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ˆ§ÊÎ ¥É¸Ö ¸Ì¥³  “”-¶¥·¥´μ·³¨·μ¢μ± MS4, ¢μ§´¨±Ï Ö ¶·¨ Ëμ·³ ²¨§ Í¨¨ · ¸¸Ê¦-
¤¥´¨°, ¤ ¢Ï¨Ì ¢ ¸¢μ¥ ¢·¥³Ö ·Ö¤ ¢ ¦´ÒÌ  ²£μ·¨É³μ¢. MS4, £ · ´É¨·ÊÖ ±μ´¥Î´μ¸ÉÓ
¶¥·¥´μ·³¨·μ¢ ´´ÒÌ ¨´É¥£· ²μ¢ ¶μ ¶μ¸É·μ¥´¨Õ, Ê¤μ¢²¥É¢μ·Ö¥É  ±¸¨μ³ ³ R-μ¶¥· Í¨¨
	μ£μ²Õ¡μ¢  ¨ μ± §Ò¢ ¥É¸Ö 4-³¥·´Ò³  ´ ²μ£μ³ MS-¸Ì¥³Ò 'É •μËÉ . ˆ§¢¥¸É´Ò°
IBP- ²£μ·¨É³ ¶μ·É¨·Ê¥É¸Ö ¢ MS4 ¸ ³μ¤¨Ë¨± Í¨Ö³¨, ´μ ¡¥§ μ¸μ¡ÒÌ § É·Ê¤´¥´¨°. �¸μ-
¡¥´´μ¸É¨ ¸Ì¥³Ò MS4: ¶·μ§· Î´μ¸ÉÓ ¸É·Ê±ÉÊ·Ò, ¶·μ¸ÉμÉ   ·¨Ë³¥É¨±¨ ¶·¨ D = 4,
¸¶¥±É· ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ μ¶Í¨°. �·Ö³μ° ¢Ò¢μ¤ �ƒ-Ê· ¢´¥´¨° μ¶¥·¨·Ê¥É Éμ²Ó±μ Ö¢´μ
±μ´¥Î´Ò³¨ ¢¥²¨Î¨´ ³¨ ¨ ¸· §Ê ¶·¨¢μ¤¨É ± ¢Ò· ¦¥´¨Ö³ ¤²Ö �ƒ-ËÊ´±Í¨° Î¥·¥§ Ö¢´Ò¥
±μ´¥Î´Ò¥ ¨´É¥£· ²Ò ¸¶¥Í¨ ²Ó´μ£μ ¢¨¤ .

The UV renormalization scheme MS4 emerged in the formalization of the reasoning
which yielded an array of important algorithms in the 80s. MS4 guarantees ˇniteness
of renormalized integrals by construction, satisˇes the StueckelbergÄBogolyubov causa-
lity axiom for the R-operation, and turns out to be a 4-dimensional analog of 't Hooft's
MS-scheme. The well-known IBP reduction algorithm can be ported to MS4 with modi-
ˇcations, but without problems. MS4 exhibits transparency of the structure, simplicity of
the arithmetic at D = 4, and new calculational options. A straightforward derivation of
RG equations runs in terms of explicitly ˇnite quantities and expresses RG functions in
terms of explicitly ˇnite integrals.
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�·μ¥±É ´ Î ²¸Ö ± ± ÊÎ¥¡´Ò° ¢¢¨¤Ê μÉ¸ÊÉ¸É¢¨Ö ¢ ²¨É¥· ÉÊ·¥ Ö¸´μ£μ ¨§²μ-
¦¥´¨Ö É¥μ·¨¨ Ê²ÓÉ· Ë¨μ²¥Éμ¢μ° R-μ¶¥· Í¨¨. ’¥μ·¨Ö 	�•– [1] Ô§μÉ¥·¨Î´ 
¨ ¤ ²¥±  μÉ ¢ÒÎ¨¸²¨É¥²Ó´μ° ¶· ±É¨±¨ ¢ MS-¸Ì¥³¥ ¢ · §³¥·´μ° ·¥£Ê²Ö·¨§ -
Í¨¨. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸¶¨· ²Ó´Ò¥ (helicity) ³¥Éμ¤Ò · ¸Î¥Éμ¢ · ¤¨ Í¨μ´´ÒÌ
¶μ¶· ¢μ± ¨ É¥μ·¨Ö ¸Ê¶¥·¸¨³³¥É·¨¨ (¸·. [2]) ¶²μÌμ ¸μ¢³¥¸É¨³Ò ¸ D �= 4. �μ-
ÔÉμ³Ê ¸¤¥² ´  ¶μ¶ÒÉ±  ¨§ÊÎ¨ÉÓ ´  ¶· ±É¨Î¥¸±¨Ì ¶·¨³¥· Ì μ¸É ¢ ¢ÏÊÕ¸Ö ¢´¥
¢´¨³ ´¨Ö ³¥°´¸É·¨³  ¸Ì¥³Ê MS4 [3], ¢μ§´¨±ÏÊÕ ¶·¨ Ëμ·³ ²¨§ Í¨¨ [4] · ¸-
¸Ê¦¤¥´¨°, ¤ ¢Ï¨Ì ·Ö¤ ¶·μ·Ò¢´ÒÌ ·¥§Ê²ÓÉ Éμ¢ (R∗-μ¶¥· Í¨Ö [5], μ¶¥· Éμ·´Ò¥
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· §²μ¦¥´¨Ö ¤²Ö ³μ¤¥²¥° ¸ ¡¥§³ ¸¸μ¢Ò³¨ Î ¸É¨Í ³¨ ¢³¥¸É¥ ¸ ÔËË¥±É¨¢´Ò³¨
Ëμ·³Ê² ³¨ ¤²Ö ±μÔËË¨Í¨¥´É´ÒÌ ËÊ´±Í¨° [6],  ¸¨³¶ÉμÉ¨Î¥¸± Ö μ¶¥· Í¨Ö Å
¥¢±²¨¤μ¢  [7] ¨ ´¥¥¢±²¨¤μ¢  [8]). �¤´ ±μ ¶·μ¥±É ¢ÒÏ¥² §  · ³±¨ ÊÎ¥¡´μ£μ
Ê¶· ¦´¥´¨Ö, É ± ± ± μ¡´ ·Ê¦¨²¸Ö ·Ö¤ ¸Õ·¶·¨§μ¢.

–…�’��‹œ��Ÿ „ˆ‹…ŒŒ� ’…��ˆˆ “” R-��…��–ˆˆ [9]

�¸´μ¢´μ¥ ¸É·Ê±ÉÊ·´μ¥ É·¥¡μ¢ ´¨¥ ¤²Ö “” R-μ¶¥· Í¨¨ ¢ÒÉ¥± ¥É ¨§ Ê¸²μ-
¢¨° ¶·¨Î¨´´μ¸É¨ [10] ¨ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ μ´  ¤μ²¦´  ¸¢μ¤¨ÉÓ¸Ö ± ¤μ¡ ¢²¥-
´¨Õ ±¢ §¨²μ± ²Ó´ÒÌ ±μ´É·Î²¥´μ¢:

RUVT (L(x)L(y)L(z)) = T (L(x)L(y)L(z)) + T (Λ(x, y)L(z))+

+ T (Λ(x, z)L(y)) + T (Λ(y, z)L(x)) + Λ(x, y, z). (1)

„²Ö § ¢¥·Ï¥´¨Ö μ¶·¥¤¥²¥´¨Ö ´Ê¦´μ Ë¨±¸¨·μ¢ ÉÓ ¢¨¤ ±μ´É·Î²¥´μ¢ ¨ ¤μ± § ÉÓ
±μ´¥Î´μ¸ÉÓ ¶μ²ÊÎ ÕÐ¨Ì¸Ö ¶¥É²¥¢ÒÌ ¨´É¥£· ²μ¢.

