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KINETIC THEORY OF THE QUANTUM FIELD SYSTEMS
WITH UNSTABLE VACUUM
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The description of quantum field systems with meta-stable vacuum is motivated by studies of many
physical problems (n-meson sector of the Witten—Di Vecchia—Veneziano model, disoriented chiral
condensate, false vacuum decay in inflation cosmological models, etc.). A nonperturbative approach
based on the kinetic description within the framework of the quasiparticle representation is proposed.
We restrict ourselves to scalar field theory with self-interaction potential having a nontrivial set of
vacuum states. If the vacuum state is not uniquely defined, the quasiparticle definition is introduced
by some physical reason. As a result, we obtain the self-consistent system of the kinetic equation for
quasiparticle distribution function and the equation of motion for the background field. Two examples —
the quantum field system with ¢* and double-well type potential — are considered.

Omnuc Hue KB HTOBO-MOJNEBBIX CHCTEM C MET CT OWJIBHBIM B KyyMOM B KHO IIPH H3Y4€HHH MHOTUX
¢uzmyeckux npobiaeM (7-Me30HHBIH cekTop Moxenn Burren —Iu Bekxps—BeHenu HO, HeopHeHTHpO-
B HHBI KHMp JIbHBII KOHACHC T, JTOXHBIH B KYyMHBIH D CII I B KOCMOIOTMYECKHX MOMAENSIX HH(IISALIH
u 1. 1.). [IpemnoxeHo HenepTyp® TUBHOE MPUOJIXEHUE, OCHOB HHOC H KHHETUYECKOM OIUC HUM B P M-
K X KB 3U4Y CTHYHOTO IpEACT BIeHUS. MBI Orp HHYMB eMCSl CK JIIPHOU Teopuel Mol ¢ MOTEHIHU JIOM
COOCTBEHHOTO B3 NMOJAEHCTBHUS, UMEIOIINM HETPUBH JIBHBIA H 6Op B KyyMHBIX cocTosHHU. Ecim B Kyym-
HOE COCTOSHHE He ONpeaessieTcs OHO3H YHO, KB 3W4 CTHYHOE TPEACT BIICHHE BBOAUTCS U3 HEKOTOPBIX
¢uzryeckux coobp XeHuid. B uTore Mbl Moyd eM ¢ MOCOINI COB HHYIO CHCTeMY KHHETHYECKUX yp BHe-
HHUI 1711 (yHKIMU p CIpefeneHus] KB 3U4Y CTHI] M yp BHEHHE ABMXKeHHsS W1 mons ¢oH . P ccMoTpeHs
JB OpUMep : KB HTOBO-IIOJIEB § CHCTM C ¢* U NMOTEHLM JI TUI [BOMHOM CTEHKH.

INTRODUCTION

Separating of the classical background field is a standard procedure of different nonpertur-
bative approaches in QFT [1-3]. In the framework of this procedure the quantum fluctuations
can be described by perturbation theory.

There is a class of problems, in which the strong background field produces particles, that
in turn influence the background field (the back-reaction problem). It is worthy to mention
such problems as decay of disoriented chiral condensate [4], the resonant decay of C' P-odd
metastable states [5,6], QGP pre-equilibrium evolution [7], phase transition in systems with
broken symmetry [8], etc.

The construction of general kinetic theory for various potential types is shown in Sec. 1.
We will derive the closed system of equations for the self-consistent description of back-
reaction (BR) problem, including the kinetic equation (KE) with nonperturbative source term
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describing particle creation in the quasi-classical background field and equation of motion
for this background field. We use the oscillator representation (OR) to derive the KE. The
efficiency of this method was demonstrated in the framework of scalar QED [9]. As illustrative
examples, in Sec. 2 one-component scalar theory with ¢* and double-well potential, are
considered. In these examples, we study some features of proposed approach. In particular,
the problem of stable vacuum state definition and possibility of emerging tachyonic regimes
are discussed. The similar analysis was done for some other models of such kind (e.g.,
[5,6,10,11]). Finally, Sec. 3 summarizes the article.
We use the metric g*¥ = diag (1,—1,—1, —1) and assume that i = ¢ = 1.

