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ˆ´¸É¨ÉÊÉ Ë¨§¨±¨ É¢¥·¤μ£μ É¥² , ‘μË¨Ö

„ ´ μ¡§μ· É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨° Ë²Ê±ÉÊ Í¨μ´´ÒÌ ¸¢μ°¸É¢ ¶μÎÉ¨ ¸Ë¥·¨Î¥-
¸±¨Ì ¢¥§¨±Ê² ¨ ³¨±·μÔ³Ê²Ó¸¨μ´´ÒÌ ± ¶¥²Ó, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ É¨¶¨Î´Ò¥ ¶·¨³¥·Ò
É¥³¶¥· ÉÊ·´μ-¢μ§¡Ê¦¤ ¥³ÒÌ ¸¨¸É¥³ ¸ ´¥±μÉμ·Ò³¨ μ£· ´¨Î¥´¨Ö³¨ ´  £¥μ³¥É·¨Õ. ŒÒ
· ¸¸³ É·¨¢ ¥³ ¸¨¸É¥³Ò, μ£· ´¨Î¥´´Ò¥ Ë¨±¸¨·μ¢ ´´μ° ¶²μÐ ¤ÓÕ A ¨ Ë¨±¸¨·μ¢ ´´Ò³
μ¡Ñ¥³μ³ V , £¥μ³¥É·¨Ö ±μÉμ·ÒÌ μ¶¨¸ ´  ¶·¨ ¶μ³μÐ¨ ¶ · ³¥É·¨§ Í¨¨ ¢ ¸Ë¥·¨Î¥¸±μ°
¸¨¸É¥³¥ ±μμ·¤¨´ É. �É¨ μ£· ´¨Î¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¢±²ÕÎ¥´Ò ¢ É¥μ·¨Õ · §´Ò³¨ ¸¶μ¸μ-
¡ ³¨. �μ¸²¥ ¢¸ÉÊ¶¨É¥²Ó´μ£μ μ¡§μ· , ¢ ±μÉμ·μ³ ¨§² £ ÕÉ¸Ö ¨§¢¥¸É´Ò¥ · ´¥¥ ¶μ¤Ìμ¤Ò:
ÉμÎ´μ¥ Ë¨±¸¨·μ¢ ´¨¥ ¶²μÐ ¤¨ ³¥³¡· ´Ò ¸ ¶μ³μÐÓÕ ¤¥²ÓÉ -ËÊ´±Í¨¨ A ¨²¨ ¶·¨¡²¨-
¦¥´´μ¥, ¸ ¶μ³μÐÓÕ ³´μ¦¨É¥²Ö ‹ £· ´¦  σ, ¸μ¶·Ö¦¥´´μ£μ ¸ A, ³Ò μ¡¸Ê¦¤ ¥³ ¢ ¦´ÊÕ
·μ²Ó ÔËË¥±Éμ¢ · ¸ÉÖ¦¥´¨Ö ¢ ÔÉμ³ ¢μ¶·μ¸¥, ¨¸¸²¥¤μ¢ ´´ÊÕ ¢ · ³± Ì ³μ¤¥²¨ ¸ ¤μ¶μ²-
´¨É¥²Ó´Ò³ Î²¥´μ³ ¢ £ ³¨²ÓÉμ´¨ ´¥, ¢ ±μÉμ·μ³ Ô´¥·£¨Ö · ¸ÉÖ¦¥´¨Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§
´ ÉÖ¦¥´¨¥ ³¥³¡· ´Ò. �μ¸±μ²Ó±Ê £ ³¨²ÓÉμ´¨ ´ ³μ¤¥²¨ ´¥ Ö¢²Ö¥É¸Ö ÉμÎ´μ ·¥Ï ¥³Ò³,
´ ³¨ ¶·¥¤²μ¦¥´ ¶·¨¡²¨¦¥´´Ò° ³¥Éμ¤, μ¸´μ¢ ´´Ò° ´  ´¥· ¢¥´¸É¢ Ì 	μ£μ²Õ¡μ¢  ¤²Ö
¸¢μ¡μ¤´μ° Ô´¥·£¨¨. �μ± § ´μ, ÎÉμ ¶μ¢¥·Ì´μ¸É´μ¥ ´ ÉÖ¦¥´¨¥ ³¥³¡· ´Ò § ¢¨¸¨É μÉ
³μ¤Ê²¥° ¨§£¨¡  ¨ · ¸ÉÖ¦¥´¨Ö ³¥³¡· ´Ò ¨ ¶μ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ ¸ ³μ¸μ£² ¸μ¢ ´¨Ö
É¨¶  ¸·¥¤´¥£μ ¶μ²Ö. �μ²ÊÎ¥´Ò ¨ ¶·μ ´ ²¨§¨·μ¢ ´Ò ·¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¢  ´ -
²¨É¨Î¥¸±μ° Ëμ·³¥ ¢ ´¥±μÉμ·ÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ. �¡¸Ê¦¤ ¥É¸Ö Ô±¢¨¢ ²¥´É´μ¸ÉÓ
É¥·³μ¤¨´ ³¨Î¥¸±¨Ì  ´¸ ³¡²¥°, ¸¢Ö§ ´´ÒÌ ¸ μ¶¨¸ ´´Ò³¨ ¢ÒÏ¥ ¶μ¤Ìμ¤ ³¨.

Theoretical studies of nearly spherical vesicles and microemulsion droplets, that
present typical examples for thermally-excited systems that are subject to constraints,
are reviewed. We consider the shape 
uctuations of such systems constrained by ˇxed
area A and ˇxed volume V , whose geometry is presented in terms of scalar spherical
harmonics. These constraints can be incorporated in the theory in different ways. After an
introductory review of the two approaches: with an exactly ˇxed by delta-function mem-
brane area A or approximatively by means of a Lagrange multiplier σ conjugated to A, we
discuss the determined role of the stretching effects, that has been announced in the frame-
work of a model containing stretching energy term, expressed via the membrane vesicle
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tension. Since the 
uctuation spectrum for the used Hamiltonian is not exactly solvable an
approximating method based on the Bogoliubov inequalities for the free energy has been
developed. The area constraint in the last approach appears as a self-consistent equation
for the membrane tension. In the general case this equation is intractable analytically.
However, much insight into the physics behind can be obtained either imposing some
restrictions on the values of the model parameters, or studying limiting cases, in which
the self-consistent equation is solved. Implications for the equivalence of ensembles have
been discussed as well.

PACS: 44.25.+f; 44.90.+c

�É  ¸É ÉÓÖ ¶μ¸¢ÖÐ¥´  ¶ ³ÖÉ¨ ³μ¥£μ ¤·Ê£  ¨ ±μ²²¥£¨ ‘² ¢Ò
�·¨¥§¦¥¢ , ¢Ò¤ ÕÐ¥£μ¸Ö ÊÎ¥´μ£μ ¨ Î¥²μ¢¥± , ¢±² ¤ ±μÉμ-
·μ£μ ¢ ¸É É¨¸É¨Î¥¸±ÊÕ ³¥Ì ´¨±Ê ¨ É¥μ·¨Õ ¢¥·μÖÉ´μ¸É¨
¶·¨³¥Î É¥²¥´,   É ±¦¥ ¢μ ³´μ£μ³ μ·¨£¨´ ²¥´. …£μ § ³¥Î -
´¨Ö, ± ¸ ÕÐ¨¥¸Ö ± ± Ë¨§¨±¨, É ± ¨ ¦¨§´¨, ¢¸¥£¤  ¡Ò²¨ μÎ¥´Ó
£²Ê¡μ±¨ ¨ § ¸É ¢²Ö²¨ § ¤Ê³ ÉÓ¸Ö.

‚‚…„…�ˆ…

‘μ£² ¸´μ ³μ¤¥²¨, ¶·¥¤²μ¦¥´´μ° ¢ [1], ¡¨μ³¥³¡· ´  ¸μ¸Éμ¨É ¨§ ²¨¶¨¤-
´μ£μ ¡¨¸²μÖ, ¢ ±μÉμ·μ³ ¶² ¢ ÕÉ ¨´É¥£· ²Ó´Ò¥ ¡¥²±¨. …¥ Ë¨§¨Î¥¸±¨¥ ¸¢μ°-
¸É¢  É¥¸´μ ¸¢Ö§ ´Ò ¸μ ¸¢μ°¸É¢ ³¨ ²¨¶¨¤´μ£μ ¡¨¸²μÖ. ‘²μ¦´ Ö ·μ²Ó ¡¨μ²μ£¨-
Î¥¸±¨Ì ³¥³¡· ´ ¸É¨³Ê²¨·μ¢ ²  ¨§ÊÎ¥´¨¥ ¨¸±Ê¸¸É¢¥´´ÒÌ ²¨¶¨¤´ÒÌ ³μ¤¥²¥°
¸ ´¥¶μ¸·¥¤¸É¢¥´´Ò³ ´ ¡²Õ¤¥´¨¥³ ¶·¨¸ÊÐ¨Ì ¨³ ËÊ´±Í¨° in vitro. ‹¨¶¨¤´Ò¥
³¥³¡· ´Ò Ö¢²ÖÕÉ¸Ö ¢ ¦´Ò³¨ ³μ¤¥²Ó´Ò³¨ ¸¨¸É¥³ ³¨ ¤²Ö ¡¨μ²μ£¨Î¥¸±¨Ì ³¥³-
¡· ´ (¸³. [2] ¨ ¸¸Ò²±¨ É ³). �´¨ ²¥£±μ Ëμ·³¨·ÊÕÉ¸Ö ¨§ ²¨¶¨¤´ÒÌ · ¸É¢μ·μ¢
¨ ¶μ§¢μ²ÖÕÉ ¨¸¸²¥¤μ¢ ÉÓ É· ´¸¶μ·É´Ò¥ ³¥Ì ´¨§³Ò, ¶·μ´¨Í ¥³μ¸ÉÓ,  ¤£¥§¨Õ
¨ ±¨´¥É¨±Ê ¸¨´É¥§  (¸³. · ¡μÉÊ [3] ¨ ¸¸Ò²±¨ ¢ ´¥°).

‚ ÔÉμ³ μ¡§μ·¥ ³Ò · ¸¸³μÉ·¨³ ·μ²Ó É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨° ¢ ¶μ¢¥¤¥´¨¨ § -
³±´ÊÉÒÌ ¸¢μ¡μ¤´μ ¸ÉμÖÐ¨Ì ¨¸±Ê¸¸É¢¥´´ÒÌ ³¥³¡· ´. ”¨§¨±  § ³±´ÊÉÒÌ ³¥³-
¡· ´ ¢ §´ Î¨É¥²Ó´μ° ¸É¥¶¥´¨ Ö¢²Ö¥É¸Ö Ë¨§¨±μ° ³¨±·μÔ³Ê²Ó¸¨° ¨ ¢¥§¨±Ê²
(É ±¦¥ ¨§¢¥¸É´ÒÌ ± ± ²¨¶μ¸μ³Ò).

Œ¨±·μÔ³Ê²Ó¸¨¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° É¥·³μ¤¨´ ³¨Î¥¸±¨ ¸É ¡¨²Ó´Ò¥ ¢μ¤μ-
¦¨·μ¢Ò¥ ¸³¥¸¨ ¸ ¤μ¡ ¢²¥´¨¥³ μ¤´μ£μ ¨²¨ ´¥¸±μ²Ó±¨Ì ¶μ¢¥·Ì´μ¸É´μ- ±É¨¢´ÒÌ
 £¥´Éμ¢ (É ±¦¥ ´ §Ò¢ ¥³ÒÌ ¶μ¢¥·Ì´μ¸É´μ- ±É¨¢´Ò³¨ ¢¥Ð¥¸É¢ ³¨). ‚¥·μÖÉ´μ,
μ¤´  ¨§ ¸ ³ÒÌ ¶·μ¸ÉÒÌ ³¨±·μÔ³Ê²Ó¸¨μ´´ÒÌ ¸¨¸É¥³ Å ÔÉμ ± ¶²¨ ¢μ¤Ò ¢ ³ -
¸²¥ (¨²¨ ´ μ¡μ·μÉ), ¶μ±·ÒÉÒ¥ ³μ´μ¸²μ¥³ ¨§ ³μ²¥±Ê² ¶μ¢¥·Ì´μ¸É´μ- ±É¨¢´ÒÌ
¢¥Ð¥¸É¢ (��‚).

‚¥§¨±Ê²Ò  ´ ²μ£¨Î´Ò ³¨±·μÔ³Ê²Ó¸¨Ö³ ± ¶¥²Ó´μ£μ É¨¶ , ´ ¨¡μ²¥¥ ¢ ¦-
´Ò³ μÉ²¨Î¨¥³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¨Ì ¨´É¥·Ë¥°¸ Å ÔÉμ ¡¨¸²μ° ¢³¥¸Éμ ³μ´μ¸²μÖ.
�Éμ ³¥³¡· ´Ò ¸ § ³±´ÊÉμ° ¶μ¢¥·Ì´μ¸ÉÓÕ, μ¡· §μ¢ ´´Ò¥ ¸¶μ´É ´´μ ¨§ ³μ²¥-
±Ê² ¢ ¢μ¤´μ° ¸·¥¤¥ ¢¸²¥¤¸É¢¨¥ £¨¤·μËμ¡´μ£μ ÔËË¥±É . Š ¶·¨³¥·Ê, £¨£ ´É¸±¨¥
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μ¤´μ¸²μ°´Ò¥ ¢¥§¨±Ê²Ò (GUV) ¨³¥ÕÉ ¤¨ ³¥É·Ò ¢ ¨´É¥·¢ ²¥ 1Ä200 ³±³. ‚¸²¥¤-
¸É¢¨¥ ±· °´¥ ³ ²μ° Éμ²Ð¨´Ò ³¥³¡· ´Ò ¶μ ¸· ¢´¥´¨Õ ¸ ±¢ ¤· É´Ò³ ±μ·´¥³
¥¥ ¶²μÐ ¤¨ ¢¥§¨±Ê²  § Î ¸ÉÊÕ ³μ¦¥É ¡ÒÉÓ ¸³μ¤¥²¨·μ¢ ´  ± ± ¤¢Ê³¥·´ Ö £¨¡-
± Ö ¶μ¢¥·Ì´μ¸ÉÓ ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥.

�¥¸³μÉ·Ö ´  Éμ, ÎÉμ ¢¥§¨±Ê²Ò ¨ ³¨±·μÔ³Ê²Ó¸¨μ´´Ò¥ ¸¨¸É¥³Ò ¶·¨´ ¤-
²¥¦ É ± ¸μ¢¥·Ï¥´´μ · §´Ò³ ³ ¸ÏÉ ¡ ³ ¤²¨´Ò, ¨Ì É¥·³μ¤¨´ ³¨Î¥¸±μ¥ ¶μ-
¢¥¤¥´¨¥ ³μ¦´μ ¶μ´ÖÉÓ ¸ ¥¤¨´μ° ÉμÎ±¨ §·¥´¨Ö, μ¸´μ¢ ´´μ° ´  ¨¸¸²¥¤μ¢ ´¨¨
¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¤¥Ëμ·³¨·μ¢ ´´μ° ³¥³¡· ´Ò [4].

”μ·³  μ¤´μ¸²μ°´μ° ³¥³¡· ´Ò § ¢¨¸¨É £² ¢´Ò³ μ¡· §μ³ μÉ ¶²μÉ´μ¸É¨
Ô´¥·£¨¨ ¥¥ · ¸ÉÖ¦¥´¨Ö gs ¨ ¨¸±·¨¢²¥´¨Ö gc

g = gs + gc. (1)

�´¥·£¨Ö · ¸ÉÖ¦¥´¨Ö ´  ¥¤¨´¨ÍÊ ¶²μÐ ¤¨ (¢ ±¢ ¤· É¨Î´μ³ ¶·¨¡²¨¦¥´¨¨)
¨³¥¥É ¢¨¤

gs =
1
2
Ks

(
ΔA

A0

)2

, (2)

£¤¥ ΔA/A0 Å μÉ´μ¸¨É¥²Ó´μ¥ ¨§³¥´¥´¨¥ ¶²μÐ ¤¨ ³¥³¡· ´Ò; A0 Å ¶²μÐ ¤Ó
¢ ¸μ¸ÉμÖ´¨¨ μÉ¸ÊÉ¸É¢¨Ö ´ ÉÖ¦¥´¨Ö ¨ Ks Å ³μ¤Ê²Ó Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥-
´¨¨ [5].

“¶·Ê£μ¸ÉÓ ¨¸±·¨¢²¥´¨Ö ± ± μ¤´  ¨§ ¸ ³ÒÌ ¢ ¦´ÒÌ ¢¥²¨Î¨´ ¤²Ö μ¶·¥¤¥²¥-
´¨Ö Ëμ·³Ò ³¥³¡· ´Ò ¡Ò²  ¢¢¥¤¥´  ¢ ´ Î ²¥ 70-Ì ££. ¶·μÏ²μ£μ ¢¥±  ¢ · ³± Ì
É¥μ·¨¨, · §· ¡μÉ ´´μ° Š ´Ì ³μ³ [6], •¥²ÓË·¨Ìμ³ [5] ¨ �¢ ´¸μ³ [7]. ’¥μ·¨Ö
¸Ë¥·¨Î¥¸±¨Ì ¢¥§¨±Ê² μ¸´μ¢ ´  ´  Éμ³, ÎÉμ ¨Ì Ô´¥·£¨Ö Ê¶·Ê£μ£μ ¨§£¨¡  ´¥ § -
¢¨¸¨É μÉ · §³¥· , É ± ± ± Ô´¥·£¨Ö ¨§£¨¡  ´  ¥¤¨´¨ÍÊ ¶²μÐ ¤¨ ¸¨³³¥É·¨Î´μ£μ
¡¨¸²μÖ Å ÔÉμ ±¢ ¤· É¨Î´ Ö Ëμ·³  ±·¨¢¨§´Ò [8]. ‚ ¨¸¶μ²Ó§Ê¥³μ³ ±¢ ¤· É¨Î-
´μ³ ¶·¨¡²¨¦¥´¨¨ Ê¶·Ê£ Ö Ô´¥·£¨Ö ´  ¥¤¨´¨ÍÊ ¶²μÐ ¤¨ ¸²μÖ ¦¨¤±μ¸É¨ ³μ¦¥É
¡ÒÉÓ § ¶¨¸ ´  ± ± [5]

gc =
1
2
Kc(c1 + c2 − cs)2 + KGc1c2. (3)

‡¤¥¸Ó c1, c2 Å ¤¢¥ £² ¢´Ò¥ ±·¨¢¨§´Ò; cs Å ¸μ¡¸É¢¥´´ Ö ±·¨¢¨§´ ; Kc Å
³μ¤Ê²Ó ¦¥¸É±μ¸É¨ ¶·¨ ¨§£¨¡¥. �μ¸²¥¤´¨° Î²¥´ ¢ (3) ¸μ¤¥·¦¨É ³μ¤Ê²Ó £ Ê¸-
¸μ¢μ° ±·¨¢¨§´Ò KG, ±μÉμ·Ò°, ± ± ¶· ¢¨²μ, ¸²¥¤Ê¥É μ¶Ê¸± ÉÓ, ¶μ¸±μ²Ó±Ê ¶·¨
¨´É¥£·¨·μ¢ ´¨¨ ¶μ § ³±´ÊÉμ° ¶μ¢¥·Ì´μ¸É¨ μ´ Ö¢²Ö¥É¸Ö Éμ¶μ²μ£¨Î¥¸±¨ ¨´¢ -
·¨ ´É´μ° ±μ´¸É ´Éμ°. ‚Ò¢μ¤ Ks ¨ Kc ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢ ¤²Ö ËÊ´±Í¨μ-
´ ²  ³¥³¡· ´Ò g ¤ ´ ¢ [9], £¤¥ ¤²Ö É¨¶¨Î´ÒÌ Ëμ¸Ëμ²¨¶¨¤μ¢ ¡Ò²μ ¶μ²ÊÎ¥´μ
Ks ∼ 200 Ô·£/¸³2 ¨ Kc ∼ 2 · 10−12 Ô·£. ” ±É¨Î¥¸±¨, ±¢ ¤· É¨Î´ Ö Ëμ·³ 
(¢ ¢Ò· ¦¥´¨¨ (3)), ¶μ-¢¨¤¨³μ³Ê, Ö¢²Ö¥É¸Ö ´ ¨²ÊÎÏ¨³ ¢μ§³μ¦´Ò³ ¶·¨¡²¨¦¥-
´¨¥³, ¸μ£² ¸ÊÕÐ¨³¸Ö ¸ § ¢¨¸¨³μ¸ÉÓÕ Ëμ·³Ò ³¥³¡· ´Ò μÉ ¨§μÉ·μ¶¨¨, É¥±Ê-
Î¥¸É¨ ¨ ¥¢±²¨¤μ¢μ° ¨´¢ ·¨ ´É´μ¸É¨ (¸³. ¶·¨². A ± [9]). 	μ²¥¥ ¶μ²´Ò¥ ¨
¶μ¤·μ¡´Ò¥ ±μ³³¥´É ·¨¨ ¶μ ÔÉμ° É¥³¥ Î¨É É¥²Ó ³μ¦¥É ´ °É¨ ¢ μ¡§μ·¥ [10],
¢ ±μÉμ·μ³ ¤²Ö ¶μ²ÊÎ¥´¨Ö £ ³¨²ÓÉμ´¨ ´  •¥²ÓË·¨Ì  ¨¸¶μ²Ó§ÊÕÉ¸Ö ³¥Éμ¤Ò
¤¨ËË¥·¥´Í¨ ²Ó´μ° £¥μ³¥É·¨¨.
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�ËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´ (¶μ²´ Ö Ô´¥·£¨Ö ¨§£¨¡ , § ¶ ¸¥´´ Ö ¢ ¡¥¸±μ-
´¥Î´μ Éμ´±μ° £· ´¨Í¥ · §¤¥²  A ¢¥§¨±Ê²Ò ¢ · §²μ¦¥´¨¨ ±·¨¢¨§´Ò ¤μ ¢Éμ·μ£μ
¶μ·Ö¤± ) ¨³¥¥É ¢¨¤

Hc =
∫
A

dS

[
1
2
Kc(c1 + c2 − cs)2 + KGc1c2

]
, (4)

£¤¥ ¨´É¥£·¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¢¸¥° ¶²μÐ ¤¨ ³¥³¡· ´Ò A. ‚´ Î ²¥ ¡Ê¤¥³
¶μ² £ ÉÓ, ÎÉμ ³¥³¡· ´Ò ´¥ · ¸ÉÖ£¨¢ ÕÉ¸Ö (É. ¥. ¸ Ks = ∞) ¨ ¨Ì ±μ´¥Î´ Ö
Éμ²Ð¨´  ´¥ ¡Ê¤¥É ¶·¨´¨³ ÉÓ¸Ö ¢μ ¢´¨³ ´¨¥. Š ± ³Ò Ê¢¨¤¨³ ´¨¦¥, ¶¥·¢μ¥
É·¥¡μ¢ ´¨¥ ´¥ Ö¢²Ö¥É¸Ö μ¡Ö§ É¥²Ó´Ò³,   ¶μ¸²¥¤´¥¥ ¶·¨¡²¨¦¥´¨¥ ´¥μ¡Ìμ¤¨³μ,
ÎÉμ¡Ò ¨§¡¥¦ ÉÓ É·Ê¤´μ¸É¥° ¶·¨ ¨´É¥£·¨·μ¢ ´¨¨ ¶μ ¸²ÊÎ °´Ò³ ¶μ¢¥·Ì´μ-
¸ÉÖ³ [11] ¶·¨ · ¸Î¥É Ì ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì É¥·³μ¤¨´ -
³¨Î¥¸±¨Ì ¸·¥¤´¨Ì. Šμ²¨Î¥¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ks ¨ Kc § ¢¨¸ÖÉ μÉ ³¥¦³μ-
²¥±Ê²Ö·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¨ ¸É·Ê±ÉÊ·´ÒÌ ¸¢μ°¸É¢ ³¥³¡· ´Ò. �² ¸É¨Î´μ¸ÉÓ
²¨¶¨¤´ÒÌ ³μ´μ¸²μ¥¢ ¢ · ³± Ì · §²¨Î´ÒÌ ³μ²¥±Ê²Ö·´ÒÌ ³μ¤¥²¥° μ¡¸Ê¦¤ ¥É¸Ö
¢ £². 4.2 ³μ´μ£· Ë¨¨ [2]. ‘É·μ£μ £μ¢μ·Ö, Ks ¨ Kc ´¥ ³μ£ÊÉ ¡ÒÉÓ · ¸¸³μÉ·¥´Ò
´¥§ ¢¨¸¨³μ μÉ É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨°, ¶μÉμ³Ê ÎÉμ ¶μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ³¨-
±·μ¸±μ¶¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ±·Ê¶´μ§¥·´¨¸ÉÒ° (coarse-grained) £ ³¨²Ó-
Éμ´¨ ´, ¶μ²ÊÎ¥´´Ò° ¢ É¥μ·¨¨ •¥²ÓË·¨Ì  (4), ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ Ë¥´μ³¥´μ²μ-
£¨Î¥¸±¨¥ ¶ · ³¥É·Ò Ks ¨ Kc, § ¢¨¸ÖÐ¨¥ μÉ É¥³¶¥· ÉÊ·Ò. ‚ ÔÉμ³ μ¡§μ·¥ ³Ò
¡Ê¤¥³ ¶μ² £ ÉÓ, ÎÉμ, £μ¢μ·Ö μ É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨ÖÌ (±μ²¥¡ ´¨ÖÌ), ³Ò ¶·¨´¨-
³ ¥³ ¢μ ¢´¨³ ´¨¥ Éμ²Ó±μ Ë²Ê±ÉÊ Í¨¨ £¥μ³¥É·¨Î¥¸±μ° Ëμ·³Ò ³¥³¡· ´Ò [10].
‘¶¥±É· É¥¶²μ¢ÒÌ ¢μ§¡Ê¦¤¥´´ÒÌ ¢μ²´μμ¡· §´ÒÌ ³μ¤ ±¢ §¨¸Ë¥·¨Î¥¸±μ° ¢¥§¨-
±Ê²Ò ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´  ´ ²¨É¨Î¥¸±¨ ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì ¨§£¨¡´ÒÌ ¦¥¸É-
±μ¸É¥° Kc/kBT � 1, £¤¥ T Å É¥³¶¥· ÉÊ· , kB Å ¶μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ 
(•¥²ÓË·¨Ì, 1986 [8], Œ¨²Ó´¥· ¨ ‘ Ë· ´, 1987 [12], ‡¥°Ë¥·É, 1995 [13]). �Éμ
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö Ô±¸¶¥·¨³¥´É ²Ó´μ£μ μ¶·¥¤¥²¥´¨Ö ³μ¤Ê²Ö ¦¥¸É±μ¸É¨
¶·¨ ¨§£¨¡¥ Kc Î¥·¥§ Ë²Ê±ÉÊ Í¨¨ ±μ´ÉÊ·  ±¢ §¨¸Ë¥·¨Î¥¸±¨Ì ¢¥§¨±Ê² ¸ ¶·¨³¥-
´¥´¨¥³ Ë §μ¢μ-±μ´É· ¸É´μ° ³¨±·μ¸±μ¶¨¨ ¢ ¸μÎ¥É ´¨¨ ¸ ¡Ò¸É·μ° μ¡· ¡μÉ±μ°
¨§μ¡· ¦¥´¨° (fast image processing), ÎÉμ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö É ±¦¥ ´ §Ò¢ ¥É¸Ö
Ë²¨±±¥·-¸¶¥±É·μ¸±μ¶¨Î¥¸±¨³  ´ ²¨§μ³ (
icker spectroscopy analysis) [15Ä25].

1. ƒ…�Œ…’�ˆŸ Œ…Œ����› ˆ ƒ�Œˆ‹œ’��ˆ�� ˆ‡ƒˆ��
•…‹œ”�ˆ•�, ‚›��†…��›… —…�…‡ ‘”…�ˆ—…‘Šˆ…

ƒ��Œ��ˆŠˆ

ŒÒ · ¸¸³ É·¨¢ ¥³ ¢¥§¨±Ê²Ê μ¡Ñ¥³μ³ V , ¨³¥ÕÐÊÕ Ëμ·³Ê ¸² ¡μ ¤¥Ëμ·-
³¨·μ¢ ´´μ° ¸Ë¥·Ò, É. ¥. ±¢ §¨¸Ë¥·Ò. �¡μ§´ Î¨³ Î¥·¥§ R0 · ¤¨Ê¸ ¨¤¥ ²Ó´μ°
¸Ë¥·¨Î¥¸±μ° ¢¥§¨±Ê²Ò ¸ É¥³ ¦¥ μ¡Ñ¥³μ³ V = (4π/3)R3

0, ÎÉμ ¨ ¨¸¸²¥¤Ê¥³ Ö.
Šμ²¥¡ ´¨Ö ³¥³¡· ´Ò ¢¥§¨±Ê² ¢μ ¢·¥³¥´¨ ¶·μ¨¸Ìμ¤ÖÉ ¢μ±·Ê£ ÔÉ ²μ´´μ° ¸Ë¥·Ò
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¶²μÐ ¤ÓÕ 4πR2
0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ±μ´Ë¨£Ê· Í¨Ö ³¥³¡· ´Ò ³μ¦¥É ¡ÒÉÓ Ìμ·μÏμ

¶·¥¤¸É ¢²¥´  ¸ ¶μ³μÐÓÕ ¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨±. � ¤¨Ê¸ ±¢ §¨¸Ë¥·Ò R ¥¸ÉÓ
ËÊ´±Í¨Ö ¢·¥³¥´¨ t, ¶μ²Ö·´μ£μ φ ¨  §¨³ÊÉ ²Ó´μ£μ θ Ê£²μ¢ ¨ ³μ¦¥É ¡ÒÉÓ § -
¶¨¸ ´ ± ±

R(θ, φ, t) = R0[1 + u(θ, φ, t)], (5)

£¤¥ R0 = [3/(4π)V ]1/3 Å ÔËË¥±É¨¢´Ò° · ¤¨Ê¸, μÉ ±μÉμ·μ£μ ´ Î¨´ ÕÉ¸Ö ¸³¥-
Ð¥´¨Ö (Ë²Ê±ÉÊ Í¨¨) u(θ, φ, t). �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ |u(θ, φ, t)| � 1, É ± ÎÉμ
¢¸¥ ¤ ²Ó´¥°Ï¨¥ ¢ÒÎ¨¸²¥´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ¤²Ö ¶·μ¸ÉμÉÒ ¤μ ¢Éμ·μ£μ ¶μ·Ö¤± 
¶μ u(θ, φ, t). 	¥§· §³¥·´ Ö ËÊ´±Í¨Ö u(θ, ϕ, t) ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´  ¢ ·Ö¤ ¶μ
¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

u(θ, ϕ, t) =
nmax∑
n=0

n∑
m=−n

um
n (t)Y m

n (θ, ϕ), (6)

£¤¥ Y m
n (θ, ϕ) Å μ·Éμ£μ´ ²Ó´Ò° ¡ §¨¸ ¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨Î¥¸±¨Ì ËÊ´±Í¨°.

Š·μ³¥ Éμ£μ, ¶μ¸±μ²Ó±Ê ¸³¥Ð¥´¨¥ Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó´μ° ¢¥²¨Î¨´μ°, ¢Ò-
¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥ (um

n )∗ = (−1)mu−m
n . „²Ö ¢¥§¨±Ê² ¸μ ¸² ¡μ ¤¥Ëμ·-

³¨·μ¢ ´´μ° ¸Ë¥·¨Î¥¸±μ° Ëμ·³μ° ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ Ô´¥·£¨Õ ¨§£¨¡  Hc, ¶μ¤-
¸É ¢¨¢ · §²μ¦¥´¨¥ ¶μ ¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³ (6) ¢ ¢Ò· ¦¥´¨¥ (4) ¨ ¨¸-
¶μ²Ó§ÊÖ ¸ ³μ¥ £·Ê¡μ¥ ¶·¨¡²¨¦¥´¨¥, É. ¥. ¶·¥´¥¡·¥£ Ö ¢¸¥³¨ Î²¥´ ³¨ ¢ÒÏ¥
±¢ ¤· É¨Î´μ£μ ¶μ·Ö¤±  ¶μ um

n . Œμ¦´μ ¤μ± § ÉÓ, ÎÉμ ¨¸¶μ²Ó§Ê¥³Ò¥ ¢Ò· -
¦¥´¨Ö, ¸μ¤¥·¦ Ð¨¥ ±μ³¶²¥±¸´Ò¥  ³¶²¨ÉÊ¤Ò, ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ É ±, ÎÉμ¡Ò
³´¨³Ò¥ Î ¸É¨ um

n μ¡· Ð ²¨¸Ó ¢ ´Ê²Ó ¨ ¸μÌ· ´Ö²¨¸Ó Éμ²Ó±μ ¤¥°¸É¢¨É¥²Ó´Ò¥
 ³¶²¨ÉÊ¤Ò. ’ ±¨³ μ¡· §μ³, ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ um

n ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò
¤¥°¸É¢¨É¥²Ó´Ò³¨. �μ¤·μ¡´¥¥ ¸³., ´ ¶·¨³¥·, [8, 17, 26Ä28]. „²Ö Î¨¸²¥´´ÒÌ
· ¸Î¥Éμ¢ ¤¥°¸É¢¨É¥²Ó´Ò¥  ³¶²¨ÉÊ¤Ò É ±¦¥ ¡μ²¥¥ Ê¤μ¡´Ò, Î¥³ ±μ³¶²¥±¸´Ò¥.
�  ²¨¶¨¤´ÊÕ ¢¥§¨±Ê²Ê ´ ±² ¤Ò¢ ÕÉ¸Ö · §²¨Î´Ò¥ £¥μ³¥É·¨Î¥¸±¨¥ μ£· ´¨Î¥-
´¨Ö. …¸²¨ · ¸¸³ É·¨¢ ÉÓ ¥¥ ± ± ´¥¶·μ´¨Í ¥³ÊÕ ¨ ´¥¸¦¨³ ¥³ÊÕ, ±μ²¨Î¥-
¸É¢μ ²¨¶¨¤´ÒÌ ³μ²¥±Ê² ¢ ³¥³¡· ´¥ ¸É ´μ¢¨É¸Ö ´¥¨§³¥´´Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥
¢¥§¨±Ê²  ¨³¥¥É μ£· ´¨Î¥´´ÊÕ ¶²μÐ ¤Ó A ¨ μ£· ´¨Î¥´´Ò° μ¡Ñ¥³ V . ƒ¥μ-
³¥É·¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò A ¨ V ¨ ÔËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´ Hc(u) ³μ£ÊÉ
¡ÒÉÓ ¢Ò· ¦¥´Ò Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö um

n ¨ ¨³¥ÉÓ ¸²¥¤ÊÕÐ¨° ¢¨¤
[8,12Ä14,18,26,27,29Ä31]:

A(u) = 4πR2
0 + 4πR2

0

[
u0

0√
π

+
(u0

0)
2

4π

]
+

+ R2
0

nmax∑
n�1

n∑
m=−n

[
1 +

n(n + 1)
2

]
(um

n )2 + O((um
n )4) (7)
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¤²Ö ¶²μÐ ¤¨ ¨

V (u) =
4π

3
R3

0

⎡⎣(1 +
u0

0√
4π

)3

+
3
4π

nmax∑
n�1

n∑
m=−n

(um
n )2

⎤⎦+ O((um
n )3) (8)

¤²Ö μ¡Ñ¥³ . ‡¤¥¸Ó ¨ ¤ ²¥¥ ¸¨³¢μ² u ¨¸¶μ²Ó§Ê¥É¸Ö ± ± ¸μ±· Ð¥´¨¥ ¤²Ö ¤¥°-
¸É¢¨É¥²Ó´ÒÌ ËÊ´±Í¨° (u−2

2 , u−1
2 , . . . , unmax

nmax
), ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤ ³¨

¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨±, ¢μ§´¨± ÕÐ¨Ì ¶·¨ · §²μ¦¥´¨¨ Ë²Ê±ÉÊ Í¨° Ëμ·³Ò ¢¥-
§¨±Ê² ¶μ μÉ´μÏ¥´¨Õ ± ¸Ë¥·¥ Ô±¢¨¢ ²¥´É´μ£μ μ¡Ñ¥³  ¸ · ¤¨Ê¸μ³ R0 (¸³. (6)).

