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„ ´ μ¡§μ· ´μ¢μ£μ ¢¥·μÖÉ´μ¸É´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°, μ¶¨¸Ò¢ -
¥³ÒÌ μ¡ÒÎ´Ò³¨ ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨. � °¤¥´μ μ¡· É¨³μ¥ μÉμ¡· -
¦¥´¨¥ ³¥¦¤Ê ¢¥·μÖÉ´μ¸É´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ¨ ¶·¥¤¸É ¢²¥´¨¥³ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨°
¨ μ¶¥· Éμ·μ¢ ¶²μÉ´μ¸É¨ ¢ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢¢¥¤¥´´ÒÌ
μ¶¥· Éμ·μ¢, ´ §Ò¢ ¥³ÒÌ ®±¢ ´É °§¥·μ³¯ ¨ ®¤¥±¢ ´É °§¥·μ³¯, § ¤ ÕÐ¨Ì μ¡· É¨³μ¥
μÉμ¡· ¦¥´¨¥ μ¶¥· Éμ·μ¢ ±¢ ´Éμ¢ÒÌ ´ ¡²Õ¤ ¥³ÒÌ ´  ËÊ´±Í¨¨ ¨ ¶·μ¨§¢¥¤¥´¨Ö μ¶¥· -
Éμ·μ¢ ´   ¸¸μÍ¨ É¨¢´μ¥ (§¢¥§¤μÎ´μ¥) ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨°. � ¸¸³μÉ·¥´Ò ¶·¨³¥·Ò
±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¨ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2. �μ²ÊÎ¥´Ò Ö¢´μ ±¨´¥É¨Î¥¸±¨¥
Ê· ¢´¥´¨Ö ¤²Ö ¢¥·μÖÉ´μ¸É¥°, § ¤ ÕÐ¨Ì Ô¢μ²ÕÍ¨Õ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³, Ô±¢¨-
¢ ²¥´É´Ò¥ Ê· ¢´¥´¨Ö³ ˜·¥¤¨´£¥·  ¨ Ëμ´ �¥°³ ´ .

The review of new probability representation of quantum states, where the states are
described by usual probability distribution functions, is presented. The invertable map of
the probability distributions onto density operators acting in a Hilbert space is found using
the introduced quantizerÄdequantizer operators which determine also the invertable map of
the operators of quantum observables onto the functions and the product of the operators
onto the associative product (star product) of the functions. Examples of quantum oscil-
lator and spin-1/2 are considered. The kinetic equations for the probability distributions
describing the evolution of quantum system states, which are equivalent to Schréodinger
and von Neumann equations, are obtained.
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‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö [1] ¨ ±¢ ´Éμ¢μ° ¸É É¨¸É¨±¥
¸μ¸ÉμÖ´¨Ö Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³ μ¶¨¸Ò¢ ÕÉ¸Ö ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ [2], ³ É·¨-
Í ³¨ ¶²μÉ´μ¸É¨ [3, 4],   É ±¦¥ ¢¥±Éμ· ³¨ ¢ £¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì [5].
‚ ±² ¸¸¨Î¥¸±μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³ μ¶¨¸Ò¢ ÕÉ¸Ö · ¸-
¶·¥¤¥²¥´¨Ö³¨ ¢¥·μÖÉ´μ¸É¨ [6] ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. �¢μ²ÕÍ¨Ö ±² ¸¸¨Î¥¸-
±¨Ì ¸μ¸ÉμÖ´¨° μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ‹¨Ê¢¨²²Ö ¤²Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨
f(q, p, t) ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸¨¸É¥³Ò ¨²¨ Ê· ¢´¥´¨¥³ 	μ²ÓÍ³ ´  [7, 8].
�¢μ²ÕÍ¨Ö Î¨¸ÉÒÌ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°, ¨¤¥´É¨Ë¨Í¨·Ê¥³ÒÌ ¸ ¢μ²´μ¢Ò³¨
ËÊ´±Í¨Ö³¨ ¸¨¸É¥³ ¸ £ ³¨²ÓÉμ´¨ ´μ³, μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· ,
  Ê· ¢´¥´¨¥ Ëμ´ �¥°³ ´  μ¶¨¸Ò¢ ¥É Ô¢μ²ÕÍ¨Õ ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ¸³¥Ï ´-
´ÒÌ ¸μ¸ÉμÖ´¨°. �¶¨¸ ´¨Ö ±² ¸¸¨Î¥¸±¨Ì ¸μ¸ÉμÖ´¨° ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö
¢¥·μÖÉ´μ¸É¨ ¨ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ ¨²¨ ³ É·¨Í ³¨
¶²μÉ´μ¸É¨ ¸ÊÐ¥¸É¢¥´´μ · §²¨Î´Ò. ˆ´ÉÊ¨É¨¢´μ μ¶¨¸ ´¨¥ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ-
´¨° É·¥¡Ê¥É ¤μ¶μ²´¨É¥²Ó´μ° ¨´É¥·¶·¥É Í¨¨ ¸ ÉμÎ±¨ §·¥´¨Ö ¸μμÉ¢¥É¸É¢¨Ö
±² ¸¸¨Î¥¸±μ° ± ·É¨´¥ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨°. ‚ ¸¢Ö§¨ c ÔÉ¨³ ¡Ò²¨ ¶·¥¤²μ¦¥´Ò
¤·Ê£¨¥ μ¶¨¸ ´¨Ö ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°, ´ ¶·¨³¥·, ¸ ¶μ³μÐÓÕ · ¸¶·¥¤¥²¥´¨°
±¢ §¨¢¥·μÖÉ´μ¸É¨ ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸¨¸É¥³ Å ËÊ´±Í¨¨ ‚¨£´¥·  [9],
ËÊ´±Í¨¨ •Ê¸¨³¨ÄŠ ´μ [10, 11] ¨ ƒ² Ê¡¥· Ä‘Ê¤ ·Ï ´  [12, 13]. 	Ò²μ ¶·¥¤-
²μ¦¥´μ μ¶¨¸ ´¨¥ ¸μ¸ÉμÖ´¨° ËÊ´±Í¨¥° ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ 	²μÌ¨´Í¥-
¢Ò³ [14]. ‚¸¥ ÔÉ¨ μ¶¨¸ ´¨Ö ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° μ¶¥·¨·ÊÕÉ ¸ ËÊ´±Í¨Ö³¨
´  Ëμ·³ ²Ó´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸¨¸É¥³Ò, ´μ ÔÉ¨ ËÊ´±Í¨¨ ´¥ Ö¢²ÖÕÉ¸Ö
· ¸¶·¥¤¥²¥´¨Ö³¨ ¢¥·μÖÉ´μ¸É¥°. �·¨Î¨´μ° ´¥¢μ§³μ¦´μ¸É¨ μ¶¨¸ ÉÓ ¸μ¸ÉμÖ´¨¥
Î ¸É¨ÍÒ ¸μ¢³¥¸É´μ° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸  Ö¢²Ö-
¥É¸Ö ¸μμÉ´μÏ¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¥° [15Ä17], ¶μ¸±μ²Ó±Ê ±¢ ´Éμ¢ Ö ¶·¨·μ¤ 
É ±μ¢ , ÎÉμ ´¥¢μ§³μ¦´μ μ¤´μ¢·¥³¥´´μ § ¤ ÉÓ (¨§³¥·¨ÉÓ) ¨ ±μμ·¤¨´ ÉÊ, ¨ ¨³-
¶Ê²Ó¸ Î ¸É¨ÍÒ. �μÔÉμ³Ê ´¥ ¸ÊÐ¥¸É¢Ê¥É ¸μ¢³¥¸É´ Ö ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö
ÔÉ¨Ì ¸²ÊÎ °´ÒÌ ¢¥²¨Î¨´. �¤´ ±μ μ¶¨¸ ÉÓ ¸μ¸ÉμÖ´¨¥ · ¸¶·¥¤¥²¥´¨¥³ ¢¥·μ-
ÖÉ´μ¸É¨ μ¤´μ° ¢¥²¨Î¨´Ò, ´ ¶·¨³¥· Éμ²Ó±μ ±μμ·¤¨´ ÉÒ, ¸μμÉ´μÏ¥´¨¥ ´¥-
μ¶·¥¤¥²¥´´μ¸É¥° ¶μ§¢μ²Ö¥É. ’ ±μ¥ μ¶¨¸ ´¨¥ ¡Ò²μ ¶·¥¤²μ¦¥´μ [18, 19] ´ 
μ¸´μ¢¥ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ¶μ¤Ìμ¤  ± ¨§³¥·¥´¨Õ ¸μ¸ÉμÖ´¨Ö ËμÉμ´ , ¨¤¥´-
É¨Ë¨Í¨·Ê¥³μ£μ ¸ ËÊ´±Í¨¥° ‚¨£´¥·  [20], ¸ ¶μ³μÐÓÕ £μ³μ¤¨´´μ£μ ¤¥É¥±-
Éμ· , ¶μ§¢μ²ÖÕÐ¥£μ μ¶·¥¤¥²¨ÉÓ μ¶É¨Î¥¸±ÊÕ Éμ³μ£· ³³Ê ËμÉμ´ , Ö¢²ÖÕÐÊÕ¸Ö
ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö ±¢ ¤· ÉÊ·´μ° ±μ³¶μ´¥´ÉÒ ËμÉμ´  ¶·¨ Ë¨±¸¨·μ¢ ´-
´μ³ §´ Î¥´¨¨ Ë §Ò ²μ± ²Ó´μ£μ μ¸Í¨²²ÖÉμ· . ˆ§¢¥¸É´μ [21, 22], ÎÉμ ¸ ¶μ³μ-
ÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö � ¤μ´  [23] ¨§ μ¶É¨Î¥¸±μ° Éμ³μ£· ³³Ò, μ¶·¥¤¥²¥´´μ°
¢ ¶·μ¢¥¤¥´´ÒÌ Ô±¸¶¥·¨³¥´É Ì, ·¥±μ´¸É·Ê¨·Ê¥É¸Ö ËÊ´±Í¨Ö ‚¨£´¥· , ¨¤¥´É¨-
Ë¨Í¨·Ê¥³ Ö ¸ ±¢ ´Éμ¢Ò³ ¸μ¸ÉμÖ´¨¥³. ‘ ÉμÎ±¨ §·¥´¨Ö ³¥Ì ´¨Î¥¸±μ° ³μ¤¥²¨
±μ²¥¡ ´¨° Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö (¸μ¸ÉμÖ´¨Ö ËμÉμ´ ) ÔÉμ ¸μμÉ¢¥É¸É¢Ê¥É ±μ-
²¥¡ ´¨Õ μ¸Í¨²²ÖÉμ· . ‘μ¸ÉμÖ´¨¥ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¶·¨ ÔÉμ³ § ¤ ¥É¸Ö
· ¸¶·¥¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨ Éμ²Ó±μ μ¤´μ° ¸²ÊÎ °´μ° ±μμ·¤¨´ ÉÒ μ¸Í¨²²Ö-
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Éμ· , ¨§³¥·Ö¥³μ° ¢  ´¸ ³¡²¥ ¸¨¸É¥³ μÉ¸Î¥É  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥. ’ ±¨³
μ¡· §μ³, ´¥É ¶·μÉ¨¢μ·¥Î¨° ¸ ¸μμÉ´μÏ¥´¨¥³ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£ ,
¶μ¸±μ²Ó±Ê ¸²ÊÎ °´Ò° ¨³¶Ê²Ó¸ μ¸Í¨²²ÖÉμ·  ´¥ Ö¢²Ö¥É¸Ö  ·£Ê³¥´Éμ³ ËÊ´±Í¨¨
· ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨, ±μÉμ· Ö § ¢¨¸¨É Éμ²Ó±μ μÉ ¸²ÊÎ °´μ° ±μμ·¤¨´ ÉÒ
¨ §´ Î¥´¨° ¶ · ³¥É·μ¢ ¸¨¸É¥³Ò μÉ¸Î¥É , ¢ ±μÉμ·μ° ¨§³¥·Ö¥É¸Ö ÔÉ  ¸²ÊÎ °´ Ö
±μμ·¤¨´ É .