1. THE SYSTEM OF BASIC EQUATION

Let us consider the scalar particle Lagrangian with a self-interaction potential V' [®]:
1 " 1 5.5

where my is the bare mass. In general case, the potential V[®] is an arbitrary continuous
nonmonotonous function with at least one minimum (this is necessary for correct definition of
the vacuum state). It is assumed that the field ® can be decomposed into the quasi-classical
space homogeneous background field ¢¢(t) and fluctuations ¢(x)

O(z) = ¢o(t) + ¢(x). )

In accordance with definition of fluctuations, we have (¢) = 0 and (®) = ¢, where symbol
(...) denotes some averaging procedure. The background field ¢(¢) can be treated as quasi-
classical one at the condition [14]:

. Ve
> —> 3
|¢0| (CAt)Q (3)
where At is the characteristic time of the field averaging.
We consider the case of rather small fluctuations in the neighborhood of the background
field. Therefore, the potential energy expansion in powers of ¢(x) can be performed

V[®] = V]gpo] + R1¢ + %qubz + Vi [o, 8], @)
where
2
Ry = Rl[%] = %4[;?0]7 Ry = R2[¢O] = d ;;[(2?0] (3)

and V. [¢o, ¢] is a residual term containing the high orders to be neglected in current article
(nondissipative approximation). The decomposition (4) can be finite (for polynomial theories)
or infinite. After field decomposition (2) the equation of motion

dV[®]

00" ® + mi® + 5 (6)
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can be rewritten in the following form:

(=0,0" —m?*)p = Q[¢bo, ¢, (7

where
m?(t) = m*[¢o] = mg + Raldo) )

is the time-dependent in-medium mass and

Qlbo, d] = ¢o + mido + Ri[¢o] + Qa[0, ¢], 9)
_ 1dRs[0] 5
Q2[¢0, 0] = 2 ddo o (10)

Here and throughout the article a dot denotes the derivative with respect to time.
As a result of averaging Eq. (7), the equation of motion for background field is obtained

bo +mido + Ri[do] + (Qado, ¢]) = 0. (11)

The time independence of the averaging procedure is taken into account.

The assumption about space-homogeneity means that the function (Q2[¢o, ¢]) in Eq. (11)
can only depend on time. As follows from Eqs. (10) and (11), the source term in the right
side of Eq. (7) is exclusively defined by the fluctuations,

Ql¢o, ¢ = Q2[do, @] — (Q2[¢0, ¢])- 12)

On the other hand, the field function ¢(z) in nonstationary situation allows the decompo-
sition:

p(x) = / [dk[{o™) (k,t)e ™™ + ¢ (k, t)e’™ "}, (13)

[dk] = (27)(=3/2Dd3k, ¢*F)(k,t) are the positive and negative frequency solutions of the
equation of motion

6B (k,t) + W (k, 1)) (k, 1) = —Q[do, ¢| £ K], (14)

where
w?(k, t) = m?(t) + k? (15)

and Q[¢o, ¢|K] is the Fourier image of the function Q[¢o, ¢],

Qloo, 9] = / (dk)Ql o, dlie . (16)

The function Q[¢po, ¢|k] contains nonlinear contribution to Eq. (14). We suppose a finite
limit_ lim ¢ (k,t) = ) (k) in the infinite past, and assume that the solutions ¢+ (k, t)
become asymptotically free ¢*)(k,t) — e™“~! where w_ = , lim w(k,t). The existence

of the last limit is based on adiabatic hypothesis about switching off of self-interaction in
Eq. (8).
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After the decompositions (2) and (4) the Hamiltonian density is

