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‚ · ¡μÉ¥ ¢Ò¶μ²´¥´ · ¸Î¥É ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì Ê·μ¢´¥° Ô´¥·£¨¨ ¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö ¤²Ö S-,
P - ¨ D-¸μ¸ÉμÖ´¨°. � ¸Î¥ÉÒ μ¸´μ¢ ´Ò ´  ¢ ·¨ Í¨μ´´μ³ ³¥Éμ¤¥ ®Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ¯ · §²μ¦¥´¨Ö.
ˆ¸¸²¥¤Ê¥É¸Ö ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³ÒÌ Ê·μ¢´¥° Ô´¥·£¨¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ Î¨¸²  ¡ §¨¸´ÒÌ ËÊ´±-
Í¨° N . �Éμ ¶μ§¢μ²Ö¥É ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ §´ Î¥´¨Ö Ô´¥·£¨¨ ¨³¥ÕÉ ÉμÎ´μ¸ÉÓ 20 §´ Î Ð¨Ì
Í¨Ë·, ¢ Éμ³ Î¨¸²¥ ¤²Ö ¸μ¸ÉμÖ´¨° ¸ ´¥´Ê²¥¢Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³.

In our work the nonrelativistic ionization energies of helium atom are calculated for S, P and
D states. The calculations are based on the variational method of ©exponentialª expansion. Convergence
of the numerical values of variational energies is studied by increasing a number of the basis functions N .
That allows to claim that the obtained energy values have 20 signiˇcant digits, both for S states and for
states of nonzero angular moment.

PACS: 31.15.A-; 31.15.ac; 31.15.xt
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Š¢ ´Éμ¢ Ö § ¤ Î  É·¥Ì É¥² ¸ ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ´ ¨-
¡μ²¥¥ ¨§¢¥¸É´ÒÌ ´¥¨´É¥£·¨·Ê¥³ÒÌ § ¤ Î ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨. ‚³¥¸É¥ ¸ É¥³ § ¤ Î  ´ 
¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¤²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¤μ¶Ê¸± ¥É Ê²ÓÉ· ÉμÎ´Ò¥ Î¨¸²¥´´Ò¥ ·¥-
Ï¥´¨Ö ´  ¸μ¢·¥³¥´´ÒÌ ±μ³¶ÓÕÉ¥· Ì. Š ¶·¨³¥·Ê, ´¥·¥²ÖÉ¨¢¨¸É¸± Ö Ô´¥·£¨Ö μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö £¥²¨Ö ¸ Ö¤·μ³ ¡¥¸±μ´¥Î´μ° ³ ¸¸Ò ¨§¢¥¸É´  ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¸ ÉμÎ´μ¸ÉÓÕ
46 §´ Î Ð¨Ì Í¨Ë· [1].

‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö · §´μ¢¨¤´μ¸ÉÓ ¢ ·¨ Í¨μ´´μ£μ ³¥Éμ¤ , ´ §Ò¢ ¥³ Ö
®Ô±¸¶μ´¥´Í¨ ²Ó´Ò³¯ · §²μ¦¥´¨¥³, ±μÉμ·μ¥ ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²ÖÉÓ ±¢ ´Éμ¢ÊÕ ±Ê²μ´μ¢¸±ÊÕ
§ ¤ ÎÊ É·¥Ì É¥² ¸ μÎ¥´Ó ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ, ¢ Éμ³ Î¨¸²¥ ¤²Ö ¸μ¸ÉμÖ´¨° ¸ ´¥´Ê²¥¢Ò³ Ê£²μ-
¢Ò³ ³μ³¥´Éμ³. „ ´´Ò° ³¥Éμ¤ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì Ô´¥·£¨°
¨μ´¨§ Í¨¨  Éμ³  £¥²¨Ö ¤²Ö S-, P - ¨ D-¸μ¸ÉμÖ´¨°. �μ± § ´μ, ÎÉμ · §· ¡ ÉÒ¢ ¥³Ò° ³¥Éμ¤
Ö¢²Ö¥É¸Ö ÔËË¥±É¨¢´Ò³ Ê´¨¢¥·¸ ²Ó´Ò³ ¸·¥¤¸É¢μ³ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ±Ê²μ´μ¢¸±¨Ì ¸¨¸É¥³.
ˆ¸¸²¥¤μ¢ ´¨¥ ¸Ìμ¤¨³μ¸É¨ ¤μ± §Ò¢ ¥É ¢Ò¸μ±ÊÕ ÉμÎ´μ¸ÉÓ ³¥Éμ¤ , ¤¥³μ´¸É·¨·ÊÖ, ÎÉμ ´¥-
·¥²ÖÉ¨¢¨¸É¸±¨¥ §´ Î¥´¨Ö Ô´¥·£¨¨ ´  Ê·μ¢´¥ 20 §´ Î Ð¨Ì Í¨Ë· ²¥£±μ ¤μ¸É¨¦¨³Ò.

1E-mail: aznabaev@theor.jinr.ru
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� §¢¨É¨¥ É ±¨Ì ¢Ò¸μ±μÉμÎ´ÒÌ ³¥Éμ¤μ¢ ¢ ¦´μ ¥Ð¥ ¨ ¶μÉμ³Ê, ÎÉμ ¨³¥¥É¸Ö Ï¨·μ±¨°
±² ¸¸ Ë¨§¨Î¥¸±¨Ì § ¤ Î, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ¶· ±É¨Î¥¸±¨° ¨´É¥·¥¸. � ¶·¨³¥·, ¢ Ë¨-
§¨±¥ Ô±§μÉ¨Î¥¸±¨Ì  Éμ³μ¢ ¨ ³μ²¥±Ê² ¨¸¸²¥¤Ê¥É¸Ö  Éμ³  ´É¨¶·μÉμ´´μ£μ £¥²¨Ö He+p [2].
‚ ÔÉμ³  Éμ³¥  ´É¨¶·μÉμ´ § ³¥Ð ¥É μ¤¨´ ¨§ Ô²¥±É·μ´μ¢  Éμ³  £¥²¨Ö ¨ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ
Ê¸²μ¢¨ÖÌ Ëμ·³¨·Ê¥É ³¥É ¸É ¡¨²Ó´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸μ ¢·¥³¥´¥³ ¦¨§´¨ ¢ ´¥¸±μ²Ó±μ ³¨±·μ-
¸¥±Ê´¤! Š·μ³¥ Éμ£μ ÎÉμ ÔÉμ ·¥±μ·¤´μ¥ ¢·¥³Ö ¦¨§´¨ ¤²Ö  ´É¨Î ¸É¨ÍÒ, ´ Ìμ¤ÖÐ¥°¸Ö ¢
μ¡ÒÎ´μ° (·¥ ²Ó´μ°) ¸·¥¤¥, ÔÉμ É ±¦¥  ¸É·μ´μ³¨Î¥¸±μ¥ ¢·¥³Ö ¶μ ³¥·± ³  Éμ³´μ° Ë¨§¨±¨,
£¤¥ ¢·¥³Ö ¦¨§´¨ 2P -¸μ¸ÉμÖ´¨Ö  Éμ³  ¢μ¤μ·μ¤  ¢¸¥£μ 10 ´¸. �Éμ ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ
¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸É·Ê±ÉÊ·Ò ¸¶¥±É·   Éμ³   ´É¨¶·μÉμ´´μ£μ £¥²¨Ö ³¥Éμ¤Ò ¶·¥Í¨§¨μ´´μ°
² §¥·´μ° ¸¶¥±É·μ¸±μ¶¨¨.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ É ±μ° ¢ ¦´Ò°  ¸¶¥±É, ± ± ¢§ ¨³´μ¥ ¢²¨Ö´¨¥  Éμ³´μ° ¨ Ö¤¥·´μ° Ë¨-
§¨±¨ [3], ¶·¨ μ¶·¥¤¥²¥´¨¨ ¸É É¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± Ö¤¥·. ’ ±, ± ¶·¨³¥·Ê, ¸·¥¤´¥±¢ -
¤· É¨Î´Ò° · ¤¨Ê¸ § ·Ö¤  £¥²¨Ö, ¶μ²ÊÎ¥´´Ò° ¨§ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ · ¸¸¥Ö´¨Õ Ô²¥±É·μ´μ¢
´  Ö¤· Ì, ¨³¥¥É ÉμÎ´μ¸ÉÓ ¶μ·Ö¤±  1Ä3 %. ‚ Éμ ¦¥ ¢·¥³Ö Ô±¸¶¥·¨³¥´É ²Ó´μ¥ μ¶·¥¤¥²¥´¨¥
· ¤¨Ê¸  § ·Ö¤  4He ¨§ ¸¶¥±É·μ¸±μ¶¨¨ ³Õμ´´ÒÌ  Éμ³μ¢ ¶μ§¢μ²Ö¥É Ê³¥´ÓÏ¨ÉÓ ¶μ£·¥Ï´μ¸ÉÓ
ÔÉμ° ¢¥²¨Î¨´Ò ¢ 10 ¨ ¡μ²¥¥ · §.

