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�¡¸Ê¦¤ ÕÉ¸Ö ¸μ¢·¥³¥´´Ò¥ É¥μ·¨¨ ¶² ¢²¥´¨Ö ¤¢Ê³¥·´ÒÌ ¸¨¸É¥³, ¡ §¨·ÊÕÐ¨¥¸Ö
¢ μ¸´μ¢´μ³ ´  ¶·¥¤¸É ¢²¥´¨ÖÌ É¥μ·¨¨ 	¥·¥§¨´¸±μ£μÄŠμ¸É¥·²¨Í Ä’ Ê²¥¸  Ë §μ¢ÒÌ ¶¥-
·¥Ìμ¤μ¢ ¢ ¤¢Ê³¥·´ÒÌ ¸¨¸É¥³ Ì ¸ ´¥¶·¥·Ò¢´μ° ¸¨³³¥É·¨¥°. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¸ÊÐ¥-
¸É¢ÊÕÉ É·¨ μ¸´μ¢´ÒÌ ¸Í¥´ ·¨Ö ¶² ¢²¥´¨Ö ¤¢Ê³¥·´ÒÌ ±·¨¸É ²²μ¢, ±μÉμ·Ò¥, ± ± ¶μ± -
§ ´μ ¢ · ³± Ì ±μ³¶ÓÕÉ¥·´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö, ·¥ ²¨§ÊÕÉ¸Ö ¢ ¤¢Ê³¥·´μ° ¸¨¸É¥³¥ ¸Ë¥·
ƒ¥·Í , ¶·¨³¥´Ö¥³ÒÌ ¤²Ö μ¶¨¸ ´¨Ö ¶μ¢¥¤¥´¨Ö ·Ö¤  ¸¨¸É¥³ ³Ö£±μ° ³ É¥·¨¨. ‘¨¸É¥³ 
¶μ± §Ò¢ ¥É ¸²μ¦´μ¥ Ë §μ¢μ¥ ¶μ¢¥¤¥´¨¥ ¸ ´ ²¨Î¨¥³ ¢¸¥Ì É·¥Ì ¸Í¥´ ·¨¥¢ ¶² ¢²¥´¨Ö
¢ · §²¨Î´ÒÌ μ¡² ¸ÉÖÌ Ë §μ¢μ° ¤¨ £· ³³Ò.

The article discusses modern theories of melting of two-dimensional systems based
mainly on the representations of the BerezinskiiÄKosterlitzÄThouless theory of phase tran-
sitions in two-dimensional systems with continuous symmetries. Currently, there are three
main scenarios of two-dimensional crystals melting. In the framework of computer simu-
lation, it is shown that these scenarios are realized in a two-dimensional system of Hertz
spheres used to describe the behavior of a number of systems of soft matter. The system
exhibits complex phase behavior with all three melting scenarios in different areas of the
phase diagram.

PACS: 02.70.Ns; 05.70.Ln; 64.10.+h; 64.60.Ej; 64.70.D

�·¨ ¨§ÊÎ¥´¨¨ É ± ´ §Ò¢ ¥³μ° ³Ö£±μ° ³ É¥·¨¨ (soft matter), ¢±²ÕÎ ÕÐ¥°
· ¸É¢μ·Ò ¶·μÉ¥¨´μ¢, ¶μ²¨³¥·Ò, ±μ²²μ¨¤Ò, ¶Ò²¥¢ÊÕ ¶² §³Ê ¨ É. ¤., ¢ μ¶·¥-
¤¥²¥´´μ° ¸É¥¶¥´¨ ¢μ§μ¡´μ¢¨²¸Ö ¨´É¥·¥¸ ± ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ¸¨¸É¥³,
μ¶¨¸Ò¢ ¥³ÒÌ ¤μ¸É ÉμÎ´μ ¶·μ¸ÉÒ³¨ ¨§μÉ·μ¶´Ò³¨ ÔËË¥±É¨¢´Ò³¨ ¶μÉ¥´Í¨-
 ² ³¨, ±μÉμ·Ò¥ Ìμ·μÏμ ¶μ¤Ìμ¤ÖÉ ¤²Ö ¨¸¶μ²Ó§μ¢ ´¨Ö ¨Ì ¢ · ³± Ì ³¥Éμ¤μ¢
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±μ³¶ÓÕÉ¥·´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö. �·¥¤¸± § ´¨¥ ¸¢μ°¸É¢ ¤ ´´ÒÌ ¸¨¸É¥³ ¢μ§-
³μ¦´μ ¢ μ¸´μ¢´μ³ Éμ²Ó±μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ÔËË¥±É¨¢´ÒÌ ¶μÉ¥´Í¨ ²μ¢, ±μ-
Éμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ¸É·Ê±ÉÊ·Ê ³Ö£±μ° ³ É¥·¨¨, ¥¥ ±μ²²¥±É¨¢´ÊÕ ¤¨´ ³¨±Ê ¨
É¥·³μ¤¨´ ³¨±Ê.

” §μ¢Ò¥ ¤¨ £· ³³Ò ¤²Ö ÔËË¥±É¨¢´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ³μ£ÊÉ ± Î¥¸É¢¥´´μ μÉ-
²¨Î ÉÓ¸Ö μÉ Ë §μ¢ÒÌ ¤¨ £· ³³ ¸É ´¤ ·É´ÒÌ ³μ²¥±Ê²Ö·´ÒÌ ¸¨¸É¥³ É¨¶  ¨´¥·É-
´ÒÌ £ §μ¢. ‚ ¤ ´´μ° · ¡μÉ¥ μ¡¸Ê¦¤ ¥É¸Ö ¶μ¢¥¤¥´¨¥ ¸¨¸É¥³ ¸ ¨§μÉ·μ¶´Ò³¨
³μ¤¥²Ó´Ò³¨ μ£· ´¨Î¥´´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ É¨¶  ¶μÉ¥´Í¨ ²  ƒ¥·Í , ±μÉμ·Ò¥
³μ£ÊÉ ¡ÒÉÓ ¶·¨³¥´¥´Ò ¤²Ö ± Î¥¸É¢¥´´μ£μ μ¶¨¸ ´¨Ö ±μ²²μ¨¤μ¢, ¶μ²¨³¥·´ÒÌ
£²μ¡Ê², §¢¥§¤μμ¡· §´ÒÌ ¶μ²¨³¥·μ¢. �μ ¸· ¢´¥´¨Õ ¸μ ¸É ´¤ ·É´Ò³¨ ¶μÉ¥´-
Í¨ ² ³¨ ¢ ¤ ´´ÒÌ ¸¨¸É¥³ Ì ± ·¤¨´ ²Ó´Ò³ μ¡· §μ³ ³¥´Ö¥É¸Ö ¨ Ê¸²μ¦´Ö¥É¸Ö
¢¨¤ Ë §μ¢μ° ¤¨ £· ³³Ò Å ¶μÖ¢²ÖÕÉ¸Ö ¢ ¡μ²ÓÏμ³ ±μ²¨Î¥¸É¢¥ ´μ¢Ò¥ ±·¨¸É ²-
²¨Î¥¸±¨¥ Ë §Ò, ³ ±¸¨³Ê³Ò ¨ ³¨´¨³Ê³Ò ´  ±·¨¢μ° ¶² ¢²¥´¨Ö, ¸É¥±μ²Ó´Ò¥
¸μ¸ÉμÖ´¨Ö,   É ±¦¥  ´μ³ ²Ó´μ¥ ¶μ¢¥¤¥´¨¥ ¢ ¦¨¤±μ° Ë §¥, ±μÉμ·μ¥ ¸μμÉ¢¥É-
¸É¢Ê¥É Ìμ·μÏμ ¨§¢¥¸É´Ò³ ¢μ¤μ¶μ¤μ¡´Ò³  ´μ³ ²¨Ö³ [1, 2]. �¸μ¡Ò° ¨´É¥·¥¸
¢Ò§Ò¢ ¥É ¶μ¢¥¤¥´¨¥ ¸¨¸É¥³ ¸ μ£· ´¨Î¥´´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¢ ¤¢ÊÌ ¨§³¥·¥-
´¨ÖÌ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ ¸¨¸É¥³¥ ´¥ Éμ²Ó±μ ´ ¡²Õ¤ ÕÉ¸Ö · §´μμ¡· §´Ò¥ ±·¨-
¸É ²²¨Î¥¸±¨¥ Ë §Ò ¨  ´μ³ ²¨¨ ¢ ¦¨¤±μ° Ë §¥, ´μ ¨ ¶μÖ¢²Ö¥É¸Ö Ê¤¨¢¨É¥²Ó´ Ö
¢μ§³μ¦´μ¸ÉÓ ´ ¡²Õ¤ ÉÓ · §²¨Î´Ò¥ ¸Í¥´ ·¨¨ ¶² ¢²¥´¨Ö ¢ · §´ÒÌ μ¡² ¸ÉÖÌ
Ë §μ¢μ° ¤¨ £· ³³Ò.

