
”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2021. ’. 52. ‚›�. 2. ‘. 645Ä657

Š‚��’�‚›… ƒ��”› ‘ ‚…�˜ˆ��Œˆ,
���“˜��™ˆŒˆ ‘ˆŒŒ…’�ˆ�

�’��‘ˆ’…‹œ�� ����™…�ˆŸ ‚�…Œ…�ˆ

�. �±¸´¥· ∗

ˆ´¸É¨ÉÊÉ Ö¤¥·´μ° Ë¨§¨±¨ —¥Ï¸±μ° ��, �¦¥¦, —¥Ì¨Ö

„μ¶²¥·μ¢¸±¨° ¨´¸É¨ÉÊÉ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨ ¨ ¶·¨±² ¤´μ° ³ É¥³ É¨±¨

—¥Ï¸±μ£μ É¥Ì´¨Î¥¸±μ£μ Ê´¨¢¥·¸¨É¥É , 	· £ 

‚ ÔÉμ° · ¡μÉ¥ ³Ò μ¡¸Ê¦¤ ¥³ ±¢ ´Éμ¢Ò¥ £· ËÒ ¸ ¢¥·Ï¨´´μ° ¸¢Ö§ÓÕ, ±μÉμ· Ö
´ ·ÊÏ ¥É ¨´¢ ·¨ ´É´μ¸ÉÓ ¶μ μÉ´μÏ¥´¨Õ ± μ¡· Ð¥´¨Õ ¢·¥³¥´¨. „²Ö ¶·μ¸Éμ£μ É¨¶ 
ÔÉμ° ¸¢Ö§¨, ¢ ±μÉμ·μ° ´ ·ÊÏ¥´¨¥ ¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥ Ö¢²Ö¥É¸Ö ³ ±¸¨³ ²Ó´Ò³, ³Ò
¶μ± §Ò¢ ¥³, ÎÉμ μ´μ ¶·¨¢μ¤¨É ± ¸¶¥±É· ²Ó´Ò³ ¸¢μ°¸É¢ ³, μ¶·¥¤¥²Ö¥³Ò³ ¢ ·¥¦¨³¥
¢Ò¸μ±¨Ì Ô´¥·£¨° Éμ¶μ²μ£¨¥° £· Ë . ŒÒ ¶·μ¨²²Õ¸É·¨·Ê¥³ ÔÉμÉ ÔËË¥±É ´  ¶·¨³¥· Ì,
¢±²ÕÎ ÕÐ¨Ì ·¥Ï¥ÉμÎ´Ò¥ £· ËÒ ¨ Í¥¶μÎ±¨ ¶¥É¥²Ó,   É ±¦¥ ±μ´¥Î´Ò¥ £· ËÒ, ¸¢Ö§ ´-
´Ò¥ ¸ É¥² ³¨ �² Éμ´ . Š·μ³¥ Éμ£μ, ³Ò ¶μ± §Ò¢ ¥³, ÎÉμ É· ´¸¶μ·É´Ò¥ ¸¢μ°¸É¢  É ±¨Ì
£· Ëμ¢ ³μ£ÊÉ · §²¨Î ÉÓ¸Ö ¢ μ¡Ñ¥³¥ £· Ë  ¨ ´  ¥£μ £· ´¨Í¥.

We discuss quantum graphs with the vertex coupling which violates the time-reversal
invariance. For a simple type of this coupling in which the violation is in a sense maximum
one we show that it leads to spectral properties determined in the high-energy regime by
the graph topology. We illustrate this effect on examples which involve lattice graphs and
loop arrays as well as ˇnite graphs associated with Platonic solids. We also show that
transport properties of such graphs may differ in the graph bulk and at the edges.

PACS: 03.65.Db; 03.65.Ge; 02.60Lj
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„²Ö ´ Î ²  ¶μ§¢μ²ÓÉ¥ ³´¥ ¸± § ÉÓ, ÎÉμ Ö §´ ² ‘² ¢Ê ¸¢ÒÏ¥ É·¥Ì ¸ ¶μ²μ-
¢¨´μ° ¤¥¸ÖÉ¨²¥É¨°, ¸ ´ Î ²  ¢μ¸Ó³¨¤¥¸ÖÉÒÌ £μ¤μ¢, ¨ §  ÔÉ¨ £μ¤Ò ¨³¥² ¢μ§-
³μ¦´μ¸ÉÓ ´ ¸² ¦¤ ÉÓ¸Ö ³´μ£μÎ¨¸²¥´´Ò³¨ ¤¨¸±Ê¸¸¨Ö³¨ ¸ ´¨³. …£μ ¶μ´¨³ ´¨¥
Ë¨§¨±¨ ¡Ò²μ μÎ¥´Ó £²Ê¡μ±¨³, ¨ μ´ ¢¸¥£¤  ¨¸¶μ²Ó§μ¢ ² ¸¢μ¨ § ³¥Î É¥²Ó´Ò¥
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É¥Ì´¨Î¥¸±¨¥ ¸¶μ¸μ¡´μ¸É¨, ´¥ É¥·ÖÖ ¨§ ¢¨¤Ê £²Ê¡μ±¨¥ ¢μ¶·μ¸Ò. �μ§¢μ²ÓÉ¥ ³´¥
¶μ ÔÉμ³Ê ¸²ÊÎ Õ ¶·¥¤¸É ¢¨ÉÓ ´¥±μÉμ·Ò¥ ·¥§Ê²ÓÉ ÉÒ, ±μÉμ·Ò¥ ± ¸ ÕÉ¸Ö μ¤-
´μ£μ ¨§ É ±¨Ì ¢μ¶·μ¸μ¢, μ ´ ¶· ¢²¥´¨¨ ¢·¥³¥´¨, ¢ ¸¢Ö§¨ ¸ ¶μ´ÖÉ¨Ö³¨ É¥μ·¨¨
£· Ëμ¢, ±μÉμ·ÊÕ ³Ò μ¡  Î ¸Éμ ¨¸¶μ²Ó§μ¢ ²¨, ÌμÉÖ ¨ ¢ ¸μ¢¥·Ï¥´´μ · §´ÒÌ
±μ´É¥±¸É Ì.

� ¶· ¢²¥´¨¥ ¢·¥³¥´¨ Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ § £ ¤μ± Ë¨§¨±¨. �¸´μ¢´Ò¥ Ê· ¢-
´¥´¨Ö ¤¢¨¦¥´¨Ö ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ´¥£μ, ´μ ¢ ¡μ²ÓÏ¨´¸É¢¥ Ë¨§¨Î¥-
¸±¨Ì ¶·μÍ¥¸¸μ¢, ±μÉμ·Ò³¨ μ´¨ Ê¶· ¢²ÖÕÉ, É ± Ö ¨´¢ ·¨ ´É´μ¸ÉÓ ´ ·ÊÏ ¥É¸Ö.
•μ·μÏμ ¨§¢¥¸É´Ò³¨ ¶·¨³¥· ³¨ Ö¢²ÖÕÉ¸Ö ¢Éμ·μ¥ ´ Î ²μ É¥·³μ¤¨´ ³¨±¨ ¨²¨
±μ¸³μ²μ£¨Î¥¸± Ö μ¸Ó ¢·¥³¥´¨. ‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ³Ò É ±¦¥ ¸É ²±¨¢ ¥³¸Ö
¸ ¶·μÍ¥¸¸μ³, ±μÉμ·Ò° ¢ ¸¢μ¥° μ¸´μ¢¥ ´¥μ¡· É¨³, ·¥¤Ê±Í¨¥° ¢μ²´μ¢μ£μ ¶ -
±¥É , ¸¢Ö§ ´´μ° ¸ ¨§³¥·¥´¨Ö³¨, ¶·μ¢μ¤¨³Ò³¨ ¢ ±¢ ´Éμ¢μ° ¸¨¸É¥³¥. Šμ´¥Î´μ,
´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨ ³μ¦´μ ´ ¡²Õ¤ ÉÓ ¨ ´  Ô²¥³¥´É ·´μ³ Ê·μ¢´¥, ´ ¶·¨-
³¥·, ±μ£¤  ¸¨¸É¥³  ´ Ìμ¤¨É¸Ö ¶μ¤ ¢μ§¤¥°¸É¢¨¥³ ³ £´¨É´μ£μ ¶μ²Ö. ‘ ¤·Ê£μ°
¸Éμ·μ´Ò, ¡Ò¢ ÕÉ ¸¨ÉÊ Í¨¨, ±μ£¤  ¨´¢ ·¨ ´É´μ¸ÉÓ ´ ·ÊÏ ¥É¸Ö ¡¥§ μÎ¥¢¨¤´μ°
¶·¨Î¨´Ò, ¶·¨³¥·μ³ ³μ¦¥É ¸²Ê¦¨ÉÓ  ´μ³ ²Ó´Ò° ÔËË¥±É •μ²²  [1], ³¥Ì ´¨§³
±μÉμ·μ£μ, ¢ μÉ²¨Î¨¥ μÉ ³¥Ì ´¨§³  ®μ¡ÒÎ´μ£μ¯ ±¢ ´Éμ¢μ£μ ÔËË¥±É  •μ²² , ´¥
¸μ¢¸¥³ ¶μ´ÖÉ¥´; ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ÔÉμ ¶·μ¨¸Ìμ¤¨É μÉ ¢´ÊÉ·¥´´¥° ´ ³ £´¨-
Î¥´´μ¸É¨ ¢ ¸μÎ¥É ´¨¨ ¸μ ¸¶¨´-μ·¡¨É ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³.