� ¡μÉ  ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¢ · §¤. 1 ¨ 2 ¶μ¤·μ¡´μ μ¶¨¸Ò¢ ¥É¸Ö ¨¸¶μ²Ó§μ-
¢ ´¨¥ ¢ ·¨ Í¨μ´´μ£μ ³¥Éμ¤  ¤²Ö ·¥Ï¥´¨Ö ¸É Í¨μ´ ·´μ° § ¤ Î¨ ˜·¥¤¨´£¥· , ¢ Î ¸É´μ¸É¨
¢ ·¨ Í¨μ´´μ¥ ®Ô±¸¶μ´¥´Í¨ ²Ó´μ¥¯ · §²μ¦¥´¨¥, ¨¸¶μ²Ó§Ê¥³μ¥ ¢ ¶· ±É¨Î¥¸±¨Ì · ¸Î¥É Ì.
„ ²¥¥ ¢ · §¤. 3 · ¸¸³μÉ·¥´ μ¤¨´ ¨§ ´ ¨¡μ²¥¥ ÔËË¥±É¨¢´ÒÌ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ³¥Éμ¤μ¢ ¤²Ö
·¥Ï¥´¨Ö ¤¨¸±·¥É¨§μ¢ ´´μ° § ¤ Î¨ ¸ ±μ´¥Î´Ò³ ¡ §¨¸μ³ Å ³¥Éμ¤ μ¡· É´μ° ¨É¥· Í¨¨.
‚ ¶μ¸²¥¤´¥³ · §¤¥²¥ ¤ ¥É¸Ö ¨¸¸²¥¤μ¢ ´¨¥ ¸Ìμ¤¨³μ¸É¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¨ ¶·¨¢μ¤ÖÉ¸Ö
μ±μ´Î É¥²Ó´Ò¥ É¥μ·¥É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö 11 ¸μ¸ÉμÖ´¨°  Éμ³  £¥²¨Ö.

1. ‚��ˆ�–ˆ���›‰ Œ…’�„

‘Ëμ·³Ê²¨·Ê¥³ ¸´ Î ²  ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ ¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°,   É ±¦¥
μ¶¨Ï¥³ ¢ ·¨ Í¨μ´´Ò° ³¥Éμ¤, ±μÉμ·Ò° μ¶·¥¤¥²Ö¥É ¢¨¤ ¡ §¨¸´ÒÌ ËÊ´±Í¨° · §²μ¦¥´¨Ö
·¥Ï¥´¨Ö ¨ ¸É· É¥£¨Õ ¢Ò¡μ·  ¢ ·¨ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ ¶·¨ ¶μ¸É·μ¥´¨¨ ¢μ²´μ¢μ° ËÊ´±-
Í¨¨. ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμÉ ³¥Éμ¤ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ®Ô±¸¶μ´¥´Í¨ ²Ó´Ò³¯ · §²μ¦¥´¨¥³.

�É¶· ¢´μ° ÉμÎ±μ° ¢ ·¥Ï¥´¨¨ ¢ ·¨ Í¨μ´´Ò³¨ ³¥Éμ¤ ³¨ ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥· 

Hψ = Eψ (1)

¤²Ö ´¥±μÉμ·μ£μ £ ³¨²ÓÉμ´¨ ´  Ö¢²Ö¥É¸Ö ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ •¨²²¥·  ¸ Ä“´¤£¥°³ ,
¡μ²¥¥ ¨§¢¥¸É´Ò° ¢ ³ É¥³ É¨±¥ ± ± ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ �Ô²¥ÖÄ�¨ÉÍ , ±μÉμ·Ò° ¸Î¨-
É ¥É¸Ö Ê´¨¢¥·¸ ²Ó´Ò³ ³¥Éμ¤μ³ ¶·¨ ¶μ²ÊÎ¥´¨¨ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö. �¸´μ¢´Ò³¨
§ ¤ Î ³¨ ¢ ·¨ Í¨μ´´μ£μ ¨¸Î¨¸²¥´¨Ö Ö¢²ÖÕÉ¸Ö § ¤ Î¨ ´  μ¶·¥¤¥²¥´¨¥ Ô±¸É·¥³Ê³μ¢ ¨²¨
¸É Í¨μ´ ·´ÒÌ §´ Î¥´¨° ËÊ´±Í¨μ´ ²μ¢. ‘ÊÐ´μ¸ÉÓ ÔÉμ£μ ³¥Éμ¤  ¸μ¸Éμ¨É ¢ § ³¥´¥ § ¤ Î¨
¶μ¨¸±  ¸É Í¨μ´ ·´ÒÌ §´ Î¥´¨° ËÊ´±Í¨μ´ ²μ¢ ¶·¨´Í¨¶¨ ²Ó´μ ¡μ²¥¥ ¶·μ¸Éμ° § ¤ Î¥°
¶μ¨¸±  ¸É Í¨μ´ ·´ÒÌ §´ Î¥´¨° ËÊ´±Í¨° ´¥¸±μ²Ó±¨Ì ¶¥·¥³¥´´ÒÌ [4].

�Ê¸ÉÓ ¨³¥¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ·, μ¶·¥¤¥²¥´´Ò° ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´-
¸É¢¥, ¤²Ö ±μÉμ·μ£μ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ μ£· ´¨Î¥´´μ¸É¨ ¸´¨§Ê

H � cI, (2)
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£¤¥ c Å ´¥±μÉμ· Ö ±μ´¸É ´É . „ ²¥¥ μ¶·¥¤¥²¨³ ËÊ´±Í¨μ´ ²

Φ(ψ) =
(ψ, Hψ)
(ψ, ψ)

, (3)

ÔÉμÉ ËÊ´±Í¨μ´ ² μ£· ´¨Î¥´ ¸´¨§Ê §´ Î¥´¨¥³ ±μ´¸É ´ÉÒ c.

