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C ´±É-�¥É¥·¡Ê·£¸±μ¥ μÉ¤¥²¥´¨¥ Œ É¥³ É¨Î¥¸±μ£μ ¨´¸É¨ÉÊÉ  ¨³. ‚. �. ‘É¥±²μ¢  ���,

‘ ´±É-�¥É¥·¡Ê·£, �μ¸¸¨Ö

‚ÒÎ¨¸²¥´  ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ÉμÎ´μ ·¥Ï ¥³μ° Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ¤¥²¨ ´ 
±¢ ¤· É´μ° ·¥Ï¥É±¥ ¢ ¶·¨¸ÊÉ¸É¢¨¨ ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¢´¥Ï´¥£μ ¶μ²Ö. ˆ¸¸²¥¤μ¢ ´ 
¸¨¸É¥³ , ±μ£¤  ¢´¥Ï´¥¥ ¶μ²¥ ¶·¨²μ¦¥´μ ± μ¤´μ³Ê ¨§ ¸Éμ²¡Íμ¢ ·¥Ï¥É±¨. Œμ¤¥²Ó · ¸-
¸³μÉ·¥´  ± ± ¤²Ö ¸²ÊÎ Ö Ë¨±¸¨·μ¢ ´´ÒÌ, É ± ¨ ¤²Ö ¸²ÊÎ Ö ¶¥·¨μ¤¨Î¥¸±¨Ì £· ´¨Î´ÒÌ
Ê¸²μ¢¨°.

The partition function of the exactly solvable four-vertex model on a square grid
in the presence of a linearly growing external ˇeld is calculated. Namely, we study the
system when the external ˇeld is applied to one of the columns of the grid. The model is
considered both for the ˇxed and periodic boundary conditions.

PACS: 03.65.-w; 05.30.-d; 02.30.Ik
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‚¥·Ï¨´´Ò¥ ³μ¤¥²¨ ¤¢Ê³¥·´μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨ ¨£· ÕÉ ¢ ¦´ÊÕ
·μ²Ó ¢ ¸μ¢·¥³¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨ÖÌ ÉμÎ´μ ·¥Ï ¥³ÒÌ ³μ¤¥²¥° [1Ä7]. �¸μ-
¡Ò° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¸¢Ö§Ó ÔÉ¨Ì ³μ¤¥²¥° ¸ § ¤ Î ³¨ ¶¥·¥Î¨¸²¨É¥²Ó´μ°
±μ³¡¨´ Éμ·¨±¨ [8,9].

—¥ÉÒ·¥Ì¢¥·Ï¨´´ Ö ³μ¤¥²Ó Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ Ï¥¸É¨¢¥·Ï¨´´μ°
³μ¤¥²¨ [1], ¢ ±μÉμ·μ° ¤¢¥ ¢¥·Ï¨´Ò § ³μ·μ¦¥´Ò. Š¢ ´Éμ¢Ò° ³¥Éμ¤ μ¡· É´μ°
§ ¤ Î¨ [10Ä12] ¡Ò² ¶·¨³¥´¥´ ¤²Ö ·¥Ï¥´¨Ö Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ¤¥²¨ ´  ±μ-
´¥Î´μ° ·¥Ï¥É±¥ ¸ · §²¨Î´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ [13]. ‘É É¨¸É¨Î¥¸± Ö
¸Ê³³  ³μ¤¥²¨ ¢μ ¢´¥Ï´¥³ ²¨´¥°´μ · ¸ÉÊÐ¥³ ¶μ²¥ ¡Ò²  ¢ÒÎ¨¸²¥´  ¢ [14] ¤²Ö
Ë¨±¸¨·μ¢ ´´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¨ ¡Ò²  ¶·¥¤¸É ¢²¥´  ¢ ¤¥É¥·³¨´ ´É´μ³
¢¨¤¥. ‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ³Ò ¨¸¸²¥¤Ê¥³ ³μ¤¥²Ó ± ± ¤²Ö Ë¨±¸¨·μ¢ ´´ÒÌ, É ±
¨ ¤²Ö ¶¥·¨μ¤¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¢ ¸²ÊÎ ¥, ±μ£¤  ¢´¥Ï´¥¥ ¶μ²¥ ¶·¨-
²μ¦¥´μ ± μ¤´μ³Ê ¨§ ¸Éμ²¡Íμ¢ ·¥Ï¥É±¨.
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1. —…’›�…•‚…�˜ˆ���Ÿ Œ�„…‹œ