‚ ¸Ê³³Ê ¶μ n ¢¢¥¤¥´μ μ¡·¥§ ´¨¥ nmax ∼ 2
√

πR0/λ, £¤¥ λ ¶μ·Ö¤±  ³¥¦-
³μ²¥±Ê²Ö·´μ£μ · ¸¸ÉμÖ´¨Ö. �μ¸±μ²Ó±Ê £ ·³μ´¨±¨ ¸ ¨´¤¥±¸ ³¨ n = 1 ¨
m = −1, 0, 1 ¸μμÉ¢¥É¸É¢ÊÕÉ ¶·μ¸Éμ³Ê ¶¥·¥´μ¸Ê ¢¥§¨±Ê²Ò, ´ Î ²μ ±μμ·¤¨-
´ É ¸¨¸É¥³Ò ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´μ É ±, ÎÉμ um

1 = 0. ’ ±¨³ μ¡· §μ³, É¥¶¥·Ó
¢¸¥ ¸Ê³³Ò ¡Ê¤ÊÉ ´ Î¨´ ÉÓ¸Ö ¸ n = 2.

� ±μ´¥Í, · ¸¸³ É·¨¢ Ö Î ¸É´Ò° ¸²ÊÎ ° ¨¸Î¥§ ÕÐ¥° ¸μ¡¸É¢¥´´μ° ±·¨-
¢¨§´Ò (cs = 0), ¤²Ö ÔËË¥±É¨¢´μ£μ £ ³¨²ÓÉμ´¨ ´  Hc(u) ¢ É¥·³¨´ Ì um

n ³Ò
¶μ²ÊÎ ¥³

Hc(u) = 8πKc +
Kc

2

nmax∑
n�2

n∑
m=−n

(n− 1)n(n + 1)(n + 2)(um
n )2+ O((um

n )3). (9)

„ ²¥¥ ¢ Hc(u) ³Ò ¡Ê¤¥³ μÉ¡· ¸Ò¢ ÉÓ Î²¥´ ¶μ¸ÉμÖ´´μ° Ô´¥·£¨¨ 8πKc.

2. �ƒ���ˆ—…�ˆŸ �‹�™�„ˆ ˆ ��š…Œ�

�£· ´¨Î¥´¨¥ ¶²μÐ ¤¨ ¨²¨ μ¡Ñ¥³  ³μ¦¥É ¡ÒÉÓ ²¥£±μ ¢±²ÕÎ¥´μ ¢ É¥μ·¨Õ
· §¤¥²Ó´μ [13, 29, 32], Î¥·¥§ ¢Ò¡μ· u0

0, ¶·¨¢μ¤ÖÐ¥£μ ± A = 4πR2
0 ¢ ¢Ò· -

¦¥´¨¨ (7) ¨²¨ ± V = (4/3)πR3
0 ¢ ¢Ò· ¦¥´¨¨ (8). �¤´ ±μ ¥¸²¨ ¢Ò¶μ²´¨ÉÓ

¢Éμ·μ¥ Ê¸²μ¢¨¥, Éμ ¸²μ¦´μ ¡Ê¤¥É ¤μ¡¨ÉÓ¸Ö ¸μ¡²Õ¤¥´¨Ö ¶¥·¢μ£μ, ¨ ´ μ¡μ·μÉ.
�¥§ ¢¨¸¨³μ μÉ Éμ£μ, ¶μ¤¤¥·¦¨¢ ¥É¸Ö ²¨ ¶μ¸ÉμÖ´´Ò³ μ¡Ñ¥³ ¨²¨ ¶²μÐ ¤Ó, ²Õ-
¡μ¥ ¨§ ÔÉ¨Ì Ê¸²μ¢¨° ¶·¨¢μ¤¨É ± ¨¸Î¥§´μ¢¥´¨Õ Î²¥´  u0

0 ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
· §²μ¦¥´¨ÖÌ. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ μ¡Ñ¥³ ¢¥§¨±Ê²Ò V
¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ Ë²Ê±ÉÊ Í¨° Ëμ·³Ò. ’ ±¨³ μ¡· §μ³, μ£· ´¨Î¥´¨¥
μ¡Ñ¥³ 

V (u) ≡ 4
3
πR3

0 (10)

μ§´ Î ¥É, ÎÉμ

u0
0 = −

√
1
4π

nmax∑
n�2

n∑
m=−n

(um
n )2 + O((um

n )3). (11)
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�μ¸²¥ ÔÉμ£μ, ¶μ¤¸É ¢¨¢ (11) ¢ (7) ¨ ¸μÌ· ´ÖÖ Î²¥´Ò ¤μ O(u2), ³Ò ¶μ²ÊÎ¨³,
ÎÉμ

A(u) = 4πR2
0

⎡⎣1 +
1
8π

nmax∑
n�2

n∑
m=−n

(n + 2)(n − 1)(um
n )2

⎤⎦. (12)

‘²¥¤ÊÕÐ Ö ¡μ²¥¥ Éμ´± Ö § ¤ Î  Å Ë¨±¸¨·μ¢ ÉÓ ¶²μÐ ¤Ó ³¥³¡· ´Ò:

A(u) = A. (13)

—Éμ¡Ò ¢±²ÕÎ¨ÉÓ Ê· ¢´¥´¨¥ (13) ¢ ´ Ï¥ · ¸¸³μÉ·¥´¨¥, ´¥μ¡Ìμ¤¨³Ò ³¥Éμ¤Ò
¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨. �·¥¦¤¥ ¢¸¥£μ, ¢¸¶μ³´¨³ ´¥±μÉμ·Ò¥ μ¸´μ¢´Ò¥ μ¶-
·¥¤¥²¥´¨Ö. � Î´¥³ ¸μ ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ƒ¥²Ó³£μ²ÓÍ  f [H(u)]:

f [H(u)] = −kBT ln {Z[H(u)]}, (14)

£¤¥ Z[H(u)] Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  · ¸¸³ É·¨¢ ¥³μ° ±¢ §¨¸Ë¥·¨Î¥¸±μ°
³¥³¡· ´Ò (± ¶¥²Ó´ Ö ³¨±·μÔ³Ê²Ó¸¨Ö ¨ ¢¥§¨±Ê² ) ¸ ÔËË¥±É¨¢´Ò³ £ ³¨²ÓÉμ-
´¨ ´μ³ H(u) (¸³. ´¨¦¥):

Z[H(u)] =
∫

D{u}{exp [−βH(u)]}, (15)

£¤¥ β = (kBT )−1. �¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ ±μ··¥±É´μ¥ μ¶·¥¤¥²¥-
´¨¥ ³¥·Ò D{u} ¤²Ö ¤¢Ê³¥·´ÒÌ ¶μ¢¥·Ì´μ¸É¥° Å ÔÉμ ´¥¶·μ¸É Ö § ¤ Î  ¸É -
É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨ (¸³. [13, 14, 31, 33, 34] ¨ ¸¸Ò²±¨ É ³). �¤´ ±μ ¤²Ö
±¢ §¨¸Ë¥·¨Î¥¸±μ° ³¥³¡· ´Ò, · ¸¸³ É·¨¢ ¥³μ° §¤¥¸Ó, ´ ³ ´¥ ´Ê¦´μ ¢ÒÌμ-
¤¨ÉÓ §  · ³±¨ É ± ´ §Ò¢ ¥³μ° ´μ·³ ²Ó´μ° ± ²¨¡·μ¢±¨, ±μÉμ· Ö, ± ± ¨§-
¢¥¸É´μ, ±μ··¥±É´  ¤²Ö ³ ²ÒÌ Ë²Ê±ÉÊ Í¨°, ¶μ ±· °´¥° ³¥·¥, ¤μ Ê·μ¢´Ö ÉμÎ-
´μ¸É¨, ¸μ¢³¥¸É¨³μ£μ ¸ ¨¸¶μ²Ó§Ê¥³Ò³ ±¢ ¤· É¨Î´Ò³ ¶·¨¡²¨¦¥´¨¥³ ¢ ¢Ò· -
¦¥´¨¨ (9) [13, 14, 30]. �  ÔÉμ³ Ê·μ¢´¥ ¶μ¤Ìμ¤ÖÐ¥° ³¥·μ° Ö¢²Ö¥É¸Ö D{u} =
const (d[u−2

2 ], d[u−1
2 ], . . . , d[unmax

nmax
]), ¨ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ um

n ¢ (15) ¢Ò¶μ²´Ö-
¥É¸Ö μÉ 0 ¤μ ∞.

…¸²¨ £ ³¨²ÓÉμ´¨ ´ H(u) Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¤¨ £μ-
´ ²Ó´μ° ±¢ ¤· É¨Î´μ° Ëμ·³μ° μÉ ¤¥°¸É¢¨É¥²Ó´μ§´ Î´ÒÌ ËÊ´±Í¨° (u−2

2 , u−1
2 ,

. . . , unmax
nmax

), Éμ ±· É´Ò° ¨´É¥£· ² ¢ (15) ¶μ um
n · ¸¶ ¤ ¥É¸Ö ´  ¶·μ¨§¢¥¤¥´¨¥

N =
n=nmax∑

n=2

m=n∑
m=−n

= n2
max + 2nmax − 3

μ¤´μ³¥·´ÒÌ £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢, ¨ ¨´É¥£·¨·μ¢ ´¨¥ ³μ¦¥É ¡ÒÉÓ ²¥£±μ ¢Ò-
¶μ²´¥´μ.

�¡ÒÎ´μ ¥¸ÉÓ ¤¢¥  ²ÓÉ¥·´ É¨¢´Ò¥ ¢μ§³μ¦´μ¸É¨, ± ± ¢±²ÕÎ¨ÉÓ μ£· ´¨Î¥-
´¨¥ ¶²μÐ ¤¨ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò (15): ¢ · ³± Ì ¸É·μ£μ°
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É· ±Éμ¢±¨, ¸ ¶μ³μÐÓÕ ¤¥²ÓÉ -ËÊ´±Í¨¨ [13, 14, 35, 36] ¨ Î¥·¥§ ÔËË¥±É¨¢´μ¥
´ ÉÖ¦¥´¨¥ ¨ ³´μ¦¨É¥²Ó ‹ £· ´¦  [12,13,18,37]. �Î¥¢¨¤´μ, ÎÉμ μ¡  ¶μ¤Ìμ¤ 
³μ¤¥²¨·ÊÕÉ ¤¢  · §´ÒÌ ¸É É¨¸É¨Î¥¸±¨Ì  ´¸ ³¡²Ö: A- ´¸ ³¡²Ó ¨ σ- ´¸ ³¡²Ó.
�±¢¨¢ ²¥´É´μ¸ÉÓ ÔÉ¨Ì  ´¸ ³¡²¥° É ±¦¥ Î ¸Éμ ¶·¨´¨³ ¥É¸Ö ± ± ¤μ²¦´μ¥ ¢ É¥μ-
·¨ÖÌ ³¥³¡· ´´ÒÌ Ë²Ê±ÉÊ Í¨°. �¤´ ±μ μ¸É ¥É¸Ö ´¥Ö¸´Ò³, ¢Ò¶μ²´Ö¥É¸Ö ²¨ ÔÉ 
Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¤²Ö ¢¸¥Ì Ì · ±É¥·¨¸É¨± ¸¨¸É¥³Ò. Š ± ³Ò ¶μ± ¦¥³ ´¨¦¥,
ÔÉ  ¶·μ¡²¥³  ´Ê¦¤ ¥É¸Ö ¢ ÉÐ É¥²Ó´μ³ · ¸¸³μÉ·¥´¨¨.

3. ‚Š‹�—…�ˆ… �ƒ���ˆ—…�ˆŸ �� �‹�™�„œ
‘ ��Œ�™œ� „…‹œ’�-”“�Š–ˆˆ

�¥·¢μ´ Î ²Ó´μ ³Ò · ¸¸³μÉ·¨³ ³¥³¡· ´Ê ¸ Ë¨±¸¨·μ¢ ´´μ° ¶μ¢¥·Ì´μ-
¸ÉÓÕ, É. ¥. ¶μ² £ Ö, ÎÉμ ³μ¤Ê²Ó ¸¦ É¨Ö Ks = ∞. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸É·μ£ Ö
É· ±Éμ¢±  Ê¸²μ¢¨° μ£· ´¨Î¥´¨Ö ¶²μÐ ¤¨ ¸ ¶μ³μÐÓÕ ¤¥²ÓÉ -ËÊ´±Í¨¨ μ¸´μ-
¢ ´  ´  μÍ¥´±¥ ¸²¥¤ÊÕÐ¥° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö (¸³., ´ ¶·¨³¥·, [13,36]):

Z[Hc(u); A] =
∫

D{u}δ
(

A − A(u)
4πR2

0

)
exp [−βHc(u)]. (16)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¤²Ö Ê¤μ¡¸É¢  § ¢¨¸¨³μ¸ÉÓ μÉ A ¢  ·£Ê³¥´É¥ ¤¥²ÓÉ -ËÊ´±Í¨¨ Ö¢´μ
¶μ± § ´  ¢  ·£Ê³¥´É Ì ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸¢μ¡μ¤´μ°
Ô´¥·£¨¨

F [Hc(u); A] = −β−1 ln {Z[Hc(u); A]}. (17)

—Éμ¡Ò ´ ²μ¦¨ÉÓ Ê¸²μ¢¨¥ (13), ³Ò ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ ‹ ¶² ¸  ¤²Ö
¤¥²ÓÉ -ËÊ´±Í¨¨

δ(x − y) =
1

2πi

a+i∞∫
a−i∞

es(x−y)ds, (18)

£¤¥ s Å ±μ³¶²¥±¸´ Ö ¶¥·¥³¥´´ Ö, ¨ ¥¥ ¤¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ a > 0. ‚ ´ Ï¥³
¸²ÊÎ ¥ (¸·. ¸ ¢Ò· ¦¥´¨¥³ (15) ¨§ [36])

δ

⎛⎝ 1
8π

nmax∑
n�2

n∑
m=−n

(n + 2)(n − 1)(um
n )2 − Δ

⎞⎠ =

=
1

2πi

a+i∞∫
a−i∞

ds exp

⎡⎣s

⎛⎝ 1
8π

nmax∑
n�2

n∑
m=−n

(n + 2)(n − 1)(um
n )2 − Δ

⎞⎠⎤⎦, (19)

£¤¥

Δ ≡ A − 4πR2
0

4πR2
0

(20)
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μ¶·¥¤¥²Ö¥É ¡¥§· §³¥·´ÊÕ (¶μ²μ¦¨É¥²Ó´ÊÕ) ¨§¡ÒÉμÎ´ÊÕ ¶²μÐ ¤Ó, ¨¸¶μ²Ó§Ê¥-
³ÊÕ ¢ ¤ ²Ó´¥°Ï¥³ · ¸¸³μÉ·¥´¨¨ ± ± ³ ²Ò° ¶ · ³¥É· ³μ¤¥²¨. ‡ ³¥É¨³, ÎÉμ
´ Ï¥ μ¶·¥¤¥²¥´¨¥ ¨§¡ÒÉμÎ´μ° ¶²μÐ ¤¨ μÉ²¨Î ¥É¸Ö μÉ ¨¸¶μ²Ó§Ê¥³μ£μ ¢ [13]
´  4π. �μ¸²¥ ¸³¥´Ò ¶μ·Ö¤±  ¨´É¥£·¨·μ¢ ´¨Ö ¢ (16) ¶μ²ÊÎ ¥³

Z[Hc(u); A] =
1

2πi

a+i∞∫
a−i∞

ds esZ[H(u; s)]. (21)

‡¤¥¸Ó Z[H(u; s)] Å ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  § ¢¨¸¨³μ£μ μÉ É¥³¶¥· ÉÊ·Ò ®£ -
³¨²ÓÉμ´¨ ´ ¯

H(u; s) = Hc(u) +
s

β

⎡⎣ 1
8π

nmax∑
n�2

n∑
m=−n

(n + 2)(n − 1)(um
n )2 − Δ

⎤⎦ (22)

¸μ ¢¸¶μ³μ£ É¥²Ó´Ò³ ±μ³¶²¥±¸´Ò³ ¶ · ³¥É·μ³ s. „¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ a > 0
¤²Ö s ¢Ò¡¨· ¥É¸Ö É ±, ÎÉμ¡Ò ¨´É¥£· ² ¢ (21) ¡Ò² ±μ´¥Î´Ò³. “¤μ¡´μ ¢¢¥¸É¨
´μ¢ÊÕ ¡¥§· §³¥·´ÊÕ ¢¥²¨Î¨´Ê

σs =
s

4πβKc
. (23)

ˆ§ (22) ¨ (9) ¶μ²ÊÎ ¥³

H(u, s) = 4πKcΔσs +
nmax∑
n=2

n∑
m=−n

an(σs)(um
n )2, (24)

£¤¥

an(σs) =
1
2
Kc(n − 1)(n + 2) [n(n + 1) + σs] . (25)

’¥¶¥·Ó Ê¤μ¡´μ ¢¢¥¸É¨ ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò:

wm
n ≡ um

n

(
Kcβ

2
(n + 2)(n − 1)

)1/2

, pn ≡ n(n + 1),
1
τ
≡ 4πKcβΔ. (26)

’μ£¤  ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê Z[H(u; s)] ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Z[H(u; s)] = Z0

∫
D{w} exp

(
−

nmax∑
n�2

n∑
m=−n

(pn + σs)(wm
n )2 +

s

τ

)
, (27)

£¤¥ Z0 Å ´¥ § ¢¨¸ÖÐ¨° μÉ s ³´μ¦¨É¥²Ó. ‘É É¨¸É¨Î¥¸± Ö ¸Ê³³  Z[H(u; s)]
¨§¢¥¸É´  (¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò ¶μ wm

n £ Ê¸¸μ¢Ò). ’ ±¨³ μ¡· §μ³, ¶μ-
²ÊÎ ¥É¸Ö

Z[Hc(u); A] ∼
a+i∞∫

a−i∞

ds es/τ
nmax∏
n�2

(pn + σs)−(n+1/2). (28)
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„²Ö τ � 1, É. ¥. 1/(βKc) � 1, ¨ τ � 1, É. ¥. 1/(βKc) � 1,  ´ ²¨É¨Î¥¸±¨¥ · ¸-
Î¥ÉÒ ¤²Ö É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¸·¥¤´¨Ì ±¢ ¤· É   ³¶²¨ÉÊ¤ um

n ¡Ò²¨ ¢Ò¶μ²´¥´Ò
¢ · ¡μÉ Ì [13, 14]. „²Ö ¶μ²´μÉÒ ± ·É¨´Ò ±· É±μ ¶·¥¤¸É ¢¨³ ·¥§Ê²ÓÉ ÉÒ ¤²Ö
± ¦¤μ£μ ¨§ ÔÉ¨Ì ¤¢ÊÌ ¸²ÊÎ ¥¢. ˆ´É¥£· ² ¢ (28) ³μ¦´μ ¢§ÖÉÓ ³¥Éμ¤μ³ ¶¥·¥¢ ² .

„²Ö ¸²ÊÎ Ö τ � 1 ¨³¥¥³

〈(um
n )2〉H(u;A) =

1
5

1
βKcτ

[
1
2
− τ

∑
n�3

1
(n + 2)(n − 1)(n2 + n − 6)

+ O(τ3)

]
(29)

¤²Ö n = 2 ¨

〈(um
n )2〉H(u;A) =

1
βKc

[
1

(n + 2)(n − 1)(n2 + n − 6)
+ O(τ)

]
(30)

¤²Ö n � 3. � ¸Ï¨·¥´¨¥ §  ¶·¥¤¥²Ò £² ¢´ÒÌ Î²¥´μ¢ ¤²Ö ³ ²ÒÌ τ ¢μ§³μ¦´μ,
´μ ¢ ÔÉμ³ ¸²ÊÎ ¥ Ê¶ÊÐ¥´´Ò¥ · ´¥¥ Î²¥´Ò ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¢ · §-
²μ¦¥´¨ÖÌ (7)Ä(9) ¤μ²¦´Ò ¡ÒÉÓ ¶·¨´ÖÉÒ ¢μ ¢´¨³ ´¨¥ ¤²Ö ¸μ£² ¸μ¢ ´´μ¸É¨
¨¸¶μ²Ó§Ê¥³μ£μ ¶·¨¡²¨¦¥´¨Ö.

‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ τ � 1 Ô´¥·£¨Ö ¨§£¨¡  ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ±
³ ²μ¥ ¢μ§³ÊÐ¥´¨¥, ¨ ¢ ¸ ³μ³ ´¨§±μ³ ¶μ·Ö¤±¥ ¨³¥¥³

〈(um
n )2〉H(u;A) ≈

1
βKcτ

[
2

N(n + 2)(n − 1)

]
, (31)

£¤¥ N =
nmax∑
n�2

n∑
m=−n

= (nmax + 1)2 − 4 Å ÔÉμ ´ ²¨Î´μ¥ ±μ²¨Î¥¸É¢μ ³μ¤.

4. ‚Š‹�—…�ˆ… �ƒ���ˆ—…�ˆŸ �� �‹�™�„œ
‘ ��Œ�™œ� 	””…Š’ˆ‚��ƒ� ��’Ÿ†…�ˆŸ

�μ¤Ìμ¤ ± ¶·μ¡²¥³¥, ¶·¥¤²μ¦¥´´Ò° Œ¨²´¥·μ³, ‘ Ë· ´μ³ (1987) ¨ ‡¥°-
Ë¥·Éμ³ (1995), ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò · ¸¸³ É·¨¢ ÉÓ Z[H(u; s)] ¢ ¢Ò· ¦¥-
´¨¨ (21) ± ± ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê ®¡μ²ÓÏμ£μ ± ´μ´¨Î¥¸±μ£μ  ´¸ ³¡²Ö¯,
¢ ±μÉμ·μ° s ¸É ´μ¢¨É¸Ö ¤¥°¸É¢¨É¥²Ó´μ° ¶¥·¥³¥´´μ° (´ §Ò¢ ¥³μ° ÔËË¥±É¨¢-
´Ò³ ´ ÉÖ¦¥´¨¥³ ¨ μ¡μ§´ Î ¥³μ° σ) ¸μ¶·Ö¦¥´´μ° ¸ A(u) ¨ ¡μ²¥¥ ´¥ Ö¢²Ö-
ÕÐ¥°¸Ö ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³. ‡´ Î¥´¨¥ σ ¢Ò¡· ´μ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò
Ê· ¢´¥´¨¥ Ê¸²μ¢¨Ö ´  ¶²μÐ ¤Ó (13) ¢Ò¶μ²´Ö²μ¸Ó ¢ ¸·¥¤´¥³. �¡· É¨³ ¢´¨³ -
´¨¥, ÎÉμ ¸¨ÉÊ Í¨Ö §¤¥¸Ó μÎ¥´Ó ´ ¶μ³¨´ ¥É ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ¸Ë¥·¨Î¥¸±μ°
³μ¤¥²ÓÕ 	¥·²¨´ ÄŠ Í  ¨ Ê¸·¥¤´¥´´μ° ³μ¤¥²ÓÕ ‹¥¢¨¸ Ä‚ ´Ó¥ ¢ É¥μ·¨¨ ³ £-
´¥É¨§³ , ±μÉμ·Ò¥ ¶·¨´ ¤²¥¦ É · §´Ò³  ´¸ ³¡²Ö³ ¸ ®± ´μ´¨Î¥¸±¨³¯ ¨ ®¡μ²Ó-
Ï¨³ ± ´μ´¨Î¥¸±¨³¯ · ¸¶·¥¤¥²¥´¨Ö³¨ (¸³., ´ ¶·¨³¥·, [38] ¨ £². 3 ¢ [39]).
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„·Ê£¨³¨ ¸²μ¢ ³¨, ¢³¥¸Éμ · ¡μÉÒ ¸ Ë¨±¸¨·μ¢ ´´μ° ¶²μÐ ¤ÓÕ A(u) ¡Ò²μ
¨¸¶μ²Ó§μ¢ ´μ ÔËË¥±É¨¢´μ¥ ´ ÉÖ¦¥´¨¥ ± ± ³´μ¦¨É¥²Ó ‹ £· ´¦  σ, ¸μ¶·Ö¦¥´-
´Ò° ¸ A(u). ‚ ÔÉμ³ ¸²ÊÎ ¥ £ ³¨²ÓÉμ´¨ ´ ³μ¤¥²¨ ¶·¨´¨³ ¥É ¢¨¤

H(u; σ) = Hc(u) + σA(u). (32)

�É  ³μ¤¥²Ó, ¶μ ¸ÊÉ¨, Ö¢²Ö¥É¸Ö £ Ê¸¸μ¢μ° ³μ¤¥²ÓÕ ¸ μ£· ´¨Î¥´¨¥³ ´  ¶²μÐ ¤Ó
¢¥§¨±Ê²Ò, ´ ² £ ¥³Ò³ ¶μ¸·¥¤¸É¢μ³ σ. �¡ ÔÉμ° ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³¥ ³μ¦´μ
¤Ê³ ÉÓ ± ± μ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ´¸ ³¡²Õ, ±μÉμ·Ò° μ¡μ¡Ð ¥É A- ´¸ ³¡²Ó,
¤μ¶Ê¸± Ö Ë²Ê±ÉÊ Í¨¨ ¶²μÐ ¤¨ ¢ ¸¨¸É¥³¥ ¸ Ë¨±¸¨·μ¢ ´´Ò³ μ¡Ñ¥³μ³ V . ‘É -
É¨¸É¨Î¥¸± Ö ¸Ê³³  ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Z[H(u); σ] =
∫

D{u} exp [−βH(u; σ)], (33)

¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö ÔÉμ

F [H(u; σ)] = −β−1 ln {Z[H(u); σ]}. (34)

’¥·³μ¤¨´ ³¨Î¥¸±μ¥ ¸·¥¤´¥¥ ¢¥²¨Î¨´Ò A(u) ¸ ¶μ³μÐÓÕ H(u; σ) ³Ò ¡Ê¤¥³
μ¶·¥¤¥²ÖÉÓ ¸É ´¤ ·É´Ò³ ¸¶μ¸μ¡μ³:

〈A(u)〉H(u;σ) = {Z[H(u; σ)]}−1
∫

D{u}A(u) exp [−βH(u; σ)]. (35)

‚¢¥¤¥³

σMS =
R2

0

Kc
σ, (36)

±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¡¥§· §³¥·´μ¥ ÔËË¥±É¨¢´μ¥ ´ ÉÖ¦¥´¨¥ Œ¨²´¥· 
¨ ‘ Ë· ´ . „²Ö Ê¤μ¡¸É¢  ¨§³¥´¨³ μ¡μ§´ Î¥´¨Ö H(u; σ) ≡ H(u; σMS), Éμ£¤ 
¸ ¶μ³μÐÓÕ (9) ¨ (12) ´¥¸²μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ÉμÎ´ÊÕ Ëμ·³Ê £ ³¨²ÓÉμ´¨ ´  (32)
¢ ¢¨¤¥

H(u; σMS) = 4πσMSKc +
nmax∑
n�2

n∑
m=−n

an(σMS)(um
n )2, (37)

£¤¥

an(σMS) =
1
2
Kc(n − 1)(n + 2) [n(n + 1) + σMS] . (38)

�μ²¥§´μ ¡Ê¤¥É ¸· ¢´¨ÉÓ £ ³¨²ÓÉμ´¨ ´Ò (24) ¨ (37). …¤¨´¸É¢¥´´Ò³ μÉ-
²¨Î¨¥³ Ö¢²Ö¥É¸Ö § ³¥´  σs ¢ ¶¥·¢μ³ ´  σMS. ‡¤¥¸Ó ¨ ¤ ²¥¥ ¶μ² £ ¥³, ÎÉμ
Î¥·É  ´ ¤ ²Õ¡μ° ¶¥·¥³¥´´μ° μ§´ Î ¥É ®¡¥§· §³¥·´ Ö ¢¥²¨Î¨´ , ¶μ²ÊÎ¥´´ Ö ¸
¶μ³μÐÓÕ ³´μ¦¨É¥²Ö R2

0/Kc¯.
’¥¶¥·Ó ¢ÒÎ¨¸²¥´¨¥ £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢ ¢ ¢Ò· ¦¥´¨ÖÌ (33) ¨ (35) ´¥

¶·¥¤¸É ¢²Ö¥É ¡μ²ÓÏμ° ¸²μ¦´μ¸É¨. “· ¢´¥´¨¥ ´  μ£· ´¨Î¥´¨¥ ¶²μÐ ¤¨ ¢Ò-
£²Ö¤¨É ± ±

〈A(u)〉H(u;σMS) = A, (39)
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¨²¨ Ô±¢¨¢ ²¥´É´μ (¸·. ¸ (12) ¨ (13))

1 − 4πR2
0

A
− R2

0

A

nmax∑
n�2

n∑
m=−n

[
(n + 2)(n − 1)

2

] 〈
(um

n )2
〉

H(u;σMS)
= 0. (40)

’ ±¨³ μ¡· §μ³, §´ Î¥´¨¥ σMS μ¶·¥¤¥²Ö¥É¸Ö ¨§ Éμ£μ, ÎÉμ Ê¸²μ¢¨¥ μ£· ´¨Î¥´¨Ö
¶²μÐ ¤¨ (13) ¢Ò¶μ²´¥´μ ¢ ¸·¥¤´¥³. ‚μ§³μ¦´ÊÕ Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¤ ´´μ£μ
´μ¢μ£μ ¸É É¨¸É¨Î¥¸±μ£μ  ´¸ ³¡²Ö, · ¸¸³μÉ·¥´´μ£μ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤. 3, ³Ò
μ¡¸Ê¤¨³ ¤ ²¥¥, ¢ · §¤. 5.

‡¤¥¸Ó ¤²Ö ¸·¥¤´¨Ì ±¢ ¤· Éμ¢  ³¶²¨ÉÊ¤

〈(um
n )2〉H(u;σMS) = {Z[H(u; σMS)]}−1

∫
D{u}(um

n )2 exp [−βH(u; σMS)],

(41)
¨ ³Ò ¸· §Ê ¶μ²ÊÎ ¥³ (¨§ (37) ¸²¥¤Ê¥É, ÎÉμ ¨´É¥£· ²Ò £ Ê¸¸μ¢Ò)

〈
(um

n )2
〉

H(u;σMS)
=

8πγ

(n − 1)(n + 2)[n(n + 1) + σMS]
, (42)

£¤¥

γ ≡ 1
8π

1
βKc

. (43)

�£· ´¨Î¥´¨¥ ¶²μÐ ¤¨ ³¥³¡· ´Ò, £ · ´É¨·μ¢ ´´μ¥ ³´μ¦¨É¥²¥³ ‹ £· ´-
¦  σ (¸³. (32)), ¸μ¶·Ö¦¥´´Ò³ ¸ ·¥ ²Ó´μ° ¶²μÐ ¤ÓÕ A(u) [14, 30, 37, 40, 41],
¶·¨´ÖÉμ ¸Î¨É ÉÓ ¡μ²¥¥ ¶·μ¸ÉÒ³ ¶μ¤Ìμ¤μ³. Œ´μ¦¨É¥²Ó ‹ £· ´¦  ´¥ ³μ¦¥É
¡ÒÉÓ ¨§³¥·¥´ ´ ¶·Ö³ÊÕ ¨ μ¶·¥¤¥²Ö¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´μ ´  μ¸´μ¢¥ É¥³¶¥-
· ÉÊ·Ò ¨ ¤μ¶μ²´¨É¥²Ó´μ° Ë¨§¨Î¥¸±¨ §´ Î¨³μ° ¢¥²¨Î¨´Ò, ´ §Ò¢ ¥³μ° ¨§¡Ò-
ÉμÎ´μ° ¶²μÐ ¤ÓÕ ΔMS [13,37]. ‚Ò· ¦¥´¨¥ (42) ¶μ§¢μ²Ö¥É ¨§  ´ ²¨§  ¤ ´´ÒÌ
Ë²¨±±¥·-¸¶¥±É·μ¸±μ¶¨¨ ´ °É¨ §´ Î¥´¨Ö Kc (¸ ÊÎ¥Éμ³ (43)) ¨ σMS, · ¸¸³ -
É·¨¢ Ö ¨Ì ± ± ¶μ¤£μ´μÎ´Ò¥ ¶ · ³¥É·Ò.

�μ μ¶·¥¤¥²¥´¨Õ (¡¥§· §³¥·´ Ö) ¨§¡ÒÉμÎ´ Ö ¶²μÐ ¤Ó ΔMS ¸¢Ö§ ´  ¸ ¢¥-
§¨±Ê²μ° Ë¨±¸¨·μ¢ ´´μ£μ μ¡Ñ¥³  V = (4π/3)R3

0 ¨ Ë¨±¸¨·μ¢ ´´μ° ¢ ¸·¥¤´¥³
¶²μÐ ¤ÓÕ, ±μÉμ· Ö Ë²Ê±ÉÊ¨·Ê¥É (¨§-§  É¥¶²μ¢ÒÌ ±μ²¥¡ ´¨° ¶·¨ É¥³¶¥· ÉÊ·¥
T > 0) ¢¡²¨§¨ 4πR2

0, ¶μ¸·¥¤¸É¢μ³ ¸μμÉ´μÏ¥´¨Ö

ΔMS ≡
〈A(u)〉H(u;σMS) − 4πR2

0

4πR2
0

> 0. (44)

Šμ³¡¨´¨·ÊÖ (40) ¸ (44), ¶μ²ÊÎ ¥³

ΔMS =
1
8π

nmax∑
n�2

n∑
m=−n

(n + 2)(n − 1)〈(um
n )2〉H(u;σMS). (45)
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‚ ¨Éμ£¥, ´  μ¸´μ¢¥ (42) ¨ (45) ³Ò ³μ¦¥³ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ ¨§¡ÒÉμÎ´ Ö
¶²μÐ ¤Ó ¶μ¤Î¨´Ö¥É¸Ö ´¥Ö¢´μ³Ê Ê· ¢´¥´¨Õ [13,35]

ΔMS

γ
=

nmax∑
n=2

2n + 1
n(n + 1) + σMS(ΔMS)

. (46)

’ ±¨³ μ¡· §μ³, ¶μ¸²¥ ¨¸±²ÕÎ¥´¨Ö ³´μ¦¨É¥²Ö ‹ £· ´¦  σMS ¸·¥¤´¥¥ §´ Î¥-
´¨¥ ±¢ ¤· É   ³¶²¨ÉÊ¤ (um

n ), ± ± ¸²¥¤Ê¥É ¨§ ¢Ò· ¦¥´¨° (42) ¨ (46), § ¢¨¸¨É
Éμ²Ó±μ μÉ ΔMS/γ ¨ nmax.