’¥μ·¥³  [4]. �Ê¸ÉÓ H Å ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ·, Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê¸²μ¢¨Õ (2).
�¶·¥¤¥²¨³

μn(H) = max
dim χ=n−1

min
Ψ∈D(H)

Ψ∈χ⊥

Φ(Ψ), (4)

£¤¥ χ⊥ Å ¶μ¤¶·μ¸É· ´¸É¢μ, μ·Éμ£μ´ ²Ó´μ¥ χ; D(H) Å μ¡² ¸ÉÓ μ¶·¥¤¥²¥´¨Ö μ¶¥· Éμ·  H .
’μ£¤  ¤²Ö ± ¦¤μ£μ Ë¨±¸¨·μ¢ ´´μ£μ n:

a) ²¨¡μ ¸ÊÐ¥¸É¢Ê¥É n ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (¸Î¨É Ö ¢Ò·μ¦¤¥´´Ò¥ §´ Î¥´¨Ö ¸Éμ²Ó±μ
· §, ± ±μ¢  ¨Ì ±· É´μ¸ÉÓ), ´ Ìμ¤ÖÐ¨Ì¸Ö ´¨¦¥ ±· Ö ¸ÊÐ¥¸É¢¥´´μ£μ ¸¶¥±É· ,   μn(H) ¥¸ÉÓ
¸ ÊÎ¥Éμ³ ±· É´μ¸É¨ n-¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥;

¡) ²¨¡μ μn(H) Å ´¨¦´¨° ±· ° ¸ÊÐ¥¸É¢¥´´μ£μ ¸¶¥±É· .
� Ìμ¦¤¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, É. ¥. Ô´¥·£¨¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¸É Í¨μ´ ·´μ£μ

Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ¸¥¤²μ¢ÒÌ ÉμÎ¥± ËÊ´±Í¨μ´ ²  (4). “É¢¥·-
¦¤¥´¨¥ É¥μ·¥³Ò ´ §Ò¢ ÕÉ ®¶·¨´Í¨¶μ³ ³¨´¨³ ±¸ ¯.

‘¤¥² ¥³ ´¥¸±μ²Ó±μ § ³¥Î ´¨° μÉ´μ¸¨É¥²Ó´μ ¶·¨´Í¨¶  ³¨´¨³ ±¸ .
1. �·¨´Í¨¶ ³¨´¨³ ±¸  Å Ê¤μ¡´μ¥ ¸·¥¤¸É¢μ ¤²Ö ¸· ¢´¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° μ¶¥-

· Éμ·μ¢. �´μ ¶μ§¢μ²Ö¥É ¢Ò¢μ¤¨ÉÓ ±μ²¨Î¥¸É¢¥´´Ò¥ ¨ ± Î¥¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö, μ¶·¥¤¥²ÖÕ-
Ð¨¥ ³¥¸Éμ¶μ²μ¦¥´¨¥ · §²¨Î´ÒÌ ÊÎ ¸É±μ¢ ¸¶¥±É·  (¤¨¸±·¥É´Ò°, ´¥¶·¥·Ò¢´Ò° ¸¶¥±É·Ò,
±· É´μ¸ÉÓ).

2. �ÉμÉ ³¥Éμ¤ ³μ¦¥É ¡ÒÉÓ ¶μ²¥§¥´ ¤²Ö μ¶·¥¤¥²¥´¨Ö ³¥¸É , £¤¥ ´ Î¨´ ¥É¸Ö ¸ÊÐ¥¸É¢¥´-
´Ò° ¸¶¥±É·.

3. ‚ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¨§¢¥¸É´μ, ÎÉμ ¸ÊÐ¥¸É¢¥´´Ò° ¸¶¥±É· ¶·¨´ ¤²¥¦¨É ¨´É¥·¢ ²Ê
σess = [a,∞) ¢ ´¥±μÉμ·μ³ μ¶·¥¤¥²¥´´μ³ a, Éμ£¤  ¥¸²¨ μn < a, Éμ ³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ
μ¶¥· Éμ· H ¨³¥¥É ¶μ ±· °´¥° ³¥·¥ n ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. ’ ±¨³ μ¡· §μ³ Ê¸É ´ ¢²¨-
¢ ¥É¸Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¤¨¸±·¥É´μ£μ ¸¶¥±É· .

� ¸¸³μÉ·¨³ É¥¶¥·Ó ³¥Éμ¤, ¨¸¶μ²Ó§ÊÕÐ¨° ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ �Ô²¥ÖÄ�¨ÉÍ  ¤²Ö
¶· ±É¨Î¥¸±μ£μ ·¥Ï¥´¨Ö § ¤ Î ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ´ §Ò¢ ¥³Ò° ®¶·μÍ¥¸¸μ³ �¨ÉÍ ¯.
�Ê¸ÉÓ φk Å ¶μ²´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢¥±Éμ·μ¢ ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, ¶μ¤Î¨-
´¥´´ Ö ¤¢Ê³ É·¥¡μ¢ ´¨Ö³:

1) ¢¥±Éμ·Ò φk ¶·¨´ ¤²¥¦ É μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö μ¶¥· Éμ·  H ;
2) ¶·¨ ²Õ¡μ³ n ¢¥±Éμ·Ò φ1, φ2, . . . , φn ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò.

�·¥¤¶μ²μ¦¨³, ÎÉμ un =
n∑

k=1

xkφk, £¤¥ xk Å ¸± ²Ö·´Ò¥ ±μÔËË¨Í¨¥´ÉÒ. �μ¤¸É -

¢²ÖÖ un ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ n ¢ ËÊ´±Í¨μ´ ² Φ(·), ¶μ²ÊÎ ¥³ ËÊ´±Í¨Õ, § ¢¨¸ÖÐÊÕ μÉ
±μ´¥Î´μ£μ ´ ¡μ·  ¶ · ³¥É·μ¢ {xn}n

1 :

Φ(x) =

⎛
⎝ n∑

i,j=1

aijxixj

⎞
⎠/ ⎛

⎝ n∑
i,j=1

bijxixj

⎞
⎠ ,
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£¤¥
aij = (φi, Hφj), bij = (φi, φj).

’¥³ ¸ ³Ò³ ¶μ¨¸± ³¨´¨³ ±¸´ÒÌ ·¥Ï¥´¨° ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μ¡-
¸É¢¥´´ÒÌ §´ Î¥´¨° μ¡μ¡Ð¥´´μ° § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö:

Ax = λBx, (5)

³ É·¨ÍÒ A ¨ B ¸μ¸É ¢²¥´Ò ¨§ ±μÔËË¨Í¨¥´Éμ¢ aij ¨ bij ¸μμÉ¢¥É¸É¢¥´´μ.
‚¥±Éμ·Ò φk ³μ£ÊÉ § ¢¨¸¥ÉÓ μÉ ´¥²¨´¥°´ÒÌ ¶ · ³¥É·μ¢ ω. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö ± ¦¤μ£μ

Ë¨±¸¨·μ¢ ´´μ£μ ω ¨ ±μ´±·¥É´μ£μ ´μ³¥·  ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö k ·¥Ï ¥É¸Ö § ¤ Î  (5) ¨
¢Ò¡¨· ¥É¸Ö λk(ω), § É¥³ ¤ ´´ Ö ¢¥²¨Î¨´  ³¨´¨³¨§¨·Ê¥É¸Ö ¶μ ¢¸¥³ §´ Î¥´¨Ö³ ´¥²¨´¥°-
´ÒÌ ¶ · ³¥É·μ¢:

λk = inf
ω

λk(ω).

