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ˆ¸¸²¥¤ÊÕÉ¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ ¢ ³μ¤¥²¨ ‘ Î¤¥¢ Ä‰¥ÄŠ¨É ¥¢  (SYK)
¶·¨ ¡μ²ÓÏ¨Ì N . � ¸¸³ É·¨¢ ÕÉ¸Ö ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö ¢ ³μ¤¥²¨ SYK
¸ Í¥²Ò³ Î¨¸²μ³ ·¥¶²¨± M > 1. ‚ ¦´Ò³ ¸¢μ°¸É¢μ³ É ±¨Ì ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö Éμ, ÎÉμ
μ´¨ ·¥ ²¨§ÊÕÉ ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥ £·Ê¶¶Ò ¢·¥³¥´´ÒÌ É· ´¸²ÖÍ¨° ´  M ±μ¶¨ÖÌ
É¥·³ ²Ó´μ° μ±·Ê¦´μ¸É¨. „¥³μ´¸É·¨·Ê¥É¸Ö, ÎÉμ ÔÉμ ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨
³μ¦´μ μ¶¨¸ ÉÓ ¢ É¥·³¨´ Ì ±¢ §¨¸·¥¤´¨Ì 	μ£μ²Õ¡μ¢ , ¥¸²¨ · ¸¸³μÉ·¥ÉÓ ¸¨¸É¥³Ê ´¥²μ-
± ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ·¥¶²¨± SYK. ‚±²ÕÎ¥´¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ·¥¶²¨± ¢ ¤ ´´μ°
¸¨¸É¥³¥ ¶·¥¢· Ð ¥É ¸Ê¡²¨¤¨·ÊÕÐ¨¥ ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò¥ ¸¥¤²μ¢Ò¥ ÉμÎ±¨ ¨§ Î¨-
¸Éμ° SYK ¢ É¥·³μ¤¨´ ³¨Î¥¸±¨¥ Ë §Ò, ¶μ·μ¦¤ Ö ´¥É·¨¢¨ ²Ó´ÊÕ Ë §μ¢ÊÕ ¸É·Ê±ÉÊ·Ê.
ˆ¸¸²¥¤Ê¥É¸Ö ¤ ´´ Ö Ë §μ¢ Ö ¸É·Ê±ÉÊ·  ÉμÎ´μ  ´ ²¨É¨Î¥¸±¨ ¢ ³μ¤¥²¨ SYK2 ¨ Î¨¸²¥´´μ
¢ ³μ¤¥²¨ SYK4.

We study nonperturbative effects in the SachdevÄYeÄKitaev (SYK) model at large
N . We consider replica-nondiagonal solutions in the SYK model with integer replica
number M > 1. An important feature of these solutions is that they realize spontaneous
symmetry breaking of the group of time translations on M copies of the thermal circle. In
this note we show that this spontaneous symmetry breaking can be described in terms of
Bogolyubov quasi-averages, if one considers a system of nonlocally coupled SYK replicas.
Inclusion of the coupling in this system turns subleading replica-nondiagonal saddle points
from pure SYK into thermodynamic phases, giving rise to a nontrivial phase structure. We
study this phase structure using exact analytic methods in SYK2 model and numerically
in the SYK4 model.

PACS: 11.15.Tk; 11.10.-z

1. ‚‚…„…�ˆ… ˆ �…‡“‹œ’�’›

Œμ¤¥²Ó ‘ Î¤¥¢ Ä‰¥ÄŠ¨É ¥¢  (SYK) [1Ä4] Å ÔÉμ ¶·¨³¥· ³ ±¸¨³ ²Ó´μ
Ì μÉ¨Î¥¸±μ° £μ²μ£· Ë¨Î¥¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢ · §³¥·´μ¸É¨ 0 + 1. ƒ -
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³¨²ÓÉμ´¨ ´ ³μ¤¥²¨ ¤ ¥É¸Ö Ëμ·³Ê²μ°

H = (i)q/2
N∑

i1�i2<...<iq−1�iq=1

ji1...iqχi1 . . . χiq . (1)

„¨´ ³¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ Ö¢²ÖÕÉ¸Ö ³ °μ· ´μ¢¸±¨¥ Ë¥·³¨μ´Ò χi,   ±μ´-
¸É ´ÉÒ ¸¢Ö§¨ ji1...iq · ¸¶·¥¤¥²¥´Ò ¸²ÊÎ °´Ò³ μ¡· §μ³ ¶μ £ Ê¸¸μ¢μ³Ê · ¸¶·¥-
¤¥²¥´¨Õ

P (ji1...iq ) =

√
N q−1

2(q − 1)!πJ2
exp

(
−

N q−1j2
i1...iq

2(q − 1)!J2

)
. (2)

�μ²Ó ¡¥§· §³¥·´μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨£· ¥É ¢¥²¨Î¨´  βJ . —¨¸²μ q μ¶·¥¤¥²Ö¥É
¸É¥¶¥´Ó Ë¥·³¨μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. 	Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸²ÊÎ ° q = 2,
¶·¨ ±μÉμ·μ³ ³μ¤¥²Ó ÉμÎ´μ ¨´É¥£·¨·Ê¥³ , ¨ ¸²ÊÎ ° q = 4, ¶·¨ ±μÉμ·μ³ μ´ 
Ì μÉ¨Î´ .

