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� ¸¸³ É·¨¢ ¥É¸Ö ´¥¸É Í¨μ´ ·´μ¥ μ¡μ¡Ð¥´¨¥ ·¥Ï¥´¨° ±¢ ´Éμ¢μ-· ¸Ï¨·¥´´μ°
(μ¤´μ¶¥É²¥¢μ° μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨) ¸¨¸É¥³Ò Ê· ¢´¥´¨° �°´ÏÉ¥°´ ÄŒ ±¸-
¢¥²²  ¸ ±μ³¶²¥±¸´Ò³ ¸± ²Ö·´Ò³ ¶μ²¥³. ‚ ¦´Ò³¨ ¶·¥¤¸É ¢¨É¥²Ö³¨ ·¥Ï¥´¨° É ±μ£μ
É¨¶  Ö¢²ÖÕÉ¸Ö ´¥¸É Í¨μ´ ·´Ò¥ ¢· Ð ÕÐ¨¥¸Ö Î¥·´Ò¥ ¤Ò·Ò, · ¸¶μ²μ¦¥´´Ò¥ ¢´ÊÉ·¨
 ±É¨¢´ÒÌ £ ² ±É¨Î¥¸±¨Ì Ö¤¥·. �μ²ÊÎ¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·-
£¨¨ ¸¢μ¡μ¤´μ¶ ¤ ÕÐ¥£μ ´ ¡²Õ¤ É¥²Ö, ¨ ¶μ± § ´μ ´ ²¨Î¨¥ ¸± Î±  ¤ ´´μ° ¢¥²¨Î¨´Ò
´  £μ·¨§μ´É¥ ¸μ¡ÒÉ¨° Î¥·´μ° ¤Ò·Ò ¤μ É· ´¸¶² ´±μ¢¸±¨Ì Ô´¥·£¨°. ’ ±¨³ μ¡· §μ³,
´ °¤¥´  ´ ²μ£ Ë °·¢μ² , μÉ¢¥Î ÕÐ¥£μ, ¸ μ¤´μ° ¸Éμ·μ´Ò, §  £¥´¥· Í¨Õ ¶μÉμ±μ¢ ±μ¸-
³¨Î¥¸±¨Ì ²ÊÎ¥° Ê²ÓÉ· ¢Ò¸μ±μ° Ô´¥·£¨¨ ¨§  ±É¨¢´ÒÌ £ ² ±É¨Î¥¸±¨Ì Ö¤¥·,   ¸ ¤·Ê£μ°
¸Éμ·μ´Ò, ¶·¨§¢ ´´μ£μ · §·¥Ï¨ÉÓ ¶ · ¤μ±¸ •μ±¨´£  ¢ Ë¨§¨±¥ Î¥·´ÒÌ ¤Ò·.

A nonstationary extension of black hole solutions to the quantum-extended (one-loop
GR) system of EinsteinÄMaxwell equations with a complex scalar ˇeld is considered.
Important representatives of these solutions are nonstationary rotating black holes located
inside the active galactic nuclei. Computing the local energy density of a freely falling
observer, one ˇnds, upon appropriate boundary conditions, the trans-Planckian leap of the
local energy density near the event horizons. Thus, one locates a ©ˇrewallª, which, on the
one hand, serves as a source of 	uxes of ultra-high-energy cosmic rays out of the active
galactic nuclei, and, on the other hand, is originally designed to resolve the Hawking
paradox in black hole physics.
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„μ ´¥¤ ¢´¥£μ ¢·¥³¥´¨  ¸É·μË¨§¨±  ¢μ¸¶·¨´¨³ ² ¸Ó, ¸±μ·¥¥, ± ± ´ Ê± 
¡μ²¥¥ É¥μ·¥É¨Î¥¸± Ö, Î¥³ Ô±¸¶¥·¨³¥´É ²Ó´ Ö, ¶μ¸±μ²Ó±Ê ¢Ò´Ê¦¤¥´´μ μ¶¥·¨-
·μ¢ ²  ¤μ¢μ²Ó´μ ¸±Ê¤´Ò³ ´ ¡μ·μ³ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. �μ Ê¦¥ ¸¥£μ-
¤´Ö ³Ò £μ¢μ·¨³ μ ´ ¸ÉÊ¶²¥´¨¨ Ô¶μÌ¨ ³´μ£μ± ´ ²Ó´μ°  ¸É·μ´μ³¨¨ [1], ¶μ§¢μ-
²ÖÕÐ¥° ¨¸¸²¥¤μ¢ ÉÓ μ¡Ñ¥±ÉÒ ¨ Ö¢²¥´¨Ö ¢ £²Ê¡μ±μ³ ±μ¸³μ¸¥ ´  μ¸´μ¢¥ ¤ ´´ÒÌ
¨§ · §´ÒÌ ¨¸ÉμÎ´¨±μ¢: ¸É Í¨μ´ ·´ÒÌ ¨ ±μ¸³¨Î¥¸±¨Ì É¥²¥¸±μ¶μ¢ ¢ Ï¨·μ±μ³
¤¨ ¶ §μ´¥ Î ¸ÉμÉ, ¤¥É¥±Éμ·μ¢ Î ¸É¨Í ±μ¸³¨Î¥¸±μ£μ ¨§²ÊÎ¥´¨Ö, £· ¢¨É Í¨μ´-
´ÒÌ ¨´É¥·Ë¥·μ³¥É·μ¢, ±μ¸³¨Î¥¸±¨Ì ¸¶ÊÉ´¨±μ¢ ¡²¨¦´¥° ¨ ¤ ²Ó´¥° · §¢¥¤±¨,
  É ±¦¥ ¨³¥ÕÐ¥°¸Ö ¢ ´ ²¨Î¨¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° ¡ §Ò Ê¸±μ·¨É¥²¥° Î ¸É¨Í.

‡  ¶·μÏ¥¤Ï¨° ¤¥¸ÖÉμ± ²¥É ¢ ´ ¡²Õ¤ É¥²Ó´μ°  ¸É·μË¨§¨±¥ ¡Ò² ¸¤¥² ´
·Ö¤ ËÊ´¤ ³¥´É ²Ó´ÒÌ μÉ±·ÒÉ¨°, É ±¨Ì ± ±:

• Ê¸±μ·¥´´μ¥ · ¸Ï¨·¥´¨¥ ‚¸¥²¥´´μ°, ¸²¥¤¸É¢¨¥³ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ¢±²Õ-
Î¥´¨¥ ¢ ±μ¸³μ²μ£¨Î¥¸±ÊÕ ‘É ´¤ ·É´ÊÕ ³μ¤¥²Ó ´μ¢ÒÌ ±μ³¶μ´¥´Éμ¢ Å É¥³´μ°
³ É¥·¨¨ ¨ É¥³´μ° Ô´¥·£¨¨;

• £· ¢¨É Í¨μ´´Ò¥ ¢μ²´Ò, §  £¥´¥· Í¨Õ ±μÉμ·ÒÌ μÉ¢¥Î ÕÉ ¶·μÍ¥¸¸Ò ¸²¨-
Ö´¨Ö Î¥·´ÒÌ ¤Ò· ¨ ¤·Ê£¨Ì ±μ³¶ ±É´ÒÌ  ¸É·μË¨§¨Î¥¸±¨Ì μ¡Ñ¥±Éμ¢;