“· ¢´¥´¨¥ (46) ¡Ò²μ ¶μ²ÊÎ¥´μ ¨ ¶·μ ´ ²¨§¨·μ¢ ´μ ³´μ£¨³¨  ¢Éμ· ³¨
[12,13,30,31,35]. ˆ§¡ÒÉμÎ´ Ö ¶²μÐ ¤Ó ΔMS ± ± ËÊ´±Í¨Ö μÉ´μÏ¥´¨Ö σMS/N
¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° N ¡Ò²  ¶·μ ´ ²¨§¨·μ¢ ´  Î¨¸²¥´´μ ¢ · ¡μÉ¥ [31].
‚ É ±μ° É¥μ·¨¨ (É· ¤¨Í¨μ´´Ò° ¶μ¤Ìμ¤ ¸ ÔËË¥±É¨¢´Ò³ ´ ÉÖ¦¥´¨¥³) ¡¥§· §-
³¥·´ Ö ¨§¡ÒÉμÎ´ Ö ¶²μÐ ¤Ó ¨¸¶μ²Ó§Ê¥É¸Ö ± ± ³ ²Ò° ¶ · ³¥É· ΔMS � 1.
‘²¥¤μ¢ É¥²Ó´μ, Î²¥´ ¢ ¶· ¢μ° Î ¸É¨ (46) É ±¦¥ ³ ² ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¢¥²¨-
Î¨´  σMS(ΔMS) ¤μ²¦´  ¡ÒÉÓ ¢¥²¨± . � Ï  ´ ²¨§ ¢Ò· ¦¥´¨Ö (46) (¶μ¤·μ¡´¥¥
¸³. [42]) ¶μ± §Ò¢ ¥É, ÎÉμ ¨³¥ÕÉ ³¥¸Éμ ¸²¥¤ÊÕÐ¨¥ ËÊ´±Í¨μ´ ²Ó´Ò¥ § ¢¨¸¨-
³μ¸É¨:

σMS(ΔMS) ≈ N exp
(
−ΔMS

γ

)
, exp

(
−ΔMS

γ

)
� 1, (47)

¨ μ¡· É´μ

ΔMS(σMS) ≈ γ ln
(

N

σMS

)
,

N

σMS
� 1, (48)

£¤¥ N ≈ (nmax)2 Å Î¨¸²μ ²¨¶¨¤´ÒÌ ³μ²¥±Ê² ¢ ³¥³¡· ´¥ ¢¥§¨±Ê²Ò. „ ²¥¥,
±μ£¤  ÔÉμ ´¥ ¡Ê¤¥É ¢Ò§Ò¢ ÉÓ ¶ÊÉ ´¨ÍÒ, ¡Ê¤¥³ μ¶Ê¸± ÉÓ  ·£Ê³¥´ÉÒ ¢ σMS

¨ ΔMS. �´ ²μ£¨Î´μ¥ ¸μμÉ´μÏ¥´¨¥ ¡Ò²μ ¶μ²ÊÎ¥´μ ¢ · ¡μÉ¥ [13] (¸³. É ±¦¥
±μ³³¥´É ·¨¨ ¢ [37]) ¶·μ¸Éμ ¸ ¶μ³μÐÓÕ § ³¥´Ò ¸Ê³³Ò ´  ¨´É¥£· ² ¢ ¶· ¢μ°
Î ¸É¨ (46). ‚ ´ Ï¥³ · ¸¸³μÉ·¥´¨¨ [42] ÔÉ  ¸Ê³³  μÍ¥´¨¢ ¥É¸Ö ¶μ Ëμ·³Ê²¥
�°²¥· ÄŒ ±²μ·¥´ . �Éμ μ¶·¥¤¥²Ö¥É ¤·Ê£μ° ¤¨ ¶ §μ´ ¶·¨³¥´¨³μ¸É¨ ´ Ï¥£μ
·¥§Ê²ÓÉ É , § ¤ ´´μ£μ ´¥· ¢¥´¸É¢μ³ (47).

�·¨ Kc → 0 Ô´¥·£¨Ö ¨§£¨¡  ¸É ´μ¢¨É¸Ö ´¥¸ÊÐ¥¸É¢¥´´μ° ¤²Ö  ³¶²¨ÉÊ¤
Ë²Ê±ÉÊ Í¨°, ¨ ³μ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ± ¦¤ Ö ³μ¤  ¢´μ¸¨É · ¢´Ò° ¢±² ¤
¢ ¨§¡ÒÉμÎ´ÊÕ ¶²μÐ ¤Ó [12]. ’ ±¨³ μ¡· §μ³, ¨§ Ê· ¢´¥´¨° (40) ¨ (44) ¸· §Ê
¸²¥¤Ê¥É

ΔMS =
1
4π

N

[
(n + 2)(n − 1)

2

] 〈
(um

n )2
〉

H(u;σMS)
(49)

¢ ¶μ²´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò· ¦¥´¨¥³ (31), ¶μ²ÊÎ¥´´Ò³ · ´¥¥ ¢ ¶μ¤Ìμ¤¥ ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ ¤¥²ÓÉ -ËÊ´±Í¨°. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¨§ Ê· ¢´¥´¨Ö (42) ¶μ²ÊÎ ¥³〈

(um
n )2

〉
H(u;σMS)

≈ 8πγ

(n − 1)(n + 2)σMS
. (50)
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ˆ¸±²ÕÎ Ö
〈
(um

n )2
〉

H(u;σMS)
¨§ ÔÉ¨Ì ¤¢ÊÌ Ê· ¢´¥´¨°, ¨³¥¥³

σMS ≈ γ

ΔMS
N. (51)

’ ±¨³ μ¡· §μ³, ¤²Ö ¢¥§¨±Ê²Ò, ÎÓÖ Ëμ·³  ¡²¨§±  ± ¸Ë¥·¨Î¥¸±μ°, É. ¥. ¶·¨
ΔMS → 0, μ¦¨¤ ¥É¸Ö, ÎÉμ ÔËË¥±É¨¢´μ¥ ´ ÉÖ¦¥´¨¥ ¡Ê¤¥É ¶·μ¶μ·Í¨μ´ ²Ó´μ
N [12, 28]. �¥§Ê²ÓÉ ÉÒ,  ´ ²μ£¨Î´Ò¥ (47) ¨ (51), ¶μ²ÊÎ¥´Ò · ´¥¥ ¤²Ö ¶μÎÉ¨
¶²μ¸±μ° ³¥³¡· ´Ò ¢ · ¡μÉ¥ [36]. ‚Ò· ¦¥´¨¥, ¶μ¤μ¡´μ¥ ¢Ò· ¦¥´¨Õ (47),
¡Ò²μ ¶·μ ´ ²¨§¨·μ¢ ´μ ¤²Ö ¶μÎÉ¨ ¶²μ¸±μ° ³¥³¡· ´Ò ¢ ·¥¦¨³¥ ³ ²μ£μ ´ ÉÖ-
¦¥´¨Ö ¢ · ¡μÉ¥ [43] ¢ ¸²ÊÎ ÖÌ Ô´É·μ¶¨°´μ-´ ÉÖ¦¥´´μ£μ ¨ · ¸ÉÖ´ÊÉμ-´ ÉÖ¦¥´-
´μ£μ ·¥¦¨³μ¢. �´ ²¨§ ¤ ´´ÒÌ ³μ¤¥²¨·μ¢ ´¨Ö ¢ Ô±¸¶¥·¨³¥´É ²Ó´μ ¤μ¸ÉÊ¶´μ³
¤¨ ¶ §μ´¥ ´ ÉÖ¦¥´¨° ¶μ± §Ò¢ ¥É, ÎÉμ ÔËË¥±ÉÒ · ¸ÉÖ¦¥´¨Ö ³¥³¡· ´Ò ´¥μ¡-
Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ.

5. 	Š‚ˆ‚�‹…�’��‘’œ ��‘�Œ�‹…‰

�μ Ë¨§¨Î¥¸±¨³ ¶·¨Î¨´ ³ ´ ¸ ¨´É¥·¥¸Ê¥É ¸¨ÉÊ Í¨Ö, ±μ£¤  μ¡Ð Ö ¶²μ-
Ð ¤Ó A ¢¥§¨±Ê²Ò § Ë¨±¸¨·μ¢ ´ . �É³¥É¨³, ÎÉμ ¢³¥¸Éμ · ¡μÉÒ ¸ § Ë¨±¸¨·μ-
¢ ´´μ° Î¥·¥§ ¤¥²ÓÉ -ËÊ´±Í¨Õ ¶²μÐ ¤ÓÕ ³¥³¡· ´Ò A ¢ ¡μ²ÓÏ¨´¸É¢¥ ¸²ÊÎ ¥¢
(¨§ ¸μ¡· ¦¥´¨Ö ³ É¥³ É¨Î¥¸±μ° ¶·μ¸ÉμÉÒ) ¨¸¶μ²Ó§μ¢ ²μ¸Ó ÔËË¥±É¨¢´μ¥ ´ -
ÉÖ¦¥´¨¥ ¨ ³´μ¦¨É¥²Ó ‹ £· ´¦  σ, ¸μ¶·Ö¦¥´´Ò° ¸ A. ‚ É ±μ³ ¶μ¤Ìμ¤¥
¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö F § ¢¨¸¨É μÉ (σ; V ), Éμ£¤  ± ± ¢ ¶¥·¢μ³ ¶μ¤Ìμ¤¥ ¸¢μ¡μ¤-
´ Ö Ô´¥·£¨Ö f § ¢¨¸¨É μÉ (A; V ). ‘μ ¸É É¨¸É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ³μ¤¥²Ó
¸ ¤¥²ÓÉ -ËÊ´±Í¨¥° μ¶·¥¤¥²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ μ¡Ð¥£μ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ-
´μ¸É¨ ¶¥·¥³¥´´ÒÌ um

n , § ¤ ´´μ£μ ³¥·μ°, ±μÉμ· Ö μÉ²¨Î ¥É¸Ö μÉ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥£μ · ¸¶·¥¤¥²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¤²Ö ³μ¤¥²¨ ¸ ³´μ¦¨É¥²¥³ ‹ £· ´¦  σ.
’ ±¨³ μ¡· §μ³, ÔÉ¨ ¤¢¥ ³μ¤¥²¨, ¢ μ¡Ð¥³ ¸²ÊÎ ¥, ¸É É¨¸É¨Î¥¸±¨ ´¥ Ô±¢¨¢ -
²¥´É´Ò. •μÉÖ ÔÉ¨ ¤¢  ¶μ¤Ìμ¤  ³μ¤¥²¨·ÊÕÉ ¤¢  · §´ÒÌ ¸É É¨¸É¨Î¥¸±¨Ì  ´-
¸ ³¡²Ö, Ï¨·μ±μ · ¸¶·μ¸É· ´¥´μ ³´¥´¨¥, ÎÉμ μ´¨ ¶·¨¢μ¤ÖÉ ± Ô±¢¨¢ ²¥´É´Ò³
·¥§Ê²ÓÉ É ³. �·¥¦¤¥ ¢¸¥£μ ¸Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ Ô±¢¨¢ ²¥´É´μ¸ÉÓ  ´¸ ³¡²¥°
É¥¸´μ ¸¢Ö§ ´  ¸ ¶μ´ÖÉ¨¥³ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶·¥¤¥² , ±μÉμ·Ò° μ¡Ö§ ´ ¡ÒÉÓ
Î¥É±μ μ¶·¥¤¥²¥´. �μÔÉμ³Ê ¶μ²¥§´μ ¤ ÉÓ ´¥¡μ²ÓÏμ° ±μ³³¥´É ·¨° ¶μ ÔÉμ³Ê
¶μ¢μ¤Ê.

„μ± § É¥²Ó¸É¢μ Ô±¢¨¢ ²¥´É´μ¸É¨ ¤¢ÊÌ ¸É É¨¸É¨Î¥¸±¨Ì  ´¸ ³¡²¥° ¢μ¸Ìμ-
¤¨É ± ƒ¨¡¡¸Ê [44] ¨ Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢μ° ¶·μ¡²¥³μ° · ¢´μ¢¥¸´μ° ¸É É¨¸É¨Î¥-
¸±μ° ³¥Ì ´¨±¨. ‚ ¸μ¢·¥³¥´´μ³ ¶μ´¨³ ´¨¨ É¥·³¨´ Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¨³¥¥É
É·¨ · §´ÒÌ §´ Î¥´¨Ö, ± ¦¤μ¥ ´  · §´μ³ Ê·μ¢´¥ ¨´Ëμ·³ Í¨¨ (¸³. [45, 46]).
�μ¸±μ²Ó±Ê ¶ · ³¥É· σ ´¥ ³μ¦¥É ¡ÒÉÓ ¨§³¥·¥´ ´ ¶·Ö³ÊÕ, ³μ¦´μ ¶μ¤Ê³ ÉÓ,
ÎÉμ ´ ¨¡μ²¥¥ ¶μ¤Ìμ¤ÖÐ¨³ ¸¶μ¸μ¡μ³ ¤μ²¦´μ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´¨¥  ´¸ ³¡²Ö
(A, V ), ´μ, ± ± ¡Ò²μ ¶μ± § ´μ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì, ¢ÒÎ¨¸²¥´¨Ö ¢ · ³± Ì
 ´¸ ³¡²Ö (σ, V ) ¶·μÐ¥, Î¥³ ¢ÒÎ¨¸²¥´¨Ö ¢  ´¸ ³¡²¥ (A, V ). ’ ±¨³ μ¡· §μ³,



576 ’��—…‚ �.‘.

¡Ê¤ÊÎ¨ μ£· ´¨Î¥´´Ò³ ¢ÒÎ¨¸²¨É¥²Ó´Ò³¨ É·Ê¤´μ¸ÉÖ³¨, ¶·¥¤¶μÎÉ¨É¥²Ó´¥¥ ¨¸-
¶μ²Ó§μ¢ ÉÓ (A, σ),   § É¥³ ¶¥·¥°É¨ ± Ë¨§¨Î¥¸±¨ §´ Î¨³Ò³ ¶ · ³¥É· ³ (A, V ).
�¥·¥Ìμ¤ μÉ ¶¥·¥³¥´´ÒÌ (A, V ) ± (σ, V ) ¢Ò¶μ²´Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ-
¢ ´¨Ö ‹¥¦ ´¤· Ä”¥´Ì¥²Ö, ±μÉμ·μ¥ ¢Ò· ¦ ¥É É¥·³μ¤¨´ ³¨Î¥¸±¨° ¶μÉ¥´Í¨ ²
f(A, V ) Î¥·¥§ F (σ, V ) ± ±

f(A, V ) = max
σ

[F (σ, V ) + σA]. (52)

�´μ ¸¢μ¤¨É¸Ö ± ¶·¥μ¡· §μ¢ ´¨Õ ‹¥¦ ´¤·  ¢ ¸²ÊÎ ¥ ¢Ò¶Ê±²ÒÌ ¤¨ËË¥·¥´Í¨-
·Ê¥³ÒÌ ËÊ´±Í¨°. �¥·¢Ò° Ê·μ¢¥´Ó Ô±¢¨¢ ²¥´É´μ¸É¨  ´¸ ³¡²¥° (É. ¥. ´  Ê·μ¢´¥
É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¶μÉ¥´Í¨ ²μ¢) ¨³¥¥É ³¥¸Éμ, ¥¸²¨ ¢¸¥ É¥·³μ¤¨´ ³¨Î¥¸±¨¥
¶μÉ¥´Í¨ ²Ò ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£μ³ ¶·¥μ¡· §μ-
¢ ´¨¥³ ‹¥¦ ´¤·  ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì §´ Î¥´¨° ¶ · ³¥É·μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ £ -
³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò. ƒ·Ê¡μ £μ¢μ·Ö, É ± Ö Ô±¢¨¢ ²¥´É´μ¸ÉÓ μ¡ÒÎ´μ ¤ ¥É¸Ö
¶·¨ μÉ¸ÊÉ¸É¢¨¨ Ë §μ¢ÒÌ ¶¥·¥Ìμ¤μ¢, É. ¥. Éμ²Ó±μ ¤²Ö É¥Ì É¥·³μ¤¨´ ³¨Î¥¸±¨Ì
¶ · ³¥É·μ¢, ¤²Ö ±μÉμ·ÒÌ ´¥É ¸¨´£Ê²Ö·´μ¸É¥°.

�·¥μ¡· §μ¢ ´¨¥ (52) Ìμ·μÏμ μ¶·¥¤¥²¥´μ, ¥¸²¨ F (σ, V ) Å ¢Ò¶Ê±² Ö
ËÊ´±Í¨Ö:

∂2F (σ, V )
∂2σ

< 0. (53)

�μ¸±μ²Ó±Ê ¢ ´ Ï¥³ ¸²ÊÎ ¥ F (σ, V ) = F [H(u; σ)] Ö¢²Ö¥É¸Ö ¤¨ËË¥·¥´Í¨·Ê¥³μ°
ËÊ´±Í¨¥° ¶ · ³¥É·  σ, ¢Ò· ¦¥´¨¥ (53) ¸¶· ¢¥¤²¨¢μ. �´  ¤μ¸É¨£ ¥É ¸¢μ¥£μ
³ ±¸¨³Ê³  ¶·¨ ¥¤¨´¸É¢¥´´μ³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö

dF (σ, V )
dσ

= A, (54)

¨²¨ ¡μ²¥¥ ¤¥É ²Ó´μ

∂

∂σ
F [H(u; σ)] ≡ − R2

0

βKc

∂

∂σMS
ln Z[H(u; σMS)] = A, (55)

ÎÉμ ´¥Ö¢´μ ¸¢Ö§Ò¢ ¥É σ ¸ A. ‚Ò· ¦¥´¨¥ (55) ¸μ¢¶ ¤ ¥É ¸ (39). ’¥·³μ¤¨-
´ ³¨±  ¢¥§¨±Ê²Ò ¢ ¶¥·¥³¥´´ÒÌ (A, V ) ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨
(34) ¨ (52).

	μ²¥¥ ÉμÎ´μ, ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ± ´μ´¨Î¥-
¸± Ö ¶²μÉ´μ¸ÉÓ ¸¢μ¡μ¤´μ° Ô´¥·£¨¨

f∞(A, V ) = lim
N→∞

f(A, V )
N

(56)

¸¢Ö§ ´  ¸ ¡μ²ÓÏμ° ± ´μ´¨Î¥¸±μ° ¸¢μ¡μ¤´μ° Ô´¥·£¨¥°

F∞(σ, V ) = lim
N→∞

F (σ, V )
N

(57)
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¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤· 

f∞(A, V ) = F∞(σ(A), V ) + σ(A)A, (58)

£¤¥ σ(A) Å ·¥Ï¥´¨¥
dF∞(σ, V )

dσ
= A. (59)

�Éμ ¸¶μ¸μ¡ ¢Ò¢¥¸É¨ ·¥§Ê²ÓÉ ÉÒ (A, V ) ¨§ (σ, V ).
�±¢¨¢ ²¥´É´μ¸ÉÓ  ´¸ ³¡²¥° ¨³¥¥É ³¥¸Éμ, Éμ²Ó±μ ¥¸²¨ F∞(σ, V ) ³μ¦¥É

¡ÒÉÓ ¢μ¸¸É ´μ¢²¥´  ¨§ f∞(A, V ) ¸ ¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤· . ’·¥-
¡μ¢ ´¨¥ ´ ²¨Î¨Ö μ¡μ¨Ì É¨¶μ¢ ¶·¥μ¡· §μ¢ ´¨° ‹¥¦ ´¤·  ¤¥² ¥É ¶·μ¢¥·±Ê
Ô±¢¨¢ ²¥´É´μ¸É¨ ¸²μ¦´μ° § ¤ Î¥°, ·¥Ï ¥³μ° Éμ²Ó±μ ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³
¶·¥¤¥²¥, É. ¥.  ´¸ ³¡²¨ Ô±¢¨¢ ²¥´É´Ò ¢ ¶·¥¤¥²¥ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏ¨Ì ³¥³-
¡· ´. �Éμ ±²ÕÎ¥¢μ° ³μ³¥´É, ±μÉμ·Ò° ´¥μ¡Ìμ¤¨³μ ÉÐ É¥²Ó´μ  ´ ²¨§¨·μ¢ ÉÓ
¢ ± ¦¤μ³ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥. Š ± ¡Ò²μ Ê± § ´μ ¢ [47], ¢ ³μ¤¥²¨ ¢ ¶·¥¤-
¸É ¢²¥´¨¨ Œμ´¦  ¸ÊÐ¥¸É¢Ê¥É ¸¨ÉÊ Í¨Ö, ±μ£¤   ´¸ ³¡²¨ ´¥Ô±¢¨¢ ²¥´É´Ò. �³-
¶²¨ÉÊ¤  Ë²Ê±ÉÊ Í¨° § ¢¨¸¨É μÉ · ¸¸³ É·¨¢ ¥³μ£μ ¸É É¨¸É¨Î¥¸±μ£μ  ´¸ ³¡²Ö
¢ ·¥§Ê²ÓÉ É¥ ´¥μ¤´μ§´ Î´μ¸É¨ ¸ ³μ£μ μ¶·¥¤¥²¥´¨Ö É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶·¥-
¤¥² , ÎÉμ ¸É ¢¨É ¶μ¤ ¸μ³´¥´¨¥ ¨¸¶μ²Ó§Ê¥³μ¥ ¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ ³¥³-
¡· ´  ¶²μ¸± Ö.

‘ Î¨¸Éμ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¸ÊÐ¥¸É¢Ê¥É ¥Ð¥ μ¤´μ ¶·¥¶ÖÉ¸É¢¨¥ Å
¡¥¸±μ´¥Î´μ ¡μ²ÓÏ Ö ³¥³¡· ´  ¶·¨ ±μ´¥Î´μ³ ´ ÉÖ¦¥´¨¨ Ö¢²Ö¥É¸Ö μ¡Ñ¥±Éμ³,
´¥ ´ Ìμ¤ÖÐ¨³¸Ö ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ · ¢´μ¢¥¸¨¨ [48]. �Éμ ¶·μÉ¨¢μ·¥Î¨É
μ¸´μ¢´μ³Ê ¶·¥¤¶μ²μ¦¥´¨Õ μ Éμ³, ÎÉμ · ¸¸³ É·¨¢ ¥³ Ö ´ ³¨ ¸¨¸É¥³  ¶·¨´¨-
³ ¥É¸Ö ´ Ìμ¤ÖÐ¥°¸Ö ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ · ¢´μ¢¥¸¨¨.

6. 	‹�‘’ˆ—��‘’œ ��ˆ ��‘’Ÿ†…�ˆˆ
ˆ ®ŒŸƒŠ�…¯ �ƒ���ˆ—…�ˆ… �‹�™�„ˆ

•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ³μ¤Ê²Ó ¨§£¨¡  Kc ²ÊÎÏ¥ ¨§ÊÎ¥´ ¢ ²¨É¥· ÉÊ·¥ ¶μ
£¨¡±μ¸É¨ ³¥³¡· ´ (¸³., ´ ¶·¨³¥·, ±μ³³¥´É ·¨¨ ¢ [51]). ”¨§¨Î¥¸± Ö ¸¨ÉÊ Í¨Ö,
¢ ±μÉμ·μ° ³¥³¡· ´  ³μ¦¥É ±μ²¥¡ ÉÓ¸Ö ¶·¨ · ¸ÉÖ¦¥´¨¨ ¨²¨ ¸¦ É¨¨, μ¤´ ±μ,
É ±¦¥ ¶·¥¤¸É ¢²Ö¥É §´ Î¨É¥²Ó´Ò° ¨´É¥·¥¸ [41Ä43,49Ä55].

�·¥¤¸É ¢²¥´´Ò° ¢ ÔÉμ³ · §¤¥²¥ ¶μ¤Ìμ¤ ´ ¶μ³¨´ ¥É ¡μ²¥¥ · ´´¨°, ¶·¥¤-
²μ¦¥´´Ò° ¢ · ¡μÉ¥ ˜ ¶¨·μ ¨ �Ê¤´¨±  [57], μÉ´μ¸ÖÐ¥°¸Ö ± ¸μ¢¸¥³ ¤·Ê£μ°
μ¡² ¸É¨, Å μ¡² ¸É¨ ³ £´¥É¨§³ . ‚ Éμ° · ¡μÉ¥ ¸Ë¥·¨Î¥¸±μ¥ μ£· ´¨Î¥´¨¥ ( ´ -
²μ£ ´ Ï¥£μ μ£· ´¨Î¥´¨Ö ¶²μÐ ¤¨) § ³¥´¥´μ £ Ê¸¸μ¢Ò³ ¤¥³¶Ë¨·ÊÕÐ¨³ Î²¥-
´μ³ ¢ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³¥. � Ï¥ · ¸¸³μÉ·¥´¨¥ ¤ ²¥¥ ¨¤¥É ¤¢Ê³Ö ¶ÊÉÖ³¨.
‚μ-¶¥·¢ÒÌ, ³Ò ¶·μ¸²¥¤¨³ ¸Ìμ¤¸É¢μ ¸μ ¸Ë¥·¨Î¥¸±μ° ³μ¤¥²ÓÕ,   ¢μ-¢Éμ·ÒÌ,
¢¢¥¤¥³ ¤·Ê£¨³ ¸¶μ¸μ¡μ³ ¸·¥¤´¥¥ ³Ö£±μ¥ Ê¸²μ¢¨¥ μ£· ´¨Î¥´¨Ö ¶²μÐ ¤¨ ¢³¥-
¸Éμ Éμ£μ, ±μÉμ·μ¥ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¢ ¶μ¤Ìμ¤¥ ³´μ¦¨É¥²Ö ‹ £· ´¦ .
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ˆ´É¥·¥¸´Ò° ³¥Éμ¤¨Î¥¸±¨° ¢μ¶·μ¸: ³μ¦´μ ²¨ ¢ÒÖ¢¨ÉÓ ³¨±·μ¸±μ¶¨Î¥¸±μ¥
¶·μ¨¸Ìμ¦¤¥´¨¥ σMS ¢ Ëμ·³Ê² Ì Œ¨²´¥·  ¨ ‘ Ë· ´  ¤²Ö É¥·³μ¤¨´ ³¨Î¥-
¸±¨Ì ¸·¥¤´¨Ì ±¢ ¤· Éμ¢  ³¶²¨ÉÊ¤ (42) ¨ ¨§¡ÒÉμÎ´μ° ¶²μÐ ¤¨ (46),   ÉμÎ-
´¥¥ ¢¥²¨Î¨´, ±μÉμ·Ò¥ ¶μÖ¢²ÖÕÉ¸Ö ¢³¥¸Éμ ´¨Ì? ‚ Î ¸É´μ¸É¨, ÔÉμ ³μ£²μ ¡Ò
¶μ§¢μ²¨ÉÓ ¢±²ÕÎ¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´μ¥ μ¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö Ê¶·Ê£μ¸É¨ ¶·¨
· ¸ÉÖ¦¥´¨¨ Ks ¢ ¸Í¥´ ·¨° Ë²¨±±¥·-¸¶¥±É·μ¸±μ¶¨Î¥¸±μ£μ  ´ ²¨§ .

‚μ-¶¥·¢ÒÌ, ¢¸¶μ³´¨³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É μ¶·¥¤¥²¥´¨¥ ¤¥²ÓÉ -ËÊ´±Í¨¨ ± ±
¶·¥¤¥²  ´μ·³¨·μ¢ ´´μ° £ Ê¸¸¨ ´Ò:

δ(x) = lim
ε→+0

1√
2πε

exp
(
−x2

2ε

)
. (60)

„²Ö ´ Ï¥° Í¥²¨ ±²ÕÎ¥¢μ° § ¤ Î¥° Ö¢²Ö¥É¸Ö μ¶·¥¤¥²¥´¨¥ ε, ±μÉμ·μ¥ Ë¨§¨Î¥¸±¨
¤μ²¦´μ ¸μμÉ¢¥É¸É¢μ¢ ÉÓ Ks ¨ A,   É ±¦¥ Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¢ Ô±¸¶μ´¥´É¥
ƒ¨¡¡¸  ¸ μ¡· É´μ° É¥³¶¥· ÉÊ·μ° β. …¤¨´¸É¢¥´´ Ö ¡¥§· §³¥·´ Ö ±μ³¡¨´ Í¨Ö
³¥¦¤Ê Ks, A ¨ β Å ÔÉμ βAKs. �μ¸±μ²Ó±Ê ´ ¸ ¨´É¥·¥¸Ê¥É ¨§ÊÎ¥´¨¥ ¶·¥¤¥² 
Ks → ∞ (β ¨ A Ë¨±¸¨·μ¢ ´Ò) ¨²¨ A → ∞ (Ks ¨ β Ë¨±¸¨·μ¢ ´Ò), ³Ò
¢Ò¡¨· ¥³

ε :=
1

βAKs
≡ 1

N → +0 (61)

¢ μ¶·¥¤¥²¥´¨¨ (60). ˆ³¥Ö ÔÉμ ¢ ¢¨¤Ê, ³Ò ¸É ·ÉÊ¥³ ¸ £ Ê¸¸¨ ´Ò(
βAKs

2π

)1/2

exp

{
−βAKs

2

[
A(u)

A
− 1

]2}
(62)

¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²Ö ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò
Z[Hc(u)]. ‚ ¶·¥¤¥²¥ ε = 0 ÔÉμÉ ³´μ¦¨É¥²Ó ¸É ´μ¢¨É¸Ö ¤¥²ÓÉ -ËÊ´±Í¨¥° ¨
Ê¸²μ¢¨¥ (19) ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö:

Z[Hc(u); Ks]
N→∞−→ Z[Hc(u); A], (63)

£¤¥ ´μ¢ Ö (¸ μ¸² ¡²¥´´Ò³ μ£· ´¨Î¥´¨¥³ ¶²μÐ ¤¨) ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ 
Z[Hc(u); Ks] μ¶·¥¤¥²¥´  ± ±

Z[Hc(u; Ks)] =

=
(

βAKs

2π

)1/2 ∫
D{u} exp

{
−βAKs

2

[
A(u)
A

− 1
]2
}

exp [−βHc(u)]. (64)

’ ±¦¥, ± ± ¸²¥¤Ê¥É ¨§ Ê· ¢´¥´¨Ö (64), ¢¥²¨Î¨´  ¢ Ô±¸¶μ´¥´É Ì Z[Hc(u); Ks]
Ëμ·³ ²Ó´μ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ÔËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´. ’ ±¨³
μ¡· §μ³, ³Ò ¶·¨Ìμ¤¨³ ± ÔËË¥±É¨¢´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê:

H(u; Ks) = Hc(u) +
Ks

2A
[A(u) − A]2, (65)
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£¤¥ ¶μ¸²¥¤´¨° Î²¥´ ¢ ¶·¨¢¥¤¥´´μ³ ¢ÒÏ¥ ¢Ò· ¦¥´¨¨ ¨³¥¥É ¢¨¤ ËÊ´±Í¨μ´ ² 
Ô´¥·£¨¨ · ¸ÉÖ¦¥´¨Ö

1
2

[σ(u)]2

Ks
A = Hs(u), (66)

¥¸²¨ ´ ÉÖ¦¥´¨¥ ³¥³¡· ´´ÒÌ ¢¥§¨±Ê² σ(u) ³Ò ¢Ò· §¨³ ± ±

σ(u) = Ks
A(u) − A

A
. (67)

ˆ´É¥·¥¸´Ò³ ³μ³¥´Éμ³ §¤¥¸Ó Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ³Ò ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ (66),
¨¸Ìμ¤Ö ¨§ μ¸² ¡²¥´¨Ö (ε Å ±μ´¥Î´μ¥) μ£· ´¨Î¥´¨Ö ´  ¶μ¢¥·Ì´μ¸ÉÓ ¸ ¶μ³μÐÓÕ
¤¥²ÓÉ -ËÊ´±Í¨¨, É. ¥. ¨¸¶μ²Ó§ÊÖ ´μ·³¨·μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ ƒ Ê¸¸  ¢ (60).
„¥°¸É¢¨É¥²Ó´μ, ¢Ò· ¦¥´¨¥ (67) Å ÔÉμ μ¶·¥¤¥²¥´¨¥ Ks ¸ § ¢¨¸¨³μ¸ÉÓÕ μÉ A.
�μ¸±μ²Ó±Ê ³μ¤Ê²Ó ¶·¨ · ¸ÉÖ¦¥´¨¨ Ks ³μ¦´μ ¨§³¥·¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´μ,
  É ±¦¥ ¤μ¶μ²´¨É¥²Ó´μ ´¥μ¡Ìμ¤¨³μ ÊÉμÎ´¨ÉÓ §´ Î¥´¨¥ A, ÎÉμ¡Ò ¶·μ¸²¥¤¨ÉÓ
¸¢Ö§Ó ¸ Ô±¸¶¥·¨³¥´Éμ³ [36, 43], ³Ò μÉ²μ¦¨³ · ¸¸³μÉ·¥´¨¥ ÔÉμ£μ ¢μ¶·μ¸  ¤μ
¸²¥¤ÊÕÐ¥£μ · §¤¥² .

