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DELTA I = 1 STAGGERING EFFECT
FOR NEGATIVE-PARITY ROTATIONAL BANDS
WITH K = 1/2 IN W/Os/Pt ODD-MASS NUCLEI

M.M. Taha 1

Mathematics and Theoretical Physics Department, Nuclear Research Center,
Atomic Energy Authority, Cairo

The anomalous negative-parity bands of odd-mass nuclei W/Os/Pt for N = 103 isotones are studied
within the framework of particle rotor model (PRM). The phenomenon of ΔI = 1 staggering, or
signature splitting in energies, occurs as one plots the gamma transitional energy over spin (EGOS)
versus spin for the 1/2-[521] band originating from N = 5 single-particle orbital. The rotational
band with K = 1/2 separates into two signature partners. The levels with I = 1/2, 5/2, 9/2, . . . are
displaced relative to the levels with I = 3/2, 7/2, 11/2, . . . The deviations of the level energies from
the rigid rotor values are described by Coriolis coupling.

‚ · ¡μÉ¥ ¨¸¸²¥¤ÊÕÉ¸Ö ¶μ²μ¸Ò  ´μ³ ²Ó´μ° μÉ·¨Í É¥²Ó´μ° Î¥É´μ¸É¨ Ö¤¥· ¸ ´¥Î¥É´Ò³¨ ³ ¸¸μ-
¢Ò³¨ Î¨¸² ³¨ W/Os/Pt ¤²Ö ¨§μÉμ´μ¢ N = 103 ¢ ³μ¤¥²¨ ·μÉμ· . Ÿ¢²¥´¨¥ ±μ²¥¡ ´¨Ö ΔI = 1,
¨²¨ · ¸Ð¥¶²¥´¨Ö ¶μ Ô´¥·£¨Ö³, ¢¨¤´μ ¨§ ¤¨ £· ³³Ò, ´  ±μÉμ·μ° Ô´¥·£¨Ö £ ³³ -¶¥·¥Ìμ¤  ´  ¸¶¨´
¨§μ¡· ¦¥´  ¢ § ¢¨¸¨³μ¸É¨ μÉ ¸¶¨´  ¤²Ö ¶μ²μ¸Ò 1/2-[521], ¸μμÉ¢¥É¸É¢ÊÕÐ¥° μ¤´μÎ ¸É¨Î´μ° μ·-
¡¨É ²¨ N = 5. ‚· Ð É¥²Ó´ Ö ¶μ²μ¸  ¸ K = 1/2 · §¤¥²Ö¥É¸Ö ´  ¤¢  Ê·μ¢´Ö-¶ ·É´¥· . “·μ¢´¨
¸ I = 1/2, 5/2, 9/2, . . . ¸³¥Ð ÕÉ¸Ö μÉ´μ¸¨É¥²Ó´μ Ê·μ¢´¥° ¸ I = 3/2, 7/2, 11/2, . . . �É±²μ´¥´¨Ö
Ê·μ¢´¥° Ô´¥·£¨¨ μÉ Ê¸Éμ°Î¨¢ÒÌ §´ Î¥´¨° ¤²Ö ·μÉμ·  μ¶¨¸Ò¢ ÕÉ¸Ö ±μ·¨μ²¨¸μ¢Ò³ ¸¶ ·¨¢ ´¨¥³.

PACS: 21.60.-n; 21.60.Ev; 23.20.Lv

INTRODUCTION

A theoretical description for odd-mass nuclei is more complicated than for evenÄeven
nuclei because of the sensitivity of odd-mass systems to single-particle states. Due to different
occupations of single-particle orbitals, the observed low-lying bands re	ect more directly the
single-particle structure.