„²Ö μÍ¥´μ± �¨ÉÍ  ¢Ò¶μ²´¥´μ μ¤´μ ¢ ¦´μ¥ ¸¢μ°¸É¢μ:

μk(H) � λk. (6)

�É¸Õ¤  ³μ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ μÍ¥´±¨ �¨ÉÍ  Ö¢²ÖÕÉ¸Ö μÍ¥´± ³¨ ¸¢¥·ÌÊ. „²Ö ¡ §¨¸´ÒÌ
ËÊ´±Í¨°, § ¢¨¸ÖÐ¨Ì μÉ ´¥²¨´¥°´ÒÌ ¶ · ³¥É·μ¢, ´¥· ¢¥´¸É¢μ (6) ¸²¥¤Ê¥É ¨§

μk(H) � inf
ω

λk(ω) = λk.

‘É·μ£μ¥ ¤μ± § É¥²Ó¸É¢μ ¶·¨³¥´¨³μ¸É¨ ¢ÒÏ¥¶·¨¢¥¤¥´´μ° É¥μ·¥³Ò ± § ¤ Î ³ ´¥·¥²ÖÉ¨-
¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸ £ ³¨²ÓÉμ´¨ ´μ³ ¢¨¤ 

H = −
n∑

i=1

�i

2mi
+ V (r1, . . . , rn) (7)

¨ ¶μÉ¥´Í¨ ²μ³ ¤μ¸É ÉμÎ´μ μ¡Ð¥£μ ¢¨¤ , ¢±²ÕÎ ÕÐ¥£μ ¢ Éμ³ Î¨¸²¥ ±Ê²μ´μ¢¸±¨° ¶μÉ¥´-
Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨, ¶μ²ÊÎ¥´μ ¢ · ¡μÉ Ì ’. Š Éμ [5].

2. ����™…���… ��‡‹�†…�ˆ… •ˆ‹‹…���‘�

„²Ö ¸μ¸ÉμÖ´¨° ¸ ¶·μ¨§¢μ²Ó´Ò³ ¶μ²´Ò³ μ·¡¨É ²Ó´Ò³ ³μ³¥´Éμ³ ¸¨¸É¥³Ò L ³Ò ¨¸-
¶μ²Ó§Ê¥³ μ¡μ¡Ð¥´´μ¥ · §²μ¦¥´¨¥ •¨²²¥·  ¸  [8]

ψ(r1, r2) =
∑

l1+l2=L
Y l1l2

LM (r1, r2)

⎡
⎣e−αr1−β2−γr12

∑
l,m,n�0

Clmnrl
1r

m
2 rn

12

⎤
⎦ , (8)

£¤¥ L = L ¤²Ö ¸μ¸ÉμÖ´¨° ®´μ·³ ²Ó´μ°¯ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ Π = (−1)L ¨ L =
L + 1 ¤²Ö ¸μ¸ÉμÖ´¨° ® ´μ³ ²Ó´μ°¯ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ Π = (−1)L+1. ‡¤¥¸Ó
ËÊ´±Í¨¨ Y l1l2

LM ¥¸ÉÓ ·¥£Ê²Ö·´Ò¥ ¡¨¶μ²Ö·´Ò¥ ¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨ [6], § ¢¨¸ÖÐ¨¥ μÉ
¤¢ÊÌ Ê£²μ¢ÒÌ ±μμ·¤¨´ É:

Y l1l2
LM (r1, r2) = rl1

1 rl2
2 {Yl1(r̂1) ⊗ Yl2(r̂2)}LM ;
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μ¶¥· Éμ· ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ Pψ = πψ ¤¥°¸É¢Ê¥É ´  ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·-
¤¨´ ÉÒ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: P (r1, r2) → (−r1,−r2). “¤μ¡¸É¢μ ¨¸¶μ²Ó§μ¢ ´¨Ö ËÊ´±-
Í¨° Y l1l2

LM μ¡Ê¸²μ¢²¥´μ É¥³, ÎÉμ μ´¨ ¶· ¢¨²Ó´μ ¢μ¸¶·μ¨§¢μ¤ÖÉ ¶μ¢¥¤¥´¨¥ ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ ¶·¨ r1 → 0 (¨²¨ r2 → 0), μ¸É ¢²ÖÖ ¤²Ö ¢Ò· ¦¥´¨Ö, ¢Ìμ¤ÖÐ¥£μ ¢ ±¢ ¤· É´Ò¥ ¸±μ¡±¨
¢ Ê· ¢´¥´¨¨ (8), · §Ê³´μ¥ É·¥¡μ¢ ´¨¥ μ£· ´¨Î¥´´μ¸É¨ ËÊ´±Í¨¨ ¢ μ¡² ¸É¨ ¨§³¥´¥´¨Ö
¶¥·¥³¥´´ÒÌ.

�·μ¨¸Ìμ¦¤¥´¨¥ ´ §¢ ´¨° ®´μ·³ ²Ó´μ°¯ ¨ ® ´μ³ ²Ó´μ°¯ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨
μ¡ÑÖ¸´Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ¸μμ¡· ¦¥´¨Ö³¨. Š ± ³μ¦´μ ¢¨¤¥ÉÓ ¨§ · §²μ¦¥´¨Ö (8), ¸μ¸ÉμÖ-
´¨Ö ® ´μ³ ²Ó´μ°¯ Î¥É´μ¸É¨ ³μ£ÊÉ · ¸¶ ¤ ÉÓ¸Ö ´  ±² ¸É¥·Ò ¸ Ê£²μ¢Ò³ ³μ³¥´Éμ³ ¸¢Ö§ ´-
´μ° ¶ ·Ò l � 1. ‚  Éμ³´μ° Ë¨§¨±¥ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¶ ·Ò Î ¸É¨Í μ¡² ¤ ¥É ´Ê²¥¢Ò³
Ê£²μ¢Ò³ ³μ³¥´Éμ³,   £· ´¨Í  ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í μ¶·¥¤¥²Ö¥É¸Ö
Ô´¥·£¨¥° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶ ·Ò ¸ ´ ¨¡μ²¥¥ £²Ê¡μ±¨³ Ê·μ¢´¥³ Ô´¥·£¨¨ ²¨¡μ ´Ê²¥¢μ°
Ô´¥·£¨¥° ¢ ¸²ÊÎ ¥ μÉ¸ÊÉ¸É¢¨Ö ¸¢Ö§ ´´ÒÌ ¶ ·. ˆ§ ÔÉμ£μ ¸²¥¤Ê¥É, ÎÉμ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö
® ´μ³ ²Ó´μ°¯ Î¥É´μ¸É¨ · ¸¶μ² £ ÕÉ¸Ö ´¨¦¥ ¶μ·μ£  ±² ¸É¥·  ¸ ¢μ§¡Ê¦¤¥´´Ò³ ¸μ¸ÉμÖ´¨¥³
¶ ·Ò ¨ μ¡ÒÎ´μ ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢ ´¥¶·¥·Ò¢´μ³ ¸¶¥±É·¥ ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í. �μÔÉμ³Ê
¢±²ÕÎ¥´¨¥ ¢ £ ³¨²ÓÉμ´¨ ´ ²Õ¡μ£μ μ¶¥· Éμ·  ¢§ ¨³μ¤¥°¸É¢¨Ö, ´ ·ÊÏ ÕÐ¥£μ ¶·μ¸É· ´-
¸É¢¥´´ÊÕ Î¥É´μ¸ÉÓ, ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ÔÉ¨ ¸μ¸ÉμÖ´¨Ö · ¸É¢μ·ÖÕÉ¸Ö ¢ ´¥¶·¥·Ò¢´μ³
¸¶¥±É·¥, μ¡· §ÊÖ ·¥§μ´ ´¸Ò.

