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‚‚…„…�ˆ…

‘´ Î ²  ¸²¥¤Ê¥É μ¶¨¸ ÉÓ μ¸´μ¢´Ò¥ μ¡μ§´ Î¥´¨Ö. ‚ ±μμ·¤¨´ É´μ³ É·¥Ì-
³¥·´μ³ ¶·μ¸É· ´¸É¢¥ Ë¨±¸¨·Ê¥³ ¶· ¢ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S3 ¸
´ ¶· ¢²ÖÕÐ¨³¨ ±μ¢ ·¨ ´É´Ò³¨ μ·É ³¨ e1, e2 ¨ e3 = e1 × e2 ¨ ´ Î ²Ó´μ°
ÉμÎ±μ° O3, ¸μ¢¶ ¤ ÕÐ¥° ¸ Í¥´É·μ³ ³ ¸¸ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³Ò {p1, p2} ¤¢ÊÌ
Î ¸É¨Í p1 ¨ p2 ¸ ³ ¸¸ ³¨ m1 ¨ m2 ¸ Ô²¥±É·¨Î¥¸±¨³¨ § ·Ö¤ ³¨ z1e ¨ z2e,
£¤¥ e Å § ·Ö¤ Ô²¥±É·μ´ . �Ê¸ÉÓ ¢ ÔÉμ° ¸¨¸É¥³¥ ±μμ·¤¨´ É r Å ¢¥±Éμ·, ´ -
¶· ¢²¥´´Ò° μÉ Î ¸É¨ÍÒ p1 ± Î ¸É¨Í¥ p2, r̂ = (θr, ϕr) Å ¥£μ ¸Ë¥·¨Î¥¸±¨¥
Ê£²Ò; k = k e3 ¨ E ≡ �

2k2/(2μ) Å ¨³¶Ê²Ó¸ ¨ Ô´¥·£¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö
Î ¸É¨Í; μ ≡ m1m2/(m1 + m2) Ä ¨Ì ¶·¨¢¥¤¥´´ Ö ³ ¸¸ ; k′ = (k, θ, ϕ) Å
μÉ´μ¸¨É¥²Ó´Ò° ¨³¶Ê²Ó¸ ¶μ¸²¥ ¸Éμ²±´μ¢¥´¨Ö; θ ¨ ϕ Å Ê£²Ò · ¸¸¥Ö´¨Ö ¨,
´ ±μ´¥Í, l ≡ −ir×∇r Å μ¶¥· Éμ· Ê£²μ¢μ£μ ³μ³¥´É . “¤μ¡´μ ¨ ³ É¥³ É¨Î¥-
¸±¨ ±μ··¥±É´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¡¥§· §³¥·´Ò¥ ¶ · ³¥É·Ò: ¡¥§· §³¥·´Ò° ¨³¶Ê²Ó¸
· ¸¸¥Ö´¨Ö q ≡ k|R| ¨ ¶ · ³¥É· ‡μ³³¥·Ë¥²Ó¤  η ≡ 1/2q.

�μ ¶·¥¤¶μ²μ¦¥´¨Õ, ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ V eff ³¥¦¤Ê Î ¸É¨Í ³¨ Í¥´-
É· ²Ó´μ¥ ¨ · ¢´μ ¸Ê³³¥ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  V c ≡ 1/rR ¨ ³Ê²ÓÉ¨¶μ²Ó-
´μ° ¤μ¡ ¢±¥ ± ´¥³Ê V , ±μÉμ· Ö ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° (r/|R| → ∞)
¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê V ∼ V d

0 r−d, £¤¥ V d
0 Ä ´¥±μÉμ·μ¥ ¨§¢¥¸É´μ¥ Î¨¸²μ,  

d = 2, 3, . . .
Š ± ¨§¢¥¸É´μ [1, 2], ¶μ²´ Ö  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö Í¥´É· ²Ó´Ò³ ¶μÉ¥´Í¨-

 ²μ³ ´¥ § ¢¨¸¨É μÉ Ê£²  ϕ, ´μ § ¢¨¸¨É μÉ Ê£²  θ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¡¥¸±μ´¥Î-
´Ò³ ·Ö¤μ³ ¶μ ¶ ·Í¨ ²Ó´Ò³  ³¶²¨ÉÊ¤ ³ · ¸¸¥Ö´¨Ö ¨ ¶μ²¨´μ³ ³ ‹¥¦ ´¤· 
P�(cos θ). � ¶·¨³¥·, ±Ê²μ´μ¢¸±¨¥ ¶ ·Í¨ ²Ó´Ò¥ ¨ ¶μ²´ Ö  ³¶²¨ÉÊ¤  · ¸¸¥Ö-
´¨Ö f c

� ¨ f c § ¤ ÕÉ¸Ö ¨§¢¥¸É´Ò³¨ Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨ [1, 2]: ¶ ·Í¨ ²Ó´ Ö
 ³¶²¨ÉÊ¤  f c

� μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò δc
� ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö-