ƒμ²μ£· Ë¨Î¥¸±¨° ¶·¨´Í¨¶ ¤²Ö ¤ ´´μ° ³μ¤¥²¨ μ§´ Î ¥É, ÎÉμ μ´  ¤Ê ²Ó´ 
´¥±μÉμ·μ° É¥μ·¨¨ ¤¢ÊÌ³¥·´μ° £· ¢¨É Í¨¨ ¢ ¶·μ¸É· ´¸É¢¥ ¸  ¸¨³¶ÉμÉ¨±μ°
AdS2. ‚ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ · ¸¸³μÉ·¨³ M ·¥¶²¨± ³μ¤¥²¨, ¢ ±μÉμ·ÒÌ
±μ´¸É ´ÉÒ ¸¢Ö§¨ ¸μ¢¶ ¤ ÕÉ ¢ ± ¦¤μ° ·¥ ²¨§ Í¨¨  ´¸ ³¡²Ö. ’ ± Ö ¸¨¸É¥³ 
¡Ê¤¥É ¤Ê ²Ó´  ¤¢ÊÌ³¥·´μ° É¥μ·¨¨ £· ¢¨É Í¨¨, ±μÉμ· Ö ¸Ê³³¨·Ê¥É ±¢ ´Éμ¢Ò¥
£¥μ³¥É·¨¨ ¸ M £· ´¨Í ³¨. 	μ²¥¥ ±μ´±·¥É´μ ÊÉ¢¥·¦¤¥´¨¥ £μ²μ£· Ë¨Î¥¸±μ£μ
¸μμÉ¢¥É¸É¢¨Ö ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

ZSYK(β)M = Zgravity(β; M). (3)

‡¤¥¸Ó ¸²¥¢  ¸Éμ¨É Ê¸·¥¤´¥´´ Ö ¶μ ¡¥¸¶μ·Ö¤±Ê (ÎÉμ μ¡μ§´ Î¥´μ £μ·¨§μ´É ²Ó-
´μ° Î¥·Éμ°) ¸É É¸Ê³³  ¤²Ö M ·¥¶²¨± SYK, ±μÉμ·ÊÕ ³μ¦´μ § ¶¨¸ ÉÓ ± ±
ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¶μ ¡¨²μ± ²Ó´Ò³ ±μ²²¥±É¨¢´Ò³ ¶μ²Ö³: Z(β)M =∫

DGαβDΣαβ e−NI[G,Σ] [4], £¤¥ α, β = 1, . . . , M Å ·¥¶²¨Î´Ò¥ ¨´¤¥±¸Ò,  
¤¥°¸É¢¨¥ ¨³¥¥É ¢¨¤

I[G, Σ] = − log Pf [δαβ∂τ − Σ̂αβ ] +

+
1
2

∫
dτ1 dτ2

(
Σαβ(τ1, τ2)Gαβ(τ1, τ2) −

J2

q
Gαβ(τ1, τ2)q

)
. (4)

‡¤¥¸Ó ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¡¨²μ± ²Ó´Ò¥ ¶μ²Ö Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ  ´É¨-
¸¨³³¥É·¨¨

Gαβ(τ1, τ2) = −Gβα(τ2, τ1), Σαβ(τ1, τ2) = −Σβα(τ2, τ1). (5)
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‘¶· ¢  ¢ ¢Ò· ¦¥´¨¨ (3) ¸Éμ¨É ¸É É¸Ê³³  ¤¢ÊÌ³¥·´μ° £· ¢¨É Í¨¨, ±μÉμ· Ö
¢±²ÕÎ ¥É ¢ ¸¥¡Ö ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¶μ £¥μ³¥É·¨Ö³ ¸ M £· ´¨Í ³¨ ¢
Ëμ·³¥ μ±·Ê¦´μ¸É¥° ¤²¨´Ò β [5Ä10].

‚ ´¥¤ ¢´¨Ì · ¡μÉ Ì ¶μ ±¢ ´Éμ¢μ³Ê Ì μ¸Ê ¢ ³μ¤¥²ÖÌ É¨¶  SYK ¨ ±¢ ´-
Éμ¢μ³Ê ¶μ¢¥¤¥´¨Õ Î¥·´ÒÌ ¤Ò· (¸³., ´ ¶·¨³¥·, [5Ä7,9, 11,12]) ±²ÕÎ¥¢Ò³ ³μ-
³¥´Éμ³ Ö¢²Ö¥É¸Ö ¢ ¦´μ¸ÉÓ ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨° ¢ ±μ´É¨-
´Ê ²Ó´μ³ ¨´É¥£· ²¥ SYK, ¨²¨ Ô±¢¨¢ ²¥´É´μ ¢±² ¤μ¢ ¸¢Ö§´ÒÌ ³´μ£μμ¡· §¨° ¢
£· ¢¨É Í¨μ´´ÊÕ ¸É É¸Ê³³Ê. �É¨ ¢±² ¤Ò Ö¢²ÖÕÉ¸Ö ´¥¶¥·ÉÊ·¡ É¨¢´Ò³¨ ÔË-
Ë¥±É ³¨ ¸ ÉμÎ±¨ §·¥´¨Ö ³μ¤¥²¨ SYK. ŒÒ ´ Ï²¨ ¨ ¨¸¸²¥¤μ¢ ²¨ ¢ ¦´μ¥
¸¥³¥°¸É¢μ É ±¨Ì ÔËË¥±Éμ¢ Å ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨°
¸¥¤²μ¢μ° ÉμÎ±¨ ¢ SYK [13, 15]. ‚ ÉμÎ´μ° ³μ¤¥²¨ SYK É ±¨¥ ·¥Ï¥´¨Ö ¸ÊÐ¥-
¸É¢ÊÕÉ ¶·¨ Í¥²μ³ Î¨¸²¥ ·¥¶²¨± M > 1 ¨ ¤ ÕÉ Ô±¸¶μ´¥´Í¨ ²Ó´μ ³ ²Ò° ¢±² ¤
¢ ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¶·¨ ¡μ²ÓÏ¨Ì N ¶μ ¸· ¢´¥´¨Õ ¸ ¤μ³¨´¨·ÊÕÐ¨³
·¥¶²¨± -¤¨ £μ´ ²Ó´Ò³ ·¥Ï¥´¨¥³.