‚ÒÎ¨¸²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ¨´É¥£· ²μ¢ ¢¨¤ 

Γlmn(α, β, γ) =
∫ ∫

rl
1r

m
2 rn

12 e−αr1−βr2−γr12dr1 dr2 dr12. (9)

„¨ËË¥·¥´Í¨·ÊÖ ¶μ α ¶μ¤ §´ ±μ³ ¨´É¥£· ² , ¶μ²ÊÎ ¥³, ÎÉμ(
− ∂

∂α

)
Γl−1,mn(α, β, γ) = Γlmn(α, β, γ),

¨ É ±¨³ μ¡· §μ³ ¢¸¥ ¨´É¥£· ²Ò ³μ£ÊÉ ¡ÒÉÓ ¢ÒÎ¨¸²¥´Ò ¨§ Γ000 ¶·μ¸ÉÒ³ ¤¨ËË¥·¥´Í¨·μ-
¢ ´¨¥³:

Γlmn(α, β, γ) =
(
− ∂

∂α

)l (
− ∂

∂β

)m (
− ∂

∂γ

)n

Γ000(α, β, γ) =

=
(
− ∂

∂α

)l (
− ∂

∂β

)m (
− ∂

∂γ

)n [
2

(α + β)(β + γ)(γ + α)

]
. (10)

„ ²¥¥, ¸²¥¤ÊÖ · ¡μÉ¥ [7], ¨¸¶μ²Ó§Ê¥³ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥:

Γlm(α, β) =
1

α + β

[
lΓl−1,m + mΓl,m−1 +

(
− ∂

∂α

)l (
− ∂

∂β

)m

f(α, β)

]
.

�·¨³¥´ÖÖ ¥£μ ¶μμÎ¥·¥¤´μ ± ± ¦¤μ° ¶ ·¥ ¶¥·¥³¥´´ÒÌ α, β ¨ γ, ¶·¨Ìμ¤¨³ ± ·¥±Ê··¥´É´μ°
¸Ì¥³¥ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ ¤²Ö ´¥μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ (l, m, n):

Γlmn =
1

α + β
[lΓl−1,m,n + mΓl,m−1,n + Blmn],

Blmn =
1

α + β
[lBl−1,m,n + mBl,m−1,n + Almn],

Almn = δl0
2(m + n)!

(β + γ)m+n+1
.

(11)
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‚ ¦´μ° μ¸μ¡¥´´μ¸ÉÓÕ ¸μμÉ´μÏ¥´¨° (11) Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ¸ÉÓ ¢Ìμ¤ÖÐ¨Ì ¢ ´¨Ì
¢¥²¨Î¨´ Almn, Blmn ¨ Γlmn, ÎÉμ ¤¥² ¥É ·¥±Ê··¥´É´ÊÕ ¸Ì¥³Ê (11) ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢
Ê¸Éμ°Î¨¢μ° ± ¶μ£·¥Ï´μ¸ÉÖ³ μ±·Ê£²¥´¨Ö ¢ ±μ³¶ÓÕÉ¥·´ÒÌ ¢ÒÎ¨¸²¥´¨ÖÌ.

“¸·¥¤´¥´¨¥ ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³ ¤²Ö ¸μ¸ÉμÖ´¨° ¸ ´¥´Ê²¥¢Ò³ ¶μ²´Ò³ μ·¡¨É ²Ó´Ò³
³μ³¥´Éμ³ ¸¨¸É¥³Ò, ¸¢μ¤ÖÐ¥¥ ¢ÒÎ¨¸²¥´¨¥ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ± ¨´É¥£· ² ³ ¢¨¤  (9),
¡Ò²μ · ¸¸³μÉ·¥´μ ƒ. „·¥°±μ³ [8]. �μ§¤´¥¥ ‚. „. �Ë·μ¸ [9] ¶·¥¤²μ¦¨² ±μ³¶ ±É´ÊÕ ¨
ÔËË¥±É¨¢´ÊÕ ·¥±Ê··¥´É´ÊÕ ¸Ì¥³Ê, ·¥ ²¨§ÊÕÐÊÕ ÔÉÊ ·¥¤Ê±Í¨Õ.

‚ ·¨ Í¨μ´´Ò¥ · §²μ¦¥´¨Ö, ±μÉμ·Ò¥ · ¸¸³ É·¨¢ ²¨¸Ó ¢ÒÏ¥, ´ ¨¡μ²¥¥ ÔËË¥±É¨¢´Ò
¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸¨¸É¥³, ¸μ¸ÉμÖÐ¨Ì ¨§ ¤¢ÊÌ Ô²¥±É·μ´μ¢ ¨ ÉÖ¦¥²μ£μ Ö¤· . „ ²¥¥ ¶μ¤·μ¡-
´¥¥ · ¸¸³μÉ·¨³ ¨Ì · §´μ¢¨¤´μ¸ÉÓ, ´ §Ò¢ ¥³ÊÕ ®Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ · §²μ¦¥´¨¥¯. „²Ö
S-¸μ¸ÉμÖ´¨° ÔÉμ · §²μ¦¥´¨¥ ¢Ò£²Ö¤¨É É ±:

ψ(r1, r2, r12) =
∑

n

Cn e−αnr1−βnr2−γnr12 , (12)

¶ · ³¥É·Ò ¢ Ô±¸¶μ´¥´É¥ ¢Ò¡¨· ÕÉ¸Ö É¥³ ¨²¨ ¨´Ò³ μ¡· §μ³. ‚ · ´´¨Ì · ¡μÉ Ì [10], ¢
±μÉμ·ÒÌ ¨¸¶μ²Ó§μ¢ ´μ · §²μ¦¥´¨¥ (12), ¶μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸¢Ö§Ò¢ ²¨ ¸ ¤¨¸±·¥-
É¨§ Í¨¥° ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨:

ψ(x1, . . . , xA) =
∫

ϕ(x1, . . . , xA; α)f(α) dα, (13)

¶·¥¤²μ¦¥´´μ£μ ¥Ð¥ „¦. ƒ·¨ËË¨´μ³ ¨ „¦. “¨²¥·μ³ [11] ¢ 1957 £. �·¨ ÔÉμ³ ¶ · ³¥-
É·Ò αn, βn ¨ γn ¢Ò¡¨· ²¨¸Ó ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ · §²¨Î´Ò³¨ ±¢ ¤· ÉÊ·´Ò³¨ Ëμ·³Ê² ³¨
¨´É¥£·¨·μ¢ ´¨Ö (13). ‘¨¸É¥³ É¨Î¥¸±μ¥ ¨¸¸²¥¤μ¢ ´¨¥ · §²μ¦¥´¨Ö (12) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
¶ · ³¥É·μ¢, £¥´¥·¨·Ê¥³ÒÌ ¸ ¶μ³μÐÓÕ ¶¸¥¢¤μ¸²ÊÎ °´ÒÌ Î¨¸¥², ¡Ò²μ ¤ ´μ ¢ [12]. ‚ ¶·¥¤-
² £ ¥³μ³ ¶μ¤Ìμ¤¥ ´¥²¨´¥°´Ò¥ ¶ · ³¥É·Ò ¨§ Ê· ¢´¥´¨Ö (12) £¥´¥·¨·ÊÕÉ¸Ö ¸ ¶μ³μÐÓÕ
¸²¥¤ÊÕÐ¨Ì ¶·μ¸ÉÒÌ Ëμ·³Ê²:

αn =
[⌊

1
2
n(n + 1)

√
pα

⌋
(A2 − A1) + A1

]
,

βn =
[⌊

1
2
n(n + 1)

√
pβ

⌋
(B2 − B1) + B1

]
,

γn =
[⌊

1
2
n(n + 1)

√
pγ

⌋
(C2 − C1) + C1

]
.