—¥ÉÒ·¥Ì¢¥·Ï¨´´ Ö ³μ¤¥²Ó ´  ±¢ ¤· É´μ° 2N × (M +1) ·¥Ï¥É±¥ μ¶·¥¤¥-
²Ö¥É¸Ö Î¥ÉÒ·Ó³Ö · §²¨Î´Ò³¨ ±μ´Ë¨£Ê· Í¨Ö³¨ ¸É·¥²μ±, ´ ¶· ¢²¥´´Ò³¨ ± ± ¢
¸Éμ·μ´Ê ± ¦¤μ£μ Ê§²  ·¥Ï¥É±¨, É ± ¨ μÉ ´¥£μ. ‘É É¨¸É¨Î¥¸±¨° ¢¥¸ ω ¶·¨¶¨-
¸Ò¢ ¥É¸Ö ± ¦¤μ° ¤μ¶Ê¸É¨³μ° ±μ´Ë¨£Ê· Í¨¨.

ŒÒ · ¸¸³μÉ·¨³ ³μ¤¥²Ó, ¢ ±μÉμ·μ° ¢¥·Ï¨´´Ò¥ ¢¥¸  É·¥ÉÓ¥° ¨ Î¥É¢¥·-
Éμ° ¢¥·Ï¨´ ¸μ¢¶ ¤ ÕÉ (·¨¸. 1). ˆ§μ¡· ¦ Ö ¸É·¥²±¨, ´ ¶· ¢²¥´´Ò¥ ¢¢¥·Ì

�¨¸. 1. —¥ÉÒ·¥ ¤μ¶Ê¸É¨³ÒÌ ¢¥·Ï¨´Ò
¢ ¢¨¤¥ ±μ´Ë¨£Ê· Í¨° ¸É·¥²μ± ¨ ²¨´¨°

¨²¨ ´ ¶· ¢μ ²¨´¨Ö³¨, ³Ò ¶μ²ÊÎ¨³
 ²ÓÉ¥·´ É¨¢´μ¥ μ¶¨¸ ´¨¥ ¢¥·Ï¨´ ¸
¶μ³μÐÓÕ ²¨´¨°, ¶·μÉ¥± ÕÐ¨Ì ¸±¢μ§Ó
Ê§²Ò ·¥Ï¥É±¨. ’ ± ± ± £· ´¨ ·¥Ï¥É±¨
³μ£ÊÉ ´ Ìμ¤¨ÉÓ¸Ö ²¨ÏÓ ¢ ¤¢ÊÌ ¸μ¸ÉμÖ-
´¨ÖÌ, ¸ ²¨´¨¥° ¨²¨ ¡¥§ ´¥¥, Éμ ¸Ê-
Ð¥¸É¢Ê¥É ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ-
¢¥É¸É¢¨¥ ³¥¦¤Ê ¤μ¶Ê¸É¨³Ò³¨ ±μ´Ë¨-
£Ê· Í¨Ö³¨ ¸É·¥²μ± ´  ·¥Ï¥É±¥ ¨ £· -
Ë ³¨ ²¨´¨° Å ´ ¡μ· ³¨ ·¥Ï¥ÉμÎ´ÒÌ
¶ÊÉ¥°. —¨¸²μ ¢¥·Ï¨´ a, b, c ¢ ± ¦¤μ°

±μ´Ë¨£Ê· Í¨¨ · ¢´μ la, lb, lc. Š ¦¤μ³Ê É¨¶Ê Ê§²  ·¥Ï¥É±¨ ¸μμÉ¢¥É¸É¢Ê¥É ¸¢μ°
¡μ²ÓÍ³ ´μ¢¸±¨° ¢¥¸, § ¢¨¸ÖÐ¨° μÉ Ê§²  ·¥Ï¥É±¨. „²Ö £μ·¨§μ´É ²Ó´μ° ´¥μ¤-
´μ·μ¤´μ¸É¨ ¨³¥¥³ (ωa)j , (ωb)j , (ωc)j , £¤¥ j = 1, . . . , 2N . ŒÒ · ¸¸³μÉ·¨³
¨´É¥£·¨·Ê¥³Ò° ¸²ÊÎ °, ±μ£¤  (ωb)j = (ωa)−1

j = (ω)j ,   (ωc)j = 1. ‘É É¨¸É¨-
Î¥¸± Ö ¸Ê³³  ³μ¤¥²¨ ¨³¥¥É ¢¨¤

Z(ωa, ωb, ωc) =
∑
{ν}

Zν(ωa, ωb, ωc) =
∑
{ν}

2N∏
j=1

ω
lbj−laj
j . (1)

‡¤¥¸Ó ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥³ ¤μ¶Ê¸É¨³Ò³ ±μ´Ë¨£Ê· Í¨Ö³ ¸É·¥²μ±
{ν},   Zν(ωa, ωb, ωc) Å ÔÉμ ¸É É¨¸É¨Î¥¸±¨° ¢¥¸ ±μ´Ë¨£Ê· Í¨¨. ‡¤¥¸Ó ¨ ¢
¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö μ¡μ§´ Î¥´¨¥³ x ≡ x1, . . . , x2N .