In recent years the study of nuclear structure has focused on the phenomenon of staggering
effects both experimentally and theoretically. Several staggering effects are known in nuclear
spectroscopy:

i. The ΔI = 2 staggering effect seen in superdeformed rotational bands (SDRBs) [1Ä6].
In such staggering the levels with angular momentum In = I + 4n − 4 are displaced relative
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to the levels with angular momentum In = I + 4n − 2 (n = 1, 2, 3, . . .); i.e., the level with
angular momentum I is displaced relative to its neighbors with angular momentum I ± 2.

ii. The ΔI = 1 staggering in signature partners odd-mass superdeformed (SD) nuclei [7Ä9].
A large amplitude staggering pattern is found in most of the signature partner pairs.

iii. The ΔI = 1 staggering effect seen in octupole bands of even nuclei [10Ä13]. In such
staggering, the levels with odd I and negative-parity Iπ

n = (2n − 1)− are displaced relative
to the levels with even I and positive-parity Iπ

n = (2n − 2)+.
iv. The ΔI = 1 staggering effect seen in rotational γ-bands of even nuclei [14, 15]. In

such staggering, the levels with odd angular momentum In = 2n + 1 are slightly displaced
relative to the levels with angular momentum In = 2n. In staggering effects (iii) and (iv)
each level with angular momentum I is displaced relative to its neighbors with angular
momentum I ± 1.

v. The ΔI = 1 energy signature splitting for large K values (K is the projection of
angular momentum I on the symmetry axis) of positive-parity neutron i13/2 rotational bands
in odd-mass nuclei [16].

In this paper, we would like to focus on another staggering phenomenon, the ΔI = 1
staggering for negative-parity rotational bands with K = 1/2. In odd-mass nuclei, rota-
tional bands with K = 1/2 separate into a pair of signature partners; i.e., the levels with
I = 3/2, 7/2, 9/2, . . . (with signature α = −1/2) are displaced relative to the levels with
I = 1/2, 5/2, 9/2, . . . (with signature α = 1/2) and energies are shifted in opposite directions.

The paper is organized as follows. Following this introduction, the outline of the proposed
particle rotor model (PRM) is described in Sec. 1. Section 2 is devoted to discussion and study
of the aligned angular momentum and Routhians. Numerical calculations and discussion are
presented in Sec. 3 for 177W, 179Os and 181Pt. Conclusion and remarks are given in the ˇnal
section.

1. MATHEMATICAL MODELS

The origin of the signature splitting in rotational band can be understood in the particle
rotor model (PRM). The basic philosophy of the PRM is to consider the nucleus as a core
with a few valence particles strongly coupled to this axially symmetric core. This is a well-
known model [17]. For the sake of completeness, we give in the following the most relevant
formulas. The total Hamiltonian is written as particle plus rotational parts:

H = Hp + Hrot. (1)

Here Hp is the single-particle shell model Hamiltonian with energy eigenvalue εK , transferred
into quasiparticle energies according to

Esp = [(eK,ν − λ)2 + Δ2]1/2 − Δ, (2)

where eK,ν are the energies of the Nilsson orbitals nearest to the Fermi surface λ, obtained
by using the Nilsson potential at ω = 0. The Δ is the pairing gap parameter. The rotational
Hamiltonian of the whole system reads

Hrot =
3∑

i=1

L2
i

2Ji
. (3)
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The quantity J is the moment of inertia of the core, while L is the core angular momentum
Li = Ii − ji, with I and j being total and intrinsic angular momentum, respectively, with I3

and j3 being their projections on the symmetry axis and represented by the same quantum
number K . Equation (3) can be explicitly rewritten as

Hrot =
1
2J

(I2 − I2
3 ) +

1
2J

(j2 − j2
3) − 1

2J
(I+j− + I−j+), (4)

with I± = I1 ± iI2 and j± = j1 ± ij2.
As basis states for PRM, we use the standard coupling eigenfunctions:

|IM〉 =
∑
K′

CK′ |IMK〉 (5)

with

|IMK〉 =

√
2I + 1
16π2

[
DI

MK(Ω)ψK + (−1)I+KDI
M,−Kψ−K

]
, (6)

where DI
MK(Ω) stands for the irreducible representation of the rotational group, Ω is the

Euler orientation of the rotor and ψ−K is the time reversal state of the particle state ψK

which represents the solution of the intrinsic particle Hamiltonian. With the Coriolis coupling
(third term in Eq. (4)) taken into account by the ˇrst-order perturbation theory, the energy
spectrum K = 1/2 band is

E(I) = Esp +
�

2

2J
j(j + 1) +

�
2

2J
[I(I + 1) − 2K2] +

�
2

2J
a(−1)I+1/2(I + 1/2)δK,1/2 =

= E
(0)
K + A[I(I + 1) + a(−1)I+1/2(I + 1/2)δK,1/2], (7)

with the inertial parameter A = �
2/2J , E

(0)
K is the intrinsic band head energy and a is

the decoupling parameter, it depends on the j components which contribute to the particle
state ψ1/2.

