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�. ‚. �μ²Ö±μ¢ , …. …. �¥·¥¶¥²±¨´, ’. ‚. ˜ ¢·¨´ , ˆ.�. �¤¨´
�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�·μ¥±É¨·μ¢ ´¨¥ ¨ ±μ´¸É·Ê¨·μ¢ ´¨¥ ³ £´¨É´ÒÌ ¸¨¸É¥³ Ô²¥±É·μË¨§¨Î¥¸±¨Ì Ê¸É ´μ¢μ± É·¥¡ÊÕÉ
¶·¥¤¢ ·¨É¥²Ó´μ£μ ³ É¥³ É¨Î¥¸±μ£μ ³μ¤¥²¨·μ¢ ´¨Ö. Œ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ´¥μ¡Ìμ¤¨³μ ¨
¢ ¶·μÍ¥¸¸¥ ´ ² ¤±¨, ¨ ¢ Ìμ¤¥ ¶μ¸²¥¤ÊÕÐ¥° Ô±¸¶²Ê É Í¨¨ Ê¸É ´μ¢±¨. •μÉÖ · ¸Î¥ÉÒ ¶μ²¥° ³ £´¨É´ÒÌ
¸¨¸É¥³ ¶·μ¢¥¤¥´Ò ´ ³¨ ´  μ¸´μ¢¥ ·¥Ï¥´¨Ö ·Ö¤  ¶·Ö³ÒÌ § ¤ Î ³ £´¨Éμ¸É É¨±¨, ³Ò ¨Ì μÉ´μ¸¨³ ±
±² ¸¸Ê μ¡· É´ÒÌ § ¤ Î ³ £´¨Éμ¸É É¨±¨, É ± ± ± μ¸ÊÐ¥¸É¢²Ö¥³ Ë ±É¨Î¥¸±¨ ¶μ¨¸± μ¶É¨³ ²Ó´μ°
±μ´¸É·Ê±Í¨¨ Éμ±μ¢ÒÌ Ô²¥³¥´Éμ¢ ¨ ¦¥²¥§´μ£μ Ö·³  ¤²Ö § ¤ ´´μ£μ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö.
‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ¶·¥¤² £ ¥É¸Ö ³¥Éμ¤ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ ³ £´¨Éμ¸É É¨±¨ ¤²Ö μ¡² ¸É¥°
¸ £· ´¨Í ³¨, ¸μ¤¥·¦ Ð¨³¨ ®Ê£²μ¢Ò¥ ÉμÎ±¨¯. ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢ÒÏ¥´ §¢ ´´μ£μ ³¥Éμ¤  Ê¤ ²μ¸Ó
Î¨¸²¥´´μ ³μ¤¥²¨·μ¢ ÉÓ ³ £´¨É´Ò¥ ¸¨¸É¥³Ò ¶·Ö³μÊ£μ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ ¸ ¡μ²ÓÏ¥° ÉμÎ´μ¸ÉÓÕ.
‚ ¤ ´´μ° ¸É ÉÓ¥, ¢ Î ¸É´μ¸É¨, ¶·¨¢μ¤ÖÉ¸Ö Î¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ´¥¸±μ²Ó±¨Ì ³μ¤¨Ë¨± Í¨° ³ £´¨É´μ°
¸¨¸É¥³Ò ‘�-94, ¨¸¶μ²Ó§Ê¥³μ° ¢ ·Ö¤¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ê¸É ´μ¢μ±.

Design, construction and operation of magnetic systems of some electrophysical setups require a
preliminary mathematical modelling. While calculating the ˇelds of the mentioned magnetic systems (on
the base of solving a set of the direct problems of magnetostatics), we are concerned with solving the
inverse problem of magnetostatics, namely, with ˇnding an optimal construction of the current elements
and ferromagnetic yoke for the required distribution of the magnetic ˇeld. In the present work a method
of reˇnement of numerical solution to magnetostatic problem for the area with the boundaries containing
the ®corner points¯ is proposed. The method stated above was used for the numerical simulation of a
set of modiˇcations of the magnetic system SP-94 used in some experimental setups.

