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On the b-adic Diaphony of the Generalized Zaremba Net

In this paper a very broad class of two-dimensional nets is defined. This class
generalizes the classes of the Roth and Zaremba nets in the b-adic number system. For
this class of nets, the module of the Walsh sum in a base b is calculated. Estimations
of the b-adic diaphony of the generalized Zaremba net are proved. The exact order
and the exact constant in this order of the b-adic diaphony of the generalized Zaremba
net are found.
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INTRODUCTION

Let s > 1 be an arbitrary integer and [0,1)® is s-dimensional unit cube.
For fixed N > 0 let {ny = {x0,X1,...,XN—1} be a net in [0,1)%. Let J be an

arbitrary parallelepiped in [0, 1), defined by J = H[uj,vj), where for every
j=1

J, 1<j<s, 0<u; <v; <1. We signify by A(éx;J) the number of the

points of the net £ belonging to .J.

Definition 1. The net {x is called uniformly distributed in [0,1)* if for every

J C[0,1)* the equality

. AN )
NI TN

where V (J) denotes the volume of J, holds.

From this definition it is impossible to compare distribution of two uniformly
distributed nets. For that reason the measures of the distribution are defined.

Let b > 2 be fixed integer and w = exp (27i/b)
Definition 2. (i) The Rademacher functions {¢r(x)}r>0,x € [0,1) to the base b
are defined by

=V({J),

1
¢o(x) =w?, for %§m<a—£ , a=0,1,...,b—1

and for k > 1 by
or(z + 1) = ¢r(x) = do(b"2).
(ii) The Walsh [10] function to the base b is defined as follows:
Yo(xz) =1 for each x € [0,1);

and if k > 1 has a b-adic representation k = kgb®s + kg_16%9—1 —I— .+ kob™0,
where ag > g1 > ... > ag and kj € {1,2,...,b— 1}f0r 0 < j < g, then the
k-th Walsh function to the base b is defined as

Yr(x) = Zg( ) Zz:ll (x)...08 (z) for each z € [0,1).

The system 9(b) = {1k(x Hwk x;), k= (ki,ka,...,ks) € N§,

x = (z1,%2,...,Ts) € [0,1)°} is called the Walsh functional system to the base
b. This system is deﬁned by Chrestenson [1].



The measure for uniform distribution of nets based on the Walsh functional
system to the base b is called b-adic diaphony and it is defined in the next
definition.

Definition 3. The b-adic diaphony F (¥ (b);€n) of the net En in [0,1)% is defined

as
1 1
F(p(b);&n) = bF1)r =1 > p(k) N > dhelxi) ;
k+£0 i=0
wherefor vectork = (ki, ..., ks) with non-negative integer coordinates ki, . . . , ks,

H p(k;) and for integer k >

0 W <k<bITY, g>0, geZ,
i ={ 7 BV

Definition 3 is a generalization of the definition of the dyadic diaphony by
Hellekalek and Leeb [5].

In quasi-Monte-Carlo methods the uniformly distributed nets are used for
research images. In this sense it is important to be able to estimate distribution
of the nets. The b-adic diaphony gives the possibility for the estimation of the
distribution of the nets. Very often in quasi-Monte-Carlo methods the Roth [6]
net is used.

In Sec.1 the definition of a very broad class of two-dimensional nets is
defined. For this class nets the b-adic diaphony is estimated. Sec.2 gives the
necessary preliminary results for the proofs. In Sec. 3 the proof is demonstrated.

1. STATEMENTS OF THE RESULTS

Let in the set G(b) = {0,1,...,b — 1} introduce the operations: for every
m,n € G(b) we define m ®n =m + n(mod b) and

mon = m—n, if m > n,
]l b+m—n, if m<n.

Let the real z,y € [0,1) have b-adic representatlons respectively z =

Zmb i- landy—Zyb i-1 Wedeﬁnex—i—ny(xj@yj)b J=1 and
Jj=0 j=0 §j=0

o0
in@%b It
7=0



(o) o0
Let i= Z a;(i)b’ be the b-adic expansion of i and let ¢, (i)= Z a;(i)b=771
=0 =0

be the i-th élement of the Van der Corput-Halton [3] sequence in ]the base b.
Let v > 0 be an arbitrary integer. Let for 0 < j < v—1 p; = aj+F(mod b)
with fixed o, 5 € {0,1,...,b— 1} and = O.pope1 - . pt—1. For 0 <4 < oY — 1
we put ¢}() = Gy(3) ® o and 1y, (1) = /8"
Let np = {mp (i) : 0 <i<b” — 1} and ¢, = {G (i) : 0 < i < b — 1},
Definition 4. For each positive integer v, the generalized Zaremba net in the
base b, composed of b” points, is defined as

25 = {0 (D), G ) : 0 < < B — 1},

When o« = 1 and 8 = 0, the net Zblf is introduced by Warnock [11]. When
b=2,a=1and 8 =1, the net Z;i is the original Zaremba [4] net. If « =0
and 3 = 0, then ng is the original net of Roth R .