• ¸¶¨· ²Ó´ Ö ¸É·Ê±ÉÊ·  £ ² ±É¨± §  ¸Î¥É ÔËË¥±É  ‹¥´§¥Ä’¨··¨´£ , ¨´¤Ê-
Í¨·μ¢ ´´μ£μ ¸¢¥·Ì³ ¸¸¨¢´μ° ¢· Ð ÕÐ¥°¸Ö Î¥·´μ° ¤Ò·μ° ¢  ±É¨¢´μ³ £ ² ±-
É¨Î¥¸±μ³ Ö¤·¥;

• £¥´¥· Í¨Ö  ±É¨¢´Ò³¨ £ ² ±É¨Î¥¸±¨³¨ Ö¤· ³¨ Ô±¸¶¥·¨³¥´É ²Ó´μ ´ ¡²Õ-
¤ ¥³ÒÌ ¶μÉμ±μ¢ ±μ¸³¨Î¥¸±¨Ì ²ÊÎ¥° Ê²ÓÉ· ¢Ò¸μ±μ° Ô´¥·£¨¨ ∼ 1019 Ô‚ [2], ´ 
¤¥¸ÖÉμ± ¶μ·Ö¤±μ¢ ¶·¥¢ÒÏ ÕÐ¥° ¢μ§³μ¦´μ¸É¨ ¸μ¢·¥³¥´´μ° Ê¸±μ·¨É¥²Ó´μ°
É¥Ì´¨±¨.

�Î¥¢¨¤´μ, ÎÉμ ¶·¨¢¥¤¥´´Ò° ¸¶¨¸μ± ¤ ²¥± μÉ ¶μ²´μÉÒ ¨, ¸±μ·¥¥, μÎ¥·Î¨-
¢ ¥É · ³±¨ ¤ ²Ó´¥°Ï¥° ¤¨¸±Ê¸¸¨¨, ¢ ±μÉμ·μ° μ¸´μ¢´μ¥ ¢´¨³ ´¨¥ ¡Ê¤¥É Ê¤¥-
²¥´μ ³¥Ì ´¨§³Ê £¥´¥· Í¨¨ ±μ¸³¨Î¥¸±¨Ì ²ÊÎ¥° Ê²ÓÉ· ¢Ò¸μ±μ° Ô´¥·£¨¨
(Š‹“‚�). �μ¸±μ²Ó±Ê μ¸´μ¢´Ò³ μ¡Ñ¥±Éμ³  ±É¨¢´μ£μ £ ² ±É¨Î¥¸±μ£μ Ö¤· 
Ö¢²Ö¥É¸Ö ¸¢¥·Ì³ ¸¸¨¢´ Ö Î¥·´ Ö ¤Ò· , ¢μ§³μ¦´Ò¥ ³¥Ì ´¨§³Ò £¥´¥· Í¨¨
Š‹“‚� É¥¸´μ ¸¢Ö§ ´Ò ¸μ ¸¢μ°¸É¢ ³¨ Î¥·´ÒÌ ¤Ò·.

�É¤¥²Ó´μ μÉ³¥É¨³, ÎÉμ ¤μ ´ ¸ÉμÖÐ¥£μ ¢·¥³¥´¨ ¢ Ë¨§¨±¥ Î¥·´ÒÌ ¤Ò·
¢¸¥ ¥Ð¥ ¸ÊÐ¥¸É¢Ê¥É · §¤¥²¥´¨¥ ´   ¸É·μË¨§¨Î¥¸±¨¥ ¨ ³ É¥³ É¨Î¥¸±¨¥ Î¥·-
´Ò¥ ¤Ò·Ò. Œ É¥³ É¨Î¥¸±¨¥ Î¥·´Ò¥ ¤Ò·Ò Å ·¥Ï¥´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´ 
£· ¢¨É Í¨¨ ¸ ¶μ²Ö³¨ ³ É¥·¨¨ Å ¨§ÊÎ¥´Ò ¡μ²¥¥ ¤¥É ²Ó´μ, μ¤´ ±μ ¸¢μ°¸É¢ 
ÔÉ¨Ì ·¥Ï¥´¨° μ¶·¥¤¥²¥´´μ ³μ£ÊÉ ´¥ ¸μ¢¶ ¤ ÉÓ ¸μ ¸¢μ°¸É¢ ³¨  ¸É·μË¨§¨Î¥-
¸±¨Ì Î¥·´ÒÌ ¤Ò· Å ·¥ ²Ó´ÒÌ ±μ¸³¨Î¥¸±¨Ì μ¡Ñ¥±Éμ¢. �μ ¶·¨ ¡Ò¸É·μ³ · §-
¢¨É¨¨ £· ¢¨É Í¨μ´´μ-¢μ²´μ¢μ° ¸¶¥±É·μ¸±μ¶¨¨ [3, 4] · §²¨Î¨¥ ³¥¦¤Ê ¤¢Ê³Ö
±² ¸¸ ³¨ Î¥·´ÒÌ ¤Ò· ¸É ´μ¢¨É¸Ö ¢¸¥ ¡μ²¥¥ ¨ ¡μ²¥¥ ¨²²Õ§μ·´Ò³. Š ¶·¨³¥·Ê,
¶μ²ÊÎ¥´´Ò¥ ¢ · ³± Ì ¶·μ¥±É  ®’¥²¥¸±μ¶ £μ·¨§μ´É  ¸μ¡ÒÉ¨°¯ [5] ¤ ´´Ò¥ £μ-
¢μ·ÖÉ ¢ ¶μ²Ó§Ê ¸ÊÐ¥¸É¢μ¢ ´¨Ö £μ·¨§μ´É  ¸μ¡ÒÉ¨° Ê  ¸É·μË¨§¨Î¥¸±¨Ì Î¥·-
´ÒÌ ¤Ò· (μ¡Ñ¥±É ¨¸¸²¥¤μ¢ ´¨Ö Å ¸¢¥·Ì³ ¸¸¨¢´ Ö Î¥·´ Ö ¤Ò·  Œ87 ¸ ³ ¸¸μ°
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6,5 · 109M�) Å ¸¢μ°¸É¢ , ¤ ¢´μ ¨§¢¥¸É´μ£μ ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥Ï¥´¨°
Ê· ¢´¥´¨° �°´ÏÉ¥°´ .