�¸´μ¢´μ° Í¥²ÓÕ ¤ ´´μ° § ³¥É±¨ Ö¢²Ö¥É¸Ö μ¡¸Ê¦¤¥´¨¥ ¸¨³³¥É·¨°´ÒÌ
¸¢μ°¸É¢ ¤ ´´ÒÌ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ ÔËË¥±Éμ¢. • · ±É¥·´Ò³ ¸¢μ°¸É¢μ³ ·¥¶²¨-
± -´¥¤¨ £μ´ ²Ó´ÒÌ ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨ μÉ-
´μ¸¨É¥²Ó´μ ¢·¥³¥´´ÒÌ É· ´¸²ÖÍ¨°. „¥°¸É¢¨¥ (4) ¶·¨ ±μ´¥Î´μ° É¥³¶¥· ÉÊ·¥
¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¢·¥³¥´´ÒÌ É· ´¸²ÖÍ¨° ¢ ± ¦¤μ° ·¥¶²¨±¥ U(1)×M .
�·¨ ÔÉμ³ ·¥¶²¨± -¤¨ £μ´ ²Ó´Ò¥ ¸¥¤²μ¢Ò¥ ÉμÎ±¨ ¸μÌ· ´ÖÕÉ ÔÉÊ ¸¨³³¥É·¨Õ,
  ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò¥ ¸¥¤²μ¢Ò¥ ÉμÎ±¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ¸¶μ´É ´´μ ´ ·Ê-
Ï ÕÉ ÔÉÊ ¸¨³³¥É·¨Õ. ‚ Î ¸É´μ¸É¨, ¸¥¤²μ¢Ò¥ ÉμÎ±¨, ¤²Ö ±μÉμ·ÒÌ Gαβ § ¢¨¸¨É
Éμ²Ó±μ μÉ · §´μ¸É¨ ¢·¥³¥´, ¸¶μ´É ´´μ ´ ·ÊÏ ÕÉ ¶μ²´ÊÕ ¢·¥³¥´´ÊÕ É· ´¸-
²ÖÍ¨μ´´ÊÕ ¸¨³³¥É·¨Õ ± ± U(1)×M → U(1). �ÉμÉ ³¥Ì ´¨§³ ¸¶μ´É ´´μ£μ
´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨ ¨£· ¥É ±²ÕÎ¥¢ÊÕ ·μ²Ó ¢ ¶μ¢¥¤¥´¨¨ É ±¨Ì ¢¥²¨Î¨´,
± ± ¸¶¥±É· ²Ó´Ò° Ëμ·³Ë ±Éμ· [6,11], ¨ μ´ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ¸¶·μ¨§-
¢μ¤¨É¸Ö ¸ £· ¢¨É Í¨μ´´μ° ¸Éμ·μ´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¢Ö§´Ò³¨ £¥μ³¥É·¨-
Ö³¨ [6,7].

‚ ¤ ´´μ° § ³¥É±¥ ³Ò ¸μ¸·¥¤μÉμÎ¨³¸Ö ´  ¸²ÊÎ ¥ M = 2 ·¥¶²¨± ¨ ±μ´¥Î-
´μ° É¥³¶¥· ÉÊ·Ò β−1. ’μ£¤  α = L, R. ‚¢¥¤¥³ É ±¦¥ ±μ³¶ ±É´μ¥ μ¡μ§´ Î¥-
´¨¥ ¤²Ö ¸²ÊÎ °´ÒÌ ±μ´¸É ´É ¸¢Ö§¨ j = {ji1...iq}. ŒÒ · ¸¸³ É·¨¢ ¥³ ³μ¤¥²Ó ¸
¤¥°¸É¢¨¥³ [15]

S[ψ, j] = SSYK[ψL, j] + SSYK[ψR, j] + Sint[ψ]. (6)

‡¤¥¸Ó

SSYK[ψα, j] =

β∫
0

dτ

(
−1

2

N∑
i=1

ψα
i

d

dτ
ψα

i − iq/2

q!
×

×
N∑

i1,i2,...,iq=1

ji1i2...iq ψ
α
i1ψ

α
i2 · · ·ψ

α
iq

)
(7)
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Å ÔÉμ ¤¥°¸É¢¨¥ SYK ¤²Ö μ¤´μ° ·¥¶²¨±¨. ŒÒ É ±¦¥ ¨³¥¥³ Î²¥´ ¸ Ö¢´Ò³
¢§ ¨³μ¤¥°¸É¢¨¥³ ³¥¦¤Ê ·¥¶²¨± ³¨:

Sint =

β∫
0

β∫
0

dτ1 dτ2

N∑
i=1

ψL
i (τ1) ηLR(τ1 − τ2)ψR

i (τ2), (8)

£¤¥∗

ηLR(τ1 − τ2) = ηRL(τ1 − τ2) =
ν

β sin
π

β
(τ1 − τ2)

. (9)

‡¤¥¸Ó ν Å ±μ´¸É ´É  ¸¢Ö§¨.
‚ É¥·³¨´ Ì ·¥¶²¨Î´ÒÌ ¡¨²μ± ²Ó´ÒÌ ¶μ²¥° ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ²

¤²Ö É ±μ° ³μ¤¥²¨ ¨³¥¥É ¢¨¤ ¶·μ¨§¢μ¤ÖÐ¥£μ ËÊ´±Í¨μ´ ²  ¸ § ¤ ´´Ò³ ¨¸ÉμÎ-
´¨±μ³:

Z(η) =
∫

DGDΣ e−NI[G,Σ], (10)

I[G, Σ; η] = − log Pf [δαβ∂τ − Σ̂αβ ] +

+
1
2

β∫
0

β∫
0

dτ1 dτ2

(
Σαβ(τ1, τ2)Gαβ(τ1, τ2) −

J2

q
Gαβ(τ1, τ2)q

)
−

− 1
2

β∫
0

β∫
0

dτ1 dτ2 ηαβ(τ1, τ2)Gαβ(τ1, τ2). (11)

• Œμ¤¥²Ó ¸ ¤¥°¸É¢¨¥³ (6) ¶μ§¢μ²Ö¥É μ¶¨¸ ÉÓ ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥ ¸¨³-
³¥É·¨¨ U(1)×U(1) → U(1) ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò³¨ ·¥Ï¥´¨Ö³¨ ¢ É¥·³¨´ Ì
±¢ §¨¸·¥¤´¨Ì 	μ£μ²Õ¡μ¢  [16]. �Éμ ¢¥·´μ ± ± ¤²Ö q = 2, É ± ¨ ¤²Ö q = 4.