�² ¢²¥´¨¥ ¤¢Ê³¥·´ÒÌ ¸¨¸É¥³ ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´μ ¢ ´¥¤ ¢´¥³ μ¡§μ-
·¥ [3] (¸³. É ±¦¥ [4, 5]). ‚ μÉ²¨Î¨¥ μÉ É·¥Ì³¥·´ÒÌ ¸¨¸É¥³, ±μÉμ·Ò¥ ¢ ¸¨²Ê
¸¨³³¥É·¨°´ÒÌ ¸μμ¡· ¦¥´¨° ¢¸¥£¤  ¶² ¢ÖÉ¸Ö ¶μ¸·¥¤¸É¢μ³ μ¤´μ£μ ¶¥·¥Ìμ¤ 
¶¥·¢μ£μ ·μ¤ , ¸¨²Ó´μ · §¢¨ÉÒ¥ Ë²Ê±ÉÊ Í¨¨ ¢ ¤¢ÊÌ ¨§³¥·¥´¨ÖÌ ¶·¨´Í¨¶¨ ²Ó´μ
³¥´ÖÕÉ ¢μ§³μ¦´Ò¥ ¸Í¥´ ·¨¨ ¶² ¢²¥´¨Ö.

Š ± ¨§¢¥¸É´μ, ±·¨¸É ²²¨Î¥¸± Ö Ë §  μÉ²¨Î ¥É¸Ö μÉ ¨§μÉ·μ¶´μ° ¦¨¤±μ-
¸É¨ ´ ²¨Î¨¥³ ¤¢ÊÌ ´ ·ÊÏ¥´´ÒÌ ¸¨³³¥É·¨° Å É· ´¸²ÖÍ¨μ´´μ° ¨ μ·¨¥´É Í¨-
μ´´μ°. � °¥·²¸, ‹ ´¤ Ê [6, 7],   ¶μ§¤´¥¥, μ¸´μ¢Ò¢ Ö¸Ó ´  É¥μ·¥³¥ 	μ£μ²Õ-
¡μ¢  [8], ¨ Œ¥·³¨´ [9, 10] ¶μ± § ²¨, ÎÉμ ¢ ¤¢ÊÌ ¨§³¥·¥´¨ÖÌ ¤ ²Ó´¨° ±·¨-
¸É ²²¨Î¥¸±¨° (É· ´¸²ÖÍ¨μ´´Ò°) ¶μ·Ö¤μ± ´¥ ³μ¦¥É ¸ÊÐ¥¸É¢μ¢ ÉÓ ¨§-§  É¥·-
³μ¤¨´ ³¨Î¥¸±¨Ì Ë²Ê±ÉÊ Í¨° ¨ É· ´¸Ëμ·³¨·Ê¥É¸Ö ¢ ±¢ §¨¤ ²Ó´¨°, Ì · ±É¥-
·¨§Ê¥³Ò° ³¥¤²¥´´Ò³ ¸É¥¶¥´´Ò³ Ê¡Ò¢ ´¨¥³ ±μ··¥²ÖÍ¨° ¶ · ³¥É·  ¶μ·Ö¤± .
‚ Éμ¦¥ ¢·¥³Ö ´ ¸ÉμÖÐ¨° ¤ ²Ó´¨° μ·¨¥´É Í¨μ´´Ò° ¶μ·Ö¤μ± (¶μ·Ö¤μ± ¢ μ·¨-
¥´É Í¨ÖÌ ®¸¢Ö§¥°¯, ¸μ¥¤¨´ÖÕÐ¨Ì ³μ²¥±Ê²Ê ¸ ¥¥ ¡²¨¦ °Ï¨³¨ ¸μ¸¥¤Ö³¨) ¤¥°-
¸É¢¨É¥²Ó´μ ¸ÊÐ¥¸É¢Ê¥É ¢ ¤¢ÊÌ ¨§³¥·¥´¨ÖÌ, ± ± ¢¶¥·¢Ò¥ ¡Ò²μ μÉ³¥É¨² Œ¥·-
³¨´ [10] (¸³. É ±¦¥ [3]). �·¨ ÔÉμ³ ¶·¨ ¢Ò¸μ±¨Ì É¥³¶¥· ÉÊ· Ì ¸ÊÐ¥¸É¢Ê¥É
μ¡ÒÎ´ Ö ¨§μÉ·μ¶´ Ö ¦¨¤±μ¸ÉÓ.