‚μ§³μ¦´Ò° ¸¶μ¸μ¡ ·¥Ï¥´¨Ö ÔÉμ° ¶·μ¡²¥³Ò Å ¶μ¨¸± ¶μ¤Ìμ¤ÖÐ¥° ³μ-
¤¥²¨. �¤´  ¨§ É ±¨Ì ³μ¤¥²¥° ¡Ò²  ¶·¥¤²μ¦¥´  ¢ [2], £¤¥  ¢Éμ·Ò ¨¸¶μ²Ó§μ-
¢ ²¨ ±μ´Í¥¶Í¨Õ ±¢ ´Éμ¢ÒÌ £· Ëμ¢ [3], ¨§¢¥¸É´ÊÕ ¸¢μ¥° Ê´¨¢¥·¸ ²Ó´μ¸ÉÓÕ:
¤¢¨¦¥´¨¥ Ô²¥±É·μ´μ¢ ´   Éμ³´ÒÌ μ·¡¨É ²ÖÌ ³μ¤¥²¨·μ¢ ²μ¸Ó ¸¥ÉÓÕ ±μ²¥Í ¸
δ-¸¢Ö§ÓÕ ¢ ¨Ì ¢¥·Ï¨´ Ì, ±μÉμ· Ö Éμ¶μ²μ£¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´  ±¢ ¤· É´μ° ·¥-
Ï¥É±¥, ¶μ·μ¦¤ ÕÐ¥° ¸¶¥±É· É¨¶  Š·μ´¨£ Ä�¥´´¨ [4]. �¤´ ±μ Ê ³μ¤¥²¨ ¡Ò²
´¥¤μ¸É Éμ±, ¶μ¸±μ²Ó±Ê  ¢Éμ· ³ ¶·¨Ï²μ¸Ó ¸¤¥² ÉÓ ¶·¥¤¶μ²μ¦¥´¨¥ μ ¶·¥¤¶μ-
ÎÉ¨É¥²Ó´μ° μ·¨¥´É Í¨¨. �Éμ É·Ê¤´μ μ¶· ¢¤ ÉÓ ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢ ´  ·¥-
¡· Ì £· Ë , £¤¥ Î ¸É¨ÍÒ ¤¢¨¦ÊÉ¸Ö, ± ± ´  μ¤´μ³¥·´ÒÌ μÉ·¥§± Ì. ‘ ¤·Ê£μ°
¸Éμ·μ´Ò, ¸ÊÐ¥¸É¢Ê¥É ¢μ§³μ¦´μ¸ÉÓ ¸¢Ö§Ò¢ ÉÓ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¢ ¢¥·Ï¨´ Ì
£· Ë  ¸¶μ¸μ¡μ³, ±μÉμ·Ò° ¸μÌ· ´Ö¥É ¸ ³μ¸μ¶·Ö¦¥´´μ¸ÉÓ [5] ¨ ¢ Éμ ¦¥ ¢·¥³Ö
´ ·ÊÏ ¥É ¢·¥³¥´´ÊÕ ¸¨³³¥É·¨Õ. ‚ ÔÉμ° ¸É ÉÓ¥ Ö ¸μ¡¨· Õ¸Ó μ¶¨¸ ÉÓ ´¥-
¸±μ²Ó±μ ´¥¤ ¢´μ ¶μ¸É·μ¥´´ÒÌ ¶·¨³¥·μ¢ É ±¨Ì £· Ëμ¢ ¨ ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ
´¥μ¡ÒÎ´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê ¸¶¥±É· ²Ó´Ò³¨ ¸¢μ°¸É¢ ³¨ ¨ Éμ¶μ²μ£¨¥°, ±μÉμ· Ö ¢
´¨Ì ´ ¡²Õ¤ ¥É¸Ö.

1. C‚Ÿ‡œ ‘ ®Œ�Š‘ˆŒ�‹œ�›Œ¯ ���“˜…�ˆ…Œ

� ¸¸³μÉ·¨³ ®§¢¥§¤Ê¯ ¸ N ¶μ²Ê¡¥¸±μ´¥Î´Ò³¨ ·¥¡· ³¨, ±μÉμ·Ò¥ ¢¸É·¥Î -
ÕÉ¸Ö ¢ μ¤´μ° ¢¥·Ï¨´¥. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ψ = {ψj} ¸μ¸É ¢²ÖÕÉ £¨²Ó¡¥·Éμ¢μ

¶·μ¸É· ´¸É¢μ
⊕N

j=1 L2(R+),   £ ³¨²ÓÉμ´¨ ´μ³ ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö μÉ·¨Í É¥²Ó-

´Ò° ² ¶² ¸¨ ´, H{ψj} = {−ψ′′
j }, £¤¥, ± ± μ¡ÒÎ´μ, ³Ò ¨¸¶μ²Ó§Ê¥³ ¸¨¸É¥³Ê
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¥¤¨´¨Í, ¢ ±μÉμ·μ° � = 2m = 1. “¸²μ¢¨Ö, ±μÉμ·Ò¥ ¤¥² ÕÉ H ¸ ³μ¸μ¶·Ö¦¥´-
´Ò³, ¸¢Ö§Ò¢ ÕÉ £· ´¨Î´Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨° Ψ ∈

⊕N
j=1 H2(R+) ¨ ¨Ì ¶·μ-

¨§¢μ¤´Ò¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³,

(U − I)Ψ(0+) + i(U + I)Ψ′(0+) = 0, (1)

£¤¥ U Å Ê´¨É ·´ Ö ³ É·¨Í  N×N . � ¸¸³μÉ·¨³ ¶·¨³¥·, ¶·¥¤²μ¦¥´´Ò° ¢ [6],
±μÉμ·Ò° μ¶¨¸Ò¢ ¥É ®³ ±¸¨³ ²Ó´μ¥ ¢· Ð¥´¨¥¯ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨
¨³¶Ê²Ó¸ , ¢Ò¡· ´´μ³ ± ± k = 1, ¶μ² £ Ö

U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 · · · 0 0
0 0 1 0 · · · 0 0
0 0 0 1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1
1 0 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

£¤¥ U , μÎ¥¢¨¤´μ, Ö¢²Ö¥É¸Ö Ê´¨É ·´μ° ³ É·¨Í¥°. ‚ ±μ³¶μ´¥´É´μ° Ëμ·³¥, μ¡μ-
§´ Î Ö ¤²Ö ¶·μ¸ÉμÉÒ ψj = ψj(0+) ¨ ψ′

j = ψ′
j(0+), j = 1, . . . , N , Ê¸²μ¢¨¥

¶μ²ÊÎ¨³ ¢ ¢¨¤¥

(ψj+1 − ψj) + i(ψ′
j+1 + ψ′

j) = 0, j ∈ Z (mod N); (2)

μ´μ Ö¢´μ ´¥¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨, ¶·¥¤¸É ¢²¥´´μ£μ
±μ³¶²¥±¸´Ò³ ¸μ¶·Ö¦¥´¨¥³. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¤²Ö μ¶¥· Éμ·  H , ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥£μ Ê¸²μ¢¨Õ (2), ³Ò ¨³¥¥³ σess(H) = [0,∞) ¨ ¤¨¸±·¥É´Ò° ¸¶¥±É· ´¥ ¶Ê¸É
¤²Ö ²Õ¡μ£μ N � 3 ¨ ¸μ¸Éμ¨É ¨§ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° −κ2 ¸ κ = tan (πm)/N ,
£¤¥ m ¶·¨´¨³ ¥É §´ Î¥´¨Ö 1, . . . , [N/2] ¤²Ö N ´¥Î¥É´μ£μ ¨ 1, . . . , [(N − 1)/2]
¤²Ö N Î¥É´μ£μ. ‚ Î ¸É´μ¸É¨, H ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ μÉ·¨Í É¥²Ó´μ¥ ¸μ¡¸É¢¥´-
´μ¥ §´ Î¥´¨¥ ¤²Ö N = 3, 4, ±μÉμ·μ¥ · ¢´μ −1 ¨ −3 ¸μμÉ¢¥É¸É¢¥´´μ. � ¸
¨´É¥·¥¸ÊÕÉ É· ´¸¶μ·É´Ò¥ ¸¢μ°¸É¢  É ±μ° ¢¥·Ï¨´Ò. � ¶μ³´¨³, ÎÉμ on-shell
³ É·¨Í  · ¸¸¥Ö´¨Ö ¶·¨ ¨³¶Ê²Ó¸¥ k · ¢´ 

S(k) =
k − 1 + (k + 1)U
k + 1 + (k − 1)U

, (3)

¢ Î ¸É´μ¸É¨, S(1) = U . Œμ¦¥É ¶μ± § ÉÓ¸Ö, ÎÉμ ¶¥·¥´μ¸ ¸É ´μ¢¨É¸Ö É·¨¢¨-
 ²Ó´Ò³ ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ, μ¤´ ±μ Ëμ·³ ²Ó´Ò° ¶·¥¤¥² k → ∞ ³μ¦¥É
¶·¨¢¥¸É¨ ± ´¥¢¥·´μ³Ê ¢Ò¢μ¤Ê, ¥¸²¨ U ¨³¥¥É −1 ¸·¥¤¨ ¸¢μ¨Ì ¸μ¡¸É¢¥´´ÒÌ
§´ Î¥´¨°. �¡μ§´ Î Ö η := (1 − k)/(1 + k), ³Ò ´ Ìμ¤¨³ [6], ÎÉμ Ô²¥³¥´ÉÒ
S-³ É·¨ÍÒ ¶·¨ ¨³¶Ê²Ó¸¥ k · ¢´Ò

Sij(k) =
1 − η2

1 − ηN

{
−η

1 − ηN−2

1 − η2
δij + (1 − δij) η(j−i−1)(mod N)

}
. (4)
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�Éμ ¶μ± §Ò¢ ¥É, ÎÉμ lim
k→∞

S(k) = I ¨³¥¥É ³¥¸Éμ, ¥¸²¨ N ´¥Î¥É´μ, μ¤´ ±μ

É ±μ¥ ¸μμÉ´μÏ¥´¨¥ ´¥¢¥·´μ, ±μ£¤  μ´μ Î¥É´μ. �Éμ £μ¢μ·¨É μ Éμ³, ÎÉμ ¢Ò¸μ-
±μÔ´¥·£¥É¨Î¥¸±¨¥ ¸¢μ°¸É¢  ±¢ ´Éμ¢ÒÌ £· Ëμ¢ ¸ ¢¥·Ï¨´´μ° ¸¢Ö§ÓÕ (2) § ¢¨¸ÖÉ
μÉ Éμ¶μ²μ£¨¨, ¢ Î ¸É´μ¸É¨ μÉ Î¥É´μ¸É¨ ¸É¥¶¥´¥° ¢¥·Ï¨´. ŒÒ ¸μ¡¨· ¥³¸Ö
¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥ ´  ´¥¸±μ²Ó±¨Ì ¶·¨³¥· Ì.