‘²¥¤ÊÕÐ¥° ¢ ¦´μ° Ì · ±É¥·¨¸É¨±μ°, Ê´¨Ë¨Í¨·ÊÕÐ¥° ¸¢μ°¸É¢  · §²¨Î-
´ÒÌ ±² ¸¸μ¢ Î¥·´ÒÌ ¤Ò·, Ö¢²Ö¥É¸Ö ¨§²ÊÎ¥´¨¥ •μ±¨´£  [6,7]. ˆ, ÌμÉÖ ¨§²ÊÎ¥-
´¨¥ É ±μ£μ É¨¶  Ê¦¥ ´ ¡²Õ¤ ¥É¸Ö ¢ Ô±¸¶¥·¨³¥´É Ì ¸ ® ´ ²μ£μ¢Ò³¨¯ Î¥·´Ò³¨
¤Ò· ³¨ (¢ · ³± Ì ¶·μ¥±É  “. “´·Ê ®Î¥·´Ò¥ ¤Ò·Ò ¢ ¢ ´´μ°¯ [8]), ´¥¶μ¸·¥¤-
¸É¢¥´´μ¥ ¤¥É¥±É¨·μ¢ ´¨¥ ¨§²ÊÎ¥´¨Ö •μ±¨´£  ¤ ¦¥ μÉ ¸¢¥·Ì³ ¸¸¨¢´ÒÌ Î¥·´ÒÌ
¤Ò· § É·Ê¤´¥´μ ¢ ¸¨²Ê ´¥¸μ¢¥·Ï¥´¸É¢  ¨³¥ÕÐ¨Ì¸Ö ¢ ´ ²¨Î¨¨ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ ¸·¥¤¸É¢. �μ, ¤ ¦¥ ¥¸²¨ ¨§²ÊÎ¥´¨¥ •μ±¨´£  μÉ  ¸É·μË¨§¨Î¥¸±¨Ì Î¥·-
´ÒÌ ¤Ò· ±μ£¤ -²¨¡μ ¡Ê¤¥É § ·¥£¨¸É·¨·μ¢ ´μ, μ´μ ¢ ¸¨²Ê ¸¢μ¥° ³ ²μ° ¨´É¥´-
¸¨¢´μ¸É¨ ´¥ ³μ¦¥É ¡ÒÉÓ ¶·¨Î¨´μ° £¥´¥· Í¨¨ ±μ¸³¨Î¥¸±¨Ì ²ÊÎ¥° Ê²ÓÉ· ¢Ò-
¸μ±μ° Ô´¥·£¨¨. 
μ²¥¥ Éμ£μ, ¨§¢¥¸É´Ò¥ ¨§ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¸É ´¤ ·É´Ò¥
³¥Ì ´¨§³Ò £¥´¥· Í¨¨ Î ¸É¨Í ¢ ¸¨²Ó´ÒÌ ¢´¥Ï´¨Ì ¶μ²ÖÌ (Í¥¶´Ò¥ ·¥ ±Í¨¨,
± ¸± ¤´Ò¥ ³¥Ì ´¨§³Ò £¥´¥· Í¨¨ ¶μÉμ±μ¢ Î ¸É¨Í ¨ ¤·.) μ± §Ò¢ ÕÉ¸Ö ´¥¤μ¸É -
ÉμÎ´Ò³¨ ¤²Ö £¥´¥· Í¨¨ ¶μÉμ±μ¢ Š‹“‚� ¸ ´ ¡²Õ¤ ¥³Ò³¨ Ì · ±É¥·¨¸É¨± ³¨.
�μÔÉμ³Ê ¤ ¦¥ ¶μ¢¥·Ì´μ¸É´Ò°  ´ ²¨§ ¶·μ¡²¥³Ò ¶μ¸É·μ¥´¨Ö ³¥Ì ´¨§³μ¢ £¥-
´¥· Í¨¨ ³μÐ´ÒÌ ¶μÉμ±μ¢ Î ¸É¨Í ¨§  ±É¨¢´ÒÌ £ ² ±É¨Î¥¸±¨Ì Ö¤¥· ¶·¨¢μ¤¨É
± § ±²ÕÎ¥´¨Õ μ Éμ³, ÎÉμ ¶μ²Ê±² ¸¸¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥ (²¥¦ Ð¥¥ ¢ μ¸´μ¢¥
±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¢ ¸¨²Ó´ÒÌ £· ¢¨É Í¨μ´´ÒÌ ¶μ²ÖÌ) ´¥ ¶μ¤Ìμ¤¨É ¤²Ö
μ¶¨¸ ´¨Ö É ±¨Ì ¶·μÍ¥¸¸μ¢. ‘²¥¤μ¢ É¥²Ó´μ,  ¡¸μ²ÕÉ´μ ¥¸É¥¸É¢¥´´Ò³ Ï £μ³
Ö¢²Ö¥É¸Ö ¢ÒÌμ¤ §  ¶·¥¤¥²Ò ¶μ²Ê±² ¸¸¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö, ¢ ·¨ ´Éμ³ ±μ-
Éμ·μ£μ Ö¢²Ö¥É¸Ö ÊÎ¥É μ¤´μ¶¥É²¥¢ÒÌ ¶μ¶· ¢μ± ± ¸É ´¤ ·É´μ° μ¡Ð¥° É¥μ·¨¨
μÉ´μ¸¨É¥²Ó´μ¸É¨.

� ¡μÉ  ¸É·Ê±ÉÊ·¨·μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 · ¸¸³μÉ·¥´  É¥Ì-
´¨±  ¶μ²ÊÎ¥´¨Ö ·¥Ï¥´¨° ¤²Ö ´¥¸É Í¨μ´ ·´ÒÌ Î¥·´ÒÌ ¤Ò· ¢ É¥μ·¨¨ £· ¢¨É -
Í¨¨ c ±¢ ´Éμ¢Ò³¨ ¶μ¶· ¢± ³¨, μ¸´μ¢ ´´ Ö ´  ¤¥Ëμ·³ Í¨¨ ¨§¢¥¸É´ÒÌ ¸É É¨-
Î¥¸±¨Ì/¸É Í¨μ´ ·´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨°. � §¤. 2 ¶μ¸¢ÖÐ¥´ ¢ÒÎ¨¸²¥´¨Õ
²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¸¢μ¡μ¤´μ¶ ¤ ÕÐ¥£μ ´ ¡²Õ¤ É¥²Ö ¨ Ëμ·³Ê²¨-
·μ¢±¥ Ê¸²μ¢¨°, ¶·¨¢μ¤ÖÐ¨Ì ± ¸¨²Ó´μ³Ê ¸± Î±Ê ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¢¡²¨§¨
£μ·¨§μ´Éμ¢ ¸μ¡ÒÉ¨° ´¥¸É Í¨μ´ ·´ÒÌ Î¥·´ÒÌ ¤Ò·. ‚ ¶μ¸²¥¤´¥° Î ¸É¨ · ¡μÉÒ
¶·μ¢μ¤¨É¸Ö ±· É±μ¥ μ¡¸Ê¦¤¥´¨¥ μ¸´μ¢´ÒÌ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢. ‡¤¥¸Ó, ¢
Î ¸É´μ¸É¨, μ¡£μ¢ ·¨¢ ¥É¸Ö ¸¢Ö§Ó É· ´¸¶² ´±μ¢¸±¨Ì ¸± Î±μ¢ ²μ± ²Ó´μ° ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ ¸ £¥´¥· Í¨¥° Ê²ÓÉ· Ô´¥·£¥É¨Î¥¸±¨Ì ¶μÉμ±μ¢ Î ¸É¨Í ¨§  ±É¨¢-
´ÒÌ £ ² ±É¨Î¥¸±¨Ì Ö¤¥·. ’ ±¦¥ μ¡¸Ê¦¤ ¥É¸Ö · §²¨Î¨¥ ³¥¦¤Ê Ê¸É ´μ¢²¥´´Ò³¨
±¢ ´Éμ¢Ò³¨ ¸± Î± ³¨ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¨ Ë °·¢μ² ³¨ ´  £μ·¨§μ´É Ì ¸μ¡Ò-
É¨° Î¥·´ÒÌ ¤Ò· ¨ ¢²¨Ö´¨¥ μ¡μ¨Ì ÔËË¥±Éμ¢ ´  Ë¨§¨±Ê Î¥·´ÒÌ ¤Ò·.