–¥²Ó · ¡μÉÒ Å ¶μ± § ÉÓ, ÎÉμ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ ³μ£ÊÉ ¡ÒÉÓ § -
¤ ´Ò ¸É ´¤ ·É´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨ ¢¥·μÖÉ´μ¸É¨ ¤²Ö ¸¨¸É¥³ ± ± ¸ ´¥¶·¥·Ò¢-
´Ò³¨ ¶¥·¥³¥´´Ò³¨ (μ¸Í¨²²ÖÉμ·), É ± ¨ ¸ ¤¨¸±·¥É´Ò³¨ ¶¥·¥³¥´´Ò³¨ (¸¶¨´
Ô²¥±É·μ´ ). �Éμ μ§´ Î ¥É, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ μ¡· É¨³Ò¥ μÉμ¡· ¦¥´¨Ö μ¶¥· Éμ-
·μ¢ ¶²μÉ´μ¸É¨ ´  · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥°. �É¨ μÉμ¡· ¦¥´¨Ö ²¨´¥°´Ò,
¶μÔÉμ³Ê ²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (´ ¶·¨³¥·, Ê· ¢´¥´¨¥ Ëμ´
�¥°³ ´  ¤²Ö μ¶¥· Éμ·  ¶²μÉ´μ¸É¨ [4]) μÉμ¡· ¦ ÕÉ¸Ö ´  ±¨´¥É¨Î¥¸±¨¥ Ê· ¢-
´¥´¨Ö ¤²Ö · ¸¶·¥¤¥²¥´¨° ¢¥·μÖÉ´μ¸É¥° [18,24], § ¤ ÕÐ¨¥ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ-
¢μ° ¸¨¸É¥³Ò ¢ ¢¥·μÖÉ´μ¸É´μ³ ¶·¥¤¸É ¢²¥´¨¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. �·μ¡²¥³ 
μ¶¨¸ ´¨Ö ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°, ¸¢Ö§ ´´ÒÌ ¸ · ¸¶·¥¤¥²¥´¨Ö³¨ ¢¥·μÖÉ´μ¸É¥°,
μ¡¸Ê¦¤ ² ¸Ó, ´ ¶·¨³¥·, ¢ [25Ä27] (¸³. É ±¦¥ ´¥¤ ¢´¨° μ¡§μ· [28] ¨ ¸¸Ò²±¨ ¢
´¥³). �É´μ¸ÖÐ¨¥¸Ö ± ÔÉμ° ¶·μ¡²¥³¥  ¸¶¥±ÉÒ § É· £¨¢ ²¨¸Ó ¢ · ¡μÉ Ì [29,30].
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—Éμ¡Ò ¢ÒÖ¸´¨ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨, § ¤ Õ-
Ð¥£μ ¸μ¸ÉμÖ´¨¥ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò, · ¸¸³μÉ·¨³ ¶·¨³¥· ¸μ¸ÉμÖ´¨Ö ±² ¸¸¨Î¥¸-
±μ£μ μ¸Í¨²²ÖÉμ·  ¸ £ ³¨²ÓÉμ´¨ ´μ³ Hcl = p2/2 + q2/2 ¶·¨ ´ ²¨Î¨¨ Ë²Ê±ÉÊ-
 Í¨° ¢ · ³± Ì ±² ¸¸¨Î¥¸±μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨ [1]. ‘μ¸ÉμÖ´¨¥ μ¸Í¨²-
²ÖÉμ·  ¢ ²Õ¡μ° ³μ³¥´É ¢·¥³¥´¨ μ¶¨¸Ò¢ ¥É¸Ö ¸μ¢³¥¸É´μ° ËÊ´±Í¨¥° · ¸¶·¥¤¥-
²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ f(q, p, t) � 0 ´  Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸¨¸É¥³Ò, Ê¤μ¢²¥É-
¢μ·ÖÕÐ¥° Ê¸²μ¢¨Õ ´μ·³¨·μ¢±¨

∫
f(q, p, t) dq dp = 1. ‚¢¥¤¥³ ´μ¢ÊÕ ¸¨¸É¥³Ê

±μμ·¤¨´ É ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¸¨¸É¥³Ò, ¨¸¶μ²Ó§ÊÖ ¸¨³¶²¥±É¨Î¥¸±μ¥ ¶·¥-
μ¡· §μ¢ ´¨¥ ±μμ·¤¨´ ÉÒ q → X ¨ ¨³¶Ê²Ó¸  p → P , § ¤ ¢ ¥³μ¥ ³ É·¨Í¥°
¢¨¤  (

X
P

)
=

(
s cos θ s−1 sin θ
−s sin θ s−1 cos θ

) (
q
p

)
. (1)

‘³Ò¸² ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ³Ò ³¥´Ö¥³ ¸´ Î ²  ³ ¸-
ÏÉ ¡ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É q → q′ = sq, p → p′ = s−1p,   § É¥³ ¶μ¢μ-
· Î¨¢ ¥³ μ¸¨  ¡¸Í¨¸¸ ¨ μ·¤¨´ É X = q′ cos θ+p′ sin θ, P = −q′ sin θ+p′ cos θ.
‚¢¥¤¥³ ¶¥·¥³¥´´Ò¥ μ = s cos θ, ν = s−1 sin θ. � ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ.
…¸²¨ ¢ ³μ³¥´É ¢·¥³¥´¨ t ¸μ¸ÉμÖ´¨¥ μ¸Í¨²²ÖÉμ·  § ¤ ´μ ¸μ¢³¥¸É´μ° ËÊ´±Í¨¥°
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· ¸¶·¥¤¥²¥´¨Ö f(q, p, t) ¤¢ÊÌ ¸²ÊÎ °´ÒÌ ¶¥·¥³¥´´ÒÌ q ¨ p, Éμ ± ±μ¢  ËÊ´±-
Í¨Ö · ¸¶·¥¤¥²¥´¨Ö μ¤´μ° ¸²ÊÎ °´μ° ¶¥·¥³¥´´μ° ±μμ·¤¨´ ÉÒ X = μq + νp,
μ¡μ§´ Î ¥³ Ö wk(X |μ, ν, t)? ‹¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉ  ËÊ´±Í¨Ö § ¤ ¥É¸Ö ¶·¥-
μ¡· §μ¢ ´¨¥³ � ¤μ´  [23] ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö f(q, p, t),   ¨³¥´´μ:

wk(X |μ, ν, t) =
∫

f(q, p, t) δ(X − μq − νp) dq dp. (2)

”Ê´±Í¨Ö wk(X |μ, ν, t) ´ §Ò¢ ¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³ Éμ³μ£· Ë¨Î¥¸±¨³
· ¸¶·¥¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨ ¨²¨ ¸¨³¶²¥±É¨Î¥¸±μ° Éμ³μ£· ³³μ°. �Éμ ¶·¥-
μ¡· §μ¢ ´¨¥ μ¡· É¨³μ, ¨ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥° ¤¢ÊÌ ¸²ÊÎ °´ÒÌ ¢¥²¨-
Î¨´ f(q, p, t) ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö, ¥¸²¨ ¨§¢¥¸É´  ¸¨³¶²¥±É¨Î¥¸± Ö Éμ³μ£· ³³ ,
  ¨³¥´´μ:

f(q, p, t) =
1

4π2

∫
wk(X |μ, ν, t) exp [i (X − μq − νp)] dX dμ dν. (3)

�Î¥¢¨¤´μ, ÎÉμ ¸¨³¶²¥±É¨Î¥¸± Ö Éμ³μ£· ³³  (2) ´¥μÉ·¨Í É¥²Ó´  ¨ ´μ·-
³¨·μ¢ ´ :