2. �…˜…’�—�›… ƒ��”›

� Ï ¶¥·¢Ò° ¶·¨³¥· ± ¸ ¥É¸Ö £· Ëμ¢ ·¥Ï¥ÉμÎ´μ£μ É¨¶ . „²Ö ¶·μ¸ÉμÉÒ
³Ò ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²μ ¸ · ¢´μ¸Éμ·μ´´¨³¨ £· Ë ³¨, ¢ ±μÉμ·ÒÌ ± ¦¤μ¥ ·¥¡·μ
¨³¥¥É μ¤¨´ ±μ¢ÊÕ ¤²¨´Ê � > 0. �·¥¤¶μ² £ Ö, ÎÉμ ¸¢Ö§Ó μ¤´  ¨ É  ¦¥, § ¤ ´´ Ö
Ê¸²μ¢¨¥³ (2) ¢ ± ¦¤μ° ¢¥·Ï¨´¥, ³Ò ¨³¥¥³ ¶¥·¨μ¤¨Î¥¸±ÊÕ ¸¨¸É¥³Ê, ±μÉμ·ÊÕ
³μ¦´μ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¸ ¶μ³μÐÓÕ ¡²μÌμ¢¸±μ£μ · §²μ¦¥´¨Ö [3, £². 4], § ¶¨-
¸Ò¢ Ö £ ³¨²ÓÉμ´¨ ´ ¢ ¢¨¤¥ H =

∫
Q∗

H(θ) dθ ¸ ±μ³¶μ´¥´É ³¨ H(θ) · ¸¸²μ¥-

´¨Ö, ¤¥°¸É¢ÊÕÐ¨³¨ ´  L2(Q), £¤¥ Q Å ÔÉμ μ¸´μ¢´ Ö ÖÎ¥°±  ·¥Ï¥É±¨ ¨ Q∗ Å
¤¢μ°¸É¢¥´´ Ö ÖÎ¥°± , ¨²¨ §μ´  
·¨²²ÕÔ´ . �¡· É¨É¥ ¢´¨³ ´¨¥, ÎÉμ, ¢ μÉ²¨-
Î¨¥ μÉ ®μ¡ÒÎ´ÒÌ¯ ¶¥·¨μ¤¨Î¥¸±¨Ì ¸¨¸É¥³, ¸¶¥±É· ³μ¦¥É ¡ÒÉÓ ´¥ ¶μ²´μ¸ÉÓÕ
 ¡¸μ²ÕÉ´μ ´¥¶·¥·Ò¢´Ò³, ¶μ¸±μ²Ó±Ê ¸¢μ°¸É¢μ ¥¤¨´¸É¢¥´´μ£μ ¶·μ¤μ²¦¥´¨Ö, ¢
μ¡Ð¥³ ¸²ÊÎ ¥, ´  £· Ë Ì ´¥ ¢Ò¶μ²´Ö¥É¸Ö.

ŒÒ ¸μ¡¨· ¥³¸Ö ¸· ¢´¨ÉÓ ¤¢¥ ·¥Ï¥É±¨: ±¢ ¤· É´ÊÕ ¨ £¥±¸ £μ´ ²Ó´ÊÕ, ¨²¨
¸μÉμ¢ÊÕ. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ Ô²¥³¥´É ·´ Ö ÖÎ¥°±  ¸μ¤¥·¦¨É μ¤´Ê ¢¥·Ï¨´Ê, ¢μ
¢Éμ·μ³ Å ¶ ·Ê É ±¨Ì. � °É¨ ¸¶¥±É·Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¶¥· Éμ·μ¢ H(θ)
´¥¸²μ¦´μ: ¨¸¶μ²Ó§Ê¥É¸Ö  ´§ Í ψj(x) = aj eikx + bj e−ikx, ¨ ÔÉ¨ ËÊ´±Í¨¨
¸¢Ö§Ò¢ ÕÉ¸Ö Î¥·¥§ Ê¸²μ¢¨Ö (2) ¢ ¢¥·Ï¨´ Ì ¨ Î¥·¥§ ¡²μÌμ¢¸±¨¥ Ë ±Éμ·Ò eiθm ,
m = 1, 2, ´  ·¥¡· Ì ÖÎ¥°±¨, £¤¥ (1/�) θr Å ±μ³¶μ´¥´ÉÒ ±¢ §¨¨³¶Ê²Ó¸ . ‡ É¥³
¸¶¥±É· μ¶·¥¤¥²Ö¥É¸Ö Ê¸²μ¢¨Ö³¨ · §·¥Ï¨³μ¸É¨ ¶μ²ÊÎ¥´´μ° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ
Ê· ¢´¥´¨° ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ aj , bj . �Éμ Ê¶· ¦´¥´¨¥ ¶μ ²¨´¥°´μ°  ²£¥¡·¥,
¢Ò¶μ²´¥´´μ¥ ¢ [6], ¤ ¥É Ê· ¢´¥´¨Ö

16i ei(θ1+θ2) k sin k�
[
(k2 − 1)(cos θ1 + cos θ2) + 2(k2 + 1) cos k�

]
= 0 (5)

¤²Ö ±¢ ¤· É´μ° ·¥Ï¥É±¨ ¨

16i e−i(θ1+θ2) k2 sin k�
[
3+6k2−k4+4dθ(k2−1)+(k2 +3)2 cos 2k�

]
= 0 (6)

¤²Ö ¸μÉμ¢μ°, £¤¥ dθ := cos θ1 + cos (θ1 − θ2) + cos θ2 ¨ (1/�)(θ1, θ2) ∈ [−π/�,
π/�]2, ¶·¨Î¥³ k > 0 ¨ k = iκ ¸ κ > 0 ¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ ¨ μÉ·¨Í É¥²Ó´ÒÌ
Ô´¥·£¨° ¸μμÉ¢¥É¸É¢¥´´μ.

Š ± Ê± § ´μ ¢ÒÏ¥, μ¡¥ ·¥Ï¥É±¨ ¨³¥ÕÉ ¢Ò·μ¦¤¥´´Ò¥ §μ´Ò: ´ ²¨Î¨¥ ³´μ-
¦¨É¥²Ö sin k� μ§´ Î ¥É, ÎÉμ Ê¸²μ¢¨Ö (5) ¨ (6) ¨³¥ÕÉ ·¥Ï¥´¨Ö, ´¥§ ¢¨¸¨³Ò¥ μÉ
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�¨¸. 1. ƒ· Ë¨Î¥¸±μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ μ ¸¶¥±É·¥ ±¢ ¤· É´μ° ·¥Ï¥É±¨

�¨¸. 2. ƒ· Ë¨Î¥¸±μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ μ ¸¶¥±É·¥ £¥±¸ £μ´ ²Ó´μ° ·¥Ï¥É±¨

θ, ¨ ¸²¥¤μ¢ É¥²Ó´μ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ £ ³¨²ÓÉμ´¨ ´Ò ¨³¥ÕÉ ¡¥¸±μ´¥Î´μ ¢Ò-
·μ¦¤¥´´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö. �¸É ²Ó´ Ö Î ¸ÉÓ ¸¶¥±É·  ¸μ¸Éμ¨É ¨§  ¡¸μ-
²ÕÉ´μ ´¥¶·¥·Ò¢´ÒÌ §μ´, μÉ´μ¸ÖÐ¨Ì¸Ö ± § ´Ê²ÖÕÐ¨³¸Ö ±¢ ¤· É´Ò³ ¸±μ¡± ³
¢ ²¥¢ÒÌ Î ¸ÉÖÌ Ê· ¢´¥´¨°. —Éμ¡Ò ´ £²Ö¤´μ ¶μ± § ÉÓ ·¥Ï¥´¨Ö £· Ë¨Î¥¸±¨,
¶¥·¥¶¨Ï¥³ ¨Ì ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê¸²μ¢¨Ö ¢ ¢¨¤¥ cos jk� = fj(θ1, θ2; k),
j = 1, 2, ¸ ¶μ¤Ìμ¤ÖÐ¨³ μ¡· §μ³ ¢Ò¡· ´´Ò³¨ ËÊ´±Í¨Ö³¨ fj ; ¤²Ö μÉ·¨Í É¥²Ó-
´μ° Î ¸É¨ ¸¶¥±É·  ³Ò § ³¥´Ö¥³ k ´  κ,   É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ´ 
£¨¶¥·¡μ²¨Î¥¸±¨¥. “± § ¢ μ¡² ¸É¨ §´ Î¥´¨Ö fj(·, ·; k) ¢ ¢¨¤¥ ¸¥·ÒÌ μ¡² ¸É¥° ´ 
·¨¸. 1 ¨ 2 ¸μμÉ¢¥É¸É¢¥´´μ, ³Ò ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¨¸±μ³Ò¥ ·¥Ï¥´¨Ö ± ± §´ -
Î¥´¨Ö k, ¨²¨ κ, ¤²Ö ±μÉμ·μ£μ §´ Î¥´¨¥ cos k� ¨²¨, ¸μμÉ¢¥É¸É¢¥´´μ, cosh κ�
´ Ìμ¤¨É¸Ö ¢ ÔÉ¨Ì μ¡² ¸ÉÖÌ. Šμ´¥Î´μ, ¸¶¥±É· § ¢¨¸¨É μÉ �. �  ·¨¸. 1 ¨ 2 ¶μ-
± § ´Ò ¤¢  ¢μ§³μ¦´ÒÌ ¢ ·¨ ´É : � = 3/2, μ¡μ§´ Î¥´´Ò° ¸¶²μÏ´μ° ±·¨¢μ°, ¨
� = 1/4, μ¡μ§´ Î¥´´Ò° ÏÉ·¨Ìμ¢μ° ±·¨¢μ°.