’¥¶¥·Ó · ¸¸³μÉ·¨³ ³μ¤¥²Ó´Ò° £ ³¨²ÓÉμ´¨ ´ H(u; Ks), ±μÉμ·Ò° ³μ¦¥É
¡ÒÉÓ ¶¥·¥¶¨¸ ´ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´´μ° ±μ´¸É ´ÉÒ) ¢ ¸²¥¤ÊÕÐ¥°
 ²ÓÉ¥·´ É¨¢´μ° Ëμ·³¥:

H(u; Ks) = T (u) + [A(u)]2, (68)

£¤¥

T (u) =
1
2
Kc

nmax∑
n=2

n∑
m=−n

(n − 1)(n + 2)[n(n + 1) + σ0](um
n )2 (69)

¨

A(u) =

√
Ks

2A
R2

0

nmax∑
n�2

n∑
m=−n

[
(n + 2)(n − 1)

2

]
(um

n )2. (70)

‚ (69)

σ0 =
R2

0

Kc
σ0, (71)

£¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö μ¡μ§´ Î¥´¨¥

σ0 = Ks
4πR2

0 − A

A
. (72)

� ¸¸³ É·¨¢ ¥³ Ö ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³  ¢Ò£²Ö¤¨É É ±:

Z[H(u; Ks)] :=
(

βAKs

2π

)1/2 ∫
D{u} exp

{
−β

[
T (u) + [A(u)]2

]}
. (73)
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�¤´ ±μ Éμ£¤  ¸μμÉ¢¥É¸É¢ÊÕÐ¨° £ ³¨²ÓÉμ´¨ ´ H(u; Ks) ¢ Ô±¸¶μ´¥´É¥ ¢Ò· ¦¥-
´¨Ö (73) ´¥²¨´¥¥´ μÉ´μ¸¨É¥²Ó´μ ±¢ ¤· Éμ¢ (um

n )2  ³¶²¨ÉÊ¤ um
n ¨§-§  ´¥²¨´¥°-

´μ¸É¨ Hs(u). „²Ö ·¥Ï¥´¨Ö ÔÉμ° ¶·μ¡²¥³Ò ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤¢  · §´ÒÌ
¶μ¤Ìμ¤ : ³¥Éμ¤ ¶¥·¥¢ ²  ¨ ¢ ·¨ Í¨μ´´Ò° ³¥Éμ¤ (¸³. ´¨¦¥).

�¡Ð¨° ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´  ¶·¥μ¡· §μ¢ ´¨¨ • ¡¡ ·¤ Ä‘É· Éμ´μ¢¨Î  (±μ-
Éμ·μ¥ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± Éμ¦¤¥¸É¢μ ´  £ Ê¸¸μ¢ÒÌ ¨´É¥£· -
² Ì) ¸ ¶μ¸²¥¤ÊÕÐ¨³ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤  ¶¥·¥¢ ²  [36, 43, 52]. �± §Ò¢ -
¥É¸Ö, § ¤ Î  ·¥Ï ¥É¸Ö ÉμÎ´μ Éμ²Ó±μ ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ [36,40,43,
52]. � ¶μ³´¨³, ÎÉμ ÔÉμÉ  ¸¶¥±É É¥μ·¨¨ Ë²Ê±ÉÊ Í¨¨ ³¥³¡· ´ ¢¶¥·¢Ò¥ μ¡¸Ê-
¦¤ ²¸Ö ¤²Ö ¶μÎÉ¨ ¶²μ¸±¨Ì ³¥³¡· ´ ¢ ±μ´É¥±¸É¥ ¸Ë¥·¨Î¥¸±μ° ³μ¤¥²¨ Ë §μ¢ÒÌ
¶¥·¥Ìμ¤μ¢ ¢ 1976 £. [49].

‘μ¢¸¥³ ´¥¤ ¢´μ ¡Ò² ¶·¥¤²μ¦¥´ ¤·Ê£μ° ¶μ¤Ìμ¤ ± ²¨´¥ ·¨§ Í¨¨ £ ³¨²Ó-
Éμ´¨ ´  ¢ ¢Ò· ¦¥´¨¨ (73), μ¸´μ¢ ´´Ò° ´  ¢ ·¨ Í¨μ´´ÒÌ ´¥· ¢¥´¸É¢ Ì 	μ-
£μ²Õ¡μ¢  [42]. �  ´ Ï ¢§£²Ö¤, μ´ ¤ ¥É ¡μ²¥¥ Ö¸´ÊÕ ± ·É¨´Ê ¤²Ö ¨¸¶μ²Ó§Ê¥-
³ÒÌ ¶·¨¡²¨¦¥´¨° ¨, ¡μ²¥¥ Éμ£μ, ¶μ§¢μ²Ö¥É ¨§¡¥¦ ÉÓ  ´ ²¨§  ´  ±μ³¶²¥±¸´μ°
¶²μ¸±μ¸É¨,   ±·μ³¥ Éμ£μ, ´¥ ¢¸¥£¤  ¸¢Ö§ ´ ¸ ¶μ´ÖÉ¨¥³ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ
¶·¥¤¥² . ‚ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì ³Ò ¸· ¢´¨³ μ¡  ¶μ¤Ìμ¤ .

7. Œ…’�„ �…�…‚�‹� ˆ ‚›—ˆ‘‹…�ˆ… ‘’�’ˆ‘’ˆ—…‘Š�‰
‘“ŒŒ›

‘ ¶μ³μÐÓÕ ¨§¢¥¸É´μ£μ Éμ¦¤¥¸É¢  ¤²Ö £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢

e−βA(u)2 =
1√
4πi

+i∞∫
−i∞

dλ exp
(
−β1/2A(u)λ +

λ2

4

)
(74)

¢Ò· ¦¥´¨¥ (73) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ Ëμ·³¥ (¶μ·Ö¤μ± ¨´É¥£·¨·μ¢ ´¨Ö
¶μ λ ¨ u ³μ¦¥É ¡ÒÉÓ ¨§³¥´¥´)

Z[H(u; Ks)] =
1

2πi

(
βAKs

2

)1/2
i∞∫

−i∞

dλ

∫
D{u}×

× exp
{
−β

[
T (u) +

λ

β1/2
A(u) − λ2

4β

]}
. (75)

‚ (75) ³μ¤Ò (um
n )2 · §¢Ö§ ´Ò ¡² £μ¤ ·Ö ¢Ò· ¦¥´¨Õ (74), É ± ÎÉμ ¸μμÉ¢¥É-

¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò ¸É ´μ¢ÖÉ¸Ö £ Ê¸¸μ¢Ò³¨. ‡ ³¥É¨³, ÎÉμ  ´ ²μ£¨Î´ Ö ¶·μ-
Í¥¤Ê· , μ¸´μ¢ ´´ Ö ´  ¨´É¥£· ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨ (74) ¢ É¥μ·¨¨ ³¥³¡· ´,
¡Ò²  ¨¸¶μ²Ó§μ¢ ´  · ´¥¥ ¢ · ¡μÉ Ì [36,43,49,50]. ‚ÒÎ¨¸²¥´¨¥ ¢ ±μ³¶²¥±¸´μ°
¶²μ¸±μ¸É¨ Å ÔÉμ Í¥´ , ±μÉμ·ÊÕ ¶·¨¤¥É¸Ö § ¶² É¨ÉÓ §  · ¡μÉÊ ¸ £ Ê¸¸μ¢Ò³¨
¨´É¥£· ² ³¨ ¶μ Ë²Ê±ÉÊ Í¨μ´´Ò³ ³μ¤ ³.
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‘É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê (75) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

Z[H(u; Ks)] =
1

2πi

(
βAKs

2

)1/2
i∞∫

−i∞

dλ

{∫
D{u} exp [−βH(u; λ)]

}
. (76)

�ËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´ ¢ Ô±¸¶μ´¥´É¥ μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

H(u; λ) =
Kc

2

nmax∑
n=2

n∑
m=−n

(n− 1)(n + 2)
{
n(n + 1) + Σ(λ)

}
(um

n )2 − λ2

4β
, (77)

£¤¥

Σ(λ) := σ0 + σ1(β)λ, σ1(β) =

√
Ks

2βA

R2
0

Kc
. (78)

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³Ò Z[H(u; Ks)] ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ ¢¨¤¥

Z[H(u; Ks)] =
1

2πi

(
βAKs

2

)1/2
i∞∫

−i∞

dλ exp
{

λ2

4
− ψ(β, λ)

}
, (79)

£¤¥

− ψ(β, λ) ≡ −βF [H(u; λ)] +
λ2

4
=

= ln
∫

D{u} exp

{
− β

[
nmax∑
n=2

n∑
m=−n

1
2
Kc(n − 1)(n + 2)×

×
(
n(n + 1) + Σ(λ)

) ]
(um

n )2
}

. (80)

�±¸¶μ´¥´É  ¢ (80) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤¨ £μ´ ²Ó´ÊÕ ±¢ ¤· É¨Î´ÊÕ Ëμ·³Ê
¢ ¤¥°¸É¢¨É¥²Ó´ÒÌ ËÊ´±Í¨ÖÌ (u−2

2 , u−1
2 , . . . , unmax

nmax
). ‚ ·¥§Ê²ÓÉ É¥ ±· É´Ò° ¨´-

É¥£· ² ¶μ um
n · ¸¶ ¤ ¥É¸Ö ´  ¶·μ¨§¢¥¤¥´¨¥ μ¤´μ³¥·´ÒÌ £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢.

ˆ´É¥£· ²Ò ¶μ um
n ¢ (80) ³μ¦´μ ²¥£±μ ¢ÒÎ¨¸²¨ÉÓ. �Éμ ÊÉ¢¥·¦¤¥´¨¥ ¢¥·´μ ¤μ

É¥Ì ¶μ·, ¶μ± 
Re
(
n(n + 1) + Σ(λ)

)
> 0, (81)

ÎÉμ ¶μ¤· §Ê³¥¢ ¥É Re
(
Σ(λ)

)
> −6. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥

¢Ò· ¦¥´¨¥ ¤²Ö ψ(β; λ):

ψ(β; λ) =
nmax∑
n=2

2n + 1
2

ln
{
(n − 1)(n + 2)[n(n + 1) + Σ(λ)]

}
+

+
N

2
ln
(

βKc

2π

)
. (82)
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‡ ³¥´ÖÖ ¶¥·¥³¥´´Ò¥
λ

2N 1/2
= ξ, N ≡ ε−1, (83)

¸ ÊÎ¥Éμ³ (79), (82) ¨ (83), ²¥£±μ ¶μ²ÊÎ ¥³

Z[H(u; Ks)] =
1

2πi

(
βAKs

2

)1/2

2N 1/2

i∞∫
−i∞

dξ ×

× exp
{
N [ξ2 −N−1ψ(β; 2ξN 1/2)]

}
. (84)

Šμ·μÉ±μ ¸Ëμ·³Ê²¨·Ê¥³ ¨¤¥Õ, ± ± ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ-
¦¥´¨¥ ¶·¨¢¥¤¥´´μ£μ ¢ÒÏ¥ ¨´É¥£· ² , ±μ£¤  N � 1. …¸²¨ Î²¥´ ¢ ±¢ ¤· É´ÒÌ
¸±μ¡± Ì ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ ¢ (84) ¨³¥¥É ±μ´¥Î´Ò° ¶·¥¤¥² Ψ(β, ξ) ¶·¨
N → ∞, Éμ ¨´É¥£· ² ¶μ ξ ¢ (84) ³μ¦¥É ¡ÒÉÓ ¢§ÖÉ ³¥Éμ¤μ³ ¶¥·¥¢ ² . „²Ö ÔÉμ£μ
´Ê¦´μ ´ °É¨ ¸¥¤²μ¢ÊÕ ÉμÎ±Ê ξ0 (£μ²μ³μ·Ë´μ°) ËÊ´±Í¨¨ Ψ(β, ξ) ¨ ¤¥Ëμ·³¨-
·μ¢ ÉÓ ±μ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö, ´¥ § É· £¨¢ Ö ±μ´¥Î´Ò¥ ÉμÎ±¨ (ÎÉμ ³μ¦´μ ¸¤¥-
² ÉÓ ¡² £μ¤ ·Ö É¥μ·¥³¥ ŠμÏ¨), É ± ÎÉμ¡Ò μ´ ¶·μÌμ¤¨² Î¥·¥§ ¸¥¤²μ¢ÊÕ ÉμÎ±Ê.
„²Ö ¤μ¸É¨¦¥´¨Ö Í¥²¨ ´¥μ¡Ìμ¤¨³μ ¤¥Ëμ·³¨·μ¢ ÉÓ ±μ´ÉÊ· ¨´É¥£·¨·μ¢ ´¨Ö ¤μ
É¥Ì ¶μ·, ¶μ±  ³ ±¸¨³Ê³ ReΨ(β, ξ) ¢¤μ²Ó ¶ÊÉ¨ ¨´É¥£·¨·μ¢ ´¨Ö É ±¦¥ ´¥ ¸É -
´¥É ¸É Í¨μ´ ·´μ° ÉμÎ±μ° ¤²Ö Im Ψ(β, ξ). �¦¨¤ ¥É¸Ö, ÎÉμ Éμ£¤  ¢ ¸Éμ¨³μ¸É¨
¨´É¥£· ²  ¡Ê¤¥É ¤μ³¨´¨·μ¢ ÉÓ ¸¥¤²μ¢ Ö ÉμÎ±  ξ0. ‡¤¥¸Ó Ê³¥¸É´Ò ¸²¥¤ÊÕ-
Ð¨¥ ±μ³³¥´É ·¨¨. ‚μ-¶¥·¢ÒÌ, ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ Ψ(β, ξ), É. ¥. ¶²μÉ´μ¸ÉÓ
¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥, ÎÉμ §´ Î¨É N → ∞ ¨
R0 → ∞, ¶·¨ ´¥¨§³¥´´μ³ 4πR2

0/N . ‚ ÔÉμ³ ¶·¥¤¥²¥ ³μ¤Ò (l, m) μÉμ¡· ¦ -
ÕÉ¸Ö ´  ¢μ²´μ¢Ò¥ ¢¥±Éμ·Ò q, ²¥¦ Ð¨¥ ¢ ¶²μ¸±μ¸É¨ z = 0, ¸ ¸μμÉ´μÏ¥´¨¥³
q2 = [n(n + 1) − 2/R2

0], ¨ ³Ò ¢μ¸¸É ´ ¢²¨¢ ¥³ ¶²μ¸±ÊÕ ³μ¤¥²Ó ¢ ¶·μ¸É· ´-
¸É¢¥ ”Ê·Ó¥ (¶μ¤·μ¡´μ¸É¨ ¸³. ¢ · ¡μÉ¥ [31]). �μ²´μ¥ · ¸¸³μÉ·¥´¨¥ · §²¨Î¨°
³¥¦¤Ê ¸¢μ¡μ¤´μ° Ô´¥·£¨¥°, § ¤ ´´μ° ¤¨¸±·¥É´μ° ¸Ê³³μ° (82) ¨ ¶μ²ÊÎ¥´´μ°
¸ ¶μ³μÐÓÕ ±μ´É¨´Ê ²Ó´μ£μ ¢Ò· ¦¥´¨Ö ¤²Ö Ψ(β, ξ), ¶μ± §Ò¢ ¥É, ÎÉμ ¤²Ö ¸Ë¥-
·¨Î¥¸±μ° ³¥³¡· ´Ò ±μ´¥Î´μ· §³¥·´Ò¥ ÔËË¥±ÉÒ É ±¦¥ ¢ ¦´Ò, ±μ£¤  ·¥ÎÓ
¨¤¥É μ ¸· ¢´¥´¨¨ ¸ ÔËË¥±É ³¨ ±·¨¢¨§´Ò [58]. ‚μ-¢Éμ·ÒÌ, ¸É·μ£μ¥ μ¡μ¸´μ¢ -
´¨¥ ³¥Éμ¤  ¶¥·¥¢ ²  ¢ ´ Ï¥³ ¸²ÊÎ ¥ É·¥¡Ê¥É μ¶·¥¤¥²¥´´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì
Ê¸¨²¨°. �Î¥¢¨¤´μ, ÎÉμ ¨´É¥£· ² ¢ (84) ³μ¦´μ § ³¥´¨ÉÓ ¶μ¤Ò´É¥£· ²Ó´Ò³ ¢Ò-
· ¦¥´¨¥³:

Z[H(u; Ks)] ∼
[
expN

{
ξ2 −N−1ψ(β; 2ξN 1/2)

}
+ O(N−1)

]
, (85)

¢ ±μÉμ·μ³ ξ ¶μ²ÊÎ¥´μ ¨§ Ê· ¢´¥´¨Ö ¶¥·¥¢ ² , μ¶·¥¤¥²ÖÕÐ¥£μ Ô±¸É·¥³Ê³ ¢Ò-
· ¦¥´¨Ö ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì:

d

dξ

{
ξ2 −N−1ψ(β; 2ξN 1/2)

}
= 0, (86)
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ÎÉμ Ô±¢¨¢ ²¥´É´μ

ξ =
1

2N
d

dξ
ψ(β; 2ξN 1/2), (87)

¨²¨

λ = σ1

nmax∑
n=2

2n + 1
n(n + 1) + Σ(λ)

. (88)

’¥¶¥·Ó ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´´μ° ±μ´¸É ´ÉÒ) ¨³¥¥É
¢¨¤

F [H(u; Ks)] =
λ̃2

4
− ψ(β; λ̃), (89)

£¤¥ λ̃ Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (88).
ˆ¸¸²¥¤μ¢ ´¨¥ ¸¶¥±É·  É¥·³¨Î¥¸±¨ ¢μ§¡Ê¦¤¥´´ÒÌ Ë²Ê±ÉÊ Í¨° ¶μ¢¥·Ì´μ-

¸É¨ ³¥³¡· ´Ò ¢¥§¨±Ê² ¶·¨ ¤¥Ëμ·³ Í¨ÖÌ ¨§£¨¡  ¨ · ¸ÉÖ¦¥´¨Ö Ö¢²Ö¥É¸Ö μ¤´μ°
¨§ μ¸´μ¢´ÒÌ É¥³ ¤ ´´μ£μ μ¡§μ· . �Éμ ³μ¦´μ ¸¤¥² ÉÓ ¢ · ³± Ì ¤¢ÊÌ  ²ÓÉ¥·-
´ É¨¢´ÒÌ ¶μ¤Ìμ¤μ¢. ‚μ-¶¥·¢ÒÌ É ±, ± ± ¤¥² ²μ¸Ó ¤μ ¸¨Ì ¶μ·, ±μ£¤  ³¥³¡· ´ 
¸Î¨É ² ¸Ó ¸¦¨³ ¥³μ° ¢ · ³± Ì μ¸² ¡²¥´´μ° ¢¥·¸¨¨ μ¡ÒÎ´μ£μ μ£· ´¨Î¨¢ Õ-
Ð¥£μ Ê¸²μ¢¨Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¤¥²ÓÉ -ËÊ´±Í¨¨. ‡ É¥³ ³Ò ¶¥·¥Ìμ¤¨³ ± ³μ-
¤¥²Ó´μ³Ê ÔËË¥±É¨¢´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê (65), ±μÉμ·Ò° Ö¢²Ö¥É¸Ö ·¥§Ê²ÓÉ Éμ³
¨¸¶μ²Ó§μ¢ ´¨Ö ®£ Ê¸¸μ¢  μ£· ´¨Î¥´¨Ö¯ ¶μ¢¥·Ì´μ¸É¨ (¸³. (62)). ‚μ-¢Éμ·ÒÌ Å
ÔÉμ ¸²ÊÎ °, ±μ£¤  ¸¦¨³ ¥³μ¸ÉÓ ¶²μÐ ¤¨ ÊÎ¨ÉÒ¢ ¥É¸Ö ¶ÊÉ¥³  ¤¤¨É¨¢´μ£μ ¤μ-
¡ ¢²¥´¨Ö Î²¥´ , μ¶·¥¤¥²ÖÕÐ¥£μ Ô´¥·£¨Õ · ¸ÉÖ¦¥´¨Ö μÉ´μ¸¨É¥²Ó´μ Ô´¥·£¨¨
¨§£¨¡ , ÎÉμ ¡Ê¤¥É · ¸¸³μÉ·¥´μ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥. ‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥-
´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´¨Ö (¸³. ´¨¦¥), ¨¸¶μ²Ó§Ê¥³μ¥ ¤²Ö μ¡¥¸¶¥Î¥´¨Ö μ£· ´¨Î¥-
´¨Ö ¶²μÐ ¤¨, μ± §Ò¢ ¥É¸Ö ¨¤¥´É¨Î´Ò³ Ê· ¢´¥´¨Õ ¤²Ö ¸¥¤²μ¢μ° ÉμÎ±¨ (88).
Š·μ³¥ Éμ£μ, ³Ò ¶·¥¤¸É ¢¨³  ²ÓÉ¥·´ É¨¢´Ò° ³¥Éμ¤ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸É É¨¸É¨-
Î¥¸±μ° ¸Ê³³Ò ³μ¤¥²Ó´μ£μ £ ³¨²ÓÉμ´¨ ´  (65), ±μÉμ·Ò° ¶μ§¢μ²¨É ¨§¡¥¦ ÉÓ
¨¸¶μ²Ó§μ¢ ´¨Ö ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ [42].

8. Œ�„…‹œ�›‰ ƒ�Œˆ‹œ’��ˆ�� ‘ “��“ƒˆŒ ‚Š‹�„�Œ

‚ ÔÉμ³ · §¤¥²¥ ³Ò · ¸¸³ É·¨¢ ¥³ ¢¥§¨±Ê²Ê, ³¥³¡· ´  ±μÉμ·μ° ¸μ¸Éμ¨É
¨§ Ë¨±¸¨·μ¢ ´´μ£μ Î¨¸²  ³μ²¥±Ê² N . �·¥¤¶μ²μ¦¨³, ÎÉμ ¥¥ ¤¥Ëμ·³¨·μ¢ ´-
´ Ö/Ë ±É¨Î¥¸± Ö ¶²μÐ ¤Ó ¶μ¢¥·Ì´μ¸É¨ S μ¶·¥¤¥²Ö¥É¸Ö Ê¶·Ê£¨³ ¢±² ¤μ³ ¢ ³μ-
¤¥²Ó´Ò° £ ³¨²ÓÉμ´¨ ´. ‘μ£² ¸´μ [49] (¸³. É ±¦¥ [43,55]) Ê¶·Ê£¨° ¢±² ¤ ¶·μ-
¶μ·Í¨μ´ ²¥´ (¸ ±μÔËË¨Í¨¥´Éμ³ ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨, · ¢´Ò³ ³μ¤Ê²Õ ¸¦ -
É¨Ö Ks) ±¢ ¤· ÉÊ · §´¨ÍÒ ³¥¦¤Ê Ë ±É¨Î¥¸±μ° ¶μ¢¥·Ì´μ¸ÉÓÕ S = N/ρ ¨
μ¶É¨³ ²Ó´μ° ¶μ¢¥·Ì´μ¸ÉÓÕ ³¥³¡· ´Ò S0 = N/ρ0, £¤¥ ρ Å ¸·¥¤´¥¥ §´ Î¥´¨¥
¶μ¢¥·Ì´μ¸É´μ° ¶²μÉ´μ¸É¨ ¸μ¸É ¢²ÖÕÐ¨Ì ¥¥ ³μ²¥±Ê² ¢ ¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ-
¸ÉμÖ´¨¨ ¨ ρ0 Å ¸·¥¤´¥¥ §´ Î¥´¨¥ ¶μ¢¥·Ì´μ¸É´μ° ¶²μÉ´μ¸É¨ ³μ²¥±Ê² ¢ ¶²μ¸-
±μ³ ´¥´ ÉÖ¦¥´´μ³ (· ¢´μ¢¥¸´μ³) ¸μ¸ÉμÖ´¨¨. �¶É¨³ ²Ó´ Ö ¶μ¢¥·Ì´μ¸ÉÓ S0
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(É ±¦¥ ´ §Ò¢ ¥³ Ö ´ ¸ÒÐ¥´´μ° ¶²μÐ ¤ÓÕ ¨²¨ ¶²μÐ ¤ÓÕ ˜Ê²Ó³ ´  [55])
μ¶·¥¤¥²Ö¥É¸Ö ³¥¦³μ²¥±Ê²Ö·´Ò³¨ ¸¨² ³¨. ‡ ³¥É¨³, ÎÉμ ÔËË¥±ÉÒ É¥¶²μ¢ÒÌ
Ë²Ê±ÉÊ Í¨° ¢ ¸²ÊÎ ¥ ¶μÎÉ¨ ¶²μ¸±μ° ³¥³¡· ´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ± ²¨¡·μ¢±¨
Œμ´¦  ¨§ÊÎ¥´Ò ¢ · ¡μÉ¥ [55].

”Ê´±Í¨μ´ ² ¶²μÐ ¤¨ ·¥ ²Ó´μ° (· ¸ÉÖ´ÊÉμ°) ³¥³¡· ´Ò S(v) ³μ¦´μ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

S(v) = 4πR2
0 + ΔS(v), (90)

£¤¥ ¢¥²¨Î¨´ 

ΔS(v) =
R2

0

2

[
nmax∑
n=2

n∑
m=−n

(n − 1)(n + 2)(vm
n )2

]
+ O((vm

n )3) (91)

¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · §´μ¸ÉÓ ³¥¦¤Ê ¶²μÐ ¤ÓÕ ³¥³¡· ´Ò ¨ ¶²μÐ ¤ÓÕ 4πR2
0

¸Ë¥·Ò ¸ ±μ´É·μ²Ó´Ò³ μ¡Ñ¥³μ³, · ¢´Ò³ μ¡Ñ¥³Ê ¢¥§¨±Ê²Ò, É. ¥. ÔÉμ · §³¥·-
´ Ö ¨§¡ÒÉμÎ´ Ö ¶²μÐ ¤Ó ¢¥§¨±Ê²Ò. ‘¨³¢μ² v ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¡μ§´ Î¥´¨Ö
¤¥°¸É¢¨É¥²Ó´ÒÌ  ³¶²¨ÉÊ¤ ¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨± (v−2

2 , v−1
2 , . . . , vnmax

nmax
), ¢μ§-

´¨± ÕÐ¨Ì ¶·¨ · §²μ¦¥´¨¨ Ë²Ê±ÉÊ Í¨¨ ¶μ¢¥·Ì´μ¸É¨ ¢¥§¨±Ê²Ò μÉ´μ¸¨É¥²Ó´μ
¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¸ Ô±¢¨¢ ²¥´É´Ò³ μ¡Ñ¥³μ³ ¸ · ¤¨Ê¸μ³ R0 (¸³. (6)). —Éμ¡Ò
Ê± § ÉÓ ´  μÉ¸ÊÉ¸É¢¨¥ Ê¸²μ¢¨° ´  ¶²μÐ ¤Ó, ³Ò ¨¸¶μ²Ó§Ê¥³ ´μ¢Ò¥ μ¡μ§´ Î¥´¨Ö
¤²Ö ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ vm

n ¢³¥¸Éμ um
n , ±μÉμ·Ò¥ · ´¥¥ ¨¸¶μ²Ó§μ¢ ²¨¸Ó

¢ (6), ¨ S(u) ¤²Ö Ë ±É¨Î¥¸±μ° ¶²μÐ ¤¨ ¢¥§¨±Ê²Ò ¢³¥¸Éμ A(u).
Šμ£¤  ËÊ´±Í¨μ´ ² ¶²μÐ ¤¨ S(v) μÉ±²μ´Ö¥É¸Ö (¶·¨ · ¸ÉÖ¦¥´¨¨ ²¨¡μ ¸¦ -

É¨¨) μÉ μ¶É¨³ ²Ó´μ° ¶²μÐ ¤¨ S0, ³¥³¡· ´  ¨³¥¥É ¶μ¢¥·Ì´μ¸É´μ¥ ´ ÉÖ¦¥-
´¨¥ [5,59]

σ(v) = Ks
S(v) − S0

S0
, (92)

£¤¥ Ks Å ³μ¤Ê²Ó Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥´¨¨.
� ¸¸³ É·¨¢ ¥³Ò° ´ ³¨ ÔËË¥±É¨¢´Ò° £ ³¨²ÓÉμ´¨ ´ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

¸Ê³³Ò ¤¢ÊÌ Î²¥´μ¢:
H(v) = Hc(v) + Hs(v), (93)

£¤¥

Hc(v) =
1
2
Kc

nmax∑
n=2

n∑
m=−n

(n − 1)n(n + 1)(n + 2)(vm
n )2 + O((vm

n )3) (94)

¤²Ö Ô´¥·£¨¨ ¨§£¨¡ , ¨

Hs(v) =
S0

2Ks
[σ(v)]2 (95)

Å Î²¥´ ¤²Ö Ô´¥·£¨¨ · ¸ÉÖ¦¥´¨Ö, ¢Ò· ¦¥´´Ò° Î¥·¥§ ´ ÉÖ¦¥´¨¥ ³¥³¡· ´Ò
σ(v) (¸³. [5, 43, 49, 54, 55]). ‘ ³¥Éμ¤¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¡Ê¤¥É ¨´É¥·¥¸´μ
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ÊÉμÎ´¨ÉÓ ¸¢Ö§Ó · ¸¸³ É·¨¢ ¥³μ£μ §¤¥¸Ó ¶μ¤Ìμ¤  ¸ ¶μ¤Ìμ¤ ³¨ Œ¨²´¥· , ‘ -
Ë· ´  ¨ ‡¥°Ë¥·É  (¸³. · §¤. 4). —²¥´ ¢ ¶·Ö³μÊ£μ²Ó´ÒÌ ¸±μ¡± Ì ¢ (95) ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¨¤¥´É¨Î´μ ¢ ¢¨¤¥

[σ(v)]2 = 2〈σ(v)〉H(v)σ(v) − 〈σ(v)〉2H(v) + [σ(v) − 〈σ(v)〉H(v)]2, (96)

£¤¥ ¸·¥¤´¥¥ §´ Î¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¶μ¸·¥¤¸É¢μ³ £ ³¨²ÓÉμ´¨ ´  (93). �μ¸²¥¤-
´¨° Î²¥´

[σ(v) − 〈σ(v)〉H(v)]2 (97)

Å ¸·¥¤´¥±¢ ¤· É¨Î´μ¥ §´ Î¥´¨¥ Ë²Ê±ÉÊ Í¨° ¶μ¢¥·Ì´μ¸É´μ£μ ´ ÉÖ¦¥´¨Ö, ±μ-
Éμ·Ò³ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ, ¶·¥¤¶μ² £ Ö, ÎÉμ Ë²Ê±ÉÊ Í¨¨ ¶μ¢¥·Ì´μ¸É´μ£μ ´ -
ÉÖ¦¥´¨Ö ³ ²Ò.

‡ É¥³, ¨¸¶μ²Ó§ÊÖ (90) ¨ (92), ³μ¦´μ ´ °É¨ ËÊ´±Í¨μ´ ² ¤²Ö Ô´¥·£¨¨ · -
¸ÉÖ¦¥´¨Ö:

Hs(v) � HMF(v) = 〈σ(v)〉H(v)S(v) + const. (98)

” ±É¨Î¥¸±¨, μ¶Ê¸± Ö Î²¥´ (97) ¨ ¸μÌ· ´ÖÖ Éμ²Ó±μ Î²¥´, ²¨´¥°´Ò° ¶μ (vm
n )2,

³Ò ¶·¨Ìμ¤¨³ ± £ ³¨²ÓÉμ´¨ ´Ê ¸·¥¤´¥£μ ¶μ²Ö HMF(v), ±μÉμ·Ò°  ´ ²μ£¨Î¥´
¨¸¶μ²Ó§Ê¥³μ³Ê ¢ ¶μ¤Ìμ¤¥ Œ¨²´¥·  ¨ ‘ Ë· ´  (¸³. (32)), ¢ ±μÉμ·μ³ ³´μ¦¨É¥²Ó
‹ £· ´¦  σ § ³¥´¥´ ´  〈σ(v)〉H(v) [54,56]. …¸²¨ É ±, Éμ ¤²Ö ¸·¥¤´¨Ì ±¢ ¤· Éμ¢
 ³¶²¨ÉÊ¤, ¶μ¸Î¨É ´´ÒÌ ¸ ¶μ³μÐÓÕ HMF(v), ³Ò ¶μ²ÊÎ ¥³〈

|vm
n |2

〉
HMF(v)

=
8πγ

(n − 1)(n + 2)[n(n + 1) + 〈σ(v)〉H(v)]
. (99)

‡¤¥¸Ó Ê³¥¸É´Ò ¸²¥¤ÊÕÐ¨¥ ±μ³³¥´É ·¨¨. „¥°¸É¢¨É¥²Ó´μ, ¨¸¶μ²Ó§ÊÖ ¶ · -
³¥É· γ (¸μμÉ¢¥É¸É¢¥´´μ, ¨ Kc) ¨ ¡¥§· §³¥·´ÊÕ ¢¥²¨Î¨´Ê 〈σ(v)〉H(v) ¢ ± Î¥¸É¢¥
¶μ¤£μ´μÎ´ÒÌ ¶ · ³¥É·μ¢, ³Ò ³μ¦¥³ ¨§¢²¥ÎÓ ¨´Ëμ·³ Í¨Õ μ ´¨Ì ¨§ Ë²¨±±¥·-
 ´ ²¨§ , ´μ ¨´Ëμ·³ Í¨Ö μ Ks (É. ¥. μ ·μ²¨ ÔËË¥±Éμ¢ · ¸ÉÖ¦¥´¨Ö) ¢ É¥¶²μ¢ÒÌ
±μ²¥¡ ´¨ÖÌ ³¥³¡· ´Ò μ¸É ´¥É¸Ö ¸±·ÒÉμ°. �¸´μ¢´ Ö ¶·μ¡²¥³  § ±²ÕÎ ¥É¸Ö
¢ Éμ³, ÎÉμ ³Ò ´¥ ³μ¦¥³ ¢ÒÎ¨¸²¨ÉÓ ¸·¥¤´¥¥ §´ Î¥´¨¥ σ(v) ¸ £ ³¨²ÓÉμ´¨ -
´μ³ H(v) ¢ §´ ³¥´ É¥²¥ ¶· ¢μ° Î ¸É¨ ¢Ò· ¦¥´¨Ö (99) (ÔÉμ ¢μ§³μ¦´μ ¸¤¥² ÉÓ
¸ ³μ¸μ£² ¸μ¢ ´´μ Éμ²Ó±μ ¢ ¶·¨¡²¨¦¥´¨¨ ¸·¥¤´¥£μ ¶μ²Ö) ¨ É¥³ ¸ ³Ò³ ´¥
³μ¦¥³ μÍ¥´¨ÉÓ μÏ¨¡±Ê, ±μÉμ·ÊÕ ³Ò ¤¥² ¥³ ¶·¨ ¢Ò¡· ¸Ò¢ ´¨¨ ¶μ¸²¥¤´¥£μ
Î²¥´  ¢ (96). „ ²¥¥ ³Ò ¶μ¶ÒÉ ¥³¸Ö ¶·μ²¨ÉÓ ¸¢¥É ´  ÔÉ¨ ¶·μ¡²¥³Ò.