‚ · ¡μÉ Ì 	¥·¥§¨´¸±μ£μ, Šμ¸É¥·²¨Í  ¨ ’ Ê²¥¸  [11,12]) (¸³. É ±¦¥ [3,5])
¡Ò²μ ¶μ± § ´μ, ÎÉμ ±¢ §¨¤ ²Ó´¨° ¶μ·Ö¤μ± ¢ ¤¢Ê³¥·´ÒÌ ¢Ò·μ¦¤¥´´ÒÌ ¸¨¸É¥-
³ Ì, ± ±μÉμ·Ò³ μÉ´μ¸ÖÉ¸Ö ¨ ¤¢Ê³¥·´Ò¥ ±·¨¸É ²²Ò, · §·ÊÏ ¥É¸Ö ¢ ·¥§Ê²ÓÉ É¥
¤¨¸¸μÍ¨ Í¨¨ ¸¢Ö§ ´´ÒÌ Éμ¶μ²μ£¨Î¥¸±¨Ì ¤¥Ë¥±Éμ¢. ‚ ¸²ÊÎ ¥ X−Y -³μ¤¥²¨,
´ ¶·¨³¥·, ÔÉμ ¢¨Ì·¨. …Ð¥ ¢ ¶¥·¢μ´ Î ²Ó´μ° · ¡μÉ¥ [12] Šμ¸É¥·²¨Í ¨ ’ Ê²¥¸
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μÉ³¥É¨²¨, ÎÉμ ¤¢Ê³¥·´Ò° ±·¨¸É ²² ¤μ²¦¥´ ¶² ¢¨ÉÓ¸Ö ¶μ¸·¥¤¸É¢μ³ ¤¨¸¸μÍ¨-
 Í¨¨ ¤¨¸²μ± Í¨μ´´ÒÌ ¶ ·, ±μÉμ·Ò¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ Ö¢²ÖÕÉ¸Ö Éμ¶μ²μ£¨Î¥-
¸±¨³¨ ¤¥Ë¥±É ³¨. �·¨ ´ ²¨Î¨¨ ±¢ §¨¤ ²Ó´¥£μ É· ´¸²ÖÍ¨μ´´μ£μ ¶μ·Ö¤±  ÔÉ¨
¤¥Ë¥±ÉÒ Ìμ·μÏμ μ¶·¥¤¥²¥´Ò.

„¨¸¸μÍ¨ Í¨Ö ¤¨¸²μ± Í¨μ´´ÒÌ ¶ ·, ¶·¨¢μ¤ÖÐ Ö ± ¶² ¢²¥´¨Õ ¶·¨ É¥³¶¥-
· ÉÊ·¥ Tm ¨ Ö¢²ÖÕÐ Ö¸Ö  ´ ²μ£μ³ ¤¨¸¸μÍ¨ Í¨¨ ¢¨Ì·ÓÄ ´É¨¢¨Ì·Ó ¶·¨ ¸É ´-
¤ ·É´μ³ ¶¥·¥Ìμ¤¥ 	¥·¥§¨´¸±μ£μÄŠμ¸É¥·²¨Í Ä’ Ê²¥¸ , ¶·μ¨¸Ìμ¤¨É ¶·¨ Ê¸²μ-
¢¨¨ [12,13,15]

kBTm =
Ka2

0

16π
, (1)

£¤¥ a0 Å ¶¥·¨μ¤ · ¸¸³ É·¨¢ ¥³μ° É·¥Ê£μ²Ó´μ° ·¥Ï¥É±¨; K =
4μ(μ + λ)
(2μ + λ)

Å

³μ¤Ê²Ó 
´£ , μ ¨ λ Å ±μÔËË¨Í¨¥´ÉÒ ‹ ³¥ [3]. • · ±É¥·¨§ÊÕÐ Ö ±¢ §¨¤ ²Ó-
´¨° É· ´¸²ÖÍ¨μ´´Ò° ¶μ·Ö¤μ± ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö ¶²μÉ´μ¸ÉÓÄ¶²μÉ´μ¸ÉÓ
GT (r) ¨³¥¥É ¢¨¤

GT (r) ∝ r−ηT (T ), (2)

£¤¥ ¶μ± § É¥²Ó ηT ´¨¦¥ É¥³¶¥· ÉÊ·Ò ¶² ¢²¥´¨Ö Tm ¨³¥¥É §´ Î¥´¨Ö ηT (Tm) �
1/3, ηT (Tm) = 1/3 ¸μμÉ¢¥É¸É¢Ê¥É ´¥Ê¸Éμ°Î¨¢μ¸É¨ ±·¨¸É ²²¨Î¥¸±μ° Ë §Ò ¶μ
μÉ´μÏ¥´¨Õ ± ¤¨¸¸μÍ¨ Í¨¨ ¤¨¸²μ± Í¨μ´´ÒÌ ¶ ·. �¨± É¥¶²μ¥³±μ¸É¨ ´ Ìμ-
¤¨É¸Ö ¢ÒÏ¥ Tm, ¶·¨ ÔÉμ³ Ëμ·³  ¶¨±  § ¢¨¸¨É μÉ ¢¨¤  ³μ¤¥²¨.

’ ± ± ± ¢ ¤¢Ê³¥·´μ³ ±·¨¸É ²²¥ ±·μ³¥ ±¢ §¨¤ ²Ó´¥£μ É· ´¸²ÖÍ¨μ´´μ£μ ¶μ-
·Ö¤±  ¸ÊÐ¥¸É¢Ê¥É ¤ ²Ó´¨° μ·¨¥´É Í¨μ´´Ò° ¶μ·Ö¤μ±, Éμ, ± ± § ³¥É¨²¨ ¶μ§¤´¥¥
• ²Ó¶¥·¨´ ¨ �¥²Ó¸μ´ [13, 14], ¦¨¤±μ¸ÉÓ ¢ÒÏ¥ ÉμÎ±¨ ¤¨¸¸μÍ¨ Í¨¨ ¤¨¸²μ± -
Í¨μ´´ÒÌ ¶ · μ± §Ò¢ ¥É¸Ö ´¥¨§μÉ·μ¶´μ°. �´¨ Ê¸É ´μ¢¨²¨, ÎÉμ ¤¨¸¸μÍ¨ Í¨Ö
¤¨¸²μ± Í¨μ´´ÒÌ ¶ · ´¥ ¶μ²´μ¸ÉÓÕ · §·ÊÏ ¥É ¤ ²Ó´¨° μ·¨¥´É Í¨μ´´Ò° ¶μ·Ö-
¤μ±,   Éμ²Ó±μ ¶·¥¢· Ð ¥É ¥£μ ¢ ±¢ §¨¤ ²Ó´¨° [3]. �μ²ÊÎ ÕÐ Ö¸Ö ¢ ·¥§Ê²ÓÉ É¥
´μ¢ Ö Ë §  ¶μ²ÊÎ¨²  ´ §¢ ´¨¥ ®£¥±¸ É¨Î¥¸±μ°¯ ¶μ  ´ ²μ£¨¨ ¸ ¦¨¤±¨³¨ ±·¨-
¸É ²² ³¨, μ¤´ ±μ ¢ μÉ²¨Î¨¥ μÉ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ μ´  ·¥ ²¨§Ê¥É¸Ö ¢ ¸¨¸É¥³ Ì
¸ ¨§μÉ·μ¶´Ò³¨ ¶μÉ¥´Í¨ ² ³¨. ‚ · ³± Ì ¤μ¸É ÉμÎ´μ £·Ê¡μ°  ´ ²μ£¨¨ £¥±¸ É¨-
Î¥¸±ÊÕ Ë §Ê ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Ê¶μ·Ö¤μÎ¥´´ÊÕ ¸¨¸É¥³Ê Ï¥¸É¨Ê£μ²Ó´ÒÌ
±² ¸É¥·μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ³μ²¥±Ê²Ò ¨ ¥¥ Ï¥¸É¨ ¡²¨¦ °Ï¨Ì ¸μ¸¥¤¥°. �·¨ ÔÉμ³
±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö μ·¨¥´É Í¨μ´´μ£μ ¶ · ³¥É·  ¶μ·Ö¤±  ¤²Ö ¸¨¸É¥³Ò
Ï¥¸É¨Ê£μ²Ó´¨±μ¢ ¸¶ ¤ ¥É ¸ · ¸¸ÉμÖ´¨¥³ ¶μ ¸É¥¶¥´´μ³Ê § ±μ´Ê (±¢ §¨¤ ²Ó-
´¨° μ·¨¥´É Í¨μ´´Ò° ¶μ·Ö¤μ±). ‚ £¥±¸ É¨Î¥¸±μ° Ë §¥ ¸ÊÐ¥¸É¢ÊÕÉ ¸¢μ¡μ¤´Ò¥
¤¨¸²μ± Í¨¨, ¶μÔÉμ³Ê ¥¥ ³μ¤Ê²Ó ¸¤¢¨£  · ¢¥´ ´Ê²Õ, É. ¥. μ´  ¶·¥¤¸É ¢²Ö¥É ¸μ-
¡μ° ¦¨¤±μ¸ÉÓ ¸ Ô²¥³¥´É ³¨ Ê¶μ·Ö¤μÎ¥´¨Ö. „¨¸²μ± Í¨Õ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥ ¸¢Ö§ ´´μ° ¶ ·Ò ¤¢ÊÌ ¤¨¸±²¨´ Í¨°. ƒ¥±¸ É¨Î¥¸± Ö Ë §  ¶·¥¢· Ð ¥É¸Ö ¢
μ¡ÒÎ´ÊÕ ¨§μÉ·μ¶´ÊÕ ¦¨¤±μ¸ÉÓ ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥Ìμ¤  	¥·¥§¨´¸±μ£μÄŠμ¸É¥·-
²¨Í Ä’ Ê²¥¸  (	Š’) ¶μ¸·¥¤¸É¢μ³ ¤¨¸¸μÍ¨ Í¨¨ ¤¨¸±²¨´ Í¨μ´´ÒÌ ¶ ·.