From the spectrum of Eq. (7), one sees that for a positive (negative) decoupling parameter,
the levels with odd (even) values of I +1/2 (I = 1/2, 5/2, 9/2, . . .), (I = 3/2, 7/2, 11/2, . . .)
are shifted downwards, thus splitting one band into two branches. The splitting amplitude
and phase are respectively determined by the size and the sign of the decoupling parameter a.

The ΔI = 1 transition energy Eγ(I) can be written as

Eγ(I) = E(I) − E(I − 1) = [2I(1 + a(−1)I+1/2δK,1/2)]A =

=

{
2I(1 + a)A for I = 3/2, 7/2, 11/2, . . .

2I(1 − a)A for I = 5/2, 9/2, 13/2, . . .

}
. (8)

It is informative to consider Eq. (8) for limiting values of the decoupling parameter a.
1. a = 0 (for K > 1/2), the signature splitting disappears and the transition energies

follow the simple rule:

1
2
[Eγ(R + 1/2) + Eγ(R − 1/2)] = Ecore

γ (R), R = 2, 4, 6, . . . (9)
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2. a = ±1, the sequences in odd-A nucleus with favored I = 1/2, 5/2, 9/2, . . . and
unfavored I = 3/2, 7/2, 11/2, . . . signature are degenerate and

Eγ(I = R ± 1/2) � Ecore
γ (R), R = 2, 4, 6, . . . (10)

If the favored sequence was I = 3/2, 7/2, 11/2, . . . and the unfavored sequence
I = 1/2, 5/2, 9/2, . . .

Eγ(I = R ± 1/2) = Ecore
γ (R), R = 1, 3, 5, . . . (11)

We use as a basic reference parameter the gamma transitional energy over spin (EGOS(ref)):

EGOS(ref) =
Eγ(I)

I
= 2(1 ± a)A = const. (12)

The amplitude of the oscillation of the EGOS is then 4Aa and the average value is simply 2A.
In order to see ˇne variations in the transition energies Eγ(I), we introduce the staggering
parameter

EGOS = EGOS(exp) − EGOS(ref), (13)

where EGOS(exp) are obtained from experimental data.

2. ALIGNED ANGULAR MOMENTUM AND ROUTHIANS

In this section we shall give an introduction to the quasiparticle energies in rotating frame
discussed in [18]. This approach was very successful to interpret the irregularity in the
transition energies at high-spin states. In cranked shell model (CSM) [18], the total angular
momentum projected onto the rotation axis Ix is derived from the spin I and the ΔI = 2
transition energy, using

Ix(Im) =
√

(Im + 1/2)2 − K2, (14)

where Im is the mean angular momentum (I − 1). The rotational frequency is

�ωm =
E(Im + 1) − E(Im − 1)
Ix(Im + 1) − Ix(Im − 1)

. (15)

The intrinsic contribution to the aligned angular momentum i is obtained by subtraction of
the collective contribution Iref , so that

i(ω) = Ix(ω) − Iref(ω), (16)

Iref(ω) is derived from the formula

Iref = J0ω + J1ω
2, (17)

where J0 and J1 are the moment-of-inertia parameters.
To evaluate the effect of alignment for pure K = 1/2 band and for large I (I � K),

Eq. (14) becomes
Ix(Im) � (I + 1/2) � I � (I − 1/2), (18)
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which yields
Ix(Im + 1) − Ix(Im − 1) = 2. (19)

We obtain a good approximation of the rotational frequency

�ω =
E(I) − E(I − 2)

2
=

1
2
A[(4I − 2) + 2a(−1)I+1/2] = 2A

[(
I − 1

2

)
± a

2

]
. (20)

