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�μ²ÊÎ¥´Ò Ê· ¢´¥´¨Ö ˆ§· Ô²Ö ¤²Ö Éμ´±¨Ì μ¡μ²μÎ¥± ¢ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó-
´μ¸É¨ ´ ¶·Ö³ÊÕ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö. � §· ¡μÉ ´ ³¥Éμ¤ ¶μ²ÊÎ¥´¨Ö
Ê· ¢´¥´¨° ¤²Ö ¤¢μ°´μ£μ ¸²μÖ ¢ ±¢ ¤· É¨Î´μ° £· ¢¨É Í¨¨ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ
¤¥°¸É¢¨Ö.

Israel equations for thin shells in General Relativity are derived directly from the least
action principle. The method is elaborated for obtaining the equations for double layers in
quadratic gravity from the least action principle.
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‹Õ¡ Ö ·¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö £· ¢¨É Í¨¨ ¤μ²¦´  μ¶¨¸Ò¢ ÉÓ¸Ö ´¥²¨´¥°-
´Ò³¨ Ê· ¢´¥´¨Ö³¨, ¶μ¸±μ²Ó±Ê £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ μ¡² ¤ ¥É Ô´¥·£¨¥° ¨ ¶μÔ-
Éμ³Ê ¸ ³μ ¶μ ¸¥¡¥ Ö¢²Ö¥É¸Ö ¨¸ÉμÎ´¨±μ³. �¥Ï¥´¨¥ É ±¨Ì Ê· ¢´¥´¨° ¤ ¦¥ ¤²Ö
¸²ÊÎ Ö ¢ ±ÊÊ³  ±· °´¥ § É·Ê¤´¨É¥²Ó´μ. �μÔÉμ³Ê μ¸μ¡Ò° ¨´É¥·¥¸ ¶·¥¤¸É ¢-
²ÖÕÉ ¸¨´£Ê²Ö·´Ò¥ · ¸¶·¥¤¥²¥´¨Ö É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³ É¥·¨ ²Ó´ÒÌ (´¥
£· ¢¨É Í¨μ´´ÒÌ ¨¸ÉμÎ´¨±μ¢). ŒÒ ¨³¥¥³ ¢ ¢¨¤Ê, ¶·¥¦¤¥ ¢¸¥£μ, · ¸¶·¥¤¥²¥´¨Ö,
μ¶¨¸Ò¢ ¥³Ò¥ δ-ËÊ´±Í¨¥° „¨· ± , É. ¥. Éμ´±¨³¨ μ¡μ²μÎ± ³¨.

‘É·μ£μ £μ¢μ·Ö, ³Ò · ¸¸³ É·¨¢ ¥³ ¨´É¥£· ² ¤¥°¸É¢¨Ö ¢ ¢¨¤¥ ¸Ê³³Ò £· ¢¨-
É Í¨μ´´μ£μ ¤¥°¸É¢¨Ö Sgrav ¨ ¤¥°¸É¢¨Ö ¤²Ö ¶μ²¥° ³ É¥·¨¨ Sm:

Stot = Sgrav + Sm. (1)

∗E-mail: berezin@inr.ac.ru
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�μ μ¶·¥¤¥²¥´¨Õ ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö ³ É¥·¨¨ ¶μ ³¥É·¨Î¥¸±μ³Ê É¥´§μ·Ê gμν

(ds2 = gμνdxμdxν ) ¤ ¥É É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  Tμν :

δSm
def=

1
2

∫
Tμνδgμν√−g d4x =

1
2

∫
T μνδgμν

√
−g d4x, (2)

£¤¥ g Å ¤¥É¥·³¨´ ´É É¥´§μ·  gμν .
�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¢´ÊÉ·¨ μ¡Ñ¥³  ¨´É¥£·¨·μ¢ ´¨Ö ¸ÊÐ¥¸É¢Ê¥É ¸¨´£Ê-

²Ö·´ Ö ¶μ¢¥·Ì´μ¸ÉÓ Σ0, ´  ±μÉμ·μ° ¸μ¸·¥¤μÉμÎ¥´ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ .
’μ²Ó±μ ÔÉ  ¸¨´£Ê²Ö·´ Ö Î ¸ÉÓ ´ ¸ ¨ ¨´É¥·¥¸Ê¥É. ’·¥Ì³¥·´ Ö £¨¶¥·¶μ¢¥·Ì-
´μ¸ÉÓ Σ0 ¤¥²¨É Î¥ÉÒ·¥Ì³¥·´Ò° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° μ¡Ñ¥³ ¨´É¥£·¨-
·μ¢ ´¨Ö Ê¸²μ¢´μ ´  ¤¢¥ Î ¸É¨: ¢´ÊÉ·¥´´ÕÕ (−) ¨ ¢´¥Ï´ÕÕ (+). �·¥μ¡· §μ-
¢ ´¨¥³ ±μμ·¤¨´ É ¢ ± ¦¤μ° ¨§ ÔÉ¨Ì μ¡² ¸É¥° ³μ¦´μ ¤μ¡¨ÉÓ¸Ö ´¥¶·¥·Ò¢´μ¸É¨
³¥É·¨Î¥¸±μ£μ É¥´§μ·  ´  Σ0 (ÔÉμ ¥¤¨´¸É¢¥´´μ¥, ÎÉμ ¨Ì ¸¢Ö§Ò¢ ¥É). ‡ ³¥É¨³,
ÎÉμ ¡¥§ É ±μ° ´¥¶·¥·Ò¢´μ¸É¨ ¢´ÊÉ·¥´´ÕÕ ¨ ¢´¥Ï´ÕÕ Î ¸É¨ ¸²¥¤μ¢ ²μ ¡Ò
· ¸¸³ É·¨¢ ÉÓ ± ± ¸μ¢¥·Ï¥´´μ ¸ ³μ¸ÉμÖÉ¥²Ó´Ò¥, ´¨± ± ´¥ ¸¢Ö§ ´´Ò¥ ³¥¦¤Ê
¸μ¡μ° ³´μ£μμ¡· §¨Ö. ‚ Î ¸É´μ¸É¨, ³μ¦´μ ¢¢¥¸É¨ £ Ê¸¸μ¢Ê ´μ·³ ²Ó´ÊÕ ¸¨-
¸É¥³Ê ±μμ·¤¨´ É, ¸¢Ö§ ´´ÊÕ ¸ Σ0: xμ = (n, xi), xi ∈ Σ0,

ds2 = ε dn2 + γij dxi dxj , (3)