´¨Ö
δc
�(q) ≡ arg Γ(1 + � + i η), � = 0, 1, . . . ,

£¤¥ Γ Å £ ³³ -ËÊ´±Í¨Ö, Ëμ·³Ê²μ°

f c
� (q) ≡ |R| (2iq)−1

[
exp(2iδc

�(q)) − 1
]
, (1)

  ¶μ²´ Ö  ³¶²¨ÉÊ¤  f c Ö¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³

f c(θ; q) ≡
∞∑

�=0

(2� + 1) f c
� (q)P�(cos θ),
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±μÉμ·Ò° ¸Ê³³¨·Ê¥É¸Ö ¢ § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥:

f c(θ; q) = −|R|
[
2q sin(θ/2)

]−2 exp {2i [δc
0(q) − η ln sin(θ/2) ] } . (2)

…¸²¨ Î ¸É¨ÍÒ p1 ¨ p2 ´¥Éμ¦¤¥¸É¢¥´´Ò¥, Éμ · §¡¨¥´¨Ö³ δeff
� = δc

� +δ� ¢¸¥Ì
(� = 0, 1, . . .) Ë § · ¸¸¥Ö´¨Ö δeff

� ¢§ ¨³μ¤¥°¸É¢¨¥³ V eff = V c + V μÉ¢¥Î ÕÉ
¶·¥¤¸É ¢²¥´¨Ö ¶ ·Í¨ ²Ó´ÒÌ ¨ ¶μ²´ÒÌ  ³¶²¨ÉÊ¤ f eff

� = f c
� +f� ¨ f eff = f c+f ,

¢±² ¤Ò f� ¨ f ¶μÉ¥´Í¨ ²  V ¢ ÔÉ¨  ³¶²¨ÉÊ¤Ò μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨

f�(q) = |R|(2iq)−1 exp(2iδc
�(q))

[
exp(2iδ�(q)) − 1

]
, (3)

f(θ; q) =
∞∑

�=0

f�(q)
[
(2� + 1) P�(cos θ)

]
,

  ¥£μ ¢±² ¤Ò dσ, σ� ¨ σ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥, ¶ ·Í¨ ²Ó´Ò¥ ¨ ¶μ²´μ¥ ¸¥Î¥´¨Ö
· ¸¸¥Ö´¨Ö Å Ëμ·³Ê² ³¨

dσ(θ; E) ≡ |f(θ; q)|2 , σ�(E) ≡ 4π |f�(q)|2, (4)

σ(E) ≡
∞∑

�=0

σ�(E) = 2π

∫ π

0

dθ sin θ dσ(θ; E),

£¤¥, ± ± ¨ ¢¸Õ¤Ê ¤ ²¥¥, dσ Å ¸μ±· Ð¥´´μ¥ μ¡μ§´ Î¥´¨¥ μÉ´μÏ¥´¨Ö dσ/
(dθ sin θ).

…¸²¨ Î ¸É¨ÍÒ p1 ¨ p2 Éμ¦¤¥¸É¢¥´´Ò¥, Éμ, ± ± ¨§¢¥¸É´μ [1]Ä[3],  ³¶²¨ÉÊ¤Ê
f ¨ ¸¥Î¥´¨Ö dσ, σ ¸²¥¤Ê¥É § ³¥´¨ÉÓ ¸¨³³¥É·¨§μ¢ ´´Ò³¨ (+) ¨²¨  ´É¨¸¨³³¥-
É·¨§μ¢ ´´Ò³¨ (−)  ³¶²¨ÉÊ¤ ³¨ f±:

f±(θ; q) ≡ f(θ; q) ± f(π − θ; q) =
∑
�=0

f�(q) (2� + 1)
[
1 ± (−1)�

]
P�(cos θ) (5)

Å ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨³ ¸¥Î¥´¨Ö³¨ dσ± ¨ σ±:

dσ±(θ; E) ≡ 2π|f±(θ; q)|2, σ±(E) ≡
∫ π

0

dθ sin θ dσ±(θ; E). (6)

� ¶μ³´¨³ ¨ μ¡¸Ê¤¨³ ¤ ¢´μ ¨§¢¥¸É´Ò° ÔËË¥±É ŒμÉÉ .

1. �””…Š’ Œ�’’�

ŠÊ²μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ Å ¨¸±²ÕÎ¨É¥²Ó´Ò° ¸²ÊÎ °: ±Ê²μ´μ¢¸± Ö  ³¶²¨-
ÉÊ¤  f c ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨ ¨ Ê£²  · ¸¸¥Ö´¨Ö ¨§¢¥¸É´  Ö¢´μ ¨ § ¤ ´ 
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Ëμ·³Ê²μ° (2),   ±Ê²μ´μ¢¸±μ¥ ¸¥Î¥´¨¥ dσc · ¸¸¥Ö´¨Ö ´¥Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í
´¥ μ¸Í¨²²¨·Ê¥É ¨ ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸¨Î¥¸±¨³ ¸¥Î¥´¨¥³ [4]:

dσc(θ; E) ≡ 2π |f c(θ; q)|2 =
π

8
R2

q4
[cosec (θ/2)]4. (7)