• Œ ²Ò¥ ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ÔËË¥±ÉÒ, ¶·¨¢´μ¸¨³Ò¥ ·¥¶²¨± -´¥¤¨ £μ´ ²Ó-
´Ò³¨ ·¥Ï¥´¨Ö³¨ ¢ Î¨¸Éμ° SYK, ¶·¨ ¤μ¡ ¢²¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ·¥-
¶²¨± ³¨ ¸ ν > 0 ¶·¥¢· Ð ÕÉ¸Ö ¢ É¥·³μ¤¨´ ³¨Î¥¸±¨¥ Ë §Ò, ¤μ³¨´¨·ÊÕÐ¨¥
¶·¨ μ¶·¥¤¥²¥´´ÒÌ É¥³¶¥· ÉÊ· Ì.

’¥Ì´¨Î¥¸±¨³¨ ·¥§Ê²ÓÉ É ³¨ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¸¥¤²μ¢μ° ÉμÎ±¨
¤²Ö ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  (10) ¨ ¨¸¸²¥¤μ¢ ´¨¥ ¥£μ Ë §μ¢μ° ¸É·Ê±ÉÊ·Ò.
“· ¢´¥´¨Ö ¸¥¤²μ¢ÒÌ ÉμÎ¥± ¨³¥ÕÉ ¢¨¤

∂τGαγ(τ, τ ′′) −
∫

dτ ′Gαβ(τ, τ ′)Σβγ(τ ′, τ ′′) = δαγδ(τ − τ ′′), (12)

Σαβ(τ, τ ′) = J2Gαβ(τ, τ ′)q−1 + ηαβ(τ, τ ′). (13)

∗‚ ¤¥°¸É¢¨¨ ¢·¥³¥´´μ° ¨´É¥£· ² ¶μ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ £² ¢´μ£μ §´ Î¥´¨Ö.
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�¥¶²¨± -¸¨³³¥É·¨Î´ Ö Ëμ·³  ¨¸ÉμÎ´¨±  (9) ¤¨±ÉÊ¥É Î¥·¥§ Ê· ¢´¥´¨¥ (13),
ÎÉμ ¤²Ö ·¥Ï¥´¨° ´ ³ ¸²¥¤Ê¥É ¶·¥¤¶μ²μ¦¨ÉÓ É ±¦¥ ·¥¶²¨± -¸¨³³¥É·¨Î´ÊÕ
Ëμ·³Ê

GLL = GRR = G0, GLR = GRL = G1, (14)

£¤¥ ± ± G0, É ± ¨ G1 ¶·¥¤¶μ² £ ÕÉ¸Ö ´¥Î¥É´Ò³¨ ËÊ´±Í¨Ö³¨ ¢ Î ¸ÉμÉ´μ³ ¨
¢·¥³¥´´μ³ ¶·¥¤¸É ¢²¥´¨ÖÌ ¨  ´É¨¶¥·¨μ¤¨Î´Ò³¨ ¶μ ¢·¥³¥´¨. ’ ±¨³ μ¡· §μ³,
³Ò ·¥Ï ¥³ Ê· ¢´¥´¨Ö ¤²Ö ¤¢ÊÌ ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ.

„²Ö ³μÉ¨¢ Í¨¨ μ¡¸Ê¦¤¥´¨Ö ±¢ §¨¸·¥¤´¨Ì ¸´ Î ²  · ¸¸³μÉ·¨³  ´ ²¨É¨-
Î¥¸±μ¥ ·¥Ï¥´¨¥ ³μ¤¥²¨ ¢ ¸²ÊÎ ¥ q = 2. ‡ É¥³ ¡Ê¤¥É ´¥¶μ¸·¥¤¸É¢¥´´μ μ¡¸Ê-
¦¤ ÉÓ¸Ö ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨. ‚ ±μ´Í¥ ¶·¨¢μ¤ÖÉ¸Ö Î¨¸²¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ ¤²Ö ¸²ÊÎ Ö q = 4.

2. ˆ�’…ƒ�ˆ�“…Œ›‰ ‘‹“—�‰

‚ ¸²ÊÎ ¥ q = 2 Ê· ¢´¥´¨Ö (12), (13) ¸¢μ¤ÖÉ¸Ö ± ¸¨¸É¥³¥  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¢ Î ¸ÉμÉ´μ³ ¶·¥¤¸É ¢²¥´¨¨:

−iωnG0(ωn) − J2G0(ωn)2 − (J2G1(ωn) + iν sgn (ωn))G1(ω) = 1, (15)

−iωnG1(ωn) − J2G0(ω)G1(ω) − (J2G1(ωn) + iν sgn (ωn))G0(ωn) = 0. (16)

‡¤¥¸Ó ωn = (2π/β)(n + 1/2).
2.1. �¥Ï¥´¨Ö. “· ¢´¥´¨Ö (15), (16) ¤²Ö μ¡Ð¨Ì §´ Î¥´¨° ν ¨³¥ÕÉ Î¥ÉÒ·¥

·¥Ï¥´¨Ö ¤²Ö ± ¦¤μ° ³ ÍÊ¡ ·μ¢¸±μ° Î ¸ÉμÉÒ:

G
(1)
0 (ωn) = − i

2J2

[
ωn − sgn (ωn)√

2
A1

]
, (17)

G
(1)
1 (ωn) =

i

8J2νωn

(√
2A1(4J2 + ω2

n − B) − ν2(4|ωn| −
√

2A1)
)
, (18)