1. ƒ…�Œ…’�ˆŸ Œ�ƒ�ˆ’� ‘�-94

‘¨¸É¥³  ±μμ·¤¨´ É (¶· ¢ Ö É·μ°± ) ¢Ò¡· ´  É ±¨³ μ¡· §μ³, ÎÉμ μ¸Ó Z ´ ¶· ¢²¥´ 
¶μ ¶ÊÎ±Ê. ƒμ·¨§μ´É ²Ó´ Ö ¶²μ¸±μ¸ÉÓ Å XOZ. �  ·¨¸. 1 ¶·¨¢¥¤¥´  1/2 Î ¸ÉÓ ¸¥Î¥´¨Ö
¸¥·¤¥Î´¨±  ³ £´¨É  ¢ ¶²μ¸±μ¸É¨ Y OX (¶μ¶¥·¥Î´μ° ± ¶ÊÎ±Ê),   ´  ·¨¸. 2 ¤ ´ · §·¥§
(1/8 Î ¸ÉÓ) ¢ ¢¥·É¨± ²Ó´μ° ¶²μ¸±μ¸É¨ Y OZ. �¡² ¸ÉÓ Ωf § ¶μ²´¥´  Ë¥··μ³ £´¥É¨±μ³,  
μ¡² ¸ÉÓ Ωc Å ¨¸ÉμÎ´¨± ³¨ Éμ± .

2. —ˆ‘‹…��›… ��‘—…’› ‚ “ƒ‹�‚›• ’�—Š�•

„²Ö ·¥Ï¥´¨Ö ³ £´¨Éμ¸É É¨Î¥¸±¨Ì § ¤ Î ´  ¶¥·¢μ³ ÔÉ ¶¥ ¡Ò² ¸μ§¤ ´ ±μ³¶²¥±¸ ¶·μ-
£· ³³ Š�ŒŒ‘-1.0 [1] Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ³ £´¨É´ÒÌ ¸¨¸É¥³ ¸ ¢±²ÕÎ¥´¨¥³ ¢
´¥£μ É ±¨Ì ¨§¢¥¸É´ÒÌ ¶·μ£· ³³, ± ± POISSON [2].

�Î¥´Ó Î ¸Éμ ¶·¨ · ¸Î¥É¥ ±μ´±·¥É´μ° ³ £´¨É´μ° ¸¨¸É¥³Ò μ¡² ¸ÉÓ, ¢ ±μÉμ·μ° ·¥Ï ¥É¸Ö
±· ¥¢ Ö § ¤ Î , ¨³¥¥É ¢¸Õ¤Ê £² ¤±ÊÕ £· ´¨ÍÊ, §  ¨¸±²ÕÎ¥´¨¥³ ±μ´¥Î´μ£μ Î¨¸²  ®Ê£²μ¢ÒÌ
ÉμÎ¥±¯, ¢ μ±·¥¸É´μ¸É¨ ±μÉμ·ÒÌ £· ´¨Í  μ¡· §μ¢ ´  ¶¥·¥¸¥Î¥´¨¥³ ¤¢ÊÌ £² ¤±¨Ì ±·¨¢ÒÌ.
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�¨¸. 1. 1/2 Î ¸ÉÓ ¸¥Î¥´¨Ö ¸¥·¤¥Î´¨±  ³ £-

´¨É  ¢ ¶²μ¸±μ¸É¨ XOY

�¨¸. 2. 1/8 Î ¸ÉÓ ³ £´¨É  ¢ ¢¥·É¨± ²Ó´μ°

¶²μ¸±μ¸É¨ Y OZ

‚ ÔÉ¨Ì ¸²ÊÎ ÖÌ ·¥Ï¥´¨¥ § ¤ Î¨ ¨²¨ ¶·μ¨§¢μ¤´Ò¥ ·¥Ï¥´¨Ö ³μ£ÊÉ ¨³¥ÉÓ μ¸μ¡¥´´μ¸ÉÓ. �·¨
·¥Ï¥´¨¨ É ±¨Ì § ¤ Î Î¨¸²¥´´Ò³¨ ³¥Éμ¤ ³¨ ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ Ì · ±É¥· ¶μ¢¥¤¥´¨Ö
¥¥ ·¥Ï¥´¨Ö ¢ μ±·¥¸É´μ¸É¨ Ê£²μ¢μ° ÉμÎ±¨.

‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ¨§ÊÎ ¥É¸Ö ¶μ¢¥¤¥´¨e ³ £´¨É´μ£μ ¶μ²Ö ¢ μ±·¥¸É´μ¸ÉÖÌ Ê£²μ¢ÒÌ Éμ-
Î¥± ¶·¨ ¶μ³μÐ¨  ²£μ·¨É³μ¢ [3], ±μÉμ·Ò¥ ¤ ÕÉ ´ ¨²ÊÎÏÊÕ ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö § ¤ Î ³ £´¨-
Éμ¸É É¨±¨ ¸ ¶·Ö³μÊ£μ²Ó´μ°  ¶¥·ÉÊ·μ°, μ¶¨¸Ò¢ ¥³ÒÌ Ê· ¢´¥´¨¥³ É¨¶ 
div [μ (|∇u|)∇u] = 0.

�·¨ Î¨¸²¥´´μ³ · ¸Î¥É¥ É ±μ° ³¥Éμ¤ ¤ ¥É ·¥§Ê²ÓÉ ÉÒ, ¶μ ÉμÎ´μ¸É¨ ¸· ¢´¨³Ò¥ ¸ ·¥§Ê²Ó-
É É ³¨, ¶μ²ÊÎ ¥³Ò³¨ ´  ¸¥É± Ì, ¨³¥ÕÐ¨Ì ¢ 4Ä5 · § ¡μ²ÓÏ¥¥ Î¨¸²μ Ê§²μ¢ ¢¤μ²Ó ± ¦¤μ°
μ¸¨, Î¥³ ¨§´ Î ²Ó´ Ö ¸¥É± .

3. Œ�ƒ�ˆ’ ‘�-94, ˆ”‚�, ���’‚ˆ��

�¥§Ê²ÓÉ ÉÒ ¶·μ¢¥¤¥´´ÒÌ · ¸Î¥Éμ¢ ¶μ± §Ò¢ ÕÉ, ÎÉμ (¸³. ·¨¸. 3) ¢¥²¨Î¨´  ´¥μ¤´μ·μ¤-
´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö (´  Ê·μ¢´¥ 1 ’²) ¢ § §μ·¥ 13 ¸³ ´ ¨¡μ²¥¥ ¢Ò¸μ± Ö ´  ±· Õ ¶μ²Õ¸ 
(¶μ²Õ¸ · §³¥·μ³ x×y = (30×130) ¸³), μ´  ¤μ¸É¨£ ¥É ∼ 10 % ¤²Ö y = 5,2 ¸³ (É. ¥. ¢¡²¨§¨
±· Ö ¶μ²Õ¸ ).

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, É ± Ö ¦¥ ¢¥²¨Î¨´  ´¥μ¤´μ·μ¤´μ¸É¨ ´ ¡²Õ¤ ¥É¸Ö ¨ ¤²Ö ³¥¤¨ ´´μ°
¶²μ¸±μ¸É¨ (y = 0), ±μ£¤  ±μμ·¤¨´ É  x > 10 ¸³,   ¨³¥´´μ ´  ±· Õ ¶μ²Õ¸ , É. ¥. ¤²Ö
x =∼ 15 ¸³. „²Ö Ê¢¥²¨Î¥´¨Ö μ¡² ¸É¨ (Î ¸É¨  ¶¥·ÉÊ·Ò) μ¤´μ·μ¤´μ£μ ¶μ²Ö ¥¸É¥¸É¢¥´´μ
Ê¸É ´μ¢¨ÉÓ (μ¶·¥¤¥²¥´´Ò³ ¸¶μ¸μ¡μ³) Ë¥··μ³ £´¨É´Ò¥ ´ ±² ¤±¨ ´  ±· Õ ¶μ²Õ¸ .