£¤¥ n Å ±μμ·¤¨´ É  ¢¤μ²Ó ¢´¥Ï´¥° ´μ·³ ²¨ ± Σ0,   ε = ±1 ¢ § ¢¨¸¨³μ¸É¨
μÉ Éμ£μ, Ö¢²Ö¥É¸Ö Σ0 ¶·μ¸É· ´¸É¢¥´´μ-¶μ¤μ¡´μ° £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓÕ ¨²¨ ¦¥
¢·¥³¥´¨¶μ¤μ¡´μ° (³Ò ¨¸¶μ²Ó§Ê¥³ ¸¨£´ ÉÊ·Ê (+ − −−)),   Ê· ¢´¥´¨¥ ¤²Ö Σ0

¥¸ÉÓ ¶·μ¸Éμ n = 0. ‚²μ¦¥´¨¥ ¦¥ Σ0 ¢ Î¥ÉÒ·¥Ì³¥·´Ò° μ¡Ñ¥³ μ¶¨¸Ò¢ ¥É¸Ö
É¥´§μ·μ³ ¢´¥Ï´¥° ±·¨¢¨§´Ò Kij :

Kij
def= −1

2
∂γij

∂n

∣∣∣
Σ0

. (4)

‚ ÔÉ¨Ì ±μμ·¤¨´ É Ì Tμν = Sμνδ(n) + . . . ¨

δSm =
1
2

∫
Σ0

(Snnδgnn + 2Sniδg
ni + Sijδg

ij)
√

|γ|d3x. (5)

’¥´§μ· Sμν ¥¸ÉÓ ¶μ¢¥·Ì´μ¸É´Ò° É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ´  μ¡μ²μÎ±¥. �É³¥-
É¨³, ÎÉμ ÌμÉÖ gnn = gnn = ε, gni = gni = 0, ´μ ¨Ì ¢ ·¨ Í¨¨ ´¥ μ¡Ö§ É¥²Ó´μ
· ¢´Ò ´Ê²Õ ´  Σ0.

ŒÒ ¡Ê¤¥³ · ¡μÉ ÉÓ ¢ · ³± Ì ·¨³ ´μ¢μ° £¥μ³¥É·¨¨, É. ¥. ±μÔËË¨Í¨¥´ÉÒ
¸¢Ö§´μ¸É¨ Γλ

μν · ¢´Ò

Γλ
μν =

1
2
gλσ(gσμ,ν + gσν,μ − gμν,σ), (6)
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£¤¥ § ¶ÖÉ Ö μ¡μ§´ Î ¥É Î ¸É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ. ’¥´§μ· ±·¨¢¨§´Ò �¨³ ´  · ¢¥´

Rμ
νλσ =

∂Γμ
νσ

∂xλ
− ∂Γμ

νλ

∂xσ
+ Γμ

κλΓκ

νσ − Γμ
κσΓκ

νλ, (7)

  É¥´§μ· �¨ÎÎ¨ Rνσ ¨ ¸± ²Ö· ±·¨¢¨§´Ò R ¥¸ÉÓ ¥£μ ¸¢¥·É±¨: Rνσ = Rμ
νμσ ,

R = gμνRμ
μ. ‚ £ Ê¸¸μ¢μ° ´μ·³ ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¢¡²¨§¨ £¨¶¥·¶μ-

¢¥·Ì´μ¸É¨ Σ0 ÔÉ¨ Ëμ·³Ê²Ò ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ (¢¥·É¨± ²Ó´ Ö Î¥·É 
μ¡μ§´ Î ¥É ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ É·¥Ì³¥·´μ° ³¥É·¨±¥ γij):

Γn
ij = εKij, Γl

ni = −K l
i , Γl

ij =(3)Γl
ij , (8)

Rn
inj = ε(Kij|n + KljK

l
i), (9)

Rn
ikj = ε(Kij|k + Kik|j), (10)

Rl
ikj = −ε(KijK

l
k − K l

jKik) +(3)Rl
ikj , (11)

Rnn = Kij|n + KljK
l
i , Rni = −Kj

i|j + K|i, (12)

Rij = ε(Kij|n + KljK
l
i) +(3)Rij , (13)

R = 2ε(K,n + KljK
i
l K

l
i) +(3)R, (14)

[Rninj ] = [Kij,n], [Rnn] = γij [Kij,n], (15)

[Rij ] = ε[Kij,n], [R] = 2εγij[Kij,n]. (16)

…¤¨´¸É¢¥´´Ò³¨ ¤¨´ ³¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ ¢ £· ¢¨É Í¨μ´´μ³ ¤¥°¸É¢¨¨
Ö¢²ÖÕÉ¸Ö ±μ³¶μ´¥´ÉÒ ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gμν ¨²¨ μ¡· É´μ£μ ¥³Ê É¥´-
§μ·  gμν .

ŒÒ ¶μ² £ ¥³ ¸¨´£Ê²Ö·´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ Σ0 Ë¨±¸¨·μ¢ ´´μ°. ‚ ·¨ Í¨Ö
¶μ²´μ£μ ¤¥°¸É¢¨Ö ¤μ²¦´  ¡ÒÉÓ · ¢´  ´Ê²Õ μÉ¤¥²Ó´μ ¢μ ¢´¥Ï´¥³ ¨ ¢´ÊÉ·¥´-
´¥³ μ¡Ñ¥³ Ì (¢¸¥£¤  ³μ¦´μ ¢Ò¡· ÉÓ ¶·μ¨§¢μ²Ó´μ ®¢¸¶μ³μ£ É¥²Ó´Ò°¯ μ¡Ñ¥³
¨´É¥£·¨·μ¢ ´¨Ö, ´¥ § É· £¨¢ ÕÐ¨° ¸¨´£Ê²Ö·´ÊÕ £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓ), ÎÉμ ¤ ¥É
Ê· ¢´¥´¨Ö ¶μ²Ö. � ¢¥´¸É¢μ ¦¥ ´Ê²Õ ¢ ·¨ Í¨¨ ¤¥°¸É¢¨Ö ´  Σ0 ¶·¨¢μ¤¨É ±
Ê· ¢´¥´¨Ö³ ¤²Ö ¸Ï¨¢±¨ ·¥Ï¥´¨° ¢ (+) ¨ (−) μ¡² ¸ÉÖÌ.