1. �…‘’�–ˆ�����›… ‚��™��™ˆ…‘Ÿ —…��›… „›�›
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‘ É¥Ì´¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¨§ÊÎ¥´¨¥ ¸¢μ°¸É¢ ¢· Ð ÕÐ¨Ì¸Ö Î¥·´ÒÌ ¤Ò·
¢ ±¢ ´Éμ¢μ-¸±μ··¥±É¨·μ¢ ´´μ° É¥μ·¨¨ ÉÖ£μÉ¥´¨Ö (¢ ±μ´É¥±¸É¥ ¶μ¨¸±  ¢μ§³μ¦-
´ÒÌ ³¥Ì ´¨§³μ¢ £¥´¥· Í¨¨ Ê²ÓÉ· Ô´¥·£¥É¨Î¥¸±¨Ì ±μ¸³¨Î¥¸±¨Ì ²ÊÎ¥°) · §¤¥-
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²Ö¥É¸Ö ´  ´¥¸±μ²Ó±μ ÔÉ ¶μ¢. ‘´ Î ²  ´Ê¦´μ ´ °É¨ · ¸Ï¨·¥´¨¥ Ê¦¥ ¨§¢¥¸É´μ£μ
¸É Í¨μ´ ·´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´  ¸ ¶μ²Ö³¨ ³ É¥·¨¨ ¨ ±μ¸³μ²μ-
£¨Î¥¸±μ° ¶μ¸ÉμÖ´´μ° (¢ ´ Ï¨Ì μ¡μ§´ Î¥´¨ÖÌ κ2 = 16πG)

Gμν = Λgμν +
κ2

2
Tμν (1)

´  ¸²ÊÎ ° ´¥¸É Í¨μ´ ·´μ° ´¥°É· ²Ó´μ°/§ ·Ö¦¥´´μ° ¢· Ð ÕÐ¥°¸Ö Î¥·´μ°
¤Ò·Ò. ’ ± Ö § ¤ Î  ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´  ¸ ¶·¨³¥´¥´¨¥³ É¥Ì´¨±¨ ŒÕ· ÉÒÄ
Š¨´μÏ¨ÉÒÄ’ ´ Ì Ï¨ [9], μ¸´μ¢ ´´μ° ´  · §²μ¦¥´¨¨ μ¸´μ¢´ÒÌ ËÊ´±Í¨° § -
É· ¢μÎ´μ£μ ·¥Ï¥´¨Ö ¸É Í¨μ´ ·´μ° Î¥·´μ° ¤Ò·Ò ¢ ·Ö¤Ò ¸ Ö¢´μ § ¢¨¸ÖÐ¨³¨
μÉ ¢·¥³¥´¨ ±μÔËË¨Í¨¥´É ³¨. ‡ É¥³ ¶μ²ÊÎ¥´´μ¥ ´¥¸É Í¨μ´ ·´μ¥ ·¥Ï¥´¨¥ ¨¸-
¶μ²Ó§Ê¥É¸Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ . � ±μ´¥Í, ´  ¶μ¸²¥¤´¥³
ÔÉ ¶¥ ¢ÒÎ¨¸²¥´¨° ¶μ²ÊÎ¥´´Ò¥ · ´¥¥ ¢Ò· ¦¥´¨Ö ±μ³¡¨´¨·ÊÕÉ¸Ö ¢ ²μ± ²Ó´ÊÕ
¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Å μ¸´μ¢´ÊÕ ¨´É¥·¥¸ÊÕÐÊÕ ´ ¸ ¢¥²¨Î¨´Ê, ¶μ¢¥¤¥´¨¥ ±μ-
Éμ·μ° ¢¡²¨§¨ £μ·¨§μ´Éμ¢ ¸μ¡ÒÉ¨° Ö¢²Ö¥É¸Ö ¶·¥¤³¥Éμ³ ¶μ¸²¥¤ÊÕÐ¥£μ  ´ ²¨§ .

�·μ¨²²Õ¸É·¨·Ê¥³ ¶·¨³¥´¥´¨¥ É¥Ì´¨±¨ ŒÕ· ÉÒÄŠ¨´μÏ¨ÉÒÄ’ ´ Ì Ï¨ ±
·¥Ï¥´¨Õ � °¸¸´¥· Ä�μ·¤¸É·ß³  ¢ ¶·μ¸É· ´¸É¢¥  ´É¨-¤¥ ‘¨ÉÉ¥· . ‚ ³¥É·¨-
Î¥¸±μ³ ¸¥±Éμ·¥ ¤¥Ëμ·³ Í¨Ö ¸É ·Éμ¢μ£μ ¸É É¨Î¥¸±μ£μ ·¥Ï¥´¨Ö ·¥ ²¨§Ê¥É¸Ö
¶¥·¥Ìμ¤μ³ ± · §²μ¦¥´¨Õ ¢¨¤ 

ds2 = − 1
z2

(
F (t, z) dt2 + 2dt dz

)
+ W 2(t, z)

(
dx2 + dy2

)
(2)

¸ ·Ö¤ ³¨ μ¸´μ¢´ÒÌ ËÊ´±Í¨°

F (t, z) =
∞∑

n=0

Fn(t)zn, (3)

W (t, z) =
1
z

+
∞∑

n=0

Wn(t)zn. (4)

�´ ²μ£¨Î´Ò³ μ¡· §μ³ Ê¸É·μ¥´μ · §²μ¦¥´¨¥ ¤²Ö ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¨
±μ³¶²¥±¸´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö [9, 10Ä14]. �μ¤¸É ´μ¢±μ° ¶μ¸É·μ¥´´ÒÌ · §-
²μ¦¥´¨° ¢ ¸Í¥¶²¥´´ÊÕ ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° �°´ÏÉ¥°´ Ä
Œ ±¸¢¥²²  ¸μ ¸± ²Ö·´Ò³ ¶μ²¥³

Rμν − Λgμν +
κ2

2

(
−

(
(∂μψ − iqAμψ)(∂νψ∗ + iqAνψ∗)+

+(μ ↔ ν)
)

+
1
2
gμνF 2 − FμρFν

ρ
)

= 0,

∇μFμν + iqψ(∂ν + iqAν)ψ∗ − iqψ∗(ψν − iqAν)ψ = 0, (5)

(∇μ − iqAμ) (∇μ − iqAμ)ψ − m2ψ = 0
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Ë¨±¸¨·ÊÕÉ¸Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ ± ¦¤μ° ¸É¥¶¥´¨ ¶¥·¥³¥´´μ° z. �¥É·¨¢¨ ²Ó-
´μ¸ÉÓ ¶·¨³¥´¥´¨Ö ¤ ´´μ° ¶·μÍ¥¤Ê·Ò μ¡¥¸¶¥Î¨¢ ¥É¸Ö μ¡Ð¥° ±μ¢ ·¨ ´É´μ¸ÉÓÕ
· ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨ ¨ ´ ²¨Î¨¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μÌ· ´ÖÕÐ¨Ì¸Ö ´ßÉ¥-
·μ¢¸±¨Ì § ·Ö¤μ¢. (�´ ²μ£¨Î´Ò¥  ·£Ê³¥´ÉÒ μ¡μ¸´μ¢Ò¢ ÕÉ ´¥É·¨¢¨ ²Ó´μ¸ÉÓ ·¥-
Ï¥´¨° ¶μ²´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° £· ¢¨É Í¨¨ ¸ ¶μ²Ö³¨ ³ É¥·¨¨.)