ŠÊ²μ´μ¢¸±μ¥ ¸¥Î¥´¨¥ dσc± · ¸¸¥Ö´¨Ö Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í μ¶·¥¤¥²Ö¥É¸Ö
Î¥·¥§ ¸¨³³¥É·¨§μ¢ ´´ÊÕ ¨²¨  ´É¨¸¨³³¥É·¨§μ¢ ´´ÊÕ ±Ê²μ´μ¢¸±¨¥  ³¶²¨ÉÊ¤Ò

f c±(θ; q) ≡ f c(θ; q) ± f c(π − θ; q)

Ëμ·³Ê²μ° dσc±(θ; E) ≡ 2π |f c±(θ; q)|2 ¨ ¶μÔÉμ³Ê Ö¢²Ö¥É¸Ö  ²£¥¡· ¨Î¥¸±μ°
¸Ê³³μ°

dσc±(θ; E) = dσc
clas ± π

R2

q4

cos {2η ln [tg (θ/2)]}
[ sin θ ]2

. (8)

�¥·¢μ¥ ¸² £ ¥³μ¥ ÔÉμ° ¸Ê³³Ò Å ´¥ μ¸Í¨²²¨·ÊÕÐ¥¥ ¶μ Ê£²Ê θ ±² ¸¸¨Î¥¸±μ¥
¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö dσc

clas ¤¢ÊÌ μ¤¨´ ±μ¢ÒÌ Î ¸É¨Í:

dσc
clas(θ; E) ≡ 2π |f c(θ; q)|2 + 2π |f c(π − θ; q)|2 = (9)

=
π

8
R2

q4

{
[cosec (θ/2)]4 + [sec(θ/2)]4

}
,

  ¥¥ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ´¥ ¨³¥¥É ±² ¸¸¨Î¥¸±μ£μ  ´ ²μ£  ¨ ¢ ¶·¥¤¥²¥ ´¨§±¨Ì
Ô´¥·£¨° (η → ∞) Ö¢²Ö¥É¸Ö ¡Ò¸É·μμ¸Í¨²²¨·ÊÕÐ¥° ËÊ´±Í¨¥° Ê£²  · ¸¸¥Ö-
´¨Ö θ.

�·¨¸ÊÉ¸É¢¨¥ μ¸Í¨²²¨·ÊÕÐ¥£μ ¸² £ ¥³μ£μ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ³ ¸¥Î¥´¨¨
· ¸¸¥Ö´¨Ö Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í Å ¶·¥¤¸± § ´´Ò° ŒμÉÉμ³ [5] Ì · ±É¥·-
´Ò° ±¢ ´Éμ¢μ³¥Ì ´¨Î¥¸±¨° ÔËË¥±É ¨´É¥·Ë¥·¥´Í¨¨. �ÉμÉ ÔËË¥±É Ô±¸¶¥·¨-
³¥´É ²Ó´μ ¶μ¤É¢¥·¦¤¥´, ´μ ²¨ÏÓ ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö [1,3]. �μ-
ÔÉμ³Ê É¥μ·¥É¨Î¥¸±¨° ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò°  ´ ²¨§ μ¸Í¨²²ÖÍ¨° ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ ¸¥Î¥´¨°, μ¡Ê¸²μ¢²¥´´ÒÌ Éμ¦¤¥¸É¢¥´´μ¸ÉÓÕ Î cÉ¨Í, ¢μ ¢¸¥Ì μ¸É ²Ó´ÒÌ
¸²ÊÎ ÖÌ ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³.

‚ ¶·¥¤Ò¤ÊÐ¥° · ¡μÉ¥ [6] μ¡´ ·Ê¦¥´ ¶·μÉμ´-¶·μÉμ´´Ò°  ´ ²μ£ ÔËË¥±É 
ŒμÉÉ . ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¤μ± ¦¥³, ÎÉμ ¨³¥ÕÉ¸Ö ¨ ¤·Ê£¨¥  ´ ²μ£¨ ÔÉμ£μ
ÔËË¥±É .

2. ���‹�ƒˆ �””…Š’� Œ�’’�

‡ ¤ Î  · ¸¸¥Ö´¨Ö ¸Ê¶¥·¶μ§¨Í¨¥° V eff = V c + V ¤μ¢μ²Ó´μ ¸²μ¦´ Ö: ¶·μ-
¡²¥³  ¶·¨¡²¨¦¥´¨Ö ¶μ·μ¦¤¥´´ÒÌ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ V
 ³¶²¨ÉÊ¤Ò (3) ¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö (4)  ¸¨³¶ÉμÉ¨Î¥¸±¨³¨ ¶·¨ q →
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0 · §²μ¦¥´¨Ö³¨ ¶μ ¨§¢¥¸É´Ò³ Ö¢´μ ËÊ´±Í¨Ö³ Ô´¥·£¨¨ ¨ Ê£²  · ¸¸¥Ö´¨Ö ¢
¶μ²´μ³ μ¡Ñ¥³¥ ´¥ ·¥Ï¥´ . �¥·¸¶¥±É¨¢´Ò¥ ¶μ¤Ìμ¤Ò ± ¥¥ ·¥Ï¥´¨Õ Å ³¥Éμ¤Ò,
¶·¥¤²μ¦¥´´Ò¥ ¢ · ¡μÉ Ì [7]Ä[9].