‚ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨, ± ± ¨§¢¥¸É´μ, Ê· ¢´¥´¨Ö £· ¢¨É Í¨-
μ´´μ£μ ¶μ²Ö Å ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ ¶·μ¨§¢μ¤´Ò³ ³¥É·¨Î¥¸±μ£μ É¥´§μ· , ´¥-
¸³μÉ·Ö ´  ¶·¨¸ÊÉ¸É¢¨¥ ÔÉ¨Ì ¢Éμ·ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ ² £· ´¦¨ ´¥ ƒ¨²Ó¡¥·É ,
¶·μ¶μ·Í¨μ´ ²Ó´μ³ ¸± ²Ö·Ê ±·¨¢¨§´Ò R. �μÔÉμ³Ê ¶μÖ¢²¥´¨¥ Éμ´±μ° μ¡μ-
²μÎ±¨ ¢ ¢¨¤¥ δ-ËÊ´±Í¨¨ ¢ É¥´§μ·¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  (¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥-
´¨° �°´ÏÉ¥°´ ) ¤μ²¦´μ ¡ÒÉÓ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ±μ³¶¥´¸¨·μ¢ ´μ É ±μ° ¦¥
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δ-ËÊ´±Í¨¥° ¢μ ¢Éμ·ÒÌ ¶·μ¨§¢μ¤´ÒÌ ³¥É·¨±¨,   §´ Î¨É, ¨ ¢ ¸± ²Ö·¥ ±·¨¢¨§´Ò.
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ²μ£¨Î¥¸±ÊÕ Í¥¶μÎ±Ê: δ-ËÊ´±Í¨Ö ¢μ ¢Éμ-
·ÒÌ ¶·μ¨§¢μ¤´ÒÌ ³¥É·¨±¨ → ¸± Îμ± ¢ ¶¥·¢ÒÌ ¶·μ¨§¢μ¤´ÒÌ → ´¥¶·¥·Ò¢-
´μ¸ÉÓ ³¥É·¨Î¥¸±μ£μ É¥´§μ· . “· ¢´¥´¨Ö ¸Ï¨¢±¨ ± ± · § ¨ μ¶·¥¤¥²ÖÕÉ ¸± Îμ±
¢´¥Ï´¥° ±·¨¢¨§´Ò ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ¸¨´£Ê²Ö·´ÊÕ £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓ Σ0.
�É¨ Ê· ¢´¥´¨Ö ¢¶¥·¢Ò¥ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ‚.ˆ§· Ô²¥³ [1]. “· ¢´¥´¨Ö ˆ§· Ô²Ö
μ¶¨¸Ò¢ ÕÉ ´¥ Éμ²Ó±μ Éμ´±¨¥ μ¡μ²μÎ±¨, ´μ ¨ Ê¤ ·´Ò¥ ¢μ²´Ò, ±μ£¤  ¨³¥¥É¸Ö
¸± Îμ± ¢ É¥´§μ·¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³ É¥·¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ É¥´§μ· ¢´¥Ï´¥°
±·¨¢¨§´Ò ´¥¶·¥·Ò¢¥´ ´  Σ0,   ¢μÉ ¥£μ ¶·μ¨§¢μ¤´Ò¥ ¶μ ´μ·³ ²¨ (¨, ¸μμÉ-
¢¥É¸É¢¥´´μ, ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ ³¥É·¨Î¥¸±μ£μ É¥´§μ· ) ¨ ¸± ²Ö· ±·¨¢¨§´Ò
É¥·¶ÖÉ · §·Ò¢ R. ’μ ¥¸ÉÓ Ê¤ ·´ Ö ¢μ²´  ³ É¥·¨¨ ¸μ¶·μ¢μ¦¤ ¥É¸Ö £· ¢¨É -
Í¨μ´´μ° Ê¤ ·´μ° ¢μ²´μ°. ‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ´ °¤¥³ Ê· ¢´¥´¨Ö ˆ§· Ô²Ö
¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö,   ´¥ ¶·Ö³Ò³ ¨´É¥£·¨·μ¢ ´¨¥³ Ê· ¢´¥-
´¨° ¶μ²Ö.

‚ ±¢ ¤· É¨Î´μ° £· ¢¨É Í¨¨ ¸¨ÉÊ Í¨Ö ¸ ¸¨´£Ê²Ö·´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ ´¥ É ±
¶·μ¸É . ‹ £· ´¦¨ ´ ±¢ ¤· É¨Î´μ° £· ¢¨É Í¨¨ ¥¸ÉÓ ¸Ê³³  ±¢ ¤· Éμ¢ É¥´§μ· 
±·¨¢¨§´Ò �¨³ ´ , É¥´§μ·  �¨ÎÎ¨ ¨ ¸± ²Ö·  ±·¨¢¨§´Ò,   É ±¦¥ ²¨´¥°´μ£μ ¶μ
±·¨¢¨§´¥ ¸± ²Ö·  ±·¨¢¨§´Ò ¨ ±μ¸³μ²μ£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ°. �μÔÉμ³Ê Ê· ¢´¥-
´¨Ö ¶μ²Ö ¸μ¤¥·¦ É ¶·μ¨§¢μ¤´Ò¥ ³¥É·¨Î¥¸±μ£μ É¥´§μ·  ¤μ Î¥É¢¥·Éμ£μ ¶μ·Ö¤± 
¢±²ÕÎ¨É¥²Ó´μ. ‚ μÉ²¨Î¨¥ μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ É¥´§μ· ¢´¥Ï-
´¥° ±·¨¢¨§´Ò ¸¨´£Ê²Ö·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Σ0 μ¡Ö§ ´ ¡ÒÉÓ ´¥¶·¥·Ò¢´Ò³,
¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ³Ò ¶μ²ÊÎ¨²¨ ¡Ò δ-ËÊ´±Í¨Õ ¢ ±·¨¢¨§´¥ ¨ δ2-ËÊ´±Í¨Õ
¢ ¨´É¥£· ²¥ ¤¥°¸É¢¨Ö, ÎÉμ ± É¥£μ·¨Î¥¸±¨ § ¶·¥Ð¥´μ ¢ ¸É ´¤ ·É´μ° É¥μ·¨¨
μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨° (±μÉμ·μ° ³Ò §¤¥¸Ó ¡Ê¤¥³ ¸²¥¤μ¢ ÉÓ). �μÔÉμ³Ê ±·¨-
¢¨§´  ³μ¦¥É ¨³¥ÉÓ ´  Σ0 ³ ±¸¨³Ê³ ¸± Îμ±. ‚ É ±μ³ ¸²ÊÎ ¥ ²μ£¨Î¥¸± Ö Í¥-
¶μÎ±  ¸²¥¤ÊÕÐ Ö: ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ ³¥É·¨Î¥¸±μ£μ É¥´§μ·  ¶·¥É¥·¶¥¢ ÕÉ
¸± Îμ± → É·¥ÉÓ¨ ¶·μ¨§¢μ¤´Ò¥ ¨³¥ÕÉ μ¸μ¡¥´´μ¸ÉÓ ¢ ¢¨¤¥ δ-ËÊ´±Í¨° → Î¥-
É¢¥·ÉÒ¥ ¶·μ¨§¢μ¤´Ò¥ ¨³¥ÕÉ μ¸μ¡¥´´μ¸ÉÓ ¢ ¢¨¤¥ δ′-ËÊ´±Í¨¨. �μ É· ¤¨Í¨¨
ÔÉμ ´ §Ò¢ ¥É¸Ö ¤¢μ°´Ò³ ¸²μ¥³. �¡Ð¨¥ Ê· ¢´¥´¨Ö ¤¢μ°´μ£μ ¸²μÖ ¢ ±¢ ¤· É¨Î-
´μ° £· ¢¨É Í¨¨ ¡Ò²¨ ¶μ²ÊÎ¥´Ò •.‘¥´μ¢¨°¥° [2]. ŒÒ ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ²¨
¸²ÊÎ ° ¸Ë¥·¨Î¥¸±μ° ¸¨³³¥É·¨¨ ¢ £· ¢¨É Í¨¨ ‚¥°²ÖÄ�°´ÏÉ¥°´  [3] ¨ μ¡´ -
·Ê¦¨²¨ ·Ö¤ ¨´É¥·¥¸´ÒÌ μ¸μ¡¥´´μ¸É¥°, ¸±·ÒÉÒÌ ¢ μ¡Ð¥³ Ëμ·³ ²¨§³¥. ‡ ¤ Î 
¤ ´´μ° · ¡μÉÒ Å ¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨Ö ¤¢μ°´μ£μ ¸²μÖ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´Ó-
Ï¥£μ ¤¥°¸É¢¨Ö ¨ ¢ÒÖ¸´¨ÉÓ ¶·¨·μ¤Ê ÔÉ¨Ì μ¸μ¡¥´´μ¸É¥°.