• ²Ó¶¥·¨´ ¨ �¥²Ó¸μ´ [14] ¶·¥¤²μ¦¨²¨ · ¸¸³ É·¨¢ ÉÓ ¢ ± Î¥¸É¢¥ Ë¥´μ³¥-
´μ²μ£¨Î¥¸±μ£μ μ·¨¥´É Í¨μ´´μ£μ ¶ · ³¥É·  ¶μ·Ö¤±  ¤²Ö É·¥Ê£μ²Ó´μ° ·¥Ï¥É±¨
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¢¥²¨Î¨´Ê
ψ(r) = e6iϑ(r), (3)

£¤¥ ϑ(r) Å μ·¨¥´É Í¨Ö ¸¢Ö§¨ ³¥¦¤Ê ¤¢Ê³Ö ¡²¨¦ °Ï¨³¨ ¸μ¸¥¤Ö³¨ ¶μ μÉ´μÏ¥-
´¨Õ ± ´¥±μÉμ·μ° Ë¨±¸¨·μ¢ ´´μ° μ¸¨. Š¢ §¨¤ ²Ó´¨° ¶μ·Ö¤μ± ¶·¨ É¥³¶¥· ÉÊ·¥
¢ÒÏ¥ Tm Ì · ±É¥·¨§Ê¥É¸Ö ¸É¥¶¥´´Ò³ Ê¡Ò¢ ´¨¥³ ±μ··¥²ÖÍ¨°:

G6(r) ∝ r−η6(T ). (4)

„²Ö μ¶¨¸ ´¨Ö ¤²¨´´μ¢μ²´μ¢ÒÌ Ë²Ê±ÉÊ Í¨° ¢  ´¨§μÉ·μ¶´μ° ¦¨¤±μ¸É¨
μ´¨ ¢¢¥²¨ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨° £ ³¨²ÓÉμ´¨ ´,  ´ ²μ£¨Î´Ò° £ ³¨²ÓÉμ´¨ ´Ê
X−Y -³μ¤¥²¨ [14]:

HA =
1
2
KA(T )

∫
d2r (∇ϑ(r))2, (5)

£¤¥ ±μ´¸É ´É  ”· ´±  KA(T ) ¸¢Ö§ ´  ¸ η6 ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨¥³:

η6(T ) =
18kBT

πKA(T )
. (6)

„¨¸¸μÍ¨ Í¨Ö ¤¨¸±²¨´ Í¨μ´´ÒÌ ¶ · ¶·μ¨¸Ìμ¤¨É ¶·¨ Ti > Tm. “· ¢´¥´¨¥
¤²Ö μ¶·¥¤¥²¥´¨Ö Ti ¨³¥¥É ¢¨¤

Ti =
πKA(Ti)
72kBTi

, (7)

¶·¨ ÔÉμ³ η6(Ti) = 1/4. �Éμ §´ Î¥´¨¥ ¶μ± § É¥²Ö ¸μμÉ¢¥É¸É¢Ê¥É É¥³¶¥· ÉÊ·¥
´¥Ê¸Éμ°Î¨¢μ¸É¨ £¥±¸ É¨Î¥¸±μ° Ë §Ò ¶μ μÉ´μÏ¥´¨Õ ± μ¡· §μ¢ ´¨Õ ¨§μÉ·μ¶-
´μ° ¦¨¤±μ¸É¨.

�·¥¤¸É ¢²¥´´ Ö É¥μ·¨Ö ´μ¸¨É ´ §¢ ´¨¥ É¥μ·¨¨ 	¥·¥§¨´¸±μ£μÄŠμ¸É¥·²¨-
Í Ä’ Ê²¥¸ Ä• ²Ó¶¥·¨´ Ä�¥²Ó¸μ´ ÄŸ´£  (	Š’•�Ÿ). ‚ · ³± Ì ÔÉμ° É¥μ·¨¨
¤¢Ê³¥·´Ò° ±·¨¸É ²² ¤μ²¦¥´ ¶² ¢¨ÉÓ¸Ö ¶μ¸·¥¤¸É¢μ³ ¤¢ÊÌ ´¥¶·¥·Ò¢´ÒÌ ¶¥·¥-
Ìμ¤μ¢ É¨¶  	Š’ ¸ ¶·μ³¥¦ÊÉμÎ´μ° £¥±¸ É¨Î¥¸±μ° Ë §μ°.

’¥μ·¨Ö 	Š’•�Ÿ ¤μ²£μ¥ ¢·¥³Ö ¡Ò²  ´ ¨¡μ²¥¥ ¶μ¶Ê²Ö·´μ° ¨ ¶μ·μ¤¨² 
¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ ± ± Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ, É ± ¨ É¥μ·¥É¨Î¥¸±¨Ì · ¡μÉ,
μ¸´μ¢ ´´ÒÌ ´  ±μ³¶ÓÕÉ¥·´μ³ ³μ¤¥²¨·μ¢ ´¨¨ (¸³. ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¸Ò²±¨ ¢
· ¡μÉ¥ [3]). ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ³μ¦´μ ¸ ¤μ¸É ÉμÎ´μ° ¸É¥¶¥´ÓÕ Ê¢¥·¥´´μ¸É¨,
μ¶¨· Ö¸Ó ± ± ´  Ô±¸¶¥·¨³¥´É, É ± ¨ ´  ±μ³¶ÓÕÉ¥·´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ [16],
ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¸¨¸É¥³Ò ¸ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ (´ ¶·¨³¥·,
±Ê²μ´μ¢¸±μ¥ ¨²¨ ¤¨¶μ²Ó-¤¨¶μ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥, ³Ö£±¨¥ ¸Ë¥·Ò 1/rn ¸ ¶μ-
± § É¥²¥³ n � 6) ¶² ¢ÖÉ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸Í¥´ ·¨¥³ 	Š’•�Ÿ.