∫
wk(X |μ, ν, t) dX = 1. �¥·¥³¥´´ Ö X ¨³¥¥É ¸³Ò¸² ±μμ·¤¨´ ÉÒ

Î ¸É¨ÍÒ, ¨§³¥·Ö¥³μ° ¢ ¸¨¸É¥³¥ μÉ¸Î¥É  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ Î ¸É¨ÍÒ ¸
¶μ¢¥·´ÊÉÒ³¨ ´  Ê£μ² θ μ¸Ö³¨ ±μμ·¤¨´ É, ¶·¨ ÔÉμ³ ¶¥·¥¤ ¶μ¢μ·μÉμ³ ¶·μ¨§-
¢¥¤¥´μ ¶·¥μ¡· §μ¢ ´¨¥ ³ ¸ÏÉ ¡  ±μμ·¤¨´ ÉÒ q → sq ¨ ¸±μ·μ¸É¨ (¨³¶Ê²Ó¸ )
p → s−1p. Œμ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ · ¸¸³ É·¨¢ ¥³μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ± ±
¶·¥μ¡· §μ¢ ´¨¥ ¢ ¶·μ¸É· ´¸É¢¥ ±μμ·¤¨´ É q ¨ ¸±μ·μ¸É¥° q̇, ¶·¨ ±μÉμ·μ³
³ ¸ÏÉ ¡ ±μμ·¤¨´ ÉÒ ³¥´Ö¥É¸Ö,   ¸±μ·μ¸ÉÓ ¸μÌ· ´Ö¥É¸Ö. ‘¨³¶²¥±É¨Î¥¸± Ö
Éμ³μ£· ³³  wk(X |μ, ν, t) ±² ¸¸¨Î¥¸±μ° Î ¸É¨ÍÒ Ö¢²Ö¥É¸Ö Ê¸²μ¢´Ò³ · ¸¶·¥-
¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨ ±μμ·¤¨´ ÉÒ X , ¶·¨ § ¤ ´¨¨ ±μÉμ·μ£μ μ¶·¥¤¥²¥´Ò ¶ -
· ³¥É·Ò μ ¨ ν ¸¨¸É¥³Ò μÉ¸Î¥É  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ Î ¸É¨ÍÒ, ¢ ±μÉμ·μ³
ÔÉ  ±μμ·¤¨´ É  ¨§³¥·Ö¥É¸Ö. �μ Ëμ·³Ê²¥ 	 °¥¸  ³μ¦´μ ¢¢¥¸É¨ ¸μ¢³¥¸É´ÊÕ
ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ wk(X, μ, ν, t) É·¥Ì ¸²ÊÎ °´ÒÌ ¶¥·¥³¥´-
´ÒÌ X, μ, ν, ± ± § ¤ ÕÐ¨Ì ±μμ·¤¨´ ÉÊ X , É ± ¨ Ì · ±É¥·¨§ÊÕÐ¨Ì ¸¨¸É¥³Ê
μÉ¸Î¥É  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ Î ¸É¨ÍÒ ¸²ÊÎ °´ÒÌ ¶ · ³¥É·μ¢ μ ¨ ν. �É 
ËÊ´±Í¨Ö ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  Ëμ·³Ê²μ°

wk(X, μ, ν, t) = wk(X |μ, ν, t)P(μ, ν), (4)

£¤¥ P(μ, ν) � 0. �É  ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö ¤¢ÊÌ ¸²ÊÎ °-
´ÒÌ ¢¥²¨Î¨´ μ ¨ ν, ´μ·³¨·μ¢ ´´μ° Ê¸²μ¢¨¥³∫

P(μ, ν) dμ dν = 1. (5)

‚ Î ¸É´μ¸É¨, ¥¥ ³μ¦´μ § ¤ ÉÓ ´μ·³ ²Ó´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¢¥·μÖÉ´μ¸É¨

PG(μ, ν) = π−1 exp (−μ2 − ν2). (6)
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”Ê´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö f(q, p, t) ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ (4):

f(q, p, t) =
1

4π2

∫
wK(X, μ, ν, t) P−1(μ, ν)×

× exp (i(X − μq − νp)) dX dμ dν. (7)

„²Ö ±² ¸¸¨Î¥¸±μ° Î ¸É¨ÍÒ ¤μ¶Ê¸É¨³Ò ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö

f(q, p, t) = δ(q − q0(t)) δ(p − p0(t)), (8)

£¤¥ q0(t) ¨ p0(t) μ¶¨¸Ò¢ ÕÉ É· ¥±Éμ·¨Õ Î ¸É¨ÍÒ. ’μ³μ£· ³³  ¸μ¸ÉμÖ´¨Ö
Î ¸É¨ÍÒ ¢ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ¸ ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö (8) ¨³¥¥É ¢¨¤

wk(X |μ, ν, t) = δ(X − μq0(t) − νp0(t)). (9)

‚ (9) q0(t) ¨ p0(t) μ¶¨¸Ò¢ ÕÉ É· ¥±Éμ·¨¨ Î ¸É¨ÍÒ ¢ ¥¥ Ë §μ¢μ³ ¶·μ¸É· ´-
¸É¢¥. � ¶·¨³¥·, ¤²Ö Ê¶μ³¨´ ¢Ï¥£μ¸Ö ±² ¸¸¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¤μ¶Ê¸É¨³μ°
Ö¢²Ö¥É¸Ö ¸¨³¶²¥±É¨Î¥¸± Ö Éμ³μ£· ³³ 

wk(X |μ, ν, t) = δ[X − μ(A cos t + B sin t) − ν(B cos t − A sin t)] (10)

¸ ¶·μ¨§¢μ²Ó´Ò³¨ ´ Î ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ ±μμ·¤¨´ ÉÒ A ¨ ¨³¶Ê²Ó¸  B. „²Ö
±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¢ ¸¨²Ê ¸μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·-
£  [15] ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö f(q, p, t) ´¥ ¸ÊÐ¥¸É¢Ê¥É. �μÔÉμ³Ê ¤²Ö ±¢ ´Éμ-
¢μ£μ μ¸Í¨²²ÖÉμ·  ´¥ ¸ÊÐ¥¸É¢Ê¥É Éμ³μ£· ³³Ò ¢¨¤  (10), ¸¢Ö§ ´´μ° ¸ · ¸¶·¥-
¤¥²¥´¨¥³ (8) ¨ ´ ·ÊÏ ÕÐ¥° ¸μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¥°. �¤´ ±μ · ¸-
¶·¥¤¥²¥´¨¥ (10) § ¢¨¸¨É Éμ²Ó±μ μÉ ±μμ·¤¨´ ÉÒ X ¨ ´¥ § ¢¨¸¨É μÉ ¨³¶Ê²Ó¸ 
P , ¶μÔÉμ³Ê ¢μ§³μ¦´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ Éμ³μ£· ³³, μ¶¨¸Ò¢ ÕÐ¨Ì ¸μ¸ÉμÖ´¨Ö,
´¥ ´ ·ÊÏ ÕÐ¨¥ ¸μμÉ´μÏ¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¥°. �¨¦¥ · ¸¸³μÉ·¥´Ò É ±¨¥
¸²ÊÎ ¨ ¸ ÊÎ¥Éμ³ ¶·μÍ¥¤Ê·Ò ±¢ ´Éμ¢ ´¨Ö, μ¸´μ¢ ´´μ° ´  ³¥Éμ¤¥ §¢¥§¤μÎ´μ£μ
¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨°. ˆ¸¶μ²Ó§ÊÖ Î ¸É´Ò° ¸²ÊÎ ° Éμ³μ£· ³³Ò wk(X |μ, ν, t)
¶·¨ μ = cos θ, ν = sin θ, ¶μ²ÊÎ ¥³ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥° wk(X |θ, t),
´ §Ò¢ ¥³μ¥ μ¶É¨Î¥¸±μ° Éμ³μ£· ³³μ°. �´  § ¤ ¥É É ±¦¥ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Éμ-
³μ£· ³³Ê ¡² £μ¤ ·Ö ¸¢μ°¸É¢Ê ¤¥²ÓÉ -ËÊ´±Í¨¨ „¨· ±  δ(λy) = |λ|−1δ(y), ÎÉμ
¶·¨¢μ¤¨É ± Ëμ·³Ê²¥

wk(X |μ, ν, t) =
1√

μ2 + ν2
wk

(
X |θ = arctan

ν

μ
, t

)
. (11)

�¶É¨Î¥¸± Ö Éμ³μ£· ³³  ¸μ¸ÉμÖ´¨Ö ±² ¸¸¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· , μ¶·¥¤¥²Ö¥³ Ö
Ëμ·³Ê²μ° (10), ¨³¥¥É ¢¨¤ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨

wk(X |θ, t) = δ {X − cos θ(A cos t + B sin t)−
− sin θ(B cos t − A sin t)} . (12)
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� ¸¸³μÉ·¨³ ¶¥·¥Ìμ¤ ± μ¶¨¸ ´¨Õ ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³. ‚¸¥ ¢μ§-
³μ¦´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ, ¨¸¶μ²Ó-
§ÊÖ ¶·μÍ¥¤Ê·Ê ±¢ ´Éμ¢ ´¨Ö, ¶μ´¨³ ¥³ÊÕ ± ± ¶· ¢¨²μ μ¡· É¨³μ£μ μÉμ¡· ¦¥-
´¨Ö μ¶¥· Éμ·μ¢ Â, ¤¥°¸É¢ÊÕÐ¨Ì ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H, ´  ËÊ´±Í¨¨
fA(χ), ´ §Ò¢ ¥³Ò¥ ¸¨³¢μ² ³¨ μ¶¥· Éμ·μ¢ Â ¨ § ¢¨¸ÖÐ¨¥ μÉ ´ ¡μ·  ¤¨¸±·¥É-
´ÒÌ ¨²¨ ´¥¶·¥·Ò¢´ÒÌ ¶¥·¥³¥´´ÒÌ χ = (χ1, χ2, . . . , χN), £¤¥ ± ±¨¥-Éμ ¶¥-
·¥³¥´´Ò¥ χk, k = 1, 2, . . . , N ¶·μ¡¥£ ÕÉ ´¥¶·¥·Ò¢´Ò° ´ ¡μ·,   ± ±¨¥-Éμ Å
¤¨¸±·¥É´Ò° ´ ¡μ· §´ Î¥´¨°. �¡· É¨³μ¥ μÉμ¡· ¦¥´¨¥ § ¤ ¥É¸Ö ¤¢Ê³Ö ¸μμÉ´μ-
Ï¥´¨Ö³¨ [31]:

Â → fA(χ) = Tr (ÂÛ(χ)), (13)

fA(χ) → Â =
∫

fA(χ)D̂(χ) dχ. (14)

�¶¥· Éμ· Û(χ) ´ §Ò¢ ¥É¸Ö ¤¥±¢ ´É °§¥·μ³, μ¶¥· Éμ· D̂(χ) Å ±¢ ´É °§¥·μ³.
…¸²¨ Î ¸ÉÓ ¶¥·¥³¥´´ÒÌ χk ¤¨¸±·¥É´ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥£· ² ¢ (14) § ³¥-
´Ö¥É¸Ö ¸Ê³³μ° ¶μ ÔÉ¨³ ¶¥·¥³¥´´Ò³. „¥±¢ ´É °§¥· ¨ ±¢ ´É °§¥· Û(χ), D̂(χ)
¤μ²¦´Ò Ê¤μ¢²¥É¢μ·ÖÉÓ Éμ³Ê Ê¸²μ¢¨Õ, ÎÉμ ¤²Ö ¢¸¥Ì μ¶¥· Éμ·μ¢ Â, ¤¥°¸É¢ÊÕ-
Ð¨Ì ¢ H, ¸ÊÐ¥¸É¢Ê¥É · ¢¥´¸É¢μ∫

Tr Û(χ)D̂(χ′)Tr (Û(χ′)Â) dχ′ = Tr (ÂÛ(χ)). (15)

‚ Î ¸É´μ³ ¸²ÊÎ ¥ ³μ¦¥É ¢Ò¶μ²´ÖÉÓ¸Ö ¸μμÉ´μÏ¥´¨¥ Tr (Û(χ)D̂(χ′)) = δ(χ −
χ′). �·¨ ¢Ò¶μ²´¥´¨¨ · ¢¥´¸É¢ (13)Ä(15) ¸¨³¢μ² ¶·μ¨§¢¥¤¥´¨Ö μ¶¥· Éμ·μ¢
fAB(χ), £¤¥ fAB(χ) = Tr (ÂB̂Û(χ)), § ¤ ¥É¸Ö §¢¥§¤μÎ´Ò³ ¶·μ¨§¢¥¤¥´¨¥³
¸¨³¢μ²μ¢ μ¶¥· Éμ·μ¢ Â ¨ B̂, É. ¥.

fAB(χ) = (fA � fB)(χ) =
∫

fA(χ1)fB(χ2)K(χ1, χ2, χ) dχ1 dχ2. (16)

�·μ¨§¢¥¤¥´¨¥ μ¶¥· Éμ·μ¢  ¸¸μÍ¨ É¨¢´μ, É. ¥. (ÂB̂)Ĉ = Â(B̂Ĉ), ¨ §¢¥§¤μÎ-
´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨° fA(χ), fB(χ) É ±¦¥ Ö¢²Ö¥É¸Ö  ¸¸μÍ¨ É¨¢´Ò³, É. ¥.
((fA � fB) � fC)(χ) = (fA � (fB � fC))(χ). �μ¸±μ²Ó±Ê ¶·μ¨§¢¥¤¥´¨¥ μ¶¥· -
Éμ·μ¢ Â ¨ B̂ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥±μ³³ÊÉ É¨¢´μ, §¢¥§¤μÎ´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¨Ì
¸¨³¢μ²μ¢ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ É ±¦¥ ´¥±μ³³ÊÉ É¨¢´μ. �μ¤¸É ¢²ÖÖ (13) ¨ (14) ¢
(16), ¶μ²ÊÎ ¥³ Ö¤·μ §¢¥§¤μÎ´μ£μ ¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨°, ¢Ò· ¦¥´´μ¥ Î¥·¥§
±¢ ´É °§¥· ¨ ¤¥±¢ ´É °§¥·:

K(χ1, χ2, χ3) = Tr (D̂(χ1)D̂(χ2)Û(χ3)). (17)
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…¸²¨ ¢§ÖÉÓ ¤¢  ´ ¡μ·  μ¶¥· Éμ·μ¢ Û1(χ), D̂1(χ) ¨ Û2(ξ), D̂2(ξ), Ö¢²ÖÕÐ¨Ì¸Ö
±¢ ´É °§¥· ³¨ ¨ ¤¥±¢ ´É °§¥· ³¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ (13)Ä(15), Éμ ¸¨³¢μ²Ò

μ¶¥· Éμ·μ¢ Å ËÊ´±Í¨¨ f
(1)
A (χ) ¨ f

(2)
A (ξ), £¤¥ χ = (χ1, χ2, . . . , χN ), ξ =

(ξ1, ξ2, . . . , ξM ), Å ¸¢Ö§ ´Ò ¨´É¥£· ²Ó´Ò³ ¸μμÉ´μÏ¥´¨¥³

f
(1)
A (χ) =

∫
K(1,2)(χ, ξ)f (2)

A (ξ) dξ. (18)

Ÿ¤·μ ¨´É¥£· ²Ó´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¸¨³¢μ²μ¢ μ¶¥· Éμ·μ¢ Â § ¤ ¥É¸Ö ¢Ò· -
¦¥´¨¥³

K(1,2)(χ, ξ) = Tr (Û1(χ)D̂2(ξ)). (19)

‚¸¥ ¨³¥ÕÐ¨¥¸Ö ¶·¥¤¸É ¢²¥´¨Ö μ¶¥· Éμ·μ¢ ¶²μÉ´μ¸É¨ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° ¨
´ ¡²Õ¤ ¥³ÒÌ, § ¤ ¢ ¥³ÒÌ Ô·³¨Éμ¢Ò³¨ μ¶¥· Éμ· ³¨, ¤¥°¸É¢ÊÕÐ¨³¨ ¢ £¨²Ó-
¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H, μ¶¨¸Ò¢ ÕÉ¸Ö ¸¢μ¨³¨ ¶ · ³¨ ±¢ ´É °§¥·μ¢ ¨ ¤¥-
±¢ ´É °§¥·μ¢ [31,32].

‘ˆŒ�‹…Š’ˆ—…‘Š�… ’�Œ�ƒ��”ˆ—…‘Š�…
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Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [21, 22], ¶·¥μ¡· §μ¢ ´¨¥ � ¤μ´  [23] ËÊ´±Í¨¨
‚¨£´¥·  ¸μ¸ÉμÖ´¨Ö ËμÉμ´  (μ¶É¨Î¥¸± Ö Éμ³μ£· ³³  w(X |θ), μ¶·¥¤¥²¥´´ Ö
£μ³μ¤¨´´Ò³ ¤¥É¥±É¨·μ¢ ´¨¥³ [20,31Ä33]), Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö
¢¥·μÖÉ´μ¸É¨ ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò X , ´ §Ò¢ ¥³μ° ±¢ ¤· ÉÊ·μ° ËμÉμ´ . �¶É¨-
Î¥¸± Ö Éμ³μ£· ³³  § ¢¨¸¨É É ±¦¥ μÉ Ê£²μ¢μ° ¶¥·¥³¥´´μ° θ, ´ §Ò¢ ¥³μ° Ë §μ°
²μ± ²Ó´μ£μ μ¸Í¨²²ÖÉμ· . �·¥μ¡· §μ¢ ´¨¥ � ¤μ´  ËÊ´±Í¨¨ ‚¨£´¥·  § ¤ ¥É ¢Ò-
· ¦¥´¨¥ ¤²Ö μ¶É¨Î¥¸±μ° Éμ³μ£· ³³Ò [21, 22]. �·¨ ÔÉμ³, ¥¸²¨ · ¸¸³μÉ·¥ÉÓ
Î¨¸Éμ¥ ¸μ¸ÉμÖ´¨¥ |ψ〉 ¸ ¢μ²´μ¢μ° ËÊ´±Í¨¥° ψ(y), Éμ μ¶É¨Î¥¸± Ö Éμ³μ£· ³³ 
¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

wψ(X |θ) =
1

2π| sin θ|

∣∣∣∣
∫

ψ(y) exp
(

i cot θy2

2
− iXy

sin θ

)
dy

∣∣∣∣
2

. (20)