�μ¸±μ²Ó±Ê £ ³¨²ÓÉμ´¨ ´ (93) (¸ ÊÎ¥Éμ³ (90) ¨ (95)) ¢ ÉμÎ´μ¸É¨ ¸μ¢¶ -
¤ ¥É ¸ (65) ¶·¨ § ³¥´¥ A ´  S0, ³Ò ³μ¦¥³ ¤²Ö Ê¤μ¡¸É¢  ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö
¸²¥¤ÊÕÐ¨³ Ô±¢¨¢ ²¥´É´Ò³ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´´μ° ±μ´¸É ´ÉÒ) ¶·¥¤-
¸É ¢²¥´¨¥³ £ ³¨²ÓÉμ´¨ ´ 

H(v) = T (v) + [A(v)]2, (100)

£¤¥ T (v) ¨ A(v) μ¶·¥¤¥²¥´Ò ¸μμÉ¢¥É¸É¢¥´´μ ¸ ¶μ³μÐÓÕ (69) ¨ (71). �μ-
¸²¥¤´¨° Î²¥´ ¨§-§  ´¥²¨´¥°´μ¸É¨ ¶μ μÉ´μÏ¥´¨Õ ± ±¢ ¤· É ³  ³¶²¨ÉÊ¤ vm

n
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¢Ò§Ò¢ ¥É ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¶·μ¡²¥³Ò, ±μÉμ·Ò¥, ± ± ¡Ò²μ ¶μ± § ´μ ¢ ¶·¥¤Ò¤Ê-
Ð¥³ · §¤¥²¥, ³μ£ÊÉ ¡ÒÉÓ ·¥Ï¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤  ¶¥·¥¢ ² . �¨¦¥,
ÎÉμ¡Ò ¶·¥μ¤μ²¥ÉÓ ÔÉμ ¶·¥¶ÖÉ¸É¢¨¥, ¨¸¶μ²Ó§Ê¥³ ¤·Ê£μ° ¶ÊÉÓ. ŒÒ ²¨´¥ ·¨§Ê¥³
£ ³¨²ÓÉμ´¨ ´ (100), ¶·¨³¥´ÖÖ ®³¥Éμ¤  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ £ ³¨²ÓÉμ´¨ ´ ¯
(¶·μ ÔÉμÉ ³¥Éμ¤ ¸³., ´ ¶·¨³¥·, £². 2 ¢ [39] ¨ [61Ä63]), ¡ §¨·ÊÕÐ¨°¸Ö ´  ¢ -
·¨ Í¨μ´´ÒÌ ´¥· ¢¥´¸É¢ Ì 	μ£μ²Õ¡μ¢ . �ÉμÉ ¶μ¤Ìμ¤ μ¡² ¤ ¥É ¶·¥¨³ÊÐ¥¸É¢μ³
¶¥·¥¤ ¶·¥¤Ò¤ÊÐ¨³, É ± ± ± μ´ ¶μ§¢μ²Ö¥É ¨§¡¥¦ ÉÓ ¢ÒÎ¨¸²¥´¨° ¢ ±μ³¶²¥±¸´μ°
¶²μ¸±μ¸É¨ (¨ ¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥ Ö¢²Ö¥É¸Ö ·¥ ²¨§ Í¨¥° ¶·μÍ¥¤Ê·Ò É¥·³μ¤¨-
´ ³¨Î¥¸±μ£μ ¶·¥¤¥² ).

9. �����Š‘ˆŒˆ�“�™ˆ‰ ƒ�Œˆ‹œ’��ˆ��
ˆ ‚›—ˆ‘‹…�ˆ… ‘’�’ˆ‘’ˆ—…‘Š�‰ ‘“ŒŒ›

ˆ¤¥Ö ¶·¥¤²μ¦¥´´μ£μ ¶·¨¡²¨¦¥´¨Ö ¸μ¸Éμ¨É ¢ § ³¥´¥ ´¥·¥Ï ¥³μ£μ ¨¸Ìμ¤-
´μ£μ £ ³¨²ÓÉμ´¨ ´  H(v) ¡μ²¥¥ ¶·μ¸ÉÒ³ ²¨´¥ ·¨§μ¢ ´´Ò³ £ ³¨²ÓÉμ´¨ ´μ³
Happ(v, X), § ¢¨¸ÖÐ¨³ μÉ ¢ ·¨ Í¨μ´´μ£μ ¶ · ³¥É·  X . �¥§Ê²ÓÉ¨·ÊÕÐ¨°
£ ³¨²ÓÉμ´¨ ´ ´ §Ò¢ ¥É¸Ö ® ¶¶·μ±¸¨³¨·ÊÕÐ¨³ £ ³¨²ÓÉμ´¨ ´μ³¯, ¥¸²¨ ¶·¨
¶· ¢¨²Ó´μ³ ¢Ò¡μ·¥ ¥£μ ¸¢μ¡μ¤´μ£μ ¶ · ³¥É·  X ³μ¦´μ ¤μ± § ÉÓ ¥£μ  ¸¨³-
¶ÉμÉ¨Î¥¸±ÊÕ ¡²¨§μ¸ÉÓ ± ¨¸Ìμ¤´μ³Ê ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ μ¡  £ ³¨²ÓÉμ´¨ ´ 
¶μ·μ¦¤ ÕÉ μ¤´μ ¨ Éμ ¦¥ É¥·³μ¤¨´ ³¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥. ’ ±¨³ μ¡· §μ³, ¨´-
É¥·¥¸ÊÕÐ Ö ´ ¸ § ¤ Î  ¸¢μ¤¨É¸Ö ± ¡μ²¥¥ ¶·μ¸Éμ°, ÎÉμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¤²Ö
´¥¥ É¥·³μ¤¨´ ³¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥. „ ²¥¥ ³Ò ·¥ ²¨§Ê¥³
ÔÉÊ ¶·μ£· ³³Ê ¸μ£² ¸´μ ´ Ï¥° · ¡μÉ¥ [42].

‚Éμ·μ° Î²¥´ ¢ (68) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

[A(v)]2 = 2XA(v)− X2 + [A(v) − X ]2, (101)

£¤¥ X Å ¶·μ¨§¢μ²Ó´Ò° ¤¥°¸É¢¨É¥²Ó´Ò° ¶ · ³¥É·. �¶·¥¤¥²¨³ ²¨´¥ ·¨§μ¢ ´-
´Ò° £ ³¨²ÓÉμ´¨ ´ Happ(v, X) ± ±

Happ(v, X) = T (v) + 2XA(v) − X2. (102)

�μ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ¶μ²ÊÎ¥´μ ¨§ (68) ¸ ¶μ³μÐÓÕ μÉ¡· ¸Ò¢ ´¨Ö Î²¥´ 
[A(v) − X ]2 ¨§ ¶· ¢μ° Î ¸É¨ (101). �·μ¡²¥³  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¤μ± -
§ ÉÓ, ÎÉμ ¶·μ¶ÊÐ¥´´Ò° Î²¥´ ¢ ± ±μ³-Éμ ¸³Ò¸²¥ ´¥¢¥²¨±. ’μ£¤  μ¶·¥¤¥²¥´-
´Ò° É ±¨³ μ¡· §μ³ £ ³¨²ÓÉμ´¨ ´ Happ(v, X) ²¨´¥¥´ μÉ´μ¸¨É¥²Ó´μ (um

n )2,
¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¸É É¨¸É¨Î¥¸± Ö ¸Ê³³ 

Z[Happ(v, X)] := exp {−βF [Happ(v, X)]} =

=
∫

D{v} exp
{
−β

[
T (v) + 2XA(v)− X2

]}
(103)

¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ £ Ê¸¸μ¢ÒÌ ¨´É¥£· ²μ¢.
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�·μ¸Éμ¥ ¸· ¢´¥´¨¥ Î²¥´μ¢ ¢ Ë¨£Ê·´ÒÌ ¸±μ¡± Ì ¢ ¢Ò· ¦¥´¨ÖÌ (75) ¨ (103)
¶μ± §Ò¢ ¥É, ÎÉμ μ´¨ μ¶·¥¤¥²ÖÕÉ μ¤´Ê ¨ ÉÊ ¦¥ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´-
´μ£μ ³´μ¦¨É¥²Ö) ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê ¶·¨ Ê¸²μ¢¨¨, ÎÉμ λ = 2β1/2X . ‚ ÔÉμ³
¸³Ò¸²¥ ¨¸¶μ²Ó§μ¢ ´¨¥ ®³Ö£±μ£μ μ£· ´¨Î¥´¨Ö¯ ¶²μÐ ¤¨ (¢Ò· ¦¥´¨¥ (62))
Ô±¢¨¢ ²¥´É´μ ¢±²ÕÎ¥´¨Õ ¢ £ ³¨²ÓÉμ´¨ ´ Î²¥´ , μÉ¢¥Î ÕÐ¥£μ §  Ô´¥·£¨Õ · -
¸ÉÖ¦¥´¨Ö (¢Ò· ¦¥´¨¥ (95)). �¤´ ±μ ¶·¨´Í¨¶¨ ²Ó´μ¥ μÉ²¨Î¨¥ ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ ¶·μ¨§¢μ²Ó´Ò° ±μ³¶²¥±¸´Ò° ¶ · ³¥É· λ ¨ ¤¥°¸É¢¨É¥²Ó´Ò° ¶ · ³¥É· X
¤μ²¦´Ò Ë¨±¸¨·μ¢ ÉÓ¸Ö ¶μ · §´Ò³ ¶· ¢¨² ³.

‚ ²Õ¡μ³ ¸²ÊÎ ¥ ³Ò ³μ¦¥³ ¢Ò¶μ²´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨¥ ¢ (103) ´ ¶·Ö³ÊÕ,
¨¸¶μ²Ó§ÊÖ ·¥§Ê²ÓÉ É (80), ÎÉμ ¤ ¥É ¤²Ö ¸¢μ¡μ¤´μ° Ô´¥·£¨¨

F [Happ(v, X)] =

= kBT

nmax∑
n=2

2n + 1
2

ln
{
(n − 1)(n + 2)[n(n + 1) + Σapp(X)]

}
−

− X2 +
N

2
ln
(

βKc

2π

)
, (104)

£¤¥
Σapp(X) := σ0 + σ1X, (105)

 

σ0 = Ks
R2

0

Kc

4πR2
0 − S0

S0
, σ1 =

√
2Ks

S0

R2
0

Kc
. (106)

� Ï  § ¤ Î  Å · §· ¡μÉ ÉÓ ¶μ¤Ìμ¤, ¶μ§¢μ²ÖÕÐ¨° μÍ¥´¨ÉÓ ¶·¨¡²¨¦¥-
´¨¥ (104) Î¥·¥§ ¶ · ³¥É·Ò · ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨. �¨¦¥ ³Ò ¤μ± ¦¥³, ÎÉμ
¸ F [Happ(v, X)] ³μ¦´μ · ¡μÉ ÉÓ, ¥¸²¨ ¶ · ³¥É· X Ë¨±¸¨·μ¢ ´ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨³ μ¡· §μ³.

10. �����Š‘ˆŒˆ�“�™ˆ‰ ƒ�Œˆ‹œ’��ˆ��
ˆ ‚��ˆ�–ˆ���›… �…��‚…�‘’‚� ��ƒ�‹���‚�

‚ Ê¤μ¡´μ° Ëμ·³¥ ¢ ·¨ Í¨μ´´Ò¥ ´¥· ¢¥´¸É¢  	μ£μ²Õ¡μ¢  ³μ¦´μ § ¶¨¸ ÉÓ
± ±

〈H − Happ(X)〉H � F [H ] − F [Happ(X)] � 〈H − Happ(X)〉Happ(X), (107)

£¤¥ F [H ] Å ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö ·¥ ²Ó´μ£μ £ ³¨²ÓÉμ´¨ ´  H ¨ F [Happ(X)] Å
¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö ¡μ²¥¥ ¶·μ¸Éμ£μ £ ³¨²ÓÉμ´¨ ´  Happ(X), § ¢¨¸ÖÐ¥£μ μÉ
¢ ·¨ Í¨μ´´μ£μ ¶ · ³¥É·  X . ‚ ·¨ Í¨μ´´Ò° ¶ · ³¥É· X ¸²¥¤Ê¥É μ¶·¥¤¥²ÖÉÓ
¨§ Ê¸²μ¢¨Ö ´ ¨²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö ± F [H ]. Š ± ³Ò Ê¦¥ £μ¢μ·¨²¨ · ´¥¥,
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¢ ¸²ÊÎ ¥ ´ ¨²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö Happ(X) ´ §Ò¢ ¥É¸Ö  ¶¶·μ±¸¨³¨·ÊÕÐ¨³
£ ³¨²ÓÉμ´¨ ´μ³.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ, ÌμÉÖ ¤¢Ê¸Éμ·μ´´ÖÖ μÍ¥´±  (107) Ö¢²Ö¥É¸Ö ¶μÎÉ¨
μÎ¥¢¨¤´Ò³ ¸²¥¤¸É¢¨¥³ ¢Ò¶Ê±²μ¸É¨ ¸¢μ¡μ¤´μ° Ô´¥·£¨¨, ¥¥ ¤μ± § É¥²Ó¸É¢μ ´ 
¸É·μ£μ³ Ê·μ¢´¥ É·¥¡Ê¥É §´ Î¨É¥²Ó´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì Ê¸¨²¨° (¶μ¤·μ¡´μ¸É¨
¸³. ¢ · §¤. 3.4,   ¨¸Éμ·¨Î¥¸±¨¥ § ³¥Î ´¨Ö Å ¢ · §¤. 3.5 · ¡μÉÒ [60]).

�¥Í¥¶É ´ Ìμ¦¤¥´¨Ö  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ £ ³¨²ÓÉμ´¨ ´  ¢ ¸μÎ¥É ´¨¨ ¸ ¢ -
·¨ Í¨μ´´Ò³¨ ´¥· ¢¥´¸É¢ ³¨ 	μ£μ²Õ¡μ¢  ¸μ¸É ¢²Ö¥É ¸ÊÉÓ É ± ´ §Ò¢ ¥³μ£μ
³¥Éμ¤   ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì £ ³¨²ÓÉμ´¨ ´μ¢ (Œ�ƒ). �·¥¨³ÊÐ¥¸É¢μ ³¥Éμ¤ 
¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ³μ¦´μ μÍ¥´¨ÉÓ ±μ··¥²ÖÉμ· ¢ ²¥¢μ°
¨ ¶· ¢μ° Î ¸ÉÖÌ ´¥· ¢¥´¸É¢ (107). �Éμ ¤ ¥É ¡μ²¥¥ £²Ê¡μ±μ¥ ¶μ´¨³ ´¨¥ ¨¸-
¶μ²Ó§μ¢ ´´μ£μ ¶·¨¡²¨¦¥´¨Ö, μ¡ÒÎ´μ μ¸´μ¢ ´´μ£μ ´  Ë¨§¨Î¥¸±μ° ¨´ÉÊ¨Í¨¨,
  É ±¦¥ ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ ¶·¨¢μ¤¨É ± ´μ¢Ò³ ·¥§Ê²ÓÉ É ³. „²Ö ¨´É¥·¥¸ÊÕÐ¥£μ¸Ö
Î¨É É¥²Ö § ³¥É¨³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É μ¡Ï¨·´ Ö ²¨É¥· ÉÊ·  ¶μ Œ�ƒ, ¸³., ´ ¶·¨-
³¥·, £². 2 ¢ [39] ¨ [61Ä63], £¤¥ ¶μ± § ´ ·Ö¤ · §²¨Î´ÒÌ ¶·¨²μ¦¥´¨° ¢ É¥μ·¨¨
±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨° ¨ ¢ Ë¨§¨±¥ ±μ´¤¥´¸¨·μ¢ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.

‡¤¥¸Ó Ê³¥¸É¥´ ¸²¥¤ÊÕÐ¨° ±μ³³¥´É ·¨°. ‚Éμ·μ¥ ¨§ ´¥· ¢¥´¸É¢ (107) ¨§-
¢¥¸É´μ ± ± ¢¥·Ì´ÖÖ ¢ ·¨ Í¨μ´´ Ö £· ´¨Í  	μ£μ²Õ¡μ¢  ¤²Ö ¸¢μ¡μ¤´μ° Ô´¥·-
£¨¨ [64] (¸³. É ±¦¥ £². 2 ¢ [4]). �·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ Éμ²Ó±μ ÔÉμ° Î ¸É¨ ´¥-
· ¢¥´¸É¢ (107) ´ ¨²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö ¸¢¥·ÌÊ ³Ò ¤μ¸É¨£ ¥³ ¢ ¸²ÊÎ ¥, ¥¸²¨
¢ ·¨ Í¨μ´´Ò° ¶ · ³¥É· X ³¨´¨³¨§¨·Ê¥É ¢ ·¨ Í¨μ´´ÊÕ ¸¢μ¡μ¤´ÊÕ Ô´¥·£¨Õ
Fvar(X), μ¶·¥¤¥²¥´´ÊÕ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Fvar(X) := F [Happ(X)] + 〈H − Happ(X)〉Happ(X). (108)

�Éμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¨¡²¨¦¥´¨¥ ¸¢¥·ÌÊ (ÌμÉÖ μ´μ ¶μ·μ°
Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ £·Ê¡Ò³):

F [H ] � min
X

Fvar(X) (109)

¤²Ö ¨¸É¨´´μ° ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¨§ÊÎ ¥³μ° Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò. �μ¤Ìμ¤,
μ¸´μ¢ ´´Ò° ´  (108), ÔËË¥±É¨¢´μ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö ¶μ²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨Ö
¤²Ö ¸¶¥±É·μ¢ É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨° ¸Ë¥·¨Î¥¸±¨Ì ¢¥§¨±Ê² ¢ § ³±´ÊÉμ³ ¢¨¤¥,
¢±²ÕÎ Ö ´¥²¨´¥°´Ò¥ Î²¥´Ò ¤²Ö Ê¶·Ê£μ¸É¨ ¶·¨ ¨¸±·¨¢²¥´¨¨ [65].

ŒÒ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¤·Ê£¨³ ¶μ¤Ìμ¤μ³, ¶μ§¢μ²ÖÕÐ¨³ μÍ¥´¨ÉÓ ¨¸¶μ²Ó§Ê¥³μ¥
¶·¨¡²¨¦¥´¨¥. …¸²¨ ²¥¢ Ö Î ¸ÉÓ (107) ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´ , ´ ¨²ÊÎÏ¥¥
¶·¨¡²¨¦¥´¨¥ f [H ] ¸´¨§Ê ¶μ²ÊÎ¨É¸Ö ¶·¨ ³ ±¸¨³ ²Ó´μ³ §´ Î¥´¨¨ f [Happ(X)]
± ± ËÊ´±Í¨¨ μÉ X . ’μ£¤  ¶·¨¡²¨¦¥´¨¥ ³μ¦´μ μÍ¥´¨ÉÓ Î¥·¥§ μÍ¥´±Ê É¥·³μ-
¤¨´ ³¨Î¥¸±μ£μ ¸·¥¤´¥£μ ¢ ¶· ¢μ° Î ¸É¨ (107). ˆ¸¶μ²Ó§μ¢ ´¨¥ ´¥· ¢¥´¸É¢ (107)
¢ ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ²¨¶¨¤´ÒÌ ¢¥§¨±Ê² ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¢¶¥·-
¢Ò¥ ¢ [66].

‚ ´¥· ¢¥´¸É¢ Ì (107) ³Ò ¢Ò¡¨· ¥³

H := H(v; Ks) = T (v) + [A(v)]2, (110)



‘’�’ˆ‘’ˆ—…‘Š�Ÿ Œ…•��ˆŠ� ’…�‹�‚›• ”‹“Š’“�–ˆ‰ 589

¨ ¤²Ö ²¨´¥ ·¨§μ¢ ´´μ° ¢¥·¸¨¨:

Happ := Happ(v, X) = T (v) + 2XA(v) − X2. (111)

�μ¸±μ²Ó±Ê É¥·³μ¤¨´ ³¨Î¥¸±μ¥ ¸·¥¤´¥¥ ´¥μÉ·¨Í É¥²Ó´μ° ¢¥²¨Î¨´Ò ´¥μ-
É·¨Í É¥²Ó´μ, Éμ

〈H(v; Ks) − Happ(v, X)〉H(v) = 〈[A(v) − X ]2〉H(v) � 0. (112)

‚Ò· ¦¥´¨Ö (107) ¨ (112) ¶μ¤· §Ê³¥¢ ÕÉ, ÎÉμ ¤²Ö ± ¦¤μ£μ X

0 � F [H(v; Ks)] − F [Happ(v, X)] � 〈[A(v) − X ]2〉Happ(v,X). (113)

’¥¶¥·Ó ³Ò ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ X ¨§ Ê¸²μ¢¨Ö ´ ¨²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö

F [Happ(v, X̃)] = max
X

F [Happ(v, X)]. (114)

‚ ¤ ²Ó´¥°Ï¥³ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ²¨´¥ ·¨§μ¢ ´´Ò°
¨  ¶¶·μ±¸¨³¨·ÊÕÐ¨° £ ³¨²ÓÉμ´¨ ´Ò ¸μμÉ¢¥É¸É¢¥´´μ ± ± Happ(v, X)
¨ Happ(v, X̃).

�μ¸±μ²Ó±Ê F [Happ(v, X)] Ö¢²Ö¥É¸Ö ¤¨ËË¥·¥´Í¨·Ê¥³μ° ËÊ´±Í¨¥° ¶μ X ,

Éμ ·¥Ï¥´¨¥ X̃ μ¶·¥¤¥²¥´μ ¨§ Ê· ¢´¥´¨Ö

∂F [Happ(v, X)]
∂X

= 0. (115)

„¨ËË¥·¥´Í¨·ÊÖ

F [Happ(v, X)] =

= −β−1 ln
{∫

D{v} exp{−β [T (v) + 2XA(v)]}
}
− X2, (116)

³Ò ¶μ²ÊÎ ¥³

∂F [Happ(v, X)]
∂X

= 2[〈A(v)〉Happ(v,X) − X ] = 0. (117)

“· ¢´¥´¨¥ (117) Ö¢²Ö¥É¸Ö É¨¶¨Î´Ò³ Ê· ¢´¥´¨¥³ ¸ ³μ¸μ£² ¸μ¢ ´¨Ö ¤²Ö ¢ ·¨-
 Í¨μ´´μ£μ ¶ · ³¥É·  X .

„¨ËË¥·¥´Í¨·ÊÖ ²¥¢ÊÕ Î ¸ÉÓ (117) ¥Ð¥ · §, ³Ò ¶μ²ÊÎ ¥³

∂2F [Happ(v, X)]
∂2X

=

= −2
{

β
〈[

〈A(v)〉Happ(A,X) −A(v)
]2〉

Happ(v,X)
+ 1

}
< 0. (118)
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‘²¥¤μ¢ É¥²Ó´μ, F [Happ(v, X̃)] ¥¸ÉÓ ¢Ò¶Ê±² Ö ËÊ´±Í¨Ö μÉ X . �É¸Õ¤  ¸²¥¤Ê¥É,

ÎÉμ Ê· ¢´¥´¨¥ (117) ¨³¥¥É ²¨ÏÓ μ¤´μ ·¥Ï¥´¨¥,   ¨³¥´´μ X̃. ˆ§ ¢Ò· ¦¥-
´¨Ö (113) ¸²¥¤Ê¥É É ±¦¥:

F [Happ(v, X̃)] � F [H(v)]. (119)

’ ±¨³ μ¡· §μ³, ³Ò ¶μ± § ²¨, ÎÉμ ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö F [Happ(v, X̃)]  ´-
¸ ³¡²Ö ®´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì  ³¶²¨ÉÊ¤ um

n ¯, μ¶¨¸Ò¢ ¥³ Ö £ ³¨²ÓÉμ´¨ -
´μ³ (120), Å ÔÉμ ´ ¨²ÊÎÏ¥¥ ¶·¨¡²¨¦¥´¨¥ ¸´¨§Ê ¤²Ö ¸¢μ¡μ¤´μ° Ô´¥·£¨¨,
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ³μ¤¥²Ó´μ³Ê £ ³¨²ÓÉμ´¨ ´Ê H(v; Ks). ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ
±μ··¥²ÖÉμ· ¢ ¶· ¢μ° Î ¸É¨ ´¥· ¢¥´¸É¢ (113) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¨, É ±¨³ μ¡· -
§μ³, μÍ¥´¨ÉÓ ¶·¨¡²¨¦¥´¨¥ F [H(v; Ks)] Î¥·¥§ F [Happ(v, X̃)].

11. ���‹ˆ‡ “��‚�…�ˆŸ ‘�Œ�‘�ƒ‹�‘�‚��ˆŸ

‘·¥¤´¨¥ ±¢ ¤· ÉÒ  ³¶²¨ÉÊ¤ 〈(um
n )2〉Happ(v,X), ¢ÒÎ¨¸²¥´´Ò¥ ¸ ¶μ³μÐÓÕ

²¨´¥ ·¨§μ¢ ´´μ£μ £ ³¨²ÓÉμ´¨ ´  Happ(v, X) (¸·. ¸ (77)),

Happ(v; X) = −X2 +
1
2

nmax∑
n=2

n∑
m=−n

Kc(n − 1)(n + 2)×

×
{

n(n + 1) + σ0 + X

√
2Ks

βA

R2
0

Kc

}
|(vm

n )2, (120)

¨³¥ÕÉ ¢¨¤

〈(vm
n )2〉Happ(v,X) =

8πγ

(n − 1)(n + 2)[n(n + 1) + Σapp(X)]
. (121)

Š ± ³μ¦´μ ¢¨¤¥ÉÓ ¶μ¸²¥ ¸· ¢´¥´¨Ö ¸ (42), ·¥§Ê²ÓÉ É ¤²Ö 〈(vm
n )2〉Happ(v,X)

Ëμ·³ ²Ó´μ ¢μ¸¶·μ¨§¢μ¤¨É ·¥§Ê²ÓÉ É Œ¨²´¥·  ¨ ‘ Ë· ´ . ’¥³ ´¥ ³¥´¥¥ ¨³¥-
¥É¸Ö ¨ ¸ÊÐ¥¸É¢¥´´μ¥ μÉ²¨Î¨¥. ‚ É¥μ·¨¨ σMS ¢¢¥¤¥´ ³´μ¦¨É¥²Ó ‹ £· ´¦ ,
¢ Éμ ¢·¥³Ö ± ± §¤¥¸Ó Σapp(X) ¸ X = X̃ ¶μ²ÊÎ¥´μ ¸ ³μ¸μ£² ¸μ¢ ´´μ ¨§

F [Happ(v, X̃)].
�μ¸²¥ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö (104) ¶μ X ³Ò ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¸ ³μ¸μ-

£² ¸μ¢ ´¨Ö (115) ¢ Ö¢´μ³ ¢¨¤¥ (¸·. ¸ (88))

X =
kTσ1

4

nmax∑
n=2

2n + 1
n(n + 1) + σ0 + σ1X

. (122)

�Éμ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö ´ Ï¨³  ´ ²μ£μ³ Ê· ¢´¥´¨Ö, ¶μ²ÊÎ¥´´μ£μ ¢ [49] ¨ [50],
¤²Ö ¶¥·¥´μ·³¨·μ¢ ´´μ£μ ¶μ¢¥·Ì´μ¸É´μ£μ ´ ÉÖ¦¥´¨Ö ¢ ¸²ÊÎ ¥ ¶μÎÉ¨ ¶²μ¸±¨Ì
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³¥³¡· ´. ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (105), ³Ò ¶¥·¥¶¨Ï¥³ (122) ¢ ¡μ²¥¥ Ê¤μ¡´μ°
Ëμ·³¥:

Σapp = σ0 + C

nmax∑
n=2

2n + 1
n(n + 1) + Σapp

, (123)

£¤¥ ¢¢¥¤¥´Ò ¸μ±· Ð¥´¨Ö
Σapp = Σapp(X̃) (124)

¨

C =
1
2β

Ks

S0

R4
0

(Kc)2
≈ γKs

R2
0

Kc
. (125)

�·¨ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ¨´μ£¤  · §Ê³´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¢ (125) ¶·¨¡²¨¦¥´¨¥
R2

0/S0 ≈ 1/4π.
‚ μ¡Ð¥³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (123) ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´μ ²¨ÏÓ Î¨¸²¥´´μ.

�¡· É¨É¥ ¢´¨³ ´¨¥, ÎÉμ ¸´ Î ²  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Σapp(Kc, Ks) ¨§ (123) Î¨-
¸²¥´´μ,   § É¥³ ¢ÒÎ¨¸²¨ÉÓ ¨§ (121) § ¢¨¸¨³μ¸ÉÓ 〈(vm

n )2〉Happ(v, ˜X) μÉ Kc, Ks.

„ ²¥¥ ¤²Ö ¶·μ¸ÉμÉÒ ¶·¨ ·¥Ï¥´¨¨ (123) ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ§´ -
Î¥´¨Ö Σapp(C, σ0, N ≈ n2

max) = Σapp. “· ¢´¥´¨¥ (123) ¶μ± §Ò¢ ¥É, ÎÉμ Σapp

§ ¢¨¸¨É μÉ Ks ¨ Kc, ±·μ³¥ Éμ£μ, £¥μ³¥É·¨Î¥¸±¨¥ ¶ · ³¥É·Ò R0 ¨ S0 ¢Ìμ¤ÖÉ
Éμ²Ó±μ Î¥·¥§ C ¨ σ0. �·¨ Ê¸²μ¢¨¨

−σ0

C
≡ 1

γ

S0 − 4πR2
0

4πR2
0

�
nmax∑
n=2

2n + 1
n(n + 1)

(126)

Ê· ¢´¥´¨¥ (123) ¨³¥¥É Éμ²Ó±μ μ¤´μ ·¥Ï¥´¨¥ ´  ¨´É¥·¢ ²¥ [0,∞). ‚ ¸²ÊÎ ¥
μ¡· É´μ£μ ´¥· ¢¥´¸É¢  Σapp ¶·¨´ ¤²¥¦¨É ¨´É¥·¢ ²Ê (−6, 0]. �·¨¢¥¤¥³ ´¥-
±μÉμ·Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö Σapp. � ¶·¨³¥·, ¥¸²¨ nmax = 3 · 104,
¢¥²¨Î¨´  ¢ ¶· ¢μ° Î ¸É¨ ´¥· ¢¥´¸É¢  (126) Å ÔÉμ 19,27. . . ‚ É ±μ³ ¸²ÊÎ ¥
¶·¨ Ê¸²μ¢¨¨ C = 105, ¥¸²¨ −σ0/C = 19,27. . ., ·¥Ï¥´¨¥ ¥¸ÉÓ Σapp = 0.
…¸²¨ −σ0/C = 16,50. . ., ·¥Ï¥´¨¥ ¡Ê¤¥É ¢Ò£²Ö¤¥ÉÓ ± ± Σapp = 57,72, ¨ ¥¸²¨
−σ0/C = 19,50. . ., ·¥Ï¥´¨¥ Å ÔÉμ Σapp = 57,72 = −0,82. �É³¥É¨³, ÎÉμ
μÉ´μÏ¥´¨¥ σ0/C ´¥ § ¢¨¸¨É μÉ Ks ¨, ± ± ¸²¥¤Ê¥É ¨§ ´¥· ¢¥´¸É¢  (126), §´ ±
·¥Ï¥´¨Ö Σapp É ±¦¥ ´¥ § ¢¨¸¨É μÉ Ks.

„²Ö Σapp � 1 Ê· ¢´¥´¨¥ (123) ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´μ  ´ ²¨É¨Î¥¸±¨,   ·¥Ï¥-
´¨¥ ¢Ò· ¦¥´μ Î¥·¥§ ËÊ´±Í¨Õ ‹ ³¡¥·É  (¸³. (186) ¢ ¶·¨². �). ‡¤¥¸Ó ¸²¥¤Ê¥É
· §²¨Î ÉÓ ¤¢  ·¥¦¨³  (¸³. ¶·¨². �):

a)

Σapp = C ln
[
N exp (σ0/C)

C

]
,

N exp (σ0/C)
C

� 1 (127)

¨²¨
¡)

Σapp = N exp (σ0/C),
N exp (σ0/C)

C
� 1. (128)



592 ’��—…‚ �.‘.

�¥·¢Ò° ¸²ÊÎ ° ¨³¥¥É ³¥¸Éμ ¶·¨ ±μ´¥Î´μ³ §´ Î¥´¨¨ Ks, ¢ Éμ ¢·¥³Ö ± ± ¢Éμ·μ°
¸μμÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ê Ks → ∞.

’¥¶¥·Ó Ê¤μ¡´μ ¢¢¥¸É¨ ¢¸¶μ³μ£ É¥²Ó´μ¥ ÔËË¥±É¨¢´μ¥ ´ ÉÖ¦¥´¨¥ ΣMS, ¸¢Ö-
§ ´´μ¥ ¸ ÔÉ ²μ´´μ° ¢¥§¨±Ê²μ° ¸ Ë¨±¸¨·μ¢ ´´μ° ¶²μÐ ¤ÓÕ A = S0, μ¡Ñ¥³μ³
V = (4π/3)R3

0 ¨ ¸ ¨§¡ÒÉμÎ´μ° ¶²μÐ ¤ÓÕ ΔMS, μ¶·¥¤¥²¥´´μ° ¢ (46) (É. ¥.
¸ É¥³¨ ¦¥ §´ Î¥´¨Ö³¨, ÎÉμ ¨ Ê ¢¥§¨±Ê²Ò, · ¸¸³μÉ·¥´´μ° ¢ · §¤. 4, μÉ¸Õ¤ 
¨¸¶μ²Ó§μ¢ ´¨¥ Éμ£μ ¦¥ μ¡μ§´ Î¥´¨Ö ΣMS). ’ ±¨³ μ¡· §μ³, ¨§ μ¶·¥¤¥²¥-
´¨° (44), (43), (71) ¨ (125) ¢ÒÉ¥± ¥É Éμ¦¤¥¸É¢μ

−ΔMS

γ
=

σ0

C
, σ0 < 0. (129)

’¥¶¥·Ó ³μ¦´μ ¶μ¤¸É ¢¨ÉÓ ΣMS ¨§ (47) ¢ (127) ¨ (128). �μ²ÊÎ ¥³
a′)

Σapp = C ln
(

ΣMS

C

)
,

N exp (σ0/C)
C

� 1 (130)

¨²¨
¡′)

Σapp = ΣMS,
N exp(σ0/C)

C
� 1. (131)

ˆ§ (130) ¨ (131) ¶μ²ÊÎ ¥³, ÎÉμ 1 � Σapp � ΣMS. ‚Ò· ¦¥´¨Ö (130) ¨
(131) ¶μ§¢μ²ÖÕÉ μÉ¸²¥¦¨¢ ÉÓ ¸¢Ö§Ó ³¥¦¤Ê Σapp ¨ ΣMS ¶·¨ Ê¸²μ¢¨¨
exp (−ΔMS/γ) � 1, ÎÉμ ¶μ¤É¢¥·¦¤ ¥É ·¥§Ê²ÓÉ É (47).