ƒ²Ö¤Ö ´  ¤¢¥ ·¥Ï¥É±¨, ³Ò μ¡´ ·Ê¦¨¢ ¥³ ´¥±μÉμ·Ò¥ ¸Ìμ¤¸É¢ . �¡¥ ¨³¥ÕÉ
¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ¸¶¥±É· ²Ó´ÒÌ ² ±Ê´, ¶μ²μ¦¨É¥²Ó´Ò¥ ² ±Ê´Ò ¢¸É·¥Î ÕÉ¸Ö
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¢ ¶ · Ì ¸ ¢Ò·μ¦¤¥´´μ° §μ´μ° ¶μ¸¥·¥¤¨´¥, ¨ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ �
³μ¦¥É ¸²ÊÎ¨ÉÓ¸Ö É ±, ÎÉμ μ¤´  ¨§ §μ´ ¸É ´¥É ¢Ò·μ¦¤¥´´μ°. Š·μ³¥ Éμ£μ, μÉ·¨-
Í É¥²Ó´Ò° ¸¶¥±É· ´¥ ¶Ê¸É ¤²Ö ²Õ¡μ£μ �, μ¤´  §μ´  ¤²Ö ±¢ ¤· É´μ° ·¥Ï¥É±¨ ¨
¶ ·  ¨§ ´¨Ì ¤²Ö ¸μÉμ¢μ°. �´¨ ¸É ´μ¢ÖÉ¸Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ Ê§±¨³¨, ¢ ¶·¥¤¥²¥
� → ∞ ¸Ìμ¤Ö¸Ó ± ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ §¢¥§¤μ¶μ¤μ¡´μ£μ £· Ë  ¸ N = 4
¨ N = 3 ¸μμÉ¢¥É¸É¢¥´´μ. ‚ Éμ ¦¥ ¢·¥³Ö ¸¶¥±É· ²Ó´ Ö ± ·É¨´  ¶·¨ ¢Ò¸μ±¨Ì
Ô´¥·£¨ÖÌ § ³¥É´μ μÉ²¨Î ¥É¸Ö:

• ¤²Ö ±¢ ¤· É´μ° ·¥Ï¥É±¨ §μ´Ò ¤μ³¨´¨·ÊÕÉ ¢ ¸¶¥±É·¥,   Ï¨·¨´Ò ² ±Ê´
(¢ Ô´¥·£¥É¨Î¥¸±μ° ¶¥·¥³¥´´μ°) ¸É·¥³ÖÉ¸Ö ± ´¥´Ê²¥¢μ° ±μ´¸É ´É¥ ¶·¨ Ê¢¥²¨-
Î¥´¨¨ ¨´¤¥±¸  ² ±Ê´Ò,

• ´ μ¡μ·μÉ, ¢ ¸¶¥±É·¥ £¥±¸ £μ´ ²Ó´ÒÌ ·¥Ï¥Éμ± ¶·¥μ¡² ¤ ÕÉ ² ±Ê´Ò ¨
§μ´Ò ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¶μ¸ÉμÖ´´ÊÕ Ï¨·¨´Ê.

�Éμ · §²¨Î¨¥ ²¥£±μ ¶μ´ÖÉÓ ¨§ Éμ£μ, ÎÉμ ³Ò ¸± § ²¨ μ É· ´¸¶μ·É´ÒÌ ¸¢μ°-
¸É¢ Ì ¢¥·Ï¨´ ¸μ ¸¢Ö§ÓÕ (2). ‚ ±¢ ¤· É´μ° ·¥Ï¥É±¥ ¸É¥¶¥´Ó ¢¥·Ï¨´Ò · ¢´ 
Î¥ÉÒ·¥³, ¨ ¸μμÉ´μÏ¥´¨¥ (4) ¶μ± §Ò¢ ¥É, ÎÉμ Î ¸É¨Í , ¶·¨¡²¨¦ ÕÐ Ö¸Ö ± ¢¥·-
Ï¨´¥ ¸ ¢Ò¸μ±μ° Ô´¥·£¨¥°, ¨³¥¥É ¶·¨³¥·´μ μ¤¨´ ±μ¢Ò° Ï ´¸ ¶μ±¨´ÊÉÓ ¥¥ ¢μ
¢¸¥Ì Î¥ÉÒ·¥Ì ´ ¶· ¢²¥´¨ÖÌ. �μ-¤·Ê£μ³Ê ¤¥²μ μ¡¸Éμ¨É ¢ ¸μÉμ¢μ° ·¥Ï¥É±¥, £¤¥
μÉ· ¦¥´¨¥ É ±μ° ¡Ò¸É·μ° Î ¸É¨ÍÒ ¶μÎÉ¨ § ¶·¥Ð¥´μ, ¨ Î ¸É¨Í  ¸ ¡μ²ÓÏμ°
¢¥·μÖÉ´μ¸ÉÓÕ ¢Ò´Ê¦¤¥´  μ¸É ¢ ÉÓ¸Ö ´  μ¤´μ³ ·¥¡·¥. �μ¢¥¤¥´¨¥ μÉ·¨Í É¥²Ó-
´ÒÌ §μ´ ¤²Ö ¡μ²ÓÏ¨Ì � É ±¦¥ ²¥£±μ μ¡ÑÖ¸´¨ÉÓ, ÊÎ¨ÉÒ¢ Ö ÉμÉ Ë ±É, ÎÉμ ·¥¡· 
¢ ¤ ´´μ³ ¸²ÊÎ ¥ Ö¢²ÖÕÉ¸Ö ±² ¸¸¨Î¥¸±¨ § ¶·¥Ð¥´´Ò³¨ μ¡² ¸ÉÖ³¨ ¨ ¶¥·¥´μ¸
¢μ§³μ¦¥´ Éμ²Ó±μ ¡² £μ¤ ·Ö ÉÊ´´¥²¨·μ¢ ´¨Õ.

3. –…��—Š� �…’…‹œ

� Ï ¸²¥¤ÊÕÐ¨° ¶·¨³¥· ± ¸ ¥É¸Ö ¥Ð¥ ¡μ²¥¥ ¶·μ¸Éμ£μ ±² ¸¸  £· Ëμ¢, Í¥-
¶μÎ¥± ¶¥É¥²Ó, ± ¦¤ Ö ¨§ ±μÉμ·ÒÌ ¨³¥¥É ¤²¨´Ê μ±·Ê¦´μ¸É¨ 2π, ± ± ¶μ± § ´μ
´  ·¨¸. 3. ŒÒ · §²¨Î ¥³ ¤¢¥ ¸¨ÉÊ Í¨¨: ®· ¸ÉÖ´ÊÉÊÕ¯ Í¥¶Ó ¸ � > 0 ¨ ®¶²μÉ-
´ÊÕ¯ Í¥¶Ó, ¢ ±μÉμ·μ° ¸μ¥¤¨´¨É¥²Ó´Ò¥ §¢¥´ÓÖ ¸¦¨³ ÕÉ¸Ö ¤μ ´Ê²Ö,   ¸μ¸¥¤´¨¥
±μ²ÓÍ  ¸¢Ö§ ´Ò Î¥·¥§ ÉμÎ±¨ ¸μ¶·¨±μ¸´μ¢¥´¨Ö; ¢μ ¢¸¥Ì ¢¥·Ï¨´ Ì ³Ò ´ ±² -
¤Ò¢ ¥³ Ê¸²μ¢¨¥ (2). � Î´¥³ ¸ ¶²μÉ´μ£μ ¸²ÊÎ Ö. �´ ²¨§ 
²μÌ   ´ ²μ£¨Î¥´
¶·¥¤Ò¤ÊÐ¥³Ê ¶·¨³¥·Ê, É¥¶¥·Ó §μ´  
·¨²²ÕÔ´  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μÉ·¥§μ±
(−π, π). ‘¶¥±É· ²Ó´μ¥ Ê¸²μ¢¨¥ ¨³¥¥É Ëμ·³Ê

k3(k2 + 1) sin kπ (cos kπ − cos θ) = 0 (7)

¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ Ô´¥·£¨° ¨

κ3(κ2 − 1) sinh κπ (cosh κπ − cos θ) = 0 (8)

¤²Ö μÉ·¨Í É¥²Ó´ÒÌ. “¸²μ¢¨Ö (7) ¨ (8) ¶μ± §Ò¢ ÕÉ, ÎÉμ  ¡¸μ²ÕÉ´μ ´¥¶·¥·Ò¢-
´Ò° ¸¶¥±É· ¸μ¢¶ ¤ ¥É ¸ ¶μ²ÊμcÓÕ [0,∞) ¨, ±·μ³¥ Éμ£μ, ¸ÊÐ¥¸É¢ÊÕÉ ¢Ò·μ-
¦¤¥´´Ò¥ §μ´Ò, μ¤´  ¸ Ô´¥·£¨¥° −κ2 = −1, ¨ ¸¥³¥°¸É¢μ ¸μ¡¸É¢¥´´ÒÌ Î¨¸¥²,
¶μ£·Ê¦¥´´ÒÌ ¢ ±μ´É¨´ÊÊ³, ¸μ¸ÉμÖÐ¥¥ ¨§ ¶μ²μ¦¨É¥²Ó´ÒÌ Í¥²ÒÌ.
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�¨¸. 3. –¥¶μÎ±  ¶¥É¥²Ó ¸ � > 0

‘¶¥±É· · ¸ÉÖ´ÊÉÒÌ Í¥¶μÎ¥± ´¥³´μ£μ ¸²μ¦´¥¥. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸¶¥±-
É· ²Ó´μ¥ Ê¸²μ¢¨¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É Ëμ·³Ê

k5 sin kπ ((k4 + 2k2 + 5) sin kπ sin k�−
− 4(k2 + 1)(cos kπ cos k� − cos θ)) = 0 (9)

¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ Ô´¥·£¨° ¨

κ5 sinh κπ (4(1 − κ2)(cosh κπ cosh κ� − cos θ)+

+ (κ4 − 2κ2 + 5) sinh κπ sinh κ�) = 0 (10)

¤²Ö μÉ·¨Í É¥²Ó´ÒÌ. ‘´μ¢  ²¥£±μ ´ °É¨ ¢Ò·μ¦¤¥´´Ò¥ §μ´Ò, ¤²Ö μ¸É ²Ó´μ°
Î ¸É¨ ¸¶¥±É·   ´ ²¨§ ¨¤¥μ²μ£¨Î¥¸±¨ ¶·μ¸É, ´μ É¥Ì´¨Î¥¸±¨ ´¥³´μ£μ É·Ê¤μ¥-
³μ± [7]. �´ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ·¥§Ê²ÓÉ ÉÊ.