’μ³μ£· ³³  (20) ´¥μÉ·¨Í É¥²Ó´  ¨ ´μ·³¨·μ¢ ´  ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ Ë §Ò θ
²μ± ²Ó´μ£μ μ¸Í¨²²ÖÉμ· . ’ ± ± ± μ¶¥· Éμ· ¶²μÉ´μ¸É¨ ¸³¥Ï ´´μ£μ ¸μ¸ÉμÖ´¨Ö
Ö¢²Ö¥É¸Ö ¢Ò¶Ê±²μ° ¸Ê³³μ° μ¶¥· Éμ·μ¢ ¶²μÉ´μ¸É¨ Î¨¸ÉÒÌ ¸μ¸ÉμÖ´¨°, Ê¸²μ-
¢¨Ö ´¥μÉ·¨Í É¥²Ó´μ¸É¨ ¨ ´μ·³¨·μ¢±¨ ¤²Ö Éμ³μ£· ³³Ò ¸³¥Ï ´´μ£μ ¸μ¸ÉμÖ´¨Ö
É ±¦¥ ¢Ò¶μ²´ÖÕÉ¸Ö. ’ ±¨³ μ¡· §μ³, μ¶É¨Î¥¸± Ö Éμ³μ£· ³³  Ö¢²Ö¥É¸Ö Ê¸²μ¢-
´μ° ¢¥·μÖÉ´μ¸ÉÓÕ ±¢ ¤· ÉÊ·Ò X ¶·¨ § ¤ ´´μ³ ¶ · ³¥É·¥ θ. �·¥μ¡· §μ¢ ´¨¥
� ¤μ´  μ¡· É¨³μ, ¶μÔÉμ³Ê §´ ´¨¥ μ¶É¨Î¥¸±μ° Éμ³μ£· ³³Ò ¶μ§¢μ²¨²μ ·¥±μ´-
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¸É·Ê¨·μ¢ ÉÓ ËÊ´±Í¨Õ ‚¨£´¥·  ËμÉμ´ , ¨¤¥´É¨Ë¨Í¨·Ê¥³ÊÕ ¸ ¥£μ ±¢ ´Éμ¢Ò³
¸μ¸ÉμÖ´¨¥³. ‚ · ¡μÉ¥ [22] Éμ³μ£· ³³  · ¸¸³ É·¨¢ ¥É¸Ö ± ± ³¥Éμ¤ ´ Ìμ¦¤¥´¨Ö
±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ´¨Ö, μÉμ¦¤¥¸É¢²¥´´μ£μ ¸ ËÊ´±Í¨¥° ‚¨£´¥· . ‚ · ¡μÉ¥ [18]
¡Ò²μ ¢¢¥¤¥´μ ¶μ´ÖÉ¨¥ ¸¨³¶²¥±É¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¨ ¶·¥¤-
²μ¦¥´μ ¨¤¥´É¨Ë¨Í¨·μ¢ ÉÓ ±¢ ´Éμ¢Ò¥ ¸μ¸ÉμÖ´¨Ö ¸ ÔÉ¨³ · ¸¶·¥¤¥²¥´¨¥³,  
É ±¦¥ ¸ μ¶É¨Î¥¸±¨³ Éμ³μ£· Ë¨Î¥¸±¨³ · ¸¶·¥¤¥²¥´¨¥³, ¸Î¨É Ö ¨Ì ¶¥·¢¨Î-
´Ò³¨ μ¡Ñ¥±É ³¨.

�¶·¥¤¥²¨³ ¤¥±¢ ´É °§¥· ¢Ò· ¦¥´¨¥³ Û(χ) ≡ Û(X, μ, ν), £¤¥ ¤¥°¸É¢¨-
É¥²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ 0 < X, μ, ν < ∞ § ¤ ÕÉ μ¶¥· Éμ·

Û(X, μ, ν) = δ(X 1̂ − μq̂ − νp̂). (21)

‘¨³¢μ² μ¶¥· Éμ·  ¶²μÉ´μ¸É¨ ρ̂, ´ §Ò¢ ¥³Ò° ¸¨³¶²¥±É¨Î¥¸±μ° Éμ³μ£· ³³μ°,
´ ¶·¨³¥· ¸μ¸ÉμÖ´¨Ö μ¸Í¨²²ÖÉμ· , ¨³¥¥É ¢¨¤

w(X |μ, ν) = Tr ρ̂δ(X 1̂ − μq̂ − νp̂). (22)

Š¢ ´É °§¥· D̂(χ) ≡ D̂(X, μ, ν) § ¤ ¤¨³ ¢Ò· ¦¥´¨¥³

D̂(X, μ, ν) =
1
2π

exp [i(X 1̂ − μq̂ − νp̂)]. (23)

ˆ§ ¸¢μ°¸É¢ ¤¥²ÓÉ -ËÊ´±Í¨¨ ¸²¥¤Ê¥É ¸μμÉ´μÏ¥´¨¥ ´μ·³¨·μ¢±¨. �μ¸±μ²Ó±Ê
Tr ρ̂ = 1, Éμ ∫

w(X |μ, ν) dX = 1 (24)

¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ μ ¨ ν. �¶É¨Î¥¸± Ö Éμ³μ£· ³³  Ö¢²Ö¥É¸Ö
Î ¸É´Ò³ ¸²ÊÎ ¥³ ¸¨³¶²¥±É¨Î¥¸±μ° Éμ³μ£· ³³Ò ¶·¨ §´ Î¥´¨¨ ¶ · ³¥É·μ¢ μ =
cos θ, ν = sin θ. ’ ±¦¥ ¤²Ö Î¨¸ÉÒÌ ¸μ¸ÉμÖ´¨° |ψ〉, ± ± ¨ ¢ ¸²ÊÎ ¥ μ¶É¨Î¥¸±μ°
Éμ³μ£· ³³Ò, ³μ¦´μ ¢Ò· §¨ÉÓ ¸¨³¶²¥±É¨Î¥¸±ÊÕ Éμ³μ£· ³³Ê Î¥·¥§ ¢μ²´μ¢ÊÕ
ËÊ´±Í¨Õ ψ(y) [34]:

wψ(X |μ, ν) =
1

2π|ν|

∣∣∣∣
∫

ψ(y) exp
(

iμy2

2ν
− iXy

ν

)
dy

∣∣∣∣
2

. (25)

ˆ§ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¸²¥¤Ê¥É ´¥μÉ·¨Í É¥²Ó´μ¸ÉÓ,   ¨§ ¸¢μ°¸É¢ ¤¥²ÓÉ -ËÊ´±Í¨¨
„¨· ±  ¢ÒÉ¥± ¥É ´μ·³¨·μ¢ ´´μ¸ÉÓ ¸¨³¶²¥±É¨Î¥¸±μ° Éμ³μ£· ³³Ò. �´ ²μ-
£¨Î´Ò¥ ¸¢μ°¸É¢  ¸¶· ¢¥¤²¨¢Ò ¨ ¤²Ö ¢Ò¶Ê±²μ° ¸Ê³³Ò μ¶¥· Éμ·μ¢ ¶²μÉ´μ¸É¨,
¸²¥¤μ¢ É¥²Ó´μ, ¸¨³¶²¥±É¨Î¥¸± Ö Éμ³μ£· ³³  w(X |μ, ν) ²Õ¡μ£μ ¸³¥Ï ´´μ£μ
¸μ¸ÉμÖ´¨Ö É ±¦¥ ´¥μÉ·¨Í É¥²Ó´  ¨ ´μ·³¨·μ¢ ´ . •μÉÖ ¸¨³¶²¥±É¨Î¥¸± Ö Éμ-
³μ£· ³³  § ¢¨¸¨É μÉ É·¥Ì ¶¥·¥³¥´´ÒÌ X, μ, ν,   μ¶É¨Î¥¸± Ö Å μÉ ¤¢ÊÌ ¶¥-
·¥³¥´´ÒÌ X, θ, μ´¨ ¢Ò· ¦ ÕÉ¸Ö, ± ± ¨ ¢ ±² ¸¸¨Î¥¸±μ³ ¸²ÊÎ ¥, Î¥·¥§ ¤·Ê£
¤·Ê£  (11).
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� ¸¸³μÉ·¨³ ¶·¨³¥· £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¸ £ ³¨²ÓÉμ´¨ ´μ³ Ĥ =
p2/2 + q̂2/2 = â†â + 1/2. „²Ö ±μ£¥·¥´É´μ£μ ¸μ¸ÉμÖ´¨Ö |α〉, Ö¢²ÖÕÐ¥£μ¸Ö ¸μ¡-
¸É¢¥´´Ò³ ´μ·³¨·μ¢ ´´Ò³ ¸μ¸ÉμÖ´¨¥³ μ¶¥· Éμ·  Ê´¨ÎÉμ¦¥´¨Ö â, É. ¥. â|α〉 =
α|α〉 ¸ ±μ³¶²¥±¸´Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ α = Re α + i Im α, ¶μ²ÊÎ ¥³
¸¨³¶²¥±É¨Î¥¸±ÊÕ Éμ³μ£· ³³Ê ¢ ¢¨¤¥ ´μ·³ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¸²ÊÎ °´μ°
¶¥·¥³¥´´μ° X , § ¢¨¸ÖÐ¥£μ μÉ ¶ · ³¥É·μ¢ μ ¨ ν,

wα(X |μ, ν) = [π(μ2 + ν2)]−1/2 exp
[
− (X − X̄)2

μ2 + ν2

]
(26)

¸μ ¸·¥¤´¨³ §´ Î¥´¨¥³ X̄ = μ
√

2 Reα + ν
√

2 Im α ¨ ¤¨¸¶¥·¸¨¥° σ =
(μ2 + ν2)/2. „²Ö Ëμ±μ¢¸±μ£μ ¸μ¸ÉμÖ´¨Ö |n〉 Éμ³μ£· ³³  ¨³¥¥É ¢¨¤ · ¸¶·¥¤¥-
²¥´¨Ö

wn(X |μ, ν) =
[
π

(
μ2 + ν2

)]−1/2
[2nn!]−1 ×

× exp
[
− X2

μ2 + ν2

]
H2

n

(
X√

μ2 + ν2

)
, (27)

£¤¥ Hn Å ¶μ²¨´μ³ �·³¨É . �¶É¨Î¥¸± Ö Éμ³μ£· ³³  ±μ£¥·¥´É´μ£μ ¸μ¸ÉμÖ´¨Ö
|α〉 ¶μ²ÊÎ ¥É¸Ö ¨§ (27) ¶μ¤¸É ´μ¢±μ° μ = cos θ ¨ ν = sin θ ¨ ¨³¥¥É ¢¨¤
´μ·³ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö. �¶É¨Î¥¸± Ö Éμ³μ£· ³³  Ëμ±μ¢¸±μ£μ ¸μ¸ÉμÖ´¨Ö
|n〉 ´¥ § ¢¨¸¨É μÉ Ë §Ò ²μ± ²Ó´μ£μ μ¸Í¨²²ÖÉμ·  ¨ § ¤ ¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³
¢¥·μÖÉ´μ¸É¨ ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò X ,   ¨³¥´´μ wn(X |θ) = π−1/2(2nn!)−1×
exp (−X2)H2

n(X).

