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It is well known that if the physical system is located in the restricted area, additional
©surface termsª emerge in the traditional form of hypervirial and/or Ehrenfest theorems.
In the current literature the one-dimensional Schrödinger equation was mainly considered
in this respect. Our observation consists in that this situation emerges automatically in
spherical coordinates, as one of the coordinates, namely, radial distance, is restricted by
a half-line. In particular, these considerations are clearly manifested when one considers
spherically symmetric potentials and operators depending only on distance. Evidently,
these additional terms arise owing to the boundary conditions for wave functions and the
behavior of the considered operators at the origin of coordinates. We have analyzed the
role of these additional terms for various model potentials in the Schrödinger equation. We
consider regular as well as soft-singular potentials, and show that the inclusion of these
terms is very important for obtaining correct physical results. Some complicated integrals
for hypergeometric functions are also derived.

The modiˇed virial relations, derived below, are converted into the usual ones, when
the additional terms are absent, and when present, they give reasonable corrections in the
right direction. This fact also provides their legitimacy.

•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ, ±μ£¤  Ë¨§¨Î¥¸± Ö ¸¨¸É¥³  ´ Ìμ¤¨É¸Ö ¢ μ£· ´¨Î¥´´μ° μ¡-
² ¸É¨, ¢ É· ¤¨Í¨μ´´μ° Ëμ·³¥ £¨¶¥·¢¨·¨ ²Ó´ÒÌ ¸μμÉ´μÏ¥´¨° ¨/¨²¨ É¥μ·¥³ �·¥´-
Ë¥¸É  ¶μÖ¢²ÖÕÉ¸Ö ¤μ¶μ²´¨É¥²Ó´Ò¥ ®¶μ¢¥·Ì´μ¸É´Ò¥ Î²¥´Ò¯. ‚ É¥±ÊÐ¨Ì ¶Ê¡²¨± Í¨ÖÌ
¢ μ¸´μ¢´μ³ · ¸¸³ É·¨¢ ÕÉ¸Ö μ¤´μ³¥·´Ò¥ § ¤ Î¨ ¢ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥· . � Ï¥ ´ -
¡²Õ¤¥´¨¥ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ É ± Ö ¸¨ÉÊ Í¨Ö ¢μ§´¨± ¥É ¸μ¢¥·Ï¥´´μ ¥¸É¥¸É¢¥´´μ ¢ ¸Ë¥-
·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì, ¶μ¸±μ²Ó±Ê μ¤´  ¨§ ¶¥·¥³¥´´ÒÌ Å · ¤¨ ²Ó´μ¥ · ¸¸ÉμÖ´¨¥ Å
 ¢Éμ³ É¨Î¥¸±¨ μ£· ´¨Î¥´  ¶μ²Êμ¸ÓÕ. �¸μ¡¥´´μ ´ £²Ö¤´μ ÔÉμ ¶·μÖ¢²Ö¥É¸Ö, ±μ£¤  · ¸-
¸³ É·¨¢ ÕÉ¸Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò¥ ¶μÉ¥´Í¨ ²Ò ¨ μ¶¥· Éμ·Ò, § ¢¨¸ÖÐ¨¥ μÉ · ¸-
¸ÉμÖ´¨Ö. �Î¥¢¨¤´μ, ÎÉμ ¤μ¶μ²´¨É¥²Ó´Ò¥ Î²¥´Ò ¶μ·μ¦¤ ÕÉ¸Ö £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨
¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨°,   É ±¦¥ ¶μ¢¥¤¥´¨¥³ μ¶¥· Éμ·μ¢ ¢ ´ Î ²¥ ±μμ·¤¨´ É. � ³¨
¶·μ ´ ²¨§¨·μ¢ ´  ·μ²Ó ÔÉ¨Ì Î²¥´μ¢ ¤²Ö · §²¨Î´ÒÌ ³μ¤¥²Ó´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ¢ Ê· ¢´¥-
´¨¨ ˜·¥¤¨´£¥· . � ¸¸³μÉ·¥´Ò ·¥£Ê²Ö·´Ò¥,   É ±¦¥ ¸² ¡μ¸¨´£Ê²Ö·´Ò¥ ¶μÉ¥´Í¨ ²Ò, ¨
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¶μ± § ´μ, ÎÉμ ¢±²ÕÎ¥´¨¥ ÔÉ¨Ì Î²¥´μ¢ μÎ¥´Ó ¢ ¦´μ ¤²Ö ¶μ²ÊÎ¥´¨Ö ¶· ¢¨²Ó´ÒÌ Ë¨§¨-
Î¥¸±¨Ì ·¥§Ê²ÓÉ Éμ¢. ’ ±¦¥ ¶μ²ÊÎ¥´Ò ´¥±μÉμ·Ò¥ ¸²μ¦´Ò¥ ¨´É¥£· ²Ò ¤²Ö £¨¶¥·£¥μ³¥-
É·¨Î¥¸±¨Ì ËÊ´±Í¨°.

Œμ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ¢¨·¨ ²Ó´Ò¥ É¥μ·¥³Ò, ¶μ²ÊÎ¥´´Ò¥ ¢ · ¡μÉ¥, ¸É ´μ¢ÖÉ¸Ö Ê¦¥
¨§¢¥¸É´Ò³¨, ±μ£¤  ¤μ¶μ²´¨É¥²Ó´Ò¥ Î²¥´Ò μÉ¸ÊÉ¸É¢ÊÕÉ, ¨ ¤ ÕÉ · §Ê³´Ò¥ ¶μ¶· ¢±¨
¢ ¶· ¢¨²Ó´μ³ ´ ¶· ¢²¥´¨¨, ±μ£¤  μ´¨ ¶·¨¸ÊÉ¸É¢ÊÕÉ. ’¥³ ¸ ³Ò³ ¤μ± §Ò¢ ¥É¸Ö § ±μ´-
´μ¸ÉÓ ¨Ì ´ ²¨Î¨Ö.
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