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KOMIIBIOTEPHBIE TEXHOJIOTHU B ®U3UKE

QUANTUM ENTANGLEMENT IN SECOND QUANTIZED
FERMION SYSTEMS

O. D. Timofeevskaya'

Faculty of Physics, Moscow State University, Moscow

In this communication we consider the zero-temperature properties of entanglement in free and
interacting fermion systems following Bogoliubov’s excitation approach. We investigate spin biparticle
entanglement in BCS superconductor ground state of electron gas and in EPS state of *He atoms. The
relation between pair-distribution functions and biparticle quantum entanglement is discussed.

B p 6oTe p ccM TpUB I0TCS CBOMCTB KB HTOBOIO IIEPEIYTHIB HUS B CHCTEM X MHOIMX (PepMHOHOB
IIPU HYJIEBOH TeMIlep Type ¢ IOMOINBI0 MeTox KB 3u4 cTull boromo6oB . Mccienyercs nByx4 cTHYHOE
CIIMHOBOE MEPEeIyThB HUE B OCHOBHOM COCTOSHHU CBEPXITPOBOMASILETO 3IEKTPOHHOIO I' 3 U B CBEPXTe-
Ky4eM COCTOSHHM TOMOB renmus-3. OOcyXxn eTcs CBI3b MEXIy KB HTOBBIM IIEpPENyTHIB HHEM U IBYXU -
CTUYHBIMH KOPPETALHOHHBIMU (DYHKINSIMH.

PACS: 03.65.Ud, 01.30.Cc, 03.67.-a

INTRODUCTION

Quantum entanglement is viewed as a precious resource in quantum information process-
ing [1]. It is believed to be the main ingredient of the quantum speed-up in quantum
computation and communication. A quantum computer is a many-body system where the
Hamiltonian can be manipulated. And experience built up over the years in condensed matter
is helping in finding new protocols for quantum computation and communication. At the same
time, the study of the ground state of many-body systems with methods developed in quantum
information may unveil new properties. Recently, considerable interest has been devoted to
entanglement of two subsystems of a many-body system [2]: quantum spin systems [3,4],
spins of noninteracting electron gas [5, 6], entanglement in many-body systems [7, 8].

In realistic systems containing a large number of particles the concept of a particle actually
fades away and is replaced by a notion of excitation modes. Individual particles really
become indistinguishable. In addition to that, the concept of fermion (versus boson) particle
statistics then also becomes directly relevant and it is important to understand its relation to
entanglement.

In many-body systems the correlation functions play a fundamental role in describing
their physical phenomena. Thus, it is natural to explore the relation between entanglement
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and correlation functions. In this paper we find the two-spin state of a fermion system with
pairing and discuss the relation between entanglement measure and pair distribution functions.

We consider many fermion systems. Let U be the field operator and obey the usual
fermion anticommutation relations

{3 (), ¥o (1)} = 006" — 1), {00 (r'), To(r)} =0,

where r is the position vector and o = 4+1/2, —1/2 is the spin of the fermion.
The creation ™ (f) and annihilation a(f) fermion operators with momentum Af satisfy

the relations . X ,
{a(f),a™ (f")} = dr.p,

{a(f),a(f")} =0, f=(f, o).
The Bogoliubov transformation from particle fermion operators a™ (f), a(f) to quasiparticle
fermion operators dg, G has the form

a(f) = ugedie + U;ffdg_,
at (f) = u&dz + veebie.

The functions uge, vee satisfy orthonormal and completeness conditions. Anticommutation
relations for quasiparticle operators are

{ae, 0} = ey {ag,ae} =0.
The new «vacuum» |c) is a ground state of the system. It is defined by condition

bele) =0, Y, (cle) = 1.

1. IDEAL FERMI GAS
We start with noninteracting nonrelativistic Fermi gas. The energy spectrum of particles is

2h2
B =L

where p is the chemical potential for particle, and it is assumed that ;o > 0. There is a
Fermi surface, which bounds the volume in momentum space where the energy is negative,
E(f) < 0, and where the particle states are all occupied at ' = 0. For an isotropic system
the Fermi surface is a sphere of radius fr = \/2mep/h, €ep = p. Thus,

alf,0) =at(F,0) (v =1,u;=0), if f<fpr
alf,0) = a(f,0) (vp=0up=1), if f> fp.

The density of number of fermions for each spin projection is

ne = (c|UF(r)¥,(r)|c) = @/dﬂvf\?. (1)
1 3

For free fermions n, = —= 5.
77 6n2’F
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Correlation functions are defined by relation

K(r,0,0") = (e[ U} (r1) W7 (r2) Wor (r2) Wy (r1)]0),
where r = r; — ro. For two free fermions with parallel spins we get
K(r,o,0) =n2(1 - ¢*(r)),

where

- - ifr o
¢(r)—n0(27r)3/dfe lv(f,0)|?. )

For free fermions the function ¢(r) = 3(sin (frr) —cos (fpr) frr)/(frr)? satisfies relations
0< ¢*(r) < 1,¢%(0) = 1, ¢%*(00) = 0.
Therefore, fermions with parallel spin are negative correlated. The correlation radius is
defined by radius fr of Fermi sphere r_ ~rp =1/ fp.
For o = £1/2 we get
K(r,o,—0) =n2.