‚ Éμ ¦¥ ¢·¥³Ö ¸É ´¤ ·É´Ò° ¶¥·¥Ìμ¤ ¶¥·¢μ£μ ·μ¤  É ±¦¥ ³μ¦¥É ·¥ ²¨§μ-
¢ ÉÓ¸Ö. ‚μ§³μ¦´Ò¥ ³¥Ì ´¨§³Ò ¶μ¤μ¡´μ£μ ¶¥·¥Ìμ¤  ¶·¥¤²μ¦¥´Ò, ´ ¶·¨³¥·,
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¢ · ¡μÉ Ì [3, 17, 18], ¶·¨ ÔÉμ³ μ± § ²μ¸Ó, ÎÉμ ¢¥¤ÊÐÊÕ ·μ²Ó ¢ μ¶·¥¤¥²¥´¨¨
Ì · ±É¥·  ¶¥·¥Ìμ¤  ¨£· ¥É ¢¥²¨Î¨´  Ô´¥·£¨¨ Ö¤·  Éμ¶μ²μ£¨Î¥¸±μ£μ ¤¥Ë¥±É 
(¤¨¸²μ± Í¨¨): ¶·¨ ³ ²μ° Ô´¥·£¨¨ Ö¤·  ¤¢Ê³¥·´μ¥ ¶² ¢²¥´¨¥ ³μ¦¥É ¶·μ¨¸Ìμ-
¤¨ÉÓ ± ± ¶¥·¥Ìμ¤ ¶¥·¢μ£μ ·μ¤  ¢ ·¥§Ê²ÓÉ É¥, ´ ¶·¨³¥·, μ¡· §μ¢ ´¨Ö £· ´¨Í
§¥·¥´ [17] ¨²¨ ¤¨¸¸μÍ¨ Í¨¨ ¤¨¸±²¨´ Í¨μ´´ÒÌ ±¢ ¤·Ê¶μ²¥° [18]. ‚ · ³± Ì
³¥Éμ¤  ËÊ´±Í¨μ´ ²  ¶²μÉ´μ¸É¨ ¢ É¥μ·¨¨ ±·¨¸É ²²¨§ Í¨¨ ¡Ò²μ ¶μ± § ´μ, ÎÉμ
¸Í¥´ ·¨° ¶² ¢²¥´¨Ö § ¢¨¸¨É μÉ ¢¨¤  ³¥¦³μ²¥±Ê²Ö·´μ£μ ¶μÉ¥´Í¨ ²  [19Ä24],
μ¤´ ±μ ¤¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ § ¢¨¸¨³μ¸É¨ ¸Í¥´ ·¨¥¢ ¤¢Ê³¥·´μ£μ ¶² ¢²¥´¨Ö μÉ
¢¨¤  ¶μÉ¥´Í¨ ²  ¢ ¡μ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢ É·¥¡Ê¥É ¨¸¶μ²Ó§μ¢ ´¨Ö ³¥Éμ¤μ¢ ±μ³-
¶ÓÕÉ¥·´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö [3].

‚³¥¸É¥ ¸ É¥³ ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¡Ò² ¶·¥¤²μ¦¥´ ¥Ð¥ μ¤¨´ ¸Í¥´ ·¨° [16,
25,26], ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ±μÉμ·Ò³ ¶¥·¥Ìμ¤ ¨§ ±·¨¸É ²²  ¢ £¥±¸ É¨Î¥¸±ÊÕ Ë §Ê
Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´Ò³ ¶¥·¥Ìμ¤μ³ É¨¶  	Š’, ¢ Éμ ¢·¥³Ö ± ± £¥±¸ É¨Î¥¸± Ö
Ë §  ¶¥·¥Ìμ¤¨É ¢ ¨§μÉ·μ¶´ÊÕ ¦¨¤±μ¸ÉÓ ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥Ìμ¤  ¶¥·¢μ£μ ·μ¤ .
„ ´´Ò° ¸Í¥´ ·¨°, ¢¨¤¨³μ, ¸¶· ¢¥¤²¨¢ ¤²Ö ¸¨¸É¥³ ³Ö£±¨Ì ¸Ë¥· 1/rn ¶·¨
n > 6 [16,27], ¢±²ÕÎ Ö ¤¢Ê³¥·´ÊÕ ¸¨¸É¥³Ê É¢¥·¤ÒÌ ¸Ë¥· [28]. Š ± μ¡¸Ê¦¤ -
²μ¸Ó ¢ · ¡μÉ¥ [3], ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö μÉ¸ÊÉ¸É¢Ê¥É ¶μ¸²¥¤μ¢ É¥²Ó´ Ö É¥μ·¨Ö
¶¥·¥Ìμ¤  ¶¥·¢μ£μ ·μ¤  £¥±¸ É¨±Ä ¨§μÉ·μ¶´ Ö ¦¨¤±μ¸ÉÓ. ‚μ§³μ¦´Ò° ³¥Ì -
´¨§³ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶¥·¥Ìμ¤ 	Š’ ³μ¦¥É ¸É ÉÓ ¶¥·¥Ìμ¤μ³ ¶¥·¢μ£μ ·μ¤ 
¶·¨ Ê³¥´ÓÏ¥´¨¨ Ô´¥·£¨¨ Ö¤·  Éμ¶μ²μ£¨Î¥¸±μ£μ ¤¥Ë¥±É  [29Ä31].