Viogb”
generalized Zaremba net. The following I‘GSlll)ltS hold.
Theorem 1. For each integer v > 0, the inequations

In the paper we obtain an order O of the b-adic daphony of the

-1 v b 1 N b 1
b+2 b2v b4+2020  b+2b¥
-1 v 2(b+1) 1

b
br2 0 T a2 B hrob

SFPW0): Z5)) <

1

X

hold.

Corollary 1. The following equation holds
i W EW(b); Z,7)) b2 —1
el /Iog b” S\ (b+2)logh’

2. PRELIMINARY RESULTS

Lemma 1. Let v > 0 be an arbitrary integer and g1, 0< g1 < v—1,isa
fixed integer. For an arbitrary integer ki, b9 < ki < b1 we will use the
representation

k?l = 0491bgl + agl—lbgl_l + ...+ am,bm/a (1)

where 0 < m < g1 and for m < j < g1, o; € {0,1,...,0— 1}, qm, g, # 0.
We define the integer ki as

ki = @b T A @y BT @, b



where for every j, m < j < g1 a; Doy =0.

Then for every integer gz, 0 < go < v —1, ka, 092 < ky < 09211 the
equation

bY—1

Z wkl nbl/ wkz(Cb 1/( ))‘ =

buv lf k2 = kTa
0, if ks £k
holds.

Proof. For an arbitrary integer 7, 0 < ¢ < b”, we use the representation
v—1

i = Zijbj. Then ¢; (i) = Z(ZJ @ p;)b~91. For integer k1 in the form (1),
Jj=0 j=0
we have

wkl 77bu H waﬂu 1-5 (2)

Let ko = k7. Then

Q/sz Cbu H oo O J) (3)

From (2) and (3) for every ¢,

0 <<, Pry (mow(d)¥n, (G, (0) =
g1
H wikv=1-J and
j=m
bu 1 bufl
Zwkl Mo, (1)) Pk Cb,, Hw’”"17 1| =b".

Let, now, ky # k. We use the representation k; = Zajbj , where for

§=0
0<j<m—-1land g1 +1<j<v—-1 a=0,form<j<g o €

{0,1,...,0—1}, am,aq #0and ky = Zﬂjbj, where 3; € {0,1,...,b—1}.
§=0
Then
bl/ 1

Z wkl nby 1/%2 Cbz/ Z Z Hwa,ﬂu 1—n Hwﬁt iptpe)

i0=0 1,-1=0n=0

v—1 b—1

_ Hwﬁtﬂt H Z (v—1-n+PBn)in

: (4)
n=01,=0



The condition ko # ki shows that any §, 0 < d < v — 1, exists such that
b—1

Bs # @,_1—s. Then we have Z wl@v-1-s1Ps)is — () and from (4) we obtain
i5=0

bul

Zwkl Mo, (1)) ¥k (G5, (1)) = 0

Lemma 2. Let v > 0 be an arbitrary integer and the fixed integers g1 and go
satisfy the conditions
0<gi<v—-1<v<g.

An arbitrary integer ki, b9' < ki < b9'FY has the representation in the
form

Za]b] Za] , (5)

where for j, 0< j < q1, a; € {0,1,...,b— 1}, aq, # 0 and for every
75 a1 +1<j<v—-1, «o; =0.

We define the integer k* thus, so b9 < k* < b92T! and we represent it in
the form

v—1 g
SRS o)
=0 j=v

where for j, 0 < j<v—1, a,1-;®a; =0 and for every j, v < j <
g2, B;€40,1,...,b—1}, B4, #0.
Then for every ko, b9 < ko < b92F1) the equality

b —1
Y, 0 ke =k
Zwkl nbl/ wkz(Cbl/( ))‘_{ 0’ lf k27£]€*
holds. )
Proof. An arbitrary integer ¢, 0 < ¢ < b¥, has the representation ¢ = Z ijbj .
§=0
v—1 v—1
Then ., ( Zzy 1-;b79"! and G (i) = Z(z] @ ;)b 1. For integer k1
=0 =0

in the form (5) we have

v—1
i me—nww [[em5  ©
=0



Let ko = k*. We obtain

1/%2 Cbl/ H an 1 ’LJJFMJ) (7)