�μ¸±μ²Ó±Ê ´ Ï¥° Í¥²ÓÕ Ö¢²Ö¥É¸Ö ¢ÒÌμ¤ §  ¶·¥¤¥²Ò ¶μ²Ê±² ¸¸¨Î¥¸±μ£μ
¶·¨¡²¨¦¥´¨Ö, ´ Ï¥ ¸É ·Éμ¢μ¥ ¤¥°¸É¢¨¥ ¢±²ÕÎ ¥É μ¤´μ¶¥É²¥¢Ò¥ ¶μ¶· ¢±¨ ±
¸É ´¤ ·É´μ³Ê ËÊ´±Í¨μ´ ²Ê �°´ÏÉ¥°´ Äƒ¨²Ó¡¥·É  ¸ ¶μ²Ö³¨ ³ É¥·¨¨

S =
1
κ2

∫
d4x

√
−g [R − 2Λ]−

− 1
4

∫
d4x

√
−g F 2 −

∫
d4x

√
−g

[
|∂μψ − iqAμψ|2 + V (ψ)

]
+

+ �

∫
d4x

√
−g

[
c1R

2 + c2RμνRμν + . . .
]
. (6)

‚ ·¨ Í¨Ö ¤¥°¸É¢¨Ö ¶μ ¶¥·¥³¥´´Ò³ gμν , Aμ, ψ ¶·¨¢μ¤¨É ± ¸¨¸É¥³¥ Ê· ¢´¥´¨°

Rμν − Λgμν =
κ2

2
gμν

[
V (ψ) − 1

4
F 2 + c1�R2+

+ (2c1 + c2)�∇2R + c2�RρλRρλ + . . .
]
+

+ κ2
[
− 1

2
((∂μψ − iqAμψ)(∂νψ∗ + iqAμψ∗) + (μ ↔ ν))−

− 1
2
FμρFν

ρ + 2c1�RRμν − (2c1 + c2)�∇μ∇νR−

− 2c2�Rκ1μνκ2R
κ1κ2 + c2�∇2Rμν + . . .

]
= 0, (7)

∇μFμν + iqψ(∂ν + iqAν)ψ∗ − iqψ∗(∂ν − iqAν)ψ + . . . = 0,

(∇μ − iqAμ)(∇μ − iqAμ)ψ − ∂V

∂ψ
+ . . . = 0.

Š ± μ¡¸Ê¦¤ ²μ¸Ó ¢ÒÏ¥, ·¥Ï¥´¨¥ ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° (7) ¸É·μ¨É¸Ö ¶ÊÉ¥³
¤¥Ëμ·³ Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ÉμÎ´μ£μ ·¥Ï¥´¨Ö (˜¢ ·ÍÏ¨²Ó¤ , � °¸¸´¥· Ä
�μ·¤¸É·ß³ , Š¥·· Ä�ÓÕ³¥´  ¨ É. ¤.) ± ¸É ´¤ ·É´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨° ¤¢¨¦¥-
´¨Ö £· ¢¨É Í¨¨ ¸ ¶μ²Ö³¨ ³ É¥·¨¨ (¸³. ¤¥É ²¨ ¶·μÍ¥¤Ê·Ò ¤²Ö ´¥¢· Ð ÕÐ¨Ì¸Ö
Î¥·´ÒÌ ¤Ò· ¢ [9,12,13]). „²Ö ¡μ²¥¥ ¨´É¥·¥¸´μ£μ ¸ ÉμÎ±¨ §·¥´¨Ö  ¸É·μË¨§¨±¨
¸²ÊÎ Ö ¢· Ð ÕÐ¨Ì¸Ö Î¥·´ÒÌ ¤Ò· ¤¥Ëμ·³ Í¨Ö ¸É ´¤ ·É´μ° ³¥É·¨±¨ Š¥·· Ä
�ÓÕ³¥´  (¤ ²¥¥ ¤²Ö ¶·μ¸ÉμÉÒ ¸Ëμ±Ê¸¨·Ê¥³ ¢´¨³ ´¨¥ ´  ³¥É·¨±¥ Š¥··  ¶²μ¸-
±μ£μ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¸μ ¸± ²Ö·´Ò³ ¶μ²¥³ Ì¨££¸μ¢¸±μ£μ É¨¶ ) ¢Ò£²Ö¤¨É
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¸²¥¤ÊÕÐ¨³ μ¡· §μ³ [14]:

ds2 = −F (t, z, θ)
z2

(
dt + a sin2 θ dφ

)2
+ 2

(
dt + a sin2 θ dφ

)
×

×
(
−dz

z2
+ a sin2 θ dφ

)
+ Φ2(t, z, θ)

(
dθ2 + sin2 θ dφ2

)
. (8)

‡¤¥¸Ó

F (t, z, θ) =
∞∑

n=0

(
Fn(t, θ) + κ2

� Fh
n (t, θ)

)
zn (9)

¨

Φ(t, z, θ) =
1
z

+
∞∑

n=0

Φn(t, θ)zn + κ2
�

∞∑
n=−1

Φh
n(t, θ)zn, (10)

£¤¥ ¢¥·Ì´¨° ¨´¤¥±¸ h μÉ´μ¸¨É¸Ö ± ±¢ ´Éμ¢Ò³ ³μ¤ ³ · §²μ¦¥´¨° (9), (10).
�μ¤¸É ¢²ÖÖ · §²μ¦¥´¨Ö ¤²Ö ³¥É·¨±¨ ¨ ¤·Ê£¨Ì ¶μ²¥° (¸³. ¤¥É ²¨ ¢ [14]) ¢ ¸¨-
¸É¥³Ê Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö (7), ´ Ìμ¤¨³ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨° (9), (10),
¶μ¸²¥ Î¥£μ ´  ¸²¥¤ÊÕÐ¥³ ÔÉ ¶¥ ¢ÒÎ¨¸²¥´¨° ¢μ¸¸É ´ ¢²¨¢ ¥³ ¢Ò· ¦¥´¨Ö ¤²Ö
É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸ ±¢ ´Éμ¢Ò³¨ ¶μ¶· ¢± ³¨

Tμν = − 2
κ2

Λgμν + gμν

[
c1R

2 − (4c1 + c2)∇2R + c2RρλRρλ
]
−

− 2
[
2c1RRμν − (2c1 + c2)∇μ∇νR − 2c2RρμνλRρλ + c2∇2Rμν + . . .

]
(11)

¨ Î¥ÉÒ·¥Ì¢¥±Éμ·  ¸±μ·μ¸É¨ ´ ¡²Õ¤ É¥²Ö, ¸¢μ¡μ¤´μ¶ ¤ ÕÐ¥£μ ± £μ·¨§μ´ÉÊ ¸μ-
¡ÒÉ¨° Î¥·´μ° ¤Ò·Ò. ‘¢¥·É±  ¶μ ¨´¤¥±¸ ³ ¤ ´´ÒÌ ¢¥²¨Î¨´ ¸¢μ¤¨É¸Ö ± ¢Ò· -
¦¥´¨Õ ¸± ²Ö·´μ° ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ [15], ± μ¡¸Ê¦¤¥´¨Õ ±μÉμ·μ°
¸¥°Î ¸ ¨ ¶¥·¥Ìμ¤¨³.

2. ’���‘�‹��Š�‚‘Šˆ… ‘Š�—Šˆ ‹�Š�‹œ��‰
�‹�’��‘’ˆ ��…�ƒˆˆ ‚ Œ�„…‹Ÿ• —…��›• „›�

�μ μ¶·¥¤¥²¥´¨Õ (¸³. [15]) ²μ± ²Ó´μ° ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨, ¨§³¥·Ö¥³μ°
¸¢μ¡μ¤´μ¶ ¤ ÕÐ¨³ ´ ¡²Õ¤ É¥²¥³, Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´ 

ρ ≡ 〈Tμν〉UμUν . (12)

‡¤¥¸Ó Uμ Å Î¥ÉÒ·¥Ì¢¥±Éμ· ¸±μ·μ¸É¨ ´ ¡²Õ¤ É¥²Ö; 〈Tμν〉 ≡ 〈0K |T̂μν |0K〉 Å
¢ ±ÊÊ³´μ¥ ¸·¥¤´¥¥ μ¶¥· Éμ·  É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¶μ ¢ ±ÊÊ³´μ³Ê ¸μ¸Éμ-
Ö´¨Õ Š·Ê¸± ²  |0K〉 (É ±¦¥ ¨§¢¥¸É´μ³Ê ± ± ¢ ±ÊÊ³ • ·É²ÖÄ•μ±¨´£ , ¸³. [16]).