H[(I)] :H[¢0]+H1[¢Oa¢]+H2[¢Ov¢]+‘/r’[¢07¢]a (17)

where Hy[¢o] is the background field Hamiltonian and H; and H; are the Hamiltonian
functions of the first and second order with respect to the fluctuation field,

de=mwd+wm=%%+%%%+W%L (18)
Hylgo, @] = dod + (m3éf + Ra[oo])9, (19)
Haloo, 6] = 36+ 5(V6)* + 3m** 20)

One can built the Hilbert space on the system of basic functions ¢(*)(k,t) defined by
Eq. (14) and proceed to the Fock representation. After the decomposition (4), Hs (20) has
a nondiagonal form with respect to creation and annihilation operators and hence does not
allow quasiparticle interpretation [1]. In order to diagonalize Hamiltonian it is necessary to
apply either the Bogoliubov transformation [1] or OR [9].

Following the idea of OR, let us write the free field decomposition of ¢(z) and ¢(z) in
the absence of background field ¢y with the substitution of the free particle energy w(k) =
(m2 +k2)1/2 into the time-dependent one (15)

o(z) = \/Q[wdilzil]{t) {a(H(k, t)efzki + a(i)(k, t)ezkgf} : @1
W(J,‘) _, /[dkj] 2(4}2(1{, t) {a(+) (k, t)e—zk;ic o a(_)(k, t)ezkfc} 7 (22)

where 7(x) plays a role of the canonical momentum. The remarkable feature of the decom-
positions (21) and (22) is the fulfillment of the standard commutative relations

(@), ()] v = —16(z — &), 23)

self-considered with the commutative relations for time-dependent creation and annihilation
operators

[T (k,t),a P (k,t)] = 6(k — K') (24)

(the rest commutators are equal to zero). It is not less important that the Hamiltonian (20)
after the replacement ¢ — 7 has the diagonal form,

Halon. o] = [k w(k, a0 (e 1) es)
and hence OR is the quasiparticle representation [9].

In order to obtain the equations of motion for the operators a(*)(k,t), let us write the
corresponding action with the Hamiltonian (18)—(20)

SMz/ﬁww—m—m—W} (26)
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After substitution of decompositions (21) and (22), we get

S[g] = / dt k] 1) (e, 1)k, 1) — 0 i, ) (k1))

(K, t)
- 2w(k, t)

- %w(k, H)[a ) (k, t)a 7 (k, 1) + a7 (k, t)a' P (k, )] — Vix[do, ¢]} + S1¢], (27)

[a(*)(k7 t)a(+)(—k, t) — a(f)(—k, t)a(Jr)(k, t)]—

where S1[¢] is the part of the action corresponding to the Hamiltonian (19) and wv[¢o, @]
is the Fourier image of the residual potential term. Variation with respect to a*)(k, ¢) and
subsequent transition to the occupation number representation lead to the Heisenberg-type
equations of motion (k # 0)

a® (k,t) = Wk, t)a P (k, t) +o[Hs + V;,a® (k, 1)], (28)
where

_ak,t)  Rago]

Wik,t) = 2wk, t)  4w?

(29)

is the vacuum transition amplitude of a particle production. In Eq. (28), the condensate
contribution generated by the action part Si[¢] is omitted because it corresponds to k = 0
(the connection mechanism of the condensate state with k = 0 and excitations is absent in
the present model).

For the first time, equations of the type (28) were obtained in [12] in QED in the framework
of the Bogoliubov transformations. They are the basis for nonperturbative derivation of
KE [7]. We will use now this procedure in the present statement of the problem. Let
us introduce the distribution function of quasiparticles (it is convenient to do in discrete
momentum representation and subsequent transition to infinite volume of the system in the
resulting KE, L3 — o0)

L3f(k,t) = (in |« (k, t)a'7) (K, ) | in), (30)

where the averaging procedure is carried out over the in-vacuum state. We will consider
nondissipative approximation V,.[¢g,#] — 0. Using the method of works [7] and basic
Eq. (28), it is not difficult to get the KE

df(k,t)
= 2W (k) /

— 00

t

t
dt'W(k,t")[1+2f(k,1t)]s {2/ drw(k, 7)} (31)
t/
where w(k,t) is defined by Eq. (15). KE (31) can be transformed to a system of ordinary
differential equations, which is convenient for numerical analysis [7]
f=Wv, ©=2W(Q1+2f)— 2wz,  2=2wu. (32)