’ ±¨¥ ´ ±² ¤±¨ (¸³. ·¨¸. 4, É ¡²¨ÍÊ) ¡Ò²¨ Ê¸É ´μ¢²¥´Ò ¨§ ¸É ²¨, ¡²¨§±μ° ¶μ ³ £-
´¨É´Ò³ Ì · ±É¥·¨¸É¨± ³ ± ¸É ²¨ ¸¥·¤¥Î´¨± , ´  ¶μ²Õ¸¥ ¸¶¥±É·μ³¥É·¨Î¥¸±μ£μ ³ £´¨É 
‘�-94 ¤²Ö Ô±¸¶¥·¨³¥´É  �Š‘—��Œ-II ´  ± ´ ²¥ 5� Ê¸±μ·¨É¥²Ö “-70 ¢ ˆ”‚�, £. �·μÉ¢¨-
´μ. �  ·¨¸. 5 ¤²Ö ³¥¤¨ ´´μ° ¶²μ¸±μ¸É¨, Y = 0, ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ¤²Ö ¡ §μ¢μ£μ ³ £´¨É 
¡¥§ ´ ±² ¤μ± ¨ ¤¢ÊÌ ¢ ·¨ ´Éμ¢ ³ £´¨Éμ¢ (� ¨ ‚) ¸ Ë¥··μ³ £´¨É´Ò³¨ ´ ±² ¤± ³¨. Œμ¦´μ
±μ´¸É É¨·μ¢ ÉÓ, ÎÉμ ³Ò ¤¥°¸É¢¨É¥²Ó´μ ´ ¡²Õ¤ ¥³ §´ Î¨É¥²Ó´μ¥ Ê¢¥²¨Î¥´¨¥ · §³¥·  μ¡² -
¸É¨ μ¤´μ·μ¤´μ£μ ¶μ²Ö ¢´ÊÉ·¨ 13-¸ ´É¨³¥É·μ¢μ£μ ³¥¦¶μ²Õ¸´μ£μ § §μ· .
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�¨¸. 3. P ¸¶·¥¤¥²¥´¨e ¨´¤Ê±Í¨¨ ¶μ²Ö Ê

±· Ö ¶μ²Õ¸ : 1 Å y = 0; 2 Å y = 1,3;
3 Å y = 3,9; 4 Å y = 5,2 ¸³

�¨¸. 4. 1/8 Î ¸ÉÓ ³ £´¨É  ¢ ¢¥·É¨± ²Ó´μ° ¶²μ¸-
±μ¸É¨ Y OX

�¨¸. 5. P ¸¶·¥¤¥²¥´¨e ³ £´¨É´μ£μ ¶μ²Ö By(x):

1 Å ¡¥§ ´ ±² ¤μ±; 2 Å c ´ ±² ¤± ³¨ (¢ ·¨ ´É

�, μ¶É¨³ ²Ó´Ò°); 3 Å c ´ ±² ¤± ³¨ (¢ ·¨ ´É B)

� §³¥·Ò ´ ±² ¤μ± ´  ¶μ²Õ¸¥
¸¶¥±É·μ³¥É·¨Î¥¸±μ£μ ³ £´¨É  (¢ ³)