”μ·³Ê²  ¨³¥¥É μ¡μ¡Ð¥´´μ-ËÊ´±Í¨μ´ ²Ó´Ò° Ì · ±É¥· ¨ ¢ Éμ ¦¥ ¢·¥³Ö
Ê¸É·μ¥´  ·¥±Ê·¸¨¢´μ. �¥±Ê·¸¨¢´ Ö ¸É·Ê±ÉÊ·  É¥μ·¥É¨Î¥¸±¨ ³μ¦¥É ¡ÒÉÓ μ¸´μ-
¢μ° ¤²Ö ±μ³¶ ±É´ÒÌ ¨´¤Ê±É¨¢´ÒÌ ¤μ± § É¥²Ó¸É¢, μ¤´ ±μ μ´  ³μ¦¥É ¡ÒÉÓ ¸μ-
Ì· ´¥´  Éμ²Ó±μ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨  ¶¶ · É  μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨°. ‡¤¥¸Ó ¨
¢μ§´¨± ¥É ¤¨²¥³³ .

A. ˆ§¡ ¢¨ÉÓ¸Ö μÉ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨°, ¸¢¥¤Ö ¢¸¥ ± · ¡μÉ¥ ¸ μ¡ÒÎ´Ò³¨
¨´É¥£· ² ³¨. �¤´ ±μ ¤²Ö ÔÉμ£μ ¶·¨¤¥É¸Ö · §·¥Ï¨ÉÓ ·¥±Ê·¸¨Õ ¨ ¶μÉ¥·ÖÉÓ ¶·¥-
¨³ÊÐ¥¸É¢ , ±μÉμ·Ò¥ μ´  ¤ ¥É. �Éμ ¶μ¤Ìμ¤ É¥μ·¨¨ 	�•–, ¶μ·μ¦¤ ÕÐ¨°
¢¥¸Ó³  £·μ³μ§¤±¨° Ëμ·³ ²¨§³ (¸·. £·μ³μ§¤±μ¸ÉÓ ±μ³¶ÓÕÉ¥·´ÒÌ ¶·μ£· ³³,
¶μ²ÊÎ ÕÐ¨Ì¸Ö ¶·¨ · §¢μ· Î¨¢ ´¨¨ ¢¥É¢ÖÐ¨Ì¸Ö ·¥±Ê·¸¨° ¢ Í¨±²Ò). „μ± § -
É¥²Ó¸É¢μ ±μ´¥Î´μ¸É¨ ¢μ§´¨± ÕÐ¨Ì £·μ³μ§¤±¨Ì ¨´É¥£· ²μ¢ ¨ ¸μ¸É ¢²Ö¥É ¸μ-
¤¥·¦ ´¨¥ É¥μ·¥³Ò 	μ£μ²Õ¡μ¢ Ä� · ¸Õ± Ä•¥¶¶ .

	. �μ¶ÒÉ ÉÓ¸Ö ¸μÌ· ´¨ÉÓ ·¥±Ê·¸¨¢´μ¸ÉÓ Ëμ·³Ê²Ò, ¤²Ö Î¥£μ ´Ê¦´μ · §· -
¡μÉ ÉÓ ¸¶¥Í¨ ²Ó´Ò° μ¡μ¡Ð¥´´μ-ËÊ´±Í¨μ´ ²Ó´Ò°  ¶¶ · É ¤²Ö · ¡μÉÒ ¸ ¶·μ-
¨§¢¥¤¥´¨Ö³¨ ¸¨´£Ê²Ö·´ÒÌ ËÊ´±Í¨° (¸³. ´¨¦¥ μ¶¨¸ ´¨¥ É ±¨Ì ³ É¥³ É¨Î¥¸±¨Ì
¨´¸É·Ê³¥´Éμ¢). �·¨ ÔÉμ³ ¡Ê±¢ ²Ó´ Ö ·¥ ²¨§ Í¨Ö ÔÉμ£μ ¶μ¤Ìμ¤  ¶μ¤· §Ê³¥¢ ¥É
· ¡μÉÊ ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨ (¸³. ¤¥É ²¨ ¢ [12]).

�¤´ ±μ ¨³¥¥É¸Ö ¥Ð¥ μ¤´  μ¶Í¨Ö Å ¸Ì¥³  MS4, ¶μ§¢μ²ÖÕÐ Ö ¸μÌ· ´¨ÉÓ
·¥±Ê·¸¨Õ ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¥¥ ¶·¥¨³ÊÐ¥¸É¢ , ´μ Ëμ·³Ê²¨·Ê¥³ Ö ¢ ¨³¶Ê²Ó¸´μ³
¶·¥¤¸É ¢²¥´¨¨, ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´μ³ ¤²Ö ·¥Ï¥´¨Ö Ë¨§¨Î¥¸±¨Ì § ¤ Î.

��‡�‚›… Œ�’…Œ�’ˆ—…‘Šˆ… ˆ�‘’�“Œ…�’›

�·¨ ¶μ¸É·μ¥´¨¨ ¸Ì¥³Ò MS4 ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤¢¥ ¸¶¥Í¨ ²Ó´Ò¥ ±μ´¸É·Ê±Í¨¨
μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° (¸³. ¢¸¥ ¤¥É ²¨ ¢ [4]).
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1. R-μ¶¥· Í¨Ö, ¤μ¸É ¢²ÖÕÐ Ö μ¡μ¡Ð¥´´ÊÕ ËÊ´±Í¨Õ ¤²Ö ´¥¨´É¥£·¨·Ê¥-
³μ£μ ¶·μ¨§¢¥¤¥´¨Ö ¸¨´£Ê²Ö·´ÒÌ ËÊ´±Í¨°:

R ◦ G = r ◦ R′ ◦ G, R′ ◦ G =
∑
Γ � G

(χΓG \Γ){R ◦ Γ}, (2)

£¤¥ ¸Ê³³  ¢¥¤¥É¸Ö ¶μ ¸É ·Ï¨³ · ¸Ìμ¤ÖÐ¨³¸Ö ¶μ¤£· Ë ³ (¸¶¥Í¨ ²Ó´Ò³ ¶μ¤-
¶·μ¨§¢¥¤¥´¨Ö³), ËÊ´±Í¨¨ χΓ ¸μ¸É ¢²ÖÕÉ ®±μ´Ê¸´μ¥¯ · §²μ¦¥´¨¥ ¥¤¨´¨ÍÒ,
(. . .) Å £² ¤±¨° Ë ±Éμ·; {. . .} Å ¸¨´£Ê²Ö·´Ò° Ë ±Éμ·; r Å ®¢ÒÎ¨É ÕÐ¨°¯
μ¶¥· Éμ· ¤²Ö ¸¨´£Ê²Ö·´μ¸É¨ ¢ ¨§μ²¨·μ¢ ´´μ° ÉμÎ±¥,  ´ ²μ£¨Î´Ò° ¶·¨³¥´Ö¢-
Ï¨³¸Ö ¢ [13], £¤¥ É ± Ö μ¶¥· Í¨Ö ´ §Ò¢ ¥É¸Ö ®·¥£Ê²Ö·¨§ Í¨¥°¯; ¢ ±¢ ´Éμ-
¢μ° É¥μ·¨¨ ¶μ²Ö μ¶¥· Éμ·Ò r É·¥¡ÊÕÉ ´¥±μÉμ·μ° ±μ´±·¥É¨§ Í¨¨ ¤²Ö ÊÎ¥É 
¸É·Ê±ÉÊ·´μ° ¸¶¥Í¨Ë¨±¨ ³´μ£μ³¥·´ÒÌ ¶¥·ÉÊ·¡ É¨¢´ÒÌ ¨´É¥£· ²μ¢ (¸³. ¤¥-
É ²¨ ¢ [12]).