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¢´¥Ï´¥¥ ²¨´¥°´μ · ¸ÉÊÐ¥¥ ¶μ²¥ lH (l =
0, 1, . . . , M ;H � 0) ¤¥°¸É¢Ê¥É ´  ¸É·¥²±¨, ¸³μÉ·ÖÐ¨¥ ´ ¶· ¢μ ¢ k-³ ¸Éμ²¡Í¥
·¥Ï¥É±¨. Šμμ·¤¨´ ÉÒ K ¸É·¥²μ±, ¸³μÉ·ÖÐ¨Ì ´ ¶· ¢μ ¢ ÔÉμ³ ¸Éμ²¡Í¥ μk

i

(i = 1, 2, . . . , K), μ¡· §ÊÕÉ ¸É·μ£μ¥ · §¡¨¥´¨¥ μk ¸ Ô²¥³¥´É ³¨, · ¸¶μ²μ¦¥´-
´Ò³¨ ¢ ¶μ·Ö¤±¥ Ê¡Ò¢ ´¨Ö M � μk

1 > μk
2 > . . . > μk

K � 0 ¨ Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨
Ê¸²μ¢¨Õ μk

i > μk
i+1 + 1.

…¸²¨ §  Zν
μk(ωa, ωb, ωc) ¶·¨´ÖÉÓ ¢¥¸ ±μ´Ë¨£Ê· Í¨¨ {ν} ¸ Ë¨±¸¨·μ¢ ´´Ò³

´ ¡μ·μ³ μk, Éμ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  · ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨ ¡Ê¤¥É ¨³¥ÉÓ
¢¨¤

Z(ωa, ωb, ωc|h) =
∑
μk

e2h|μk|
∑

ν

Zν
μk(ωa, ωb, ωc), (2)
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£¤¥ ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥³ ¸É·μ£¨³ · §¡¨¥´¨Ö³ μk,   |μk| =
M∑
i=1

μk
i .

‡¤¥¸Ó 2h = −βH; h � 0,   β Å ¶μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ .
„μ¶Ê¸É¨³Ò¥ ±μ´Ë¨£Ê· Í¨¨,   ¸μμÉ¢¥É¸É¢¥´´μ, ¨ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ 

³μ¤¥²¨ § ¢¨¸ÖÉ μÉ ´ ²μ¦¥´´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö
´ ¶· ¢²¥´¨¥³ ¸É·¥²μ± ´  £· ´¨Í¥ ·¥Ï¥É±¨.

2. ”ˆŠ‘ˆ��‚���›… ƒ���ˆ—�›… “‘‹�‚ˆŸ

”¨±¸¨·μ¢ ´´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ Ê¸²μ¢¨Ö, ¶·¨
±μÉμ·ÒÌ ¢¸¥ ¸É·¥²±¨ ´  ¶· ¢μ° ¨ ²¥¢μ° £· ´¨Í¥ ´ ¶· ¢²¥´Ò ´ ²¥¢μ, ¢¥·Ì´¨¥
¨ ´¨¦´¨¥ ¸É·¥²±¨ ¶¥·¢ÒÌ N ±μ²μ´μ± (¸Î¨É Ö ¸²¥¢ ) ´ ¶· ¢²¥´Ò ¢´ÊÉ·Ó,  
¢¥·Ì´¨¥ ¨ ´¨¦´¨¥ ¸É·¥²±¨ ¶μ¸²¥¤´¨Ì N ±μ²μ´μ± ´ ¶· ¢²¥´Ò ´ ·Ê¦Ê (·¨¸. 2).
‡ ¤ ´´μ° ±μ´Ë¨£Ê· Í¨¨ ¢¥·Ï¨´ ¸μμÉ¢¥É¸É¢Ê¥É ´ ¡μ· ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶Ê-
É¥°, ¸É ·ÉÊÕÐ¨Ì ¨§ N ´¨¦´¨Ì ²¥¢ÒÌ Ê§²μ¢ ¨ Ë¨´¨Ï¨·ÊÕÐ¨Ì ¢ N ¢¥·Ì´¨Ì
¶· ¢ÒÌ. �ÊÉÓ ¨¤¥É Éμ²Ó±μ ¢¢¥·Ì ¨ ¢¶· ¢μ. „²¨´  μ¤´μ£μ ¶ÊÉ¨ ¢ ±μ´Ë¨£Ê· Í¨¨
· ¢´  N + M . —¨¸²μ ¢¥·Ï¨´ É¨¶  c ¢ ¤μ¶Ê¸É¨³μ³ ¶ÊÉ¨ · ¢´μ 2N , É ± ± ±
²¨ÏÓ μ¤¨´ ¶μ¸²¥¤μ¢ É¥²Ó´Ò° Ï £ · §·¥Ï¥´ ¢ £μ·¨§μ´É ²Ó´μ³ ´ ¶· ¢²¥´¨¨,
¨, ¸μμÉ¢¥É¸É¢¥´´μ, Î¨¸²μ ¢¥·Ï¨´ É¨¶  b · ¢´μ M −N + 1. �Éμ μ§´ Î ¥É, ÎÉμ
Î¨¸²μ ¢¥·Ï¨´ É¨¶  c ¨ b ¢ ´ ¡μ·¥ ¶ÊÉ¥° · ¢´μ, ¸μμÉ¢¥É¸É¢¥´´μ, lc = 2N2 ¨
lb = la = N(M − N + 1).