� ³¨ Ê¸É ´μ¢²¥´μ [12, 17], ÎÉμ ¢ · ³± Ì ¶μ²Ê±² ¸¸¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö
¸É ´¤ ·É´μ° μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ (�’�) ²μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·-
£¨¨ ´¥ ¶·¥É¥·¶¥¢ ¥É ¸¨²Ó´ÒÌ ¨§³¥´¥´¨° ´  £μ·¨§μ´É Ì ¸μ¡ÒÉ¨° ¸É É¨Î¥¸±¨Ì



�„���…’‹…‚�Ÿ ƒ��‚ˆ’�–ˆŸ ˆ Š‚��’�‚›… ‘Š�—Šˆ 861

Î¥·´ÒÌ ¤Ò·. „²Ö μ¤´μ¶¥É²¥¢ÒÌ ¶μ¶· ¢μ± ± ¸É ´¤ ·É´μ° �’� ²μ± ²Ó´ Ö ¶²μÉ-
´μ¸ÉÓ Ô´¥·£¨¨ ´  £μ·¨§μ´É Ì ¸μ¡ÒÉ¨° ¸É É¨Î¥¸±¨Ì § ·Ö¦¥´´ÒÌ Î¥·´ÒÌ ¤Ò·,
  ¨³¥´´μ ¤²Ö ·¥Ï¥´¨Ö Œ¥²¢¨´ Ä˜¢ ·ÍÏ¨²Ó¤  (Î¥·´ Ö ¤Ò·  ¢μ ¢´¥Ï´¥³
³ £´¨É´μ³ ¶μ²¥) ¨ ¥£μ μ¡μ¡Ð¥´¨Ö [18], μ¸É ¥É¸Ö ¶· ±É¨Î¥¸±¨ ´¥¨§³¥´´μ°.
�¤´ ±μ ¸¨ÉÊ Í¨Ö ¸¨²Ó´μ ³¥´Ö¥É¸Ö ¢ ¸²ÊÎ ¥:

• ´¥¸É Í¨μ´ ·´μ° Î¥·´μ° ¤Ò·Ò ¸ ¶μ²Ö³¨ ³ É¥·¨¨;
• ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¸ ´¥É·¨¢¨ ²Ó´μ° (μÉ·¨Í É¥²Ó´μ°) ±μ¸³μ²μ£¨Î¥-

¸±μ° ¶μ¸ÉμÖ´´μ°, ¨´¤ÊÍ¨·μ¢ ´´μ° ±¢ ´Éμ¢Ò³¨ ÔËË¥±É ³¨;
• ¸¶¥Í¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ¢Ò¡· ´´ÒÌ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò

±¢ ´Éμ¢Ò¥ ³μ¤Ò ¶μ²¥° ³ É¥·¨¨ ¶·¨μ¡·¥É ²¨ ´¥É·¨¢¨ ²Ó´Ò¥ §´ Î¥´¨Ö ´  £· -
´¨Í¥ ¶·μ¸É· ´¸É¢   ´É¨-¤¥ ‘¨ÉÉ¥·  (É ± ´ §Ò¢ ¥³Ò¥  ´É¨-„¨·¨Ì²¥ £· ´¨Î´Ò¥
Ê¸²μ¢¨Ö).

�·¨ ¸μ¡²Õ¤¥´¨¨ ¢ÒÏ¥¶¥·¥Î¨¸²¥´´ÒÌ Ê¸²μ¢¨° ·¥ ²¨§Ê¥É¸Ö É· ´¸¶² ´±μ¢-
¸±¨° ¸± Îμ± ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¢¡²¨§¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨° Î¥·´μ°
¤Ò·Ò [12]:

ρ ∼ 1
κ2

=
1

16πG
∼ E2

Pl. (13)

’¥¶¥·Ó ¶¥·¥°¤¥³ ± ¸²ÊÎ Õ ¢· Ð ÕÐ¨Ì¸Ö Î¥·´ÒÌ ¤Ò·. �¦¨¤ ¥³Ò¥ ¸± Î±¨
²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¸¢Ö§ ´Ò ¸ ´¥¸É Í¨μ´ ·´μ¸ÉÓÕ μ¡¸Ê¦¤ ¢Ï¨Ì¸Ö
¢ÒÏ¥ ±¥··μ¢¸±¨Ì ·¥Ï¥´¨° (¸³. ¶·¥¤Ò¤ÊÐ¨° · §¤.). ‚μ¸¸É ´ ¢²¨¢ Ö É¥´-
§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  (11) ¶μ ¨§¢¥¸É´Ò³ ±μÔËË¨Í¨¥´É ³ · §²μ¦¥´¨° ³¥-
É·¨±¨ (9), (10) (¶μ¸±μ²Ó±Ê ´ ¸ ¨´É¥·¥¸Ê¥É ¢¥²¨Î¨´  É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨, ¤μ¸É ÉμÎ´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö Ê· ¢´¥´¨Ö³¨ �°´ÏÉ¥°-
´  Gμν ∼ Tμν ), ¢ÒÎ¨¸²Ö¥³ ²μ± ²Ó´ÊÕ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸¢μ¡μ¤´μ¶ ¤ Õ-
Ð¥£μ ´ ¡²Õ¤ É¥²Ö ¢ μ¤´μ¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨¨. —¥ÉÒ·¥Ì¢¥±Éμ· ¸±μ·μ¸É¨
Uμ É ±¦¥ ¸μ¤¥·¦¨É ±¢ ´Éμ¢Ò¥ ¶μ¶· ¢±¨, μ¤´ ±μ ¨Ì ÊÎ¥É ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ²μ-
± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö ÔËË¥±Éμ³ ¢Éμ·μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¶μ �.
‘²¥¤μ¢ É¥²Ó´μ, ¢ · ³± Ì ²¨´¥°´μ£μ ¶μ ±¢ ´Éμ¢Ò³ ¶μ¶· ¢± ³ ¶·¨¡²¨¦¥´¨Ö
Î¥ÉÒ·¥Ì¢¥±Éμ· ¸±μ·μ¸É¨ ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±¨³ §´ Î¥´¨¥³ (´μ·³¨·μ¢ ´-
´Ò³ ´  ³ ¸¸Ê ´ ¡²Õ¤ É¥²Ö μ: UμUμ = −μ2), ¶μ²ÊÎ¥´´Ò³ ¨§ Ê· ¢´¥´¨°
£¥μ¤¥§¨Î¥¸±¨Ì ¤²Ö ¸É ´¤ ·É´μ£μ ·¥Ï¥´¨Ö Š¥··  ¢ · ¡μÉ¥ [19].