Therefore, (
I − 1

2

)
=

�ω

2A
± a

2
= Ix(ω), (21)

which yields

i(ω) =
�ω

2A
± a

2
− Iref(ω). (22)

Then, the decoupling parameter a is the difference between the aligned angular momentum
of the two signatures:

a = i(ω, α = +1/2)− i(ω, α = −1/2). (23)

The Routhians e(ω) represent the intrinsic excitation energy in the rotating frame. Relative
to a reference rotor conˇguration, it can be calculated by the relation

e(ω) =
[
1
2
(E(Im + 1) + E(Im − 1)) − �ω(Im)Ix(Im)

]
− Eref(ω). (24)

The term ω(Im)Ix represents the total rotational energy including the Coriolis and the cen-
trifugal force effects, and the energy E(I) is approximated by the average between the neigh-
boring values for I ± 1. The energy reference may be obtained by integrate equation (22)
with respect to ω:

Eref(ω) = −�

∫
dωIref(ω) = −1

2
J0ω

2 − 1
4
J1ω

4 +
�

2

8J0
, (25)

where the last term represents the integrating constant.

3. RESULTS AND DISCUSSION

Signature is a quantum number speciˇcally appearing in a deformed intrinsic system. It is
related to the invariance of a system with quadruple deformation under a rotation of 180◦

around a principal axis. For an odd-mass nucleus, depending on the total spin, the signature
quantum number can take the different values. It is convenient to assign αI = (1/2)(−1)I−1/2

as a signature quantum number for a state of spin I of an odd-mass nucleus. A rotational
band with a sequence of levels differing in spin by 1� is now divided into two branches,
each consisting of levels differing in spin by 2� and classiˇed by the signature quantum
number αI = ±1/2, respectively. For some bands, one observes experimentally an energy
splitting for the two branches. The energetically favored branch is formed by those spin I
states that satisfy I − j = even, where j is the total angular momentum of the corresponding
single-particle state.
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Table 1. The rotational model parameters
for 1/2-[521] bands in the isotones 177W,
179Os and 181Pt

Parameter 177W 179Os 181Pt

ε2 0.2579 0.2572 0.2587

�ω0, MeV 7.3022 7.2749 7.2481

G, MeV 0.1016 0.1005 0.0994

E(0), keV 0.561 1.2000 0.7490

A, keV 14.783 15.790 14.695

a 0.7880 0.8260 0.8010

J0, �2 MeV−1 35.0 24.8 28.7

J1, �
4 MeV−3 70.0 91.1 163.8

Our Kπ = 1/2− band has been assigned as
a 1/2-[521] conˇguration based on the systemat-
ics of the Nilsson level ordering in neighboring
nuclei. The assignment is conˇrmed by a large
signature splitting of the level energies, attributed
to the decoupling term which is necessary to re-
produce energy spectrum of K = 1/2 bands. The
adopted optimized model parameters for 1/2-[521]
bands in our selected nuclei are listed in Table 1.

The negative-parity band 1/2-[521] in N = 103
isotones 177W, 179Os and 181Pt exhibits signiˇcant
signature splitting. This signature splitting is il-
lustrated in Table 2 and Fig. 1, in terms of the
staggering parameters EGOS(I) as a function of

spin I . That is, the regular structure in the one-quasi-neutron ν 1/2-[521] negative-parity
band is attributed to the decoupling effect [19], which is usually seen in rotational bands
with a high-j and low-K state (e.g., K = 1/2) as the main conˇguration. In our particle
rotor model the decoupled band is explained in terms of the rotation alignment by the strong
Coriolis force of the particle angular momentum j with that of the rotor L. This happens in
the case when the odd particle occupies an isolated high-j single-particle orbital with small
projection orbits. As a result, the nucleonic angular momentum j is aligned along the axis
of rotation of the nucleus and the particle motion is effectively decoupled from the rotational
motion of the core. Further, there are states with approximately anti-aligned.