‚ · ¡μÉ¥ [7] ¤μ± § ´μ, ÎÉμ ¢¸¥ μ¸μ¡¥´´μ¸É¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f eff =
f c + f ´¥Í¥´É· ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³

V eff(r) = V c(r) + V (r), V (r) ∼ V d
0 (r̂)/rd, d = 2, 3, . . . , r/|R| → ∞,

£¤¥ |V d
0 (r̂)| Å ¢¸Õ¤Ê £² ¤± Ö ËÊ´±Í¨Ö, ¨¸Î¥·¶Ò¢ ÕÉ¸Ö ±μ´¥Î´Ò³ Î¨¸²μ³ ¨É¥-

· Í¨° É·¥Ì³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¨ ¶μÔÉμ³Ê ¢ ¸²ÊÎ ÖÌ d = 2, 3
 ³¶²¨ÉÊ¤  f ¨³¥¥É ¤μ¶μ²´¨É¥²Ó´Ò¥ ± Î¨¸Éμ ±Ê²μ´μ¢¸±¨³ μ¸μ¡¥´´μ¸É¨ ¢ ´ -
¶· ¢²¥´¨¨ · ¸¸¥Ö´¨Ö ¢¶¥·¥¤ (θ → 0) ¨ ´¥ ¨³¥¥É μ¸μ¡¥´´μ¸É¥° É ±μ£μ É¨¶  ¢
¸²ÊÎ ¥ d > 3.

�·¥¤²μ¦¥´´Ò¥ ¢ [7,8] ³¥Éμ¤Ò ¡Ò²¨ · §¢¨ÉÒ ¨ ¶·¨³¥´¥´Ò ¢ [9] ¸μμÉ¢¥É-
¸É¢¥´´μ ¤²Ö ¢Ò¢μ¤  ¢ Ö¢´μ³ ¢¨¤¥ ¸É ·Ï¨Ì ¸² £ ¥³ÒÌ  ¸¨³¶ÉμÉ¨± ¶·¨ θ → 0 ¨
q → 0  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f(θ; q), ¢ ¸²ÊÎ ¥ V eff = V c + V , £¤¥ V ∼ V d

0 r−d,
V d

0 Å ±μ´¸É ´É ,   d > 1.
‚ · ¡μÉ¥ [9] ¤μ± § ´Ò ¤¢  ÊÉ¢¥·¦¤¥´¨Ö: ¢ ¸²ÊÎ ¥ d = 3 ¨ θ → 0, ´μ ¶·¨

²Õ¡μ³ q

f(θ; q) = −V 3
0 q

exp(iω(η))
[sin(θ/2)]2iη

+ f̄(θ; q), ω(η) ≡ 2η (ln η − 1), (10)

£¤¥ f̄(θ; q) Å £² ¤± Ö ËÊ´±Í¨Ö; ¢ ¸²ÊÎ ¥ d = 3, 4 ¨ q → 0, ´μ ¶·¨ ²Õ¡μ³ θ

f(θ; q) ∼ f̃(θ; q) ≡ −V d
0 |R|3−d q2d−5 exp[iω(η)]

[sin(θ/2)]2i η
td(θ), (11)

£¤¥ ËÊ´±Í¨Ö td ¢ ¸²ÊÎ ¥ d = 3 μ¶·¥¤¥²¥´  Ëμ·³Ê²μ°

t3(θ) ≡
2 + (θ − π) tg(θ/2)

1 + cos θ
, (12)

  ¢ ¸²ÊÎ ¥ d = 4 ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

t4(θ) ≡ sin θ
(2 − cos θ)(π − θ) − 3 sin θ

(1 + cos θ)3
. (13)

�¡¸Ê¤¨³ ¸²¥¤¸É¢¨Ö Ëμ·³Ê² (10)Ä(13). ”Ê´±Í¨¨ t3(θ) ¨ t4(θ) Å ¢¸Õ¤Ê
(θ ∈ [0, π]) £² ¤±¨¥, ËÊ´±Í¨Ö t3 ³μ´μÉμ´´μ Ê¡Ò¢ ¥É, ¶·¨Î¥³ t3(0) = 1,
t3(π) = 1/3,   ËÊ´±Í¨Ö t4 Ä ¢μ§· ¸É ¥É, ¶·¨Î¥³ t4(0) = 0, t4(π) = 4/15.
’ ± ± ± t3(θ = 0) �= 0, Éμ  ¸¨³¶ÉμÉ¨±  (10) ¸É ·Ï¥° Ê£²μ¢μ° ¸¨´£Ê²Ö·´μ¸É¨
 ³¶²¨ÉÊ¤Ò f ¸μ¢¶ ¤ ¥É ¸ £² ¢´μ° μ¸μ¡¥´´μ¸ÉÓÕ ¶·¨ θ → 0 ¥¥ ¦¥ ´¨§±μÔ´¥·-
£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨ (11). ‚ ¸²ÊÎ ¥ d = 4  ³¶²¨ÉÊ¤  f ´¥ ¨³¥¥É  ´ ²μ-
£¨Î´ÒÌ ¸¢μ°¸É¢, ¶μÉμ³Ê ÎÉμ ËÊ´±Í¨Ö t4(θ) · ¢´  ´Ê²Õ ¶·¨ θ = 0. ‚ μ¡μ¨Ì
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¸²ÊÎ ÖÌ (d = 3, 4) ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ (4), μÉ¢¥Î ÕÐ¥¥  ³¶²¨ÉÊ¤¥ f ,
´¥ ¨³¥¥É ´¨± ±¨Ì Ê£²μ¢ÒÌ μ¸μ¡¥´´μ¸É¥°,   ¶·¨ q → 0 Ê¡Ò¢ ¥É:

dσ(θ; E) ∼ 2π |V d
0 R3−d|2 q4d−10|td(θ)|2. (14)

‚ ¸²ÊÎ ¥ d = 3 ÔÉμ ¸¥Î¥´¨¥ ´¥ · ¢´μ ´Ê²Õ ¶·¨ Ê£²¥ θ = 0, π ¨ ³μ´μÉμ´´μ
Ê¡Ò¢ ¥É ¶μ θ,   ¥¸²¨ d = 4 Å · ¢´μ ´Ê²Õ ¶·¨ Ê£²¥ θ = 0 ¨ ³μ´μÉμ´´μ
¢μ§· ¸É ¥É.

‚ μ¡¸Ê¦¤¥´´ÒÌ ¢ÒÏ¥ ¸É ÉÓÖÌ [7]Ä[9] Ë¨§¨Î¥¸±¨ ¢ ¦´Ò° ¨ ´¥¸μ³´¥´´μ
¨´É¥·¥¸´Ò° ¸²ÊÎ ° Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ´¥ · ¸¸³ É·¨¢ ²¸Ö. ˆ¸¸²¥¤Ê¥³ ¥£μ
¨ ¤μ± ¦¥³, ÎÉμ ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ dσ±

· ¸¸¥Ö´¨Ö, ¶μ·μ¦¤¥´´μ£μ ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥ V c ³Ê²ÓÉ¨¶μ²Ó´Ò³ ¶μÉ¥´Í¨-
 ²μ³ V d ∼ V 0

d r−d ¸ ¶μ± § É¥²¥³ d = 3 ¨²¨ d = 4, ¨³¥¥É μ¸μ¡Ò¥ Ê£²μ¢Ò¥
μ¸μ¡¥´´μ¸É¨ μ¸Í¨²²ÖÉμ·´μ£μ É¨¶ , μ¡Ê¸²μ¢²¥´´Ò¥ Éμ²Ó±μ Éμ¦¤¥¸É¢¥´´μ¸ÉÓÕ
Î ¸É¨Í.

‡ ³¥´¨¢  ³¶²¨ÉÊ¤Ê f ¢ Ëμ·³Ê²¥ (5) ¥¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨-
±μ° (11), ¶μ²ÊÎ¨³ Ö¢´μ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥ f̃±  ³¶²¨ÉÊ¤Ò
f±:

f± ∼ f̃± ≡ −V d
0 |R|3−d q2d−5 exp[iω(η)] γ±

d (θ; q), (15)

£¤¥ ËÊ´±Í¨Ö γ±
d § ¢¨¸¨É μÉ Ê£²  θ ¨ ¶ · ³¥É·  q:

γ±
d (θ; q) ≡ td(θ)

[sin(θ/2)]2i η
± td(π − θ)

[cos(θ/2)]2i η
. (16)

‘μ£² ¸´μ Ëμ·³Ê²¥ (6) ´ °¤¥´´μ°  ¸¨³¶ÉμÉ¨±¥ f̃±  ³¶²¨ÉÊ¤Ò f± μÉ¢¥Î ¥É
 ¸¨³¶ÉμÉ¨±  ¸¥Î¥´¨Ö dσ±:

dσ±(θ; E) ∼ 2π |V d
0 R3−d|2 q4d−10 |γ±

d (θ; q)|2. (17)

‡¤¥¸Ó ËÊ´±Í¨Ö |γ±
d (θ; q)|2 ¢Ò· ¦ ¥É¸Ö Ö¢´μ Î¥·¥§ § ¤ ´´ÊÕ · ¢¥´¸É¢μ³ (12)

¨²¨ (13) ËÊ´±Í¨Õ td(θ):

|γ±
d (θ; q)|2 = |t±d (θ)|2 ∓ 4 {sin [η ln tg (θ/2)]}2

td(θ) td(π − θ), (18)

£¤¥ ¶μ μ¶·¥¤¥²¥´¨Õ t±d (θ) ≡ td(θ) ± td(π − θ).
‡ ¶¨Ï¥³ ´ °¤¥´´ÊÕ  ¸¨³¶ÉμÉ¨±Ê (17) ± ± ¸Ê³³Ê

dσ±(θ; E) ∼ dσ̃clas(θ; E) ± 4π |V d
0 R3−d|2 q4d−10 × (19)