G
(2)
0 (ωn) = − i

2J2

[
ωn +

sgn (ωn)√
2

A1

]
, (19)

G
(2)
1 (ωn) =

i

8J2νωn

(
−
√

2A1(4J2 + ω2
n − B) − ν2(4|ωn| +

√
2A1)

)
, (20)

G
(3)
0 (ωn) = − i

2J2

[
ωn +

sgn (ωn)√
2

A2

]
, (21)

G
(3)
1 (ωn) =

i

8J2νωn

(
−
√

2A2(4J2 + ω2
n + B) − ν2(4|ωn| +

√
2A2)

)
, (22)
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G
(4)
0 (ωn) = − i

2J2

[
ωn − sgn (ωn)√

2
A2

]
, (23)

G
(4)
1 (ωn) =

i

8J2νωn

(√
2A2(4J2 + ω2

n + B) − ν2(4|ωn| −
√

2A2)
)

. (24)

‡¤¥¸Ó ³Ò ¢¢¥²¨ ¢¸¶μ³μ£ É¥²Ó´Ò¥ μ¡μ§´ Î¥´¨Ö

A1 =
√

4J2 + ω2
n + ν2 + B,

A2 =
√

4J2 + ω2
n + ν2 − B,

(25)

B =
√

16J2ω2
n + (4J2 + ν2 − ω2

n)2. (26)

ˆ¸¸²¥¤ÊÖ ¶μ¢¥¤¥´¨¥ ÔÉ¨Ì ·¥Ï¥´¨° ¶·¨ ν → 0 ¨ ¸· ¢´¨¢ Ö ¸ ·¥§Ê²ÓÉ É ³¨
· §¤. 3.1 ¢ [13], ³Ò ¢¨¤¨³, ÎÉμ ·¥Ï¥´¨Ö 1 ¨ 2 ¸É·¥³ÖÉ¸Ö ± ·¥¶²¨± -¤¨ £μ´ ²Ó-
´Ò³ ·¥Ï¥´¨Ö³, Éμ£¤  ± ± ·¥Ï¥´¨Ö 3 ¨ 4 ¸É·¥³ÖÉ¸Ö ± ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò³
·¥Ï¥´¨Ö³ ¢ Î¨¸Éμ° SYK.

�¥Ï¥´¨Ö ¶μ²´μ° ³μ¤¥²¨ SYK2 ¸É·μÖÉ¸Ö ¶ÊÉ¥³ ¢Ò¡μ·  ²Õ¡μ£μ ¨§ Î¥ÉÒ-
·¥Ì ±μ·´¥° ¤²Ö ± ¦¤μ° ³ ÍÊ¡ ·μ¢¸±μ° Î ¸ÉμÉÒ ´¥§ ¢¨¸¨³μ. �¥Ï¥´¨¥, ¤²Ö
±μÉμ·μ£μ ³Ò ¢Ò¡¨· ¥³ ±μ·¥´Ó 1 ¤²Ö ± ¦¤μ° ³ ÍÊ¡ ·μ¢¸±μ° Î ¸ÉμÉÒ, ¤ ¥É
¸É ´¤ ·É´ÊÕ ¸¥¤²μ¢ÊÕ ÉμÎ±Ê [3, 5], ±μÉμ· Ö ¤¨ £μ´ ²Ó´  ¨ ¤μ³¨´¨·Ê¥É
¶·¨ ν = 0.

2.2. ” §μ¢ Ö ¸É·Ê±ÉÊ· . ‚ÒÎ¨¸²ÖÖ ¤¥°¸É¢¨¥ ´  ·¥Ï¥´¨ÖÌ 1, 2, 3, 4 ¨
¨¸¸²¥¤ÊÖ ¥£μ ¶μ¢¥¤¥´¨¥, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ ¤μ¸É ÉμÎ´μ ´¨§±¨Ì É¥³¶¥-
· ÉÊ· Ì ¨²¨ ¢Ò¸μ±¨Ì ν ´ Î¨´ ÕÉ ¤μ³¨´¨·μ¢ ÉÓ ·¥Ï¥´¨Ö, ¢ ±μÉμ·ÒÌ ±·μ³¥
±μ·´Ö 1 ¢¸É·¥Î ÕÉ¸Ö ³ ÍÊ¡ ·μ¢¸±¨¥ ³μ¤Ò ¸ ±μ·´¥³ 4. �Éμ ¶μ·μ¦¤ ¥É ¡¥¸±μ-
´¥Î´μ¥ Î¨¸²μ ´¥É·¨¢¨ ²Ó´ÒÌ Ë §, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò³
·¥Ï¥´¨Ö³ ¢ ¶·¥¤¥²¥ ν → 0. ˆ§ Ê¸²μ¢¨Ö Ë §μ¢μ£μ ¶¥·¥Ìμ¤  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

�¨¸. 1. ” §μ¢ Ö ¤¨ £· ³³  ¤¢ÊÌ ´¥²μ± ²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Í¥¶μÎ¥± SYK2 ¢ ¶²μ¸-
±μ¸É¨ νÄT , μ¶·¥¤¥²¥´´ Ö Ê· ¢´¥´¨¥³ (27). —¨¸²  ´Ê³¥·ÊÕÉ ´¥É·¨¢¨ ²Ó´Ò¥ Ë §Ò
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ÉμÎ´μ¥ Ê· ¢´¥´¨¥ ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ [15], ¸¥³¥°¸É¢μ ±μÉμ·ÒÌ ¶ · ³¥É·¨§Ê-
¥É¸Ö Í¥²Ò³ Î¨¸²μ³ n. �Éμ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

νcr = 2πTcr

(
n +

1
2

)
. (27)