�·¥¦¤¥ Î¥³ ¶¥·¥°É¨ ± μ¡¸Ê¦¤¥´¨Õ ¶μ¢¥¤¥´¨Ö ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·-
£¨¨ ¢¡²¨§¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨° ´¥¸É Í¨μ´ ·´μ° ¢· Ð ÕÐ¥°¸Ö Î¥·´μ° ¤Ò·Ò,
¶·¨¢¥¤¥³ §´ Î¥´¨¥ ¤ ´´μ° ¢¥²¨Î¨´Ò ¤²Ö ±² ¸¸¨Î¥¸±μ£μ ¸É Í¨μ´ ·´μ£μ ·¥Ï¥-
´¨Ö Š¥·· Ä�ÓÕ³¥´ :

ρ =
Q2z2

2(1 + a2z2 cos2 θ)3
(
K − a2μ2 cos2 θ

)
. (14)

‚Ìμ¤ÖÐ¨³¨ ¢ ÔÉμ ¢Ò· ¦¥´¨¥ ¢¥²¨Î¨´ ³¨ Ö¢²ÖÕÉ¸Ö ¶ · ³¥É· ¢· Ð¥´¨Ö a,
¶μ¸ÉμÖ´´ Ö Š ·É¥·  (¸¢¥·´ÊÉÒ° É¥´§μ· Š¨²²¨´£ ) K, ³ ¸¸  ´ ¡²Õ¤ É¥²Ö μ ¨
§ ·Ö¤ Î¥·´μ° ¤Ò·Ò Q. �Î¥¢¨¤´μ, ÎÉμ ²μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ±μ´¥Î´ 
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´  £μ·¨§μ´É¥ ¸μ¡ÒÉ¨° z = zh ¨ ¢ ÉμÎ´μ¸É¨ · ¢´  ´Ê²Õ ¤²Ö ´¥°É· ²Ó´μ°
¢· Ð ÕÐ¥°¸Ö Î¥·´μ° ¤Ò·Ò.

’¥¶¥·Ó ¶·¨¢¥¤¥³ ¢Ò· ¦¥´¨Ö ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¤²Ö ¤¢ÊÌ Ì -
· ±É¥·´ÒÌ ¸²ÊÎ ÖÌ ´¥¸É Í¨μ´ ·´ÒÌ ¢· Ð ÕÐ¨Ì¸Ö Î¥·´ÒÌ ¤Ò· ¢ Ëμ´¥ ¶μ²¥°
μ¤´μ¶¥É²¥¢μ° £· ¢¨É Í¨¨. „²Ö ´¥¸É Í¨μ´ ·´μ° ³¥¤²¥´´μ ¢· Ð ÕÐ¥°¸Ö Î¥·-
´μ° ¤Ò·Ò ¨³¥¥³

ρslow =
2
κ2

f(z)
	2

+ O(	−2, a), (15)

£¤¥ f(z) Å ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö, a Å ¶ · ³¥É· ¢· Ð¥´¨Ö,   	 Å · ¸Ìμ¤ÖÐ -
Ö¸Ö ´  £μ·¨§μ´É¥ ¸μ¡ÒÉ¨° ËÊ´±Í¨Ö. ‚ ¸²ÊÎ ¥ ¡Ò¸É·μ ¢· Ð ÕÐ¥°¸Ö Î¥·´μ°
¤Ò·Ò

ρfast =
2a10

κ2

f̃(z, θ)
	2

+ O(	−2, a10), (16)

£¤¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, f̃ Å ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö ´  £μ·¨§μ´É¥ ¸μ-
¡ÒÉ¨°. Ÿ¸´μ, ÎÉμ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ²μ± ²Ó´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸¢μ¡μ¤´μ¶ -
¤ ÕÐ¥£μ ´ ¡²Õ¤ É¥²Ö ¶·¥É¥·¶¥¢ ¥É ¸± Îμ± ¢¡²¨§¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨° Î¥·´μ°
¤Ò·Ò (¸·. ¸ (13)), ÎÉμ Ê± §Ò¢ ¥É ´  Ëμ·³¨·μ¢ ´¨¥ ¸É·Ê±ÉÊ·Ò,  ´ ²μ£¨Î´μ°
Ë °·¢μ²Ê [20, 21]. ˆ ÌμÉÖ ËÊ´±Í¨μ´ ²Ó´Ò¥ § ¢¨¸¨³μ¸É¨ (15), (16) ¶μ²ÊÎ¥´Ò
¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ · §²μ¦¥´¨° ¶μ²¥° ´  ¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨ (´ 
£· ´¨Í¥ ¤²Ö ¶·μ¸É· ´¸É¢   ´É¨-¤¥ ‘¨ÉÉ¥· ), ¶¥·¥Ìμ¤ ± · §²μ¦¥´¨Ö³ ¶μ²¥°
¢¡²¨§¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨° [12, 14] ´¥ ¸¨²Ó´μ ¸± §Ò¢ ¥É¸Ö ´  ¶μ¢¥¤¥´¨¨ ²μ-
± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨.