To rewrite Eq. (11) for background field in nondissipative approximation, one has to
calculate the averaging value (in | ?(x) | in). Using Eq. (21) and the relations (in the limit
L3 — o)

(in | a™(k,t)a (K 1) [in) = (2m)°f(k )5k —K'), (33)
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in the space homogeneous case one can obtain

Pk
(in] ¢2(a) [1n) = 5 [ S+ 270t) + olke. ), (34)
Then Eq. (11) is
- dR Pk
b+ ion + Balon] + 552 [ <5 [ 0600+ Sotien)| =0 (35)

(the vacuum unit is omitted in the integral).

KE (31) (or the equivalent system of equations (32)) and Eq. (35) form the closed system
of nonlinear equations describing the back-reaction problem. In the case of v[®g, ] = 0,
this system of equations is a direct nonperturbative consequence of the dynamics and the
assumption (2). For the description of particle production we will use the particle density

3
n(t) = | (;lj)’gf(p,t) (36)

as well as background field energy E; and energy of produced particles Eqy

1. 1

Ea = 565+ 5m65+V(eo), (37)
d3p

Ew = /Ww(kvt)f(pﬂf)' (38)

The conservation of the full energy of the system can be shown analytically. The proof is
based on the differentiation of the total energy E¢ + Ey, with respect to time and taking into
account Eq. (35) and relations (5), (8) and (29).

The constructed formalism allows the consideration of the following initial problems at
the time ¢ = ¢o: some initial excitation of the background field ¢(tp) is given with the
additional condition either f(p,to) = 0 or f(p,to) # 0, where f(p,to) is some initial
plasma distribution.

2. EXAMPLES: SOME POLYNOMIAL POTENTIALS

2.1. * Potential. The separation of background field (2) in the potential

1
V(e = xet  A>0 (39)

leads to the following decomposition coefficients
Ri[do] = o5, Ralgo] = 3765, (40)

background field potential
1
Vigo] = 7700, @1
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Fig. 1. Time evolution for the symmetric ®* potential. Parameters are: mo = 1, ¢o(0) = 1.2,

A = 1. a) Evolution of the mean field; b) evolution of the particle density; c) evolution of the energy;
d) momentum spectrum of particles at time ¢ = 40 and ¢ = 50

and residual potential

Vi ldo, d] = A(do + ¢/4)¢°. (42)

Thus, the time-dependent quasiparticle mass of fluctuating field (8) is equal to
m?(t) = mi + 3\pp. (43)

If A < 0 and the excitation level is large enough, it is possible that the tachyonic mode will
arise, that corresponds to unstable state [13]. The mass (43) determines the vacuum transition
amplitude (29)
2¢0¢o
W(k,t) = A———. 44
) “
KE (31) with this amplitude is correct in the nondissipative approximation, which corresponds
to the neglecting of the residual potential (42).



Kinetic Theory of the Quantum Field Systems with Unstable Vacuum 57

Let us write also the equation of motion for the background field (35) in the same
approximation:

$o + M2(t) o + Mg = 0 (45)

with the corresponding mass equal to

3
M2(t) = m%—l—&\/% [f(k,t) + %v(k)] . (46)

In numerical calculations we apply zero initial conditions for the distribution function and
nonzero one for the background field ¢o(¢tg) = 1.2. The choice of parameters (A = 1 and
mo = 1) as well as initial conditions here and in Subsec. 2.2 is motivated by the desire
to make a qualitative comparison between our work and [8], where the authors offered the
alternative method for description of quantum systems under strong background field action
(the so-called Cornwall-Jackiw—Tomboulis (CJT) method [15]).

As can be seen in Fig. 1, at the early evolution stage all the energy is mainly concentrated
in the field oscillation. For ¢t < 50 we have a slow growing of the number density. However
it drastically increases at ¢ ~ 50, and after this time the quantum energy dominates over
classical one.