2. �¸¨³¶ÉμÉ¨Î¥¸± Ö μ¶¥· Í¨Ö (�s-μ¶¥· Í¨Ö), ¤μ¸É ¢²ÖÕÐ Ö  ¸¨³¶ÉμÉ¨-
Î¥¸±μ¥ · §²μ¦¥´¨¥ ¢ ¸³Ò¸²¥ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° ¶μ ´¥±μÉμ·μ³Ê ¶ · ³¥É·Ê
¤²Ö ¸¨´£Ê²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö:

As ◦ G = r ◦ As′ ◦ G+ cGδG, As′ ◦ G =
∑
Γ � G

(χΓT ◦ G \Γ){As ◦ Γ}, (3)

£¤¥ T Å · §²μ¦¥´¨¥ ’¥°²μ·  ¶μ ¶ · ³¥É·Ê · §²μ¦¥´¨Ö. ”μ·³Ê²  ¤²Ö As
μÉ²¨Î ¥É¸Ö μÉ R £² ¢´Ò³ μ¡· §μ³ ®¶μ¤±·ÊÉ±μ°¯ r ´  ±μ´¥Î´Ò° ±μ´É·Î²¥´
cGδG, £¤¥ δG ²μ± ²¨§μ¢ ´  ¢ ÉμÎ±¥ ¸¨´£Ê²Ö·´μ¸É¨,   cG Å ¸¶¥Í¨ ²Ó´Ò³ μ¡· -
§μ³ ¢Ò¡· ´´Ò° Î¨¸²μ¢μ° ±μÔËË¨Í¨¥´É, ±μÉμ·Ò°, ± ± μ± §Ò¢ ¥É¸Ö, ¸μ¤¥·¦¨É
´¥ ´ ²¨É¨Î¥¸±ÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ ¶ · ³¥É·  · §²μ¦¥´¨Ö [7].

Šμ³¶ ±É´μ¸ÉÓ ÔÉ¨Ì ´¥ ¢¶μ²´¥ ¡ ´ ²Ó´ÒÌ Ëμ·³Ê² (¸ÊÐ¥¸É¢¥´´μ ¢ÒÌμ¤Ö-
Ð¨Ì §  · ³±¨, ´ ¶·¨³¥·, Ëμ·³ ²¨§³  ¨§¢¥¸É´μ° ³μ´μ£· Ë¨¨ [13]) ¥¸ÉÓ ¸²¥¤-
¸É¢¨¥ ¨Ì ·¥±Ê·¸¨¢´μ° ¸É·Ê±ÉÊ·Ò: § ¤ Î  ¶μ¸²¥¤μ¢ É¥²Ó´μ ¸¢μ¤¨É¸Ö ± É ±¨³
¦¥ § ¤ Î ³ ¤²Ö ¶μ¤¶·μ¨§¢¥¤¥´¨° ¸ ³¥´ÓÏ¨³ Î¨¸²μ³ ¸μ³´μ¦¨É¥²¥°, μ¡¥¸¶¥-
Î¨¢ Ö ÔËË¥±É¨¢´Ò¥ ¤μ± § É¥²Ó¸É¢  ¶μ ¨´¤Ê±Í¨¨.

‘•…Œ� Œˆ�ˆŒ�‹œ�›• ‚›—ˆ’��ˆ‰ MS4

‚ ± Î¥¸É¢¥ “” R-μ¶¥· Í¨¨ §¤¥¸Ó ¡¥·¥É¸Ö Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±μ´¥Î´ÒÌ
±μ´É·Î²¥´μ¢ cG,  ¢Éμ³ É¨Î¥¸±¨ ¢μ§´¨± ÕÐ¨Ì ¢ ±μ´¸É·Ê±Í¨¨ (3):

RUV

∫
dp B(p; κ)

�
= lim

Λ→∞

Λ∫
dp[B(p; κ) − S(p; κ)], (4)

£¤¥ p Å ¸μ¢μ±Ê¶´μ¸ÉÓ ¶¥É²¥¢ÒÌ ¨³¶Ê²Ó¸μ¢; κ Å ¸μ¢μ±Ê¶´μ¸ÉÓ ¢´¥Ï´¨Ì ¨³-
¶Ê²Ó¸μ¢ ¨ ³ ¸¸; B Å ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¡¥§ ¢ÒÎ¨É ´¨° (¤ ²¥¥
®£μ²μ¥ ¢Ò· ¦¥´¨¥¯); S Å É ± ´ §Ò¢ ¥³Ò¥ É¥´¥¢Ò¥ Î²¥´Ò, μ¶·¥¤¥²Ö¥³Ò¥ ¨
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μ¡¸Ê¦¤ ¥³Ò¥ ´¨¦¥.
Λ∫

dp =
∫

dp Θ(p/Λ) Å μ¡·¥§ ´¨¥ ¸ ¶μ³μÐÓÕ £² ¤±μ°
ËÊ´±Í¨¨ Θ, · ¢´μ° ¥¤¨´¨Í¥ ¢ μ±·¥¸É´μ¸É¨ ´Ê²Ö ¨ ´Ê²Õ ¢ μ±·¥¸É´μ¸É¨ ¡¥¸-
±μ´¥Î´μ¸É¨. ’ ±¨¥ ËÊ´±Í¨¨ Î ¸Éμ ¢μ§´¨± ÕÉ ¶·¨ · ¡μÉ¥ ¢ ¸Ì¥³¥ MS4. ‡ -
³¥É¨³, ÎÉμ Ê¤μ¡´¥¥ ¢¸¥£μ ¢Ò¡¨· ÉÓ Θ(p) ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨° Ê´¨¢¥·¸ ²Ó´ÒÌ
Ë ±Éμ·μ¢ Θ(p2

l ), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ± ¦¤μ³Ê ¶·μ¶ £ Éμ·Ê D(pl), ÎÉμ Ê¤μ¡´μ
¢ ·Ö¤¥ μÉ´μÏ¥´¨°: ´ ¶·¨³¥·, É ± £ · ´É¨·Ê¥É¸Ö ¸μ£² ¸μ¢ ´´μ¸ÉÓ μ¡·¥§ Õ-
Ð¨Ì Ë ±Éμ·μ¢ ¤²Ö · §´ÒÌ £· Ëμ¢ ¨ ¶μ¤£· Ëμ¢, ¢μ§´¨± ÕÐ¨Ì ¢ ·Ö¤ Ì É¥μ·¨¨
¢μ§³ÊÐ¥´¨°.

