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SU(2) × SU(2) NONLOCAL QUARK MODEL WITH
CONFINEMENT AND PION RADIUS

A. E. Radzhabov1, M. K. Volkov2

Joint Institute for Nuclear Research, Dubna

The nonlocal version of the SU(2) × SU(2) symmetric four-quark interaction of the NJL type
is considered. Each of the quark lines contains the form factors. These form factors remove the
ultraviolet divergences in quark loops and ensure the absence of the poles in the quark propagator
(quark conˇnement). The constituent quark mass m(0) is expressed through the cut-off parameter Λ,
m(0) = Λ = 340 MeV in the chiral limit. These parameters are ˇxed by the experimental value of
the weak pion decay and allow us to describe the mass of the light scalar meson, strong ρ → ππ
decay and D/S ratio in the decay a1 → ρπ in satisfactory agreement with experimental data. The
electromagnetic radius of a charged pion and the form factor for the process γ∗π+π− in the region
−1 < q2 < 1.6 GeV2 are calculated.

� ¸¸³ É·¨¢ ¥É¸Ö ´¥²µ± ²Ó´ Ö ¢¥·¸¨Ö SU(2) × SU(2) ¸¨³³¥É·¨Î´µ£µ Î¥ÉÒ·¥Ì±¢ ·±µ¢µ£µ ¢§ ¨-
³µ¤¥°¸É¢¨Ö NJL-É¨¶ . Š ¦¤ Ö ±¢ ·±µ¢ Ö ²¨´¨Ö ¸µ¤¥·¦¨É Ëµ·³Ë ±Éµ·Ò, ±µÉµ·Ò¥ Ê¸É· ´ÖÕÉ Ê²Ó-
É· Ë¨µ²¥Éµ¢Ò¥ · ¸Ìµ¤¨³µ¸É¨ ±¢ ·±µ¢ÒÌ ¶¥É¥²Ó ¨ µ¡¥¸¶¥Î¨¢ ÕÉ µÉ¸ÊÉ¸É¢¨¥ ¶µ²Õ¸µ¢ ¢ ±¢ ·±µ¢µ³
¶·µ¶ £ Éµ·¥ (±¢ ·±µ¢Ò° ±µ´Ë °´³¥´É). Œ ¸¸  ±µ´¸É¨ÉÊ¥´É´µ£µ ±¢ ·±  m(0) ¢Ò· ¦ ¥É¸Ö Î¥·¥§
¶ · ³¥É· µ¡·¥§ ´¨Ö Λ, m(0) = Λ = 340 ŒÔ‚ ¢ ±¨· ²Ó´µ³ ¶·¥¤¥²¥. �É¨ ¶ · ³¥É·Ò Ë¨±¸¨·ÊÕÉ¸Ö
Ô±¸¶¥·¨³¥´É ²Ó´Ò³ §´ Î¥´¨¥³ ¸² ¡µ£µ ¶¨µ´´µ£µ · ¸¶ ¤  ¨ ¶µ§¢µ²ÖÕÉ µ¶¨¸Ò¢ ÉÓ ³ ¸¸Ê ²¥£±µ£µ
¸± ²Ö·´µ£µ ³¥§µ´ , ¸¨²Ó´Ò° · ¸¶ ¤ ρ → ππ ¨ ¸µµÉ´µÏ¥´¨¥ D/S ¢ · ¸¶ ¤¥ a1 → ρπ ¢ Ê¤µ¢²¥-
É¢µ·¨É¥²Ó´µ³ ¸µ£² ¸¨¨ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ‚ÒÎ¨¸²ÖÕÉ¸Ö Ô²¥±É·µ³ £´¨É´Ò° · ¤¨Ê¸
§ ·Ö¦¥´´µ£µ ¶¨µ´  ¨ Ëµ·³Ë ±Éµ· ¶·µÍ¥¸¸  γ∗ → π+π− ¢ µ¡² ¸É¨ −1 < q2 < 1,6 ƒÔ‚2.