The case A < 0 (absolutely unstable potential) is associated with tachyonic regime, that
is realized for enough high excitation level, when the initial amplitude ¢¢ (o) satisfies the
condition mZ + 3A¢3(to) < 0. The low excitation level m32 + 3A¢Z(ty) > 0 corresponds to
pretachyonic regime. The vacuum particle production in the pretachyonic region is character-
ized by developing instability, i.e., by unrestricted growth at a tendency of ¢o(¢) to reach the
critical value ¢\ = m(3|A|)~1/2.

2.2. Double-Well Potential

1 1
V[®] = ZAc1>4 — Elﬂcp?, A>0 (47)
leads to the same Eq. (45) for the background field with new mass (we set here mg = 0 and
(> 0)
M?(t) = —p? +3A/ﬁ flk,t) + 1v(k t) (48)
w(t) ’ 2 v '

The vacuum transition amplitude (29) is equal here to

3dodo

W(k,t) = A\c——= 49
( ? ) 2&}2 (k7 t)? ( )

where now the quasiparticle frequency (15) contains the mass
m2(t) = —p® + 3\p3. (50)

The neighborhood of the central point ¢(¢t) = 0 is the instability region. In this region
the group velocity vy, = dw(k)/dk = k/w(k) is either superluminous (vy > 1 and Imw =0
for k > k., where k. is the root of the equation w(k,t) = 0) or indefinite (Rew(k) = 0 for
k < kc). Thus, it is tachyonic region.
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Fig. 2. Time evolution for the bistable ®* potential (47). Parameters are: p?> = 1, A = 1, ¢o(0) =
0.58. a) Evolution of the mean field; b) evolution of the particle density; c) evolution of the energy;
d) momentum spectrum of particles at time ¢ = 10 and ¢ = 40

Let us mark the minimum points of the potential (47) as 1 = +pu/ V= +W¥, and put
new origin of frame of reference in one of these points, ® = ¥, + U. We separate now
background component ¢ from the field ¥, i.e., ¥ = ¢9 + ¢. Using Eq. (6) and the methods
of Sec. 2, it is easy to obtain the following system of equations of motion:

b0 + 212 do + BNV LG + A5 + BNVt + ¢0)(67) + A\(¢®)
—[0,0" + mA ()] + 3ANT 1 + ¢o)[(#*) — ¢?] + A\[(¢®) — ¢°]

0, (1)
0, (52)

where
mZ(t) = 20” + 3Ado(do + 20 +). (53)
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In the accepted nondissipative approximation, we must keep in Eq. (52) the linear terms only.
That leads to KE (31) with the amplitude defined by time-dependent mass (53)

w(k,t)  3Ado(2¢0 + V1)
Wi(k,t) = = . 54
+(k?) 2w(k, t) 202 (k, 1) >4)
The mean values (¢?) and (¢?) are calculated either in minimal order of perturbative
theory (for A < 1) or in RPA.
We obtain the result (34) for (¢?) and (¢3) = 0. Thus, we have
d*k

bo + Ao | (2 + 3¢00) Vs + @3 | + 3NV + ¢o) / m 2f(k,t) +v(k,t)] =0. (55)

Figure 2 presents the numerical results for parameters set m = 1, A\ = 6, ¢o(0) = 0.58,
near the border of a tachyonic mode. The stationary regime is achieved faster, than in the
case of symmetric potential.

Other formalism for the description of the strong field problem for the quantum field
system with the potential (47) is developed by J. Baacke et al. ([8], and works cited therein).

3. SUMMARY

The general kinetic approach for the description of arbitrarily strong excited nonequilib-
rium states in the scalar QFT with the self-interaction admitting the existence of unstable
vacuum states was developed in the present work. We restrict ourselves by the collisionless
(nondissipative) approximation. However, the attempts to go beyond this aproximation were
done [16]. As the concrete example, ¢* and double-well potentials were investigated.
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