‘¶¥±É· μ¶¥· Éμ·  H� ¨³¥¥É ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ � > 0 ¸²¥¤ÊÕÐ¨¥
¸¢μ°¸É¢ .

• ‹Õ¡μ¥ ´¥μÉ·¨Í É¥²Ó´μ¥ Í¥²μ¥ Î¨¸²μ Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³
¡¥¸±μ´¥Î´μ° ±· É´μ¸É¨.

• ‡  ¨¸±²ÕÎ¥´¨¥³ ´¥μÉ·¨Í É¥²Ó´ÒÌ Í¥²ÒÌ Î¨¸¥² ¸¶¥±É· Ö¢²Ö¥É¸Ö  ¡¸μ-
²ÕÉ´μ ´¥¶·¥·Ò¢´Ò³, ¨³¥ÕÐ¨³ §μ´´ÊÕ ¸É·Ê±ÉÊ·Ê.

• �É·¨Í É¥²Ó´Ò° ¸¶¥±É· ¸μ¤¥·¦¨É¸Ö ¢ (−∞,−1). �´ ¸μ¸Éμ¨É ¨§ μ¤´μ°
§μ´Ò, ¥¸²¨ � = π, ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ¥¸ÉÓ ¶ ·  §μ´ ¨ −3 �∈ σ(H�).

• �μ²μ¦¨É¥²Ó´Ò° ¸¶¥±É· ¨³¥¥É ¡¥¸±μ´¥Î´μ ³´μ£μ ² ±Ê´.
• ‚¥·μÖÉ´μ¸ÉÓ ¶·¨´ ¤²¥¦´μ¸É¨ ± (¶μ²μ¦¨É¥²Ó´μ³Ê) ¸¶¥±É·Ê ¢ ¸³Ò¸²¥

μ¶·¥¤¥²¥´¨Ö, ¶·¨¢¥¤¥´´μ£μ ¢ [8], · ¢´ 

Pσ(H�) := lim
K→∞

1
K

∣∣σ(H�) ∩ [0, K]
∣∣ = 0 ¤²Ö ²Õ¡μ£μ � > 0.

�μ¸²¥¤´¥¥ ÊÉ¢¥·¦¤¥´¨¥ ¨´É¥·¥¸´μ ¢ ¸¢¥É¥ ·¥§Ê²ÓÉ Éμ¢ · ¡μÉÒ [9]. ‚ ´¥°
¨¸¸²¥¤μ¢ ²μ¸Ó ¶μ¢¥¤¥´¨¥ ¸¶¥±É· , ±μ£¤  ´¥±μÉμ·Ò¥ ¤²¨´Ò ·¥¡¥· £· Ë  ¸É·¥-
³ÖÉ¸Ö ± ´Ê²Õ. �É¨ ¢Ò¢μ¤Ò ¶·¨³¥´¨³Ò ¨ §¤¥¸Ó, ¶μÔÉμ³Ê ¸¶¥±É· μ¶¥· Éμ· 
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H� ¸Ìμ¤¨É¸Ö ¢ ¸³Ò¸²¥ ³´μ¦¥¸É¢ ± ¸¶¥±É·Ê H0 ¶·¨ � → 0, μ¤´ ±μ ³Ò ¢¨-
¤¨³, ÎÉμ ¸Ìμ¤¨³μ¸ÉÓ ¤μ¢μ²Ó´μ ´¥μ¤´μ·μ¤´ , ¥¸²¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ
Pσ(H0) = 1. �Éμ ³μ¦´μ ¶μ´ÖÉÓ, ¥¸²¨ ³Ò ¶μ¸³μÉ·¨³ ´  Ê¸²μ¢¨¥ (9). �·¨
¡μ²ÓÏ¨Ì Ô´¥·£¨ÖÌ ÔÉμ ¶¥·¢Ò° μÉ θ ´¥§ ¢¨¸¨³Ò° Î²¥´, ±μÉμ·Ò° ¤μ³¨´¨·Ê¥É,
¶μÔÉμ³Ê ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ¸¶¥±É· ²Ó´Ò¥ §μ´Ò ¡Ê¤ÊÉ Ê§±¨³¨,   ² ±Ê´Ò
Ï¨·μ±¨³¨. �¤´ ±μ Î¥³ ³¥´ÓÏ¥ ¡Ê¤¥É ¶ · ³¥É· �, É¥³ ¶μ§¦¥ ÔÉμÉ ·¥¦¨³
´ ¸ÉÊ¶¨É.

—Éμ ± ¸ ¥É¸Ö μÉ·¨Í É¥²Ó´μ£μ ¸¶¥±É·  μ¶¥· Éμ·  H�, ¢¥·Ì´ÖÖ μÉ·¨Í É¥²Ó-
´ Ö §μ´  ¸¦¨³ ¥É¸Ö ¤μ ÉμÎ±¨ −1 ¢ ¶·¥¤¥²¥ � → ∞,   ´¨¦´ÖÖ ®Ê¡¥£ ¥É¯ ¢ −∞,
¸³. ¶μ¤·μ¡´μ¸É¨ ¢ [7, É¥μ·¥³  3].

4. �‘ˆŒ�’�’ˆŠ� „ˆ‘Š�…’��ƒ� ‘�…Š’��

� Ï  ¸²¥¤ÊÕÐ Ö Í¥²Ó Å ¶μ± § ÉÓ, ÎÉμ Î¥É´μ¸ÉÓ ¸É¥¶¥´¨ ¢¥·Ï¨´Ò ¶·μ-
Ö¢²Ö¥É¸Ö É ±¦¥ ¢ ¤¨¸±·¥É´μ³ ¸¶¥±É·¥ £· Ëμ¢. ‘ ÔÉμ° Í¥²ÓÕ ³Ò · ¸¸³μÉ·¨³
´¥¸±μ²Ó±μ ¶·μ¸ÉÒÌ ±μ´¥Î´ÒÌ £· Ëμ¢, ±μÉμ·Ò¥ μ¡· §μ¢ ´Ò ·¥¡· ³¨ ¶ÖÉ¨ ¶² -
Éμ´μ¢ÒÌ É¥², ¶·¥¤¶μ² £ Ö, ÎÉμ ¤²¨´  ± ¦¤μ£μ ·¥¡·  · ¢´  ¥¤¨´¨Í¥. ‡ ¤ Î 
´ Ìμ¦¤¥´¨Ö ¸¶¥±É·  É ±μ£μ £· Ë  ³μ¦¥É ¡ÒÉÓ ¸´μ¢  ¸¢¥¤¥´  ± ²¨´¥°´μ°  ²-
£¥¡·¥. �·μ¢μ¤Ö  ´ ²¨§ ´ ¨¡μ²¥¥ ´¥¶μ¸·¥¤¸É¢¥´´Ò³ ¸¶μ¸μ¡μ³, ³Ò ¸Éμ²±´¥³¸Ö
¸ É¥Ì´¨Î¥¸±¨³¨ É·Ê¤´μ¸ÉÖ³¨. Š ¸Î ¸ÉÓÕ, § ¤ ÎÊ ³μ¦´μ Ê¶·μ¸É¨ÉÓ ¨¸¶μ²Ó§μ¢ -
´¨¥³ ¸¨³³¥É·¨¨ · ¸¸³ É·¨¢ ¥³ÒÌ £· Ëμ¢, ¸²¥¤ÊÖ μ¡Ð¨³ ¶·¥¤¶¨¸ ´¨Ö³ [10].

‚ ´ Ï¥³ ¸²ÊÎ ¥ μÉ¸ÊÉ¸É¢Ê¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ²´ÊÕ ¸¨³³¥-
É·¨Õ ± ¦¤μ£μ ¨§ ¶² Éμ´μ¢ÒÌ É¥², ³Ò ¶·¨³¥´Ö¥³ Éμ²Ó±μ ¸¨³³¥É·¨Õ ¢· Ð¥-
´¨Ö ¢¤μ²Ó ´ ¤²¥¦ Ð¨³ μ¡· §μ³ ¢Ò¡· ´´μ° μ¸¨ ¨ · §² £ ¥³ ¸¶¥±É·, ¨¸¶μ²Ó§ÊÖ
¶·¥¤¸É ¢²¥´¨Ö ÔÉμ° £·Ê¶¶Ò ¢· Ð¥´¨°. �·μ¨²²Õ¸É·¨·Ê¥³ ÔÉμ ¢ ¶·μ¸É¥°Ï¥³
¸²ÊÎ ¥, μÉ´μ¸ÖÐ¥³¸Ö ± É¥É· Ô¤·Ê. �¸Ó ¢· Ð¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ®¢¥·Ï¨´μ°¯
¶¨· ³¨¤Ò, μ¡μ§´ Î¥´´μ° ¡Ê±¢μ° A, ¨ Í¥´É·μ³ ®¡ §μ¢μ£μ¯ É·¥Ê£μ²Ó´¨± . ‚· -
Ð Ö É¥É· Ô¤· ¢μ±·Ê£ ÔÉμ° μ¸¨ ´  Ê£μ² (2/3)π, ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ´Ê¦´μ Ê³´μ-
¦ ÉÓ ´  ωj = e2πij/3, j = 0, 1, 2, ¸μ£² ¸´μ ¢Ò¡μ·Ê ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É -
¢²¥´¨Ö. ’μ£¤  ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ®±μ³¶μ´¥´É´Ò° £· Ë¯, ¸μ¸ÉμÖÐ¨° ¨§
·¥¡·  μÉ A ¤μ ®¡ §μ¢μ°¯ ¢¥·Ï¨´Ò B ¨ ¸³¥¦´μ£μ ®¡ §μ¢μ£μ¯ ·¥¡· , § ³±´Ê-
Éμ£μ ¢ ¶¥É²Õ, ± ± ¶μ± § ´μ ´  ·¨¸. 4. “¸²μ¢¨¥ (2), ´ ²μ¦¥´´μ¥ ´  ¢¥·Ï¨´Ê
¶¨· ³¨¤Ò, É·¥¡Ê¥É f ′

1(0) = 0 ¤²Ö j = 0 ¨ f ′
1(0) = (−1)j

√
3f1(0) ¤²Ö j = 1, 2.