The effective meson Lagrangians obtained on the basis of the local four-quark interaction
of the NambuÄJona-Lasinio (NJL) type satisfactorily describe low-energy meson physics
[1,2]. However, these models contain ultraviolet (UV) divergences and do not describe quark
conˇnement. Satisfactory results in these models can be obtained only for light mesons and
interactions at low energies in the range of 1 GeV. In order to overcome these restrictions,
it is necessary to consider nonlocal versions of these models which allow one to remove UV
divergences and describe the quark conˇnement.

A lot of models of this type were proposed in the last few years. Unfortunately, we cannot
give here the full list of references concerning this activity. Therefore, we will concentrate
only on the direction connected with the nonlocal quark interaction motivated by the instanton
theories [3, 4]. Recently, a few nonlocal models of this type were proposed [5Ä7]. In these
models the nonlocal kernel is taken in the separable form where each quark line contains form
factor following from instanton theories. These form factors naturally remove UV divergences
in quark loops.
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Our model is based on the SU(2) × SU(2) symmetric action

S(q̄, q) =
∫

d4x

{
q̄(x)i∂̂xq(x) +

G1

2
(Ja

π(x)Ja
π (x) + Jσ(x)Jσ(x)) −

−G2

2
(
Jµ a

ρ (x)Jµ a
ρ (x) + Jµ a

a1
(x)Jµ a

a1
(x)

)}
, (1)

where q̄(x) = (ū(x), d̄(x)) are the u and d quark ˇelds. The nonlocal quark currents JI(x)
are expressed as

JI(x) =
∫

d4x1d
4x2 f(x1)f(x2) q̄(x − x1) ΓI q(x + x2), (2)

where f(x) is a form factor. The matrices ΓI are deˇned as

Γσ = 1, Γa
π = iγ5τa, Γµ a

ρ = γµτa, Γµ a
a1

= γ5γµτa,

where τa are the Pauli matrices and γµ, γ5 are the Dirac matrices.
After bosonization the action becomes

S(q, q̄, σ, π, ρ, ω, A) =
∫

d4x

{
−πa(x)2 + σ̃(x)2

2G1
+

(ρµ a(x))2 + (aµ a
1 (x))2

2G2
+

+ q̄(x)(i∂̂x − eQÂ(x))q(x) +
∫

d4x1d
4x2 f(x − x1)f(x2 − x)q̄(x1)E(x1, x)×

×
(
σ̃(x) + πa(x)iγ5τa + ρµ a(x)γµτa + aµ a

1 (x)γ5γµτa
)
E(x, x2)q(x2)

}
, (3)

E(x, y) = P exp


−ieQ

y∫
x

Aµ(z)dzµ


 ,

where σ̃, π, ρ, a are the σ, π, ρ, a1 meson ˇelds, respectively. Here we introduce photon ˇeld
Aµ by using the Schwinger phase factor E(x, y). Apart from the usual local quarkÄphoton
vertex in the action (3) there appear quarkÄphoton and quarkÄphotonÄmeson nonlocal vertices
generated by P exp. The ˇeld σ̃ has a nonzero vacuum expectation value 〈σ̃〉0 = σ0 �= 0. In
order to obtain a physical scalar ˇeld with zero vacuum expectation value, it is necessary to
shift the scalar ˇeld as σ̃ = σ + σ0. This leads to the appearance of the quark mass function
m(p) = −σ0f

2(p). From the action, Eq. (3), by using 〈δS/δσ〉0 = 0, one can obtain the gap
equation for the dynamical quark mass

m(p) = G1
8Nc

(2π)4
f2(p)

∫
d4

Ekf2(k)
m(k)

k2 + m2(k)
. (4)

In order to provide quark conˇnement we propose an anzatz given by the equation

m2(p)
m2(p) + p2

= exp
(
−p2/Λ2

)
. (5)
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It is worth noticing, the form of the left-hand side of Eq. (5) coincides with the integrand in
the gap Eq. (4). From Eq. (5) we obtain the following solution:

m(p) =
(

p2

exp (p2/Λ2) − 1

)1/2

; (6)

here we have only one free parameter Λ; m(p) does not have any singularities in the whole
real axis and exponentially drops as p2 → ∞ in the Euclidean domain. From Eq. (4) it follows
that the form factors have a similar behavior that provides the absence of UV divergences in
our model. At p2 = 0, the mass function is equal to the cut-off parameter Λ, m(0) = Λ.
The pole part of the quark propagator also does not contain singularities that provide quark
conˇnement