�‚�‹�–ˆŸ Š‚��’�‚›• ‘�‘’�Ÿ�ˆ‰
‚ ‚…��Ÿ’��‘’��Œ ��…„‘’�‚‹…�ˆˆ

�¶¥· Éμ· ¶²μÉ´μ¸É¨ ρ̂(t) ±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ μ¶¨¸ ´¨¨ ¸¨¸É¥³ ¸
£ ³¨²ÓÉμ´¨ ´μ³ Ĥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ Ëμ´ �¥°³ ´ 

∂ρ̂(t)
∂t

+ i[Ĥ, ρ̂(t)] = 0. (28)

�·¨ ÔÉμ³ μ¶¥· Éμ· ¶²μÉ´μ¸É¨ ρ̂(t) ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´ Î¥·¥§ μ¶¥· Éμ· ¶²μÉ-
´μ¸É¨ ρ̂(0) ¨ Ê´¨É ·´Ò° μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨ û(t), § ¤ ÕÐ¨° ¢¥±Éμ· |ψ(t)〉 =
û(t)|ψ(0)〉, ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥

ρ̂(t) = û(t) ρ(0) û†(t). (29)

�·¨ ÔÉμ³ μ¶¥· Éμ·Ò ±μμ·¤¨´ ÉÒ q̂H(t) ¨ ¨³¶Ê²Ó¸  p̂H(t) ¢ ¶·¥¤¸É ¢²¥´¨¨
ƒ¥°§¥´¡¥·£  ³μ£ÊÉ ¡ÒÉÓ É ±¦¥ ¢Ò· ¦¥´Ò Î¥·¥§ μ¶¥· Éμ·Ò ±μμ·¤¨´ ÉÒ q̂ ¨ ¨³-
¶Ê²Ó¸  p̂ ¢ ¶·¥¤¸É ¢²¥´¨¨ ˜·¥¤¨´£¥·  q̂H(t) = û†(t)q̂û(t), p̂H(t) = û†(t)p̂û(t).
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�¶¥· Éμ· Ô¢μ²ÕÍ¨¨ û(t) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· 

i
∂û(t)

∂t
= Ĥû(t), û(0) = 1̂. (30)

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ ¤²Ö ¸¨³¶²¥±É¨Î¥¸±μ° Éμ³μ£· ³³Ò μ¸Í¨²²ÖÉμ·  (22),
¶μ²ÊÎ ¥³ §´ Î¥´¨¥ ¸¨³¶²¥±É¨Î¥¸±μ£μ Éμ³μ£· Ë¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μ-
ÖÉ´μ¸É¨ ¢ ³μ³¥´É ¢·¥³¥´¨ t ¢ ¢¨¤¥

w(X |μ, ν, t) = Tr [û(t)ρ̂(0)û†(t) δ(X 1̂ − μq̂ − νp̂)]. (31)

ˆ¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢  μ¶¥· Í¨¨ ¢§ÖÉ¨Ö ¸²¥¤  μÉ ¶·μ¨§¢¥¤¥´¨Ö μ¶¥· Éμ·μ¢ ¢ (31),
¶μ²ÊÎ ¥³ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° ¢Ò· ¦¥´¨¥

w(X |μ, ν, t) = Tr [ρ̂(0)[û†(t) δ(X 1̂ − μq̂ − νp̂)û(t)]]. (32)

’ ±¨³ μ¡· §μ³, ³μ¦´μ ¢Ò· §¨ÉÓ ÔÉμ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥°, ¨¸¶μ²Ó-
§ÊÖ μ¶¥· Éμ·Ò ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸  ¢ ¶·¥¤¸É ¢²¥´¨¨ ƒ¥°§¥´¡¥·£ 

w(X |μ, ν, t) = Tr [ρ̂(0) δ(X 1̂ − μq̂H(t) − νp̂H(t))]. (33)

�·¨ t = 0 ¨³¥¥³ Éμ³μ£· ³³Ê w(X |μ, ν, t = 0), £¤¥ q̂H(0) = q̂, p̂H(0) = p̂. „²Ö
£ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  (m = ω = 1)

q̂H(t) = q̂ cos t + p̂ sin t, p̂H(t) = −q̂ sin t + p̂ cos t. (34)

�μÔÉμ³Ê Éμ³μ£· Ë¨Î¥¸±μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥°, · ¢´μ¥ ¶·¨ t = 0
win(X |μ, ν), Ô¢μ²ÕÍ¨μ´¨·Ê¥É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

w(X |μ, ν, t) = win(X |μH(t), νH(t)). (35)

	² £μ¤ ·Ö ¸μμÉ´μÏ¥´¨Õ (34) ¶μ²ÊÎ ¥³ Ô¢μ²ÕÍ¨Õ Éμ³μ£· ³³ ¸μ¸ÉμÖ´¨Ö μ¸-
Í¨²²ÖÉμ· , §´ Ö ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶·¨ t = 0,  
¨³¥´´μ:

w(X |μ, ν, t) = win(X |μH(t) =
= μ cos t − ν sin t, νH(t) = μ sin t + ν cos t). (36)

� ¶·¨³¥·, Éμ³μ£· Ë¨Î¥¸±μ¥ · ¸¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¥° wn(X |μ, ν, t) Ëμ-
±μ¢¸±μ£μ ¸É Í¨μ´ ·´μ£μ ¸μ¸ÉμÖ´¨Ö |n〉 ¤ ¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ (27). ‘μμÉ´μÏ¥-
´¨¥ (27) ¸μμÉ¢¥É¸É¢Ê¥É Ê¸²μ¢¨Õ

û†(t)|n〉〈n|û(t) = |n〉〈n|, n = 0, 1, 2, . . . , (37)
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¢Ò¶μ²´ÖÕÐ¥³Ê¸Ö, ¶μ¸±μ²Ó±Ê μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨ μ¸Í¨²²ÖÉμ·  û(t)=
exp [−it(â†â + 1/2)] ±μ³³ÊÉ¨·Ê¥É ¸ μ¶¥· Éμ·μ³ |n〉〈n|. �¶É¨Î¥¸± Ö Éμ³μ-
£· ³³ , § ¤ ´´ Ö ¢ ´ Î ²Ó´Ò° ³μ³¥´É ± ± ËÊ´±Í¨Ö win(X |θ), ¶·¥¢· Ð ¥É¸Ö
¢ ³μ³¥´É ¢·¥³¥´¨ t ¢ ËÊ´±Í¨Õ ¢¨¤ 

w(X |t) = win(X |(θ + t)). (38)

‘μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¥° ƒ¥°§¥´¡¥·£  ´ ±² ¤Ò¢ ÕÉ ¨´É¥£· ²Ó´Ò¥
Ê¸²μ¢¨Ö ´  Éμ³μ£· ³³Ê ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°. „²Ö μ¶É¨Î¥¸±μ° Éμ³μ£· ³³Ò
w(X |θ) ¨³¥¥³ ´¥· ¢¥´¸É¢μ{[∫

X2w(X |θ) dX

]
−

[∫
Xw(X |θ) dX

]2
}
×

×
{[∫

X2w
(
X |θ +

π

2

)
dX

]
−

[∫
Xw

(
X |θ +

π

2

)
dX

]2
}

� 1
4
. (39)

�Éμ³Ê Ê¸²μ¢¨Õ ´¥ Ê¤μ¢²¥É¢μ·Ö¥É Éμ³μ£· ³³  (9) ¸μ¸ÉμÖ´¨Ö ±² ¸¸¨Î¥¸±μ£μ μ¸-
Í¨²²ÖÉμ· , ´ ·ÊÏ ÕÐ¥£μ ¸μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¥° ƒ¥°§¥´¡¥·£ . �μ-
¸±μ²Ó±Ê ¢ Ô±¸¶¥·¨³¥´É¥ [20] ¶μ μ¶·¥¤¥²¥´¨Õ ËÊ´±Í¨¨ ‚¨£´¥·  ¸μ¸ÉμÖ´¨Ö
ËμÉμ´μ¢ ¨§³¥·Ö¥É¸Ö μ¶É¨Î¥¸± Ö Éμ³μ£· ³³  w(X |θ), ´¥· ¢¥´¸É¢μ (39) ³μ¦¥É
¡ÒÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·μ¢¥·¥´μ.

“��‚�…�ˆ… �‚�‹�–ˆˆ „‹Ÿ ‘ˆŒ‚�‹�
��…��’��� �‹�’��‘’ˆ ‚ ‘•…Œ�• Š‚��’�‚��ˆŸ

‘ ��‡‹ˆ—�›Œˆ „…Š‚��’�‰‡…��Œˆ ˆ Š‚��’�‰‡…��Œˆ

‚ ¤ ´´μ³ · §¤¥²¥ · ¸¸³μÉ·¨³ Ê· ¢´¥´¨¥ Ô¢μ²ÕÍ¨¨ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°
¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ±¢ ´É °§¥·  ¨ ¤¥±¢ ´É °§¥·  [24] ¨ ±¨´¥É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö
¤²Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨, § ¤ ÕÐ¥£μ ±¢ ´Éμ¢μ¥ ¸μ¸ÉμÖ´¨¥. “· ¢´¥´¨¥
Ëμ´ �¥°³ ´  ¤²Ö Ê´¨É ·´μ° Ô¢μ²ÕÍ¨¨ μ¶¥· Éμ·  ¶²μÉ´μ¸É¨ § ¤ ¥É¸Ö £ ³¨²Ó-
Éμ´¨ ´μ³ Ĥ(t), ¤¥°¸É¢ÊÕÐ¨³ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ H, ¨ μ´μ ¨³¥¥É
¢¨¤ (28). “³´μ¦¨³ ÔÉμ μ¶¥· Éμ·´μ¥ Ê· ¢´¥´¨¥ ´  ¤¥±¢ ´É °§¥· Û(χ) ¨ ¢μ§Ó-
³¥³ ¸²¥¤ μÉ ¶μ²ÊÎ¥´´μ£μ μ¶¥· Éμ·´μ£μ ¸μμÉ´μÏ¥´¨Ö. �μ²ÊÎ ¥³ ²¨´¥°´μ¥
¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¸¨³¢μ²  μ¶¥· Éμ·  ¶²μÉ´μ¸É¨ fρ(χ, t) ¢¨¤ 

∂

∂t
fρ(χ, t) +

∫
KH(χ, χ′, t)fρ(χ′, t) dχ′ = 0. (40)

Ÿ¤·μ ÔÉμ£μ Ê· ¢´¥´¨Ö § ¤ ¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³,   É ±¦¥ ±¢ ´É °§¥·μ³ D̂(χ′)
¨ ¤¥±¢ ´É °§¥·μ³ Û(χ) ¨ ¨³¥¥É ¢¨¤

KH(χ, χ′, t) = i Tr
(
[Û(χ), Ĥ ]D̂(χ′)

)
¨²¨ KH(χ, χ′, t) = i Tr

(
[D̂(χ′), Û(χ)]Ĥ

)
.