× cos {2η ln [tg (θ/2)]} td(θ) td(π − θ)

¨ É ±¨³ μ¡· §μ³ ¢Ò¤¥²¨³ ¨§ ´¥¥  ¸¨³¶ÉμÉ¨±Ê dσ̃clas  ´ ²μ£  ±² ¸¸¨Î¥¸±μ£μ
¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö:

dσ̃clas ≡ 2π
[
|f̃(θ; q)|2 + |f̃(π − θ; q)|2

]
= (20)

= 2π |V d
0 R3−d|2 q4d−10

[
t2d(θ) + t2d(π − θ)

]
.
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’¥¶¥·Ó ¸· ¢´¨³  ¸¨³¶ÉμÉ¨±¨ (11)Ä(14)  ³¶²¨ÉÊ¤ ¨ ¸¥Î¥´¨° f ¨ dσ ¸
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨  ¸¨³¶ÉμÉ¨± ³¨ (15)Ä(20)  ³¶²¨ÉÊ¤ f± ¨ ¸¥Î¥´¨° dσ±.

‘²ÊÎ ° d = 3. ’ ± ± ± t±d (θ) �= 0 ¶·¨ θ = 0, π, Éμ  ³¶²¨ÉÊ¤Ò f±,
¢ μÉ²¨Î¨¥ μÉ  ³¶²¨ÉÊ¤Ò f , ¨³¥ÕÉ Ê£²μ¢ÊÕ μ¸μ¡¥´´μ¸ÉÓ ´¥ Éμ²Ó±μ ¢ ÉμÎ±¥
θ = 0, ´μ ¨ ¢ ÉμÎ±¥ θ = π. �É  ¤μ¶μ²´¨É¥²Ó´ Ö μ¸μ¡¥´´μ¸ÉÓ Å ¸²¥¤¸É¢¨¥
Éμ¦¤¥¸É¢¥´´μ¸É¨ Î ¸É¨Í. „ ²¥¥, t3(θ) t3(π − θ) ≥ 0 ¢¸Õ¤Ê. ’μ²Ó±μ ¶·¨ θ =
π/2 ËÊ´±Í¨¨ |t±3 |2 ¨³¥ÕÉ ³¨´¨³Ê³Ò, ´μ |t+3 |2 �= 0,   |t−3 |2 = 0. �μÔÉμ³Ê, ¢
μÉ²¨Î¨¥ μÉ ¸¥Î¥´¨Ö dσ, ¸¥Î¥´¨Ö dσ+ ¨ dσ− ¢ ÉμÎ±¥ θ = π/2 ¨³¥ÕÉ ²μ± ²Ó´Ò°
³ ±¸¨³Ê³ ¨ ¸μμÉ¢¥É¸É¢¥´´μ ³¨´¨³Ê³,   ¨Ì £² ¤± Ö ±μ³¶μ´¥´É  dσ̃clas ¢ ÔÉμ°
ÉμÎ±¥ ¤μ¸É¨£ ¥É ¸¢μ¥£μ ³¨´¨³Ê³ .

‘²ÊÎ ° d = 4. ’¥¶¥·Ó t±d = ±4/15 �= 0 ¶·¨ θ = 0, ¨ t±d = 4/15 �= 0
¶·¨ θ = π. �μÔÉμ³Ê  ³¶²¨ÉÊ¤Ò f±, ¢ μÉ²¨Î¨¥ μÉ  ³¶²¨ÉÊ¤Ò f , ¨³¥ÕÉ
Ê£²μ¢Ò¥ μ¸μ¡¥´´μ¸É¨ ¢ ÉμÎ± Ì θ = 0, π. �¡¥ ÔÉ¨ μ¸μ¡¥´´μ¸É¨ Å ¸²¥¤¸É¢¨¥
Éμ¦¤¥¸É¢¥´´μ¸É¨ Î ¸É¨Í. „ ²¥¥, t4(θ)t4 (π − θ) ≥ 0 ¢¸¥£¤ . ’μ²Ó±μ ¶·¨ θ =
π/2 ËÊ´±Í¨Ö |t+d |2 ³ ±¸¨³ ²Ó´ ,   ËÊ´±Í¨Ö |t−d |2 Å ³¨´¨³ ²Ó´ . �μÔÉμ³Ê, ¢
μÉ²¨Î¨¥ μÉ ¸¥Î¥´¨Ö dσ, ¸¥Î¥´¨Ö dσ+ ¨ dσ− ¢ ÉμÎ±¥ θ = π/2 ¨³¥ÕÉ ²μ± ²Ó´Ò°
³ ±¸¨³Ê³ ¨ ¸μμÉ¢¥É¸É¢¥´´μ ³¨´¨³Ê³,   ¨Ì £² ¤± Ö ±μ³¶μ´¥´É  dσ̃clas ¢ ÔÉμ°
ÉμÎ±¥ ¤μ¸É¨£ ¥É ¸¢μ¥£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö.

