘�‚���›… ��‘��…„…‹…�ˆŸ
„‹Ÿ –ˆ‹ˆ�„�ˆ—…‘Š�ƒ� �“—Š�

Š ± ¢ÒÉ¥± ¥É ¨§ (41), · §²¨Î´Ò¥ ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö
Í¨²¨´¤·¨Î¥¸±μ£μ ¶ÊÎ± , μ¡² ¤ ÕÐ¨¥ Ê± § ´´Ò³¨ ¸¢μ°¸É¢ ³¨, ¡Ê¤ÊÉ ¶μ²´μ-
¸ÉÓÕ μ¶·¥¤¥²¥´Ò, ¥¸²¨ § ¤ ÉÓ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¶·μ¸É· ´-
¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö f(M, H). �μ ´ °É¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ Ë §μ¢ÊÕ
¶²μÉ´μ¸ÉÓ ¨²¨ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤μ¢μ²Ó´μ ¸²μ¦-
´ÊÕ § ¤ ÎÊ, É ± ± ± ¢Ò· ¦¥´¨¥ ¤²Ö ÔÉ¨Ì ¢¥²¨Î¨´ (41) ¸μ¤¥·¦¨É ´¥¨§¢¥¸É´ÊÕ
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ËÊ´±Í¨Õ P (M, H), § ¢¨¸ÖÐÊÕ, ¢ ¸¢μÕ μÎ¥·¥¤Ó, μÉ ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ ¶μ-
É¥´Í¨ ²  u(r). Š·μ³¥ Éμ£μ, μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¢ Ê· ¢´¥´¨¨ (39) § ¢¨¸¨É
É ±¦¥ μÉ u(r).

‘ ¶· ±É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö Ê¤μ¡´¥¥ ¨¸± ÉÓ ·¥Ï¥´¨¥ § ¤ Î¨ ´¥ ¤²Ö
§ ¤ ´´μ° ¶²μÉ´μ¸É¨ f(M, H),   ¤²Ö § ¤ ´´μ£μ μÉ´μÏ¥´¨Ö

f̃(M, H) =
f(M, H)

2πP (M, H)
.

Š ± ¢¨¤´μ ¨§ ¸μμÉ´μÏ¥´¨Ö (41), ÔÉ  ¢¥²¨Î¨´  ¶·¨ ¢Ò¶μ²´¥´¨¨ ¸Ëμ·³Ê²¨·μ-
¢ ´´ÒÌ ¢ÒÏ¥ Ê¸²μ¢¨° · ¢´  ±μ³¶μ´¥´É¥ Ë §μ¢μ° ¶²μÉ´μ¸É¨ nxyẋẏ, · ¢´μ°, ¢
¸¢μÕ μÎ¥·¥¤Ó, ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö.

’ ±¨³ μ¡· §μ³, ¥¸²¨ § ¤ ÉÓ f̃(M, H) ± ± ´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ ¨´É¥£· -
²μ¢ ¤¢¨¦¥´¨Ö M ¨ H , Éμ ÔÉμ μ¶·¥¤¥²¨É ´¥±μÉμ·μ¥ ¸É Í¨μ´ ·´μ¥ ¸ ³μ¸μ-
£² ¸μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥. „¥°¸É¢¨É¥²Ó´μ, ¶μ Ë § ³ É· ¥±Éμ·¨° θ Î ¸É¨ÍÒ
¤μ²¦´Ò ¡ÒÉÓ · ¸¶·¥¤¥²¥´Ò · ¢´μ³¥·´μ, ¨´ Î¥ · ¸¶·¥¤¥²¥´¨¥ ¡Ò²μ ¡Ò ´¥-
¸É Í¨μ´ ·´μ, ¶μ Ê£² ³ ϕ, Ì · ±É¥·¨§ÊÕÐ¨³ É· ¥±Éμ·¨¨, Éμ¦¥ · ¢´μ³¥·´μ,
¨´ Î¥ ´ ·ÊÏ¨² ¸Ó ¡Ò  §¨³ÊÉ ²Ó´ Ö ¸¨³³¥É·¨Ö. � Éμ£¤ , · ¸¸³ É·¨¢ Ö θ,
ϕ, M ¨ H ± ± ±μμ·¤¨´ ÉÒ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, ¶·¨Ìμ¤¨³ ± Éμ³Ê, ÎÉμ
É ±μ¥ § ¤ ´¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ± ± ËÊ´±Í¨¨ M ¨ H ¤²Ö ¸É Í¨μ´ ·-
´μ£μ  §¨³ÊÉ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ Í¨²¨´¤·¨Î¥¸±μ£μ ¶ÊÎ±  · ¢´μ¸¨²Ó´μ § ¤ -
´¨Õ ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö
¶·¨ Ê¸²μ¢¨¨ · ¢´μ³¥·´μ£μ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¶μ θ ¨ ϕ. …¤¨´¸É¢¥´´μ¥
μ£· ´¨Î¥´¨¥ §¤¥¸Ó, ± ± μÉ³¥Î ²μ¸Ó · ´¥¥, ÔÉμ Ê¸²μ¢¨¥ ¸É·μ£μ° ¢Ò¶Ê±²μ¸É¨
ËÊ´±Í¨¨ (18), ±μÉμ·μ¥ É·¥¡Ê¥É¸Ö ¶·μ¢¥·ÖÉÓ, ±μ£¤  ¸ ³μ¸μ£² ¸μ¢ ´´Ò° ¶μÉ¥´-
Í¨ ² u(r) Ê¦¥ ´ °¤¥´.

‚μμ¡Ð¥ £μ¢μ·Ö, ¢Ò· ¦¥´¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î¥·¥§ ¨´É¥£· ²Ò ¤¢¨-
¦¥´¨Ö Ö¢²Ö¥É¸Ö μ¸´μ¢´Ò³ ³¥Éμ¤μ³ ¶μ¸É·μ¥´¨Ö  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨° Ê· ¢-
´¥´¨Ö ‚² ¸μ¢ . ’ ±μ° ¶μ¤Ìμ¤ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥É¸Ö ´¥ Éμ²Ó±μ ¤²Ö Í¨²¨´¤·¨-
Î¥¸±μ£μ ¶ÊÎ± . ˆ§¢¥¸É´Ò, ´ ¶·¨³¥·, É ±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¤²Ö
¤¢ÊÌ³¥·´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ , ± ± ³μ¤Ò 	¥·´ÏÉ¥°´ Äƒ·¨´ ÄŠ·Ê¸± -
²  [56], ±μ£¤  ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ± ± ´¥±μÉμ· Ö ËÊ´±Í¨Ö
μÉ Ô´¥·£¨¨ Î ¸É¨Í. ‡ ¤ ´¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ± ± ËÊ´±Í¨¨ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö ¶·¨³¥´Ö¥É¸Ö É ±¦¥ ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥-
¤¥²¥´¨° ¤²Ö ¸£Ê¸É±  Î ¸É¨Í, ±μ£¤  · ¸¸³ É·¨¢ ÕÉ¸Ö · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢
Ï¥¸É¨³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [57Ä61].

„²Ö · ¸¸³ É·¨¢ ¥³μ£μ §¤¥¸Ó Í¨²¨´¤·¨Î¥¸±μ£μ ¶ÊÎ±  ¶μ¸É·μ¥´¨Õ ·¥Ï¥-
´¨° Ê· ¢´¥´¨Ö ‚² ¸μ¢  ¸ ¶μ³μÐÓÕ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö
± ± ËÊ´±Í¨¨ ¨´É¥£· ²μ¢ M ¨ H ¶μ¸¢ÖÐ¥´μ ¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ · ¡μÉ. �·¨
ÔÉμ³ ¢μ ³´μ£¨Ì ¨§ ´¨Ì ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö · ¸¸³ É·¨¢ ¥É¸Ö ± ± ËÊ´±-
Í¨Ö Éμ²Ó±μ H . „ ²¥¥ ³Ò ¶·μ ´ ²¨§¨·Ê¥³ ÔÉ¨ · ¡μÉÒ. �¸μ¡μ¥ ¢´¨³ ´¨¥
¡Ê¤¥É Ê¤¥²¥´μ · ¸¶·¥¤¥²¥´¨Õ É¨¶  ®¢μ¤Ö´μ° ³¥Ïμ±¯ ± ± μ¤´μ³Ê ¨§ ´ ¨¡μ-
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²¥¥ ¨§¢¥¸É´ÒÌ ´¥¢Ò·μ¦¤¥´´ÒÌ · ¸¶·¥¤¥²¥´¨°,   É ±¦¥ É¥μ·¥³¥ μ¡ ¨´¢¥·¸¨¨
¶²μÉ´μ¸É¨, ¶μ§¢μ²ÖÕÐ¥° ¶μ²ÊÎ ÉÓ Ï¨·μ±¨¥ ±² ¸¸Ò · ¸¶·¥¤¥²¥´¨°.

‘´ Î ²  · ¸¸³μÉ·¨³ · ¸¶·¥¤¥²¥´¨Ö, μ¶¨¸ ´´Ò¥ ¢ · ¡μÉ Ì [31,34,37,39],
±μ£¤  ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö § ¤ ¥É¸Ö ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö
± ± ¶μ²¨´μ³ ¶μ M ¨ H . �É¤¥²Ó´μ · ¸¸³μÉ·¨³ Î ¸É´Ò° ¸²ÊÎ ° ¶μ²¨´μ³ 
´Ê²¥¢μ° ¸É¥¶¥´¨.

…¸²¨ μÉ´μÏ¥´¨¥ f̃(M, H) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μ²¨´μ³, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
±μ´¥Î´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ �(r).

�·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ (39) ¤²Ö ¶²μÉ´μ¸É¨. ‚¢μ¤Ö ¢¥²¨Î¨´Ê ω:

ω2 = ω2
0 + 2ε

U(R) − U(r)
R2 − r2

,

¨³¥¥³

�(r) =
1
r

rRω∫
−rRω

dM×

×
M2/r2+ω2r2+2εU(r)∫

M2/r2+ω2r2+2εU(r)

dH

(
H − M2

r2
− ω2

0 − 2εU(r)
)−1/2

f̃(M, H) =

=
2
r

rRω∫
−rRω

dM

[M2( 1
R2 − 1

r2 )+ω2
0(R2−r2)+2ε(U(R)−U(r))]−1/2∫

0

dvr×

× f̃

(
M, v2

r +
M2

r2
+ ω2

0r
2 + 2εU(r)

)
=

= 2

ωR∫
−ωR

dv⊥

√
R2−r2

√
ω2−v2

⊥/R2∫
0

dvr f̃(v⊥r, v2
r + v2

⊥ + ω2
0r

2 + 2εU(r)) =

= 2R

ω∫
−ω

dvs

√
R2−r2

√
ω2−v2

s∫
0

dvr f̃(vsrR, v2
r + v2

sR2 + ω2
0r

2 + 2εU(r)) =

2R
√

R2 − r2

ω∫
−ω

dvs

√
ω2−v2

s∫
0

dvt f̃(vsrR, v2
t (R2−r2)+v2

sR2+ω2
0r

2+2εU(r)),
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£¤¥ vs ≡ v⊥/R, vt ≡ vr/
√

R2 − r2. ‚³¥¸Éμ ¶¥·¥³¥´´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö vs,
vt ¢¢¥¤¥³ ¶¥·¥³¥´´Ò¥ v ¨ θ: vs = v cos θ, vt = v sin θ. ’μ£¤ 

�(r) = 2R2
√

R2 − r2

π∫
0

dθ×

×

√
ω2

0+2ε(U(R)−U(r))/(R2−r2)∫
0

f̃(vrR cos θ, v2(R2 − r2 sin2 θ) + V0(r)) v dv.

(42)

�μ¤¸É ¢²ÖÖ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ ¢ Ê· ¢´¥´¨¥ �Ê ¸¸μ´ ,
¶μ²ÊÎ¨³ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö μ¶·¥¤¥²¥´¨Ö U(r):

1
r

d

dr
r
du

dr
= −2eR

√
R2 − r2

ε0
×

×
π∫

0

dθ

√
ω2

0+2ε(U(R)−U(r))/(R2−r2)∫
0

f̃(vrR cos θ, v2(R2−r2 sin2 θ)+V0(r))v dv.

(43)

…¸²¨ f̃(M, H) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μ²¨´μ³, Éμ ¨§ (42) ´¥É·Ê¤´μ ¶μ²Ê-
Î¨ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö �(r) ¢ ±μ´¥Î´μ³ ¢¨¤¥, ¶μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¤Ò´-
É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¢ (42) Ö¢²Ö¥É¸Ö ¶μ²¨´μ³μ³ μÉ v cos θ ¨ ¨´É¥£·¨·Ê¥É¸Ö
¢ Ô²¥³¥´É ·´ÒÌ ËÊ´±Í¨ÖÌ. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (43) ·¥¤ÊÍ¨·Ê¥É¸Ö ±
´¥²¨´¥°´μ³Ê μ¡Ò±´μ¢¥´´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ.

’ ±, ´ ¶·¨³¥·, ¥¸²¨

f̃(M, H) = f0 + α1H + α2M,

£¤¥ f0, α1, α2 Å ´¥±μÉμ·Ò¥ ¶μ¸ÉμÖ´´Ò¥, μ£· ´¨Î¥´´Ò¥ Éμ²Ó±μ Ê¸²μ¢¨¥³
f̃(M, H) � 0, Éμ

�(r) = πR(R2 − r2)1/2

[
ω2

0 + 2ε
U(R) − U(r)

R2 − r2

]
{f0 + α1[ω2r2 + 2εU(r)]}+

+ πα1
R(R2 − r2)1/2

2

(
R2 − r2

2

)[
ω2

0 + 2ε
U(R) − U(r)

R2 − r2

]2

. (44)

‚¨¤´μ, ÎÉμ �(r) ´¥ § ¢¨¸¨É μÉ α2. ˆ§ μ¡Ð¥£μ ¢Ò· ¦¥´¨Ö (42) É ±¦¥ ¸²¥¤Ê¥É,
ÎÉμ ¸² £ ¥³Ò¥ ¸ ´¥Î¥É´Ò³¨ ¸É¥¶¥´Ö³¨ M ´¥ ¤ ÕÉ ¢±² ¤  ¢ �(r).
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9. ��‘��…„…‹…�ˆŸ ‘ �„����„��‰ ”�‡�‚�‰ �‹�’��‘’œ�

‚ ´ ¨¡μ²¥¥ ¶·μ¸Éμ³ ¸²ÊÎ ¥ ¶μ²¨´μ³  ´Ê²¥¢μ° ¸É¥¶¥´¨ [31, 34, 37, 39],
±μ£¤  ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¶μ¸ÉμÖ´´  ¶·¨ ¢¸¥Ì ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ ¨´-
É¥£· ²μ¢ ¤¢¨¦¥´¨Ö M ¨ H , ¶μ²ÊÎ ¥³

�(r) = πf0R

(
ω2

0

√
R2 − r2 + 2ε

U(R) − U(r)√
R2 − r2

)
. (45)

‚¢μ¤Ö ¡¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò

y =
r

R
, Φ(y) = 2ε

U(yR) − U(R)
ω2

0R
2

, λ = 2πef0εR
2/ε0 > 0, (46)

§ ¶¨Ï¥³ Ê· ¢´¥´¨¥ �Ê ¸¸μ´  (40) ¢ ¢¨¤¥

1
y

d

dy
y
dΦ
dy

= −λ

[
(1 − y2)1/2 − Φ(y)

(1 − y2)1/2

]
. (47)

‘μ£² ¸´μ Ê¸²μ¢¨Ö³ (7) £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö Φ ¥¸ÉÓ

Φ(1) = 0,
dΦ
dy

∣∣∣∣
y=0

= 0. (48)

Œμ¦´μ ¤μ± § ÉÓ, ÎÉμ ·¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ (47), (48), μ¶·¥¤¥²¥´´μ¥ ´ 
¨´É¥·¢ ²¥ [0, 1], ¸ÊÐ¥¸É¢Ê¥É ¨ ¥¤¨´¸É¢¥´´μ ¶·¨ ²Õ¡ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ -
Î¥´¨ÖÌ ¶ · ³¥É·  λ. Œμ¦´μ É ±¦¥ ¤μ± § ÉÓ ´¥±μÉμ·Ò¥ ¸¢μ°¸É¢  ·¥Ï¥´¨Ö
±· ¥¢μ° § ¤ Î¨ (47), (48), ¨§ ±μÉμ·ÒÌ, ¢ Î ¸É´μ¸É¨, ¢ÒÉ¥± ¥É, ÎÉμ ¸Ëμ·³Ê-
²¨·μ¢ ´´μ¥ ¢ÒÏ¥ Ê¸²μ¢¨¥ ¸É·μ£μ° ¢Ò¶Ê±²μ¸É¨ ËÊ´±Í¨¨ V0(r) = ω2

0R
2(y2 +

Φ(y)) + 2εU(R) Ê¤μ¢²¥É¢μ·Ö¥É¸Ö,   É ±¦¥ ÎÉμ

0 < �(r) < �B, 0 � r < 1, (49)

£¤¥ ρB = ε0B
2
zγ/2m0 Å ¶²μÉ´μ¸ÉÓ ¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ± , ±μÉμ·Ò° ¡Ê¤¥É

· ¸¸³μÉ·¥´ ¤ ²¥¥. ‹¥¢μ¥ ´¥· ¢¥´¸É¢μ ¢ (49) μ§´ Î ¥É, ÎÉμ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í
¶μ²μ¦¨É¥²Ó´ , É ± ÎÉμ ·¥Ï¥´¨¥ Φ(y) Ë¨§¨Î¥¸±¨ ·¥ ²¨§Ê¥³μ. �· ¢μ¥ ´¥· ¢¥´-
¸É¢μ (49) μ§´ Î ¥É, ÎÉμ ¶²μÉ´μ¸ÉÓ ¢ ²Õ¡μ° ÉμÎ±¥ ´¥ ¶·¥¢μ¸Ìμ¤¨É ¶²μÉ´μ¸É¨
¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ± . Š·μ³¥ Éμ£μ, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·¥¤¥²Ó´μ¥ §´ -
Î¥´¨¥ ¶²μÉ´μ¸É¨ ¶·¨ λ → ∞ ¥¸ÉÓ ¶²μÉ´μ¸ÉÓ ¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ± . �μ-
¸±μ²Ó±Ê ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¥¸ÉÓ f0 = λε0/2πeR2ε, Éμ λ → ∞ μ§´ Î ¥É,
ÎÉμ f0 → ∞.

� ±μ´¥Í, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ λ → ∞ ³´μ¦¥¸É¢μ ΩR ¸¦¨³ ¥É¸Ö ¢
ÉμÎ±Ê (0, 0).
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�¨¸. 4. � ¤¨ ²Ó´Ò¥ ¶·μË¨²¨ ¶²μÉ´μ¸É¨ ¶ÊÎ±  ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ λ

’ ±¨³ μ¡· §μ³, ¶·¥¤¥²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ · ¸-
¶·¥¤¥²¥´¨° Ö¢²Ö¥É¸Ö ¶μÉμ± 	·¨²²ÕÔ´ , ¤²Ö ±μÉμ·μ£μ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¶μ-
¸ÉμÖ´´  (ρ0 = ρB) ¨ ¸¨²  Ô²¥±É·¨Î¥¸±μ£μ Éμ±  J = eβcL = πR2ρ0eβc =
πeε0R

2B2
zγβc/2m0.

‚ · ¡μÉ¥ [31] (¸³. É ±¦¥ [34, 37, 39]) ¶·¨¢μ¤ÖÉ¸Ö ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ
·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ (47), (48). �·μË¨²¨ ¶²μÉ´μ¸É¨ ¶ÊÎ± , ¶μ²ÊÎ¥´´Ò¥ ¢
·¥§Ê²ÓÉ É¥ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  λ, ¶·¥¤-
¸É ¢²¥´Ò ´  ·¨¸. 4.