„²Ö μ¤´μ·μ¤´μ° ³μ¤¥²¨ (ω)j ≡ ω ¨

Z(ωa, ωb, ωc|h) ≡ Z(ω|h) =
∑
μk

e2h|μk| S(ν, μk), (3)

£¤¥ S(ν, μk) Å Î¨¸²μ ±μ´Ë¨£Ê· Í¨° (Î¨¸²μ ¶ÊÉ¥°) ¸ § ¤ ´´Ò³ ´ ¡μ·μ³ μk.
�·¨ h = 0 ¸É É¸Ê³³  · ¢´  Î¨¸²Ê ±μ´Ë¨£Ê· Í¨°.

�¨¸. 2. ’¨¶¨Î´ Ö ±μ´Ë¨£Ê· Í¨Ö ¤μ¶Ê¸É¨³ÒÌ ·¥Ï¥ÉμÎ´ÒÌ ¶ÊÉ¥° ´  ·¥Ï¥É±¥ ¸ Ë¨±¸¨-
·μ¢ ´´Ò³¨ ( ) ¨ ¶¥·¨μ¤¨Î¥¸±¨³¨ (¡) £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨
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„²Ö ¢ÒÎ¨¸²¥´¨Ö ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ³μ¤¥²¨ ¶·¨³¥´¨³ ±¢ ´Éμ¢Ò° ³¥-
Éμ¤ μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö [10Ä12], ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¸¶¨´μ¢Ò³ μ¶¨-
¸ ´¨¥³ ³μ¤¥²¨. ‘μ¸ÉμÖ´¨¥ ¸μ ¸¶¨´μ³ ¢¢¥·Ì ´  i-³ £μ·¨§μ´É ²Ó´μ³ ·¥¡·¥(

1
0

)
i

≡ | ←〉i ¸μμÉ¢¥É¸É¢Ê¥É ¸É·¥²±¥, ´ ¶· ¢²¥´´μ° ´ ²¥¢μ,   ¸μ¸ÉμÖ´¨¥ ¸μ

¸¶¨´μ³ ¢¢¥·Ì

(
0
1

)
i

≡ | →〉i Å ¸É·¥²±¥, ´ ¶· ¢²¥´´μ° ´ ¶· ¢μ. ‘É·¥²± ³,

´ ¶· ¢²¥´´Ò³ ¢¢¥·Ì ¨ ¢´¨§ ´  l-³ ¢¥·É¨± ²Ó´μ³ ·¥¡·¥, ¸μμÉ¢¥É¸É¢ÊÕÉ ¸μ¸ÉμÖ-

´¨Ö

(
1
0

)
l

≡ | ↑〉l ¨

(
0
1

)
l

≡ | ↓〉l.
Š ¦¤μ³Ê Ê§²Ê ·¥Ï¥É±¨ ¶μ¸É ¢¨³ ¢ ¸μμÉ¢¥É¸É¢¨¥ μ¶¥· Éμ·, ¤¥°¸É¢ÊÕÐ¨° ¢

¶·μ¸É· ´¸É¢¥ C
2⊗(C2)⊗(M+1). ˆ¸¶μ²Ó§ÊÖ ¸¶¨´μ¢μ¥ μ¶¨¸ ´¨¥ ³μ¤¥²¨, ³μ¦´μ

§ ¶¨¸ ÉÓ L-μ¶¥· Éμ· Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ¤¥²¨ ¢ ¢¨¤¥ [13]:

L(n|u) =
(

L11(n|u) L12(n|u)
L21(n|u) L22(n|u)

)
=

(
−uěn σ−

n

σ+
n u−1ěn

)
, (4)

£¤¥ ¶ · ³¥É· u ∈ C, σz,± Å ÔÉμ ³ É·¨ÍÒ � Ê²¨, ¶·μ¥±Éμ·Ò ěn = (1/2)(1 +
σz

n). Œ É·¨Í  ¸ ¶μ¤¸É·μÎ´Ò³ ¨´¤¥±¸μ³ n ¤¥°¸É¢Ê¥É ´¥É·¨¢¨ ²Ó´μ Éμ²Ó±μ
¢ n-³ ±¢ ´Éμ¢μ³ ¶·μ¸É· ´¸É¢¥: sn = I ⊗ . . . ⊗ I ⊗ s ⊗ I ⊗ . . . ⊗ I .