(14)

�·� μ¡μ§´ Î ¥É ¤·μ¡´ÊÕ Î ¸ÉÓ,   pα, pβ ¨ pγ Å ´¥±μÉμ·Ò¥ ¶·μ¸ÉÒ¥ Î¨¸² . �·¥¨³ÊÐ¥¸É¢μ
ÔÉ¨Ì ¶·μ¸ÉÒÌ £¥´¥· Éμ·μ¢ ¶¸¥¢¤μ¸²ÊÎ °´ÒÌ Î¨¸¥² ¸μ¸Éμ¨É ¢ ¢μ¸¶·μ¨§¢μ¤¨³μ¸É¨ ·¥§Ê²Ó-
É Éμ¢ ¢ ·¨ Í¨μ´´ÒÌ ¢ÒÎ¨¸²¥´¨°. ‘±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · §²μ¦¥´¨Ö
¸ ¶¸¥¢¤μ¸²ÊÎ °´μ° ¸É· É¥£¨¥° ¢Ò¡μ·  ´¥²¨´¥°´ÒÌ ¶ · ³¥É·μ¢ (14) ´¥μ¡ÒÎ °´μ ¢Ò¸μ± 
´  ´ ¡μ· Ì ¡ §¨¸´ÒÌ ËÊ´±Í¨° Ê³¥·¥´´ÒÌ · §³¥·´μ¸É¥° (¤μ 100Ä200 ¶·μ¡´ÒÌ ËÊ´±Í¨°).
Š ´¥¤μ¸É É± ³ ³¥Éμ¤  ¸²¥¤Ê¥É μÉ´¥¸É¨ ¡Ò¸É·μ¥ ¢Ò·μ¦¤¥´¨¥ ¡ §¨¸ , ÎÉμ ¶·¨¢μ¤¨É ± ¶μ-
É¥·¥ Ê¸Éμ°Î¨¢μ¸É¨ ¢ÒÎ¨¸²¥´¨° ¢  ·¨Ë³¥É¨±¥ ¤¢μ°´μ° ÉμÎ´μ¸É¨ Ê¦¥ ¶·¨ · §³¥·´μ¸ÉÖÌ
¡ §¨¸  N = 200.

„²Ö Ê¤μ¡¸É¢  ¤ ²Ó´¥°Ï¨Ì ¸¸Ò²μ± ¢Ò¶¨Ï¥³ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ ¢ ·¨ Í¨μ´´μ¥ · §²μ-
¦¥´¨¥ ¢ ¶μ²´μ³ ¢¨¤¥ ¸ ÊÎ¥Éμ³ Ê£²μ¢μ° § ¢¨¸¨³μ¸É¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨, μ¶¨¸Ò¢ ÕÐ¥°
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¢· Ð É¥²Ó´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò:

Ψ(r1, r2) =
∑

l1+l2=L
Y l1l2

LM (r̂1, r̂2)GLπ
l1l2(r1, r2, r12),

GLπ
l1l2(r1, r2, r12) =

∑
n

Cn e−αnr1−βnr2−γnr12 ,
(15)

£¤¥ L = L ¨²¨ L + 1 ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ ¸μ¸ÉμÖ´¨Ö,   ±μ³-
¶²¥±¸´Ò¥ ¶ · ³¥É·Ò ¢ Ô±¸¶μ´¥´É¥ £¥´¥·¨·ÊÕÉ¸Ö ¶¸¥¢¤μ¸²ÊÎ °´Ò³ μ¡· §μ³ (14).

Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, § ³¥¤²¥´¨¥ ¸Ìμ¤¨³μ¸É¨ ´ ¡²Õ¤ ¥É¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö. �Éμ μ¡Ê¸²μ¢²¥´μ É¥³, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¶·¨
r1, r2 → 0 ¨³¥¥É ²μ£ ·¨Ë³¨Î¥¸±ÊÕ μ¸μ¡¥´´μ¸ÉÓ: ρ2 ln ρ, £¤¥ ρ =

√
r2
1 + r2

2 Å £¨¶¥·-
· ¤¨Ê¸ ¤¢ÊÌ Ô²¥±É·μ´μ¢ [13]. —Éμ¡Ò ¨¸¶· ¢¨ÉÓ ¸μ§¤ ¢Ï¥¥¸Ö ¶μ²μ¦¥´¨¥, ´¥μ¡Ìμ¤¨³μ
¸É·μ¨ÉÓ ³´μ£μ¸²μ°´μ¥ ¢ ·¨ Í¨μ´´μ¥ · §²μ¦¥´¨¥, ¸μ¸ÉμÖÐ¥¥ ¨§ ´¥¸±μ²Ó±¨Ì ´¥§ ¢¨¸¨³ÒÌ
´ ¡μ·μ¢ ¡ §¨¸´ÒÌ ËÊ´±Í¨°, μ¶É¨³ ²Ó´Ò¥ ¢ ·¨ Í¨μ´´Ò¥ ´¥²¨´¥°´Ò¥ ¶ · ³¥É·Ò ¤²Ö ±μ-
Éμ·ÒÌ ¨ÐÊÉ¸Ö ´¥§ ¢¨¸¨³Ò³ μ¡· §μ³. ’ ±, ± ¦¤Ò° ´ ¡μ· ¡ §¨¸´ÒÌ ËÊ´±Í¨° μ¶·¥¤¥²Ö¥É
μ¶É¨³ ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¢ μ¶·¥¤¥²¥´´μ° μ¡² ¸É¨ ±μμ·¤¨´ É ¸¨¸É¥³Ò. ‚ ¸²ÊÎ ¥ ¸  Éμ-
³μ³ £¥²¨Ö μ¡² ¸É¨ ¸²¥¤Ê¥É ¢Ò¡¨· ÉÓ ¢²μ¦¥´´Ò¥ ¤·Ê£ ¢ ¤·Ê£ , ¢¸¥ ¡μ²¥¥ ±μ³¶ ±É´Ò¥ ¶μ
£¨¶¥·· ¤¨Ê¸Ê (ρ < ρn = an, £¤¥ a ≈ 0,1, n = 1, 2, 3 . . .). �μ¤μ¡´ Ö ¸É· É¥£¨Ö ¶·¨¢μ¤¨É
± Éμ³Ê, ÎÉμ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ · §²μ¦¥´¨¥ ¸É ´μ¢¨É¸Ö ÔËË¥±É¨¢´Ò³ ¨ Ê´¨¢¥·¸ ²Ó´Ò³
³¥Éμ¤μ³ ·¥Ï¥´¨Ö ¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ±¢ ´Éμ¢μ° § ¤ Î¥ É·¥Ì É¥² ¸ ±Ê²μ´μ¢¸±¨³
¢§ ¨³μ¤¥°¸É¢¨¥³. ‚μ§³μ¦´μ¸É¨ ÔÉμ£μ ³¥Éμ¤  ¡Ò²¨ ¶·μ¤¥³μ´¸É·¨·μ¢ ´Ò ¢ [14,15].