12. ��‚…�•��‘’��… ��’Ÿ†…�ˆ…

‚ ¶·¥¤¸É ¢²¥´´μ³ ¶μ¤Ìμ¤¥ Σapp ¨³¥¥É ¥¸É¥¸É¢¥´´ÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·-
¶·¥É Í¨Õ: ¢Ò· ¦¥´¨¥ (123) (´ ¶μ³´¨³ ¢Ò· ¦¥´¨Ö (90), (91) ¨ (121)) μ§´ Î ¥É

Σapp =
R2

0

Kc
Ks

〈S(v)〉Happ(v, ˜X) − S0

S0
=

R2
0

Kc
〈σ(v)〉Happ(v, ˜X), (132)

£¤¥ σ(v) ¥¸ÉÓ (´¥´μ·³¨·μ¢ ´´μ¥) ´ ÉÖ¦¥´¨¥ ³¥³¡· ´Ò (¸³. (67)). ‚ ¶·¨². 	
¶μ± § ´μ, ÎÉμ ¥¸²¨ ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö ¨¸Ìμ¤´μ£μ ¨  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ £ -
³¨²ÓÉμ´¨ ´  É¥·³μ¤¨´ ³¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ , Éμ ¤²Ö ¨¸É¨´´μ£μ (· ¸¸Î¨É ´-
´μ£μ ¸ ¶μ³μÐÓÕ H(v)) ´ ÉÖ¦¥´¨Ö (¸³. μ¶·¥¤¥²¥´¨¥ (92)):

Σapp →
(

R2
0

Kc

)
〈σ(v)〉H(v). (133)
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�¥·¥°¤¥³ μÉ Σapp ± ¤·Ê£μ° ¡μ²¥¥ ´ £²Ö¤´μ° ¡¥§· §³¥·´μ° ¢¥²¨Î¨´¥
Δ(Σapp):

Δ(Σapp) ≡
〈S(v)〉Happ(v, ˜X) − 4πR2

0

4πR2
0

. (134)

ˆ§ (90), (91) ¨ (121) (¶·¨ X = X̃) ¸²¥¤Ê¥É, ÎÉμ

Δ(Σapp) = γ

nmax∑
n=2

2n + 1
n(n + 1) + Σapp

. (135)

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (182), ¶μ²ÊÎ¥´´μ¥ ¢ ¶·¨². A, ¶·¥μ¡· §Ê¥³ ¶· ¢ÊÕ
Î ¸ÉÓ (135) ¢ ¡μ²¥¥ ¶·μ¸ÉÊÕ Ëμ·³Ê. ’μ ¥¸ÉÓ

Δ(Σapp) ≈ γ ln
(

N

Σapp

)
,

N

Σapp

� 1. (136)

’¥¶¥·Ó ³μ¦´μ ¢ Ö¢´μ³ ¢¨¤¥ ¸· ¢´¨ÉÓ Δ(Σapp) ¸ ¨§¡ÒÉμÎ´μ° ¶²μÐ ¤ÓÕ,
¶μ²ÊÎ¥´´μ° ¢ · ³± Ì ¶μ¤Ìμ¤  Œ¨²´¥·  ¨ ‘ Ë· ´  Δ(ΣMS), ¸³. (48). �μ²Ê-
Î ¥³

Δ(Σapp) − Δ(ΣMS) ≈ γ ln
(

ΣMS

Σapp

)
� 0, (137)

¨³¥ÕÐ¥¥ ³¥¸Éμ ¶·¨ Ê¸²μ¢¨¨

Σapp

N
� ΣMS

N
� 1, 1 � Σapp � ΣMS. (138)

	μ²¥¥ Éμ£μ, ¶·¨ ¢Ò¶μ²´¥´¨¨ ´¥· ¢¥´¸É¢  Σapp � ΣMS, ¸· ¢´¨¢ Ö (46)
¨ (135), ³Ò ³μ¦¥³ § ±²ÕÎ¨ÉÓ, ÎÉμ ¢¸¥£¤  Δ(Σapp) � Δ(ΣMS). ’ ±¨³ μ¡· -
§μ³, ± ± ¸²¥¤Ê¥É ¨§ (46) ¨ (135), ¡μ²ÓÏ¨¥ §´ Î¥´¨Ö Ks ¶·¨¢μ¤ÖÉ ± ³¥´ÓÏ¥°
¨§¡ÒÉμÎ´μ° ¶²μÐ ¤¨ Δ(Σapp).

13. ‘��’��˜…�ˆ… Œ…†„“ Σapp ˆ Ks

ˆ§ (46) ¶·¨ A = S0 ³Ò ³μ¦¥³ Ê¢¨¤¥ÉÓ, ÎÉμ ΣMS ¶μ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ

0 = σ0 + C

nmax∑
n=2

2n + 1
n(n + 1) + ΣMS

. (139)

’¥¶¥·Ó ¸ ¶μ³μÐÓÕ (139) ¢Ò· ¦¥´¨¥ (123) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥

Σapp = C(ΣMS − Σapp)
nmax∑
n=2

(2n + 1)
[n(n + 1) + Σapp][n(n + 1) + ΣMS]

. (140)
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‚Ò· ¦¥´¨¥ (140) ¶μ± §Ò¢ ¥É § ¢¨¸¨³μ¸ÉÓ Σapp ± ± ËÊ´±Í¨¨ μÉ Kc, Ks ¨ ΣMS

(¸μμÉ¢¥É¸É¢¥´´μ S0) ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ R0 ¨ T . „²Ö Σapp � 1 ¤ ´´ Ö
§ ¢¨¸¨³μ¸ÉÓ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¢ É¥·³¨´ Ì ËÊ´±Í¨¨ ‹ ³¡¥·É  (¸³. (188)
¢ ¶·¨². A).

�·μ¸Éμ¥ μÉ´μÏ¥´¨¥ ³¥¦¤Ê Σapp ¨ Ks ¶μ¤¸± §Ò¢ ¥É, ÎÉμ ³μ¦´μ μ¡· É¨ÉÓ
Ê· ¢´¥´¨¥ (140), ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ Ks ± ± ËÊ´±Í¨Õ μÉ Σapp:

R2
0

Kc
Ks = Fs(ΣMS, Σapp), (141)

£¤¥

Fs(ΣMS, Σapp) =

= γ
Σapp

ΣMS − Σapp

{
nmax∑
n=2

(2n + 1)
[n(n + 1) + ΣMS][n(n + 1) + Σapp]

}−1

. (142)

�É³¥É¨³, ÎÉμ ¶μ μ¶·¥¤¥²¥´¨Õ ³μ¤Ê²Ó · ¸ÉÖ¦¥´¨Ö Ks ¶μ²μ¦¨É¥²¥´. �μ-
¸±μ²Ó±Ê μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö ΣMS · §·¥Ï¥´Ò [13], ¸²¥¤ÊÕÐ¨¥ ¤¢¥ ¢μ§-
³μ¦´μ¸É¨ § ¢¨¸¨³μ¸É¨ μÉ §´ ±  ΣMS ¢ ¢Ò· ¦¥´¨¨ (142) ·¥²¥¢ ´É´Ò:

a) ΣMS < Σapp < 0, ±μ£¤  −6 < ΣMS < 0,
¡) ΣMS > Σapp > 0, ±μ£¤  ΣMS > 0.
�μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É μ¶·¥¤¥²Ö¥É §´ Î¥´¨Ö Σapp(Ks), ±μ£¤  Ks → 0

¨ Ks → ∞ (¥¸²¨ ¢¸¥ μ¸É ²Ó´Ò¥ ¶ · ³¥É·Ò Ë¨±¸¨·μ¢ ´Ò).
„²Ö ¶¥·¢μ£μ ¶·¥¤¥² :

lim
Ks→0

Σapp(Ks) = 0. (143)

’·¨¢¨ ²Ó´μ  ´ ²μ£¨Î´Ò° ¸²ÊÎ ° ¥¸ÉÓ ¢ ¶μ¤Ìμ¤¥ Œ¨²´¥·  ¨ ‘ Ë· ´  Å ÔÉμ
¸²ÊÎ °, ±μ£¤  ³´μ¦¨É¥²Ó ‹ £· ´¦  σ = 0.

�μ¸±μ²Ó±Ê ΣMS ´¥ § ¢¨¸¨É μÉ Ks, ¨§ ¶· ¢μ° Î ¸É¨ (142) ¸²¥¤Ê¥É, ÎÉμ
±μ£¤  Σapp → ΣMS, ³Ò ¶μ²ÊÎ ¥³, ÎÉμ Ks → ∞. ‚Éμ·μ° ¶·¥¤¥² Å ÔÉμ ± ±
· § ´ ÉÖ¦¥´¨¥ ÔÉ ²μ´´μ° ´¥¸¦¨³ ¥³μ° ³¥³¡· ´Ò ΣMS (¸³. (188)):

lim
Ks→∞

Σapp(Ks) = ΣMS. (144)

’¥μ·¨Ö Œ¨²´¥·  ¨ ‘ Ë· ´  ¸¶· ¢¥¤²¨¢  ¢ ·¥¦¨³ Ì, ¢ ±μÉμ·ÒÌ Ks ´¥ ¨³¥¥É
¸ÊÐ¥¸É¢¥´´μ£μ §´ Î¥´¨Ö. ‚Ò· ¦¥´¨Ö (143) ¨ (144) ¶·¥¤¶μ² £ ÕÉ, ÎÉμ μ´  ¥¸ÉÓ
¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° ¶·¥¤¸É ¢²¥´´μ° ´ ³¨ É¥μ·¨¨. ŒÒ ¶μ± § ²¨, ÎÉμ Ê· ¢´¥-
´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´¨Ö ¶μ§¢μ²Ö¥É ´ °É¨ ³μ¤Ê²Ó Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥´¨¨ Ks

Î¥·¥§ ¢¥²¨Î¨´Ò, ¤μ¸ÉÊ¶´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´μ.
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14. ��„ƒ���—��Ÿ ”“�Š–ˆŸ

‚ ÔÉμ³ · §¤¥²¥ ³Ò μ¡¸Ê¤¨³ ¸¢Ö§Ó ¨§²μ¦¥´´μ° ¢ÒÏ¥ É¥μ·¨¨ ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¨¸¸²¥¤μ¢ ´¨Ö³¨ Ë²Ê±ÉÊ Í¨° ¢¥§¨±Ê² ¢ ±μ´É¥±¸É¥ Ë²¨±±¥·-ÏÊ³μ¢ÒÌ
¨§³¥·¥´¨°.

�·¥¦¤¥ ¢¸¥£μ ¨´É¥·¥¸´μ μÍ¥´¨ÉÓ ±μ´¸É ´ÉÒ ¢ γ, σ0 ¨ C. ŒÒ ¡Ê¤¥³
¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ É¨¶¨Î´Ò¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ¢¥²¨Î¨´, ¢Ìμ¤Ö-
Ð¨Ì ¢ ´ Ï ³μ¤¥²Ó´Ò° £ ³¨²ÓÉμ´¨ ´ [19]: Ks ∼ 100 Ô·£/¸³2; Kc ∼ 10−12 Ô·£;
R0∼ 10−3 ¸³; S0∼ 4πR2

0∼ 1,256 ·10−5 ¸³2; σ1≡ (R2
0/Kc)σ1 = 4 ·109 Ô·£−0,5;

kBT ∼ 4 · 10−14 Ô·£.
„²Ö μÍ¥´±¨ · ¸ÉÖ¦¥´¨Ö ³¥³¡· ´Ò ¨¸¶μ²Ó§Ê¥³ É¨¶¨Î´μ¥ §´ Î¥´¨¥ σ0 ∼

1 Ô·£/¸³2 ¨ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥ ¢¥²¨Î¨´Ò: ΔMS∼10−2; γ∼ 10−3; |σ0| ∼ 106;
C ∼ 105.

Ÿ¸´μ, ÎÉμ ±μ´¸É ´ÉÒ ¢ÒÏ¥ ¶μ¤Î¨´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Õ

ΔMS

γ
=

|σ0|
C

∼ 10. (145)

’ ±¨³ μ¡· §μ³, ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ (126), ¨ Ê· ¢´¥´¨¥ (123) ¨³¥¥É
¶μ²μ¦¨É¥²Ó´μ¥ ·¥Ï¥´¨¥ ¤²Ö Σapp. � ¶μ³´¨³, ÎÉμ ¢μ§³μ¦´Ò ¤¢  ·¥¦¨³ ,
Ö¢²ÖÕÐ¨¥¸Ö ¸²¥¤¸É¢¨¥³ ´¥· ¢¥´¸É¢  ³¥¦¤Ê C ¨ N : 1) § ¤ ¢ ¥³Ò° ¢Ò· ¦¥-
´¨¥³ (127) (¨²¨  ²ÓÉ¥·´ É¨¢´Ò³ ¢Ò· ¦¥´¨¥³ (130)) ¨²¨ 2) § ¤ ¢ ¥³Ò° ¢Ò· -
¦¥´¨¥³ (128) (¨²¨ ¢Ò· ¦¥´¨¥³ (131)). ‚ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ · ¸¸Ê¦¤¥´¨ÖÌ
³Ò É ±¦¥ ¶·¨´¨³ ¥³, ÎÉμ ³¥¦³μ²¥±Ê²Ö·´μ¥ · ¸¸ÉμÖ´¨¥ λ ¨³¥¥É ¶μ·Ö¤μ±
10 �A, ¨, ±·μ³¥ Éμ£μ, nmax ∼ 3 · 104 ¨ N ∼ 109.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ Σapp § ¢¨¸¨É μÉ Kc, Ks, R0, S0 ¨ N .
…¸²¨ R0 ¨ S0 ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¨²¨ ¨§³¥·¥´Ò ¸ ¶μ³μÐÓÕ ´¥§ ¢¨¸¨-

³ÒÌ ³¥Éμ¤μ¢ ¨ ´¥ ±μ··¥²¨·ÊÕÉ ¸ Kc ¨ Ks, Éμ ¶ÊÉ¥³ Ë¨É¨·μ¢ ´¨Ö ¢Ò· ¦¥´¨Ö
〈(vm

n )2〉Happ(v, ˜X) ³Ò ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¨Ì ¨§  ´ ²¨§  É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨°
¢¥§¨±Ê²Ò. �¤´ ±μ ¢Ò¶μ²´¥´¨¥ ¶·μÍ¥¤Ê·Ò ¶μ¤£μ´±¨, É. ¥. μ¶·¥¤¥²¥´¨¥ ¶ · -
³¥É·μ¢ Kc ¨ Ks ¶μ Ë¨ÉÊ, Ö¢²Ö¥É¸Ö ´¥¶·μ¸Éμ° § ¤ Î¥°, É ± ± ± μ´¨ ¢Ìμ¤ÖÉ ¢
Σapp ´¥Ö¢´μ. �·Ö³μ° ¸¶μ¸μ¡ ¶μ²ÊÎ¨ÉÓ ËÊ´±Í¨Õ ¢ Ö¢´μ³ ¢¨¤¥ Å ¨¸¶μ²Ó§μ-
¢ ÉÓ ·¥Ï¥´¨¥ Σapp, § ¤ ´´μ¥ Ê· ¢´¥´¨¥³ (188) ¢ ¶·¨². A ¢ ¶· ¢μ° Î ¸É¨ (121).
‡ ³¥É´μ¥ Ê¶·μÐ¥´¨¥ ¶·μ¨¸Ìμ¤¨É, ¥¸²¨ ¢³¥¸Éμ (188) ³Ò ¨¸¶μ²Ó§Ê¥³  ¶¶·μ±-
¸¨³¨·ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥, ¶·¨¢¥¤¥´´μ¥ ¢ (130). �Éμ ¤ ¥É

〈(vm
n )2〉Happ(v,X) =

=
8πγ

(n − 1)(n + 2)
{
n(n + 1) + γKs[ln ΣMS − ln(γKs)]

} , (146)

£¤¥ Ks = (R2/Kc)Ks Å ¡¥§· §³¥·´Ò° ³μ¤Ê²Ó ¸¦ É¨Ö. � ¶μ³´¨³, ÎÉμ
(¸³. (130)) ¶·¨¢¥¤¥´´μ¥ ¢ÒÏ¥ Ê· ¢´¥´¨¥ ¸É ´μ¢¨É¸Ö ¸¶· ¢¥¤²¨¢Ò³, ±μ£¤ 
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¨³¥¥É ³¥¸Éμ Ê¸²μ¢¨¥
ΣMS

γKs

� 1. (147)

Š ± ¸²¥¤Ê¥É ¨§ (131), ¶·μÉ¨¢μ¶μ²μ¦´μ¥ ¸É·μ£μ¥ ´¥· ¢¥´¸É¢μ ¤ ¥É ¸²ÊÎ °,
· ¸¸³μÉ·¥´´Ò° Œ¨²´¥·μ³ ¨ ‘ Ë· ´μ³:

〈(vm
n )2〉Happ(v,X) =

8πγ

(n − 1)(n + 2)
{
n(n + 1) + ΣMS

} . (148)

‚Ò· ¦¥´¨Ö (146), (147) ¨ (148) ¤²Ö É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¸·¥¤´¨Ì ±¢ ¤· Éμ¢
 ³¶²¨ÉÊ¤ vm

n ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö Ô±¸¶¥·¨³¥´É ²Ó´μ£μ μ¶·¥¤¥²¥´¨Ö
Ks, γ (¸μμÉ¢¥É¸É¢¥´´μ Kc) ¨ ¶ · ³¥É·  ΣMS (¢³¥¸Éμ S0) ¢ · ³± Ì ³¥Éμ¤ 
Ë²¨±±¥·-¸¶¥±É·μ¸±μ¶¨¨.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ (±μ£¤  Ê· ¢´¥´¨¥ ¸ ³μ¸μ£² ¸μ¢ ´¨Ö ·¥Ï ¥É¸Ö Î¨¸²¥´´μ)
¥£μ ·¥Ï¥´¨¥ § ¢¨¸¨É Éμ²Ó±μ μÉ σ0 ¨ C . ’μ£¤  ¢ ± Î¥¸É¢¥ ¶μ¤£μ´μÎ´ÒÌ ¶ · -
³¥É·μ¢ ¢ (121) Ê¤μ¡´μ ¢Ò¡· ÉÓ: γ, σ0 ¨ C . „²Ö ³μ¤Ê²¥° Ks ¨ Kc ´¥É·Ê¤´μ
¶μ²ÊÎ¨ÉÓ

Ks =
1

8πβR2
0

C

γ2

(
1 − σ0γ

C

)
(149)

¨
Ks

Kc
=

1
R2

0

(
C

γ
− σ0

)
. (150)

15. �‹ˆ‡�‘’œ Œ�„…‹œ��ƒ� ˆ �����Š‘ˆŒˆ�“�™…ƒ�
ƒ�Œˆ‹œ’��ˆ���‚

�· ¢¨²Ó´μ¸ÉÓ ´ Ï¥£μ ³¥Éμ¤  ³μ¦´μ ±μ´É·μ²¨·μ¢ ÉÓ, ¢ÒÎ¨¸²ÖÖ ¸·¥¤´¥-
±¢ ¤· É¨Î´Ò¥ Ë²Ê±ÉÊ Í¨¨ ¢¥²¨Î¨´Ò A(v) ¢ ¢¥·Ì´¥° £· ´¨Í¥ ´¥· ¢¥´¸É¢ 	μ-
£μ²Õ¡μ¢  (113), ¸ ÊÎ¥Éμ³ (114) μ´¨ μ¶·¥¤¥²¥´Ò ± ±

C(X̃) ≡ 〈[A(v) − X̃ ]2〉Happ (v, X̃). (151)

ˆ§ (115) ¨ (117) ¸²¥¤Ê¥É, ÎÉμ

X̃ ≡ 〈A(v)〉Happ(v, ˜X). (152)

�Î¥¢¨¤´μ, ÎÉμ ±μ··¥²ÖÉμ· C(X̃) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ±

〈[A(v) − 〈A(v)〉Happ(v, ˜X)]
2〉Happ(v, ˜X) =

= 〈[A(v)]2〉Happ(v, ˜X) − 〈A(v)〉2
Happ(v, ˜X)

. (153)
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ˆ§ (70), (106) ¨ (121) ¶μ²ÊÎ ¥³

〈A(v)〉Happ(v, ˜X) =
σ1

4β

nmax∑
n=2

2n + 1
[n(n + 1) + Σapp]

. (154)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢Ò· ¦¥´¨Ö (91) ¨ (70) ¶·¥¤¶μ² £ ÕÉ, ÎÉμ

〈[A(v)]2〉Happ(v, ˜X) =
Ks

2S0

R4
0

4

nmax∑
n=2

n∑
m=−n

nmax∑
n′=2

n′∑
m′=−n′

(n − 1)(n + 2)×

× (n′ − 1)(n′ + 2)〈(vm
n )2(vm′

n′ )2〉Happ(v, ˜X). (155)

“Î¨ÉÒ¢ Ö, ÎÉμ  ³¶²¨ÉÊ¤Ò vm
n ´¥ ±μ··¥²¨·ÊÕÉ ¤·Ê£ ¸ ¤·Ê£μ³ ( ¶¶·μ±¸¨³¨·ÊÕ-

Ð¨° £ ³¨²ÓÉμ´¨ ´ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸¨¸É¥³Ê ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì μ¸Í¨²-
²ÖÉμ·μ¢) ¨ ¨³¥ÕÉ £ Ê¸¸μ¢μ · ¸¶·¥¤¥²¥´¨¥, ³Ò ¶μ²ÊÎ ¥³, ÎÉμ

〈(vm
n )4〉Happ(v, ˜X) = 3[〈(vm

n )2〉Happ(v, ˜X)]
2. (156)

�μ¸²¥ ¤μ²£¨Ì, μ¤´ ±μ ´¥ ¸²¨Ï±μ³ ¸²μ¦´ÒÌ ¢ÒÎ¨¸²¥´¨° ¶μ²ÊÎ ¥³

C(X̃) = 〈[A(v) − X̃ ]2〉Happ(v, ˜X) =

=
Ks

S0

R4
0

4

[
1

βKc

]2 nmax∑
n=2

2n + 1
[n(n + 1) + Σapp]2

. (157)

‚ ¶·¨¢¥¤¥´´μ³ ¢ÒÏ¥ ¢Ò· ¦¥´¨¨ Σapp Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¸ ³μ¸μ£² ¸μ¢ ´-
´μ£μ Ê· ¢´¥´¨Ö (123) ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ kT , Kc, Ks, R0 ¨ S0. Šμ£¤ 
Σapp → −6, ±μ··¥²ÖÉμ· C(X̃) · ¸Ìμ¤¨É¸Ö, ¨ μÍ¥´±  ¸É ´μ¢¨É¸Ö ´¥¨´Ëμ·-
³ É¨¢´μ°. �¤´ ±μ ¢¸¥£¤  ´Ê¦´μ ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ ¢ ¤ ´´μ³ ¶·¥¤¥²¥ ¢±² ¤
´¥ÊÎÉ¥´´ÒÌ Î²¥´μ¢ ¢Ò¸Ï¥£μ ¶μ·Ö¤±  ¢ · §²μ¦¥´¨ÖÌ (7)Ä(9) ¢μ§· ¸É ¥É ¨
´ ³ ¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¢ (7)Ä(9) Î²¥´Ò ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤± , Î¥³ ¢Éμ-
·μ° [13].

…¸²¨ ±μ··¥²ÖÉμ· ¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥ ³ ² Ö ¢¥²¨Î¨´  (¨²¨ μ´ · ¢¥´
´Ê²Õ), Éμ ¢¸²¥¤¸É¢¨¥ ´¥· ¢¥´¸É¢ (113) É¥·³μ¤¨´ ³¨±  ³μ¤¥²Ó´μ° ¸¨¸É¥-
³Ò (110) Ìμ·μÏμ μ¶¨¸Ò¢ ¥É¸Ö (¨´μ£¤  £μ¢μ·ÖÉ Å É¥·³μ¤¨´ ³¨Î¥¸±¨° Ô±¢¨-
¢ ²¥´É)  ¶¶·μ±¸¨³¨·ÊÕÐ¨³ £ ³¨²ÓÉμ´¨ ´μ³ Happ(v, X̃).

ˆ´É¥·¥¸´μ ¶μ¸³μÉ·¥ÉÓ ´  ¶μ¢¥¤¥´¨¥ ±μ··¥²ÖÉμ·  (157) ± ± ËÊ´±Í¨¨ Ks

¢ ¸²ÊÎ ¥ ¶·¥¤¥²Ó´ÒÌ §´ Î¥´¨° 0 ¨ ∞. Šμ£¤  Ks → 0, ¨§ (143) ¸²¥¤Ê¥É,
ÎÉμ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ kT , Kc, R0 ¨ S0 ±μ··¥²ÖÉμ· ¢ ¢Ò· ¦¥´¨¨ (157)
É ±¦¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ. Šμ£¤  Ks → ∞, Σapp ¸É·¥³¨É¸Ö ± ΣMS (¸³. (144))
¨ ±μ··¥²ÖÉμ· ¸É·¥³¨É¸Ö ± ∞.

‘Ê³³  ¢ ¶· ¢μ° Î ¸É¨ (157) ¨³¥¥É  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¶μ N ¸μ-
£² ¸´μ ¢Ò· ¦¥´¨Õ (173) (¸³. ¶·¨². A), ¢ ±μÉμ·μ³ Σapp ´¥μ¡Ìμ¤¨³μ § ³¥´¨ÉÓ
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´  §´ Î¥´¨¥ ¨§ (127) ¨²¨ (128). ‚ ·¥§Ê²ÓÉ É¥ ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¥¸²¨ N → ∞,
Éμ C(X̃) → 0 ¨ ´ Ï · ¸Î¥É Ö¢²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ ÉμÎ´Ò³ ¢ É¥·³μ¤¨´ ³¨-
Î¥¸±μ³ ¶·¥¤¥²¥ N/V = const.

�μ¸±μ²Ó±Ê ³Ò μ¡¸Ê¦¤ ¥³ ·μ²Ó Ê¶·Ê£μ¸É¨ ³¥³¡· ´Ò ¶·¨ · ¸ÉÖ¦¥´¨¨, ´ ³
´¥μ¡Ìμ¤¨³μ §´ ÉÓ μ¡μ¸´μ¢ ´´μ¸ÉÓ ´ Ï¥£μ ¶μ¤Ìμ¤  ¶·¨ · §´ÒÌ Ks. ‡¤¥¸Ó
¸Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¶μ¶ÒÉ±  ¶Ê¸ÉÓ ¤ ¦¥ Î¨¸²¥´´μ · ¸¸Î¨É ÉÓ ¸¢μ¡μ¤´ÊÕ Ô´¥·-
£¨Õ ¸μ¢³¥¸É´μ ¸ ¸ ³μ¸μ£² ¸μ¢ ´´Ò³ Ê· ¢´¥´¨¥³ ³μ¦¥É μ± § ÉÓ¸Ö ¤μ¢μ²Ó´μ
É·Ê¤μ¥³±μ°. 	μ²¥¥ ÔËË¥±É¨¢´Ò° ¸¶μ¸μ¡ ·¥Ï¥´¨Ö ¶·μ¡²¥³Ò, ¶μ§¢μ²ÖÕÐ¨°
¨§¡¥¦ ÉÓ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¸ ³μ¸μ£² ¸μ¢ ´´μ£μ Ê· ¢´¥´¨Ö, ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ¡Ò ÊÎ¥¸ÉÓ μ¡· É´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê Σapp ¨ Ks, ±μÉμ· Ö § ¤ ´  Î¥·¥§ (141).
ˆ§-§  ¸¶¥Í¨Ë¨Î¥¸±μ° Ëμ·³Ò ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö Ê¤μ¡´¥¥ ¢³¥¸Éμ Ks ¨¸¶μ²Ó-
§μ¢ ÉÓ ¢ ± Î¥¸É¢¥ ®¸¢μ¡μ¤´μ£μ¯ ¶ · ³¥É·  Σapp. „²Ö ÔÉμ£μ ³Ò ¶μ¤¸É ¢²Ö¥³

¶¥·¥³¥´´ÊÕ X̃ ¸ ¶μ³μÐÓÕ Σapp ¢ ´¥· ¢¥´¸É¢  	μ£μ²Õ¡μ¢  (107), ¨¸¶μ²Ó-
§ÊÖ (105). ’ ±¨³ μ¡· §μ³, ´¥· ¢¥´¸É¢  	μ£μ²Õ¡μ¢  ³μ£ÊÉ ¡ÒÉÓ ¶¥·¥¶¨¸ ´Ò
¢ ¢¨¤¥

0 � f [H ] − f [Happ(Σapp)]
|f [Happ(Σapp)]|

� R(Σapp), (158)

£¤¥

R(Σapp) ≡
C(Σapp)

|f [Happ(Σapp)]|
(159)

¥¸ÉÓ μÉ´μ¸¨É¥²Ó´ Ö μÏ¨¡± . �μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ R(Σapp) ¤²Ö ´¥±μÉμ·μ£μ
Ë¨±¸¨·μ¢ ´´μ£μ ΣMS ¨§ÊÎ ²μ¸Ó ¢ [42]. � Ï Î¨¸²¥´´Ò°  ´ ²¨§ ¶μ± §Ò¢ ¥É,
ÎÉμ R(Σapp) � 1, ¨ ¶μÔÉμ³Ê ¨¸¶μ²Ó§Ê¥³μ¥ ¶·¨¡²¨¦¥´¨¥ μ¡¥¸¶¥Î¨¢ ¥É μÎ¥´Ó
Ìμ·μÏÊÕ μÉ´μ¸¨É¥²Ó´ÊÕ ÉμÎ´μ¸ÉÓ ¤²Ö ²Õ¡μ£μ ·¥Ï¥´¨Ö Σapp ¸ ³μ¸μ£² ¸μ¢ ´-
´μ£μ Ê· ¢´¥´¨Ö ´  μÉ±·ÒÉμ³ ¨´É¥·¢ ²¥ (−6,∞).

16. �…�‘�…Š’ˆ‚› Œ…’�„�, ��‘‘Œ�’�…���ƒ� ‚ ��‡„. 10

�μ±  ³Ò μ£· ´¨Î¨¢ ²¨¸Ó ¸²ÊÎ ¥³, ±μ£¤  ³¥³¡· ´  ¢¥§¨±Ê² ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° ¸¦¨³ ¥³Ò° ¤¢Ê³¥·´Ò° ³μ´μ¸²μ°, ¶μ£·Ê¦¥´´Ò° ¢ ¦¨¤±μ¸ÉÓ ¸ μ¤¨´ ±μ-
¢μ° ¢Ö§±μ¸ÉÓÕ ¶μ μ¡¥ ¸Éμ·μ´Ò μÉ ³¥³¡· ´Ò. �¤´ ±μ ÔËË¥±ÉÒ ³¥¦¸²μ°´μ°
¸¢Ö§¨ ¢ ±μ²¥¡²ÕÐ¥°¸Ö ¤¢Ê¸²μ°´μ° ³¥³¡· ´¥ É ±¦¥ ±· °´¥ ¨´É¥·¥¸´Ò. �¡-
§μ· ´¥±μÉμ·ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨ É¥μ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éμ¢, ¸Ò£· ¢Ï¨Ì
¢ ¤ ´´μ° μ¡² ¸É¨ μ¸´μ¢μ¶μ² £ ÕÐÊÕ ·μ²Ó, Î¨É É¥²Ó ³μ¦¥É ´ °É¨ ¢ [67, 68].
’¥μ·¥É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ ´  Ö§Ò±¥ ¤¨¸±·¥É´ÒÌ ¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨± ¡Ò²μ,
£² ¢´Ò³ μ¡· §μ³, ¨¸¸²¥¤μ¢ ´μ ¢ · ¡μÉ Ì [54, 69Ä72]. Š·μ³¥ Éμ£μ, ¨¸¸²¥-
¤μ¢ ´¨Ö ¤¢Ê¸²μ°´ÒÌ ¸É·Ê±ÉÊ·, ¢±²ÕÎ ÕÐ¨¥ ¢§ ¨³μ¸¢Ö§ ´´Ò¥ ÔËË¥±ÉÒ ´¥²¨-
´¥°´μ° Ê¶·Ê£μ¸É¨ ¨ μÉ´μ¸¨É¥²Ó´μ£μ ¸³¥Ð¥´¨Ö ³μ´μ¸²μ¥¢ ³¥³¡· ´Ò, ³μ£ÊÉ
¶·¥¤¸É ¢²ÖÉÓ ´¥¸μ³´¥´´Ò° ¨´É¥·¥¸, ¶μÔÉμ³Ê ´¥±μÉμ·Ò¥ ¸¢Ö§ ´´Ò¥ ¸ ÔÉ¨³
¨¤¥¨ ¨ ¶·μ¡²¥³Ò ³Ò μ¡¸Ê¤¨³ ´¨¦¥.
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‚ ¦´Ò³ ¸²¥¤¸É¢¨¥³ ¤¢Ê¸²μ°´μ° ¸É·Ê±ÉÊ·Ò ³¥³¡· ´Ò Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ¤¥-
Ëμ·³ Í¨Ö ¨§£¨¡  ¢¸¥£¤  ¸μ¶·μ¢μ¦¤ ¥É¸Ö · ¸ÉÖ¦¥´¨¥³ μ¤´μ£μ ³μ´μ¸²μÖ (¢´¥Ï-
´¥£μ) ¨ ¸¦ É¨¥³ ¤·Ê£μ£μ (¢´ÊÉ·¥´´¥£μ).

’ ±¨³ μ¡· §μ³, ¨¸¶μ²Ó§μ¢ ´¨¥ ³¥Éμ¤  Œ�ƒ, · ¸¸³μÉ·¥´´μ£μ ¢ · §¤. 10,
¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨° ¢ ¡μ²¥¥ ¸²μ¦´ÒÌ ¤¢Ê¸²μ°´ÒÌ ¸¨¸É¥-
³ Ì ± ¦¥É¸Ö · §Ê³´μ° ¨¤¥¥°. �´ ²μ£¨¨ ¨§ ¤·Ê£¨Ì μ¡² ¸É¥° Ë¨§¨±¨ ±μ´¤¥´-
¸¨·μ¢ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ Í¥²μ³ ¶μ¤É¢¥·¦¤ ÕÉ, ÎÉμ ²Õ¡μ° ´¥²μ± ²Ó´Ò° Î²¥´,
¤μ¡ ¢²¥´´Ò° ¢ £ ³¨²ÓÉμ´¨ ´, ³μ¦¥É ¡ÒÉÓ ÊÎÉ¥´ ¶μ ÔÉμ° ¸Ì¥³¥ [39, 61Ä63].
‚ ·¥§Ê²ÓÉ É¥ ¶μÖ¢¨É¸Ö ¤μ¶μ²´¨É¥²Ó´Ò° ¢ ·¨ Í¨μ´´Ò° ¶ · ³¥É·, Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê Ê· ¢´¥´¨Õ ¸ ³μ¸μ£² ¸μ¢ ´¨Ö.