ˆÉ ±, ¸± Îμ± ±·¨¢¨§´Ò ¢Ò§Ò¢ ¥É ¶μÖ¢²¥´¨¥ ¤¢μ°´μ£μ ¸²μÖ ¢ ±¢ ¤· É¨Î-
´μ° £· ¢¨É Í¨¨. ‚ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ¶μ¤μ¡´Ò° ¸± Îμ± μ§´ Î ¥É
¶μÖ¢²¥´¨¥ Ê¤ ·´μ° £· ¢¨É Í¨μ´´μ° ¢μ²´Ò, ¸μ¶·μ¢μ¦¤ ¥³μ° Ê¤ ·´μ° ¢μ²´μ°
¶μ²¥° ³ É¥·¨¨. ’¥¶¥·Ó ¦¥ ¢ Ê· ¢´¥´¨ÖÌ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶μÖ¢²ÖÕÉ¸Ö δ′-
ËÊ´±Í¨Ö, δ-ËÊ´±Í¨Ö ¨ ¸± Îμ± ¶·μ¨§¢μ¤´ÒÌ ³¥É·¨Î¥¸±μ£μ É¥´§μ· ,   ¢ É¥´§μ·¥
Ô´¥·£¨¨-¨³¶Ê²Ó¸  Å δ-ËÊ´±Í¨Ö (Éμ´± Ö μ¡μ²μÎ± ) ¨ ¸± Îμ± (Ê¤ ·´ Ö ¢μ²´ ).
’μ ¥¸ÉÓ ¢ ±¢ ¤· É¨Î´μ° £· ¢¨É Í¨¨ Ê¤ ·´ Ö £· ¢¨É Í¨μ´´ Ö ¢μ²´  ³μ¦¥É ¸μ-
¶·μ¢μ¦¤ ÉÓ Éμ´±ÊÕ μ¡μ²μÎ±Ê,   ³μ¦¥É ¸ÊÐ¥¸É¢μ¢ ÉÓ ¨ ¡¥§ ´¥¥. (‡ ³¥É¨³, ÎÉμ
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Ê¤ ·´ Ö ¢μ²´  ¢ ¶μ²ÖÌ ³ É¥·¨¨ ³μ¦¥É ¨ ´¥ ¢Ò§Ò¢ ÉÓ Ê¤ ·´ÊÕ £· ¢¨É Í¨μ´´ÊÕ
¢μ²´Ê.)

„ ²¥¥ ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö: § ¶ÖÉ Ö ®,¯ ¶¥·¥¤
¨´¤¥±¸μ³ μ¡μ§´ Î ¥É μ¡ÒÎ´ÊÕ Î ¸É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ, ÉμÎ±  ¸ § ¶ÖÉμ° ®;¯ Å
±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ Î¥ÉÒ·¥Ì³¥·´μ° ³¥É·¨±¥ gμν ,   ¢¥·É¨± ²Ó´ Ö
Î¥·É  ®|¯ Å ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ É·¥Ì³¥·´μ° ³¥É·¨±¥ γij . �¥ÎÉμ
¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì μ¡μ§´ Î ¥É ¸± Îμ± Î¥·¥§ £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓ Σ0, É. ¥.
[. . .] ≡ (+) − (−).

‚›‚�„ “��‚�…�ˆ‰ ˆ‡���‹Ÿ
ˆ‡ ��ˆ�–ˆ�� ��ˆŒ…�œ˜…ƒ� „…‰‘’‚ˆŸ

� Î´¥³ ¸ ¤¥°¸É¢¨Ö ƒ¨²Ó¡¥·É  ¢ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨:

SH = − 1
16πG

∫
R
√
−g d4x. (17)

ˆ´É¥£·¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ Î¥ÉÒ·¥Ì³¥·´μ³Ê μ¡Ñ¥³Ê, μ£· ´¨Î¥´´μ³Ê ´¥±μÉμ-
·μ° £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓÕ Σ. ‡¤¥¸Ó μ¶Ê¸É¨³ ¤μ¡ ¢μÎ´Ò° ¶μ¢¥·Ì´μ¸É´Ò° Î²¥´,
±μÉμ·Ò°, ± ± ¨§¢¥¸É´μ, ´¥μ¡Ìμ¤¨³, ÎÉμ¡Ò ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¸ § ±·¥¶²¥´´Ò³¨
±· Ö³¨ (´  Σ) ¸μ¡²Õ¤ ²¸Ö ¶·¨´Í¨¶ ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö. „²Ö ´ ¸ ¢ ¦´μ
²¨ÏÓ Éμ, ÎÉμ ¢ ·¨ Í¨Ö É¥´§μ·  ¢´¥Ï´¥° ±·¨¢¨§´Ò δKij ´  Σ ¸μ¢¥·Ï¥´´μ
¶·μ¨§¢μ²Ó´ , Éμ£¤  ± ± δKij ¶μ μ¶·¥¤¥²¥´¨Õ · ¢´  ´Ê²Õ.