�É³¥É¨³, ÎÉμ §¤¥¸Ó ´¥É § ¢¨¸¨³μ¸É¨ μÉ J . ‘μμÉ¢¥É¸É¢ÊÕÐ Ö Ë §μ¢ Ö ¤¨ -
£· ³³  ¢ ¶²μ¸±μ¸É¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ν ¨ É¥³¶¥· ÉÊ·Ò T = β−1 ¶·¥¤¸É -
¢²¥´  ´  ·¨¸. 1. ˆ§ ´¥¥ ¢¨¤´μ, ÎÉμ  ) ¶·¨ ²Õ¡μ° § ¤ ´´μ° É¥³¶¥· ÉÊ·¥ (±μ´-
¸É ´É¥ ¸¢Ö§¨) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ Ë §, Ê¢¥²¨Î¨¢ Ö ±μ´¸É ´ÉÊ
¸¢Ö§¨ (Ê³¥´ÓÏ Ö É¥³¶¥· ÉÊ·Ê), ¨ ¡) ¶·¨ ²Õ¡μ° § ¤ ´´μ° É¥³¶¥· ÉÊ·¥, Ê³¥´Ó-
Ï Ö ±μ´¸É ´ÉÊ ¸¢Ö§¨ ±¢ §¨¸É É¨Î¥¸±¨, ¢¸¥£¤  μ± §Ò¢ ¥³¸Ö ¢ ®¶ · ³ £´¨É´μ°¯
(¸É ´¤ ·É´μ°) Ë §¥.

3. ���“˜…�ˆ… ‘ˆŒŒ…’�ˆˆ ˆ Š‚�‡ˆ‘�…„�ˆ…

ˆ¸ÉμÎ´¨± η ¸´¨³ ¥É ¢Ò·μ¦¤¥´¨¥ ³¥¦¤Ê ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò³¨ ·¥Ï¥-
´¨Ö³¨ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥° ¸¨¸É¥³Ò ¨ ¶·¥¢· Ð ¥É ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥
¸¨³³¥É·¨¨ U(1) × U(1) → U(1) ¢ Ö¢´μ¥. ‚ · §¤. 2 Ö¢´μ ¶μ± § ´μ, ÎÉμ ¨¸-
ÉμÎ´¨± ±μ´±·¥É´μ° Ëμ·³Ò (9) ¸μ§¤ ¥É ´¥É·¨¢¨ ²Ó´ÊÕ Ë §μ¢ÊÕ ¸É·Ê±ÉÊ·Ê ¨§
·¥¶²¨± -´¥¤¨ £μ´ ²Ó´ÒÌ ·¥Ï¥´¨°, ±μÉμ·Ò¥ ¨³¥ÕÉ ¸ ³ÊÕ ´¨§±ÊÕ ¸¢μ¡μ¤´ÊÕ
Ô´¥·£¨Õ ¶μ¸²¥ ¸´ÖÉ¨Ö ¢Ò·μ¦¤¥´¨Ö. ‘²¥¤μ¢ É¥²Ó´μ, ´Ê¦´μ μ¡· É¨ÉÓ μ¸μ¡μ¥
¢´¨³ ´¨¥ ´  ¶μ·Ö¤μ± ¢§ÖÉ¨Ö ¶·¥¤¥²μ¢ N → ∞ ¨ η → 0 [16].

‚ ³μ¤¥²¨ SYK ¸ ¤¢Ê³Ö ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ·¥¶²¨± ³¨ ÉμÎ´Ò° ¤¢ÊÌ-
ÉμÎ¥Î´Ò° ±μ··¥²ÖÉμ· μ¶·¥¤¥²Ö¥É¸Ö ± ±

Gαβ(τ1, τ2) =
δ

δηαβ(τ1, τ2)
logZ(η)

∣∣∣∣
η=0

. (28)

� ³ μ¸μ¡¥´´μ ¨´É¥·¥¸¥´ ¸²ÊÎ °, ±μ£¤  α �= β. ‚ É¥·³¨´ Ì ¨´É¥£· ²  ¶μ
É· ¥±Éμ·¨Ö³ (10) ¨³¥¥³

Gαβ(τ1, τ2) =
1

Z(0)

∫
DGDΣ e−NI[G,Σ;η] Gαβ(τ1, τ2)|η=0. (29)

Œμ¦´μ μ¶·¥¤¥²¨ÉÓ μ¡ÒÎ´μ¥ ±¢ ´Éμ¢μ¥ ¸·¥¤´¥¥ ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥

〈GLR(τ1, τ2)〉 = lim
N→∞

[
1

Z(0)

∫
DGDΣ e−NI[G,Σ;η] GLR(τ1, τ2)|η=0

]
. (30)

—Éμ¡Ò ¢ÒÎ¨¸²¨ÉÓ ÔÉÊ ¢¥²¨Î¨´Ê, ¸´ Î ²  ¶μ² £ ¥É¸Ö η = 0 ¨ § É¥³ ¢ÒÎ¨¸²Ö¥É¸Ö
¨´É¥£· ² ¶μ É· ¥±Éμ·¨Ö³ ¢ ¶·¨¡²¨¦¥´¨¨ ¸¥¤²μ¢μ° ÉμÎ±¨. „μ³¨´¨·ÊÕÐ¥° ¸¥¤-
²μ¢μ° ÉμÎ±μ° ¶·¨ η = 0 Ö¢²Ö¥É¸Ö ¸É ´¤ ·É´μ¥ ·¥¶²¨± -¤¨ £μ´ ²Ó´μ¥ ·¥Ï¥-
´¨¥, ±μÉμ·μ¥ ¸μÌ· ´Ö¥É ¸¨³³¥É·¨Õ É· ´¸²ÖÍ¨° ¶μ ¢·¥³¥´¨. ‘²¥¤μ¢ É¥²Ó´μ,
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·¥§Ê²ÓÉ Éμ³ Ö¢²Ö¥É¸Ö
〈GLR〉 = 0. (31)

’¥¶¥·Ó μ¶·¥¤¥²¨³ ±¢ §¨¸·¥¤´¥¥ 	μ£μ²Õ¡μ¢  [14Ä16]

≺ GLR(τ1, τ2) 	=

= lim
η→0

[
lim

N→∞

1
Z(0)

∫
DGDΣ e−NI[G,Σ;η] GLR(τ1, τ2)

]
. (32)

—Éμ¡Ò ´ °É¨ ÔÉÊ ¢¥²¨Î¨´Ê, ´Ê¦´μ ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¸
¶μ³μÐÓÕ ¸¥¤²μ¢μ° ÉμÎ±¨ ¶·¨ ´¥±μÉμ·μ³ ´¥´Ê²¥¢μ³ η ¨ § É¥³ ¢§ÖÉÓ ¶·¥¤¥²
η → 0. �Éμ ¶μ§¢μ²Ö¥É ÔÉμ° ¢¥²¨Î¨´¥ § Ì¢ ÉÒ¢ ÉÓ ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´ÊÕ
¸É·Ê±ÉÊ·Ê.