Š²ÕÎ¥¢ Ö μ¸μ¡¥´´μ¸ÉÓ É ±μ£μ μ¶·¥¤¥²¥´¨Ö ¢ Éμ³, ÎÉμ ¢Ò· ¦¥´¨¥ ¢ ¶· ¢μ°
Î ¸É¨ (4) ±μ´¥Î´μ ¶μ μ¶·¥¤¥²¥´¨Õ, ¶μÔÉμ³Ê ¢³¥¸Éμ ¤μ± § É¥²Ó¸É¢   ´ ²μ£ 
É¥μ·¥³Ò 	�• ´Ê¦´μ ¤μ± §Ò¢ ÉÓ ¸μμÉ¢¥É¸É¢¨¥ ÔÉμ£μ μ¶·¥¤¥²¥´¨Ö Ê¸²μ¢¨Õ
¶·¨Î¨´´μ¸É¨ (1), ¨ ¤¥² ¥É¸Ö ÔÉμ £μ· §¤μ ¶·μÐ¥.

’…�…‚›… —‹…�› S

�Éμ Î²¥´Ò  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ · §²μ¦¥´¨Ö ¢ ¸³Ò¸²¥ μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨°
¤²Ö B ¶·¨ p → ∞, ¶μ·μ¦¤ ÕÐ¨¥ · ¸Ìμ¤¨³μ¸É¨ ¢ ¨´É¥£· ²¥ ¶·¨ Λ → ∞. �´¨
¸É·μÖÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

1. ‚Ò¶μ²´Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥ ¢ ¸³Ò¸²¥ μ¡μ¡Ð¥´´ÒÌ
ËÊ´±Í¨° ´  ¶·μ¸É· ´¸É¢¥ ¸ ¢Ò±μ²μÉμ° ÉμÎ±μ° p = 0:

B(p; κ)
p→∞−−−→ As′ ◦ B(p; κ). (5)

2. “¤¥·¦¨¢ ÕÉ¸Ö Î²¥´Ò, ¤ ÕÐ¨¥ · ¸Ìμ¤¨³μ¸ÉÓ ¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ ¶·¨
Λ → ∞:

As′ ◦ B(p; κ) → As′0 ◦ B(p; κ) (6)

3. ‘² £ ¥³Ò¥, ¤ ÕÐ¨¥ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ · ¸Ìμ¤¨³μ¸ÉÓ ¶·¨ ¨´É¥£·¨·μ¢ -
´¨¨ ¶·¨ Λ → ∞, É ±¦¥ ¤ ÕÉ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ · ¸Ìμ¤¨³μ¸ÉÓ ¶·¨ ¨´É¥£·¨·μ-

¢ ´¨¨ ¢ μ±·¥¸É´μ¸É¨ p = 0 (¸·. ¨´É¥£· ²
∞∫
0

dx/x). �μÔÉμ³Ê ¶·¨³¥´Ö¥É¸Ö ¤μ-

¶μ²´¨É¥²Ó´Ò° ¢ÒÎ¨É ÕÐ¨° μ¶¥· Éμ· r ¤²Ö ¤μμ¶·¥¤¥²¥´¨Ö μ¡μ¡Ð¥´´μ° ËÊ´±-
Í¨¨ ´  ¢¸¥ ¶·μ¸É· ´¸É¢μ, ¢±²ÕÎ Ö ÉμÎ±Ê p = 0:

As′0 ◦ B(p; κ) → r ◦ As′0 ◦ B(p; κ)
�
= S. (7)

�É¨³ § ± ´Î¨¢ ¥É¸Ö μ¶·¥¤¥²¥´¨¥ É¥´¥¢ÒÌ Î²¥´μ¢.

‘‚�‰‘’‚� ’…�…‚›• —‹…��‚

�·¥¦¤¥ ¢¸¥£μ ¢Ò· ¦¥´¨¥ As′ ◦ B μ¶·¥¤¥²¥´μ μ¤´μ§´ Î´μ, ¶μÔÉμ³Ê μ¶¥-
· Í¨Ö As′ ±μ³³ÊÉ¨·Ê¥É ¸ ²¨´¥°´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ´ ¤ B ¨ ¥£μ Ê³´μ¦¥-
´¨¥³ ´  ¶μ²¨´μ³Ò P(p) [4].
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�¶¥· Éμ· r ¸μ¤¥·¦¨É ±μ´¥Î´Ò° ¶·μ¨§¢μ², ±μÉμ·Ò° Î ¸É¨Î´μ (¶μÎÉ¨ ¶μ²-
´μ¸ÉÓÕ) Ê¸É· ´Ö¥É¸Ö É·¥¡μ¢ ´¨Ö³¨, ¸¶¥Í¨Ë¨Î´Ò³¨ ¤²Ö ¶¥·ÉÊ·¡ É¨¢´μ° Š’�:

1) ´¥±μÉμ·Ò¥ ¶·μ¸ÉÒ¥ μ£· ´¨Î¥´¨Ö ¤²Ö ¸μμÉ¢¥É¸É¢¨Ö ¸É·Ê±ÉÊ·¥ ¶Š’�;
2) ¸É ´¤ ·É´Ò¥ μ£· ´¨Î¥´¨Ö, ÎÉμ¡Ò Ê¤μ¢²¥É¢μ·¨ÉÓ ± ²¨¡·μ¢μÎ´Ò³ Éμ¦¤¥-

¸É¢ ³;
3) ÉμÎ´ Ö ±μ³³ÊÉ Í¨Ö ¸ Ê³´μ¦¥´¨¥³ B ´  ¶μ²¨´μ³Ò μÉ p (¨ Éμ£¤  ¶·¨-

Ìμ¤¨É¸Ö ¢ÒÎ¨¸²ÖÉÓ ±μ³³ÊÉ Éμ· r ¸ ¶·μ¨§¢μ¤´Ò³¨).
’¥¶¥·Ó ²¥£±μ ¶μ´ÖÉÓ, ¶μÎ¥³Ê Ê ®É¥´¥¢ÒÌ Î²¥´μ¢¯ É ±μ¥ ´ §¢ ´¨¥: ¶·¨

¢Ò¡· ´´ÒÌ μ£· ´¨Î¥´¨ÖÌ ¤²Ö r ¢Ò¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ¸¢μ°¸É¢μ. …¸²¨ B =
P1B1 + P2B2, £¤¥ Pi Å ²Õ¡Ò¥ ¶μ²¨´μ³Ò ¶μ p, Éμ (B − S) = P1(B1 − S1) +
P2(B2 − S2).

�¥±Ê·¸¨Ö § ²μ¦¥´  ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ° μ¶¥· Í¨¨, ±μÉμ· Ö ¸μ¤¥·¦¨É ¢ ± -
Î¥¸É¢¥ Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ (cG)  ´ ²μ£¨Î´Ò¥ ¨´É¥£· ²Ò, ´μ ¸ ³¥´Ó-
Ï¨³ Î¨¸²μ³ ³´μ¦¨É¥²¥° ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ (¨§¢¥¸É´ Ö ¸É·Ê±ÉÊ· 
£· Ë → ¶μ¤£· Ë).