10. ��‘��…„…‹…�ˆE ’ˆ�� ®‚�„Ÿ��‰ Œ…˜�Š¯

‚μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö § ¤ ¥É¸Ö ´¥ ¢μ ¢¸¥° μ¡² -
¸É¨ ΩR,   ²¨ÏÓ ¢ ¥¥ Î ¸É¨. � ¨¡μ²¥¥ · ¸¶·μ¸É· ´¥´´μ¥ μ£· ´¨Î¥´¨¥ μ¡² ¸É¨
§ ¤ ´¨Ö ¨³¥¥É ¢¨¤

H � H0. (50)

�É³¥É¨³, ÎÉμ ¶·¨ ÔÉμ³ ¥¸ÉÓ ¨ ¤·Ê£¨¥ μ£· ´¨Î¥´¨Ö ´  Ë §μ¢Ò¥ ¶¥·¥³¥´´Ò¥, μ
±μÉμ·ÒÌ μ¡ÒÎ´μ Ê³ ²Î¨¢ ÕÉ. ‚ ÔÉμ° · ¡μÉ¥ ³Ò ¢ ± Î¥¸É¢¥ É ±¨Ì μ£· ´¨Î¥´¨°
¨¸¶μ²Ó§Ê¥³ μ£· ´¨Î¥´¨¥ · ¤¨ ²Ó´μ° ±μμ·¤¨´ ÉÒ É· ¥±Éμ·¨° Î ¸É¨Í r � R ¨
¢ÒÉ¥± ÕÐ¨¥ μÉ¸Õ¤  μ£· ´¨Î¥´¨Ö ´  ¨´É¥£· ² M . �¡μ§´ Î¨³ μ¡² ¸ÉÓ, ¸¢¥·ÌÊ
μ£· ´¨Î¥´´ÊÕ ²¨´¨¥° (50), £¤¥ H0 = ω2

0R
2 + 2εU(R),   ¸´¨§Ê Å ´¨¦´¥°

£· ´¨Í¥° ³´μ¦¥¸É¢  ΩR Î¥·¥§ Ω0.
� ¸¸³μÉ·¥´´Ò¥ ¤ ²¥¥ · ¸¶·¥¤¥²¥´¨¥ É¨¶  ®¢μ¤Ö´μ° ³¥Ïμ±¯ ¨ É¥μ·¥³ 

μ¡ ¨´¢¥·¸¨¨ ¶²μÉ´μ¸É¨ ¸¶· ¢¥¤²¨¢Ò ¶·¨ § ¤ ´¨¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö
¨³¥´´μ ¢ μ¡² ¸É¨ Ω0.

� ¸¶·¥¤¥²¥´¨¥ É¨¶  ®¢μ¤Ö´μ° ³¥Ïμ±¯ (¸³. [7,15,30]) Ì · ±É¥·¨§Ê¥É¸Ö É¥³,
ÎÉμ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¶μ¸ÉμÖ´´  ¢ μ¡² ¸É¨ Ω0: f̃(M, H) = f0,
´μ ¢ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¥£μ ¸²ÊÎ Ö Î ¸É¨ÍÒ § ¶μ²´ÖÕÉ ´¥ ¢¸¥ ³´μ¦¥¸É¢μ ΩR,
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  Éμ²Ó±μ ¥£μ Î ¸ÉÓ Ω0. ƒμ¢μ·ÖÉ É ±¦¥, ÎÉμ Î ¸É¨ÍÒ § ¶μ²´ÖÕÉ ¢´ÊÉ·¥´´μ¸ÉÓ
Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ H = H0 ¸ ¶μ¸ÉμÖ´´μ° Ë §μ¢μ° ¶²μÉ´μ¸ÉÓÕ.
� §¢ ´¨¥ ®¢μ¤Ö´μ° ³¥Ïμ±¯ ¶·μ¨¸Ìμ¤¨É μÉÉμ£μ, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í
¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, μ¡² ¤ Ö μ¤´μ·μ¤´μ° Ë §μ¢μ° ¶²μÉ´μ¸ÉÓÕ, ¶μ¤μ¡´μ
´¥¸¦¨³ ¥³μ° ¦¨¤±μ¸É¨, ¶²μÉ´μ¸ÉÓ ±μÉμ·μ° É ±¦¥ μ¤´μ·μ¤´ . ‘ ÔÉμ° ÉμÎ±¨
§·¥´¨Ö · ¸¶·¥¤¥²¥´¨¥, · ¸¸³μÉ·¥´´μ¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, Éμ¦¥ ³μ¦´μ ´ -
§¢ ÉÓ · ¸¶·¥¤¥²¥´¨¥³ É¨¶  ®¢μ¤Ö´μ° ³¥Ïμ±¯, ´μ ¸ μ¡² ¸ÉÓÕ § ¤ ´¨Ö Ë §μ¢ÒÌ
¶¥·¥³¥´´ÒÌ, ¢±²ÕÎ ÕÐ¥° ¢¸¥ ¶·μ¸É· ´¸É¢μ ΩR,   ´¥ Éμ²Ó±μ ¥£μ Î ¸ÉÓ Ω0.

—Éμ¡Ò § ¶¨¸ ÉÓ Ê· ¢´¥´¨¥ �Ê ¸¸μ´  ¤²Ö · ¸¸³ É·¨¢ ¥³μ£μ ¸²ÊÎ Ö, ¶·¥-
μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ (39), ÊÎ¨ÉÒ¢ Ö, ÎÉμ μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ -
´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´¸É¢ ³¨

ω2
0 +

M2

r2
+ 2εU(r) � H � ω2

0R
2 + 2εU(R),

(51)
|M | < ηr, £¤¥ η2 = ω2

0(R
2 − r2) + 2ε(U(R) − U(r)).

ˆ¸¶μ²Ó§ÊÖ ¶¥·¥³¥´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö vr = r′, v⊥ = M/r, ¨³¥¥³

�(r) =
1
r

ηr∫
ηr

dM

ω2
0R2+2εU(R)∫

ω2
0r2+M2/r2+2εU(r)

f0 dH√
H − ω2

0r
2 − M2/r2 − 2εU(r)

=

=

η∫
−η

dv⊥

√
η2−v2

⊥∫
0

f0 dvr = πη2f0 = π
(
ω(R2 − r2) + 2ε(U(R) − U(r)

)
. (52)

’¥¶¥·Ó § ¶¨Ï¥³ Ê· ¢´¥´¨¥ �Ê ¸¸μ´  (40):

1
r

dU

dr
r
dU

dr
= −πef0

ε0

(
ω(R2 − r2) + 2ε(U(R) − U(r)

)
.

�¥·¥Ìμ¤Ö ± ¡¥§· §³¥·´Ò³ ¶¥·¥³¥´´Ò³ (46), ¨³¥¥³

Φ′′ +
1
y
Φ′ − λΦ = −λ(1 − y2). (53)

ƒ· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¡¥§· §³¥·´μ£μ ¶μÉ¥´Í¨ ²  Φ, ± ± ¨ · ´¥¥, ¨³¥ÕÉ
¢¨¤ (48).

�¤´μ·μ¤´μ¥ Ê· ¢´¥´¨¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Ê· ¢´¥´¨Õ (53), ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° Ê· ¢´¥´¨¥ 	¥¸¸¥²Ö, μ£· ´¨Î¥´´μ¥ ¢ ÉμÎ±¥ y = 0, ·¥Ï¥´¨¥ ±μÉμ·μ£μ
¥¸ÉÓ Φ0 = αI0(

√
λy), £¤¥ I0(z) Å ³μ¤¨Ë¨Í¨·μ¢ ´´ Ö ËÊ´±Í¨Ö 	¥¸¸¥²Ö ¶¥·-

¢μ£μ ·μ¤ ,   α Å ¶·μ¨§¢μ²Ó´ Ö ¶μ¸ÉμÖ´´ Ö. �¥Ï¥´¨¥ ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥-
´¨Ö (53) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ Φ(y) = c1 + c2y

2. �μ¤¸É ¢²ÖÖ ¢ (53), ¶μ²ÊÎ¨³

4c2 − λc1 − λc2y
2 = −λ + λy2.
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�·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ y, ´ Ìμ¤¨³ c1 ¨ c2:
c1 = 1 − 4/λ, c2 = −1. ’μ£¤  μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (53), μ£· ´¨Î¥´´μ¥
¢ ´Ê²¥, § ¶¨Ï¥³ ¢ ¢¨¤¥

Φ = 1 − 4
λ
− y2 + αI0(

√
λy).

‚Éμ·μ¥ Ê¸²μ¢¨¥ (48) ¢Ò¶μ²´¥´μ, É ± ± ± ¶·μ¨§¢μ¤´ Ö ËÊ´±Í¨¨ J0(z) ¢ ´Ê²¥
· ¢´  ´Ê²Õ. ’·¥¡ÊÖ, ÎÉμ¡Ò ¢Ò¶μ²´Ö²μ¸Ó ¶¥·¢μ¥ Ê¸²μ¢¨¥ (48),   ¨³¥´´μ
Φ(1) = 0, ´ Ìμ¤¨³ α: α = 4/(λI0(

√
λ). ’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥ § ¤ Î¨ (53),

(48) ¨³¥¥É ¢¨¤

Φ(y) = 1 − y2 +
4
λ

(
I0(

√
λy)

I0(
√

λ)
− 1
)

. (54)

�μ¸±μ²Ó±Ê
d2

dy2
(Φ(y) + y2) > 0,

Ê¸²μ¢¨¥ ¸É·μ£μ° ¢Ò¶Ê±²μ¸É¨ ¢¢¥¤¥´´μ° · ´¥¥ ËÊ´±Í¨¨ V0(r), ´ ²μ¦¥´´μ¥ ¶·¨
¢Ò¢μ¤¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶²μÉ´μ¸É¨ (39), ¢Ò¶μ²´Ö¥É¸Ö. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ (52)
¶²μÉ´μ¸ÉÓ Î ¸É¨Í · ¢´ 

�(r) =
ω2

0ε0

4eε
λ
(
1− y2 −Φ(y)

)
= λ

(
1− y2 −Φ(y)

)
�B

4
= �B

(
1 − I0(

√
λy)

I0(
√

λ)

)
.

‚¨¤´μ, ÎÉμ
0 < �(r) < �B, 0 � r < 1.

�μ¸±μ²Ó±Ê ¶·¨ λ → ∞ I0(
√

λy)/I0(
√

λ) → 0, y < 1, Éμ �(r) → �B , ± ± ¨ ¤²Ö
· ¸¶·¥¤¥²¥´¨Ö, · ¸¸³μÉ·¥´´μ£μ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.

�´ ²μ£¨Î´μ ¶·¥¤Ò¤ÊÐ¥³Ê ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¨ μ¡² ¸ÉÓ ¤μ¶Ê¸É¨³ÒÌ
§´ Î¥´¨° H , M ¸¦¨³ ¥É¸Ö ¢ ÉμÎ±Ê, ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¡·¨²²ÕÔ´μ¢¸±μ³Ê ¶μ-
Éμ±Ê, É ± ÎÉμ ¶·¥¤¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¥¸ÉÓ ¡·¨²²ÕÔ´μ¢¸±¨°
¶μÉμ±.

11. ’…��…Œ� �� ˆ�‚…�‘ˆˆ �‹�’��‘’ˆ

‚ · ¡μÉ¥ [46] ¶·¥¤²μ¦¥´  É¥μ·¥³  μ¡ ¨´¢¥·¸¨¨ ¶²μÉ´μ¸É¨, ±μÉμ· Ö ¶μ-
§¢μ²Ö¥É ´ Ìμ¤¨ÉÓ Ï¨·μ±¨¥ ±² ¸¸Ò ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¤²Ö ¸É -
Í¨μ´ ·´μ£μ  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ± , · ¸¶·μ-
¸É· ´ÖÕÐ¥£μ¸Ö ¢ μ¤´μ·μ¤´μ³ ¶·μ¤μ²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥, ¢ ¸²ÊÎ ¥, ±μ£¤ 
ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö § ¢¨¸¨É Éμ²Ó±μ μÉ ¨´É¥£· ²  H .

‘Ëμ·³Ê²¨·Ê¥³ ¨ ¤μ± ¦¥³ ÔÉÊ É¥μ·¥³Ê. �Ê¸ÉÓ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Î -
¸É¨Í § ¢¨¸¨É Éμ²Ó±μ μÉ ¨´É¥£· ²  ¤¢¨¦¥´¨Ö H ¨ ´¥ § ¢¨¸¨É μÉ M : f̃(M, H) =
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fH(H). Š·μ³¥ Éμ£μ, ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¢¸¥ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ¢´ÊÉ·¨ Ô´¥·-
£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨ (± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥): H � H0 = ω2

0R
2 +

4εU(R). ’μ£¤  ¥¸²¨ �(r) Å ³μ´μÉμ´´μ Ê¡Ò¢ ÕÐ Ö ËÊ´±Í¨Ö r, ³μ¦´μ ´ °É¨
ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¶μ Ëμ·³Ê²¥

fH(V0(r)) = − 1
dV0/dr

d�

dr
, (55)

£¤¥ V0(r) Å ËÊ´±Í¨Ö, § ¤ ¢ ¥³ Ö ¢Ò· ¦¥´¨¥³ (18).
�·¥¦¤¥ ¢¸¥£μ § ³¥É¨³, ÎÉμ Ê¸²μ¢¨¥ ¸É·μ£μ° ¢Ò¶Ê±²μ¸É¨ ËÊ´±Í¨¨ V0(r)

§¤¥¸Ó ¢Ò¶μ²´Ö¥É¸Ö. „¥°¸É¢¨É¥²Ó´μ, r−1d/dr(r du/dr) Å ³μ´μÉμ´´μ ¢μ§· -
¸É ÕÐ Ö ËÊ´±Í¨Ö. �Éμ μ§´ Î ¥É, ÎÉμ u′′(r) + u′(r)/r > u′′(0). �μ¸±μ²Ó±Ê
u′(r) < 0 ¶·¨ r > 0, ¨³¥¥³ u′′(r) > u′′(0). “ÎÉ¥³ É ±¦¥, ÎÉμ V ′′

0 (0) � 0. �·μ-
É¨¢´μ¥ μ§´ Î ¥É, ÎÉμ ´ ¶·Ö¦¥´´μ¸ÉÓ ³ £´¨É´μ£μ ¶μ²Ö ´¥¤μ¸É ÉμÎ´  ¤²Ö Éμ£μ,
ÎÉμ¡Ò Ê¤¥·¦¨¢ ÉÓ Î ¸É¨ÍÒ ¢¡²¨§¨ μ¸¨ ¶ÊÎ± . ’μ£¤  V ′′

0 (r) > 0 ¶·¨ r > 0, ¨
ËÊ´±Í¨Ö V0(r) ¢Ò¶Ê±² Ö.

„²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò § ¶¨Ï¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ (39) ¨
¶¥·¥°¤¥³ ± ¶¥·¥³¥´´Ò³ ¨´É¥£·¨·μ¢ ´¨Ö v⊥ ¨ vr. „¥°¸É¢ÊÖ É ± ¦¥, ± ± ¨ ¶·¨
¢Ò¢μ¤¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö É¨¶  ®¢μ¤Ö´μ° ³¥Ïμ±¯ (52),
¨³¥¥³

�(r) =
1
r

ηr∫
ηr

dM

ω2
0R2+2εU(R)∫

ω2
0r2+M2/r2+2εU(r)

fH(H) dH√
H − ω2

0r
2 − M2/r2 − 2εU(r)

=

= 2

η∫
−η

dv⊥

√
η2−v2

⊥∫
0

fH(v2
r + v2

⊥ + ω2
0 + 2εU(r)) dvr =

= π

η∫
0

fH(v2
t + ω2

0 + 2εU(r))vt dvt =

= π

ω2
0R2+2εU(R)∫

ω2
0r2+2εU(r)

fH(H) dH = π

V0(R)∫
V0(r)

fH(H) dH. (56)

„¨ËË¥·¥´Í¨·ÊÖ ÔÉμ · ¢¥´¸É¢μ ¶μ r, ¶μ²ÊÎ ¥³ ¸μμÉ´μÏ¥´¨¥ (55).
’ ±¨³ μ¡· §μ³, ¥¸²¨ § ¤ ´ ¶μÉ¥´Í¨ ² ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ ¶μ²Ö U(r),

³μ¦´μ ´ °É¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ÔÉμ³Ê ¶μÉ¥´Í¨ ²Ê ¶²μÉ´μ¸ÉÓ �(r), ¢Ò¡· ÉÓ ´¥-
±μÉμ·μ¥ §´ Î¥´¨¥ r ¨ ´ °É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ V0(r), ±μÉμ·μ¥ μ¶·¥-
¤¥²Ö¥É¸Ö μ¤´μ§´ Î´μ, É ± ± ± V0(r) Å ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö.
� °¤¥´´μ¥ §´ Î¥´¨¥ V0(r) ¨ μ¶·¥¤¥²Ö¥É Éμ §´ Î¥´¨¥ H , ¤²Ö ±μÉμ·μ£μ ¢Ò· -
¦¥´¨¥ (55) § ¤ ¥É ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö.
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…¸²¨ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í § ¤ ´  ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ-
¸É· ´¸É¢¥, Éμ ¨¸¶μ²Ó§μ¢ ÉÓ ¢Ò· ¦¥´¨¥ (55) ³μ¦´μ Éμ²Ó±μ Éμ£¤ , ±μ£¤  Ê¤ ¥É¸Ö
· §·¥Ï¨ÉÓ Ê· ¢´¥´¨¥ �Ê ¸¸μ´  ¤²Ö ÔÉμ° ¶²μÉ´μ¸É¨, ÎÉμ¡Ò ´ °É¨  ·£Ê³¥´É fH ,
¤²Ö ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É¸Ö ÔÉ  ËÊ´±Í¨Ö.

12. ��‘��…„…‹…�ˆŸ „‹Ÿ ��‚��Œ…��� ‡��Ÿ†…���ƒ�
–ˆ‹ˆ�„�ˆ—…‘Š�ƒ� �“—Š�

� ¢´μ³¥·´μ § ·Ö¦¥´´Ò° Í¨²¨´¤·¨Î¥¸±¨° ¶ÊÎμ± · ¸¸³ É·¨¢ ²¸Ö ¢μ ³´μ-
£¨Ì · ¡μÉ Ì [6Ä8, 13, 14, 32, 34, 37Ä39, 42, 44, 48, 62], ¶μ¸±μ²Ó±Ê ¤²Ö É ±μ£μ
¶ÊÎ±  ¶·μÐ¥ ´ °É¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ‚² ¸μ¢ . �¤´μ ¨§ ¶¥·¢ÒÌ ¨§¢¥¸É´ÒÌ
· ¢´μ³¥·´ÒÌ ¶μ ¸¥Î¥´¨Õ ¶ÊÎ±  ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨° Å ¶μÉμ±
	·¨²²ÕÔ´  [47]. � ¨¡μ²¥¥ Ï¨·μ±μ° ¨§¢¥¸É´μ¸ÉÓÕ ¶μ²Ó§Ê¥É¸Ö · ¸¶·¥¤¥²¥-
´¨¥ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ [7, 15, 28], ±μÉμ·μ¥ É ±¦¥ Ì · ±É¥·¨§Ê¥É¸Ö
· ¢´μ³¥·´Ò³ · ¸¶·¥¤¥²¥´¨¥³ § ·Ö¤  ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± .

ˆÉ ±, · ¸¸³μÉ·¨³ ¶ÊÎμ±, ¤²Ö ±μÉμ·μ£μ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨-
μ´´μ³ ¶·μ¸É· ´¸É¢¥ �(r) ¶μ¸ÉμÖ´´  ¢ ¶·¥¤¥² Ì ¥£μ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö:

�(r) =

{
�0, r � R,

0, r > R.
(57)

’μ£¤  Ê· ¢´¥´¨¥ �Ê ¸¸μ´  ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

1
r

d

dr
r
dU

dr
= − e

ε0
�0, r � R.

�¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ ¤²Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¶·¨ Ê¸²μ¢¨ÖÌ (7) ¨³¥¥É ¢¨¤

U(r) = −e�0r
2

4ε0
. (58)

� ¸¸³μÉ·¨³ ¸´ Î ²  ¶μÉμ± 	·¨²²ÕÔ´  [47]. ‚¸¥ Î ¸É¨ÍÒ ¶μÉμ±  	·¨²²Õ-
Ô´  ¢· Ð ÕÉ¸Ö ¸ μ¤¨´ ±μ¢μ° Ê£²μ¢μ° ¸±μ·μ¸ÉÓÕ ϕ̇ = −ω0 ¢μ±·Ê£ μ¸¨ ¶ÊÎ± ,
É ± ÎÉμ  §¨³ÊÉ ²Ó´ Ö ±μ³¶μ´¥´É  ¨³¶Ê²Ó¸  ¤²Ö ± ¦¤μ° Î ¸É¨ÍÒ · ¢´  ´Ê²Õ:
M = r2(ω0 + ϕ̇) = 0. �²μÉ´μ¸ÉÓ Î ¸É¨Í ¨ Ô²¥±É·¨Î¥¸±¨° Éμ± ¤²Ö ¶μÉμ± 
	·¨²²ÕÔ´  ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¨§ Ê· ¢´¥´¨Ö (15). �μ¸±μ²Ó±Ê r̈ ¤²Ö Î ¸É¨Í
¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ±  · ¢´μ ´Ê²Õ, ´ Ìμ¤¨³

�B =
2ε0ω

2
0

eε
=

ε0B
2
zγ

2m
, J = eβcπR2�B =

πeε0B
2
zR2

2m
γβc. (59)

�μ¤¸É ¢²ÖÖ ÔÉμ §´ Î¥´¨¥ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö ¶μÉ¥´Í¨ ²  (58) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ
Î ¸É¨ÍÒ ¸μÌ· ´ÖÕÉ ¸¢μÕ · ¤¨ ²Ó´ÊÕ ±μμ·¤¨´ ÉÊ (ṙ = 0), ´ Ìμ¤¨³, ÎÉμ ¨´É¥-
£· ² H ¤²Ö ± ¦¤μ° ¨§ Î ¸É¨Í É ±¦¥ · ¢¥´ ´Ê²Õ. ’ ±¨³ μ¡· §μ³, ¢ ¶·μ¸É· ´-
¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¶μÉμ± 	·¨²²ÕÔ´  ¶·¥¤¸É ¢²Ö¥É¸Ö ÉμÎ±μ° ¢ ´ Î ²¥
±μμ·¤¨´ É.



1652 „�ˆ‚�’ˆ� �.ˆ., �‚‘Ÿ��ˆŠ�‚ „.�.

‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¶μÉμ± 	·¨²²ÕÔ´  ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ±
¶μÉμ± ´ ¨¡μ²ÓÏ¥° ¶²μÉ´μ¸É¨ ¤²Ö § ¤ ´´ÒÌ ³ £´¨É´μ£μ ¶μ²Ö ¨ · ¤¨Ê¸  ¶ÊÎ± ,
±μÉμ·Ò° ³μ¦¥É · ¸¶·μ¸É· ´ÖÉÓ¸Ö ¢¤μ²Ó ³ £´¨É´μ£μ ¶μ²Ö. �²¥±É·μ³ £´¨É-
´Ò¥ ¸¨²Ò ¶μ¶¥·¥Î´μ£μ · ¸É ²±¨¢ ´¨Ö Î ¸É¨Í ±μ³¶¥´¸¨·ÊÕÉ¸Ö Ëμ±Ê¸¨·ÊÕ-
Ð¨³¨ ¸¨² ³¨, ¤¥°¸É¢ÊÕÐ¨³¨ ¸μ ¸Éμ·μ´Ò ¶·μ¤μ²Ó´μ£μ ³ £´¨É´μ£μ ¶μ²Ö. �μ
¸¨²Ò · ¸É ²±¨¢ ´¨Ö ´ ¸Éμ²Ó±μ ¢¥²¨±¨, ÎÉμ Ëμ±Ê¸¨·ÊÕÐ¨¥ ¸¨²Ò Ê¦¥ ´¥ ³μ-
£ÊÉ Ê¤¥·¦ ÉÓ Î ¸É¨ÍÒ, ´¥ Éμ²Ó±μ ¸μ¢¥·Ï ÕÐ¨¥  §¨³ÊÉ ²Ó´μ¥ ¤¢¨¦¥´¨¥, ´μ ¨
Ê¤ ²ÖÕÐ¨¥¸Ö μÉ μ¸¨ ¶ÊÎ± .

” §μ¢ Ö ¶²μÉ´μ¸ÉÓ ¶μÉμ±  	·¨²²ÕÔ´  É ±¦¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ
‚² ¸μ¢  (35), ¢ ±μÉμ·μ³ ¢¥±Éμ·´μ¥ ¶μ²¥ f μ¶·¥¤¥²Ö¥É¸Ö É· ¥±Éμ·¨Ö³¨ ¤¢¨¦¥-
´¨Ö Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ [41]. �·¨ ÔÉμ³ Ë §μ¢ Ö ¶²μÉ´μ¸ÉÓ μ¶¨¸Ò-
¢ ¥É¸Ö Ëμ·³μ° ¢Éμ·μ° ¸É¥¶¥´¨, μ¶·¥¤¥²¥´´μ° ´  ¶μ¢¥·Ì´μ¸É¨ M = 0, H = 0.
�μ¸±μ²Ó±Ê Ê± § ´´ Ö ¶μ¢¥·Ì´μ¸ÉÓ ´¥ ¨§³¥´Ö¥É¸Ö, ¥¥ É ±¦¥ ³μ¦´μ · ¸¸³ É·¨-
¢ ÉÓ ± ± Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ. „²Ö Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥
³μ¦´μ § ¶¨¸ ÉÓ Ê· ¢´¥´¨¥ ‚² ¸μ¢  (37). ‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É ´ 
· ¸¸³ É·¨¢ ¥³μ° ¶μ¢¥·Ì´μ¸É¨ r ¨ ϕ. ’μ£¤  Ê· ¢´¥´¨¥ ‚² ¸μ¢  ¶·¨´¨³ ¥É ¢¨¤

∂nrϕ

∂t
+ ṙ

∂nrϕ

∂r
+ ϕ̇

∂nrϕ

∂ϕ
= 0.

�Éμ Ê· ¢´¥´¨¥ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö, ¶μ¸±μ²Ó±Ê ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸¤¥² ´´Ò³ ¶·¥¤-
¶μ²μ¦¥´¨¥³ · ¸¶·¥¤¥²¥´¨¥ ¸É Í¨μ´ ·´μ, ṙ = 0, ¨ Î ¸É¨ÍÒ · ¢´μ³¥·´μ · ¸-
¶·¥¤¥²¥´Ò ¶μ ϕ.

„ ²¥¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¸ ¶μ¸ÉμÖ´´μ° ¶²μÉ´μ¸ÉÓÕ ´ 
μ¸´μ¢¥ ¶μ¤Ìμ¤ , ¶·¥¤²μ¦¥´´μ£μ ¢ · ¡μÉ Ì [32, 34, 37Ä39, 42, 44]. 	Ê¤¥³ ¸Î¨-
É ÉÓ, ÎÉμ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ³¥´ÓÏ¥ ¶²μÉ´μ¸É¨ ¶μÉμ±  	·¨²²ÕÔ´  (�0 < �B),
¨ ¢¢¥¤¥³ ¶¥·¥³¥´´ÊÕ ω:

ω2 = ω2
0 − e�0ε

2ε0
. (60)

“¸²μ¢¨¥ ¸É·μ£μ° ¢Ò¶Ê±²μ¸É¨ ËÊ´±Í¨¨ V0(r) ¢Ò¶μ²´Ö¥É¸Ö, ¶μ¸±μ²Ó±Ê V0(r) =
ω2r2, ω2 > 0.

�μ¤¸É ¢²ÖÖ (58) ¢ (38), (39), ¨³¥¥³

P (M, H) =

rmax(M,H)∫
rmin(M,H)

r dr√
Hr2 − M2 − ω2r4

=
π

2ω
,

¨ ¢Ò· ¦¥´¨¥ (39) ¶·¨´¨³ ¥É ¢¨¤

�(r) =
ω

π2r

∫
Ω(r)

f(M, H) dM dH

(H − M2/r2 − ω2r2)1/2
. (61)
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‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ÉμÎ±  ³¨´¨³Ê³  ËÊ´±Í¨¨ VM (r) = ω2r2 +
M2/r2 · ¢´  r0(M, H) =

√
|M |/ω, ¨ ´¥· ¢¥´¸É¢  (20), (21), μ¶·¥¤¥²ÖÕÐ¨¥

¶·μ¸É· ´¸É¢μ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ¶·¨´¨³ ÕÉ ¢¨¤

2ω|M | � H � M2

R2
+ ω2R2. (62)

„²Ö ³´μ¦¥¸É¢  Ω(r) ¨§ (23), (24) ¨³¥¥³

ω2r2 +
M2

r2
� H � M2

R2
+ ω2R2, |M | � ωrR. (63)

� ¸¸³μÉ·¨³ É¥¶¥·Ó · ¸¶·¥¤¥²¥´¨¥ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ. �´μ
É ±¦¥ ´ §Ò¢ ¥É¸Ö ³¨±·μ± ´μ´¨Î¥¸±¨³, ¶μ¸±μ²Ó±Ê ¢¸¥ Î ¸É¨ÍÒ ¨³¥ÕÉ μ¤´Ê ¨
ÉÊ ¦¥ Ô´¥·£¨Õ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö H = H0. �´ ²μ£¨Î´μ¥ · ¸¶·¥¤¥²¥´¨¥,
Ì · ±É¥·¨§Ê¥³μ¥ É¥³, ÎÉμ Î ¸É¨ÍÒ ²¥¦ É ´  ´¥±μÉμ·μ° ¶μ¢¥·Ì´μ¸É¨ ¢ Ë §μ¢μ³
¶·μ¸É· ´¸É¢¥,   ¶²μÉ´μ¸ÉÓ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¶μ¸ÉμÖ´´ , ¤²Ö
¶ÊÎ± , Ëμ±Ê¸¨·Ê¥³μ£μ ¶μ¶¥·¥Î´Ò³¨ ¢Ò¸μ±μÎ ¸ÉμÉ´Ò³¨ Ô²¥±É·¨Î¥¸±¨³¨ ¶μ-
²Ö³¨, ¡Ò²μ ¢¶¥·¢Ò¥ ´ °¤¥´μ Š ¶Î¨´¸±¨³ ¨ ‚² ¤¨³¨·¸±¨³ [28] ¨ ´ §Ò¢ ¥É¸Ö
· ¸¶·¥¤¥²¥´¨¥³ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ. �μ¸±μ²Ó±Ê ¢ · ¸¸³ É·¨¢ ¥³μ³
´ ³¨ ¸²ÊÎ ¥ ¢¸¥ Î ¸É¨ÍÒ ²¥¦ É ´  Ô´¥·£¥É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸É¨, ÔÉμ · ¸¶·¥¤¥-
²¥´¨¥ É ±¦¥ ´ §Ò¢ ÕÉ · ¸¶·¥¤¥²¥´¨¥³ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ, ´μ ¤²Ö
¶ÊÎ±  ¢ ¶·μ¤μ²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥.

�´¥·£¥É¨Î¥¸±ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Ë §μ¢μ¥ ¶·μ¸É· ´-
¸É¢μ, ¶μ¸±μ²Ó±Ê Î ¸É¨ÍÒ μ¸É ÕÉ¸Ö ´  ÔÉμ° ¶μ¢¥·Ì´μ¸É¨ ¶·¨ ¸¢μ¥³ ¤¢¨¦¥´¨¨.
‚Ò¡¥·¥³  §¨³ÊÉ ²Ó´Ò° Ê£μ² ϕ, Ë §Ê Î ¸É¨ÍÒ ´  É· ¥±Éμ·¨¨ θ ¨ ¨´É¥£· ² M
¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. “· ¢´¥´¨¥ ‚² ¸μ¢  (37) ¢ ÔÉ¨Ì
±μμ·¤¨´ É Ì ¶·¨´¨³ ¥É ¢¨¤

∂nϕθM

∂t
+ ϕ̇

∂nϕθM

∂ϕ
+ θ̇

∂nϕθM

∂θ
+ Ṁ

∂nϕθM

∂M
= 0. (64)

“· ¢´¥´¨¥ (64) Ê¤μ¢²¥É¢μ·Ö¥É¸Ö ¤²Ö ¸É Í¨μ´ ·´μ£μ  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ
¶ÊÎ±  ¶·¨ ¢¢¥¤¥´´μ³ · ´¥¥ Ê¸²μ¢¨¨, ÎÉμ Î ¸É¨ÍÒ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò
¶μ Ë § ³ É· ¥±Éμ·¨°, ¶μ¸±μ²Ó±Ê ± ¦¤Ò° ¨§ Î²¥´μ¢ ²¥¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö
· ¢¥´ ´Ê²Õ (¶¥·¢Ò° Î²¥´ Å ¢ ¸¨²Ê ¸É Í¨μ´ ·´μ¸É¨, ¢Éμ·μ° ¨ É·¥É¨° Å ¢
¸¨²Ê μ¤´μ·μ¤´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ ϕ ¨ θ,   Î¥É¢¥·ÉÒ° Å ¢ ¸¨²Ê Éμ£μ, ÎÉμ
M Å ¨´É¥£· ² ¤¢¨¦¥´¨Ö).

�μÉ·¥¡Ê¥³ ¤μ¶μ²´¨É¥²Ó´μ, ÎÉμ¡Ò Î ¸É¨ÍÒ ¡Ò²¨ · ¸¶·¥¤¥²¥´Ò · ¢´μ-
³¥·´μ É ±¦¥ ¶μ M . �μ± ¦¥³, ÎÉμ ¨³¥´´μ ¤²Ö É ±μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶·μ-
¸É· ´¸É¢¥´´ Ö ¶²μÉ´μ¸ÉÓ Î ¸É¨Í μ¤´μ·μ¤´  ¢´ÊÉ·¨ ¸¥Î¥´¨Ö ¶ÊÎ± , É. ¥. · ¸¸³ -
É·¨¢ ¥³μ¥ · ¸¶·¥¤¥²¥´¨¥ ¨ ¥¸ÉÓ · ¸¶·¥¤¥²¥´¨¥ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ.
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‚¢¥¤¥³ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ±μμ·¤¨´ ÉÒ x, y, M . �´ ²μ£¨Î´μ ¶·¥-
¤Ò¤ÊÐ¥³Ê ±μ³¶μ´¥´É  Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì · ¢´ 

nxyM = 2nϕθM det

∣∣∣∣∣∣∣∣

⎛
⎜⎜⎝

∂ϕ

∂x

∂ϕ

∂y

∂θ

∂x

∂θ

∂y

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣
=

2nϕθM

r|ṙ| . (65)

’μ£¤ 

�(r) =

M0∫
−M0

nxyM dM =
2nϕθM

r

M0∫
−M0

dM

(H0 − M2/r2 − ω2r2)1/2
= 2πnϕθM ,

¥¸²¨ r �
√

Hω, ¨ �(r) = 0, ¥¸²¨ r >
√

Hω. ’ ±¨³ μ¡· §μ³, H0 = ω2R2.
Š·μ³¥ Éμ£μ, ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ M0 = ωR2/2.

ˆÉ ±, ´μ¸¨É¥²¥³ · ¸¶·¥¤¥²¥´¨Ö Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ ¢ ¶·μ¸É· ´-
¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö Ö¢²Ö¥É¸Ö ¶·Ö³μ²¨´¥°´Ò° μÉ·¥§μ± S0:

H = ω2R2, M ∈ [−ωR2/2, ωR2/2]

H

A B

B �

A�

1

2 2

M

�¨¸. 5. �·μ¸É· ´¸É¢μ ΩR ¤²Ö μ¤´μ·μ¤´μ£μ
¶ÊÎ± : ±·¨¢ Ö 1 Å ¢¥·Ì´ÖÖ £· ´¨Í  §´ -
Î¥´¨° H : ΩR : H = M2/R2 + ω2R2;
²¨´¨¨ 2 Å ´¨¦´ÖÖ £· ´¨Í  §´ Î¥´¨° H :
ΩR : H = 2ω|M |

(μÉ·¥§μ± AB ´  ·¨¸. 5). �·¨ ÔÉμ³
¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö f0(M, H)
¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö
μ¤´μ·μ¤´  ´  ÔÉμ³ μÉ·¥§±¥:

f0(H, M) = f0 dM,

f0 = 2π2nϕθM/ω.

…¸²¨ ¢ ± Î¥¸É¢¥ ±μμ·¤¨´ É ¢ Ë -
§μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¶μ¶¥·¥Î´μ£μ ¤¢¨-
¦¥´¨Ö ¢Ò¡· ÉÓ r, ϕ, vr = ṙ ¨ v⊥ =
r(ϕ̇ + ω0), Éμ ¸¥Î¥´¨Ö ¶μ¢¥·Ì´μ¸É¨,
´  ±μÉμ·μ° ´ Ìμ¤ÖÉ¸Ö Î ¸É¨ÍÒ, £¨-
¶¥·¶²μ¸±μ¸ÉÖ³¨ r = const, ϕ =
const ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μ±·Ê¦´μ-
¸É¨ (¸³. ·¨¸. 3).

�¥·¥°¤¥³ ± · ¸¶·¥¤¥²¥´¨Õ, ±μ-
Éμ·μ¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ±
μ¡μ¡Ð¥´¨¥ · ¸¶·¥¤¥²¥´¨Ö Š ¶Î¨´-
¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ. � ¸¸³μÉ·¨³ ¢Ò-

·μ¦¤¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥, ¤²Ö ±μÉμ·μ£μ Î ¸É¨ÍÒ ´ Ìμ¤ÖÉ¸Ö ´  ´¥±μÉμ·μ³ μÉ-
·¥§±¥ Sk ∈ ΩR, ²¥¦ Ð¥³ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö:

H = kM + H0, (M, H) ∈ ΩR. (66)
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‚ ÔÉμ³ ¸²ÊÎ ¥ ¶²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö § ¤ ¥É¸Ö Ëμ·-
³μ° ¶¥·¢μ° ¸É¥¶¥´¨, ±μÉμ·ÊÕ μ¡μ§´ Î¨³ Î¥·¥§ fk(M, H) ¨ ±μÉμ· Ö ¨³¥¥É ¢¨¤

fk(M, H) = fk dM, (M, H) ∈ Sk, fk > 0, (67)

£¤¥ fk ¶·¨´¨³ ¥É μ¤´μ ¨ Éμ ¦¥ §´ Î¥´¨¥ ¢μ ¢¸¥Ì ÉμÎ± Ì μÉ·¥§±  Sk.
�μ¸±μ²Ó±Ê ¤²Ö ± ¦¤μ° ¶ ·Ò M, H Î ¸É¨ÍÒ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ

Ê£² ³ ¨ ¶μ Ë § ³ É· ¥±Éμ·¨°, Éμ, ± ± ¨ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö Š ¶Î¨´¸±μ£μÄ
‚² ¤¨³¨·¸±μ£μ, fk = 2π2nϕθM/ω. ‚ ÔÉμ³ ¸²ÊÎ ¥ É ±¦¥ ¸¶· ¢¥¤²¨¢μ · ¢¥´-
¸É¢μ (65). ’μ£¤  ¶μ²ÊÎ ¥³, ÎÉμ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö (67) ¶²μÉ´μ¸ÉÓ Î ¸É¨Í �(r)
´¥ § ¢¨¸¨É μÉ r ¶·¨ r ³¥´ÓÏ¥ ´¥±μÉμ·μ£μ R. „¥°¸É¢¨É¥²Ó´μ,

�(r) = 2

M2∫
M1

fxyM dM =

=
ωfk

π2r

M2∫
M1

dM

(H0 + kM − M2/r2 − ω2r2)1/2
=

ωfk

π
= �0. (68)

‡¤¥¸Ó M1 ¨ M2 Å ±μ·´¨ §´ ³¥´ É¥²Ö ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨

M1,2 =
kr2

2
±
(

k2r4

4
+ H0r

2 − ω2r4

)1/2

.