‚ ¢¥·Ï¨´¥ B, μ¤´ ±μ, ´ ±² ¤Ò¢ ¥É¸Ö Ê¸²μ¢¨¥ (2) ¸ § ³¥´μ° f1(1) ´  ωjf1(1),
¨ Éμ ¦¥ ¸ ³μ¥ ¤²Ö ¶·μ¨§¢μ¤´ÒÌ. ’ ±¨³ μ¡· §μ³, ³Ò ¶·¨Ìμ¤¨³ ± ¸¶¥±É· ²Ó-
´μ³Ê Ê¸²μ¢¨Õ

k sin2 k

2

[
k2 cos2

k

2
+ 3 cos2

k

2
− 1

]
= 0 (11)

¤²Ö j = 0 ¨

k sin
k

2

[
k sin

k

2
− (−1)j

√
3 cos

k

2

] [
k2 cos2

k

2
+ 3 cos2

k

2
− 1

]
= 0 (12)
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�¨¸. 4. ƒ· Ë, Ö¢²ÖÕÐ¨°¸Ö ´μ¸¨É¥²¥³ ±μ³¶μ´¥´É´ÒÌ μ¶¥· Éμ·μ¢ ¤²Ö É¥É· Ô¤· 

¤²Ö j = 1, 2. �É³¥É¨³, ÎÉμ k = 2πn, n ∈ N, μÎ¥¢¨¤´μ, Ö¢²Ö¥É¸Ö ·¥Ï¥-
´¨¥³. „·Ê£¨¥ ·¥Ï¥´¨Ö ´¥ ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ Ö¢´μ³ ¢¨¤¥, ´μ ¶·¨ ¡μ²ÓÏ¨Ì
§´ Î¥´¨ÖÌ k ¶¥·¢Ò¥ Î²¥´Ò ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì ¤μ³¨´¨·ÊÕÉ, ¨ ³μ¦´μ μ¦¨-
¤ ÉÓ, ÎÉμ ·¥Ï¥´¨Ö ¡Ê¤ÊÉ ´ °¤¥´Ò ¢ μ±·¥¸É´μ¸ÉÖÌ ÉμÎ¥±, £¤¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó.

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¨ ¤·Ê£¨¥ Î¥ÉÒ·¥ £· Ë . „²Ö
±Ê¡  ¸ÊÐ¥¸É¢Ê¥É  ²ÓÉ¥·´ É¨¢ ,   ¨³¥´´μ ¨¸¶μ²Ó§μ¢ ´¨¥ ¥£μ §¥·± ²Ó´μ° ¸¨³³¥-
É·¨¨, ±μÉμ· Ö ¶μ§¢μ²Ö¥É ¸¢¥¸É¨ § ¤ ÎÊ ± · ¸¸³μÉ·¥´¨Õ É·¥Ì±μ´¥Î´μ° §¢¥§¤Ò
¸ ¤²¨´μ° ·¥¡·  1/2, ¸μ ¸¢Ö§ÓÕ (2) ¢ ¢¥·Ï¨´¥ ¨ · §²¨Î´Ò³¨ ±μ³¡¨´ Í¨Ö³¨
Ê¸²μ¢¨° „¨·¨Ì²¥ ¨ �¥°³ ´  ¢ ±μ´Í¥¢ÒÌ ÉμÎ± Ì. �·μ¢μ¤Ö  ´ ²¨§ ¸ ÊÎ¥Éμ³
¶μ£·¥Ï´μ¸É¥° [11], ³Ò ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò¢μ¤Ê:

‘¶¥±É· ¶² Éμ´μ¢ÒÌ £· Ëμ¢ ¸ ¢¥·Ï¨´´μ° ¸¢Ö§ÓÕ (2) ¸μ¸Éμ¨É ¨§ ÉμÎ¥± k2

É ±¨Ì, ÎÉμ
• k ´ Ìμ¤¨É¸Ö ¢ μ±·¥¸É´μ¸É¨ πn, n ∈ N, ¢ Î ¸É´μ¸É¨

k ∈ (nπ − ck−1 + O(k−2), nπ + ck−1 + O(k−2)), n ∈ Z,

¢Ò¶μ²´Ö¥É¸Ö, ±μ£¤  k → ∞, £¤¥ c = 2
√

3 ¤²Ö É¥É· Ô¤· , ±Ê¡  ¨ μ±É Ô¤· ,
c ≈ 5,51 ¤²Ö ¤μ¤¥± Ô¤·  ¨ c ≈ 10,84 ¤²Ö ¨±μ¸ Ô¤· .

• „²Ö μ±É Ô¤·  ¶·¨¢¥¤¥´´μ¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨¥ ³μ¦´μ ÊÉμÎ´¨ÉÓ, ¨, ±·μ-
³¥ Éμ£μ, ¨³¥¥É¸Ö ¤μ¶μ²´¨É¥²Ó´Ò° ¸¶¥±É·, ¢ Î ¸É´μ¸É¨, ±¢ ¤· É´Ò¥ ±μ·´¨
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¸μ¸É ¢²ÖÕÉ k = 2πn (¸ ±· É´μ¸ÉÓÕ ¢μ¸¥³Ó) ¨ k =
±(2/3)π + 2πn (¸ ±· É´μ¸ÉÓÕ ¤¢ ), £¤¥ n ∈ Z. Š·μ³¥ Éμ£μ, ¸ÊÐ¥¸É¢ÊÕÉ
±¢ ¤· É´Ò¥ ±μ·´¨ ¨§ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, · ¸¶μ²μ¦¥´´ÒÌ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

k ∈
[
π + 2πn −

√
10 k−1 + O(k−2), π + 2πn +

√
10 k−1 + O(k−2)

]
,

k ∈
[π

2
+ πn − 5k−2 + O(k−4),

π

2
+ πn + 5k−2 + O(k−4)

]
,

£¤¥ n ∈ Z, ±μ£¤  ¨³¶Ê²Ó¸´ Ö ¶¥·¥³¥´´ Ö k → ∞.
�ÉμÉ ·¥§Ê²ÓÉ É ¶μ¤É¢¥·¦¤ ¥É ´ Ï¨ μ¦¨¤ ´¨Ö. „²Ö Î¥ÉÒ·¥Ì ¶² Éμ´μ¢ÒÌ

É¥² ¸ ´¥Î¥É´μ° ¸É¥¶¥´ÓÕ ¢¥·Ï¨´, É·¨ ¨²¨ ¶ÖÉÓ, ¸¶¥±É·  ¸¨³¶ÉμÉ¨Î¥¸±¨ ´ -
± ¶²¨¢ ¥É¸Ö ¢μ±·Ê£ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ² ¶² ¸¨ ´  „¨·¨Ì²¥ ´  ¥¤¨´¨Î´μ³
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μÉ·¥§±¥. ˆ´É¥·¢ ²Ò ¸μ±· Ð ÕÉ¸Ö ¢ ¨³¶Ê²Ó¸´μ° ¶¥·¥³¥´´μ°, ¶μ μÉ´μÏ¥´¨Õ
± Ô´¥·£¨¨ μ´¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¨³¥ÕÉ ¶μ¸ÉμÖ´´ÊÕ Ï¨·¨´Ê,   ¨³¥´´μ 4c, ¨
¢ Éμ ¦¥ ¢·¥³Ö · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ÔÉ¨³¨ ±² ¸É¥· ³¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
Ê¢¥²¨Î¨¢ ÕÉ¸Ö. „²Ö μ±É Ô¤· , ¸ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸ÊÐ¥¸É¢ÊÕÉ ¤μ¶μ²´¨É¥²Ó´Ò¥
¸¥³¥°¸É¢  ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³,
²μ± ²¨§μ¢ ´´Ò³ ¶·¥¨³ÊÐ¥¸É¢¥´´μ ´  ¡μ²¥¥ Î¥³ μ¤´μ³ ·¥¡·¥ £· Ë .

�μ¤Î¥·±´¥³, ÎÉμ ÔÉμ · §²¨Î¨¥ ¤¥°¸É¢¨É¥²Ó´μ ¸¢Ö§ ´μ ¸ ±μ´±·¥É´Ò³¨
¸¢μ°¸É¢ ³¨ ¢¥·Ï¨´´μ° ¸¢Ö§¨ (2). —Éμ¡Ò ¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ÔÉμÉ Ë ±É, É 
¦¥ ¶·μ¡²¥³  ¡Ò²  ¶·μ ´ ²¨§¨·μ¢ ´  ¢ · ¡μÉ¥ [11] ¸ Ê¸²μ¢¨¥³ (2), § ³¥´¥´-
´Ò³ δ-¸¢Ö§ÓÕ. �μ²ÊÎ¥´´Ò¥ ¸¶¥±É·Ò · §²¨Î´Ò ¤²Ö · §´ÒÌ £· Ëμ¢, μ¤´ ±μ ´¨
μ¤¨´ ¨§ ´¨Ì ´¥ ¸μ¸Éμ¨É ¨¸±²ÕÎ¨É¥²Ó´μ ¨§ c¥³¥°¸É¢ ,  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¢¥¤Ê-
Ð¥£μ ¸¥¡Ö ± ± ¸¶¥±É· ² ¶² ¸¨ ´  „¨·¨Ì²¥ ´  ¨´É¥·¢ ²¥.