3. Œ…’�„ ����’��‰ ˆ’…��–ˆˆ

Š ± ¡Ò²μ ¶μ± § ´μ ¢ · §¤. 1, ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ¶μ³μÐÓÕ ¶·μ-
Í¥¤Ê·Ò �¨ÉÍ  ¸¢μ¤¨É¸Ö ± μ¡μ¡Ð¥´´μ° ¸¨³³¥É·¨Î´μ° § ¤ Î¥ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö:

Ax = λBx, (16)

£¤¥ A Å ¸¨³³¥É·¨Î´ Ö, B Å ¸¨³³¥É·¨Î´ Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ³ É·¨ÍÒ.
‚ ¶·¨´Í¨¶¥ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (16) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸É ´¤ ·É´ÊÕ ¶·μÍ¥¤Ê·Ê
¤¨ £μ´ ²¨§ Í¨¨. „²Ö ÔÉμ£μ ³ É·¨Í  B = L · LT · ¸±² ¤Ò¢ ¥É¸Ö ¢ ¶·μ¨§¢¥¤¥´¨¥ ¢¥·Ì´¥°
¨ ´¨¦´¥° É·¥Ê£μ²Ó´ÒÌ ³ É·¨Í, ¨ § ¤ Î  ¸¢μ¤¨É¸Ö ± ¸É ´¤ ·É´μ° ¸¨³³¥É·¨Î´μ° § ¤ Î¥ ´ 
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö:

A′y = λy, (17)

A′y = L−1AL−T , x = LT y. (18)

�¤´ ±μ ÔÉμÉ ³¥Éμ¤ Ö¢²Ö¥É¸Ö ¨§²¨Ï´¥ É·Ê¤μ¥³±¨³ (∼ 20N3 μ¶¥· Í¨° Ê³´μ¦¥´¨Ö) ¨
³¥´¥¥ Ê¸Éμ°Î¨¢Ò³ ± ¶μ£·¥Ï´μ¸ÉÖ³ ¢ÒÎ¨¸²¥´¨°. …¸²¨ É·¥¡Ê¥É¸Ö Éμ²Ó±μ μ¤´μ ¸μ¡¸É¢¥´´μ¥
§´ Î¥´¨¥ (¸μ¡¸É¢¥´´Ò° ¢¥±Éμ·), Éμ ÔËË¥±É¨¢´Ò³ ³¥Éμ¤μ³ ·¥Ï¥´¨Ö (∼ N3/6 μ¶¥· Í¨°
Ê³´μ¦¥´¨Ö) Ö¢²Ö¥É¸Ö ³¥Éμ¤ μ¡· É´μ° ¨É¥· Í¨¨

(A − μ)x(n+1)
k = s(n)x

(n)
k , (19)
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§¤¥¸Ó ¸± ²Ö·´Ò° ³´μ¦¨É¥²Ó s(n) ¢Ò¡¨· ¥É¸Ö É ±, ÎÉμ¡Ò ||x(n+1)
k || = 1. …¸²¨ μ ¡²¨§±μ

± ÉμÎ´μ³Ê ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ λk, Éμ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢¥±Éμ·μ¢ x
(n)
k ¡Ò¸É·μ ¸Ìμ-

¤¨É¸Ö ± ÉμÎ´μ³Ê ¸μ¡¸É¢¥´´μ³Ê ¢¥±Éμ·Ê xk,   λ
(n)
k = (x(n)

k , Ax
(n)
k ) Å ± ÉμÎ´μ³Ê §´ -

Î¥´¨Õ λk.
—Éμ¡Ò ¶μ± § ÉÓ ÔÉμ, ³μ¦´μ ¡¥§ μ£· ´¨Î¥´¨Ö μ¡Ð´μ¸É¨ ¸Î¨É ÉÓ, ÎÉμ ³ É·¨Í  A Å

¤¨ £μ´ ²Ó´ Ö, Éμ£¤  ·¥Ï¥´¨¥ ³μ¦´μ ¢Ò¶¨¸ ÉÓ ¢ Ö¢´μ³ ¢¨¤¥

x
(n)
k = cn

((
λk − μ

λ1 − μ

)n

u1, . . . , uk, . . . ,

(
λk − μ

λn − μ

)n

un

)T

. (20)

ˆ§ Ê· ¢´¥´¨Ö (20) ¢¨¤´μ, ÎÉμ ¢¸¥ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  x
(n)
k ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ, ±·μ³¥ uk,

±μÉμ·Ò° μ¸É ¥É¸Ö · ¢´Ò³ ¥¤¨´¨Í¥, ¶·¨ ¤ ´´ÒÌ Ê¸²μ¢¨ÖÌ ´μ·³¨·μ¢±¨. �· ±É¨Î¥¸±¨¥
¢ÒÎ¨¸²¥´¨Ö ¶μ± §Ò¢ ÕÉ, ÎÉμ ÔÉμÉ ³¥Éμ¤ Ö¢²Ö¥É¸Ö É ±¦¥ ´ ¨¡μ²¥¥ Ê¸Éμ°Î¨¢Ò³ ± ¶μ£·¥Ï-
´μ¸ÉÖ³ μ±·Ê£²¥´¨Ö, ¨²¨ ¢ÒÎ¨¸²¨É¥²Ó´Ò³ ¶μ£·¥Ï´μ¸ÉÖ³.

4. �…‡“‹œ’�’›

�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ Ô´¥·£¨¨ ¨μ´¨§ Í¨¨ ¤²Ö S-, P - ¨ D-¸μ¸ÉμÖ´¨°  Éμ³ 
£¥²¨Ö ¶·¨¢μ¤ÖÉ¸Ö ¢ É ¡². 1. ‚ÒÎ¨¸²¥´¨Ö ¡Ò²¨ ¢Ò¶μ²´¥´Ò ¸ ¶μ³μÐÓÕ ³¥Éμ¤  μ¡· É-
´μ° ¨É¥· Í¨¨. ‚ ·¨ Í¨μ´´Ò¥ ¶ · ³¥É·Ò μ¶É¨³¨§¨·μ¢ ²¨¸Ó ¢·ÊÎ´ÊÕ. ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ,