’ ±¨³ μ¡· §μ³, · ¸¶·¥¤¥²¥´¨¥ (67) § ¤ ¥É · ¸¶·¥¤¥²¥´¨¥, · ¢´μ³¥·´μ¥
¢´ÊÉ·¨ ¸¥Î¥´¨Ö ´¥±μÉμ·μ£μ · ¤¨Ê¸ . “Î¨ÉÒ¢ Ö, ÎÉμ ÔÉμÉ · ¤¨Ê¸ ¨ ¥¸ÉÓ · -
¤¨Ê¸ ¶ÊÎ±  R, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸μμÉ´μÏ¥´¨¥, ¸¢Ö§Ò¢ ÕÐ¥¥ ¶ · ³¥É·Ò H0

¸ k, ±μÉμ·Ò¥ § ¤ ÕÉ μÉ·¥§μ± (66). �μ¸±μ²Ó±Ê §´ ³¥´ É¥²Ó ¢ (68) ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° · ¤¨ ²Ó´ÊÕ ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ, ¤¢¨¦¥´¨¥ ¶·μ¨¸Ìμ¤¨É ¢ É¥Ì μ¡² ¸ÉÖÌ,
£¤¥ ¶μ¤±μ·¥´´μ¥ ¢Ò· ¦¥´¨¥ ¢ (68) ´¥μÉ·¨Í É¥²Ó´μ. � ¨¡μ²ÓÏ¥¥ §´ Î¥´¨¥
±μμ·¤¨´ ÉÒ r, Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ Ê¸²μ¢¨Õ ´¥μÉ·¨Í É¥²Ó´μ¸É¨ ¶μ¤±μ·¥´´μ£μ
¢Ò· ¦¥´¨Ö ¢ (68), ±μÉμ·μ¥ ¨³¥¥É ¢¨¤ k2r4/4 + H0r

2 − ω2r4 � 0, · ¢´μ
[H0/(ω2 − k2/4)]1/2. ‘²¥¤μ¢ É¥²Ó´μ, ¨³¥¥³ H0 = R2(ω2 − k2/4).

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ M1 ¨ M2 Å  ¡¸Í¨¸¸Ò ÉμÎ¥± ¶¥·¥¸¥Î¥´¨Ö ¶·Ö³μ°
²¨´¨¨ H = H0 + kM ¶·Ö³Ò³¨ ²¨´¨Ö³¨ H = 2ωM ¨ H = −2ωM , μ£· -
´¨Î¨¢ ÕÐ¨³¨ ¶·μ¸É· ´¸É¢μ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ΩR, ¶μ¸±μ²Ó±Ê ÔÉ¨ ²¨´¨¨
É ±¦¥ μ¶·¥¤¥²ÖÕÉ¸Ö Ê¸²μ¢¨¥³ · ¢¥´¸É¢  ´Ê²Õ §´ ³¥´ É¥²Ö ¶μ¤Ò´É¥£· ²Ó´μ£μ
¢Ò· ¦¥´¨Ö ¢ (68).

‹¥£±μ ¶μ± § ÉÓ, ÎÉμ ¶·Ö³ Ö ²¨´¨Ö H = H0+kM ¸ É ±¨³¨ §´ Î¥´¨Ö³¨ H0

¨ k Ö¢²Ö¥É¸Ö ± ¸ É¥²Ó´μ° ± ¶ · ¡μ²¥ H = M2/R2 + ω2R2, ¶·¥¤¸É ¢²ÖÕÐ¥°
¸μ¡μ° ¢¥·Ì´ÕÕ £· ´¨ÍÊ ¶·μ¸É· ´¸É¢  ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö. � °¤¥³ ÉμÎ±¨
¶¥·¥¸¥Î¥´¨Ö ¨²¨ ± ¸ ´¨Ö ¶·Ö³μ° H = H0 + kM ¨ ¢¥·Ì´¥° £· ´¨ÍÒ ³´μ¦¥-
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¸É¢  ΩR, ¶·¨· ¢´¨¢ Ö ¶· ¢Ò¥ Î ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨°:

R2

(
ω2 − k2

4

)
+ kM =

M2

R2
+ ω2R2.

�É¸Õ¤  ´ Ìμ¤¨³ ¥¤¨´¸É¢¥´´μ¥ §´ Î¥´¨¥ M : M = kR2. �μ¤¸É ¢²ÖÖ ÔÉμ
§´ Î¥´¨¥ ¢ Ê· ¢´¥´¨¥ ± ¸ É¥²Ó´μ° ± ¶ · ¡μ²¥ H = M2/R2+ω2R2, ¶μ²ÊÎ ¥³,
ÎÉμ ´ ±²μ´ ± ¸ É¥²Ó´μ° ¢ ÉμÎ±¥, Ö¢²ÖÕÐ¥°¸Ö μ¡Ð¥° ¤²Ö ¶·Ö³μ° ¨ ¶ · ¡μ²Ò,
¥¸ÉÓ k, É. ¥. ¸μ¢¶ ¤ ¥É ¸ ´ ±²μ´μ³ ¶·Ö³μ°, É ± ÎÉμ ´ °¤¥´´ Ö μ¡Ð Ö ÉμÎ± 
¥¸ÉÓ ÉμÎ±  ± ¸ ´¨Ö.

ˆÉ ±, ´μ¸¨É¥²Ó ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö (67) ¥¸ÉÓ μÉ·¥§μ± ¶·Ö³μ°, ± ¸ -
É¥²Ó´μ° ± ±·¨¢μ²¨´¥°´μ° Î ¸É¨ £· ´¨ÍÒ ¶·μ¸É· ´¸É¢  ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö,
¨ ¸μ¤¥·¦ Ð¨°¸Ö ¢ ´¥³ (μÉ·¥§μ± A′B′ ´  ·¨¸. 5). �·¥¤¥²Ó´Ò¥ ¶μ²μ¦¥´¨Ö ÔÉμ£μ
μÉ·¥§±  Å ¶·Ö³μ²¨´¥°´Ò¥ Î ¸É¨ £· ´¨ÍÒ ¶·μ¸É· ´¸É¢  ¨´É¥£· ²μ¢ ¤¢¨¦¥-
´¨Ö ΩR.

� ¸¶·¥¤¥²¥´¨Ö (67) ¸ k �= 0 É ±¦¥ Ìμ·μÏμ ¨§¢¥¸É´Ò. ‚ · ¡μÉ Ì [6, 13,
48, 14] μ´¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ´ ¨¡μ²¥¥ ¶·μ¸Éμ° ¶·¨³¥· É ± ´ §Ò¢ ¥³ÒÌ
· ¸¶·¥¤¥²¥´¨° É¨¶  ®¦¥¸É±μ£μ ·μÉ Éμ· ¯. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ · ¸¶·¥¤¥²¥´¨¥
É¨¶  ®¦¥¸É±μ£μ ·μÉ Éμ· ¯ Å ÔÉμ É ±μ¥ · ¸¶·¥¤¥²¥´¨¥, ¶·¨ ±μÉμ·μ³ ¥£μ ¶²μÉ-
´μ¸ÉÓ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ § ¢¨¸¨É Éμ²Ó±μ μÉ ±μ³¡¨´ Í¨¨ H + kM , ´μ ´¥
μÉ M ¨ H ¶μ μÉ¤¥²Ó´μ¸É¨.

‘·¥¤´¨° Ê£²μ¢μ° ³μ³¥´É ¤²Ö · ¸¶·¥¤¥²¥´¨° (67) ´¥ · ¢¥´ ´Ê²Õ, §  ¨¸-
±²ÕÎ¥´¨¥³ · ¸¶·¥¤¥²¥´¨Ö Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ. �Éμ ³μ¦´μ Ê¢¨¤¥ÉÓ
¨§ ·¨¸. 5, £¤¥ Î ¸ÉÓ μÉ·¥§±  A′B′, ´ Ìμ¤ÖÐ Ö¸Ö ¢ ²¥¢μ° ¶μ²Ê¶²μ¸±μ¸É¨, ´¥
· ¢´  Î ¸É¨ μÉ·¥§±  A′B′ ¢ ¶· ¢μ° ¶μ²Ê¶²μ¸±μ¸É¨. �μ ÔÉμ° ¶·¨Î¨´¥ É ±¨¥
· ¸¶·¥¤¥²¥´¨Ö, ±·μ³¥ · ¸¶·¥¤¥²¥´¨Ö Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ, ´¥ Ö¢²Ö-
ÕÉ¸Ö Ìμ·μÏ¨³¨ ³μ¤¥²Ö³¨, ¶μ¸±μ²Ó±Ê ·¥ ²Ó´Ò° ¶ÊÎμ± § ¶Ê¸± ¥É¸Ö ¸μ ¸·¥¤´¨³
³μ³¥´Éμ³, · ¢´Ò³ ´Ê²Õ.

‡ ³¥É¨³, ÎÉμ §´ Î¥´¨Ö fk ³μ£ÊÉ ¡ÒÉÓ ¶·μ¨§¢μ²Ó´μ ¢¥²¨±¨. „¥°¸É¢¨É¥²Ó´μ,
¶μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ ¤²Ö �0 ¨§ (68) ¢ (60) ¨ · §·¥Ï Ö μÉ´μ¸¨É¥²Ó´μ ω,
¶μ²ÊÎ¨³

ω = − eεfk

4πε0
+
[

e2ε2f2
k

16π2ε2
0

+ ω2
0

]1/2

. (69)

…¸²¨ fk → ∞, Éμ £² ¢´Ò° Î²¥´ ¶μ¸²¥¤´¥£μ ¢Ò· ¦¥´¨Ö · ¢¥´ 2πε0ω
2
0(eεfk)−1.

�μÔÉμ³Ê �0 → 2ε0ω
2
0/eε = �B . �·μ¸É· ´¸É¢μ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ΩR ¸¦¨-

³ ¥É¸Ö ¢ ÉμÎ±Ê (0, 0), ¶μ¸±μ²Ó±Ê ¥£μ · §³¥· μ¶·¥¤¥²Ö¥É¸Ö ¢¥²¨Î¨´μ° ω,  
ω → 0. ’ ±¨³ μ¡· §μ³, ¶·¥¤¥²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶·¨ fk → ∞ ¥¸ÉÓ ¡·¨²-
²ÕÔ´μ¢¸±¨° ¶μÉμ±.

‹¥£±μ ¶μ´ÖÉÓ, ÎÉμ ³Ò ¶μ²ÊÎ¨³ · ¢´μ³¥·´Ò¥ ¶μ ¸¥Î¥´¨Õ ¶ÊÎ±  · ¸¶·¥-
¤¥²¥´¨Ö, ¢§Ö¢ ¶·μ¨§¢μ²Ó´Ò¥ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ · ¸¶·¥¤¥²¥´¨° (67). „²Ö
μ¶¨¸ ´¨Ö ·¥ ²Ó´μ£μ ¶ÊÎ±  ³μ¦´μ ¡· ÉÓ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¸μ ¸·¥¤´¨³
Ê£²μ¢Ò³ ³μ³¥´Éμ³, · ¢´Ò³ ´Ê²Õ.
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� ¸¸³μÉ·¨³, ´ ¶·¨³¥·, ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ ±μ´¥Î´μ£μ Î¨¸²  · ¸¶·¥-
¤¥²¥´¨° (67)

f(M, H) =
∑
k∈K

fk(M, H), (70)

£¤¥ H0(k) = R2(ω2 − k2/4) > 0 ¨ K Å ´¥±μÉμ·μ¥ Î¨¸²μ¢μ¥ ³´μ¦¥¸É¢μ,
K ⊂ (−2ω, 2ω). �μ¤¸É ¢²ÖÖ (70) ¢ (61), ¨³¥¥³

�0 =
ω

π

∑
k∈K

fk.

‚ μ¡Ð¥³ ¸²ÊÎ ¥

f(M, H) =

2ω∫
−2ω

fk(M, H) dk, fk > 0. (71)

‚ (71) ¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¨¸Ìμ¤¨É ¶μ Ê£²μ¢μ³Ê ±μÔËË¨Í¨¥´ÉÊ k, Ì · ±-
É¥·¨§ÊÕÐ¥³Ê μÉ·¥§μ± ¶·Ö³μ°, ¶·μÌμ¤ÖÐ¨° Î¥·¥§ ÉμÎ±Ê (M, H), ± ¸ É¥²Ó´Ò°
± ¢¥·Ì´¥° £· ´¨Í¥ ³´μ¦¥¸É¢  ΩR Å ¶ · ¡μ²¥ H = ω2R2 + M2/R2. ‚ Éμ ¦¥
¢·¥³Ö ¶ · ³¥É· k, Ì · ±É¥·¨§ÊÕÐ¨° ¤ ´´Ò° μÉ·¥§μ±, ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ
¢ ± Î¥¸É¢¥ ±μμ·¤¨´ ÉÒ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �·¨ ÔÉμ³ Ë §μ¢ Ö ¶²μÉ´μ¸ÉÓ
Ê¦¥ μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³μ° Î¥É¢¥·Éμ° ¸É¥¶¥´¨ ¨ ¥¥ ±μ³¶μ´¥´É  ¢ ±μμ·¤¨´ -
É Ì, ´ ¶·¨³¥·, ϕ, θ, M, k μ¡μ§´ Î ¥É¸Ö ± ± nϕθMk. �μ ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ
§¤¥¸Ó · ¸¶·¥¤¥²¥´¨° ÔÉ  ±μ³¶μ´¥´É  μÉ ±μμ·¤¨´ É ϕ, θ, M ´¥ § ¢¨¸¨É, ¨ Éμ£¤ 
³μ¦´μ ¸μÌ· ´¨ÉÓ ¤²Ö ´¥¥ · ´¥¥ ¨¸¶μ²Ó§μ¢ ¢Ï¥¥¸Ö μ¡μ§´ Î¥´¨¥ fk.

„²Ö ¶²μÉ´μ¸É¨ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¨³¥¥³

�0 = 2

2ω∫
−2ω

M2(k)∫
M1(k)

fxyMk dM dk =

=
ω

π2r

2ω∫
−2ω

fk dk

M2(k)∫
M1(k)

dM(
H − M2

r2
− ω2r2

)1/2
=

=
ω

π2r

2ω∫
−2ω

fk dk

M2(k)∫
M1(k)

dM(
H0(k) + kM − M2

r2
− ω2r2

)1/2
=

ω

π

2ω∫
−2ω

fk dk.

Š ± ¨ ¶·¥¦¤¥, ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¤μ¶Ê¸É¨³Ò ²Õ¡Ò¥ ±μ´¥Î´Ò¥ §´ Î¥-
´¨Ö fk.
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�·μ¸É¥°Ï¨° ¸²ÊÎ °, ±μÉμ·Ò° ´¥ ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´ ± ¶·¥¤Ò¤ÊÐ¨³, Å
· ¸¶·¥¤¥²¥´¨¥ (71) ¸ ¶μ¸ÉμÖ´´Ò³ fk, fk = π�0/(4ω2). ‚ ÔÉμ³ ¸²ÊÎ ¥

f(M, H) =
π�0

2ω2(M2 − HR2 + ω2R4)1/2
. (72)

—¥ÉÒ·¥Ì³¥·´Ò° Ë §μ¢Ò° μ¡Ñ¥³ ´μ¸¨É¥²Ö ¶²μÉ´μ¸É¨ É ±μ£μ · ¸¶·¥¤¥²¥´¨Ö,
¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ · ¢¥´ ´Ê²Õ. ’ ±¨³ μ¡· §μ³, ¥£μ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ
± ± ¶·μ¸É¥°Ï¥¥ ´¥¢Ò·μ¦¤¥´´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¤²Ö ¶ÊÎ±  ¸ μ¤´μ·μ¤´Ò³ · ¸-
¶·¥¤¥²¥´¨¥³ Î ¸É¨Í ¶μ ¸¥Î¥´¨Õ. ”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¤²Ö ´¥£μ § ¤ ¥É¸Ö
¢Ò· ¦¥´¨¥³

nxyẋẏ =
�0

2πω
√

R2 − r2

1√
ω2R2 − v2

r

1 − r2/R2
− r2(ϕ̇ + ω0)2

,

± ± ¸²¥¤Ê¥É ¨§ (41).
‚¶¥·¢Ò¥ · ¸¶·¥¤¥²¥´¨¥ (72) ¡Ò²μ ´ °¤¥´μ ¢ · ¡μÉ¥ [31] (¸³. É ±-

¦¥ [33Ä39, 42Ä45]). ‚¶μ¸²¥¤¸É¢¨¨ ÔÉμ · ¸¶·¥¤¥²¥´¨¥ ¡Ò²μ ¶·¥¤¸É ¢²¥´μ ¢
· ¡μÉ¥ [51], £¤¥ ´  μ¸´μ¢¥ · ¸¸³ É·¨¢ ¥³μ£μ ¢ ¤ ´´μ° ¸É ÉÓ¥ ¶μ¤Ìμ¤  ¡Ò²¨
¶μ²ÊÎ¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¢¨¤ 

f(M, H) = c

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

g

(
M,

(
R2 +

M2

R2

)/
2
)

√(
R2 +

M2

R2

)/
2 − H

−

(
R2+ M2

R2

)/
2∫

H

∂g(M, s)
∂s

ds√
s − H

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

,

£¤¥ g(M, H) Å ¶·μ¨§¢μ²Ó´ Ö ËÊ´±Í¨Ö, ± ± ·¥Ï¥´¨Ö ´¥±μÉμ·μ£μ ¨´É¥£· ²Ó-
´μ£μ Ê· ¢´¥´¨Ö ¤²Ö Ë §μ¢μ° ¶²μÉ´μ¸É¨.

13. ˆ�’…ƒ��‹œ��… “��‚�…�ˆ…
„‹Ÿ �‹�’��‘’ˆ ��‘��…„…‹…�ˆŸ

	μ²¥¥ μ¡Ð¨¥ ·¥§Ê²ÓÉ ÉÒ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, · ¸¸³ É·¨¢ Ö ¢Ò· ¦¥´¨¥ (61)
¤²Ö ¶·μ¸É· ´¸É¢¥´´μ° ¶²μÉ´μ¸É¨ �(r) ± ± ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥. ‚¶¥·-
¢Ò¥ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¡Ò²μ ¶·¥¤¸É ¢²¥´μ ¢
· ¡μÉ¥ [32]. ‚¶μ¸²¥¤¸É¢¨¨  ´ ²μ£¨Î´μ¥ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¡Ò²μ ¨¸-
¶μ²Ó§μ¢ ´μ ¢ · ¡μÉ¥ [51], μ Î¥³ Ê¦¥ Ê¶μ³¨´ ²μ¸Ó ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.

�μ¤¸É ¢²ÖÖ ¢ ²¥¢ÊÕ Î ¸ÉÓ (61) ¢Ò· ¦¥´¨¥ (57) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ μ¡² ¸ÉÓ
¨´É¥£·¨·μ¢ ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´¸É¢ ³¨ (62), ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê
¨´É¥£· ²Ó´μ³Ê Ê· ¢´¥´¨Õ ¤²Ö f(M, H):

�0 =
ω

π2r

rRω∫
−rRω

dM

M2/R2+ω2R2∫
M2/r2+ω2r2

(
H − ω2r2 − M2

r2

)−1/2

f(M, H) dH, r � R.
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‡¤¥¸Ó ²¥¢ Ö Î ¸ÉÓ ´¥ § ¢¨¸¨É μÉ r (r � R), ´μ ¢ ¶· ¢μ° Î ¸É¨ ¶·¥¤¥²Ò
¨´É¥£·¨·μ¢ ´¨Ö § ¢¨¸ÖÉ μÉ r. ‡ ¤ Î  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ´ °É¨ É ±ÊÕ
f(M, H), ¤²Ö ±μÉμ·μ° ·¥§Ê²ÓÉ É ¨´É¥£·¨·μ¢ ´¨Ö ´¥ § ¢¨¸¥² ¡Ò μÉ r.

‚¢¥¤¥³ ´μ¢Ò¥ ¶¥·¥³¥´´Ò¥ y, α:

H =
M2

R2
− ω2(R2 − r2)y2 sin2 α + ω2R2, M = rRωy cos α.

’μ£¤  ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¶·¨³¥É ¢¨¤

�0 =
ω

π2r

√
R2 − r2 ×

×
1∫

0

y2 dy√
1 − y2

π∫
0

f(ω2(R2 + y2r2 − y2R2 sin2 α), yrRω cosα) dα.

’¥¶¥·Ó ¢¢¥¤¥³ ËÊ´±Í¨Õ

F (k1, k2) = f(M, H)(M2 − HR2 + ω2R4)1/2.