x1 x2 x3 x4

0,108 0,1235 0,1345 0,15

y1 y2 y3 y4

0,053 0,05587 0,06162 0,065

4. Œ�ƒ�ˆ’ ‘�-94, ‹‚� �ˆŸˆ

�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¤²Ö ¢¥²¨Î¨´
§ §μ·  h = 7, 8, 9, 10 ¨ 13 ¸³ ¢ ³ £´¨Ée (¤²Ö ¶μ²´μ£μ Éμ±  ¢ ¶μ²Êμ¡³μÉ±¥ I = 0,72 ·105 A,
¸μ§¤ ÕÐ¥£μ ¶μ²¥ ¢ 1 ’² ¢ § §μ·¥ 13 ¸³) ¶·¨¢¥¤¥´Ò ´  ·¨¸. 6. �μ¸É·μ¥´´Ò¥ § ¢¨¸¨³μ¸É¨
¶μ§¢μ²ÖÕÉ ¶¥·¥¸Î¨ÉÒ¢ ÉÓ ¶μ²¥ ¨ ¤²Ö ¤·Ê£¨Ì, ¡²¨§±¨Ì ± ¶·¨¢¥¤¥´´Ò³, ±μ´Ë¨£Ê· Í¨°.
�¥§Ê²ÓÉ ÉÒ É·¥Ì³¥·´μ£μ · ¸Î¥É  (h = 9 ¸³, s = 30 ¸³) ³Ò ¶·¨¢μ¤¨³ ´  ·¨¸. 7, £¤¥
¶μ± § ´Ò § ¢¨¸¨³μ¸É¨ By μÉ x ¶·¨ z = 0 ¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ y: y = 0, y = 0,9 ¸³, y =
1,8 ¸³, y = 2,7 ¸³. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö · ¡μÎ¨³ ¢ ·¨ ´Éμ³ ³ £´¨É  ‘�-94 ¢ ‹‚� �ˆŸˆ
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�¨¸. 6. P ¸¶·¥¤¥²¥´¨e ³ £´¨É-

´μ£μ ¶μ²Ö By(x): 1 Å h = 13;
2 Å h = 10; 3 Å h = 9; 4 Å

h = 8; 5 Å h = 7 ¸³

�¨¸. 7. ‡ ¢¨¸¨³μ¸ÉÓ By μÉ x ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° y:
1 Å y = 0; 2 Å y = 0,9; 3 Å y = 1,8; 4 Å y = 2,7 ¸³

´  Ô±¸¶¥·¨³¥´É¥ ®„¥²ÓÉ Äc¨£³ ¯ Ö¢²Ö¥É¸Ö ³¥¦¶μ²Õ¸´Ò° § §μ· h = 9 ¸³ ¸ Ï¨·¨´μ°
¶μ²Õ¸  s = 30 ¸³. „²Ö ´¥£μ ´μ³¨´ ²Ó´Ò³ Ö¢²Ö¥É¸Ö ¶μ²¥ ¢ Í¥´É·¥ By(0, 0, 0) = 1,75 ’².

5. �‘��‚�›… ‚›‚�„›

1. Œ¥Éμ¤μ³ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ¶μ²ÊÎ¥´Ò 2-³¥·´Ò¥ ¨ 3-³¥·´Ò¥ · ¸¶·¥¤¥²¥´¨Ö
³ £´¨É´μ£μ ¶μ²Ö ´¥¸±μ²Ó±¨Ì ³μ¤¨Ë¨± Í¨° ¸¶¥±É·μ³¥É·¨Î¥¸±μ£μ ³ £´¨É  ‘�-94, Ï¨·μ±μ
¨¸¶μ²Ó§Ê¥³μ£μ ¢ Ö¤¥·´μ-Ë¨§¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´É Ì.

2. � °¤¥´  μ¶É¨³ ²Ó´ Ö ±μ´Ë¨£Ê· Í¨Ö ³ £´¨É , ´ ¨¡μ²¥¥ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö É·¥¡μ¢ -
´¨Ö³, ¤²Ö ¶·μ¢¥¤¥´¨Ö Ô±¸¶¥·¨³¥´É .

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. Zhidkov E. P. et al. The Complex of Programs for the Modelling of Magnetic Systems. JINR,
P11-93-256. Dubna, 1993.

2. Holsinger R. F., Iselin C. POISCR-r604, User Guide. CERN, SPS/EMA, 1982.

3. Yudin I. P., Perepelkin E. E. 3D-Field Calculations of Magnets by the Two Scalar Potential Method.
Report NP-084 on ICAP-2004. St. Petersburg, 2004.