From (6) and (7) we obtain

bY—1 b —1v—-1

Z wlﬂ nbu wkz Cbl/ Z Hwa’/ e Hwa” v liat) =

=0 j=0

bY—1

v—1
Lt S 1 =
i=0

=0

Let, now, ko # k*. This shows that an index ¢, 0 <t < v — 1, exists such
that &, _1_¢ # ay. Let @,_1_; = (B;. Then we have

t—1 v—1
1/%1 (nb,l/( ))T/sz (Cb v Hwa’/ 1t H wal’ " J“Jwﬁt“tw(atJrﬁf) '
7=0 j=t+1

From here we obtain

b —1

Z w/ﬁ nbl/ wkz (Cb u( )) =

t—1 v—1 b—1 b—1 b—1
= Hwa”‘l‘ﬂ”j H WOy —1—gtg B Z 1... Z wlatBeie Z 1=0
Jj=0

j=t+1 i0=0 ;=0 iy 1=0
b—1
because for ay # [y, E wleetB)ie —

;=0
Lemma 3. Let v > 0 be an arbitrary integer and the fixed integers g1 and g
satisfy the conditions

0<gp<rv—-1<v<g.

<
An arbitrary integer ky, 192 < ko < b92FY has the representation in the

form
g2 ) v—1 .
ky = Bt = Bl
= s

where for j, 0 < j < go, j € {0,1,...,b— 1}, By, # 0 and for every
ja 92+1SJ<V 17 ﬁ]



We define the integer k** thus, so b9 < k** < b9 and we represent it in

the form
v—1 g1
SIS Y
7=0 j=v

where for j, 0<j<wv—1, B, , ;®8; =0 and for every j, v < j <
g1, a; €{0,1,...,b—1}, a4 #0.

Then for every ki, b9 < ki < b9V the equality
b —1

Z 1/%1 nbu wkz(Cb 1/( ))| = { gl:, g Zi ; ]]:::

holds.
The proof of Lemma 3 is similar to the proof of Lemma 2.
For an arbitrary integer k > 0, we define the function & (k) as

5 1, if k=0(mod b")
e 0, if k#0(mod b").

Lemma 4. For every integer k > 0, the equality

b —1

Z (o (by) = "0y (K)

holds.
Proof. Let an arbitrary 7, 0 < i < b, have the representation in the form

i=dob" L i b iy _ob 4 iy,
where i(;y € {0,1,...,b0—1}, 0<j <v—1. Then
= 0.50%1 + .. ty—2%y_1. (8)
The number k has the representation

oo

k=Y kit', kje{0,1,....b—1}. (9)
§=0

From Definition 2, (8) and (9) we have



Let k = 0(mod b,). Then &y (k) = 1 and from (9) we obtain
k= kb, (11)
j=v

From (10) we obtain

. v—1 o)
o () = Lo TLe, (12)
7=0 j=v

From (8) we have for j > v 4; = 0 and from (11) we have for every
J, 0<j<v—1, k;j =0.
Hence from (12) we obtain

b -1 bY—1

;wk(bi;)zglzbn

whence the statement of Lemma 4 is proved in the case of £k = 0(mod b,).
Let £k # O(mod b,). Then from (9) follows the existence of the index
t, 0<t<wv-—1,such that k; # 0. Then from (9) and (10) we obtain

i i b=1 b—1 b—1
E u)k <b_’/> = E w’boko . E w’btk?t . E wz,,,lkV,I -0
=0 =0 ie=0 iy—1=0
b—1
because for k; # 0, E Witk = 0,
it =0

From the definition of the function dy» (k) when k # 0(mod b,,) the statement
of Lemma 4 is obtained.

We define the sets A(g,a) = {k : k = kb + ky_10971 + ... + kob®, o <
j<g,kj€{0,1,...0—1}, ko, kg # 0}. It is obvious

=1 if 0<a<g -1,
Agal={ ) pose

Lemma 5. The b-adic diaphony F(1(b);m,,) and F'(y(b); ) of the nets np,
and Cl/w satisfy respectively the equalities

1 1

E((b); m,0) F((b); G,) =

= b
Proof. From definition 3 we obtain
= pITI_1 ¥ —1 2
PV O)ma) =3 D b7 YD dklma ()| =
g=0 k=b9 | i=0




bY—1

=3 Zb 292 > Z Vi (Mo, (7))

a=0keA(g,a)

Using Lemma 4, we obtain

b —1

b2 F2 (4 nbv:bzb 292 > Zwknby

a=0keA(g,a)