‡¤¥¸Ó k1 ¨ k2 Å Ê£²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶·Ö³ÒÌ, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ ÉμÎ±Ê
(M, H) ¨ ± ¸ É¥²Ó´ÒÌ ± ±·¨¢μ° H = M2/R2+ω2R2, ±μÉμ· Ö Ö¢²Ö¥É¸Ö Î ¸ÉÓÕ
£· ´¨ÍÒ ΩR, μ¶·¥¤¥²Ö¥³Ò¥ ¸μμÉ´μÏ¥´¨¥³

k1,2 =
2

R2

[
M ± (M2 − H̃R2 + ω2R4)1/2

]
. (73)

‚Ò· ¦ Ö k1,2 Î¥·¥§ y, α, ¨³¥¥³

k1 = 2y cos (α − θ), k2 = 2y cos (α + θ), £¤¥ θ = arccos
r

R
.

�Î¥¢¨¤´μ, ÎÉμ ki ∈ (−2ω, 2ω), i = 1, 2. ˆ§ Éμ£μ, ÎÉμ α ∈ [0, π], ¸²¥¤Ê¥É
k1 � k2. ’ ±¨³ μ¡· §μ³, F (k1, k2) μ¶·¥¤¥²¥´  ¢ É·¥Ê£μ²Ó´¨±¥ −2ω < k2 �
k1 < 2ω. �Ê¸ÉÓ ¢ É·¥Ê£μ²Ó´¨±¥ −2ω < k1 < k2 < 2ω ËÊ´±Í¨Ö F (k1, k2)
μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³

F (k1, k2) = F (k2, k1). (74)

’μ£¤  ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥

�0 =
1
π2

2π∫
0

1∫
0

F (2y cos (α − θ), 2y cos (α + θ))
(1 − y2)1/2

y dy dα. (75)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ Ê· ¢´¥´¨Õ (75) Ê¤μ¢²¥É¢μ·Ö¥É ËÊ´±Í¨Ö F (k1, k2) =
f1(k1) + f2(k2). “Î¨ÉÒ¢ Ö Ê¸²μ¢¨¥ (74), ´ °¤¥³, ÎÉμ f2(x) = f1(x) + c (§¤¥¸Ó
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c Å ´¥±μÉμ· Ö ¶μ¸ÉμÖ´´ Ö). �¥ Ê³ ²ÖÖ μ¡Ð´μ¸É¨, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ c = 0.
’μ£¤ 

f(M, H) =
f1(k1) + f1(k2)

(M2 − HR2 + ω2R4)1/2
, f(k) � 0. (76)

�´ ²¨§¨·ÊÖ Ê· ¢´¥´¨¥ (75), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ï¨·μ±¨¥ ±² ¸¸Ò ¶²μÉ´μ¸É¥°
f(H, M), ¤²Ö ±μÉμ·ÒÌ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í μ¤´μ·μ¤´μ ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± .
�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (75) ³μ¦´μ ¨¸± ÉÓ ¢ ¢¨¤¥ ¶μ²¨´μ³ 

F (x, z) =
M∑

m=0

N∑
n=0

cmnxmzn.

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ cm0 ¶·μ¨§¢μ²Ó´Ò. Š·μ³¥ Éμ£μ, ¨§ (74)
¸²¥¤Ê¥É, ÎÉμ cmn = cnm, m, n > 0. “¸²μ¢¨Õ ´¥μÉ·¨Í É¥²Ó´μ¸É¨ ËÊ´±Í¨¨
f(M, H) ³μ¦´μ Ê¤μ¢²¥É¢μ·¨ÉÓ ¤²Ö μ£· ´¨Î¥´´μ° ËÊ´±Í¨¨ F (x, z), x, z ∈
(−2ω, 2ω) ¢ ·¥§Ê²ÓÉ É¥ ¤μ¡ ¢²¥´¨Ö ´¥±μÉμ·μ° ¶μ²μ¦¨É¥²Ó´μ° ¶μ¸ÉμÖ´´μ° F0

± F (x, z).
� ¸¸³μÉ·¨³, ´ ¶·¨³¥·, ¶μ²¨´μ³ É·¥ÉÓ¥° ¸É¥¶¥´¨ ¶μ x ¨ z: F (x, z) =

F0 + c1xz + c2x
2z2 + c3(xz3 + x3z). �μ¤¸É ¢²ÖÖ ¥£μ ¢ Ê· ¢´¥´¨¥ (75), ³μ¦´μ

´ °É¨ ±μÔËË¨Í¨¥´ÉÒ ¶μ²¨´μ³ .
“Î¨ÉÒ¢ Ö, ÎÉμ

1∫
0

y3(1 − y2)1/2 dy =
2
3
,

1∫
0

y5(1 − y2)1/2 dy =
8
15

,

¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

�0 =
ω2

π2
2π

(
F0 +

1
3
c1 cos 2θ +

2
15

c2 cos2 2θ +
2
5
c3 cos 2θ

)
.

�Éμ · ¢¥´¸É¢μ ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¶·¨ ²Õ¡ÒÌ θ. ‘²¥¤μ¢ É¥²Ó´μ, ±μÔËË¨Í¨-
¥´ÉÒ ± ± ¶·¨ Î²¥´¥, ¸μ¤¥·¦ Ð¥³ cos 2θ, É ± ¨ ¶·¨ Î²¥´¥, ¸μ¤¥·¦ Ð¥³ cos2 2θ,
¢ ²¥¢μ° Î ¸É¨ ¤μ²¦´Ò · ¢´ÖÉÓ¸Ö ´Ê²Õ. �É¸Õ¤  ¢ÒÉ¥± ¥É, ÎÉμ 5c1 + 6c3 = 0
¨ c2 = 0. �μÔÉμ³Ê

F (k1, k2) = F0 + ck1k2[6 − 5(k2
1 + k2

2)].

’ ±¨³ μ¡· §μ³, ¶²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¢¨¤ 

f(M, H) =
−c(H − ω2R2)(10M2 − 5HR2 + 2ω2R4) + F0

(M2 − HR2 + ω2R4)1/2
(77)

¤ ¥É μ¤´μ·μ¤´μ¥ ¢ ¸¥Î¥´¨¨ ¶ÊÎ±  · ¸¶·¥¤¥²¥´¨¥. ‡ ³¥É¨³, ÎÉμ ¢ ¸¨²Ê μ£· -
´¨Î¥´´μ¸É¨ ¶μ²¨´μ³¨ ²Ó´μ° ËÊ´±Í¨¨ ´  μ£· ´¨Î¥´´μ³ ³´μ¦¥¸É¢¥ ¶μ¸ÉμÖ´-
´ÊÕ F0, ¢Ìμ¤ÖÐÊÕ ¢ (77), ¢¸¥£¤  ³μ¦´μ ¢Ò¡· ÉÓ É ±, ÎÉμ¡Ò f(M, H) ¡Ò²μ
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¶μ²μ¦¨É¥²Ó´μ ¶·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ M, H , ÎÉμ μ§´ Î ¥É Ë¨§¨-
Î¥¸±ÊÕ ·¥ ²¨§Ê¥³μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö.

�μ± ¦¥³, ÎÉμ §´ Î¥´¨Ö ËÊ´±Í¨¨ F (k1, k2) ³μ£ÊÉ ¡ÒÉÓ ± ± Ê£μ¤´μ ¢¥²¨±¨.
�¡μ§´ Î¨³ ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (75) Î¥·¥§ I0. �Ê¸ÉÓ I0 → ∞.
�μ¤¸É ¢²ÖÖ �0 = ω2I0/π2 ¢ (60), ¶μ²ÊÎ¨³, ÎÉμ �0 → 2ε0ω

2/eε = �B ¨
ω → 0, É ± ÎÉμ ΩR ¸¦¨³ ¥É¸Ö ¢ ÉμÎ±Ê (0, 0). �Éμ μ§´ Î ¥É, ÎÉμ ¶·¥¤¥²Ó´μ¥
· ¸¶·¥¤¥²¥´¨¥ ¶·¨ I0 → ∞ ¥¸ÉÓ ¡·¨²²ÕÔ´μ¢¸±¨° ¶μÉμ±.

‘ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö · ¢´μ³¥·´μ § ·Ö¦¥´´μ£μ Í¨²¨´-
¤·¨Î¥¸±μ£μ ¶ÊÎ±  · ¸¸³ É·¨¢ ²¨¸Ó É ±¦¥ ¢ · ¡μÉ¥ [62], ¢ ±μÉμ·μ° ¢¢μ¤¨² ¸Ó
¶²μÉ´μ¸ÉÓ Ψ(rmin(H, M), rmax(H, M)) · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¶μ ¨´É¥£· ² ³
¤¢¨¦¥´¨Ö rmin(H, M), rmax(H, M). ‚ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ËÊ´±Í¨Ö Ψ Ë ±-
Éμ·¨§Ê¥É¸Ö, ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ³´μ¦¨É¥²¥°. �μ
Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ Ψ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ Éμ²Ó±μ ¢ ´¥±μÉμ·ÒÌ
Î ¸É´ÒÌ ¸²ÊÎ ÖÌ. � ¸¸³μÉ·¥´´Ò¥ §¤¥¸Ó · ¸¶·¥¤¥²¥´¨Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥
¸¢μ¤ÖÉ¸Ö ± · ¸¶·¥¤¥²¥´¨Ö³, ¶·¥¤¸É ¢²¥´´Ò³ ¢ · ¡μÉ¥ [62], §  ¨¸±²ÕÎ¥´¨¥³
· ¸¶·¥¤¥²¥´¨Ö (76) ¶·¨ f1(k) = const, ¤²Ö ±μÉμ·μ£μ, ± ± ³μ¦´μ ¶μ± § ÉÓ,

Ψ(rmin, rmax) = c(R2 − r2
min)−1/2(R2 − r2

max)
−1/2,

£¤¥ c Å ¶μ¸ÉμÖ´´ Ö.

14. ���‘’���‘’‚� ˆ�’…ƒ��‹�‚ „‚ˆ†…�ˆŸ
„‹Ÿ ���„�‹œ��-�…�„����„��ƒ� �“—Š�

‘É Í¨μ´ ·´Ò¥ ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö ¶·μ¤μ²Ó´μ-´¥μ¤´μ-
·μ¤´μ£μ ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í · ¸¸³ É·¨¢ ²¨¸Ó ¢ ·Ö¤¥ · ¡μÉ [33Ä39,
42Ä46, 63Ä73].

Š ± ¶μ± § ´μ ¢ · ¡μÉ Ì [33Ä39, 42Ä45], ¤²Ö ¶·μ¤μ²Ó´μ-´¥μ¤´μ·μ¤´μ£μ
¶ÊÎ±  ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö,  ´ ²μ£¨Î´Ò¥ · ¸¶·¥¤¥²¥´¨Ö³ ¤²Ö
¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ± . �·¨ ÔÉμ³ ³μ¦´μ ¶·¨³¥´¨ÉÓ ¶·¥¦´¨° ³¥Éμ¤
¨¸¸²¥¤μ¢ ´¨Ö,   ¨³¥´´μ  ´ ²¨§ · ¸¶·¥¤¥²¥´¨° ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö. �¤´ ±μ ¢³¥¸Éμ ¨´É¥£· ²  H ¢¢μ¤¨É¸Ö ´μ¢Ò° ¨´É¥£· ² ¤¢¨¦¥´¨Ö I ,
§ ¢¨¸ÖÐ¨° ´¥ Éμ²Ó±μ μÉ ¤¨´ ³¨±¨ μÉ¤¥²Ó´μ° Î ¸É¨ÍÒ, ´μ ¨ μÉ ¤¨´ ³¨±¨ ¢¸¥£μ
¶ÊÎ±  ¢ Í¥²μ³.

ˆÉ ±, · ¸¸³μÉ·¨³  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò° ¸É Í¨μ´ ·´Ò° ¶ÊÎμ± § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í ¢ ¸É Í¨μ´ ·´μ³, ´μ É¥¶¥·Ó Ê¦¥ ´¥μ¤´μ·μ¤´μ³ ¢¤μ²Ó μ¸¨ ¶ÊÎ± 
¶·μ¤μ²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥ ¨ ¶μ¸É·μ¨³ ¤²Ö ´¥£μ ¶·μ¸É· ´¸É¢μ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö.

	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¶·μ¤μ²Ó´Ò¥ ¸±μ·μ¸É¨ ¢¸¥Ì Î ¸É¨Í ¤²Ö ± ¦¤μ£μ ¨§ ¸¥-
Î¥´¨° μ¤¨´ ±μ¢Ò. 	Ê¤¥³ É ±¦¥ ¤μ¶Ê¸± ÉÓ, ÎÉμ ¶·μ¤μ²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í
³μ¦¥É ¨§³¥´ÖÉÓ¸Ö ¢¤μ²Ó μ¸¨ ¶ÊÎ±  ¢ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö ´  Î ¸É¨ÍÒ ¢´¥Ï´¥£μ
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¶·μ¤μ²Ó´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö, ¸μ§¤ ¢ ¥³μ£μ, ´ ¶·¨³¥·, Ô²¥±É·μ¸É É¨Î¥-
¸±¨³¨ ²¨´§ ³¨. �·¨ ÔÉμ³ ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¢´¥Ï´¥¥ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥
μ¤´μ·μ¤´μ ¶μ ¸¥Î¥´¨Õ ¨ ³μ¦¥É § ¢¨¸¥ÉÓ Éμ²Ó±μ μÉ ¶·μ¤μ²Ó´μ° ±μμ·¤¨´ ÉÒ z,
É ± ÎÉμ ¥¸²¨ ¢ ± ±μ³-²¨¡μ ¨§ ¸¥Î¥´¨° ¶·μ¤μ²Ó´Ò¥ ¸±μ·μ¸É¨ μ¤¨´ ±μ¢Ò, Éμ
μ´¨ μ¤¨´ ±μ¢Ò ¨ ¢ ¤·Ê£¨Ì ¸¥Î¥´¨ÖÌ.

�·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ¢³¥¸Éμ  ´ ²¨§  ¸É Í¨μ´ ·´ÒÌ · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í
¢ Ï¥¸É¨³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, ¤²Ö ±μÉμ·ÒÌ § ¢¨¸¨³μ¸ÉÓ μÉ ¶·μ¤μ²Ó-
´μ° ¸±μ·μ¸É¨ ´μ¸¨É É·¨¢¨ ²Ó´Ò° Ì · ±É¥·, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ · ¸¶·¥¤¥-
²¥´¨¥ Î ¸É¨Í Éμ´±μ£μ ¸²μÖ, ¤¢¨¦ÊÐ¥£μ¸Ö ¢¤μ²Ó μ¸¨ ¶ÊÎ± , ¢ § ¢¨¸¨³μ¸É¨ μÉ
¢·¥³¥´¨. ‚³¥¸Éμ ¢·¥³¥´¨ ¢ ± Î¥¸É¢¥ ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° ³μ¦´μ ¢§ÖÉÓ
¶·μ¤μ²Ó´ÊÕ ±μμ·¤¨´ ÉÊ z, μ´  ¢§ ¨³´μ-μ¤´μ§´ Î´Ò³ μ¡· §μ³ ¢Ò· ¦ ¥É¸Ö Î¥-
·¥§ ¢·¥³Ö.

…¸²¨ ³ £´¨É´μ¥ ¶μ²¥ ¨ ¶·μ¤μ²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í ¨§³¥´ÖÕÉ¸Ö ¢ ¶·μ-
¤μ²Ó´μ³ ´ ¶· ¢²¥´¨¨, Éμ, μÎ¥¢¨¤´μ, ¶ÊÎμ± Ê¦¥ ´¥ ³μ¦¥É ¡ÒÉÓ ¶·μ¤μ²Ó´μ-
μ¤´μ·μ¤´Ò³. �μ ¤ ¦¥ ¥¸²¨ ³ £´¨É´μ¥ ¶μ²¥ μ¤´μ·μ¤´μ ¨ ¶·μ¤μ²Ó´ Ö ¸±μ·μ¸ÉÓ
Î ¸É¨Í ´¥ ³¥´Ö¥É¸Ö, ± ± ³Ò Ê¢¨¤¨³, ¶ÊÎμ± É ±¦¥ ³μ¦¥É ´¥ ¡ÒÉÓ ¶·μ¤μ²Ó´μ-
μ¤´μ·μ¤´Ò³. �·μ¤μ²Ó´ Ö ´¥μ¤´μ·μ¤´μ¸ÉÓ ¶ÊÎ±  ³μ¦¥É ¢Ò· ¦ ÉÓ¸Ö, ¢ Î ¸É´μ-
¸É¨, ¢ Éμ³, ÎÉμ · ¤¨Ê¸ ¥£μ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö ¡Ê¤¥É ¨§³¥´ÖÉÓ¸Ö ¢¤μ²Ó μ¸¨
¶ÊÎ± : R = R(z).

	Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ¸ÊÐ¥¸É¢¥´´Ò¥ ¨§³¥´¥´¨Ö · ¤¨Ê¸  ¶μ¶¥·¥Î´μ£μ
¸¥Î¥´¨Ö ¶ÊÎ±  ¨ ¶·μ¤μ²Ó´μ° ¸±μ·μ¸É¨ Î ¸É¨Í ¶·μ¨¸Ìμ¤ÖÉ Éμ²Ó±μ ´  · ¸-
¸ÉμÖ´¨ÖÌ, §´ Î¨É¥²Ó´μ ¡μ²ÓÏ¨Ì R. ’μ£¤  ¢ ¶·μ¸É· ´¸É¢¥´´μ° μ¡² ¸É¨, ´¥
¸²¨Ï±μ³ ¶·μÉÖ¦¥´´μ° ¶μ ¶·μ¤μ²Ó´μ° ±μμ·¤¨´ É¥ z, ³μ¦´μ ¸Î¨É ÉÓ ¶ÊÎμ±
¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´Ò³ ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ´¥±μÉμ·Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥
· ´¥¥ ¤²Ö É ±μ£μ ¶ÊÎ± . ‚ Î ¸É´μ¸É¨, ± ± ¨ ¶·¥¦¤¥, ¡Ê¤¥³ § ¤ ¢ ÉÓ Î¥-
ÉÒ·¥Ì³¥·´Ò° ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ² ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö ¶ÊÎ±  ¢ ¢¨¤¥ A =
(−U(r, z)/c, 0, 0, βU(r, z)). �μ, ¢ μÉ²¨Î¨¥ μÉ · ¸¸³μÉ·¥´´μ£μ · ´¥¥ ¸²ÊÎ Ö,
§¤¥¸Ó U § ¢¨¸¨É ´¥ Éμ²Ó±μ μÉ r, ´μ ¨ μÉ z. �·¨ ÔÉμ³, μ¤´ ±μ, ¶·¥¤¶μ² £ ¥É¸Ö,
ÎÉμ ¶μÉ¥´Í¨ ² ³¥´Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ ¡Ò¸É·¥¥ ¶·¨ ¨§³¥´¥´¨¨ ±μμ·¤¨´ ÉÒ r,
Î¥³ ¶·¨ ¨§³¥´¥´¨¨ ±μμ·¤¨´ ÉÒ z.

�·¥´¥¡·¥£ Ö ¢Éμ·μ° ¶·μ¨§¢μ¤´μ° ¶μÉ¥´Í¨ ²  U ¶μ z, ±μÉμ· Ö ¢ ¤ ´´μ³
¸²ÊÎ ¥ ³ ²  ¶μ ¸· ¢´¥´¨Õ ¸ ¶·μ¨§¢μ¤´μ° ¶μ r, Ê· ¢´¥´¨¥ �Ê ¸¸μ´  ¤²Ö ¶μ-
É¥´Í¨ ²  ¸μ¡¸É¢¥´´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¶ÊÎ±  U(r, z) § ¶¨Ï¥³ ¢ ¢¨¤¥

1
r

∂

∂r
r
∂U

∂r
= −e�0(z)

ε0
. (78)

Š· ¥¢Ò¥ Ê¸²μ¢¨Ö ¤²Ö Ê· ¢´¥´¨Ö (78) ¢μ§Ó³¥³ ¢ ¢¨¤¥

U(a) = 0,
dU

dr

∣∣∣∣
r=0

= 0, (79)

£¤¥ a Å  ¶¥·ÉÊ·  ± ´ ² .
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	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¶·μ¤μ²Ó´ Ö ±μ³¶μ´¥´É  ¢´¥Ï´¥£μ Ô²¥±É·¨Î¥¸±μ£μ
¶μ²Ö Ez ¨ ¶·μ¤μ²Ó´ Ö ±μ³¶μ´¥´É  ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö Bz ´¥ § ¢¨-
¸ÖÉ μÉ ±μμ·¤¨´ É r ¨ ϕ, É. ¥. μ¤´μ·μ¤´Ò ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± . �·¨ ÔÉμ³ ¨§
Ê· ¢´¥´¨Ö

∂Ez

∂z
+

1
r

∂

∂r
(rEr) = 0

³μ¦´μ ´ °É¨ Er:

Er = − r

2
∂Ez

∂z
.