(41)
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…¸²¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¢¥·μÖÉ´μ¸É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°, Éμ
Ê· ¢´¥´¨¥ (40) Ö¢²Ö¥É¸Ö ±¨´¥É¨Î¥¸±¨³ Ê· ¢´¥´¨¥³ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μ-
ÖÉ´μ¸É¨ fρ(χ, t), § ¤ ÕÐ¥° ±¢ ´Éμ¢μ¥ ¸μ¸ÉμÖ´¨¥. � ¶·¨³¥·, ¤²Ö ¸¨³¶²¥±-
É¨Î¥¸±μ£μ Éμ³μ£· Ë¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ Ö¤·μ ¨´É¥£· ²Ó´μ£μ
±¨´¥É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¥£μ Ô¢μ²ÕÍ¨Õ ±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ´¨Ö,
§ ¤ ¢ ¥³μ£μ Éμ³μ£· ³³μ° w(X |μ, ν, t) = fρ(χ, t), £¤¥ χ = (X, μ, ν), ¶·¥¤¸É ¢-
²¥´μ ¢Ò· ¦¥´¨¥³

KH(X, μ, ν, t, X ′, μ′, ν′, t) =

=
i

2π
Tr

{[
δ(X 1̂ − μq̂ − νp̂), Ĥ(t)

]
exp

(
i(X ′1̂ − μ′q̂ − ν′p̂)

)}
=

=
i

2π
Tr

{
Ĥ(t)

[
exp

(
i(X ′1̂ − μ′q̂ − ν′p̂)

)
, δ(X 1̂ − μq̂ − νp̂)

]}
. (42)

’ ±¨³ μ¡· §μ³, ±¨´¥É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¤²Ö Ô¢μ²ÕÍ¨¨ ±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ-
´¨Ö Å · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¥° w(X |μ, ν, t) Å ¨³¥¥É ¢¨¤

∂

∂t
w(X |μ, ν, t) +

∫
KH(X, μ, ν, X ′, μ′, ν′, t)×

× w(X ′|μ′, ν′, t) dX ′ dμ′ dν′ = 0. (43)

‚ ¸²ÊÎ ¥ Ĥ = q̂2/2 + V (q̂) Ö¤·μ ¨´É¥£· ²Ó´μ£μ μ¶¥· Éμ· , § ¤ ÕÐ¥£μ ±¨´¥É¨-
Î¥¸±μ¥ Ê· ¢´¥´¨¥ Ô¢μ²ÕÍ¨¨ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ w(X |μ, ν, t), ¤ ´μ
¸μμÉ´μÏ¥´¨¥³

K(X, μ, ν, X ′, μ′, ν′, t) =
i

2π

∫
dx dx′

[
−1

2
d2

dx2
δ(x − x′)+

+V (x′, t)δ(x − x′)
]
Ox′x(X, μ, ν, X ′, μ′, ν′, t),

Ox′x(X, μ, ν, X ′, μ′, ν′, t) =

= 〈x′|
[
exp (iX ′ − iμ′q̂ − iν′p̂) , δ(X 1̂ − μq̂ − νp̂)

]
|x〉. (44)

‚Ò· §¨³ ¢¥·μÖÉ´μ¸ÉÓ P
(2)
(1) = Tr (ρ̂1ρ̂2), ¶μ²ÊÎ ¥³ÊÕ ¶μ ¶· ¢¨²Ê 	μ·´ , Î¥·¥§

±¢ ´É °§¥· ¨ ¤¥±¢ ´É °§¥·. ˆ³¥¥³

P
(2)
(1) =

∫
fρ1(χ1)fρ2(χ2)Tr(D̂(χ1)D̂(χ2)) dχ1 dχ2. (45)

‚ ¸²ÊÎ ¥ ¸¨³¶²¥±É¨Î¥¸±μ£μ ¢¥·μÖÉ´μ¸É´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ-
´¨Ö ¶μ²ÊÎ ¥³ ¢¥·μÖÉ´μ¸ÉÓ ¢ ¢¨¤¥

P
(2)
(1) =

1
2π

∫
w1(X |μ, ν)w2(Y | − μ,−ν) ei(X+Y ) dX dY dμ dν. (46)
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„²Ö ¢¸¥Ì Î¨¸ÉÒÌ ¸μ¸ÉμÖ´¨° ρ̂2
ψ = ρ̂ψ, ¨ Éμ³μ£· ³³  Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

1
2π

∫
wψ(X |μ, ν)wψ(Y | − μ,−ν) ei(X+Y ) dX dY dμ dν = 1. (47)

�·¨ § ¤ ´´μ³ £ ³¨²ÓÉμ´¨ ´¥ Ĥ ¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö ρ̂E , μÉ¢¥Î ÕÐ¨¥
§ ¤ ´´μ° Ô´¥·£¨¨ E, Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ ∂ρ̂E/∂t = 0 ¨ Ĥρ̂E = ρ̂EĤ .
‘¨³¢μ² fρ̂E (χ) μ¶¥· Éμ·  ρ̂E Ê¤μ¢²¥É¢μ·Ö¥É ¨´É¥£· ²Ó´μ³Ê ³ É·¨Î´μ³Ê Ê· ¢-
´¥´¨Õ ∫

fρE (χ)[Ĥ, D̂(χ)] dχ = 0. (48)

“· ¢´¥´¨¥ (48), § ¶¨¸ ´´μ¥ Î¥·¥§ ¸¨³¢μ²Ò £ ³¨²ÓÉμ´¨ ´ , μ¶¥· Éμ·  ¶²μÉ´μ¸-
É¨ ¨ Ö¤·μ §¢¥§¤μÎ´μ£μ ¶·μ¨§¢¥¤¥´¨Ö ¸¨³¢μ²μ¢ μ¶¥· Éμ·μ¢, ¨³¥¥É ¢¨¤∫

fH(χ)fρE (χ1)fρE (χ2)Tr ([D̂(χ1), D̂(χ2)] Û(χ)) = 0. (49)

‚ ¸²ÊÎ ¥ ¸¨³¶²¥±É¨Î¥¸±μ£μ ¢¥·μÖÉ´μ¸É´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¶μ²ÊÎ ¥³ Ê· ¢´¥-
´¨¥ ¤²Ö Éμ³μ£· ³³Ò wE(X |μ, ν) ¸μ¸ÉμÖ´¨Ö ¸ § ¤ ´´μ° Ô´¥·£¨¥°∫

wE(X, μ, ν)[Ĥ, exp (i(X 1̂ − μq̂ − νp̂))] dχ dμ dν = 0. (50)

„²Ö £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  Ĥ = â†â + 1/2 Éμ³μ£· ³³Ò (27) Ê¤μ¢²¥É¢μ-
·ÖÕÉ Ê· ¢´¥´¨Õ (50). “· ¢´¥´¨¥ (50) ¶·¨¢μ¤¨É¸Ö ± ¢¨¤Ê∫

wE(X1|μ1, ν1)wH(X2|μ2, ν2)[K(X1, μ1, ν1, X2, μ2, ν2)−

−K(X2, μ2, ν2, X1, μ1, ν1)] dX1 dX2 dμ1 dμ2 dν1 dν2 = 0, (51)

£¤¥ Ö¤·μ §¢¥§¤μÎ´μ£μ ¶·μ¨§¢¥¤¥´¨Ö Éμ³μ£· Ë¨Î¥¸±¨Ì ¸¨³¢μ²μ¢ μ¶¥· Éμ·μ¢
´ °¤¥´μ ¢ [31].

‚…��Ÿ’��‘’��… ��…„‘’�‚‹…�ˆ…
‘�‘’�Ÿ�ˆ‰ Š“	ˆ’� (‘�ˆ� 1/2)

� ¸¸³μÉ·¨³ ¢¥·μÖÉ´μ¸É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸μ¸ÉμÖ´¨° ¸¨¸É¥³ ¸ ¤¨¸±·¥É-
´Ò³¨ ¶¥·¥³¥´´Ò³¨ ´  ¶·¨³¥·¥ ¸¶¨´  1/2. ƒ¨²Ó¡¥·Éμ¢μ ¶·μ¸É· ´¸É¢μ Ö¢²Ö-
¥É¸Ö ¤¢Ê³¥·´Ò³, ¨ ¤²Ö ³ É·¨Í μ¶¥· Éμ·μ¢, ¤¥°¸É¢ÊÕÐ¨Ì ¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥,
· ¸¸³μÉ·¨³ Î¥ÉÒ·¥ ³ É·¨ÍÒ (¤¥±¢ ´É °§¥·Ò) [35]

u(1) =
1
2

(
1 1
1 1

)
, u(2) =

1
2

(
1 −i
i 1

)
,

u(3) =
(

1 0
0 0

)
, u(4) =

(
0 0
0 1

) (52)
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¨ Î¥ÉÒ·¥ ³ É·¨ÍÒ (±¢ ´É °§¥·Ò)

D(1) =
(

0 1
1 0

)
, D(2) =

(
0 −i
i 0

)
,

D(3) =

⎛
⎜⎝ 1

−1 + i

2−1 − i

2
0

⎞
⎟⎠, D(4) =

⎛
⎜⎝ 0

−1 + i

2−1 − i

2
1

⎞
⎟⎠.