Šμ´¥Î´μ¸ÉÓ ¨´É¥£· ²  (4) £ · ´É¨·Ê¥É¸Ö ¸¶μ¸μ¡μ³ ¶μ¸É·μ¥´¨Ö É¥´¥¢ÒÌ
Î²¥´μ¢ ¨ ¶¥·¥Ìμ¤  ± ¶·¥¤¥²Ê Λ → ∞. �¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ §´ Î¥´¨¥
¶·¥¤¥²  ´¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  μ¡·¥§ ÕÐ¥° ËÊ´±Í¨¨ Θ(p/Λ).

‘��’‚…’‘’‚ˆ… �Š‘ˆ�Œ�Œ “” R-��…��–ˆˆ

�μ± ¦¥³ ´  ¶·¨³¥·¥ 2-¶¥É²¥¢μ° ¤¨ £· ³³Ò, ± ± ¢μ¸¶·μ¨§¢μ¤¨É¸Ö ¸É·Ê±-
ÉÊ·  “” R-μ¶¥· Í¨¨ (1) (¤μ¡ ¢²¥´¨¥ ±μ´É·Î²¥´μ¢, Ê³´μ¦¥´´ÒÌ ´  ¨´É¥-
£· ²Ò ¤²Ö £· Ëμ¢ ¸μ ¸¦ ÉÒ³¨ ¢ ÉμÎ±Ê “” ¶μ¤£· Ë ³¨). �¡μ§´ Î¨³ B(p; q) =
p−2(p − q)−2 (μ¤´  ¶¥É²Ö) ¨ B(p, q; k) = B(p; q)B(q; k) (¤¢¥ ¶¥É²¨), £¤¥ k Å
¢´¥Ï´¨° ¨³¶Ê²Ó¸. �·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³, ¶μ²Ó§ÊÖ¸Ó Ëμ·³Ê²μ° (7) ¨ ¸¢μ°-
¸É¢ ³¨ r ¨ Θ, ¶μ²ÊÎ ¥³, ÎÉμ ¶μ¤ ¶·¥¤¥²μ³ Λ → ∞

Λ∫
dp dq [B(p, q; k) − S] =

=

Λ∫
dp dq B(p, q; k) + Z1(Λ)

Λ∫
dq B(q; k) + Z2(Λ) + o(1), (8)

£¤¥ Z1(Λ) ¨ Z2(Λ) Å ±μ´É·Î²¥´Ò, · ¸Ìμ¤ÖÐ¨¥¸Ö ¶·¨ Λ → ∞. B(q; k)
¸μμÉ¢¥É¸É¢Ê¥É £· ËÊ ¸μ ¸¦ ÉÒ³ ¢ ÉμÎ±Ê “” ¶μ¤£· Ëμ³, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó
¶μ± § ÉÓ.

‘��‚�…�ˆ… ‘ ��›—��‰ MS-‘•…Œ�‰

‚μ-¶¥·¢ÒÌ, ¸Ì¥³  MS4 ¸ÊÐ¥¸É¢¥´´μ Ô±¢¨¢ ²¥´É´  ¸Ì¥³¥ ³¨´¨³ ²Ó´ÒÌ
¢ÒÎ¨É ´¨° ¶·¨ D �= 4, ÎÉμ ¢¨¤´μ ¶·¨ Ëμ·³ ²Ó´μ³ ¢¢¥¤¥´¨¨ D �= 4: ¢ÒÎ¨-
É É¥²Ó´Ò° μ¶¥· Éμ· r ¨£· ¥É ·μ²Ó ¢ÒÎ¨É ´¨Ö ¶μ²Õ¸μ¢ ¶μ D − 4. ‚μ-¢Éμ·ÒÌ,
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¢ ¶·μ³¥¦ÊÉμÎ´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ ¸Ì¥³  MS4 ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ²Õ¡ÊÕ
Ê¤μ¡´ÊÕ ·¥£Ê²Ö·¨§ Í¨Õ, Î¥³ ³μ¦´μ ÔËË¥±É¨¢´μ ¶μ²Ó§μ¢ ÉÓ¸Ö. ‘· ¢´¨³ ¢Ò-
Î¨¸²¥´¨¥ ¶·μ¸Éμ£μ ¨´É¥£· ²  μÉ B(p, q; k) (¢μ§´¨± ÕÐ¥£μ, ´ ¶·¨³¥·, ¢ ³¥Éμ¤¥
IBP [14]), ¶·μ¢¥¤¥´´μ¥, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¢ ¸Ì¥³¥ MS4 ¸μ ¢¸¶μ³μ£ É¥²Ó´μ°
 ´ ²¨É¨Î¥¸±μ° ·¥£Ê²Ö·¨§ Í¨¥° (Bα(p, q; k) = Bα(p; q)B(q; k), £¤¥ ¶ · ³¥É· α
¢¢¥¤¥´ Éμ²Ó±μ ¢ μ¤¨´ ¶·μ¶ £ Éμ·: p2 → p2(1+α)) ¨, ¸ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢
MS-¸Ì¥³¥ ¸ · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¥° (£¤¥ ³¥´Ö¥É¸Ö ´¥ ¶μ¤Ò´É¥£· ²Ó´μ¥
¢Ò· ¦¥´¨¥,   (¢μ²Ó´μ¸ÉÓ ·¥Î¨) ³¥·  ¨´É¥£·¨·μ¢ ´¨Ö: d4p → dDp; ε =
(4 − D)/2).∫

d4q B(q; k)
∫

d4p Bα(p; q) ∼ k−2α[α(1 − α)]−2, (9)

∫
dDq B(q; k)

∫
dDpB(p; q) ∼

∼ 1
k4ε

1
2ε2(1 − 2ε)(1 − 3ε)

Γ3(1 − ε)Γ(1 + 2ε)
Γ(1 − 3ε)

. (10)

‚¨¤´μ, ÎÉμ ¸μ¡¸É¢¥´´μ  ·¨Ë³¥É¨±  § ³¥É´μ ¶·μÐ¥ ¢ MS4, ¶·¨Î¥³ ¸²¥¤Ê¥É
μ¦¨¤ ÉÓ, ÎÉμ ÔÉ  · §´¨Í  ¡Ê¤¥É ´ · ¸É ÉÓ ¸ Î¨¸²μ³ ¶¥É¥²Ó.