�·μ¤¥³μ´¸É·¨·Ê¥³, ± ± ÔÉμ · ¡μÉ ¥É Ö¢´μ ¶·¨ q = 2. ‚μ-¶¥·¢ÒÌ, ³Ò ¡¥-
·¥³ ±μ´¥Î´μ¥ §´ Î¥´¨¥ ν = ν0 É ±μ¥, ÎÉμ ¸¨¸É¥³  ´ Ìμ¤¨É¸Ö ¢ ´¥É·¨¢¨ ²Ó´μ°

Ë §¥ 0. ‚ ÔÉμ° Ë §¥ ³Ò ¨³¥¥³ G1(±ω0) = G
(4)
1 (±ω0) (¸³. (24)). ‚ ÔÉμ³

¸²ÊÎ ¥

lim
N→∞

1
Z(0)

∫
DGDΣ e−NI[G,Σ;η] GLR(ω0) = G

(4)
1 (ω0). (33)

„ ²¥¥ Ëμ·³Ê²  (24) ¢ ¶·¥¤¥²¥ ν → 0 ¸¢μ¤¨É¸Ö ±

G1|ν=0(ω) = i sgn (ω)
√

4J2 + ω2

2J2
. (34)

‚ ·¥§Ê²ÓÉ É¥ ÔÉμ ¤ ¥É ´¥´Ê²¥¢μ¥ ±¢ §¨¸·¥¤´¥¥

≺ GLR(ω0) 	= i

√
4J2 + ω2

0

2J2
, ≺ GLR(ωn) 	= 0 ∀n �= 0. (35)

‡´ Î¥´¨¥ ±¢ §¨¸·¥¤´¥£μ ≺ GLR(τ1, τ2) 	 ¸μμÉ¢¥É¸É¢Ê¥É §´ Î¥´¨Õ ·¥¶²¨± -
¢´¥¤¨ £μ´ ²Ó´μ° ±μ³¶μ´¥´ÉÒ Gαβ ´  ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´μ° ¸¥¤²μ¢μ° ÉμÎ±¥
SYK ¸ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ ·¥¶²¨± ³¨. ’ ±¨³ μ¡· §μ³, ±¢ §¨¸·¥¤´¨¥ ¶μ-
³´ÖÉ μ ¥¥ Ë §μ¢μ° ¸É·Ê±ÉÊ·¥ ¶μ¸²¥ Éμ£μ, ± ± ν ¢Ò±²ÕÎ¥´μ. Š ± μ¡¸Ê¦¤ ¥É¸Ö
¢ · §¤. 4 ´¨¦¥, ÔÉ  ¦¥ ± ·É¨´  ¢¥·´  ¸ ÔÉ¨³ ¨¸ÉμÎ´¨±μ³ ¨ ¶·¨ q = 4.

4. ‘‹“—�‰ q = 4: —ˆ‘‹…��›… �…‡“‹œ’�’›

4.1. —¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¸¥¤²μ¢μ° ÉμÎ±¨. ‚ ¸²ÊÎ ¥ q = 4 ³Ò
·¥Ï ¥³ Ê· ¢´¥´¨Ö ¸¥¤²μ¢μ° ÉμÎ±¨ (12), (13) ¸  ´§ Í¥³ (14) Î¨¸²¥´´μ ³¥Éμ¤μ³,
μ¶¨¸ ´´Ò³ ¢ [13,15]. ƒ· Ë¨±¨ ·¥Ï¥´¨° ¤²Ö ¶ · ³ £´¨É´μ° (É·¨¢¨ ²Ó´μ°) ¨
¶¥·¢ÒÌ É·¥Ì ´¥É·¨¢¨ ²Ó´ÒÌ Ë § ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 2.
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�¨¸. 2. —¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¤²Ö Gαβ ± ± ËÊ´±Í¨¨ θ = (2π/β)τ ¤²Ö ν = 0,1 ¨ J = 1.
a) � · ³ £´¨É´ Ö Ë § , T = 0,032; ¡) Ë §  0, T = 0,025; ¢) Ë §  1, T = 0,008;
£) Ë §  2, T = 0,004

4.2. ” §μ¢ Ö ¸É·Ê±ÉÊ· . „²Ö ¨¸¸²¥¤μ¢ ´¨Ö Ë §μ¢ÒÌ ¶¥·¥Ìμ¤μ¢ ³Ò μ¶·¥-
¤¥²¨³ ¸¢μ¡μ¤´ÊÕ Ô´¥·£¨Õ ± ±

F = −T logZ(η), (36)

£¤¥ T = β−1. �  ¤μ³¨´¨·ÊÕÐ¥° ¸¥¤²μ¢μ° ÉμÎ±¥ ¢ ¢¥¤ÊÐ¥³ ¶μ·Ö¤±¥ ¡μ²Ó-
Ïμ£μ N ³Ò ¢Ò· ¦ ¥³ ¥¥ Î¥·¥§ ¤¥°¸É¢¨¥ ´  ·¥Ï¥´¨¨ ± ±

F = TN (− log 2 + I|on-shell). (37)

‡¤¥¸Ó log 2 ¢ÒÎÉ¥´ ¤²Ö Éμ£μ, ÎÉμ¡Ò Ô´É·μ¶¨Ö ¸μμÉ¢¥É¸É¢μ¢ ²  ¸¢μ¡μ¤´μ³Ê μÉ-
¢¥ÉÊ N log 2 ¶·¨ J = ν = 0.