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¤ ´´Ò° ³μ³¥´É ´¥É Î¥É±¨Ì É¥μ·¥É¨Î¥¸±¨Ì ±·¨-
É¥·¨¥¢, ¶μ§¢μ²ÖÕÐ¨Ì μ¤´μ§´ Î´μ μ¶·¥¤¥²¨ÉÓ, ¨¸Ìμ¤Ö ¨§ ¢¨¤  ¶μÉ¥´Í¨ ² ,
¶μ ± ±μ³Ê ¸Í¥´ ·¨Õ ¶μ°¤¥É ¶² ¢²¥´¨¥. �·¨ ÔÉμ³ ¸²¥¤Ê¥É ÊÎ¥¸ÉÓ ÉμÉ Ë ±É,
ÎÉμ É¥μ·¨Ö 	Š’•�Ÿ, É ± ¦¥ ± ± ¨ ±μ³¶ÓÕÉ¥·´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ³Ö£±¨Ì
¸Ë¥· [16,27] ¨ Ô±¸¶¥·¨³¥´ÉÒ ¸ ¤¢Ê³¥·´Ò³¨ É¢¥·¤Ò³¨ ¸Ë¥· ³¨ [28], μÉ´μ¸¨-
² ¸Ó ± É·¥Ê£μ²Ó´μ° ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¥. �¤´ ±μ ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¡Ò²¨
μ¡´ ·Ê¦¥´Ò ¤¢Ê³¥·´Ò¥ ¸¨¸É¥³Ò ¸ ±¢ ¤· É´Ò³¨ ¨ ¡μ²¥¥ ¸²μ¦´Ò³¨ ·¥Ï¥É-
± ³¨, ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸Í¥´ ·¨¥¢ ¶² ¢²¥´¨Ö ±μÉμ·ÒÌ ¸ÊÐ¥¸É¢ÊÕÐ¨¥ É¥μ·¨¨
³μ£ÊÉ ¡ÒÉÓ ¶·¨³¥´¥´Ò Éμ²Ó±μ Ê¸²μ¢´μ. 	μ²¥¥ Éμ£μ, ± ± μ¡¸Ê¦¤ ²μ¸Ó ¢ [27,32],
¸²ÊÎ °´Ò° ¶¨´´¨´£ ¸¶μ¸μ¡¥´ ¨§³¥´¨ÉÓ ¸Í¥´ ·¨° ¶² ¢²¥´¨Ö ¨ ¶·¥¢· É¨ÉÓ ¶¥-
·¥Ìμ¤ ¶¥·¢μ£μ ·μ¤  ¢ ¤¢ÊÌ¸É ¤¨°´μ¥ ¶² ¢²¥´¨¥ ¸ ´¥¶·¥·Ò¢´Ò³ ¶¥·¥Ìμ¤μ³ ¨§
±·¨¸É ²²  ¢ £¥±¸ É¨Î¥¸±ÊÕ Ë §Ê ¨ ¶¥·¥Ìμ¤μ³ ¶¥·¢μ£μ ·μ¤  ¨§ £¥±¸ É¨Î¥¸±μ°
Ë §Ò ¢ ¨§μÉ·μ¶´ÊÕ ¦¨¤±μ¸ÉÓ. ’ ±¨³ μ¡· §μ³, ¨§ÊÎ¥´¨¥ ¸¢Ö§¨ ³¥¦¤Ê Ëμ·³μ°
³¥¦Î ¸É¨Î´μ£μ ¶μÉ¥´Í¨ ²  ¨ ¸ÊÐ¥¸É¢μ¢ ´¨¥³ £¥±¸ É¨Î¥¸±μ° Ë §Ò Ö¢²Ö¥É¸Ö
¨´É¥·¥¸´μ° § ¤ Î¥°, ±μÉμ· Ö ¶μ±  ¤ ²¥±  μÉ μ¤´μ§´ Î´μ£μ ·¥Ï¥´¨Ö.

„²Ö ¶μ¸É·μ¥´¨Ö Ë §μ¢μ° ¤¨ £· ³³Ò ¨ μ¶·¥¤¥²¥´¨Ö ¸Í¥´ ·¨Ö ¶² ¢²¥´¨Ö
¤²Ö ±μ´±·¥É´μ° ¤¢Ê³¥·´μ° ¸¨¸É¥³Ò ·¥Ï ²¨ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö, ±μÉμ·Ò¥
μÉ²¨Î ÕÉ¸Ö ¢ ¸²ÊÎ ¥ ¤¢ÊÌ ´¥¶·¥·Ò¢´ÒÌ ¶¥·¥Ìμ¤μ¢ ¸ ¶·μ³¥¦ÊÉμÎ´μ° £¥±¸ -
É¨Î¥¸±μ° Ë §μ° (¢ ÔÉμ³ ¸²ÊÎ ¥ ¢ μ¡² ¸É¨ ¶² ¢²¥´¨Ö ´ ¡²Õ¤ ¥É¸Ö ³μ´μÉμ´´μ
¢μ§· ¸É ÕÐ¥¥ ¶μ¢¥¤¥´¨¥ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö) ¨ ¶¥·¥Ìμ¤  ¶¥·¢μ£μ ·μ¤ , ¶·¨
±μÉμ·μ³ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¸μ¤¥·¦¨É ¶¥É²¨ Œ °¥· Ä‚Ê¤  (¤¢Ê³¥·´Ò°  ´ -
²μ£ ¶¥É²¨ ‚ ´ ¤¥· ‚  ²Ó¸ ), ±μÉμ·Ò¥ ¸ ¶μ³μÐÓÕ ¶μ¸É·μ¥´¨Ö Œ ±¸¢¥²²  ¶μ-
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§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ ¤¢ÊÌË §´ÊÕ μ¡² ¸ÉÓ. Š·μ³¥ Éμ£μ, · ¸¸Î¨ÉÒ¢ ÕÉ¸Ö É· ´¸-
²ÖÍ¨μ´´Ò° ¨ μ·¨¥´É Í¨μ´´Ò° ¶ · ³¥É·Ò ¶μ·Ö¤± ,   É ±¦¥ ¨Ì ±μ··¥²ÖÍ¨-
μ´´Ò¥ ËÊ´±Í¨¨ (2) ¨ (4), ¨§ ±μÉμ·ÒÌ μ¶·¥¤¥²ÖÕÉ¸Ö ¶·¥¤¥²Ò Ê¸Éμ°Î¨¢μ¸É¨
±·¨¸É ²²¨Î¥¸±μ° ¨ £¥±¸ É¨Î¥¸±μ° Ë § [33Ä37]. ƒ· ´¨Í  Ê¸Éμ°Î¨¢μ¸É¨ £¥±¸ -
É¨Î¥¸±μ° Ë §Ò ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´  ¨§ ¶μ¢¥¤¥´¨Ö μ·¨¥´É Í¨μ´´μ° ±μ··¥-
²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ G6(r) ∝ r−η6 , ¶μ± § É¥²Ó ¸É¥¶¥´¨ ±μÉμ·μ° ¶·¨ ¶¥·¥Ìμ¤¥
£¥±¸ É¨±Ä ¨§μÉ·μ¶´ Ö ¦¨¤±μ¸ÉÓ ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Õ η6 = 1/4, ¢ Éμ
¢·¥³Ö ± ± É· ´¸²ÖÍ¨μ´´ Ö ±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö ¶·¨ ¶¥·¥Ìμ¤¥ ±·¨¸É ²²Ä
£¥±¸ É¨± É ±¦¥ Ê¡Ò¢ ¥É ¸É¥¶¥´´Ò³ μ¡· §μ³ GT (r) ∝ r−ηT ¸ ¶μ± § É¥²¥³,
· ¢´Ò³ ηT = 1/3.

‚ · ³± Ì ¶·¥¤²μ¦¥´´μ£μ ¶μ¤Ìμ¤  · ¸¸³μÉ·¨³ ¶μ¢¥¤¥´¨¥ ¸Í¥´ ·¨¥¢ ¤¢Ê-
³¥·´μ£μ ¶² ¢²¥´¨Ö ¸¨¸É¥³Ò ¸ ¶μÉ¥´Í¨ ²μ³ ƒ¥·Í  [37], ±μÉμ·Ò° ¨³¥¥É ¢¨¤

U(r) =
{

ε(1 − r/σ)5/2, r � σ,
0, r > σ.