’ ¡²¨Í  1. �¥·¥²ÖÉ¨¢¨¸É¸±¨¥ Ê·μ¢´¨ Ô´¥·£¨¨ S-, P - ¨ D-¸μ¸ÉμÖ´¨°  Éμ³  £¥²¨Ö. N Å Î¨¸²μ
¡ §¨¸´ÒÌ ËÊ´±Í¨°

‘μ¸ÉμÖ´¨¥ 	 §¨¸ (N) Enr

11S 2000 −2,903 724 377 034 119 598 28
11S 3000 −2,903 724 377 034 119 598 31
21S 2000 −2,145 974 046 054 417 415 77
21S 3000 −2,145 974 046 054 417 415 81
23S 1500 −2,175 229 378 236 791 305 74
23S 2500 −2,175 229 378 236 791 305 74
21P 3000 −2,123 843 086 498 101 359 24
21P 4000 −2,123 843 086 498 101 359 25
23P 3000 −2,133 164 190 779 283 205 11
23P 4000 −2,133 164 190 779 283 205 14
31S 2500 −2,061 271 989 740 908 650 15
31S 3000 −2,061 271 989 740 908 650 72
33S 2500 −2,068 689 067 472 457 192 00
33S 3000 −2,068 689 067 472 457 192 00
31P 3000 −2,055 146 362 091 943 536 74
31P 4000 −2,055 146 362 091 943 536 89
33P 2500 −2,058 081 084 274 275 331 26
33P 3500 −2,058 081 084 274 275 331 34
31D 3000 −2,055 620 732 852 246 489 39
31D 4000 −2,055 620 732 852 246 489 39
33D 3000 −2,055 636 309 453 261 327 11
33D 4000 −2,055 636 309 453 261 327 11
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’ ¡²¨Í  2. ˆ¸¸²¥¤μ¢ ´¨¥ ¸Ìμ¤¨³μ¸É¨ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·£¨¨ 11S-¸μ¸ÉμÖ´¨°  Éμ³  £¥²¨Ö

	 §¨¸ (N) Enr ΔEnr

1600 −2,903 724 377 034 119 597 961
1800 −2,903 724 377 034 119 598 225 264
2000 −2,903 724 377 034 119 598 282 57
2400 −2,903 724 377 034 119 598 307 25
3000 −2,903 724 377 034 119 598 311 4

’ ¡²¨Í  3. ˆ¸¸²¥¤μ¢ ´¨¥ ¸Ìμ¤¨³μ¸É¨ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·£¨¨ 21P -¸μ¸ÉμÖ´¨°  Éμ³  £¥²¨Ö

	 §¨¸ (N) Enr ΔEnr

2000 −2,123 843 086 498 101 358 687
2500 −2,123 843 086 498 101 359 180 493
3000 −2,123 843 086 498 101 359 237 57
4000 −2,123 843 086 498 101 359 246 9

ÎÉμ μ¶É¨³ ²Ó´Ò¥ ¢ ·¨ Í¨μ´´Ò¥ ¶ · ³¥É·Ò ¤²Ö · §´ÒÌ ¸μ¸ÉμÖ´¨° μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ
¤·Ê£ , ¶·¨ ÔÉμ³ ÉμÎ´μ¸ÉÓ · ¸Î¥Éμ¢ ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨É (¢Ò¨£·ÒÏ 5Ä8 §´ ±μ¢) μÉ ¢Ò¡μ· 
μ¶É¨³ ²Ó´ÒÌ ¢ ·¨ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ ¤²Ö ¤ ´´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �¶É¨³¨§ -
Í¨Ö ¢ ·¨ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ μ¸ÊÐ¥¸É¢²Ö² ¸Ó ´  ¡ §¨¸ Ì ¸ N = 1500, 2000, 2500, 3000
ËÊ´±Í¨°. �·¨ ¢ÒÎ¨¸²¥´¨¨ ¶·¨¢¥¤¥´´ÒÌ ¢ É ¡²¨Í¥ ¸μ¸ÉμÖ´¨° ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ μÉ É·¥Ì
¤μ ¶ÖÉ¨ ®¸²μ¥¢¯ ¡ §¨¸´ÒÌ ËÊ´±Í¨°.

—Éμ¡Ò ·¥Ï¨ÉÓ ¶·μ¡²¥³Ê Î¨¸²¥´´μ° ´¥Ê¸Éμ°Î¨¢μ¸É¨ · ¸Î¥Éμ¢ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥-
´¨ÖÌ N , ¨¸¶μ²Ó§μ¢ ²¨¸Ó · §· ¡μÉ ´´Ò¥ μ¤´¨³ ¨§  ¢Éμ·μ¢ ¤ ´´μ° ¸É ÉÓ¨ ³μ¤Ê²¨ ¶·μ£· ³³
Î¥É¢¥·´μ° ¨ Ï¥¸É¥·´μ° ÉμÎ´μ¸É¨ (¸μμÉ¢¥É¸É¢¥´´μ 32 ¨ 48 ¤¥¸ÖÉ¨Î´ÒÌ Í¨Ë·).

‚ É ¡². 2 ¨ 3 ¨¸¸²¥¤Ê¥É¸Ö ¸Ìμ¤¨³μ¸ÉÓ §´ Î¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·£¨¨ ¢ § ¢¨¸¨-
³μ¸É¨ μÉ Î¨¸²  ¡ §¨¸´ÒÌ ËÊ´±Í¨° N . ‚ É·¥ÉÓ¥° ±μ²μ´±¥ ¶·¨¢μ¤¨É¸Ö · §´μ¸ÉÓ ³¥¦¤Ê
¤¢Ê³Ö ¸μ¸¥¤´¨³¨ §´ Î¥´¨Ö³¨, ¢ÒÎ¨¸²¥´´ Ö ¶μ ¶μ¸²¥¤´¨³ ¶·¨¢¥¤¥´´Ò³ ¢ É ¡². 1 Í¨Ë· ³.
ˆ§ É ¡². 1Ä3 Ìμ·μÏμ ¢¨¤´μ, ÎÉμ ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ¢Ò¸μ± Ö, ¨ ÔÉμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ ÉÓ
·¥§Ê²ÓÉ ÉÒ ¸ μÎ¥´Ó ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ.

‡�Š‹	—…�ˆ…

‚ ·¨ Í¨μ´´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¡Ò²¨ ¶μ²ÊÎ¥´Ò ·¥Ï¥´¨¥³
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö ±¢ ´Éμ¢μ° § ¤ Î¨ É·¥Ì É¥² ¸ ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³
¸ ¶μ³μÐÓÕ ¢ ·¨ Í¨μ´´μ£μ ¶μ¤Ìμ¤ , μ¸´μ¢ ´´μ£μ ´  Ô±¸¶μ´¥´Í¨ ²Ó´μ³ · §²μ¦¥´¨¨ ¸
¶ · ³¥É· ³¨ Ô±¸¶μ´¥´É, ¢Ò¡¨· ¥³Ò³¨ ¶¸¥¢¤μ¸²ÊÎ °´Ò³ μ¡· §μ³. �·¥¤¸É ¢²¥´Ò · ¸Î¥ÉÒ
´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì Ê·μ¢´¥° Ô´¥·£¨° ¤²Ö  Éμ³  £¥²¨Ö. —¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢
¶·¨¢¥¤¥´Ò ¢ É ¡². 1. 	Ò²¨ ¶·μ¨§¢¥¤¥´Ò ¨¸¸²¥¤μ¢ ´¨Ö ¸Ìμ¤¨³μ¸É¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ Î¨¸² 
¶·μ¡´ÒÌ ËÊ´±Í¨°, ÎÉμ ¶μ§¢μ²Ö¥É ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ÉμÎ´μ¸ÉÓ ¤μ¸É¨£ ¥É 10−19−10−20  . ¥.
�É  ÉμÎ´μ¸ÉÓ ¤μ¸É ÉμÎ´  ¤²Ö ¶μ²ÊÎ¥´¨Ö ´ ¤¥¦´ÒÌ É¥μ·¥É¨Î¥¸±¨Ì ¶·¥¤¸± § ´¨°.
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