5. ’���‘���’ ‚ ��š…Œ… ˆ �� ƒ���ˆ–… ƒ��”�

‚¥·´¥³¸Ö ± ¢μ¶·μ¸Ê μ É· ´¸¶μ·É¥ ¨ μÉ³¥É¨³, ÎÉμ ¥¸²¨ ¡¥¸±μ´¥Î´Ò° ¶¥·¨-
μ¤¨Î¥¸±¨° £· Ë ¨³¥¥É £· ´¨ÍÊ, Éμ ³μ¦¥É ¸²ÊÎ¨ÉÓ¸Ö, ÎÉμ ¸É¥¶¥´¨ ¢¥·Ï¨´ É ³
μÉ²¨Î ÕÉ¸Ö μÉ ¸É¥¶¥´¥° ¢ ®μ¡Ñ¥³¥¯ £· Ë , ¨ ÔÉμ ³μ¦¥É ¥¸É¥¸É¢¥´´μ ¢²¨ÖÉÓ
´  É· ´¸¶μ·É´Ò¥ ¸¢μ°¸É¢ . ŒÒ ¸μ¡¨· ¥³¸Ö ¶μ± § ÉÓ, ÎÉμ ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ
É ±, ¸· ¢´¨¢ Ö ¤¢  É¨¶  ·¥Ï¥Éμ±, ¨§ ±μÉμ·ÒÌ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ³Ò ¢Ò·¥§ ²¨
®¢¥·É¨± ²Ó´ÊÕ¯ ¶μ²μ¸Ê, ± ± ¶μ± § ´μ ´  ·¨¸. 5.

�¨¸. 5. ƒ· Ë ¢ Ëμ·³¥ ¶μ²μ¸Ò, ¢Ò·¥§ ´´μ° ¨§ ¶·Ö³μÊ£μ²Ó´μ° ®±¨·¶¨Î´μ°¯ ·¥Ï¥É±¨
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‚ ¶¥·¢μ³ ¶·¨³¥·¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶·Ö³μÊ£μ²Ó´ Ö ·¥Ï¥É±  ¸ ¤²¨´ ³¨
·¥¡¥· �j , j = 1, 2, ¸ ´¥Î¥É´μ° ¸É¥¶¥´ÓÕ ¢¥·Ï¨´, É·¨, ´  ±· ÖÌ ¶μ²μ¸Ò, ¢ Éμ
¢·¥³Ö ± ± É¥, ÎÉμ ¢´ÊÉ·¨ ¶μ²μ¸Ò, ¨³¥ÕÉ Î¥É´ÊÕ ¸É¥¶¥´Ó, Î¥ÉÒ·¥. Š ± ¨ ¢
· §¤. 2 ¨ 3, ¸¶¥±É· ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ £ ³¨²ÓÉμ´¨ ´  ³μ¦¥É ¨³¥ÉÓ ÉμÎ¥Î´ÊÕ
±μ³¶μ´¥´ÉÊ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ �1/�2 ∈ Q, μ¤´ ±μ §  ¨¸±²ÕÎ¥´¨¥³ §´ Î¥´¨°
(π/�j)2, j = 1, 2, ¶μ²μ¦¨É¥²Ó´Ò° ¸¶¥±É· Ö¢²Ö¥É¸Ö  ¡¸μ²ÕÉ´μ ´¥¶·¥·Ò¢´Ò³,
¨, ¨¸Ìμ¤Ö ¨§ ¶·¥¤Ò¤ÊÐ¥£μ μ¶ÒÉ , ³Ò μ¦¨¤ ¥³, ÎÉμ ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ μ¡μ¡Ð¥´´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¡Ê¤ÊÉ ³ ²Ò ¢ ´¥¶μ¸·¥¤-
¸É¢¥´´μ° ¡²¨§μ¸É¨ μÉ ±· ¥¢.

‚μ ¢Éμ·μ³ ¶·¨³¥·¥ ³Ò ¨¸¶μ²Ó§Ê¥³ ¤·Ê£μ° É¨¶ ¶μ²μ¸Ò, ¢Ò·¥§ Ö ¥¥ ¨§
®±¨·¶¨Î´μ°¯ ·¥Ï¥É±¨ ¸ ¤²¨´ ³¨ ·¥¡¥· �j , j = 1, 2, 3, ¢ ±μÉμ·μ° Éμ²Ó±μ
¢¥·Ï¨´Ò ´  ²¥¢μ³ ±· Õ ¶μ²μ¸Ò ¨³¥ÕÉ Î¥É´ÊÕ ¸É¥¶¥´Ó, Î¥ÉÒ·¥,   ¸É¥¶¥´Ó ¢¸¥Ì
μ¸É ²Ó´ÒÌ ¢¥·Ï¨´ ´¥Î¥É´ Ö, ¶ÖÉÓ. ‘´μ¢  ¨¸±²ÕÎ Ö ¨§ · ¸¸³μÉ·¥´¨Ö §´ Î¥´¨Ö
Ô´¥·£¨¨, ±μÉμ·Ò¥ ³μ£ÊÉ ¶·¨¢¥¸É¨ ± ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³, ³Ò μ¦¨¤ ¥³, ÎÉμ
¢ ÔÉμ³ ¸²ÊÎ ¥ μ¡μ¡Ð¥´´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ £ ³¨²ÓÉμ´¨ ´  ¡Ê¤ÊÉ ¶·¨
¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ ²μ± ²¨§μ¢ ´Ò ¢ μ±·¥¸É´μ¸É¨ ²¥¢μ£μ ±· Ö.

‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ £· Ë Ö¢²Ö¥É¸Ö ¶¥·¨μ¤¨Î¥¸±¨³ ¢ ¢¥·É¨± ²Ó´μ³ ´ ¶· ¢²¥-
´¨¨, ¨ ¸ ¶μ³μÐÓÕ ¡²μÌμ¢¸±μ£μ · §²μ¦¥´¨Ö ³Ò ¸¢μ¤¨³ § ¤ ÎÊ ± ¨¸¸²¥¤μ¢ ´¨Õ
®μ¤´μ±²¥ÉμÎ´μ£μ ¸²μÖ¯ ¶μ²μ¸Ò. ŒÒ ¨¸¶μ²Ó§Ê¥³  ´§ Í a eikx+b e−ikx ¤²Ö ¢μ²-
´μ¢ÒÌ ËÊ´±Í¨° e, fj , gj , hj ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ±μÔËË¨Í¨¥´É ³¨ ´  ·¥¡· Ì
£· Ëμ¢, ´ ² £ Ö Ê¸²μ¢¨¥ (2) ´  ¢¥·Ï¨´Ò ¨ ÊÎ¨ÉÒ¢ Ö ³´μ¦¨É¥²Ó eiθ, μÉ´μ¸Ö-
Ð¨°¸Ö ± §´ Î¥´¨Ö³ ËÊ´±Í¨° (¨ ¶·μ¨§¢μ¤´ÒÌ) ´  ¢¥·Ì´¥³ ¨ ´¨¦´¥³ ±· ÖÌ
É ±μ£μ ¸²μÖ. ˆ¸¶μ²Ó§ÊÖ ¶·μ¸ÉÊÕ μÍ¥´±Ê ·¥Ï¥´¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ²£¥¡· -
¨Î¥¸±μ° § ¤ Î¨, ³Ò ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò¢μ¤Ê [12].

’· ´¸¶μ·É ¢ £· Ë Ì ´  ·¨¸. 5 ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢μ°¸É¢ .
• ‚ ±¢ ¤· É´μ° ·¥Ï¥É±¥ ¤²Ö Ë¨±¸¨·μ¢ ´´μ£μ K ∈ (0, 1/2π) · ¸¸³μÉ·¨³

¨³¶Ê²Ó¸Ò k > 0 É ±¨¥, ÎÉμ k �∈
⋃

n∈N0

((nπ − K)/�2, (nπ + K)/�2). …¸²¨ ¶·¥¤-

¶μ²μ¦¨ÉÓ, ÎÉμ ¸Ê¦¥´¨¥ μ¡μ¡Ð¥´´μ° ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
Ô´¥·£¨¨ k2, ´  μ¤´μ±²¥ÉμÎ´Ò° ¸²μ° ´μ·³¨·μ¢ ´μ, Éμ ¥¥ ±μ³¶μ´¥´ÉÒ ´  ±· °-
´¥³ ²¥¢μ³ ¨ ¶· ¢μ³ ¢¥·É¨± ²Ó´μ³ ±· ÖÌ ¨³¥ÕÉ ¶μ·Ö¤μ± O(k−1) ¶·¨ k → ∞.

• ‚ ®±¨·¶¨Î´μ°¯ ·¥Ï¥É±¥ ¤²Ö Ë¨±¸¨·μ¢ ´´μ£μ K ∈ (0, 1/2π) · ¸¸³μÉ·¨³
É ±¨¥ ¨³¶Ê²Ó¸Ò k > 0, ÎÉμ

k �∈
⋃

n∈N0

(
nπ − K

�1
,
nπ + K

�1

)
∪

⋃
n∈N0

(
nπ − K

�2
,
nπ + K

�2

)
∪

∪
⋃

n∈N0

(
nπ − K

�3
,
nπ + K

�3

)
.

�·¥¤¶μ² £ Ö ÉÊ ¦¥ ´μ·³¨·μ¢±Ê, ÎÉμ ¨ ¢ÒÏ¥, ¨ μ¡μ§´ Î Ö Î¥·¥§ q
(m)
j , m =

1, . . . , 8, ±μÔËË¨Í¨¥´ÉÒ ±μ³¶μ´¥´É ¢μ²´μ¢μ° ËÊ´±Í¨¨ (± ± ²¨´¥°´μ° ±μ³¡¨-
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´ Í¨¨ Ô±¸¶μ´¥´Í¨ ²Ó´ÒÌ ËÊ´±Í¨°) ¤²Ö ·¥¡¥·, ´ ¶· ¢²¥´´ÒÌ ¢´¨§ ¨ ¢¶· ¢μ

¨§ ¢¥·Ï¨´ j-° ¢¥·É¨± ²Ó´μ° ²¨´¨¨, ³Ò ¨³¥¥³ q
(m)
j = O(k1−j), ±μ£¤  k → ∞.