‚ ²Õ¡μ³ ¨§ ¸²ÊÎ ¥¢ d = 3, 4 ¸¥Î¥´¨¥ dσ Å ¢¸Õ¤Ê £² ¤± Ö ËÊ´±Í¨Ö Ê£² 
θ,   ¸¥Î¥´¨Ö dσ± ¨§-§  ³´μ¦¨É¥²Ö {sin[η ln tg (θ/2)]}2 ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÉ ´ 
¢¸¥³ ¨´É¥·¢ ²¥ 0 < θ < π. �μ²μ¦¥´¨Ö θ+

n ¨ θ−n ¸μ¸¥¤´¨Ì ²μ± ²Ó´ÒÌ Ô±¸É·¥-
³Ê³μ¢ ¸¥Î¥´¨Ö dσ± μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ²μ¦¥´¨Ö³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ô±¸É·¥³Ê³ 
¨ ¡²¨¦ °Ï¥£μ ± ´¥³Ê ´Ê²Ö ÔÉμ£μ ³´μ¦¨É¥²Ö:

η ln tg (θ+
n /2) ≈ −πn, η ln tg (θ−n /2) ≈ −πn + π/2.

�μÔÉμ³Ê · §´μ¸ÉÓ Δ ≡ θ+
n − θ−n ´¥ § ¢¨¸¨É μÉ n ¨ μÎ¥´Ó ¡Ò¸É·μ Ê¡Ò¢ ¥É:

Δ ∼ 2 exp(−π/2η), q → 0. ‘Ëμ·³Ê²¨·Ê¥³ ¤μ± § ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥ ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³: ¢¸²¥¤¸É¢¨¥ Éμ¦¤¥¸É¢¥´´μ¸É¨ Î ¸É¨Í ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³-
¶ÉμÉ¨±¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¥Î¥´¨° dσ± ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ d = 3 ¨²¨ d = 4
Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê μ£· ´¨Î¥´´Ò³¨, ´μ ¡Ò¸É·μμ¸Í¨²²¨·ÊÕÐ¨³¨ ËÊ´±Í¨Ö³¨ Ê£² 
· ¸¸¥Ö´¨Ö, ¶·¨Î¥³ · §´¨Í  Δ ³¥¦¤Ê ¶μ²μ¦¥´¨Ö³¨ ¨Ì ¸μ¸¥¤´¨Ì Ô±¸É·¥³Ê³μ¢
¶·¨ ¤ ´´μ° Ô´¥·£¨¨ ¶μ¸ÉμÖ´´ Ö.

�¶¨¸ ´´ÊÕ § ¢¨¸¨³μ¸ÉÓ ¸¥Î¥´¨° dσ, dσ± ¨ ±μ³¶μ´¥´ÉÒ dσ̃clas μÉ Ê£²  θ
¶·¨ η = 2 ¢ ¸²ÊÎ ÖÌ d = 3 ¨ d = 4 ¶μÖ¸´Ö¥É ·¨¸. 1, a ¨ ¡. ‘¶²μÏ´ Ö ±·¨¢Ò¥,
¶μ³¥Î¥´´Ò¥ ¸¨³¢μ² ³¨ • ¨ �, Å £· Ë¨±¨ ËÊ´±Í¨¨ t2d(θ) ¨ t2d(θ) + t2d(π − θ).
‘¶²μÏ´Ò¥ £² ¤± Ö ¨ μ¸Í¨²²¨·ÊÕÐ Ö ±·¨¢Ò¥ Å £· Ë¨±¨ ËÊ´±Í¨° |t+d (θ)|2 ¨
|γ+

d (θ)|2,   ÏÉ·¨Ìμ¢Ò¥ £² ¤± Ö ¨ μ¸Í¨²²¨·ÊÕÐ Ö ±·¨¢Ò¥ Å £· Ë¨±¨ ËÊ´±Í¨°
|t−d (θ)|2 ¨ |γ−

d (θ)|2.
C· ¢´¨³ ±Ê²μ´μ¢¸±¨¥ ¸¥Î¥´¨Ö (7), (8) ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¥Î¥´¨Ö³¨

(14), (19). …¸²¨ Î ¸É¨ÍÒ ´¥Éμ¦¤¥¸É¢¥´´Ò¥, Éμ ¸¥Î¥´¨Ö dσc ¨ dσ ´¥ μ¸-
Í¨²²¨·ÊÕÉ. ’μ¦¤¥¸É¢¥´´μ¸ÉÓ Î ¸É¨Í ¶μ·μ¦¤ ¥É μ¸Í¨²²¨·ÊÕÐ¨¥ ¸² £ ¥³Ò¥
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�¨¸. 1. ”Ê´±Í¨¨ t2d(θ), t2d(θ)+ t2d(π− θ), |t±d (θ)|2, |γ±
d (θ)|2 ¢ ¸²ÊÎ ¥ d = 3 (a) ¨ d = 4