Fig. 1. Energy staggering plots of gamma transitional

energy over spin (EGOS) versus the spin I for the 1/2-

[521] neutron bands in 177W, 179Os and 181Pt isotones.
The open and ˇlled circles represent the α = +1/2 and

α = −1/2 signatures, respectively

Table 2. Staggering parameters EGOS
plotted against the spin I within the
1/2-[521] rotational bands in the iso-
tones 177W, 179Os and 181Pt

I
EGOS, keV/�

177W 179Os 181Pt

3/2 52.866 57.666 52.933
5/2 6.240 5.480 5.840
7/2 51.857 56.085 52.742
9/2 6.333 5.266 4.933
11/2 49.709 52.200 49.490
13/2 6.523 5.230 4.769
15/2 46.733 47.426 46.120
17/2 6.835 5.270 4.670
19/2 43.021 42.800 42.978
21/2 7.304 5.219 4.523
23/2 38.234 38.721 40.052
25/2 8.352 5.032 4.280
27/2 34.459 35.162 37.474
29/2 7.517 5.206 3.862
31/2 30.258 35.225
33/2 4.812
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Fig. 2. Left: aligned angular momentum i as a function of rotational frequency �ω for the rotational
band 1/2-[521] in 177W, 179Os and 181Pt using CSM. The Harris moment-of-inertia reference parameters

are listed in Table 1. Right: Routhians e for the same bands. The open and ˇlled circles represent the

α = +1/2 and α = −1/2 signatures, respectively

Fig. 3. The decoupling parameter in terms of the difference between alignments in the two signatures
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To see the properties of the two sequences of the 1/2-[521] bands in our selected nuclei,
a plot of the aligned angular momentum i and the Routhians e as a function of rotational
frequency �ω is shown in Fig. 2. The reference parameters were taken from a ˇt to the
neighbour evenÄeven nuclei. The relative alignment rises smoothly with increasing rotational
frequency �ω, with a sudden strong alignment in the two signature members. The alignment
is about 2�. Signature splitting is observed, since a K = 1/2 band has a large Coriolis
decoupling parameter. In 177W both signatures upend at �ω = 0.28 MeV as a result of
a crossing between two conˇgurations. In 179Os, the alignment of the 5/2, 9/2, 13/2, . . .
sequences displays a slight irregularity at �ω = 0.30 MeV. From Fig. 3, we conclude that
the Coriolis force is almost constant in 177W, decreasing quickly in 179Os and decreasing
slowly in 181Pt.

CONCLUSIONS

In odd-A nuclei, the excitation energy of a rotational band depends on the signature quan-
tum number αI = (1/2)(−1)I−1/2 in the particle-rotor model which deˇnes the admissible
spin sequence for a band. If the last odd nucleon occupies a unique-parity high-j orbital,
the rotational levels with spin I = j + even integer have lower excitation energies (a favored
band). On the other hand, the spins of the unfavored band is given by I = j + odd integer.
The excitation energies are pushed up as compared with those of the favored band. The
Coriolis force splits a given ΔI = 1 cascade into ΔI = 2 bands, favored signature when
α = 1/2, I = 1/2, 5/2, 9/2, . . . and unfavored when α = −1/2, I = 3/2, 7/2, 11/2, . . .
Signature inversion was observed in high-spin states in odd-A nuclei and discussed in detail
in [20]. It was suggested that such an inversion might be a speciˇc ˇngerprint for a triaxial
shape in nuclei. The signature inversion in oddÄodd nuclei [21, 22] occurs at low spins in
contrast to odd-A nuclei. The levels of the favored signature lie lower in energy at lower
spins, but the levels lower in energy of other signature lie beyond a certain angular momentum
due to higher-order Coriolis effects. The development of the aligned angular momentum with
rotational frequency is determined by the rotation alignment of two neutrons occupying high
spin orbital. The rotation alignments of the two sequences of different signatures of 1/2-[521]
bands in our considered 177W, 179Os and 181Pt isotones have been examined. The ΔI = 1
energy staggering is very sensitive to the Coriolis force for K = 1/2, since a K = 1/2 band
has a large Coriolis decoupling parameter. In all the considered nuclei one ˇnds a gradual
increase of the aligned angular momentum with increasing rotational frequency.
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