� ���’ˆ��‚��ˆˆ IBP-�‹ƒ��ˆ’Œ�‚ ‚ ‘•…Œ“ MS4

�¡¸Ê¤¨³ Ï¨·μ±μ ¶·¨³¥´Ö¥³Ò¥  ²£μ·¨É³Ò IBP ·¥¤Ê±Í¨¨ [14]. ‚ Í¥²μ³
Éμ¦¤¥¸É¢  ¢Ò¶¨¸Ò¢ ÕÉ¸Ö ¶·¨³¥·´μ É ± ¦¥, ± ± ¨ ¢ · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¨,
´μ ¥¸ÉÓ ·Ö¤ ´Õ ´¸μ¢. ‚ ¸Ì¥³¥ MS4 ¶μÖ¢²ÖÕÉ¸Ö ´μ¢Ò¥ Éμ¦¤¥¸É¢ , ´ ¶·¨³¥·
(ÔÉμ Éμ¦¤¥¸É¢μ ²¥£±μ ¶·μ¢¥·¨ÉÓ ¶·Ö³Ò³ · ¸Î¥Éμ³):

�·¨ ÔÉμ³ ¢¸¥ Éμ¦¤¥¸É¢  §´ Î¨É¥²Ó´μ ¶·μÐ¥ (±μÔËË¨Í¨¥´ÉÒ ¢¸¥£¤  · -
Í¨μ´ ²Ó´Ò¥ Î¨¸² ,   ´¥ · Í¨μ´ ²Ó´Ò¥ ËÊ´±Í¨¨ μÉ D). ‘ ¤·Ê£μ° ¸Éμ·μ´Ò,
Ê¢¥²¨Î¨¢ ¥É¸Ö Î¨¸²μ ´¥·¥¤ÊÍ¨·Ê¥³ÒÌ ¡ §μ¢ÒÌ ¨´É¥£· ²μ¢; § Éμ ¨Ì ³μ¦´μ ¢Ò-
Î¨¸²ÖÉÓ ¸ ²Õ¡μ° Ê¤μ¡´μ° ·¥£Ê²Ö·¨§ Í¨¥° (¤ ¦¥ ¨ ¸ · §³¥·´μ°, ÎÉμ, ¢¶·μÎ¥³,
´¥ Ö¢²Ö¥É¸Ö μ¶É¨³ ²Ó´Ò³ ¢Ò¡μ·μ³). � ¶·¨³¥·, ¢ Î¨¸²μ ´¥·¥¤ÊÍ¨·Ê¥³ÒÌ ¶μ-
¶ ¤ ¥É ¨§¢¥¸É´Ò° ¨´É¥£· ²
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‚ Í¥²μ³ ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ¢ÒÎ¨¸²¥´¨Ö §¤¥¸Ó ¶μÉ·¥¡ÊÕÉ ¡μ²ÓÏ¥  ´ -
²¨É¨Î¥¸±μ° ¶μ¤£μÉμ¢±¨, ´μ ¡Ê¤ÊÉ ¢Ò¶μ²´ÖÉÓ¸Ö ¡Ò¸É·¥¥. ‚ Î ¸É´μ¸É¨, ¢ MS4

μÉ¸ÊÉ¸É¢Ê¥É ¸¢μ°¸É¢¥´´μ¥ · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¨ ¶¥·¥³¥Ï¨¢ ´¨¥ § ¢¨¸¨-
³μ¸É¥° μÉ ¶ · ³¥É·μ¢ ·¥£Ê²Ö·¨§ Í¨¨ ¢ ±μÔËË¨Í¨¥´É Ì Éμ¦¤¥¸É¢ ¨ ¢ μÉ¢¥É Ì
¤²Ö ¡ §μ¢ÒÌ ¨´É¥£· ²μ¢; É ±μ¥ ¶¥·¥³¥Ï¨¢ ´¨¥ § ³¥É´μ Ê¸²μ¦´Ö¥É  ·¨Ë³¥-
É¨±Ê ¢ÒÎ¨¸²¥´¨° (¨³¥´´μ ÔÉ¨³ ¡Ò²  ¶μ·μ¦¤¥´  μÏ¨¡±  ¢ ¶¥·¢μ° ¢¥·¸¨¨
· ¸Î¥É  [15]).

�ƒ-“��‚�…�ˆŸ

„¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ·¥´μ·³£·Ê¶¶Ò ¢ MS4 ¢Ò¢μ¤ÖÉ¸Ö ¸ ³Ò³ ´¥-
¶μ¸·¥¤¸É¢¥´´Ò³ μ¡· §μ³ Å ¶·Ö³Ò³ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ ¶μ ¶ · ³¥É·Ê μ,
¸±·ÒÉμ³Ê ¢ μ¶·¥¤¥²¥´¨¨ ¢ÒÎ¨É É¥²Ó´ÒÌ μ¶¥· Éμ·μ¢ r. ‡ ¶¨Ï¥³ ¶¥·¥´μ·³¨-
·μ¢ ´´Ò° ¨´É¥£· ² (4) ¸ ÊÎ¥Éμ³ ¢¢¥¤¥´´ÒÌ μ¶·¥¤¥²¥´¨°, ¶μ± § ¢ § ¢¨¸¨³μ¸ÉÓ
μÉ μ:

Aμ(κ) = lim
Λ→∞

∫
dp Θ(p/Λ) [B(p; κ)− rμ ◦ As′0 ◦ B(p; κ)]. (11)

‚ ¢ÒÎ¨¸²¥´¨¨ ¨¸¶μ²Ó§Ê¥É¸Ö ÉμÉ Ë ±É, ÎÉμ £μ²μ¥ ¢Ò· ¦¥´¨¥ B ¨ μ¶¥· Í¨Ö As
´¥ § ¢¨¸ÖÉ μÉ μ. “Î¨ÉÒ¢ Ö μ¶·¥¤¥²¥´¨¥ ¢ÒÎ¨É É¥²Ó´μ£μ μ¶¥· Éμ·  r, ¶μ²ÊÎ ¥³

Aμ(κ) = lim
Λ→∞

[
{. . .} +

∫
dp Θ

(
p

μ

)
as′0 ◦ B(p; κ)

]
, (12)

£¤¥ Ë¨£Ê·´Ò¥ ¸±μ¡±¨ ¸μ¤¥·¦ É Î²¥´Ò, ´¥ § ¢¨¸ÖÐ¨¥ μÉ μ,   as′0 Ê¤¥·¦¨¢ ¥É
Éμ²Ó±μ É¥ Î²¥´Ò ¨§ As′0, ±μÉμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ²μ£ ·¨Ë³¨Î¥¸±μ° · ¸Ìμ¤¨-
³μ¸É¨. „¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ μ ¸· §Ê ¤ ¥É

μ
∂

∂μ
Aμ(κ) = lim

Λ→∞

∫
dpμ

∂

∂μ
Θ

(
p

μ

)
[as′0 ◦ B(p; κ)]. (13)

‡ ³¥´¨³ ¶·μ¨§¢μ¤´ÊÕ ¶μ μ ´  ¶·μ¨§¢μ¤´ÊÕ ¶μ

μ
∂

∂μ
Θ

(
p

μ

)
= (−) pα ∂

∂pα
Θ

(
p

μ

)
= (−) ∂̂Θ

(
p

μ

)
(14)

¨ ¶·μ¢¥¤¥³ § ³¥´Ê p → μp, μ¶Ê¸± Ö ¸É ¢Ï¨° É·¨¢¨ ²Ó´Ò³ ¶·¥¤¥² ¶μ Λ:

(13) = −
∫

dp ∂̂Θ(p)as′0 ◦ B(p; κ/μ). (15)

‚ ¨Éμ£¥ ¶μ²ÊÎ ¥³ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ �ƒ-Ê· ¢´¥´¨¥ ¤²Ö μÉ¤¥²Ó´μ° ¤¨ £· ³³Ò:

μ
∂

∂μ
Aμ(κ) +

∫
dp ∂̂Θ(p)as′0 ◦ B(p; κ/μ) = 0. (16)
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’¥¶¥·Ó · ¸±·μ¥³ μ¶·¥¤¥²¥´¨¥ as′0:

μ
∂

∂μ
Aμ(κ) +

∑
γ=∅,...,Γ
γ �=Γ

c∗γ

(
k

μ

)
×

×
(∫

dpΓ\γ

[
∂̂Γ\γΘ(pΓ\γ)

]
R′

μ=1 ◦ t0 ◦ BΓ\γ(pΓ\γ ; 0)
)

= 0, (17)

£¤¥ Γ Å £· Ë (¶·μ¨§¢¥¤¥´¨¥); γ Å ¶μ²´Ò¥ ¸¨´£Ê²Ö·´Ò¥ ¶μ¤¶·μ¨§¢¥¤¥´¨Ö [7];
Γ\γ =

∏
i

Gi Å ¶·μ¨§¢¥¤¥´¨¥ “” ¶μ¤£· Ëμ¢ Gi; c∗γ Å ¨´É¥£· ² Γ ¸μ ¢¸¥³¨

Gi, ¸ÉÖ´ÊÉÒ³¨ ¢ ÉμÎ±Ê (ÉÊÉ · ¡μÉ ¥É É  ¦¥ ±μ³¡¨´ Éμ·¨± , ±μÉμ· Ö μ¡¥¸¶¥-
Î¨¢ ²  ¸μ£² ¸¨¥ μ¶·¥¤¥²¥´¨Ö (4) ¸ Ê¸²μ¢¨¥³ 	μ£μ²Õ¡μ¢  (1)); t0 Ê¤¥·¦¨¢ ¥É
Éμ²Ó±μ É¥ Î²¥´Ò · §²μ¦¥´¨Ö ’¥°²μ·  ¶μ ¢´¥Ï´¨³ ¨³¶Ê²Ó¸ ³ ¶μ¤£· Ë , ±μ-
Éμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ²μ£ ·¨Ë³¨Î¥¸±μ° · ¸Ìμ¤¨³μ¸É¨ ¶·¨ pΓ\γ = 0; ´ ±μ´¥Í,
¨´É¥£· ²

(∫
dpΓ\γ . . .

)
 ¢Éμ³ É¨Î¥¸±¨ · ¸¶ ¤ ¥É¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥  ´ ²μ£¨Î-

´ÒÌ ¨´É¥£· ²μ¢ ¤²Ö “” ¶μ¤£· Ëμ¢ Gi; ´¥É·Ê¤´μ ¶μ´ÖÉÓ, ÎÉμ Ë ±Éμ·Ò ÔÉμ£μ
¶·μ¨§¢¥¤¥´¨Ö ¸ÊÉÓ ¢±² ¤Ò ¢ ·¥´μ·³£·Ê¶¶μ¢Ò¥ ËÊ´±Í¨¨ (β, γ, . . .) μÉ Gi.

„²Ö ¶·¨³¥·  ±μ´±·¥É¨§¨·Ê¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¤²Ö 2-¶¥É²¥¢μ£μ £· -
Ë  ³μ¤¥²¨ gϕ4 ¸ “” ¶μ¤£· Ëμ³ (¨ £· Ë, ¨ ¶μ¤£· Ë · ¸Ìμ¤ÖÉ¸Ö ²μ£ ·¨Ë³¨-
Î¥¸±¨)

�μ²ÊÎ¨³

μ
∂

∂μ
Aμ(k, k′) + lim

Λ→∞

Λ∫
dq [B (q; k) − Sμ]×

×
∫

dp

(
pα ∂

∂pα
Θ(p)

)
B(p; 0) = 0. (18)

‚¨¤´μ, ÎÉμ ¶¥·¢Ò° ¨´É¥£· ² Å ÔÉμ ¢ ÉμÎ´μ¸É¨ ¶¥·¥´μ·³¨·μ¢ ´´Ò° ¢ ¸μ-
μÉ¢¥É¸É¢¨¨ ¸ ´μ¢Ò³ μ¶·¥¤¥²¥´¨¥³ ¨´É¥£· ², ¶μ²ÊÎ ÕÐ¨°¸Ö ¸¦ É¨¥³ ¢ ÉμÎ±Ê
“” ¶μ¤£· Ë , ¨ Éμ£¤  ¢Éμ·μ° ¨´É¥£· ² ¸μμÉ¢¥É¸É¢Ê¥É (¸ ÉμÎ´μ¸ÉÓÕ ¤μ Î¨¸²μ-
¢μ£μ ±μÔËË¨Í¨¥´É ) ´¨§Ï¥³Ê ¢±² ¤Ê ¢ β-ËÊ´±Í¨Õ ³μ¤¥²¨ gϕ4.

�μ¸²¥ ¸Ê³³¨·μ¢ ´¨Ö ¢¸¥£μ ·Ö¤  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° �ƒ-ËÊ´±Í¨¨ ¡Ê¤ÊÉ
¸μ¡¨· ÉÓ¸Ö ¨§ ±μ´¥Î´ÒÌ ¶μ ¶μ¸É·μ¥´¨Õ ¨´É¥£· ²μ¢ ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

ΔG =
∫

dp ∂̂Θ(p) × R′
μ=1 ◦ t0 ◦ B(p; 0), (19)
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£¤¥ G Å “” ¶μ¤£· Ë; p Å ¸μ¢μ±Ê¶´μ¸ÉÓ ¥£μ ¶¥É²¥¢ÒÌ ¨³¶Ê²Ó¸μ¢; ∂̂ Å μ¶¥· -
Éμ· �°²¥·  ¶μ p; t0 Ê¤¥·¦¨¢ ¥É Éμ²Ó±μ É¥ Î²¥´Ò · §²μ¦¥´¨Ö ’¥°²μ·  ¶μ ¢¸¥³
³ ¸¸ ³ ¨ ¢´¥Ï´¨³ ¨³¶Ê²Ó¸ ³ ¶μ¤£· Ë , ±μÉμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ ²μ£ ·¨Ë³¨-
Î¥¸±μ° · ¸Ìμ¤¨³μ¸É¨ ¶·¨ p = 0,   Θ(p) Å £² ¤± Ö ËÊ´±Í¨Ö, · ¢´ Ö ¥¤¨´¨Í¥ ¢
μ±·¥¸É´μ¸É¨ ´Ê²Ö ¨ ´Ê²Õ ¢ μ±·¥¸É´μ¸É¨ ¡¥¸±μ´¥Î´μ¸É¨; ¥¥ ¶·μ¨§¢μ¤´Ò¥ · ¢´Ò
´Ê²Õ É ³ ¨ É ³, ¶μÔÉμ³Ê ´¥ ¢μ§´¨± ¥É ¶·μ¡²¥³ ¸ · ¸Ìμ¤¨³μ¸ÉÓÕ ¨´É¥£· ²  ¢
´Ê²¥ ¨ ´  ¡¥¸±μ´¥Î´μ¸É¨,   · ¸Ìμ¤¨³μ¸É¨ ¢ ¶μ¤¶·μ¨§¢¥¤¥´¨ÖÌ Ê¸É· ´Ö¥É R′.
�¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ R′

μ=1 ¡¥·¥É¸Ö ¶·¨ μ = 1, É. ¥. ΔG,   §´ Î¨É,
¨ �ƒ-ËÊ´±Í¨¨, ÔÉμ ¡¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò, ÎÉμ Ì · ±É¥·´μ ¨ ¤²Ö MS-¸Ì¥³Ò
(ÉμÎ´¥¥, ÔÉμ ¸¢μ°¸É¢μ Ö¢²Ö¥É¸Ö Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¤²Ö ¢¸¥£μ ±² ¸¸  ¸Ì¥³,
±μÉμ·μ³Ê ¶·¨´ ¤²¥¦ É MS [16], MS [17], G [18], MS4 ¨ ¤·.).