�·μÐ¥ £μ¢μ·Ö, ÔÉμÉ ·¥§Ê²ÓÉ É ¶μ¤É¢¥·¦¤ ¥É ´ ÏÊ £¨¶μÉ¥§Ê. ‡  ¨¸±²ÕÎ¥-
´¨¥³ Ô´¥·£¨° ¨§ Ê± § ´´ÒÌ Ê§±¨Ì ¨´É¥·¢ ²μ¢, ¢¥·É¨± ²Ó´Ò° ¶¥·¥´μ¸ ¢ ¶¥·-
¢μ³ ¸²ÊÎ ¥ ¶μ¤ ¢²¥´ ´  ±· ÖÌ ¶μ²μ¸Ò, ¢ Éμ ¢·¥³Ö ± ± ¢μ ¢Éμ·μ³ ¸²ÊÎ ¥ ¥£μ
μ¸´μ¢´μ° ¢±² ¤ ¶μ¸ÉÊ¶ ¥É μÉ ²¥¢μ£μ ±· Ö, ¨ μ´ ¶μ¤ ¢²¥´ ¢ ¸Éμ·μ´Ê μ¡Ñ¥³ ;
¢ · ¡μÉ¥ [12] É ±¦¥ ³μ¦´μ ´ °É¨ Î¨¸²¥´´Ò¥ ¶·¨³¥·Ò, ¨²²Õ¸É·¨·ÊÕÐ¨¥ ÔÉ¨
ÊÉ¢¥·¦¤¥´¨Ö. ‘²¥¤Ê¥É É ±¦¥ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ, ´¥¸³μÉ·Ö ´  ¸Ìμ¤¸É¢μ, ¢Éμ-
·μ° £· Ë ´¥ Ö¢²Ö¥É¸Ö Éμ¶μ²μ£¨Î¥¸±¨³ ¨§μ²ÖÉμ·μ³ ¢ μ¡ÒÎ´μ³ ¸³Ò¸²¥ [13],
¶μ¸±μ²Ó±Ê É· ´¸¶μ·É ¢¤μ²Ó ·¥¡¥· ´¥ Ö¢²Ö¥É¸Ö Éμ¶μ²μ£¨Î¥¸±¨ § Ð¨Ð¥´´Ò³.
—Éμ¡Ò ÔÉμ Ê¢¨¤¥ÉÓ, ´Ê¦´μ ¢ÒÎ¨¸²¨ÉÓ Éμ± ¢¥·μÖÉ´μ¸É¨, ±μÉμ·Ò° ¤²Ö ¢μ²´μ-
¢μ° ËÊ´±Í¨¨ a eikx + b e−ikx ´  ·¥¡·¥ £· Ë  · ¢¥´ |a|2 − |b|2; ´  ¶·¨³¥· Ì,
¶μ¤μ¡´ÒÌ Éμ³Ê, ±μÉμ·Ò° ¡Ò² ¶·μ ´ ²¨§¨·μ¢ ´ ¢ [12], ³μ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ
ÔÉ  ¢¥²¨Î¨´  ³¥´Ö¥É §´ ±, ±μ£¤  ±¢ §¨¨³¶Ê²Ó¸ θ ¶·μ¡¥£ ¥É §μ´Ê 
·¨²²ÕÔ´ .

6. „�“ƒˆ… ‘Œ…†�›… ‚����‘›

�¶¨¸ ´´Ò¥ ¢ÒÏ¥ ·¥§Ê²ÓÉ ÉÒ ¤ ²¥±μ ´¥ ¨¸Î¥·¶Ò¢ ÕÉ ¸¶¨¸μ± ¨´É¥·¥¸´ÒÌ
¢μ¶·μ¸μ¢, ¸¢Ö§ ´´ÒÌ ¸ ´ ·ÊÏ¥´¨Ö³¨ ¸¨³³¥É·¨¨ ¶μ μÉ´μÏ¥´¨Õ ± μ¡· Ð¥´¨Õ
¢·¥³¥´¨ ¢ ±¢ ´Éμ¢ÒÌ £· Ë Ì. �¥ ¢¤ ¢ Ö¸Ó ¢ ¶μ¤·μ¡´μ¸É¨, ³Ò ±· É±μ ´ §μ¢¥³
¥Ð¥ ´¥¸±μ²Ó±μ.

• “¸²μ¢¨¥ ¸¢Ö§¨ (2) Å ´¥ ¥¤¨´¸É¢¥´´Ò° ¸¶μ¸μ¡ ´ ·ÊÏ¨ÉÓ ¢·¥³¥´´ÊÕ
¸¨³³¥É·¨Õ. …£μ ¤μ¢μ²Ó´μ ¶·μ¸É Ö ³μ¤¨Ë¨± Í¨Ö ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¨§³¥-
´¨ÉÓ Ï± ²Ê ¤²¨´Ò, ¶·¥¤¶μ² £ Ö, ÎÉμ (ψj+1 − ψj) + i�(ψ′

j+1 + ψ′
j) = 0 ¤²Ö

j ∈ Z (mod N) ¨ ´¥±μÉμ·μ£μ � > 0. �Éμ ´¥ ¢ ¦´μ ¢ μ¡¸Ê¦¤¥´¨ÖÌ · §¤. 2,
´μ ÔÉμ Ê¦¥ ¶μ¢²¨Ö¥É ´  ·¥§Ê²ÓÉ ÉÒ · §¤. 3, £¤¥ ³ ¸ÏÉ ¡ ¤²¨´Ò § ¤ ¥É¸Ö Ë¨±-
¸¨·μ¢ ´´Ò³ ¶¥·¨³¥É·μ³ ±μ²ÓÍ . 
μ²¥¥ μ¡Ð¨° ¸¶μ¸μ¡ ¸μ¶μ¸É ¢²¥´¨Ö ¢μ²´μ-
¢ÒÌ ËÊ´±Í¨° ¶·¥¤¸É ¢²¥´ ¨´É¥·¶μ²ÖÍ¨¥° ³¥¦¤Ê (2) ¨ δ-¸¢Ö§ÓÕ, μ¡¸Ê¦¤ ¥³μ°
¢ [14], ´μ ÔÉμ ¢¸¥ ¥Ð¥ ´¥¡μ²ÓÏμ¥ ¶μ¤³´μ¦¥¸É¢μ ¸·¥¤¨ ¢¸¥Ì ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ
¸¢Ö§¥°, ´¥¨´¢ ·¨ ´É´ÒÌ ¶μ μÉ´μÏ¥´¨Õ ± μ¡· Ð¥´¨Õ ¢·¥³¥´¨.

• ‚ μÉ²¨Î¨¥ μÉ ¶·¨³¥·  ¨§ · §¤. 3 ¸¶¥±É· ¶¥·¨μ¤¨Î¥¸±μ£μ £· Ë  ³μ¦¥É
¡ÒÉÓ ´¥É·¨¢¨ ²Ó´Ò³, ¤ ¦¥ ¥¸²¨ Pσ(H) = 1. �¥¤ ¢´μ ¡Ò²μ μ¡´ ·Ê¦¥´μ, ÎÉμ
±¢ ´Éμ¢Ò¥ £· ËÒ ³μ£ÊÉ μ¡² ¤ ÉÓ ¸¢μ°¸É¢μ³, ¸¢Ö§ ´´Ò³ ¸ £¨¶μÉ¥§μ° 
¥É¥Ä
‡μ³³¥·Ë¥²Ó¤ , É. ¥. ¨Ì ¸¶¥±É· ³μ¦¥É ¨³¥ÉÓ ´¥´Ê²¥¢μ¥, ´μ ±μ´¥Î´μ¥ Î¨¸²μ
μÉ±·ÒÉÒÌ ² ±Ê´ [15]. “É¢¥·¦¤¥´¨¥ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¡Ò²μ ¶·μ¤¥³μ´¸É·¨·μ-
¢ ´μ ¸ ¶μ³μÐÓÕ £· Ëμ¢ ¸ δ-¸¢Ö§ÓÕ μ¶·¥¤¥²¥´´μ° ¸¨²Ò. ˆ ¥¸É¥¸É¢¥´´μ ¢μ§-
´¨± ¥É ¢μ¶·μ¸: · §·ÊÏ¨É ²¨  ¸¨³³¥É·¨Ö ¢·¥³¥´¨ ÔÉμ ¸¢μ°¸É¢μ?

• ‚ ±μ´¥Î´ÒÌ £· Ë Ì ¡¥§ ¸¨³³¥É·¨°, ´ ¶·¨³¥·, ¸ ´¥¸μ¨§³¥·¨³Ò³¨ ·¥-
¡· ³¨, · ¸¶·¥¤¥²¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸, ¢ Î ¸É´μ-
¸É¨, ¸ ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ¢μ£μ Ì μ¸ . ˆ§ ´ ¸ÉμÖÐ¥£μ μ¡¸Ê¦¤¥´¨Ö μÎ¥¢¨¤´μ,
ÎÉμ § ³¥´  Ê¸²μ¢¨Ö Š¨·Ì£μË  ¢ ¢¥·Ï¨´ Ì  ¸¨³³¥É·¨Î´μ£μ £· Ë  É¥É· Ô¤· ,
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¨§ÊÎ¥´´μ£μ ¢ [16], ´  Ê¸²μ¢¨¥ (2) ¨§³¥´¨É · ¸¶·¥¤¥²¥´¨¥. 
μ²¥¥ Éμ´±¨° ¢μ-
¶·μ¸ ± ¸ ¥É¸Ö ¸É É¨¸É¨±¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¢ £· Ë Ì ¸ ¢¥·Ï¨´ ³¨ Î¥É-
´ÒÌ ¸É¥¶¥´¥°.

�² £μ¤ ·´μ¸É¨. � ¡μÉ  Î ¸É¨Î´μ ¶μ¤¤¥·¦ ´  …¢·μ¶¥°¸±¨³ ‘μÕ§μ³ ¢
· ³± Ì ¶·μ¥±É  CZ.02.1.01/0.0/0.0/16 019/0000778. �¢Éμ· ¡² £μ¤ ·¥´ ‚² ¤¨-
³¨·Ê ‹μÉμ·¥°Î¨±Ê §  ¶μ³μÐÓ ¸ ´ ¡μ·μ³ ·Ê¸¸±μ° ¢¥·¸¨¨ ÔÉμ° ¸É ÉÓ¨ ¨  ´μ-
´¨³´μ³Ê ·¥Í¥´§¥´ÉÊ §  μÎ¥´Ó ÉÐ É¥²Ó´Ò° ¶·μ¸³μÉ· É¥±¸É .
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