(8)

�ÉμÉ ¶μÉ¥´Í¨ ² ¸μμÉ¢¥É¸É¢Ê¥É Ô´¥·£¨¨ ¤¥Ëμ·³ Í¨¨ Ê¶·Ê£¨Ì Ï ·μ¢ ¶·¨ μ¤-
´μμ¸´μ³ ¸¦ É¨¨. � · ³¥É· ε ¸¢Ö§ ´ ¸ Ê¶·Ê£¨³¨ Ì · ±É¥·¨¸É¨± ³¨ Ï ·μ¢
¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ε = (2/15)Eσ3/(1 − ν2), £¤¥ E Å ³μ¤Ê²Ó 
´£ ,   ν Å
±μÔËË¨Í¨¥´É �Ê ¸¸μ´  ³ É¥·¨ ²  Ï ·μ¢. ‘É·μ£μ £μ¢μ·Ö, ¶μÉ¥´Í¨ ² (8) ¶·¨-
³¥´¨³ Éμ²Ó±μ ¶·¨ ³ ²ÒÌ ¤¥Ëμ·³ Í¨ÖÌ ¨ ´¥ ³μ¦¥É ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¨ ¡μ²Ó-
Ï¨Ì ¸¦ É¨ÖÌ ¨ ¶²μÉ´μ¸ÉÖÌ, μ¤´ ±μ μ± § ²μ¸Ó, ÎÉμ ¥£μ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
¤²Ö ± Î¥¸É¢¥´´μ£μ μ¶¨¸ ´¨Ö ¶μ¢¥¤¥´¨Ö ³Ö£±¨Ì ´¥§ ·Ö¦¥´´ÒÌ ³ ±·μ³μ²¥±Ê²,
É ±¨Ì ± ± ¶μ²¨³¥·´Ò¥ £²μ¡Ê²Ò ¨ §¢¥§¤μμ¡· §´Ò¥ ¶μ²¨³¥·Ò.

„²Ö μ¶·¥¤¥²¥´¨Ö ¶·¨³¥·´ÒÌ £· ´¨Í ¸ÊÐ¥¸É¢μ¢ ´¨Ö Ë § ³¥Éμ¤μ³ ³μ-
²¥±Ê²Ö·´μ° ¤¨´ ³¨±¨ ¨§ÊÎ ²¨¸Ó Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò, · ¤¨ ²Ó´Ò¥
ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¨ ¤¨Ë· ±Í¨μ´´Ò¥ ± ·É¨´Ò. �  ·¨¸. 1 ¶μ± § ´  ¶μ-

�¨¸. 1. ” §μ¢ Ö ¤¨ £· ³³  ¤¢Ê³¥·´μ° ¸¨¸É¥³Ò ¸Ë¥· ƒ¥·Í : HEX Å É·¥Ê£μ²Ó´ Ö Ë § ;
SQ Å ±¢ ¤· É´ Ö; Pentagons Å ¤μ¤¥± £μ´ ²Ó´Ò° ±¢ §¨±·¨¸É ²²; SH Å É·¥Ê£μ²Ó´ Ö
Ë § , ¢ÒÉÖ´ÊÉ Ö ¢ μ¤´μ³ ´ ¶· ¢²¥´¨¨; Rh Å ·μ³¡μÔ¤·¨Î¥¸± Ö
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²ÊÎ¥´´ Ö Ë §μ¢ Ö ¤¨ £· ³³ . �É³¥É¨³, ÎÉμ ¸± Î±¨ ¶²μÉ´μ¸É¨ ¢ ¤¢Ê³¥·´ÒÌ
¸¨¸É¥³ Ì, ± ± ¶· ¢¨²μ, μÎ¥´Ó ³ ²Ò, ¶μÔÉμ³Ê Ï¨·¨´  ¤¢ÊÌË §´μ° μ¡² ¸É¨
μ± §Ò¢ ¥É¸Ö ³¥´ÓÏ¥ · §³¥·  ¸¨³¢μ²μ¢. ‚¨¤´μ, ÎÉμ ¶μ²ÊÎ¥´´ Ö Ë §μ¢ Ö ¤¨ -
£· ³³  Î·¥§¢ÒÎ °´μ ¸²μ¦´ . �´  Ì · ±É¥·¨§Ê¥É¸Ö ´ ²¨Î¨¥³ ¡μ²ÓÏμ£μ ±μ²¨-

�¨¸. 2. a) “· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¸Ë¥· ƒ¥·Í  ¶·¨ T = 0,00375 ¶·¨ ¶¥·¥¸¥Î¥´¨¨
²¨´¨¨ ¶² ¢²¥´¨Ö ¢ ¸Éμ·μ´Ê Ê³¥´ÓÏ¥´¨Ö ¶²μÉ´μ¸É¥°. ¡) Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö
μ·¨¥´É Í¨μ´´μ£μ ¶ · ³¥É·  ¶μ·Ö¤±  ¢¤μ²Ó Éμ° ¦¥ ¨§μÉ¥·³Ò. ¢) Šμ··¥²ÖÍ¨μ´´ Ö
ËÊ´±Í¨Ö É· ´¸²ÖÍ¨μ´´μ£μ ¶ · ³¥É·  ¶μ·Ö¤±  ¢¤μ²Ó Éμ° ¦¥ ¨§μÉ¥·³Ò
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Î¥¸É¢  · §´ÒÌ Ë §, ¢±²ÕÎ Ö É ±¨¥ ¸²μ¦´Ò¥ ¸É·Ê±ÉÊ·Ò, ± ±, ´ ¶·¨³¥·, ¤μ¤¥-
± £μ´ ²Ó´Ò° ±¢ §¨±·¨¸É ²². ‘Í¥´ ·¨¨ ¶² ¢²¥´¨Ö É·¥Ê£μ²Ó´μ£μ ¨ ±¢ ¤· É´μ£μ
±·¨¸É ²²μ¢ ¸ ´¨§±μ° ¶²μÉ´μ¸ÉÓÕ · ¸¸Î¨ÉÒ¢ ²¨¸Ó ¨§ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö,
μ·¨¥´É Í¨μ´´μ£μ ¨ É· ´¸²ÖÍ¨μ´´μ£μ ¶ · ³¥É·μ¢ ¶μ·Ö¤±  ¨ ¨Ì ±μ··¥²ÖÍ¨-
μ´´ÒÌ ËÊ´±Í¨°. � ¸¸³μÉ·¨³ ¸´ Î ²  ¶² ¢²¥´¨¥ ²¥¢μ° ¢¥É¢¨ É·¥Ê£μ²Ó´μ£μ
±·¨¸É ²²  (¸³. ·¨¸. 1). �  ·¨¸. 2, a ¶μ± § ´  ¨§μÉ¥·³  ¸¨¸É¥³Ò ¶·¨ ¤¢¨-
¦¥´¨¨ ¨§ ±·¨¸É ²²  ¢ ¦¨¤±μ¸ÉÓ. �  ÔÉÊ ¨§μÉ¥·³Ê ´ ´¥¸¥´Ò ÉμÎ±¨ ¶μÉ¥·¨
Ê¸Éμ°Î¨¢μ¸É¨ ±·¨¸É ²²  ¨ £¥±¸ É¨± , ¶μ²ÊÎ¥´´Ò¥ ¨§ Ê¸²μ¢¨° ηT = 1/3 (¤²Ö
¶μ± § É¥²Ö ¸É¥¶¥´¨ É· ´¸²ÖÍ¨μ´´μ° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨) ¨ η6 = 1/4
(¤²Ö ¶μ± § É¥²Ö ¸É¥¶¥´¨ μ·¨¥´É Í¨μ´´μ° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨), ¶μ± -
§ ´´ÒÌ ´  ·¨¸. 2, ¡, ¢. ˆ§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ³μ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ
¶¥·¥Ìμ¤ ¨§ ±·¨¸É ²²  ¢ £¥±¸ É¨± Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´Ò³, Éμ£¤  ± ± ¶¥·¥Ìμ¤ ¨§
£¥±¸ É¨±  ¢ ¦¨¤±μ¸ÉÓ Å ¶¥·¥Ìμ¤μ³ ¶¥·¢μ£μ ·μ¤ .