Free fermions with opposite spins are independently distributed.
For vacuum state |¢) two-spin reduced density matrix of two fermions at r; and ro
positions equals

pr) = —R(x), ~7=TrR(),

2=

where . R . .
R(01,09;01,0%,1) = (c|UF (r1)V7 (r2)Woy (r2) Vo (r1)]e)

and r is a distance between fermions.
It is easy to calculate that

R(0,—0;0,—0;1) = —nj¢(r).
Thus,
1—¢%(r) 0 0 0
) 1 0 1 —¢%(r) 0
p(’l") == 2 )
Y 0 —&*(r) 1 0
0 0 0 1-— ¢2(r)
where

7' =2(2 - ¢*(r)).

According to Peres—Horodeski criterion [9] a condition of entanglement is a matrix p, obtained
by partial transposition of p, i.e., puv;u/v’ = Puv’;u’v, has only non-negative eigenvalues. It
gives ¢?(r) > 1/2. This result for noninteracting electron gases was got in [5] in Green’s
functions approach.

This means that two free fermions are entangled if the relative distance between them is
smaller than 1.8rF at T' = 0. Two fermions are maximally entangled if they are at the same
position.
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2. ELECTRONS IN BCS STATE

In superconductors the electrons with opposite momentums are pairing in s-state with zero

spin of pair. One has
1 1 1
N - _ ~ - A4 _ -
a(f,2> Ul (f,2> +vpd ( f, 2),

1 1 1
N - _ ~ - _ A4 _ -
a(f, 2) Ul (f, 2) e ( f,2>,

Ar
E(f)’

where

Uy = cos e vy = sin

tanfy =
9 anvyg

vr

2 )

and Ay is the energy gap. If Ay = 0, then uyvy = 0.
Correlation function for two electrons with parallel spins equals

K(r,o,0) = n?j(l — ¢2(r)),

(see (1), (2)). The electrons with parallel spins are negative correlated with correlation radius
r_— ~TFE.
For opposite spins we get

]C(I‘,J, _U) = n?r(l + |¢1(T)‘2)7

where

1 ‘

——— [ df "™ v*(£) u(f). 3
g [ e uln ®
The electrons with opposite spins are positive correlated with correlation radius r;. This
radius is defined by the width of the layer in which v(f) u(f) is much different from zero:

A A
fpu%«;%fmt%.

P1(r) =

The correlation radius r is a value of order

A -1
"y~ ( (fF)) .
€F
where ¢p is Fermi energy. Since A(fr) < e in BCS state, it follows that r4 > r_.
Two-spin reduced density matrix equals

1 2 0 0 0

R 1 0 L+¢7 —(¢*+¢7) 0
p(’l") == 2 2 9 )

gl 0 —(¢*+01) 1+41 0

0 0 0 1— 2
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where
7Y =202 - ¢*(r) + $1(r)).

According to Peres—Horodeski criterion [9] two spins are entangled if (2¢2(r) — ¢3(r)) > 1.

In BCS state when the energy gap Ay is different from zero only in narrow spherical
layer in the neighborhood of fr we get ¢3(r) < 1/2 everywhere. This means that two-spins
entanglement is similar to free electron case and two fermions are entangled if the relative
distance between them is smaller than 1.87p.

The matrix p(r) has the form

2 r 2 r
5 = (1 - )%+ plumy (), p= 2C AT

0 ’

where |[U~) = 1/v2(| 11) —| 1) is the maximally entangled spin singlet state of the pair.
The range of entanglement is p > 1/3.

3. EQUAL SPIN PAIRING

In superfluid state of *He [10] the fermion (s = 1/2) atoms with opposite momentums
are pairing in p-state with spin of the pair equal unity. We consider one of the Equal Spin
Pairing (ESP) state in which the pairing of atoms has the same spin projection, for example,
A-phase. The quasiparticle operators are defined by transformation

1 1 1
~ - _ ~ - ~ 4 _ -
a <f, 2) usl (f, 2) + vedx ( f, 2),
1 1 1
al £ -2 _ Al f 2 At _f
a(, 2) wa(, 2>—|—11fa ( , 2),

U =Uu_g, UVf= —V_g, u% —|—v? =1.

where

Correlation function for two fermions with parallel spins equals
K(r,0,0) = n5(1 = [o(r)* + |61 (r)*),

(see (1)-(3)). The particles with parallel spins are correlated. The negative correlation radius
is r— ~ 1/fr. If energy gap Ay is essentially different from zero only in the narrow layer

near fr, then the positive correlation radius is r4 ~ <M>1 r— and r— < ry. The
opposite spins are not correlated o
K(r,o,—0) =n?.
We obtain
L—[¢l*+]sa]* 0 0 0
) 1 0 L =gl 0
pr) = — 0 e 1 0 )

0 0 0 1—[gf+ ¢
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where
7 =2(2 = |6(x) + [61(1)])-

According to Peres—Horodeski criterion [9] the condition of entanglement is

(2|¢(r)]? — [¢1(r)]?) > 1.

In ESP state when the energy gap Ay is different from zero only in narrow spherical layer
in the neighborhood of fr we get |¢1(7)|> < 1/2 everywhere. This means that two-spins
entanglement is similar to the free electron case.

CONCLUSION

The two-particle density matrices of Fermi systems with coupling were obtained. We
present the relation between the total correlation, the entanglement measure and the pair-
distribution functions.

It is well known that the physical properties of the systems depend on the s- or p-
pairing significantly. Nevertheless, in BCS approximation when energy gap is essentially
different from zero only in the narrow layer near Fermi surface, the pairing changes two-
spins entanglement slightly. Entanglement is essentially defined by Fermi statistics. The
existence of Fermi pairs slightly reduced the entanglement measure.
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