�Ê¸ÉÓ ¢´ÊÉ·¨ μ¡Ñ¥³  ¢ ·Ó¨·μ¢ ´¨Ö ¸ÊÐ¥¸É¢Ê¥É ´¥±μÉμ· Ö § ¤ ´´ Ö £¨¶¥·-
¶μ¢¥·Ì´μ¸ÉÓ Σ0, ´  ±μÉμ·μ° ¸μ¸·¥¤μÉμÎ¥´  Î ¸ÉÓ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
³ É¥·¨¨, ¶·μ¶μ·Í¨μ´ ²Ó´ Ö δ-ËÊ´±Í¨¨ „¨· ± . ‚ ¸¨²Ê Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
 ´ ²μ£¨Î´μ¥ ¸² £ ¥³μ¥ ¶μÖ¢¨É¸Ö ¨ ¢ ¸± ²Ö·´μ° ±·¨¢¨§´¥ R, ¢Ìμ¤ÖÐ¥° ¢ ¨´É¥-
£· ² ¤¥°¸É¢¨Ö. „ ²¥¥ ¥¸ÉÓ ¤¢  ¶ÊÉ¨. ‘´ Î ²  ³μ¦´μ ¶·μ¢ ·Ó¨·μ¢ ÉÓ ¤¥°¸É¢¨¥,
  § É¥³ ¶·μ¨´É¥£·¨·μ¢ ÉÓ δ-ËÊ´±Í¨Õ. �ÉμÉ ¸¶μ¸μ¡ ¡Ò² ¶·¨³¥´¥´ ´ ³¨ ¢ · -
¡μÉ¥ [4]. ‘¥°Î ¸ ¶μ°¤¥³ ¤·Ê£¨³ ¶ÊÉ¥³: ¸´ Î ²  ¶·μ¨´É¥£·¨·Ê¥³ δ-ËÊ´±Í¨Õ,
  § É¥³ ¡Ê¤¥³ ¢ ·Ó¨·μ¢ ÉÓ ¤¥°¸É¢¨¥. ˆÉ ±, ¨³¥¥³

SH =
1

16πG

⎧⎪⎨
⎪⎩+

∫
Σ0

2[K]
√
|γ|d3x +

∫
(±)

R
√
−g d4x

⎫⎪⎬
⎪⎭ . (18)

‚ ·¨ Í¨Ö ÔÉμ£μ ¤¥°¸É¢¨Ö · ¢´ 

δSH =
1

16πG

{
ε

∫
Σ0

(
2[δK]− [K]γijδγ

ij
)√

|γ| d3x +

+
∫

(±)

(
γμνδRμν +

(
Rμν − 1

2
gμν

)
δγμν

)√
−g d4x

}
. (19)
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‡¤¥¸Ó ´¥μ¡Ìμ¤¨³μ ¸± § ÉÓ ´¥¸±μ²Ó±μ ¸²μ¢ μ ¶·¨´ÖÉμ° ´ ³¨ ¶·μÍ¥¤Ê·¥. � Ï 
Í¥²Ó Å ¶μ²ÊÎ¨ÉÓ Ê· ¢´¥´¨Ö ´  ¸¨´£Ê²Ö·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Σ0, ¸¢Ö§Ò¢ -
ÕÐ¨¥ ·¥Ï¥´¨Ö ¢μ ¢´¥Ï´¥° (+) ¨ ¢μ ¢´ÊÉ·¥´´¥° (−) μ¡² ¸ÉÖÌ. �μÔÉμ³Ê
¶·¥¤¶μ² £ ¥³, ÎÉμ ´  £· ´¨Î´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ § ¤ ´Ò ®´ Î ²Ó´Ò¥¯ Ê¸²μ-
¢¨Ö ¤²Ö ´¥±μÉμ·ÒÌ ·¥Ï¥´¨° ¸ μ¤¨´ ±μ¢Ò³¨ γij , ´μ · §´Ò³¨ (¶·μ¨§¢μ²Ó-
´Ò³¨) Kij (¡² £μ¤ ·Ö ¤μ¶μ²´¨É¥²Ó´μ³Ê ¶μ¢¥·Ì´μ¸É´μ³Ê Î²¥´Ê ÔÉμ ¢μ§³μ¦´μ),
±μÉμ·Ò¥ ¨´¤ÊÍ¨·ÊÕÉ δγij ¨ δKij ´  ¸¨´£Ê²Ö·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Σ0.
�·¨ ÔÉμ³

δKij = Aijlpδγlp, (20)

¶μ¸±μ²Ó±Ê ÔÉ¨ ¢ ·¨ Í¨¨ § ¢¨¸ÖÉ μÉ ¢Ò¡μ·  ·¥Ï¥´¨° ´  £· ´¨Î´μ° £¨¶¥·¶μ-
¢¥·Ì´μ¸É¨, ´μ É¥´§μ· Aijlp Å ¸μ¢¥·Ï¥´´μ ¶·μ¨§¢μ²¥´ (´¥ ¸Î¨É Ö ¸¨³³¥É·¨¨
¢´ÊÉ·¨ ± ¦¤μ° ¶ ·Ò ¨´¤¥±¸μ¢).

’ ± ± ± ¢´¥ Σ0 ¢Ò¶μ²´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ , Éμ μÉ μ¡Ñ¥³´ÒÌ ¨´É¥-
£· ²μ¢ μ¸É ÕÉ¸Ö Éμ²Ó±μ ¸² £ ¥³Ò¥, ¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ δRμν ,   μ´¨ ¡² £μ¤ ·Ö
§ ³¥Î É¥²Ó´μ° Ëμ·³Ê²¥ δRμ

νλσ = (δT μ
νσ);λ − (δΓμ

νλ);σ ²¥£±μ ¶·¥¢· Ð ÕÉ¸Ö ¢
¶μ²´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¨ ¶μ É¥μ·¥³¥ ‘Éμ±¸  · ¢´Ò

−
∫
Σ0

gμν [δΓλ
μν ]

√
−g dSλ +

∫
Σ0

gμν [δΓλ
μλ]

√
−g dSν =

=
∫
Σ0

(
−gμν [δΓn

μν ] + ε[δΓλ
nλ]

) √
|γ|d3x =

= −ε

∫
Σ0

(
γij [δKij ] + [δK]

)√
|γ| d3x. (21)