‚ ¸²ÊÎ ¥ ¶·μ¤μ²Ó´μ£μ ³ £´¨É´μ£μ ¶μ²Ö, μ¤´μ·μ¤´μ£μ ¢ ¶μ¶¥·¥Î´μ³ ¸¥Î¥´¨¨
¶ÊÎ± , ´μ ³¥¤²¥´´μ ¨§³¥´ÖÕÐ¥£μ¸Ö ¢¤μ²Ó μ¸¨ z, ±μ³¶μ´¥´ÉÒ Î¥ÉÒ·¥Ì³¥·´μ£μ
¶μÉ¥´Í¨ ²  ³μ¦´μ ¢§ÖÉÓ ¢ ¢¨¤¥ A0 = Ar = Az = 0, Aϕ = −cBz(z)r2/2.

‚ ± Î¥¸É¢¥ Ê· ¢´¥´¨° ¤¨´ ³¨±¨ Î ¸É¨ÍÒ · ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö (12).
“· ¢´¥´¨¥  §¨³ÊÉ ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¨³¥¥É ¢¨¤

dpϕ

ds
=

e

c

∂Aj

∂ϕ
uj. (80)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (80) · ¢´  ´Ê²Õ. ’ ±¨³ μ¡· §μ³,
¶μ²ÊÎ ¥³ ¶¥·¢Ò° ¨´É¥£· ² Ê· ¢´¥´¨Ö (80) ¢ ¢¨¤¥

M = r2(ϕ′ + ω0), (81)

£¤¥ ω0 = eBz(z)/2mc; M Å ¶μ¸ÉμÖ´´ Ö, · ¢´ Ö pϕ/mc; ÏÉ·¨Ì μ¡μ§´ Î ¥É
¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ s. ‚¢¥¤¥´´Ò¥ §¤¥¸Ó ω0 ¨ M μÉ²¨Î ÕÉ¸Ö μÉ  ´ ²μ£¨Î-
´ÒÌ ¢¥²¨Î¨´ ¤²Ö ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ±  ³´μ¦¨É¥²¥³ γ/c, ¶μ¸±μ²Ó±Ê
¶·μ¨§¢μ¤¨É¸Ö ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ s,   ¶·μ¨§¢μ¤´ Ö ¶μ s μÉ²¨Î ¥É¸Ö μÉ
¶·μ¨§¢μ¤´μ° ¶μ ¢·¥³¥´¨ ¨³¥´´μ ÔÉ¨³ ³´μ¦¨É¥²¥³. “· ¢´¥´¨¥ (81) μ§´ Î ¥É,
ÎÉμ É¥μ·¥³  	ÊÏ  ¸¶· ¢¥¤²¨¢  ¨ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥.

„²Ö · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ ¨³¶Ê²Ó¸  ¨³¥¥³

dpr

ds
= −mcrϕ′2 +

e

γc

∂U

∂r
− eBzrϕ

′ +
eγr

2c

∂Ez

∂z
. (82)

�μ¤¸É ¢²ÖÖ ϕ′ = −ω0 + M/r2 ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ pr = mc dr/ds, ¶μ²ÊÎ¨³
Ê· ¢´¥´¨¥ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¢ ¢¨¤¥

d2r

ds2
= −ω2

0r +
M2

r3
− e

mγc2

∂U

∂r
− γr

∂w

∂z
, (83)

£¤¥ w = eEz/2mc2.
„²Ö ¶·μ¤μ²Ó´μ° ±μ³¶μ´¥´ÉÒ ¨³¶Ê²Ó¸ , ÊÎ¨ÉÒ¢ Ö, ÎÉμ u0 = γ, uϕ = ϕ′,

∂A0/∂z = Ez , ∂Aϕ/∂z = (cr2/2)∂Bz/∂z, ¨ ¶·¥´¥¡·¥£ Ö ¢±² ¤μ³, μ¡Ê¸²μ-
¢²¥´´Ò³ ¶·μ¤μ²Ó´Ò³ ¤¥°¸É¢¨¥³ ¸μ¡¸É¢¥´´μ£μ ¶μ²Ö ¶ÊÎ± , ¶μ²ÊÎ¨³

dpz

ds
=

e

c
Ezγ +

er2

2
∂Bz

∂z

dϕ

ds
. (84)
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�·¨ Éμ³, ÎÉμ pz = m0cβγ, ¶μ¸±μ²Ó±Ê ¶μ¶¥·¥Î´μ¥ ¤¢¨¦¥´¨¥ ¸Î¨É ¥³ ´¥·¥²Ö-
É¨¢¨¸É¸±¨³, § ¶¨Ï¥³ Ê· ¢´¥´¨¥ ¶·μ¤μ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¢ ¢¨¤¥

dβ

ds
=

2w

γ2
+

r2ϕ′

γ3

dω0

dz
. (85)

‚Éμ·μ° Î²¥´ ¢ ¶· ¢μ° Î ¸É¨ § ¢¨¸¨É μÉ r ¨ ϕ′. ˆ§-§  ÔÉμ£μ Î ¸É¨ÍÒ, ²¥¦ Ð¨¥
¢ ´¥±μÉμ·μ³ Éμ´±μ³ ¸²μ¥, ³μ£ÊÉ ¨³¥ÉÓ · §²¨Î´Ò¥ ¶·μ¤μ²Ó´Ò¥ ¸±μ·μ¸É¨, ÎÉμ
¶·¨¢μ¤¨É ± ¶¥·¥³¥Ï¨¢ ´¨Õ Î ¸É¨Í · §´ÒÌ ¸²μ¥¢. �μ ¥¸²¨ · §´μ¸É¨ ¶·μ¤μ²Ó-
´ÒÌ ±μμ·¤¨´ É Î ¸É¨Í ¤ ´´μ£μ ¸²μÖ, ¶·¨μ¡·¥É¥´´Ò¥ §  ¶¥·¨μ¤ · ¤¨ ²Ó´ÒÌ
±μ²¥¡ ´¨° ¢ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö · ¸¸³ É·¨¢ ¥³μ£μ Î²¥´ , ³´μ£μ ³¥´ÓÏ¥ · -
¤¨Ê¸  ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö R, Éμ ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ ¶¥·¥³¥Ï¨¢ ´¨Ö ´¥É ¨
ÎÉμ ¶·μ¤μ²Ó´Ò¥ ¸±μ·μ¸É¨ ¢¸¥Ì Î ¸É¨Í ¸²μÖ μ¤¨´ ±μ¢Ò. ‚ ·¥§Ê²ÓÉ É¥ μÍ¥´±¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢¥²¨Î¨´ ¶μ²ÊÎ ¥³ Ê¸²μ¢¨¥, ±μÉμ·μ¥ ¤ ²¥¥ ¡Ê¤¥³ ¸Î¨É ÉÓ
¢Ò¶μ²´¥´´Ò³:

dω0

dz
� ω0

R
. (86)

� ¸¸³μÉ·¨³ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í, ¤²Ö ±μÉμ·ÒÌ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¢ ±μ´-
Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ �(r, z) ¶μ¸ÉμÖ´´  ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± :

�(r, z) =

{
�0(z), r � R(z),
0, r > R(z).

�·¨ ÔÉμ³ �0(z) = J/(πR(z)2eβ(z)c), £¤¥ J Å ¸¨²  Éμ±  ¶ÊÎ± , ¶·¥¤¶μ² -
£ ¥³ Ö ´¥ § ¢¨¸ÖÐ¥° μÉ z ¨ · ¢´ Ö Î¨¸²Ê Î ¸É¨Í, ¶·μÏ¥¤Ï¨Ì Î¥·¥§ ²Õ¡μ¥
¶μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ ¶ÊÎ±  §  ¥¤¨´¨ÍÊ ¢·¥³¥´¨: J = dN/dt.

‘ ÊÎ¥Éμ³ Ê¸²μ¢¨° (79) ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (78) ¤²Ö É ±¨Ì · ¸¶·¥¤¥²¥´¨°
¨³¥¥É ¢¨¤

U(r, z) = −e�0(z)r2

4ε0
+ U0(z) = − J

4πε0R(z)2β(z)c
r2 + U0(z). (87)

�μ¤¸É ¢²ÖÖ (87) ¢ Ê· ¢´¥´¨¥ (83), § ¶¨Ï¥³ Ê· ¢´¥´¨¥ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö
Î ¸É¨ÍÒ ¢ ¢¨¤¥

d2r

ds2
= −
(

ω2
0 + γ

dw

dz

)
r +

λ

R(z)2
r +

M2

r3
= −ω2r +

M2

r3
. (88)

‡¤¥¸Ó

ω2 = ω2
0 + γ

dw

dz
− λ

R(z)2
, λ =

J

J0

1
βγ

, J0 =
2πε0mc3

e
,
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  M Å ¨´É¥£· ² ¤¢¨¦¥´¨Ö, μ¶·¥¤¥²Ö¥³Ò° ¸μμÉ´μÏ¥´¨¥³ (81). ‚¥²¨Î¨´  H ,
§ ¤ ¢ ¥³ Ö ¢Ò· ¦¥´¨¥³ (16),

H = r′2 + ω2r2 +
M2

r2
(89)

Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö, ÎÉμ ³μ¦´μ Ê¢¨¤¥ÉÓ, ¤¨ËË¥·¥´Í¨·ÊÖ
¶· ¢ÊÕ Î ¸ÉÓ · ¢¥´¸É¢  (16).

‘Ëμ·³Ê²¨·Ê¥³ Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ ¸ÊÐ¥¸É¢Ê¥É ¤·Ê£μ° ¨´É¥£· ² ¤¢¨¦¥-
´¨Ö. �·¥¤¶μ²μ¦¨³, ÎÉμ μ£¨¡ ÕÐ Ö ¶ÊÎ±  R(z) μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ Î ¸É¨-
Í ³¨ ¸ M = 0. „²Ö É ±¨Ì Î ¸É¨Í Ê· ¢´¥´¨¥ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö ²¨´¥°´μ:

X ′ = AX, (90)

£¤¥

X =
(

r
r′

)
, A =

(
0 1

−ω2 0

)
.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ¶·μÌμ¦¤¥´¨¨ ´ Î ²Ó´μ£μ ¸¥Î¥´¨Ö z = z0 ¢ ³μ³¥´É
¢·¥³¥´¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° s = 0, Î ¸É¨ÍÒ § ¶μ²´ÖÕÉ Ô²²¨¶¸

X∗
0B0X0 � 1, B0 =

(
a−2
0 0

0 c−2
0

)
.

’μ£¤  ¶·¨ z � z0 μ´¨ ¡Ê¤ÊÉ § ¶μ²´ÖÉÓ Ô²²¨¶¸Ò

X∗BX � 1,

£¤¥ B = F ∗−1B0F
−1 ¨ F Å ³ É·¨Í ´É ¸¨¸É¥³Ò (90).

�·¨ ÔÉμ³ ¶¥·¢Ò° ¤¨ £μ´ ²Ó´Ò° Ô²¥³¥´É ³ É·¨ÍÒ B−1 · ¢¥´

R2 = (B−1)11 = a−2
0 F−2

11 + c−2
0 F 2

12.

�²¥³¥´ÉÒ F11 ¨ F12 ³ É·¨ÍÒ F Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³

F ′′
11 = −ω2F11, F ′′

12 = −ω2F12.

‚¢μ¤Ö ¶¥·¥³¥´´ÊÕ θ, a0F11 = R cos θ, ¶·¨¤¥³ ± Ê· ¢´¥´¨Ö³

R′′ − Rθ′2 = −ω2R, (91)

2R′θ′ + Rθ′′ = 0. (92)

‡ ³¥É¨³, ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥ § ¢¨¸¨³μ¸ÉÓ R ¨ θ μÉ s § ¤ ¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨
R = R(z(s)) ¨ θ = θ(z(s)). �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ F (z0) Å ¥¤¨´¨Î´ Ö
³ É·¨Í , ¨³¥¥³ R(z0) = a0, R′(z0) = 0, θ(z0) = 0, θ′(z0) = c0/a0.
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ˆ´É¥£·¨·ÊÖ Ê· ¢´¥´¨¥ (92), ¶μ²ÊÎ ¥³ θ′ = a0c0/R2. ’μ£¤  Ê· ¢´¥´¨¥ (91)
¤²Ö μ£¨¡ ÕÐ¥° ¶ÊÎ±  ¶·¨´¨³ ¥É ¢¨¤

R′′ = −ω2R +
a2
0c

2
0

R3
(93)

¨²¨
R′′ = −ω2

0R +
λ

R
+

a2
0c

2
0

R3
− γ

dw

dz
R. (94)

“· ¢´¥´¨¥ ¤²Ö μ£¨¡ ÕÐ¥° ¢¨¤  (94) Ï¨·μ±μ ¨§¢¥¸É´μ [74]. �´μ ³μ¦¥É
¡ÒÉÓ ¶μ²ÊÎ¥´μ Éμ²Ó±μ ¢¸²¥¤¸É¢¨¥ ¶·¥¤¶μ²μ¦¥´¨Ö, ÎÉμ Î ¸É¨ÍÒ · ¢´μ³¥·´μ
· ¸¶·¥¤¥²¥´Ò ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± . „ ²¥¥ ¡Ê¤ÊÉ · ¸¸³μÉ·¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¢
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥, μ£¨¡ ÕÐ Ö ±μÉμ·ÒÌ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´-
¸É¢¥ ¨³¥¥É ¢¨¤ (94). ‘ÊÐ¥¸É¢μ¢ ´¨¥ É ±¨Ì · ¸¶·¥¤¥²¥´¨° Ö¢²Ö¥É¸Ö ´¥±μÉμ·Ò³
μ¡μ¸´μ¢ ´¨¥³ ¶·¨³¥´¥´¨Ö Ê· ¢´¥´¨Ö (94) ¢ · §²¨Î´ÒÌ § ¤ Î Ì. “· ¢´¥´¨¥
¤²Ö μ£¨¡ ÕÐ¥° ¨³¥¥É ÉμÉ ¦¥ ¢¨¤, ¥¸²¨ ¶μ´¨³ ÉÓ μ£¨¡ ÕÐÊÕ ¨ ¢ ¸³Ò¸²¥
¸·¥¤´¥±¢ ¤· É¨Î´μ£μ §´ Î¥´¨Ö · ¤¨ ²Ó´μ° ±μμ·¤¨´ ÉÒ Î ¸É¨Í [75].

�¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¸¨¸É¥³  Ê· ¢´¥´¨° (88) ¨ (93) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
Î ¸É´Ò° ¸²ÊÎ ° μ¡μ¡Ð¥´´μ° ¸¨¸É¥³Ò …·³ ±μ¢ , · ¸¸³μÉ·¥´´μ° ¢ · ¡μÉ¥ [76].
ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´É¥£· ²  μ¡μ¡Ð¥´´μ° ¸¨¸É¥³Ò …·³ ±μ¢  [76],
³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢¥²¨Î¨´ 

I = (Rr′ − rR′)2 +
M2R2

r2
+

a2
0c

2
0r

2

R2
=
(

dq

dτ

)2

+
M2

q2
+ a2

0c
2
0q

2 (95)

Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö, £¤¥ q = r/R, dτ = ds/R2. ˆ´É¥£· ² (95) ¢¶¥·-
¢Ò¥ ¡Ò² ¶·¥¤²μ¦¥´ ¢ · ¡μÉ¥ [33] ¨ ¤ ²¥¥ ¨¸¶μ²Ó§μ¢ ²¸Ö ¢ · ¡μÉ Ì [34Ä39,
42Ä45] ¶·¨ μ¶¨¸ ´¨¨ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¤²Ö ¶ÊÎ±μ¢ § ·Ö¦¥´-
´ÒÌ Î ¸É¨Í. �·¨ M = 0 ¨´É¥£· ² (95) ¸μ¢¶ ¤ ¥É ¸ Ìμ·μÏμ ¨§¢¥¸É´Ò³ ¢
Ë¨§¨±¥ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¨´¢ ·¨ ´Éμ³ ŠÊ· ´É Ä‘´ °¤¥·  [77], ±μ-
Éμ·Ò° Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ ¨ ¤²Ö ¸¨¸É¥³Ò …·³ ±μ¢  [78,79]. ’ ±¨³ μ¡· §μ³,
¢³¥¸Éμ ¨´É¥£· ²  H ³Ò ¢¢¥²¨ ¤·Ê£μ° ¨´É¥£· ² ¤¢¨¦¥´¨Ö I , ±μÉμ·Ò° ´¥ Éμ²Ó±μ
μ¶·¥¤¥²Ö¥É¸Ö ¤¢¨¦¥´¨¥³ μÉ¤¥²Ó´μ° Î ¸É¨ÍÒ, ´μ ¨ § ¢¨¸¨É μÉ ¤¢¨¦¥´¨Ö ¢¸¥Ì
Î ¸É¨Í ¶ÊÎ± .

ˆ´É¥£· ² ¤¢¨¦¥´¨Ö M ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

M = q2

(
dϕ

dτ
+ R2ω0

)
. (96)

� °¤¥³ É ±μ¥ ³´μ¦¥¸É¢μ Ω̃1 ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö M , I ,
ÎÉμ¡Ò Ê¸²μ¢¨¥ q � 1, ∀t � t0 ¢Ò¶μ²´Ö²μ¸Ó ¤²Ö ¢¸¥Ì Î ¸É¨Í. 	Ê¤¥³ ´ §Ò¢ ÉÓ
ÔÉμ ³´μ¦¥¸É¢μ ³´μ¦¥¸É¢μ³ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¤²Ö
¶·μ¤μ²Ó´μ-´¥μ¤´μ·μ¤´μ£μ ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í.

ˆ§ (95) ¸²¥¤Ê¥É, ÎÉμ
I � M2 + a2

0c
2
0. (97)
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Š·μ³¥ Éμ£μ,

I � min
q

(
M2

q2
+ a2

0c
2
0q

2

)
= 2a0c0|M |. (98)

Œ´μ¦¥¸É¢μ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö Ω̃1 ¨§μ¡· ¦¥´μ
´  ·¨¸. 6. ‘· ¢´¨¢ Ö ·¨¸. 2 ¨ 6, ³μ¦´μ ¢¨¤¥ÉÓ, ÎÉμ ±μ´Ë¨£Ê· Í¨¨ ¤¨ £· ³³,
¨§μ¡· ¦ ÕÐ¨Ì ³´μ¦¥¸É¢  ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ΩR ¨

I

A B

B �

A�

1

2 2

M

�¨¸. 6. Œ´μ¦¥¸É¢μ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨°
¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö Ω̃1: ±·¨¢ Ö 1 Å
¢¥·Ì´ÖÖ £· ´¨Í : I = M2 + a2

0c
2
0; ²¨-

´¨¨ 2 Å ´¨¦´ÖÖ £· ´¨Í : I = 2a0c0|M |

Ω̃1, ¸μ¢¶ ¤ ÕÉ, ´μ ¢¥·É¨± ²Ó´Ò¥ μ¸¨
· §²¨Î´Ò (μ¸Ó H ´  ·¨¸. 2 ¨ μ¸Ó I
´  ·¨¸. 6).