3. Š��’Š�… �	‘“†„…�ˆ… �…‡“‹œ’�’�‚

“Î¥É ¸² ¡ÒÌ ±¢ ´Éμ¢ÒÌ ¶μ¶· ¢μ± ± £· ¢¨É Í¨μ´´μ³Ê ¤¥°¸É¢¨Õ, É. ¥. ¢Ò-
Ìμ¤ §  ¶·¥¤¥²Ò ¶μ²Ê±² ¸¸¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö, ¶·¨¢μ¤¨É ± ¢μ§´¨±´μ¢¥´¨Õ
¸¨²Ó´ÒÌ ²μ± ²Ó´ÒÌ ¸± Î±μ¢ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨, ¨§³¥·Ö¥³μ° ¸¢μ¡μ¤´μ¶ ¤ -
ÕÐ¨³ ´ ¡²Õ¤ É¥²¥³ ¢¡²¨§¨ £μ·¨§μ´É  ¸μ¡ÒÉ¨° ´¥¸É Í¨μ´ ·´ÒÌ (¢· Ð Õ-
Ð¨Ì¸Ö) Î¥·´ÒÌ ¤Ò· [12, 14]. �¥¸É Í¨μ´ ·´μ¸ÉÓ ·¥Ï¥´¨Ö Ö¢²Ö¥É¸Ö μ¤´μ° ¨§
´¥μ¡Ìμ¤¨³ÒÌ ¸μ¸É ¢²ÖÕÐ¨Ì ¤²Ö ·¥ ²¨§ Í¨¨ ¶μ¤μ¡´μ£μ ÔËË¥±É , ¤¢Ê³Ö ¤·Ê-
£¨³¨ ´¥μ¡Ìμ¤¨³Ò³¨ Ê¸²μ¢¨Ö³¨ Ö¢²ÖÕÉ¸Ö ´ ²¨Î¨¥ ¸¶¥Í¨ ²Ó´ÒÌ £· ´¨Î´ÒÌ
Ê¸²μ¢¨° ´  ±¢ ´Éμ¢Ò¥ ³μ¤Ò · §²μ¦¥´¨° ¨ ¨´¤ÊÍ¨·μ¢ ´´ Ö ±¢ ´Éμ¢Ò³¨ ÔË-
Ë¥±É ³¨ μÉ·¨Í É¥²Ó´ Ö ±μ¸³μ²μ£¨Î¥¸± Ö ¶μ¸ÉμÖ´´ Ö. ‚¸¥ ÔÉμ Ê± §Ò¢ ¥É ´ 
μÉ²¨Î¨¥ ÔËË¥±É  ±¢ ´Éμ¢μ£μ ¸± Î±  ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ μÉ μ·¨£¨-
´ ²Ó´μ£μ ±μ´Í¥¶É  Ë °·¢μ²  [20]. „¥°¸É¢¨É¥²Ó´μ, ÊÎ¥É ±¢ ´Éμ¢ÒÌ ¶μ¶· ¢μ± ±
Ô°´ÏÉ¥°´μ¢¸±μ³Ê ¤¥°¸É¢¨Õ ´¥ ¶·¨¢μ¤¨É ± ¢μ§´¨±´μ¢¥´¨Õ �Œ�‘ Ë °·¢μ² ,
¶·¨§¢ ´´μ£μ ·¥Ï¨ÉÓ ¶·μ¡²¥³Ê ¨´Ëμ·³ Í¨μ´´μ£μ ¶ · ¤μ±¸  ¨, ± ± ¸²¥¤¸É¢¨¥,
Ëμ·³¨·ÊÕÐ¥£μ¸Ö ´  ¶μ§¤´¨Ì ÔÉ ¶ Ì Ô¢μ²ÕÍ¨¨ Î¥·´ÒÌ ¤Ò·. (‘³. ¤¥É ²¨ ¸· ¢-
´¥´¨Ö ¸ �Œ�‘ Ë °·¢μ²μ³ ¢ · ¡μÉ¥ [21],   É ±¦¥ μ¡§μ· ¸μ¢·¥³¥´´μ£μ ¸μ¸Éμ-
Ö´¨Ö ¶·μ¡²¥³Ò ¨´Ëμ·³ Í¨μ´´μ£μ ¶ · ¤μ±¸  ¢ [22] ¨ ±·¨É¨±Ê μ·¨£¨´ ²Ó´μ£μ
¶·¥¤²μ¦¥´¨Ö ¢ [20].)
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’¥³ ´¥ ³¥´¥¥ μ¡  ÔËË¥±É  Å É· ´¸¶² ´±μ¢¸±¨¥ ¸± Î±¨ ²μ± ²Ó´μ° ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ ¨ Ë °·¢μ² Å ¡ §¨·ÊÕÉ¸Ö ´  ±¢ ´Éμ¢ÒÌ ¶μ¶· ¢± Ì ± �’�
(¸³. ¶μ¸²¥¤´¨° · §¤. [12] ¸ μ¡¸Ê¦¤¥´¨¥³ Éμ´±μ¸É¥° ¤ ´´μ£μ ¢μ¶·μ¸ ), μ¡ 
μ´¨ ¤μ²¦´Ò ¡ÒÉÓ ¶·¨´ÖÉÒ ¢μ ¢´¨³ ´¨¥ ¶·¨ ¢ÒÌμ¤¥ §  ¶·¥¤¥²Ò ¶μ²Ê±² ¸-
¸¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö. �ËË¥±É ±¢ ´Éμ¢μ£μ ¸± Î±  ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨
Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö ¤μ¸É ÉμÎ´μ Ê´¨¢¥·¸ ²Ó´Ò³ ¤²Ö ¥£μ (¶μ ±· °´¥° ³¥·¥, Î -
¸É¨Î´μ£μ) ¨¸¶μ²Ó§μ¢ ´¨Ö ¶·¨ μ¡ÑÖ¸´¥´¨¨ ³¥Ì ´¨§³  ¢μ§´¨±´μ¢¥´¨Ö ³μÐ´ÒÌ
¶μÉμ±μ¢ ±μ¸³¨Î¥¸±¨Ì ²ÊÎ¥° Ê²ÓÉ· ¢Ò¸μ±μ° Ô´¥·£¨¨ ¨§  ±É¨¢´ÒÌ £ ² ±É¨Î¥-
¸±¨Ì Ö¤¥· Å ³¥¸É · ¸¶μ²μ¦¥´¨Ö ´¥¸É Í¨μ´ ·´ÒÌ ¢· Ð ÕÐ¨Ì¸Ö ¸¢¥·Ì³ ¸¸¨¢-
´ÒÌ Î¥·´ÒÌ ¤Ò·.

� ±μ´¥Í, μÉ³¥É¨³ ¤·Ê£μ¥ ¶¥·¸¶¥±É¨¢´μ¥ ¶·¨²μ¦¥´¨¥ ¶μ²ÊÎ¥´´ÒÌ ·¥-
§Ê²ÓÉ Éμ¢. ‹Õ¡ Ö Î¥·´ Ö ¤Ò·  Ì · ±É¥·¨§Ê¥É¸Ö É ± ´ §Ò¢ ¥³μ° ±·¨¢μ° �¥°-
¤¦  [23,24], ¤¥³μ´¸É·¨·ÊÕÐ¥° ¢·¥³¥´´ÊÕ § ¢¨¸¨³μ¸ÉÓ Ô´É·μ¶¨¨ § ¶ÊÉ ´´ÒÌ
¸μ¸ÉμÖ´¨° ¢ ¶·μÍ¥¸¸¥ ¥¥ ¨¸¶ ·¥´¨Ö. Š·¨¢ Ö �¥°¤¦  ¤²Ö ±² ¸¸¨Î¥¸±μ£μ ·¥-
Ï¥´¨Ö Š¥··  ¶·¨¢μ¤¨É¸Ö ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [25]. ˜ £¨ ± ¢ÒÎ¨¸²¥´¨Õ ÔÉμ°
¢ ¦´μ° Ì · ±É¥·¨¸É¨±¨ ¢ · ³± Ì μ¤´μ¶¥É²¥¢μ° £· ¢¨É Í¨¨ ¨ ¥¥ ± Î¥¸É¢¥´´Ò¥
μÉ²¨Î¨Ö μÉ μ·¨£¨´ ²Ó´μ£μ ¶·¥¤²μ¦¥´¨Ö �¥°¤¦  Ö¢²ÖÕÉ¸Ö ¶·¥¤³¥Éμ³ μ¡¸Ê¦-
¤¥´¨Ö ¤·Ê£μ° ´¥¤ ¢´¥° · ¡μÉÒ [26]. ‘²μ¦´μ°, ´μ ¢ ¦´μ° § ¤ Î¥° Ö¢²Ö¥É¸Ö
¶μ²ÊÎ¥´¨¥ ±·¨¢ÒÌ �¥°¤¦  ¤²Ö ´¥¸É Í¨μ´ ·´ÒÌ ¢· Ð ÕÐ¨Ì¸Ö Î¥·´ÒÌ ¤Ò· § 
¶·¥¤¥² ³¨ ¶μ²Ê±² ¸¸¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö,   É ±¦¥ ¸· ¢´¥´¨¥ ¨Ì ¶μ¢¥¤¥´¨Ö
´  · ´´¨Ì ÔÉ ¶ Ì Ô¢μ²ÕÍ¨¨ ¸ ¶μ¢¥¤¥´¨¥³ ¨Ì ¶μ²Ê±² ¸¸¨Î¥¸±¨Ì  ´ ²μ£μ¢.

�¢Éμ· ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ μ·£ ´¨§ Éμ· ³ Œ¥¦¤Ê´ ·μ¤´μ° 
μ£μ²Õ-
¡μ¢¸±μ° ±μ´Ë¥·¥´Í¨¨ ®�·μ¡²¥³Ò É¥μ·¥É¨Î¥¸±μ° ¨ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨¯
2019 £.,   É ±¦¥ ˆ´-‰μ´£ � ·±Ê §  ³´μ£μÎ¨¸²¥´´Ò¥ ¸É¨³Ê²¨·ÊÕÐ¨¥ μ¡¸Ê¦¤¥-
´¨Ö ¨ ¶·¨ÖÉ´μ¥ ¸μÉ·Ê¤´¨Î¥¸É¢μ.

� ¡μÉ  Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  Œ¨´¨¸É¥·¸É¢μ³ μ¡· §μ¢ ´¨Ö ¨ ´ Ê±¨ “±· -
¨´Ò ¢ · ³± Ì ¶·μ£· ³³Ò ®� Ê±  ¢ Ê´¨¢¥·¸¨É¥É Ì¯.
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