‚ ·¨ Í¨Ö ¦¥ ¶μ²´μ£μ ¤¥°¸É¢¨Ö δSH + δSm · ¢´ 

ε

16πG

∫
Σ0

(
[Kij ] − γij [K]δγij

) √
|γ| d3x +

1
2

∫
Σ0

Sμνδgμν
√
|γ| d3x = 0. (22)

�É³¥É¨³, ÎÉμ ¶·μ¨§¢μ²Ó´ Ö ¢ ·¨ Í¨Ö δKij ¶μ²´μ¸ÉÓÕ ¨¸Î¥§²  ¢ μ±μ´Î É¥²Ó-
´μ³ ¢Ò· ¦¥´¨¨. Š·μ³¥ Éμ£μ, ¢μ ¢Éμ·μ³ ¨´É¥£· ²¥ ¸Ê³³¨·μ¢ ´¨¥ ¨¤¥É ¶μ
¢¸¥³ Î¥ÉÒ·¥³ ¨´¤¥±¸ ³, É ± ± ± δgnn ¨ δgni ´¥ μ¡Ö§ É¥²Ó´μ ¤μ²¦´Ò ¡ÒÉÓ
· ¢´Ò³¨ ´Ê²Õ. �É¸ÊÉ¸É¢¨¥ ÔÉ¨Ì ¸² £ ¥³ÒÌ ¢ ¶¥·¢μ³ ¨´É¥£· ²¥ μ§´ Î ¥É, ÎÉμ
Snn = Sni = 0.

‚μÉ ¨ ¢μ¸¶·μ¨§¢¥¤¥´Ò Ê· ¢´¥´¨Ö ˆ§· Ô²Ö:

ε([Kij ] − γij [K]) = 8πGSij , Snn = 0, Sni = 0. (23)
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�·¨¸ÉÊ¶¨³, ´ ±μ´¥Í, ± μ¸´μ¢´μ° § ¤ Î¥ Å ¢Ò¢μ¤Ê Ê· ¢´¥´¨° ¤²Ö ¤¢μ°-
´μ£μ ¸²μÖ ¢ ±¢ ¤· É¨Î´μ° £· ¢¨É Í¨¨, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ¸Ï¨¢±Ê ·¥Ï¥´¨°
¢μ ¢´¥Ï´¥° ¨ ¢´ÊÉ·¥´´¥° μ¡² ¸ÉÖÌ Î¥ÉÒ·¥Ì³¥·´μ£μ μ¡Ñ¥³ , · §·¥Ï¥´´ÒÌ
É·¥Ì³¥·´μ° ¸¨´£Ê²Ö·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓÕ Σ0. ˆ ¢¸¥ ¢·¥³Ö ¡Ê¤¥³ ¶μ¤Î¥·-
±¨¢ ÉÓ μÉ²¨Î¨Ö μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨.

ƒ· ¢¨É Í¨μ´´ Ö Î ¸ÉÓ ¤¥°¸É¢¨Ö S2 · ¢´ 

S2 =
∫
L2

√
−g d4x, (24)

£¤¥
L2 = α1RμνλσRμνλσ + α2RμνRμν + α3R

2 + α4Λ. (25)

‚ μÉ²¨Î¨¥ μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨, £¤¥ δ-ËÊ´±Í¨Ö ¢ É¥´§μ·¥ Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  ¢Ò§Ò¢ ²  ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¶μÖ¢²¥´¨¥ δ-ËÊ´±Í¨¨ ¢ ¸± ²Ö·¥
±·¨¢¨§´Ò R ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ ² £· ´¦¨ ´¥, ¸¥°Î ¸, ± ± Ê¦¥ £μ¢μ·¨²μ¸Ó ¢μ
¢¢¥¤¥´¨¨, ±·¨¢¨§´  ³μ¦¥É ¨³¥ÉÓ ²¨ÏÓ ¸± Îμ± ´  Σ0. ˆ ÔÉμÉ ¸± Îμ± ± ± · §
¨ ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ £· ¢¨É Í¨μ´´μ£μ ¤¢μ°´μ£μ ¸²μÖ. ‚ ·¨ Í¨Ö ¤¥°¸É¢¨Ö
S2 · ¢´ 

δL2 =
∫ {

2α1R
νλσ

μ δRμ
νλσ + 2α2R

μνδRμν + 2α3RgμνδRμν +

+ α4g
μνδRμν + (. . .) δgμν

}√
−g d4x. (26)

ŒÒ ´¥ ¢Ò¶¨¸ ²¨ ¤²¨´´Ò° ·Ö¤ Î²¥´μ¢ ¢ ±·Ê£²ÒÌ ¸±μ¡± Ì, É ± ± ± ¢ ±μ´¥Î´μ³
¢Ò· ¦¥´¨¨ ¨Ì ¸Ê³³  ¡Ê¤¥É · ¢´  ´Ê²Õ ¢¸²¥¤¸É¢¨¥ ¶μ²¥¢ÒÌ Ê· ¢´¥´¨° ¢μ
¢´¥Ï´¥³ ¨ ¢´ÊÉ·¥´´¥³ μ¡Ñ¥³ Ì,   δ-ËÊ´±Í¨Ö ¶μ±  ´¥ ¶μÖ¢¨² ¸Ó. „ ²¥¥