‚¥·É¨± ²Ó´ Ö ³ É·¨Í  ³μ´μ¤·μ³¨¨ μ¶·¥¤¥²Ö¥É¸Ö ± ± ¶·μ¨§¢¥¤¥´¨¥
L-μ¶¥· Éμ·μ¢:

T (u) = L(M |u)L(M − 1|u) . . . L(0|u) =
(

A(u) B(u)
C(u) D(u)

)
. (5)

Œ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢¢¥¤¥´´μ£μ L-μ¶¥· Éμ·  ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥
ÉμÎ¥± ¸ ¶·¨³Ò± ÕÐ¨³¨ ¸É·¥²± ³¨ (·¨¸. 3). ‚ ¶·¥¤¸É ¢²¥´¨¨ Ô²¥³¥´É 
L11(n|u) ÉμÎ±μ° μ¡μ§´ Î¥´ μ¶¥· Éμ· −uen (en = (1/2)(1 − σz

n)) ¸ ¥¤¨´-
¸É¢¥´´Ò³ ´¥´Ê²¥¢Ò³ Ô²¥³¥´Éμ³ n〈← |−uen| ←〉n, μ¶·¥¤¥²ÖÕÐ¨³ ¢¥·Ï¨´Ê b
(¸³. ·¨¸. 1) ¸ ¢¥¸μ³ −u. ‚ ¶·¥¤¸É ¢²¥´¨¨ L22(n|u) ÉμÎ±μ° μ¡μ§´ Î¥´ μ¶¥· -
Éμ· u−1en, ¨³¥ÕÐ¨° ´¥´Ê²¥¢μ° Ô²¥³¥´É n〈← |u−1en| ←〉n, ±μÉμ·Ò° μ¶·¥-
¤¥²Ö¥É ¢¥·Ï¨´Ê a (¸³. ·¨¸. 1) ¸ ¢¥¸μ³ u−1. �¥´Ê²¥¢Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ

n〈→ |σ−
n | ←〉n ¨ n〈← |σ+

n | →〉n μ¶¥· Éμ·μ¢ L12(n|u) = σ−
n ¨ L21(n|u) = σ+

n

μ¶·¥¤¥²ÖÕÉ ¢¥·Ï¨´Ò c (¸³. ·¨¸. 1) ¸ ¢¥¸μ³, · ¢´Ò³ ¥¤¨´¨Í¥. Œ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ³μ´μ¤·μ³¨¨ (5) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸Ê³³Ò ¶μ ¢¸¥³ ¢μ§-
³μ¦´Ò³ ±μ´Ë¨£Ê· Í¨Ö³ ¸É·¥²μ± ´  μ¤´μ³¥·´μ° ·¥Ï¥É±¥ ¸ M + 1 Ê§² ³¨
(¸³. ·¨¸. 3).

L-μ¶¥· Éμ· (4) Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Ö³

e−2hσz
n L(n|u) e2hσz

n = e2hσz

L(n|u) e−2hσz

, (6)

e−2hσz

L(n|u) = e−hσz

L(n|e−2h u) ehσz

. (7)
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�¨¸. 3. ƒ· Ë¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ L-μ¶¥· Éμ·  ¨ ³ É·¨ÍÒ
³μ´μ¤·μ³¨¨ T (u)

‘μμÉ¢¥É¸É¢¥´´μ, ¤²Ö ³ É·¨ÍÒ ³μ´μ¤·μ³¨¨ (5) ¨³¥¥³:

exp

⎛⎝−2h

M∑
j=0

σz
j

⎞⎠ T (u) exp

⎛⎝2h

M∑
j=0

σz
j

⎞⎠ = e2hσz

T (u) e(−2hσz), (8)

exp

⎛⎝−2h
M∑

j=0

jσz
j

⎞⎠ T (u) = e2h(M+1)σz×
× e−hσz

T (e−2hu) ehσz

exp

⎛⎝−2h

M∑
j=0

jσz
j

⎞⎠ . (9)

‘μμÉ´μÏ¥´¨Ö

exp

⎛⎝2h

M∑
j=0

jêj

⎞⎠ B(u) = ehMB(e−hu) exp

⎛⎝2h

M∑
j=0

jêj

⎞⎠ ,

C(u) exp

⎛⎝2h

M∑
j=0

jêj

⎞⎠ = ehM exp

⎛⎝2h

M∑
j=0

jêj

⎞⎠ C(ehu)