�·¨ · ¸¸³μÉ·¥´¨¨ ¶² ¢²¥´¨Ö ¶· ¢μ° ¢¥É¢¨ É·¥Ê£μ²Ó´μ£μ ±·¨¸É ²²  ¸ ´¨§-
±μ° ¶²μÉ´μ¸ÉÓÕ ´ ¡²Õ¤ ¥É¸Ö ¤·Ê£ Ö ± ·É¨´  (·¨¸. 3, a, ¡). Š ± ¢¨¤´μ ¨§ ·¨-

�¨¸. 3. a) “· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ¸Ë¥· ƒ¥·Í  ¶·¨ T = 0,00375 ¶·¨ ¶¥·¥¸¥Î¥´¨¨
²¨´¨¨ ¶² ¢²¥´¨Ö ¢ ¸Éμ·μ´Ê Ê¢¥²¨Î¥´¨Ö ¶²μÉ´μ¸É¥°. ¡) Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö μ·¨-
¥´É Í¨μ´´μ£μ ¶ · ³¥É·  ¶μ·Ö¤±  ¢¤μ²Ó Éμ° ¦¥ ¨§μÉ¥·³Ò. Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö
É· ´¸²ÖÍ¨μ´´μ£μ ¶ · ³¥É·  ¶μ·Ö¤± ,  ´ ²μ£¨Î´ Ö ¶μ± § ´´μ° ´  ·¨¸. 2, ¢
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¸Ê´±μ¢, ¶· ¢ Ö ¢¥É¢Ó É·¥Ê£μ²Ó´μ£μ ±·¨¸É ²²  ¶² ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸μ ¸Í¥-
´ ·¨¥³ 	Š’•�Ÿ.

�·¨ · ¸¸³μÉ·¥´¨¨  ´ ²μ£¨Î´Ò³ μ¡· §μ³ ¶² ¢²¥´¨Ö ±¢ ¤· É´μ£μ ±·¨-
¸É ²²  ¢ÒÖ¸´¨²μ¸Ó, ÎÉμ ¶² ¢²¥´¨¥ ²¥¢μ° ¨ ¶· ¢μ° ¢¥É¢¥° ¶·μ¨¸Ìμ¤¨É ¶μ
· §´Ò³ ¸Í¥´ ·¨Ö³: ²¥¢ Ö ¢¥É¢Ó Ë §μ¢μ° ¤¨ £· ³³Ò ¶² ¢¨É¸Ö ¶μ É·¥ÉÓ¥³Ê ¸Í¥-
´ ·¨Õ (¶¥·¥Ìμ¤ 	Š’ ¨§ ±·¨¸É ²²  ¢ É¥É· É¨± ¨ ¶¥·¥Ìμ¤ ¶¥·¢μ£μ ·μ¤  ¨§
É¥É· É¨±  ¢ ¨§μÉ·μ¶´ÊÕ ¦¨¤±μ¸ÉÓ), Éμ£¤  ± ± ¶· ¢ Ö Å ¶μ¸·¥¤¸É¢μ³ μ¤´μ£μ
¶¥·¥Ìμ¤  ¶¥·¢μ£μ ·μ¤  ¨§ ±·¨¸É ²²  ¢ ¦¨¤±μ¸ÉÓ. Š·μ³¥ Éμ£μ, μ± § ²μ¸Ó, ÎÉμ
³¥¦¤Ê É·¥Ê£μ²Ó´μ° ¨ ±¢ ¤· É´μ° ·¥Ï¥É± ³¨ ¸ÊÐ¥¸É¢Ê¥É μ¡² ¸ÉÓ  ´μ³ ²Ó´μ£μ
¶μ¢¥¤¥´¨Ö ¶²μÉ´μ¸É¨, ¶μ¤μ¡´ Ö ´ ¡²Õ¤ ¥³μ° ¢ ¢μ¤¥ [37].

’ ±¨³ μ¡· §μ³, ¶·¨ ¤¢ÊÌ ¨§³¥·¥´¨ÖÌ ¢ · ³± Ì μ¤´μ£μ ¨ Éμ£μ ¦¥ ¤μ¸É -
ÉμÎ´μ ¶·μ¸Éμ£μ Ë¥´μ³¥´μ²μ£¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  Ê¤ ¥É¸Ö ¶μ²ÊÎ¨ÉÓ Ï¨·μ±¨°
¸¶¥±É· Ë¨§¨Î¥¸±¨Ì ¸¢μ°¸É¢, ¢±²ÕÎ Ö ¸²μ¦´ÊÕ Ë §μ¢ÊÕ ¤¨ £· ³³Ê ¸ ¡μ²ÓÏ¨³
´ ¡μ·μ³ ±·¨¸É ²²¨Î¥¸±¨Ì ¸É·Ê±ÉÊ·, ¢ Éμ³ Î¨¸²¥ ±¢ §¨±·¨¸É ²²¨Î¥¸±¨¥ ¸μ-
¸ÉμÖ´¨Ö,  ´μ³ ²Ó´μ¥ ¶μ¢¥¤¥´¨¥ ¢ ¦¨¤±μ° Ë §¥,   É ±¦¥ Ê¤¨¢¨É¥²Ó´Ò° Ë ±É,
¸¢Ö§ ´´Ò° ¸ É¥³, ÎÉμ ¢ · §²¨Î´ÒÌ μ¡² ¸ÉÖÌ Ë §μ¢μ° ¤¨ £· ³³Ò ¸¨¸É¥³  ³μ-
¦¥É ¶² ¢¨ÉÓ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ · §²¨Î´Ò³¨ ¸Í¥´ ·¨Ö³¨, ÎÉμ ¸μ¢¥·Ï¥´´μ
´¥¢μ§³μ¦´μ ¢ ¸²ÊÎ ¥ É·¥Ì ¨§³¥·¥´¨°.

�¢Éμ·Ò ¶·¨´μ¸ÖÉ ¡² £μ¤ ·´μ¸ÉÓ ‚. ‚.	· ¦±¨´Ê ¨ „.”·¥´±¥²Õ §  ¶·μ-
Ö¢²¥´´Ò° ¨´É¥·¥¸ ± · ¡μÉ¥ ¨ ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö · §²¨Î´ÒÌ  ¸¶¥±Éμ¢ É¥³Ò.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �μ¸¸¨°¸±μ£μ ´ ÊÎ´μ£μ Ëμ´¤  (£· ´É
º19-12-00092).
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