1
m2(p) + p2

=
1 − exp

(
−p2/Λ2

)
p2

. (7)

Let us consider the scalar and pseudoscalar mesons. The meson propagators are given by

Dσ,π(p2) =
1

−G−1
1 + Πσ,π(p2)

=
g2

σ,π(p2)
p2 − M2

σ,π

, (8)

where Mσ,π are the meson masses; gσ,π(p2) are the functions describing renormalization of
the meson ˇelds, and Πσ,π(p2) are the polarization operators. The meson masses Mσ,π are
found from the position of the pole in the meson propagator Πσ,π(M2

σ,π) = G−1
π and the

constants gσ,π(M2
σ,π) are given by

g−2
σ,π(M2

σ,π) =
dΠσ,π(p2)

dp2

∣∣∣
p2=M2

σ,π

. (9)

The pion constant is independent of parameter Λ and takes the form

g−2
π (0) =

Nc

4π2

(
3
8

+
ζ(3)
2

)
, gπ(0) ≈ 3.7, (10)

here ζ is the Riemann zeta function.
The gap equation and quark condensate take the forms

G1Λ2 =
2π2

Nc
, 〈q̄q〉0 = − Nc

4π2

∞∫
0

du u
m(u)

u + m2(u)
. (11)

The GoldbergerÄTreiman relation is fulˇlled in the model of this kind [4Ä6]

Fπ =
m(0)
gπ

. (12)

From Eq. (12) the value Λ = m(0) = 340 MeV is obtained for Fπ = 93 MeV. Then, from
Eq. (11) we obtain G1 = 56.6 GeV−2, 〈q̄q〉0 = −(190 MeV)3.
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We get for sigma meson Mσ = 420 MeV and gσ(Mσ) = 3.85. The total decay width
is Γ(σ→ππ) = 150 MeV. Comparing these results with experimental data, one ˇnds that Mσ

is in satisfactory agreement with experiment; however, the decay width is very small. This
situation can be explained by the fact that for a correct description of the scalar meson it
is necessary to take into account the mixing with the four-quark state [9] and the scalar
glueball [10]. Moreover, it has recently been shown that the 1/Nc corrections in this channel
are rather large [11].

Similarly we can describe the vector and axial-vector mesons. The constants G2 are ˇxed
by ρ-meson mass and numerically are equal to G2 = 6.5 GeV−2. Then the a1-meson mass
is equal to 970 MeV.

The amplitude for the process ρ → ππ is Aµ
(ρ→ππ) = g(ρ→ππ)(q1 − q2)µ, where qi are

momenta of the pions. We obtain g(ρ→ππ) = 5.7 and the decay width Γ(ρ→ππ) = 135 MeV
which is in qualitative agreement with the experimental value 149.2 ± 0.7 MeV [8].

The amplitude for the process a1 → ρπ is Aµν
(a1→ρπ) = a(a1→ρπ)g

µν + b(a1→ρπ)p
νqµ,

where p, q are momenta of a1, ρ mesons, respectively. We obtain a(a1→ρπ) = 2.68 GeV,
b(a1→ρπ) = 16.71 GeV−1. Amplitude of the decay a1 → ρπ contains D and S waves. The
ratio of these waves has the form (see [5]):

D/S = −
√

2
(Eρ − Mρ)a(a1→ρπ) + b(a1→ρπ)Ma1 |q|2
(Eρ + 2Mρ)a(a1→ρπ) + b(a1→ρπ)Ma1 |q|2

= −0.06,

|q|2 = λ(M2
a1

, M2
ρ , M2

π)/(2Ma1)
2, E2

ρ = M2
ρ + |q|2,

λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2bc.