1 00 g
TSRS S e
g=0 a=0keA(g,a)
Then
Fz( ) o) = bzb QgZ Z Sy (K _Zb 292 Z Spe (K
a=kecA(g,a) a=keA(g,a)
—szgz > Gwlk bZ“gZ > l=m 21
a=v kcA(g,a) a=v kecA(g,a) kEA(V,V)
1 & ) g—1 1 & )
+32b*92 > 1+32b*9 oo
g=v+1 a=v ke A(g,a) g=v+1 keA(g,9)
Cb=1 1 (-1 Sl b1
TR (bz)Zngb sl Dl
g=v+1 a=v g=v+1

b—11
= b b21/ Zbg[

O N
A Wz b9 b(b+ 1) b2

b—11 b—-11 & h—1 & 1 1 1
= b9 — = e
AT bl’gzl/;rl b ;1 Ter DR

3. PROOF OF THEOREM

From the definition of the b-adic diaphony we have the following:

b1 2

FAO 2 = gy P09 2 b a6, 9) =
k#0




1 o] b —1
_m;P(k bl’zwk Mo, (7
1 0 bY—1 2
+m ;p w Z Y Cbu
1 2

1 2) Z Z k}l,kg bV Z wkl 77bu ))w’m(Cb 1/( ))
ki=1ks=1

1
— F2 9 F2 LA
v 2
1 o] 00 b” —1
S ok ko) | Z Ve, (Mo, (1)) ¥k, (G0, (4)) (13)
+2) b
k1=1ko=1
For the sum in (13) we have the representation
1 oo oo b —1 2
2) Z Z klakQ bl, Z 1/1k1 nbV ))T/sz(Cb 1/( )) =
k1=1ko=1
= b9+l 1,1 R 2
b(b+2 Z b2 N N pe N Zwkl (Mo, (1)) ks (G (1)) | +
k1=b91 g2=0 ko=b92 i=0
b9+ 1 oo b1 b 2
b+2 Z b2 NN per Y —Z Uiy (1,0 (1) V15 (G0, ()| +
k1=0b91 go=v ko=b92
po1+l 1,1 b2 1) b1 2
b+2 Z *291 Z Z b~ 292 Z _Z wlﬂ 77bu wlm(be( )) +
k1=b91 go=0 ko=b92
b1+ 1 oo b2t 1) b 2
b+2 Z bR Y N her Y byz Uiy (10,0 ()15 (G0, (0)) | =
k1=b91 ga=v ko=b92
=31+ X0+ 23+ X4 (14)

For the sum ¥ using the sets A(g, o) we have

- g1 v—1
e L X s

m=0k;€A(g1,m) g2=0

10



poztl_q bY —1
> Zwkl Mo, (1)) Vky (G0 ()| =
ko=b92
1 v—1 v—1
= bp—20 p—292 %
ST >
g1=0 ki1€A(g1,91) 92=0
p921 1 b’ —1 2
Z Z wlﬂ Mo, l/ wk2 (Cb 1/( ))
ko=b92

g1—1

=D D WD VD S

m=0 ky€A(g1,m) g2=0

po2tl g | pro1 2
> Z Wiy (10,0 (1)), (G, (7)) (15)
ko=092
From Lemma 1 and (15) we obtain
1 v—1
.= b—2g1b—2(l/—1—g1) 1
L b(b+ 2) Z Z T
91=0 k1€A(g91,91)
1 v—1 g1—1
b72gl b72(1/717m) 1=
iy S >
g1=1 m=0 k1€A(g1,m)
1
b+ 2 b2u Z Z +
91=0k1€A(g1,91)
b v—1 g1—1
b—2g1 b2m 1=
e DI WL
g1=1 m=0 k1€A(g1,m)
v— 1
bb—1) v (b—1)2 = _— =
— —_ I T b?’” —
b+2 b2u+(b+2)b2v Z Z
g1= m=0
-1 v b 1 b 1
_ v 4 = 16
b+2 b b+2b2”+b+2b3” (16)
From Lemma 2 for the sum Y5 we obtain
b1 1% 1 p91tl_1 o porti_q
R i 12 YLD VD WEEF ) Sl VRS
b(b+2)b = kimbo1 gav =0 kicper

11



v—1

b—11 b 1 b 1

- _— p9 = — — —. 17

b+2%v;; b+20% b+ 2% (a7
1=

By analogy, from Lemma 3 for the sum X3 we obtain

b 1 b 1

= 7 - 18

ST 20 bt 2b (18)
-1

Using the trivial estimation Z Uiy (Mo, (1)) Vk, (€5 (7)) | < b”, we obtain the

=0

estimation
¥y < b1 (19)
SR Y=

From (13), (14), (16), (17), (18), (19) and Lemma 5 we obtain

P-1v 20b+1) 1 b 1
F2 . Zavﬂ g _ - .
(w(b)7 b,v ) b+2 b2v b+2 b2v b+ 2 b3v

From (13) and (14) we have

FA(y(b): Z;)) > Bu.
From (16) we have

-1 v 1 1

b b
2 . zop R
Fw®:2,,) > 35 e v e

so that Theorem 1 is completely proved.

Corollary 1 is obtained directly from Theorem 1.
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