�·Ö³μ¥ μ¡μ¡Ð¥´¨¥ ³μ¤¥²Ó´μ£μ £ ³¨²ÓÉμ´¨ ´  (95) ¸μ¸Éμ¨É ¢ ¤μ¡ ¢²¥´¨¨
Î²¥´ , μ¡Ê¸²μ¢²¥´´μ£μ Ê¶·Ê£¨³ μÉ´μ¸¨É¥²Ó´Ò³ · ¸Ï¨·¥´¨¥³ ¤¢ÊÌ μÉ¤¥²Ó´ÒÌ
³μ´μ¸²μ¥¢ ³¥³¡· ´Ò. ‚ ÔÉμ° ³μ¤¥²¨ ± ¦¤Ò° ³μ´μ¸²μ° ¨³¥¥É μ¶É¨³ ²Ó´ÊÕ
¶²μÐ ¤Ó Sin

0 ¨²¨ Sout
0 , ±μÉμ· Ö § ¢¨¸¨É μÉ ±μ²¨Î¥¸É¢  ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ ´¥³

²¨¶¨¤´ÒÌ ³μ²¥±Ê²,   É ±¦¥ ³μ¦¥É ¨³¥ÉÓ Ë ±É¨Î¥¸±ÊÕ ¶²μÐ ¤Ó Sin ¨²¨ Sout.
‚ ·¥§Ê²ÓÉ É¥ £ ³¨²ÓÉμ´¨ ´, ÊÎ¨ÉÒ¢ ÕÐ¨° · §´¨ÍÊ ¶²μÐ ¤¥° ³¥¦¤Ê ³μ´μ¸²μ-
Ö³¨ [9,73], ³μ¦´μ § ¶¨¸ ÉÓ ¢ Ê¤μ¡´μ³ ¢¨¤¥

Hr =
1
2

KΔ

S0
(ΔS(v) − ΔS0)

2
, (160)

£¤¥ KΔ Å ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ê¶·Ê£ Ö ¶μ¸ÉμÖ´´ Ö (´¥²μ± ²Ó´Ò° ³μ¤Ê²Ó ¨§£¨¡ ),
¨ ¢ §´ ³¥´ É¥²¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¤μ¶ÊÐ¥´¨¥ Sout

0 � Sin
0 � S0. ‘ ÉμÎ´μ¸ÉÓÕ

¤μ ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ  ³¶²¨ÉÊ¤ ³ (vm
n ) Î²¥´ ¢ ¸±μ¡± Ì ¢ ¶·¥¤¸É ¢²¥´¨¨

¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨± ¶·¨´¨³ ¥É ¢¨¤ [28]

ΔS(v) ≡ Sout(v) − Sin(v) =

= 8πR0h

{
1 +

1
8π

[
nmax∑
n=2

n∑
m=−n

(n − 1)(n + 2)(vm
n )2

]}
, (161)

£¤¥ 2h Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ³μ´μ¸²μÖ³¨ ¨ ΔS0 ≡ Sout
0 − Sin

0 . …¸²¨ ¢¢¥¸É¨
´ ¶·Ö¦¥´´μ¸ÉÓ ¨§-§  μÉ´μ¸¨É¥²Ó´μ° · §´¨ÍÒ ¶²μÐ ¤¥°

σΔ =
KΔ

S0
(ΔS(v) − ΔS0) , (162)

Éμ (160) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ Ìμ·μÏμ ¨§¢¥¸É´μ³ ¢¨¤¥

Hr(v) =
S0

2KΔ
(σΔ(v))2. (163)

ˆ § É¥³ ¤μ¡ ¢¨ÉÓ ¢ (93):

H(v) = Hc(v) + Hs(v) + Hr(v). (164)
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‚¸²¥¤¸É¢¨¥ ¥¤¨´μ° ¸É·Ê±ÉÊ·Ò ¤²Ö · ¡μÉÒ ¸ ¶μ¸²¥¤´¨³¨ ¤¢Ê³Ö Î²¥´ ³¨
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ £ ³¨²ÓÉμ´¨ ´ , · §¢¨ÉÒ°
¢ · §¤. 9 ¨ 10.

…¸²¨ ÊÎ¨ÉÒ¢ ÉÓ ¤¢Ê¸²μ°´ÊÕ ¸É·Ê±ÉÊ·Ê ³¥³¡· ´Ò, ¸É ´μ¢¨É¸Ö ´¥μ¡Ìμ¤¨-
³Ò³ ÉÐ É¥²Ó´μ ¨¸¸²¥¤μ¢ ÉÓ ·μ²Ó ²μ± ²Ó´ÒÌ ¶²μÉ´μ¸É¥° ²¨¶¨¤μ¢ ´  ± ¦¤μ³
³μ´μ¸²μ¥. •μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ, ±μ£¤  ±μ²¥¡ ´¨Ö ¡¨¸²μÖ ¸ÊÐ¥¸É¢¥´´Ò, ¢μ§-
´¨± ÕÉ · §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ Ö¢²¥´¨Ö Å ·¥§Ê²ÓÉ É ¨§³¥´¥´¨Ö ²μ± ²Ó´μ°
¶²μÉ´μ¸É¨ ³μ´μ¸²μÖ. �μ¸²¥¤´¥¥ ³μ¦¥É ¡ÒÉÓ ¢Ò§¢ ´μ ² É¥· ²Ó´Ò³¨ ¶μÉμ-
± ³¨ ²¨¶¨¤´ÒÌ ³μ²¥±Ê². �μ¢Ò¥ ¤¨´ ³¨Î¥¸±¨¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¸¢Ö§ ´´Ò¥
¸ · §´¨Í¥° ¢ ¶²μÉ´μ¸É¨ ²¨¶¨¤μ¢ ³¥¦¤Ê ¤¢Ê³Ö ³μ´μ¸²μÖ³¨, ¶·¨ ÊÎ¥É¥ ±¢ §¨-
¸Ë¥·¨Î¥¸±μ° £¥μ³¥É·¨¨ ³¥³¡· ´, ¡Ò²¨ ¢±²ÕÎ¥´Ò ¢ É¥μ·¨Õ ´  Éμ³ ¨²¨ ¨´μ³
Ë¥´μ³¥´μ²μ£¨Î¥¸±μ³ Ê·μ¢´¥ ¢ [54, 69Ä71, 74],   É ±¦¥ ´  μ¸´μ¢¥ μ¶·¥¤¥²¥´-
´ÒÌ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·¨´Í¨¶μ¢ ¢ [71, 72]. �·μ¡²¥³  ¸μ¸Éμ¨É ¢ ÊÎ¥É¥ ¶μ-
¶¥·¥Î´ÒÌ ¤¥Ëμ·³ Í¨° μÉ´μ¸¨É¥²Ó´μ · ¢´μ¢¥¸´μ° ÔÉ ²μ´´μ° ±μ´Ë¨£Ê· Í¨¨,
§  ±μÉμ·Ò³¨ ¸²¥¤Ê¥É ² É¥· ²Ó´μ¥ ¶¥·¥· ¸¶·¥¤¥²¥´¨¥ ³μ²¥±Ê² ¢´ÊÉ·¨ ¡¨¸²μÖ,
  ¨³¥´´μ Ë²¨¶-Ë²μ¶ ¶¥·¥Ìμ¤Ò ¨ ÔËË¥±ÉÒ ³¥¦¸²μ°´μ£μ É·¥´¨Ö. � ¸Ï¨·¥-
´¨¥ É¥μ·¨¨ ´  ¸²ÊÎ ° ¡¨¸²μÖ ¢ÒÌμ¤¨É §  · ³±¨ ¤ ´´μ£μ μ¡§μ· . ‘±μ·¥¥, ³Ò
Ê± §Ò¢ ¥³ ´  ¶·μ¡²¥³´Ò¥ ³μ³¥´ÉÒ, ±μÉμ·Ò¥ ¤μ²¦´Ò ¡ÒÉÓ ÊÎÉ¥´Ò ¢ É ±μ°
É¥μ·¨¨.

‚ [74] ¡Ò²  · §¢¨É  ±μ²¨Î¥¸É¢¥´´ Ö É¥μ·¨Ö, μ¶¨¸Ò¢ ÕÐ Ö ±μ²¥¡ ´¨Ö ¢´¥
¶²μ¸±μ¸É¨ ¶²μ¸±μ° ³¥³¡· ´Ò ¸ ÊÎ¥Éμ³ ³¥¦¸²μ°´μ£μ É·¥´¨Ö ¨ ¤¢Ê³¥·´μ° ¢Ö§-
±μ¸É¨. Ÿ¢´Ò¥ § ¢¨¸¨³μ¸É¨ ¤²Ö ±μ²¥¡ ´¨° ±¢ §¨¸Ë¥·¨Î¥¸±μ° ¢¥§¨±Ê²Ò ¶μ¤
¢²¨Ö´¨¥³ ¸³¥Ð¥´¨° ³μ´μ¸²μ¥¢ ¡¨¸²μÖ ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ §´ Î¥´¨° ¢μ²´μ¢μ£μ
¢¥±Éμ·  ±μ²¥¡ ´¨° ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢ [69]. �μ§¤´¥¥ ¡Ò²μ ¶μ± § ´μ [70], ÎÉμ
¢ ¸²ÊÎ ¥ ¤¢Ê¸²μ°´μ° ³¥³¡· ´Ò Ê¶·Ê£μ¸ÉÓ ¶·¨ ¨§£¨¡¥, § ¤¥°¸É¢μ¢ ´´ Ö ¢ É¥-
μ·¥É¨Î¥¸±¨Ì · ¸Î¥É Ì, Å ÔÉμ ¸¢μ¡μ¤´Ò° Ë²¨¶-Ë²μ¶. �·¨¢¥¤¥´´Ò° ·¥§Ê²ÓÉ É
¡Ò² ¶μ²ÊÎ¥´ ¸ ÊÎ¥Éμ³ ² É¥· ²Ó´μ£μ ¸³¥Ð¥´¨Ö ³μ´μ¸²μ¥¢. �¡¥ É¥μ·¨¨ [69,70]
¢μ¸¶·μ¨§¢μ¤ÖÉ ·¥§Ê²ÓÉ É Œ¨²´¥·  ¨ ‘ Ë· ´  (¸³. (42) ¢ ´ Ï¥° · ¡μÉ¥) ¤²Ö
¸·¥¤´¨Ì ±¢ ¤· Éμ¢  ³¶²¨ÉÊ¤ u(θ, ϕ, t), ¶· ¢¤ , ¸ ¡μ²¥¥ ¡μ£ ÉÒ³ Ë¨§¨Î¥¸±¨³
¸³Ò¸²μ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ÔËË¥±É¨¢´ÒÌ ³μ¤Ê²¥° Ê¶·Ê£μ¸É¨ ¶·¨ ¨§£¨¡¥ ¨
ÔËË¥±É¨¢´μ£μ ¶μ¢¥·Ì´μ¸É´μ£μ ´ ÉÖ¦¥´¨Ö. 	μ²¥¥ ±μ´±·¥É´μ, ¸· ¢´¥´¨¥ (42)
¸ ·¥§Ê²ÓÉ Éμ³, ¶μ²ÊÎ¥´´Ò³ ¢ [70], ¶μ± §Ò¢ ¥É, ÎÉμ Kc ¨ σ ´¥μ¡Ìμ¤¨³μ § ³¥-
´ÖÉÓ, ¸μμÉ¢¥É¸É¢¥´´μ, ´  ¸¢μ¡μ¤´ÊÕ Ë²¨¶-Ë²μ¶ Ê¶·Ê£μ¸ÉÓ K fr

c ¨ σ+ε. ‚ ¦´Ò³
Ö¢²Ö¥É¸Ö ¶μ²ÊÎ¥´´ Ö § ¢¨¸¨³μ¸ÉÓ ε μÉ Ë²¨¶-Ë²μ¶ Ê¶·Ê£μ¸É¨ K fr

c , ¡²μ±¨·μ¢ ´-
´μ° Ë²¨¶-Ë²μ¶ Ê¶·Ê£μ¸É¨ Kbl

c ,   É ±¦¥ ËÊ´±Í¨Ö, ±μÉμ· Ö μ¶·¥¤¥²¥´  Î¥·¥§
Ê· ¢´¥´¨¥, ¸μ¤¥·¦ Ð¥¥ · §´¨ÍÊ ³¥¦¤Ê ¶²μÉ´μ¸ÉÖ³¨ ³μ²¥±Ê²Ö·´ÒÌ ¶μ¢¥·Ì´μ-
¸É¥° ¢´ÊÉ·¥´´¥£μ ¨ ¢´¥Ï´¥£μ ¸²μ¥¢ ¨ Ë²¨¶-Ë²μ¶ ±μÔËË¨Í¨¥´É ξ (¸³. (29)
¢ [70]). ’μ, ÎÉμ · ¸Î¥ÉÒ ¢ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ É¥μ·¨ÖÌ, ¶μ ¸ÊÐ¥¸É¢Ê, μ¸´μ-
¢ ´Ò ´  £ Ê¸¸μ¢μ° É¥μ·¨¨ Ë²Ê±ÉÊ Í¨°, Ö¢²Ö¥É¸Ö Ê± § ´¨¥³ ´  ¢μ§³μ¦´μ¸ÉÓ
· ¸Ï¨·¥´¨Ö ¶ÊÉ¥³ ¢±²ÕÎ¥´¨Ö ¨§³¥´¥´¨Ö ²μ± ²Ó´μ° ¶²μÉ´μ¸É¨ ¢ Î ¸ÉÓ (69)
´ Ï¥£μ ³μ¤¥²Ó´μ£μ £ ³¨²ÓÉμ´¨ ´  (68) ¶·μ¸Éμ ¶ÊÉ¥³ ¨¸¶μ²Ó§μ¢ ´¨Ö μ¶¨¸ ´-
´μ° ¢ÒÏ¥ § ³¥´Ò ± ± ³´¥³μ´¨Î¥¸±μ£μ ¶· ¢¨² . ‡¤¥¸Ó ´¥μ¡Ìμ¤¨³μ ¸¤¥² ÉÓ
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´¥¸±μ²Ó±μ § ³¥Î ´¨° μÉ´μ¸¨É¥²Ó´μ ¢±² ¤  ÔÉ¨Ì ¶μ¤¸É ´μ¢μ± ¢ ¨§¡ÒÉμÎ´ÊÕ
¶²μÐ ¤Ó. …¸²¨ ³Ò ÌμÉ¥²¨ ¡Ò ¶·¥¤¶μ²μ¦¨ÉÓ, ¨¸¶μ²Ó§ÊÖ (137), ³μ£ÊÉ ²¨ §´ -
Î¥´¨Ö Δ(Σapp) § ±μ´´μ ¡ÒÉÓ ¡μ²ÓÏ¥ ¨²¨ ³¥´ÓÏ¥ Δ(ΣMS), ¶¥·¢μ¥, ÎÉμ ´ ³
´Ê¦´μ ¡Ò²μ ¡Ò ¸¤¥² ÉÓ Å μÍ¥´¨ÉÓ · §´¨ÍÊ ³¥¦¤Ê K fr

c ¨ Kbl
c . ‚Éμ·μ¥ § ³¥Î -

´¨¥ ± ¸ ¥É¸Ö ·¥Ï¥´¨Ö Σapp. �´μ ¤μ²¦´μ ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¸ ³μ¸μ£² ¸μ¢ ´´Ò³
μ¡· §μ³. �¥Ï¥´¨¥ ± ± ¶¥·¢μ°, É ± ¨ ¢Éμ·μ° ¶·μ¡²¥³Ò Ö¢²Ö¥É¸Ö ´¥¶·μ¸Éμ°
§ ¤ Î¥°.

�¶·¥¤¥²¥´´μ¥ ¤¢¨¦¥´¨¥ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨, ÌμÉÖ ¨ ¢ÒÌμ¤ÖÐ¥¥ §  · ³±¨
¸ ³μ¸μ£² ¸μ¢ ´´μ° É¥μ·¨¨, ¡Ò²μ ¸¤¥² ´μ ¢ · ¡μÉ Ì [54,70], £¤¥ ¡Ò²¨ · ¸¸³μ-
É·¥´Ò ÔËË¥±ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ Ê¶·Ê£μ¸ÉÓÕ ¶·¨ · ¸ÉÖ¦¥´¨¨ ¡¨¸²μÖ ¸μ¢³¥¸É´μ
¸ ² É¥· ²Ó´Ò³ ¸³¥Ð¥´¨¥³ ³μ´μ¸²μÖ ¤²Ö ±μ²¥¡ ´¨° ¸Ë¥·¨Î¥¸±μ° ¢¥§¨±Ê²Ò.
�¤´ ±μ ¢ ¤ ´´ÒÌ · ¡μÉ Ì ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¶·¨¡²¨¦¥´¨¥ ¸·¥¤´¥£μ ¶μ²Ö É¨¶ 
Œ¨²´¥·  ¨ ‘ Ë· ´ , ¸μ£² ¸´μ ±μÉμ·μ³Ê Ë²Ê±ÉÊ Í¨¨ ÔËË¥±É¨¢´μ£μ ´ ÉÖ¦¥-
´¨Ö ´¥ ±μ··¥²¨·ÊÕÉ ¸ Ë²Ê±ÉÊ Í¨Ö³¨  ³¶²¨ÉÊ¤Ò u(θ, ϕ, t). ‚ ·¥§Ê²ÓÉ É¥ ±μ·-
·¥²ÖÍ¨Ö ³¥¦¤Ê u(θ, ϕ, t) ¨ ¶μ¢¥·Ì´μ¸É´Ò³ ´ ÉÖ¦¥´¨¥³ ¡Ò²  ¶μÉ¥·Ö´ , ÎÉμ
¶·¨¢¥²μ ± ´¥¢μ§³μ¦´μ¸É¨ μ¶·¥¤¥²¥´¨Ö ³μ¤Ê²Ö Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥´¨¨ Ks

Ô±¸¶¥·¨³¥´É ²Ó´μ ¨§ Ë²¨±±¥·-ÏÊ³μ¢μ£μ  ´ ²¨§ .
” ±É¨Î¥¸±¨ ¶μ¸²¥¤μ¢ É¥²Ó´Ò° ¶μ¤Ìμ¤, μ¸´μ¢ ´´Ò° ´  ËÊ´¤ ³¥´É ²Ó´ÒÌ

¶·¨´Í¨¶ Ì, ¤μ²¦¥´ ¡ÒÉÓ ·¥ ²¨§μ¢ ´ ¢ · ³± Ì É¥μ·¨¨, ¶·¥¤²μ¦¥´´μ° ¢ [71],
¢±²ÕÎ ÕÐ¥°, μ¤´ ±μ, ´¥²¨´¥°´ÊÕ Ô´¥·£¨Õ Ê¶·Ê£μ¸É¨ ¡¨¸²μÖ, É. ¥. Î²¥´
É¨¶  (95).

•μÉÖ ´ Ï ³¥Éμ¤, μ¸´μ¢ ´´Ò° ´  ´¥· ¢¥´¸É¢ Ì 	μ£μ²Õ¡μ¢ , ¶·¨³¥´¨³
¡μ²¥¥ Ï¨·μ±μ, ¢¸¥ · ¢´μ ¶·¨Ìμ¤¨É¸Ö ·¥Ï ÉÓ · §²¨Î´Ò¥ ´¥É·¨¢¨ ²Ó´Ò¥ § -
¤ Î¨. ‚μ-¶¥·¢ÒÌ, ´¥¨§¡¥¦´μ° ¶·μ¡²¥³μ° Ö¢²Ö¥É¸Ö μ¡μ¸´μ¢ ´¨¥ ¶μ¤Ìμ¤ÖÐ¥£μ
¢Ò¡μ·  ¤²Ö ÔËË¥±É¨¢´μ£μ £ ³¨²ÓÉμ´¨ ´ , μ¶·¥¤¥²ÖÕÐ¥£μ Ê¶·Ê£¨¥ ¸¢μ°¸É¢ 
¡¨¸²μÖ. ‡¤¥¸Ó ¶·¥¶ÖÉ¸É¢¨¥³ Ö¢²Ö¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¢Ò¡μ· Ë¨§¨Î¥¸±¨Ì ¶ -
· ³¥É·μ¢ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ÔÉ ²μ´´ÒÌ ¸μ¸ÉμÖ´¨°, ¢Ìμ¤ÖÐ¨Ì ¢ μ¶·¥¤¥²¥´¨¥
£ ³¨²ÓÉμ´¨ ´ , ¤²Ö Éμ£μ ÎÉμ¡Ò Ê¸É ´μ¢¨ÉÓ ¸¢Ö§Ó ¸ Ô±¸¶¥·¨³¥´Éμ³ (¸³., ´ ¶·¨-
³¥·, ®¢Éμ·μ¥ § ³¥Î ´¨¥¯ ¢ · ¡μÉ¥ [71] μ ¢±²ÕÎ¥´¨¨ ´¥²¨´¥°´μ° Ê¶·Ê£μ¸É¨).

„²Ö ¢±²ÕÎ¥´¨Ö ²μ± ²Ó´ÒÌ ¨§³¥´¥´¨° ¶²μÉ´μ¸É¨ ¢ ¤¢ÊÌ ¶μ²μ¢¨´ Ì ³μ´μ-
¸²μÖ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ËÊ´±Í¨μ´ ²Ó´μ° ³¥·Ò ¶μ ¶μ¤Ìμ¤ÖÐ¥³Ê ´ ¡μ·Ê ´¥§ -
¢¨¸¨³ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ´¥μ¡Ìμ¤¨³Ò ¥Ð¥ ¤¢  ¶μ²Ö ¢ ¤μ¶μ²´¥´¨¥ ± u(θ, ϕ, t)
(¢ ´ Ï¨Ì μ¡μ§´ Î¥´¨ÖÌ ± v(θ, ϕ, t)): φ+(θ, ϕ, t) ¨ φ−(θ, ϕ, t), μÉ¢¥Î ÕÐ¨¥ § 
²μ± ²Ó´Ò¥ ¶μ¢¥·Ì´μ¸É´Ò¥ ¶²μÉ´μ¸É¨ ¢´¥Ï´¥£μ ¨ ¢´ÊÉ·¥´´¥£μ ³μ´μ¸²μ¥¢ ¸μ-
μÉ¢¥É¸É¢¥´´μ ¨ μ¶·¥¤¥²¥´´Ò¥ μÉ´μ¸¨É¥²Ó´μ ¶μ¢¥·Ì´μ¸É¨, § ¤ ¢ ¥³μ°
R(θ, ϕ, t). Š ± ¡Ò²μ Ê± § ´μ ¢ [71], ¢Ò¡μ· ´ ¡μ·  ´¥§ ¢¨¸¨³ÒÌ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  Ö¢²Ö¥É¸Ö ´¥¶·μ¸Éμ° § ¤ -
Î¥°, ¥¸²¨ ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ ² É¥· ²Ó´Ò¥ ¶μÉμ±¨ ²¨¶¨¤μ¢. �Éμ ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ± ± Î ¸ÉÓ μ¡Ð¥° ¸²μ¦´μ° ¶·μ¡²¥³Ò ±μ··¥±É´μ£μ ¶μ¸É·μ¥´¨Ö
¸É É¨¸É¨Î¥¸±¨Ì  ´¸ ³¡²¥° ¤²Ö ¶μ¢¥·Ì´μ¸É¥° [33]. „ ´´Ò¥ ³μ³¥´ÉÒ ´¥μ¡-
Ìμ¤¨³μ ¶·μÖ¸´¨ÉÓ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ ±μ··¥±É´Ò¥ ¸ ³μ¸μ£² ¸μ¢ ´´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö ¸¢μ¡μ¤´ÒÌ Ô´¥·£¨° ¨ ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨° ¢ ¢ ·¨ Í¨μ´-
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´ÒÌ ´¥· ¢¥´¸É¢ Ì 	μ£μ²Õ¡μ¢  (107). 	μ²¥¥ Éμ£μ, ¸ ³μ ·¥Ï¥´¨¥ ¢ ·¨ Í¨μ´´μ°
§ ¤ Î¨ ¸É ´¥É ¡μ²¥¥ ¸²μ¦´Ò³. �Î¥¢¨¤´μ, ÎÉμ ¸²ÊÎ ° ±μ²¥¡ ´¨° ±¢ §¨¸Ë¥·¨-
Î¥¸±μ£μ ¡¨¸²μÖ ¸ ´¥²¨´¥°´μ° Ê¶·Ê£μ¸ÉÓÕ ¢¸¥ ¥Ð¥ μ¦¨¤ ¥É ÉμÎ´μ£μ É¥μ·¥É¨-
Î¥¸±μ£μ μ¶¨¸ ´¨Ö.

‡�Š‹�—…�ˆ…

‚ § ¢¨¸¨³μ¸É¨ μÉ £¥μ³¥É·¨¨ ¸ÊÐ¥¸É¢Ê¥É ¤¢  · §´ÒÌ ¸¶μ¸μ¡  μ¶¨¸ ´¨Ö
¶μ¢¥¤¥´¨Ö É¥·³¨Î¥¸±¨ Ë²Ê±ÉÊ¨·ÊÕÐ¥° ¶μ¢¥·Ì´μ¸É¨ ¢¥§¨±Ê²Ò:

Å ±μ²¥¡ ´¨Ö ¢´¥ ¶²μ¸±μ¸É¨ ¶²μ¸±μ° ³¥³¡· ´Ò ¸ ¶¥·¨μ¤¨Î¥¸±¨³¨ £· -
´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶·¥¤¸É ¢²¥´¨Ö Œμ´¦  ¨

Å Ë²Ê±ÉÊ Í¨¨ ¶μ¢¥·Ì´μ¸É¨ § ±·ÒÉμ° ¶μÎÉ¨ ¸Ë¥·¨Î¥¸±μ° ³¥³¡· ´Ò ¸ ¨¸-
¶μ²Ó§μ¢ ´¨¥³ · §²μ¦¥´¨Ö ¢ ·Ö¤ ¶μ ¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³.

‚ μ¡§μ·¥ ¤ ´  ´ ²¨§ ¶μ¸²¥¤´¥£μ ¸²ÊÎ Ö ¨ ¥£μ μ¸μ¡¥´´μ¸É¥°.
‚ ¡μ²ÓÏ¨´¸É¢¥ É¥μ·¥É¨Î¥¸±¨Ì · ¡μÉ ±²ÕÎ¥¢ Ö ¶·μ¡²¥³  § ±²ÕÎ ¥É¸Ö

¢ Éμ³, ± ± ¢¢¥¸É¨ ¸μÌ· ´¥´¨¥ μ¡Ñ¥³  ¨ ¶²μÐ ¤¨ ¶μ¢¥·Ì´μ¸É¨ ¢¥§¨±Ê²Ò ´ 
μ¸´μ¢¥ μ¶·¥¤¥²¥´´ÒÌ ¡ §μ¢ÒÌ ¶·¨´Í¨¶μ¢. ‚ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì Ê¸²μ¢¨¥
´  ¶²μÐ ¤Ó ¡Ò²μ · ¸¸³μÉ·¥´μ ¢ É·¥Ì · §²¨Î´ÒÌ ¸Í¥´ ·¨ÖÌ:

1) ÉμÎ´Ò³ μ¡· §μ³ Î¥·¥§ ¤¥²ÓÉ -ËÊ´±Í¨Õ ¢ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³¥
(¸³. É ±¦¥ [36,37]),

2) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³´μ¦¨É¥²¥° ‹ £· ´¦  ¢ £ ³¨²ÓÉμ´¨ ´¥ (¸³. É ±-
¦¥ [12,18,37,41]),

3) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Î²¥´  ¤²Ö Ê¶·Ê£μ£μ ¢±² ¤  ¢ £ ³¨²ÓÉμ´¨ ´, · ¸¸³μ-
É·¥´´Ò° ¢ ´ Ï¥° · ¡μÉ¥ [42] (¸³. É ±¦¥ [53,54]).

•μÉÖ ¢ ¦´μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¢ ¶¥·¢ÒÌ ¤¢ÊÌ ¸Í¥´ ·¨ÖÌ, ´¥
¢Ò§Ò¢ ¥É ¸μ³´¥´¨°, ´ ³ ¡μ²ÓÏ¥ ¨³¶μ´¨·Ê¥É ¶μ¸²¥¤´¨° ¶μ¤Ìμ¤, É ± ± ± μ´
´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´Ò° ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¨ Ìμ·μÏμ ¸μμÉ¢¥É¸É¢Ê¥É
É·¥¡μ¢ ´¨Ö³ ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨. „ ¢ °É¥ ±· É±μ ·¥§Õ³¨·Ê¥³ ³μÉ¨¢Ò
ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö.

‚ · §¤. 1 ¨ 2 ³Ò · ¸¸³ É·¨¢ ¥³ ³¥³¡· ´Ê ± ± ´¥¸¦¨³ ¥³ÊÕ ¨ ´¥¶·μ´¨-
Í ¥³ÊÕ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´  μ¡Ñ¥³ ¨ ¶²μÐ ¤Ó ¢¥§¨±Ê²Ò ´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ
μ£· ´¨Î¥´¨¥ ¢ · ³± Ì ¸Í¥´ ·¨¥¢ 1) ¨ 2). ’μ£¤  μ¸´μ¢´μ° ¢ÒÎ¨¸²¨É¥²Ó´μ°
¶·μ¡²¥³μ° Ö¢²Ö¥É¸Ö Ë¨±¸¨·μ¢ ´¨¥ ¶²μÐ ¤¨, ±μ£¤  μ¡Ñ¥³ Ê¦¥ § Ë¨±¸¨·μ¢ ´.

‘Í¥´ ·¨° 1) · ¸¸³ É·¨¢ ¥É¸Ö ¢ · §¤. 3. �Éμ ÉμÎ´ Ö ·¥ ²¨§ Í¨Ö μ£· ´¨-
Î¥´¨Ö ¶²μÐ ¤¨ ¶ÊÉ¥³ ¤μ¡ ¢²¥´¨Ö ¤¥²ÓÉ -ËÊ´±Í¨¨ ¢ ¸É É¨¸É¨Î¥¸±ÊÕ ¸Ê³³Ê.
‚ ¤ ´´μ³ ¸²ÊÎ ¥ · ¸Î¥ÉÒ μ¸´μ¢ ´Ò ´  ³¥Éμ¤¥ ¶¥·¥¢ ² , ±μÉμ·Ò° É·¥¡Ê¥É
´ ¢Ò±μ¢ ±μ³¶²¥±¸´μ£μ  ´ ²¨§  ¤²Ö ¤μ± § É¥²Ó¸É¢  ¸ÊÐ¥¸É¢μ¢ ´¨Ö ·¥Ï¥´¨°.
�μ¸²¥¤´¨³, ´μ ´¥ ³¥´¥¥ ¢ ¦´Ò³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ÔÉμÉ ¶μ¤Ìμ¤ ¸É ´μ¢¨É¸Ö
ÉμÎ´Ò³ ¢ É¥·³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥. ‘ÊÐ¥¸É¢μ¢ ´¨¥ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ
¶·¥¤¥²  Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ Ô²¥³¥´Éμ³ É¥μ·¨¨, ¶μ¸±μ²Ó±Ê É¥·³μ¤¨´ ³¨Î¥¸±¨¥
 ´¸ ³¡²¨ ¸É ´μ¢ÖÉ¸Ö Ô±¢¨¢ ²¥´É´Ò³¨ Éμ²Ó±μ ¢ ÔÉμ³ ¶·¥¤¥²¥. �·μ¡²¥³  ¸μ-
¸Éμ¨É ¢ Éμ³, ÎÉμ, ¥¸²¨ ³¥³¡· ´  ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö, ¸ ³μ
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¸ÊÐ¥¸É¢μ¢ ´¨¥ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶·¥¤¥²  ¸É ´μ¢¨É¸Ö ¸μ³´¨É¥²Ó´Ò³ ¨ É·¥-
¡Ê¥É ¢´¨³ É¥²Ó´μ£μ ¨§ÊÎ¥´¨Ö (¸³. · §¤. 5).

‘Í¥´ ·¨° 2) · ¸¸³μÉ·¥´ ¢ · §¤. 4. �Éμ ¶·μ¸É¥°Ï Ö ·¥ ²¨§ Í¨Ö ¢¢¥¤¥´¨Ö
Ê¸²μ¢¨Ö ´  ¶²μÐ ¤Ó, ±μÉμ·μ¥ ¤μ¸É¨£ ¥É¸Ö ¢ É ± ´ §Ò¢ ¥³μ³ É· ¤¨Í¨μ´´μ³
¶μ¤Ìμ¤¥ ¸ ÔËË¥±É¨¢´Ò³ ´ ÉÖ¦¥´¨¥³. �£· ´¨Î¥´¨¥ ¶²μÐ ¤¨ ³¥³¡· ´Ò £ · ´-
É¨·Ê¥É¸Ö ³´μ¦¨É¥²¥³ ‹ £· ´¦  σ, ¸μ¶·Ö¦¥´´Ò³ ¸ ·¥ ²Ó´μ° ¶²μÐ ¤ÓÕ A(u).
‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥ ²Ó´ Ö ¶²μÐ ¤Ó ³¥³¡· ´Ò ´¥ Ë¨±¸¨·Ê¥É¸Ö, ´μ ¥¥ ¸·¥¤´¥¥
§´ Î¥´¨¥ 〈A(u)〉H(u;σ) ±μ´É·μ²¨·Ê¥É¸Ö ¶ · ³¥É·μ³ σ. �Éμ §´ Î¥´¨¥ ´¥²Ó§Ö
¨§³¥·¨ÉÓ ´ ¶·Ö³ÊÕ, μ´μ μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ É¥³¶¥· ÉÊ·Ê ¨ ¨§¡ÒÉμÎ´ÊÕ ¶²μ-
Ð ¤Ó [13,37]. ‚μ¶·¥±¨ ± ¦ÊÐ¥°¸Ö ¶·μ¸ÉμÉ¥ ÔÉμ£μ ¶μ¤Ìμ¤ , ¸¢Ö§Ó σ ¸ ¤·Ê£¨³¨
μ¡Ð¨³¨ μ¶·¥¤¥²¥´¨Ö³¨ ¶μ¢¥·Ì´μ¸É´μ£μ ´ ÉÖ¦¥´¨Ö ³¥³¡· ´Ò Ö¢²Ö¥É¸Ö ¶·¥¤-
³¥Éμ³ ¤ ¢´¨Ì ¤¥¡ Éμ¢ (¸³., ´ ¶·¨³¥·, · ¡μÉÒ [30,40,41,47] ¨ ¸¸Ò²±¨ ¢ ´¨Ì).

�·¥¨³ÊÐ¥¸É¢μ ÔÉμ£μ ³¥Éμ¤  § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ μ´ ¶·¨¢μ¤¨É ± ¡μ-
²¥¥ ¶·μ¸ÉÒ³, ¶μ ¸· ¢´¥´¨Õ ¸μ ¸Í¥´ ·¨¥³ 1),  ´ ²¨É¨Î¥¸±¨³ ¢ÒÎ¨¸²¥´¨Ö³
(¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò ¢ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³¥ ¨ É¥·³μ¤¨´ ³¨Î¥¸±¨¥
¸·¥¤´¨¥ Ö¢²ÖÕÉ¸Ö £ Ê¸¸μ¢Ò³¨ ¨´É¥£· ² ³¨).