(13)

This ratio is in satisfactory agreement with experimental data D/Sexp = −0.108 ± 0.016.
The decay width equals Γ(a1→ρπ) = 90 MeV. This value is noticeably smaller than the
experimental one: 250−600 MeV [8].

In our model, like in all models of this kind, π − a1 transitions can be neglected.
The amplitude for the process γ∗π+π− has the form

Tγ∗π+π− = e(p+ + p−)µAµ(q)π+(p+)π−(p−)Fγ∗π+π−(q2), (14)

where Fγ∗π+π−(q2) is pion form factor and q = p+ − p−. The electromagnetic pion radius
〈r2〉em is deˇned by

〈r2〉em = −6
dFγ∗π+π−(q2)

dq2

∣∣∣∣
q2=0

.

In the local NJL model the triangle diagram without ρ meson (Fig. 1, a) gives about 80%
of the correct value for the pion radius [12]. Therefore, taking into account the diagram

Fig. 1. Diagrams describing charged pion radius: a) the local contribution; b−d) nonlocal contributions;
e) the diagrams with the ρ meson
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with intermediate ρ meson [12] (Fig. 1, e) leads to a too large value for the pion radius in
comparison with the experimental value [8]. Indeed, in the local NJL model one has

〈r2〉NJL
cont =

Nc

4π2f2
π

= 0.342 fm2, 〈r2〉NJL
ρ = 6/M2

ρ = 0.394 fm2,

〈r2〉NJL
em = 0.736 fm2, (15)

〈r2〉exp = 0.451± 0.011 fm2. (16)

Fig. 2. a) The absolute value of charged pion form factor in the time-like region. The ˇnite width

of ρ meson is Γρ = 135 MeV [7]. Experimental data are taken from [13]. b) Partial contributions to

the charged pion form factor in the time-like region from the contact and ρ-meson diagrams and the
absolute value of the charged pion form factor (Im (F cont(q2)) = 0)
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Fig. 3. The charged pion form factor in the

space-like region. Partial contributions from

diagrams of Fig. 1, a (local), Fig. 1, b (nonlo-
cal 1), Fig. 1, c, d (nonlocal 2), and Fig. 1, e

(ρ meson) are shown. Experimental data are
taken from [14]

Now we show that in contrast, in the nonlocal
model, the diagram with the intermediate vector-
meson is noticeably suppressed. In the model
considered, the contributions to the e.m. pion ra-
dius from diagrams in Fig. 1, a−d and from dia-
gram in Fig. 1, e equal 〈r2〉cont = 0.340 fm2 and
〈r2〉ρ = 0.047 fm2, respectively. Then the e.m.
pion radius becomes 〈r2〉em = 0.387 fm2, that is
in much better agreement with experimental value
than the result of the local model.

Let us consider in more detail the contribution
of the ρ-meson diagrams in both the local NJL
model and the nonlocal model. These diagrams
consist of three parts: the photonÄρ-meson transi-
tion, the ρ-meson propagator, and the part describ-
ing the ρ → ππ vertex. Our calculations show that
in the nonlocal quark models the ˇrst part is more
than twice smaller than in NJL, the second part
does not change, and the third part is four times

smaller than in the NJL model. The latter suppression is due to strong q2 dependence of the
amplitude occurring in the nonlocal model. As a result, we obtain almost one order decrease
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of the ρ-meson diagram contribution in the nonlocal model with respect to the prediction of
the local NJL model.

The charged pion form factors Fγ∗π+π−(q2) in the time-like and space-like regions are
shown in Figs. 2, 3.

The vector-meson diagrams play a very important role in the description of the pion form
factor Fγ∗π+π− in the time-like region. These diagrams allow one not only to describe the
ρ-meson resonance but also to obtain a correct behavior of the form factor in the region
−q2 > M2

ρ . It should be noted that the contact and vector meson diagrams increase in
absolute values in the region −q2 > M2

ρ , but they have opposite signs. As a result, the total
contribution decreases (see Fig. 2) in agreement with experimental tendency [13].
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