…¸²¨ Î ¸É¨ÍÒ ¶ÊÎ±  § ¶μ²´ÖÕÉ
³´μ¦¥¸É¢μ Ω̃1, Éμ ¶·¥¤¶μ²μ¦¥´¨¥,
ÎÉμ μ£¨¡ ÕÐ Ö ¶ÊÎ±  μ¶·¥¤¥²Ö¥É¸Ö
Éμ²Ó±μ Î ¸É¨Í ³¨ ¸ M = 0, ¸μμÉ-
¢¥É¸É¢Ê¥É ¤¥°¸É¢¨É¥²Ó´μ¸É¨. �Éμ ¢Ò-
É¥± ¥É ¨§ Ê¸²μ¢¨Ö q � 1, ¨²¨ r � R,
±μÉμ·μ¥ ¨ μ¶·¥¤¥²Ö¥É ³´μ¦¥¸É¢μ Ω̃1.

� ¸¸³μÉ·¨³ É ±¦¥ ³´μ¦¥¸É¢μ
Ω̃(q) É ±¨Ì I ¨ M , ÎÉμ Î ¸É¨ÍÒ, μ¡² -
¤ ÕÐ¨¥ ÔÉ¨³¨ I ¨ M , ¶·μÌμ¤ÖÉ Î¥·¥§
ÉμÎ±Ê ¸ ±μμ·¤¨´ Éμ° q. �·¥¦¤¥ ¢¸¥£μ
§ ³¥É¨³, ÎÉμ

I � M2

q2
+ a2

0c
2
0q

2. (99)

…¸²¨ ´¥· ¢¥´¸É¢μ (99) ¢Ò¶μ²´¥´μ, Éμ I−M2/q2−a2
0c

2
0q

2 � 0 ¨ Î ¸É¨ÍÒ ³μ£ÊÉ
¤¢¨£ ÉÓ¸Ö ¢ ÉμÎ±¥ ¸ É ±¨³ q. ’ ±¨³ μ¡· §μ³, ³´μ¦¥¸É¢μ Ω̃(q) μ¶·¥¤¥²Ö¥É¸Ö
´¥· ¢¥´¸É¢ ³¨ (99), (97).

15. ‘�Œ�‘�ƒ‹�‘�‚���›… ��‘��…„…‹…�ˆŸ
„‹Ÿ ���„�‹œ��-�…�„����„��ƒ� �“—Š�

� ¸¸³μÉ·¨³ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ´¥±μÉμ·μ£μ Éμ´±μ£μ ¸²μÖ, ¤¢¨¦ÊÐ¥£μ¸Ö
¢¤μ²Ó μ¸¨ z ¸μ ¸±μ·μ¸ÉÓÕ β(z)c. �ÉμÉ ¸²μ° μ£· ´¨Î¥´ ¤¢Ê³Ö ¶ · ²²¥²Ó´Ò³¨
¡²¨§±¨³¨ ¶²μ¸±μ¸ÉÖ³¨, ¤¢¨¦ÊÐ¨³¨¸Ö ¢¤μ²Ó μ¸¨ z ¸ Éμ° ¦¥ ¸ ³μ° ¸±μ·μ¸ÉÓÕ.

‚´ÊÉ·¨ ± ¦¤μ£μ É ±μ£μ ¸²μÖ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ³¥´Ö¥É¸Ö ¶μ ³¥·¥ ¶·μ¤¢¨-
¦¥´¨Ö ÔÉμ£μ ¸²μÖ ¢¤μ²Ó ¶ÊÎ± . ‘É Í¨μ´ ·´μ¸ÉÓ ¶ÊÎ±  ³μ¦¥É ¡ÒÉÓ μ¡¥¸¶¥Î¥´ 
´¥§ ¢¨¸¨³μ¸ÉÓÕ μÉ ¢·¥³¥´¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ´¥±μÉμ·μ³ ¥£μ ¸¥Î¥´¨¨,
´ ¶·¨³¥·, ¢ ¸¥Î¥´¨¨ z = z0, ±μÉμ·μ¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ´ Î ²Ó´Ò³ ¸¥Î¥´¨¥³.
„·Ê£¨³¨ ¸²μ¢ ³¨, ¢¸¥ ¸²μ¨, ¶·μÌμ¤ÖÐ¨¥ Î¥·¥§ ´ Î ²Ó´μ¥ ¸¥Î¥´¨¥ ¢ · §²¨Î´Ò¥
³μ³¥´ÉÒ ¢·¥³¥´¨, ¤μ²¦´Ò ¨³¥ÉÓ ¢ ³μ³¥´É ¶·μÌμ¦¤¥´¨Ö ¸¥Î¥´¨Ö z = z0 μ¤´μ
¨ Éμ ¦¥ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í. �·¨ ¢Ò¶μ²´¥´¨¨ ÔÉμ£μ Ê¸²μ¢¨Ö · ¸¶·¥¤¥²¥´¨¥
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Î ¸É¨Í ¤²Ö ¢¸¥£μ ¶ÊÎ±  ¢ Í¥²μ³ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ, ¥¸²¨ ¶·μ¸²¥¤¨ÉÓ §  Ô¢μ-
²ÕÍ¨¥° · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í μ¤´μ£μ ¸²μÖ, ¶μ¸±μ²Ó±Ê ¢ · §²¨Î´Ò¥ ³μ³¥´ÉÒ
¢·¥³¥´¨ ¸²μ° ¶·μÌμ¤¨É ¶μ¸²¥¤μ¢ É¥²Ó´μ Î¥·¥§ ¢¸¥ ¸¥Î¥´¨Ö ¶ÊÎ± . 	Ê¤¥³ ¸Î¨-
É ÉÓ, ÎÉμ ÔÉμ Ê¸²μ¢¨¥ ¢Ò¶μ²´¥´μ.

�·¨ ÔÉμ³ ¢¸¥ ¶²μÉ´μ¸É¨ μ¶·¥¤¥²¥´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥±μÉμ·μ£μ ´μ·³¨-
·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö, § ¢¨¸ÖÐ¥£μ μÉ Éμ²Ð¨´Ò · ¸¸³ É·¨¢ ¥³μ£μ ¸²μÖ. ‚Ò¡¥-
·¥³ ÔÉμÉ ³´μ¦¨É¥²Ó É ±, ÎÉμ¡Ò ¶²μÉ´μ¸ÉÓ ¢ ¤¢ÊÌ³¥·´μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³
¶·μ¸É· ´¸É¢¥ ¤²Ö Î ¸É¨Í · ¸¸³ É·¨¢ ¥³μ£μ ¸²μÖ ¸μ¢¶ ¤ ²  ¡Ò ¸ ¶²μÉ´μ¸ÉÓÕ
Î ¸É¨Í ¢ É·¥Ì³¥·´μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¢ ´ Î ²Ó´μ³ ¸¥Î¥´¨¨
¶ÊÎ±  (É. ¥. ¶·¨ z = z0). ‚ ¤·Ê£¨Ì ¸¥Î¥´¨ÖÌ (z �= z0) É ±μ£μ ¸μ¢¶ ¤¥´¨Ö Ê¦¥
´¥ ¡Ê¤¥É, ¶μ¸±μ²Ó±Ê ¨ Éμ²Ð¨´  ¸²μÖ, ¨ · ¤¨Ê¸ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö ¡Ê¤ÊÉ
³¥´ÖÉÓ¸Ö ¶·¨ ¤¢¨¦¥´¨¨ ¸²μÖ ¢¤μ²Ó μ¸¨ ¶ÊÎ± .

Š ¦¤μ° ¤μ¶Ê¸É¨³μ° ¶ ·¥ §´ Î¥´¨° M , I ³μ£ÊÉ ¡ÒÉÓ ¶μ¸É ¢²¥´Ò ¢ ¸μμÉ-
¢¥É¸É¢¨¥ ´¥±μÉμ·Ò¥ É· ¥±Éμ·¨¨ Î ¸É¨Í. �·¨ ÔÉμ³ É· ¥±Éμ·¨¨, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ μ¤´¨³ ¨ É¥³ ¦¥ §´ Î¥´¨Ö³ M , I , ³μ£ÊÉ μÉ²¨Î ÉÓ¸Ö ¤·Ê£ μÉ ¤·Ê£  Ê£²μ³
¶μ¢μ·μÉ  μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¶ÊÎ± ,   ÉμÎ±¨, ²¥¦ Ð¨¥ ´  É ±¨Ì É· ¥±Éμ·¨ÖÌ,
³μ£ÊÉ μÉ²¨Î ÉÓ¸Ö ¤·Ê£ μÉ ¤·Ê£  ¶μ Ë § ³.

ŒÒ ¡Ê¤¥³ ¸Î¨É ÉÓ, É ± ¦¥ ± ± ¨ ¤²Ö ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ± , ÎÉμ
Î ¸É¨ÍÒ · ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ É· ¥±Éμ·¨Ö³, μÉ¢¥Î ÕÐ¨³ μ¤´μ° ¨ Éμ°
¦¥ ¶ ·¥ §´ Î¥´¨° M ¨ I ¨ ¶¥·¥¢μ¤¨³Ò³ ¤·Ê£ ¢ ¤·Ê£  ¶μ¢μ·μÉμ³, ÎÉμ ¶·¨-
¢μ¤¨É ±  ±¸¨ ²Ó´μ° ¸¨³³¥É·¨¨ ¢¸¥£μ · ¸¶·¥¤¥²¥´¨Ö,   É ±¦¥ ÎÉμ Î ¸É¨ÍÒ
· ¢´μ³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ Ë § ³ É· ¥±Éμ·¨°, ÎÉμ μ¡¥¸¶¥Î¨¢ ¥É ¸É Í¨μ-
´ ·´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥, ± ± ¨ ¤²Ö ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ
¶ÊÎ± , ³μ¦´μ ¢¢¥¸É¨ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥-
£· ²μ¢ ¤¢¨¦¥´¨Ö M ¨ I: f(M, I).

�·μ¸É¥°Ï¥¥ ¨§ · ¸¶·¥¤¥²¥´¨° Å · ¸¶·¥¤¥²¥´¨¥,  ´ ²μ£¨Î´μ¥ ¶μÉμ±Ê
	·¨²²ÕÔ´ , ±μ£¤  ¢¸¥ Î ¸É¨ÍÒ μ¡² ¤ ÕÉ μ¤´¨³¨ ¨ É¥³¨ ¦¥ §´ Î¥´¨Ö³¨ ¨´É¥-
£· ²μ¢ M ¨ I: M = 0, I = 0. ˆ§ (95) ¨³¥¥³ q′ = 0, c0 = 0,   Ê· ¢´¥´¨¥ ¤²Ö
μ£¨¡ ÕÐ¥° ¶ÊÎ±  ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

R′′ = −ω2
0R +

λ

R
− γ

dw

dz
R. (100)

‚ μÉ²¨Î¨¥ μÉ ¡·¨²²ÕÔ´μ¢¸±μ£μ ¶μÉμ±  ¢¸¥ Î ¸É¨ÍÒ ³μ£ÊÉ ¤¢¨£ ÉÓ¸Ö ¢ · ¤¨ ²Ó-
´μ³ ´ ¶· ¢²¥´¨¨, ´μ É ±, ÎÉμ¡Ò ¨Ì ´μ·³¨·μ¢ ´´ Ö · ¤¨ ²Ó´ Ö ±μμ·¤¨´ É  q
¢¸¥ ¢·¥³Ö μ¸É ¢ ² ¸Ó ¡Ò ¶μ¸ÉμÖ´´μ° ¤²Ö ± ¦¤μ° Î ¸É¨ÍÒ. �·¨ ÔÉμ³ ¶²μÉ´μ¸ÉÓ
Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ · ¢´  �0(z) = J/(πR(z)2eβ(z)c).
’μ£¤ , ´μ·³¨·ÊÖ, ± ± Ê± § ´μ ¢ÒÏ¥, ¶μ²ÊÎ¨³ fB = J/(eβ(z0)c).

…¸²¨ ω0 = const, w = 0, R = const, Éμ, ¶·¨· ¢´¨¢ Ö ¶· ¢ÊÕ Î ¸ÉÓ
Ê· ¢´¥´¨Ö (100) ´Ê²Õ, ³μ¦´μ ´ °É¨ · ¤¨Ê¸ ¶ÊÎ± :

R2 = 2m0J/πε0eB
2
zβγc,

μÉ±Ê¤  ¶μ²ÊÎ¨³, ÎÉμ ¶²μÉ´μ¸ÉÓ É ±μ£μ ¶μÉμ±  · ¢´  ¶²μÉ´μ¸É¨ ¶μÉμ±  	·¨²-
²ÕÔ´  �B .
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’ ±¨³ μ¡· §μ³, ¶μÉμ± 	·¨²²ÕÔ´  ¥¸ÉÓ Î ¸É´Ò° ¸²ÊÎ ° · ¸¶·¥¤¥²¥´¨Ö,
Ì · ±É¥·¨§Ê¥³μ£μ §´ Î¥´¨Ö³¨ ¨´É¥£· ²μ¢ M = 0, I = 0 ¤²Ö ¢¸¥Ì Î ¸É¨Í.
�μÔÉμ³Ê · ¸¸³ É·¨¢ ¥³μ¥ §¤¥¸Ó · ¸¶·¥¤¥²¥´¨¥ ³μ¦´μ ´ §Ò¢ ÉÓ μ¡μ¡Ð¥´´Ò³
¶μÉμ±μ³ 	·¨²²ÕÔ´  [33Ä39, 41Ä45].

� ¸¸³μÉ·¨³ É¥¶¥·Ó · ¸¶·¥¤¥²¥´¨Ö,  ´ ²μ£¨Î´Ò¥ · ¸¶·¥¤¥²¥´¨Ö³ (67) ¤²Ö
¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ± . �Ê¸ÉÓ ¢¸¥ Î ¸É¨ÍÒ ²¥¦ É ´  μÉ·¥§±¥ Sk ¢ ¶·μ-
¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö

I = kM + I0, (M, I) ∈ Ω̃1, (101)

£¤¥ I0(k) = a2
0c

2
0 − k2/4. �²μÉ´μ¸ÉÓ ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¡Ê-

¤¥³ § ¤ ¢ ÉÓ Ëμ·³μ° ¶¥·¢μ° ¸É¥¶¥´¨, ±μÉμ·ÊÕ É ±¦¥ μ¡μ§´ Î¨³ Î¥·¥§ f(M, I)
¨ ±μÉμ· Ö ¨³¥¥É ¢¨¤

fk(M, I) = fk dM, (M, I) ∈ Sk, f0 > 0. (102)

�²μÉ´μ¸ÉÓ É ±μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ μ¶¨¸Ò¢ ¥É¸Ö
Ëμ·³μ° É·¥ÉÓ¥° ¸É¥¶¥´¨, μ¶·¥¤¥²¥´´μ° ´  ¶μ¢¥·Ì´μ¸É¨ (101). …¥ ±μ³¶μ´¥´É 
¢ ±μμ·¤¨´ É Ì x, y, M μ¡μ§´ Î ¥É¸Ö Î¥·¥§ fxyM .

�μ± ¦¥³, ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ Î ¸É¨ÍÒ · ¸¶·¥¤¥²¥´Ò · ¢´μ-
³¥·´μ ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± . �μ¸±μ²Ó±Ê ¤²Ö ± ¦¤μ° ¶ ·Ò M , I Î ¸É¨ÍÒ · ¢´μ-
³¥·´μ · ¸¶·¥¤¥²¥´Ò ¶μ Ê£² ³ ¨ ¶μ Ë § ³ É· ¥±Éμ·¨°, ¶μ²ÊÎ¨³

nϕθM =
fk

4πP (M, I)
, nxyM = nϕθMdet

∣∣∣∣
(

∂(ϕ, θ)
∂(x, y)

)∣∣∣∣ = nϕθM

r|ṙ| .

‡¤¥¸Ó

P (M, I) =

qmax(M,I)∫
qmin(M,I)

dq

|q̇| =
π

2a0c0

Å ´ ¡¥£ Ë §Ò ´  ¶μ²μ¢¨´¥ É· ¥±Éμ·¨¨.
’¥¶¥·Ó ´ °¤¥³ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¢

±μμ·¤¨´ É Ì x̃ = x/R, ỹ = y/R, ±μÉμ·ÊÕ μ¡μ§´ Î¨³ Î¥·¥§ �̃:

�̃(q) = �x̃ỹ =
a0c0fk

π2q

M2∫
M1

dM

(I − M2/q2 − a2
0c

2
0q

2)1/2
=

=
a0c0fk

π2q

M2∫
M1

dM

(I − M2/q2 − a2
0c

2
0q

2)1/2
=

=
a0c0fk

π2q

M2∫
M1

dM

(I0 + kM − M2/q2 − a2
0c

2
0q

2)1/2
=

a0c0fk

π
= const. (103)
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‡¤¥¸Ó M1 ¨ M2 μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²μ¢¨Ö, ÎÉμ ¶μ¤±μ·¥´´μ¥ ¢Ò· ¦¥´¨¥ ¢
¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó:

M1,2 = kq2 ±
(

k2q4

4
+ I0q

2 − a2
0c

2
0q

4

)1/2

.

‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö · ¸¶·¥¤¥²¥´¨Ö (102) ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¶μ¸ÉμÖ´´  ¶μ ¸¥-
Î¥´¨Õ ¶ÊÎ± . �μÔÉμ³Ê (102) ¥¸ÉÓ ·¥Ï¥´¨¥ § ¤ Î¨.

“Î¨ÉÒ¢ Ö, ÎÉμ J = πR2(z0)�(z0)eβ(z0)c, ¨³¥¥³

ρ̃0 = R2(z0)�0(z0) =
J

πeβ(z0)c
, (104)

É ± ÎÉμ

fk =
J

eβ(z0)ca0c0
. (105)

‘μμÉ´μÏ¥´¨¥ (105) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ É ±¦¥ ¤²Ö μ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·  λ,
¢Ìμ¤ÖÐ¥£μ ¢ Ê· ¢´¥´¨¥ ¤²Ö μ£¨¡ ÕÐ¥° (94) ¶μ § ¤ ´´μ³Ê fk:

λ =
J

J0

1
βγ

=
eβ(z0)ca0c0fk

J0βγ
. (106)

‡ ³¥É¨³, ÎÉμ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö (102) ¢ μÉ²¨Î¨¥ μÉ · ¸¶·¥¤¥²¥´¨Ö (67)
Ê¢¥²¨Î¥´¨¥ ¶ · ³¥É·  fk ¨³¥¥É ´¥¸±μ²Ó±μ ¤·Ê£μ° ¸³Ò¸², ¶μ¸±μ²Ó±Ê μ§´ Î ¥É
Ê¢¥²¨Î¥´¨¥ Éμ±  ¶ÊÎ±  ¶·¨ Ê¸²μ¢¨¨, ÎÉμ β(z0), a0, c0 Ë¨±¸¨·μ¢ ´Ò.

’¥³ ¦¥ ¸¶μ¸μ¡μ³, ± ± ¨ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö (67), ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ
´μ¸¨É¥²Ó ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö (102) Å μÉ·¥§μ± ¶·Ö³μ°, ± ¸ É¥²Ó´Ò° ±
¢¥·Ì´¥° £· ´¨Í¥ ³´μ¦¥¸É¢  Ω̃1. �É·¥§μ± μ£· ´¨Î¥´ ²¨´¨Ö³¨ I = ±2a0c0M
(μÉ·¥§μ± A′B′ ´  ·¨¸. 6). …¸²¨ k = 0, ÔÉμÉ μÉ·¥§μ± ¶ · ²²¥²¥´ μ¸¨ M (μÉ·¥-
§μ± AB ´  ·¨¸. 6). …¸²¨ R, ω0 Å ¶μ¸ÉμÖ´´Ò,   w = 0, Éμ · ¸¶·¥¤¥²¥´¨¥ (102)
¶·¨ k = 0 ¥¸ÉÓ · ¸¶·¥¤¥²¥´¨¥ Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ,   · ¸¶·¥¤¥²¥´¨Ö
¸ k �= 0 Å · ¸¶·¥¤¥²¥´¨Ö É¨¶  ®¦¥¸É±μ£μ ·μÉ Éμ· ¯. ’ ±¨³ μ¡· §μ³, · ¸-
¶·¥¤¥²¥´¨¥ (102) ¶·¨ k = 0 ³μ¦´μ ´ §Ò¢ ÉÓ μ¡μ¡Ð¥´´Ò³ · ¸¶·¥¤¥²¥´¨¥³
Š ¶Î¨´¸±μ£μÄ‚² ¤¨³¨·¸±μ£μ,   ¶·¨ k �= 0 Å μ¡μ¡Ð¥´´Ò³ · ¸¶·¥¤¥²¥´¨¥³
É¨¶  ®¦¥¸É±μ£μ ·μÉ Éμ· ¯ [33Ä39, 41Ä45]. ’ ±¨¥ · ¸¶·¥¤¥²¥´¨Ö É ±¦¥ · ¸-
¸³ É·¨¢ ²¨¸Ó ¢ · ¡μÉ Ì [46, 63, 65Ä70], ´μ Éμ²Ó±μ ¤²Ö ¶ÊÎ±  ¢ ¶¥·¨μ¤¨Î¥¸±μ³
³ £´¨É´μ³ ¶μ²¥.