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´μ ¶μ¢¥¤¥´¨¥ ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¢¡²¨§¨ É·¥Ì ¸ ³ÒÌ
¢Ò¸μ±μÉ¥³¶¥· ÉÊ·´ÒÌ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥±. �É¨ Ë §μ¢Ò¥ ¶¥·¥Ìμ¤Ò Ö¢²ÖÕÉ¸Ö
¶¥·¥Ìμ¤ ³¨ ¶¥·¢μ£μ ¶μ·Ö¤± . ‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ´  ´¥É·¨¢¨ ²Ó´ÒÌ Ë § Ì
É¥¶²μ¥³±μ¸ÉÓ μÉ·¨Í É¥²Ó´ . ’¥³ ´¥ ³¥´¥¥, ´ ¸É· ¨¢ Ö ν, ³μ¦´μ § ¸É ¢¨ÉÓ
²Õ¡ÊÕ § ¤ ´´ÊÕ ´¥É·¨¢¨ ²Ó´ÊÕ Ë §Ê ¨³¥ÉÓ ¸±μ²Ó Ê£μ¤´μ ¡²¨§±ÊÕ ± ´Ê²Õ
É¥¶²μ¥³±μ¸ÉÓ, ¶μ§¢μ²ÖÖ ¥° É ±¨³ μ¡· §μ³ ¶·μ¦¨ÉÓ ¸±μ²Ó Ê£μ¤´μ ¤μ²£μ.

„ ´´ Ö ± ·É¨´  Ë §μ¢ÒÌ ¶¥·¥Ìμ¤μ¢ Ê± §Ò¢ ¥É ´  Éμ, ÎÉμ ¶·¨ ´¥ ¸²¨Ï-
±μ³ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ν ¢ ¸· ¢´¥´¨¨ ¸ J ³Ò É ±¦¥ ¨³¥¥³ ¡¥¸±μ´¥Î´μ¥
¸¥³¥°¸É¢μ ´¥É·¨¢¨ ²Ó´ÒÌ Ë § ¢ ³μ¤¥²¨ ¸ q = 4. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥Ï¥´¨Ö
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�¨¸. 3 (Í¢¥É´μ° ¢ Ô²¥±É·μ´´μ° ¢¥·¸¨¨). ‘¢μ¡μ¤´ Ö Ô´¥·£¨Ö ¶·¨ Ë §μ¢ÒÌ ¶¥·¥Ìμ¤ Ì ¢
³μ¤¥²¨ q = 4. ‡¤¥¸Ó Î¥·´ Ö (¸¶²μÏ´ Ö) ±·¨¢ Ö Å ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö ¶ · ³ £´¨É´μ°
Ë §Ò, ¸¨´ÖÖ (ÏÉ·¨Ìμ¢ Ö) ±·¨¢ Ö Å ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö Ë §Ò 0, ±μ·¨Î´¥¢ Ö (¶Ê´±É¨·-
´ Ö) ±·¨¢ Ö Å ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö Ë §Ò 1 ¨ §¥²¥´ Ö (ÏÉ·¨Ì¶Ê´±É¨·´ Ö) ±·¨¢ Ö Å
¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö Ë §Ò 2. ‡¤¥¸Ó J = 1. �Ê´±É¨·´ Ö (¢¥·É¨± ²Ó´ Ö) ²¨´¨Ö ¶μ± -
§Ò¢ ¥É ¤²Ö ¸· ¢´¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ±·¨É¨Î¥¸±ÊÕ ÉμÎ±Ê ¢ ³μ¤¥²¨ q = 2, ±μÉμ· Ö
¤¨±ÉÊ¥É¸Ö Ê· ¢´¥´¨¥³ (27)

É ±¦¥ ¸¢μ¤ÖÉ¸Ö ± ·¥¶²¨± -´¥¤¨ £μ´ ²Ó´Ò³ ¢ ¶·¥¤¥²¥ ν → 0, ¨ É ±¨³ μ¡· -
§μ³ ¢§ ¨³μ¤¥°¸É¢¨¥ (8) μ¶·¥¤¥²Ö¥É ±¢ §¨¸·¥¤´¥¥ ¤²Ö ¸¶μ´É ´´μ£μ ´ ·ÊÏ¥´¨Ö
¸¨³³¥É·¨¨ ¢·¥³¥´´ÒÌ É· ´¸²ÖÍ¨° ¨ ¢ ¢¥·¸¨¨ ³μ¤¥²¨ ¸ q = 4.

�² £μ¤ ·´μ¸É¨. „ ´´Ò° ¢±² ¤ ¢ É·Ê¤Ò 	μ£μ²Õ¡μ¢¸±μ° ±μ´Ë¥·¥´Í¨¨
®�·μ¡²¥³Ò É¥μ·¥É¨Î¥¸±μ° ¨ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨¯ 2019 £. μ¸´μ¢ ´ ´ 
· ¡μÉ¥ [15] ¨ ¶·¥¤¸É ¢²¥´ ´  ±μ´Ë¥·¥´Í¨¨  ¢Éμ·μ³ ¢ ¢¨¤¥ Ê¸É´μ£μ ¤μ±² ¤ .
�¢Éμ· ¡² £μ¤ ·¥´ ˆ. Ÿ.�·¥ËÓ¥¢μ° ¨ ˆ.‚. ‚μ²μ¢¨ÎÊ §  ¶μ²¥§´Ò¥ ¤¨¸±Ê¸¸¨¨.
� ¡μÉ  ¶μ¤¤¥·¦ ´  �””ˆ, £· ´É º18-32-00918.
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