δL2 →
∫ {

2α1R
νλσ

μ

(
(δΓμ

νσ);λ − (δΓμ
νλ);σ

)
+

+ (2α2R
μν + 2α3Rgμν + α4g

μν)
(
(δΓλ

μν);λ − (δΓλ
μλ);ν

)}√
−g d4x =

=
∫ {

(2α1R
νλσ

μ δΓμ
νσ);λ − (2α1R

νλσ
μ δΓμ

νλ);σ +

+
(
(2α2R

μν + 2α3Rgμν + α4g
μν)δΓλ

μν

)
;λ
−

−
(
(2α2R

μν + 2α3Rgμν + α4g
μν)δΓλ

μλ

)
;ν
−

− 2α1

(
R νλσ

μ ;λδΓμ
νσ − R νλσ

μ ;σδΓμ
νλ

)
−

− (2α2R
μν + 2α3Rgμν + α4g

μν);λδΓλ
μν +

+ (2α2R
μν + 2α3Rgμν + α4g

μν);νδΓλ
μλ

}√
−g d4x. (27)
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‡¤¥¸Ó ´¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ μÎ¥´Ó ¢ ¦´μ¥ μÉ²¨Î¨¥ μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨-
É¥²Ó´μ¸É¨. �μ¸±μ²Ó±Ê δ-ËÊ´±Í¨¨ μÉ¸ÊÉ¸É¢ÊÕÉ ¢ ² £· ´¦¨ ´¥ δL2, ¨Ì ´¥É ¨ ¢
¢ ·¨ Í¨¨,   ®Ö¢´μ¥¯ ¶μÖ¢²¥´¨¥ ¨Ì ¢ ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ É¥´§μ·  �¨-
³ ´  ¨ ¥£μ ¸¢¥·É± Ì ¶μ²´μ¸ÉÓÕ ±μ³¶¥´¸¨·Ê¥É¸Ö ®¸¶·ÖÉ ´´Ò³¨¯ δ-ËÊ´±Í¨Ö³¨
¢ ¶μ²´ÒÌ ¶·μ¨§¢μ¤´ÒÌ. ‘²¥¤μ¢ É¥²Ó´μ, ³μ¦´μ ¸³¥²μ ¸Î¨É ÉÓ μ¡Ñ¥³´Ò° ¨´É¥-
£· ² ¸Ê³³μ° ¨´É¥£· ²μ¢, ¢ μÉ¤¥²Ó´μ¸É¨ ¶μ ®+¯ ¨ ®−¯ μ¡² ¸ÉÖ³. ’μ ¦¥ μÉ´μ-
¸¨É¸Ö ¨ ± δ′-ËÊ´±Í¨¨. �¸μ¡¥´´μ ¢ ¦´μ · ¸¸³μÉ·¥ÉÓ ¶μ¢¥·Ì´μ¸É´Ò° ¨´É¥£· ²,
¢μ§´¨± ÕÐ¨° ¨§ ¶μ²´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¸ ÊÎ ¸É¨¥³ ¢ ·¨ Í¨° ±μÔËË¨Í¨¥´Éμ¢
¸¢Ö§´μ¸É¨ δΓ. �¡μ§´ Î¨³ ¥£μ δΣ1:

δL2 → −
∫
Σ0

{
4α1[R νnσ

μ ]δΓμ
νσ + 2(α2[Rμν ] + α3[R]gμν)δΓn

μν−

− 2(α2[Rμn] + α3[R]gμn)δΓλ
μλ

}√
|γ| d3x. (28)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸¨³³¥É·¨¨ É¥´§μ·  ±·¨¢¨§´Ò,   É ±¦¥ · ¢¥´¸É¢μ ´Ê²Õ
±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ³¥É·¨Î¥¸±μ£μ É¥´§μ·  ¨ ¥£μ ´¥¶·¥·Ò¢´μ¸ÉÓ ´  Σ0.
‡ ³¥É¨³, ÎÉμ Ê¦¥ ´  ÔÉμ³ ÔÉ ¶¥ ¨¸Î¥§²¨ ±μÔËË¨Í¨¥´ÉÒ α1 ¨ α2. �Éμ μ§´ -
Î ¥É, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¶² ¢´μ£μ ¶¥·¥Ìμ¤  μÉ ±¢ ¤· É¨Î´μ° £· ¢¨É Í¨¨ ±
£· ¢¨É Í¨¨ �°´ÏÉ¥°´ . �¡Ð¨° §´ ± ¶¥·¥¤ ¨´É¥£· ²μ³ μ¡Ê¸²μ¢²¥´ ´ ¶· ¢-
²¥´´μ¸ÉÓÕ ¢´¥Ï´¥° ´μ·³ ²¨ ± £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Σ0 (¨§ ®−¯ μ¡² ¸É¨ ¢ ®+¯
μ¡² ¸ÉÓ) ¨ μ¶·¥¤¥²¥´¨¥³ ¸± Î±  ([. . .] = (+)−(−)). �μ¤¸É ¢²ÖÖ ¸Õ¤  §´ Î¥´¨Ö
¸± Î±μ¢ ¤²Ö É¥´§μ·  �¨³ ´  ¨ ¥£μ ¸¢¥·Éμ±, μ¶·¥¤¥²Ö¥³ÒÌ ¸± Î±μ³ ´μ·³ ²Ó´μ°
¶·μ¨§¢μ¤´μ° É¥´§μ·  ¢´¥Ï´¥° ±·¨¢¨§´Ò, [Kij,n], ¶μ²ÊÎ ¥³:

δL2 → −
∫
Σ0

{ (
(4α1 + α2)γilγjp + (α2 + 4α3)γijγlp

)
[Kij:n]δKlp +

+
(
2α1K

j
l [Kpj;n] + (α2 + 2α3)γijKlp[Kij;n]

)
δγlp

}√
|γ| d3x. (29)

�É²¨Î´Ò° μÉ ´Ê²Ö ¸± Îμ± ¶·μ¨§¢μ¤´μ° ¶μ ´μ·³ ²¨ É¥´§μ·  ¢´¥Ï´¥° ±·¨-
¢¨§´Ò Kij,n ´¥μ¡Ìμ¤¨³ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö £· ¢¨É Í¨μ´´μ£μ ¤¢μ°´μ£μ ¸²μÖ.
ŒÒ ¢¨¤¨³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ¢ ±¢ ¤· É¨Î-
´μ° £· ¢¨É Í¨¨ ¢μ§´¨± ¥É ´¥Ê¸É· ´¨³ Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ¢ ·¨ Í¨Ö É¥´§μ· 
¢´¥Ï´¥° ±·¨¢¨§´Ò δKlp ¸ ¸μ¢¥·Ï¥´´μ ¶·μ¨§¢μ²Ó´Ò³ ±μÔËË¨Í¨¥´Éμ³ [Kij,n],
±·μ³¥ μ¤´μ£μ ¸²ÊÎ Ö, ±μ£¤  α2 = −4α1, α3 = α1. �μ ÔÉμ ± ± · § ¸μμÉ¢¥É-
¸É¢Ê¥É Î²¥´Ê ƒ Ê¸¸ Ä	μ´´¥, ±μÉμ·Ò° ¢ Î¥ÉÒ·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨
´¥ ¢²¨Ö¥É ´  Ê· ¢´¥´¨Ö ¶μ²Ö, ¨ μÉ ¤¢μ°´μ£μ ¸²μÖ ´¥ μ¸É ¥É¸Ö ¨ ¸²¥¤ .