‘Í¥´ ·¨° 3) · ¸¸³ É·¨¢ ¥É¸Ö ¢ · §¤. 6 ¨ 7, ¢ ±μÉμ·ÒÌ ¸ ³¥³¡· ´μ° ¢¥-
§¨±Ê²Ò ³Ò · ¡μÉ ¥³ ± ± ¸ · ¸ÉÖ£¨¢ ¥³μ°/¸¦¨³ ¥³μ° Éμ´±μ° ¶μ¢¥·Ì´μ¸ÉÓÕ,
Ê¶·Ê£ Ö ·¥ ±Í¨Ö ±μÉμ·μ° § ¢¨¸¨É μÉ ³¥¦³μ²¥±Ê²Ö·´ÒÌ ¸¨². �μÊÎ¨É¥²Ó´Ò³
Ö¢²Ö¥É¸Ö ¢μ¶·μ¸: ³μ¦´μ ²¨ μ¡´ ·Ê¦¨ÉÓ ³¨±·μ¸±μ¶¨Î¥¸±μ¥ ¶·μ¨¸Ìμ¦¤¥´¨¥ σ
¢ Ëμ·³Ê² Ì Œ¨²´¥·  ¨ ‘ Ë· ´  ¤²Ö ¸·¥¤´¨Ì ±¢ ¤· Éμ¢  ³¶²¨ÉÊ¤ ¨ ¨§¡ÒÉμÎ-
´μ° ¶²μÐ ¤¨. �Éμ ¤μ²¦´μ ¶μ§¢μ²¨ÉÓ ¢±²ÕÎ¨ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´μ¥ μ¶·¥¤¥²¥-
´¨¥ ³μ¤Ê²Ö Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥´¨¨ Ks ¢ ³¥Éμ¤ Ë²¨±±¥·-¸¶¥±É·μ¸±μ¶¨¨.
ˆ³¥Ö ÔÉμ ¢ ¢¨¤Ê, Ô´¥·£¨Õ · ¸Ï¨·¥´¨Ö ¶²μÐ ¤¨ ¢ £ ³¨²ÓÉμ´¨ ´¥ Ë²Ê±ÉÊ¨-
·ÊÕÐ¥° ¸¨¸É¥³Ò ¸²¥¤Ê¥É É ±¦¥ ÊÎ¨ÉÒ¢ ÉÓ. �¤´ ±μ Éμ£¤  ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
£ ³¨²ÓÉμ´¨ ´ H(v) ¸É ´μ¢¨É¸Ö ´¥²¨´¥°´Ò³ μÉ´μ¸¨É¥²Ó´μ ±¢ ¤· Éμ¢  ³¶²¨-
ÉÊ¤ ¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨±, ¢μ§´¨± ÕÐ¨Ì ¶·¨ · §²μ¦¥´¨¨ ±μ²¥¡ ´¨° ¢¥§¨±Ê².
Š ± ¸²¥¤¸É¢¨¥, ¸É ´¤ ·É´Ò° ¨¸¶μ²Ó§Ê¥³Ò° ¨´¸É·Ê³¥´É Å É¥μ·¥³  μ · ¢´μ-
· ¸¶·¥¤¥²¥´¨¨ Å ¸É ´μ¢¨É¸Ö ´¥¶·¨³¥´¨³Ò³. „²Ö Éμ£μ ÎÉμ¡Ò ·¥Ï¨ÉÓ ÔÉÊ
¶·μ¡²¥³Ê, ³μ¦´μ ¶μ°É¨ ¶μ μ¤´μ³Ê ¨§ ¤¢ÊÌ ¶ÊÉ¥°.

1) ‚ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³μ³ ¶μ¤Ìμ¤¥ ²¨´¥ ·¨§ Í¨Ö § ¤ Î¨ μ¸´μ¢ ´  ´ 
¶·¥μ¡· §μ¢ ´¨¨ • ¡¡ ·¤ Ä‘É· Éμ´μ¢¨Î  ¸ ¶μ¸²¥¤ÊÕÐ¨³ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥-
Éμ¤  ¶¥·¥¢ ²  [36,43,52]. �± §Ò¢ ¥É¸Ö, § ¤ Î  ·¥Ï ¥É¸Ö ÉμÎ´μ (Éμ²Ó±μ) ¢ É¥·-
³μ¤¨´ ³¨Î¥¸±μ³ ¶·¥¤¥²¥ [36,40,43,52]. � ¶μ³´¨³, ÎÉμ ¢¶¥·¢Ò¥ ÔÉμÉ  ¸¶¥±É
É¥μ·¨¨ ¶²μ¸±¨Ì ³¥³¡· ´ ¸ ¶¥·¨μ¤¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ μ¡¸Ê-
¦¤ ²¸Ö ¢ ±μ´É¥±¸É¥ ¸Ë¥·¨Î¥¸±μ° ³μ¤¥²¨ Ë §μ¢ÒÌ ¶¥·¥Ìμ¤μ¢ ¢ 1976 £. [49].

2) ‚ ¶μ¤Ìμ¤¥, · §¢¨Éμ³ ¢ [42], ²¨´¥ ·¨§ Í¨Ö £ ³¨²ÓÉμ´¨ ´  ¢ (100) μ¸´μ-
¢ ´  ´  ¢ ·¨ Í¨μ´´ÒÌ ´¥· ¢¥´¸É¢ Ì 	μ£μ²Õ¡μ¢ . �  ´ Ï ¢§£²Ö¤, É ±μ° ¶μ¤Ìμ¤
¶μ§¢μ²Ö¥É ¶·μÐ¥ μÍ¥´¨ÉÓ ¨¸¶μ²Ó§Ê¥³μ¥ ¶·¨¡²¨¦¥´¨¥ ¨ ´¥ É·¥¡Ê¥É ¨¸¶μ²Ó§μ-
¢ ´¨Ö ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨. 	μ²¥¥ Éμ£μ, ÔÉμ ¶·¨¡²¨¦¥´¨¥ ´¥ μ¡Ö§ É¥²Ó´μ
¸¢Ö§ ´μ ¸ ¶μ´ÖÉ¨¥³ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶·¥¤¥² . ‡ ¤ Î  ¸¢μ¤¨É¸Ö ± ·¥Ï¥-
´¨Õ Ê· ¢´¥´¨Ö ¸ ³μ¸μ£² ¸μ¢ ´¨Ö (122) ¤²Ö ¢¸¶μ³μ£ É¥²Ó´μ° ¶¥·¥³¥´´μ° X
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¢ ¸¨¸É¥³¥ ±μ´¥Î´μ£μ · §³¥· . �·¨ X = X̃ ÔÉμ Ê· ¢´¥´¨¥ ¨³¥¥É ¶·μ¸ÉÊÕ
Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ, ¥¸²¨ ¥£μ Éμ¦¤¥¸É¢¥´´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

〈S(v)〉Happ(V, ˜X) = A(X̃), (165)

£¤¥

A(X̃) = 4πR2 +
√

2S0

Ks
X̃. (166)

‘· ¢´¨¢ Ö ¸  ·£Ê³¥´Éμ³ ¤¥²ÓÉ -ËÊ´±Í¨¨ (19), ±μ£¤  ³¨±·μ¸±μ¶¨Î¥¸± Ö ¶²μ-
Ð ¤Ó ¢¥§¨±Ê²Ò ÉμÎ´μ Ë¨±¸¨·Ê¥É¸Ö ¢ ¸É É¨¸É¨Î¥¸±μ° ¸Ê³³¥, ³Ò ¢¨¤¨³, ÎÉμ
¢Ò· ¦¥´¨¥ (165) (¨³¥ÕÐ¥¥ ³¥¸Éμ ¤²Ö ¶ · ³¥É·μ¢ ³¥³¡· ´: S0, Ks, Kc, R
¨ É¥³¶¥· ÉÊ·Ò T ) ´ ±² ¤Ò¢ ¥É ®³Ö£±μ¥¯ μ£· ´¨Î¥´¨¥ ´   ³¶²¨ÉÊ¤Ò ±μ²¥-
¡ ´¨° ¢¥§¨±Ê²Ò. �Éμ £ · ´É¨·Ê¥É, ÎÉμ ¸·¥¤´ÖÖ ¶²μÐ ¤Ó ³¥³¡· ´Ò (²¥¢ Ö
Î ¸ÉÓ (165)) · ¢´  ¶²μÐ ¤¨ A(X̃) (¶· ¢ Ö Î ¸ÉÓ ¢Ò· ¦¥´¨Ö (165)). ‚ · ³± Ì
¶¥·¢μ£μ Ï £ , ¶μ¸±μ²Ó±Ê X ¡Ò² ¢¢¥¤¥´ ¸ Í¥²ÓÕ ²¨´¥ ·¨§ Í¨¨ £ ³¨²ÓÉμ´¨-
 ´  (68), ¢¥²¨Î¨´  Σapp(X̃) ´¥ É·¥¡Ê¥É · ¸¸³μÉ·¥´¨Ö ¢ ± Î¥¸É¢¥ ¨§³¥·Ö¥³μ°

´ ¶·Ö³ÊÕ. „ ²¥¥, ¥¸²¨ Σapp(X̃) · ¸¸³ É·¨¢ ÉÓ ¢ ± Î¥¸É¢¥ ¶μ¤£μ´μÎ´μ£μ ¶ -
· ³¥É· , Éμ ¢Ò· ¦¥´¨¥ (121) ¤²Ö 〈(vm

n )2〉Happ(V,X) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö
μ¶·¥¤¥²¥´¨Ö ³μ¤Ê²Ö Ê¶·Ê£μ¸É¨ ¶·¨ ¨§£¨¡¥ Kc. Šμ´¥Î´μ, ¢ ¨´É¥·¶·¥É Í¨¨
¶μ²ÊÎ¥´´μ£μ ·¥§Ê²ÓÉ É  ³Ò ³μ¦¥³ μ¸É ´μ¢¨ÉÓ¸Ö §¤¥¸Ó. „·Ê£¨³¨ ¸²μ¢ ³¨,
¶μ¤Ìμ¤  -²Ö Œ¨²´¥· ¨ ‘ Ë· ´ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ É ±¦¥ ¤²Ö ¢¥§¨±Ê² ¸μ
¸¦¨³ ¥³μ° Éμ´±μ° ³¥³¡· ´μ°. …¸²¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ Ë²¨±±¥·- ´ ²¨§ · ¡μÉ ¥É
¤μ¸É ÉμÎ´μ Ìμ·μÏμ, Éμ ¸²¥¤μ¢ ´¨¥ · ´¥¥ ¸ÊÐ¥¸É¢μ¢ ¢Ï¥³Ê É· ¤¨Í¨μ´´μ³Ê
¶μ¤Ìμ¤Ê μ§´ Î ¥É Éμ²Ó±μ, ÎÉμ ·¥ ²¨§Ê¥É¸Ö ¸¨ÉÊ Í¨Ö, ¢ ±μÉμ·μ° §´ Î¥´¨¥ Ks

´¥ ¢ ¦´μ.
�·μ¡²¥³  ¸ ¶μ¤Ìμ¤μ³, ¡ §¨·ÊÕÐ¨³¸Ö ´  ³´μ¦¨É¥²¥ ‹ £· ´¦  σ, ¸μ¸Éμ¨É

¢ Éμ³, ÎÉμ ¥£μ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ´¥³´μ£μ ´¥μ¤´μ§´ Î¥´ ¢ ±μ´É¥±¸É¥ É¥¶²μ¢ÒÌ
±μ²¥¡ ´¨°. �¥É ´¨± ±¨Ì Î¥É±¨Ì ¶·¨Î¨´ ¶μ² £ ÉÓ, ÎÉμ ´ ÉÖ¦¥´¨¥ ³¥³¡· ´Ò
´¥ § ¢¨¸¨É μÉ ±μ²¥¡ ´¨° ¶μ¢¥·Ì´μ¸É¨, É¥³ ¡μ²¥¥ ¥¸²¨ ¨£´μ·¨·μ¢ ÉÓ ·μ²Ó
Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥´¨¨. ’ ±¨Ì ¶·μ¡²¥³ ´¥É Ê ¢¥²¨Î¨´Ò Σapp, ±μÉμ· Ö
Ö¢²Ö¥É¸Ö ´ ÉÖ¦¥´¨¥³ ³¥³¡· ´Ò, ± ± ¸²¥¤Ê¥É ¨§ (132).

‚ ¨Éμ£¥ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò É·¨ ¢¥²¨Î¨´Ò: Kc, Ks ¨ ΣMS, ¥¸²¨ ¨Ì
· ¸¸³ É·¨¢ ÉÓ ± ± ¶μ¤£μ´μÎ´Ò¥ ¶ · ³¥É·Ò ¢ · ³± Ì Ë²¨±±¥·-¸¶¥±É·μ¸±μ¶¨-
Î¥¸±μ£μ  ´ ²¨§  ¢ ¶·¨¡²¨¦¥´´μ° Ëμ·³Ê²¥ (146).

ˆ§ ÉμÎ´μ° Ëμ·³Ò ËÊ´±Í¨μ´ ²  (121) ¸²μ¦´ee ¨§¢²¥ÎÓ ¨´Ëμ·³ Í¨Õ μ ¢¥-
²¨Î¨´¥ Ks ¨ Kc, μ¤´ ±μ ÔÉμ, ± ± ¶· ¢¨²μ, Éμ¦¥ ¢μ§³μ¦´μ. „²Ö ÔÉμ£μ ´Ê¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ± ± ¶μ¤£μ´μÎ´Ò¥ ¶ · ³¥É·Ò ¢¥²¨Î¨´Ò γ, σ0 ¨ C (¸³. ±μ³³¥´-
É ·¨¨ μÉ´μ¸¨É¥²Ó´μ Ëμ·³Ê² (149), (150)).

„ ´´μ¥ · ¸¸³μÉ·¥´¨¥ μÉ±·Ò¢ ¥É ¢μ§³μ¦´μ¸ÉÓ ¨§¢²¥ÎÓ ¢¥²¨Î¨´Ê ³μ¤Ê²Ö
Ê¶·Ê£μ¸É¨ ¶·¨ · ¸ÉÖ¦¥´¨¨ Ks μ¤´μ¢·¥³¥´´μ ¸ μÍ¥´±μ° ÉμÎ´μ¸É¨ ¨¸¶μ²Ó§Ê-
¥³μ£μ ¶μ¤Ìμ¤ . ‘É¥¶¥´Ó ÉμÎ´μ¸É¨ ·¥§Ê²ÓÉ Éμ¢ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, μÍ¥´¨¢ ±μ·-
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·¥²ÖÉμ· ¢ ¶· ¢μ° Î ¸É¨ ´¥· ¢¥´¸É¢ 	μ£μ²Õ¡μ¢  (¸³. ¢Ò· ¦¥´¨¥ (157)). �ÉÊ
μÍ¥´±Ê ¢¶μ²´¥ ³μ¦´μ ¶·¨³¥´ÖÉÓ ¨ ¤²Ö ±μ´¥Î´ÒÌ ³¥³¡· ´.

�² £μ¤ ·´μ¸É¨. �ÉμÉ μ¡§μ· μ¸´μ¢ ´ ´  ³μ¥° ²¥±Í¨¨, ¶·μÎ¨É ´´μ° ´ 
¸¥³¨´ ·¥, ¶μ¸¢ÖÐ¥´´μ³ ¶ ³ÖÉ¨ ‚ÖÎ¥¸² ¢  	μ·¨¸μ¢¨Î  �·¨¥§¦¥¢ , ±μÉμ·Ò°
¶·μÏ¥² ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�.	μ£μ²Õ¡μ¢  („Ê¡´ ,
�ˆŸˆ, 10 ¸¥´ÉÖ¡·Ö 2019 £.). Ÿ ¢Ò· ¦ Õ ¶·¨§´ É¥²Ó´μ¸ÉÓ μ·£ ´¨§ Í¨μ´´μ³Ê
±μ³¨É¥ÉÊ, ¢ μ¸μ¡¥´´μ¸É¨ ‚.�. ‘¶¨·¨¤μ´μ¢Ê ¨ �.Œ.�μ¢μ²μÍ±μ³Ê, §  ¶·¨£² -
Ï¥´¨¥ ¨ £μ¸É¥¶·¨¨³¸É¢μ.

Ÿ ¡² £μ¤ ·¥´ ˆ. 	¨¢ ¸Ê §  ³´μ£μÎ¨¸²¥´´Ò¥ ¸É¨³Ê²¨·ÊÕÐ¨¥ ¤¨¸±Ê¸¸¨¨,
¶μ¸¢ÖÐ¥´´Ò¥ Ë¨§¨±¥ ¢¥§¨±Ê² ¨ ± ¸ ÕÐ¨¥¸Ö ± ± É¥μ·¨¨, É ± ¨ Ô±¸¶¥·¨³¥´É .
Œ´μ£¨¥ ¨¤¥¨, ¶·¥¤¸É ¢²¥´´Ò¥ ¢ ÔÉμ³ μ¡§μ·¥, μ¸´μ¢ ´Ò ´  ´ Ï¨Ì ¸μ¢³¥¸É´ÒÌ
· ¡μÉ Ì. •μÎÊ ¶μ¡² £μ¤ ·¨ÉÓ �. ƒ. �¥É·μ¢  §  ¶μ²¥§´Ò¥ ±μ³³¥´É ·¨¨ ± ÔÉμ³Ê
μ¡§μ·Ê.

� ¡μÉ  Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  ¸μ¢³¥¸É´Ò³ £· ´Éμ³ JINR (Dubna)ÄISSP-
BAS (Bulgaria) ®Investigation of the in
uence of nanoparticles on the properties
of biologically relevant systems¯ 2019/2021.

�·¨²μ¦¥´¨¥ A
��…„…‹œ�›‰ ‘‹“—�‰ ���‹ˆ’ˆ—…‘Š�ƒ� �…˜…�ˆŸ

“��‚�…�ˆ‰ (46) ˆ (123)

“· ¢´¥´¨Ö (46), (123) ¨ (154) ³μ£ÊÉ ¡ÒÉÓ ¨¸¸²¥¤μ¢ ´Ò  ´ ²¨É¨Î¥¸±¨ ¸ ¶μ-
³μÐÓÕ ¶¥·¥Ìμ¤  μÉ ¸Ê³³Ò ± ¨´É¥£· ²Ê ¢ ¨Ì ¶· ¢ÒÌ Î ¸ÉÖÌ. ‚ Í¥²ÖÌ ¶·μ¢¥·±¨
¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·¨¡²¨¦¥´¨Ö ³Ò ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ° ¸Ê³³¨·μ¢ ´¨Ö
�°²¥· ÄŒ ±²μ·¥´ 

nmax−1∑
n=0

F

(
n +

1
2

)
=

nmax∫
0

F

(
t +

1
2

)
dt−

− 1
2

[
F

(
nmax +

1
2

)
− F

(
1
2

)]
+

1
12

[
F

′
(

nmax +
1
2

)
− F

′
(

1
2

)]
+ . . . ,

(167)

£¤¥

F (x) = F1(x) =
2x

x2 + Σ − 1/4
(168)

¶·¨ Σ = ΣMS ¢ (46) ¨ Σ = Σapp ¢ (123),   É ±¦¥

F (x) = F2(x) =
2x

[x2 + Σ − 1/4]2
(169)
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¶·¨ Σ = Σapp ¢ (154). 	Ê¤¥³ 1) ¶·¥´¥¡·¥£ ÉÓ Î²¥´ ³¨ ¢Ò¸μ±μ£μ ¶μ·Ö¤± 
¢ (167) ¨ 2)  ¶¶·μ±¸¨³¨·μ¢ ÉÓ F (x) ≈ F (0) + xF ′(0) ´  ¨´É¥·¢ ²¥ [0, 1/2].
�·¨¡²¨¦¥´¨Ö ´¥¶·μÉ¨¢μ·¥Î¨¢Ò Éμ²Ó±μ ¤²Ö ¡μ²ÓÏ¨Ì Σapp � 1, ¶μ¸±μ²Ó±Ê
μÉ´μ¸¨É¥²Ó´μ¥ ¨§³¥´¥´¨¥ F (x) ³ ²μ, ±μ£¤  n → n + 1. ‘ ÊÎ¥Éμ³ ÔÉ¨Ì ¶·¨-
¡²¨¦¥´¨° Ëμ·³Ê²  �°²¥· ÄŒ ±²μ·¥´  (167) ¸¢μ¤¨É¸Ö ±

nmax∑
n=0

F

(
n +

1
2

)
≈

nmax+1/2∫
0

F (x)dx +
1
24

F ′(0)+

+
1
2

[
F

(
nmax +

1
2

)
+

1
6
F ′
(

nmax +
1
2

)]
(170)

(¸·. ¸ (59.10) ¢ [75, ¸. 173]). ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨¥ (170), ´¥¸²μ¦´μ ¶·μ¢¥¸É¨
¸Ê³³¨·μ¢ ´¨¥ ¢ (46) ¨ (123). �¥§Ê²ÓÉ Éμ³ ¡Ê¤¥É

nmax∑
n=2

F1

(
n +

1
2

)
≈ ln

N + N1/2 + Σ
Σ − 1/4

+
1
12

1
Σ − 1/4

+

+
1
2

2N1/2 + 1
N + N1/2 + Σ

− 1
6

N + N1/2 − Σ + 1/2
(N2 + N1/2 + Σ)2

, (171)

μÉ±Ê¤  ¸²¥¤Ê¥É

nmax∑
n=2

F1

(
n +

1
2

)
≈ ln

N

Σ
+

Σ
N

+ O

(
1

N1/2

)
+ O

(
1
Σ

)
+ O

([
Σ
N

]2)
(172)

¢ ¸²ÊÎ ¥ (46) ¨ (123),   É ±¦¥

nmax∑
n=2

F2

(
n +

1
2

)
≈ 1

Σapp

− 1
Σapp + N

+ O

(
1

Σ
2

app

)
(173)

¢ ¸²ÊÎ ¥ (157). ‚ ¢Ò· ¦¥´¨ÖÌ ¢ÒÏ¥ ¨¸¶μ²Ó§μ¢ ´μ nmax ≈
√

N .

�.A1. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (46). ‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥

x0 = −ΣMS

N
. (174)

‘ ¶μ³μÐÓÕ (172) ¨ μ¶·¥¤¥²¥´¨Ö σ0 (¸³. (71)) ¢Ò· ¦¥´¨¥ (46) ³μ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´μ (¢ · ³± Ì ¨¸¶μ²Ó§Ê¥³ÒÌ ¶·¨¡²¨¦¥´¨°) ¢ ¢¨¤¥

x0 ex0 = −e−Δ/γ (175)
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“· ¢´¥´¨¥ (175) ³μ¦¥É ¡ÒÉÓ ·¥Ï¥´μ ¢ É¥·³¨´ Ì ËÊ´±Í¨¨ ‹ ³¡¥·É  W(x).
�¡§μ· ¥¥ ³ É¥³ É¨Î¥¸±¨Ì ¸¢μ°¸É¢ ¨ Ë¨§¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° ³μ¦´μ ´ °É¨
¢ · ¡μÉ Ì [76Ä80] (  É ±¦¥ ¢ ¸¸Ò²± Ì ¢ ´¨Ì). ‚¸¶μ³´¨³, ÎÉμ ¶μ μ¶·¥¤¥²¥´¨Õ

W(x ex) = x. (176)

”Ê´±Í¨Ö ‹ ³¡¥·É  ³μ¦¥É ¶·¨´¨³ ÉÓ ¤¢  ¤¥°¸É¢¨É¥²Ó´ÒÌ §´ Î¥´¨Ö ¶·¨
−1/e � x � 0. ‡´ Î¥´¨Ö, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ W(x) � −1, ¶·¨´ ¤²¥¦ É
£² ¢´μ° ¢¥É¢¨, μ¡μ§´ Î¥´´μ° W0(x), ¢ Éμ ¢·¥³Ö ± ± §´ Î¥´¨Ö, Ê¤μ¢²¥É¢μ·ÖÕ-
Ð¨¥ W(x) � −1, ¶·¨´ ¤²¥¦ É ¢¥É¢¨ W1(x). �¡¥ ¢¥É¢¨ ¢¸É·¥Î ÕÉ¸Ö ¢ ÉμÎ±¥
¢¥É¢²¥´¨Ö x = −1/e, £¤¥ W0(−1/e) = W−1(−1/e). ‚¸¥ §´ Î¥´¨Ö W ¤²Ö
x � 0 ¶·¨´ ¤²¥¦ É £² ¢´μ° ¢¥É¢¨ W0(x).

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (175) É¥¶¥·Ó ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

x0 = W
(
−e−Δ/γ

)
(177)

¨²¨ ¢ ¨Éμ£¥
ΣMS = −NW

(
−e−Δ/γ

)
. (178)

‚´ÊÉ·¨ ¶·μ³¥¦ÊÉ±  −e−1 � −e−Δ/γ < 0 Ê· ¢´¥´¨¥ ¨³¥¥É ¤¢  ·¥Ï¥´¨Ö,
¨ ¨³¥´´μ W0 ¨ W−1.

„²Ö ¡μ²ÓÏ¨Ì x ËÊ´±Í¨Ö W(x)  ¶¶·μ±¸¨³¨·Ê¥É¸Ö ¢Ò· ¦¥´¨¥³

W(x) = lnx − ln lnx + o(1). (179)

„²Ö ³ ²ÒÌ x · §²μ¦¥´¨¥ ¢ ·Ö¤ ’¥°²μ·  ¢¡²¨§¨ x = 0 ¤ ¥É

W(x) = x − x2 + . . . (180)

�¥·¢Ò¥ ´¥¸±μ²Ó±μ Î²¥´μ¢ · §²μ¦¥´¨Ö ¢ ·Ö¤ W(x) ¢¡²¨§¨ ÉμÎ±¨ ¢¥É¢²¥-
´¨Ö ¢Ò£²Ö¤ÖÉ ± ±

W(x) = −1 + p − 1
3
p2 + . . ., (181)

£¤¥ p = ±
√

2(ex + 1) ¤²Ö W(x)0,1.
’ ±¨³ μ¡· §μ³, ¨¸¶μ²Ó§ÊÖ (180) ¤²Ö x = e−Δ/γ � 1, ³Ò ¶μ²ÊÎ ¥³ (47):

ΣMS = N e−Δ/γ . (182)

ˆ¸¶μ²Ó§ÊÖ · §²μ¦¥´¨¥ ¢¡²¨§¨ ÉμÎ±¨ ¢¥É¢²¥´¨Ö ËÊ´±Í¨¨ ‹ ³¡¥·É , É. ¥.
x = e−Δ/γ ≈ e−1, ¶μ²ÊÎ ¥³

ΣMS = N

[
1 −

√
2(1 − e−Δ/γ+1)

]
. (183)
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�.A2. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (123). „²Ö Σapp � 1 ¤²Ö (123) ³μ¦´μ ¨¸¶μ²Ó-
§μ¢ ÉÓ  ´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê. ‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥

x =
(

1
C

− 1
N

)
Σapp. (184)

ˆ¸¶μ²Ó§Ê¥³ (172), Éμ£¤  ¸ ³μ¸μ£² ¸μ¢ ´´μ¥ Ê· ¢´¥´¨¥ (123) ³μ¦¥É ¡ÒÉÓ ¶·¥¤-
¸É ¢²¥´μ (¢ £· ´¨Í Ì ¨¸¶μ²Ó§Ê¥³ÒÌ ¶·¨¡²¨¦¥´¨°) ¢ Ëμ·³¥

x ex =
(

1
C

− 1
N

)
N eσ0/C . (185)

‚ É¥·³¨´ Ì ËÊ´±Í¨¨ ‹ ³¡¥·É  W(x) ·¥Ï¥´¨¥ ¢Ò£²Ö¤¨É ± ±

Σapp =
(

1
C

− 1
N

)−1

W
[(

1
C

− 1
N

)
N exp

(
σ0

C

)]
. (186)

’ ±¨³ μ¡· §μ³, ¥¸²¨ 1/C − 1/N < 0, Éμ ¡Ê¤¥É ²¨¡μ ¤¢ , ²¨¡μ ´¨ μ¤´μ£μ ·¥-
Ï¥´¨Ö (μ¤´μ ·¥Ï¥´¨¥ ¨³¥¥É ³¥¸Éμ Éμ²Ó±μ ¢ ¸²ÊÎ ¥, ¥¸²¨  ·£Ê³¥´É W ÉμÎ´μ
· ¢¥´ −1/e). …¸²¨ 1/C − 1/N > 0, Éμ ´¥ ¡Ê¤¥É ´¨ μ¤´μ£μ ·¥Ï¥´¨Ö. ‘ ¶μ-
³μÐÓÕ ¤¢ÊÌ · §²μ¦¥´¨° ËÊ´±Í¨¨ ‹ ³¡¥·É  W(x) (179) ¨ (180) ´¥¸²μ¦´μ
¶μ²ÊÎ¨ÉÓ (127) ¨ (128).

‡ ³¥É¨³, ÎÉμ, ¥¸²¨

−Δ
γ

=
σ0

C
, (187)

±μ³¡¨´¨·ÊÖ (186) ¨ (175), ´ °¤¥³, ÎÉμ ¨³¥¥É ³¥¸Éμ ¡μ²¥¥ μ¡Ð¥¥ ¸μμÉ´μÏ¥´¨¥

Σapp =
(

1
C

− 1
N

)−1

W
[(

1
C

− 1
N

)
ΣMS exp

(
−ΣMS

N

)]
. (188)

ˆ§ ¶·¨¢¥¤¥´´μ£μ ·¥§Ê²ÓÉ É , ¥¸²¨ Ks → ∞, ¸· §Ê ¸²¥¤Ê¥É (144), £¤¥ ¨¸¶μ²Ó-
§μ¢ ´Ò μ¶·¥¤¥²¥´¨Ö (125) ¨ (176).

�·¨²μ¦¥´¨¥ �
‹…ŒŒ� ƒ�ˆ””ˆ’‘�Ä”ˆ˜…��

‘ÊÐ¥¸É¢Ê¥É ³ É¥³ É¨Î¥¸±μ¥ ÊÉ¢¥·¦¤¥´¨¥, ¨§¢¥¸É´μ¥ ± ± ²¥³³  ƒ·¨ËË¨É-
¸ Ä”¨Ï¥·  [81, 82], ±μÉμ·μ¥ £μ¢μ·¨É μ Éμ³, ÎÉμ ¥¸²¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ
¢Ò¶Ê±²ÒÌ ËÊ´±Í¨° ¶μÉμÎ¥Î´μ ¸Ìμ¤¨É¸Ö ± ¶·¥¤¥²Ó´μ° ËÊ´±Í¨¨, Éμ ¶μ¸²¥¤μ-
¢ É¥²Ó´μ¸ÉÓ ¥¥ ¶·μ¨§¢μ¤´ÒÌ ¸Ìμ¤¨É¸Ö ± ¶·μ¨§¢μ¤´μ° μÉ ¶·¥¤¥²Ó´μ° ËÊ´±Í¨¨
¢ ÉμÎ± Ì ¥¥ ¤¨ËË¥·¥´Í¨·Ê¥³μ¸É¨. ’μÎ´¥¥, ¥¸²¨ ¢¸¥ ËÊ´±Í¨¨ {fn(x)} ¨ ¶·¥-
¤¥²Ó´ Ö ËÊ´±Í¨Ö f∞(x) ¤¨ËË¥·¥´Í¨·Ê¥³Ò ¢ ÉμÎ±¥ x0 ∈ I ⊂ R, Éμ

lim
n→∞

f ′
n(x0) = f ′

∞(x0). (189)
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	μ²¥¥ μ¡Ð¨° ·¥§Ê²ÓÉ É ”¨Ï¥·  μ¶¨¸Ò¢ ¥É ¸²ÊÎ ° ´¥¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ
ËÊ´±Í¨° ¸ ²¥¢μ° ¨ ¶· ¢μ° ¶·μ¨§¢μ¤´Ò³¨ ¢ ²Õ¡μ° ÉμÎ±¥ ¨§ x ∈ I . �μ¸²¥¤-
´¥¥  ±ÉÊ ²Ó´μ ¤²Ö ¸¨¸É¥³, ¢ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤ÖÉ É¥·³μ¤¨´ ³¨Î¥¸±¨¥ Ë §μ¢Ò¥
¶¥·¥Ìμ¤Ò ¸μ ¸¶μ´É ´´Ò³ ´ ·ÊÏ¥´¨¥³ ¸¨³³¥É·¨¨ (¸³., ´ ¶·¨³¥·, [39]).

‡¤¥¸Ó ³Ò · ¸¸³ É·¨¢ ¥³ ± ± £ ³¨²ÓÉμ´¨ ´ H , § ¤ ¢ ¥³Ò° (110), É ±
¨ Happ, μ¶·¥¤¥²¥´´Ò° Î¥·¥§ (111), ¨ ¢¢μ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢¸¶μ³μ£ É¥²Ó´Ò¥
£ ³¨²ÓÉμ´¨ ´Ò:

H(h) = H + hσ(v) (190)

¨
Happ(h) = Happ + hσ(v), (191)

£¤¥ h Å ´¥±¨° ¢¸¶μ³μ£ É¥²Ó´Ò° ¤¥°¸É¢¨É¥²Ó´Ò° ¶ · ³¥É·, ±μÉμ·Ò° ¡Ê¤¥É
μ¡´Ê²¥´ ¢ ±μ´Í¥ ¢ÒÎ¨¸²¥´¨°. „ ²¥¥ ¶μ²ÊÎ ¥³, ÎÉμ

〈σ(v)〉H =
∂

∂h
F [H(h)]

∣∣∣∣∣
h=0

(192)

¨

〈σ(v)〉Happ =
∂

∂h
F [Happ(h)]

∣∣∣∣∣
h=0

. (193)

‚ ¶·¥¤¥²¥, ±μ£¤   ´ ²μ£ ±μ··¥²ÖÉμ·  (157) ¢ ¶· ¢μ° Î ¸É¨ ´¥· ¢¥´¸É¢  	μ£μ-
²Õ¡μ¢  ¸ £ ³¨²ÓÉμ´¨ ´ ³¨ (190) ¨ (191) ¸É·¥³¨É¸Ö ± ´Ê²Õ ± ± ËÊ´±Í¨Ö μÉ
¶ · ³¥É·μ¢, ¨³¥¥³

F [Happ(h)] → F [H(h)]. (194)

�μ¸±μ²Ó±Ê F [Happ(h)] ¨ F [H(h)] Ö¢²ÖÕÉ¸Ö ¢Ò¶Ê±²Ò³¨ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³¨
ËÊ´±Í¨Ö³¨ μÉ h, ¨§ ²¥³³Ò ¸²¥¤Ê¥É, ÎÉμ

〈σ(v)〉Happ → 〈σ(v)〉H . (195)

—Éμ¡Ò ¶·¨¢¥¤¥´´μ¥ ¢ÒÏ¥ ¤μ± § É¥²Ó¸É¢μ ¡Ò²μ ±μ··¥±É´Ò³, ´¥μ¡Ìμ¤¨³μ ÉÐ -
É¥²Ó´μ ¨§ÊÎ¨ÉÓ ¶¥·¥Ìμ¤ ± É¥·³μ¤¨´ ³¨Î¥¸±μ³Ê (¨²¨ ¤·Ê£μ³Ê) ¶·¥¤¥²Ê.
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