(10)

Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ (9). ‡ ³¥É¨³, ÎÉμ ¤¥°¸É¢¨¥ μ¶¥· Éμ·  κ̂ =

exp
(

2h
M∑

j=1

jêj

)
´  ¸μ¸ÉμÖ´¨¥ ¸ K ¸¶¨´ ³¨, ´ ¶· ¢²¥´´Ò³¨ ®¢´¨§¯ ¨ ¨³¥Õ-

Ð¨³¨ ±μμ·¤¨´ ÉÒ μ1, . . . , μK , ¨³¥¥É ¢¨¤

κ̂|μk
1 , . . . , μk

K〉 = exp

⎛⎝2h

K∑
j=1

μk
j

⎞⎠ |μk
1 , . . . , μk

K〉 = e2h|μk||μk
1 , . . . , μk

K〉. (11)

‚¥±Éμ· ¸μ¸ÉμÖ´¨Ö ¸É·μ¨É¸Ö ¤¥°¸É¢¨¥³ μ¶¥· Éμ·μ¢ B(u),   ¸μ¶·Ö¦¥´´Ò°
¥³Ê Å ¤¥°¸É¢¨¥³ μ¶¥· Éμ·μ¢ C(u) ´  ¸μ¸ÉμÖ´¨¥ | ⇐〉:

|ΨN (u)〉 =
N∏

i=1

B(ui)| ⇐〉, 〈ΨN (u)| = 〈⇐ |
N∏

i=1

C(ui), (12)

£¤¥ u ≡ (u1, . . . , uN) Å ÔÉμ ´ ¡μ· ´¥§ ¢¨¸¨³ÒÌ ¶ · ³¥É·μ¢.
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�¨¸. 4. �¤´  ¨§ ±μ´Ë¨£Ê· Í¨°, ¤ ÕÐ Ö ¢±² ¤ ¢ ¸·¥¤´¥¥
〈⇐ |C(v1)C(v2)C(v3)κ̂B(u1)B(u2)B(u3)| ⇐〉

„²Ö Éμ£μ ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤´¥¥ 〈ΨN (v)|κ̂|ΨN (u)〉 (¥£μ £· Ë¨Î¥¸±μ¥
¶·¥¤¸É ¢²¥´¨¥ ¸³. ´  ·¨¸. 4), ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (10). ˆ³¥¥³

WN (u,v|h) ≡ 〈ΨN (v)|κ̂|ΨN (u)〉 =

= 〈⇐ |C(v1) . . . C(vN )κ̂B(u1) . . . B(uN )| ⇐〉 =

= ehMN 〈⇐ |C(v1) . . . C(vN )B(e−h u1)B(e−h u2) . . . B(e−h uN )| ⇐〉 =

= 〈ΨN(v)|ΨN (e−h u)〉. (13)

‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó Ëμ·³Ê²μ° ¤²Ö ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö 〈ΨN (v)|ΨN (u)〉
¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨Ö (12) ¤²Ö Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ¤¥²¨ [13], μ±μ´Î É¥²Ó´μ
¶μ²ÊÎ¨³:

WN (u,v|h) =
(−1)MN

N∏
k=1

(
vk

uk

)−(M−2N+2)

∏
1�m<k�N

(v2
k − v2

m)(u−2
k − u−2

m )
×

× det

⎡⎢⎢⎢⎣
1 −

(
eh vm

uk

)2(M−N+2)

1 −
(

eh
vm

uk

)2

⎤⎥⎥⎥⎦
1�k,m�N

. (14)
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„²Ö Éμ£μ ÎÉμ¡Ò ¸¢Ö§ ÉÓ ¸·¥¤´¥¥ (14) ¸μ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³μ° ³μ¤¥²¨ ¢μ
¢´¥Ï´¥³ ¶μ²¥, ¶μ²μ¦¨³ vj = ωj , uj = ωN+j (1 � j � N). ‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó
¸¢Ö§ÓÕ Z(ω|h) = (−1)MNWN (u,v|h) [13, 14], ¶μ²ÊÎ¨³ μÉ¢¥É ¤²Ö ¸É É¨¸É¨-
Î¥¸±μ° ¸Ê³³Ò ´¥μ¤´μ·μ¤´μ° Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ¤¥²¨ ¢μ ¢´¥Ï´¥³ ²¨´¥°´μ
· ¸ÉÊÐ¥³ ¶μ²¥, ¶·¨²μ¦¥´´μ³ ± Í¥´É· ²Ó´μ³Ê ¸Éμ²¡ÍÊ ·¥Ï¥É±¨:

Z(ω|h) =

N∏
k=1

(
ωk

ωN+k

)−(M−2N+2)

∏
1�m<k�N

(ω2
k − ω2

m)(ω−2
N+k − ω−2

N+m)
×

× det

⎡⎢⎢⎢⎣
1 −

(
eh ωm

ωN+k

)2(M−N+2)

1 −
(

eh
ωm

ωN+k

)2

⎤⎥⎥⎥⎦
1�k,m�N

. (15)

‚ ¸²ÊÎ ¥, ±μ£¤  ¢Ò¸μÉ  ·¥Ï¥É±¨ ¢¥²¨± , M � 1,   ¥¥ ¤²¨´  N Ê¤μ¢²¥É¢μ-
·Ö¥É Ê¸²μ¢¨Õ N  M , μ¶·¥¤¥²¨É¥²Ó (15) ¸É ´μ¢¨É¸Ö μ¶·¥¤¥²¨É¥²¥³ ŠμÏ¨ ¨
¢ÒÎ¨¸²Ö¥É¸Ö:

Z(ω|h) ≡ lim
M→∞

{
N∏

k=1

( ωk

ωN+k

)M

Z(ω|h)

}
=

N∏
k=1

N∏
m=1

1

1 −
(
eh

ωm

ωN+k

)2 .

‘¢Ö§Ó ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ³μ¤¥²¨ ¸ § ¤ Î¥° ¶¥·¥Î¨¸²¥´¨Ö ¶²μ¸±¨Ì · §-
¡¨¥´¨° ¸ Ë¨±¸¨·μ¢ ´´μ° ¸Ê³³μ° ¨Ì ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ · ¸¸³ É·¨¢ ² ¸Ó
¢ ¸É ÉÓ¥ [14].

3. �…�ˆ�„ˆ—…‘Šˆ… ƒ���ˆ—�›… “‘‹�‚ˆŸ

� ¸¸³μÉ·¨³ É¥¶¥·Ó ³μ¤¥²Ó ´  ·¥Ï¥É±¥ ¸ ¶¥·¨μ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨
Ê¸²μ¢¨Ö³¨. �Éμ μ§´ Î ¥É, ÎÉμ ´  ·¥Ï¥É±¥ ¸ (M+1) £μ·¨§μ´É ²Ó´Ò³¨ ¨ 2L ¢¥·-
É¨± ²Ó´Ò³¨ ²¨´¨Ö³¨ £· ´¨Î´Ò¥ ¸É·¥²±¨ ´  ²Õ¡μ° ²¨´¨¨ ´ ¶· ¢²¥´Ò ¢ μ¤´Ê
¸Éμ·μ´Ê (¸³. ·¨¸. 2). ‚ Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ¤¥²¨ Î¨¸²μ ¸É·¥²μ±, ´ ¶· ¢-
²¥´´ÒÌ ´ ¶· ¢μ ¨²¨ ´ ²¥¢μ ¢ ¶μ¸²¥¤ÊÕÐ¨Ì ¸Éμ²¡Í Ì ·¥Ï¥É±¨, ¸μÌ· ´Ö¥É¸Ö.
�Éμ μ§´ Î ¥É, ÎÉμ Î¨¸²μ ¢¥·Ï¨´ É¨¶  c ´  ± ¦¤μ° ¢¥·É¨± ²Ó´μ° ²¨´¨¨ ¸μ-
Ì· ´Ö¥É¸Ö ¨ · ¢´μ lc = 2N , £¤¥ N Å Î¨¸²μ ¸É·¥²μ±, ´ ¶· ¢²¥´´ÒÌ ´ ¶· ¢μ ¢
¶·¨³Ò± ÕÐ¥³ ¸Éμ²¡Í¥. ‚ ¸¨²Ê É· ´¸²ÖÍ¨μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¤μ¸É ÉμÎ´μ
· ¸¸³μÉ·¥ÉÓ ¸²ÊÎ °, ±μ£¤  ¢´¥Ï´¥¥ ¶μ²¥ ¶·¨²μ¦¥´μ ± ¸Éμ²¡ÍÊ ·¥Ï¥É±¨, ²¥¦ -
Ð¥³Ê ³¥¦¤Ê 0 ¨ 2L ¢¥·É¨± ²Ö³¨. ˆ§ £· Ë¨Î¥¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö μ¶¥· Éμ·μ¢
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A(v) ¨ D(v) ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ´ ¤μ ¢ÒÎ¨¸-
²¨ÉÓ ¢Ò· ¦¥´¨¥