Š ¦¤ Ö ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö · ¸¶·¥¤¥²¥´¨° (102)

fk(M, I) = fk dM, (M, I) ∈ Sk, fk > 0, (107)

É ±¦¥ ¡Ê¤¥É μ¤´μ·μ¤´  ¶μ ¸¥Î¥´¨Õ ¶ÊÎ± . ‡¤¥¸Ó, É ± ¦¥ ± ± ¨ ¤²Ö ¶·μ¤μ²Ó´μ-
μ¤´μ·μ¤´μ£μ ¶ÊÎ± , ³μ¦´μ ¶μ¤μ¡· ÉÓ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¸ ´¥´Ê²¥¢Ò³
¸·¥¤´¨³ Ê£²μ¢Ò³ ³μ³¥´Éμ³.
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‚μ§Ó³¥³, ´ ¶·¨³¥·, ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ ±μ´¥Î´μ£μ Î¨¸²  · ¸¶·¥¤¥²¥-
´¨° (107):

f(M, I) =
∑
k∈K

fk(M, I), (108)

K ⊂ (−2ω, 2ω). ‡¤¥¸Ó I0(k) = a2
0c

2
0 − k2/4,   K Å ´¥±μÉμ·μ¥ Î¨¸²μ¢μ¥

³´μ¦¥¸É¢μ. „²Ö ¶²μÉ´μ¸É¨ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ²¥£±μ ¶μ²ÊÎ¨ÉÓ

�̃0 =
a0c0

π

∑
k∈K

fk.

� ¸¸³μÉ·¨³ É ±¦¥ ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ · ¸¶·¥¤¥²¥´¨° ¢¨¤  (107),
§ ¤ ¢ ¥³ÊÕ ¢Ò· ¦¥´¨¥³

f(M, I) =

2a0c0∫
−2a0c0

fk(M, I) dk, fk > 0. (109)

‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ

�̃0 =
a0c0

π

2a0c0∫
−2a0c0

f(k) dk. (110)

‚Ò¶μ²´ÖÖ ¶·¥μ¡· §μ¢ ´¨Ö,  ´ ²μ£¨Î´Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¶·¥μ¡· §μ¢ -
´¨Ö³ ¤²Ö ¶·μ¤μ²Ó´μ-μ¤´μ·μ¤´μ£μ ¶ÊÎ± , ¶²μÉ´μ¸ÉÓ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö (109)
³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

f(M, I) =
f(k1) + f(k2)

(M2 − I − a2
0c

2
0)1/2

,

£¤¥ k1, k2 Å Ê£²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶·Ö³ÒÌ, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ ÉμÎ±Ê ¸
¤ ´´Ò³¨ M , I ¨ ± ¸ É¥²Ó´ÒÌ ± ¢¥·Ì´¥° £· ´¨Í¥ ³´μ¦¥¸É¢  Ω̃1 Å ¶ · ¡μ²¥
I = M2 + a2

0c
2
0. �·μ¸É¥°Ï¥¥ ¨§ · ¸¶·¥¤¥²¥´¨° ¢¨¤  (109) ¶μ²ÊÎ ¥É¸Ö, ¥¸²¨

¢§ÖÉÓ f(k) = const. “Î¨ÉÒ¢ Ö Ê¸²μ¢¨¥ (110), ¨³¥¥³

f(M, I) =
π�̃0

2a2
0c

2
0

1
(M2 − I − a2

0c
2
0)1/2

. (111)

„²Ö μ¶·¥¤¥²¥´¨Ö ¶ · ³¥É·  λ, ¢Ìμ¤ÖÐ¥£μ ¢ Ê· ¢´¥´¨¥ ¤²Ö μ£¨¡ ÕÐ¥°, ¶μ-
¶·¥¦´¥³Ê ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸μμÉ´μÏ¥´¨Ö (104), (106).

‚¥²¨Î¨´  f(M, I) ¢ (111) Ë ±É¨Î¥¸±¨ ¥¸ÉÓ ±μ³¶μ´¥´É  Ëμ·³Ò ¢Éμ·μ°
¸É¥¶¥´¨, § ¤ ÕÐ¥° ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨-
¦¥´¨Ö. …° ¸μμÉ¢¥É¸É¢Ê¥É ´¥±μÉμ· Ö Ëμ·³  Î¥É¢¥·Éμ° ¸É¥¶¥´¨, § ¤ ÕÐ Ö ¶²μÉ-
´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö.
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� °¤¥³ ¸¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ¢¥²¨Î¨´ ³¨,   É ±¦¥ ³¥¦¤Ê ´¨³¨ ¨ ¶²μÉ´μ-
¸ÉÓÕ Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. ˆ³¥¥³

nqMI =

2π∫
0

nqϕMI dϕ = 4πnqϕq̇ϕ̇ det
∣∣∣∣
(

∂(q̇, ϕ̇
∂(M, I)

)∣∣∣∣ = 2π

q2|q̇|nqϕq̇ϕ̇ =

=
2π

q2|q̇|
1

R4
nqϕq′ϕ′ =

2π

q2|q̇|
1

R4
nxyx′y′×

× det
∣∣∣∣
(

∂(xyx′y′)
∂(qϕq′ϕ′)

)∣∣∣∣ = 2π

|q̇|n(M, I). (112)

‡¤¥¸Ó ÉμÎ±  μ§´ Î ¥É ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ¶¥·¥³¥´´μ° τ .
“Î¨ÉÒ¢ Ö · ¢¥´¸É¢μ (112), ¶μ²ÊÎ¨³

f(M, I) =

qmax(M,I)∫
qmin(M,I)

nqMI dq =
π2n(M, I)

a0c0
, (113)

É ± ± ±
qmax(M,I)∫

qmin(M,I)

dq

|q̇| =
π

2a0c0
.

� ¸¸³μÉ·¨³ ¶²μÉ´μ¸ÉÓ Î ¸É¨Í ¢ ¶·μ¸É· ´¸É¢¥ ¸ ±μμ·¤¨´ É ³¨ x/R, y/R.
‚Ò· ¦ Ö ¥¥ Î¥·¥§ f(M, I), ¨³¥¥³

�̃(q) =
R2

2πr

∫
Ω̃q

nrMI dM dI =
R

r

∫
Ω̃q

n(M, I) dM dI

|q̇| . (114)

�μ¤¸É ¢²ÖÖ ¢ (114) n(M, I) ¨§ (113) ¨ ÊÎ¨ÉÒ¢ Ö (95), ´ Ìμ¤¨³

�̃(q) =
a0c0

π2q

∫
Ω̃q

f(M, I) dM dI

(I − M2/q2 − a2
0c

2
0q

2)1/2
. (115)

Œμ¦´μ ¨¸± ÉÓ · ¢´μ³¥·´Ò¥ ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö, · ¸¸³ -
É·¨¢ Ö · ¢¥´¸É¢μ (115) ± ± ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥-
²¥´¨Ö:

�̃0 =
a0c0

π2q

∫
Ω̃(q)

f(M, I) dM dI

(I − M2/q2 − a2
0c

2
0q

2)1/2
. (116)
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�·¥μ¡· §ÊÖ Ê· ¢´¥´¨¥ (116)  ´ ²μ£¨Î´μ ¶·¥μ¡· §μ¢ ´¨Õ Ê· ¢´¥´¨Ö (61) ¤²Ö
¶ÊÎ±  ¸ ¶μ¸ÉμÖ´´Ò³ · ¤¨Ê¸μ³ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö, ¶μ²ÊÎ¨³ ¨´É¥£· ²Ó´μ¥
Ê· ¢´¥´¨¥

1
π2

2π∫
0

1∫
0

F (y cos (α − θ), y cos (α + θ))
(1 − y2)1/2

y dy dα = �̃0. (117)

‡¤¥¸Ó

F (k1, k2) =

{
f(M, I)(M2 − I + a2

0c
2
0)1/2, k1 � k2,

F (k2, k1), k1 < k2,

k1,2 = 2(M ± (M2 − I + a2
0c

2
0)

1/2) ¨ θ = arccos q. �Éμ ¥¸ÉÓ ¨´É¥£· ²Ó´μ¥
Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ ¤¢ÊÌ  ·£Ê³¥´Éμ¢ F (k1, k2).

�¡   ·£Ê³¥´É  § ¢¨¸ÖÉ μÉ q, £¤¥ q = r/R, ¶μ¸±μ²Ó±Ê q = cos ϑ. ‡ ¤ Î 
¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ´ °É¨ É ±ÊÕ ËÊ´±Í¨Õ F (k1, k2), ¤²Ö ±μÉμ·μ° ·¥§Ê²ÓÉ É
¨´É¥£·¨·μ¢ ´¨Ö ´¥ § ¢¨¸¥² ¡Ò μÉ q.

‹Õ¡μ¥ ´¥μÉ·¨Í É¥²Ó´μ¥ ·¥Ï¥´¨¥ (117), Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ Ê¸²μ¢¨Õ

F (k1, k2) = F (k2, k1), (118)

¸μμÉ¢¥É¸É¢Ê¥É ´¥±μÉμ·μ³Ê ¸ ³μ¸μ£² ¸μ¢ ´´μ³Ê · ¸¶·¥¤¥²¥´¨Õ Î ¸É¨Í.
�·μ¸É¥°Ï¨° ¸²ÊÎ ° ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ F (k1, k2) = const. �ÉμÉ ¸²ÊÎ °

Ê¦¥ · ¸¸³ É·¨¢ ²¸Ö ¨ ¸μμÉ¢¥É¸É¢Ê¥É · ¸¶·¥¤¥²¥´¨Õ (111).
„·Ê£¨¥ ·¥Ï¥´¨Ö ³μ¦´μ ¨¸± ÉÓ ¢ ¢¨¤¥ ·Ö¤ 

F (x, z) =
∞∑

m=0

∞∑
n=0

cmnxmzn (119)

¨²¨ ¶μ²¨´μ³ , ± ± μ¡ ÔÉμ³ £μ¢μ·¨²μ¸Ó ¤²Ö ¶ÊÎ±  ¸ ¶μ¸ÉμÖ´´Ò³ · ¤¨Ê¸μ³
¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö.

� ¶·¨³¥·, ¥¸²¨ ¨¸± ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (117) ± ± ¶μ²¨´μ³ É·¥ÉÓ¥°
¸É¥¶¥´¨, ¶μ²ÊÎ¨³

f(M, I) =
−c (I − a2

0c
2
0)(10M2 − 5I + 2a2

0c
2
0) + g0

(M2 − I + a2
0c

2
0)1/2

.

�μ¸ÉμÖ´´Ò¥ ¢¥²¨Î¨´Ò c ¨ g0 ¤μ²¦´Ò ¡ÒÉÓ É ±μ¢Ò, ÎÉμ¡Ò ¡Ò²μ f(M, I) � 0
¤²Ö (M, I) ∈ Ω̃1. ‡´ Î¥´¨Ö F (k1, k2) ³μ£ÊÉ ¡ÒÉÓ ± ± Ê£μ¤´μ ¢¥²¨±¨. ‚ ÔÉμ³
¸²ÊÎ ¥ §´ Î¥´¨¥ J ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É, §´ Î¥´¨¥ λ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³
μ¡· §μ³ ¢μ§· ¸É ¥É,   · ¤¨Ê¸ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö ¶ÊÎ±  R(z) ¢¥¤¥É ¸¥¡Ö ¢
¸μμÉ¢¥É¸É¢¨¨ ¸ Ê· ¢´¥´¨¥³ μ£¨¡ ÕÐ¥° ¸ ¡μ²ÓÏ¨³¨ §´ Î¥´¨Ö³¨ λ.
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‚ ·¥§Ê²ÓÉ É¥ ¶·μ¢¥¤¥´´μ£μ  ´ ²¨§  ³μ¦´μ ¸± § ÉÓ, ÎÉμ, ´¥¸³μÉ·Ö ´  ¸²μ¦-
´μ¸ÉÓ § ¤ Î¨ ¶μ¸É·μ¥´¨Ö ¸É Í¨μ´ ·´ÒÌ ¸ ³μ¸μ£² ¸μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨°,
¸¢Ö§ ´´μ° ¸ ´¥²¨´¥°´μ¸ÉÓÕ Ê· ¢´¥´¨Ö ‚² ¸μ¢ , ¸ÊÐ¥¸É¢Ê¥É ¡μ²ÓÏμ¥ Î¨¸²μ ¨§-
¢¥¸É´ÒÌ ·¥Ï¥´¨° ¤²Ö ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ³ £´¨É´μ³ ¶μ²¥. � ¨¡μ²¥¥
Ê¤μ¡´Ò° ¨ ¥¸É¥¸É¢¥´´Ò° ¸¶μ¸μ¡ ¨Ì ¶·¥¤¸É ¢²¥´¨Ö Å § ¤ ´¨¥ ¶²μÉ´μ¸É¨ · ¸-
¶·¥¤¥²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö. ’ ±μ° ¸¶μ¸μ¡, ¢μ-¶¥·¢ÒÌ,
μ¡² ¤ ¥É ¡μ²ÓÏμ° ´ £²Ö¤´μ¸ÉÓÕ, ¢μ-¢Éμ·ÒÌ, ¶μ§¢μ²Ö¥É ¸· ¢´¨¢ ÉÓ · §²¨Î´Ò¥
· ¸¶·¥¤¥²¥´¨Ö ³¥¦¤Ê ¸μ¡μ° ¨, ´ ±μ´¥Í, ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¸É·μ¨ÉÓ ´μ¢Ò¥ · ¸-
¶·¥¤¥²¥´¨Ö ¸ ¶μ³μÐÓÕ ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° ¨§¢¥¸É´ÒÌ · ¸¶·¥¤¥²¥´¨° ¤²Ö
¶ÊÎ±μ¢ ¸ · ¢´μ³¥·´Ò³ · ¸¶·¥¤¥²¥´¨¥³ § ·Ö¤  ¶μ ¸¥Î¥´¨Õ ± ± μ¤´μ·μ¤´ÒÌ ¢
¶·μ¤μ²Ó´μ³ ´ ¶· ¢²¥´¨¨, É ± ¨ ´¥μ¤´μ·μ¤´ÒÌ.

„²Ö μ¶¨¸ ´¨Ö Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¢ ¤ ´´μ° · ¡μÉ¥ ¨¸¶μ²Ó§μ¢ ´  ¶¶ · É
É¥´§μ·´μ£μ ¨¸Î¨¸²¥´¨Ö: ¶²μÉ´μ¸É¨ Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ § ¤ ÕÉ¸Ö
± ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ò. �μ¤Ìμ¤ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ëμ·³ ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ³ ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´Ò³, ¶μ¸±μ²Ó±Ê, ¢μ-¶¥·¢ÒÌ,
´¥ É·¥¡Ê¥É ¨¸¶μ²Ó§μ¢ ´¨Ö ±μ´Í¥¶Í¨¨ Ë §μ¢μ£μ μ¡Ñ¥³ , ¢μ-¢Éμ·ÒÌ, ¸μ¤¥·¦¨É
¤μ¸É ÉμÎ´μ ¶·μ¸Éμ¥ μ¶·¥¤¥²¥´¨¥ Ë §μ¢μ° ¶²μÉ´μ¸É¨,   ¢-É·¥ÉÓ¨Ì, ¶μ§¢μ²Ö¥É
¶¥·¥Ìμ¤¨ÉÓ ± · §²¨Î´Ò³ ±μμ·¤¨´ É ³ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �Éμ É·¥¡Ê¥É¸Ö
´¥ Éμ²Ó±μ ¶·¨ É¥μ·¥É¨Î¥¸±μ³  ´ ²¨§¥, ´μ ¨ ¤²Ö ·¥Ï¥´¨Ö É ±μ° § ¤ Î¨, ± ±
³μ¤¥²¨·μ¢ ´¨¥ · ¸¶·¥¤¥²¥´¨°. …¸²¨ É·¥¡Ê¥É¸Ö · §Ò£· ÉÓ ± ±μ¥-²¨¡μ ´¥μ¤´μ-
·μ¤´μ¥ · ¸¶·¥¤¥²¥´¨¥, ³μ¦´μ ¶¥·¥°É¨ ± ±μμ·¤¨´ É ³, ¢ ±μÉμ·ÒÌ ¶²μÉ´μ¸ÉÓ
· ¸¶·¥¤¥²¥´¨Ö ´¥ § ¢¨¸¨É μÉ ±μμ·¤¨´ É ¨ § ¤ ´¨¥ ¶²μÉ´μ¸É¨ ¢Ò¶μ²´Ö¥É¸Ö ¡μ-
²¥¥ ¶·μ¸Éμ. �·¨ ÔÉμ³ ¶·¥μ¡· §μ¢ ´¨¥ ±μ³¶μ´¥´É Ë §μ¢μ° ¶²μÉ´μ¸É¨ ¸¢μ¤¨É¸Ö
± Ê³´μ¦¥´¨Õ ±μ³¶μ´¥´ÉÒ ´  Ö±μ¡¨ ´ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·¥μ¡· §μ¢ ´¨Ö ±μ-
μ·¤¨´ É.

�¶¨¸ ´´Ò¥ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥-
´¨Ö ± ± ·¥Ï¥´¨Ö ´¥²¨´¥°´μ£μ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö. Š·μ³¥
Éμ£μ, μ´¨ ¨³¥ÕÉ ¨ ¶· ±É¨Î¥¸±μ¥ §´ Î¥´¨¥, ¶μ¸±μ²Ó±Ê ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó-
§μ¢ ´Ò ¢ ± Î¥¸É¢¥ ³μ¤¥²¥° ·¥ ²Ó´ÒÌ ¶ÊÎ±μ¢ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î, ¸¢Ö§ ´-
´ÒÌ ¸ ¶·μ¥±É¨·μ¢ ´¨¥³ Ê¸±μ·¨É¥²¥° § ·Ö¦¥´´ÒÌ Î ¸É¨Í. 	μ²ÓÏμ¥ §´ Î¥-
´¨¥ ¶·¨ ÔÉμ³ ¨³¥ÕÉ § ¤ Î¨ μ¶É¨³¨§ Í¨¨ ¸É·Ê±ÉÊ· Ê¸±μ·¨É¥²¥°. —¨¸²¥´-
´μ¥ ·¥Ï¥´¨¥ § ¤ Î μ¶É¨³¨§ Í¨¨ É·¥¡Ê¥É μ¡ÒÎ´μ ¡μ²ÓÏ¨Ì μ¡Ñ¥³μ¢ ¢ÒÎ¨-
¸²¥´¨°. ˆ¸¶μ²Ó§μ¢ ´¨¥ ¶·μ¸ÉÒÌ ³μ¤¥²¥° ¶ÊÎ±  Î ¸Éμ ¶μ§¢μ²Ö¥É ¸μ±· É¨ÉÓ
μ¡Ñ¥³ ¢ÒÎ¨¸²¥´¨° ¨ ¶μ¢Ò¸¨ÉÓ ÔËË¥±É¨¢´μ¸ÉÓ Î¨¸²¥´´ÒÌ  ²£μ·¨É-
³μ¢ [80Ä88].

�É³¥É¨³ É ±¦¥ ¡μ²ÓÏμ¥ §´ Î¥´¨¥  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨° ¤²Ö ¶·μ¢¥·±¨
¢ÒÎ¨¸²¨É¥²Ó´ÒÌ  ²£μ·¨É³μ¢ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ‚² ¸μ¢  [89].

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ ‘�¡ƒ“, £· ´É 9.38.673.2013.
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