(53)

Œμ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ³ É·¨Í  ¶²μÉ´μ¸É¨ ρ =
(

ρ11 ρ12

ρ21 ρ22

)
É ± Ö, ÎÉμ

ρ = ρ†, Tr ρ = 1, 0 � ρ11, ρ22 � 1, ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ [36Ä39]

ρ =
(

p3 p1 − 1/2 − i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2) 1 − p3

)
. (54)

‡¤¥¸Ó pj = Tr ρ(u(j)), j = 1, 2, 3, 1 − p3 = Tr ρ(u(4)). Š·μ³¥ Éμ£μ, ρ =
4∑

j=1

(Tr ρu(j))D(j). ”¨§¨Î¥¸±¨° ¸³Ò¸² ¶ · ³¥É·μ¢ p1, p2, p3 § ±²ÕÎ ¥É¸Ö ¢

Éμ³, ÎÉμ ¢ ¸μ¸ÉμÖ´¨¨ ¸ ³ É·¨Í¥° ¶²μÉ´μ¸É¨ ρ ¸μ£² ¸´μ ¶· ¢¨²Ê 	μ·´  μ´¨
Ö¢²ÖÕÉ¸Ö ¢¥·μÖÉ´μ¸ÉÖ³¨ ¶·μ¥±Í¨° ¸¶¨´  m = +1/2 ´  ´ ¶· ¢²¥´¨Ö x, y, z
¸μμÉ¢¥É¸É¢¥´´μ. „¥°¸É¢¨É¥²Ó´μ, ³ É·¨ÍÒ u(1), u(2), u(3) Ö¢²ÖÕÉ¸Ö ³ É·¨Í ³¨
¶²μÉ´μ¸É¨ Î¨¸ÉÒÌ ¸μ¸ÉμÖ´¨° ¸ ¢¥±Éμ· ³¨ ¸μ¸ÉμÖ´¨°

|ψ1〉 =
1√
2

(
1
1

)
, |ψ2〉 =

1√
2

(
1
i

)
, |ψ3〉 =

(
1
0

)
. (55)

�É¨ ¸μ¸ÉμÖ´¨Ö Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ μ¶¥· Éμ·μ¢ ¶·μ¥±Í¨° ¸¶¨´ 
´  ´ ¶· ¢²¥´¨Ö x, y, z, § ¤ ¢ ¥³ÒÌ ³ É·¨Í ³¨ � Ê²¨ σx = D(1), σy = D(2),

σz =
(

1 0
0 −1

)
¸ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ m = +1/2. ‘μ£² ¸´μ ¶· ¢¨²Ê

	μ·´  Î¨¸²  p1, p2, p3 ¨³¥ÕÉ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢¥·μÖÉ´μ¸-
É¥°. ”μ·³Ê²  (54) ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·μ¢¥·Ö¥É¸Ö. �μÔÉμ³Ê μ¶¥· Éμ·Ò U(j),
D(j), j = 1, 2, 3, 4, Ö¢²ÖÕÉ¸Ö ¤¥±¢ ´É °§¥·μ³ ¨ ±¢ ´É °§¥·μ³ ¤²Ö ²Õ¡μ° ³ É-
·¨ÍÒ ´ ¡²Õ¤ ¥³μ°. ’ ±¨³ μ¡· §μ³, ¸μ¸ÉμÖ´¨¥ Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ³μ-
¦¥É ¡ÒÉÓ ¶μ²´μ¸ÉÓÕ § ¤ ´μ É·¥³Ö · ¸¶·¥¤¥²¥´¨Ö³¨ ¢¥·μÖÉ´μ¸É¨ (p1, 1 − p1),
(p2, 1 − p2), (p3, 1 − p3) ¶·μ¥±Í¨° ¸¶¨´  m = ±1/2 ´  ´ ¶· ¢²¥´¨Ö x, y ¨
z ¸μμÉ¢¥É¸É¢¥´´μ. ‚ Î¨¸Éμ³ ¸μ¸ÉμÖ´¨¨ ¸ ³ É·¨Í¥° ¶²μÉ´μ¸É¨ ρψ É ±μ°, ÎÉμ
ρ2

ψ = ρψ, ¢¥·μÖÉ´μ¸É¨ p1, p2, p3 Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ

3∑
j=1

(
pj −

1
2

)2

=
1
4
. (56)
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�¢μ²ÕÍ¨Ö ³ É·¨ÍÒ ¶²μÉ´μ¸É¨ ρ, μ¶¨¸Ò¢ ¥³ Ö Ê· ¢´¥´¨¥³ Ëμ´ �¥°³ ´ (
ρ̇11 ρ̇12

ρ̇21 ρ̇22

)
+ i

[(
H11 H12

H21 H22

)
,

(
ρ11 ρ12

ρ21 ρ22

)]
= 0, (57)

¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ (54) ¶·¨¢μ¤¨É ± ²¨´¥°´μ³Ê ±¨´¥É¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ ¤²Ö
¢¥·μÖÉ´μ¸É¥° p1(t), p2(t), p3(t), · ¸¸³ É·¨¢ ¥³ÒÌ ± ± ±μ³¶μ´¥´ÉÒ É·¥Ì³¥·-
´μ£μ ¢¥±Éμ·  p(t),   ¨³¥´´μ dp(t)/dt = Mp(t) + Γ. ‡¤¥¸Ó ³ É·¨Í  M ¨
¢¥±Éμ· Γ ¨³¥ÕÉ ¢¨¤

M =

⎛
⎜⎝

0 (H22 − H11) −2 ImH12

H11 − H22 0 −2 ReH12

2 ImH12 2 ReH12 0

⎞
⎟⎠,

Γ =

⎛
⎜⎜⎝

H11 − H22

2
+ Im H12

H22 − H11

2
+ Re H12

−Im H12 − Re H12

⎞
⎟⎟⎠.

(58)

’ ±¨³ μ¡· §μ³, ±¢ ´Éμ¢μ¥ Ê· ¢´¥´¨¥ Ô¢μ²ÕÍ¨¨ Ëμ´ �¥°³ ´  Ô±¢¨¢ ²¥´É´μ
±¨´¥É¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ ¤²Ö ¢¥·μÖÉ´μ¸É¥° ¤¨ÌμÉμ³´ÒÌ ±² ¸¸¨Î¥¸±¨ ¶μ¤μ¡-
´ÒÌ ´ ¡²Õ¤ ¥³ÒÌ.

‡�Š‹�—…�ˆ…

�É³¥É¨³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡μÉÒ. ŒÒ ¶·¥¤¸É ¢¨²¨ μ¡§μ· ´μ¢μ£μ
¢¥·μÖÉ´μ¸É´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. ‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ ¸μ-
¸ÉμÖ´¨¥ ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò μ¶¨¸Ò¢ ¥É¸Ö · ¸¶·¥¤¥²¥´¨Ö³¨ ¢¥·μÖÉ´μ¸É¨, ¶μ¤-
Î¨´ÖÕÐ¨³¨¸Ö ±¨´¥É¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³. �Éμ ¶·¥¤¸É ¢²¥´¨¥ ¶μ²´μ¸ÉÓÕ Ô±¢¨-
¢ ²¥´É´μ ¤·Ê£¨³ ¶·¥¤¸É ¢²¥´¨Ö³ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢¥±Éμ·μ¢ ¸μ¸ÉμÖ´¨°, ¶·¨-
´ ¤²¥¦ Ð¨Ì £¨²Ó¡¥·Éμ¢Ê ¶·μ¸É· ´¸É¢Ê, ¨ μ¶¥· Éμ·μ¢ ¶²μÉ´μ¸É¨, ¤¥°¸É¢ÊÕ-
Ð¨Ì ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥. �É  Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¸¢Ö§ ´  ¸ ¸ÊÐ¥¸É¢μ-
¢ ´¨¥³ μÉμ¡· ¦¥´¨° μ¶¥· Éμ·μ¢ ¶²μÉ´μ¸É¨ ´  · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨
¸ ¶μ³μÐÓÕ ±¢ ´É °§¥·μ¢ ¨ ¤¥±¢ ´É °§¥·μ¢, ¸μ¶μ¸É ¢²ÖÕÐ¨Ì μ¶¥· Éμ· ³ ¨Ì
¸¨³¢μ²Ò Å ËÊ´±Í¨¨. ‘ÊÐ¥¸É¢ÊÕÉ ±¢ ´É °§¥·Ò ¨ ¤¥±¢ ´É °§¥·Ò, μÉμ¡· -
¦ ÕÐ¨¥ μ¶¥· Éμ·Ò ¶²μÉ´μ¸É¨ ´  ±¢ §¨· ¸¶·¥¤¥²¥´¨Ö É¨¶  ËÊ´±Í¨¨ ‚¨£-
´¥· . �¤´ ±μ, ± ± ¶μ± § ´μ ¢ · ¡μÉ¥, ¸ÊÐ¥¸É¢ÊÕÉ μÉμ¡· ¦¥´¨Ö, ¸μ¶μ¸É ¢-
²ÖÕÐ¨¥ μ¶¥· Éμ· ³ ¶²μÉ´μ¸É¨ μ¡ÒÎ´Ò¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸-
É¨. �μ¤μ¡´ Ö ±μ´¸É·Ê±Í¨Ö ³μ¦¥É ¡ÒÉÓ · ¸¶·μ¸É· ´¥´  ´  · §¢¨ÉÒ¥ ¢ · ¡μÉ Ì
�.�. 	μ£μ²Õ¡μ¢  [1,7, 8] ±¢ ´Éμ¢ÊÕ ¸É É¨¸É¨±Ê ¨ ±¢ ´Éμ¢ÊÕ É¥μ·¨Õ ¶μ²Ö.

�¢Éμ·Ò ¶μ¸¢ÖÐ ÕÉ ¤ ´´ÊÕ ¸É ÉÓÕ ¶ ³ÖÉ¨  ± ¤¥³¨±  �.�. 	μ£μ²Õ¡μ¢ ,
´  ÎÓ¥° ± Ë¥¤·¥ ´  Ë¨§¨Î¥¸±μ³ Ë ±Ê²ÓÉ¥É¥ Œƒ“ μ´¨ ÊÎ¨²¨¸Ó ¨ ±μÉμ·ÊÕ
§ ±μ´Î¨²¨.
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