‡�Š‹�—…�ˆ…

ˆÉ ±, ¢ÒÎ¨É É¥²Ó´ Ö ¶·μÍ¥¤Ê·  MS4, £ · ´É¨·ÊÕÐ Ö ±μ´¥Î´μ¸ÉÓ ·¥§Ê²Ó-
É¨·ÊÕÐ¨Ì ¨´É¥£· ²μ¢ ¶μ ¶μ¸É·μ¥´¨Õ, μ± §Ò¢ ¥É¸Ö ±μ··¥±É´μ° Ê²ÓÉ· Ë¨μ²¥-
Éμ¢μ° R-μ¶¥· Í¨¥°, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° Ê¸²μ¢¨Ö³ ˜ÉÕ±¥²Ó¡¥·£ Ä	μ£μ²Õ¡μ¢ .
‚ ´¥° ´¥ É·¥¡Ê¥É¸Ö ¢¢μ¤¨ÉÓ ¶·μ³¥¦ÊÉμÎ´Ò¥ ·¥£Ê²Ö·¨§ Í¨¨ ¶μ¢¥·Ì ¥¸É¥¸É¢¥´-
´ÒÌ μ¡·¥§ ´¨°, ±μÉμ·Ò¥ ¨ É ± ¢¸¥£¤  ¶μ¤· §Ê³¥¢ ÕÉ¸Ö ¢ μ¶·¥¤¥²¥´¨¨ ´¥-
¸μ¡¸É¢¥´´ÒÌ ¨´É¥£· ²μ¢. ‘Ì¥³  Î¥É±μ ¸É·Ê±ÉÊ·¨·μ¢ ´ : É¥Ì´¨Î¥¸±¨¥ ¤¥É ²¨
®Ê¶ ±μ¢ ´Ò¯ ¢ Ê´¨¢¥·¸ ²Ó´Ò¥ ¨´¸É·Ê³¥´ÉÒ (Θ, r, R, As). ‘Ì¥³  ¶·Ö³μ ¸¢Ö§Ò-
¢ ¥É¸Ö ¸  ±ÉÊ ²Ó´μ° ¶· ±É¨±μ°: ¶·¨ Ëμ·³ ²Ó´μ³ ¢¢¥¤¥´¨¨ · §³¥·´μ° ·¥£Ê²Ö-
·¨§ Í¨¨ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ¸¥³¥°¸É¢μ MS-¸Ì¥³. ‘É ´¤ ·É´Ò¥ IBP- ²£μ·¨É³Ò,
μ¡ÒÎ´μ Ëμ·³Ê²¨·Ê¥³Ò¥ ¤²Ö D �= 4, ¶μ·É¨·ÊÕÉ¸Ö ¢ ¸Ì¥³Ê MS4 ¡¥§ § É·Ê¤-
´¥´¨°, ÌμÉÖ ¨ ¸ ³μ¤¨Ë¨± Í¨Ö³¨. ‚ μÉ²¨Î¨¥ μÉ · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¨
¤²Ö · ¡μÉÒ ¸ MS4 É·¥¡Ê¥É¸Ö ¶μ´¨³ ´¨¥ ´¥¡ ´ ²Ó´μ£μ Ëμ·³ ²¨§³ , § Éμ ¸μ¡-
¸É¢¥´´μ  ·¨Ë³¥É¨±  ¢ÒÎ¨¸²¥´¨° (¢ Éμ³ Î¨¸²¥ IBP-Éμ¦¤¥¸É¢) μ± §Ò¢ ¥É¸Ö Ö¢´μ
¶·μÐ¥, Î¥³ ¢ ¸²ÊÎ ¥ D �= 4, ¶·¨Î¥³ · §´¨Í  · ¸É¥É ¸ Î¨¸²μ³ ¶¥É¥²Ó. „·Ê£¨³¨
¸²μ¢ ³¨, ¢ÒÖ¸´Ö¥É¸Ö, ÎÉμ ¢´¥Ï´ÖÖ ¶·μ¸ÉμÉ  · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¨ ¨³¥¥É
¸¢μÕ ¸±·ÒÉÊÕ Í¥´Ê. „²Ö �ƒ-ËÊ´±Í¨° ¶μ²ÊÎ ÕÉ¸Ö ´μ¢Ò¥ ¨ ´¥μ¡ÒÎ´Ò¥ Ö¢´Ò¥
¢Ò· ¦¥´¨Ö Î¥·¥§ ±μ´¥Î´Ò¥ ¨´É¥£· ²Ò; §¤¥¸Ó ³μ¦´μ μ¦¨¤ ÉÓ ´μ¢ÒÌ ¨ ´¥μ¡ÒÎ-
´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ μ¶Í¨°. ‘ μ¶¥· Éμ·´Ò³¨ · §²μ¦¥´¨Ö³¨ ¨ É. ¶. ¢ ´μ¢μ³
Ëμ·³ ²¨§³¥ ´¥É ¶·μ¡²¥³, ¶μ¸±μ²Ó±Ê ¸ ³  ¸Ì¥³  MS4 ¢μ§´¨±²  ¶·¨ ·¥Ï¥´¨¨
¨³¥´´μ ÔÉ¨Ì § ¤ Î ¢ · ³± Ì É¥μ·¨¨  ¸¨³¶ÉμÉ¨Î¥¸±μ° μ¶¥· Í¨¨ [7, 4].

’ ±¨³ μ¡· §μ³, ¸Ì¥³  MS4 Ö¢²Ö¥É¸Ö ¶μ²´μÍ¥´´μ°  ²ÓÉ¥·´ É¨¢μ° É¥μ·¨¨
	�•–, ¨³¥¥É ¢ ¦´Ò¥ ³¥Éμ¤¨Î¥¸±¨¥ ¨ É¥Ì´¨Î¥¸±¨¥ ¶·¥¨³ÊÐ¥¸É¢  ´  Ê·μ¢´¥
Ëμ·³ ²¨§³ ,   É ±¦¥ ¶·Ö³ÊÕ ¸¢Ö§Ó ¸ ¶·¨²μ¦¥´¨Ö³¨. ‘¶¥Í¨Ë¨Î¥¸±¨¥ μ¸μ¡¥´-
´μ¸É¨ ¸Ì¥³Ò MS4 ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¤²Ö ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ¶·¨²μ¦¥´¨°.

�² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¡² £μ¤ ·ÖÉ �. ˜.Œ¥´ÖÏ¥¢  §  ¶μ¤¤¥·¦±Ê ´ Ï¥£μ
ÊÎ ¸É¨Ö ¢ ±μ´Ë¥·¥´Í¨¨ ¨ „.ˆ.Š § ±μ¢  §  μ·£ ´¨§ Í¨μ´´ÊÕ ¶μ³μÐÓ.
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