WN (v|h) =
∑
μ

〈μ|κ̂
2L∏
j=1

(A(vj) + D(vj)) |μ〉 =

=
∑
μ

e2h|μ|〈μ|
2L∏
j=1

(A(vj) + D(vj)) |μ〉. (16)

—¥·¥§ |μ〉 ≡ |μ1, . . . , μN 〉 μ¡μ§´ Î¥´Ò ±μμ·¤¨´ ÉÒ N ¸É·¥²μ±, ¸³μÉ·ÖÐ¨Ì
´ ¶· ¢μ ¢ ¸Éμ²¡Í¥ (¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¶¨´Ò ´ ¶· ¢²¥´Ò ®¢´¨§¯),   ¸Ê³³¨·μ-
¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¶μ²´μ³Ê ´ ¡μ·Ê ¸μ¸ÉμÖ´¨°.

„²Ö Éμ£μ ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ ÔÉμ ¢Ò· ¦¥´¨¥, ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ § ¤ ÎÊ
´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö μ¶¥· Éμ·  A(v) + D(v) [13]. ‚¥±Éμ·Ò ¸μ¸ÉμÖ-
´¨Ö (12) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨, ¥¸²¨ ¶ · ³¥É·Ò uj Ê¤μ¢²¥É¢μ-
·ÖÕÉ Ê· ¢´¥´¨Ö³ 	¥É¥

(ũ2
k)M+1−N = (−1)N−1Ũ−2, Ũ2 =

N∏
j=1

ũ2
j , k = 1, . . . , N. (17)

‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö · ¢´Ò

ΘN (v; ũ) = exp
[
i
π

2
(M + 1 − 2N)

]
×

×
{
vM+1Ũ−2 + (−1)Nv−(M+1−2N)

} N∏
k=1

1
ũ2

j − v2
. (18)

‘μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò μ¡· §ÊÕÉ ¶μ²´ÊÕ ¸¨¸É¥³Ê ¸ ´μ·³μ° N 2
N (ũ) =

WN (ũ, ũ|0), £¤¥ WN (ũ, ũ|0) Å ÔÉμ ¸·¥¤´¥¥ (14) ¶·¨ h = 0 ´  ·¥Ï¥´¨ÖÌ
Ê· ¢´¥´¨Ö 	¥É¥ (17). ‚¸É ¢¨¢ · §²μ¦¥´¨¥ ¥¤¨´¨ÍÒ ¢ (16), ¶μ²ÊÎ¨³:

WN (v|h) =
∑
μ

∑
ũ

e2h|μ| 〈Ψ(ũ)|μ〉〈μ|Ψ(ũ)〉
WN (ũ, ũ|0)

2L∏
j=1

ΘN (vj ; ũ) =

=
∑
ũ

WN (ũ, ũ|h)
WN (ũ, ũ|0)

2L∏
j=1

ΘN(vj ; ũ).

‡¤¥¸Ó ¸Ê³³  ¢¥¤¥É¸Ö ¶μ ´ ¡μ· ³ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö 	¥É¥ ¨ ³Ò ¢μ¸¶μ²Ó§μ-
¢ ²¨¸Ó ¶·¥¤¸É ¢²¥´¨¥³ WN (ũ, ṽ|h) =

∑
μ

e2h|μ|〈Ψ(ṽ)|μ〉〈μ|Ψ(ũ)〉 ¤²Ö ¸·¥¤-

´¥£μ (13).
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‘·¥¤´¥¥ (16) ¨ ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ³μ¤¥²¨ ¸¢Ö§ ´Ò [13]:

ZN (ω|h) = e−iπ(M+1−2n)L WN (−iω|h).

�Éμ · ¢¥´¸É¢μ ·¥Ï ¥É § ¤ ÎÊ ´ Ìμ¦¤¥´¨Ö ¸É É¸Ê³³Ò Î¥ÉÒ·¥Ì¢¥·Ï¨´´μ° ³μ-
¤¥²¨ ¸ ¶¥·¨μ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢μ ¢´¥Ï´¥³ ²¨´¥°´μ · ¸ÉÊ-
Ð¥³ ¶μ²¥, ¶·¨²μ¦¥´´μ³ ± μ¤´μ³Ê ¨§ ¸Éμ²¡Íμ¢ ·¥Ï¥É±¨.

�² £μ¤ ·´μ¸É¨. �¢Éμ· ¡² £μ¤ ·¥´ Š.Œ ²ÒÏ¥¢Ê §  ¶²μ¤μÉ¢μ·´Ò¥ μ¡¸Ê-
¦¤¥´¨Ö. „ ´´ Ö · ¡μÉ  ¶μ¤¤¥·¦ ´  �μ¸¸¨°¸±¨³ ´ ÊÎ´Ò³ Ëμ´¤μ³ (£· ´É
18-11-00297).
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