(¡). �μÖ¸´¥´¨Ö ¢ É¥±¸É¥

¢ ¸¥Î¥´¨ÖÌ dσc± ¨ dσ±. �É¨ ¸² £ ¥³Ò¥ ¸μ¤¥·¦ É μ¤¨´ ¨ ÉμÉ ¦¥ ³´μ¦¨-
É¥²Ó cos {2ηln [tg(θ/2)]} ¨ μ¶¨¸Ò¢ ÕÉ μ¤¨´ ¨ ÉμÉ ¦¥ ÔËË¥±É Å ±¢ ´Éμ¢ÊÕ
¨´É¥·Ë¥·¥´Í¨Õ. Šμ³¶μ´¥´É  dσ̃clas Å  ´ ²μ£ ±² ¸¸¨Î¥¸±μ£μ ±Ê²μ´μ¢¸±μ£μ
¸¥Î¥´¨Ö dσc

clas. ‘²¥¤μ¢ É¥²Ó´μ, μ¸Í¨²²ÖÍ¨¨ ¸¥Î¥´¨° dσ± Å ¶·μÖ¢²¥´¨¥
±Ê²μ´-³Ê²ÓÉ¨¶μ²Ó´μ£μ  ´ ²μ£  μ¶¨¸ ´´μ£μ ¢ÒÏ¥ Î¨¸Éμ ±Ê²μ´μ¢¸±μ£μ ÔËË¥±É 
ŒμÉÉ .

‡�Š‹�—…�ˆ…

�¡¸Ê¤¨³ ¶μ²ÊÎ¥´´Ò¥ ¨ ¶·¥¤¸É ¢²¥´´Ò¥ ¢ÒÏ¥ ·¥§Ê²ÓÉ ÉÒ. „μ± § ´´Ò¥
´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö (19), (20) ¢μ¸¶·μ¨§¢μ¤ÖÉ ¢ Ö¢´μ³ ¢¨¤¥
¢¸¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¨ Ê£²μ¢Ò¥ μ¸μ¡¥´´μ¸É¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö
dσ± · ¸¸¥Ö´¨Ö ¤¢ÊÌ § ·Ö¦¥´´ÒÌ Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í, ¶μ·μ¦¤¥´´μ£μ ¢ ¨Ì
±Ê²μ´μ¢¸±μ³ ¶μ²¥ ±¢ ¤·Ê¶μ²Ó´Ò³ (d = 3) ¨²¨ ¶μ²Ö·¨§ Í¨μ´´Ò³ (d = 4)
¢§ ¨³μ¤¥°¸É¢¨¥³ V d ∼ V d

0 r−d. �É¨ ¶·¥¤¸É ¢²¥´¨Ö Å ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ¥
Ëμ·³Ê²Ò, ¶μ§¢μ²ÖÕÐ¨¥ ±μ··¥±É´μ Ô±¸É· ¶μ²¨·μ¢ ÉÓ ¸¥Î¥´¨Ö dσ± ¢ μ¡² ¸ÉÓ
´¨§±¨Ì Ô´¥·£¨°. ‚ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° É ±¨¥ ¸¥Î¥´¨Ö Ê¡Ò¢ ÕÉ ± ± Í¥-
² Ö ¸É¥¶¥´Ó ¨³¶Ê²Ó¸  ¸Éμ²±´μ¢¥´¨Ö Î ¸É¨Í ¨ ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÉ ¶μ Ê£²Ê
· ¸¸¥Ö´¨Ö. ’μ¦¤¥¸É¢¥´´μ¸ÉÓ Î ¸É¨Í Å ¥¤¨´¸É¢¥´´ Ö Ë¨§¨Î¥¸± Ö ¶·¨Î¨´  É -
±μ° Ê£²μ¢μ° μ¸μ¡¥´´μ¸É¨, ´ §¢ ´´μ° ±Ê²μ´-³Ê²ÓÉ¨¶μ²Ó´Ò³  ´ ²μ£μ³ ÔËË¥±É 
ŒμÉÉ .

‘²ÊÎ ¨ d = 3, 4 ¡Ò²¨ · ¸¸³μÉ·¥´Ò Éμ²Ó±μ ¢ ± Î¥¸É¢¥ ¶·μ¸Éμ£μ ¶·¨³¥· .
ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¢ · ¡μÉ¥ [9] Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
 ¸¨³¶ÉμÉ¨±  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö ´¥Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í,  ´ ²μ£¨Î´Ò³ μ¡· -
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§μ³ ´¥¸²μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ ²Õ¡μ³ d > 1 ¢ ±Ê²μ´-³Ê²ÓÉ¨¶μ²Ó´μ³ · ¸¸¥-
Ö´¨¨ ¤¢ÊÌ Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¤μ²¦¥´ ¶·μÖ¢²ÖÉÓ¸Ö ±Ê²μ´-³Ê²ÓÉ¨¶μ²Ó´Ò°
 ´ ²μ£ ÔËË¥±É  ŒμÉÉ .

� ¸ÉμÖÐ Ö · ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �””ˆ (¶·μ¥±É 04-02-16828).
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