‚ μ¡Ð¥³ ¦¥ ¸²ÊÎ ¥ ¢ ·¨ Í¨¨ É¥´§μ·  ¢´¥Ï´¥° ±·¨¢¨§´Ò δKij ´¨Î¥³ ´¥
±μ³¶¥´¸¨·ÊÕÉ¸Ö, ¢ μÉ²¨Î¨¥ μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨. �μÔÉμ³Ê, ± ±
Ê¦¥ μ¡ÑÖ¸´Ö²μ¸Ó ¢ÒÏ¥,

δKij = Bμν
ij δγμν , (30)
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£¤¥ Bμν
ij Å ¶·μ¨§¢μ²Ó´Ò° É¥´§μ· Î¥É¢¥·Éμ£μ · ´£ , ¸¨³³¥É·¨Î´Ò° ¶μ ± ¦-

¤μ° ¶ ·¥ ¨´¤¥±¸μ¢. �´ ¤μ²¦¥´ μ¶·¥¤¥²ÖÉÓ¸Ö ¢ ¶·μÍ¥¸¸¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨°
¸Ï¨¢±¨ ´  ¸¨´£Ê²Ö·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Σ0. �μÖ¢²¥´¨¥ É ±μ£μ ®¶·μ¨§¢μ² ¯
¢¶¥·¢Ò¥ ¡Ò²μ · ¸¸³μÉ·¥´μ ¢ · ¡μÉ¥ [4] ´  ¶·¨³¥·¥ ¸Ë¥·¨Î¥¸±¨ ¸¨³³¥É·¨Î´μ°
£· ¢¨É Í¨¨ ‚¥°²ÖÄ�°´ÏÉ¥°´ . ˆ ¶μÖ¢²Ö¥É¸Ö μ´ ¢ ·¥§Ê²ÓÉ É¥ ³ É¥³ É¨Î¥¸±¨Ì
¤¥°¸É¢¨° ¸ ¶·μ¨§¢μ¤´μ° μÉ δ-ËÊ´±Í¨¨ Å δ′. ‡¤¥¸Ó ¦¥ Å ¡¥§ ´¥¥.

�¸É ¢Ï¨°¸Ö μ¡Ñ¥³´Ò° ¨´É¥£· ² · ¢¥´

δL2 →
∫ {

4α1R
νλσ

μ ;σδΓμ
νλ − 2(α2R

μν
;λ + α3R;λgμν)δΓλ

μν +

+ 2(α2R
μν

;ν + α3R;νgμν)δΓλ
μλ

}√
−g d4x. (31)

„²Ö ¢ ·¨ Í¨° ±μÔËË¨Í¨¥´Éμ¢ ¸¢Ö§´μ¸É¨ ¨³¥¥É¸Ö ¥Ð¥ μ¤´  § ³¥Î É¥²Ó´ Ö
Ëμ·³Ê² :

δΓλ
μν =

1
2
gλσ

(
(δgσμ);ν + (δgσν);μ − (δgμν);σ

)
. (32)

„ ²¥¥, ¢Ò¤¥²ÖÖ ¶μ²´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¨ ¶·¨³¥´ÖÖ É¥μ·¥³Ê ‘Éμ±¸ , ¶μ²ÊÎ ¥³
¥Ð¥ μ¤¨´ ¢±² ¤ ¢ ¶μ¢¥·Ì´μ¸É´Ò° ¨´É¥£· ². � §μ¢¥³ ¥£μ δΣ2:

δΣ2 =
∫
Σ0

{
− 4α1[Rαnλσ

;σ]δgασ +

+ α2

(
2[Rμn;α]δgμα − [Rμν;n]δgμν − 1

2
[R;n]gλσδgλσ

)
+

+ 2α3([R;i]δgni − [R;n]γijδγij)
}√

|γ| d3x. (33)

„ ²Ó´¥°Ï¨¥ ¢ÒÎ¨¸²¥´¨Ö Å ¸¶²μÏ´ Ö ·ÊÉ¨´ . �¶¨Ï¥³ ± Î¥¸É¢¥´´μ £² ¢´Ò¥
μ¸μ¡¥´´μ¸É¨ ·¥§Ê²ÓÉ É . ‚μ-¶¥·¢ÒÌ, ÔÉμ ¶μÖ¢²¥´¨¥ ¢ Ê· ¢´¥´¨ÖÌ ¸Ï¨¢±¨ ¶·μ-
¨§¢μ²Ó´ÒÌ ËÊ´±Í¨°, μ¶·¥¤¥²Ö¥³ÒÌ μÉ¤¥²Ó´μ ¤²Ö ± ¦¤μ° ¶ ·Ò ¸Ï¨¢ ¥³ÒÌ
·¥Ï¥´¨°. ‚μ-¢Éμ·ÒÌ, ¨ ÔÉμ ¡Ò²μ μÉ³¥Î¥´μ ‘¥´μ¢¨°¥° [2], ±μ³¶μ´¥´ÉÒ Snn ¨
Sni ¶μ¢¥·Ì´μ¸É´μ£μ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ³ É¥·¨¨ ´  ¸¨´£Ê²Ö·´μ° μ¡μ-
²μÎ±¥ Σ0, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ · ¢´Ò ´Ê²Õ (¢ μÉ²¨Î¨¥ μÉ μ¡Ð¥° É¥μ·¨¨ μÉ´μ-
¸¨É¥²Ó´μ¸É¨). ŒÒ ¶μ²ÊÎ¨²¨ ¡μ²¥¥ ¸¨²Ó´Ò° ·¥§Ê²ÓÉ É: Snn ¨ Sni ´¥ ¨¸Î¥§ ÕÉ
¤ ¦¥ ¢ Éμ³ ¸²ÊÎ ¥, ±μ£¤  ±¢ ¤· É¨Î´Ò° ² £· ´¦¨ ´ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ³-
¡¨´ Í¨Õ ƒ Ê¸¸ Ä	μ´´¥, Ö¢²ÖÕÐÊÕ¸Ö ¶μ²´μ° ¶·μ¨§¢μ¤´μ° ¨ ´¥ ¢²¨ÖÕÐÊÕ ´ 
Ê· ¢´¥´¨Ö ¶μ²Ö ¢ μ¡Ñ¥³¥. � ¢μÉ ´  ¸¨´£Ê²Ö·´μ° £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Å ¶μ¦ -
²Ê°¸É . ‘ ÔÉ¨³ ¥Ð¥ ¶·¥¤¸Éμ¨É · §¡¨· ÉÓ¸Ö.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¶·¨§´ É¥²Ó´μ¸ÉÓ �μ¸¸¨°¸±μ³Ê Ëμ´¤Ê ËÊ´¤ ³¥´É ²Ó-
´ÒÌ ¨¸¸²¥¤μ¢ ´¨° §  Ë¨´ ´¸μ¢ÊÕ ¶μ¤¤¥·¦±Ê ¢ · ³± Ì £· ´É  º18-52-15001-
NCNIa.
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